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ATOMIC X-RAY PRODUCTION BY RELATIVISTIC HEAVY IONS
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Ph.D. Thesis

ABSTRACT

.The interaction of heavy ion projectiles with the electrons of
target atoms gives rise to the production in the target, of K- , L- or
higher shell vacancies which are in tﬁrn followed by fhe emission of
characteristic X-rays. The calculation of the theoretical value of the
K- and L- shells vacancy production cross section has been carried out
for heavy ion projectiles of any energy.

It was found that the total vacancy production cross section for
any inner shell could be subdivided into two parts, the longitudinal
cross section and the transverse cross section. The longitudinal cross
section comes from the instantaneous Coulomb interaction of the projectile-
target syétem while the transverse cross section is due to the virtual
photon or radiation field interaction of the same system. The longitudinal
part is dominant at lower projectile energies whereas the transverse part
contributes appreciably to the totai cross section, especially for heavier
elements, only at relativistic projectile energies. In this work the
transverse component is calculated for the first time in detail and
extensive tables of its numerical value as a function of its parameters

are also given.
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Experimental work for 4.88 GeV protons and 3 GeV carbon ions is
described. The K vacancy cross section has been measured for a variety -
of targets from Ti to U.

The agreement between the theoretical predictions and experimental
results for the 4.88 GeV protons is rather satisfactory. For the 3 GeV
carbon ions, however, it is observed that the deviation of the theoretical
and experimental values of the K vacancy production becomes larger with
the heavier target element. Consequently, the simple scaling law of
le for the cross section of the heavy ion with atoﬁic number Z1 to the
proton cross section is not true, for the K-shell at least. A dependence
on the atomic number 22 of the target of the form (Z1 - aZz)z, instead
of le, is found to give extremely good agreement between theory and
experiment., Although the exact physical meaning of such dependeﬁce is
not yet clearly understood, it is believed to be indicative of some
sort of screening effect of the incoming fast projectile by the fast
moving in Bohr orbits K-shell electrons of the target.

The enhancement of the K-shell ionization cross section by
relativistic heavy ions on heavy targets is also discussed in terms

of its practical applications in various branches of science and

technology..‘ A
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I. THEORY OF INNER SHELL IONIZATION BY RELATIVISTIC HEAVY IONS

1.1 Introduction

When a target is bombarded_by protons, alphas or heavier ioms,
electrons are ejected from the atomic shells of the target atoms. If
the removal of an electron occurs in an innef shell, e.g. K- or L-shell
of the target atom, the electron hole or vacancy produqed in that par-
ticular shell is filled by one of the outer electrons of the target
atom. The energy thus.gained by the electron transition from the outer
to an inner shell may be emitted as characferistic K or L x-ray radiation
of the target atom. Emission of M or N x-rays is also possible in
heavier elements if an electron vacancy is created by the incident
particle in the M- or N-shell respectively which is in turn filled by
an outer electron. In the present work, however, we are going to con-
centrate mainly.on K-shell and partially on L-shell vacancies, and not
consider other shells. The reason for that is obviously the relative
importance of each of these excitations as determined by experiment as
well as the difficulty involved in the analytical calculation of the
cross section of the process. Returning to our previous discussion,
the energy of the excited atom may élso, especially for low atomic number
elements, convert to kinetic energy of secondary emitted electrons.
Here the reference to secondary electrons is made with respect to the
electrons emitted from the target atoms by the incident particle or
primary electrons. These secondary electrons are then the so called
Auger electrons. The cross section for the creation or production of

an electron hole or an electron vacancy in an inner shell of a given
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element is called the vacéncy cross~section of that particular shell and
~is always larger than the x-ray production cross section of that same
shell of the element undef consideration. The two cross-—sections are

related as follows:
X-ray - vac
OS (z) ws(Z)‘ Os‘ (Z) (1.1)

(s = K- , L- , etc. shell)

The proportionality coefficient ws(z) in Eq. (1.1) is called the

fluorescent yield of the particular atom Z and shell s and is always

(1)

less than 1, varying from essentially zero for low Z elements to

almost one for high-Z ones. As mentioned earlier, the difference between

. vac X-ra
the two cross sections Og and O Y can be accounted for by the

production cross-section of the Auger electrons which is the dominant

one for lighter elements and becomes negligible for the heavier atoms. -

vac

Theoretically one can calculate both wS(Z) and o

(Z) and hence deduce

X
the value of OS

‘r?y(z), while experimentally wS(Z) and d:_ray(Z) can
be measured and thus OZaé(Z) can be deduced. 1In what follows, we are
going to calculate an analytical expression for the GZaC(Z) for s, the
K- or L-shell of the Z atom, by heavy ions with no restriction or
upper limit in the energy of the’incident particles. It isbassumed
here that wS(Z)vis nearly independent of the nature of the process
forming the vacancy, although there will be some dependeﬁce on the
state of ionization of other orbitals.

1.2 Theories available for the calculation of Qzai;

’ . vac
The inner shell s electron vacancy cross section Og of an

element Z, due to a heavy ion Z2 may be calculated with any of three

1
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(2)(3) (6)

existing theories, namely the binary encounter approximation (BEA),

(5) (6)

the plane wave Born aﬁproximation (PWBA) and the semiclassical
approximatioﬁ (SCA)g7)(8) In the BEA tbeory, the ejection of an inner-

shell electron to the continuuﬁ is considered to occur through the Rutherford
scattering of the ejected electron by the incident particle with an

energy transfer to the electron in excess of the inner shell binding

energy. Since the maximum energy transferred in a Rutherford scattering

collision from a projectile of mass M and velocity v, to an electron

M
. . (5)
of mass m and velocity v, 1is
2Mm :
E = —— (Mv. -mv ){(v _+v ) (1.2)
max (M+m)2 M m" "M m

for a relativistic heavy ion projectile Zl and a high atomic number 22

target, Emax\ is just lower than, say, the K-shell ionization

(9)

energy. Thus, unless quantum mechanical modifications are introduced,

the theory which is a purely classical one is only good for the descrip-

tion of low velocity incident particie—atomic‘target electron collisions.
In the PWBA theory the transition prébability between specified

initial and final states is calculated. The initial and final wave

functions are approximated by products of characteristic functions of

the Hamiltonian of the target atom which depend only on electron

coordinates and eigenfunctions of the wave equation for the motion

of the projectile. No internal electron coordinates are considered,

and the incident particle wavefunction is assumed to be a plane wave.
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Finally, in the SCA theory the excitation probability of an
electron from an initial to a final state is calculated via a time
integration along the path of the projectile with a given impact
parameter and energy as well. The perturbing betential is that of
the incident particle's electromagnetic field. Thus one has a
more detailed information of the excitation process since the impact
parameter of collision enters the calculation.

All the calculations of the electron vacency cross—-section up
to the present have been carried out in 511 of the three theories by
assuming ﬁeavy ion projectile energies of up to a few tens of MeV
per nucleon. In other words, only the electrostatic Coulomb interaction
between incident particle and atomic electron has been considered.
For higher or relativistic energy projectiles this interaction is
clearly inadequate since the total electromagnetic field of the
incident particle enters the picture of heavy ion electron interaction.
Thus we need both:the Coulomb field plus the virtual photon or
radiation field of the projectile. One apparent reason for this
limited development was the fact that up until recently (1972) no
experimental.facilities existed which could produce heavy ions of
relativistic;eﬂergies, hence the leck of incentive added to the
inherent theeretical difficulty of the problem. What follows is then
a first attempt to calculate the inner éhell electron vacancy cross
gection end specifically the K- and L-shell vacancies with emphasis
placed on the K-shell one. From the three above mentioned theories

only the PWBA and SCA are qualified for relativistic energy projectiles

calculations, the BEA being completely disqualified, in its classical
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fo;m at least. 'Furtherﬁbre, for lower energies the PWBA has been used‘ :
and explored far more tﬁan the SCA, so that one naturally would choose
the PWBA as a starting #heory to extend it té higher energies. As we
will see shortly, the choice of thg PWBA theory for our calculations in

this work is, in fact,weil justified for relativistic energy projectiles.

1.3. The PWBA at relativistic projectile energies

As mentioned already, use of the plane wave Born approximation
for inelastic collisions implies that one may neglect the distortion of

the wave function of the incident particle, assumed to be a plane wave,

by the atomic electron which is removed from its inner shell ground state

orbit and is ejected into the continuum state. The condition for the

validity of this approximation is that the inequality

2
Z,e Z.0
&v = —%— << 1 (1.3)
(5),(10)

is satisfied.

In Eq. (1.3) Zle denotes the charge of the
projectile with velocity v, B = v/c, and o is‘the fine structure
conétant. Thus, the faster the projectile and the lower its .charge

the more justifiable the plane-wave. Born aﬁproximation is. Quali-
tatively Eq. (1.3) if satisfied indicates that the resultant from the
scattering of projectile-electron secondary wave amplitude (i.e. the
distortion of the primary wave) is very small compared to the primary
wave amplitude and thus negligible. Consequently relativistic projectile
energies (large v's) may very well be treated in the PWEA theory. It
could be argued, however, that for very high projectile velocitiés the

de Broglie wavelength of the projectile may become very small compared
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with the dimensions of the scattering field (~few fm). Thus, instead

of a plane wave representation of the incident particle one may consider

~

its classical trajectory so that quantum mechanical treatment of the

9

problem (Born approximation) is not necessary. ‘- However, the latter is

(10) Since the initial conditions

not a sufficient condition either.
in a scattering problem are a well-defined incident velocity and a
random impact parameter, in a classical treatment of this problem one
has to proceed by considering the scattering procedure in more detail.
That is, a well—defined_iﬁcident particle trajectory with.a definite
impact parameter followed by calculation of the well-defined deflection
of the projectile due to the collision are needed. Now this procedure
is admissible as long as the extra details considered could be observed
without radically disturbing the collision with respeéf to the quantity
calculated, ﬁamely the deflection due to the scattefing. If the collision
forces are too weak, then this procedure is not valid. Therefore, a
classical treatment is inadmissible and one has to proceed in a manner
which does not break up the random incidence. This can be done in a
quantum-mechanical treatment of the problem in which the incident particle
with a random parameter can be represented by a plane wave. Equation (1.3)
tells us then how valid the undistorted plane wave Born approximation is,
assuming that the incident particle is represented by a plane wave.

Examining further the validity of the PWBA, we consider the *
effect of the incident particle on the electron orbits of the target
atom. If the charge of the incident particle is not much gfeater in/

absolute value than the electron charge and at the same time small

compared with the chargé of the atomic nucleons, the electron orbits
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will not be polarized significantly by the.approaching'projectile.
 Hence, we may use for the electron the atomic wave function of the
unperturbed étom. It is obvious that the use of unperturbed atomic
wave functions will be more justifiable for higher atqmic number
target elements and innér shells from which the electrons are ejected.
Thus the present method should be at best justified for K-shell
electrons from heavy atoms and should be better for protons than,

say, carbon projectiles.

An additional condition for the velocity of PWBA is:(s)’(ll)
2 a2 mc

where in’Eq. (1.4) a = 1/137, the fine structure constaﬁt, Z, projectile,
ZZ target, n is the principal quantum ﬁumber of ejected electron of

rest energy mcz, and E is the kinetic energy of the incident particle.
The condition of Eq. (1.4) implies essentially that scattering of the
projectile from the target nucleons can be neglected if the radius of
the orbit of the éjected electron in the atom is large compared with

the distance of the closest approach, say b, of Fhe particle to the
nucleons (a heavy-partiéle can be fairly accurately assigned a classicél
orbit). In conclusion, if Eq. (1.4) is satisfied, nuclear scattering

is then negligible and one may use plane-wave instead of Coulomb—wave
functions describing the motion of the projectile in the electro-
magnetic field of the nucleons. Specifically for the case of K—shell

(11)

ionization (n=1), it has been shown that if Eq. (1.3) and Eq. (1.4)

are both satisfied, nuclear scattering can be neglected and plane waves



can be used for the projectile since the relevant phase shifts are
reasonably independent of -the angular momentuﬁ'and energy of the
incident particle. Again ‘the validity of Eq. (1.4) is enhanced by
relativistic projectiles although the approximation is better for
low atomic number projectiles and even more so for low atomic number

target atoms.

ac

1.4 Calculation of GZ in the PWBA theory.

| In the spirit of the first-order perfurbatioﬁ theory, the cross
section for the process, i.e. removal of an electron from an innep
shell of the target by a projectile,‘is taken to be proportional to the
absolute value of the-squére of the matrix element of the electromagnetic
interaction between the incidenp_particle and the atomic electron.
If v, p and v', p' are the velocities and momenta of the incident
particle before and after the collision with an atomic electron and
q is the momentum transfer from one to the other as depicted schemati~

cally in Fig. 1 so that

hg =p - p' (1.5)

then the differential cross section in the Born approximation is

given by(s)

2 2
2 e2 dq
do_, (q) = 8wz | ~ 31 LI R (1.6)

where in Eq. (1.6) wn (wn.) are the initial (final) wave functions of the
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electrqn and H is the electromagnetic interaction Hamiltonian between
the incident heavy ion of atomic. number Zl and the atomic electron.

The electromagnetic interaction between the charge and spin, if
any, of the incident particle and those of atomic electrons may be sub-
divided into two terms. One of these terms consists of the unfetarded
Coulomb interactioﬁ and the other of.the interaction through emission
and reabsorption of virtual photons. Thié subdivision is called the
"Coulomb gauge' representation or 'transverse gauge" representation for
reasons which will become apparent shortly. Formally, if the vechr
component K_of the four vector potenfial AU of the electromagnetic

(12)

field satisfies the condition
V-A =0 1.7)

then the scalar component ¢ of'Au satisfies the equation

! ' -
Vi = -4mo , 6(F,t) =f9—(“f—%— r’ (1.8)
: T
The scalar potential ¢ is then the instantaneous Coulomb potential due
to the charge density p(r,t) and hence the name "Coulomb gauge" of the .
representation of Eqs. (1.7) and (1.8). Furthermore A and ¢ satisfy the

(12)

inhomogeneous wave equation

viE - L §-—A=-f‘13+-§-v(§i) (1.9)
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~If the current J is written as the sum of a longitudinal and a transverse
part

where

(1.10)

(1.11)

then one has

: (1.12)
1 s J 3 .
¢ = an VxV x‘/ij:—————— d'r
BRE

Then from Eqs. (9) and (12) one obtains

9% _ L
\ 5t 4m JR

and

(1.13)

(1.14)
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or that the static Coulomb potential ¢ can be expressed in terms of

the longitudinal cufrent 32 while the vector potential A can be expressed
in terms of the transverse current jt and therefore, the second name

of this representation 'transverse gauge'. In other words, in the case
of mutually interacting particles (so that Ju # 0) A is decomposed

into
A= o+ A | ' (1.15)

EQ, Kt/being such that

V.A. =0 VxA =0 (1.16)

(13)

which can always be done and where KK and Kt are called the longi-
tudinal and transverse component ofg. Then KR and ¢ together_giVe
rise to ﬁhe instantaneous static Coulomb interaction between the
charged particles, whereas Kt accounts fqr the electromagnetic radiation
or virtual photon interaction of moving charged particles (E. Fermi,
1930y, (14

We now examine the two interactions,longitudinai and transverse,

separately. The Coulomb or‘longitudinal interaction between the incident

e at the position r and an atomic electron at
(15)

particle of charge Zl

rj can be represented as a Fourier integral
2 ' 2 iy - =
.Zle Zle 3_ . exp [1k « (r- r.)J

- a’k ]
EREN 2P K2

(1.17)
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The usefulness of representational Eq. (1.17),‘as it will be seen
shortly, is based on the fact that eaqh Fourier component with wave
vector k serves to transfer the momentum hk from the incident particle
to the electron. On the other hand the transvérse interactioq implies
that the same momentum hk can be transmitted by emission and
re-absorption of a virtual photon of momentum *hk. Thus, the
convenience of the Coulomb interaction as a Fourier integral by

Eq. (1.15) becomes apparent. Now the_longitudinal component can

be treated on the same footing as the transverse one. Moreover the

emission of a photon-of momentum hk by the incident particle at r is

proportional to the matrix element of the interaction Hamiltonia314)’(15)
_ _ o Zleh‘_ _ _
Zlec aj- €3 exp(-i k. r) + Ve g . Vx(EA exp(~ik . r)) (1.18)

The absorption of the same photon by the j~th electron of the target
atom is proportional to the matrix element of the corresponding

Hamiltonian operator

Z,eh _ - - -
Oj.V><(€A exp(ik .?j)) (1.19)

3. . € -ik - T
Zlec aj 2 exp(-ik rj) +

mc

In Egs. (1.18) and (1.19) EA is the unit polarization vector of the
photon with'k = 1,2 for the two orthogonal directions. Furthermore
Zlec 0 and Z

~ incident particle and j-th electron, respectively, where @ and Q. are
]

1ec5%j are the relativistic current operators of the
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vector operators whose three components are given in terms of the Dirac

Y matrices, i.e. &j ="1 Y4 ?j for the electron, and essentially in terms
of the momentum p for the‘incident heavy ion. Finally 0 and Ej are

the spin operators of the incident heavy particle of mass M and the

‘j—th electron of mass m, respectively. Since the heavy ion.can have.
spin O or 1/2 the second part of Eq. (l.l6)lcan be zero or non--zero
whereas the second part of Eq. (1;12) is always non zero since the
electron has spin equal to one-half. We proceed now to calculate the
matrix elementv<wn||H|wn> where H consists. of the}longitudinal inter-
action describéd by Eq. (1.17) and the transverse interaction described
by Eqs. (1.18) and (1.19). We note that in the case of the transverse
interaction the tfansmission of a photon with momentum % k proceeds
through an intermediate state whose~energy differs from that of the initial
and final states by hck t Wos Vg being the energy.of the final stationary
state of the atom whose initial energy Eo was 0. Thus, if the final
state is that of the continuum, then LA is nothing else buﬁ the binding
energy of the ejected j-th electron in its ground state of s-shell

plus its kinetic energy if any. Combining the longitudinal and trans-
verse contributions, we obtain for the matrix element of the incident

heavy ion-atomic electron interaction

k-

Zle. .3— <5'|e—i k- r|1_>><n'|Z ei rj‘n>
<1Pn' |H|wn> = T d’k 5 J +
. ' k- A
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I _ ik
+ <p' ILZC—)'.VX(E)\ e"lk : r)|p><n'|2 h2 Ej . Vx (e)\ e ')|n>]x
M ‘ -

j me
C

l .
X ——— | ‘ (1.20)

From conservation of momentum one has

i E _ =y =
e T e = em3 sk + 2R (1.21)
o -iker, _ 3. - 4~ 3.
<p'l&. €>\ e JIp) = (2’"’) B . E}\ 6(k +p__h_E) (l 22)
where B=v/c . In addition.

with

B.=B-(B-8 4 ' | (1.24)



&

=15~

where étis the component of B8 perpendicular to a as depicted in Fig. 1.
We may also ignore in Eq. (1.20) the spin term in the sum over A, since.
many nuclei which Have been experimentally accelerated have spin zero,
e.g. He, 12C,‘ZONe, 40Ar, etc; Fufthermorevnuclear magnefic moments
are so small that the nuclear spin contribution should be negligible.
The only exception is p.

If we substitute now Eqs. (1.21), (1.22), and (1.23), into
Eé. (1.19), then substitute that into Eq. (6), and finally sum the
differential cross séction of Eq. (6) over all the substates of an

initially filled atomic shell (labeled s) and integrate over all

directions of the ejected electron, the differential cross section for

an energy transfer between w and w + dw can be written in the form(s)’(ls)
: 2 2 ,
2 \“ - -
2 2( e IF.(@)] |8, -C_(9)]?
d"oc__ = 8mnZ (————) 2q dq s'4 t os'd
- ws 1 ﬁv 7 + - WCAVEY) dw (1.25)
q 9 -\n¢e

where in Eq. (1.25) the form factors Fs(q) and as(q) of the longitudinal
and transverse interactions respectively are given by the following

expressions:

= .1, |n> .
F() = I<n]eld (1.26)
|
_ dq-r,
<n'|0Lj e J|n> (1.27)

G, (q)
the summation in Eqs. (1.26) and (1.27) is carried over all the electrons

j of a filled atomic shell s. Also, the factor 2 in Eq. (1.25) takes into

account explicitly the double occupation of each inner electron orbit.

It should be mentioned at this point that up to now all calcula-

tions of inner shell ionization by heavy ions have ignored the transverse
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term in Eq. (1.25). The reason is that for low incident projectile‘
energieé the transverse term being proportional to Bt or essentially the
B of the projectile is insignificant. The objeétive-of the present work
is to calculate this component of the total cross section of the electron
vacancy productionvof the inner shells of atoms; which of course implic--
itly assumes that the projéctile ions must have relativistic energies.
If we integrate the differential cross-section of Eq. (1.23) over

the momentum g and energy w, we obtain the total cross-section OS of

electron vacancy production of the shell s in the obvious form

0=05L+0t ‘ : . (1.28)

where in Eq. (1.28) 05’ and 0: stand for the longitudinal and transverse
components of the total cross-section. We call these two components the
longitudinal and transverse electron vacancy cross-section, respectively.
Such terﬁinology is self-explanatory in the light of ouf'previous develop-
ment, i.e. the decomposition of the electromagnetic interaction between
incident ion and electron into longitudinal and:transverse components.
Thus, the instantaneous Coulomb interaction which exerts a force along
the direction of q,the momentum transfer from the incident heavy ion to
the atomic electron, is responsible for the 0;’ component of the total -
cross section. On the other hand, the virtual photon or radiation field
interaction bétween incident heavy-ion and atomic-electron exerts a

force perpendicular in direction to that of the Coulombic interactioﬁ,
since photon fields are perpendicular tb q. The virtual photon field is

. t .
responsible for the OS component of the total cross-section.,
Next we examine the limits of integration of the differential

cross-section of Eq. (1.25) over q and w, by which integration we obtain

the -total cross-section of Eq. (1.28).
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XBL 7711-6395

Fig. 1. Momentum transfer diagram in a héavy—ion
‘ inelastic collision.
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To find these limits conservation of momentum and energy has to
be employed. It is assumed that the enefgy loss of the projectile to
the electron is small compared with the energy of the projectile itself.
This assumption has already been used in the derivation of Eq. (1.6) in the
Born approximation. Thus, if the energy loss of the projectile of mass M
and energy E to the electron of mass m is w;onevhas:

i. For the minimum momentum transferred to the electron SIS

S 2 .
2
.2 2 —— 1 w \
h = ! - - o — —_—
q ;. = M (F - & w‘) S M (14 55) (1.29)
or since ‘w << E
2 2
2 1 w w
. =M = _ (1.30)
qmln 2 th h2v2 '

with v projectile velocity.

ii. For the maximum momentum transferred to the electron qmax:

thi = M (/E_ + ./E_W) ~ 8 ME (1.31)

ax

Without appreciable error we may in most cases set

It should be noted also that in the derivation of Eqs. (1.29) and (1.31)
non-relativistic formalism has been used. However, these results hold

true in a relativistic formalism as well. (see Appendix B) °
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iii. For the minimum energy transferred to the s-shell electron:

w . =E ‘ (1.33)

The energy of Eq.(1.33) is the lowest energy required for the promotion

(16)

of an s-shell electron to the continuum. It has been shown that
the excitation to the discrete states of the atom can be taken into
account by simply extending the integration over w down to the value
of energy ﬁransferred when an s-shell electroﬁ is lifted to the first
unoccupiedvlevel. This,however,vis a small correction which can be
neglected. Thus for all practiéal purposes Es_in Eq. (1.31) is the

binding energy of the saéhell electron.

iv. For the maximum energy transferred to the electron:

w _=E=o | (1.34)

Equafion (1.34) is true for all practical purposes.

Finally, if w is the energy transferred from the incident particle
to the electron which is assumed to have been‘ejected into the continuum
from the s—éﬁell, then bne’has

2,2 :
_ _ h7k
w, = T + Es = fjaaf— + ES (1.35)

where in Eq. (1.35) T is the kinetic energy of the ejected electron,

and k its wave number.

1.5 The longitudinal cross section Oé

We shall now discuss briefly the first component of Eq. (1.26)
Oég which has been studied extensively, even exclusively, for reasons

already mentioned. The longitudinal cross section (oA
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may be written, upon integration over q and w of the corresponding part

of Eq. (1.25), in the form(s)
2 2 2 4 £
- s
GS = 87 Zl a_ Z28 - T (1.36)
s

where in Eq. (1.36):

Zl is the projectile atomic number

2
h -
a 1is the hydrogen Bohr radius 5 = 0.529 x 10 8 cm
o o e
e
ZZs is the screened atomic numﬁer of the s-shell of the target
given by(l7)
ZZK = Z2 - 0.3 " for the K-shell
Z2L = 22 - 4.5 for the L-shell (all three sub shells
Lys Ly, L3).

Furthermoré, in Eq. (1.36):

2 .
21 M 9 _ '
n=3— B® . R, =13.61 eV | (1.37)
Z. R
2 T
s
(Infinite mass Rydberg Constant)
If we assume the idealized or "Slater rule" binding energy US =R ng

2:
then n:’ is the ratio (:;—) of the velocities of the incident particle

] : .
and s-shell electron for low ZZ' For high 22 Eq. (1.35) is not equal to

2

v . - . . .
(??—) anymore but requires some relativistic correction as we will
s .

see in the examination of the transverse component of the cross section
o- Finally, fs in Eq. (1.34) is essentially the double integral of

the form factor of Eq. (1.23) over q and w and is a function of n:’
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and another quantity 68 which is the ratio of the experimental or real

- binding energy’ES to the idealized or "Slater rule'" binding energy so

that:
s — ‘ | (1.38)

with s=1 for the K-shell, s=2 for the.L—shell, etc. For strongly

bound K-shell electrons of high 22 elements one has to take into account

the relativistic effect of those electrons. Then Eq. (1.36) is

" modified M) 4s follows:

E Z ’

K 2K
0., = - [ ] (1.39)
K ZZ R 274

Although it is not possible to express fs(n:', GS) in a closed

form, the following integral representation(5)(19) is an alternative

expression:

N % ‘
fS (n0,6s) = J I (nS,W) dw (1.40)
)
S

with w in Eq. (1.40) given by

(1.41)

which is different from Eq. (1.35) in that here w is a dimensionless

quantity. In Eq. (1.38) I(n;',w) is given by another integral

representation:
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2 :
Z [¢0]
L _ 2s 2 2q dq
I, ,w) = - 5 f |Fs(q)| —*~q4 v (1.42)
o
weZ
2

:,7?"—
/4n§ a

(5),(®

The function fs(n;', GS) has been evaluated numerically.
Its numerical value as a function of the quantities qf and es
for s =1 and s = 2 (K- and L-shells) has also been tabulated(lg) S0
that one readily obtains the value of oj’ by using Eq. (1.34) for a
projectile of given velocity and for a given target atom with a specific
shell excitation. |
The ratio fS/n:' and thus the longitudinal cross section
0;’ of Eq. (1.36) for givep projectile (Zl) and target (ZZ) atoms
has a maximum when the incident projectile velocity is near that of
the Bohr_orbital velocity of the s-shell electron which is ejected.
Figure 2 depicts qualitatively the variation of fs/nz' or for that
matter ozf with respect to the energy of the incident projéctile.
For all elements but the heavier ones the projectile velocity for
which 0;’ has a maximum or n§'= 1 is clearly in the non-relativistic

domain. As the projectile velocity increases so that n§'> 1 the cross-

section 0:’ decreases until for certain n§'>> 1 the cross section reaches
a platequ. Any further increase of n;L or the velocity of the incident
particle leaves the longitudinal cross-section 0;’ virtually unchanged
(Fig. 2). On the other hand, for a given projectile energy per nucleon

the cross section Osl of Eq. (1.34) is proportional to the square of

the atomic number of the projectile. These two properties of O:' may
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Fig. 2. Longitudinal intensity of inner shell ionization as a
function of incident particle energy. The abscissa is
in units of ns. The units of intensity are arbitrary.
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be summarized as follows:

, . 2
The longitudinal cross section OS
¥

1. Has a maximum for E(projectile energy) = Al %-ES

Al mass number of projectile, Es=electron binding energy

Z A

AR '
2. Scales as (—lw) for 7?— = E—, (1.43)
1 1 1

t
1.6 The transverse component OS

Our task now is to calculate the transverse component 05’ of the
total cross section of Eq. (1.26). To do so we depart from the differen-
tial expression for this cross-section given as the second term in‘

Eq. (1.23). Our previous assumption.of small energy transfer from the -
projectile to the electron, small being defined with respect to the

ehergy of the incident particle (projectile), may be expressed by

1<« 1.44
: (1.44)

If Eq. (1.44) holds true, then the exponential in the expression for

Es(q) cén be expanded in powers of q to the lowesﬁ nonvanishing order,
namely qo. This is obvious from Eq. (1.27) or in words the fact that

the transverse interaction transmits one unit of odd parity with respect
to reflection on the plane through q perpendicular to the (5,5') plane.
The aforementioned expansion assumes that h/q is much larger from the
linear dimension of the atomic system under consideration. That this

is true, is easy to show. Consider the extreme case of w = 100 keV wﬁich
can occuf for K-shell ionization of elements with EK ~ 100 keV or

Z ~ 90. In that case hq=0.33 MeV/c and h/q ~ 600.fm ~ lO—ZrH; But
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the K-shell electfon orbits of Z ~ 90 elements have a radius *‘10_4rH

or 100 times less. The matrix element és(q) reduces under the above

(15)

approximation then to vélocity matrix elements. - Thus one has:

i
H

- - 2.~ 2 - 2 .
1B, Go@ | =87 [6 ()] (1.45)

Furthermore, in our approximation if one equates&S with ;j/c

Eq. (1.45) becomes(ls)
- 42 _
= p 2 . ,2 2
8- 6@ % = 8" —5 (T v,)0,] . (1.46)
(he) 3

where in Eq. (1.44) Yj are electron coordinates in the direction of Bt'
Thus one has to calculate the quantity l(; Yj)n,nl2 which is p?oportional
to the opticai electric dipole oscillator strength for excitation froﬁ the
ground level n to the level n'. Here we assume again, as has been done in
the calculation of the longitudinal cross-section 0§', that the final
state n' is a continuum state or in other words that the ejected electron
is emitted to a continuum state. Given also that in this case the field
which éxerts a force on the electrons, thereby ejectiﬁg them to the

" continuum, is tﬁat of virtual photons, the quantity és(q) can be recog-
nized as the matrix element for the photoelectric absorption of high

|2

is proportional

energy photons. In other words, | (z Yj)n'n

to the number of electrons emitted from an atom by high energy photons.
This observation is clearly significant, since detailed calculations

of the photo-electric absorption of high energy photons (x-rays) have
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already been performed.(zo)‘ In the spirit of the evaluation of Fs(q)

for the longitudinal cross-section, non relativistic hydrogenic K-shell,
L-shell electron and continuum wave functions are used for the calcula-

tion of the matrix element I( $Y.) |2.

' It should be pointed out that .
j‘n'n’

the electron representation by nonrelativistic wave functions is not
justified for the case of the K-shell electrons of heavy atoms not only
in the transverse but in the longitudinal cross-section calculation as

well. Few attempts have been made to employ Dirac wave-functions in the

(22)

case of the longitudinal cross-section. However, the problem becomes

extremely involved to be carried out analytically, and no substantial

success toward a numerically calculable form of the cross-section has
been achieved. For the K-shell then the matrix elements in I(Z Yj)Kl2

are calculated between the nonrelativistic hydrogenic one-electron ls ,

(22)(23) and the continuum wave function differing from

(22),(23)

wave function
the ground state by an energy w,, W being defined by Eq. (1.35).

Since the calculation is rather involved, it is not repeated here. Instead

the final answer is given as follows:

] ZZZa [ 222ak
5 (Zza) exp |- " arctan k2—222a2—q2

2 -
= oxa0 2 2 2.2 2 2] 2MZya7r1 o 2 ’
[(q +(Zza) +k7) -2q7k ] [l—exp(- -—-.E——] [k +(Zza) ]

| Zy

.
j 3K

(1.47)

where in Eq. 51.47) a is the inverse of the hydrogen Bohr radius a
m e .
a =1 = L
a h

(o}
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defined earlier. Note that Z
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For the L-shell each matrix element in |(Z Yj)1| is calculated
. h| ' ‘
as the square root of the sum of the squares of the matrix elements

obtained between each of the four distinct nonrelativistic hydrogenic
electron wave functions of the L-shell and the continuum wave function
(20) ,(24)

. The

differing from the ground L-shell state by an energy vy

assumption was made that there is a common average energy transfer W

appropriate to the several subshells of the L-shell given by Eq. (1.35).

'Again we omit the involved calculation of I(Z Yj)Ll2 and give the final
: k|
result: )

6 4223 .t k |
. (Zza) exp |-~ — <~ arctan , 2, 5 1/%]

2 -2 k +(T)

[y | = 4xa0. - s
: o 1 - expl~- "
5 y 2 (Zzaf
[k + (Zza] 16
% < : (1.48)

In Eq. (1.48) a is again the inverse of the hydrogen Bohr radius a,
| 95 in both Eq. (1.47) and Eq. (1.48),

is the target atomic number. In addition in both these expressions
k is the wave number of the ejected electron defined ByIEq. (1.35).
Notice that we have used in Eq; (1.33) a nonrelatiQistic expression

for the kinetic energy of the ejected electron. This implies that T

is rather small, nonrelativistic, despite the fact that the projectile
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energy may be highly relativistic. Theoretically and also experimentally it
is well established that no matter what the energy of the incident projec-
tile is, the average kinetic energy transferred to the electron is small

)_(25)

(lessvthan one keV Thus, our classical expression for the kinetic
energy of the emitted electron is completely justified. |

We are now ready to calculate the K- and L-shell transverse
crbss-sections using Eq. (1.44) along with Eq. (1.45) and Eq. (1.46)
in Eq. (1.23). However before wé start this calculation, one small

step is in order, namely the expression of B;Z in Eq. (1.44) in terms

of known quantities. To do so we have, using Eq. (1.24)

82 = (B- -9 -6 - G- (1.49)

Since the component of q parallel to p and hence B (p // B) is fixed

by energy conservation: at

—n-=p —p hq o~ - N—d.—p— =-‘Al
h q.p 75 + 5p = p-p' = w3 (1.50)
so that
B.4=8G D860 =-L0-D -
- B w _ qmin
. q hv __B q ’ : (1.51)

where in deriving Eq. (1.51) use of Eq. (1.30) has been made.
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Substitution of Eq. (1.51) into (1.49) yields then

2 o o
2 2 nin
Bt =B (1 - —“;T) (1.52)

Combining Eqs. (1.25),(1.46) and (1.52) we obtain for the transverse

. t
cross—-section Oé the general formula:

(1.53)

where in Eq. (1.53) use of Eqs. (1.30) through (1.34) has been made in
order to establish the limits of integration w and q. We can now
evaluate Eq. (1.53) for s being the K-shell and the L-shell separately

using the results of Eqs. (1.47) and (1.48) respectively.

1.7. The K-shell transverse cross-section Oézv

For the K-shell vacancv transverse cross-~section q::, we substi-~

tute Eq. (1.47) into Eq. (1.53) and obtaig
o © oo ZQBZ(l -—7—

0.t = grz? (ez )2 dw, | dq . %
K = 1 \iv K . 2]
_ 2 K
= S [q e

K
hv

N
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L @@°
X 5 X 10 2——‘——2“
[k + (Zza) ]
[?Zza 22,8k ]
exp arctan[ : ]
¢ - @z,” -
.- , 27 - |
2 2nZ.,a . (1.54)
[(q2+ (Zza)2+k2)2 - 2q.2k2] [l—exp(— kz )]

{

We now proceed to calculate the double integral of Eq. (1.54). To do
SO we éffect‘the substitutions
.2
_ nin k2

‘X y = —
qz ‘ ' (Zza)2

(1.55)

In other words we change variables in Eq. (1.55) from (q,w) to (x,y)

via the transformation of Eq. (1.5 ) Under this transformation

Eq. (1.54) can be written in the form(zs)
2\2
t _ o 2,2 (e ) -3 2 t L2
OK = 8m Z1 B o 5x10 . a_ gK(nK , BY) (1.56)

where in Eq. (1.54) aé =-%? = hydrogen Bohr radius and the quantity

gK(nRF,Bz) is a function defined by the integral expression:
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t 2, _
gKmK, B7) =

(l—x) ) exp [/—2— arctan (———/— —)

y-1-Q
dyfdx o = : > 5 (1.57)
-0 %@y [1- exp - )[(Q+1+y) - 2]
y=1 x=o 7y
L am? :
In Eq. (1.55) we have called for simplicity Q = . and n." is
4x Mg
‘defined by
2
8 2 2 .
t me 2 me 2
n, = = B" = ——— B (1.58)
K20 - D 2By 22,°R,

-YK being the relativistvic gamma factor of the ‘ejected K-shell electron
~with binding energy EK' The equivalence of the first two expressions
for: nKt in Eq. (1.56) arises frdm the fact ‘that the kinetic energy
of the b.ound electron ih the K-shell is equal to its binding energy

in that shell. From Eq. (1.56), we observe also that for low kinetic

energies of the bound electron, i.e. low 22 elements, nKt reduces to
’ 2
the classical expression n L =¥ with v, the velocity of the
_ K B 2 Vg K
K

electron in its K-shell orbit. For tﬁis low z, (ZZ' < 40) limit nKt
becomes equal. to‘vnlf' of Eq. (1.37) in the longitudinal component of
the cross-section. The third expression for_nKt in Eq. (1.36) is valid
if we assume that the binding energy E of tﬁe’ K-shell electrons is
given by the hydrogen atom type of formula Z 2

2

atomic number of the farget element. No Slater rule

R where 22 is the real

1) type of

correction has been introduced in the calculation of the transverse
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component, in contrast to the calculation of therlongitudinal component.
Furthermore the equivalence of the third expression in Eq. (1.56) to the
other two of the same equation implies that SK ; 1, BK having been defined
by Eq. (1.37). Although this assumption is true only for the heaviest

of the elements, it is nonetheless ﬂecessary for the further evaluation
of the function gK.v In otﬂer words what this aﬁproximation does is that

it reduces the variables of 8y in Eq. (1.57) from three to two so that
t 2 V 2 : : '
ge(ng s 64587) — = gy (ng -8 ‘) | (1.59)

Since the integrals in Eq. (1.57) cannot be carried out analytically,
one has to»tabulate the values of the function'gK. Obviously, from
this point of view two variables are By far more desirable than three,
when one has to construct tables of values of a quantity as a function

of its independent variables. As mentioned already, 0

K approaches one

as Z2 becomes large (> 70) so that the higher the Z, of the target the
better the approximation; The result of our apprdximation in the
numerical value of Eq. (1.55) is that it makes it smaller since the
lower limit of y in it is equal to 1 instead of a little smaller.
Finally, we may use in Eq. (1.56) either the real value of the binding

energy or the value Z ZR& which is normally bigger than the former.

2
In the latter case one gets a smaller nKt and thus a smaller cross-
section, given that gx is an increasing function of nKt. That gKt

is an increasing function of nK can be seen in Fig. 3, where the

general behavior of B as a function of nKt for B constant,
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Transverse intensity of the K-shell ionization as a
function of incident particle energy. The abscissa
is in units of ng. The units of intensity are
arbitrary. '
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approximately equal to one, is depicted schematically.
At any'rate, substituting into Eq. (1.56) all the numerical
vélues of the constants one gets the equation

t 2.2 .2 t 2
OK = 1,889 x 10 Zl B gK(nK , BY) (parns) (1.60)

The values of gK‘as:a function of néz and 82 have been tabulated
and are given in a format similar to the one fof the longitudinal function
fs(lg) in Appendix A. Also, for the séke of illustration Figs. 4,5, and
-6 depict schematically the variations of all thiee cross-sections

'3 t . . .
OK , and O as functions of the energy of the incident projectiles,

k> K
assumed to be protons (Zl = 1) for three target atoms Ca , = 20),
Mo (22 = 42), and Pb (22 = 82), respectively.

A final remark about the variation of © t with respect to the

K
velocity of incident particle is in order. From Egqs. (1.57) and (1.55)

‘we note that for B > o or B << 1
GK « g . (1.61)

which verifies that OK? is negligible for low velocity projectiles.

This can also be seen schematically in Figs. 4, 5 and 6. " Furthermore
for very high incident velocities 8x reaches a plateau and essentially
remains constant sﬁ-thét,the cross-section oéz stops increasing beyond
certain point, as can be seen again in the same figures. The dependence

t . .. .
of OK' on the atomic number Z1 of the incident particle is, in our

2

approximation, the same as for Ok?, namely, proportional to Zl .
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Fig. 4. K vacancy production cross section for protons on Ca.
The total cross section Oy is the sum of the longitudinal

OK’Q’ and transverse UKt cross sections.
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Fig. 5. K vacancy production cross section for protons on
Mo. The total cross section Oy is the sum of the
longitudinal Oﬁz and transverse ogt cross sections.
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Fig. 6. K vacancy production cross section for protons on Pb.
The total cross section Ox is the sum of the longitudinal
Oy and transverse ogt cross sections.
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. . t
1.8 The L-shell transverse cross-section OL

Again by substitution of Eq. (1.48) into (1.53) we obtain

-2

47.a
4x10 x (Zza)6 exp [— 2

w
=
—
~
N
+
7~
N
[\*]
j+V
g
——
N
N
[V
N—
—_—

arctan ) M1/2
[,:E?J,(Zz ) Y

2

2
TZ,a (Z,a)
[1 - exp (- k2 )][kz + —%—]

>

(1.62)

where Eq. (1.62) gives the total cross-section for excitation in all

_three subshells Ll’LZ’L3 of the L-shell. EL is then the average of the

binding energy over all the subshells of the L—shell.(lg)

Making once more use of the transformation of Eq. (1.55) in

t

Eq. (1.62), we obtain for oL

In Eq. (1.63) we have for gL(GLsBZ) the integral expression

2
2
£ 2 (e 2 2 2 2
OL = 81 Zl (ﬂ) B x4 x10 xao gL(GL,B ) (1.63)
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2, _
gL(eL’B ) =
1 w  exp [— 4 arctan y_ -'1-—2] [(Y+l)2- 11_6]
=[A—32__ dx/ 5 (v +1/4) 4
5 , ‘
(1-8%%)° 4" [1- e =]
0 YA | ‘ ol

(1.64)

"We observe that Eq. (1.64) does not depend on n;z and thus can be
separated into the x and y parts. Also QL is the screening factor
for the L-shell as defined in Eq. (1.36). The x integral in Eq. (1.61)

is double so that one obtains for it

1 (1-x) 2 2 S |
f ey dx = Iy - B~ 4‘5 (1.65)

(1-8%x) B

‘The y integral cannot be done analytically, and in any case is a
-function of OL; If in the spirit of the er calculation we assume

again that BL = 1 or that the binding energy of the L-shell electrons

is on the‘average given by Z;ZR /4, we have
i~ 4 e
exp [— —— arctan ——‘/%2-] [(y+1)2 - ]%6]
| vy (y+1/4) 4y = 1.69 x 107
1 o +1/67 [1-exp(- )] |
(1.66)

vy
where in Eq. (1.65) the integral has been calculated numerically.

Combining Eqs. (1.64) and (1.65) with Eq. (1;62), we obtain after

substitution of the various constants by their numerical values
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2 .2 :
0.t = 0.254 x 10% 2.2 Any -8~ (barns) (1.67)
L 1 82

for the average L-shell vacancy transverse cross-sectiom.

We examine briefly the properties of O, as given by Eq. (1.64).

L

A t . . . .
The variation of O, with respect to the atomic numbers of projectile.

L

Z1 and target 22 is the same as for all others cross-sections
Of?, Oi%, GKF' For very small B, we can easily establish that

znyz t .2 ' . to. ,
— 1 as B > 0 so that OL<18 . Thus again OL is essentially
B8 2 :

negligible for small projectile velocities as is OKF. However for

higher prbjectile velocities there is a difference between OKF and

. t. This difference is that while G

L

rapidly with projectile velocity to reach a plateau after certain

t
as we already saw, increases
K ® y

velocity and remain constant thereafter, OIF increases as fny with
' t
projectile energy so that eventually for very relativistic energies gy,

£:, becoming infinite. This rather unphysical result
is due to the fact that the original Born approximation breaks

(15)

down for energies higher than the GeV range. However, there is

overtakes O

no problem for projectile energies of the order of several tens of
GeV per nucleon which in any case are yet to be attained experimentally

for all heavy-ions with the exception of protons.
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IT. MEASUREMENT OF K-VACANCY PRODUCTION BY RELATIVISTIC HEAVY IONS

2.1 Introduction

L2, and L

Investigations of inner-shell vacancy production by heavy ions
have been carried out for almost 50 years. However, it is oply during
the last 15 years or so that experimental and theoretical results have
provided a cohesive picture»of the éhenomena»under consideration. This
is due on the oné hand to the épplication of éxperimental Fechniques
new to this area and on the other hand‘to the refinement of Varioué
relevant theoretical calculations .

In ﬁhe last decadé’particularly, much effort has been devoted
to measuriﬁg the innef—shell vacancy cross sections by protons and alpha
particies; Both K- and L- x-ray measurements have been made, although
the more éomplicated structure of the L-shell with_three.subshells Lis

makes x-ray measurements related to L x-rays a much more
(45)

3

difficult task than K x—réy measurements.
In most measurements up to now the energy per nucleon of the
projectiles (protons and alphas) has been ranging from 15 keV to 30 MeV.

(27)

There exists also a measurement with i60 MeV protons. The targets
involved have fanged from helium to uranium.

From the previous theoretical development in this work it has
5eén concluded that the inner-shell vacancy cross section by heavy ions
stérts to‘rise as the projectile energy becomes relativistic. Although
tﬁere is no clear-cut lower limit between non relativistic and

relativistic projectile energy, we set it rather arbitrarily at 150 MeV

per nucleon of the incoming projectile. Thus,in order to examine the
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validity as weli as agreement with reality of the previously developed
inner-shell vacancy production théory we must use projectiles of energy
in the vicinity of a few hundred MeV per nucleon at least, and possib}y
move into the GeV per nucleon domain. As mentioned'earlieg up until
recently (1972) no accelerator existed that could accelerate heavy

ions into the Gev per nucleon energy range. It was therefore the
creation of the Bevalac facility of the Lawrence Berkeley Laboratory-
which partially motivated the present work. On the other hand similar
measurements using as projectiles relativistic electron beams have been
performed(28) and a theory which can account for the measured K-shell

(29) In the case of relativistic

vacancy production has been developed.
electron beam excitation it was found that the K-shell vacancy produc-
tion cross-section could be described as a sum of two terms. One term

(30)

is due to the Moller scattering or interaction for close collisions
and is present at any projectile electron energy, relativistic or non
relativistic. The other term is due to the virtual photon field of

the relativistically moving projectile electrons and obviously is

(47) It becomes

significant only at relativistic electron energies.
now apparent that there-is an analogy between the electron and heavy-
ion ionization, so that experiments with relativistic heavy-ions were
rather imperative at this point. It is worth noting that no significant
deviation of the experimental K-shell vacancy production cross-section
from the thoretical one by the 160 MeV protons, attributable to the

. ' . . 27)
high energy of the proton projectiles, could be observed.™

Apparently the energy of 160 MeV for proton projectiles is around the

threshold of the contribution of the tramnsverse component of the

-
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cross section to its total value.

Thus the measurement of the K-shell vacancy cross section was

_undertaken at two energies and with two different projectiles. No

L-shell vacancies were measured due to the inherent difficulty of

"such a measurement compared with the K-shell vacancy.

2.2 Measurement of:the K-shell vacancy cross section

?he characteristic radiétion éf x-rays emitted when a K-shell
electron vacancy is filled by an outer shell was measured. Dgpending
on the origin of the elegfron fiiling the K-shell vacancy which was
prédpéed.by the.incident:heavy—ion, two éroups of K x—fays afe obtained,
namely Ko énd K8. The Ko #—rays are emitted when the K-shell vacancy
is filléd by an electron originating from the L-shell. The KB X-rays
are emitted.when thé K-shell vacancy is filled by an electron_coming
from either the M-shell or N-shell bf the atom provided'that the atom
is‘heavy.enough to have electrons occupying any of the M- or N-shell.
FUrtﬁermore theAKa line is split into thevKal'and KOL2 depending on
whether thé L;shell electron filling the vacancy originates in the
L3 or‘Lé sﬁbshgll,respectively./’Similarly the KB line is split into
KB, , KB,, énd KBB’ Kg,, and K8, emitted when the transition electron
comes from the M3, N3, M2’ N2, and M4 subshells,respectively.(31)
Other transitions, for instance from Ll to K, are forbidden by the

(48)

relevant selection rules. Energetically the Ko, line lies higher

1
than the Kaz line, while normally the KBl, KBB’ and KBS are combined
% .

into a line called KBf, and KB2 and KB4 into the KB', which is more

energetic than the KB,'. The combination of the five KB lines into
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two is due to the fact that the lines in each of the KBl' and KBZ' groups
are so close in energy that they are essentially unresolved. Finally

all the KB lines are higher in energy than the.Ka lines, as can be

deduced f:om the corresponding electron transitions. In our measure-
ments we obtained the Ko, and KB lines resolved for all target elements.
Howeﬁer; only for target elements with atomic number greater than 60
could we partially resolve the Kal and Kaz lines of the Ko line as

well as the KBl' and KBZ' lines of the KB line. By '"partially resolve"
here we mean partially overlapping peaks of the corresponding lines,

Ka. and Ko

1 2?

of resolution of the Ko and KB x-rays does not bear any significance

KBl and KBZ’ in the x-ray spectrum. Obviously the degree

on the measured cross sections, since we are interested in the total

K-shell vacancy cross-section, which is the sum of all partial (Ka, KB)

cross sections.

To a good approximation the emitted x-ray radiatiom is

isotropically distributed. This point has been investigated and found

(5)

and K x-rays from various targets

(28)

excited by high energy electron beams. Hence, a target element

valid for L x-rays from gold

(ZZ,AZ) will give rise to a number of K x-ray counts ny in a detector
i

occupying a solid angle of A steradians, which is given by

p Lt No
_ vac 272 AQ
g T 9% % Ny A, im Sa Cx (2.1)
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vac

where in Eq. (2.1) Ox is the K-shell vacancy production cross section,

wK is the fluorescent yield, Nl the number of incident heavy ion
projectiles (Zl,Al), P,y and t, target density and linear thickness
\ -1

respectively, No is Avogadro's number 6.022531 x 1023 mol ~, €4
K

is the efficiéncy of the detector, and CK is the absorption reduction
factor of the emitted K x-rays while traveling through the target, air,
external absorbers etc, The last ﬁwo quantities, edK and CK, depend
on the energy of the detected K x-ray, as will be seen shortly. _If the
K peak in the spectrum is resolved into Ko and KB lines or even further
into Kul, Kuz,

is applied for each of these lines individually and the_crosé section

KBl', and KBZ' lines, as described earlier, then Eq. (2.1)

03¢ can be determined from each of these lines separately. Obviously

K
vac

K In our case the K

all lines should yield the same value for o
line is alwaYs resolved into the Ko and KB lines, while further
resolution of the Ko and KB peaks occurs somewhat for heavier elements.
However since this latter resolutidn is not complete because the Ko,
and Ka2 or the KBl' and KBE' lines partially overlap with.each other

in every case, we consider always the two peaks Ko and KB, so that

Eq. (2.1) can be modified to

o4t No

vac 272 AQ

ng, =% W% N & i €a. %k, (2.2)
i 2 i

i

with i being either o or B.
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Thus, for a given peak n, can be determined from its spectrum
i . vac
while the rest of the quantities in Eq. (2.2) except for OK are
either known such as mK or can be measured independently such as

Nl,pz,tz,AQ,edKi or can be calculated, such as CK,'
i

The objective of the experiment then is to measure, determine,

or calculate all quantities involved in Eq. (2.2)._ Hence, the value

vac . . .
of O can be determined for a multitude of targets and a variety of

K

projectiles with their respective energies.

In what follows we examine first the experimentai set-up and then
the way by which the magnitudes of the various‘quantities in Eq. (2.2)
were measured, so that a vaiue of the K vacancy‘production cross section
could be obtained for a given target and a projectile of certain
incident energy. Specifically, two types of projectiles were used.
A 4.80 GeV proton (p) beam and a 250 MeV/N or 3 GeV total energy

Carbon ion (120) beam. The targets used in both cases varied from

elements with atomic numbers in the vicinity of 20 up to uranium.

2.3 Experimental Set-up

The experimental configuration used for both the 4.8 GeV protons
and the 3 GeV carbon ions was the same. It is schematically illustrated
in Fig. 7. The incident particle beam (protons or carbons) from the
Lawrence Berkeley Laboratory Bevatron/Bevalac facility passed through:

1. An Ag (silver) monitor foil of 0.0254 mm in thickness.

2. A targét foil varying from 0.0060 to 0.0508 mm in thickness
for various elements.

3. A scintillation paddle.



~ Scintillation
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Fig. 7. Schematic diagram of experimental setup.
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4, An ibn chamber

5. A T.V. monitor paddle

The beam loss going through all five elements with a total
thickness of at most several tens of mg/cm2 was negligible,

Two detectors were used for the detection of the produced x-rays.
A lithium~drifted silicon Si(Li) detector placed on the side of the
target at the same horizontal level with it, viewed the target at
right angles to the incoming beam. A second planar lithium-drifted
germanium Ge(Li) detector placed under the target vertically and
facing upward, viewed the target again at right angles to the beam.

The use of.semiconductor detectors for the low ‘energy (below 100 keV)
electromagnetic radiation detection was rather essential. The nature
of conversion of the incident radiation into am electrical pulse by
them results in a greatly improved resolution as well as efficiency(Bz)
over other kinds of scintillators at the low energy x-ray spectra we

are concerned with.

The target was tilﬁed vertically by 45° and tﬁen rotated by 45
degrees; in-other words, there was made a first rotation ébout a horizon-
tal axis by 45 degrees and a second rotation about a vertical axis by
45 degrees with both axes perpendicular to the beam direction through its
imaginary center. The purpose of these two rotations was that the normal
on the'target's surface formed a 45 degree angle with the plane of the
face of either one of the two detectors. Such a configuration £; a
most desirable one from the point of uniformity of the solid angle of

emission of the x-rays. Under these rotations then the direction of

the beam formed a 30 degree angle with the plane of the target or a
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60 degree angle with the mnormal onvit. Knowledge of the angle of
rotatién of 45 degrees was essential in determining the self-absorption
of x-rays in the target, while that of the beam incidence angle of

60 degrees was necessary in the determination of the effective target
thickness, as will be seen ‘later.

The Ag monitor foil was placed 10 cm upstream from the target
perpendicuiar to the Behm and was viewed by both the Si(Li) and Ge(Li)
detectors. The angles of the viewing of each detector at the Ag
monitor foil were calculated by measuring the distances from the center
of the plane face of each detector to the center of the Ag foil and
the inéoming beam diréction. Those angles were ‘again necessary for
determining the effective thickness of the Ag foil as was seen by
the x-rays produced in it and detected by either of the two detectors.
The significance of the presence of Ag foil was that it could be used
to minimize the errors of the measurement of the K vacancy production
cross section of the target elements, as will be described in the
sequel.

The ion chamber was coupled to an electrometer and integrator
to integrate the relative beam intensity from run to run. Thus, one
could determine the charge going through the ion chamber. Besides
this relative beam intensity calibration, the ion chamber readings
were.in conjunction with the.dead time correction, as will be seen
shortly.

The T.V. monitor was intended to‘constantly obserQe the beam
spot position on thé screen from drifting due.to accidental change of

the magnetic fields of the quadrupole magnets upstream from the target
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position. The beam spot position on the screen corresponded to a beam
going exactly through the aligned centers of the Ag foil and the
target and was determined at the beginning of each run by placing

a polaroid film on the target and exposing it to a few beam bursts.
Normally two to three film exposures.were necessary before the beam
could be focused to the center of the target by the operators'of the
accelerator following the instructions given to them after each

film exposure.

The beam itselfvhad a diameter of approximately 2 cm and was
coming in bursts of one second duration every five seconds on the
average.

The count rate was rather high of the order of three to four
thousand counts per beam burst. It was therefore essential that a
means of correcting our data for deadtime had to be devised. In
our cése the following rather simple procedure called the '"crossed"
detector trigger system" was adopted. This can be schematically
seen in Fig. 7. Each of the two detectors fired a fast discriminator
which supplied one.pulse every hundred pulses to trigger a pulser on
the other detector. Each pulse triggering the pulser of the other
detector was delayed for approximately 100 us prior to doing so. The
ﬁumber of pulses triggered were thus recorded in the spectrum along
with the x-rays counted at the same time.

The data taking system consisted primarily of a Hewlett-Packard
4096 channel pulse height analyzer with the spectra recorded on
(33)

magnetic tape by a Kennedy 1510 magnetic tape drive system. “Also
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Vd

a Northern Scientific 1024 channel pulse height analyzer was occasionally

used with data again recorded on magnetic tape.(BA)

2.4 K x-ray Counts Measurement

As mentioned -earlier, in order to calculate the K vacancy

va

X ¢ from Eq. (2.2) or Eq. (2.1) one has to

production cross section O

under the peak of the line Ki in
i .

the obtained spectrum. Typical spectra appear in Figs. (8) through (12).

determine the numberiof counts, D
Obviously, for a given peak one can determine thevarea under the peak
after subtracting the appropriate background, which in the case of
our spectra is rathefvapparent, and thus obtain the number of countg
corresponding to thét_peak of the spectrum. The determination of fhe
area under'the giv;n peak or line of the erays can be done most easily
if, for instance, one knows the total number of counts in each channel
over which the peak under consideration extends. By subtracting the
appropriate background counts from the total counts of each channel one
obtains the net number of counts in each channel. Then by adding all
the numbers of net counts, for each channel one obtains the total‘number
of counts under the peak or line of the spectrum which is being examined.
1f, however, the count rate during the experiment is rather high,
one is confronted with the problem of deadtime. In other words, the
counts calculated under any given time of the spectrum are not the
real ones but smaller by a certain factor, the so called deadtime
correction factor. This deadtime correction factor takes into account
the fact that the detec;or while counting an event remains inactive

for a short period of time during which if other x-ray photons arrive

at the detector, they will not be counted. The higher then the counting
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rate.of a count-ﬁeasuring system, the more events are rejectéd during'
the inactivation of the detéctor; and thus the higher the deadtime
-correction factor becomés.

| It was for this reason that a crossed detector trigger system
was used througnout our x-ray measurements. To measure then the
deadtime correction factor one had to compare the ﬁumber.of pulses
recorded in the multichannel pulse-héight analyzer with tﬁe number of
test pulses fed into the préamplifier of the detector. The number of
‘pulses triggered:nt was recorded and later from the analysis of the
obtained spectron the number of pulses counted nc was found (for instance
in Fig. (12) n, would be the area under the pulser peak after the
background has been subtracted). The deadtime DT is given then by the

ratio

n

_q,_ _¢c
DT = 1 o | (2.3)

with DT always less than one.

Thus if the number of counts or events under any line of the
spectrum‘is found to be nK.', fhén the number of counts ng which
ought to have been measure; by the detector under .that part;cular

line is

1 t '
n, =n,' ——=n,' — (2.4)
K, g , I-0T “Ki n,

The quantity 1/(1-DT) in Eq. (2.4) is then what we cdlled earlier
the deadtime correction factor. It was found in our preliminary
measurements and later on in the actual ones reported here that the

deadtime varied between 0.4% and 50%. This result indicated that
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the deadtime correction factor could affect the value of the total cross
section by as much as a factor of two. It was therefore necessary that
cross section values insensitive to the uncertainéy of the detector
deadtime had to be obtained. To do so we had to use ﬁhe thin Ag foil
upstream froﬁ the target,'as has been described already. 1In each run

the Ko x-rays of Ag were measured along with the Ka and KB lines of the
target element. The yields then of each target elemeﬁt (Ko and KB) could
be calibrateé against the yield of the Ko line of silver. In addition,
the Ko x-rays of silver were calibrated against the ion chamber reading
which was actually the integrated relative intensity ofAthe.beam. Thus,

for each run we calculated the quantity

Ag) '
_IlKa( g n
A | (2.5)
. 1c

(¢}

where in Eq. (2.5) néa(Ag) is the yield of the Ka x-rays of silver as
measured under the respective line in the spectrum, Ric.iS the ion chamber
reading, and n_, n_ are the same quantities appearing in Eq.l(2.3).

The quantity ¥ then of Eq. (2.55 had to be a constant under perfect
measurement conditions. Perfect measurement here has the connotation

of measurement without error. Since under realistic measurement-
conditions X varies from measurement to measurement, the average value

of x has been calculated for all runms. Thus, the real number of counts

ny for the line Ki’ which should have been measured by the detector
i

under ideal circumstances, i.e. no deadtime, is given by
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rLK_' (Zz) »
) = —= L SX2 | (2.6)

1
nKi (Ag) R,

ny (Z

.2
i

where in Eq. (2.6) <XI>'is the average value of ¥ of Eq. (2.5), nK.'(ZZ)
are the events observed ‘under the Ki peak of the spectrum for the target
element of atomic number ZZ’ and Ric is the ion chamber feading
corresponding to the respective épectrum measurement. The same
procedufe could have been followed if, instead of the Ka, the KB line
of silver had been used. .Furthermore, in all the cases where the Ka
and KB lines of the excited target atom were completely resolved, one

~ had to do the calculatioﬁ of the cross-section ozac twice, once.for
each 1ine,»and then take the average of the two values as a better
numerical value of the K vacancy production cross—sectionf Finally,
tﬁé éﬁalysis of the data on magnetic tape involved the use of the

" CDC 7600 system of the Computer Center of the Lawrence Berkeley
Laboratory and a PDP-7 minicombuter system of the Nuclear Science
Division of the Lawrence Berkeley Laboratory too. The first step of thé
data analysis involved the rewriting of the data originally taken

‘on magnetic tape by the Hewlett-Packard and Northern Scientific
analyzers to another magnetic tape in a format that was readablé by

the PDP-7 system. This step was accqmplished by developing two
programs called WRIS and BCDIS. The first of these was for the
transition from the Hewlett-Packard to the PDP-7 format and the second
for that from the Northern-Scientific to PDP-7 format. The tramsition

task was executed with the use of the CDC 7600 system of the Computer
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Center of LBL. The second step involved the real data analysis by
using the PDP-7 system of the Nuclear Science Division of LBL. The

analysis included the finding of the number of events n under each

\J
K
i

line Ki of any spectrum after appropriate subtraction of the background
which was determined by a polynomial fit through a number of points in

it suitably chosen.(35)

2.5 Absolute Beam Calibration

As mentioned earlier, a relative beam intensity calibration was
possible by taking the readings of the ion chamber for each run. Thus,
one could deduce how many charged particles (beam) went through the
target for a given run relétive‘to another run. In this way one could
find the cross—secﬁion of the vacancy production for a target element
relative to anoﬁher target element. The reading of the ion chamber,
for any run, is propdrtional to the quantity N, of Eq. (2.2). However,
one must know the value of N1 for a given run iﬁ order to calculate
the absolute value of the cross section Ozac of the targe£ element
irradiated ‘in that run.

An absolute beam intensity calibration was then done by
irradiating graphite targets placed at the ordinary target position
for a period of about 10 min each time at various times (approximately
every six hours) during the experiment. As a result of the irradiation

of graphite, 110 was produced according to the reaction

A+ C — X + C . ' (2.7)
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where in Eq. (2.7) A stands for the incident beam element. Also no
beam fragmentation is assumed in Eq. (2.7) bﬁt this is irrelevant to
the 11Cproduction, since only the primary beam particles are
presumably energetic enough to remove a neutron from thg 1 C of the
graphite target. The importance of the reaction of Eq. (2.7) lies
in the fact that llC is a B+ emitter with é half-l1ife of 20.4 min€38)
The emitted positrons almost instantaneously encounter electrons in
thg graphite target and a (e+,e_) annihilation radiation occurs.

i1 , s + - : .
The annihilation radiation from each (e ,e ) pair may consist

of one or two quanta. One quantum emission is possible when the

positron annihilates an electron bound to a nucleus capable of absorbing

the recoil momentum. In that case the quantum is always'monoenergetic.
However, if the capability of absorption of the recoil momentum due

to the kinetic energy of the positron by a third partner is lacking,
then a two-quanta annihilation occurs too. The latter process happens
to be the predominant mode of decay of the positron, electron pair.

The two photons are simultaneously emitted at an angle to one another.
If the positron slows down and then interacts annihilatively with an
electron, two Y quanta are emitted essentially of energy 0.511 MeV

(37) This last

each at an angle of 180 degrees to one another.
configuration is the most probable one among the various possible two
Y quanta emission configuration and is the one which is of the utmost
interest to us in our measurements.

The graphite target, after having been irradiated approximately

for ten minutes by a heavy ion beam, was placed immediately in a nearby

located positron counter which measured the coincidence rate of the
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emission of the two 0.511 MeV phétons at 180 degree to one another.

A 400 channel pﬁlsé—height analyzer was connected to the counter and
in each channel the number’ of coincidences over a period of 30 seconds
was measured, moving successively from one channel to the next. The
decay curve of llC was thus obtained and from that, knowing the exact
time of stopping the irradiation of the graphite target and the time
wﬁen the méasurement of positron décay of 11C started, one by
extrapolation backwards in time could determine the decay rate of the
irradiated target at the time the irradiation was terminated. knowing
that and the_ cross section-of production of 11C from the incident beam
at a given energy, one can then determine the number of beam particles
which struck the graphite target during its irradiation. Thus for

a graphite target of_No 12C atoms/cmz, the number of llC nuclei
present N(to) after an irradiation time t, by a beam of intensity of

I projectiles per sec is'given by

0

N(t ) = ——— (L - e (2.8)

where A is the decay constant of llC and ¢ is the llC production cross
.sécgion dependent on the tybe and energy of incident projectiles.
Using Eq. (2.8), one can deduce I if 0 is known. Furthermore,
if during the graphite irradiation time the ion chamber reading Ric |
is recorded, one can now calibrate the ion chamber by calculating the
quantity Pic , number of particles going through the ion chamber per

ion chamber reading, given by
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° ' (2.9)

Of course, in practice.one has to average the number Pic over several
runs, so that a better value can be reached. It should be also pointed
out that in Eq. (2.9) it is assumed that the beam intensity I remains
constant over a period of time, so that the tétal number of particles
in the beam over time to is I to. Applicatiqn then of the llC
production and decay measurement technique allows us to establish an
absolute calibration of the beam'intensity or essentially the absolute
value of the quantity N, in Eq. (2.2).

Before we leave the ;ubject of the absolute beam intensity
calibration, two things ought to be mentioned. First, the calibration
of the positron counter was done by using a standard 22Na source
which decays by B+ emission with a half-life of 2.6 years. By placing
the 22Na source of the same position with respect to the two Na(I)
crystals of the positrdn counter and with the same settings as while
the 11C is measured one could determine the positron detector efficiency,
geometry, and deadtime corrections. Second, the problem of using
the appropriate value for the 110 production cross section in
Eq. (2.8) is rather complex. The value of the cross section had

“to be estimated from the existing data for protons(38)’(4o)

(39)

and for

carbon ions. On the basis of these existing data Fig. 13 was

1
drawn and used for the determination of the 1C production cross
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section at our energy. Thus, we used for the 4.88 Gev protons the
value of 28 mbjfor the lZC(p,pn) llC reaction cross‘secfion, while

120(12

for the 3 Gev carbon ions the value of 70 mb for the C,X) llC

reaction cross section. It was also established as a general rule

that the relation

o =a3op | S (2.10)

, . 11 .
was approximately true, relating the C production cross section

Gy of a projectile A_ with mass number A to the proton cross section

0_ for the same reaction and with the same kinetic energy per nucleon

for the heavy ions as for protons.

2.6 Target Thickness Corrections

Twovkinds of corrections are associated with the thickness
of the target. First, the correction relate& to the change of the
real thickness of the target due to its rotatioﬁ, as described
already. Since the target has been rotated abouf a Qertical axis

- '

by 45° and a horizontal axis by 45° also its real thickness t2

is related to its effective thickness t2 by
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t \j
— - 2 )
tZ " (cos 45°) x (cos 45°)

(2.11)

The value for t, of Eq:. (2.11) is the appropriate one to be used in

I

2
vac . - e s
cross section with't the

5q. (2.2) fdrvthe.gaiculation of the oy )
teal thickness of the térget.in;‘¢@$> Thé iﬁplicatibn oflthe expression
"effeétive thickness" is rather. obvious in tﬁat it refers to the

_ actual beam path through the target.‘ Ffom Eq. (2.10) it can Bé seen

that the effective thiékneSS'is bigger by a factor of two compared

1

2

target thickness is 50% or rather -50% since it decreases the value

with the feal thickﬁess t, . Thﬁs the correctioﬁ due to the effective
of the cross section by é‘factor_ofbtwo.

'The second currection associated -with phe targetvthickness,
'although it turns out fo be not as large as the first one, is -of ‘much
more profound origin than the first. There is an implicit assumption
in Eq. (252}.concerning the-target thickness ty. Thus Eq. (2.2) where
the yieldrof Ki X-rays is simply proportional to the thickness t2
of the irradiated target is applicéble only when the téfget has
essentiall& zero thickness. As the target thickness increases. other
processes besides the primary bne, éonsisting of the interaction of
the incoming.beam-particles with the tafgetvatomic electrons, may
contribute to the enhancement of the Ki x-ray yield of a-par;icular

. : : . vac
target element. Hence the value of the K; vacancy cross section Op



-67-

would appear to be larger than what it really is. Out of a variety of
other processes contributing to the K x-ray production, two are considered

t

to be the most important; accounting for practically all secondary K

(27)

X-ray productioﬁ - although here we are exclusively dealing with
K x-ray production, the.described pfocesses ére also applicable to
any other inner shell sécondary production as weli; Thesé two processés
aré'the following:.
i. The'inéident_heavy ions produce secondary electrons in the
target which are energetic enough_to excite K—vaéanéies in turn.

ii. Thé incident heavy ions éroduce énergetic secondary electrons
which emit bremsstrahlung radiation as they slow down colliding with
, otherrnucléi in the target. This bremsstrahlung rédiation may then
excite photoelectrically K-vacancies.

The targets used in our experimental measurements were of

thickness up to 100 mg/cmz. It is important to realize that in
this type of measurement one has to restrict the target thickness to
the aforementioned values. One reason is that thicker targets would‘
lead to severe x-ray self-absorption, thus making their detection more
difficult in addition to increasing the uncertainties in the measured
croés sections. Another reason for using thin targe;s,'rélated to
our present-discussion,eis that significant beam fragmentation occurs
along with high energy transfer from the beam particleé to the target
nuclei or fragments thereof. Then other processes, in addition to

the two mentioned already, may'enter the picture of secondary K x-ray

production leading thus to further enhancement of the value of the
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K-vacancy production cross:section. Clearly one wants to avoid
complicating matters more than it is necessary.’

Assuming thus that we are déaling with a' thin target - thin here:
meaning of the already mentioned thickness order - then process (i)
increases the cross section linearly with target thickness while
process (ii) increases it quadfatically. The latter dependence- of
the K—vécancy production cross section versus the targe; thickness
is shown schematiecally for Au and Ni targets in-Fig. 14.

The adjustment of . our measured‘cross sectiéns to zero target
thickness was made by using semiempirical expressions based on
approximate theoretical calculatibns for the two processes of
secondary K x-ray production under consideration'here.(4l) The
calculatioﬁs were made for the following two extreme cases:

‘(la) All secondary electrons pass through the target without
loss of energy. ‘

v
. (1b) All secondary electrons are stopped inside the target.
The first limiting case (la) is that of zero thickness target
approximation, wheréas tﬁe second limiting case (1b) is that of
-infinite thickness target approximation..

Furthermore, two rather simplifying éssumptions, concerning
the bremsstrahlung emission, were made. These weré the following:

(2a) The‘bremsétrahlung radiation from the secondary electrons .
is isotropic.

(2b) The bremsstrahlung radiation from the secondary electrons

is forward peaked.
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Pig. 14. Experimental cross section versus target thickness.
: Error bars revresent . relative error only. Curve
approximates the quadratic thickness dependence.
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TABLE 2.1 Finite target thickness correction as percentage

of total cross section for 4.88 GeV protons on various targets

Thickness (gr/cm2x103)

Element Z2 Correction (%)
Ni 28 22.6 2.2 '
Zr 40 33 4.0
Mo 42 51.80 5.6
Ag 47 133.35 11.8
Tb 65 105.03 10.7
Ta 73 84.00 6.7
Pt 78 '13.6 0.7
Au 79 49 2.8
Pb 82 57.9 2.7

92 48.43
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The second assumption (2b) is justified for very high energy
secondary electrons, while the first assumption (2a) is reasonable for
low energy secondary electrons. HoweVer, low energy secondary electrons

q .

can contribute to K x-ray production in low atomic number target

elements, whereas the high energy secondary electrons can be responsible

for K x-ray production in any atomic number target element. In addition,

the bremsstrahlung radiation is negligible in the former case but
significaht in the latter. Thus we are left with the second assumption
(2b), as being rather more realistic.

Applying all of the above to our calculation, we found that the
correction due to secondary production of K x-rays in the target was
of the order df 10%. The uncertainty iﬁvolved in this correction was

of the same magnitude (+ 10%). For most of the targets used in our

experiments the secondary K x-ray production or finite target thickness

correction was the same in magnitude as the uncertainties of other

- corrections though significantly larger than the real target thickness

uncertainty itself. The values of this correction, for the 4.88 Gev
protons on various targets, are given in Table 2.1 for illustrative

purposes.

2.7 Detector Efficiency

During the entire run the positions of the Ag foil, target, and
the two detectors remained unchanged. This was essential in that only

one calibration (of efficiency) for each detector would be necessary.

. The detector efficiency determination was made by placing at the

position of the target a series of calibrated radioactive sources,
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one at a time. The standard radioactive sources manufactured by the

3 57
Radiochemical Center, Amersham, England, included 2-48Am, L 3Ba, Co,

22Na, 60Co, and 88Y. The Y rays produced from the radioactive decay
of these nuclei give an energy range from 60 Kev to 1.836 MeV. For
each peak of the spectrum of the radioactive sources the net number
of counts in that peak was found by subtracting the background from
the total number of counts, as described in Chapter 2.4. This nuﬁber,
then, was dividéd by the number of decays of the radioactive source
which would yield tﬁe gamma ray. under consideration over the time of
measurement. The obtained number was then the.efficiency of the detector
at the particular energy of the gamma ray and fbr the given geometrical
configuration of the target-detector system. By plotting all these
numbers as efficiency versus photon-energy, an efficiency curve for

a given detector andvgeometrical configuration was obtained. A typical
efficiency curve for a-plénar Ge(Li) detector is given in Fig. ]5.'

Since the efficiencies of the various photon absorption processes
increase with atomic number, it is advantageous to use germanium

instead of silicon detectors. ‘This is true for very high energy

x-rays and obviously gamma rays. However, for lower energy x-rays

below 50 kev silicon detectors are more useful.(42)

"At these low
photon energies for sufficiently large volume of semiconductor material
of either Ge or Si, the absorption of thé photon will be more or less
complete. In terms of efficiency then, there will be no difference
between a Ge(Li) or a Si(Li) detector. However, the "energy gap" or

"forbidden zone" is 1.1 eV for silicon but only 0.7 eV for germanium,

so that the fluctuation of the leakage current through the detector and
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Ge(Li) planar detector efficiency--arbitrary scale--versus photon
energy. The efficiency curve takes also into account the
geometrical configuration of the target-detector system.



—74-

the noise of the ﬁreamplifier can be much higher for germanium than
éilicon detectors. On the other hand the statistical fluétuation in
the primary process of electron-hole production is highermfor the
silicon detector since the energy € needed to form one electron-hole
pair is 3.23 eV for silicon but 2.34 eV for germanium. - Given that
the resolution is determined'by the line's full width at half maximum

(FWHM) AE, one has for the line resolution to a good approximation (43)

Jl/2:
AE = 2.3[E€+ (Noise)z] | (2.12)

where in Eq. (2.11) E is the photon energy in eV. For low E then it
may happen that AE is smaller for a silicon detector than.a germanium
one. This is because from the previous development Ee is always bigger
for silicon detectors for a given photon energy but Noise2 is smaller
for silicon detectors too. It turns ouﬁ that for photon energies

lower than 50 keV AE can be smaller for silicon’ detectors. Thus

Si(Li) detectors are preferable over Ge(Li) detectors as having better

resolution.(42)

It should be noted, iq passing, that the diffusion of
lithium ions into the germanium or silicon semiconductors has as
result a much larger depletion layer than that of any other p-n
junction semiconductor. Hence Ge(Li) or Si(Li) detectors have
improved efficiency and resolution as well compared with other types
of semiconductor detectors.

Returning now to the discussion of our experiment from the

efficiency calibration curves for each of the detectors used at the

actual geometrical configuration, we can deduce the value of the
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quantity %%-edK. of Eq;.(2.2) porresponding to the energy of the Ki
x-ray line. Si;ce in ouf experimental measurement we have used the
Ag monitor foil, a detector efficiency calibfation was also made for
all deteétbrs used, by placing the sources this time at the Ag foil
position. This was essential in forming the ratio of Eq. (2.5) given
that, due to the different geoﬁetrical confiéuration of the Ag foil-
detector system from thét of the target-detector one, the geometrical
factor é%. w;s different in each case.

Finally, for Ki x-ray lines whose energy was lower than 60 kev

an extrapolation of the efficiency versus energy curve had to be done

in order to include all the necessary values of the x-ray energies.

2.8 Absorption Correction

The final quéntity which neéds to be calculated before one can
derive the,yalue of the K vacancy production -cross section froﬁ Eq. (2.2)
is that of the absorption reduction factor CK, for the Ki x-ray line.
i
The absorption correction consists of two parts. One is the absorption
of x-rays going through matter such as air, Be absorbers, plastic

windows e.t.c., which exist between the target and the detector. The

other correction is the self-absorption of the x-ray within the target

itself. We consider the two absorption corrections separately, in

deriving the total absorption reduction factor Cg .
. i

It is well known that attenuation of electromagnetic radiation

' as it passes through matter occurs as an intensity diminution and

not as an energy change, following the exponential law
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I(x) = IO e THX (2.13)

‘'where in Eq. (2.13) Io is the initial intensity of the electromagnetic
beam, I(x) its intensity after traversing a thickness x of a homogeneous
material of total linear attenuation coefficient u. Thus, for a

number n of different materials j each of thickness tj and total

linear atﬁenuation coefficient uj reépectively, the total atteﬁuation

of a beam of electromagnetic radiation going through all of them is

given by
n n -u.t.
(Ze)/1 =" e I | (2.14)
N ] (o} .
j=1 j=1
’ n
where in Eq. (2.14) L tj =t Tty foo+ t o and T1 stands for the
j=1 “u.t, . ,
product of n terms each of the form e J J. It must be borne in mind

that the total linear attenuation coefficient uj depends on the energy
of the quanta of electromagnetic radiation going through the material j.
Next we examine the attenuation of electromagnetic radiation
produced in a material of thickness t and at the same tiﬁe absorbed in
it as it traverses it. Let us assume that the production of électro—
magnetic radiation in the material under consideration (target) by an
external cause (heavy ion beam) is uniform throughout its mass and
.equal to Io quanta per square centimeter per unit leng;h of the
material. If at a depth x of the material there are I(x) quanta per
square centimeter and if the linear attenuation coefficient of the
patericular radiation produced in that material is u, one has over

a length dx:
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di(x) = Io' dx - n I(x) dx v : ’_ (2.15)

Inteération of (2.15) over a total length t and with boundary condition
I(X) = 0 yields for I(x) the equation
' 1-e ¥¥

I(X) = IO' ——u—-—- ) | (2.16)

If now there were no attenuation,I; t quanta per square centimeter
‘should exist at the x=t end of the material (assumed to be an orthogonal
slab). Thus the attenuation of the electfomagnetic radiation in this
case is:

-ut
L) - :
Io u ‘ ’ (2.17)

!

I(t) _ 1 -e

It is now apparent'that the total attenuation of the Ki x-ray
will be given by an appropriate combination of Eq. (2.14) and (2.17).

Thus, the absorption reduction factor C, of the K; x-rays is going

K.
i

to be the inverse of the total attenuation of the Ki x-rays. Hence, we

have

: -1
- t
Cy = T e . : (2.18)
A
where in Eq. (2.18) the symbol p(i) indicates that the attenuation
coefficient u is for the Ki X-rays, “2’ t2 refer to the target material
and thickness respectively, and uj, tj to the same quantities for

air, absorbers, etc. The values for the tj's reflect the path of

the Ki x-rays through the fespective j materials. The value of the
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target thickness to is of importance. Since the target due to its
rotation formed a 45 degree angle with the normals on the face of each
detector, a differentbvalue of effective t2 has to be calculated for
the detectors than that of Eq. (2.10). Here we’have for the effective
thickness of the target ty
1
t, = __EZ___ . ' (2.19)
cos 45°
The vélues of the total linear attenuation coefficient

(44)

energies are available in detailed tables. Thus, the quantity

CK in Eq. (2.7) is given by Eq. (2.18) in conjunction with Eq. (2.19).
i . .

2.9 Experimental Results

Having already discussed the wvarious quaﬁtities that appear
in Eq. (2.2), which equatibn is used for the determination of the K
vacancy production cross-section, we are ready to present the
experimental values for that cross section. A few words are in order,
however, concerning the values of the fluorescent yield We of Eq. (2.2)
for the Qarious target elements. Although there is an uncertainty in |
-both theoretical calculations and experimental measurements as to the
true value of the fluorescent yield, this uncertainty is least in
(45)

the case of the K-shell. Thus, a judicious selection of the

values of W for our calculations was made among the various sources

(1) (36) (45)

of relevant information.
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a. 4.88 Gev protons

Targets ranging from Ni (Z2 = 28). to UY(Z2 = 92) were irradiated
with a 4.88 Gev proton beam'provided by the Lawrence Berkeley Laboratory

(26)

Bevatron/Bevalac facility. It has been already described how the

. vac
cross section OK

was calculated from Eq. (2.2) by appropriately
measuring the rest of the quantities involved in that equation. The
uncertainties in the various'stebs of the procedure, which eventually

determined the uncertainty of the cross-section, are as follows:

i. Protons per ion chamber reading Pic : * 47. ‘This includes

counting statistiés, llC cross section, positron counter efficiency
éna graphite target thickness.
ii. Detector efficiency: * 8% Si(Li), * 14% Ge(Li).
iii. Average number.of deadtime corrected with Ag Ka X-ray
counts per ioﬁ chamber reading <X> : * 7% Si(Li), * 13% Ge(Li).
iv. Target angle, thickness: absorption coefficient: * 27
v. Counting statistics: * 2%
vi. Cross.section of the reactiqn 12C(p,X)llC : + 0.6 mb
All uncertainties above are expressed in terms of ome standard

deviation. The following Table 2.2 gives the values of the measured

vac

K vacancy production cross-—-sections OK " along with their uncertainties

vac

also expressed in terms of one standard deviation AOK

s, Where

[Ovac - Gvac]z ll/Z . (2;20)

va
AoV BC =

K K
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TABLE .2.2 K-Vacancy cross section from 4.88 GeV protons

vac

vac

Element Z, K (barns) AOK (bafns)
Ni 28 210 25
Zr 40 102 12
Mo 42 94 12
Ag 47 58 10
Tb 65 31 7
Ta 73 22 4
Pt 78 18 4
Au 75 17 3
Pb 82 15 '3

U 92 11 3
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b, 250 MeV/amu carbon ions

Targets ranging from Ti (Z2 = 22) to U(Z2 = 92) were irradiated

with a 250 MeV per nucleon or 3 GeV total energy carbon ion beam.(aﬁ)

The 12C beam wés, similarly to the proton beam, provided By the
Bevatron/Bevalac facility of the Lawrence Berkeley Laboratory. The
experimental procedure was identical to that of the 4.88 GeV pro;oné
and has been already described in detail. The uncertainties in.the
various steps of the procedure here are given below in terms df plus
of‘minus one standard deviation.

| i. Carbon ionsrper ion'cﬁamber reading Pic: * 6%. This‘again

. - . . . 11 , ,
includes counting statistics, C cross section, positron counter

efficiency, and graphite target thickness.

 ii. Detector efficiency: * 8% Si(Li), * 14% Ge(Li).
iii. Average number of deadtime corrected with Ag Ko x-ray
counts per ion chamber:reading <X> :x 9% Si(hi), * 15% Ge(Li)
iv. ‘Targét angle, thickneSs; absorption coefficient: i 27

.v. Counting statistics: * 2,5%

12C 12

vi. Cross section of the reaction ( C,X)llC: * 2.1 mb.

The values of the measured K-vacancy production cross sections

vac __, . .
o with their uncertainties Aoy B€

K with their unc'ertaintiesiAOvac

K K

are given in Table 2.3. Here again Aozac is defined by Eq. (2.20).
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TABLE 2.3 K-Vacancy cross section from 3 GeV carbon ions

vac

Element 22 O;ac (barns) 'AOK (barns)
T4 22 1.87 x 10 5.2 x 10°
Ni 28 1x 10% 2.8x10°
Mo 42 3.22x 103 470
Ag 47 2.15x 10° 400
T 65 6.72 x 102 120
Ta 73 4.04 x 10° 77
Au 79 3 x 102 58
Pb 82 2.24 x 102 51
U 92 1.45 x 10% 25
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III. COMPARISON OF EXPERIMENT WITH THEORY AND CONCLUSIONS

3.1 Introduction

In this chapter,jwe aré going to cbmpare.our theoretical predié—
tions for the K-vacahcy production cross section, as developed in Ch. 1,
with the experimentél results which were preéented in Ch. 2. Although
only two sets of experimental data exist at relativistic heavy ion
energies they céuld provide useful guidance for.additionai'experiments
as well as'insight for refihement of the theofetical calculations.

It has been pointed out that at lower projectile energies the

(4)

K-vacancy cross section can fit a universal curve''’ in all theories
used'for the calculation of thatﬂcross section. This universal curve
ié independent of the nature of the projectile and target elements as
weil'as the energy of the-projeétile andvessentially depehdé only on
the ratio of projectile and Kfshell electton veloéities. It would be
very important to find out how this universal curve is modified at
relativistic projectile energies.

In addition, it would be very insfructive to compare our
relativistic heavy ion theory with its counterpart for relativistic

(29)

electrons. Similarities and/or differences in the derivation of
the two theories might 1ead.to further improvement of the theoretical
calcﬁlations;

Finally, depending on the conclusibns of the comparison of theory

with experiment certain speculative statements could be made concerning

the significance of our results and observations.
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3.2 Comparison of the 4.88 GeV proton data with theory.

First, we calculate the values of the longitudinal and transverse
component s of the K-vacancy cross section. To do so, we make use of

~ = : s - Q‘
Eq. (1.36) Ior the longitudinal cross section Ox and of Eq. (1.60) for

. t .
the transverse cross section OK. The values for the function fK’

in the expression of the longitudinal cross sections, are obtained

from the already existing tables(lg) for fK versus ni and GK. Similarly,

the.v numericel values of the fuﬁction gg versus nE and 82, in the
expression for the transverse component, are obtained from the tables
.of Appendix A which have bgen calculated as part of the present work.
The total K-vacancy production cross section, in terms of the
longitudinal and transverse terms, is given by Eq. (1.28). On the
basis of the results of Ch. 1, we can easily construct Table 3.1. The
target elements which appear in Table 3.1 are, for obvious reasons,
the same as those irradiated by the 4.88 GeV proton beam. The next
step, in our developmeht, is to compare the last column of Table 3.1

giving the total theoretical K vacancy cross section OKth'with the

exp.

experimental values of the same cross section OK which are

given in Table 2.2. Thus, we form the ratio ceXp7Oth' for all

K K
the irradiated target elements. The results appear in Table 3.2.

In the same Table 3.2 the standard deviation of the ratio.oEXPVGEh'

is also given. This standard deviation is solely determined on the

basis of the standard deviations of the measured cross sections OEXP'

given in Table 2.2. The error involved in the calculation of oéh' is

rather negligible when compared with that of the experimental

exp.
K.. :

results of Table 3.2 are also plotted in Fig. 16.

measurement of O Hence, Table 3.2 is readily obtained. The
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TABLE 3.1 Thgoretical values of © L

k> ©

K_t,.and OK for

4.88 GeV protons (B = 0.9868).

Element 22 OKQ (barns) oKt (barns) Oy (barns)
Ni 28 146.70 71.589 218.28
Zr k0 65.68 54.43 120.11
Mo 42 55.00 50. 37 105.37
Ag 47 41.99 45.39 87.38
Tb 65 17.15 18.45 36.70
Ta 73 12.85 12.36 25.21
Pt 78 10.43 8.48 18.91
Au 79 9.67 7.64 17.31
Pb Y 8.49 6.84 15.33

U . 92 5.99 2.58 8.57
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¢

TABLE 3.2 Ratio of(ﬁieXPVOKtjh and its standard deviation

h.

AGKexp./ OKt for 4.88 GeV protons.

| OKexp. AOKexp.
Element 22 th. ——g h.
Ik K

Ni 28 0.962 0.115
Zr 40 0.831 0.058
Mo 42 0.892 0.113
Ag 47 0.663 0.114
Tb 65 0.870 0.196
Ta 73 0.982 0.156
Pt - 78 0.951 0.211
Au 79 0.982 0.173"
Pb 82 0.978 0.195

U 92 1.283 0.350
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Fig. 16. Ratios of experimental to theoretical K vacancy cross section for 4.88 GeV

protons. Error bars reflect one standard deviation of the experimental
cross sections. '
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Our first observation from either Table 3.2 or Fig. 16 is that the
theoretical K-vacancy production cross-section is consistently larger

than the corresponding experimental cross-section. The only exception is

exp.

uranium. In any case, the ideal value of the ratio OK

th. .
/o h of one is

K .
within the experimental error bars of the calculated values of this ratio.
The only two exceptions are Zr and Ag. There is no apparent explanation
for this behavior. 1In the case of Ag, it appears as though its experimental
value is too low which may indicate a possible error in our experimental
measurement. On the other hand, the theoretical value for the total cross

section of U is much smaller than the experimental one, although the former

is within the error limits of the latter. The theoretical value of the

t
K

seen from Table 3.1. As far as the general trend of lower experimental

transverse component O, for U is apparently too low. The latter can be

values for OK than the ones predicted by the theory is concerned the
following remark may be of significance. 1In the calculation of ;he total
K-vaéancy cross section, and for that matter any other shell wvacancy,

Eq. (1.28) was used. It is possible, however, that both longitudinal

and transverse interactions may not be excited simultaneously by the
incoming projectile.

The Coulomb interaction induces no parity‘change with respect to
reflection on any plane that contains hq because its interaction operator
is even under this reflection. On the other hand, the virtual photon
interaction induces a parity change with respect to reflection on the
plane through hq perpendicular to the (p,p') plane, thereby transmitting
one unity of odd parity. Consequently, any atomic system which is

invariant under space rotations and reflections, i.e. isotropic, is

excited from the same initial state to final-states of differing parity
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by‘the longitudinal and the transverse component of the interaction.

. In our case the final states are always in the continuum. Then, the
aforementioned effect i; not.expected to produce any dramatic results
asjit cbuld in the case of éxcifation to discrete final states. However
it may have a contribution to diminishing the maximum possible cross

section giveh by the sum of the longitudinal and transverse components.

3.3 Comparison of the 3 GeV carbon data with theory

Using Eqs. (1.36), (1.60),and (1.28) once more, the values of

Lt
K, OK,

"in a similar fashion to that ofvthe 4.88 GeV protons. The resuits are

o] and 0, may be calculated for the 250 MeV/N carbon ions

K
given in Table 3.3. For comparison purposes, the target nuclei
irradiated in the experiment have also been selected in the numerical
calculations. Comparison of the last column of Table 3.3 to the

results of.Table 2.3 indicates that theoretical values for the K-vacancy
cross section are for all targets larger than the corresponding
experimentally measured values of the same cross section. It is also
‘seen that ﬁhe discrepancy between theory and experiment becomes bigger
as the atomic number Z, of thé target elemenﬁ increases. Another
observation, whiéh can be ﬁéde from the‘same Table 3.3, is the relative
contribution of the longitudinal OQ and transverse Ot cross sections

K K

to the total 0, cross section. It is seen that at this energy

K
(250 MeV/amu) the contribution of the transverse component to the
total cross section is not important, the degree of significance

-being diminished with heavier target atoms.

Returning to our first observation, we note that the discrepancy

between theory and experiment is not due to any relativistic effect,
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TABLE 3.3 Theoretical values of OKQ, OKt’ and OK-in‘

250 MeV/amﬁ carbon ions (22 =6, B= 0.6152).

Element Z2 OKQ (barns) vOKt (barns) GK (barns)
71 22 21792. 313 22105

Ni 28 11400 191 11591
Mo 42 - 3840 38 - 3878
Ag 47 2876 18 2894
™ 65 1021 o . 1023
Ta 73 658 1.5 © 659.5
Au 79 4on 1.4 | 495.4
Pb 82 404 1.2  405.2

U 92 _ 205 0.07 295.07
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. because then the experimental value of cross section ought to be larger
than its theoretical value. Exactly the opposite is the case here,
namely the theoretical value of the cross section is larger than its

experimental value for all targets. A number of effects, which might

explain the discrepancy,'were considered. These were_polarization,(ag)

(50) (52) (54)

binding, and charge exchange effects.

The_polarization effects take into account:

(1) The deflection of the projectile in the field of the target
nucleus.

(2) The perturbation of the target atomic states by the
projectile.
Both effects are due to the finite charge of the incoming projectile.
Althaugh both effects are very important for slowiy moving projectiles
they become less and less significant as the -energy of the incoming
projectilé becomes relativistic. Qualitatively, the moméntum loss
of a relativistic projectile to an atomig electron of a target atom
is a very small fréction of its total momentum so that the interaction
is not going to lead to -any deflection of the projectile. Furthermore,

the heavy ion projectile = target atomic electron interaction time t

is of the order

t ~_‘..L ' (3.1)

where in Eq. (3.1) b is the impact parameter and Yy is that of the
projectile. Equation (3.1) implies that the faster the projectile the
shorter the interaction time between projectile and target. Hence,

due to adiabiticity the faster the projectile moves the smaller
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the deformation of the atomic orbits of the electrons of the target.

We have calculated the contribution of the polarization effect which

' , 46
increases the theoretical value (PW A) of the cross sectlons.( )

It is found that it adds 2%, 4%, and 127, respectively, for Ni, Ag, and

Pb at our projectile energy. Obviously this correction moves the.
value of the cross section in the opposite directio; to that indicated
by the experimental resulﬁs.

The second correcfion, whiéh,was considered here, was that of
the binding effect. 1In the PWBA calculation atomic electrons are
assumed to be free. However, for K shell electrons and high—Z2 elemen;s
the correéponding binding energy is of the order of 100 keV.
Consequently the velocity of those atomic electrons is of the order
of 0.5 ¢ (c light-speed). It is again apparent that this effect
.becomes smaller as the velocity of the projectile becomes larger since
the projectile sees the atoﬁic electrons as free if its veloéity is
much larger than that of the electrons. The effect of this correction
'is to decrease the thgoretical cross section and is, hence, in the
correct direction with respect to the experimental values of the
cross secﬁion. The binding effect may introduce a neéative correction
of order (Zl/ZZ)3 to the cross section and may thus be regarded as
having origins in a subtractive second term of the expansion in
series — in the PWBA only the first term of order (Zl/ZZ)2 is retaineg.
It was estimated that the two effecté, polarization and Sinding, will
approximately cancel out each other leaving the theoretical value of

the cross section (PWBA) practically unchanged.

(51

)
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The third effeét,jwhich has a positivg contribution to the
theoretical value of the cross section Ok is that of charge-exchange.
This éffect acéounts for,the capture of one or more elegtrons by the
completely ionized incoming projectile. The electron capture by the
heavy ion can be a non-radiative process if the energy of the frojectile

is low. At projectile energies higher than 150 MeV/N is a radiative
(52)

capture may also become significant. The radiative capture is

(53)

'essentially the inverse reaction of the photoelectric effect. It

has been found that the charge-exchange effect for ;ZC projectiles at

250 MeV/amu is of the order of 5 X 10_7 to 5><10_8 for the wvarious

(54)

target elements used in our experiment. This means that out of

lO8 (carbon ions) completely stripped of their 6 electromns 50 to 5 ions,
respéctively,'will pick up an electron on the average depending on the
target element:they are going through. Hence, this correction seems

to be unimportant.

(55)

It was suggested that for relativistic heavy ions the cross

section OK'should approach the integrated McKinley-Feshbach cross

section GMF for the scattering of relativistic electrons on nuclei.

. The McKinley-Feshbach cross section ¢ is essentially the well known

MF

‘Mott electron scattering formula expanded in powers of Zle2 to the

third order.(56)(57) What this expansion does is essentially to take
Z.\3
into account the El) effect mentioned earlier in connection with
51

the binding effect.
The difference is that the McKinley-Feshbach expression is
relativisticly correct whereas the expression used to calculate the

binding effect’was classical.(so) The following correction factor R
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was defined by T :
n
f doyp ar ‘
E dT ‘
R = ir,_liﬁ________ » (3.2) _
m do -
J @@ &
. EK :

where in Eq. (3.2) EK is the K-shell binding energy, Tm is the maximum
kinetic energy transferred to the atomic electron from the heavy ion
projectile, and OK is the longitudinal PWBA K-shell vacancy cross

. section. The quantity Tm is given by(56)

T = 2mc282Y2 - _ | . (3.3)

with B,y those of the projectile. Evaluating Eq. (3.2) we found that
again such a correction to the-PWBA cross section could not account for
the discrepancy between éxperiment and theory.(46)

Finally a fitting of the theoretical and experimental values of
Oy was attempted by replacing the Zi factor in the theoretical cross

2
section by [Ziff']. The latter factor was given by

zZ, =7, -0z, (3.4)

where o is' an unknown quantity to be determined from the fitting of

theory with experiment. Thus by setting

) 22 2 OKexp.
r = l-a 7 = ~th. (3.5)
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TABLE 3.4 Modification of the ratio OKexp/OKth by
introducing the correction factor r.
B _ gK?XP' g exp.
Element YZZ OKth’ OKth7r Oegp. - T r - T
K K

Ti 22 22105 19341 18700 - 0.846 0.967
N 28 11591 9763 1000 0.863  1.024
Mo 42 3878 2980 3220 0.830 1.080
Ag 47 _ 2894 2150 2150 0.743 1.000
Tb 65 | 1023 670 672 0.657 1.003
Ta 73 659.5 - 407 405 0.614 0.995
Au 79 495.4 293 300 0.606 1.027
Pb 82 405.2 233.5 225 0.555 0.964
U 92 295.07 157. 0.468 0

145

924
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Fig. 17. Ratios of experimental to theoretical K vacancy cross section
for 3 GeV 12¢ ions. The ratios are normalized with respect to
the corresponding Ag ratio. The theoretical value of each
cross section has been divided by the respective factor r.
Error bars reflect one standard deviation.

X
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 determined by Eq. (3.6) into the theoretical cross section O
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the quantity o was determined for each target. The value obtained for

o was the following:
o = (1.762 * 0.268) x 107> ¥ (3.6)

Incorporating the correction factor of Eq. (3.5) with its value
th

g o ve

obtain the results of Table 3.4.
The ratio [OEXP'/OK(Ag)eXP']/[Oéh'/GK(Ag)th'] is also plotted versus

targét atomic number in Fig. 17. The reason for plotting the ratio

- of experimental and theoretical cross sections divided by their

 respective Ag cross sections is to minimize the value of the error of

each target element. Apparently we obtain remarkably good agreement
between theory and experiment by introducing the correction of Eq. (3.5).
It implies an effective projectile charge reduction by an amount

proportional to the target atomic number. There is no obvious physical

explanation of. this effect, though it could mean that the faster moving

deeply bound electrons of higher Z2 elements can respond to screen the

K electrons. We were led to this correction by the observation of

increasing discrepancy between theory and experiment with increaéing
target atomic number ZZ' In any case further experimental measurements
with different projectiles and at various relativistic energies are

necessary before anything concrete can be concluded.

3.4 Extension of the Universal Curve Fit of the K=shell Vacancy Cross

Section to Relativistic Energies.

For the energy range up to 150 MeV per nucleon incidenﬁ heavy

ion all three theories, PWBA, BEA, and SCA, for the calculation of the
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K-shell vacancy cross section predict that the cross section under

(4)

consideration should fit a universal curve. All three theories predict
also that the K-shell vacancy cross section should be a function of

the K-shell binding energy EK’ the atomic numbers of the projectile Z1

and target 22, and the ratio of pfojeétile velocity to K-shell electron
velocity nK/GK. We can easily see that this is the case in the PWBA
calculétion. Clearly for projectile energies lower than 150 MeV per

~nucleon only the longitudinal component of the cross section is of

importance. We thus have from Eqs. (1.36), (1.37), and (1.38):

2 2 L2
ROR g2 (ROR )2 o 3.7)
L2 K , 2 )t o '

1 1 '

If we plot the quantity of Eq. (3.7) versus nK/6K~which is'proportional
to (v/vK)Z, we obtain a universal curve whose shape is similar to that
of Fig. 2(4) and which is also shown in Fig. 18. The same applies to the

BEA calculation with a corresponding universal curve almost identical to

that of the PWBA calculation.(a)

As the projectile energy becomes relativistié,'one has to include

the transverse component of the K-vacancy in a universal curve fit of

the cross section. To do so we start from Eq. (1.60). We have:

2 't

E o,
K K _ 2 2 2 2
— - 1.889 x 10 B EK gK(nK,B ) oo (3.8)
YA .
1.
In addition we have !
n 2 B ,
=7 b g | (3.9)
(2 |
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so that Eq. (3.8) becomes

2 t
E.- o 6.2 4 g
K K _ ) gg9x102fme K ' (3.10)
, 3 . 4 Ny 2
o ()
. K
or
2t :
E° o - 8k 2
K K _1.235 x 10 17 66 —-K- (keV _sz) (3.11)
2 Ny, \2
z K
1 (&)
‘ K

Thus in order to obtain the universal curve valid at relativistic
projectile energies one has to superimpose the‘curve of Eq. (3.11)

to that of Eq. (3.7). It should be noted that there is a B dependence
on the curve of Eq. (3.11). This can be seen in Fig. 18 whe?e thev
new univeréal curve for the PWBA calculation is plotted for two
different values of the B of the incident heavy ion. For convenience,
the same results appear in Table 3.5 along with the corfespénding BEA
calculation which is only good for non-relativistic projectile energies.
In Fig, 18 the experimental points corresponding to the 4.88 GeV
proton data‘have been ipcluded. The agreement betweeh theory and
experiment is again along the same lines as described in Section 3.2
and also depicted in Fig. 16. Obviously, morevexperimental data are
needed to corroborate the degree of agreement of our theoretical
calculations to experimental results. Finally, the usefulness of

the universal curve is that it allows for an easy comparison betweén

theory and experimental data for any projectile of any energy on any



TABLE 3.5 Universal K-vacancy production curve for non-relativistic PWBA and BEA

and relativistic PWBA theories.

| EK2 OK/le' (kev2 - cn® x 1019)
PWBA BEA | PWBA PWBA
'non—relativistic(Gk ) non-relativistic reiativistic(8=0.9) rzlativistic(8=0:999)
OK Ok Og + oé GK +'C§
5 0.60 0.80 0.60 0.60
8 0.75 0.90 0.75 0.95
.0 0.90 1.00 . ' 0.90 ' 1.23
.0 0.70 0.80 0.75 _ 1.10
0 0.50 0.50 0.58 1.65
0 0.42 0.40 0.50 1.71
0.35 0.32 0.46 1.45

0.22 0.18 - 0.23 ' 0.75

-001-
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Fig. 18. PWBA universal curve modified by the relativistic
correction. The open circles are the experimental

points for the 4.88 GeV protons.
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target. However, at the relativistic limit of the PWBA calculation the
corresponding'universal curve has as parameter the B factor of the

L
projectile., This is so because ©

K is a function of nK and SK while

_ O; is a function of nK,‘GK, aﬁd 82. Consequenfly, the above statement
concerning the usefulness of the universal curve representation of the
K-vacancy cross section isrnot entirely right.. In the relativistic

. domain, one needs instead of one universal curvé a family of universal

curves having as parameter the quantity B of the projectile. Figure 18 .

provides 2 or 3 members of this family of universal curves.

3.5 Comparison of Relativistic Heavy Tons and Relativistic Electrons

K-Ionization Theories

It has been mentioned already that‘é theory exists for the
K-vacancy production cross section by relativistic électrons.(zg)
It would be instructive to comparé the derivation of the relativiétic
électron thedry with that fbr the relativistic heavy ion developed in
this work.

In the theory of K-vacancy production by relatiVistig electrons
the trajectories of the electrons are considered. Depending on their
impact parameter, the collisions‘of the incoming electrons with the
atomic nuclei are divided into close and distant collisions. If the
impéct parameter is larger than éertain value bc’ one considers fhe
interaction of incoming electron-target nucleus as a virtual photon
interaction. This virtual photon interaétion is described by the well

known Weizsacker-Williams épproximation.(47)

On the other hand, if
the impact parameter is smaller than the value bb the interaction is

simply of Coulombic nature and is described by the equally well known
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Mdller scattering formula.(sa) The crucial problem in the calculation
is the determination ofvthelvalue bc, the totdl cross sgction of the
process being the sum of the.two terms, distant and close. In that
calculation the critical impact parémeter BC, bétween cloée and distant

collisions, is determined by comparing the collision time t of the

incoming electron and the atomic nucleus, given by

e =2 A . (3.12)

with the period T of the motion of the K-shell electrons, given by

T = ° C o (3.13)

In Eqs. (3.12) and (3.13) b is the impact parameter of the
incoming electrons with velocity v, a is the Bohr radius, 22 the

target nucleus atomic number, and v, is the velocity of K-shell electrons.

K
Depending on whether t is > or < than T one has a distant or a close
collision, respectively. The equation t = T determines the critical
impact paraméter'bc. It is obvious that such abrupt transition from

one type of interaction to another is rather unphysical, although it is

the only way by which such a formalism of the problem can be handled.

In'thevfelativiétié'héavy;ion ionization of the K-shell an -
entirely different formalism was dsed; Aésuﬁing that the ihéoming
hea#y ions are repfesented By plane wavés, the impactvparameter problem
is altogether eliminated. 'Furthermore, the interaction Hamiltonian

includes both the instantaneous Coulomb interaction and the virtual

photon interaction. Roughly speaking, one could establish a one to

one correspondence between the two terms in the total cross section
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of each theory. Thus, the close collision term iﬁ the relativistic
electron cross section corresponds to thevlongitqdinal term of the
relatiVistié heavy ion cross section. Moreover;.the distant collision
term of the relativistic electron theory correspdﬁds to the transverse
term of our relativistic heavy ion theory. It is apparent that our
treatment of the incoming projectile as a wave feﬁresents a more phy;ical
picture than'ﬁhat of the treatment qf the incoming projectile as having

a trajectofy and hence an impact parameter. In this reépect our approach
to the problem is superior to any other considering trajectorieé instead
of waves. . This is not to conceal the fact that oﬁﬁer approximations
introduced subsequently in the derivation of the PWﬁA galculation may
make our theory to deviate from physical reality as much as any other

or even mofe. In any case, the point to be made ffom our discussion is

that a theory atteﬁpting to correctly describe the atomic ionization by

projectiles of any kind ought to treat them as wéves rather than particles.

3.6 Conclusions and Recommendations

From the presentation thus far certain facts have beeﬁ brought for-
ward. First, from the few experimental data and thé theoretical calcula-
tion of the K;vacancy production cross section it can be safely concluded
that the K-shell section, after initially falling’ﬁith energy past match‘.
of projectile speed and Bohr orbital speed, starts{rising as the energy
of the heavy ioﬁ projectiles becomes more and mofé'rélatiVistic. However,
more experimental déta are needed at very relativistic energies. Thus,
measurements with protons of energies ranging from a few GeV to

several tens of GeV are essential. Second, for heavier projectiles

~
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than prbtons there is'a significant discrepancy between theory énd
expétiment. This is due_mainly to the Zivdepéndence of the K—vagancy ,
crosé section. Thus, measurements of the cross section are necessary -
with heavy iomns, such as 4He,lZC, 20Ne; 40Ar, at energies between
250 MeV/amu and 1 or 2’GeV/amu which is anyway the current upper limit
of accelération. From such measurements not only will valuable
information be gained about the atomic number of the projectile
" dependence on the K-vacancy production but also information concerning
the contribution of the longitudinal ‘and ‘transverse components to the
total cross section. Third, from thé information.obtained by experiment
one could refine or else fﬁrther develop the current theories of
‘K-vacancy production so that befter underStanding of the processes
involved may become possible. |

It is of interest to speculate on the significance in terﬁs
of épplications of the rising value of the cross section at higher
_'ene;gies. It is well known that electron, proton, and x-~ray beams
have been used as a tool for trace element analysié by inducing
characteristic x-ray emission.on various elements.(la)(sg) The
limitation in‘the-sensitivity of either method comes from the background
-produced during the irradiation of the sample under examination. Ehé‘&éia'
causes of backgfound are: 1. bremsstrahlung ffom~Secondary electroég?)
B & breméstrahlung’from the projectile in the cése of electrons or

(61)

~heavy ions. iii. Compton scattering of y-rays from nuclear excited

62 . ,
states.( ) Out of the three causes of the continuous background the

first one is the most importént, Thus, electron beams are in this

respect the least qualified among the three possibilities - electrons,
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heavy ions, photons. It is also well khown that the photoexcitation
(44)

cross sections are much higher than those by heavy iems. On the
éther hand, the backéround'problem is less severe in the‘case of heavy
ions than that of photoms. Thus, it is believed that x-ray beams and
proton beams éf é few MeV have the same t;ace detection sensitivity limits,
which are of the order}bf.about 1 ppm.(63)(64) There_are, however,

o a few problemé associated with this kind of trace eleﬁent analysis.
First, one is restricted tovuse sémples of thickness of a few mg/cm2
because of range limitations. Second, protons:and heavy ions can
selectively exéite’smali po;fions of the sample at a time while photons
excite much larger portioﬁs of the sample. This is due to the focusing
properties of éach of the two kinds of beams}_ Third, protons of a few '
MeV havé extremely small cross sections for the K x-rays of heavy
elements so that one has to resort to L x-rays, a process by itself
‘limiting Ehe sensifivity of the method.

It is conceivable that one .could use relativistic heavy ions

in the trace element analysis of héavier elements contained in massive
 samples. The.cross section for the K eréy,prqduction of heavy elements
by heavy ions is highervap relativistic projectile enérgieé. This is
clearly an advantégevover low'energy protons or heavy ions. The dis-
advantage associated witﬁ relativistic projectiles is that of-the

higher background when cbmpared with low energy prbjectiles. Another.
advantage of relativistic heavy ions over non-relativistic ones, in the
trace analysis, is that the former have a much larger range in matter.

Thus, relativistic heavy ions have a considerable fiexibility over

the size of a sample containing trace elements while non-relativistic
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heavy ions afé very much réstricted in this fespect. Finally, it is
important to remember the generél advantage of heavy ﬁarticlgs when
compared with photons. By using the former rather than the latter,

- we can determine not-oniy the presence of a trace element in a sample
but also its 1ocation within the ﬁatrix, as the sample is otherwise
called._ If is therefore possible that one couid-use relativistic
_heavy'ionsiin the détec%ion'énd‘location‘of trace elements with high
atomic numbér»in massive samples by simply scanning those samples with
heavy ion beams. The subject of tface elément anaiysis by photon
(XRF), protons (PIXE), and high energy heavy ions (HEHIX) has become .
very:popular_indeedbmost recently. Photon (XRF) analyses of . |
envirbnmental air aﬁd water poliution monitoring éamples and of
biological specimens including blood, hair, and tissue has been reported

the last few years,(sg)’(63) More recently proton (PIXE) analysis has

been used or has been proposed to be used in such diverse fields
as_biology,.medicine, bioenvironmental and environmental studies,
nutrition, agriculture, and archeology. Thus, ashedvhuman tissues
from different organs and a varietyvof diseases have been analyzed

by PIXE in an effort to correlate human disease and tissue content

.of trace elements.(6§) The protein quality of leguminous plants

(66)

has been also investigated by PIXE analysis. By the same method

the elemental Variations in the blood of gamma-irradiated mice have

(67)

measurements of the trace elements of drinking

(68)

been measured,

. water have been made,

(69)

analyses in viticulture and oenology have

(70)

-ancient’ pottery analysis has been reported,

(71)

been carried out,

and analysis of meteoritic samples has also been done. Finally,
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| high energy heavy ion induced x-ray emission (HEHIX) has been considered
and found successful in the traée_element analysis of'biologicalvsamplég?)
The term high energy heavy ions refers to energies of up to 2 MeV/amu

for projectiles as heayy as Xe(Zl = 54). It is worth noting that in all
mentioned cases of trace element analysis the investigators had or were
able to‘pfoduce sampies_of the ordéerf mg/cm2 in thickness or elée they '
'had to. examine the surface of a sample. fFurthermore, the t;ace elementsA
thét were measured quantitativeiy ranged predominantly in atoﬁic number

from nineteen to about sixty.

An obvious poésible’application of relativistic heavy ions as
tool for.trace element énalysis iﬁ the area of biqmediéal sci;nces is,
for instance, the case whefe one wants to know ;he location and degree
of deposition of trace heavy elements in the human body. Another

pbssible.application in the area of materials science is the case where
‘one is‘interested-;o knbw the extent and location of impurities withinv
the bulk qf a non-destructible piece of matter. These and other
_'applicaﬁions are open to investigation and exploration in the future.
In conéldsion, a lot of work is still needed in the area of . .
high energy héavy ion inner shellvacancy production; The rewards of
such work in terms_of better understanding nature és weli.as possible

technological applicaﬁions are worthy, the author believes, of its

undertaking.
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APPENDIX A Tables for the K-Shell Transverse Cross Section.
The transverse component of the K-vacancy production cross

section is given by

£ ' 2 2.2 | -
,GK = 1.889 xXlO Zl B B (barns) (A.l)

In Eq. (A.1) Zl is_the atomic number of the projectile, B ='%~with the
v the velocity of the projectile, and 8 in its exact form‘iS'given

by the following expression:

ot 2y

| | | | . e |
w ] (1-x) exp [;_;— arctan - 1':‘@] |
= J/. dx N o 7 2
| 1-852) 2 (14y) (1 - exp(- 2 [(Q+l+y_) - ZYQ]
y=6K X=0 | Vy
(A.2)

In Eq. (A.2) we have:

' 2
+
bx Ny R
E '
K
B, = —— : (A.4)
K 2 . ‘ » v .
ZZ R,
. ) |
nﬁ{ - %_ %f B2 (A.5)
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with Z, the atomic ﬁumber of the ﬁarget element, Ep its K-shell binding
energy, and R the infinite mass Rydberg constant equal to 13,61 eV,

The ‘double integrai éf Eq. (A.Z)rcannoﬁ be calculated analytically
so that one has to evaluaté it numerically. However, since it dependé
on three parameters (n;, 82, GK) if would be rather impossible td
construct extensive tables of the numerical vélues of the function By

It was therefore assumed that

O = 1 | X (A.6)

vKuation (A.6) is the first approximation one can make in calculating
the function B of Eq. (A.2). This is so in view of the fact that ek
approaches one as 22 increases. With the approximation of Eq. (A.6),

one obtains then for Bk

K t

The function gK(nKt, 82) is then given by Eq. (1.57),'énd_can be easily
tabulated versus nKt.and 82. This has been done by numerically inte-
grating thé integrants of Eq. (1.57). The results'appeér in the
following tables and provideva.convenient way of calculationvof the
numerical valuéIOf the trénsverse cfoss section'cé of Eq. (A.1). ihe'
error in the numerical evaluation of 8 is of the orderbof 1Z. 1In

the following tables the actual value for B = 1.00 is 0.999.
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1.00
0.99
0.98

'0,97
. 0.96

0.95
0.94
0.93

0.92
1 0.91

0.90
0.89
0.88
0.87
0.86
0.85
0.84

0.83
1 0.82

0.81
0.80
0.75
0.70
0.65

0.60

0.55
0.50
0.45

'0.40

1.0

2.554-03"

1.605-03
1.217-03

1.004-03 -
8.650-04

7.640-04

6.866-04
6.250~04

5.743-04
5.320-04
4.960-04
4.647-04
4.375-04
4.134-04

3.921-04
3.730-04

3.558-04

3.402-04

3.250-04
3.130-04

3.011-04
2.538-04

2.205-04
1.959-04

1.771-04

1.624-04
1.507-04
1.413-04

1.338-04

1.5
3.192-03

2.059-03

1.589-03
1.320-03
1.157-03
1.032-03

9.346-04 -
. 8.567-04

7.925-04
7.383-04
6.920-04
6.517-04
6.164-04
5.851-04
5.572-04
5.321-04
5.094-04
4.888-04
4.699-04

4.527-04

4.367-04
3.731-04
3.276~04
2.936-04
2.675-04
2.469-04

2.305-04 -

2.172-04
2.064-04

-111-

2.0 -

3.533-03

2.312-03
1.803-03
1.521-03
1.332-03
1.193-03
1.086-03
1.000-03
9.289-04
8.685-04
8.166-04

7.715-04

7.318-04
6.965-04
6.649-04
6.365-04
6.108-04
5.874-04
5.659~04
5.461-04
5.280-04
4.548-04
4.022-04
3.626-04
3.320-04
3.077-04
2.883-04
2.725-04
2.597-04

2.5

4.292-02

2.094-02 -

1.331-02

9.674-03

7.541-03
6.140-03
5.152-03
4.421-03
3.859-03

3.416-03

'3.060-03
2.765-03
2.520-03

2.313-03
2.136-03
1.983-03
1.849-03
1.733-03
1.629-03
1.537-03
1.455-03
1.149-03
9.525-04
8.172-04
7.196-04
6.466-04
5.907-04
5.471-04
5.127-04

3.0

8.640-02
4.616-02
3.106-02
2.345-02
1.879-02
1.562-02

©1.331-02

1.157-02
1.020-02
9.094-03

8.189-03 -

7.436-03
6.798-03
6.253-03
5.782-03

5.372-03

5.012-03
4.694-03
4.412-03
4.159-03
3.931-03
3.076-03
2.520-03
2.136-03
1.859-03
1.652-03
1.493-03

©1.371-03

1.274-03



1.00
0.99
0.98
0.97
0.96
0.95
0.94
0.93
0.92
0.91
0.90

0.89

0.88
0.87
0.86
0.85
0.84
0.83
0.82
0.81
0.80
0.75
0.70
0.65
0.60
0.55
0.50
0.45
0.40

3.5

1.190-01
6.804-02
4.790-02
3.732-02
3.060-02

-2.591-02
' 2.244-02

1.974-02
1.760-02
1.585-02
1.440-02
1.317-02
1.212-02
1.122-02

1.043-02
$9.745-03

9.133-03

8.589-03 "

8.102-03
7.664-03

7.268-03

5.758-03
4.757-03
4.054-03
3.541-03
3.155-03
2.858-03
2.626-03

2.442-03

-112-

4.0

1.717-01

9.802-02

6.914-02
5.404-02
4.450-02
3.783-02
3.289-02
2.906-02
2.601-02

'2.351~-02
2.143-02

1.967-02
1.816-02

1.686-02 .

1.572-02

1.472-02
*© 1.383-02

1.304-02
1.233-02
1.168-02
1.110-02

8.875-03

7.382-03
6.326-03
5.548-03
4.960-03

+ 4.505-03

4.148-03
3.865-03

4,5

2.053-01
1.191-01

8.570-02

6.809-02
5.682-02
4.886-02
4.288-02
3.820-02
3.443-02

3.132-02

2.871-02
2.649-02
2.458-02
2.291-02
2.144-02

©2.015-02

1.899-02
1.796-02
1.703-02
1.619-02
1.542-02
1.245-02

' 1.044-02

9.010-93
7.944-03
7.131-03
6.499-03
6.001-03

5.605-03

5.0

2.312-01
1.384-01
1.010-01
8.103-02
6.309-02
5.388-02
5.193-02
4.647-02
4.204-02
3.339-02
3.531-02
3.267-02
3.040-02
2.341-02
2.666-02
2.511-02
2.373-02
2.248-02
2.136-02

' 2.030-02

1.941-02
1.580-02

© 1.333-02

1.155-02
1.022-02
9.214-03
8.421-03
7.794-03
7.294-03

5.5

2.461-01
1.514-01

1.126-01

9.141-02
7.754-02
6.756-02
5.996-02

-5.394-02

4.904-02
4.496-02
4.151-02
3.855-02
3.598-02
3.372-02
3.173-02
2.996-02
2.837-02
2.694~02
2.545-02
2.447-02

- 2.340-02

1.919-02
1.629-02
1.719-02
1.261-02
1.139-02
1.044-02
9.692-03
9.088-03



1.00
0.99
0.98
0.97
0.96

0.95°

0.94
0.93
0.92
0.91
0.90

1 0.89
0.88
0.87
0.86
0.85
0.84

0.83
0.82
0.81
0.80
0.75

1 0.70

0.65

0.60

0.55

0.50

0.45

0.40

6.0

2.564-01
1.607-01
1.211-01
9.931-02
8.489-02
7.445-02
6.644-02
6.006-02
5.484-02
5.047-02
4.675-02
4.355-02
4.076-02
3.831-02
3.614-02
3.420-02
3.240-02
3.088-02
2.940-02
2.815-02
2.696-02
2.228-02
1.901-02
1.664-02

- 1.484-02

1.346-02
1.237-02
1.150-02
1.080-02

~113-

6.5

3.331-01
1.958-01
1.427-01
1.149-01
9.725-02
8.475-02
7.533-02

 6.792-02

6.191-02

- 5.693-02
5.272-02

4.910-02
4.596-02
4.321-02
4.077-02
3.860~02
3.666-02

' 3.490-02

3.330-02
3.186-02
3.053-02
2.530-02
2.167-02
1.901-02
1.700-02
1.544-02
1.422-02
1.324-02
1.246-02
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.585-01
.155-01
.584-01
.280-01
.084-01
.453-02
.403-02
.576-02
.906-02
.351-02
.881-02
.479-02
.130-02
.824-02
.553-02
.312-02
.096-02
.901-02
.725-02
.560-02
.417-02
.838-02
.435-02
.140-02
.917-02
74402
.608-02
.499-02
.412-02

7.5

3.793-01

2.334-01
1.738-01
1.415-01
1.205-01
1.054-01
9.394-02
8.486-02

7.747-02

7.133-02

' 6.612-02

5.479-02
5.777-02
5.436-02
5.134-02
4 .866-02
4.624-02
4.407-02
4.209-02
4.030-02
3.865-02

©3.217-02

2.765-02
2.435-02
2.185-02
1.990-02
1.837-02

1.715-02

1.616-02

8.0

3.919-01
2.446-01
1.840-01
1.508-01
1.289-01
1.132-01
1.011-01
9.161~02
8.379-02
7.726-02
7.172-02
6.695-02
6.279-02
5.914-02
5.590-02
5.301-02
5.042-02
4.807-02
4.594-02
4 .400~02
4.223-02
3.521-02

.3.031-02

2.672-02
2.400-02
2.188-02
2.021-02
1.887-02
1.780-02



1.00
0.99
0.98
0.97
0.96
0.95

0.94

0.93
0.92
0.91
0.90
0.89
~0.88
- 0.87
0.86
0.85
0.84
0.83
0.82
0.81
0.80

0.75

0.70
0.65
0.60
0.55
- 0.50
0.45
0.40
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8.5

4.007-01
2.527-01
1.915-01

11.577-01

1.354-01
1.193-01
1.069-01
9.702-02
8.893-02
8.215-02
7.638-02
7.140-02
6.706~02
6.323-02
5.984-02
5.680-02
5.407-02
5.160-02
4.936-02
4.731-02
4.543-02
3.800-02
3.279-02
2.897-02
2.606-02
2.379-02
2.200-02

.2.057-02

1.941-02

9.0

4.087-01
2.602-01
1.984-01
1.643-01
1.416-01
1.251-01
1.124-01
1.023-01

~114-

9.400-02

8.700-02
8.103-02
7.587-02
7.136-02
6.738-02
6.384-02
6.067-02
5.782-02
5.523-02
5.288-02

5.073-02

4.876=02
4.093-02
3.542-02
3.136-02
2.826-02
2.584-02
2.393-02
2.239-02
2.115-02

9.5

4.156-01
2.667-01
2.045-01
1.701-01
1.471-01
1.304-01

1.175-01
1.071-01

9.863-02
9.145-02
8.532-02
8.001-02
7.536-02
7.125-02
6.759-02
6.531-02
6.135-02
5.866~02
5.622-02

5.398-02"

5.193-02

' 4.375-02

3.797-02

3.369-02

3.043-02
2.787-02
2.585-02
2.422-02

2.290-02

.10.0

4.199-01 -

2.707-01
2.083-01
1.737-01
1.506-01
1.337-01

'1.206-01

11.101-01
1.015-01
9.426-02
8.803-02

8.263-02 -

7.789-02
7.370-02
6.997-02
6.661-02

6.359-02
6.084-02

15.333-02
5.604-02
5.393-02
4.553-02
3.958-02
3.516-02
3.179-02
2.914-02

12.704-02
2.535-02
2.399-02

-
o

.5

.255-01
.760-01
.135-01
.786-01
.553-01
.382-01
.250-01
.143-01
1.056-01
9.818-02
9.182-02
8.630-02
8.145-02
7.716-02
7.333-02
6.988-02
6.677-02
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 6.394-02

6.136-02
5.899-02
5.682-02
4.812-02
7.193-02
3.733-02"
3.380-02
3.103-02
. 2.883-02
2.700-02
2.561~-02



1.00
0.99
0.98
0.97

0.96

10.95
0.94
0.93
0.92
0.91
0.90

©0.89

0.88

. 0.87

0.86
0.85
0.84
0.83
0.82
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0.70
0.65
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0.55
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.282-01
.785-01
.158-01
.809-01
.575-01
.404-01
.271-01
.164-01
.075-01
.001-01
.370-02
.814-02
.325-02
.891-02
.504-02
.156-02
.841-02
.555-02
.294-02
.054-02
.834-02
.952-02
.323-02
.854-02
.494-02
.212-02
.987-02
.805-02
.658-02
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-115-

11.5

.736-01
.966-01
.263-01
.883-01
.634-01
.454-01
.315-01
.204-01
.112-01
.035-01
.693-02
.120-02
.617-02
.171-02
.773-02
.415-02°
.092-02
.798-02
.529-02
.283-02
.057.~02
.150-02
.503-02
.020-02
.649-02
.357-02
.124-02
.937-02
.784-02

[
N

.937-01
.104-01
.363-01
.962-01
.700-01 -
.510-01
.364-01
.248-01
.153-01
.072-01
.004-01
44902
.928-02
.468-02
.056-02
.687-02
.353-02
.050-02
.773-02
.520-02
.286-02
.352-02
.686-02
.189-02
.806-02
.505-02
.265-02
.071-02
.914-02

12.5

.043-01
.189-01
43401
.022-01
.752-01
.557-01
.407-01
.288-01

.189-01

.036-01
.754-02
.219~02
.745-02
.322092
.942-02
.599-02
.287-02
.003-02
6.742-02
6.502-02
5.541-02
4.856~02
4.344-02
3.950-02
3.640-02
3.393-02
3.193-02
3.030-02

5
3
2
2
1
1
1
1
1
1.107-01
1
9
9
8
8
7
7
7
7

13.0

.154-01
.282-01
.513-01
.091-01
.813-01
.612-01
.457-01
.333-01
.231-01
.146-01
.073-01
.010-01
.548-02
.058-02
.621-02
.228-02
.874-02
.552-02
.258-02
.989-02
.741-02
.750-02
.043-02
.515-02
.109-02
.789-02
.534-02
.327-02
.160-02



©1.00
0.99
0.98
0.97
0.96
0.95
0.94
0.93
0.92

0.91

10.90
0.89
0.88
0.87
0.86
0.85
0.84
0.83
0.82
0.81
0.80
0.75
0.70
0.65
0.60
0.55
0.50
0.45
0.40

ng 13.5

5.244-01

3.361-01

2.582-01
2.153-01
1.869-01
1.662-01
1.504-01
1.376-01
1.272-01
1.184-01
1.108-01
1.043-01
9.865-02

9.359-02"

8.908-02
8.503-02
8.138-02
7.805-02

7.502-02

7.224-02
6.968-02

5.944-02

5.214-02
4.669-02
4.249-02

© 3.919-02

3.655~02
3.442-02
3.269-02

-116~

14.0

5.285-01
3.399-01
2.617-01
2.185-01

1.899-01

1.691-01
1.531-01

1.403-01 -
1.297-01 .

1.208-01
1.132-01
1.066-01
1.008-01
9.571-02
9.114-02
8.703-02
8.332-02
7.995-02
7.687-02
7.405-02
7.145-02
6.106-02
5.363-02
4.808-02
4.380-02
4.043-02
3.774-02
3.556-02
3.379-02

14.5

5.346-01

3.455-01
2.668-01
2.233-01
1.944-01
1.733-01
1.571-01
1.440-01
1.332-01
1.242-01
1.164-01
1.097-01
1.038-01
9.862-02
9.395-02

. 8.976-02

8.596-02
8.251-02
7.936-02
7.648-02
7.382-02
6.316-02
5.554-02
4.985-02
4.545-02
4.199-02
3.921-02
3.697-02
3.515-02

15.0

5.403-01 .

3.507-01
2.716-01
2.277-01
1.984-01
1.771-01
1.606-01
1.473-01
1.364-01
1.271-01
1.192-01
1.124001
1.063-01
1.010-01
' 9.627-02
9.198-02
8.811-02
8.458-02
8.136-02

7.841-02

7.569-02
6.479-02
5.699-02
5.116-02
4.666-02
4.311-02
4.027-02

3.798-02 -

3.611-02

15.5.

5.428-01
3.530-01
2.738-01
2.297-01
2.004 01
1.789-01
1.623-01
1.490-01
1.380-01
1.287-01
1.207-01
1.138-01
1.077-01
1.023-01
9.757-02
9.325-02
8.933-02

8.577-02
8.252-02
7.954-02
7.679-02
6.577-02
5.788-02
5.198-02
4.742-02
4.383-02
4.095-02

3.863-02
3.670-02



©

1.00
0.99
0.98
0.97
0.96
0.95
0.94
0.93
0.92
0.91
0.90
0.89

.0.88

0.87
0.86
0.85
0.84

. 0.83
0.82

0.81

.0.80

0.75
0.70
0.65
0.60
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.478-01
.578-01
.783-01
.340-01
.045-01
.829-01
.661-01
.526-01 .
.415-01
.320-01

.240-01 .
.169-01
.108-01
.053-01
.004-01
.605-02 -
.206-02
.843-02
.512-02
.207-02
.927-02
.801-02
.994-02
.389-02
.921-02
.552-02
.256-02
.017-02
.822-02

-117-

16.5

- 5.499-01

3.597-01
2.801-01

2.358-01

2.062-01
1.845-01
1.676-01
1.541-01
1.429-01
1.334-01
1.253-01
1.183-01
1.120-01
1.065-01
1.016-01
9.723-02

9.321-02
8.945-02 -

8.622-02
8.315-02
8.033-02
6.898-02
6.084-02
5.473-02
5.001-02
4.628~02
4.330-02
4.088-02
3.891-02

17.0

5.537-01
3.633-01
2.835-01 -

2.390-01
2.093-01
1.874-01
1.705-01
1.568-01
1.455-01
1.360-01
1.278-01
1.206-01
1.143-01

1.088-01

1.038-01
9.933-02

9.526~02

9.155-02
8.816-02
8.505-02
8.218-02
7.065-02
6.236-02

5.614-02

5.133-02

4.753-02

4.448-02
4.201-02
.4.000-02

17.5

5.552-01
3.648-01
'2.850-01
© 2.404-01
2.106-01
1.887-01
1.717-01
1.580-01
1.466-01
1.370-01
1.288-01
1.216-01
1.153-01
1.097-01
1.047-01

1.002-01

9.613~02
9.240-02
8.899-02
8.586-02
8.297-02
7.137-02
6.302-02
5.676-02
5.191-02
4 .-808-02
4.501-02
4.252-02
4.049=02

18.0

.594-01

.688-01

.888-01

.441-01

.141-01

.921-01"
.750-01
.612-01
.498-01
.401-01
.318-01
.245-01
.181-01
.125-01
.074-01
1.028-01
9.869-02
9.491-02
9.145-02
8.827-02
8.533-02
7.352-02
6.502-02

5.862-02
5.367-02
4.975-02
5.660~02
4.405-02
4.197-02
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1.00
0.99
0.98
0.97
0.96
0.95
0.94

0.93

0.92
0.91
0.90
0.89
0.88
0.87

0.86

0.85
0.84
0.83
0.82
0.81
0.80
0.75
0.70
0.65
0.60
0.55
0.50
0.45

0.40

n

18.5

5.607-01
3.701-01

© 2.900-01

2.752-01
2.152-01
1.931-01
1.760-01
1.622-01
1.507-01
1.410-01
1.326-01
1.253-01
1.189-01
1.132-01
1.081-01
1.035-01
9.941-02
9.561-02
9.213-02
8.893-02
8.598-02
7.411-02
6.555-02
5.911-02
5.412-02
5.018-02
4.701-02
4. 44402
4.234-02

-118-

19.0
5.617-01
3.710-01
2.909-01

2.461-01

2.161-01
1.940-01
1.769-01
1.630-01
11.515-01
1.418-01

1.334-01

1.261-01
1.197-01
1.140-01
1.089-01
1.043-01
1.001-01
9.635-02
9.286-02

8.965092

8.670-02
7.478-02
6.619-02
5.972-02
5.471-02
5.074-02
4.756-02
4.497-02
4.286-02

19.5
5.637-01
3.729-01
2.927-01
2.478-01

2.177-01

1.956-01
1.783-01
1.644-01
1.529-01
1.431-01
1.347-01
1.273-01
'1.209-01
1.151~01
1.100-01
1.053-01

1.011-01

9.733-02

9.381-02 -

8,058-02
' 8.760-02
7.557-02
6.689-02
6.036-02
5.529-02
5.128-02
4.806-02
4.544-02
4.331-02

20.0

5.653-01
3.745-01
2.942-01
2.493-01
'2.192-01
1.970-01
1.797-01
1.658-01

1.542-01

1.444-01
1.359-01
1.286-01
1.221-01
1.163-01
1.111-01
1.065-01
1.022-01

9.842-02 -

9.488-02
9.163-02
8.863-02

7.65-02

_6.780-02
6.122-02
5.611-02
5.207-02
4.882-02
4.618-02

4.403-02

25.0

5.783-01
3.841-01
3.065-01
2.613-01

- 2.309-01

2.084-01
1.909-01
1.767-01
1.649-01
1.549-01
1.462-01
1.387-01
1.320-01
1.260-01
1.207-01
1.159-01
1.115-01
1.075-01
1.038-01
1.004-01
9.732-02
8.465-02
7.544-02
6.846-02
6.302-02
5.870-02
5.521-02
5.237-02
5.00-02

Iy



1.00
0.99
0.98
0.97
0.96
0.95

0.94
'0.93

0.92
0.91
0.90
0.89

'0.88
0.87
0.86

0.85
0.84

'0.83

0.82
0.81
0.80
0.75
0.70
0.65
0.60

~0.55

0.50
0.45
0.40

Mg

30.0

5.863-01
3.949-01
3.142-01
2.688-01
12.382-01
2.156-01
1.980-01
1.837-01

1.718-01

1.616-01
1.529-01
1.452-01
1.385-01

1.324-01
1.270-01
- 1.221-01

1.176-01
1.135-01
1.098-01
1.063-01
1.031-01
9.020-02
8.073-02
7.353-02
6.790-02
6.341-02
5.977-02
5.681-02
5.439-02

.2.432-01

© 1.664-01
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35.0
5.916-01"
4.002-01
3.193-01

2.739-01

2.206-01
2.029-01
1.885-01
1.766-01

1.576-01
1.499-01
1.430-01
1.370-01
1.315-01
1.265-01
1.220-01
1.179-01
1.141-01
1.106-01
1.074-01
9.424-02
8.461-02
7.728-02
7.153-02
6.693-02
6.321-02
6.017-02
5.758-02

40.

.952-01
.037-01
.228-01
.774-01
.467-01
.240-01
.063-01
.919-01
.799-01
.696-01
.608-01
.531-01
.462-01
.401-01
.346-01
.296-01
.251-01
.209-01
.171-01
.136-01
.103-01
.712-02
.740-02"
.998-02
.416-02
.951-02
.573-02
.264-02
.011-02

45.0

5.985-01
4.069-01
3.260-01

©2.805-01

2.498-01
2.271-01
2.093-01
1.949-01
1.829-01
1.726-01
1.638-01
1.560-01
1.492-01
1.430-01
1.375-01
'1.325-01
1.279-01
1.238-01
1.199-01
1.164-01
1.131-01
9.983-02
9.004-02
8.256-02
7.669-02
7.198-02

- 6.816-02

6.504-02
6.247-02

50.0

5.994-01
4.078-01
3.269-01
2.832-01
2.506-01
2,279-01

©2.101-01

1.957-01
1.837-01
1.734-01
1.646-01
1.568-01
1.499-01
1.438-01
1.383-01
1.333-01
1.287-01
1.245-01
1.207-01
1.171-01
1.139-01
1.005-01
9.072-02
8.323-02
7.734-02
7.262-02
6.879-02
6.566-02

' 6.308-02



1.00
0.99
- 0.98
0.97
0.96
0.95
0.94
0.93
0.92
0.91
0.90
0.89
0.88
0.87
0.86
0.85
0.84

0.83 -

0.82

0.81

0.80
0.75
0.70
0.65
0.60
0.55
0.50

" 0.45

0.40

g

55.0

 6.013-01

4.097-01

3.288-01

2.832-01

2.525-01

2.298-01
2.120-01

1.197-01

1.855-01
1.752-01
1.664~01
1.586-01
1.517-01
1.456-01
1.400-01
1.350-01
1.304-01
1.262-01
1.224-01

- 1.188-01
1.156-01

1.021-01
9.233-02
8.479-02
7.887-02
7.413-02

- 7.027-02

6.711-02
6.452-02

~120-

60.0

6.026-01
4.110-01
-3.301-01

2.845-01

2.538-01
2.310-01
2.132-01
-1.988-01

1.867-01
1.765~-01

1.676-01
1.598-01
1.529-01
1.468-01

1.412-01

1.362-01
1.316-01
1.274-01
1.236-01
1.200-01
1.167-01

1.033-01

9.346-02
 8.590-02

7.997-02
. 7.520-02

7.134-02
6.817-02
6.556-02

65.0

6.048-01
4.132-01
3.323-01
2.867-01
2.559-01
2.332-01
2.154-01

2.009-01

1.889-01
1.786-01
1.697-01
1.619-01
1.550-01
1.488-01

1.433-01

1.382-01
1.336-01
1.294-01
1.256-01
1.220-01
1.187-01
1.052-01
9.535-02
8.777-02
8.179~02
7.700-02
7.311-02
6.992-02

6.729-02

70.0

6.054~01
4.138-01
3.328-01
2.872-01
2.565-01
2.337-01
2.159-01
2.014-01
1.894-01
1.791-01
1.702-01
1.624-01
1.555-01
1.493-01
1.438-01
1.387-01
1.341-01
1.299-01
1.251-01
1.225-01

1.192-01
1.057-01

 9.582-02
8.822-02
8.224-02
7.744-02
7.354-02
7.034~02
6.771-02

75.0

6.059-01
4.143-01
3.333-01
2.877-01
2.570-01
2.342-01
2.164-01
2.020-01
1.899-01
1.796~01
1.707-01
1.629-01
1.560-01
1.498-01
1.443-01
1.392-01
1.346-01
1.304-01
1.255-01
1.230-01
1.197-01,
1.062-01
19.630-02
8.870-02
8.271-02
7.791-02

7.401-02
7.0-1-02
6.818-02 .



1.00
0.99
0.98
0.97
0.96
0.95
0.94
0.93

. 0.92

0.91
0.90
0.89
0.88
0.87
0.86
0.85
0.84
0.83
0.82
0.81
0.80
0.75
0.70
0.65
0.60
0.55
0.50
0.45
0.40

kel
o
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.075-01
.159-01
.349-01
.893-01
.585-01
.358-01
.180-01
.035-01
.914-01
.811-01
.722-01
.644-01
.575-01
.513-01
.458-01
.407-01
.361-01
.319-01
.280-01
.244-01
.211-01
.075-01
.770-02
.007-02
.407-02
.925-02
.533-02
.211-02
.947-02

OV N NN 0 WO WO R R R e e b e e = NNRN NN WS o

85.

.076-01
.159-01
.349-01
.893-01
.586-01
.358-01
.180-01
.035-01
.914-01
.811-01
.722-01
.644-01
.575-01
.513-01
.458-01
.407-01
.361-01
.319-01
.280-01
.245-01
.212-01
.076-01
.771-02
.009-02
.409-02
.927-02
.535-02
.213-02
.949-02
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90.0

O N NN ® WO O e e e e e R B RN N NN L o

.078-01
.161-01
134201
.896-01
.588-01
.361-01
.182-01
.038-01
.917-01
.814-01
.725-01
.647-01
.578-01 -
.516-01
.460-01
.410-01
.364-01
.322-01
.283-01
.247-01
.214-01
.079-01
.796-02
.034-02
.433-02
.951-02
.559-02
.237-02
.973-02

95.0

6.083-01
4.166-01
3.356-01
2.901-01
2.593-01
2.365-01
2.187-01
2.042-01
1.921-01
1.818-01
1.729-01
1.651-01
1.582-01
1.520-01
1.465-01
1.414-01
1.368-01
1.326-01
1.287-01
1.251-01
1.218-01
1.083-01
9.837-02
9.074-02
8.473-02

7.990-02

7.275-02
7.010-02

100.0

.083-01
.166-01
.347-01
.901-01. -
.593-01
.365-01
.187-01
.042-01
.922-01
.819-01
.730-01
.652-01
.582-01
.521-01
.465-01
.414-01
.368-01
.326-01
.287-01
.252-01
.219-01
1.083-01
9.839-02
9.076-02
8.475-02
7.992-02
7.599-02
7.277-02
7.012-02
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1.00
0.99
0.98

0.97°

0.96
0.95
0.94
0.93
0.92
0.91
0.90
0.89
0.88

0.87
0.86

0.85
0.84
0.83
0.82
0.81
0.80
0.75
0.70
0.65
0.60
0.55
0.50
0.45
0.40

' 6.166-01

4,249-01

3.439-01

2.983-01
2.676-01
2.448-01
2.269-01

2.124-01

2.003-01
1.900-01
1.811-01
1.733-01
1.664-01
1.602-01
1.546-01
1.495-01
1.449-01
1.407-01

1.368-01

1.332-01

1.299-01

1.163-01
1.063-01
9.862-02
9.256-02
8.770-02
8.373-02
8.048-02
7.,780-02
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 APPENDIX B Relativistic Derivation of Limits of Integration.

At the end of section 1.4 the limits of integration of Eq. (1.25)
over q were derived using a non-relativistic formaiism. It is shown
- here that the same limits, Uin and qmax.glven by Eqs. (1.30) and (1.32),
can be derived in a relativistic formalism.

i. For the minimum momentum Ynin transferred to the electron:

2 2 - = 2 g2 - vt He E-w)? - u2c* Yz
N nin = lel-le'l = || - 3 (.1)

c Cc

In Eq. (B.1l) E is the total energy of the projectile and w is the
energy transferred from the projectile to the electron. We assume

égain that w << E. : Then one obtains from Eq. (B.1l):

12 1/272
n2q2 = E° - 1’ - [E2 ) —.wz] ]
Ypin ] 2 N 2 - 2 .
c ,

c c

: 1/z
1/2
o [[Ez —M2 4] _ [EZ —'M2c4 - 2Ew ] ]
2 2 2
C : [od C
2
‘ 1/2
= [Ez __M_Z_f] [1 _ [1 - _ZEW_] ]
c2 : E2 —Mzc4
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g2 B A A

- w
= w = w = ———— W -
: 2 2
-cz(Ez-M2c4) c282c2 c4Y2M2v v
so'that
2 w2 .
Qg T ;735“ .(B.Z)

which is identical to Eq. (1.30).

ii. For the maximum momentum % ax transferred to the electron:

’ 1/2 . 1/2
2 ' 2 2 4 2 24
- - - - -M
hzqiax =.[|P| + lP'vl] = [[_—-——E o ] + [(E w) 5 _° ] ] |

(o

| 2 24 - o | o
) [E -ZM——C—] = 2p : (B.3)

where in Eq. (B.3) p is the magnitude of the momentum of the incident
projectiie.» Without appreciable error we may set for relativistic

projectile energies
Ipax © % S o ’ (B.4)

The result of Eq. (B.3) is identical to that of Eq. (1.32).
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