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SIMPLE ERROR BOUND FOR COUPLED—CHANNEL'_

SCATTERING CALCUIATIONS” .

by
William H. Miller*
' Inorganic Materials Research Division,
Lawrence Berkeley Laboratory
' and
Department of Chemistry

University of California
Berkeley, California 94720

ABSTRACT

Since fhe complete set of rotation-vibration states of a molecule
contains a dissociative cdntinuum, a coupled—channel calculétion for
molecﬁlar scattering parameters based on an exp@nsion in thevset of
discrete moleculér sfates does not give the correct values. Here it
is shownrhoﬁ.one can very simply obtain a rigorous bound to the con-
tribution from all internal states — discrete and continuous — whigh

are omitted in a finitebcoupled-channel calculation.
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I, Introduction.

It‘is apparant that in the next few years there will be an increasing
number of coupled-channel scattering calculations of atomic and molecular
collision pxjoperties.l The customary practice is to carry out the cal-
'culaﬁion with some number of channels, or internal states (the rotation-
vibration states of the collision partners) included in the expansion
of the total wave function, then to re-do the calculation with‘more
channels included, and so on until the scattering parameters of interest
are not significantly changed with the addition of more channels to the
expénsion. |

| One obtains the correct result by this procedure, however, only if
the complete set of internal sfates is discrete; i.e., for numerical
reasons one must omit any continuous set of infernal states, and such
an omission causes the coﬁpled-channel expansion to be incomplete.
Since alllmolecules have dissociative ccntinua, all physically realistic2
systems have a continuous range of internal states, so that one will
élﬁays be faced with this lack of completeness of the coupled-chanhel
expansion in the discrete internal states.

Ways have been found>~?

for overcoming this problem, but they are
too difficult to be applied routinely. In this Letter we wish to point
out a relatively simple method by which one can obtain a rigorous bound

to the contribution from all internal states — discrete and continuous —

which are not included in the finite coupled-channel expansion.
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IT. Bounds for the Phase Matrix.

Let R denote the translational coordinate and g all internal

~coordinates of the collision system (which we assume to be non-reactive);

the Hamiltonian is of the form
H = T(R) +hla) + V(e,R) . @)

wheie T is ﬁhe‘center of maés translational kinetic enérgy operator, h
is the ihternal Hamiltonian, and V is the scattering interaction (the
arguments of the operators indicate the variables on which they operate).
Carrying out the familiar Feshbach decomposition6,rone finds that the
exact Sghradinger equatibh is equivalent to the following partitioned

form:
P(H-E)P + P(H-E)Q[Q(E-H)a] ! Q(H-E)P ¥ -0 (2)

where E is the total energy and P and Q are projection operators. More
specifically, P projects onto the lowest N internal states in the g-space

and is identity in R-space.
P(R:Q) = l(R) P(Q) P)

where the g-space projector p is
N

p = E 6, ><o;]

i=1

¢i(q)‘being the internal states, i.e., the eigenfunctions of h:



b
Q is the complement of P,
Q=1-~- P.

The N internal states of the P-space must include at least all the

energetically accessible states — i.e., E < &y + 1 -
The function P¥ in Equation (2) is of the form

N

i=1

where n denotes the entrance channel (the initial internal state);
Equation (2) is a finite ‘set of coupled equations for the radial
functions fieég)' Exact solution of Equation (2) yields the exact
scattering results for the system. The second term in Equation (2),
the "exact optical potential", however, prevents such an exact (i.e.,
numerical) solution, for Q projects onto an infinite-dimensional space
and the operator [Q(E-H)Q]_l‘is thus not calculable. Omission of the

optical potential gives
[P(H-E)P]PY = 0 , (4)

- which is the operator form of the standard coupled-channel equations;

written out explicitly Equation (14) becomes
' N

[2(R) - (o)) £, @) + YV, @ £ ®) =0, (5)

j=

where the potential matrix is

vy 5®) = faa 0@ ViR g@) . (6)
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Eerr'bouhds are obtéined'by using the fact that the operator QHQ
is bounded from below by some number &. Since the continuous spectrum

of_QHQ.begihs at € 12 if QHQ has no discrete eigenvalues below this,

N +

one may take g€ = the énergy of the lowest internal state not

N+ 17
includedvinVcoupled-éhahnel expansion. If QHQ does have discrete
elgenvalues below SN + 17

resonanée energies of metastable states of the composite system; in

these will appear (slightly shifted) as

this case ¢ must be taken less than or equal to the lowest such discrete
eigenvalue of QHQ.

Thus one has the operator inequality

QeQ < QHQ ,

and requifing that E < & gives
0 < QE-E)Q <Q(H-E)Q ,
0 < [QE-E)QT ! < qe-E) T
1 -1 |
Q(E-8)"7qQ < [Q(E-H)Q] <0 . (7)

Upper and lower bounds are obtained, therefore, for the operator
[Q(E-H)Q]—l, so that the exact optical potential (which is real since

Q contains only closed channels) is bounded above and below:
CN=1 - .
(E-¢)”" PVQVP < PVQ[Q(E-H)Q] "L qvP < 0 ' (8)

where we have used the fact that Q(H-E)P = QVP.for a non-reactive

. system. Replacing Q by 1 - P, the LHS of Equation (8) becomes

(E;e_)_l V(1 - P)VP= AV = (E- e)'l[Pva - PVPVP] , (9)
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or written out explicitly this lower bound to the optical potential matrix -

is
s
vy 5@ = -7 fag @) T@0)® 4y(a)
' N
_ Zvi,k(R) Vk’j(R)] : (10)
k=%

Bounds on scattering papameters must refer to some hermitian
—>

matrix, for example, the phase matrix ; , defined by

- -

3 = exp(2i7)

—_ .

where S is the usual S-matrix; S and W are finite matrices whose dimen-
-

sion is the number of open channels. Let ;d be the phase matrix which

i
2

results from solution of the standard coupled-channel problem, Equa-
tions (4)-(6); this corresponds to replacing the optical potential by

O which, as seen in Equation (8), is an upper bound to it. ;o is

. -
therefore a lower bound to the exact phase matrix 3.7 -8imilarly, if

—_
ﬁlis the phase matrix which results when the optical potential is re-
placed by the LHS of Equation (8), a lower bound to it, then ;l is an

-
upper bound to 7.

—

In summary, then, the exact pahse matrix 3 is bounded by

Fa

=i
=34

< <
o} 1

34

s | (11)

-

-
where ﬁo is the phase matrix which results from the standard coupled-

—_
channel calculation with the usual potential matrix V(R) defined. in
-

Equation (6), and.;i'is the phase matrix which results from the
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coupled;chénnel calcﬁlatioﬁ with the mbéified potential matrix
%(R) + A.%(R)‘,' A%(R) being defined by Equation.(’lo). "As N (the number
of_channelS) is‘increased, %o increases and %l decreases — i.e., the
bounds_ﬁecome'closer — and for any finite N 1arge enough to include at
least all the open chahhels'Equation (11) provides a rigoréus bound on
the COntfibﬁtion from all omitted channels. vIt is cléar, of course,
that none.of'the continuous (i.e., diséociative) channels can be open
for this ’bounding relation to be appiicable. o

If the potential A%(R)’is small, then evaluation of‘%l to first -
order in &% nay be sufficieﬁtly accurate. This can be accomplished
directl&, withoutvre—solVing the set of coupled equations; it is a

form of distorted wave Born approximation in which V(R) is the distor-

- .
ting potential and.Aﬁ(R) is the weak residual interaction. With the

" radial functions [obtained by solving the coupled equations with

N .
V(R)] normalized at large R as

. . 1 . -> -
~ _.'-2- ) . = . . -
fien(R)_ .ki : Exm(ki R)(sin no)i,n + s1n(kiR)(cos no)ign] )

one has
:: - ->
3
7)1 = 7)0.+ K >
where’
N
A; - -(2“/‘?1 ) E de fres (R) AVk,Z(R) fz‘_j(R) .

k, L=1
- ’ ' C - v
Since AV(R) is a negative'matrix operator, K is a positive matrix, and

‘the bounding relation for the phase matrix:[Equation (ll)j can be
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written (to first order in AV) as ‘

5 < i . ‘ (12) N
o

sS4
SE2

0 <

The primery additional effort required to apply Equation (11) or
(12) is computation of the matrix elements of V(q,R)2 in Equation (10).

It would not seem, however, that this should be prohibitively difficult.
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pond to a continuous "viﬁrational" degree of freedom — i.e., to
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