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ABSTRACT OF THE DISSERTATION

Sperner Properties of the Ideals of a Boolean Lattice

by

Richard William McHard

Doctor of Philosophy, Graduate Program in Computer Science
University of California, Riverside, December 2009
Dr. L. H. Harper, Chairperson

The Boolean lattice has many applications in computer science. The sulzsets of
Boolean lattice that are closed downward under the ordering relation accidadss,
and their study has a rich history. Problems of combinatorial optimizatiomvote
the ideals of a Boolean lattice include combinational circuit design, bandwidth and wir
length.

A graded pose® is such that every element has an unambiguous rank, or distance
from the minimal element(s) &fin its Hasse diagram. THkeSperner number of a
graded poseR is the size of the largest subsePakiith no more thak members that
form a linear-ordered chain under the order relatidd. of hek-Sperner number is a
fundamental parameter Bfin applications. It is easy to findRfis strongly Sperner;
i.e., if, for anyk, thek-Sperner number is the sum of the number of members &f the

ranks that are largest in cardinality.



This is an algorithmic study of the Sperner properties of the idé@)sof a
Boolean latticeB, which form a new lattice under set inclusiaf(B) is shown to be
strongly Sperner iB has at most 6 generators. To do this, a new algorithm, the ideal
exchange algorithm, was developed, proved correct, and used in conjunction with a flow
algorithm to show thai(B) has a normal flow and is therefore strongly Sperner for the
cases studied. This problem is computationally intensive (a double exponential in the
number of generators) and was solved by breaking it into subcases that were run in

parallel on the computer system at the University of California in Rdersi

Vi



TABLE OF CONTENTS

CHAPTER 1: STATEMENT OF PROBLEM ......uuiiiiiiiiiiiiiiiiiiiiee e 1
CHAPTER 2: PRELIMINARY CONCEPTS ... 9
CHAPTER 3: ELEMENTARY CATEGORY THEORY .....coiiiiiiiiiiiiin 26
CHAPTER 4: BACKGROUND ON SPERNER PROBLEMS ... 40
CHAPTER 5: FLOW ALGORITHMS, NORMALITY AND SPERNERITY ............... 56
CHAPTER 6: THE TRADITIONAL IDEAL GENERATION ALGORITHM.............. 68
CHAPTER 7: THE IDEAL EXCHANGE ALGORITHM ....ooiiiiiiiiiiiiiiiiein 93
CHAPTER 8: NORMALITY TEST AND VERIFICATION PROGRAMS................ 113
CHAPTER 9: RESULTS ...ttt a e e ennnnns 122
CHAPTER 10: FUTURE DIRECTIONS ..ottt 159
BIBLIOGRAPHY e 170
APPENDIX A: DEDEKIND NUMBERS AND RELATED SEQUENCES................ 173
APPENDIX B: NORMAL TEST PROGRAM .....ouiiiiiiiiii e 174
APPENDIX C: NORMAL TEST OQUTPUT ..ottt 175
APPENDIX D: INDEPENDENT VERIFICATION PROGRAM .......ccoooiiiiiiiiiiiiiiiinns 176
APPENDIX E: INDEPENDENT VERIFICATION PROGRAM INPUT .........covvvveeee 177
APPENDIX F: INDEPENDENT VERIFICATION PROGRAM OUTPUT ................ 178

Vil



LIST OF FIGURES

Figure 3.1. Identity and composition MOrPhiSMS .........uueeiiiiiiiinie e
Figure 3.2. Associative Law and UNit LaW ..........oouviiieiiiiiiiiiieeeeeeeeeeeeei
Figure 3.3. Natural TranSformation .........ccooooo oo
Figure 3.4. Forgetful FUNCLOT..........ooiiiiiie e
Figure 3.5, HOM-FUNCIOIS ... .o e e e e e e eeeeeees
Figure 3.6. Product Diagram in @ Cat@gOrY ........cooeiieeeeeeiiiiiieeeiiiiiiiiana e
Figure 3.7. Projections in @ Product Category ..........uuuueuiiiiiieeeeeeeieeeeeeeviiiiiiin s
Figure 3.8. ProducCt FUNCION ........iiiiiii et
Figure 3.9. COProduCt DIGgQIram .......ccooooieeeeeieeii et e e s
FIQUrE 3.10. BEQUANIZEN ..ot
Figure 3.11. COEQUANIZET ........coiiiieeiiiieee e e e e e eeeeeeaaaaes
Figure 3.12. PUIIDACK .......coooiiiee e
FIgure 3.13. PUSNOUL ......coooiie e s
FIQUIE 3.14. A CONE oo e e e et e et e b e e e e e e e e e e e eees
Figure 3.15. A Morphism Of CONES .......cooiiiiiiiiiei s
FIQUIE 3.16. A COCONE  ceeiiiiiiii ettt e e et e e e e e e e e e e e e eees
Figure 3.17. A Morphism Of COCONES ........cooviiiiiiiiiiiiiiie e
Figure 3.18. EXPONENTIAL........ccooiiiiiiiieiiiiiie et e e e e e e e e e eeeeeeees
Figure 6.1. Product ConstructionBf from Bz .........ccooeiiiiiiiiiiiiiiii e,

Figure 9.1. A Graded Poset that is NOt SPerner...........oooevvuiiiiiiiiiiiinee e

Figure 9.2. Equivalence Class of Non-Self-Dual Ideals of RankigBy) .................

viii



Figure 9.3.
Figure 9.4.
Figure 9.5.
Figure 9.6.
Figure 9.7.
Figure 9.8.
Figure 9.9.
Figure 9.10.
Figure 9.11.
Figure 9.12.
Figure 9.13.
Figure 9.14.
Figure 9.15.
Figure 9.16.
Figure 9.17.
Figure 9.18.
Figure 9.19.
Figure 9.20.
Figure 9.21.
Figure 10.1.

Figure 10.2.

LIST OF FIGURES (Continued)

Normal FIow Solution fO(Bp)..........oeiiieieeeeeeieeeeieeeeeiinree e e e e 132
Normal FIow Solution fO(B1).........eoiiiaeiieeeeieieiieeeeeiiie e 133
Normal FIow Solution fO(Bo).........ueeiiiieieeeeeiieieeeeeeeicre e e 134
Normal Flow Solution fO(Bs) / S3....ceeiiieeeeeieiieeeeeeeieiree e 136
Normal Flow Solution f&H(Bs) / Sy..vvvveeeieiii e 138
Slack in the Flow Between Ranks 7 and&Bg) / Ss..........cccovvvvvvvvrvnnnnne 146
Slack by RanNK fBIE 5 .....iii e 149
Slack by Whitney number fFoE 5 ..o, 149
Slack by RaNK fBIE 6 .......vvvviiiiiiiee e 150
Slack by Whitney number FOE 6 ........oovvveiiiiiiiii e, 150
Total execution time by rank KOr 6 ............ovvvviiiiiiiiiieeee, 151
Log execution time by rank Ko 6 ..........oovvveviiiiiiiiiiie e 152
Delta Time (Secondg)Bes) — J(Be) / Sp) vvvvvveeeeeeeeeeeiiiiiiiiiiiiiiiiiieeeenn 154
Quotient Poset and Ideal Poset Generation Time by Rank ....................... 154
Quotient Poset and Ideal Poset Flow Calculation Time by Rank ............. 155
Retries by Rank foe= 5 Using Ideal Exchange Algorithm..................... 155

Retries by Whitney Number kor 5 Using Ideal Exchange Algorithm . 156
Retries by Rank foe= 6 Using Ideal Exchange Algorithm.....................

Retries by Whitney Number kor 6 Using Ideal Exchange Algorithm . 157

Intertwining Operator Commutative Diagram

Intertwining Operat8tab: J(B;) x J(B1) — J(By)

iX



LIST OF FIGURES (Continued)

Figure 10.3.Stab: J(B,) x J(By) — J(Bs) is not an Intertwining Operator



LIST OF TABLES

Table 6.1. Ideals of Rank 4 #{B3z) iN LeX Order ..........cceeeiiiieeieiieeieeeeeeeeeiiee e 77
Table 6.2. Bit Position Order for Generating Max Ideal®(Bg) .............cccevvvvvvvrnnnnnnn. 78
Table 7.1. Ideals of Rank 8 in Lex OrdetifBs) ........cccevveeeeeiiiiiiieeeeicciin e 94
Table 9.1. Ideals di(B,), J(B,), J(B3), andJ(Bs) in Lex Order........ccccceeevviieeeeeeeennnn. 125
Table 9.2. A Symmetric Chain Decomposition7QBs) .............cccvvvrrrrirrmiiiiinnieeeeeeeeen 137
Table 9.3. A Symmetric Chain Decomposition7@By) .............cccvvvvvvvriiiiiiiiiiieeeeeeenn, 143
Table 9.4. Whitney Numbers fd(Bo) throughJ(Bg) .......ceeeeviiiiiiiiiiiiiiiiiiieeee e 145
Table 9.5. Execution Time fok(By) / S Using Ideal Exchange Algorithm ................. 151
Table 9.6. Execution Time by Rank @{Bes) / Ss andI(Be).......cvvvvvvvrvvriiiiiiiieeeeeeeeenn, 153
Table 9.7. Execution Time by Algorithm fG(Bs) / S (Middle Rank) ....................... 158
Table 10.1. Definition o =@ U )0+ ( N j)1:I(B1) x I(B1) = I(B2) cvvvveevuvrraennne. 164
Table 10.2. Definition o = ({ U j)0O+ ([ N j)1:I(By) x I(B2) = J(B3) -vvvveeeuvveennnnee 167
Table A.1. Integer Sequences for Monotone Boolean Functions...............cccccceeeeeeeeeen,

Xi



CHAPTER 1: STATEMENT OF PROBLEM

In [Hall 1998], Marshall Hall characterizes combinatorics as the branch of
mathematics dealing with finite structures and focusing on problems céreoast
(construction), enumeration, and optimization. This thesis project addresses a long-
standing problem of optimization: Is the lattit@By) of ideals of a Boolean lattidgx
strongly Sperner? In the course of this project, the other facets of combmaterec
also applied to this problem.

A posetis a set with a partial order. Adeal of a poset is a sub-podehat is
“closed downward”; i.e., ik € | andy < x, theny € |I. The ideals/(P) of a poseP form
a new poset under set inclusion.

A chainin a poseP is a totally ordered subset®f Anantichainin a poseP is
a subset oP with no order relations between any two distinct elementk-faiily of a
posetP is a subset d? with no chain longer thaki(and so an antichain is a 1-family).

J(P) isrankedby cardinality. A ranked posEtis
e Sperneliif the largest rank is an antichain of maximum size;

e k-Sperneiif the k largest ranks form lefamily of maximum size;
e strongly Sperneif P is k-Sperner for alk.

Order-preserving functions, @otonefunctions, are important in this study.

Given poset® andQ, a functionf : P — Q is isotone ifff(p;) < f(p2) whenevep; < p;, for

all p, andp, in P.



In a sense, ideals and antichains are “the same concept” for a given fieitB,pos
and in the casP = By, isotone functions represent the same concept as well. These
results are “cryptomorphisms” (equivalences that are not immediatelseappad
perhaps surprising at first glance) and are proven in the two propositions in fitercha

In order to do this, we need the following two definitions.

A maximal elememnf a poseP is an elemenp in P such thap < g impliesp =q
forallqin P.

Let Sbe a subset of a poget Thedownward closuref Sis the sets={d e P |
d<sforsomese S. lsis anideal (see Corollary 1.2)sis called thedeal generated
by S

Proposition 1.1:There is a 1-1 correspondence between the ideals of a finite

posetP and the antichains &f; that is:

a) An antichain inP generates a unique ideal®by downward closure.

b) Each ideal oP has a unique antichain ihconsisting of all its maximal
elements.

c) The map in a) that generates the ideal from an antichain and the map in b) that
generates the antichain of maximal elements from an ideal are inveeseshadther.

Proof:

a) LetA be an antichain d?, and letl 4 be the downward closure &f Suppose
x € Yaandy < x. Sincex e 4, x<afor somea e A. Sincey<xandx<a,y<aby
transitivity of<. Thereforel, is closed downward; i.el, is an ideal. In factla is the
smallest ideal containing. For supposeéis an ideal containing and supposé € {a.
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Thend < afor somea € A. SinceAc |,a e |. Sincel is closed downward] € I.
Thereforelac .

b) SinceP is finite, any nonempty subset®fas maximal elements. Thug i
an ideal] has maximal elements. The getf all maximal elements dfform an
antichain. For suppose< b for somea andb in A. Thena is not maximal irl, a
contradiction. The set of all maximal elements of an ideal is clearly unique.

c) LetAbe an antichain iR and letl » be the downward closure &f Suppose
xis inda butxis not inA. Sincex e ¥, x < a for somea € A. But therx < a because
is in A butx is not inA, sox is not maximal inka. Now supposgis inA. Theny is in
Jabecausg <y. Suppose further thgt< z for somez € {a. Sincez € I, z< wfor
somew in A. Theny <w, andy andw are both inA. If y=w, theny <w and thu&A is
not an antichain. Then=z=w and soy is maximal inda. ThereforeA is the antichain
of maximal elements ifa.

Conversely, let be a finite ideal oP, let A be the antichain of maximal elements
of I, and letl » be the downward closure Af Suppose € |. Thenx < a for someain
A, sox € Ya. Now supposg € 4. Theny < afor somea e A. SinceAcl,ael.
Sincel is an ideala € | andy < a, it follows thaty € I. Thereford ={a.

Note that the argument in a) that shows theis an ideal does not use the fact
thatAis an antichain. Thus we have

Corollary 1.2: LetP be a poset and |8&c P. Thendsis an ideal.



Proposition 1.3:There is a 1-1 correspondence between the ideals of a finite

Boolean latticeBx and the isotone functioris By — B; = {0 < 1}; that is:

a) Given an ideal of By, there is a unique isotone functibnBy — B; such that
| =f(0) = {x e B¢ |f(X) = O}.

b) Conversely, given an isotone functibnB, — By, f }(0) is an ideal.

Proof:

a) Letl be an ideal oBy, and defind : By — B; byf(x) =0ifx e |,f(x) = 1
otherwise. Them=f0). Suppos&<yinBy. Iff(x)>f(y), thenf(x) = 1 andf(y) = O.
By construction of, yis inl andx is not inl. But sincex<y, this implies that is not an
ideal, a contradiction. Therefol) < f(y) andf is isotone. Clearly,is the unique
functionf : B, — By such that =f™(0).

b) Letf: B — B, be an isotone function. Lgte f (0) and letx<y. Sincef is
isotonef(x) < f(y). Sincef(y) = 0,f(x) = 0, sox e f }(0). Thereford *(0) is an ideal.

The specific problem addressed herein is the conjecture that the JéBiy ef
ideals of the Boolean lattid& is strongly Sperner for ad This problem is of interest
for its own sake as a long-standing open problem, for its relationship to other computer
science problems such as circuit design, and as an example of a generajtgystem
approach to problems in combinatorics.

This problem is relevant to digital circuit design, because the minimizafia
combinational Boolean circuit i%-complete in general but can be done in polynomial

time for unate functions, which are generalized isotone Boolean functions.



The problem of counting the number of isotone Boolean functions dates back to J.
W. R. Dedekind ([Dedekind 1897]. It has a long and fascinating history; see, for
example, [Korshunov 2003]. Recently, L. H. Harper and Sergei Bezrukov [Harper and
Bezrukov] have studied ways to estimate the number of ided(®)rusing random
walks on thedeal exchange grapfHasse diagram) df(P). For this application, it is
necessary to have an upper bound on the degree of any elerfigP) @ a vertex in the
ideal exchange graph. The 2-Sperner numberporbvides such an upper bound. This
upper bound is sharpkis 2-Sperner and unimodal.

The approach taken to this problem is of interest in its own right. Combinatorics
has historically been a collection of loosely related results deducetifimcanethods.
For instance, the discrete poBgtof k unordered elements is trivially strongly Sperner,
andBy = J(Dy) is strongly Sperner by Sperner’'s Theorem [Sperner 1928]; see [Engel
1997] for details. In [Harper 2004], L. H. Harper showed that the fufict®oset—
Posettaking each posét to J(P) is fundamental in the theory of isoperimetric problems
on graphs. Harper has used morphisms on the catBgsgtto solve combinatorial
optimization problems involving wire length, bandwidth, and minimum-size error-
correcting codes for digital circuits. In considering the theory of Spprobtems,
Harper noted that all of the extensions and variations of Sperner’s Theorem involve
representable functoFs: Poset— Posetsuch that, i is strongly Sperner, thdf(P) is
strongly Sperner. The functdr. Poset— Posetis representable.

This raises the question: Under what conditiodg§ P strongly Sperner iP is

strongly Sperner? A systematic approach to this problem is to transformtéacesf)
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it to a more computationally efficient problem whose solution implies the desisalt.
Such a transformation is a morphism in an appropriate category. As Harper has
observed, category theory is the roadmap to morphism country. The “categorical
imperative” [Mac Lane 1998], [Goguen 1991] is to
e find an appropriate morphism for the problem;
e analyze the resulting category for structural properties (limitsyakgmces, etc.);
e use these properties to prove theorems about the resulting category (properties
efficiency, special cases, etc.);

e use the morphism to find an efficient representation for the problem.

Thus the categorical imperative, if successful, provides a systematio irag
better algorithms for combinatorial problems.

Chapter 2 defines mathematical concepts that are prerequisites fantheder
of the dissertation.

Chapter 3 defines the elementary concepts of category theory that are most
pertinent to this study.

Chapter 4 presents the elementary concepf$Ry), the lattice of ideals of the
Boolean latticeBy, including a referenced summary of relevant existing results.

Chapter 5 discusses flow-based algorithms for determining Sperner popértie
posets, including tests for strong Spernerity and normality.

Chapter 6 defines the traditional ideal generation algorithm and a madificat
(“selective ideal generation”) that allows multiple subcases of theatityrtest to be

executed in parallel on adjacent ranks/(By).



Chapter 7 defines a new ideal generation algorithm (“ideal excharyélaig’)
and proves its correctness. This new algorithm is slightly faster than ¢cé\aeldeal
generation algorithm on adjacent ranks, consequently improving the speed et parall
execution. The ideal exchange algorithm is used td@/{&g} for normality fork =1, ...,
6 and represents the optimization aspect of combinatorics.

Chapter 8 discusses the computer program used to test for normality and an
independent verification program that cross-checks the computations.

Chapter 9 lists the results of this algorithmHiaor 1, ..., 6 and compares the
execution times of the ideal exchange algorithm and the selective ideshtj@m
algorithm, representing the enumeration aspect of combinatorics. This chaptgveds
a symmetric chain decomposition@By) fork = 1, ..., 4 (implying that each is strongly
Sperner).

Chapter 10 discusses possible directions for future research to extend the results
of this research, representing the existence and construction aspects oftoncsi

Appendix A describes sequences related to the underlying combinatorics of this
problem, including the Dedekind numbers and the number of equivalence classes of
J(By) produced by the action of the symmetric group on the atoiggs of

Appendix B, available as a separate electronic file, contains a listing of the C
program used to tedi(By) for normality.

Appendix C, available as a separate electronic file, contains the output files

resulting from execution of the normality test programkferl, ..., 6.



Appendix D, available as a separate electronic file, contains a listing of the
independent verification program.

Appendix E, available as a separate electronic file, contains the input files to the
independent verification program.

Appendix F, available as a separate electronic file, contains the output files

resulting from execution of the independent verification program.



CHAPTER 2: PRELIMINARY CONCEPTS

This chapter defines basic mathematical concepts that are used throughout the
remainder of this dissertation.

Setandmembershi@re primitive concepts; e Smeans is amemberor element
of S andS={x|x e §. A nonempty set whose members are themselves sets with some
common property is also calledamily.

Ac B (Ais asubsebf B) iff (VX){x e A— x € B}; Bo Aiff Ac B.

A=Biff AcBandBc A

Ac B (Ais aproper subsedf B) iff Ac BandA=B; B> Aiff AcB.

AUB(AunionB ={x|xe Aorx e B}.

AN B (Aintersect B={x|x € Aandx € B}.

A’ (A complement= {x | x ¢ A}.

B\A=Bn A’ (set differencg and scA’ =U \ A, whereU is the (problem
specific)universeof all possible set members.

A®B=(A\B)uU (B\A) (symmetric differenge

Thenull set(empty sgtd is the unique s&b with no members.

If An B =, AandB aredisjointandA u B may be writterA + B (disjoint
union).

Thepower set?(S (also 2) of a seSis defined by?(S) = {A|Ac S}.

For setsSandT, Sx T ={(s,t) | s € Sandt € T} (Cartesian produgt

S?=Sx SandS"=S"" x Sforn> 2.

9



The set¥ of natural numberss the set of non-negative integers {0, 1, 2, ...}.

For 0=k e WV, Niis the set {0, ...k—1}.

The number of combinations ofthings takerk at a time is writter{ E ) (“n

choosek”). This is thek™ binomial coefficient and is equal tb/ (k!(n —k)!). Based on

this notation, ifSis a set( E) (“Schoos&”) is the set of all subsets 8fwith exactlyk

members.

1)
2)
3)
4)
5)
6)
7)

8)

A binary relationp on a setJ is a subset dff % x p y meansX, y) € p. pis
reflexiveif (WYx e U{x p x}.

symmetridf (Vx € U)(Vy e U){(xpYy) — (Y p X)}.

antisymmetridaf (Vx € U)(Vy e U){(xpy) and § p X) > x =y}.

transitiveif (Vx e U)(Vy e U)(Vze U){(xpy) and {p 20 > (Xp 2)}.
aquasi-order(preorde) if p is reflexive and transitive.
anequivalencdrelation) if p is reflexive, symmetric and transitive.

apartial orderif p is reflexive, antisymmetric and transitive.

atotal (linear) orderif p is a partial order andZk € U)(Vy € U{xpyoryp x}.

If p is a binary relation ol andV c U, p |V =p N V?is therestrictionof p to V,

andp is anextensiorof p N V?to U.

Thereflexive transitive closurg* of a relationp is the smallest reflexive

transitive relation containing

Theinversep™ of a relatiorp is defined by ™ = {(y, X) | x, y) € p}.

10



If ~ is an equivalence dd andx € U, [X] ={y € U |x ~y} is theequivalence
classof x; x is theclass representativef [X].

A family ¥ of subsets of a univer&eis exhaustivef every member ol is in at
least one member &.

A partition of a setJ is a family of nonempty, pairwise disjoint and exhaustive
subsetsiflockg of U.

The equivalence classes of an equivalencd form a partition otJ.
Conversely, a partition df induces an equivalence th(membership in the same
block). Thus equivalence classes and partitions are “the same concept”. Adisist
classic instance of a cryptomorphism. (See Chapter 1 for a cryptomorphismarnigno
this study).

A subsef of D x Cissingle-valuedf (Vx € D)(Vy € C)(Vz € C)}{(x,y) € fand
x,2ef>y=2.

A subsef of D x Cistotal if (Vx € D)(3y € C){(x, y) € f}.

A function(alsotransformation mappingmap f : D — Cis a subset dD x C
that is single-valued and tot&);is thedomainof f andC is thecodomainof f. If fis
single-valued but not totdljs apartial functionfrom D to C.

If f: D — Cis a (partial) functionf(x) =y unambiguously meang, ) < f.

If f: D — Cis afunction an®&c D, (S = {f(x) | x € § is theimageof Sunderf.

In particularf(D) c C is theimageof f.

11



The functionf * : C — 2(D) defined byf (y) = {x | f(x) =y} is theinverseof f. If
ScC, 9= Uyesf "(y) is thepre-image(inverse imageof Sunderf. If f is total, the

inverse images of elementsf(lD) form a partition oD.

The functionip : D — D defined byip(x) = x VX € D is theidentity functiononD.

If f: A— Bandg: B — C are functions, theompositiorgf : A — C is defined by
(@N(¥) =9(f(x)) vx € A.

A functionf : D — C is one-to-ondinjective if (Vx € D)(Vy € D){f(x) =f(y) —

x =y}; fis one-to-one iff has deft inversef' : C — D such thaf'f = ip.

A functionf : D — Cisonto(surjectivg if (Vy € C)(3x € D){f(x) =y}; fis onto
iff f has aight inversef’ : C — D such thaff' =ic.

A functionf : D — C is abijectioniff f is one-to-one and onto. A bijection
defines al-1 correspondencdeetween its domain and codomain. In this case, we identify
x with {x} and thus havé™: C — D, wheref 1 =f' =",

A set isfinite iff its members can be put into 1-1 correspondence MWitfor
some non-negative integer A set isdenumerabléff its members can be put into 1-1
correspondence witlV. A set iscountableiff it is finite or denumerable; otherwise it is
uncountable We will be exclusively interested in countable sets, and almost always
finite sets.

The set of functions frorD to C is denotedC®.

Thecardinality |§ of a finite seBSis the number of members &f Then Vy| =k,
@1=0,8+T =H+M, 121=2 % = £IP, and|( )= (/). SetssandT (not

12



necessarily finitehave the same cardinalitff there is a 1-1 correspondence betw8en
andT.

Thecharacteristic functions of a setSis defined byps(X) =1 ifx € S ¢s(X) =0
ifxe S

Thecharacteristic vectoof a subse$ of a totally ordered countable univetde=
{Xo <x1 < ...} is the stringds(Xo)ds(X1)... . If U is finite, sayJ = {up <up < ... <}, itis
convenient to represei as a string of bits in a computer. For this reason, we reverse
the order of the characteristic vector to be consistent with the way bits in @mput
storage are ordered: most significant to least significant, left to righth&acteristic
vectors in this paper will be over a finite universe and so the characteestors will be
understood to be in this reversed order throughout.

A poset(P, <) is a seP with a partial ordex defined orP. P may refer to the
poset when clear from the conteR.is discreteif there are no relations between distinct
elements oP; i.e.,x<yiff x=vy.

Writey > x if x<y. Thedual P° of a poseP is the posetR, >).

A weighted posdfP, <, w) consists of a poseP(<) and a mapv : P —» K., the
set of nonnegative real numbensis theweight functiorof the poset. 15 P, w(S) =
2xes W(X).

Given two posetsH, <) and Q, «), theproduct poseis (P x Q, £), where X, y)

Z (z,w) iff x<zandy < w.

We may writex <y ory >xif x<yandx=y.
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Definex <e y (y coversx) if x<yandx<z<y-—>x=zorz=y.

If (P, <) is a poset an@ < P, (Q, <g) is thesub-poset induced by, @here<g is
the restriction ok to Q. We typically write Q, <) instead of Q, <g).

A totally-ordered sub-poset ischain A chainxy <x; < ... <X, is saturated
(skiples$ iff .1 <e X fork=1, ...,n.

If neitherx <y nory < x, x andy areincomparable A set of pairwise

incomparable elements of a poset formaatichain A chain and an antichain can have
at most one element in common.

Thewidth of a posetR, <) is the cardinality of its largest antichain.

If P is a poset, thapper(lower) shadowv (9 (A(S) of Sc P is the set of
elements oP \ Sthat cover (are covered by) at least one eleme@t of

A minimal (maxima) elemenim of a poseP satisfies ¥x € P){x<m— x=m}
(vx e P{m<x—> x=m}).

If an elementn of a poseP satisfies ¥x € P{m<x} ((Vx € P){x<m}), mis a
least(greates} element oP. P can have at most one least (greatest) element.

Let P be a poset with least element 0. The minimal nonzero elemdni@.ef,
the minimal elements d&? \ {0}) are calledatomsof P. P may not have atoms in general.

A lower (upped boundof a subse® of a poseP is an element € P such that

(Vy e Qf{x<y} ((Vy e Qfy<x}).
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Theleast upper boun@ub, sup (greatest lower bounylb, inf)) of a sub-poset
Q of a poseP is that element d? (unique if it exists) which is least (greatest) in the sub-
poset induced by all upper (lower) bound€of

If (P, <) and Q, x) are posetd,: P — Q isisotone(order-preservingmonotone
increasing if (Vx € P)(Vy € P){x<y — f(x) < f(y)}.

Every Boolean functiofh: B, — B; = {0 < 1} can be written irsum-of-products
form; i.e., asv; t;, where each) is expressed as; X and eaclx; is aliteral (a Boolean

variable either uncomplemented or complemented). A Boolean furictBy— B; is

unateif it can be written in sum-of-products form and no variable appears both
complemented and uncomplemented in the sum-of products expression. If no variables
are complementeds isotone.

o is anextensiorof < on P iff the identity map fromP, <) to (P, x) is isotone;
i.e., iff (vx e P)(Vy e P){x<y— xx y}

(P, <) and Q, «) areisomorphicwith isomorphisnf : P — Qif f is a bijection
and bothf andf * are isotone.

An ideal J (filter ¥) of a poseP is a subset d? such that\{x € P)(Vy € P)(x<y
andy e § > xe J) (Vxe P)(Vy e P)(y<xandy € F > x € ¥)). Anideal (filter) with
a greatest (least) elements theprincipal ideal(filter) generated by m

A posetP is rankedif there is aank functionr : P — A such that(x) = O for
some minimal element &f and x € P)(Vy € P){x<ey — r(y) =r(x) + 1}. Denote the

maximum rank oP byr(P). If r has the further property thgin) = 0 for each minimal
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elementm and all maximal elements Bfhave equal rank, thenP is agraded poset of
rank n

Thei™ level (i ranK) of a ranked posé is P; =r “X(i); |Pi| is thei™ Whitney
numben\; of P, andw(P)) is thei™ weighted Whitney numbef P. Clearly,P; is an
antichain.

If P andQ are ranked (weighted) posets, tlier Q is a ranked (weighted) poset
whosei™ rank IS\Uoq<iPjxQij. Furthermore, thé" (weighted) Whitney number #&Q

is ZogjgiWPjWQi_j, WhereWpj andWQi_J. are (respectively) thd' (weighted) Whitney

number ofP and thd-j™ (weighted) Whitney number .

A k-family of a poset is a sub-poset with no chain longer khaf 1-family is
thus an antichain.

Thek-Sperner numbenf a poset is the cardinality of its largeggamily. Thus,
the (1-)Sperner number of a poset is its width.

A ranked poset iSpernerif a rank with maximum Whitney number is an
antichain of maximum size.

A ranked poset ik-Sperneiif the union of the levels with tHelargest Whitney
numbers is &-family of maximum size. A poset &rongly Sperneiff it is k-Sperner
for all k.

A poset isrank-unimodaliff W > W for all i < mandW > W4 for allj > m,
whereWy, is maximum.

A poset that is both rank-unimodal and strongly SperneRid @poset.

16



A poset irank-symmetricff there is a levetl (typically the maximum level) such
thatW, = Wy, for all i.

A poset that is both RUSS and rank-symmetricReekposet.

A graphG is a tripleG = (V, E, 0), where:
e Vis a (typically finite) nonempty set wértices(nodes points;
e Eis a (typically finite) set oédgegqarcs lines);

. 8:E—>V+(\2/);

e eis alooparoundw if o(e) =w,;
e J(e) ={u, v} if egoes between andv with u= v (writtenu —v);
o if 0(e) ={u, v}
0 eisincidentonu andy;
o uandv areon (endpoints dfe;
0 uandv areadjacent(neighbors.
A directed graph(digraph) G is a tripleG = (V, E, 0), where:
e Vis a (typically finite) nonempty set gértices(hodes points);
e Eis a (typically finite) set oédgegarcs lines);
e 0:E->VxYV,
o if d(e) = (u, v), then writeu — v, 0_(e) = u ando.(e) =v; u is thetail andv is thehead
A loopis an edge of the formv — w.
A (di)graphG = (V, E, 0) is bipartite if V is partitioned intdipartitionsM + N

such that each edge ¥fis incident on (a vertex iyl and (a vertex ini\.
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Thereachabilityrelation=* on a (di)graph is the reflexive transitive closure of
the edge set (viewed as a binary relation).

A pathin a (di)graph is a sequence of vertices and edges Vi, ..., &, Vk Such
thatg =vj.. —Vj (§ =vi-1 > V), forj =1, ...,k kis thelengthof the path. For a digraph,
a path may be writtee, ..., &, whered_(g+1) =0+(g) forj =1, ....k—1. Ifvi =y
whenevei # j, the path isimple

A cyclein a (di)graph is a path of nonzero length from a vertex back to itself, with
no vertices repeated except at the beginning and end of the path.

A (di)graph with no cycles iacyclic Reachability is an equivalence on a graph
and a partial order on an acyclic digraph.

A (di)graph is §trongly) connectedf x =* y for all verticesx andy.

If G=(V,E, ) is a (di)graph antlVc V, thesubgraph induced by W (W, A, 9),

whereA is the restriction oE to W + ( ng ) (W2).

TheHasse diagranof a posetR, <) is the directed graph with vertex geand
edge set{§ — v |u <e v}. By convention, the edges are shown without arrows by writing
v higher in the diagram thanif u <e v.

Given (di)graphss andH, agraph(homgmorphismp : G — H consists of maps
ov : Ve = Vu andoe : Eg — Ey that preserves edges; i.@p(€) = ¢o(e).

Theideal exchange grapbf a poseP is the Hasse diagram of the ideal$?of

partially ordered by set inclusion (frequently viewed as an undirected graph).
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A matchingin a (di)graphG = (V, E, 0) is a seM c E of non-loop edges such that
no vertex inV is incident on more than one edgeMf If A andB are disjoint subsets of
V, amatching from A into Bs a matchingM in the subgraph d& induced byA + B such
that every edge ¥l is incident on (a vertex irA and (a vertex inB, and every vertex of
Ais on an edge iM. The matching is perfect matchingf, in addition, every vertex of
B is also on an edge M, implying A| = B|.

A treeis an acyclic connected undirected graph, usually with a distinguished
vertexr (theroot). The relatiork <y iff there is a simple path fromtoy that includex
is a partial order on the vertices of a tree.

A networkis a digraph with distinguishedart vertexs, distinguishederminal
vertext, andcapacities<: E — N on the edges (alternativeky, V — N on the vertices).

A cutsetSof a network is a subset of the vertices containing the start \sdotex
not the terminal vertek Thecutinduced bySis the set of edges connecti@gndV —S

A flow on a network is a mappifg — A such thaf(e) < k(e) for every edge,
and e with tailv F(€) = 2e with heaav f(€) for each vertex excepts andt (conservation of
flow). If A andB are disjoint subsets &\ {s, t}, a flow from A to B is a flow on the
subnetwork induced b + B (technically, with new start vertekand new terminal
vertext’ and edges — afor alla € Aandb — t’' for allb € B). If AandB are disjoint
subsets o¥/ \ {s, t}, a normalized flowfrom A to B is a flow fromA to B that sums to 1.

Given networkdM andN, aflowmorphismp : M — N is a digraph morphism onto
N such that:

e o(sv) =svando(tm) =ty
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o forallUc Vy, WM(cp'l(U)) =wn(U) (preservation of weigh}s
e foralle e Ey, there is a normalized flofwon¢™(€)  (normalized flow condition
A ranked, positively weighted pos&, K, w) has thenormalized matching
property (NMP) if w(A) / w(P;)) < wW(VA) / w(Pi+1)) VAcC P;,i =0, ...,r(P) — 1, where
r(P) is the maximum rank d?. EquivalentlyP has the NMP ifP°? has the NMP; i.e.,
wW(A) / w(P;) <W(AA) / w(Pi.)) VAC P, i =1, ....,r(P).
A ranked, positively weighted pos&, £, w) is normaliff it has the NMP.
A field of setds a nonempty family of sets closed undand eitheru or n
(hence both). It follows that a field of sets contains the nuiPsand the universal sék
A lattice is a poset such that every pair of elements lsapand annf. The
operatorsy (join) andA (meej are defined by v y =sup(x, y) andx A y =inf(x, y). The

operators, anda aredualsof each other and satisfy the following laws:

0 XVvX=X idempotence laws XA X=X

0 XVY=YyvX commutative laws XAY=YAX

0 (xvy)vz=xv(yvz associative laws XAY)AZ=XA(YAZ
0 Xv(XAY)=X absorption laws XA (XVY) =X

Every finite latticeL has a least element 0% X and a greatest element 1 =

VxeL X.

A ranked latticd is submodular(supermodulariff r(x vy) +r(xAy) < () r(x)

+r(y). L ismodulariff L is submodular and supermodular.
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A latticeL is ageometric latticeff L has a least elementlOjs submodular, and

L is generated by its atoms i.e.,X = Vacp, a<x @ for eachx e L.

A lattice isdistributiveiff the following distributive lawshold for allx, y, z € L:
0 XviyAZ=XvYy)A(XVvZ distributive laws XAYVZD=XAY)V (XAZ

An elementix of a lattice igoin irreducibleiff x covers exactly one element.

The ideals of a poset form a distributive lattice partially ordered;hy andn
are (respectively) theupandinf. Conversely, every finite distributive lattice is
(isomorphic to) the ideals of a poset.

A latticeL is complementedf L has a least element 0, a greatest element 1, and
for everyx € L acomplemenx’ such that
0 xvx'=1 complementlaws xAx'=0.

A latticeL is Booleaniff L is both complemented and distributive. A field of sets
is a Boolean lattice partially ordered &y andn are (respectively) theupandinf.
Conversely, every Boolean lattice is isomorphic to a field of sets.

A semigroup(S +) is a set with a binary operation $x S— Ssatisfying:

0 (xty)+z=x+(y+2zforallx,y,ze M associative law

A monoid(M, +) is a semigroup with identity O that additionally satisfies:
0 Xx+0=x=0+xforallxe M identity law

A group (G, +) is a monoid such that every: G has annverse-x satisfying:
0 X+X=0=x+X inverse law

An abelian group(G, +) is a group that additionally satisfies:
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o

x+y=y+xforallx,ye G commutative law

Aring (R, +, ) is a seR with binary operations +Rx R— Rande : Rx R— R

satisfying:
o (R, +)is an abelian group
0 (R e)is asemigroup
0 Xxe(y+2) = (xey) + (xe2) distributive laws Y + 2)ex = (yeX) + (zeX)
A commutative rindgR, +, o) is a ring that additionally satisfies:
o xey=yexforallx,yeR commutative law
A ring with unitis a ring with distinguished elementun(t) satisfying:
0 xel=x=1lexforallxeR identity law
Aring (R, +, ) is Booleanif it satisfies:
o xex=xforallxeR idempotence law

A Boolean ring is necessarily commutative. A Boolean ring with unit

corresponds to a lattice wiklay =x A y andx +y =x ® y (symmetric difference or

exclusive gf; xvy=x+y+xeyandx®@y=XAYy')v (X' AY).

A field (F, +, ®) is a ring with unit 2 0 such thatR — {0}, e) is an abelian group.

Thecomplex number&C, +, o) are aralgebraically closed fieldi.e., every

polynomial of degree with complex coefficients has(not necessarily distinct)

complex roots.

A vector spacéV, F, +, ¢) over a field F, +, ¢) of scalarsis a seW of vectors

with a binary operation +\V x V — V and a binary operation: F x V — V, satisfying:
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o (V, +)is an abelian group

ae(x +y) = (aex) + (aey) forallae Fand allx,y € V

0 (a+Db)ex = (aex) + (bex) for alla, b € F and allx € V

0 ae(bex) = (asb)ex for alla,b € F and allx € V

0 lex=xforallx eV

(We abuse notation by using + ands operators in the vector space and in the

underlying field; the operands clarify the context.)

day, ...

In a vector space/( F, +, o), the vectors Xy, ..., Xn} are linearly dependeniff

,an € F, not all 0, such that
n
2 aexi =0
i=1
Otherwise &;, ..., Xn} arelinearly independent

A basisfor a vector space is a linearly independent set of vectors of maximum

size (thedimensiorof the vector space).

When clear from the context, we use the underlying set to refer to the algebraic

structure (semigroup, monoid, group, ring, field, vector space).

If X'is a vector space over fiehd Y is a vector space, aid X — Y satisfies

A((aex) + (bey)) = (@aer(X)) + (ber(y)) for alla, b € F and allx, y € X, A is alinear

transformation

Thekernelof a linear transformatioh : X — Y, whereX andY are vector spaces,

is defined byker(,) = A(0): A is injective iffker()) = {O}.
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In a ring, field, or vector space, we refer to + as “addition”«as
“multiplication”. By convention, the order of precedence is unary operations (e.g.,
inverses) highest, then multiplication, then addition. We also wyiter xey. With
these conventions,+ yz™* meansc + (ye(z™%).

If f: Rs > R+ andg : R+ > R. are functions on the non-negative reRlsand
Np, C; andc; are positive constants such thag(x) < f(x) < c,g(x) for all x> no, f andg are
the samerder of magnitudeorf = ©(g).

If f andg are functions on the non-negative reals aandc are positive
constants such thii) < cg(x) for all x> ng, f = O(g) (“f is big Oh of §) andg = Q(f).

©® defines an equivalence on the computational complexity of functdns.
defines a quasi-order on the computational complexity of functions, and thus a partial
order on equivalence classes of the computational complexity of functions.

Class representatives of some equivalence classes of functions are shown below
in increasing order of computational complexity:

e 1 (constants)

e logn
e n
e nlogn

e n'*< for fixed e such that 0 <« < 1
e n?

e n“for fixedk > 2
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o 2"
e K'forfixedk > 2

Let # denote the class of problems that can be solved in polynomial time. That is,
a problem is in clas® if an algorithm exists to solve each instance of ®{n") steps for
some positive integds, wheren is the size of the input. There is an analogous dlégs
of problems that can be solved in polynomial time if the algorithm is allowed to make
nondeterministic choices (equivalently, if a solution can be verified in polynami). t
Clearly,? c ¥/®. ltis conjectured as a famous open problem that the inclusion is strict
(i.,e.,? c NP). A problem inV& that is not known to be it is considered
“intractable”. In particular, a problem whose only known algorithms require expahenti
time is considered intractable.

In analyzing the complexity of algorithms, one approximation that is patigul
useful isStirling’s approximation n! ~ (\N(2rn))e(n/e)", where ~ signifies that the two
formulas areasymptotically equivalent.e., their ratio goes to 1 in the limit as—»> o.

Two other functions that will be used are floer functionl.xJ, which is the
greatest integer less than or equat,tand theceiling functiorl x|, which is the smallest

integer greater than or equalxo
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CHAPTER 3: ELEMENTARY CATEGORY THEORY
The concepts diunctionandstructureoccur throughout mathematics. The
branch of mathematics that unifies these conceptégjory theorywhich has been
called “the algebra of functions”. [Mac Lane 1998] is the classic refererthe field.
[Awodey] is a very readable reference. [Rydeheard and Burstall 1988pmutational
view of category theory.
A (small) categoryC consists of a s€d (objectg, a setA (morphismsor arrows),
and the following four maps:
o dom:A— O; dom(f) is thedomainof morphismf
o0 cod:A— O; codf) is thecodomainof morphismf
o id: O — Asuch thatdom(1y) = x = cod1y) for all objectsx € O, where % =id(X)
0 composition(e), a partial functior : Ax A — A, defined for §, f) precisely when
dom(g) = codf) and writtengef or gf, such thatlom(gf) = dom(f) andcod(gf) =
codg). Finally,e satisfies the following two laws wheneweis defined:
0 (heg)ef = he(gef) associative law
0 Ilpef =fandgel,=g unit law
A morphismf : d — c that has aimverseg : ¢ — d such thafg = 1; andgf = 14 is
anisomorphism An isomorphism is unique if it exists.
A category has an underlyimfipgram graph a digraph showing the morphisms

between objects, built from the basic building blocks shown in Figure 3.1. Conversely, a
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digraphG can be viewed as the underlying graph of a category whose arrows are the

paths ofG.
1 dom (gh = tdom (9] =
x dom il — codil)
dom (1,) =X = cod (1,) of g
cod (f) =
cod (3]

Figure 3.1. Identity and composition morphisms

In Figure 3.1, the two paths frodom (f) to cod (g) are equivalent; i.e., the
diagram commutesFigure 3.2 shows commutative diagrams for the associative law and

unit law.

(hg)f = high)

Figure 3.2. Associative Law and Unit Law
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Given categorie€ andB, a (ovarian) functorT : C — B consists of anbject
functionTo : Oc — Og and amorphism functioda : Ac — Ag such that:
o Iff:d—c, thenTf: Td— Tc
0 Tic=1Irc
0 T(gef) =TgeTf
Thus a functor is a morphism in the categOst of categories. (Note that we writeor
To andTa when clear from the context.)

Given functorsS: C — B andT : C — B, anatural transformation : S—> Tis a
family of morphisms {d |d € Oc}in B, one for each object i@, such that the diagram
in Figure 3.3 commutes for each morphisnd — ¢ of C. The morphismd is the

componenbf t atd. If each component afis an isomorphisnt, is anatural

isomorphism
7ol
o Sd T
f l Sf F
o
Se > > T

Figure 3.3. Natural Transformation

A natural transformation is a morphism of functors. Given categGraesdB,
thefunctor categoryrun(C, B) has:
0 objects: functor§:C - B
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0 morphisms: natural transformationsS— T for functorsS T:C —» B
o foreach functof, 1s: S— Sis the identity natural transformation
0 (tec)d = (td)e(cd)
One example of a functor ks: Cat — Graph that takes a category and maps it to

its underlying diagram graph (see Figure 3B)s called dorgetful functorbecausé

“forgets” the extra structure i@at that is not inGraph. Sef™" is a functor category.

P— -|- arows -|---— _
dorm dorn
. Fo L —
C,® LG g Gy ' Cy cod C
| L] L -
i cod
i — e
cormposatbio :
palrs of arrows e
Cat ‘ohjacts Graph

Figure 3.4. Forgetful Functor

Thedual categoryopposite categodyC®? of a category is the category
obtained by reversing all the morphisms; idem (f °°) = cod (f) andcod (f °°) = dom(f).
A (covariant) functoS: C°® — B induces aontravariant functoiS°” : C — B, such that
S%f = Sf%, Note thaiS°P(feg) = S°PgeS°Ff.

A “sentence’Sin a categorC has adual sentenc&™® in C°° made by
interchanging eaciomandcod and reversing the order of composition. Note 8iat

true iff S is true; this is therinciple of duality
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An important category iSet(the category of sets). The morphismS&etare
functions between sets. Note tiRatis not itself a set in general, because there are too
many sets. Howeveget(and other categories of interest suclPasetandGraph on
structured sets) atecally smallin the following sense: for fixed domairand
codomainc, the morphisms frord to c are collectively (small enough to be) a set. This
set, called dom-setis writtenHom(d, ¢) = {f | dom(f) =d andcodf) =c}. We will be
exclusively interested in locally small categories. Morphigmgsn Hom(d, c) for fixed
d andc areparallel arrows

If C is locally small, for each fixed objeate C there is an induced (covariant)
hom-functoHom(a, —) : C — Setthat takes each objelote C to Hom(a, b) and each
morphismh : b — x to the functiorh- : Hom(a, b) - Hom(a, x) defined byhf — hf for
eachf e Hom(a, b) (“composition on the left”). A functor ieepresentabléf it is
(naturally isomorphic to) a hom-functblom(a, —); a is therepresenting object

The inducedtontravariant hom-functois Hom(—, b) : C°° — Setthat takes each
objecta e C to Hom(a, b) and each morphism: a—> ytog : Hom(y, b) - Hom(a, b)
defined byg f — fg for eachf € Hom(y, b) (“composition on the right”).

Figure 3.5 is the commutative diagram for covariant and contravariant hom-

functors.
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Q*
Hormly, B) » Homia, bl
IIL:I* h*
Homiy, x) - > Homia, x)
g

Figure 3.5. Hom-Functors

Some categories contain their own hom-sets and hom-functors. Examples are
Set Vect, andPoset(with functions ordered pointwise). In these cases the hom-set and
induced hom-functor aiieternal, and we writehon(a, b) instead oHom(a, b).

An objectsin a category imitial iff, for every object, there is a unique
morphisms — a. An objectt in a category iserminaliff, for every object, there is a
unique morphisna — t.

A product(diagran) in a category is an objecP with morphismst; : P —»> A
andn, : P — B with the property that, for ak : X - A andx, : X — B, there is a unique
lu: X — P such that the diagram in Figure 3.6 commutes. VPritéA x B. A diagram

with a unique morphism such ass said to have aniversal mapping properff MP).
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X

‘y= *
vl
‘

ATFEﬂxXBT B

Figure 3.6. Product Diagram in a Category

A categoryC has(finite) productsif C has a terminal object (0-ary product) and
every pair of objects has a product diagram. (The obje€@saoé unary products.)

The categoryCat of categories has products. Given categ@iesdC, the
productB x C is the category with objects and morphisms defined as the usual Cartesian
products with {, g)e(h, k) = (feh, gek). TheprojectionsP:Bx C ->B andQ:BxC —»
C are defined by(b, c) =b, P(f, g) =f, Q(b, c) = ¢, Q(f, g) =g for objectsb € B andc e
C and morphism§ e B andg € C. P andQ areuniversalfunctors. That is, given any
categoryD with functorsS: D — B andT : D —» C, SandT “factor through”P andQ via

a unique functorP as shown in the UMP of Figure 3.7.

Figure 3.7. Projections in a Product Category
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TheproductU x V:B x C —» B’ x C’ of functorsU : B— B'"andV:C — C'is

defined by U x V)(b, c) = (Ub, Vc) and U x V)(f, g) = (Uf, Vg). Itis the unique (!)

functor such that the diagram in Figure 3.8 commutes.

P Q
B < BxC ————>C
Ul (U V) lv
v
B« B'xC'——> C’
Pn’ Qn’

Figure 3.8. Product Functor

The dual of product isoproduct Its UMP is shown in Figure 3.9.

z
0

AU

.&—'Q .ﬂt+B"‘— B

Figure 3.9. Coproduct Diagram

Given parallel arrow§ g in Hom(A, B), anequalizerof f andg is an objeck and

a morphisne : E — A such thate = ge with the following UMP: for any objed and

morphismz : Z — A, there is a uniquau’: Z — E such that the diagram in Figure 3.10

commutes.
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JI.'
=
E—  » A *A
4 g
| z
Z

Figure 3.10. Equalizer

The dual of equalizer isoequalizer The UMP is shown in Figure 3.11.

Nt F

NP

Figure 3.11. Coequalizer

Given morphism¢$ : A— C andg : B— C with common codomain, pullback
(unigue up to isomorphism) baandg is a pair of morphismg, : P—> Aandp,: P —> B
such that every pair of morphisms: Z— A andz : Z — A uniquely factor through a

morphism u : Z — P as shown in the UMP of Figure 3.12.
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Figure 3.12. Pullback

The dual of a pullback isushout Its UMP is shown in Figure 3.13.

o —'Q 3]
£y
o ——>p,

Figure 3.13. Pushout

A functorD : J — C is a “diagram ofl in C” viewing J as an index set and
writing D(j) = D; for each object ad. A coneto a diagranD (thebasg is an objecC in
C and a family of morphismsg{: C — D} in C, one morphism for eaghin J, such that

for each morphistm: i — j in J, the triangle in Figure 3.14 commutes.nm@®rphism of
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conesis a morphisni : C — C'in C such that, for eaghin J, the triangle in Figure 3.15

commutes.

Figure 3.14. A Cone Figure 3.15. A Morphism of Cones

Coneg(D) is thus a category. Kmit for a diagranD : J — C is a terminal object

in CongD), writtenp; : limjD; — Di. The limit isfinite if J is finite. The UMP is:

given cone(, {¢}) to D, 3!uc : C — limD; such thapuc = ¢; for allj in J. A category

C has all finite limitsiff every finite diagranD : J — C has a limit inC.

The dual concept of limit isolimit, writtenp; : D; — lim_,;D;, a terminal object in

CocongD). The UMP for coconeq, {¢}) is 3'uc : C — lim_,;D; such thaticc; = p; for

allj inJ. Figures 3.16 and 3.17 for cocones are analogous to Figures 3.14 and 3.15 for

cones.

Figure 3.16. A Cocone Figure 3.17. A Morphism of Cocones
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A significant fact is that representable functors preserve (co)limitsullback
(pushout) is a special case of a (co)limit. Products, equalizers, pullbacks aadutani
more generally related; given categ@ythe following statements are equivalent:

e C has all finite (co)limits.
e C has all finite (co)products and (co)equalizers.
e C has pullbacks (pushouts) and a terminal (initial) object.

The equivalence proofs are all constructive. Many “concrete” catsgariese
objects are sets with perhaps some structure such as graphs or posets) bduetsopr
and coequalizers (which are essentially quotients by equivalencesdlaSgd. Thus:

e Concrete categories typically have pushouts
e There is an algorithm to find them based on coproducts and coequdiizers
disjoint unions and quotient maps).

Let C have all binary products. Aexponentiabf objectsB andC is an objecC®
together with a morphismval : C® x B— C (evaluation such that, given objeétand

morphismf : Ax B — C, 3If " : A— CB (transposeof f) such thaevak(f ' x 1g) =f.

f'=fandg" =

Furthermore, giveg : A — C® letg' = evak(g x 1g) : Ax B— C. Then
0, SO we say andg aretranspose®f each other. The UMP for exponentials is shown in

Figure 3.18.
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C8 CBx B — 5

Tl Ty f

A A= B

Figure 3.18. Exponential

A category that has all finite products and exponential<iargesian closed
category(CCC). Exponentiation by a fixed object in a CCQuiactorial i.e., £ : C— C
is a functor. It is worth noting that the categBgsetof posets and isotone functions is a
CCC.

An adjunctionbetween categori€s andD is a pair of functort : C — D (left
adjoint) andR : D — C (right adjoint) and a natural isomorphism: hony(LC, D) =
hom(C, RD) : y. Right adjoints preserve limits and left adjoints preserve colimits.

Some familiar categories a@oup, Ring, Field, Vect, Graph, andPoset and
their finite variations (e.gRosefin). These are concrete categories; the morphisms
preserve all operators and relations (f@* b) =f(a) * f(b)) between objects. The
restrictions of these categories to finite (structured) sets areatksgories (the ones
pertinent to this study). In these categories, the morphisms are loathehmorphisms
A homomorphism necessarily preserves identities and inverses. The isomgrples

the bijective homomorphisms whose inverses are homomorphisms.
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It is worth noting that a specific pos&, €) is also a category with objectsP
and morphismsX— y | x<y}. There cannot be more than one morphism between any

two objects inP, and the underlying diagram graph is a Hasse diagram.
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CHAPTER 4: BACKGROUND ON SPERNER PROBLEMS
Several points that are fundamental to this study are defined in this chapter.
The Boolean lattic& can be viewed in the following equivalent ways:

e the power set of a set kelements;

e a lattice (complemented and distributive) wktatoms that serve as generators;

e an idempotent ring witk generators;

e the product ok {0 < 1} chains;

e the ideals (ordered, as is customary, by set inclusion) of the discret®poset
We will frequently represent an iddabf a poseP by its characteristic vector.
Let us observe some properties7igBx). The members dy are subsets of an

unorderedk-set, so there aré 2lements oBy. J(By), in turn, consists of ideals (which

are subsets) @y. Thus, ﬁk is an upper bound or#(By) |.

The following elementary result gives an asymptotic lower bound/{y) |.

Proposition 4.1:| 9(By) | is asymptoticallga(22"").

Proof: Observe that rankk/2] andl k/2] (which may be the same rank)&y
havek!/(( Lk/2])e( k/2 1)) elements. Furthermore, these are the largest raris of
Stirling’s formula approximates this a&(2rk))e(k/e)/(V(nk)e (k/2€)"?)?, which simplifies
to (V(2/m))e(2vk). Now each subset of rahk/2] is a unique antichain and thus
generates a unique ideal. There are asymptoti@eéﬂ%”") such ideals, not quite a
double exponential ik. But note that this estimate only includes ideals that are

generated by a subset of the maximum-size rank7@)| | is asymptotically2(22%).
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[Kleitman 1969] showed thdngs, | I(By) | =O(2X/K).

We next prove some basic properties of the poset farfi{B.}-

Lemma 4.2:If Pis a poset, € J(P), x € P\l andy € I, then

a) | +{x}is an ideal ofP iff x is minimal inP \1, and

b) 1\{y}is an ideal ofP iff yis maximal inl.

Proof:

a) Letxbe minimal inP\I, letpe |l +{x},andletq<p. Ifgel,qel +{x}.
Supposea € P\I. Thenp € P\ I becausé is an ideal. Thep =x. Sincex is minimal
inP\landg<xinP\I,g=xand soq € | + {x}. Thereforel + {x} is an ideal. Now
suppos& is not minimal inP \ I. Then there exists<xin P\l andzis not inl + {x}.
Thereford + {x} is not an ideal.

b) Letybe maximalid, leta e |\ {y}, and supposé<a. Thena e | and
(becausé is an idealp € |. If b =y, theny <a and (becausgis maximal inl) y = a.
But this cannot be becauae= | \ {y}, sob=y. Thenb € | \{y}. Thereforel \ {y}is an
ideal. Now supposgis not maximal il. Then there exist >y in| andw € | \ {y}.
Therefore, sincg ¢ 1 \{y}, I \{y} is not an ideal.

Proposition 4.3:The minimum size ideal ifi(By) is 0 and the maximum size

ideal inJ(By) is 2.
Proof: By is the largest ideal ifi(B,) and has '2members is the smallest ideal

of any given poset and has cardinality 0.

41



Proposition 4.4:3(By) is a graded poset, and the rank of an idedlBy) is its

cardinality.
Proof: By simple induction on the size of an idea¥(By).
Basis ( = 0): & is an ideal with cardinality O arid does not cover any ideal.
Induction: Let X r <k and suppose each ideal of sizzovers only ideals of size
r—1. Letl be anideal of size+ 1, and letl — | be an ideal. Letnbe maximal il \J,
and supposm<pinl. Sincemis not inJ andJ is an idealp is not inJ, and san<pin
I \J. But this contradicts the maximality wfin 1 \J. Thusmis maximal inl. By
Lemma 4.2) \{m} is an ideal and c | \ {m} <e |. Thereford coversJiff J=1\{m};
i.e., iff J] =r, and the induction is extended.
In fact, one can easily define an ideal of each rank from 0 thrduaghfallows:
e The null ideal has rank (cardinality) O.
e Number the elements & across by rank iBy, then up by increasing rankBa. For
example, the elements B are numbered as follows:
000
001
010
100
011
101

110
111

~N~No o bh~rWNEO

e Then {0, ...,i — 1} is an ideal with rank (cardinality) In particular, {0, ..., 2— 1} =

By has rank (cardinality)*2
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We now show that the lattice of ideals of any finite poset is distributive and is
generated by the sub-poset of its join irreducible elements (which is isomtoghe
underlying poset).

Proposition 4.5:LetP be a poset with € P andy € P. Letl, ={z|z<x} and

1, = {w|w<y} be the ideals generated kyndy, respectively. Ther<y in P iff {,<
(e, L) inIP).
Proof: Letx<yinP and letz € J,. By the definition ofl,, z<x. Sincex<y
andz<x, z<y, and s@ e 1y by the definition ofl,. Thereforel,c {,in J(P).
Conversely, supposk, c 4y in J(P). Sincex € 4y, x € 1y. By the definition of
dy, X<y.

Proposition 4.6:

a) The idealsi(P) of a poseP form a distributive lattice.

b) If Pis finite, the sub-posétof J(P) induced by the join irreducible elements
of J(P) is isomorphic td® (and thus7(J) is isomorphic ta7(P)).

Proof:

a) Leti andj be ideals oP, letx e i U |, and lety<x. If x € i, theny € i sincei
is an ideal; similarly € j if x € j. In either case; € 1 Uj. Therefora u j is an ideal.

Leti andj be ideals oP, letx e i nj, and lety<x. Thenx € i andx € j. Sincel
andj are idealsy € i andy € j. Theny e i nj. Therefora njis an ideal.

This shows thaf(P) is closed unden andu, soJ(P) is a lattice with meet

and joinu. Itis a basic property of set theory thatndu distribute over each other.
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b) By Lemma 4.2, the immediate predecessors of an idegalobtained by
deleting a maximal element bf Theni is join irreducible iffi has one immediate
predecessor iff has one maximal elememtiff i is a principal ideal generated by
Then the sub-posdtof J(P) induced by the join irreducible elementsi@P) has as its
elements the principal ideals generated by each of the eleméhtBgfProposition 4.5,
this sub-poset is isomorphic ko

[Birkhoff 1967] proves the more general result that any finite distributiviedatt
is isomorphic to the lattice of ideals of the sub-poset of join irreducible elsmint

Next, we show one way to define the ideald([By.1) in terms of the ideals in
J(Bx) . By Proposition 4.67(P) is closed under union and intersection. Defifig]) =
@iwj)O+ (i nj)lforideald andj in J(By), where (})0 + ( n])1 is the disjoint union
of the ideal U j with O in the new coordinate position, and the ideaj with 1 in the
new coordinate position. See Chapter 10 for examples.

Proposition 4.7:The map : I(By) x J(Bx) — J(Bk+1) has the following

properties:
a) ¢(i,)) is an ideal for ali and;.
b) ¢ is onto.
c) ¢ is rank-preserving; i.et(d(i, j)) =r(i) +r(j).
Proof:
a) Lety e ¢(i,]) andx <y. If the new coordinate position gis 0O, then the new

coordinate position of is 0. Therx =20,y =w0, z<w, andw is ini U j. But then
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(sincei ujisanidealgisini uj, soxisin (v j)0c ¢, j). By a similar argument, if
the new coordinate position »is 1, then the new coordinate positiorya$ also 1 and
(becausé n j is an idealk andy are both ini(m )1 < ¢(i, j). The only other possibility
is that the new coordinate positionxas 0, sayx = u0, and the new coordinate position
ofyis 1,say =vl. Thenyisin({nj)l. Sincex<y,u<v. SincevisininjandiNj
is an idealy is also ini N j, hence in U |, soxis in (v )0 < (i, ).

b) Letp be an ideal irF(By:1). Letpo be the subset gf with the new coordinate
position 0, and lgp; be the subset @f with the new coordinate position 1. Defin¢0
to be the set consisting of the fikstoordinates of elements pf, andp | 1 to be the set
consisting of the firsk coordinates of elements pf. Clearly,p| 0 andpo | 1 are ideals in
J(Bx). (Forbep|0=Db0e p;if a<b, thenal € p, soa e p|0. Similarly forp | 1.)
Letubeinp| 1; thenx =ul is inpy, hence irp. Sincep is an idealy = u0 is inp, hence
in po. Butthenuisinp]| 0. Itfollowsthap|lcp|0,sp=po+p:=P|0)0+p]|1)1
=(@P[0up[1)0+p[0np[1)1=¢(p]|0,p|1).

c) Sinced¢ is the disjoint union ofi(U j)0 and (N )1, @i, DI =T vjl+|nijl-
By the Principle of Inclusion and Exclusion.jj| + | nj| = || + ]|

Corollary 4.8: | I(By1) | < | I(BY) P

Proof: Follows immediately from b) of Proposition 4.7.

It is shown next that a recurrence defined(iy1) =f(k)* has a double
exponential solution.

Proposition 4.9:Let Sk) be defined by the recurrence
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e §0) =x
o S(K) =Sk - 1Y
ThenS(K) =2
Proof: By simple induction ok
Basis k= 0): S0) =x=x' ="
Induction: Suppos&(k) =2 ThenS(k + 1) =S(K)? = ()e(&) =22 =2,
We next prove an upper limit on the degree of an ideal viewed as a vertex in the
ideal exchange graph. This result is useful in traversing the ideal exdrapie as is

done in [Harper and Bezrukov] to estimate the number of ideals of a giverPposet

Proposition 4.10:Let P be a finite poset and 18(P) be the distributive lattice of

ideals ofP. Then the 2-Sperner numberPfs an upper bound on the degree of any
vertex of (the ideal exchange graph &fP). This upper bound is sharprfis 2-Sperner
and unimodal.

Proof: Leti be an ideal oP. LetL be the antichain of maximal elements,of
and letU be the antichain of minimal elements of the fifevri.

Clearly,L + U is a 2-family inP. By Lemma 4.2, each memberlof U uniquely
defines an ideal d® that is adjacent toin the ideal exchange graph&@P). If x € L,
theni \ {x} is an ideal, and if € U, theni + {y} is an ideal. Also by Lemma 4.2, these
are all the ideals adjacentitm the ideal exchange graph&({P), and thus the number of

ideals adjacent to any idagah J(P) is at most the 2-Sperner numbePof
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This upper bound is sharp precisely under the condition that there is anatieal
P whose setk andU defined above form a maximum-size 2-family under disjoint union.
If P is 2-Sperner and unimodal, we may takel,, wherelL =r(j) andj is the lower of
two adjacent ranks of maximum size. This completes the proof.

Finally, we prove that there is an anti-automorphism between the sulbBposét
ideals ofBy of ranks 0 through*? and the sub-pos& of ideals ofB of ranks #*
through 2 with the reverse ordering. The anti-automorphism is defined next, using the
characteristic vector representation of an ideal introduced earlier.

Definition 4.11: Letd : J(B) — J(BJ) be defined by(i) = (%)’ for each ideal of

By, where® is string reversal ands bitwise complementation (1's complement).

Note that® reverses the bit positions of the characteristic vectors, equivalently
reversing the ordering relation in the underlying p&@gtcomplements the
characteristic vectors, equivalently reversing the ordering relati®(Bi). Thuso
involves a complementation in bds andJ(Bx). The result of applying to an ideal is
to dualizei with respect to botBy and.J(By).

Proposition 4.12:5 is “well defined”; i.e., ifi is an ideal inf(By), so isd(i).

Proof: Letf : By — N2k be the canonical extension®fto the totally ordered set

N2k given by mapping the characteristic vector of an eleme tf its numeric value as
a binary number. Suppo8g) is not an ideal i7(By). Then there is some bit positibn
that is 1 ind(i) and some bit positiod < b that is 0 ind(i), and such that™(d) <f*(b) in

Bx. But then bit position*2- 1 —dini is 1 and bit position'2- 1 -b <2~ 1 —diniis

a7



0. Note that bit positionsand 2 — 1 —b correspond to elements Bf that are
complements of each other; similarly fband 2 — 1 —d. But sincef “(d) <f*(b), it
follows by complementation that'(2“— 1 —b) <f (2~ 1 —d) in B,. Thereford is not
an ideal inBy.

The following proposition documents some basic propertiés ¢ proof is
trivial.

Proposition 4.13:The following properties are true for

a) 8(i) = ()
b) & =1;i.e.5(5()) =i
c) r(3(i) = 2~r()

Corollary 4.14: 3(By) is rank symmetric; i.e\W; = Whk,.

Proof: By (b) of Proposition 4.13,is a bijection. By (c) of Proposition 4.13,
maps ideals of rankto ideals of rank'2—r.

Theorem 4.15: <j in J(By) iff 8(i) > 5(j) in J(By).

Proof: By (b) of Proposition 4.13, it suffices to show the implication in one
direction. Leti <j. Since < orJ(By) is set inclusion, every bit position of a 1 bit in
must have the corresponding bit position set toj1 ifhis property is preserved by
reversing the order of the bit positio$ i i andj; every bit position of a 1 bit ii¥ must
have the corresponding bit position set to jRinEquivalently, every bit position of a 0

bit in j® must have the corresponding bit position set toil.iBut then, after
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complementing to obtaid(j) andd(i), every bit position of a 1 bit i&(j) must have the
corresponding bit position set to 1d); i.e., (i) > d()).

Corollary 4.16: 6 is an “anti-automorphism” ofi(By); i.e., 5 is an isomorphism

from J(By) to J(BW)°P, the dual poset of(By) obtained by reversing the ordering relation.

Proof: Follows immediately from Theorem 4.15 and part (c) of Proposition 4.13.
In particular, the sub-posBt. of ideals ofB of ranks 0 through*? is automorphic to
the sub-poseByy of ideals oB°° of ranks 8 through 3.

We conclude this chapter by summarizing key results in the literature. As
mentioned in Chapter 1, the fundamental result in Sperner theory is (appropriately
enough) Sperner’'s Theorem [Sperner 19248]is Sperner; i.e., the width & is the
Whitney numbel 2| = W21, and the only maximume-size antichain(s) occur(s) at the
middle rank(s). Dilworth’s Theorem [Dilworth 1950] extends this by proving that the
maximume-size antichain in any poseéquals the minimum size (number of chains) of a
partition of P into chains.

Several famous results of order theory pertain to matchings. Philip Hall’s
Matching Theorem [Hall 1935] states that a bipartite graph with bipartifienB has a
matching fromA to B iff for all X c A, X| < [V(X)|, viewingA + B as a ranked poset with
a< b precisely whem —b is an edge witla € A andb € B.

Some basic results of applying algebra to Sperner theory are given below.
[Stanley 1991] is a comprehensive study of algebraic approaches to combinatorics

[Proctor 1982D] shows how algebraic approaches can be applied to the solution
of two Sperner problems.
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[Greene and Kleitman 1976] showed tBais asymmetric chain ordei.e., a
ranked poset that can be partitioned into saturated chains that are syminoetrihe
middle rank. This was done by recursively defining a bracketing of (theatbastic
vector of) a set as follows: whenever the next unpaired digit after an unpasradL0 i
pair the O with the 1. For example,Bm, {1, 4, 6, 7, 8, 11} is bracketed
1(0(01)(01)1)10(01). Atthe end of the process, the substring of unbracketed digits will
be in 1*0* (i.e., all the 1's occur before all the 0’s). SetBythat bracket the same pairs
form a saturated chain that is symmetric about the middle rank. In addiBgnotiher
symmetric chain orders are the divisors of an integer and the subspacestef a fini
dimensional vector space over a finite field.

Symmetric chain orders are necessarily Peck and thus strongly Spemegs [G
1977] showed that symmetric chain orders are closed under product.

[Griggs 1982] defined aested chain ordeio be a ranked poset that can be
partitioned into pairwiseestedsaturated chains; i.e., for any two chains in the partition,
the one with the element of least rank also has the element of gredtediemted chain
orders were originally defined in [Gansner]. In [Griggs 1982], it was showiC(hak),
the subsets of = {1, ..., n} that intersecty = {1, ..., k} ordered by inclusion, is a nested
chain order and is therefore Sperner.

[Graham and Harper 1969] introduced the notion of normal posets and showed
that the NMP condition holds for a ranked, positively weighted gogéthere is a rank-
preserving flowmorphism frorR to a chain. This was a key paper that showed the

power of the categorical application of morphisms to the analysis of posett@®per
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LetLmn be the set of all monotone-decreasiAgples of integers in {1, ..m}.
[Harper 1982] defined RUSS morphisms and used them to give a simple prdof {ieat
RUSS.

A sequencedy} is 2-positiveif, for all k, s¢> 0 andsSqu2 < Se1°. Using the
above, [Harper 1974] proved the 2-positive Product Theorem: The family of normal
posets with 2-positive Whitney numbers is closed under product.

[Proctor, Saks and Sturtevant 1980] proved two key results: The product of two
compatible RUSS posets is RUSS, and the product of Peck posets is Peck, where ranked
posetsP andQ with Whitney numbersg} and {q;} are compatibleif pi <p; = dg-i < qu5,
whered is the maximum rank. This merely says that the size order of the raRks of
the reverse of the size order of the rank®.of

To accomplish this, [Proctor, Saks and Sturtevant 1980] define some terms and
prove some intermediate results that are important in their own rightis & ranked
poset, the complex vector spdgas the set of linear combinations (o¥&rof the
elements of thé" rank ofP. The complex vector spa®es the disjoint unio®P;. A
raising (lowering) operatorp (A) is a linear transformation dhsuch thap(x) (A(x)) is a
linear combination of elements whose rank(3$ + 1 ((x) — 1) involving only elements
covering (covered b.

In other papers, e.g., [Harper 1982], this definition is specialized to the following
condition of interest: A raising (lowering) operapof)) is Lefschetzf p (1) is
completely defined bp(X) =Y xcy Y (A(Y) =2 xcy X)-

[Proctor, Saks and Sturtevant 1980] proved the following results:
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() If Pis a ranked poset with raising opergtand lowering operatot such
that, for some integedy, the restriction of. to P; is injective for alli >k and the
restriction ofp to P; is injective for alli <k, thenP is rank-unimodal and Sperner, ang
is a Whitney number of maximum size.
(ii) A rank-unimodal pose® is k-Sperner iffP x N is Sperner [Saks 1979].
(iii) Let P be a finite ranked poset with Whitney numberg}{ The following
are equivalent:
(@) P is RUSS.
(b) For anyi <j, there exists min\/, W} disjoint saturated chains starting at
ranki and ending at rank
(c) There exist raising and lowering operatond) (respectively) such that
fori <j, theStanley-Griggs injectivitproperty holds:
o if W > W, the restrictiord"|; of M) to rankj is injective,
o if W <W, the restrictionp} of p'” to ranki is injective.
The following algebraic characterization of RUSS posets is proved in¢$tanl
1980]:
Let P be a finite graded rank-symmetric poset of ranketP; = {x € P |r(X) =
i} and letV; be the complex vector space with bagisThe following three conditions
are equivalent:

(i) P is RUSS.
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(i) v 0<i<|n/2], there exisW pairwise disjoint saturated chains< Xis1 < ... <
Xni, WhereW is thei™ Whitney number.
(i) ¥ 0<i <n, there exist linear transformatiogs V; — Vi1 such that
@) If 0<i <[n/2], thengn.i-1eee@is1¢i: Vi — Vi is invertible, and

(b) If x € P andi(X) = 2yep,,, Gy, thenc, = 0 unlesx <y.

The last condition simply says thais a linear combination under of those
elements that covex

[Proctor 1982J] defined a necessary and sufficient condition for a poset to be
Peck. In this paper, the termosder raising operatoandorder lowering operator
correspond to the ternnaising operatorandlowering operatonn [Proctor, Saks and
Sturtevant 1980], andraising operatorp(x) (lowering operatori(x)) is any linear
combination of elements of rank) + 1 ((x) — 1), not necessarily obeying the covering
relation.

Specifically, given a ranked podebf maximum rank, letP be the direct sum
of the vector spaces of formal linear combinationB;@ver all ranks. LetH be the
linear operator defined Iyx = (2 —K)x for all x of ranki. ThenP carries a
representation o8L(2; C) if there exists a lowering operatoland an order raising
operatorp onP such thapA —Ap =H. (SL(2; C) is the special linear group of invertible
2 x 2 matrices with complex entries having determinant 1.) The following ressilt wa

proved in [Proctor 1982J]:
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Let P be a ranked poset, and gebe an order raising operator Bn Then there is
at most one lowering operatbron P corresponding tp such thaP carries a
representation ddL(2; C).

This result was used to prove that the product of Peck posets is Peck. Since
[Stanley 1980] proved that @lruhat posetgorders defined ooxeter groupsare Peck,
products of Bruhat posets are also Peck.

[Harper 1982] cast the algebraic approach of [Proctor, Saks and Sturtevant 1980]
in categorical terms. ¥ andW are vector spaces apdV — V'andp’: W— W' are
linear transformations, a linear transformatjonv — W is anintertwining operatoiff ¢
commutes with respect tpandp’; i.e.,¢p = p'¢p. [Harper 1982] proved that intertwining
operators preserve kernels and then proved the following key result:

Intertwining operators that satisfy a specific algebraic conditionygsed in
Chapter 10 of this paper, are closed under composition and are the morphisms of a
category of linear operators.

[Harper 1982] used this to define the cated®tSSof objects P, p, 1), whereP
is a graded posap,is a raising operator, andis a lowering operator. RUSS-
morphisnt is a rank-preserving order morphism(P, p, .) — (P ', p’, A") such that
e fandp give an intertwining operatdr: p - p’

e fandA give an intertwining operatdr: A — A’
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[Harper 1982] then proved that RUSS-morphisms are indeed the morphisms of
the categorlRUSS i.e., if P is RUSSwith raising operatop and lowering operatadt,
andf is a RUSS-morphish: (P, p,A) > (P',p "', A)), thenP ' is alsoRUSS

Since the category of graded posets is a functor categorpeter[Harper
1982] showed that a restriction of the categ®tSShas pushouts and coequalizers. It
follows as a corollary that a (finite) Boolean algebra modulo a permutatbop gn the

generators (i.e., the atoms) is RUSS.
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CHAPTER 5: FLOW ALGORITHMS, NORMALITY AND SPERNERITY

Flows on networks have proven very useful in analyzing combinatorial problems.
This chapter describes flow algorithms on networks in general, and one flavtheigim
particular that we used to establish Sperner properties of specific posesssitudly.

Given a network, thenax flow problenis the problem of assigning flows to the
edges (preserving all flow properties such as conservation of flow) to achieve the
maximum flow through the network (equivalently, the max flow out of the start v&rtex
or the max flow into the terminal vertéx Applications of the max flow problem
abound. Thenin flowproblem is an obvious variant of the max flow problem, where
each edge must carry at least as much flow as the edge weight.

A famous theorem proves that the max flow is equal toninecut i.e., a cut the
sum of whose edge flows is minimum over all cuts. [Ford and Fulkerson 1962] is the
classic reference. The dual for min flow problems is that min flow = max cut.

Another variant of this problem is of interest to the study of Sperner properties of
posets. The capacities,weights of a network may be on the vertices instead of the
edges. The following standard transformation converts this problem into the edge-
weighted problem. Split each verteinto an in-vertex; and an out vertey,. Add an
edge fromv; to v, with capacity equal to the weightaf All edges that originally came
into v now come intos;, and all edges that originally came out freimow come out o
These edges all have infinite capacity (or O capacity in the min flow cafiegtshe flow
constraints are imposed solely by the edges joining the input and output copies of the

vertices.
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A further simplification is possible in case the poset of interest is bipahtitiis
case, the vertices do not need to be split. It is sufficient to add vertioels with edges
and capacities set up as follows. Each vertexthe “lower” bipartition (such that<w
for somew in the “upper” bipartition) has an edge incoming fremhose capacity is
equal to the weight of. Similarly, each vertew in the upper bipartition has an edge out
to t whose capacity is equal to the weightwof The edges of the original bipartite poset
are unconstrained (with infinite or O capacity as appropriate). Thus a vertexowéne
bipartition is saturated in the poset iff the flow into it fremquals the edge capacity;
similarly for a vertex in the upper bipartition and its flow ihto

The test for (strong) Spernerity of a ranked p&setduces to a min flow problem
on the Hasse diagram Bf Recall that a cut is the edge set between a cutset and its
complement. For a nontrivial ideal of a ranked poset (which is clearly a catk#ig
edges in a cut of the Hasse diagram go from a maximal vertex in the cutsehtmal m
vertex in the complement. L. H. Harper [Harper 1974] has shown that, for a weighted
poset, the maximal vertices of a cutset with a max cut is an antichain of laejgist.

Thus the Sperner problem on a weighted poset is equivalent to the min flow problem on
its Hasse diagram. An immediate corollary is that a ranked poset is Spéneee is a
max cut whose maximal elements all have the same rank. Since a rankdeliposet

strongly Sperner ifP x Ny is Sperner fok =1, ..., (max rankR) + 1), a solution of the

dual min-flow problem or® x N for all k provides a test for strong SpernerityRof
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Another test for strong Spernerity involves testing for normalized flows. L. H.
Harper [Harper 1980] has shown that a normal poset is strongly Sperner. Thus a stronger
result may be obtained by using a flow algorithm to show that a specificiposeinal.

The test for normality uses the property that a ranked, positively weighted poset
(P, <, w) is normal iff there is a rank-preserving flowmorphism friéno a chain
[Graham and Harper 1969]. This reduces to the problem of finding a normalized flow
between each pair of adjacent ranks.

Thus the test for normality is faster and easier than that for Sperexasity
though the condition for normality is more challenging to meet. This is because the
condition for normality applies to bipartite flows between each pair of audjameks,
which can be tested in parallel, whereas the condition for strong Spernerigsappli
(max rankP + 1) global flows that cannot be decomposed into smaller subflows.

A further simplification is possible. L. H. Harper [Harper 1974] showed that
J(By) is normal iff the quotient poséd{(By) / S is hormal, wheré& is the symmetric
group onk generators and the quotient poset is the result of the actfooBy. This
follows from the existence of pushouts in the categ@®W . The weight of each
vertex inJ(By) / & is the cardinality of the equivalence class.

Informally, S acts orBy by defining two ideals andj to be in the same
equivalence class iffandj are isomorphic, in the sense made precise in the next few
paragraphs. This is true if and only i a permutation af An edge exists from
equivalence clas®] to equivalence clas$[iff there existx in [a] andy in [b] such that

x<ey:ie.y=x+{c} for some minimal vertex in By \ {x}.
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More precisely, a permutatignof By is defined as the action of a permutation on
thek atoms. Since every elemdnof By is the join of all atoma <b, p is naturally
extended to all oBx. Viewing the canonical representatiorbads the join of the
characteristic vector of all atoms beltvghows this. IBs, the atoms are 001, 010, and
100, and an element (e.g., 011) can be unambiguously expressed as the join of atoms 001
and 010. Lep be the permutation 00%» 010— 100— 001; i.e.p(001) = 010p(010) =
100, andp(100) = 001. Thep acts orB; to givep(011)— 110 by permuting each of the
constituent atoms to its new position. Viewing the bit representations of thenéteas
numbers, we see that the effecpo$ additive; i.e.p(3) =p(1) +p(2) =2 +4 =6. The
canonical representation of the elementBads the numeric value of these bit
representations guarantees this will always work.

As with any functionp(s) = {p(x) | X € s} for any subses of By. In this wayp(i)
is well-defined for any given ideabs the permutatiopapplied to all members of
Using this, we can define an equivalence ~J@) byi ~j iff p(j) =i for some
permutatiorp. This is the action of the symmetric grdsgon J(By). Writing the ideals
as characteristic vectors in (reverse) lex order allows us to identipo#igons of the
atoms at 2 2%, .... Then the action of a permutatipon an ideai is completely defined
by its action on the positions of the atoms; the other positions are permuted as @mposit
of these positions just as fBc. Theni ~j can be tested by finding a permutatpof
(the characteristic vector gfso thatp(j) =1.

The advantage of using the quotient poset is its significantly reduced memory

requirements. This is achieved at the expense of the added cost to perform the
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isomorphism tests. Note that there is no known easy way to generate the quotient, as this
is an instance of the graph isomorphism problem, which may$®eomplete.
Using all of the above, a flow-based algorithm for tesfi(y) for strong
Spernerity proceeds as follows:
e Generated(By). Algorithms for doing this are given in Chapters 6 and 7.
e Build the weighted quotient poset. In our case, thigBz) / Sc as defined above.
e Use a bipartite flow algorithm to find a normalized (unit) flow, if one existisydzn
each pair of adjacent ranks as described next.
The requirement that a unit flow exist between each pair of successive ranks
requires fractional capacities and flows on edges, with is computaticoatlyersome,
hard to check, and prone to rounding error. Specifically, suppose the Whitney number of
rankr isW;. Then a vertex of rankr and weight\; , must be normalized so that its
weight isW;, / W, and thus the sum of the weights over all vertices of rasi.
To counteract this issue, the normal flow problem for rardesdr + 1 is
converted into an integer bipartite flow problem by scaling the weights Wy B\,.1.
Then each vertex of rankr has an incoming edge from the start vedaith capacity
(Wry I Wo)o(Wr x Weyg) =Wy X Wi, and each vertew of rankr + 1, has an outgoing
edge to the terminal vertéxvith capacity Wi+1w / Wes1)o(Wr X Wi+1) = Wi X W, The
edges between vertices in the bipartite network have infinite capacity. i$liees a
normal flow between ranksandr + 1 iff there is a flow oW, x W, on this scaled

version of the network, with all integer capacities and flows. Equivaleh#yf]aw out
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of s, and the flow intd, must be\; x W;+;. This will be the case iff each edge ousof
and each edge intas saturated.

Since a normalized flow must equal the product of the Whitney numbers of the
adjacent ranks under test, either the max flow or the min flow variant may be used. The
max flow variant is chosen because the initial condition (all edge flows srfijnsdiate.

There are many algorithms for finding the max (min) flow on a network. One that
is comparatively efficient is thelPM algorithm[Malhotra, Pramodh Kumar and
Maheshwari 1978]. The definition of the MPM algorithm in the remainder of this
Chapter is paraphrased from [Even 1979], an excellent reference.

The max flow problem will be solved independently for each pair of adjacent
ranks of the quotient poset. In the following, the network is a fixed pair of adjacent
ranks. Itis important to note that, since these bipartite flow problems are indefpende
they can be solved in parallel by running multiple copies of the program.

Lete be an edga — v in the network. Edgeis useful in the forward direction
(or useful from u to Vif f(e) < c(e), wheref(e) is the flow one andc(e) is the capacity of
e. Edgeeisuseful in the backward directidjor useful from v to uif f(€) > 0. Ifeis
useful in the forward direction, flow can be added.tdf e is useful in the backward
direction, flow can be taken away fran

As is typical for flow algorithms, the MPM algorithm augments flow from an
initial condition (no flow) until no further augmentation is possible. The MPM alguorit

accomplishes this iphases Each phase starts with an existing flow, builtsyared
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network calculates aaugmenting flowon the layered network, and ends by adding the
calculated augmenting flow to the existing flow.
The layered network for a phase is built as follows:

SetVp={s} andi = 0.

SetT ={v|v ¢ V; forj <i and there is a useful edge from a vertey;ito v}.
If T=¢, halt; the current total flow is maximum.

Ift e T, setl =i + 1, setv, = {t} and halt.

SetV;+1 =T, increment and go to step 2.

absh wnN ek

The sets/; are thdayersof the layered network. For<li <|, letE; be the set of
edges from a vertex i, to a vertex irV;. Note that an edgemay be useful in either
the forward direction or the backward direction. If, in the layered netwerk,— v,
whereu € Vi.; andv e V, for somd, eis used in the forward direction; otherwses
used in the backward direction. All edge$spin the layered network are considered to
be directed fronV,., to V.

Note that each pass from step 2 through step 5 either a) halts in step 3 because the
layered network cannot be completed, b) halts in step 4 ikedded to a layer, or c)
reduces the set of vertices not yet assigned to a layer by at least 1. Tadgstittem
halts. The algorithm investigates each edge at most twice (once in esatiod). Thus
the layered network algorithm @&(|E|), whereE is the edge set of the bipartite network.

If the above algorithm halts in step 3, the flow is maximum. (See [Even 1979] for
a proof.) If the above algorithm halts in step 4, the layered network has been buif for thi

phase.
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The existing flow and capacity for edgare respectively denoté@t) andc(e).
The next step is to compute an augmenting flow. Defij@e = c(e) —f(e) if eis used in
the forward direction in the layered netwotkg) =f(e) if eis used in the backward
direction in the layered network. Then t€&) = 0 for each edgeand calculate an
augmenting flow on the layered network.

The calculation of the augmenting flow will be discussed later. For now, its key
property will be described. An edgen the layered network saturatedif f'(e) = c'(e).
A flow is maximaliff every path in the layered network framo t has at least one
saturated edge. The augmenting flow that is calculated will be a maxawvabilit not
necessarily the maximum flow on the network. The augmenting flow is used to update
the existing flow by updating the flow of each edge

If eis used in the forward direction, $é) < f(e) +f'(e).

If eis used in the backward direction, §ej < f(e) —f'(e).

The entire max flow algorithm ends when a new layered network cannot be built.
The number of phases necessary to reach this condition is bounded abdyéhby |

number of vertices in the bipartite network. See [Even 1979] for a proof.
The MPM flow algorithm will now be described. ¢t be the layered network

with verticesV . For eaclv e V', leta(v) = {€\y, ..., €y } be the edges coming into
in the layered network fromy, ..., uy, , respectively, and Igt(v) = {€%y, ..., €%q } be

the edges going out ofin the layered network te, ..., wq , respectively.
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For each vertey, the algorithm computes the-potentiallP(v) andout-potential
OP(v). IP(v) is a local upper bound on the flow that can comeungmdOP(v) is a local
upper bound on the flow that can go out framif v = sandv # t, thepotential P(v) =
min (IP(v), OP(v)); P(s) = OP(s) andP(t) = IP(t).

The algorithm then finds a vertexwith minimum potentiaP(v). This potential
is pushed out tband pulled back ts, using all the potential m To do this, we use the
edges of3(v) one by one, saturating each edge as long as potential flow fremains.
This pushes flow to the next higher layer. Thevalue for each vertex that receives
flow from v keeps track of the flow that must be pushed towaithis process is
repeated for each vertex that receives flow until aR(@f has been pushed to This is
done in steps 6 through 8.

An analogous process starts with the edgeq\@fand pulls all oP(v) back tos.
This is done in steps 9 through 11. TRevalue for each vertex that gives flow toward
keeps track of the flow that must be pulled towsard

The choice off guarantees that each vertex that pushes or pulls flow has sufficient
capacity to do so. For each vertexF(w) andOF(w) keep track of the flow that must
be pulled into or pushed out wf respectively. The capacitié®(w) andOP(w) are
updated as flows are assigned to edges into or autrespectively.

Once the potential flow for has been pushed t@and pulled te, potentials are
re-computed, a new minimum-potential verteis found and flow is again pushedtto

and pulled tes. This process terminates when eithert has 0 potential.

64



The algorithm below is taken directly from [Even 1979]. The step numbers are
listed as comments in the normality test program. See Chapter 8 for ssdisonf the
normality test program and Appendix B for a listing of the normality test program

1 Foreverye V', IP(v) « X" c(€w), OP(v) « X" c/(e%), m« 1,m," « 1.
2 ForeverneinN', f'(e) « 0.
3 Perform the following operations:
3.1 P(s) « OP(s), P(t) « IP(t).
3.2 Forv e V' \{s, t}, P(v) « min(IP(v), OP(v)).
3.3 Find a vertex for which P(v) is minimum.
4 If P(v) = 0, perform the following operations:
4.1 Ifv=sorv=t, halt; the preseritis maximal.
4.2 For everyn fromm, to p,, wheree\,m=u—v, if u € V' then
OP (u) < OP(u) — €' (€\vm) —f'(€vm).
4.3 For everyn’ fromm,’ to gy, wheree®,,» =v—u, if u € V' then
IP (U) « IP(U) — € (€°m) = "(€%m")).
44 V'« V’'\{v}and go to step 3.
5 Findi for whichv € V. Letj « i, k<« i. AlsoOF(v) « P(v), IF(v) « P(v) and
for everyu € V' \ {v} let OF(u) < 0 andIF(u) < O.
6 If k=1 (the pushing fronvtot is complete) go to step 9.
7 AssuméeVy ={v, ..., W'}
7.1 r<« 1.
7.2 U<« V.
7.3 If OF(u) = 0 then go to step 7.5.
7.4 OF(u) > 0. Starting withaoum'u, we push the excess supply towarjls

7.4.1 e« €%, and assume=u —w.
7.4.2 Iff '(e) =c'(e) orw ¢ V' then go to step 7.4.5.
7.4.3 IfOF(u) < c'(e) —f'(e) then perform the following operations:

f'(e) « f'(e) + OF(u)
OF(w) «— OF(w) + OF(u)
OP(u) <~ OP(u) — OF(u)
IP(w) « IP(w) —OF(u)
and go to step 7.5.

7.4.4 OF(u) >c'(e) —f'(e)
OF(u) <~ OF(u) — (c'(e) —f'(e))
OF(w) «— OF(Ww) + (c'(e) —f'(e))
OP(u) <~ OP(u) — (c'(e) —f'(e))
IP(w) «— IP(w) — (C'(e) —T'(€)
f'(e) « c'(e)
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7.4.5
7.5
7.6

m’y <« m’'y+ 1 and go to step 7.4.1.

Ifr =k’, go to step 8.
r<r+1andgo to step 7.2.

8 k<« k+1and go to step 6.
9 If k=1 (the pulling fronstov is complete too) thex' « V' \ {v} and go to step 3.
10 AssumeVj = {vy, ..., V;}.

10.1
10.2
10.3
10.4

10.4.1

10.4.2
10.4.3

10.4.4

10.4.5
10.5
10.6

r<1.

U< V.

IfIF(u) = 0 then go to step 10.5.

(F(u) > 0. Starting Witre'unh, we pull the excess demand towasds

e« e'umu and assume =w — u.

Iff '(e) =c'(e) orw ¢ V' then go to step 10.4.5.
IfIF(u) < c'(e) —f'(e) then perform the following operations:
f'(e) « f'(e) +IF(u)
IF (W) « IF(w) +IF(u)
IP(u) <« IP(u) —IF(u)
OP(w) «— OP(W) —IF(u)
and go to step 10.5.

(F(u) >c'(e) -f'(e)
IF(u) « IF(u) — (c'(e) —f'(e)
IF(W) < IF(w) + (c'(e) —f'(e))
IP(u) <« IP(u) — (c'(e) —f'(e))
OP(w) «— OP(w) — (c'(e) —T'(e)
f'(e) « c'(e)

my, < m, + 1 and go to step 10.4.1.

Ifr =j ', go to step 11.

r<—r+ 1 and go to step 10.2.

11 j«j—1andgoto step 9.

Inspection of the above algorithm shows that, if all capacities are intdgarslt

computations are additions or subtractions of integer quantities. Thereforeutheges

flows on the edges, and the total flow ousadire integers.

edge can be saturated at most once, either in step 7.4.4 or in step 10.4.4. The other uses

To analyze the run-time complexity of the MPM algorithm, observe that each

of edges are in steps 7.4.3 and 10.4.3 and can be bounded as follows:
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Fix v and consider the case in whié{v) is minimum. This can happen at most
once forv. For everyu = v, at most one outgoing edge is used in 7.4.3 without saturating
it, and at most one incoming edge is used in 10.4.3 without saturating it. Thus, the
number of uses of edges is bounded abov&lby V[ = O(VF). This is the complexity
of finding a maximal flow in the layered network for a given phase.

As noted earlier, the number of phases is bounded aboV dryd the
complexity of building the layered network for a given phas&(j§|). Therefore, the

MPM max flow algorithm iO(|V[e|E]) + O(|V[) = O(VP).
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CHAPTER 6: THE TRADITIONAL IDEAL GENERATION ALGORITHM

As discussed in Chapter 5, the general approach to algorithms for determining
Sperner properties of ideal posets is to generate the ideals (represethigid by
characteristic vectors), then run flow algorithms to test for strong Sjigroenormality.

A widely-used ideal generation algorithm will be given with a correctness proof.

As noted in Chapter 5, the test for normality involves finding normalized flows
between each pair of adjacent ranks. A key point is that these normalizedrows a
independent of each other. Thus it is possible to construct copies of the normal test
program and run them in parallel. This represents a very significant calenear
savings in comparison with the time required to test for strong Spernerity, whichese
multiple min flow calculations on entire large networks. It thus becomes valicafihd
a way to efficiently generate only those ideals that have specified rahkse ideals
will henceforth be called “ideals of interest”. A selective ideal g algorithm that
generates only ideals of interest is given (again with a correctnes} iprdo$ chapter.
This algorithm is based on the traditional ideal generation algorithm.

Chapter 7 presents a new algorithm, the ideal exchange algorithm, with a proof of
correctness. The ideal exchange algorithm provides a slight improvemetthever
selective ideal generation algorithm in calendar computation time when ruhaing
normal test algorithm in parallel. The resultsJ@B;) throughJ(Bg) presented in
Chapter 9 compare the execution times of the normal test algorithm under various

conditions and show the speed advantage of running the normal test algorithm in parallel
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The traditional ideal generation algorithm, presented first, generateetis
J(P) of a given pose. This algorithm was published in [Schrage and Baker 1978].
The input is P, <), given in any fashion that allows for determination of membersH#p in
and test fox. The output is an arrdy= J(P) and the number of ideatg= || |. Each
member of is the characteristic vector of an ideaPof

The algorithm has the additional property that the résslalready sorted in
numerical order (treating each characteristic vector as a binary Qunisgiivalently,
the characteristic vectors, viewed as strings over {0, 1}, are ortetiedgraphically
(lex orde) in J(P). This is useful in its own right, and is important in proving the
correctness of the ideal generation algorithm, which follows:
ALGORITHM: Ideal Generation Algorithm
INPUT: Finite posetR, <)
OUTPUT: Arrayl of characteristic vectors of ideals®fn lex ordern, = |I1(P) |
1  Define a total extensidn P — Njp so that, ifu < vin P, thenf(u) < f(v) in Npp,.
2 For each in W, construct a lisk[i] of successorgsuch that (1) <o () in P.
3 Initialize 1[0] = O; at the end of the algorithmwill have all ideals oP in lex order.

4 Initialize n, = O; n; is the index of the ideal most recently addet to
5 Repeat

5.1 Find the lowest order O tatini =I[n], the most recently generated ideal.
5.2 Sej to the result of setting bitof i to 1, leaving all other bits the same.
5.3 For each bid in j to the right o, moving left to right fronb — 1 to O,
5.3.1 If no member df[d] has its bit set to 1 ijy set bitd to O inj.

54 Incremenh,.

5.5 Set[n] =).

5.6 Untill[n]=2"-1.
6 Incrementy; n; now equals the number of ideald in

We start with five observations, then break the proof of correctness of the ideal
generation algorithm into several lemmas that will be useful in provingptinectness of

the selective ideal generation algorithm.
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The first observation is that the extensianerely numbers the elementsRo$o
that, by listing elements &f in the order given bf; smaller elements & are listed
before larger elements Bf If P =By for somek, the identity map provides a canonical
extension that is used in applying this algorithn@@®y). For example, ik = 3, the
canonical extensiohis 000 < 001 <010 <011 <100<101<110<111.

The second observation is that the bit positimasdd in steps 5.2, 5.3, and 5.3.1
indicate whether the elemefit(b) or f *(d) of P is in the most recently generated ideal
(b=1ord=1)ornoth=0ord=0).

The third observation is that the ideal generation algorithm never depends on any
ideal generated earlier than the most recently generated ideal. Oneaiimplaf this is
that, depending on the application, ideals can be processed as they aredjandraged
not be stored in the arrdy This saves considerable storage (perhaps millions of bytes).

The fourth observation is that the ideal generation algorithm works for any poset
P; in particular,P does not have to be ranked. However, the ideals generated by the
algorithm form a ranked poset (a distributive lattice, in fact, by Propositiororié)ed
by set inclusion. By Proposition 4.4, the rafiik of an ideal is its cardinality.

The fifth observation is that the left-to-right order in steps 5.3 and 5.3.1 is
important. If the search were right-to-left, the ideal test would somastfail when it
should pass. For example, consider the ideal 0000118;1 ihe next ideal should be
00010001, and is correctly determined by the ideal generation algorithm by bétd
to 1, then setting bits 3, 2, and 1 to O in turn (because bit 4 corresponds to an atom).

However, if the search were made right-to-left, the next ideal gedenatuld be
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00010111, because bits 1 and 2 would each be blocked by bit 3 (since 1 =001 <011 = 3,
2 =010<011 = 3, and bit 3 has not yet been set to 0).

The proof of correctness of the ideal generation algorithm follows.

Lemma 6.1:1f i is an ideal ant} is the lowest-order 0-bit af then the resuljt
obtained by setting biito 1 and leaving all other bits unchangediman ideal.
Furthermorej is the smallest ideal in lex order with the following two properties:

(@) j>i

(b) r() >r(i)

Proof: Supposgis not an ideal. Then there extan j andy not inj with y <x.
Equivalently, there is a 1 in bit positiéx) of j, a O in bit positiori(y) of j, bit position
f(y) is smaller (lower-order) than bit positif), andy <x. If b= f(y) andb = f(X), these
conditions also hold in contradicting the assumption thas an ideal. Since biitis 1 in
J, b=1f(y). The only other possibility is that=f(x), and bitf(y) <bis 0. But this
contradicts the assumption thwits the lowest-order 0-bit in

Thereforg is an ideal. Clearly,>i andr(j) >r(i); in fact,r(j) =r(i) + 1.
Supposeg is not the smallest ideal satisfying (a) and (b). Then there gxgsish that <
p <j andr(p) >r(i). Note that andj agree on all bits higher-order thian If p differs
fromi orj on any of these bits, then eitlpex i or p >], a contradiction. Thereforp,
differs fromj only in theb + 1 lowest-order bits O throudh But these bits are all 1 jn
sor(p) <r(j) and thus(p) <r(i) =r(j) — 1, a contradiction. This completes the proof.

Corollary 6.2: The characteristic vectowith ther lowest bits all 1 and the

remaining bits all O is the smallest ideal in lex order of rank
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Proof: By Lemma 6.1, is an ideal. It is clearly the smallest ideal of ramk lex
order.

Lemma 6.3:If i is an ideal, the resyltof changing any one bit positidmfrom 1
to 0 and leaving all other bits unchanged is an ideal iff, fat sditisfyingf *(b) < f (d),
bit positiond is 0.

Proof: Ifj is an ideal with bib = O, it must be the case that bit positebis O for
everyd satisfyingf (b) <f *(d).

Conversely, suppogés not an ideal. As in the proof of Lemma 6.1, for same
andy, there is a 1 in bit positicifx) of j, a O in bit positiori(y) of |, bit positionf(y) is
smaller (lower-order) than bit positidfx), andy < x. If b= f(y) andb = f(x), these
conditions also hold in contradicting the assumption thas an ideal. Since bitis O in
j, b=f(x). Then it must be that="f(y). Letd =f(x). Thenf *(b) =y <x =f*(d), and bit
positiond =f(x) is 1.

Lemma 6.4: The ideal generation algorithm generates only ideals, and they are
generated in lex order.

Proof: The ideal generation algorithm starts by generating 0, theesird&al of
any poset, in step 3. Lemmas 6.1 and 6.3 show that the result of each transformation in
the ideal generation algorithm is an ideal. It remains to show that the idaalsaited by
the ideal generation algorithm are generated in lex order. The proof is by endwat;,
the index of the most recent ideal generated. Step 3 provides th®jasi8.

Suppose the firgt ideals generated by the algorithm are in lex order, andé&et

thep™ ideal generated. The next idgalill be generated in steps 5 through 5.6. These
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steps manipulate only the+ 1 lowest-order bits O throudhh From steps 5.1 and 5.2, bit
bis 0ini and 1 in. Therefora <j, and the induction is extended.

Lemma 6.5: Given a finite posd®, the ideal generation algorithm terminates in a
finite number of steps.

Proof: Step 1 is an effective procedure defined from a finite domain to a finite
codomain. Step 2 builds a finite list for each member of a finite set. Steps 3, 4 and 6 are
eachO(1).

This leaves step 5 and its sub-steps. There are four nested loops in this portion of
the algorithm, as follows:
¢ generate the next ideal

¢ search bits right-to-left in the most recently generated ideal to findwest-order O
e search bits left-to-right from this bit position
e for each bit position, search its higher-order successor bits for any 1 bits
The three inner loops are all boundedPlythe length of the characteristic vector. At
the completion of the three inner loops, the algorithm either generates a nleov idea
terminates. Since the number of ideals for a finite pesebounded above by 2 the
algorithm must eventually terminate.

Lemma 6.6:If i is an ideal, thenis generated by the ideal generation algorithm.

Proof: The ideal generation algorithm starts by generating theesitniakal, O, in
step 3. By Lemma 6.5, the ideal generation algorithm terminates; from step %6t the

ideal it generates is the largest ide&l 21. By Lemma 5.4, the ideals generated by the
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ideal generation algorithm are generated in lex order. It remains to shahetideal
generation algorithm generates all ideals in between without skippinguoyéteals.

Suppose there is at least one ideal that is not generated by the ideal generation
algorithm. Letp be the smallest such ideal in lex order, and bbet the ideal generated
by the ideal generation algorithm immediately preceginglex order. Steps 5.1 and 5.2
change the lowest-order O-biof i to 1 and leave the remaining bits unchanged. By
Lemma 6.1, the result (calla) is an ideal. By steps 5.3 through 5.5, the next ideal
generated aftarby the ideal generation algorithm satisfiesp <j <a. Thusi, p,j anda
all agree on all bit positions greater thanSince bit positions 0 throudh- 1 ofi are all
1, bit positionb must be 1 for botp andj. Sincep <j, the highest-order bit positiah
wherep andj differ must be 0 ipp and 1 inj; furthermored <b. Since step 5.3 visits the
bit positions left to right (i.e., from higher-order to lower-order) fitgrbit positiond is
the first bit visited in this step whepeand;j differ. Sincep is an ideal, all bitsin L[d]
must be 0 irp, and thus in, because each suthas a higher-order bit position thein
But then step 5.3.1 will settto 0, contradicting the assumption tha the next ideal
generated by the ideal generation algorithm. This completes the proof.

Theorem 6.7:The ideal generation algorithm is correct. That is,

a) Upon completion of the ideal generation algorithm, 7(P) andn, = ||, and

b) The ideal generation algorithm terminates in a finite number of steps.
Moreover,

c) lisinlex order;i.ei <j=I[i] <I[j].

Proof:
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a) Lemmas 6.4 and 6.6.

b) Lemma 6.5.

c) Lemma 6.4.

In analyzing flows between adjacent ranks/(By), the question naturally arises
whether the ideal generation algorithm can be modified to generate onlydtseatie
interest. One way to accomplish this would be to add a test just before step 5.5 of the
traditional ideal generation algorithm to see if the ideal is of interest. wichikl save
considerable space.

The algorithm can also be modified to save significant time as well. This can be
done by bounding the search on the ranks of ideals processed by the algorithm, at the low
end of the ideals of interest, and by terminating the algorithm when the maximalrofide
interest is generated, at the high end. We consider these two points in turn, then define a
selective ideal generation algorithm that defines only ideals of interé st anore
efficient in run time than the traditional ideal generation algorithm.

To bound the ideals processed at the low end, consider how the traditional ideal
generation algorithm processes ideals. The ranks of ideals do not play alpart in t
algorithm, and the ranks of ideals do not follow an obvious pattern in the order that the
ideals are generated by the traditional ideal generation algorithm.

Leti be an ideal of rankn, the minimum rank of interest. Recall from Lemma 6.1
that the next ideglin lex order withr(j) > mis formed by setting the least significant O
bit ofi to 1. Therr(j) =m+ 1. There may be several ideals betwesmdj in lex order,

but none of them has rank greater thanThe trick is to find all ideals betweeand;
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whose rank is exactly and generate them in lex order without processing any ideals of
lower rank.
Suppose the ideals of rankbetween andj are as follows in lex order:

ip=1 bitbp=bisO
i1 bith; <bgis O

iq bit by <bg1is 0
There may be several other ideals of smaller rank betinegaaj. It is also worth
noting thaf immediately followdq in lex order. Now the ideal generation algorithm
convertds to] by setting the least significant O bito 1, but in this examplels not the
next ideal after in lex order. The key point is that all ideals betwieandj in lex order
agree with andj on all bits higher order thdm Sinceg has rankn + 1 and all bits from
0 throughb of j are 1, each ide&}, 0< d < g, has exactly one 0 bit in positions 0 through
b. Furthermore, the position of the 0 bit moves left to right down the list as shown above.
Now the ideal generation algorithm would go frgnto ig.1, potentially through
some intermediate ideals, changing the setting of some bits to the rigldsohecessary.
Eventually, all of these bits become reset to 1 (giyinthen bitbg.; is set to 0, and the
process continues in this fashion, generating egohturn and eventually
This suggests a way to bound the ideals considered from below. Start the
algorithm with an initial ideal whos®a lowest order bits are 1 and all other bits are 0. By
Corollary 6.2, this is the smallest ideal of interest in lex order. The mestthec

generated ideal of interest is used to find the next ideal of interest in the loopibegit
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step 5. Then, at step 5.2, idg& found with rank greater than Note that the loop
beginning at step 5.3 causes the ranktofdecrease. Process this loop as before, but
terminate this loop if the rank pbecomesn. The algorithm thus does not process ideals
of rank smaller tham.

In the example above, the ideals are generated in this order, with no intervening
ideals of rank less than processed:

ip=1 bitbp=bisO0
i1 bith; <bgis O

This bounds the processing of ideals from below. It remains to bound the
processing of ideals from above. This will be accomplished by defining thetlaigal
of interest in lex order.

Given two ideals andj with the same rank, the greater ideal in lex order is the
one with the highest-order 1 bit. It is useful to consider an example to see the patte
used to define the maximum ideal of a given rank. klze8 andr = 4; i.e., consider all
ideals of rank 4 ir¥(Bs). These ideals are listed in lex order Table 6.1.

Table 6.1. Ideals of Rank 4 irff(B3) in Lex Order

Ideal Characteristic VectqrBit Positions Set
00001111 0,1,2,3
00010111 0,1,2,4
00110011 0,1,4,5
01010101 0,2,4,6
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Definition 6.8: Theheightof a vertex irBy is its distance from the bottom vertex.
Theheightof an ideal in J(By) is the maximum height of a vertexiin

Note that the height of a vertex in a Boolean lattice is the number of 1 bits in its
bit representation.

Inspection of Table 6.1 shows that the highest bit position set in any ideal in the
table is bit 6. A key point is that this bit position has a maximum height of 2. Two other
ideals have a bit position of height 2 set. Note that the highest bit position (6) set in any
ideal in the table is the join of the atoms with the two highest-order atom bibpssiti

This suggests the following greedy heuristic for finding the maximum iddex i
order of a specified rank:

e use the highest-order atom not previously used when a new atom is needed
e build the ideal to maximize its height (the maximum height of a vertex in thf ide

This is the basis for an algorithm that, in fact, generates the maximum wieals f
all the ranks off(By). ForJ(Bs), the bit positions used to generate the maximum ideals
of a given rank are selected in the order shown in Table 6.2:

Table 6.2. Bit Position Order for Generating Max Ideals in7(Bs)

Rank | Next Bit Position for Maximum IdefiMaximum Ideal of Rank i¥(B3)
0 00000000
1 0 00000001
2 4 00010001
3 2 00010101
4 6 01010101
5 1 01010111
6 5 01110111
7 3 01111111
8 7 11111111
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Bit position O must be picked in any nonempty ideal. The next bit picked is bit
position 4, the highest-order atom position; the set of bits {0, 4} defines the maximum
ideal of rank 2. Then pick the next highest order atom position, 2, to give the maximum
ideal of rank 3. We are now prepared to pick the highest-order bit position (6) with
height 2. Then the atom at bit position 1 is selected and merged in succeeding steps to
form the highest possible composites.

A pattern clearly emerges. The first en(9) is null and the second enffl) is
0 (which is in every nonempty ideal). Then repeatedly select the highestiregatom
in bit-position order and add its value to the previous bit positions in order. In this
example, the first atom has bit position 4, so add 4 to O to get 4. The next atom has bit
position 2, so add 2 to 0 and 4 to get (respectively) 2 and 6. Then atom 1 is added to 0, 4,
2,and 6togive 1,5, 3, and 7. The process terminates when all atoms have been used.

The max ideal generation algorithm given below calculates the ordes afSeit
to generate maximum ideals and returns the maximum ideal of a given rank

ALGORITHM: Max Ideal Generation Algorithm

INPUT: k> 0, the number of atoms Bk, and rank

OUTPUT: Imax the maximum ideal in lex order of rankn J(By)

1 Setp[0O] to null.

2  Setp[l] =0.

3 For each atora from 1 throughk:

3.1 Seb = Z* b is the bit position corresponding to & highest-order atom.
3.2 For eachfrom 1 through 2%, setp[2¥*+i] = p[i] + b.

4  Setimax=0.

5 Fori from 1 througtr, set bitp[i] in imaxto 1.
The max ideal generation algorithm will now be proved correct. In the following

the bit position of a characteristic vector of an idedl(iB) is the vertex number of the
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vertex inBx. For example, it¥(Bs), bit positions 0, 1, 2, 3, 4, 5, 6, and 7 correspond to
the vertices 000, 001, 010, 011, 100, 101, 110, and 1B4 in

Proposition 6.9:LetA = {a, ..., a} be the atoms oBx. Letv be a vertex oBy in

an ideal of J(By), such that is greater than or equal to exaalgtoms ofA. Leth; be
the height of. Then

(a) the bit position o¥ in the characteristic vector bfs the sum of the bit
positions of thal atoms less than or equalian By; and

(b) d =h,, the height ofr (and so the height of a vertexBpis the number of
atoms that generate it);

) j|= 2" and

(d) each atom has a bit position greater than the sum of the bit positions of all

atoms less than it in lex order.

Proof: (a) follows from the fact that every verte By satisfiesV = Vaca acv@ =

@Daca ava. (b) follows from the fact that the principal iddal,} generated by is a

Boolean sublattice witd atoms. For (c), le have maximum height ini. Since is

an ideal, all 2 vertices of the principal ideak; are ini, soi|> 2". (d) follows from the

fact that then" atom from the bottom in lex order has bit positi6n 2 1 +Zi”:'§ 2.
Lemma 6.10:Let Z <n < Z*1. Then the largest ideal in lex order of size

contains the principal ideél[v} generated by, the join of the largest atoms in lex

order.
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Proof: By Proposition 6.9 (c), the height of the largest element of an ideal of
cardinalityn is at most. By Proposition 6.9 (a), the largest vertex of hergbt
generated by the largest sum of at niastioms, which is\).

Clearly, an ideal of cardinality exists that contains), Just start withv) and
successively add a minimal element from the complemerff times. Thus, there is an
ideal of cardinalityn that has the highest possible bit position set (the sum of the largest
atoms). Any ideal of cardinalityn that does not contain)(does not have this bit
position, or any higher bit position, set to 1.inThis completes the proof.

Lemma 6.11:Leti be the largest ideal in lex order of sizavhere 2<n < 2*%,
Theni only uses the + 1 largest atoms @ in lex order; i.e., every vertex ins the join
of O or more atoms froma{, .. a+1}, the largest + 1 atoms oB,.

Proof: Letj be an ideal of size with 2 <n < 2*! that contains a vertex> a,
wherea is not one of the largest 1 atoms oBy. Without loss of generality, may
assumed to be maximal jin Partition the atoms ofintoL + S where the atoms a&f are
in Ars1 = {ay, ..a+1} and the atoms oB= & are not inA..;. There is at least one
maximal vertexw in j that containg and perhaps some other atom#yin but no atoms
in A+1'. (L itself must be inp by the downset condition.) Butdoes not contain all
atoms inA.1; if it did, then j| > 2"** by Proposition 6.9 (c), a contradiction. Then there is
a minimal element in the complement gfthat containd and at least one additional
atomb in A.41 and no atoms iA.,'. Form ideald fromj by removingv and adding. By
Proposition 6.9 (d), the position pis at leasb +L > S+ L, sod >j in lex order. Repeat

this process until all ideals contain only atoms fram.
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Lemma 6.12:LetA ={ay, ..., &} be the atoms 0By in reverse lex order (largest
to smallest) and suppose that, fat 1< 2', {vi, ..., Vj} is the maximum ideal in lex order
of rankj. Then, for I<j <2, {vy, ..., Vaf, Vi + &1, ...,V + &1} iS the maximum ideal in
lex order of rank 2+j.

Proof: Suppose the lemma is false. jUe¢ an index such that the maximum
idealmin lex order of rank 2+ j is not {v, ..., Var, Vi + @41, ..., Vj + &+1}. By Lemmas

6.10 and 6.11m contains the + 1 largest atoms and no other atoms. By Lemma 6.10,

the vertexv = \/i:r1 a isinm. By Lemma 6.11, every vertexin m\i{\,} is the join of

ar+1 and some subset od, ..., a;}. Thatis,m= (V) + {var+y, ..., Vor4j} and each vertex;
in {Vors1, ..., Vorsj} is the join ofa,+1 and some subset ofy ..., a}.
Since @) + {Vorsa, ..., Voryj} is greater thanyy, ..., Vor, Vi + @41, ..., Vj + &4} iN

lex order, the bit string formed by settingd1, ..., v2r+j} to 1 and all other bits to 0 is

greater in lex order than the bit string formed by setting bits fy+1, ...,Vj + a1} to 1
and all other bits to 0. Let =voryi \ {a+1}, 1 <i <j. Then the bit string formed by
setting bits {v1, ..., w;} to 1 and all other bits to O is greater in lex order than the bit
string formed by setting bits/{, ..., v} to 1 and all other bits to 0.

Furthermore, {, ..., w;} form an ideal. For suppose<w; for somei, 1<i <j.
Then the atoms subsumedubgo not includex.; and sau + {ar+1} < Wi + {@r+1} = Vorai.
Sincemis an ideal containingr.;, m must contairnu + {a+1}; i.e., for someg, u + {a+1}

=Volg. Thenu =vorg \ {ar+1} = Wg € {wy, ..., W}
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But then {4, ..., v} is not the largest ideal in lex order of cardinality
contradiction. This completes the proof.

The hypothesis of Lemma 6.12 is that the set of maximum ideals in lex order for
ranks 0, 1, ..., 2are nested. That is, the vertices in the maximum ideal ofrark are
obtained from the vertices of the maximum ideal of nably the addition of one vertex
of Bx. This is a very nice property that leads to the greedy max ideal generation
algorithm given earlier. Lemma 6.12 assures that, if it is true igitiaken it is true for
all ranks 0, .., 2of J(By).

Theorem 6.13:The max ideal generation algorithm is correct; that is, it
terminates after a finite number of steps with the maximum ideal in diex of rankr.

Proof: By induction om.

Basis: For = 0, the only ideal is the null ideal. This is step 1 of the max ideal
generation algorithm. Far= 1, the only ideal is {0}, the bottom vertex®f. This is
step 2 of the max ideal generation algorithm. =2, there are}| ideals {0,a} for
each atona € A. The maximum ideal of cardinality 2 is thus &y, Whereamaxis the
largest atom in lex order. Note th&{0, 0 +ana¢ define nested solutions forOr < 2.
Also note that, fof = 0 atoms, the nested solution set has thel2vertex {0}, and fof
= 1, the nested solution set has the 2 vertices {Oama} obtained by addingmaxto the
21 =1 vertex {0}. This is step 3.2 in the max ideal generation algorithm for the first
(largest) atom.

Induction: Suppose the first tlhaximum ideals are nested, being the initial

segments of §[1] < ... < p[2"]}. By Lemma 6.12, the first+j maximum ideals have
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the initial segments offf1] = ... c p[2"] < p[2" + 1] < ... < p[2" +]]} as nested
solutions for 1< j < 2". This is implemented in steps 3, 3.1 and 3.2 of the max ideal
generation algorithm. This extends the induction.

Since the only loops are in steps 3, 3.2 and 5 and these loops are all bounded, the
algorithm terminates in a finite number of steps. This completes the proof.

Corollary 6.14: The max ideal generation algorithm is greedy and produces a

nested family of lexicographically maximum ideals, one for each rafiiEin

Proof: Steps 4 and 5 of the max ideal generation algorithm implement the nested
solutions of Theorem 6.13 for given

It is worth noting that the maximum ideals in lex order of rafks®, ..., 2** are
formed, in order, from the maximum ideals in lex order of ranks 0,".as the products
with the chain 0 -a+;. This product construction is shown in Figure 6.18pr The
numbers on the edges show the order in which vertices are added to form the next max
ideal via “product edges” fromB,.; to B; using the largest remaining atom.

The main differences, then, between the selective ideal generation algamidhm
the ideal generation algorithm are the specification of ideal ranks céshtgeneration
of minimum and maximum ideals of interest, and the behavior of the loop that sets bits to
0inj. The selective ideal generation algorithm follows. The input Valiés obtained

using the max ideal generation algorithm.
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0000
Figure 6.1. Product Construction ofB4 from B3

ALGORITHM: Selective Ideal Generation Algorithm

INPUT: Finite posetH, <), setR of ranks of interesinmax= max ideal of interest
OUTPUT: Arrayl[r] of ideals ofP in lex order, Whitney numbéMr] for all r in R
1  Define a total extensidn P — Njp so that, ifu < vin P, thenf(u) < f(v) in Npp,.

2 For each in WV, construct a lisk[i] of successorgsuch that (i) <o () in P.
3 For each rank from 0 through B

3.1 Segy[r] TRUE to generate all ideals of rank

3.2 Sep[r] FALSE to skip all ideals of rank

4 Findm, the smallest for whichg[r] is TRUE; terminate if there is no such

5  Initializei = I[m][0] =2™ = 1,r =m, W{m] = 1, W[s] = 0 for alls=r, 0< s< 2F!

6  While the most recently generated ideglmax

6.1 Find the lowest order O Hatin i, the most recently generated ideal.

6.2 Sej to the result of setting bitof i to 1, leaving all other bits the same.
6.3 Increment, which is now the rank gf Note that >m.

6.4 For each bid in j to the right o, moving left to right fronb — 1 to O,
6.4.1 If no member df(d) has its bit setto 1 ip

6.4.1.1 Set bidl to 0 inj.

6.4.1.2 Decrememt Note that > m.

6.4.1.3 Ifr =m, exit loop 6.4.

6.5 Ifg[r] is true, set =1[r][W[r]] =] and increment\[r]

7 End of the while loop.
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In the following, we will refer to an ideal whose rangatisfiegy[r] = true as an
“ideal of interest”, and as a “rank of interest”. Note that the ranks of interest need not
be contiguous. Also note that this algorithm works for any ranked poset. Finally, note
that the algorithm halts when the max ideal in lex order of the maximum ranke&sint
is generated. This is a very significant performance enhancement; wittadlidieals
larger in lex order than the minimum ideal of interest would need to be generated.

We now prove the selective ideal generation algorithm correct. The two main
points to prove about the selective ideal generation algorithm are that all idesai& of
are found in the right order in loop 6.4, and that all ideals of interest with rank greater
thanm are found in the right order.

Lemma 6.15:Given a finite pose®, the selective ideal generation algorithm
terminates in a finite number of steps.

Proof: All loops are bounded as in the ideal generation algorithm. The selective
ideal generation algorithm will terminate in fewer steps than the ideataem
algorithm unless all ideals are selected to be of interest.

Lemma 6.16:The selective ideal generation algorithm generates only ideals of
interest.

Proof: An ideal of rankn, the smallest rank of interest, is generated in step 5.
All other ideals are generated in step 6.5, and only if they are of interest.

Lemma 6.17:Letm< |P|, leti be an ideal of ranikn generated by the selective
ideal generation algorithm, and ]dte the first ideal aftdrin lex order such thatj) >m.

Suppose further that there are precisglyealsiy, ..., iq of rankm that fall betweem and
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j in the lex ordering, with<i; < ... <ig <j. Then the selective ideal generation
algorithm generates idealdy, ..., iq consecutively in lex order, and the next ideal
generated by the selective ideal generation algorithmigfethe smallest ideal of
interest such that>j in lex order.

Proof: By Lemma 6.]},is the result of setting the least significant Oolaff i to 1
and leaving all other bits efunchanged. Sinde<i; < ... <iq <], all of these ideals
agree at all bit positions higher order thanSincer(j) =m+ 1 and has a 1 in all bit
positions 0 through, each of, i1, ...,iq has exactly one O bit adl bits in bit positions
0 throughb. Fori, the 0 bit is in positiob. Sincel <i; < ... <ig <], it follows that the O
bit positions must satisty > b, > ... >bg, whereby is the lowest order 0 bit in idegl

Inspection of the selective ideal generation algorithm shows that thedeekt i
generated aftdris obtained by setting bitto 1 in step 6.2 and Hi to O in step 6.4.1.1.
(Bit b; must pass the test at step 6.4.1, sintean ideal. If any bit betwednandb;
passed this test, the result of changing that bit from 1 to O would be an ideal of rank
between andi,, a contradiction.)

Supposal < g and ideals, iy, ..., ig are generated in lex order. By the same
argument, the next ideal generated aftéy the selective ideal generation algorithm is
ig+1. Thus all ideals, iy, ...,1q are generated in lex order. By Lemma 6.1, the next ideal
processed by the selective ideal generation algorithmlisn + 1 =r(j) is a rank of
interest, then the selective ideal generation algorithm gengraegs afteriy; otherwise,
the next ideal generated aftgis the smallest ideal of interest such that> j in lex

order.
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Corollary 6.18: The selective ideal generation algorithm generates all ideals of

rankmin lex order.
Proof: Partition the ideals of ramkas follows, where each idaglhas rankm

and each idea} has rankn+ 1: 2"—1 =iy < ... <ip, <j1 < ... <is1 < ... <isep <],

where the {j} are all the ideals of rankn + 1 that occur in lex order between the smallest
and largest ideals of ramkin lex order, the partitions are separated by jkje dnds =
Yneft,...+13Pn. The result follows by applying Lemma 6.17 to each ot thiecks of
ideals of rankm + 1.

Lemma 6.19:Every ideal of interest is generated by the selective ideal generation
algorithm. Furthermore, the ideals generated by the selective ideghtgamalgorithm
are generated in lex order.

Proof: By Corollary 6.2, the first ideal of interest {521, which has thm
lowest-order bits set to 1 and all other bits set to 0. This is the first ideal tgelnara
step 5. By Corollary 6.18, all ideals of ramkare generated in the same relative lex
order as in the ideal generation algorithm. By step 6.4.1.3, an ideal is not processed only
if its rank is smaller tham. Thus all ideals of rank larger thamare processed in the
same order as in the ideal generation algorithm, and each such ideal edegkimestep
6.5 iff it is an ideal of interest.

Theorem 6.20:The selective ideal generation algorithm is correct. That is,

a) The selective ideal generation algorithm terminates in a finite numbeapsf, st

and
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b) Upon completion of the selective ideal generation algorithm, the ideals
generated are precisely the ideals of interest. Moreover,

c) The ideals are generated in lex order. They are stored by rank, and by lex
order within each rank.

Proof:

a) Lemma 6.15.

b) Lemma 6.16 and Lemma 6.19.

c) Note that, in step 6.5, the ideals are stored by rank as they are generated and
determined to be of interest. By Corollary 6.18, the ideals are generated iddexamd
thus are stored by lex order within each rank. This completes the proof.

For each rank of interest, the valué/r] at the end of the selective ideal
generation algorithm is the Whitney number of rank

We conclude this chapter with a result that significantly reduces the computat
necessary to form the quotient poset. As noted in Chapter 5, the vertices of the quotient
poset are the equivalence classes of the vertices of the ideal poset. Whedeaheat
interest is generatedmust be compared with existing ideals to determinesifi new
class representative or an additional member of an existing class. manrthethe edges
coming into the equivalence class @fust be updated to reflect any edges comingiinto
specifically. We consider the implications of each of these steps in turn.

Note that the class representatives are the first ideals encountered otelex/r
brute-force approach to testing a new iddal membership in an existing equivalence

class would be to perform all permutations ahd compare each to the class
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representatives of ideals of the same rank that have already been found. Thisinvolve
checking all permutations ofagainst all class representatives of the same rankras
either a match has been found or no more permutations remain. This requires
permutations of and comparison of each permutation with the representative for each
class. The only way to exit this exhaustive testing process early is dranrighism test
passes. But isomorphism tests usually fail, so the full gamut of permutationstand tes
must be run most of the time.

Fortunately, there is an easily-implemented test that causes eartyfrem an
isomorphism test that has no chance of passing. Let us defipethe of an ideal as
the mapprofile : (i, r) — ¢, wherec is the number of membersiathat are of rank in By.
Obviously, ifi ~|, thenprofile (i, r) = profile (j, r) for allr. This test will frequently fail,
providing an early exit from the isomorphism test process. Note that thie mfcdin
ideal can easily be calculated and stored with the equivalence class vehganierated.

An efficient algorithm to determine the edges in the quotient poset network
follows from some observations about the actiofan J(By). At first glance, when a
new ideal is found, it would appear necessary to testjloxq [i] by generating all
permutations of and/orj, testing each combination for coverage. Because the ideals are
generated in lex order, this is not necessary. The proof involves some inteemediat
lemmas, which follow. Note that a new ideal is only used once in the coverage test
Thus, ifj <e i butj is not the class representativejight not cover the class
representative, so we have to make sure that (an edge isomorphic to) this eclglis pi

up in some other test.
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Lemma 6.21:1f j <e i, theni occurs aftef in lex order.

Proof: Ifj <e i, Every bit position in that is a 1 must also be a 1ijmndi must
have exactly one additional 1 bit. Thusj in numerical (lex) order.

Lemma 6.22:If i is an ideal 0By andp is a permutation over theatoms ofBj,
thenp(i) is an ideal.

Proof: Leti be an ideal oBx and letp be a permutation over tlkeatoms ofBy.
Letx € p(i) and lety < x. Then the bit representationofs an element @ has a 1 in
every position where there is a 1 in the bit representatigrasfan element &, Then
p*(x) has a 1 in every bit position where there is af'iy); i.e.,p™(y) < p*(x). But
sincex € p(i), pX(X) € i, and sincé is an idealp™(y) € i, and soy € p(i). Thereforep(i)
is an ideal.

Lemma 6.23:1f p is a permutation over theatoms oBy andi and;j are ideals of
By such thaj <e i, thenp(j) <e p(i).

Proof: Since a permutatignsimply reorders the bits in a characteristic vegdor,
is rank-preserving. Lgt<e i and suppose bit positidnhas the same value (0 or 1) in
andj. Then bit positiomp(b) has this same value [ofi) andp(j). Sincg <e i, this
accounts for all positions except 1, say bit positowherej has a 0 andhas a 1. Then
bit positionp(c) is 0 inp(j) and 1 inp(i). Thereforep(j) <e p(i).

Corollary 6.24: A permutatiorp on thek atoms ofBy induces an automorphism

on J(By).
Proof: From Lemma 6.23 and the observation that permutations are invertible, if

P() <e p(i), thenj =p™p(j) <e p™p(i) =i. Thereforg <e i iff p(j) <o p(i).
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Theorem 6.25:Supposg is the class representative gf o ~j, anda <e b. Then
there exists an ideakuch that ~b, j <e i, andi occurs aftef in lex order.

Proof: Sincea ~j, p(a) =] for some permutatiop on thek atoms ofBy. Leti =
p(b); theni ~b. By Lemma 6.23, since<e b, j = p(a) <e p(b) =i. By Lemma 6.21,
occurs aftef in lex order.

Corollary 6.26: Let the ideals 0By be generated in lex order. To generate the

edges in the ideal quotient network, it suffices to test each ideal generateddi@ge of
class representatives of ideals of the previous rank (without permuting the grevious
generated ideals).

Proof: An edge is needed frofhfo [m] iff a <e b for somea ~j andb ~m. By
Theorem 6.25, this is true ifi<e i, wherep(a) =j andp(b) =i. But then ~b ~mandi
occurs aftef in lex order. The necessary edge then results from the tpssonwherej
is the class representative and (becawseurs aftef in lex order) already exists in the
network.

Thus isomorphism tests are needed only for updating the vertices, not the edges,

of the ideal quotient network.
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CHAPTER 7: THE IDEAL EXCHANGE ALGORITHM

As pointed out in Chapters 5 and 6, the utility of generating equivalence classes of
an ideal for a selected range of interest is that this allows for norreaityg to occur in
parallel. This led to the selective ideal generation algorithm, a modficatithe
traditional ideal generation algorithm, presented in Chapter 6.

This yields a very significant time savings, as the normality teatgaithm can
take several days to find a normal flow between two adjacent radBg)f The
guestion naturally arises as to whether the algorithm can be further impgogkdriging
the computational structure.

This chapter answers that question in the affirmative by developing arttaigori
based directly on the ideal exchange graph. Let us suppose that we haveianf ideal
rank (cardinalityy. Using the selective ideal generation algorithm, the next ideal in lex
order of rank might not be found until several intervening ideals of rank different from
have been processed. The philosophy of the new algorithm instead examined the idea
exchange graph to determine an optimal way to swap an equal number of veilBices of
(or any ranked poset) between an idesld its complemer, —i. For this reason, the
new algorithm is called the “ideal exchange algorithm”.

Comparative execution times for cases analyzed in this study using ttteveele
ideal generation algorithm and the ideal exchange algorithm are given in Chaptee
ideal exchange algorithm is defined and proved correct in this chapter.

We start with an example to motivate its development. The example is based on

the ideals of rank 8 iB4, which are shown in lex order in Table 7.1 below.
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Table 7.1. Ideals of Rank 8 in Lex Order in7(Ba)

n | " ideal of rank 8 Max vertices] Min complemefjt  Exchange
1 | 00000000111111147 8

2 | 00000001011111113,5,6, 8 7,9, 10, 12 7—8

3 | 00000011001111113,5,9 6, 10, 12 6—>9

4 | 00000011010111113,6,9 5, 10, 12 556

5 | 00000011011101115, 6,9 3,10, 12 3—->5

6 | 00000101001111113,5, 10 6,9, 12 6,9— 3,10
7 | 00000101010111113, 6, 10 59 12 556

8 | 000001010111011f15, 6, 10 3,9,12 3—>5

9 | 00000111000111113, 4,9, 10 5,6,11,12 56—>3,9
10 | 00000111001101115, 9, 10 3,6,12 355

11 | 000001110101011316, 9, 10 3,512 556

12 | 0000111100001111111 4 4,6 3,11
13 | 00010001001111113, 5, 12 6,9, 10 9,10,11»4,5,12
14 | 00010001010111113, 6, 12 5,9, 10 556

15 | 000100010111011715, 6, 12 3,910 355

16 | 00010011000111113, 9, 12 5, 6,10 56—>3,9
17 | 000100110011011122, 5, 9, 12 3, 6,10, 13 3—>5

18 | 000100110101011716, 9, 12 3,5,10 556

19 | 00010101000111113, 10, 12 56,9 6,9— 3,10
20 | 00010101001101115, 10, 12 3,6,9 3—>5

21| 00010101010101111, 6, 10, 12 3,59 14 556

22 | 00010111000101119, 10, 12 3,56 6—>9

23| 001100110011001213 2 2,10 5,13
24| 010101010101010114 1 1,5,9 13> 2,6, 10, 14

The first ideal has the 8 lowest-order bits set to 1 and the 8 highest-order bits set
to 0, in accordance with Corollary 6.2. To obtain the next ideal of rank 8 in lex order, we
start with the first ideal and set bit 8 to 1 and bit 7 to 0. This is an ideal because we have
exchanged a maximal vertex (7) in the first ideal with a minimal vertex (& i

complement, and 8 does not cover 7. (If 8 covered 7, this exchange would violate the
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downset condition.) The new ideal clearly has cardinality 8, and it is the nexinidieal i
order because no bit string with 8 bits set to 1 lies in between the two ideals.

The second entry in Table 7.1 shows the resulting ideal, how it was obtained from
the previous ideal (7 is replaced by 8), and the new set of “boundary vertices” (i.e.,
maximal vertices in the ideal and minimal vertices in the complement). The boundary
vertices are obviously key to any approach using the ideal exchange graph #&begener
ideals.

Our goal is to build an algorithm that generates the ideals of a given ramk in le
order. To better understand the method, consider how to generate the third ideal of rank
8 in lex order. Let us look for the smallest 0 vertex that can be exchanged for a $malle
vertex. Vertex 7 cannot be chosen because vertex 7 subsumes all smallerindsjices
This is apparent because the bit representation of 7 has a 1 bit in every positiorhin whic
a smaller vertex position has a 1 bit. The next smallest O bit is in position 9. We look for
a smaller 1 bit to convert to 0. Clearly, it is to our advantage to pick this positioghas hi
as possible, but not exceeding bit position 9 (because the result needs to be a larger
binary integer). The highest such bit position is 8, so we might be tempted to exchange
vertices 8 and 9. However, 9 covers 8, so this exchange would violate the downset
condition. Since 8 won’t work, we try 6 and see that 6 and 9 can be exchanged without
violating the downset condition.

Note that we searched for the next smaller 1 bit below 8 rather than the next
higher 1 bit above 9. This is because we want to have the highest-order 1 bit to be as low

as possible in order to preserve the lex ordering of the generated ideals.
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Ideals 4 and 5 are generated in like manner. Now consider constructing ideal 6
from ideal 5. As before, we choose to swap 9 out and 10 in. This would give us
0000010101110111, which is entry 8 in Table 7.1. The only positions where ideal entries
6 and 8 differ are 3 and 6. We realize that we can exchange vertices 3 and 6, resulting i
a smaller ideal in lex order. In general, pick the largest 1 bit posisomaller than any 1
bit positions already used in processing this ideal (because we have alvaadiered all
the larger positions). Swap the vertex in this position with the smallest O bibpos#s
long asu is smaller thai (else the resulting ideal is larger) and the downset condition is
not violated.

Note that the downset condition is preserved iff the b biwapped is maximal in
the ideal and the O hitswapped is minimal in the complement. This is because
smaller tharb and sau does not cove

Entries 7 through 11 are constructed in like manner. Entry 12 provides another
twist. In order for a vertex to be swapped from the complement into the ideal to produce
a new ideal that is greater in lex order, the vertex being swapped in must haes bitarg
position than at least one maximal vertex to be swapped out. Thus the first O position to
consider is 7. As noted earlier, vertex 7 is greater than any vertex in a lowempsesi
the downset condition would be violated if vertex 7 were swapped in and an earlier
vertex were swapped out.

The next lowest 0 vertex position is 11, and the next lowest vertex position that is
minimal in the complement is 12. If we restrict ourselves to maximal and alinim

elements, we would swap the 10 out and the 12 in. The new maximal ideal vertex set
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would be {6, 9, 12}, and the new minimal complement vertex set would be {3, 5, 10}.
As for entry 6, we would swap the 9 and 3 entries, then the 6 and 5 entries to give
0001000100111111.

But this is entry 13, not entry 12. To generate the skipped ideal, we must set the
lowest O bit to 1 that can be extended to an ideal of rank 8, whether or not it is minimal in
the complement. This means setting bit 11 to 1. To preserve the downset condition, all
positions subsumed by 11 B3 must also be setto 1. Since 11 is not minimal in the
complement, at least one other bit must be set from 0 to 1. (In this case, 3 is the only bit
for which this must be done.) The maximal elements in entry 11 are {6, 9, 10} and bit
position 11 covers 9 and 10, so the only maximal that can be swapped to the complement
is vertex 6. We still need to swap one more vertex. By moving vertices 3 and 11 to the
ideal and vertex 6 to the complement, the boundary has changed: the maximal ideal
vertices are {4, 11} and the minimal complement vertices are {7, 12}. Vertex 4 can now
be moved to the complement to give the ideal in entry 12.

The remainder of Table 7.1 is constructed in this fashion. It is worth analyzing
the last entry to understand performance advantages of the ideal exchangeralgori
The smallest vertex position that can be swapped from the complement to theldeal is
We must also swap vertices 2, 6, and 10 into the ideal to preserve the downset condition.
After doing that, the maximal vertices in the ideal are {13, 14} and the minimakvert
the complement is {3}. We need to swap four vertices from the ideal to the complement.
Swapping 13 from the ideal to the complement gives maximal ideal vertices {5, 9, 14}

and minimal complement vertices {3, 13}. Swapping 9 from the ideal to the complement
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gives maximal ideal vertices {5, 14} and minimal complement vertices {3, 9}. Swapping
5 from the ideal to the complement gives maximal ideal vertices {1, 14} and {3, 5, 9}.
Swapping 1 from the ideal to the complement completes the ideal.

Note that each swap from the ideal to the complement moved the largest maximal
less than 14. This is the best we can hope to do. We must stay below bit 14 because bit
14 was just moved into the ideal and all higher-order bits must remain the same to keep
the next ideal as small as possible.

Note also that the bit positions set in the last entry of Table 7.1 match the first 8
bits generated by the max ideal generation algorithm (in the order 0, 8, 4, 12, 2, 10, 6, 14)
and so, by Theorem 6.13, this is the largest ideal in lex order of rank(B4n As in the
selective ideal generation algorithm, this becomes the termination conditite fickeal
exchange algorithm.

Suppose we did not use this as our termination condition and attempted to
construct another ideal using the above approach. The first and only O vertex that is
larger than at least one maximal ideal vertex is 15. If we add vertex 15 de#hene
must add every element because 15 is the top vert&x ifihis adds 8 vertices to the
ideal, so 8 vertices must be removed without removing vertex 15. But this is impossible
without violating the downset condition. In this case, adding a vertex that is notahinim
to the ideal does not allow the ideal to be extended to a new ideal of rank 8. The question
naturally arises as to whether this case only occurs when no more idealseaf eagk
exist. The answer is no. Itis indeed possible to move a non-minimal vertex and all its

predecessors from the complement to the ideal and “block” in the attempt to move the
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same number of vertices from the ideal to the complement. If this happens, the next
larger O bit needs to be set from 0 to 1. This is called a “retry”. Although this does not
happen in rank 8 of(B,), it happens occasionally in some rankg@,), J(Bs) and
J(Be),- The frequency of retries for a givkeiand rank is analyzed in Chapter 9.

One final point should be made about generation of the last entry in Table 7.1.
The numeric difference between successive ideals tends to increase dowmthe
table. In fact, this difference is largest by a significant amount betlwedast two
ideals. The selective ideal generation algorithm must go through a poteatigdy |
number of ideals to go from the next-to-last ideal to the last ideal for a ginken Thus
the ideal exchange algorithm is better at handling the worst-case campbttiveen
successive ideals in lex order than is the selective ideal generatiothahgori

On the other hand, the selective ideal generation algorithm is a little dpedtea
large subset of ideals of interest than is the ideal exchange algorithm, whsbnha
overhead in managing maximal and minimal vertex sets and occasional rAgiasule
of thumb, the ideal exchange algorithm is slightly better for running in pbaaitl the
selective ideal generation algorithm is slightly better for runninglseri@hapter 9
compares the runtime behavior of the selective ideal generation algoniththeaideal
exchange algorithm under various conditions.

The main points of the ideal exchange algorithm are summarized below:
e Start with the minimum ideal in lex order of rankhe lowest bits set to 1).
e To make the next exchange, find the smallest O ver{ewt necessarily minimal in

the complement; see for example entry 12 in Table 7.1) such that there is some
maximal ideal vertex that has a lower position thdrut is not a predecessorof

Let b be the maximal ideal vertex in the highest bit position that satisfies this
condition.
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e Moveu and all of its O predecessors (as for entry 12 of Table 7.1) from the
complement to the ideal
e Moveb from the ideal to the complement and adjust the boundary vertices. Repeat
this process with a nelw(smaller than the previoln until the same number of
vertices have been moved in each direction between the ideal and the complement (as
for entry 12 of Table 7.1). If this is not possible, retry with a higher vertexqosit
e Consider only boundary vertices in positions lower than the last valuasad. As
done for entry 6 of Table 7.1, repeatedly exchange the highest maximal ideabverte
and the lowest minimal complement verteas long a® has a higher bit position
thanu. Adjust the boundary after each exchange.
e Terminate when the algorithm generates the max ideal from the maxjéheshtion
algorithm.
Two efficiency enhancements can be made. The first is to pre-compute thte heig
of each vertex oBx. Then, for example, if ideals of rank 3 are being computed, skip
vertex 3 since any ideal containing vertex 3 must have at least the 4 vertices {0, 1, 2, 3}.
The other efficiency enhancement involves calculation of the boundary vertices.
Note that, to create the boundary vertex sets, each of theetzes of the Boolean lattice
Bx must be processed. The number of edges into and out of any vertex is bounded in each
direction by the numbdcof atoms. This is anelog n process where = Z, the number
of vertices. But once the boundary sets have been made, they do not need to be

recomputed after an exchange. Instead, adjust the boundary by examining th@siccess

of vertices pulled into the ideal for minimality in the complement, and the predexess

of vertices pushed out of the ideal for maximality in the ideal. THigs )elog 2in

the worst case, and this worst case does not happen all the time.

There is one case in which the boundary vertices must be recomputed from
scratch. This occurs when a retry is necessary. Some boundary adjustmentsunay oc
before this can be determined. To prepare for the eventuality of a retry, usd@w'sha
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copy of the most recently generated ideal'hen restoreand re-compute the boundary
vertices if a retry is necessary; otherwise the next ideal in lex bedemes the shadow
ideal after it has been fully processed.

We are now ready to give the ideal exchange algorithm. A proof of coisectne
will follow.

ALGORITHM: Ideal Exchange Algorithm

INPUT: Finite ranked poseP( <), rankr, imax= max ideal of rank

OUTPUT:  I[r] = ideals of rank in lex order, Whitney numbé&Mr], ¢, retries.

1 Define a total extensidn P — A p so that, ifu<vin P, thenf(u) < f(v) in Vp,.

2 For eachin N, construct a list of the successpsuch that ™(x) <e f *(y) in P.
3 For eachin N, construct a list of the predecessossich that (2) <e f (x) in P.
4 For eaclxin Np, construcH[x], the height ok in P.

5 Initializei =1[r][0] = 2" - 1,WMr] = 1,¢; = 0,e = false,un = 0.

6 While the most recently generated idedlmax

6.1 Sef =i; j will “shadow” i until i can be extended to the next lex order ideal.
6.2 If eis false, construct the upper bounddgyand lower boundarly, of i.

6.3 Find the smallest O hitsuch that all of the following conditions hold:

6.3.1 U= Un

6.3.2 Hlu]l < 2

6.3.3 uis larger than a maximal 1 bitsuch thaf Y(m) <f "*(u) is false.

6.4  Seb to the largest bit positiom satisfying 6.3.3.

6.5 Moveu and all predecessors notiitoj; letn, = number of vertices moved.
6.6  Adjust the upper boundady and lower boundarly, of j.

6.7 Do steps 6.7.1 through 6. htimes:

6.7.1 If no maximal vertex gfoccurs at bib or earlier, do the following:
6.7.1.1 See = false, seti, =u + 1, and incremert,.

6.7.1.2 Go to step 6.1.

6.7.2 Find the largest bit positiom< b of a maximal vertex in

6.7.3 Seb =mand move out ofj.
6.7.4 Adjust the upper boundddy and lower boundarly, of j.
6.8 Repeat steps 6.8.1 through 6.8.4:

6.8.1 Findm, the largest maximal ib, such tham < b. If there is nam, go to 6.9.
6.8.2 Seb=m.

6.8.3 Letu be the smallest minimal vertexh. If U, =& oru> b, go to step 6.9.
6.8.4 Moveu into j, moveb out ofj, and adjust the boundariegsandUy,.

6.9 Sei =I[r][Wr]] =], incremenWMr], sete = true, seti, = 0.
7 End of the while loop.
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We conclude this chapter by proving that the ideal exchange algorithm is correct.
In the following (as in the algorithm), “smaller” and “larger” referhie humerical bit
position ordering in the extension of the partial orde? td the totally ordered segment
Np), the integers {0 < ... | — 1}. ForP =B, this is the ordering given by the
numerical order of the integers represented by the characteristic iadraNhen we
wish to use the order relatior< w in P, we will say thatv subsumes.

Lemma 7.1:LetL, andUy, be the lower and upper boundary sets of an idefal
rankr in a ranked posd. That is,Ly is the set of maximal vertices iohndUj, is the set
of minimal vertices in the compleménat-i. Then

(@) Ifu= 1 is the smallest vertex o, then the smallest vertexn the new upper
boundary resulting from movingfrom P \i toi satisfiesu <v.

(b) If b= 0 is the largest vertex in, smaller than a fixed vertay, then the
largest vertex in the new lower boundary resulting from movimgomi to P \ i
satisfiesc < b < uj,.

Proof:

(a) The new upper boundary consists of all verticdd,df{ u} together with all
successors af that do not subsume any vertexdp\ {u}. By the hypothesis, is
smaller than every vertex Wy \ {u}, andu is smaller than all of its successors in any
total extension of in P to < in the natural numbers.

(b) Similarly, the new lower boundary consists of all verticds,daf{ b} together

with all predecessors tfthat are not subsumed by any vertekyh {b}. By the
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hypothesisb (and thusu,) is greater than every vertexlip\ {b}, andb (and thusu) is
greater than all of its predecessors.

The fixed vertexu, does not affect the argument but is technically required for
Lemma 7.1 to be used as intended. This also applies to the next lemma.

Lemma 7.2:Leti be an ideal of a ranked poset LetU = {u; < ... <up} be the
bit positions of a subset &\i andB = {b; < ... <b,} be the bit positions of a subset of
i, with B| =n = |U| for somen > 0, whereJ andB satisfy the following conditions:

() un<by

(i) b, <u, for a given vertexi,

(ii)) the string ofuy, bits with 1 in position®;, ..., b, and 0 elsewhere is the largest
string in lex order of length, with n 1 bits such that removal fronof the corresponding
n vertices, all from positions less thay) is an ideal, and

(iv) the string ofuy, bits with 1 in positions, ..., u, and O elsewhere is the smallest
string in lex order of length, with n 1 bits such that addition tmf the corresponding
vertices is an ideal.

Then

(@i\B,i+U,and (\B) +U=( +U)\B are all ideals,

(b) for 0<j<n,i+{uy, ..., u} is an ideal andi.s is the smallest minimal vertex bit
position less thaag, in P\ (i + {u, ..., u}), and

(c) for0O<m<n, i\ {bnm, ..., bn} is an ideal and,, , is the largest maximal vertex

bit position less thaoy ini \ {bp.me1, ..., bn}.
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Proof:

(a) By (iii), i \Bis an ideal. By (iv)i + U is an ideal. SinceandU are disjoint
andBci, (i\B)+U=( +U)\B. Supposei(\B) +U is not an ideal. Then there exist
andyin Psuchthak<yinP,y e (i\B) +U, andx ¢ (i \B) +U. Ify e (i \ B), thenx
(i \B) becausei(\B) is an ideal. Theg must be inJ, and soy € i + U and (sincéB and
U are disjointly € (i + U) \B. Also,x ¢ U because& ¢ (i \B) +U. Sincel +U is an
ideal andy € (i +U),x e (i +U). Butthenx e i. Butx ¢ i \B, sincex ¢ (i \B) + U.
Thenx € B,y € U, andx <y in P. But every vertex i (includingx) has a higher bit
position than every vertex ld (includingy) and the vertex bit position ordering is an
extension of the ordering i, a contradiction.

(b) Note thaty may contain some elements that are not minimBl\in Suppose
i +{uyg, ...,u}is not an ideal. Then there exist i + {uy, ...,u}andy e i+ {uy, ..., u}
such thak <yinP. Thenx ¢ i, and since is an idealy ¢ i. Theny € {uy, ..., u} andx
¢ {uy, ...,u}. Butxe U={uy, ...,un} becausa + U is an ideal containing Thenx =
up for somep >j andy = uy for someq < j, and sai, > uq. This impliesx>y, a
contradiction.

In particular,i + {us, ..., Us.q} is an ideal. Clearlyyjss € P\ (i + {uy, ..., u}) and
Ui+1< Up. Since the vertex numbering is an extensiog iof P, the smallest vertex iR \

(i +{ug, ...,u}) is minimal inP\ (i + {uy, ..., u}). By a similar argumenty, is maximal
in {us, ..., Un}. Supposew < uj.1is the smallest vertex A\ (i + {uy, ..., u}). Sincew e

P\(@+ {uy ...,u}), we {ug ..., u}, and sincew < Uj+1 < ... <Un, W & {Uj+1, ..., Un}.
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Thenw ¢ U, and thereforé+ {w, u, ..., U1} is an ideal and the bit string of positions
{w, uy, ..., Un.1} is lexicographically smaller thad, a contradiction.

(c) Suppose\ {bn.m+1, ..., bn} is not an ideal. Then there exist< zin P such
thatw ¢ i \ {bn.me1, ..., b} andz € i \ {bp.me1, ..., bn}. Thenz g {brme, ..., oo}, z€i
and, since is an idealw € i. Sincew ¢ i \ {bpms1, ..., bn}, W €{bpme1, ..., bn}, @and thus
wei\B.

Supposea € B={b, ...,by}. Sincez ¢ {brm:1, ...,bn}, ze {by, ..., bh.m}. Then
Z<w, since every vertex inbf, ..., b} is smaller than every vertex io{.m1, ..., bn}.
This is a contraction; thusg B and sa € i / B. Buti \ B is an ideal containingbut not
w, a contradiction. Therefore {b,.m+1, ..., bn} is an ideal.

In particular,i \ {by, ...,b.} is anideal. Clearlyb,m € i\ {brme1, ..., bn}, bpm<
Up, and the largest vertex in {bp.me1, ..., by} is maximal ini \ {b,m1, ..., by}. By a
similar argumentb, is minimal in {4, ..., by}. Supposer > b, is the largest vertex in
\ {bn-ms1, ..., b}, Sincev € i\ {bpmes, ..., B}y V & {Bpmes -.., b}, @nd sincev > by, >
.. >by, v {by ...,brm}. Thenv ¢ B, and therefore\ {v, by, ..., b} is an ideal and the
bit string of positions ¥, by, ..., b} is lexicographically larger thaB, a contradiction.

Corollary 7.3: The construction of ideaist {uy, ..., u} andi \ {bn.ms1, ..., b} IN
Lemma 7.2 is greedy. That is, fok(Q < n, repeatedly pick the smallest vertex not
already in the ideal, add it to the ideal and adjust the boundary. <For<On, repeatedly
pick the largest maximal vertex of the ideal in a bit position smallerihaemove it

from the ideal and adjust the boundary. Furthermore, these two processes are
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independent of each other as long as the vertices added are always in smallérdns pos
than the vertices removed.

Proof: Follows from (b) and (c) plus the fact that, since each minimal ugritex
smaller than each maximal vertexn:1, nou added can ever be maximal in the ideal and
nob removed can ever be minimal in the complement.

Lemma 7.4:Leti be an ideal in a posBf letx € P\i, and letYy ={y e P\i |y <
x}. Theni +Y is the unique smallest ideal Bfcontaining andx.

Proof: Letzei+Yandw<zinP. If ze i, thenw € i becauseis an ideal. It
e Y, thenz<x. Sincew<z w<x, and so eithew € i orw € Y. Therefora +Yis an
ideal. Letj be an ideal containingandx and letu € Y. Thenu<x, and sal € j.
Therefora +Y cj.

Lemma 7.5: The ideal exchange algorithm only generates ideals ofryaarid
they are generated in lex order.

Proof: By induction on the number of ideals generated. By Corollary 6.2, the
first ideal generated in step 5 is the smallest ideal ofrank

Leti be the most recently generated idedP.ofNote thau is used in the ideal
exchange algorithm to refer to the bit position of a vertex moved into the ideal. This
value changes during the main loop starting at step 6u,let the bit position found in
step 6.3 and sub-steps. By steps 6.5 and 6.9, bit pogitaord all predecessors (a total
of n, elements) not already irare changed from 0 to 1jn By Lemma 7.4, the result is
an ideal that has+ n, elements. By steps 6.3.3 and 6.4 pug smaller than biti,. In

loop 6.7 through 6.7.4, eitheg maximal elements are successively moved op(sieps
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6.7.2 through 6.7.4) or the temporary ideial scrapped (step 6.7.1 and sub-steps). By
Lemma 7.2 and Corollary 7.3, the result is an ideal that Besnents. In loop 6.8
through 6.8.4, bit positioh is moved to successively smaller positions as the
corresponding vertices are moved ouf, @nd the bit positions of vertices moved ijto
remain smaller than any of the bit positions moved oyt dhese exchanges are
greedily found in loop 6.8 and made one for one in step 6.8.4, and so by Lemma 7.2 and
Corollary 7.3, the result of each exchange is an ideal ofrrailo other vertices are
moved into or out of, and all bits moved out ¢fare lower-order thaw,, which is
changed from O to 1. Therefare j in lex order angl is assigned to be the next ideal
step 6.9. This extends the induction.

Lemma 7.6: The ideal exchange algorithm terminates in a finite number of steps
for any givenP andr.

Proof: For an arbitrary finite ranked poggtstep 1 can be done in polynomial
time. One approach is to find the minimal verticeB,ahen repeatedly pick any
minimal as the next vertex in sequence and recompute the set of minimal vertepss. S
2 and 3 can be done in polynomial time and are typically available as part of the
definition of P. Step 4 is computed for each vertex as the length of any path back to 0.
Step 5 i90(1).

Step 6 and sub-steps constitute the main loop of the ideal exchange algorithm.
There are finitely many ideals. By Lemma 7.5, each is computed in lex order. T
largest idealhaxis given as input and can be computed via the max ideal generation

algorithm and Theorem 6.13 for a Boolean lattice. Thus there are finitelyiteeations
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of the main loop. It suffices to show that each pass through the loop terminatesta a fini
number of steps.

Step 6.1 i$(1). Step 6.2 computes the maximal verticesasfd the minimal
vertices ofP \ i, which can be done in polynomial time. In loop 6.3 through 6.3.3, a
vertexu is found (if one exists) satisfying conditions 6.3.1, 6.3.2, and 6.3.3. There are a
bounded number of candidates for vemtexCondition 6.3.1 further limits the search.
Condition 6.3.2 is pre-computed. Condition 6.3.3 searches the maximal verii¢as of
bounded number of vertices) for one whose bit position is smaller than théD(f))
and is not a predecessorwftypically available from the definition &f). Step 6.4 is
O(2) if the largestn satisfying 6.3.3 is saved for each iteration of the search. Step 6.5 is
linear in the number of vertices.

Step 6.6 can be done in polynomial time. As each vertbat is moved intpis
maximal inj, any predecessors othat were previously maximal jrare no longer
maximal inj, and a successwuiof u becomes minimal iR \ j iff all of the predecessors
of v are inj.

The loop in steps 6.7 through 6.7.4 will exit early if there are lessHs that
can be moved out ¢f This is a retry case in which the main loop exits without finding
the next ideal; however, that can only happen a bounded number of times between any
two ideals because the vertex candidatelfimicreases each retry and is bounded above
by 2P There iI90(1) setup processing for the next retry in steps 6.7.1.1 and 6.7.1.2. The

largest bit position that can be moved out cén be found in polynomial time by starting
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from the largest maximdl in 6.7.2, moving out ofj in 6.7.3, and adjusting the
boundary vertex sets in 6.7.4.

That leaves loop 6.8 through 6.8.4. This loop repeatedly moves the largest
maximal out of, moves the smallest minimal of the complement jnémd adjusts the
maximal and minimal boundary sets, as long as the maximal movedjcdaé higher
bit position than the minimal moved into By Lemma 7.1 and Lemma 7.2, the sequence
of maximal vertices moved out pflecreases and the sequence of minimal vertices
moved intg increases, so this loop must terminate. Step 6.9 sets the next BER).in
This completes the proof.

Theorem 7.7:The ideal exchange algorithm is correct. That is, the ideal
exchange algorithm generates all ideals and only ideals of iar&x order and
terminates in a finite number of steps.

Proof: By Lemma 7.6, the ideal exchange algorithm terminates in arfimtber
of steps. By Lemma 7.5, the ideal exchange algorithm generates only idealkroh
lex order. It remains to show that the ideal exchange algorithm generatgsdeal of
rankr. This will be proved by induction on the number of ideals generated. By
Corollary 6.2, the first ideal generated in step 5 is the smallest idealkaf. ra

Leti, be the most recently generated ideal, anglebe the next ideal of rank
in lex order. Since,. is larger than, in lex order, the highest-order bit in whighand
in+1 differ must be a 0 in, and a 1 innq. Furthermore, this bit must be as low as
possible (i.e., that allows an ideal of rario be made from, by changing only this bit

and lower order bits). Step 6.3.3 continually tries the lowest candidateid a value

109



is found foru that allows, to be extended to an ideal of ranksing only lower order
bits. More precisely, step 6.5 moweand all predecessors (a totahgfvertices) not
already inip to ], a “shadow” copy of,. By Lemma 7.4, this is the smallest number of O
bits that must be changed to 1 so that the resulting characteristic vectateslaand
they must occur in the positionswénd all predecessors whot already in,.

Then steps 6.7 and sub-steps attempts to move an equal mgrabeertices at
positions below out ofi,. There are two cases:

Case 1: Itis not possible to mowygvertices from positions smaller tharut of
in to form a new ideal of rank Since the portion of the algorithm to find tiyevertices
(if they exist) is greedy (by Corollary 7.3), this case is determined eea is no
maximal vertex at a position belawto move out of,. Then the assignmeuat, =u + 1
at step 6.7.1.1 causes the next value tof be searched starting from one bit position
higher than the value that was just tried. The retry cqumthich is initialized to O in
step 5, is incremented and the algorithm returns to the beginning of the main loop.

Case 2: Itis possible to mowmgvertices from positions smaller thamut ofi, to
form a new ideal of rank Letuy, be the value ofi from step 6.5. By Lemma 7.2 (c) and
Corollary 7.3, the largest bit pattern in lex order of positions bejawoved out of;, is
found by successively moving the largest maximal vertex at a position bgtow ofi,
and adjusting the boundary vertex sets. Steps 6.7.2 through 6.7.4mdithiss. Then
steps 6.7.2 through 6.7.4 find the highest bit pattery @fs converted to 0’s over alll
possible ideals lexicographically greater thanThat is, the result is as small as possible

among ideals that swarp vertices into and out of at bit positionsi and lower.

110



If step 6.7 and sub-steps are successful, the result is the smallegbidaalkr
that is larger than, and only moves and all of its predecessors intolf j > in1, the
highest bit positioB at which they differ must be belaw and must be a 0 iR, and a
1linj. Sincei is an idealp must be maximal in LetU be the set of vertex bit
positions that are 0 inand 1 iniy+1, and leB be the set of vertex bit positions that are 1
inj and 0 inip+1. Then the largest bit position bhis smaller than the smallest bit
position inB, the largest bit position iB is belowu,, |U| = B| is as large as possible, and
the bit positions o) andB are respectively as small and as large in lex order as possible.
By Lemma 7.2 and Corollary 7.3, the verticedJiandB are found by successively
moving the largest maximal vert®of j belowu, out ofj, moving the smallest vertex
not already in intoj, and re-computing the boundary, as long &. Steps 6.8 and
sub-steps accomplish this; the effect is to move the 1's lower and the O’s higher. By
Lemma 7.1, the sequence of 0 bits to swap in increases and the sequence of 1 bits to swap
out decreases. By Lemma 7.2 and Corollary 7.3, the result is the best possibleideal; i
at the end of the procegs; in+1 IS the smallest ideal in lex order larger thanThe
algorithm moves to i, saves this new ideal in the arlagf ideals, and increments the
Whitney numbeMr], which is initialized to 1 for the initial ideal in step 5. The bit
positionuy, used to start the search for the neid set to O, its default value. This
extends the induction.

The algorithm halts when the largest ideal in lex ongdgy, has been generated.
Since every ideal is generated in lex ordglyis guaranteed to be found as the last ideal

generated. This completes the proof.
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It should be noted that the max ideal generation algorithm used to gepgrate
assumes tha is a Boolean lattice. The ideal exchange algorithm assumagthat
input. Also note that steps 4 and 6.3.2 are specific to a Boolean lattice but are only
present for efficiency reasons. These steps can be eliminated. Thegedgtinthm
will work for any ranked posé® but may have more retries than the algorithm as written

for P = By.
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CHAPTER 8: NORMALITY TEST AND VERIFICATION PROGRAMS

Two computer programs were developed to test the normalitgBpf. The first
program, “normaltest”, performs the ideal equivalence class constructionpséts
bipartite networks, runs the MPM flow algorithm and outputs the results. The second
program, “checker”, reads in the data generated by normaltest and performstahecks
verify the consistency of the input data and to 5€Bf) for normality.

The posets tested for normality wek@y) for k € {1, ..., 6}. Case 6 was by far
the most computationally challenging case. The challenges posed includedtizggesi
to store each ideal, large data sets to store the set of all ideal equvadisses, and
long computation times to find the equivalence classes and perform the flow @ahsulat
These problems were addressed in part by the structure of the computer praxgdam
part by the development environment. We discuss each of these in turn.

The development environment used was the computer system of the University of
California, Riverside, Department of Computer Science and Engineeringcofitpiter
was an SGI ALTIX 4700, consisting of 32 Itanium 1.594 GHz processors and 64 GB
RAM, using the Linux command line operating system. The Intel icc C compiter wa
used to generate the executable program from the source, using the followinghcomma
/opt/intel/cc/9.1.042/bin/icc normaltest.cpp

This takes the C++ source program, normaltest.cpp, and generates the executabl

file a.out, which is then renamed normaltest. A similar process was used to ctwpile t
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C++ program checker.cpp via the command /opt/intel/cc/9.1.042/bin/icc ch@gkand
renaming the a.out file produced as checker.

The source files normaltest.cpp and checker.cpp are listed in Appendices B and
D, respectively. Both appendices are available as separate eledtesnidhe
remainder of this chapter discusses the two programs.

The program normaltest is run entering the command ./normaltest followed by a
carriage return. The normaltest program begins by requesting input datarstTlinput
prompt is

enter E for exchange algorithm or S for selective algorithm

The user then enters E (or e) to run the exchange algorithm, or S (or s) to run the
selective algorithm. The next input prompt is

make classes? (Y or N)

The user enters Y (or y) to make equivalence classes from the gengealsdar
N (or n) to run the program on the individual ideals. The next input prompt is

input n:

The user then enters an integer value in the range {1, ..., 7}. The program then
computes the maximum ranR &nd outputs the following prompts:

input integer ranks such that 0 <= lowest rank < highest rank <= 2

lowest rank=

highest rank=

After the user enter the desired ranks, the last input prompt is displayed:

trace on? (Y or N)
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The user then enters Y (or y) to cause the generation of a trace fil§ppn)No
decline this option. Trace files give detailed information about the computations
performed by the MPM flow algorithm and are intended only if a detailed anaysis
desired. Fon = 6, the trace files are on the order of a million lines of text, so one should
use the “trace on” option judiciously.

As an example, the following prompts and inputs (showsold) set up the
normaltest program to use the selective ideal generation algorithm t@quiléilence
classes of ideals and run the MPM flow algorithm for all rank&B§) with no trace file:

enter E for exchange algorithm or S for selective algorhm

make classes? (Y or N)

input n:5

input integer ranks such that 0 <= lowest rank < highest rank <= 32

lowest rank=0

highest rank=32

trace on? (Y or NN

Note that the selective ideal generation algorithm run over all ranks ibgust t
traditional ideal generation algorithm.

The normaltest program then runs without any further input from the user. For

J(B,) throughJ(Bs), the program terminates in real time even when all ranks are

specified. For one pair of adjacent ranks near the middi€BgJ, however, the program

requires days of execution time. By Proposition 4(B)| grows nearly as fast a§k2

and this growth becomes apparenk gees from 5 to 6. This dramatic increase in
execution time had a profound effect on the debugging and execution of the normaltest
program for the cas®Bg). It may be qualitatively stated that, for this problem, “5 is

easy and 6 is hard”. See Chapter 9 for execution times of the cases run in this study

115



Because the execution times can be large, the normaltest program provides
outputs to the terminal screen during execution to give the user a sense of thesbgre
the program, in addition to the output files generated.

The outputs produced by the normaltest program will be discussed next. There
are three output destinations. As noted above, data are output to the terminal screen. The
output file output.txt is generated along with the file data.txt that is input thveker
program.

Upon receipt of the input discussed above, the normaltest program begins
generating ideals (and, if so specified, equivalence classes of idealg)oriradtest
program outputs a line to the terminal screen whenever a new ideal equivalesice clas
generated. New equivalence classes are created much more quickly atrthinped
this process than at the end, but the user can at least watch the progress ofahikgart
program. The user is informed that all ideals have been generated when the message
“done generating ideals” is displayed on the terminal screen.

The program then sets up the bipartite flows and executes the MPM algorithm.
This is another computationally intensive process that involves phases as digtussed i
Chapter 5, so the program displays a message when processing for a phasathegins a
again when it ends.

At the end of the normaltest program, the results are displayed on the terminal
screen. These include whether or fi@@y) is normal over the specified ranks, the

calculated Whitney numbers, the Dedekind numi@}|, and whether or not(By) is
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unimodal. The last two outputs are only generated if either all the ranks from #re low
half of 9(B) or all the ranks from the upper half #fByx) were run.

The file output.txt is intended to be a human-readable version of the results.
Identifying information is displayed based on the inputsifand the ranks of interest.
This is followed by the time to generate the ideal equivalence classestarddeal
exchange algorithm was used) the number of retries (see Chapter 7) per rarekdathes
are used to analyze the performance of the program options as discussed inhapte
Then, for each pair of adjacent ranks, the flow calculation time is given, followed by a
list of the edges with capacities and flows. At the end of the output.txt file sihlésrare
listed. These results include whetli€By) is normal over ranks specified, the Whitney
numbers of the specified ranks, and if sufficient ranks were specified, the Dedeki
number §(By)| and whethef(By) is unimodal. The specific output.txt files generated for
each case run in this study are shown in Appendix C, available as a sepanateielect
file.

The file data.txt is a more simply structured version of the results that isanput t
the checker program. The format of this file will be discussed later inhhjser.

These files are generated as follows. First, the ideals are genefat¢hey are
generated, new equivalence classes, and edges between equivalenceactasseeted
as necessary. The weight of each equivalence class is its cardinality.foFteach pair
of adjacent ranks, the normalized bipartite flow problem is created, scaled uggter int

capacities, and solved using the MPM algorithm as discussed in Chapter 5.
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Before discussing the checker program, the resolution of some computational
challenges pertinent to the normaltest program will be discussed. To hanellddtag
sets, the characteristic vectors were represented as bit stringsavdssensiderable
storage at the expense of the need for long words. The long long data type, &hich is
64-bit unsigned integer, was used extensively for this reason. In addition, a ¢emposi
data type was created that spreads the characteristic vector bitsuttyglerwords. This
necessitated the need to perform multi-word arithmetic. Fortunately, ttidéanehis
was limited to the setting and testing of bits; no arithmetic operations sudtigsraor
multiplication were necessary on the characteristic vectors.

A more subtle problem arose in the implementation of the MPM algorithm. The
statement of the algorithm in [Even 1979] did not address some necessary bookkeeping
details. The discovery and implementation of these required details wasmabrihe
challenging given the need to run long data sets over many days and wade through
millions of lines of trace files to find a new error and fix it. The bookkeeping &=atur
that were discovered and added in this manner occur when a vertex of O potential is
eliminated from the active vertex set. It was found to be necessary to lpeuagdred
network of all successors and predecessors, propagating this amidtdack te for any
other vertices that no longer are on any path fsaat. It was also discovered that the
input and output potential of remaining vertices needed to be adjusted for the deletion of
each vertex removed from the active vertex set, either because it has O lpmtentia

because it is no longer on a path freto t.
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One implementation detail that was easy to solve was the execution of versions of
the program in parallel. This gives the improved calendar time for solution of foany f
problems and was the motivation behind the development of the new selective ideal
generation and ideal exchange algorithms. To implement parallel execution, the
normaltest program was simply copied into multiple subdirectories, one fomstéahde
of the program to be executed in parallel.

Once the data files have been generated by the normaltest programgthenpro
checker is run using the command ./checker followed by a carriage return.isThere
user input; program checker searches for a file named data.txt in the sact@gir This
file is one of the files generated as output by the normaltest program, anddegralli
the input data needed by the checker program. In the parlance of computadmlity t
the data.txt file provides the certificate that demonstrates a solutiontigptrate
normalized flow problem.

The structure of the file data.txt will be described next. The specificxddtkes,
output from the normaltest program and input to the checker program, are listed in
Appendix E, which is available as a separate electronic file.

The first entry in data.txt is the valueroinput to the normaltest program. Then,
for each pair of adjacent ranks, the lower rank and Whitney number are input, dllowe
by the higher rank and Whitney number. Next comes the number of vertices
(equivalence classes) in the lower rank. For each vertex, the vertex numbbkt,andig
number of edges coming into the vertex are read in. The vertex numbers are sequential,

and a consistency check is performed to ensure that this is the case in thefiliata.txt
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For each incoming edge, the edge number and the flow on the edge reported by the
normaltest program are read in. The total flow into the edge is calculated andexmpar
to the total flow into the edge read in from the data.txt file. This structure msteeper
the outgoing edges. A check is performed to ensure that flow is conserved for each
vertex; i.e., the total flow in equals the total flow out.

Once the data for all vertices in the lower rank have been read in, the same data
are read in and processed in a similar manner for all vertices in the upper rank. A
additional check is made to verify that the flow specified on an edge comingvettea
in the upper rank is the same as the flow specified on the same edge going outexf a ve
in the lower rank. As for vertices in the lower rank, each vertex in the upper rank is
checked to ensure that flow is conserved.

Then the data for the edges going ous,@&nd the data for the edges coming into
t, are read in and processed in a similar manner. Once again, the flow on an edge going
out ofs or coming inta is compared to the flow read in for the same edge when input
flows into vertices in the lower rank, or output flows from vertices in the upper rank,
respectively, were processed.

The final input is the calculated normal flow reported by the normaltest program
This value must match the product of the two Whitney numbers read in, the total flow out
of s, the total flow into all vertices of the lower rank, the total flow out of all verotes
the lower rank, the total flow into all vertices of the upper rank, the total flow out of al

vertices of the upper rank, and the total flow intdhese values must all be equal in
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order for the checker program to verify that the flow calculated by the fiestna
program was indeed a normalized flow.

The output of the checker program is a data file named checkfile.txt. The format
of this file is as follows. Identifying informatiom @nd the ranks of interest) is listed
first. Then the main result is listed. For successful runs, the messaggeatispla-low
is normal and calculations are consistent”. A “Flow calculation mismatessage
indicates failure. The rest of the checkfile.txt file contains supporting ddlta
calculated total flow values (normal flow, flow out®flow into the lower rank, flow
out of the lower rank, flow into the upper rank, flow out of the upper rank, flovt)iate
displayed. Then, if the Whitney numbers read in match the values calculatethédrom
sum of the vertex weights, the message “Whitney numbers check for both ranks” is
displayed. A “Whitney number mismatch” indicates an error. Then the mesdage “F
is conserved for all vertices” is displayed if true. The message “Floot isonserved for
all vertices” indicates an error. The checkfile.txt file ends with the fhto, and out of,
each vertex as supporting data.

Appendix F is a separate electronic file that contains the checkfiiéesctdr
each case run in this study. All results considered in this study werassutce

indicating thaty(By) is normal for integer values &ffrom 1 through 6.
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CHAPTER 9: RESULTS

This chapter contains the main empirical results from the normaltest andrchecke
computer programs. These programs show{By is normal and unimodal, and
therefore strongly Sperner, for integer valuek fsbm 1 through 6.

The strategy used to verify the results, especially for the computationally
intensive cas& = 6, is important enough to be discussed prior to the presentation of the
results. Fok = 1 through 4, the results can be calculated by hand, and are done so in this
chapter. This provides a baseline against which the computer solutions can beedompar
Fork =5 or 6, the computer runs become the baseline, with spot checks performed to
ensure consistency. It is not feasible to perform hand calculations overkalfoak = 5
or k = 6, but hand calculations are still possible for ranks near the bottom and top.

The above strategy focuses on extension of normality tests to higher-order case
An additional strategy was used to establish the correctness of the new alfeaigex
algorithm. The first step was to prove the correctness of the new algoiittisiwas
done in Chapter 7. Then the normaltest program was run over all the data sets hsing bot
the selective ideal generation algorithm and the ideal exchange algo8ihob checks
were performed on details such as the number of vertices and edges in th@ quotie
network and the total flow, in addition to the main checks (correctness of Dedekind
numbers and flows).

This strategy confirmed that the results were consistent and correct.ratbgyst
combined theory with empirical evidence. As L. H. Harper points out, mathemadics a

computer science are empirical sciences as much as they are fonalthe
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The rest of this chapter provides the detailed analyses of the resultsvervgt
show a non-Sperner example and verify that the flow algorithm does not produce a
normalized flow. Figure 9.1 shows a graded poset that is not Sperner, and therefore not

normal, because the largest antichanly e, f} does not lie on one rank.

Figure 9.1. A Graded Poset that is Not Sperner

If we consider the bipartite flow problem on the middle two ranks with added
verticess andt, we have a diagram identical to the entire poset. For a unit flow to exist,
there must be a flow of 1/3 out of eachapb, andc and a flow of 1/3 into each df e,
andf. But then each a andb must give all of its flow tal, and sad would have a flow
of 2/3 coming into it, a contradiction.

Hand solutions fod(By) / S, k=1, ..., 4, will be given next, starting with the
ideals given in Table 9.1 as characteristic vectors. The next proposition shotke tha
elements off(By) in lex order include the elements&B,), ..., J(Bk.1) as initial

segments.
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Proposition 9.1:The lex ordering o (Bx) has nested solutions; i.e., for 0,

J(Bk-1) occurs in lex order (with leading 0's) in the first(B«.1) | positions of7(By).

Proof: Each idedlin J(By.1) “is” an ideal ofJ(By). (That is, the inclusion map
injectsi into J(By) using only thék— 1 smallest atom®22", ..., %) Conversely, every
ideal of 9(By) that does not use the largest atdth“es” an ideal of7(B..1). Thus the
ideals ofJ(By) that do not use the largest atofit are precisely the ideals 6tBy.).

Since the other ideals d{B,) use the largest atoni?2 the ideals off(B..1) occur in lex
order as the initial segment &(Bj).

Thus the ideals af (B,) include the ideals of (B,) as an initial segment, the
ideals of7(B,) as a larger initial segment, and the ideal§(8§) as a still larger initial
segment. This is reflected in Table 9.1 below. The entry unfew number) gives the

numerical order of the ideal in lex order, so thaf(By) — N3, with f(n) =iy, then"

ideal of J(By), is a total extension of the inclusion ordering7{#,). The entry undek

is the smallest value &fsuch that7(By) contains the ideal (see Proposition 9.1). The
table shows a border where the valu& ofcreases, giving the boundaries J¢B;),

J(B,) andJ(Bs). The entry under rank gives the number of 1 bits (cardinality) of'the
ideal of J(By), which is shown next in binary followed by the corresponding decimal
value under “value”. The immediate predecessors and successors for tlaedddeiwn
as their numerical order (row number) undefThe entry under “dual” is the numerical
order (row number) entry of the anti-automorphic ideal defined by reversal and

complementation in Definition 4.11.
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Table 9.1. Ideals of7(B1), J(B>), J(Bs), and J(B,) in Lex Order (1 of 6)

n k| rank nmidealoti(BQ value | predecessors] successors ual
0 0/ 0 0000000000000000, O 1 167
1 01 0000000000000001] 1 0 2,3,6,20 166
2 12 0000000000000011| 3 1 4,7,21 147
3 2|2 0000000000000101] 5 1 4,8, 22 161
4 2|3 0000000000000111] 7 2,3 5,9, 23 133
5 2| 4 0000000000001111] 15 4 10, 24 838
6 3|2 0000000000010001] 17 1 7,8,25 164
7 3|3 0000000000010011] 19 2,6 9, 11, 26 144
8 3/3 0000000000010101] 21 3,6 9, 14, 27 158
9 34 0000000000010111] 23 4,7,8 10, 12, 15, 28 128
10 | 3|5 0000000000011111] 31 59 13, 16, 29 17
11 | 3|4 0000000000110011] 51 7 12, 30 139
12 | 3|5 0000000000110111] 55 9,11 13,17, 31 108
13 | 3|6 0000000000111111] 63 10, 12 18, 32 52
14 | 3|4 0000000001010101] 85 8 15, 33 153
15 | 3|5 0000000001010111] 87 9,14 16, 17, 34 119
16 | 3|6 0000000001011111] 95 10, 15 18, 35 66
17 | 3|6 0000000001110111] 119 12, 15 18, 36 97
18 | 3|7 0000000001111111] 127 13, 16, 17 19, 37 38
19 | 3|8 0000000011111111] 255 18 38 19
20 | 42 0000000100000001] 257 1 21, 22,25 165
21 | 43 0000000100000011| 259 2,20 23, 26, 39 146
22 | 43 0000000100000101| 261 3,20 23, 27,53 160
23 | 4|4 0000000100000111| 263 4,21, 22 24, 28, 40, 54 132
24 | 45 0000000100001111] 271 5,23 29, 41,55 32
25 |43 0000000100010001| 273 6, 20 26, 27, 84 163
26 | 44 0000000100010011| 275 7,21, 25 28, 30, 42, 85 143
27 | 4|4 0000000100010101] 277 8, 22, 25 28, 33, 56, 86 157
28 | 4/5 0000000100010111] 279 9, 23, 26, 2] 29, 31, 34, 4327

57, 87
29 | 4/6 0000000100011111] 287 10, 24, 28 32, 35, 44, 586

88
30 | 4/5 0000000100110011] 307 11, 26 31, 45, 89 138
31 | 4/6 0000000100110111] 311 12, 28, 30 32, 36, 46, 39,07

90
32 | 47 0000000100111111] 319 13, 29, 31 37,47, 60, 91 51
33 [ 4/5 0000000101010101] 341 14, 27 34, 61, 92 152
34 | 46 0000000101010111] 343 15, 28, 33 35, 36, 48, 62,18

93

125



Table 9.1. Ideals of7(B1), J(B>), J(Bs), and J(B,) in Lex Order (2 of 6)

n k| rank nmidealoti(BQ value | predecessors] successors ual
35 |47 0000000101011111] 351 16, 29, 34 37, 49, 63, 94 65
36 |47 0000000101110111] 375 17, 31, 34 37,50, 64, 95 96
37 |48 0000000101111111] 383 18, 32, 35,86 38, 51, 65, 96 37
38 |49 00000001111111121] 511 19, 37 52, 66, 97 18
39 |44 0000001100000011| 771 21 40, 42 45
40 | 4|5 0000001100000111| 775 23, 39 41, 43, 67 130
41 | 4|6 0000001100001111| 783 24, 40 44, 68 80
42 | 4|5 0000001100010011 787 26, 39 43, 45, 98 141
43 | 4|6 0000001100010111] 791 28, 40, 42 44, 46, 48, 69,23
99
44 417 0000001100011111] 799 29, 41, 43 47,49, 70,100 |72
45 | 4|6 0000001100110011] 819 30, 42 46, 101 136
46 | 4|7 0000001100110111] 823 31, 43, 45 47,50, 71, 102 |103
47 | 4/ 8 0000001100111111] 831 32, 44, 46 51,72, 103 A7
48 | 4|7 0000001101010111] 855 34, 43 49,50, 73, 1104 113
49 | 4/ 8 0000001101011111] 863 35, 44, 48 51, 74, 105 60
50 | 4/8 0000001101110111] 887 36, 46, 48 51, 75, 106 01
51 | 49 0000001101111111] 895 37,47,49,60 52,76, 107 32
52 | 4|10 0000001111111111] 1023 38,51 77,108 13
53 | 4|4 0000010100000101] 1285 22 54, 56 59
54 | 45 0000010100000111] 1287 23,53 55, 57, 67 131
55 | 4/6 0000010100001111] 1295 24, 54 58, 68 1
56 | 4/5 0000010100010101] 1301 27,53 57,61, 109 155
57 | 4/6 0000010100010111] 1303 28, 54, 56 58, 59, 62, 69,25
110

58 | 4/7 0000010100011111] 1311 29, 55, 57 60, 63, 70, 111 |74
59 | 47 0000010100110111] 1335 31, 57 60, 64, 71, 112 |105
60 | 4/ 8 0000010100111111] 1343 32,58, 59 65, 72, 113 49
61 | 4/6 0000010101010101] 1365 33, 56 62,114 |50
62 | 47 0000010101010111] 1367 34,57,61 63, 64, 73,115 |116
63 | 4/8 0000010101011111] 1375 35, 58, 62 65, 74, 116 63
64 | 4 8 0000010101110111] 1399 36, 59, 62 65, 75, 117 94
65 |49 0000010101111111] 1407 37,60,63,64 66, 76,118 35
66 | 4|10 0000010111111211] 1535 38, 65 77,119 16
67 | 46 0000011100000111] 1799 40, 54 68, 69 29
68 | 47 0000011100001111] 1807 41, 55, 67 70,78 79
69 | 47 0000011100010111] 1815 43, 57, 67 70,71,73,120 (121
70 | 48 0000011100011111] 1823 44,58, 68,69 72,74,79,121 |70
71 4| 8 0000011100110111 1847 46, 59, 69 72,75, 122 100
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Table 9.1. Ideals of7(B1), J(B>), J(Bs), and J(B,) in Lex Order (3 of 6)

n k| rank nmidealoti(BQ value | predecessors] successors ual
72 4/ 9 0000011100111111 1855 47,60, 70,[71 76, 80, 123 44
73 | 4|8 0000011101010111] 1879 48, 62, 69 74,75, 124 111
74 | 4,9 0000011101011111] 1887 49, 63, 70,73 76,81, 125 58
75 4/ 9 0000011101110111 1911 50,64, 71,73 76, 126 88
76 | 4|10 0000011101111111] 1919 51, 65, 72,747, 82, 127 29
77 | 4/ 11 0000011111111111] 2047 52, 66, 76 83, 128 10
78 | 48 0000111100001111] 3855 68 79 78
79 | 4,7 0000111100011111] 3871 70, 78 80, 81, 129 58
80 | 4|10 0000111100111111] 3903 72,79 82, 130 41
81 4 10 0000111101011111 3935 74, 79 82,131 55
82 | 411 0000111101111111] 3967 76, 80, 81 83, 132 P4
83 4/ 12 0000111111111111 4095 77,82 133 5
84 | 44 0001000100010001| 4369 25 85, 86 162
85 |45 0001000100010011] 4371 26, 84 87, 89, 98 142
86 |45 0001000100010101] 4373 27, 84 87,92, 109 156
87 | 4|6 0001000100010111] 4375 28, 85, 86 88, 90, 93, 99,26

110
88 |47 0001000100011111] 4383 29, 87 91, 94, 100,(111 (75
89 |46 0001000100110011] 4403 30, 85 90, 101 137
90 | 4|7 0001000100110111] 4407 31, 87, 89 91, 95, 102,112 (106
91 | 4/8 0001000100111111] 4415 32, 88, 90 96, 103, 113 50
92 | 4/6 0001000101010101| 4437 33, 86 93, 114 151
93 | 4/7 0001000101010111] 4439 34,87, 92 94, 95, 104,115 (117
94 | 4/ 8 0001000101011111] 4447 35, 88, 93 96, 105, 116 64
95 | 4/8 0001000101110111] 4471 36, 90, 93 96, 106, 117 95
96 | 49 0001000101111111] 4479 37,91,94,095 97,107, 118 36
97 | 4|10 0001000111111111] 4607 38, 96 108, 119 17
98 | 4/6 0001001100010011] 4883 42, 85 99, 101 140
99 | 47 0001001100010111] 4887 43, 87, 98 100, 102, 104,22

120
100 | 4/ 8 0001001100011111] 4895 44, 88, 99 103, 105, 121 71
101 | 47 0001001100110011] 4915 45, 89, 98 102, 134 135
102 | 4/ 8 0001001100110111] 4919 46, 90, 99, | 103, 106, 122, | 102

101 135
103 | 49 0001001100111111| 4927 47,91, 100, 107, 123, 136 46
102

104 | 4/ 8 0001001101010111] 4951 48, 93, 99 105, 106, 124 112
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Table 9.1. Ideals of7(B1), J(B>), J(Bs), and J(B,) in Lex Order (4 of 6)

n k| rank | " ideal of9(By) value | predecessors] successors ual

105 | 4 9 0001001101011111] 4959 49, 94, 100, 107, 125 59
104

106 | 4/ 9 0001001101110111] 4983 50, 95, 102, 107, 126, 137 90
104

107 | 410 | 0001001101111111 4991 51, 96, 103,108, 127, 138 31
105, 106

108 | 411 | 0001001111111111 5119 52,97, 107 128, 139 12

109 | 4 6 0001010100010101] 5397 56, 86 110, 114 154

110 | 47 0001010100010111] 5399 57, 87,109 111,112, 118324

120

111 | 4 8 0001010100011111] 5407 58,88,110 113, 116, 121 73

112 | 4 8 0001010100110111] 5431 59, 90, 110 113, 117, 122 104

113 | 49 0001010100111111] 5439 60,91, 111} 118, 123 48
112

114 | 47 0001010101010101] 5461 61, 92, 109 115, 148 149

115 | 4/ 8 0001010101010111] 5463 62,93, 110,116, 117,124, | 115
114 149

116 | 4/ 9 0001010101011111] 5471 63,94,111, 118, 125, 150 62
115

117 | 49 0001010101110111] 5495 64, 95,112} 118, 126, 151 93
115

118 | 410 | 0001010101111111 5503 65, 96, 113,119, 127, 152 34
116, 117

119 | 411 | 0001010111111111 5631 66,97, 118 128, 153 15

120 | 4/ 8 0001011100010111] 5911 69,99, 110 121,122, 124 120

121 | 4 9 0001011100011111f 5919 70, 100, 111123, 125, 129 69
120

122 | 49 0001011100110111] 5943  71,102,11R123, 126, 140 99
120

123 | 4 10 0001011100111111 5951 72,103, 1113127, 130, 141 43
121,122

124 | 4 9 0001011101010111 5975 73, 104, 115125, 126, 154 110
120

125 | 4 10 0001011101011111 5983 74,105, 116127, 131, 155 57
121,124

126 | 4 10 0001011101110111 6007 75, 106, 11j7127, 142, 156 87
122,124

127 | 411 | 0001011101111111 6015 76, 107, 118128, 132, 143, | 28
123, 125, 126| 157
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Table 9.1. Ideals of7(B1), J(B>), J(Bs), and J(B,) in Lex Order (5 of 6)

n k| rank nmidealoti(BQ value | predecessors] successors ual
128 | 4/ 12 0001011111111111 6143 77,108, 119133, 144, 158 9
127
129 | 4 10 0001111100011111 7967 79, 121 130, 131 657
130 | 4 11 0001111100111111 7999 80, 123, 129 132, 145 40
131 | 4/ 11 0001111101011111] 8031 81, 125, 129 132, 159 54
132 | 4/ 12 0001111101111111f 8063 82, 127, 130133, 146, 160 23
131
133 | 4 13 00011111111111113 8191 83, 128, 132 147, 161 4
134 | 4 8 0011001100110011] 13107 101 135 34
135 | 49 0011001100110111 13110 102, 134 136, 137, 140 101
136 | 4 10 0011001100111111 13119 103, 135 138, 141 A5
137 | 4/ 10 0011001101110111] 13175 106, 135 138, 142 89
138 | 4 11 0011001101111111 13183 107, 136, 137 139, 143 30
139 | 4/ 12 0011001111111211] 13311 108, 138 144 11
140 | 4 10 0011011100110111 14135 122, 135 141, 142 08
141 | 4/ 11 0011011100111111] 14143 123,136,140 143,145 42
142 | 4 11 00110111011101112 14199 126, 137,140 143, 162 85
143 | 4 12 00110111011111112 14207 127, 138, 14144, 146, 163 26
142
144 | 4 13 00110111111111112 14335 128, 139, 143 147,164 7
145 | 4/ 12 0011111100111111 16191 130, 141 146 39
146 | 4 13 00111111011111112 16255 132, 143, 145 147, 165 21
147 | 4 14 00111111111112211] 16383 133,144,146 166 2
148 | 4 8 0101010101010101| 2184 114 149 48
149 | 4 9 0101010101010111] 2184{f 115, 148 150, 151, 1%4 114
150 | 4| 10 0101010101011111] 21855 116, 149 152, 155 61
151 | 4 10 0101010101110111 21879 117,149 152, 156 92
152 | 4/ 11 0101010101111111] 21887 118,150,151 153, 157 33
153 | 4 12 0101010111111111 22015 119, 152 158 14
154 | 4 10 0101011101010111] 22359 124,149 155, 156 109
155 | 4/ 11 0101011101011111] 22367 125,150, 154 157, 159 56
156 | 4 11 0101011101110111 22391 126, 151, 154 157,162 86
157 | 4/ 12 0101011101111111] 22399 127,152, 1588, 160, 163 27
156
158 | 4 13 0101011111111111] 22527 128,153,157 161, 164 8
159 | 4 12 0101111101011111 24415 131, 155 160 53
160 | 4 13 0101111101111111] 24447 132,157,159 161, 165 22
161 | 4 14 0101111111111111 24575 133,158,160 166 3
162 | 4/ 12 0111011101110111] 30583 142,156 163 34
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Table 9.1. Ideals of7(B1), J(B>), J(Bs), and J(B,) in Lex Order (6 of 6)

n k| rank | " ideal of9(By) value | predecessors] successors ual
163 | 4/ 13 0111011101111111] 30591 143, 157,162 164, 165 25
164 | 414 | 0111011111111111 30719 144,158,163 166 6
165 | 414 | 0111111101111111 32639 146, 160, 163 166 20
166 | 4 15 0111111111111111) 32767 147,161, lcke7 1

165
167 | 4 16 1111111111111111 65535 166 0

In the following, ideals of(B,) will be referenced by their numeric order (row
number in Table 9.1). Table 9.1 was generated by hand, using the traditional ideal
generation algorithm. This is potentially an error-prone process. Howeseoimputed
values match the values in the table, reinforcing each other. Values such ade¢khm®
numbers (see Appendix A) also agree with previously known values.

Definition 9.2: Leti be an ideal it#(By). Thedual of i is 3(i), wheres is the anti-
automorphism operatd(i) = (¥)’ from Definition 4.11. Ifi =&(i), i is self-dual Letc =
{vi<...<vi@} be achaininf(By). Thedual chaind = {w; < ... <wj g} of c satisfies
[(c) =1(d) andw; ¢+14=8(v)). If d =c, cisself-dual

Note that the dual afin J(By) is not the same as the dual @i J(B,,) forn > k.

Analysis of Table 9.1 shows that there are 12 ideals of rank 8 (the middle rank for
J(Ba)) that are not self-dual. These fall into the following six dual pairs:

49 and 60
50 and 91
64 and 94
71 and 100

73 and 111
104 and 112
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Upon examining these ideals, we see that they are all isomorphic to each other.
All have the shape shown in Figure 9.2. In fact, they form the entire equivalasse c
The number inside the circle is the class representative (the smallestindtte class in

lex order). The four vertices of rank 1 include two that have two successors eacl and tw

4 " . .
that have one successor each. Therf( Qré = 6 ways to partition these vertices this

way. Given any such partition, a fixed vertex with one successor can be pdired wi
either of the two vertices with two successors, so the size of this equivdlEseesd 2,
as shown by the number outside the circle. This style of argument will be uked in t

hand examples to follow.

12

Figure 9.2. Equivalence Class of Non-Self-Dual Ideals of Rank 8 #{B,)

If every entry in the middle rank df(By) were self-dual, then any chain
construction on either half of(By) would automatically extend across the other half of
J(By). If a symmetric chain decomposition exists for either haf(Bf) in general, then
J(Bx) would be Sperner. If, in addition, the entries in the middle rank were all self-dual
in general, the(By) would be strongly Sperner. The non-self-dual entries of rank 8 in

J(B4) show that this inference cannot be made.
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This problem was solved for the analysis of normality via flowmorphisms to
reduce the ideal to its quotient by the symmetric group. However, the question of an
appropriate morphism for symmetric chain decompositions is open (see Chapter 10).

Hand solutions will be given next to show tliéB,), J(B1), I(B>), J(Bs), and
J(By) are normal. The max flow problem will be solved&By) / S, producing a
normal flow in each case. By Proposition 9.1, Table 9.1 can be used to build the solution
for each case.

Figure 9.3 showB, andJ(By). By has no atoms and consists solely of the bottom
vertex. The ideals are the null ideéalandBy. These two ideals are of different ranks, so
J(Bo) | S =I(Bp). The normal flow is trivially 1, as shown by the unit flow on the edge
connecting the two ideals. A symmetric chain decompositigf{Ry) is also trivial.

Note that, unlikeZ(By) or J(By) / S for k> 0, 3(Bo) = J(Bop) / S does not have a middle

rank. Since this case is trivial, no computer solution was generated for it.

@
By 1 (B) =1(By)/S,

Figure 9.3. Normal Flow Solution forJ(Bo)

Figure 9.4 showB; andJ(B,;). B consists of the bottom vertex and one atom,

which is the top vertex. The ideals are the null idg&ahe singleton set consisting of the
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bottom element, all all d8;. Since no rank of (B;) has more than one idedlB,) / S =
J(B1). There are two pairs of adjacent ranks, withwaéal normal flow of 1 in each case,
as shown on the edge connecting ranks 0 and lratiteeedge connecting ranks 1 and 2.
A symmetric chain decomposition &(B,) is again trivial. A computer solution to the
normal flow problem fod(By) / S, k=1, ..., 6, is given in Appendices C (normaltest
output file), E (checker input file), and F (checkeatput file). These Appendices are

very large, covering(B,) throughJ(Bg), and are available as separate electronic files.

! 1 (B)=1(B)/S,

Figure 9.4. Normal Flow Solution forJ(B)

Figure 9.5 showB,, J(B,), andJ(B,) / . This is the first nontrivial case, but the
solution is easily obtained; is the square generated by two atoms. The idedld,)
are the first 6 entries in Table 9.1. In this ¢ase rank (rank 2) of(B,) has more than
one ideal. By inspection of the shapes of theitleals of rank 2, we see that they are
isomorphic. Thus these two ideals are reduceahéoctass with weight 2 ifi(B,) / S.
The weight of each vertex #(B,) / & is shown outside, and adjacent to, the vertexe Th

number inside the vertex is the row number of taescrepresentative from Table 9.1.
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A normal flow solution is given by the flows on tedges ofi(B,) / ;. These
flows are only valid between adjacent pairs of gnidth an implicit start vertesand
terminal vertex. Each pair of ranks has its own independent cainsf given by the
product of the Whitney numbers of the two rankfisTproduct is 1 between ranks 0 and
1 and also between ranks 3 and 4, but is 2 betveedss 1 and 2 and also between ranks
2 and 3. As discussed in Chapter 5, this is aireapent on the normal flow problem for
the respective adjacent ranks. Thus the indivifloal solutions do not lead to a total
flow on J(By) / S (although they would if the flows were normalizédcause flow
conservation would not be preserved. Since eaohroblem is a chain, the flow

solution for each pair of ranks is trivial.

1 (B,) 1 (B,)/S,

Figure 9.5. Normal Flow Solution forJ(B5)
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There are two symmetric chain decompositiong(&%), obtained by picking
either ideal of rank 2 as one chain and the re§(B4) as the other chain. A computer
solution to the normal flow problem f&i(By) / S, k=1, ..., 6, is given in Appendices C,

E, and F.

Figure 9.6 showBs, J(Bs), andJ(Bs) / Ss. Bs is the familiar Boolean cube
generated by three atoms. The ideal$(Bg) are the first 20 entries in Table 9.1. Itis
straightforward to determine the equivalence classes that cong{iBaje S; by
inspection of the shapes of the idealg(Bs). Doing so, we see that this is the first case
in which J(By) / S is not a chain. The weight of each verte¥({Bs) / S3 is shown
outside, and adjacent to, the vertex. The number inside the vertex is the row number of
the class representative from Table 9.1.

A normal flow solution is given by the flows on the edged(@) / S5. As
before, these flows are only valid between adjacent pairs of ranks, with acitistalit
vertexs and terminal vertek and must be normalized to form a total flowXBs) / Ss.

The Whitney number of the middle rank&(Bs) / Ss is the sum of the weights on
the two middle rank vertices. The Whitney number of each rank except for the middle
rank is the weight on the only vertex of that rank. The product of the respective Whitney
numbers forms the normal flow constraint for each pair of adjacent ranks. Thafws
straightforward for the two cases involving the middle rank and trivial in all otsss.

A computer solution to the normal flow problem #&By) / S, k=1, ..., 6, is given in

Appendices C, E, and F.
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Figure 9.6. Normal Flow Solution forJ(B3) / S3

A symmetric chain decomposition &(Bs) is shown in Table 9.2. Table 9.1 can
be used to check the predecessor and successor relations in the chains of Table 9.2. This
symmetric chain decomposition was obtained by inspection of the Hasse diagram of
J(Bs) in Figure 9.6. There are 4 chains in the chain decomposition; necessarily, each has
one ideal from the middle rank. Every chain in this symmetric chain decompaosition i

self-dual. This is not the case for every symmetric chain decompositiB)f
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Table 9.2. A Symmetric Chain Decomposition af (Bs)

Rank

8 19

7 18

6 13 | 16 | 17
5 10 | 15 | 12
4 5 14 | 11| 9
3 4 8 7

2 2 3 6

1 1

0 0

From Table 9.1J(B4) has 168 ideals and so is impractical to draw. Nonetheless,
it is feasible to hand-calculafB,) / S, and solve the normal flow problem on the lower
half of the resulting Hasse diagram. Figure 9.7 siéwendJd(B,) / S;. Although not
obvious from Figure 9.8, is the 4-dimensional hypercube.

The weight of each vertex in the lower half&gB,) / S, is shown outside, and
adjacent to, the vertex. The number inside the vertex is the row number of the class
representative from Table 9.1. A normal flow solution is given by the flows on the edge
of J(Bs) I Si. As before, these flows are only valid between adjacent pairs of ranks, with
an implicit start vertexs and terminal vertek and must be normalized to form a total
flow on J(By) / S. The Whitney numbers are the sums of the weights on the vertices of
the corresponding rank. The product of the respective Whitney numbers forms the
normal flow constraint for each pair of adjacent ranks. A computer solution to the
normal flow problem fo7(By) / S, k=1, ..., 6, is given in Appendices C, E, and F. The

hand calculation of the vertices, edges and flowd(&a) / S, will be discussed next.
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1
B, 1 1 (B)/S,

Figure 9.7. Normal Flow Solution forJ(Bs) / S4

The only ideals of rank 0 and oned(B,) are, respectively, the null ideal and the
singleton set consisting of the bottom elemerBfand so the respective Whitney

numbers are each 1. There is an edge with flow 1 between these equivalense classe
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The only way to get from an ideal in rank 1%§B,) to any ideal in rank 2 is to
add an atom, which can be done in four different ways. Thus there is one vertex in rank 2
of J(By) / S. It has Whitney number 4 and an edge coming in from vertex (equivalence
class) 1inrank 1. The flow on this edge is trivially 4.

Since each vertex of rank 22 has two predecessor atoms, the only way to get

from an ideal in rank 2 of (B4) to an ideal in rank 3 df(By) is to add in another atom.

The resulting ideal can be choser(ig\) = 6 ways. Thus there is one vertex

(equivalence class 4) in rank 3%({B,4) / S;. It has Whitney number 6 and an edge
coming in from vertex (equivalence class) 2 in rank 2. The flow on this edge is 24, the
product of the weights of the vertices in ranks 2 and 3.

Since vertex (equivalence class) 4 consists of the bottom element and two atoms
of By, there are two ways to build an ideal of rank 4; join the two atoms in the

equivalence class or add a third atom. There is one way to join the existing@tams f

total of 6 ways to have a resulting principal ideal of height 2. Ther(e%be= 4 ways to

have three of the four atoms and no vertices of height greater th&).1There is thus

an edge from equivalence class 4 to each of the equivalence classes 5 and 9. The

Whitney numbers are 6 for rank 3 and 6 + 4 = 10 for rank 4, so the normal flow must

equal 6x 10 = 60. Equivalence class 5 requires a flow »f66= 36 from equivalence

class 4, and equivalence class 9 requires a flowxdd 4 24 from equivalence class 4.
Since equivalence class 5 is a principal ideal, the only possible way to detan i

of rank 5 is to add another atom. This can be done in two ways, so the resulting
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equivalence class 10 has size B = 12. Equivalence class 9 can be extended in two
ways to an ideal of rank 5. One way is to join two of the existing atoms. This gives the
same equivalence class, 10, that can be built from equivalence class 5. The otker way i
to add in the remaining atom, which can only be done one way, resulting in equivalence
class 28. The Whitney numbers are 10 and 13, requiring a flow of 130.xAllB+ 1)
= 78 of the flow out of equivalence class 5 must go to equivalence class 12. Siwatllarly,
1x (4 + 6) = 10 of the flow into equivalence class 28 must come from equivalence class
9. The remaining flow out of equivalence class 9 and into equivalence class 10 must
equal 4x (1 +12)-10=42=12(4 +6) — 78.

Equivalence class 28 can only be extended by joining two atoms, forming

equivalence class 29. This can be done @gn) = 6 ways. Equivalence class 10 can

also be extended to 29 by adding in an atom. Alternatively, 10 can be extended to

equivalence class 13 by joining two atoms, one of which is necessarily aloegsety o

the third atom in the class. There rg) = 4 ways to choose the three atoms, and 3

ways to pick the atom that is joined with each of the other two atoms, so equivalence
class 13 has weight 12. The Whitney numbers are 13 and 18, requiring a flow 8813
=234. A flow of 1x 18 = 18 must go from 28 to 29, and a flow of<1B2 = 156 must
come from 10 to 13, and so the remaining flow of 60 must go from 10 to 29.
Equivalence class 29 has all four atoms with one joined pair of atoms, and thus
can only be extended by joining another pair of atoms. There are two ways to do this.

One way is to join the other two atoms (equivalence class 48). Class 48 has weight 3;
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pick one atom and join it with any of the other 3, forcing the remaining two atoms to be
joined with each other. The other way is to join one previously joined atom and one atom
that has not been previously joined (equivalence class 32). Class 32 has size 12 = 4 ways
to pick the “orphan” atom times 3 ways to pick the atom joined twice. Class 32 can also
be built from equivalence class 13 by adding in the remaining atom. Altergativel
equivalence class 13 can get to equivalence class 18 by joining the remamatgrs

in the class that have not already been joined. This class has weight 4; once e “orph
atom has been excluded from the ideal, the remaining three atoms must be joined in all
possible ways. The Whitney numbers are 18 and 19, requiring a flow of 342. Class 48
must get all 54 of its flow from class 29, and class 18 must get all 72 of its flow from
class 13. The remaining 60 units of flow from class 29, and the remaining 156 units of
flow from class 12 then must go into class 32.

The only way to have an ideal of rank 8%{B,) using less than four atoms is to
have a principal ideal. This is equivalence class 19, which has v(egg)v; 4 and must

have equivalence class 18 as its only predecessor. All other ideals of rafBg in

must contain all four atoms and three vertices of rankgz.iriThe only other way to

extend class 18 is to add in the other atom. This is equivalence class 37, which has
weight 4 because there are four ways to choose the unpaired atom. Equivalence class 48
can only be extended by joining two atoms that are not already joined with each other.
Since each atom of class 48 is joined with one other atom, the result must be equivalenc
class 49. The weight of this class is 12; the two atoms that are joined with eaataother

be choser( ‘2‘ ) = 6 ways, and there are 2 ways to join each of these atoms with one of
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the other two atoms. This leaves equivalence class 32. This class can be extended to
class 49 by joining the unpaired atom with an atom that has been joined once, or to class
37 by joining the two atoms that have each been joined with a common atom, or to
equivalence class 47 by joining the unpaired atom to the atom that is already johreed to t
remaining two atoms. Equivalence class 47 has weight 4 because there awgy/fta w
pick the atom that is joined with each of the other three atoms. The Whitney namers
19 and 24, requiring a flow of 456. Class 48 must give all 72 of its flow to class 49, and
class 19 must get all 76 of its flow from class 18. Then the remaining flow of 20 out
from class 18 must go to class 37. The remaining flow of 156 into class 49, the flow of
76 into class 47, and the remaining flow of 56 into class 37 must all come from class 32,
accounting for its required flow of 288.

A symmetric chain decomposition &(B,) is shown in Table 9.3. Table 9.1 can
be used to check the predecessor and successor relations in the chains of Table 9.3. This
symmetric chain decomposition was obtained in an ad-hoc fashion, through trial and
error. Nonetheless, every chain has a dual chain in the chain decompositionar&here
24 chains in the chain decomposition (as there must be, because there are 24 ideals in the
middle rank). The 12 that contain a self-dual ideal of rank 8 are self-dual chains; the
other 12 are not. Table 9.3 shows the dual for each chain in the chain decomposition.

This style of analysis is no longer practical kor 5, which has 113 vertices in
each half off(Bs) / Ss. The normal flow solutions faf(Bs) / S andJ(Bg) / S are shown
in Appendices C, E and F. The solution §§Bes) / & was generated by running ranks 0

through 20 in one run, then adjacent pairs of ranks up to the middle rank (ranks 20 and 21
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in one run, ranks 21 and 22 in one run, ..., ranks 31 and 32 in one run). Ranks 33
through 64 were not necessary to run because of the symm@iiBipf S about the
middle rank (Corollary 4.16).

Note that, for each pair of ranks $By) / S fork =0, 1, ..., 4, there is exactly
one solution to the normalized flow problem. One might expect that increasing values of
k would increase the constraints on the flow problem, rendering a solution impossible. |
fact, fork = 5 andk = 6, the opposite is true; the solutions have “slack”, as will be shown
later in this chapter.

Table 9.3. A Symmetric Chain Decomposition af (B,) (1 of 2)

1 2 3 4 5 6 7 8 9 100 14 12 Chain
1

1 2 3 4 6 5 7 9 8 10 1} Dual
Rank
16 167
15 166

14 147/ 161|164 | 165

13 133|160| 163| 146 | 158 | 144

12 83 | 159 162 132] 153| 128|139 157 | 143 | 145

11 77 | 155 156|82 | 119/108|138| 152| 142| 141| 127|130

10 52 | 15415181 | 66 | 107/ 136|118|137|140|76 | 80

38 | 14911779 | 65 | 51 | 103113|106|135|74 | 72

19 | 148/95 | 70 | 60 | 49| 10291 | 50 | 134 63 | 47

18 | 114/93 | 68 | 32| 35| 46| 90, 48 1018 | 44

13 | 109(92 |55 | 31| 16| 45| 89 34 9§ 29 41

10 | 56 | 86| 24| 12| 15 30 8% 38 42 28 40
53 | 84| 23| 9 14 11 26 27 39

22 |1 25| 21| 7 8

OIRIN|W]R]OIOIN]JOJ©
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Table 9.3. A Symmetric Chain Decomposition af (B,) (2 of 2)

13 114 ] 15 16] 17) 18 19 2¢ 24 2P 7B 4  Chain|

-
4
-
4

13 14| 16| 15) 18) 17 19 23 2} 2f 2 Dual

Rank

11 131

10 129| 97 | 125/ 123|126 150

121196 | 105/ 122| 75 | 116|124

120/ 37 | 100| 71 |64 | 94 | 11573 | 78 | 104 111|112

69 | 36 | 99| 59| 62| 88 110

67 | 17 | 43| 57| 61| 87

54

(@] Il [hS] (o0 BN (6] Kop) IaN] o) (o)

Table 9.4 shows the Whitney numbers @Bo) throughJ(Bs). Only the lower
half of 7(Bg) is shown. As can be seen from Table 9.4, each case is unimodal. By
Corollary 4.16, each case is also rank symmetric, and this is reflected en9l4lbor
J(Bo) throughJ(Bs). Since we have shown each case to be strongly Sperner, each case is
thus Peck. The Dedekind numbers are also shown for comparison to their known values
given in Appendix A. The Dedekind numbers are the sum of the Whitney numbers; for
J(Be), this may be calculated as the Whitney number of the middle rank plus twice the

sum of the Whitney numbers of the other ranks in the lower haifBgs).
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Table 9.4. Whitney Numbers ford(Bo) through J(Bs)

Rank JBo) [ IB) | IB2) | IBs3) | I(Bs) | I(Bs) | I(Bs) lower half
32 1 492,288
31 1 484,376
30 5 463,065
29 10 430,280
28 20 390,050
27 35 345,690
26 61 300,351
25 95 256,200
24 155 215,035
23 215 177,530
22 310 144,505
21 387 115,782
20 470 91,430
19 530 71,000
18 580 54,195
17 605 40,488
16 1 621 29,566
15 1 605 20.950
14 4 580 14,345
13 6 530 9,415
12 10 470 5,913
11 13 387 3,512
10 18 310 2,045

9 19 215 1,110
8 1 24 155 605
7 1 19 95 306
6 3 18 61 156
5 3 13 35 75
4 1 4 10 20 35
3 1 3 6 10 15
2 1 2 3 4 5 6
1 1 1 1 1 1 1 1
0 1 1 1 1 1 1 1
Dedekind number 3 6 20 168 7,581 7,828,35
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We conclude this chapter with analyses of the slack in flow calculations,
execution times, and retries required by the ideal exchange algorithmt@der
conditions studied in this research.

As observed earlier in this chapter, there is no slack in the assignment ofoflows t
show the normality ofi(By) / S fork =1, 2, 3, or 4; that is, there is exactly one
assignment of normal flows between each pair of adjacent ranks for tiesefcases.
This is no longer the case foe= 5 ork = 6. To see this, let us adopt the following
informal definition of “slack”. The motivation for the definition will follow.

Definition 9.3: A normal flow between two adjacent ranks of a poseslaakif
there is at least one unused edge; i.e., an edge whose flow is Sladihbetween
adjacent ranksn a flow between the ranks is the number of O edges in the flow.

To motivate this definition, it is useful to examine the occurrence of a O flaw tha
occurs between the lowest pairs of adjacent ranks (ranks 7 and@spf Ss. Figure

9.8 shows the flow calculated by the MPM algorithm between ranks 7 anf(Bspf S.

950

Figure 9.8. Slack in the Flow Between Ranks 7 and 8 if(Bs) / Ss
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There is one edge with O flow. Itisonthecyclel —-7-2-9—-3-8—-1. Inthis
cycle (necessarily of even length), we say that edges 1 —-7,2 -9, and 3 — 8 are in the
same direction Similarly, edges 7 — 2, 9 — 3, and 8 — 1 are in the same direction as each
other but in th@pposite directiorof the other edges. By adding 1 unit of flow to each
edge in the same direction of the cycle as the 0 edge, and subtracting 1 unit afrflow fr
each edge in the opposite direction of the cycle, a new normal flow solution is obtained
with the same total flow and no 0 edges.

Proposition 9.4:Suppose there is a cycle in a bipartite network. If there is a

network flow such that each edge in one direction of the cycle has positive flowsthere i
an equivalent network flow (with the same total flow and the same flow into and out of
each vertex) but different flows on some edges.

Proof: Subtract 1 unit of flow from each edge in a direction of the cycle that has
all positive flows. Add 1 unit of flow to each edge in the opposite direction of the cycle.
Each vertex is on exactly one edge of the cycle in each direction, so flow caoseis/at
preserved. Since the cycle has even length, the number of flow units added in one
direction is equal to the number of flow units subtracted in the other direction.

Corollary 9.5: Suppose there is a cycle in a bipartite network. Further suppose
there is a network flow with one or more 0 edges in the same direction of the cycle but
each edge in the opposite direction of the cycle has a flow of at least 2. Thes #rere i

equivalent flow with no O edges on the cycle.
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The point of Proposition 9.4 is that the existence of cycles in the bipartite flow
problem on adjacent ranks &{By) / S for k> 5 provides a “degree of freedom” that is
not present fok < 4, where the flow on each edge is constrained to one specific value.

Corollary 9.5 focuses on cycles with 0 edges, which are easier to find. yClearl
each vertex on any 0 edge must each be on at least one other edge with a pwgitive fl
Inspection of the output file faf(Bs) / S shows that every 0 edge is on a cycle that
satisfies the conditions of Corollary 9.5. This suggests that the 0 edges coulddrave be
used in the normal flow solutions, and so they are indicators of an additional degree of
freedom in the normal flow solutions.

With this background, we now look at the slack by rank and Whitney number in
the flow solutions fod(Bs) / S andJ(Bg) / S. Figure 9.9 shows the slack by rank kor
= 5. Figure 9.10 shows the slack by Whitney numbek fob. Figure 9.11 shows the
slack by rank fok = 6. Figure 9.12 shows the slack by Whitney numbek fo6. In
each figure, the rank is the higher of the two ranks in the corresponding bipantite f
problem. The results were symmetric, as expected,$ds, so only the flow problems
for the lower half of7(Bs) / S andJ(Bs) / S are shown in each figure.

Inspection of the figures shows that the slack values are monotone increasing by
bothk and rank (up to the middle rank). Qualitatively, this suggests that the degree of
freedom increase with the size of the bipartite normal flow problems, and so itis a

plausible conjecture that normality &By) / Sc holds in general.
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Slack by Rank fork =5

15
L 10 /
3
n
5 .
0 *—0—0—0—0—0—¢& T T
0 5 10 15 20
Rank
Figure 9.9. Slack by Rank fork =5
Slack by Whitney number for k =5
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L 10 /
3
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Figure 9.10. Slack by Whitney number fork =5
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Slack by Rank for k =6
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Figure 9.11. Slack by Rank fok = 6
Slack by Whitney number for k =6
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Figure 9.12. Slack by Whitney number fork = 6

The execution times under various conditions will be analyzed next. The quotient
poset generation, flow calculation, and total execution timeg(&) / S, k=1, ..., 6,

using the ideal exchange algorithm are shown to the nearest second in Table 9.5.
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Table 9.5. Execution Time ford(By) / Sc Using Ideal Exchange Algorithm

Quotient Poset Generation (Secondp) Flow Calculation (Secopds)  Totg
0
0
0
0
6
) 1,682,388 6
YL ower half of 9(Bg) / S

0
0
0
0
6

U |IWIN|R]X

g1|O|O(O|0O|0

1,682,453

Quotient poset generation time predominates. The near double exponential
growth becomes apparent o= 6. The flow calculation times are less than 0.5 seconds
for k< 5, and the quotient poset generation times are less than 0.5 secdnglg fofrhe
flow calculation time for the lower half &f(Bs) / S is just over a minute, whereas the
guotient poset generation time for the lower half@s) / & is almost 19 %% days.

The breakdown by rank of the execution times for the lower hal{Ry) / & is

shown in Figure 9.13.

Time by Rank fork =6

3.5
3 »
‘@ 25 //
©
2 :
S 15 4 —e—time|
£, e
0.5
0 4WM :
0 10 20 30 40

Rank

Figure 9.13. Total execution time by rank fokk = 6
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Figure 9.14 shows the same data converted to a logarithmic scale for those ranks
with a total execution time of at least one second. The resulting graph is ndingaite

suggesting that the timing behavior of Figure 9.13 is not quite exponential.

Log Time by Rank fork =6

20

)

-g M

s 15

(&)

5 Aﬁ”"'v

)

e ‘ﬂ"’

iz 5

o “ﬁ’”

30 - T T T

0 10 20 30 40

Rank

Figure 9.14. Log execution time by rank fok = 6

It is interesting to analyze the effect of using the quotient I8g)t / S instead
of the poset/(By) for the normality test.

The use of(By) / & instead of7(Bx) has three effects on time and storage. The
size ofJ(By) / S is smaller than the size &{By) by O(k!), since each equivalence class
under the action d& can be as large & As a result, the flow calculation is faster on
J(Bx) / S. The poset generation time, however, is slowed{y) usingJ(By) / &
instead off(Byx). Each ideal must be generated in either case. U$BW/ &, each ideal
must be put into the appropriate equivalence class under the ac8gmeafuiringO(k!)

isomorphism tests per ideal.
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Thus, for the poset generation portion of the normality test, there is a classic
trade-off ofO(k!) more storage required without equivalence classeS(ky. more
computation time using equivalence classes. However, as shown in Table 9.6, the flow
calculation time using the smaller quotient poset network is faster bfi@enify large
amount that using the quotient poset is better in terms of both time and storage than using
the ideal poset. It should be noted thatkfer6, the memory requirements using the
ideal poset became prohibitive, so the data are only shown for ranks 1 through 13. (As
before, the rank entry is the higher of the two ranks in the bipartite network.

Table 9.6. Execution Time by Rank fotg(Bg) / Ss and J(Bsg)

Upper Rank | 9(Bs) / S Total Time (Seconds] J(Bg) Total Time (Seconds)

1 0 0
2 0 0
3 0 0
4 0 0
5 0 0
6 0 0
7 1 1
8 2 4
9 6 10
10 16 35
11 35 106
12 96 317
13 223 885

As seen from Table 9.6, the computation time using the quotient poset is always
faster than the computation time using the ideal poset over the ranks consideesad, In f

the difference grows at a rate faster than linear, as shown in Figure 9.15.
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Delta time (seconds) (I(B6) — I(B6) / S6)

/ —e— Delta time (seconds)
(I(B6) — I(B6) / S6)

(1(B6) — 1(B6) / S6)
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= N
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i
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Delta time (seconds)

Rank

Figure 9.15. Delta Time (Secondsy(Bs) —J(Bs) / S6)

As observed earlier, quotient poset generation dominates the computation time for
J(Be) | Ss. ForJ(Be), flow calculation dominates the computation time. Figure 9.16
compares the ideal generation time usii§s) / Ss andJ(Bs). Figure 9.17 compares the

flow calculation time using(Bg) / Ss and.J(Bs).

Quotient Poset and Ideal Poset Generation Time
by Rank fork =6

250
(2]
S 200 4 —e— quotient poset
§ 150 | /// generation
9 100 —=ideal poset
© / ti
2 50 generation
F oo '—-—-—-—-—-—-—-—-=¢:‘::¢l/'—
0 5 10 15

Rank

Figure 9.16. Quotient Poset and Ideal Poset Generation Time by Rank

154



Quotient Poset and Ideal Poset Flow Calculation
Time by Rank fork =6

1000
800 ? —e— quotient poset flow
g 600 - / calculation
= 400 /i —m— ideal poset flow
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0 f—-—-—-—-—-—-—-—-—Hﬁo{—o—o—
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Figure 9.17. Quotient Poset and Ideal Poset Flow Calculation Time by Rank

The remaining execution time comparison involves the choice of the ideal
exchange algorithm or the selective ideal generation algorithm. Theesiddainge
algorithm bypasses ideals that are not of interest, thereby saving hiemenat every
ideal is of interest. However, the ideal exchange algorithm sometimeseseretries as
discussed in Chapter 7. This adds to the execution time.

Figure 9.18 shows retries by rank for 5 using the ideal exchange algorithm.

Retries by Rank for k =5
80
0 Y
: N .
20 v
0 4WL,—,&~M%
0 10 20 30 40
Rank

Figure 9.18. Retries by Rank foikk = 5 Using Ideal Exchange Algorithm
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Interestingly, the retries are not monotone on either the upper half or lodef hal
the ideal poset and are not symmetric between the upper half and lower haltlegthe i
poset. This behavior is especially clear in Figure 9.19, which shows the retries by
Whitney number fok = 5 using the ideal exchange algorithm. The Whitney number is
the number of ideals in the rank of interest. The Whitney numbers repeat in the upper
half of the ideal poset. In each case in which the retry count is nonzero in théédiver
the retry count in the upper half is smaller (and sometimes 0). This is perhapsébec
the ideal exchange algorithm first finds a vertex to add from the complement. The
available vertices increase by rank in the lower half and decrease by rankippéne
half. The reason for the non-monotonicity is unclear and may have structural

significance pertinent to the general solution of the problem.

Retries by Whitney number fork =5

80
3 40 —e— Retries (lower half)
E —=— Retries (upper half)
20
0 T T T

0 200 400 600 800
Whitney number

Figure 9.19. Retries by Whitney Number fork = 5 Using Ideal Exchange Algorithm

Figure 9.20 shows the retries by rankKaer 6 using the ideal exchange

algorithm. Figure 9.21 shows the retries by Whitney numbéc$o8. Only the lower
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half of the quotient poset was generated. In hindsight, a slight improvement in running

time could be expected if the upper half were used instead.

Retries by Rank for k =6
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Figure 9.20. Retries by Rank foik = 6 Using Ideal Exchange Algorithm

Retries by Whitney number for k = 6
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Figure 9.21. Retries by Whitney Number fork = 6 Using Ideal Exchange Algorithm

157



We conclude this chapter with Table 9.7, which compares the worst-case
execution times using the ideal exchange algorithm and the selectivgedegtion
algorithm. Ranks 32 and 33 were chosen for the selective ideal generation algorithm
because the behavior of this algorithm is better on the upper half of the ideal poset.

Table 9.7. Execution Time by Algorithm forJ(Bg) / Ss (Middle Rank)

Algorithm | Ranks Quotient Poset Generation Time (Seconds)
exchange 31-32 520178 (6 days 0 hours 29 minutes 38 seconds)
selective 32-33 529646 (6 days 3 hours 7 minutes 26 seconds)

The execution time improvement resulting from using the ideal exchange
algorithm instead of the selective ideal generation algorithm was 2 hours@&sW8

seconds over a 6-day period, or about 1.8%.
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CHAPTER 10: FUTURE DIRECTIONS

Several questions regarding Sperner properties of the ideals of a Boolean latti
and related posets remain open. Due to the symmeRyarfd the normality test results,
with increasing slack for increasikas discussed in Chapter 9, this author makes the
following conjectures that have yet to be proved fokall

J(By) is unimodal.

J(Bx) is RUSS. If true, thefi(By) is Peck (Corollary 4.14) and strongly Sperner.

J(By) has a symmetric chain decomposition. If ti@@y) is Peck [Engel 1997]
and therefore strongly Sperner by definition.

J(By) is normal. If trueJ(By) is strongly Sperner [Harper 1974].

On the other hand, while the evidence th@) is normal for alk is persuasive
based on the results presented in Chaptén2he lattice of partitions of amset, is
normal forn < 20 but not fon = 20 [Harper 1974]. This serves as a reminder that
evidence such as that in Chapter 9 does not constitute a pro@(Bats normal, or
even Sperner, for al

The analysis of this paper can, in principle, be extended béyor] although in
practice, due to the near double exponential growth of the si#@gf such analysis
quickly becomes impractical. Recall from Chapter 5 that the MPM algorit@{j\Vg).
Fork = 6, the Dedekind numb& ~ 7 x 10° (see Appendix A), sof(Bs) / S | is about
(7 x 10°) / 6! = 1¢%, and thus the MPM algorithm &(10'%). Fork=7, |[9(B7) /S | is

approximately (2 10'3) / 71~ 4 x 1%, so the MPM algorithm i€(6.4 x 107).
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In practice, however, the MPM algorithm runs much faster on this problem than
its theoretical bound would indicate. As shown in Chapter 9, the calculation times are
dominated by the generation $fByx) / S.. If this holds true for higher values kfthe
execution time fok = 7 is mainly the time to generaiéB;) / S;, which is approximately
O((2 x 10*%) x 71) ~ 10*°. By comparisond(Bs) / S is O((7 x 10°) x 6!) ~ 5x 10°. Thus
J(By) | S; could take 2 10° times as long to solve &@Bg) / S. Sinced(Bg) / S takes
about a week running in parallégl{B;) / S; could take on the order of 40,000 years!

The categorical imperative [Mac Lane 1998], [Goguen 1991] and the categorical
approach of L. H. Harper to combinatorics provide a potentially fruitful altemati
approach to proving Sperner properties of posets. L. H. Harper has used categgry theor
to solve several combinatorial problems.

[Birkhoff 1967] studied the free distributive lattice nigenerators. [Stanley
1991] showed thai(By) is Sperner fok < 4. Sperner’s theorem and many extensions are
based on representable functors that are naturally promotabl&&amPoset For
example, the Boolean lattice is the range of the functor that takes eachefindets
power set. This is representable®(A) = Homese(A, N2); B < Aiff g € Homke(A, N>),
whereB = {x € A | ¢s(X) = 1}. This functor is promotable fro®etto Posetin the
standard fashionf < g iff (VX){f(X) < g(x)}.

[Harper 1982] showed that intertwining operators are the morphisms of the
categoryRUSS [Harper 2004] showed that stabilization morphisms are useful in
optimizing measures such as wirelength and bandwidth in circuit card layouestural

stabilizationStab: J(By) x J(Bx) — J(Bk+1) was considered as a candidatdSS
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morphism. IfStabwere to be &#USSmorphism (an intertwining operator with
additional properties to be described in the next paragraph)J{B@rwould be RUSS
(and therefore strongly Sperner) forlall This is because we have shaof(By) to be
RUSS fork < 6, and thdRUSSproduct theorem [Proctor, Saks and Sturtevant 1980]
shows thatf(By) x J(Bx) is RUSS whenevef(By) is RUSS. The missing piece is to
show thatStab: J(By) x J(Bx) — J(Bk+1) is an intertwining operator.

After some preliminary discussion, we will see t8&dbis not aBRUSS
morphism. Following [Proctor 1982J], associate to eachirahl graded posé& a

complex vector spade freely generated by the elements of rankP, and a vector

spaceP = @i:ro P; for the entire poset, wheras the maximum rank. Aaising operator

p is a linear transformation dhsuch that, for eache P, p(v) is a linear combination of
the elements d?P that coven. Following [Harper 1982], given posésandP’ with
respective raising operatgssandp’, anintertwining operatott : P — P’ is a linear

transformation such thdtep = p'e\¥; i.e., the diagram of Figure 10.1 commutes.

Figure 10.1. Intertwining Operator Commutative Diagram
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Thus an intertwining operatdf takes raising operators kto raising operators
in P’. We levy some additional constraints'Bn We require? to be a digraph
morphism on the Hasse diagrams. We also require a weight condition to bedsatisfie
p(u, v) be the coefficient of in the expansion gi(u) (i.e., the weight on the edge—> v
in the Hasse diagram &). Then, for anx’ — y' in P’ and for any in the pre-image of
X', the sum of the weights on the edges y emanating fronx and mapped tg — Yy’
under¥ is a constant (i.e., independent of the choiceinfthe pre-image of’). This
means, for example, ¥ — y1, X1 = Y2, X2 — Yo, andx, — y3 are the pre-images gf—> y
under¥, thenp(Xy, Y1) + p(X1, ¥2) = p(X2, ¥2) + p(X2, ¥3). (There can also be weights
imposed by¥ on the vertices, but this is not essential to the following.) Any‘th#pat
satisfies all of the foregoing conditions iRBEISSmorphism [Harper 1982] shows that
such a map¥ is indeed a morphism in the categ®yYSS

We are now ready to define our candidate morpt8saband show that it does
not have the properties required dESSmorphism. Considef(B;) x J(B1) — J(B»)
as shown in Figure 10.2. Each ideal is principal. To simplify notatidBy) x J(B,),
each ideal is representedd(B,) by its maximum vertex. At each level, isomorphic
vertices of7(B;) x J(B,) are “compressed” into a class representativgB). To
clarify the correspondence between edgegBy) x J(B;) and edges id(B,), each
member of an equivalence class of edges (with isomorphic tails and isomorpsgibea

given the same weight, unique to the class. The image of each et@g)ihas this
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common weight multiplied by the number of edges in the pre-image emanatimg fr

common vertex (2 in two cases, 1 in all other cases).

@
® ©
@ @
B, I (By) I () x1(B)

Figure 10.2. Intertwining Operator Stab: J(B1) x J(B1) = J(B>)

By inspection of Figure 10.2, this “works”; i.&tab: J(B;) x J(B1) - J(By) is

an intertwining operator. A fundamental reason why is that the pre-imageg efige in

J(By) are all isomorphic. Unfortunately, this key property does not generalize. o gai

greater insight into this, it is enlightening to examfstabmore closely. The element
(class representativa) [) shown in each vertex of(B,) is the argument ddtah and the
ideal shown outside each vertex#{B,) is the resulting idedtab(i, j). Table 10.1
shows thaGtabis exactly the map(i, j) = ( w])O + ( n )1 defined in Chapter 4. Note

that¢ is symmetric (i.e.¢(i, j) = ¢(j, i)), so$ can be completely characterized by the 6
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entries in the upper triangular portion of Table 10.1. There are also 6 verti&&s)in
one for each of the 6 upper triangular entries. Thus there is a 1-1 correspondence
between the number of verticesi(B,) and the definition o : J(B,) x J(B1) — J(B>)

in Table 10.1. This 1-1 correspondence is shown on the vertiGéB9fin Figure 10.2.

Table 10.1. Definition ofg = (1 W j)0 + ( Nj)1: I(B1) x I(B1) > I(B2)

J(B,) Ideal %) {0} {0, 1}
Maximum Element] %) 0 1
%) %) %) {00} {00, 10}
{0} 0 {00} {00, 01} {00, 01, 10}
{0, 1} 1 {00, 10} {00, 01, 10} {00, 01, 10, 11}

Let us take the same approach$tab: J(B,) x J(Bz) — J(B3) in Figure 10.3.

To simplify notation, we again represent the ideal$(8%) by their maximum elements
where possible. The only ideal that is not principal, {00, 01, 10}, is represented by —.
Also note that there are no edge weights on efiigy) x J(B,) or J(Bs) to show that
Stabis intertwining —-because it is notTo see why, let us build the m&pab
incrementally. (For reasons that will become clear, we cannot just use the eeval
classes of vertices if(B,) x J(B,) as the vertices df(B3)).

The mappindstabon ranks 0 and 1 is trivial. For rank 2, there are 3 equivalence
classes of vertices i#(B,) x J(B,) from a structural viewpoint. Again, this corresponds
to the number of vertices of rank 24(B3). A similar correspondence exists between the
3 classes of structurally equivalent vertices of rank B B3) x J(B;) and the 3 vertices

of rank 3 ing(B3). The edges between ranks are determined from the pre-images.
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However, the situation is less clear in rank 4. There are 5 classes of stiyuctural
equivalent vertices (although 3 of the classes look similar to each other):

{11, 4}, {<,11}}

{{10,10}}

{{01,01}}

{{10,01}, {01,10}}

{{-,00}, {00,-}}

To resolve this dilemma, observe that each vertex of rankiéBiy) has exactly
one predecessor, with one exception. Lookin§Bt) x J(B,) in Figure 10.3, we see
that each of the first three equivalence classes listed above has one eqiclalesc
predecessor. By contrast, each vertex in either of the last two equivdbssesdisted
above has at least one predecessor from two different equivalence classes. Thus, unde
Stab { { {10,01}, {01,10} }, { {~,00}, {00,-} } } constitutes one equivalence class of
heterogeneous structure. This observation allows us to complete the definBiai of

As a cross-check, Table 10.2 gives the definitiof 0§ (By) x J(By) — J(By).
Once again, the definition ¢fmatches that faétabin Figure 10.3. It is important to
note that the upper triangular matrix of Table 10.2 has 21 entries, whereas tl2€re are
vertices of7(Bs). Therefore, two of the upper triangular entries of Table 10.2 must be
mapped to the same elementdhyand there is no obvious relationship between the two
argument pairs. This is shown by “splitting” the pre-image argumenteitise

corresponding vertex of(Bs).
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I (B,) x1(B,) I (B, I (By
Figure 10.3. Stab: J(By) x J(B2) —» J(Bs3) is not an Intertwining Operator

Now here is the key point. Each vertex in the subclass {{—,00}, {00,-}} has a
successor in all three equivalence classes of rank 5. However, each vertesulocthss
{{10,01}, {01,10}} has only 2 successors in rank 5. Neither vertex has a successor in the
class {{11,00}, {00,11}}, so there is no nontrivial assignment of weights such that
p({10,01}, {11,00}) + p({10,01}, {00,11}) = p({—,00)}, {11,00}) + p({-,00)}, {00,11}),
for example. Therefor8tabis not an intertwining operator froff(B,) x J(Bz) — J(B3)
even thougl¥(Bs) is normal (and therefore RUSS). Thus, to provedff) is RUSS in

general (as this author conjectures); some other approach must be used.
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Table 10.2. Definition ofg = (1 U j)0 + ( Nj)1: I(B2) x I(B2) > J(Bs)

J(B,) Ideal %] 00 00 00 00 00
10 01 10 10

01 01

11

Maximum Element] & 00 10 01 - 11

%) ) @ (000| 000 | 000 | 000 | 000
100 | 010 | 100 | 100

010 | 010

110

00 00 000 00(G 000 | 000 | 000 | 000
001| 100 | 010 | 100 | 100

001 | 001 | 010 | 010

001 | 110

001

00 000 [ 0O00| 000 | 000 | 000 | 000
10 10 100 | 100| 100 100 | 100 | 100
001| 001 | 010 | 010 | 010

101 | 001 | 001 | 110

101 | 001

101

00 000 [ 000| OO0 | 000 | 000 | 000
01 01 010 { 010| 100 | 010 | 100 | 100
001| 010 | 001 | 010 | 010

001 | 011 | 001 | 110

011 | 001

011

00 000 [ 000| 000 | 000 | 000 | 000
10 - 100 | 100| 100 100 | 100 | 100
01 010 { 010| 010 | 010 | 010 | 010
001| 001 | 001 | 001 | 110

101 | 011 | 101 | 001

011 | 101

011

00 000 [ O00| 000 | 000 | 000 | 000
10 100 | 100| 100 100 | 100 | 100
01 010 { 010| 010 | 010 | 010 | 010
11 11 110 | 110| 110 110 | 110 | 110
001| 001 | 001 | 001 | 001

101 | 011 | 101 | 101

011 | 011

111
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Another approach to showing strong Spernerity (&) is to prove the existence
of a symmetric chain decomposition ff(By) in general. Is there a well-defined
category of symmetric chain decompositions with morphisms? If so, whéteare t
morphisms, and does this category have pushouts? Do the non-self-dual elements of
J(Bx) fall into complete isomorphism classes in general, as is the cas@ipr S,?

Does a symmetric chain decomposition&§By) / S suffice to show thaf(By) is
strongly Sperner? Again, this could lead to an algorithmic approach to determine
whether or not7(By) has a symmetric chain decomposition in general.

The questions in this study can also be raised for other posets. Redall that
the set of all monotone-decreasmguples of integers in {1, ..m}, is RUSS. What
Sperner properties doés, n, have?

Like J(Bx), other posets of interest are geometric in natureerMmutohedroris
an f— 1)-dimensional polytope embeddedispace. The vertices are permutations of
the coordinates of the vector <1, 2, n>, Two vertices are adjacent iff one can be
obtained from the other by swapping two coordinates that differ by 1. What are the
Sperner properties of permutohedra?

Another class of geometric posets are the Bruhat orders of finite Cgretgs.

A Coxeter groupV is a subgroup of orthogonal transformations that are generated by
reflections. There is a basis set of reflectiond/V i§ finite, each element (reflection or
rotation)g of W can be represented as the composition of basis reflections. The
minimum number of such reflectionsl{g) The Bruhat order oW is the transitive

closure ofec, whereh o«c g if h = Rgfor some reflectiofR andl(h) <I(g).. The quotient of
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the Bruhat order by a parabolic subgroup is a Bruhat poset. [Coxeter 1963] is tige class
reference on Coxeter groups. [Harper 2004] provides a condensed treatment with

emphasis on Bruhat orders and Bruhat posets. What are their Sperner properties?
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APPENDIX A: DEDEKIND NUMBERS AND RELATED SEQUENCES

The problem of counting the number of monotone Boolean functidks of
variables is known aedekind’s problenafter J. W. R. Dedekind, who first posed the
problem [Dedekind 1897]. This number i&By) |. This problem has a rich history.
[Kleitman 1969] provided lower and upper bounds to Dedekind’s number. [Wiedemann
1991] computed the eighth Dedekind number. Dedekind numbers greater than 8 are
unknown. [Korshunov 2003] provided two separate estimates of the Dedekind numbers:
one fork odd and one fok even. [Harper and Bezrukov] have developed a Monte Carlo
method for estimating the Dedekind numbers based on random walks on the ideal
exchange graph.

A related sequence is the numb&(By) / S | of equivalence classes of ideals of
the Boolean lattice. Table A.1 shows the values of these two sequences &s far as
currently known. In the On-Line Encyclopedia of Integer Sequences, the integer
sequence {J(By) |} is AO00372 and the integer sequenc&By) / S [} is A003182.

Table A.1. Integer Sequences for Monotone Boolean Functions

k Dedekind’s numberJ(By) | |I(By) | & |
0 2 2

1 3 3

2 6 5

3 20 10

4 168 30

5 7,581 210

6 7,828,354 16,353

7 2,414,682,040,998 unknown for 6
8 56,130,437,228,687,557,907,788

9 unknown fork > 8
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APPENDIX B: NORMAL TEST PROGRAM

This appendix is available as a separate electronic file.
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APPENDIX C: NORMAL TEST OUTPUT

This appendix is available as a separate electronic file.
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APPENDIX D: INDEPENDENT VERIFICATION PROGRAM

This appendix is available as a separate electronic file.
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APPENDIX E: INDEPENDENT VERIFICATION PROGRAM INPUT

This appendix is available as a separate electronic file.
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APPENDIX F: INDEPENDENT VERIFICATION PROGRAM OUTPUT

This appendix is available as a separate electronic file.
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