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MEKLER’S CONSTRUCTION AND GENERALIZED STABILITY

ARTEM CHERNIKOV AND NADJA HEMPEL

ABSTRACT. Mekler’s construction gives an interpretation of any structure in
a finite relational language in a pure group (nilpotent of class 2 and exponent
p > 2, but not finitely generated in general). Even though this construction
is not a bi-interpretation, it is known to preserve some model-theoretic tame-
ness properties of the original structure including stability and simplicity. We
demonstrate further that k-dependence of the theory is preserved, for all k € N,
and that NTP2 is preserved. We apply this result to obtain first examples of
strictly k-dependent pure groups.

1. INTRODUCTION

Mekler’s construction [11] provides a general method to interpret any structure
in a finite relational language in a pure 2-nilpotent group of finite exponent (the
resulting group is typically not finitely generated). This is not a bi-interpretation,
however it tends to preserve various model-theoretic tameness properties. First
Mekler proved that for any cardinal « the constructed group is x-stable if and only
if the initial structure was [11]. Afterwards, it was shown by Baudisch and Pentzel
that simplicity of the theory is preserved, and by Baudisch that, assuming stability,
CM-triviality is also preserved [2]. See [10, Section A.3] for a detailed exposition of
Mekler’s construction.

The aim of this paper is to investigate further preservation of various gener-
alized stability-theoretic properties from Shelah’s classification program [141]. We
concentrate on the classes of k-dependent and NTP, theories.

The classes of k-dependent theories (see Definition 4.1), for each k € N, were
defined by Shelah in [16], and give a generalization of the class of NIP theories
(which corresponds to the case k = 1). See [7,9, 15] for some further results about
k-dependent groups and fields and connections to combinatorics. In Theorem 4.7
we show that Mekler’s construction preserves k-dependence. Our initial motivation
was to obtain algebraic examples that witness the strictness of the k-dependence
hierarchy. For k& > 2, we will say that a theory is strictly k-dependent if it is k-
dependent, but not (k—1)-dependent. The usual combinatorial example of a strictly
k-dependent theory is given by the random k-hypergraph. The first example of a
strictly 2-dependent group was given in [9] (it was also considered in [17, Example
4.1.14]):

Example 1. Let G be ¢, F,, where [V, is the finite field with p elements. Consider
the structure (G, Fy, 0, +, -), where 0 is the neutral element, + is addition in G, and
- is the bilinear form (a;); - (b;); = Y, a;b; from G to ;. This group is not NIP, but
is 2-dependent. In the case p = 2, this structure is mutually interpretable with an
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extra-special p-group (see e.g. the appendix in [12]), hence providing an example
of a strictly 2-dependent pure group.

In Corollary 4.8 we use Mekler’s construction to show that for every k, there is
a strictly k-dependent pure group.

The class of NTPy theories was defined in [13] (see Definition 5.1). It gives a
common generalization of simple and NIP theories (along with containing many new
important examples), and more recently it was studied in e.g. [3-6]. In Theorem
5.6 we show that Mekler’s construction preserves NTPs.

The paper is organized as follows. In Section 2 we review Mekler’s construction
and record some auxiliary lemmas, including the key lemma about type-definability
of partial transversals and related objects (Proposition 2.14). In Section 3 we
prove that NIP is preserved. In Section 4 we discuss indiscernible witnesses for k-
dependence and give a proof that Mekler’s construction preserves k-dependence. As
an application, for each k > 2 we construct a strictly k-dependent pure group and
discuss some related open problems. Finally, in Section 5 we prove that Mekler’s
construction preserves NTPj.

2. PRELIMINARIES ON MEKLER’S CONSTRUCTION

We review Mekler’s construction from [11], following the exposition and notation
in [10, Section A.3] (to which we refer the reader for further details).

Definition 2.1. A graph (binary, symmetric relation without self-loops) is called
nice if it satisfies the following two properties:

(1) there are at least two vertices, and for any two distinct vertices a and b there
is some vertex ¢ different from a and b such that ¢ is joined to a but not to b;
(2) there are no triangles or squares in the graph.

For any graph C' and an odd prime p, we define a 2-nilpotent group of order p
denoted by G(C) which is generated freely by the vertices of C' by imposing that
two generators commute if and only if they are connected by an edge in C.

Now, let C be a nice graph and consider the group G(C'). Let G be any model
of Th(G(C)). We consider the following (-definable equivalence relations on the
elements of G.

Definition 2.2. Let g and h be elements of GG, then

e g~ h, if Cg(g) = Cg(h).
e g~ h if there is some natural number r and ¢ in Z(G) such that g = A" - c.
e g=zhilg-Z(G)=h-Z(Q).

Note that g =z h implies g =~ h, which implies g ~ h.

Definition 2.3. Let g be an element of G. We say that g is of type ¢ if there are
g-many different ~-equivalence classes in the ~-class [g]. of g. Moreover, we say
that g is isolated if [g]~ = [g]=

=z
All elements of G can be partitioned into four different (-definable classes (see
[10, Section A.3] for the details):

(1) elements of type 1 which are not isolated, also referred to as elements of type
1¥ (in G(C) this class includes the elements given by the vertices of C),
(2) elements of type 1 which are isolated, also referred to as elements of type 1,
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(3) elements of type p, and
(4) elements of type p — 1.

The elements of the latter two types are always non-isolated.

Definition 2.4. For every element g € G of type p, the elements of G which
commute with g are precisely the elements ~-equivalent to g, and an element b of
type 1” together with the elements ~-equivalent to b. Such an element b is called
a handle of g, and is definable from ¢ up to ~-equivalence.

Note here, that the center of G as well as the quotient G/Z(G) are elementary
abelian p-groups. Hence they can be viewed as [Fj-vector spaces. In the latter,
being independent over some supergroup of Z(G) refers to linear independence in
terms of the corresponding IF,-vector space.

Definition 2.5. Let G be a model of Th(G(C)). We define the following:

e A 1¥-transversal of G is a set X* consisting of one representative for each ~-class
of elements of type 1 in G.

e An element is proper if it is not a product of any elements of type 1” in G.

o A p-transversal of GG is a set XP of representatives of ~-classes of proper elements
of type p in G which is maximal with the property that if Y is a finite subset of
X, and all elements of Y have the same handle, then Y is independent modulo
the subgroup generated by all elements of type 1” in G and Z(G).

o A 1“-transversal of G is a set X* of representatives of ~-classes of proper elements
of type 1* in G which is maximal independent modulo the subgroup generated
by all elements of types 1¥ and p in G, together with Z(G).

e A set X C G is a transversal of G if X = XV U XP U X" where X”, XP and X*
are some transversals of the corresponding types.

Notation 1. For a given (partial) transversal X, we denote by X”, X?, and X*
the elements in X of the corresponding types.

Lemma 2.6. Let G |= Th(G(C)). Given a small tuple of variables & = z¥~zP %",
there is a partial type ®(T) such that for any tuples a”,a? and a* in G, we have
that G |= ®(a”,aP,a") if and only if every element in a”,aP and a* is of type 1%, p
and 1*, respectively, and a = a*—aP—a* can be extended to a transversal of G.

Proof. By inspecting Definition 2.5. O

Fact 2.7. [10, Corollary A.3.11] Let C be a nice graph. There is an interpretation
T such that for any model G of Th(G(C)), we have that T'(G) is a model of Th(C').
More specifically, the graph T'(G) = (V, R) is given by the set of vertices V. = {g €
G:gis of type 1", g ¢ Z(G)}/ ~ and the (well-defined) edge relation ([g]~,[h|~) €
R <~ g,h commute.

The full set of transversal gives another important graph, a so called cover of a
nice graph, which we define below.

Definition 2.8. (1) Let C be an infinite nice graph. A graph C* containing C' as
a subgraph is called a cover of C' if for every vertex b € Ct \ C, either there is
a unique vertex a in C' that is joined to b and this vertex a has infinitely many
adjacent vertices in C, or b is joined to no vertex in CT.

(2) A cover CT of C is a A-cover if
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e for every vertex a in C' the number of vertices in C* \ C' joined to a is A if a
is joined to infinitely many vertices in C', and zero otherwise;

e the number of new vertices in C*\ C' which are not joined to any other vertex
in Ct is \.

Observe that a cover of a nice graph is generally not a nice graph.

Remark 2.9. Given a 1¥-transversal X,, of G, we identify the elements of X, with
the set of vertices of I'(G) by mapping x € X, to its class [z]~. Then a set of

transversals X can be viewed as a cover of the nice graph given by the elements of
type 1”7 in X, with the edge relation given by commutation.

Fact 2.10. [10, Theorem A.3.14, Corollary A.3.15] Let G be a model of Th(G(C'))
and let X be a transversal of G.

(1) There is a subgroup of Z(G) which we denote by Hx such that G = (X) x Hx.

(2) The group Hx is an elementary abelian p-group, in particular Th(Hx) is stable
and eliminates quantifiers.

(3) If G is saturated, then both the graph T'(G) and the group Hx are also saturated
(as |Hx| = |G| and Th(Hx) is uncountably categorical).

(4) If G is a saturated model of Th(G(C)), then every automorphism of T'(G) can
be lifted to an automorphism of G (equivalently, one could work with a special
model instead of a saturated one to avoid any set-theoretic issues).

(5) (X) = G(X) via an isomorphism which is the identity on the elements in X
(where X is viewed as a graph as in Remark 2.9).

The following lemma is a refinement of Fact 2.10(4) and [2, Lemma 4.12].

Lemma 2.11. Let G be a saturated model of Th(G(C)), X be a transversal, and
Hyx < Z(G) be such that G = (X) x Hx. Let Y and Z be two small subsets of X
and let hy, ho be two tuples in Hx . Suppose that

e there is a bijection f between Y and Z which respects the 1¥-, p-, and 1“-parts,
the handles, and tpp(Y") = tpr(f(Y")),
° tp]{x (hl) = tp]{x (h2)

Then there is an automorphism of G coinciding with f on'Y and sending h to k.

Proof. By Remark 2.9, we identify T'(G) with X”. By saturation of T'(G), f | Y,
extends to an automorphism o of the graph X”. As X is a |G|-cover of X” by
saturation of G and f respects the 1”-, p-, and 1*-parts and the handles, o extends
to an automorphism 7 of the graph X agreeing with f. By Fact 2.10(5), we have
that (X) = G(X) and 7 lifts to an automorphism of the group G(X), hence to an
automorphism 7 of (X) extending f by construction. As Hx is saturated by Fact
2.10(3), there is an automorphism p of Hx which maps h; to hy. We can now take
the cartesian product of 7 X p to obtain an automorphism of G which extends f
and maps h1 to hs. [l

Next, we observe that in Fact 2.10 the choice of a transversal and an elementary
abelian subgroup of the center in the decomposition of G can be made entirely
independently of each other.

Lemma 2.12. Let G be any model of Th(G(C)), let X be a transversal of G. Then
we have G' = (X)'.
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Proof. Let H be a subgroup of Z(G) as in Fact 2.10, such that G = (X) x H.
It is enough to show that for all g,¢’ € G, we have that [g,¢'] is in (X)". We
choose x1,...,2n,y1,--.,ym € X and h,k € H such that g = H?:lxi - h and
g = H;nzl y;j - k. Then, using that G is 2-nilpotent, we have

l9.9'] = [H:r - h, Hyj K =] [l vl

i=1j=1
which is in (X)". O

Remark 2.13. This implies that in fact (X)'NZ(G) is the same for any transversal
X of G, as it coincides with G' N Z(G).

Proposition 2.14. Let G be a model of Th(G(C)), and let T = Z¥" P %" and
g be two small tuples of variables. Then there is a partial type w(Z,y) such that
for any tuples of pairwise distinct elements a = a*~aP~a" and b from G we have
that G |= (@, b) if and only if we can extend @ to a transversal X of G and find
a subset H C Z(G) containing b which is linearly independent over G', so that
G =(X) x (H).

Proof. Let W(v; : i € k) be the partial type consisting of the formulas

m

Vg0, -, 92m /\ R e = H[92j792j+1]
0¢07~~~;0¢7Lepxn+1\{0;~~~70} Jj=1
for all m,n € w and i, ...,i, € k. An easy inspection yields that for any tuple b

in Z(@), b = ¥(y) if and only if b is linearly independent in the elementary abelian
p-group Z(G) over G’ (seen as an Fp-vector space). Combining this with Remark
2.13, there is a subgroup H of G containing b such that for any transversal X of
G, we have that G = (X) x H. Combining this with Lemma 2.6, we can conclude.

0

3. NIP

We begin with the simplest case demonstrating that NIP is preserved. Recall
the following basic characterization of NIP.

Fact 3.1. (see e.g. [1]) Let T be a complete first-order theory and let M = T

be a monster model. Let x be the reqular cardinal |T|T. Then the following are

equivalent.

(1) T is NIP.

(2) For every indiscernible sequence I = (a; : i € k) of finite tuples and a finite
tuple b in M, there is some o < k such that tp(ba;) = tp(ba;) for all i,j > a.

As in Section 2, let C' be a nice graph and let G(C) be the 2-nilpotent group
of order p which is freely generated by the vertices of C' by imposing that two
generators commute if and only if they are connected by an edge in C.

Theorem 3.2. Th(C) is NIP if and only if Th(G(C)) is NIP.

Proof. If Th(G(C)) is NIP, then Th(C) is also NIP as C' is interpretable in G(C).

Now, we want to prove the converse. Let G = Th(G(C)) be a saturated model,
and assume that Th(G(C')) has IP but Th(C) is NIP. Fix « to be (Xg) . Then there
is some formula ¢(Z,y) € Lg, and a sequence I = (a; : ¢ € k) in G shattered by



6 ARTEM CHERNIKOV AND NADJA HEMPEL

&(Z,7), i.e. such that for every S C &, there is some bg in G satisfying G |= ¢(bs, ;)

if and only if i € S.

Let X be a transversal for G and H C Z(G) a set of elements linearly independent
over G’ and such that G = (X)) x (H). Then for each i € k we have, slightly abusing
notation, a; = t;(;, h;) for some Lg-term t; and some finite tuples z; = 7/ 2" z
from X where z¥,z¥, 2 list all of the elements of type 1”,p, 1" in &;, respectively,
and h; from H. After adding some elements of type 1 to the beginning of the
tuple and changing the term ¢; accordingly, we may assume that for each 7 € x and
j < |2?|, the handle of the j-th element of Z¥ is the j-th element of ¥ (there might
be some repetitions of elements of type 1” as different elements of type p might
have the same handle). As k > |Lg| + Ro, passing to a cofinal subsequence and
reordering the tuples if necessary, we may assume that:

(1) t; =t € Lg and |Z;| and |h;| are constant for all i € &,

(2) |z¥],|2%|, |z¢| are constant for all i € k.

Consider the Lg-formula ¢'(Z,7') = ¢(Z; (g1, 72)) with § := g7 72 and |j1] =
|Z;| and |72| = |hi|. Let @, := ;" h;. Then the sequence I’ := (@, : i € k) is
shattered by ¢'(z,¥’). Note however that I’ is generally not indiscernible.

To fix this, let J = (%}, h) : i € k) be an Lg-indiscernible sequence of tuples in
G with the same EM-type as I’. Then we have:

(1) J is still shattered by ¢'(z,7'),

(2) for eachi € k and j < |z¥|, we have that the handle of the j-th element of (Z})?
is the j-th element of (Z)” (since being a handle is a definable condition, see
Definition 2.4, and the corresponding property was true on all elements in I”).

(3) The set of all elements of G appearing in the sequence (7 : ¢ € k) still can be
extended to some transversal X’ of G.

(4) The set of all elements of G appearing in the sequence (b : i € k) can be
extended to some set H' C Z(@) linearly independent over G and such that
G = (X') x (H').

The last two conditions hold as the sets of all elements appearing in the sequences
(z; -1 € k) and (h; : i € k) satisfied the respective conditions, these conditions are
type-definable by Proposition 2.14 and J has the same EM-type as I’.

Now let b € G be such that both sets {i € k : G = ¢/(b,al)},{i € K : G |=
—¢'(b,al)} are cofinal in k. Then b = s(z,k) for some term s € Lg and some
finite tuples z in X’ and k in H'. Write z = 2V 2P 2%, with 2V, zP, 7* listing the
elements of the corresponding types in Z. In the same way as extending z;, we may
add elements to the tuple z and assume that the handle of the j-th element of zP
is the j-th element of z¥.

Consider all of the elements in z” and ((Z})” : i € k) as elements in I'(G) — a
saturated model of Th(C'), and note that as I'(G) is interpretable in G we have that
the sequence ((Z})” : i € k) is also indiscernible in I'(G). As Th(T'(G@)) is NIP, by
Fact 3.1 there is some o < r such that tpp(2”(z})") = tpp (2" (z})") for all i, j > .
Moreover, using indiscernibility of the sequence (Z}) and possibly throwing away

finitely many elements from the sequence, we have that

(Z)P N 2P = ()P N 2P, (77)" Nz = (7)) N2 (as tuples)
and 7} N7 is constant, for all 4,5 € x. Thus, for any i,j > o mapping 7;Z to 7}z

preserving the order of the elements defines a bijection o; ; such that:

1 2~174

(1) o045 is equal to o, ; on (Z})"z", hence tpr((z})"z") = tpr(os,;((Z5)"z")),
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(2) the map o; ; fixes z,
(3) the map o; ; respects the 1V-, p- and 1*-parts and the handles (since the handle
of the j-th element of Z¥ is the j-th element of ZV).

Now consider k and (h; : i € k) as tuples of elements in (H'), which is a
model of the stable theory Th({(H')). Moreover, as (h; : i € k) is Lg-indiscernible
and Th((H")) eliminates quantifiers, (h; : @ € k) is also indiscernible in the sense
of Th((H')). Hence, by stability, there is some § € & such that tp<H/>(IEBi) =
tp<H,>(l;:i_Lj) for all 7,7 > f.

Now, Lemma 2.11 gives us an automorphism of G sending Z;h;zk to Z; ﬁjélg, SO
tpe(Zihi/zZk) = tpe(z;h;/zk) for all 4,7 > max{«a, 3}. This contradicts the choice
of b= s(z,k). O

An alternative argument for NIP. An alternative proof can be provided relying
on the previous work of Mekler and set-theoretic absoluteness.
Recall that the stability spectrum of a complete theory T is defined as the function

fr(r) = sup{[S1(M)| : M |= T, |M| = }

for all infinite cardinals .
For the following two facts see e.g. [8] and references there.

Fact 3.3. (Shelah) Let T be a theory in a countable language.

(1) It T is NIP, then fr(x) < (ded k)® for all infinite cardinals k.
(2) If T has IP, then fr(k) = 2% for all infinite cardinals k.

It is possible that in a model of ZFC, ded k = 2" for all infinite cardinals x (e.g.
in a model of the Generalized Continuum Hypothesis). However, there are models
of ZFC in which these two functions are different.

Fact 3.4. (Mitchell) For every cardinal k of uncountable cofinality, there is a car-
dinal preserving Cohen extension such that (ded k)0 < 2%,

In the original paper of Mekler [11] it is demonstrated that if C' is a nice graph
and Th(C) is stable, then Th(G(C)) is stable. More precisely, the following result
is established (in ZFC).

Fact 3.5. Let C be a nice graph. Then friacy) (k) = frue)(k)+Ro for all infinite
cardinals k.

Finally, note that the property “T"is NIP” is a finitary formula-by-formula state-
ment, hence set-theoretically absolute. Thus in order to prove Theorem 3.2, it is
enough to prove it in some model of ZFC. Working in Mitchell’s model for some
x of uncountable cofinality (hence (ded k)0 + Ry < 2%), it follows immediately by
combining Facts 3.3 and 3.5.

4. PRESERVATION OF k-DEPENDENCE

We are following the notation from [7], and begin by recalling some of the facts
there.

Definition 4.1. A formula ¢ (z;y0,...,yx—1) has the k-independence property
(with respect to a theory T), if in some model there is a sequence (ag i, - - -, Gk—1,i) ¢,
such that for every s C wk there is by such that

': 10} (bs; ag,igy - - - ,akflyikil) A= (io, c. ,Z'kfl) € s.
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Here x, yo, . - ., yr—1 are tuples of variables. Otherwise we say that ¢ (z,yo, ..., Yk—1)
is k-dependent. A theory is k-dependent if it implies that every formula is k-
dependent.

To characterize k-dependence in a formula-free way, we have to work with a more
complicated form of indiscernibility.

Definition 4.2. Fix a language L, = {R(xo,...,25-1), <, Po(x),..., Pr1(x)}.

An ordered k-partite hypergraph is an L’;pg—structure A= (A<,R,Py,...,Pr_1)

such that:

(1) A is the (pairwise disjoint) union Py U... L PA |,

(2) RAis a symmetric relation so that if (ag, ...,ar_1) € R then PiN{ag...ap_1}
is a singleton for every ¢ < k,

(3) <A is a linear ordering on A with Py(A) < ... < P,_1(A).

Fact 4.3. Let K be the class of all finite ordered k-partite hypergraphs, and let

K*={A: A C B e K} be the hereditary closure of K. Then K* is a Fraissé

class, and its limit is called the ordered k-partite random hypergraph, which we

will denote by G p. An ordered k-partite hypergraph A is a model of Th(Gyp) if

and only if:

e (P;(A),<) is a model of DLO for each i < k,

o for every j < k, any finite disjoint sets Ay, A1 C HKk’i# P;(A) and by < by €
P;(A), there is by < b < by such that: R(b,a) holds for every a € Ay and —R(b,a)
holds for every a € A;.

We denote by Oy, the reduct of Gy, ,, to the language L%, = {<, Py(x), ..., Pr_1(x)}.

Definition 4.4. Let T be a theory in the language L, and let M be a monster

model of T'.

(1) Let I be a structure in the language Lo. We say that a = (a;);c;, with a; a
tuple in M, is I-indiscernible over a set of parameters C' C M if for all n € w
and all 4g,...,7, and jo,...,j, from I we have:

aftpy, (io, .-, in) = dftpy, (Jo, .-, Jn) =

tpr (Gigy - - -5 ai, /C) = tpp, (ajys - - -5 a4,/C) .
For any Ly C Lo, (a;)icr is said to be Lj-indiscernible if it is (I | Lq)-
indiscernible.

(2) For Lo-structures I and J, we say that (b;),.; is based on (a;);.; over a set of
parameters C' C M if for any finite set A of L(C)-formulas, and for any finite
tuple (jo,...,Jn) from J there is a tuple (i, ..., %,) from I such that:

e aftpy, (Jo,--.,jn) = dftpy, (0, ...,in) and
(] tpA (bj(n RN 7bjn) = tpA (aio, ‘e ,ain).
The following fact gives a method for finding G}, ,-indiscernibles using structural

Ramsey theory.

Fact 4.5. [7, Corollary 4.8] Let C C M be a small set of parameters.

(1) For any a = (ag)geohp
over C and is based on a over C.

(2) For any a = (ag)geck,p7 there is some (by)
over C' and is based on a over C'.

, there is some (by) which is Oy, p-indiscernible

g€0k p

9ECr, which is Gy, p-indiscernible
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Fact 4.6. [7, Proposition 6.3] Let T be a complete theory and let M = T be a
monster model. For any k € N, the following are equivalent:

(1) T is k-dependent.

(2) For any (ag)geck,p and b with ag,b finite tuples in M, if (ag)geGn,p

indiscernible over b and L’gp-indiscemible (over (), then it is L’gp-indiscemible
over b.

s G p-

We are ready to prove the main theorem of the section.

Theorem 4.7. For any k € N and a nice graph C, Th(C) is k-dependent if and
only if Th(G(C)) is k-dependent.

Proof. Let G = Th(G(C)) be a saturated model, let X be a transversal, and let H
be a set in Z(G) which is linearly independent over G’ such that G = (X) x (H).
Moreover, fix & to be R

As in the NIP case, if Th(G(C)) is k-dependent, then Th(C) is also k-dependent
as C is interpretable in G(C).

Now suppose that Th(C') is k-dependent but Th(G(C')) has the k-independence
property witnessed by the formula ¢ (z;yo,...,yx—1) € Lg. By compactness we
can find a sequence (ag,q, - - - ak—lya)aen such that for any s C k¥ there is some by
such that

Eo (bs; 0,005 - - - 5 ak,l_,a,%l) < (o, .. ak—1) € s.

By the choice of X and H, for each i < k and « € &, there is some term ¢; o € L¢
and some finite tuples z; ,, from X and i_ziya from H such that a; o = tio(Zia, }_Liya).
As k > |Lg| + N, passing to a subsequence of length x for each i < k we may
assume that t;, = t; and @, = ¥}, 7}, 7}, with =}, 27,z , listing all el-
ements of the corresponding type in a‘:i,a’ and |z} ,1,12} .|, |7} | constant for all
i < jand @ € k. Moreover, in the same way as in the NIP case, we add
the handles of the elements in the tuple z7 , to the beginning of zy,. Tak-

ing Y(z;90, -, Y_y) = O(zito(yh), .- te—1(yp_1)), we see that the sequence

(Zo,ar ho,as s Th—1,0, Bk—l,a : a € ) is shattered by ¢, i. e. for each A C k¥ there
is some b such that G = ¢(b; 27 hig, - .-, 77, by, ) if and only if (o, ..., ik—1) € A.

We define an Lp-structure on k by interpreting each of the P;, i < k as some count-
able disjoint subsets of x, and choosing any ordering isomorphic to (Q, <) on each
of the P;’s. We pass to the corresponding subsequences of (Z; o : @ € k), namely for
each i € k, we consider the sequence given by (Z; o : « € P;). Taking these k differ-
ent sequences together we obtain the sequence (z,° hg : g € Oy,p) indexed by O .
This sequence is shattered in the following sense: for each A C Py X -+ X Py
there is some b € G such that G = (b Ty hg,, ..., T,  hg, ) if and only if
(907 ) 7gk—1) €A

By Fact 4.5(1), let (g, 7, : g € Ogp) be an Oy, p-indiscernible in G' based on
’\Bg : g € Ogp). Observe that, using Proposition 2.14 as in the proof of Theorem

g
.2, we still have:

(1) (g Mg : g € Okp) is shattered by 1,
(2) the handle for each jth element in the tuple g is the jth element of the tuple

(3) the set of all elements of G appearing in (g, : g € Oy;) is a partial transversal,
hence can be extended to a transversal Y of G,
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(4) the set of all elements of G appearing in (my : g € Og,p) is still a set of
elements in Z(@) linearly independent over G’, hence can be extended to a
linearly independent set M such that G = (V) x (M).

We can expand Oy, to Gy (see Fact 4.3). As (g, m, : g € Oyp) is shattered by

1, we can find an element b € G such that G = (b Ygo, kgos - - - > Ugi_ 1> Mg, ) <=

Grp = R(90,--.,gk-1), for all g; € P;. We can write b = s(2, /) for some term

s € Lg and some finite tuples 2 = 2¥"2P" 2" in Y and £ in K. As usual, ex-

tending z" if necessary, we may assume that z is closed under handles. Taking

0" yhs - Ypq) = 0(s(2'); 95, - - -, Yh_ ), we still have that

G ': 9(5& ygoa mgov cee 7ggk,1 ; mgk—l) <~ Gk,p ': R(gO, s 7gk*1)
for all g; € P;. -
By Fact 4.5(2), we can find (2,4, : g € Gyp) which is Gy p-indiscernible over
z7 0 and is based on (Y My : g € Gy p) over z7 (. Then we have:

(1) GEOZG 2, Lyys -y 2, 15 bge ») <= Grp E R(go,-..,9k-1), for all g; €
P

(2) for z, =z, 20"z, we have that:

e all of these tuples are of fixed length and list elements of the corresponding
type,
e the handle of the j-th element of z¥' is the j-th element of z;

(3) the set of all elements of G appearing in z and (2, : ¢ € Gi,p) is a partial
transversal, hence can be extended to some transversal Z of G;

(4) the set of all elements of G appearing in £ and (¢, : g € Gj,) is still a set
of elements in Z (@) linearly independent over G’, hence can be extended to a
linearly independent set L such that G = (Z) x (L);

(5) (2,74 = g € Gyp) is LE -indiscernible over § (follows since (2,0, : g € Gh,p)
is based on (g;fcg : g € Gip), which was L’gp—indiscernible, as in the proof of
[7, Lemma 6.2]).

Consider now all of the elements in z” and (z; : g € Gyp) as elements in
I'(G), a saturated model of Th(C), and note that as I'(G) is interpretable in G,
we have that the sequence (Z; : g € Gy, p) is also Gy p-indiscernible over z” and
is L% -indiscernible over ), both in I'(G). As Th(C) is k-dependent, it follows
by Fact 4.6 that (2, : g € Ggp) is LE -indiscernible over 2 in T'(G). Hence for
any finite tuples go,...,9n,90,---,qn € Gk, such that tpLép(g) = tprx (q), we
have that tpp(zY,..., 2, /z”) is equal to tpp(zY,..., 2, /2"). Now, using LF -
indiscernibility and that Z is finite, for each ¢ < k there is some finite A; C P; such
that for all g # ¢ € P; both greater than \; we have

ZhNzP =20n2P z Nz =z, Nz (as tuples)

and Z, M Z, is constant. Thus, for any go,...,gx—1,90,- -, qs—1 such that g;,¢; > \;
and g;,q; € P;, we get that mapping Zy,, ..., Zg, ,,2 t0 Zgo, ..., Zq,_,, Z Preserving
the positions of the elements in the tuples defines a bijection og 4 such that:

(1) tpr(Zyys s Zg 5 2") = topl(oga(Zh,s -5 2y, 1 27)),

(2) the map oy, fixes Z,
(3) the map oy 5 respects the 1”-, p- and 1*-parts and the handles.

Next we consider all of the elements in £ and (¢, : g € Gy, as elements in (L),
a saturated model of the stable theory Th((L)). By quantifier elimination, we still
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have that (¢, : g € Gj,) is both L’gp—indiscernible and G, -indiscernible over £ in
(L). As (L) is stable, so in particular k-dependent, by Fact 4.6, (¢, : g € Gy ) is
L’gp—indiscernible over /.

Now let g, ¢ € G be such that g;,¢; > A; and g;,¢; € P; for all ¢ < k, and such
that G, = R(go,---,gk—1)A=R(qo, - - -, qr—1) holds. Then by the choice of 27 we
have that G = 0(20; 240, Lgos - - - » Zge s Lgrr) AN =025 Zg0s Laos - -+ s Zgr1 s Lgry)- On
the other hand, combining the last two paragraphs and using Lemma 2.11, we find
an automorphism of G sending (Zy,, Lg0s - - - » Zan—_15 Lar_1) 10 (Zgos Laos -+ » Zar 1> Lan 1)
and fixing z¢ — a contradiction.

O

Corollary 4.8. For every k > 2, there is a strictly k-dependent pure group G.
Moreover, we can find such a G with a simple theory.

Proof. For each k > 2, let Ay be the random k-hypergraph. It is well-known that
Th(Ag) is simple. Moreover, Ay, is clearly not (k — 1)-dependent, as witnessed by
the edge relation, and it is easy to verify that Ay is k-dependent (as it eliminates
quantifiers and all relation symbols are at most k-ary, see e.g. [7, Proposition 6.5]).

Now Ay, as well as any other structure in a finite relational language, is bi-
interpretable with some nice graph Cj by [10, Theorem 5.5.1 + Exercise 5.5.9],
so C also has all of the aforementioned properties. Then Mekler’s construction
produces a group G(C}) with all of the desired properties, by Theorem 4.7 and
preservation of simplicity from [2]. O

This corollary gives first examples of strictly k-dependent groups, however many
other questions about the existence of strictly k-dependent algebraic structures
remain.

Problem 4.9. (1) Are there pseudofinite strictly k-dependent groups, for k > 27
The strictly 2-dependent group in Example 1 is pseudofinite.

(2) Are there Ny-categorical strictly k-dependent groups? We note that Mekler’s
construction doesn’t preserve Ng-categoricity in general.

(3) Are there strictly k-dependent fields, for any k > 27 We conjecture that there
aren’t any with a simple theory. It is proved in [9] that any k-dependent PAC
field is separably closed, and there are no known examples of fields with a
simple theory which are not PAC.

5. PRESERVATION OF NTP,
We recall the definition of NTPy (and refer to [4] for further details).

Definition 5.1. (1) A formula ¢(x,y), with =,y tuples of variables, has TPy if
there is an array (a; ; : 4, j € w) of tuples in M |= T and some k € w such that:
(a) for all i € w, the set {¢(x,a; ;) : j € w} is k-inconsistent.
(b) for all f:w — w, the set {¢(x,a; ) : @ € w} is consistent.

(2) A theory T is NTPy if no formula has TPs relatively to it.

Remark 5.2. If T is not NTPy, one can find a formula as in Definition 5.1(1) with
k=2.

We will use the following formula-free characterization of NTPy from [4, Section
1].
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Fact 5.3. Let T be a theory and M = T a monster model. Let k := |T|T. The

following are equivalent:

(1) T is NTPs.

(2) For any array (a;; : @ € K,j € w) of finite tuples with mutually indiscernible
rows (i.e. for each i € K, the sequence @; := (a; ; : j € w) is indiscernible over
{ay j i € k\{i},j € w}) and a finite tuple b, there is some o € K satisfying
the following: for any i > « there is some b’ such that tp(b/a;0) = tp(b'/ai0)
and a; 1s indiscernible over b'.

The following can be proved using finitary Ramsey theorem and compactness,
see [41, Section 1] for the details.

Fact 5.4. Let (aq,i: i € k) be an array of tuples from M |=T. Then there is an
array (bai : @, i € k) with mutually indiscernible rows based on (aq,; : o, @ € K), i.e.

such that for every finite set of formulas A, any ag,...,,—1 € kK and any strictly
increasing finite tuples jo, ..., jn—1 from , there are some strictly increasing tuples
10y -« 5 n—1 from K such that

': A((bao,i NS 50), Ceey (boh“l’i NS jn—l)) e
': A((aao,i 11 € go), ey (aanfw- 11 € gnfl)).

Remark 5.5. If ¢(z,y) and (aq,; : «,i € k) satisfy the condition in Definition
5.1(1) and (ba,i : a,i € k) is based on it, then ¢(z,y) and (ba; : «,i € k) also
satisfy the condition in Definition 5.1(1).

Theorem 5.6. For any nice graph C, we have that Th(G(C)) is NTPs if and only
if Th(C) is NTPs.

Proof. As before, let G = Th(G(C)) be a monster model, let X be a transversal,
and let H be a set in Z(G) which is linearly independent over G’ such that G =
(X) x (H). Moreover, fix x to be 8. If Th(G(C)) is NTPy then Th(C) is also
NTP; as C is interpretable in G(C').

Now suppose that Th(C) is NTPg, but Th(G(C)) has TPy. By compactness
and Remark 5.2 we can find some formula ¢(z,y) and an array (a;; : i,j € k) of
tuples in G witnessing TP2 as in Definition 5.1(1). Then for all 4,j € x we have
ai; = tij(Zi;, hij) for some terms ¢; ; € Lg and some finite tuples #; ; from X
and h; ; from H.

As k > |Lg|+R0, passing to a subsequence of each row, and then to a subsequence
of the rows, we may assume that t;; = ¢t € Lg and 7;; = 2,7, 7} ; with
zY 51, 125 515 125 51, |h; ;| constant for all 4,5 € k. Again as in the NIP case, we add
the handles of the elements in the tuple a_:f) « to the beginning of z7 , for all ¢, j € k.

Taking ¢(z,y') = ¢(x, t(y")) with |¢/| = |£l’\]i_1”| and b; j == fi”\ji_ziyj, we have that
Y(z,y') € Lg and the array (b;; : i,j € k) still satisfy the condition in Definition
5.1(1).

By Fact 5.4, let (¢;; : i,j € k) with ¢; ; = y; >, ; be an array with mutually
indiscernible rows based on (l_)i, j :1,j € k). Then, arguing as in the proofs of Theo-
rems 3.2 and 4.7 using type-definability of the relevant properties from Proposition
2.14 and Remark 5.5, we have:

(1) 9¥(x,y') and the array (¢;; : i, j € ) satisfy the condition in Definition 5.1(1);
(2) For gij = 4¥7 Ui ; Ui ; we have that:
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e all of these tuples are of fixed length and list elements of the corresponding
type,

e the handle of the n-th element of gﬁ ; 1s the n-th element of g’ ;

(3) the set of all elements of G appearing in (g, ; : ¢,j € k) is a partial transversal
of G and can be extended to a transversal Y of G;

(4) the set of all elements of G appearing in (m; ; : 4,j € k) is a set of elements in
Z (@) linearly independent over G’, hence can be extended to a set of generators
M such that G = (V) x (M).

Let now b be a tuple in G such that G = {¢(b, &) : i € x}. We have that
b = s(,m) for some term s € Lg and some finite tuples 4 in Y and m in M. Let
y = y" " yPy', each listing the elements of the corresponding type. In the same
way as for each of the ¥; ;’s, we add the handles of the elements in the tuple y” to the
beginning of ¥ so that the handle of the n-th element of * is the n-th element of .
Taking 6(2',y") := ¥(s(z’),y’), we still have that g7m = {0(2',¢i0) : i € Kk} and
the set of formulas {0(2',¢ ;) : j € k} is 2-inconsistent for each ¢ € k. Moreover,
after possibly throwing away finitely many rows, we may assume that the rows are
mutually indiscernible over g™ mNJ{¢;0 : i € s} (if an element of 7 m appears in
Gi 0, then the rows of the array (¢; ; : i’ € k,47’ # 1, j € k) are mutually indiscernible
over it). This implies that if z € yNy; o for some 7 and z is the n-th element in the
tuple ¥; 0, then it is the n-th element in any tuple ;0 with j € x.

Consider all of the elements in g and (g;; : i,j € &) as elements in I'(G), a
saturated model of Th(C'), and note that as I'(G) is interpretable in G we have that
the array (g7, : 4,7 € ) has mutually indiscernible rows in I'(G). As Th(I'(G))
is NTPs, it follows by Fact 5.3 that there is some « € k such that for each i > «
there is some tuple g such that tpr(3”/7¥,) = tpr(y"”/v;,) and the sequence
(g7; + j € K) is Lr-indiscernible over g, i. e. tpp(7”, 7o) = tpr(¥",vo). Let
oo be the bijection which maps 7" %0 to ¥’ ;0. Now we want to extend this
bijection to ¥ ¥; 0 in a type and handle preserving way. To do so, we have to
choose an image for each element in 77~ §*. Let z be the n-th element of 77 and let
u be the n-th element of 7 (i. e. the handle of z).

o If 2 ¢ 47, then choose 2’ to be any element in Y” which has handle oy (u) and
is not contained in g7 .

o If 2 € gjf-’)o, then we have that o fixes z as well as the handle u of z. In this case
let 2’ be equal to z.

Now, we extend oy to o by mapping z to 2’ and fixing each element of *. Let
¥ =y" " o(y?)"y". Then we have that for all y € g7, 0:

(1) o is well defined;

(2) o fixes all elements in ; o;

(3) o respects types and handles by construction;

(4) tpr(7”, 97 0) = tpr(a(7”,970)) as a(y) = oo(y) for all y € g" 77 .

Now consider m and (m;; : i,j € k) as tuples of elements in (M), which is a
model of the stable theory Th((M)). Moreover, as (m; ; : i,j € k) has Lg-mutually
indiscernible rows and Th((M)) eliminates quantifiers, (/m; ; : 4, j € &) has mutually
indiscernible rows in the sense of Th({M)). Hence, by Fact 5.3 again, there is some
B € k such that for each ¢ > /3 there is some 7 € Aut((M)) fixing m; ¢ and such
that (m; ; : j € k) is indiscernible over m’ := 7(m).
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Fix some ¢ > max{«, 5} and let §" and /' be chosen as above. Then by Lemma
2.11 we find an automorphism of G which maps gm ™, om0 to ¥ (M) " gi om0,
hence

tpa (7'’ /Fiokio) = toa(Fm/Jiomi,o)-
In particular, G |= 0(y'm/, ;,0m4,0). We will show that

DG (Fi.0mi0/Y'm') = tbg (Yi,1mi /y'm),
which would then contradict the assumption that {6(z',7; hi;) : j € k} is 2-
inconsistent.

We show that sending 3'9;0 to '7;1 is a well-defined bijection fy. The only
thing to check is that if the nth element z of ;¢ is an element of §’, then the
nth element of y; 1 is equal to z. This is true as by construction we have that the
sequence (g;,; : j € &) is indiscernible over (' N J,c, ¥i,0). Moreover, we have the
following properties for fy:

(1) fo fixes all elements in g’ (by construction);
(2) fo respects types and handles (by construction);
(3) tpr(¥",970) = tpr(fo(¥"”,97o)) (since by the choice of " above, we have that
(y7; : j € k) is indiscernible over y in I'(G)).

Similarly, by the choice of m’ above, the sequence (m; ; : j € k) is indiscernible
over ﬁ’l/, SO tp(M} (miyo, m/) = tp(M) (miyl, m/)

Again, Lemma 2.11 gives us an automorphism of G sending y; 0m; 0 to ¥; 1741
and fixing g'm’, as wanted.

O
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