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Abstract A set of different equations of state is imple-
mented in the molecular dynamics part of a non-equilibrium
transport simulation (UrQMD) of heavy-ion collisions. It is
shown how different flow observables are affected by the
density dependence of the equation of state. In particular,
the effects of a phase transition at high density are explored,
including an expected reduction in mean mT . We also show
that an increase in v2 is characteristic for a strong softening of
the equation of state. The phase transitions with a low coex-
istence density, nCE < 4n0, show a distinct minimum in the
slope of the directed flow as a function of the beam energy,
which would be a clear experimental signal. By comparing
our results with experimental data, we can exclude any strong
phase transition at densities below 4n0.

1 Introduction

The role of the QCD equation of state (EoS) in collisions
of heavy nuclei at various beam energies has been a cen-
tral aspect of many years of dedicated research. While the
EoS for vanishing net baryon density is now well con-
strained by lattice QCD calculations [1–3], the high-density
and intermediate- to low-temperature EoS is still not well
known.

Some information can be extracted from the properties of
neutron stars, the densest objects known in the universe, as
well as from binary collisions of these stars [4–12]. To make
the connection between these astrophysical observations, lat-
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tice QCD, and relativistic nuclear collisions is an important
aspect of constructing a consistent and complete picture of
the properties of strongly interacting matter.

At the highest beam energies available, the EoS of QCD
can be studied in fluid dynamical approaches and it was
shown that the dynamically-created flow in heavy-ion reac-
tions is consistent with a smooth crossover as calculated by
lattice QCD methods [13]. As we go to lower beam ener-
gies, these ’standard models of heavy-ion reactions’ or hybrid
models [14–25], incorporating both a fluid dynamic and a
non-equilibrium transport model part, become less suitable
for describing the system’s evolution. This is because at lower
energies, the approach to equilibration, necessary for the ini-
tial state used in the fluid dynamic approaches, takes an ever
increasing fraction of the duration of the collision. More-
over, the role of the EoS during the compression phase is not
addressed in hybrid models, and it has been shown to have a
strong impact on the extracted observables [26,27].

At the same time, direct first principle calculations of the
QCD EoS at high density and intermediate to low tempera-
tures are not possible due to the fermion sign problem [28]
and the fact that expansion schemes to finite density are reli-
able only to a certain degree [29–37]. Consequently, any dis-
covery about the EoS must come from thorough comparisons
of simulations of heavy-ion collisions as well as astrophys-
ical observations, including an EoS that fulfills not only the
constraints of lattice QCD at vanishing density, but also the
observable constraints from heavy-ion reactions as well as
neutron stars and their mergers.

Early, it was suggested that the flow, especially of baryons,
may be sensitive to the EoS. In particular, a phase transition
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would leave characteristic imprints on the flow profile. For
example, a strong phase transition would lead to a stalled
radial expansion and thus a plateau in the mean transverse
energy excitation function [38]. Furthermore, the collapse of
the flow, a distinct minimum in the the slope of the directed
flow as a function of the beam energy, was predicted [39–41].
Later, also higher moments of the anisotropic flow were con-
sidered sensitive to the EoS [42–46]. Over the recent years,
several studies within the standard hybrid model approaches
showed that these signals were often washed out by the
matching which is required between different parts of the
models [47]. In particular, the transition between the equi-
librium and non-equilibrium descriptions is especially ques-
tionable at low beam energies, where most of the signals are
expected.

Until now, only few attempts have been made to consis-
tently introduce a phase transition (or any non-trivial features
in the EoS) in a non-equilibrium simulation of heavy-ion col-
lisions [27,45,48–52] at beam energies currently under inves-
tigation at the RHIC-BES and, in the future, at the upcoming
SIS18/SIS100 accelerator.

The purpose of the present work is to conduct a systematic
study of the sensitivity of different flow observables to var-
ious EoSs, including EoSs with phase transitions, in a fully
consistent microscopic transport approach. To do so, we will
introduce a simple but consistent way to implement different
EoSs, in particular some including a phase transition at high
densities, in a microscopic transport model, and we will use
this model to investigate the effects of such a phase transition
on transverse flow observables. By comparing the simula-
tion results for the different EoSs, we will be able to identify
clear effects of a phase transition on the observables, while
comparisons with available data may enable us to put better
constraints on the existence of such a transition in the QCD
EoS.

2 Microscopic Transport with density-dependent
potentials

To systematically study the effects of a phase transition in
nuclear collisions requires a model that contains a certain
set of baseline features. This includes, for example, a proper
treatment of the conservation laws and finite size effects as
well as a treatment of non-equilibrium effects. In addition,
the model should allow for the calculation of a multitude of
hadronic observables in a consistent way.

In this work we will employ the non-equilibrium molecu-
lar dynamics (MD) implementation of the UrQMD transport
approach [53,54]. It is based on the propagation of hadrons
on classical trajectories in combination with stochastic binary
scatterings, color string formation, and resonance excitation
and decays. The imaginary part of hadron interactions are

based on a geometric interpretation of their scattering cross
sections, which are either taken from experimental measure-
ments where available [55], or are calculated, e.g., from the
principle of detailed balance.1 In its default setup, the model
corresponds to a hadronic cascade and can be readily used to
describe the final state spectra of hadrons over a wide range
of beam energies. It was shown that the effective EoS of
the UrQMD in cascade mode corresponds to a Hadron Res-
onance Gas (HRG) with the respective degrees of freedom
[56].

Extending the equations of motion to include the real
part of hadronic interactions is usually done with a quan-
tum molecular dynamics (QMD) approach and a density-
dependent potential interaction term. Unlike other mean-
field approaches such as the Boltzmann–Uehling–Uhlenbeck
(BUU) or Vlasov–Uehling–Uhlenbeck (VUU) transport,
QMD is ann-body theory describing the interactions between
n nucleons. Early, non-relativistic QMD approaches [57]
were developed which incorporated density-dependent Skyrme
interactions [58].

In the QMD part of the UrQMD model, the change in the
momenta of the baryons due to a density-dependent potential
is calculated using the non-relativistic equations of motion,

ṙi = ∂H
∂pi

, ṗi = −∂H
∂ri

, (1)

where H = ∑
i Hi is the total Hamiltonian function of the

system which is just the sum over all Hamiltonians, Hi =
Ekin
i +Vi , of the i baryons. It includes the kinetic energy and

the total potential energy V = ∑
i Vi ≡ ∑

i V
(
nB(ri )

)
. The

change of momentum of each baryon can be calculated from
Hamilton’s equations of motion,

ṗi = −∂H
∂ri

= − ∂V
∂ri

(2)

= −
(

∂Vi
∂ni

· ∂ni
∂ri

)

−
⎛

⎝
∑

j �=i

∂Vj

∂n j
· ∂n j

∂ri

⎞

⎠ , (3)

where n{i, j} ≡ nB(r{i, j}) is the local interaction density of
baryon i or j . Thus, Vi corresponds to the average potential
energy of a baryon at position ri , and the local interaction
density nB at position rk is calculated by assuming that each
particle can be treated as a Gaussian wave packet [53,57].
With such an assumption, the local interaction baryon density
nB(rk) at location rk of the kth particle in the computational
frame is:

nB(rk) = nk =
∑

j, j �=k

n j,k (4)

1 This means that we do not include any possible explicit momentum
dependence of the MD potentials which would also require modifica-
tions of the effective elastic scattering cross sections at low relative
momenta.

123



Eur. Phys. J. C (2022) 82 :911 Page 3 of 12 911

=
(α

π

)3/2 ∑

j, j �=k

B j exp
(
−α(rk − r j )2

)
,

where α = 1
2L , with L = 2 fm2, is the effective range param-

eter of the interaction. The summation runs over all baryons,
and Bj is the baryon charge of the j th baryon. Once the
potential energy per baryon is know Eq. (3) can be solved
numerically.

The density dependent average potential energy per
baryon, V , can be related to a density-dependent single-
particle potential U , which is sometimes given instead,
through

U (nB) = ∂
(
nB · V (nB)

)

∂nB
. (5)

For a given particle, the single-particle potential is then also
given by Ui = U

(
nB(ri )

)
.

Note that the above implies that the force that the i th
baryon is subjected to depends not only on the change of
the potential energy at point ri due to the local gradient of
nB(ri ), but also on the change of the potential at positions r j
of all baryons j due to the change in ri . The derivative of the
potential in Eq. (3), and thus ṗi , is calculated by summing
over all possible baryon pairs j �= i ; note that by construc-
tion, we have

∑
i ṗi = 0, that is momentum is conserved.

In the following, the QMD implementation will assume,
for simplicity, that the mean-field potential for all baryon
types is the same as that for the nucleons.

In the present implementation of the QMD model we
ignore relativistic effects, which should only become rele-
vant at beam energies between

√
sNN = 5 – 10 GeV [59].

2.1 Equations of state

The relevant input for the QMD equations of motion is the
density-dependent interaction potential V (nB) which deter-
mines the effective EoS governing the evolution. In this
paper, we will compare EoSs coming from a variety of mod-
els: the Skyrme model, the vector density functional (VDF)
model, as well as a realistic Chiral Mean Field (CMF) model
which incorporates all interactions essential for a realistic
description of nuclear matter, neutron stars, and hot QCD
matter.

2.1.1 The Skyrme model

In the original Skyrme UrQMD approach [53,57] the density
dependence of the single-particle energy for all baryons is
given by a simple form:

USkyrme(nB) = α(nB/n0) + β(nB/n0)
γ . (6)

Two of the degrees of freedom that are provided by the three
parameters (α, β and γ ) can be constrained by the nuclear

matter saturation density and binding energy, while the last
remaining degree of freedom is constrained by the nuclear
incompressibility, often referred to as the stiffness of the
EoS. To obtain the average potential energy VSkyrme(nB) for
the equations of motion, Eq. (5) can be integrated assum-
ing that the potential energy VSkyrme(nB = 0) = 0 vanishes
at zero baryon density. As a baseline for comparisons, we
will use two different Skyrme parametrizations denoted as
hard and soft Skyrme EoS, with the nuclear incompressibil-
ity K0 = 380 MeV and 200 MeV, respectively. The parame-
ters corresponding to the hard and soft parametrizations are
shown in Appendix A. The Skyrme EoS for densities above
the nuclear saturation density is therefore fixed by parame-
ters which are defined at the saturation density. Despite its
simplicity, the Skyrme EoS has been used widely in many
efforts to constrain the EoS close to saturation density. Its
main shortcoming is the fact that by fixing the incompress-
ibility, the high density behavior is also uniquely determined.
Since presently rather precise constraints on the incompress-
ibility are known, the Skyrme potential is essentially with-
out any degree of freedom. To be able to study the EoS for
densities far above nuclear saturation, it would be beneficial
to extend the potential beyond a simple two-term Skyrme
prescription (see also, e.g., [27,59,60] for a discussion and
another possible way to extend the EoS).

2.1.2 The vector density functional model (VDF)

Recently, a vector density functional (VDF) model of the
EoS has been developed [51] which generalizes Eq. (6) in
two ways. First, the VDF model is relativistically covariant
and therefore leads to fully covariant equations of motion.
Second, the VDF model allows one to include an arbitrary
number of interaction terms, which in turn enables descrip-
tion of non-trivial features such as, e.g., a phase transition at
high baryon density and high temperature, while at the same
time satisfying known constraints at low temperatures and
low densities, e.g., reproducing the values of the nuclear sat-
uration density n0, binding energy at saturation E0, and the
location of the critical point of the nuclear liquid-gas phase
transition (n(N )

c , T (N )
c ).

The VDF energy density of a system composed of one
species of baryons with degeneracy g, interacting through a
number K of mean-field vector interaction terms, is given by

EK = Ekin +
K∑

k=1

[

A0
k j0 − g00

(
bk − 1

bk

)

Aμ
k jμ

]

(7)

where the kinetic contribution to the total energy of the sys-
tem is given by

Ekin = g
∫

d3 p

(2π)3 εkin f p , (8)
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Table 1 Characteristics of the VDF EoSs used in this work. For all
VDF EoSs, the saturation density, the binding energy, and the criti-
cal density of the nuclear liquid-gas phase transition have been set at
n0 = 0.160 fm−3, E0 = −16.3 MeV, and n(N )

c = 0.375n0, respec-
tively. The incompressibility K0 and the boundaries of the coexistence
region of the “QGP-like” phase transition at T = 0, denoted with

nL and nR , are not used to fit the parameters, but rather are proper-
ties of the EoSs resulting from fitting to the chosen set of character-
istics {n0, E0, n

(N )
c , T (N )

c , n(Q)
c , T (Q)

c , ηL , ηR}. Parameters of the
VDF model leading to the above sets of characteristics are listed in
Appendix B

EoS T (N )
c [MeV] n(Q)

c [n0] T (Q)
c [MeV] ηL [n0] ηR[n0] K0 [MeV] nL [n0] nR[n0]

VDF1 18 3.0 100 2.50 3.315 261 2.13 3.57

VDF2 18 4.0 50 3.85 4.124 279 3.74 4.22

VDF3 22 6.0 50 5.80 6.177 356 5.66 6.31

with f p denoting the distribution function of the system,
while the vector fields are defined as

Aμ
k ≡ Ck

(
jν j

ν
) bk

2 −1
jμ , (9)

where jμ is the conserved current and
(
jν jν

) 1
2 = nB is the

rest frame baryon density and Ck are the parameters of the
model. It is important to note that the quasiparticle kinetic
energy is influenced by the presence of the vector fields,

εkin =

√
√
√
√
√

(

p −
K∑

k=1

Ak

)2

+ m2 , (10)

and similarly the spatial components of the conserved current
are given by

j = g
∫

d3 p

(2π)3

p − ∑K
k=1 Ak

εkin
f p . (11)

From this, it is straightforward to calculate the quasipar-
ticle energy,

εp ≡ δEK
δ f p

= εkin +
K∑

k=1

A0
k , (12)

which can be then taken as the quasiparticle Hamiltonian,
leading to fully relativistic quasiparticle equations of motions
(for details, see [51]). The parameters of the model

{
Ck, bk

}

can be fixed by fitting the pressure of the system,

PK = g
∫

d3 p

(2π)3 T ln

[

1 + e−β
(
εp−μ

)]

+
K∑

k=1

Ck

(
bk − 1

bk

)

nbkB , (13)

to satisfy a chosen set of 2K constraints that establish the
properties (characteristics) of nuclear matter, such as the sat-
uration density or the location of the critical point.

In the minimal version of the VDF model allowing one to
describe nuclear matter with two first-order phase transitions
(one corresponding to the ordinary nuclear liquid-gas phase
transition, and the other corresponding to a postulated “QGP-
like” phase transition at high density and temperature), the

number of interaction terms is set at K = 4. Then the param-
eters of the interactions are fit to reproduce the chosen values
of the saturation density n0, binding energy E0, the critical
density n(N )

c and temperature T (N )
c of the nuclear liquid-gas

phase transition, the critical density n(Q)
c and temperature

T (Q)
c of the postulated “QGP-like” phase transition, and the

T = 0 boundaries of the spinodal region of the postulated
“QGP-like” phase transition, ηL and ηR . To a large extent,
the values of these characteristics of nuclear matter can be
freely varied in the VDF model, although in practice there
are some subtleties (see [51] for more details).

In this study, we used three different parametrizations of
the VDF model, corresponding to three sets of characteris-
tics of nuclear matter. For all sets, we took the characteris-
tics of the ordinary nuclear matter to be n0 = 0.160 fm−3,
E0 = −16.3 MeV, and n(N )

c = 0.375n0. We list the remain-
ing characteristics, varied among the different parametriza-
tions, along with the resulting incompressibilities K0, in
Table 1. We note here that in particular, as can be shown
in a simple model of the nuclear matter EoS [61], varying
the critical temperature of the nuclear liquid–gas phase tran-
sition directly influences the resulting incompressibility K0;
this effect can be clearly seen in VDF3. Additionally, the
high-density characteristics for VDF2 and VDF3, in partic-
ular the relatively small critical temperatures T (Q)

c and rel-
atively narrow spinodal regions (ηL , ηR), have been chosen
to maximize the incompressibility of the EoS at intermediate
densities. Parameters of the VDF model leading to the sets
of characteristics given in Table 1 are listed in Appendix B.

Finally, while the VDF model has been designed for use
in a BUU mean-field transport and as such is implemented in
the hadronic transport code SMASH [62] (publicly available
at [63]), here it is used according to the paradigm explained
above. In particular, we take

VVDF ≡
EMF

∣
∣ rest
frame

nB
, (14)

where EMF
∣
∣ rest
frame

= ∑
i
Ci
bi
nbiB is the total mean-field energy

in the rest frame.
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2.1.3 The CMF model

The Chiral Mean Field model [64–66] (CMF) is an approach
to the description of QCD thermodynamics for a wide range
of temperatures and densities. The effective degrees of free-
dom of the CMF model include a complete list of all known
hadrons as well as the three light quark flavors plus a gluon
contribution. The CMF contains a transition between quarks
and hadronic degrees of freedom, the liquid-vapor transi-
tion in nuclear matter, as well as chiral symmetry restoration
introduced through parity doubling in the mean field approx-
imation. Parity doubling introduces the heavy parity partners
to baryons of the lowest octet [67,68]. The baryons and their
parity partners interact via mesonic mean fields (attractive
scalar σ, ζ and repulsive ω, ρ, φ meson exchanges) and the
effective masses of the parity partners become degenerate
as chiral symmetry is restored. A detailed description of the
CMF model and its parameters can be found in [69].

The CMF model describes many aspects of QCD phe-
nomenology. It has been successfully applied in an analysis
of lattice QCD data [69], used in the description of cold neu-
tron stars [66], and has been employed as the EoS in hydro-
dynamic simulations of both heavy-ion collisions and binary
neutron star mergers [70,71].

The effective masses of the ground-state octet baryons and
their parity partners (assuming isospin symmetry) read [67]:

m∗
b± =

√[
(g(1)

σbσ + g(1)
ζb ζ )2 + (m0 + nsms)2

]

± g(2)
σbσ , (15)

where the various coupling constants g(∗)
∗b are determined

by vacuum masses and by nuclear matter properties. m0

refers to a bare mass term of the baryons which is not gen-
erated by the breaking of chiral symmetry, and nsms is
the SU(3) f -breaking mass term that generates an explicit
mass corresponding to the strangeness ns of the baryon. The
single-particle energy of the baryons, therefore, becomes a
function of their momentum k and effective masses: E∗ =√

k2 + m∗2
b .

Similar to the effective mass mb∗ which is modified by
the scalar interactions, the vector interactions lead to a mod-
ification of the effective chemical potentials for the baryons
and their parity partners:

μ∗
b = μb − gωbω − gφbφ − gρbρ . (16)

Note that the couplings of nucleons and hyperons to the mean
fields were fixed to reproduce a nuclear binding energy per
baryon E0 = E/nB − mvac

N , where E is the energy den-
sity, as well as the asymmetry energy S0 ≈ 31.9 MeV and
incompressibility K0 ≈ 267 MeV.

In the CMF model the single nucleon potential is given
by the interactions with the chiral and repulsive mean fields.
At T = 0, it can be calculated from the self energy of the
nucleons as:

UCMF = m∗
N − mvac

N − μ∗
N + μN , (17)

wheremvac
N and μN are the vacuum mass and chemical poten-

tial of the nucleon calculated only from the charge constraints
and m∗

N and μ∗
N are the corresponding effective nucleon

mass, Eq. (15), and effective chemical potential, Eq. 16),
generated through the interactions with the scalar and vector
mean fields.

In its default setup (referred to simply as CMF), the model
exhibits a smooth transition from interacting hadronic to
quark degrees of freedom. The speed of sound at T = 0
shows a distinct maximum around 4–5 times saturation den-
sity due to the repulsive nuclear forces and then a slow soft-
ening followed by approaching the ideal gas limit from below
[66].

Since the parameters of the CMF EoS are already con-
strained by lattice QCD data and neutron star observations,
introducing an additional first-order phase transition consis-
tently within the current framework of the model is chal-
lenging. Nevertheless, a simple augmentation can be used to
implement a phase transition in the CMF EoS. To provide for
another metastable state in the mean-field energy per baryon
at large densities (in addition to the bound state present in
ordinary nuclear matter below the critical point of the liquid-
gas transition), the original potential of the CMF model is
cut at density ncut

B = 2.1n0 for PT1 and 2.6n0 for PT2, where
PT1 and PT2 stand for two different phase transition scenar-
ios. We then define the potential Ṽ above nB = ncut

B +ΔnB ,
where ΔnB = 2.0n0 and 3.0n0 for PT1 and PT2, respec-
tively, as Ṽ (nB) = V (nB − ΔnB), effectively “shifting” the
functional behavior of V (nB) by ΔnB . In the remaining gap
between ncut

B < nB < ncut
B + ΔnB , the mean-field energy

is interpolated by a third order polynomial in order to create
a second minimum in energy per particle V (nB) and at the
same time ensure that its derivative is a continuous function.
In principle there are infinite ways to create such an construc-
tion, each leading to different properties of such constructed
transition. Other methods can be employed to construct high-
density phase transitions, for example using a vector density
functional [51].

The present work is aimed at studying general signatures
of a phase transition. The VDF EoSs all contain a critical
endpoint at a moderate temperature. In contrast, for the CMF
phase transition scenarios we choose an interpolation which
results in a transition which is stronger than in the VDF model
and in particular does not end in a critical endpoint at finite
temperature. Here we use the fact that the phase structure
at finite temperature is determined solely by the sum of the
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Fig. 1 Upper plot: Field energy per baryon of three versions of the VDF
EoS compared to those from the hard and soft Skyrme parametrizations.
Middle plot: derivative of the field energy per baryon with respect to
the baryon density, entering the calculation of the MD-forces, for the
same EoSs. All VDF EoSs incorporate a phase transition (see Table 1)
and show significant unstable regions at different densities. Lower plot:
pressure as function of the baryon density for all VDF EoSs, compared
to the hard and soft Skyrme models

free hadron gas pressure and the pressure contribution of the
fields, which is temperature-independent by construction.

As the phase transition is very strong, i.e., a too large drop
in the pressure is created, the hadron gas pressure is never able
to compensate for this drop and the phase transition remains
present for all temperatures. This means that, as we demand
that the drop in the pressure for ncut

B < nB < ncut
B + ΔnB is

large enough, due to our omission of an explicit temperature
dependence, PT1 and PT2 will have no critical endpoint of the

Fig. 2 Upper plot: Field energy per baryon of three versions of
the CMF EoS compared to those from the hard and soft Skyrme
parametrizations. Middle plot: derivative of the field energy per baryon
with respect to the baryon density, entering the calculation of the MD-
forces, for the same EoSs. While the standard CMF essentially corre-
sponds to a smooth transition with only a very minor phase transition
at ρB ≈ 4ρ0, the two scenarios PT1 and PT2 show significant unstable
regions at different densities. Lower plot: pressure as a function of the
baryon density for all CMF equations of state, compared to the hard
and soft Skyrme models

transition and remain a first-order transition for all collision
systems.

Since our procedure modifies the CMF EoS only at high
densities, it leaves the low-density description consistent with
the nuclear matter properties and lattice-QCD constraints.
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2.1.4 Practical implementation of the EoS in UrQMD

With the three above described models, we now have a wide
range of possible EoSs at our disposal which either show no
transition, a smooth crossover, or a phase transition with or
without a critical endpoint.

To implement the above EoSs in the QMD part of the
UrQMD model, we need to calculate the density dependence
of the average field energy per baryon V (nB) within each
model, which then can be used in the QMD equations of
motion given by Eq. (3). In particular, V (nB) and its deriva-
tive need to be provided in order to numerically calculate
changes in momentum at a given time-step.

The VDF model can directly provide the mean-field
energy per baryon V (nB). In the CMF model, the nucleon
interaction is described relativistically via scalar and vector
mean fields which are not present in UrQMD. In addition, the
CMF model is not only restricted to nucleons, thus, the single
nucleon potential UCMF as defined in Eq. (17) is not suitable
to calculate the relevant mean-field potential required for the
equations of motion. Fortunately, the effective field energy
per baryon Efield/A can be used, i.e., the relevant quantity
which enters the equations of motion is then defined as

VCMF = Efield/A ≡ ECMF/A − EFFG/A , (18)

where ECMF/A is the total energy per baryon at T = 0 from
the CMF model and EFFG/A is the energy per baryon in a
free non-interacting Fermi gas. The resulting average field
energy per baryon as a function of the baryon density, from
both the VDF and CMF models, is shown in Figs. 1 and 2,

respectively. Here, the upper panels show the field energy per
baryon V as a function of the baryon density. In both cases,
the EoSs are compared to the standard “hard” and “soft”
Skyrme EoSs often used in the literature [58]. Due to the
presence of a first-order transition at high densities, the VDF
model shows generally a softer EoS than the hard Skyrme for
nB � n0. The standard CMF EoS shows a behavior similar
to that of the soft Skyrme potential for sub-saturation (up
to saturation) densities and a very stiff behavior at super-
saturation densities up to 2.5 n0, followed by a softening.
The two phase transitions included in PT1 and PT2 occur at
different densities, as can be seen from the strong softening
of V . It should be noted that these phase transitions can be
considered very strong and therefore do not end in a critical
endpoint as in the VDF model.

The middle panels of Figs. 1 and 2 show the derivative of
the field energy per nucleon with respect to the baryon density
as a function of baryon density nB in units of the ground-
state baryon density for the different potentials. Again, the
CMF PT1 nd PT2 clearly show the strongest minimum, and
consequently one xpects stronger effects than with the VDF
EoS.

The actual equation of state, i.e., pressure as a function of
the baryon density, is shown for T = 0 in the lower panels
of Figs. 1 and 2. For all EoSs used in this study, the pressure
can be obtained from

P(nB) = Pid(nB) +
∫ nB

0
n′ ∂U (n′)

∂n′ dn′ . (19)

Fig. 3 The mean transverse kinetic energy 〈mT 〉 − m0 of protons for
central Au–Au collisions. 〈mT 〉 is evaluated at mid-rapidity |ycm/yb| <

0.1 (y is the proton rapidity in the center of mass frame of the collision,
i.e. ycm = 0, and yb is the beam rapidity defined in the center-of-mass
frame of the collision) and no cut in the transverse momentum is applied.

From left to right, the results for the UrQMD cascade mode (grey dashed
line), hard (red) and soft (green) Skyrme EoS, the CMF model (orange
lines,) and the VDF model (blue lines) are shown. All are compared
to available data from heavy-ion collisions at several beam energies
(symbols) [72,73]
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where Pid(nB) is the pressure of an ideal Fermi gas of
baryons. The density regions where the pressure decreases
with density can be easily identified as the spinodal regions
of the phase transitions.

Using the obtained potentials V and their derivatives, it
is now straightforward to solve the equations of motion Eq.
(3) in discrete time steps of Δt = 0.2fm/c. As described
above, the baryons are treated as single Gaussian wavepack-
ages centered around their positions ri . The time-evolution is
always calculated in the center-of-velocity frame of the two
incoming nuclei.

Having now established a method in which many char-
acteristically different EoSs can be easily introduced in the
QMD part of UrQMD, we will study the flow in heavy-ion
collisions at beam energies from

√
sNN = 2–10 GeV.

3 Results on the flow at various beam energies

The average radial flow is the most direct connection between
the pressure gradient generated by the EoS and the final state
observables. Therefore, we show the mean transverse kinetic
energy of protons as obtained from our simulations, as a
function of beam energy and compared to experimental data2,
in Fig. 3 for most central (b < 3.4 fm) Au–Au collisions. The
results for the mean transverse kinetic energy, as well as the
other flow coefficients, are always evaluated in mid-rapidity
defined as |y/yb| < 0.1, where y is the proton rapidity in the
center of mass frame of the collision, i.e. ycm = 0, and yb is
the beam rapidity defined in the center-of-mass frame of the
collision. This is done to make the results comparable as the
rapidity width of the colliding systems changes drastically in
the beam energy range under investigation.

The three panels in Fig. 3 present the different parametriza-
tions of the density-dependent potential. The first panel
shows the results for UrQMD in the cascade mode with-
out any potentials (grey dashed line) compared to the well-
known hard and soft Skyrme potentials (red and green solid
lines). The UrQMD cascade mode resembles an “ultra-soft”
EoS, and therefore the mean transverse flow is the smallest in
this case. As expected, a harder EoS leads to a stronger trans-
verse flow. In the comparison of the CMF (middle panel) and
VDF (right panel) EoSs, the situation is more complicated.
In general, the VDF model has a softer EoS for densities up
to 2-3 times saturation density, which directly translates into
a smaller transverse flow for beam energies between 3 and
5 GeV. The existence of a phase transition also leads to a
softening and thus decreases the flow. Interestingly, the VDF

2 Note that we chose to only present the mean transverse mass for the
NA49 and STAR experiments, as the AGS data available often used
different acceptances as well as centrality definitions, which makes a
direct comparison difficult.

EoS 1 and 2 show a rapid increase of the mean transverse
flow at beam energies above

√
sNN = 6 GeV due to the

strong hardening of the EoS for densities above 4 – 5n0.3 It
is clear that the density dependence of the EoS can be traced
by the mean transverse momentum of protons. However, the
available data is limited to the higher beam energies and addi-
tionally suffers from relatively large error bars. Comparing
all EoSs used in our study, the standard CMF EoS as well as
the VDF EoS3 seem to give the best description of available
data due to their “stiffness” at low densities and subsequent
softening at higher densities.

Higher order harmonics of the angular transverse flow dis-
tributions are also known to be rather sensitive to the EoS.
One much investigated harmonic is the elliptic flow. The
elliptic flow v2 is mainly caused as a response of the medium
to the asymmetric initial density distribution in non-central
collisions. In this work we will calculate v2 from:

v2 =
〈
p2
x − p2

y

p2
x + p2

y

〉

, (20)

where the momenta are defined with respect to the reaction
plane. The average runs over all protons in the mid-rapidity,
|y/yb| < 0.1, region of the collision. As before, Fig. 4 shows
the results for v2 for the different EoSs. Similar to the mean
transverse flow, the elliptic flow from the UrQMD cascade
mode shows the strongest deviation from the data due to its
extreme “softness”. In general, one can observe that the ellip-
tic flow is increased when the EoS is softer [45]. The beam
energy dependence of v2 also shows a clear EoS dependence:
while at lower beam energies a harder EoS is favored, this is
less true for energies above

√
sNN > 3 GeV. Here, a signifi-

cant softening is possible. Overall, the models which have a
moderate softening, either the CMF model with a crossover
or the VDF models with a phase transition at higher density,
give the best description of the v2 at high beam energies. Sim-
ilarly as in the case of the mean transverse flow, the elliptic
flow appears to prefer an EoS which is stiff at moderate den-
sities and shows a softening at higher densities.

Finally, the directed flow and its dependence on the EoS
is investigated. The directed flow v1 and its derivative with
respect to the rapidity has been discussed as a sensitive probe
of the EoS [40,47,86–89]. It is defined as:

v1(y/yb) =
〈

px
√
p2
x + p2

y

〉

, (21)

3 We note that the speed of sound in the VDF model becomes superlu-
minal for densities above the upper boundary of the coexistence region
for the “QGP-like” phase transition. This is natural as the VDF EoS is
not in any way constrained outside of the fitting region. Moreover, it can
be shown that in any model using baryon number density to parametrize
the interactions, limnB→∞ c2

s = bmax − 1, where bmax is the highest
power of the baryon density entering the expression for the mean-field
energy density in the system.
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Fig. 4 The elliptic flow of protons, with respect to the reaction plane,
for mid-central Au–Au collisions (5 < b < 8.3 fm). The elliptic flow
is evaluated at mid-rapidity |y/yb| < 0.1 (y is the proton rapidity in
the center of mass frame of the collision, i.e. ycm = 0, and yb is the
beam rapidity defined in the center-of-mass frame of the collision) and

no cut in the transverse momentum is applied. From left to right, the
results for the UrQMD cascade mode (grey dashed line), hard (red) and
soft (green) Skyrme EoS, the CMF model (orange lines), and the VDF
model (blue lines) are shown. All are compared to available data from
heavy-ion collisions at several beam energies (symbols) [74–80]

Fig. 5 The slope of the directed flow, dv1/dyb ≡ dv1/dy · yb (y is the
proton rapidity in the center of mass frame of the collision, i.e. ycm = 0,
and yb is the beam rapidity defined in the center-of-mass frame of the
collision), for mid-central Au–Au collisions (5 < b < 8.3 fm). The
slope is evaluated at mid-rapidity |y/yb| < 0.1 and no cut in the trans-

verse momentum is applied. From left to right, the results for theUrQMD
cascade mode (grey dashed line), hard (red) and soft (green) Skyrme
EoS, the CMF model (orange lines), and the VDF model (blue lines)
are shown. All are compared to available data from heavy-ion collisions
at several beam energies (symbols) [78–85]

where y/yb is the rapidity normalized by the beam rapidity at
the center-of-mass frame, and the average runs over all pro-
tons in a given rapidity window. The derivative with respect
to rapidity, often referred to as the slope of the directed flow, is
calculated in the small bin around mid-rapidity y/yb = ±0.1
to obtain the slope:

dv1/d(y/yb)|y=0 ≡ dv1/dy · yb|y=0 . (22)

The results of our simulations are presented in Fig. 5 in a sim-
ilar way as in the previous two figures.4 Because the slope of
the directed flow is a differential observable, its dependence

4 Again, we chose to not compare to directed flow observables from
some of the AGS experiments as they presented a slightly different
observable in different acceptance and centrality definitions, making a
direct comparison difficult.
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on the EoS can be expected to be and indeed seems stronger
than for the average transverse momentum 〈mT 〉 or elliptic
flow v2. Compared to the two Skyrme EoSs, the UrQMD cas-
cade model gives the smallest slope of the directed flow, and
the slope is increased for stiffer EoSs, at least for beam ener-
gies below

√
sNN < 5 GeV. A similar picture emerges for

the CMF and VDF models. However, here the structure is
more complex. In the scenarios where a strong phase transi-
tion occurs for densities below 4n0, a clear local minimum
in the slope of v1 can be observed; such behavior has been
observed before in other fluid dynamic and transport simu-
lations [40–42,47,86,87,90]. If the phase transition occurs
at a higher density, however, the minimum is not observed
within the range of beam energies explored in this study.
Because a local minimum can be considered a rather reliable
observable, measurements of the directed flow could be used
to confirm or exclude certain classes of EoSs. Based on the
currently available data, conclusions are difficult to draw, but
with more precise data sets to become available in the future,
dv1/dy|y=0 can serve as a strong constraint on the EoS.

4 Conclusions

The role of a density-dependent EoS on different proton flow
observables for collisions of heavy ions at the beam energy
range of

√
sNN = 2 – 10 GeV was investigated. This con-

stitutes the first time that an EoS with a phase transition was
included in the molecular dynamics part of the microscopic
transport model UrQMD. The method that was used to do so
can be generalized for any density-dependent EoS.

It was found that all flow coefficients, 〈mT 〉, v1, as well
as v2, are strongly influenced by the high density EoS up to
approximately 4 times saturation density. In particular, the
effect of different first-order phase transitions were studied
and it was confirmed that a strong transition would lead to a
measurable decrease in the mean transverse mass, an increase
in the elliptic flow and, at the same time, a minimum in the
excitation function of the slope of the directed flow. In gen-
eral, it was found that the currently available data favors a
stiff equation of state up to ∼ 3 − 4 times nuclear saturation
density, after which a softening should occur. These results
are qualitatively similar to the most likely EoS inferred from
neutron star mergers and cold neutron stars which also hint
at a maximum in the speed of sound [91–95]. Also almost no
sensitivity to the equation of state above 4 times saturation
is observed. A more quantitative study on the available data
will be performed in a future work.
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A Parameter sets for the Skyrme model

Parameter sets used for the soft and hard Skyrme parametriza-
tions. The parameters enter in the single particle energy U
given in Eq. (6).

B Parameter sets for VDF1, VDF2, and VDF3 EoS

In this appendix, we provide parameters corresponding
to the EOSs reproducing sets of nuclear matter characteris-
tics listed in Table 1. The values of the coefficients of the
interaction terms, {C1,C2,C3,C4}, depend on a chosen sys-
tem of units; here, we adopt a convention within which the
single-particle potential is written as

U =
N∑

k=1

C̃k

(
nB

n0

)bk−1

, (23)
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Table 3 Parameter sets corresponding to the VDF EOSs reproducing nuclar matter characteristics listed in Table 1

set b1 b2 b3 b4 C̃1 [MeV] C̃2 [MeV] C̃3 [MeV] C̃4 [MeV]

VDF1 1.7681391 3.5293515 5.4352788 6.3809822 −8.450948×101 3.843139×101 −7.958557×100 1.552594×100

VDF2 1.8025297 3.0777209 6.4303869 11.4003161 −9.1843484×101 3.9574869×101 −2.1547320×10−1 4.5187616×10−5

VDF3 2.2138613 2.5261557 5.3081105 7.4901532 −3.130530×102 2.611963×102 −6.317680×10−1 4.450564×10−3

where n0 is the saturation density, so that C̃k must have a
dimension of energy. Thus, C̃k and Ck are related by

Ck = C̃k

nbk−1
0

. (24)

In Table 3, we list coefficients {C̃1, C̃2, C̃3, C̃4} in units
of MeV. Note that in particular, the sum of all coefficients
yields the (rest frame) value of the single-particle potential
at nB = n0,

∑N
i=1 C̃i = −52.484 MeV.
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