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Galaxy redshift surveys, such as the 2-Degree-Field Survey 
(2dF)1, Sloan Digital Sky Survey (SDSS)2, 6-Degree-Field Survey 
(6dF)3, Galaxy And Mass Assembly survey (GAMA)4 and VIMOS 
Public Extragalactic Redshift Survey (VIPERS)5, have shown that 
the spatial distribution of matter forms a rich web, known as the 
cosmic web6. Most galaxy survey analyses measure the ampli-
tude of galaxy clustering as a function of scale, ignoring informa-
tion beyond a small number of summary statistics. Because the 
matter density field becomes highly non-Gaussian as structure 
evolves under gravity, we expect other statistical descriptions 
of the field to provide us with additional information. One way 
to study the non-Gaussianity is to study filaments, which evolve 
non-linearly from the initial density fluctuations produced in the 
primordial Universe. In our study, we report the detection of lens-
ing of the cosmic microwave background (CMB) by filaments, 
and we apply a null test to confirm our detection. Furthermore, 
we propose a phenomenological model to interpret the detected 
signal, and we measure how filaments trace the matter distribu-
tion on large scales through filament bias, which we measure to 
be around 1.5. Our study provides new scope to understand the 
environmental dependence of galaxy formation. In the future, the 
joint analysis of lensing and Sunyaev–Zel’dovich observations 
might reveal the properties of ‘missing baryons’, the vast major-
ity of the gas that resides in the intergalactic medium, which has 
so far evaded most observations.

Cross-correlations of CMB lensing with tracers of large-scale structure 
have been widely studied7–17. In our study, we detect the imprint of fila-
ments on CMB lensing by cross-correlating filaments with the CMB lens-
ing convergence (κ) map. We use a filament intensity map derived from 
the Cosmic Web Reconstruction filament catalogue18 (publicly available at 
https://sites.google.com/site/yenchicr/catalogue) from the SDSS2 Baryon 
Oscillations Spectroscopic Survey19 Data Release 12 (DR 12)20. The fila-
ment finder (see Methods section) partitions the Universe from z =​ 0.005 
to z =​ 0.700 into slices with Δ​z =​ 0.005. In our study, we use the filaments 
from z =​ 0.450 to z =​ 0.700 that are detected from the CMASS galaxy sur-
vey (a galaxy sample from SDSS that targets high redshift). Filaments are 
found in each redshift bin as the density ridge of the smoothed galaxy 
density field21, and the filament uncertainty, which describes the uncer-
tainty of the filament position, is also calculated (see Methods). The fila-
ment intensity, illustrated in Supplementary Fig. 1, is defined as
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where �n is the angular position, Π� �n z( , )f  is the angular posi-
tion of the closest point to �n on the nearest filament and ρ �n z( , )f  
is the uncertainty of the filament at Π� �n z( , )f . Using the inten-
sity map at each redshift bin, we construct the filament intensity  
overdensity map via
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where Ω �n is the solid angle at �n.
In this work, we use the CMB lensing convergence map (pub-

licly available at http://pla.esac.esa.int/pla/#cosmology) from the 
Planck22 satellite experiment. The Planck mission has reconstructed 
the lensing potential of the CMB from a foreground-cleaned map 
synthesized from the Planck 2015 full-mission frequency maps 
using the SMICA code23. The lensing convergence is defined in 
terms of the lensing potential ϕ as

κ ϕ= ∇� ��n n( ) 1
2

( ) (3)n
2

We measure the cross angular power spectrum (the angular 
power spectrum of the cross-correlation) of CMB lensing conver-
gence and filaments κCl

f  using standard techniques (see ‘Estimator’ 
in Methods section). We compute the error for each power spec-
trum by jackknife resampling the observed area into 77 equally 
weighted regions (see Supplementary Section 1 and Supplementary 
Fig. 2) that comprise the CMASS galaxy survey from where the fila-
ments are detected.

We construct a phenomenological model to describe the cross-
correlation of filaments and the CMB lensing convergence field. 
Instead of modelling the filament profile on small scales24–26, our 
model studies how filaments trace matter distribution on large 
scales through the use of the filament bias. We assume a Λ​CDM 
cosmology with Planck parameters from the 2013 release27, where 
Ωm =​ 0.315, h =​ 0.673, σ8 =​ 0.829 and ns =​ 0.9603. In a spatially flat 
Friedmann–Robertson–Walker universe described by general rela-
tivity, the convergence field is
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where χ is the comoving radial distance, z is the redshift observed 
at radial distance, GN is Newton’s gravitational constant, ̄ρ0 is the 
present-day mean density of the Universe, and χCMB is the comoving 
distance to the CMB. On a linear scale, we assume that filaments 
trace the matter as δf =​ bfδm, where bf is defined as the large-scale 
filament bias.

On a large scale, we expect the filament overdensity δf to be 
related to the matter fluctuations through a linear filament bias bf:

∫δ δ=� �n b f z n z z( ) ( ) ( , )d (5)f f m

where f(z) is the mean redshift distribution of the filament intensity, 
defined as
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where �I n z( , ) is the filament intensity defined in equation (1) and 
Δ​z is the width of a redshift slice. In cross-correlation, on scales 
smaller than the typical filament length, using filaments introduces 
additional smoothing compared with the true matter density. We 
model the smoothing as follows: the filaments have typical length, 
and we lose all small-scale information about fluctuations along the 
filament; therefore, we take the corresponding filament power spec-
trum to be exponentially suppressed below the filament scale k|| ≈​ 1/
(filament length) in Fourier space. Similarly, any matter in between 
filaments is either assigned to a filament or eliminated from the 
catalogue (in underdense regions). For this reason we also intro-
duce a suppression in power in the direction perpendicular to the 
filaments, with suppression scale k⊥. We use two ways to model k⊥. 
The detailed models are shown later in the paper. Using the Limber 
approximation28 and the smoothing scale for small scales, the fila-
ment–convergence cross-correlation can be written as
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CMB
 is the CMB lensing kernel, ℓ is the 

angular scale in spherical harmonics and Pmf is modelled as
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where Pmm is the matter power spectrum. Sub- and superscript ref-
erence: κ, CMB lensing convergence; f, filament; m, matter. Cℓ

xy is 
the angular power spectrum as a funtion of angular scale ℓ, where 
xy means the correlation between variables x and y. We use CAMB 
(Code for Anisotropies in the Microwave Background) (http://
www.camb.info/) to evaluate the theoretical spectrum Pmm. The 
measurement of filament length is shown in Fig. 1. The mean and 
median length of the filaments increases as a function of redshift 
owing to the combination of two factors. First, the length of the 
filaments, acting as the mass bridges between galaxy clusters, will 
decrease. Second, the number of filaments detected also depends on 
the number density of galaxies, which, in the CMASS sample, is low 
and decreases as a function of redshift (see Supplementary Fig. 3).  
The large difference in the mean and median values of filament 
length indicates that the distribution of the filament length in each 
redshift bin is not Gaussian. We plot in the background the 2D his-
togram of filament length distribution as a function of redshift and 
filament length.

To check the validity of our model, we also compare the results 
to simulations. The excellent agreement that we find in simulations 
provides an important consistency check. The theoretical predic-
tion for κ

ℓC f  is shown in equation (7). The matter–filament correla-
tion ℓC mf  is defined as
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By taking the parameters that are slowly varying compared with 
f2(z), we get
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For the filament catalogue, the effective redshift, defined as the 
weighted mean redshift of filament intensity, is 0.56. This approx-
imation is not perfect, leading to a systematic bias in the predic-
tion for κ

ℓC f . We propose an estimator for this systematic bias in 
Supplementary Section 2 (ref. 14). As shown in Supplementary Fig. 4,  
the systematic bias is less than 5%. Thus, the approximation only 
causes a negligible bias. In our analysis, we measure ℓC mf  using ten 
realizations of mock sky catalogues of dark matter and correspond-
ing filaments (see Method section).

Figure 2a shows the cross angular power spectrum of fila-
ments and the CMB lensing convergence field. We bin our sample 
into 16 angular scales. Comparing simulation with data, we get 
χ2/d.o.f. =​ 2.38 (where d.o.f. is degrees of freedom) with all 16 data 
points and χ2/d.o.f. =​ 1.16 without the first data point. The devia-
tion of the first data point from the prediction is likely to be due to 
cosmic variance, given the small sky area (fsky =​ 0.065) covered by 
the simulations.

We fit the model of equation (7) to the data with the filament 
bias bf as the fitting parameter. We use two different smoothing 
methods to find k⊥. The first method is to define the perpendicu-
lar smoothing scale as the filament spacing, since any scale smaller 
than the filament spacing is smoothed out. The filament spac-
ing is approximately the filament length. Thus, filament length is 
the overall smoothing scale for the effective power spectrum in  
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Fig. 1 | The filament length as a function of redshift. The orange (red) 
crosses are the mean (median) of the filament length in each redshift bin, 
where the error bars come from the standard error of the mean (median). 
The large difference in the mean and the median values implies that 
the filament length distribution is not Gaussian. The background mesh 
plot shows the 2D histogram of the number of filaments as a function of 
the redshift and the filament length. The magnitude of the histogram is 
represented by the colour bar on the right.
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equation (8). The result is shown by the red line in Fig. 2. The best 
χ2 fit gives bf =​ 1.68 ±​ 0.334. Because filaments also have width, fila-
ment spacing may be an overestimate of the smoothing perpendicu-
lar to filaments. In the second model, we also fit for smoothing scale 
in the perpendicular direction as a free parameter, where we assume 
1/k⊥(z) ≈​ α ×​ 1/k||(z), and we obtain α =​ 0.65 and bf =​ 1.47 ±​ 0.28. 
The result is shown as the orange line in Fig. 2.

We measure the significance of the cross-correlation detection 
by measuring the signal-to-noise ratio (SNR). Our SNR is defined 
as follows

χ χ∕ = −S N (11)null
2

fit
2
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where di is the cross angular signal in bin i, ti is the best-fit theo-
retical prediction for the cross signal in bin i, and C is the covari-
ance matrix estimated from jackknife resampling. The final result is 
shown in Table 1. The SNR values for both models show a signifi-
cant detection of the cross-correlation. On large scales, we find that 
the filaments trace the matter with a filament bias around 1.5, which 
is smaller than galaxy bias from the same sample.

To validate the detection of our cross power spectrum, we per-
form a null test as follows. We rotate the CMB lensing convergence 
map by 90°, 135° and 180°, and then we cross-correlate these rotated 
CMB convergence maps with the filament intensity map. Figure 2b 
shows that the cross signal with the rotated maps fluctuates around 
0. The values of χ ∕ . . .d o fnull

2  for the three cross angular power spec-
tra are 0.79, 0.75 and 1.04, which means that the cross-correlation 
between rotated CMB maps and the filament intensity map is con-
sistent with 0. In addition, to test the impact of lensing generated by 

the clusters at the intersection of filaments on our signal, we mask 
out the redMaPPer clusters29 in the CMB lensing map, finding a dif-
ference of less than 4% in the cross angular power spectrum.

We define the cross-correlation coefficient between the filament 
and galaxy maps as ρ = ∕ℓ ℓ ℓC C Cfg ff gg , where ℓC fg is the cross angu-
lar power spectrum of filaments and galaxies, and ℓC ff  and ℓC gg are 
the auto angular power spectra of filaments and galaxies. The result 
is shown in the left panel of Fig. 3a. The signal is highly correlated 
on large scales, because both galaxies and filaments trace the large-
scale structure of the matter. However, the correlation decreases at 
small scales. Figure 3b shows the cross-correlation of κ

ℓC f  and κ
ℓC g,  

where κ
ℓC g is the angular cross power spectrum of the CMB lens-

ing convergence map and the CMASS galaxy catalogue. These two 
figures show that the maps are not totally correlated with large devi-
ations at small scales. Establishing the amount of extra cosmologi-
cal information present in the filament field would require a joint 
analysis with galaxy clustering and lensing measurements; this is left 
to future work.

In our work, we have detected the effect of filaments lensing on 
the CMB by correlating filaments intensity map with CMB lensing 
convergence map. We measured filament bias, which is a quanti-
tative description of how filaments trace the underlying matter, 
to be around 1.5. We have performed null tests by rotating the 
CMB lensing map by more than its correlation length, obtaining 
results consistent with the null hypothesis. By comparing fila-
ments with galaxies (both at the map and power spectrum level), 
we have shown an imperfect correlation, indicating that there 
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Fig. 2 | Cross angular power spectrum. a, The cross angular power spectrum of the filaments and the CMB convergence field. The blue crosses are 
measured values, with error bars derived from jackknife resampling of the sky into 77 equally weighted regions. The red and orange dashed lines are 
theoretical predictions based on different smoothing models (red: filament length used as the smoothing scale both along and perpendicular to the 
filaments; orange: filament length used as the smoothing scale parallel to filaments, but smoothing scale in the perpendicular direction is fitted as a free 
parameter). The corresponding filament bias for the two models is 1.68 and 1.47 respectively. The green circles are from simulations. b, A null test showing 
the cross angular power spectrum of the filament catalogue and the rotated CMB lensing convergence map. The error bars are measured from the same 
jackknife resampling of the sky into 77 equally weighted regions. The cross signals fluctuate around 0. The χ ∕d.o.f.null

2  for the three scenarios are all ~1.

Table 1 | The final result for the bias fitting

Model 1 Model 2

bf 1.68 ±​ 0.334 1.47 ±​ 0.28

S/N 5.0 5.2

χfit
2 25.77 24.39

d.o.f. 15 14

Model 1 uses filament length as the overall smoothing scale. In model 2, the smoothing scale 
parallel to filaments is the filament length; we fit α for the smoothing in the perpendicular 
direction, where 1/k⊥(z) ≈​ α ×​ 1/k||(z). We get α to be 0.65 as the best fit. The bias and the error of 
bias come from χ2 fitting of the theoretical model to data.
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might be additional information in the structure of the cosmic 
web, of which filaments provide an essential ingredient. In our 
study, the filament bias measured is significantly different from 
the mean bias of the CMASS galaxies used to create the filament 
catalogue. This has important consequences for the environmen-
tal dependence of galaxy formation and could be key in generating 
accurate mocks for the next generations of surveys. In addition, 
the gas in filaments has been recently detected through the ther-
mal Sunyaev–Zel’dovich effect derived from Planck maps30 by 
measuring the gas pressure. A joint analysis of the mass profile 
and gas pressure could shed light on the majority of the gas in the 
intergalactic medium that resides outside haloes and has not yet  
been characterized.

Methods
Filament finder. We obtain filaments from the publicly available Cosmic Web 
Reconstruction filament catalogue18. It finds filaments by applying the ridge 
detection algorithm (filament detector)21 to the galaxies in SDSS DR 12, ranging 
from z =​ 0.050 to z =​ 0.700. The spectroscopic galaxies are used as they give a 
reliable redshift estimate. Specifically, the catalogue is constructed using the 
following steps:

1. Partition the galaxies at redshift z =​ 0.050−​0.700 into 130 redshift bins such 
that the bin width is Δ​z =​ 0.005. Galaxies within the same bin are projected onto a 
2D space.

2. For each bin:
(a) Reconstruct the (2D) galaxy probability density field by applying a kernel 

density estimator with smoothing bandwidth chosen by the reference rule in ref. 21.
(b) Compute the root mean square (r.m.s.) of the density field (ρrms) within the 

area 150 deg <​ RA <​ 200 deg and 5 deg <​ dec. <​ 30 deg.
(c) Remove galaxies in the regions where the probability density field is below 

a threshold density.
(d) Apply the ridge detection algorithm21 to the remaining galaxies.
(e) Apply the galaxy mask to remove filaments outside the region of 

observations.
Here are some remarks on the construction of the catalogue.

The 2D projection. The Universe is sliced and galaxies are projected onto 2D 
space for several reasons. First, this enhances the stability of the filament detector. 
Second, this avoids the problem of the ‘finger of god’ effect (that is, the galaxy 
distribution is elongated toward the observer). Third, it is easy to compare 
filaments across different redshifts. More detailed discussion can be found 
elsewhere18.

Choice of Δz. The choice of Δ​z =​ 0.005 is to balance the estimation bias and 
the estimation random error. This is related to the ‘bias–variance tradeoff ’ in 
statistics31. If Δ​z is small, there will be a limited number of galaxies, so the filament 
detector will be unstable. On the other hand, if Δ​z is large, the bin contains a very 
wide range of the Universe so the filamentary structures may be washed away 
when projected onto 2D angular space. Δ​z =​ 0.005 is an empirical rule that we 
discovered to apply to the SDSS data.

Area selection for calculating ρrms. The specific angular space ([150,200] ×​ [5,30] deg2)  
is selected to compute the r.m.s. of the density field. The region is chosen because it 
is a wide region that is almost completely observed in SDSS samples. The range is 
large enough that the r.m.s. calculation is stable.

Thresholding. Before applying the ridge detection algorithm, galaxies are removed 
in the low density area. This thresholding stabilizes the ridge detection algorithm 
because the algorithm is very sensitive to density fluctuations in low density area.

The filament catalogue is shown to have strong agreement with the redMaPPer 
Catalogue, since most clusters in the redMaPPer Catalogue lie at the intersection of 
the filaments in the Cosmic Web Reconstruction filament catalogue, as predicted by 
theory. The filament catalogue also has good consistency with the Voronoi model21. 
Furthermore, a study on the effects of filaments on nearby galaxy properties (stellar 
mass, brightness, age and orientation) has shown there is strong correlation of galaxy 
properties with filament environment, which satisfies theoretical predictions32.

Uncertainty of filaments. The uncertainty of filaments is computed using the 
bootstrap method21,33. The filament detector returns a collection of points on 
filaments, which we call filament points. For a given redshift bin, denote F1, …​, FN 
as filament points. The uncertainty of filament points is computed as follows.

1. All galaxies (in one bin) are re-sampled with replacement to generate a new 
set of galaxies with the same total number of galaxies. This new set of galaxies is 
called a bootstrap sample.

2. Apply the same filament-finding algorithm to the galaxies in the bootstrap 
sample. This yields a new set of filaments, which are called the bootstrap filaments.

3. The distance of the filament point to the nearest filament point in the 
bootstrap filaments is calculated. Denote as ϵ1, …​, ϵN  the distance for each filament 
point. This distance serves as an error measurement for F1, …​, FN.

4. Repeat the above three steps 1,000 times (1,000: the number of bootstrap 
replicates). For each filament point, there will be 1,000 error measurements. For 
instance, the ith filament point has 1,000 error values: ϵ ⋯ ϵ ., ,i i

(1) (1000)

5. Compute the error (uncertainty) of each filament point by the r.m.s. of the 
1,000 error measurements. Namely, for the ith filament point, the error is

∑= ϵ .
=

E
1

1, 000
( )i

j
i
j

1

1,000
( ) 2

The bootstrap procedure measures the uncertainty due to the randomness of 
sampling33.

Filament length measurement. We take the filament intersections from ref. 18 
(publicly available at https://sites.google.com/site/yenchicr/catalogue). For each 
redshift bin, we use the hierarchical clustering method21 to determine the number 
of branches at each intersection. The parameters in the hierarchical clustering are 
chosen to be the same as21:

ω= = = + ∕r r r r r r2
3

, 2 , ( ) 2 (14)in out in sep in out

where ω =​ ω(z) is the smoothing bandwidth. At each intersection, we find the 
nearest point to the intersection point from each branch, and we group the nearest 
point as the filament point belonging to that filament (see Supplementary Fig. 5).  
Then we keep finding the nearest point to the newly grouped filament to find 
the next filament point belonging to that branch. We stop the loop if the distance 
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to the right. Both plots show that the filament and galaxy maps are not completely correlated, especially on small scales.
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between filament points is less than rsep and the distance between a filament point 
and the other intersection point is larger than rsep/2.

Estimator. We construct the filament map using the HEALPix pixelization31 with 
Nside =​ 512. The CMB lensing convergence map is given directly by PLANCK 
using the HEALPix pixelization with Nside =​ 2,048. We downgrade the resolution 
of the lensing convergence map to Nside =​ 512 to cross-correlate with the filament 
map. The choice of resolution is consistent with the smoothing applied by the 
filament finder and is large enough to fully resolve the scales relevant to our cross-
correlation.

We measure the cross angular power spectrum for the filament catalogue and 
the CMB lensing convergence field using a pseudo-Cl estimator:

∑Ĉ δ κ=
ℓ +

κ
κℓ

=−ℓ

ℓ

ℓ ℓf
1

(2 1)
( ) * (15)

m
m m

f

sky
f f

where κfsky
f  is the sky fraction observed by both the filament catalogue and the CMB 

lensing convergence field, κℓm is the spherical harmonic transform of the lensing 
convergence field and (δf)ℓm is the spherical harmonic transform of the filament intensity 
overdensity. The spherical harmonic transform and Cl are computed using HEALPY.

Sky mock for filaments and dark matter. We use N-body simulation runs using 
the TreePM method34–36. We use 10 realizations of this simulation based on the 
Λ​CDM model with Ωm =​ 0.292 and h =​ 0.69. Although the parameters of the 
simulations are slightly different from the Planck cosmological parameters, if we 
compare the matter power spectrum with the cosmological parameters from the 
simulations and Planck, the difference is within 2%. Given the current noise in 
the data, we believe that this small difference is sub-dominant in our paper. These 
simulations are in a periodic box of side length 1,380h−1 Mpc and 2,0483 particles. 
A friend-of-friend halo catalogue is constructed at an effective redshift of z =​ 0.55. 
This is appropriate for our measurement, as the galaxy sample used has effective 
redshift of 0.57. We use a halo occupation distribution (HOD)37–42 to relate the 
observed clustering of galaxies with halos measured in the N-body simulation. We 
have used the HOD model proposed in43 to populate the halo catalogue  
with galaxies.
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where ⟨ ⟩N M( )cen  is the average number of central galaxies for a given halo mass 
M and ⟨ ⟩N M( )sat  is the average number of satellite galaxies. We use the HOD 
parameter set (Mmin =​ 9.319 ×​ 1013M⊙/h, Msat =​ 6.729 ×​ 1013M⊙/h, σlogM =​ 0.2, α =​ 1.1, 
Mcut =​ 4.749 ×​ 1013M⊙/h) from ref. 43. We have populated central galaxies at the 
centre of our halo. The satellite galaxies are populated with radius (distance from 
central galaxy) distributed out to r200 as per the Navarro–Frenk–White profile; the 
direction is chosen randomly with a uniform distribution.

The sky mocks of dark matter and galaxy are obtained from the simulation 
box using the method described in ref. 44. We use publicly available MAKE 
SURVEY (https://github.com/mockFactory/make_survey) code to transform a 
periodic box into the pattern of the survey. The first step of this transformation 
involves a volume remapping of the periodic box to sky coordinates preserving 
the structure in the simulation. This is achieved by using the publicly available 
package BoxRemap (http://mwhite.berkeley.edu/BoxRemap)45. The BoxRemap 
defines an efficient volume-preserving, structure-preserving and one-to-one map 
to transform a periodic cubic box to non-cubic geometry. The non-cubic box 
is then translated and rotated to cover certain parts of the sky. We then convert 
the cartesian coordinate to the observed coordinate, which is right ascension, 
declination and redshift. We down-sample the galaxies with redshift to match the 
mock redshift with the redshift distribution observed in the data. See ref. 44 for 
more details. We then apply the filament detection algorithm to these simulated 
mocks using the method described in Filament Finder.

Data availability. The data that support the plots within this paper and other findings 
of this study are available from the corresponding author upon reasonable request.
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