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ABSTRACT 

The formation of a crack tip process zone consisting of stress induced 

microcracks has been observed to modify the fracture toughness of a material. 

In single phase polycrystalline ceramics with microstructural residual stresses 

due to thermal contraction anisotropy. the grain size dependence of fracture 

toughness is attributed to the microcrack toughening effect. Associated with 

the process are several unique features; namely. the microstructural threshold 

for the onset of microcrack toughening and an R-curve characteristic. A 

theoretical analysis of the mechanics of micro crack toughening. parallel to that 

conducted by Budiansky et al for transformation toughening. is conducted. 

whereupon the basis of these unique features are established. 

The mechanics approach of modeling the toughening process is essentially 

based on the stress/strain characteristics of a microcracking medium. Below 

the microstructural threshold for spontaneous microcracking. the microcrack

ing medium exhibits a nonlinear strain response to loading above the induced 

microcracking threshold. by virtue of the elastic moduli decrease. During 

unloading. a linear strain response resumes and a hysteresis derives from the 

, 



irreversible cycle, which cooresponds to a strain energy dissipation mode. 

The microstructural configuration for the onset of micro crack toughening 

originates from the nucleation of discrete microcracks. The calculations of the 

residual stress field around the primary crack show preferential orientations 

and sites for discrete microcrack formation. The driving force for such a 

cracking system is compared wilh that of primary crack extension to determine ~I 

the onset configuration. Il is found that microcrack zone formation is fully 

suppressed below a critical grain size, ..... 40% of the critical grain size for spon-

taneous micro cracking. 

The theoretical analysis of the mechanics of microcrack toughening 

invokes both linear and ~on1inear fracture mechanics concepts. The fraclure 

energies at the initiation of crack propagalion subject to a frontal microcrack 

zone and at the steady-state cracking stage subject lo an extended microcrack 

zone are calculated. corresponding to the two exltremities on the R-curve. It 1s 

found that the toughening effect derives from the nonlinear characteristi8s of 

the microcrack zone; specifically, the R-curve originates from the hysteresis 

associated with the gradual unloading of the microcrack zone wake. Addilion-

ally. characteristics of the grain size dependence of the fracture toughness at 

different stages of crack evolution vary significantly, due t.o the existence of the 

R-curve. The predicted results of the fracture energies correlate quite well 

with experimental observations. 

1,\ , 
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1. Introduction 

As science and technology improve, ceramic~ are emerging as a prospec-

live category of materials for novel applications [1]. Among the superior pro-

. perties with practical applications of ceramics are hardness (abrasives), corro-

sion resistance (ceramic coatings), radiation resistance (nuctear fuels), high 

temperature strength (engine components, refractories), etc.. In particular, 

many advanced technologies rely on the use of ceramics uniquely endowed with 

certain optical (wave guides, filters), electrical (semiconductors, ferroelectrics, 

insulators) or magnetic (ferromagnetics) properties. However, in these situa-

tions, brittleness often presents a serious problem both in terms of the limita-

tion in toughness and of the unpredictability in strength [2]. Therefore, it is 

extremely desirable to understand th e failure processes as well as the possible 

toughening mechanisms. Very often, these two efforts support each other. 

In room temperature regime, several categories of mechanisms have been 

observed to enhance fracture toughness [3]: namely, crack bridging, crack 

interaction and crack shielding. The unique example of crack bridging is the 

WC/Co composite [4] in which the ductile Co phase is introduced into the brittle 

ceramic phase, WC, and some plasticity is restored. The crack interaction 

includes mechanisms as crack deflection and crack bowing where the crack 

plane or crack front is distorted by certain microstructural features and thus 

the crack propagation is hindered [5]. The interest of the present work is in 

the crack shielding mechanisms: specifically, the micro crack toughening pro-

cess. 
n 

The concept of crack shielding is that, during fracture, a crack tip process 

zone is induced which counteracts the applied stress intensity and relaxes the 

crack tip singul!1rity: a process similar to pla~tic zone formation [6]. Presently. 

stress induced microcracking at microstructural stress sites [7-12] and mar-
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tensitic transformation of partially stabilized Zr02 inclusions [13] are the major 

mechanisms to accomplish this purpose. Specifically. in single phase anisotro-

pic polycrystalline materials. grain size dependence of fracture energy has 

been observed and attributed to the microcrack toughening effect [14-25]. 
' .. 

Hubner et al [16] and Knehans et al [17] have reported observations of an R-

curve. Several other observations [14.18.24.25] suggested a microstructural 

threshold for onset of microcraek tough~ning. However. the basis of these 

unique features have not been well established. In particular. experimental 

measurements of fracture toughness with different tests (e.g. notch beam and 

cantilever beam) yield conflicting trends of the grain size dependence [14.15, 

26.18-25]. Hence, the need is apparent to construct a theoretical analysis to 

understand the basis of the toug'hening effect and the special features associ-

ated. 

The theoretical analysis of the microcrack toughening process presents 

several complexities. Specifically. the event of micro cracking is random by vir-

tue of the orientations of the facets in the crack tip stress field and the crystal-

lographic orientations of adjacet grains dictating the microstructural stresses. 

Moreover. the microcracks would interact with each other as well as the macro-

crack to modify the applied stress field. and the exact fracture crit'erion in the 

presence of a microcrack zone is not well established. Hence, many theoretical 

approaches have been attempted to model the process but often only a few of 

the complexities could be tackled. More importantly, eit.her one or both of the 

unique features (the microstructural threshold and the R-curve) were excluded 

in these studies. For example, the energy approach by Lange [27J and Kreher 

et al [28] established a Griffith-type energy balance fracture criterion and 

attributed the toughening effect to an energy dissipation mode of induced 

micro cracking. On the other hand, the analyses of Buresch [29] and Claussen 
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et al [15,26] used a crack tip radius fracture criterion where toughening ori-

ginated from a larger crack tip radius, essentially equivalent to the microcrack 

zone radius. Yet, both approaches excluded the randomness factor, the 

interaction effect and. more importantly, the associated features·. Hoagland et 

al [30] conducted a more rigorous analysis using a computer simulation method 

with a random array of micro cracking sites. Additionally, the interaction effect 

was incorporated and an R-curve was predicted. However, the randomness of 

the residual stresses was excluded and the fracture criterion·· invoked is ques-

tionable [31.32J, hence, the basis of the R-curve remains doubtful. 

Recently, Budiansky el al [33] constructed a successful continuum 

mechanics description of martensitic transformation toughening. The analysis 

is essentially based on the stress/strain characteristics of a transformation 

medium.; i.e. nonlinear strain response and hysteresis in unloading. Thereof, 

the complexity of the interactions is well contained in the nonlinear 

stress/strain behavior. Based on nonlinear fracture mechanics concepts and 

energy balance considerations, their analysis revealed that the toughening 

effect originates from the nonlinear characteristics of the transformation zone 

and an R-curve derives from the unoading hysteresis of the zone wake. The 

intent of the present work is to establish a mechanics approach for the micro-

crack toughening problem paralell to Budiansky et aI's analysis. Additionally, 

the random nature of the grain facet orientation and the residual stresses are 

incorporated and the physical origin of the microstructural threshold are 

.(;'1 • assessed . 

The study is deemed preliminary and the analysis is kept simple so that an 

overall appreciation ot the mechanics approach, a general understanding of the 

-Onset of microcrack tougheni=:lg and resista=:lce(R) cu:'ve characteristic. 
--that the prOjection of microcracks ahead of the main crack equals th.e crack pro-
pagation. 
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toughening process and the justification of the associated unique features can 

be achieved. Both linear and nonlinear fracture mechanics concepts are 

invoked in the analysis. The attention is mainly on a model simulating single 

phase anisolropic polycrystalline systems. although microcrack toughening is 

also observed in other polyphase systems [10.27]. Future refinements of the 

analysis are intended and encouraged. 

The main body of this work is divided into five sections. Separate introduc

tions reviewing specific, relevenl background information and discussion of 

specific analysis methods. results and implications are provided in each section. 

Correlations with experimental observations are conducted whenever possible 

so as to substantiate the analyses and the predicted results. Sections 2 to 4 

describe the general features of microcracking, followed by studies on the 

toughening process in sections 5 and 6. In particular. section 2 analyses the 

microstructural residual stresses from two approaches: the Eshelby procedure 

and the first order approximation. The event of spontaneous microcracking at 

grain facets subject lo these residual stresses is examined and a generalized 

microcracking criterion is established in section 3. Section 4 then conludes the 

general description with the study of the stress/strain characteristics of a 

microcracking medium. In section 5, the onset condition of microcrack 

toughening is determined. Finally. the mechanics of toughening and R-curve 

behavior are studied in section 6. 

., 

• 
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2.lIicrostructural Residual Stresses 

2.1. Introduction 

In a solid body. residual stresses often exist in the absence of an external 

load. The occurrence of these stresses originates from a mismatch in per

manent strain among regions in the body. The range of the stresses created in 

plastic deformation or welding is often on a macroscopic scale comparable to 

the size of the body. However. residual stresses localized in a microstructural 

region. such as a grain. also occur. The thermal contraction (expansion) asso

ciated with a temperature change is one major mechanism which can create 

such microstructural residual stresses. In a heterogeneous system. each homo

geneous part. such asa single phase region. possesses a unique thermal expan

sion property. When the temperature changes. each part undergoes a different 

thermal contraction (expansion) strain and microstructural stresses can then 

be created .. Microstructural residual stresses can also occur in a single phase 

material if the thermal expansion property of the single crystal is anisotropic 

and each grain is randomly oriented [1]. Phase transformation is another com

mon mechanism which can create microstructural residual stresses [1]. 

Most of the important etIects attributed to microstructural residual 

stresses. especiaUy in brittle materials. are caused by microcracks. initiated by 

these stresses·. However. microstructural residual stresses can also infiuence 

other properties of a material. In metal. it has been observed that these 

stresses can lead to thermal fatigue [2]. irreversible changes in shape and 

creep [3]. The high dielectric constant of fine grain Ba.Ti03 has also been 

explained by residual stresses [4]. 

The study of microstructural residual stresses in anisotropic polycrystal 

-see section 3 

.,.. 
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due to thermal contraction mismatch was initiated by Boas and Honeycombe 

[2], and an order-of-magnitude estimate to the stresses was given. Likhachev 

then established a more rigorous analysis using matrix algebra and variational 

principles [3]. The basic approach he used was to embed an anisotropic grain 

into an isotropic rigid medium, having the same thermal expansion coefficient 

ClO as the polycrystalline body. The residual stresses (CTi;)O developed in the 

grain after a temperature change !::.T are, 

(2.1) 

where C;';~l is the compliance tensor and Cl~ the thermal expansion coefficient in 

the k-axis of the grain. Using the variational principle, he then derived a tensor 

factor M;';~l such that, 

(2.2) 

represents the resultant stresses in the grain after the relaxation of the 

medium. It is clear that the Likachev theory is useful for calculating the most 

prevalent residual stresses in the grains. However, it does not provide an esti-

mate of the grain boundary stress distribution. Subsequently, Buessem and 

Lange [5] applied the Likhachev approach and gave an approximate analysis for 

the grain boundary stresses, which are more relevent to the problem of grain 

boundary micro cracking. 

The most rigorous approach for analysing microstructural residual 

stresses was developed by Eshelby [6]. The unique feature of the Eshelby 

approach is that the analysis is devoid of simplifications. However, Eshelby only 

conducted calculations for ellipsoidal regions in a homogeneous, isotropic 

medium. Subsequently, Evans [7] applied the basic three-step (cutting, strain-

ing and welding) F.shelby procedure to analyse the residual stresses in anisotro-

pic polycrystals due to thermal contraction mismatch. Both the Eshelby pro-

cedure and the Buessem and Lange model will be described and discussed in 
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the next section. 

2.2. Grain Boundary Residual Stress 

Two methods are used to analyse the grain boundary microstructural resi-

dual stresses in single phase anisotropic polycrystals due to thermal contrac-

tion mismatch. The first uses the Eshelby procedure which is tedious but can 

provide a detailed distribution of the residual stress field. The second method 

follows Buessem and Lange's model which provides a first order approximation 

of the residual stresses. Although the result obtained with the second method 

is less accurate. it is fairly simple and permits further manipulation in latter 

studies. 

2.2.1 Complete Solution with Eshelby Procedure 

The Eshelby procedure is an imaginary three-step process of 

culting.st.raining and welding which enables lhe calculation of miscrostructural 

residual stresses. In this procedure. the first step is to separate from the body 

the miscrostructual features. whose permanent strains cr.eated the major part 

of the miscrostructural stress of interest. To calculale the grain boundary 

residual stress due to thermal contraction anisotropy in a two-dimensional sys-

tern (Fig. 2.1). this step of cutting corresponds to separating the four grains 

surrounding the grain boundary of interest, since the strains and elastic 

responses in these grains would determine most of the grain boundary stress. 

The remaining matrix is assumed to act as an isotropic medium. having the 

same thermal and elastic properties as the polycrystalline body. The cavity in 

the matrix. as well as the four separated grains, would experience some stress-

free strain and remain in a stress-free state after the separation. 

In the second step of straining. each separated grain is strained to fit back 

into the cavity in the matrix by applying surface tractions on each grain. There 

.,,' 

I 
'" 

.j 
v 
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are many ways to fit these grains back into lhe cavity; all of them will lead to 

the same result. So. it is simplest to strain such that homogeneous prindpal 

strains !:[ 

; k=1.2 (2.3) 

are created in each grain where a is the thermal expansion coefficient of the 

polycrystalline body. o..c is the thermal expansion coefficient of the grain in the 

k-axis and 6T is the temperature range where the residual stress accumulates·. 

If the body is composed of randomly oriented grains. its thermal expansion 

coefficient a should be. 

With the definition. 

60.=0.1-0.=0.-0.2 

the principal strains et and !:l can be expressed as 

e[=6o.6T 

el=-6o.6T 

(2.4) 

(2.5) 

(2.6a) 

(2.6b) 

The homogeneous stresses (j;,~ in each grain are related to the strains eIt by. 

(jt.~ = q;.cl!:lt (2.7) 

where Ci;.cl is the compliance tensor of the single crystal grain. For simplicity. 

it is assumed that the elastic property is isotropic such that 

uT=E!:[1 (1 + 11) =E 60.6 T 1(1 +11) 

ul=Eell (1+1I)=-E6a6T I (1+11) 

(2.8a) 

(2.8b) 

where (j[. (j{ are the principal stresses. E is the Young's modulus and 11 is the 

Possion ratio. With the coordinate system shown in Fig. 2.1 and ~n taken to be 

the angle between the maximum contraction in grain n (n= 1. ..... ,4) and the 

grain boundary. the stresses in each grain are. 

(u~)n=E6o.6T cos2~nl (1+11) 

«(jJy)n = - g6o.6 T cos 2~nl (1 + 11) 

·6T = T,- T"mbiant ; see section 2.3. 

(2.9) 
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(ak)n =E b.a.b.T sin 2~n / (1 +v) 

The surface tractions H. dS on each grain can be obtained from the equilibrium 

conditions on the surface (see Fig. 2.2). 

Pi.dS=aSdSj (2.10) 

During this process. the matrix remains in the stress-free state. 

In the last step. the separated grains are welded back to the matrix and 

the surface tractions Pi. dS relaxed. In the calculation. the surface traction 

relaxation is realized by replacing the surface tractions with body forces of 

opposite sign. These body forces would create an additional stress field all in 

the whole body. In the present two-dimensional problem of the grain boundary 

residual stresses. each infinitesimal element of the body force is treated as a 

point force acting on an infinite plate. The stresses ai.1 are then calculated by 

superposition of these point force stress fields . 

. The resultant residual stressesai.j of this system. due to lhermal contrac-

tion anisotropy. are then given by. 

ai.;=aS+ai.1 (2.11) 

Results of a;,; along grain boundary for several different surrounding .micros-

tructures are shown in Fig. 2.3. Details of the results are given in Ref. 1. 

2.2.2. First Order Approximation 

As shown in Fig. 2.3. the residual stresses ai.; vary along the grain boun-

dary. Additionally. the amplitude of the grain boundary stress depends upon 

the microstructure around the grain boundary. e.g. the crystallographic orien-

tations of the surrounding grains. In latter work. it is necessary to use the 

expression of the stress field amplitude as a function of the parameters (~n) 

describing the facet configuration·. Although the Eshelby procedure can give a 

-see section 3 

• 
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complete solution of the stress field, the complexity of the tesult make further 

usage extremely difficult. Therefore, it is desirable to find a suitable 

simplification which can also serve as the stress field amplitude. 

In the complete solution of the stress field as obtained in section 2.2.1, 

there is one major component (a;'j)" which originates directly from the 

mismatch between the lwograins 1 and 2 adjacent to the grain boundary of 

interest. Specifically, if an average of the residual stresses in grains 1 and 2 ( 

as given in equation (2.9» is taken, then, 

(allY)'" =-El::.al::.T(cDs 2ijl +CDS 2ij2)1 2( 1 +1/) 

(a~)", = El::.al::. T(sin 21J 1 +sin 2ij2)1 2( 1 +1/) 

(2.12a) 

(2.12b) 

This component predominates the grain boundary residual stress, except close 

to the edges where the influence of the body forces on the nearby grain boun-

daries becomes important. As the expressions of (a;'j)" show, the major com-

ponent is constant along the grain boundary. So, it appears adequate to use 

this component as a first order approximation of the grain boundary stress 

field. The physical significance of this first order approximation can also been 
/ 

seen from Buessem and Lange's model of the grain boundary residual stress. In 

their model (Fig. 2.4), the thermal contraction of the network, formed by the 

lines connecting the center of gravity of all grains is assumed to conform most 

closely to the macroscopic contraction of the body. Also, the stresses at the 

center of a grain boundary are considered to be predominantly determined by 

the thermal and elastic properties of the two adjacent grains. Finally, the grain 

boundary is assumed to be perpendicular to the line connecting the centers of 

the two adjacent grains. Under these assumptions, they gave an expression for 

the grain boundary stresses ai.j' 

an+a n 

allY =( -T-a)El::.T I (1 +1/) (2.13a) 

af+a~ 
aZJI =( -2--)El::.T 1(1+1/) (2.13b) 
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where ar are the thermal expansion coefficient in grain i in the normal direc-

tion to the boundary and af are the thermal expansion coefficient in grain i in 

the tangential direction to the boundary. From Fig. 2.1. if ~, is the angle 

between maximum contraction (al) and the grain boundary. then. 

a,n=alsin2~i +a2cos2~, (2.14a) 

af=alcos2~, +a2sin2~, (2.14b) 

Substituting these expressions into equation (2.13). yields the same expressions 

for (a,j)Jl given in equation (2.12). Therefore .. the expression for the major 

component. (a'i,j)Jl derives directly from the mismatch of the adjacent grains. It 

is a first order approximation to the grain boundary stress field in the sense 

that the infiuence of mismatch and constraint on the nearby boundaries is 

neglected. 

2.3. Discussion 

There ·are advantages and disadvantages associated with both the Eshelby' 

procedure and the first order approximation. The selection between the two 

methods would be determined by the nature of the problem. The Eshelby pro-

cedure can. in general. provide complete solutions of the microstructural resi-

dual stress fields of complex microstructure. thus. it is possible to use this 

method to justify other simplified approach. e.g. the first order approximation. 

Furthermore. the complete solution often contains certain features of the 

stress field which can not be obtained in simple approaches. For instance. it 

shows the logarithmic stress concentration effect at the junction of facets 

which may be important to the micro crack nucleation process. In the latter 

study of the onset of microcrack toughening. we also used the Eshelby pro-

cedure because the onset condition is mainly determined by the detailed 

microstructural stress distribution near the main crack tip. On the other hand. 

the first order approximation can provide simple expressions for the residual 
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stresses and permits further manipulation. It is also easier to extract iriforma-

. lion about the general behavior of the residual stresses from such simple 

expressions. For example, from the first order approximation, the most pre

valent residual stresses in the grain would be E6a.6T /(1+11) (tension) in one 

principal axis and -E6a.6TI(1+1I) (compression) in the other principal axis. 

Furt.hermore, the first order approximation can be easily extended to irregular 

microslrudures and three dimensional analysis [10] which are more pertinent 

to real systems. 

In the practical application of the solutions of residual stresses in aniso

tropic polycrystals, it is necessary to choose appropriate values for the major 

parameters E, 1.1, 60. and 6T. Whereas the values of E and II can be obtained 

easily, those for 60. and 6T should be considered more carefully. At high tem

peratures, the thermal contraction mismatch can be relaxed by diffusional 

creep. Evans and Clarke's [8] analysis showed that there is a freezing tempera

ture T, below which the relaxation stops and the residual stress increases 

linearly with 6T=TrT. The freezing temperature is a function of the grain 

boundary length l and the cooling rate T, since diffusional creep is a time

dependent process. The values of T, can be either obtained from experimental 

creep data or theoretical prediction. Furthermore, the linear relation between 

the thermal strain £i and 6T, i.e. £i =-60.6 T, is based on the simplification that 

60. is constant in 6T. A more accurate solution, if the variation of 60. in 6T is 

large, for !, would be to integrate the differential strains d£, =0., dT from the 

freezing temperature. This factor can be incorporated in the present analysis 

by repl~cing 6a.6T with the integrated !,. 

It should also be noted that the present stress analysis is performed for a 

system prior to any stress-modifying processes such as microcracking and plas

tic deformation. In most ceramics, the motion of dislocation, twinning and 
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hence pLastic deformation are limited. The analysis is then applicable. The 

problem of microcracking in a residual stress field is studied latter. 

Experimental measurement of the residual stress is difficult. The indirect 

methods are to monitor certain features associated with microcracking. such 

as the elastic strain or the critical grain size. induced by the residual strains. 

The prediction of the critical grain size from the analysis based on the calcu-

lated residual strains is in good agreement with the experimental data *. The 

direct method of measuring residual strains as performed by Blendall and Coble 

[9]. is to monitor the broadening of spectroscopic lines caused by the average 

strains in the body. From equalion (2.8). the most prevalent residual stresses 

a;. in the grains are 

0'1 =£'60.6T 1 (1+l.I) 

0'2=-E60.61'1 (1+l.I) 

(2.15a) 

(2.15b) 

Taking values of E=4GOGpa, l.I=0.22, 60.=3.7.10-70 C-1 and 6T=1500 0 C which are 

consistent with Blendall and Coble's experimental conditions, we obtain 

0'1=230Mpa and 0'2=-230Mpa, which are also in good agreement with the experi-

mental data (-120Mpa). 

For some cases, it is desirable to minimize the residual stresses. The fol-

lowing mehtods are possible. Slow cooling of the body from the fabrication tem-

perature lowers the freezing temperature. Once below TJ , the body can be 

cooled as rapidly as the thermal shock limit allows. However, because of the 

exponential temperature dependence of the creep rate, the extent that T can 

change TJ is limited. Alternatively. a reduced randomness in grain orientations 

reduces the mismatch strains. For instance, in Hep materials, alignment of 

grains in the c-axis would reduce the thermal contraclion mismatch and hence 

the residual strains. Finally, introducing a grain boundary glassy phase. with 

·see section 3. 
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good wetting property allows creep relaxation through a solution -precipitation 

mechanism. that persists to a fairly low temperature . 
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FIGURE CAPI10NS 

2.1. Schematic showing of residual stresses on grain boundary caused by aniso

tropic contraction of nearby grains. 

2.2. Schematic of surface forces needed to restore the shape of a grain after 

thermal contraction. 

2.3. Plots of normalized residual stresses along grain boundaries vs distance 

from corner for four different grain facet configurations a-d. 

2.4. Idealized picture of a grain with six neighbors in a plane (after Re(. 4). 
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3. Spontaneous Mlcrofracture in Mlcrostructural Residual Stresses 

3.1. Introduction 

Brittle materials with microstructural residual stresses are often suscepti

ble to microcracking. which can either occur spontaneously [1-5]. upon cooling. 

or be induced by an external stress [6.7]. Microcracks are characteristically 

stable and isolated. because of the alternating tensile and compressive nature 

of the microstructural stress. Furthermore. the microcracks often form on 

interfaces where the fracture resistance is low and stress concentrations are 

present. 

Spontaneous microcracking is generally observed to initiate at a threshold 

[3.5.B]. such as a critical temperature change. /).Tc ' or a critical grain size, ~. 

At /)'Tc or ~. spontaneous microcracking initiates at grain boundary facets sub

ject to the maximum residual tension [1.9.10]. 

A fracture mechanics analysis of micracracking reveals an essential depen

dence on microstructural dimensions [1.10] (even though the magnitude of the 

residual stresses is generally independent of thesedimensions*). In particular, 

dimensional considerations dictate that microcracks initiate when the grain 

facets exceed a critical size l~. Many experimental observations confirm the 

existence of a critical grain size [LB. 11.12. 16]. Hence. a generalized micro

cracking criterion may be established by incorporating l~ as a parameter which 

is generally known or easily measurable. 

Above the threshold, the microcrack propensity is expected to increase 

[10] as more grain boundary facets satisfy the microcracking criterion of 

microcracking. Many physical properties have been observed to be modified by 

microcracks under such sit.uations. These include the thermal ditIusi\ity [5], 

-see section 2 
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dielectric constant. and acoustic transparency. Addilionally, there is 

significant reduction in the elastic moduli (e.g. E.v,j.L) [3.4.8]. The intent of this 

section is to use the generalized microcracking criterion of microcracking to 

deduce both the microcracks density N and the elastic moduli. Correlations 

with experimental data are also presented. 

3.2. Initiation of Spontaneous Vicrofracture 

In single phase anisotropic polycrystalline materials. microcracks gen-

erally form at grain boundary facets. where the fracture resistance is lower 

than the grain interior. Moreover. stress concentration effects or nonuniformi-

ties near facet junctions assist the nucleation and formation of a facet micro-

crack. The stress concentration effect near a facet junction (Fig. 3.1) is 

characterized by a logarithmic singularity [1.13] 

allJl (x )=[ 1 + Fl (~l'~2'~3.9' ..... )ln (l / x) l(aw)g 

a7:JI (x )=[1 +F2(~l'~2.~3.9' ..... )ln(l/ x) ](a7:JI)g 

(3.1a) 

(3.1 b) 

where (a1.j)g is the magnitude of the residual stress given in equation (2.12). 

where 

(allJl )g=-aR(cos 2~1 +cas 2~)/ 2 

(aZ1f )g= aR(sin2~1 + sin 2~2)/ 2 

aR=E t:.a.t:. T / (1 +v) 

(3.2a) 

(3.2b) 

I is the grain facet size and Fl' F2 are shape functions of the configuration 

parameters. ~l' ~2' ~3' 9' ...... of the grain facet (e.g. crystallographic orientations 

of adjacent grains. angles between facets. etc.). Due to the logarithmic term. 

In"(l/ x). the stresses are singular (a~oo). near the junction (x ~O). Therefore. 

facet microcracks are most likely nucleated at the junction and then propagate 

along the facet-. This argument may be substantiat.ed by the experimental 

observation that lhe iniliation of spontaneous microfracture is dependent upon 

-In many cerarrics. the crack blunting mode is suppressed because of limited plas
ticdeforma tion. 
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the grain boundary facet size l. Such a behavior does not derive from the mag

nitude of the residual stress (O'R)' which does not depend on the grain facet 

size. However. the scale effect contained in the logarithmic singularity In (l / x) 

allows the stress to be sustained over a larger area of grain facet as l increases . 

thereby enhancing the tendency for microcrack nucleation. Consequently. 

larger grain facets subject to the same residual stress amplitude are more sus-

ceptible to microfracture. 

The details of the nucleation subject to the logarithmic singularity are not 

well known. One postulate [1] is that the stress singularity acts in conjunction 

with an extrinsic inhomogeneity (e.g. voids. second phase inclusions) a.t the 

junction. forming a fracture system with the inhomogeneity as a microcra.ck 

precursor. Then, when l is large enough. the precursor becomes unstable and 

nucleates into a micro crack. After nucleation. the rnicrocrack propagates along 

the grain facet. motivated by the net residual stresses, (fIV/I)1I and (0'%1/)11' 

Finally. the micro crack is arrested at the neighboring junctions. because the 

adjacent boundary facets are generally subject to residual compression and are 

inclined to the microcrack plane. causing the crack driving force to be greatly 

reduced (Fig. 3.2.). 

Several analyses [1.9.13.14]. based on different specific approaches. yield 

essentially the same relation for' the critical facet size l~ for the initiation of 

spontaneous microfracture. on facets under maximum tension O'R. 

l:={3(Kl·b-j O'R)2 (3.3) 

where Kl b. is the grain boundary facet toughness. Only the value of the 

coefficient {3 varies in different analysis. For example. the analysis by Evans [1] 

invoked the superposition method in fracture mechanics to calculate the stress 

intensity factors K of precursors of varying sizes c contained in the stress 

singularity (equation (3.1) with ~l =~2 =rr/2). As seen from the result [13] in 
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Fig. 3.3, where K is normalized by ...;r, precursors on larger boundary facet are 

subject to higher K and hence, are more susceptible to microcrack nucleation. 

Furt.hermore, there is a maximum of K at c/l-O.2. If l is small enough sur.h 

that Krruu is smaller than the grain boundary toughness Kgb., the microcrack 

nucleation should be fully suppressed. Following this criterion, the critical 

facet size l~ coincides with ,1-3.1. 

Alternatively, if it is assumed that c/l=O.1 [14J is the most prevalent size of 

the precursor, a similar result is obtained with ,1 ...... 3.7. 

3.3. Microcrack Density versus Grain Size 

In a material with uniform grains of facet size l > l~, a proportion of grain 

facets subject to residual stresses lower than the maximum (due to misorienta-

tions of adjacent grains) may satisty the microcracking criterion. Generally, 

both normal a and shear stress i are present on the grain boundary facet. such 

that the microcrack is simultaneously under opening K[ and shearing Kn stress 

intensities. 

In a uniform biaxial stress field with a and i resolved on the crack plane, ~ 

and Kn for a crack of diameter 2a are [18] 

~=(21 vrr)ava 
Kn=(21 vrr).,.....;a 

and the generalized fracture criterion [15] is 

K.II =(Kl+KnrYt:~Xc 
/V"<?!O 

(3.4a) 

(3.4b) 

(3.5a) 

(3.5b) 

where Xc is the fracture toughness. It follows that an effective fracture stress 

(Jell may be defined as 

(3.6) 

The effective residual stress (Jell on a grain facet under biaxial stresses 

can be calculated from equation (3.2) as 

.. 
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(3.7) 

Generalizing the rnicrocracking criterion. equation (3.3). by replacing GR with 

Gel I' the condition for rnicrocracking becomes. 

.. (3.8a) 

and 

(3.8b) 

The ambiguity regarding {3 and the difficulty of measuring Kg,b, may be 

removed by combining equations (3.3) and (3.8) to yield the generalized Crl-

terion for rnicrocracking. 

(3.9a) 

and 

CGw )JI~O (3.9b) 

Inserting Gell in equation (3.7) and (Gw)JI from equation (3.2) into equation 

(3.9). it follows that a grain facet of size l would rnicrocrack if the configuration 

parameters ,jl' ,j2 satisfy the relation 

(3.10a) 

and 

(3.10b) 

In a material with a large number of randomly oriented grains of uniform 

facet size t. all possible facet configurations (~I' ~2) would occupy a square 

domain (Fig. 3.4). and each area element in the domain is equally populated. 

Points in the domain satisfying equation (3.10) correspond to microcracked 

•• 
grain boundary facets. Hence, the fraction f of spontaneously microcracked 

facets in the material is given by. 

(3.11) 

where Al is the area encircled by equation (3.10) and A is the total area (".2). 

Integrating the area encircled by equation (3.10). f is obtained as 



1 _I-f = -COS-IV itll 
1T' 

32 

(3.12) 

The numerical result for f versus ill~ is shown in Fig. 3.5. If there are g grain 

facets per unit volume in the medium, the microcrack density ~ is 

(3.13) 

Furthermore, it is noted that in a uniform grained material, l is proportional to 

the grain size, R. hence 

N= 9...coS-IY ~I R 
1T' 

(3.14) 

Additionally, since the residual stresses accumulated as (JR=E!la.!lT 1(1+11), 

a decrease in temperature below the critical temperature range !lTc, would 

result in a microcrack density 

(3.15) 

3.4. Elastic Moduli of a 1Iicrocracked Body 

Many physical properties of anisotropic materials have been reported to be 

modified by spontaneous microcracking. Most significant are the reduction of 

the elastic properties, Young's modulusE, Poisson ratio II, and shear modulus f-L. 

In particular, the Young's moduli of several noncubic ceramics have been 

observed [3,4,8] to decrease monotonically as the average grain size R became 

larger than the critical grain size R~ for spontaneous micro cracking. 

A theoretical analysis of the elastic properties of a rnicrocracked body has 

been performed by Budiansky and O'Connell [17]. The elastic constants E, D 

and "},L of a solid medium with a random distribution of circular mic.::roc.::racks of 

size 2a were calculated as, 

E =1-~ (1-V2)(10-3V) e 
E 45 (2-V) 

~= 1-~ (l-V){5-D) e 
J.L 5 (2-V) 

(3.16) 

e=Na 3 = 45 (II-V)(2-V,~) __ 
16 (1-V2 )[101l-D(1+311)] 

.. 
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It is noted that the microcrack density would saturate at N=9/16Cl 3 where the 

elastic constants .... 0. 

From the trends in elastic constants plotted in Fig. 3.6. it is apparent that 

the variation in E/E or v/v with Na 3 may be approximated as 
" 

E D 16 3 -=-=l--NCl 
E II 9 

(3.17) 

As grain facet microcracks resemble circular cracks. equation (3.17) is 

expecled lo be valid for a microcracked material with l =2a. Hence. since the 

microcrack density N increases as the grain facet size l becomes larger (equa-

tion (3.14». the elastic constants E and D would decrease accordingly as 

(3.18) 

In the next section. comparison of this result with experimental data is 

presented and discussed. 

3.5. Discussion 

Th e primary contribution of the present section to, the main topic. i.e. the 

mechanics of microcrack toughening. is the establishment of the generalized 

microcacking criterion. In later sections. it is incoporated into the analysis of 

induced microcracking subject to applied stress. which is an essential feature 

in the microcrack toughening process. The unique feature of the criterion is 

that it yields conditions of microcracking of facets subject to general stresses 

characterized by amplitudes a.". In particular. it has been demonstrated that, 

based on the criterion. the micro crack density N above the spontaneous micro-

•• 
cracking threshold (R>R:) can be derived. Furthermore. the associated effect 

of moduli decrease has been qu an tifted. 

The predic.:lion capability of the criterion can be justified from the com-

parison of the predicted Young's modulus (equation (3.18» with experimentai 
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observations such as the data for Mg'Pi 2 0 5 (~""1.5~m,E""36·1O-6psi), and 

Fe2 Ti0 5 (~-1.5~m.E-25-1O-6psi) reported by Cleveland and Bradt [8], as shown 

in Fig. 3.7. It is seen t.hat, the prcdicton fit.s the data points fairly well, if the 

grain facet density is taken to be g*=10/Z 3• This value is slightly higher than 

the facet density g expected in a microstructure of uniform equiaxed grains 

where each grain with 12 facets occupies volume -2l 3, each facet is shared by 

two grains and 

12 gi::j--=3/Z 3 

2-2l 3 
(3.19) 

The deviation is believed to originate from the following simplifications. The 

analysis of the facet stress is based on a two-dimensional model. Additionally, 

the interactions among microcracks (e.g. modification of residual stresses, 

coalescence of adjacent microcracks, etc.) are excluded both in the calculation. 

of microcrack density and in the the Budiansky and O'Connell's analysis where 

the relations for the elastic moduli of a microcracked medium are adopted. The 

good correlation between the prediction and experiments reflects that the 

qualitative results obtained conform to real systems. Quantitatively, in a prac-

tical three-dimensional system where interaction etl'ects are present, the· 

"etl'ective" microcrack density N*=g*f causing the elastic moduli decrease may 

be 2-3 times as large as N obtained in the present section. This conclusion will 

be further substantiated in later sections. 

In many situations, spontaneous microcracking deteriorates special pro-

perties desired for certain applications. Sometimes, severe spontaneous micro-

cracking causes disintegration of a sintered material [2]. In these cases, 

suppression of microcracking may be achieved by either reducing the magni-

tude of the residual stresses as proposed in section 2.3, or to control the 

microstructural dimension (e.g. grain size) below the threshold for spontaneous 

microcracking. In a few situations where controlled microcracking is desired. 

• 

·l 
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such as to enhance thermal insulation. the relation for the microcrack density 

in equation (3.14) or (3.15). as dependent on various parameters. may be 

adopted for microstructural design purposes . 
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FIGURE CAPTIONS 

3.1. Schemat.ic of residual stresses on grain boundary facet arising from ther

mal contraction anisotropy of adjacent grains. 

3.2. Schematic illustrating the alternating tension/compression nature of the 

grain facet residual stresses. 

3.3. Plot of normalized stress intensity factor vs crack size for a grain facet 

microcrack precursor. 

3.4. Schematic of grain facet configuration domain and configuration points 

corresponding to spontaneously microcracked facets. 

3.5. Fraction of spontaneously microcracked facets vs normalized grain facet 

size in single phase anisotropic polycrystals above micro cracking thres

hold. 

3.6. ,Etrective moduli of randomly distributed circular cracks (after Ref. 17). 

3.7. Comparison of calculated Young's modulus decrease above microcracking 

threshold with experimental data of MgTi20~, and Fe2 'Ji05 (after Ref.8 ). 
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4. Induced Microcracking : EtJects of Applied Stress 

4.1. Introduction 

Microfracture of grain boundary faceLs under residual stresses. which did 

not occur sponlaneously. may be induced by applied stresses [1.2.3,4]. The 

applied stresses are linearly superposed on the residual stresses. Thus. the 

effective stress may be large enough to satisfy the generalized microcracking 

criterion. 

lnitiation of induced microcracking is expected lo occur ~t a certain thres

hold load on grain facets under maximum effective stress. As load is increased 

further. microcrack propensity increases and the effective elastic moduli 

decrease accordingly. similar to the elastic behavior in spontaneous micro

cracking. By virtue of the moduli decrease [5]. the stram increases, resulting 

in a nonlinear stress/strain behavior. During unloading. the microcrack den

sily remains unchanged. the stress/strain trajectory deviates from the original 

in the loading stage and a hysteresis in the loading cycle is present 

(corresponding to dissipation of strain energy frum lhe loading system). Such 

nonlinearity resembles thal observed in work-hardening materials and marten

silic composites [6.7]. 

The purpose of the present section is to study how microcracks are 

induced by applied stresses and the accompanying effects. namely. the non

linear stress/strain laws. the energy dissipation. etc. The information obtained 

may then be incorporated into the analysis of the main topic of this study. 

mechanics of microcrack toughening. as will be done in section 6. 

4.2. Microcracking under Applied Stress 
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4.2.1. Etrective Stress on GrainBoundary F'acct 

Suppose that a uniform biaxial st.ress field (with principal stresses O'j >0'2' 

k=a2 /0'1 and 0'1>0) is incrementally applied on a singh! philsc anisotropic 

polycrystaUine malerial wilh uniform microstruclure (equiaxed grains wilh uni-

form grain size R and uniform facet. size l ). If R is smaller lhan R~. sponlane-

ous microcracking is fully suppressed. As the external stress field is applied. 

microcracking is expected to be induced when the resultant stresses on the' 

grain facet are large enough. 

Pertaining to the two-dimensional model of the grain boundary facet resi-

dual stresses established in section 2, an extended model incorporating lhe 

applied stresses may be construC'ted as shown in Fig. 4.1. The configuration of 

the grain facet is now characterized by three parameters. i.e. crystallographic 

orientations of the adjacent grains '19- 1' '19- 2 and the angle 0. between the facet. and 

0'1' With O:!fVI' v2' 0.:!f7i. all possible combinations of VI' V2 and n would occupy a 

cu bic domain in a lhree-dimensional space (Fig. 4.2). Each volume elemen l HI 

the cubic domain is equally populated with facets of the corresponding 

configuration VI' V2 and 0.. 

The applied stresses resolved on the grain facet would be 

0'4 =alsin20.+a2cOs20. 

i" =(al-a2)sin o.coso. 

(4.1a) 

(4.1 b) 

By superposition theory. these stresses are linearly superimposed upon the 

residual stresses (equation (2.12) to obtain the tolal stresses on the grain 

facet as 

cos 2'19- 1 +COS2V2 . 
at =-aR -----2-----+O'jsm2a+a2cos2a 

sin 2v j +si.n 2V2 
it =ap -------+( G}-O',,)sin ()('o~n . 2 . ~ 

brlO t.he dTce:! il'(; ~trf'SS O'~JJ dr:nn('rj in ('qlJ.d ion CUi) \\Illiid 1)1' 



where 

H( t9 1.t92.a.s I.S2)= 1/2+ 1/2cDS (2v l -2t92)+s ~ sin2a +si cos 2a 

-cos 219 1 cos 2t92 (s I sin2a +s2cos2a) 

+ (sin 219 1 +sin 2192)(5 1-s2)sinacosa 

4.2.2. Threshold Load for Initiation of Induced Microfracture 

4B 

(4.3) 

As the external load is gradu~lly applied. initiat.ion of microcracking is 

expected to occur at grain boundary facets under maximum effective stress 

(4.4) 

Thus. invoking the generalized microcracking criterion established in section 

3.3. ind uced microcracking would initiate when G 1 reaches the critical value G~ 

which satisfies the criterion. 

(4.5) 

or eqUlvalently. 

(4.6) 

4.2.3. Microcrack Density versus Applied Stress 

As the applied stress GI exceeds G~, more grain facets would satisfy the 

microcracking criterion and the micro crack density N is expected to incredse. 

Following lhe general relation of the effective slress. eqation (4.3). microcrack-

ing would occur at facets where the configuration parameters VI' 192 and 0. 

satify t.he relatio!1s, 

(4.7a) 

and 
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occupy a certain volume V which is a function of s I' S2 and II l~. The fraction f 

of facets microcracked is then 

!=Vli3 (4.8) 

and. from equation (3.13). the microcrack density ~ is 

N=gf =g VI rr3 (4.9) 

Numerical integration methods· are used to calculate f and results are 

shown in Fig. 4.3. Several unique features are observed. The fraction f of 

micro cracked facets is approximately proportional to (O'I-O'~) as 

(4.10) 

The coefficient m is dependent upon the ratio k =0'21 0"1' varying from m= 1/2 al 

k=l to m=1/4 at k=O. and insensitive to the normalized grain facet size lll;' 

Meanwhile. the microcrack density N may be obtained as 

(4.11 ) 

4.3. Stress/Strain Laws for Microcra'Cking Material 

4.3.1. Nonlinear Strain Response 

Microcracks induced by an external luad \%-ill interact v.'i.lh the external 

load. as reflected in the nonlinear strain response of the microcracked medium. 

One significant effect deriving from such interactions is the microtrac k 

toughening mechanism. 

As shown in section 3.3, microcracking reduces the elastic moduli. E and 1.1. 

(equation (3.17». Microcracks induced by the applied stresses 0'1 and 0'2 are 

expected to react similarly, such that the elastic moduli can be obtained by 

combining equations (4.11) and (3.17) as 

'Jo .. ') GeJSS~t!:1 ~:(':~od G:1d \iO:1"..(' Ci!:">J :T.C'::'od wc;-(' .~l\o~('d. '-!.:1d ~ -1. .~~:-- ~(,~J':=, 
W(,~I..' (j::.(.!.~)(..:rj 

(4.12) 



where 

B=2gl 3m19 

"1=Ba~1 an=B(VZ:ll -1) 
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(4.13) 

(4.14 ) 

The second equality in equation (4.14) derives from equation (4.6). Moreover. it 

is noticed that the elastic moduli pertinent to the overall strain response of the 

medium. are controlled by the applied stresses. 

Thus. the overall principal strains t1 and t2 are 

t1 =(a1-lia2)1 E 
£2=(a2-lia1)1 E 

(4.15a) 

(4.15b) 

With E and ii given in equation (4.12). the stress/strain laws of a microcracking 

medium (if a1>a~) would be 

e 1 =s 1[ l-k v( 1 +"1-Bs 1)]1 (1 +"1-Bs 1) 

e2=s2[1-v(1+)'-Bs 21 k)1 k]1 (1+),-Bs 21 k) 

(4.16a) 

(4.16b) 

where e = (1+v)/llallT. Notice that. the principal strain is dictated only by the 

pricipal stress along the same axis. Other unique fealures are observed in lhe 

numerical resulls of equalion (4.16) as shown in Fig. 4.4. If the ratio k is kept 

constant during loading (da/dt>O), t.he stress/strain response would be lInear 

below the micro cracking threshold (0'1 <a~). Above it. the stress/strain 

response becomes nonlinear since the microcrack propensity increases and the 

stiffness of the medium decreases. The nonlinear response resembles lhal of a 

work-hardening material. Furthermore. the trajectory of the stress/strain 

curve may depend upon the history of loading (if k varies). Yet, the total strain 

t at a certain stress a is only dictated by the current stress slate (0'1 and 0'2). as 

shown schematically on Fig. 4.5. 

4.3.2. Stress/Strain Hysteresis 

An 0 l be rim po r l dIll. c h d r i:\ ct (-' ,. i ~ lit' 0 f c1 III i (' r 0 l' r' de kill g III ,-tI {' r i ,11 i:, I II t' 

slr(;s~/-~t.rilin h)'~\(:resis. followillg lhc prc\'i(>lJ:' ~ySt.l'1I1. if Ihl' applied :,Irl::':' i:, 
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removed after reaching a peak value (lp. the microcrack density is retained 

since microcracking is an irreversible process. Accordingly. the elastic moduli 

Ep and rip remain constant as. 

(4.17) 

Therefore. the unloading stress/strain trajectory is linear (Fig. 4.6). resulting in 

a clock-wise hysteresis. From a thermodynamics viewpoint. a part of the strain 

energy dissipates (through microcracking) during loading and cannot be 

retrieved during unloading. The amount of strain energy dissipation. equivalent 

to the area enclosed by the hysteresis. corresponds to the work done by the 

external load through a complete cycle of loading. The stress/strain trajectory 

during furt.her loading follows the straight. line characterized by Ep and lip until 

sigmsp is reached. At this point. new microcracks are induced and the non-

linear behavior resumes. Such hystereses are also observed in work-hardening 

materials and marlensitic composites [7]. 

4.4. Discussion 

The stress applied on a grain facet to induce microcracking is refered to as 

the grain facet strength S. In some studies [1.2]. this parameter has been 

treated as a constant. More generally. a Weibull distribution has been assumed 

L8] 

(4.18) 

where P is the probability that a grain facet will fracture at S. and A.S1.q are 

constants. From the present study. it is seen that the statistical nature of S 

derives from the variation of the effective stress on the grain facet 

configuration· parameters inherent in orient.ation randomness. Therefore, f 

given in equation (4.8) may readily be viewed as t ht' distributio[J functIon 

equivalp.nt to P. It. is seen t.hat. the distribul ion dpP(·flCJ:.; upon t hp r.1(·l·~ ~i/(,! .1:-' 

wt:ll i1~ Lh'~ magniLude of the residual slrt's~ (Jp. 
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Evans [9] et al observed that, acoustic emission can be monitored In 

poly crystalline Al 2 0 s as grain facet microcracking is induced by lhe applied 

stress. In modeling the process. they assumed a simplified Wei bull distribu lion 

for the grain facet 5trengt.h S as 

f =A(S/ S)q (4.19) 

By comparing the model with the observed data. q= 10 was obtained. This result 

can be correlated to the distribution function f obtained in equdt ion (48). A'f' 

shown in Fig. 4.7. the numerical results of (versus al (equivalent to S) calcu-

lated from equation (4.8) have been plolted on logarilhmic axes. In the proper 

range of microcrack density (f .... 0.l-0.5) relevent to the stow crack growth sys-

tern. the f versus al relation may be approximated as the simplified Wei bull 

function and the corresponding exponent q may be obtained from the slope of 

the curve as q""3-10. conforming also to the experimental observations. Furlh-

ermore. in a material with a statistical dislribution of grain facet size·. th P. 

strength will be modified as 

-
P(S)= J f (S.l)p {I )dl (4.20) 

o 

where p (I )dl is the fraclion of facets with sizes between I and l + dl. 

Induced micro cracking influences the mechanical strength of a material in 

the following aspects. Two failure modes in a material loaded without pre-

cracking have been observed in different grain size regimes. In small grain 

samples. failure generally originates from pre-existing flaws appreciably larger 

than the average grain size. and no induced micro cracking is observed [10]. In 

large grain samples. however. a prominant grain size dependence of slrength is 

observed [11]. which has been attributed [12] to a failure mode of coales(,~fl("t: 

of stress irJducPd microcracks. 'More significantly. during fr,H:t un' of (1 pn'-

cr'lck'.:d rniJlcriill. forrnilt ion of d procl'~s zone aroulld the TlldtTOtT,ll'k.. t'llIJ:,::,t-

iIJg of slress irrduced microcf<H:ks hils been ob!'t~r\"ed to mod:fy (/It' fr,lt't lJIT 
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resistance of the material. The compliant microcrack zone shields the macro

crack. relaxes the stress singularity at the crack tip, and hinders lhe crilck 

propagation. Such interactions among the induced microcracks and the slress 

field are contained in the stress/strain chacleristic of the rnicrocrack zonc:. 

Hence, the mechanics of toughening may readily be analysed based upon such 

characterictics. Analyses following this approach are presented in section 6. 

Although nonlinear behavior of a rnicrocracking material is predicted, no 

direct experimental observation has been reported. The primary n~ason is lhat, 

in the majority of tests where the bulk sample is stressed. the coalescence of 

microcracks leads to catastrophic failure before appreciable nonlinearily is 

established. Hence. nonlinearity may only obtain in the microcri1ck process 

zone. restrained by the unmicrocracked surrounding. 

Analagous to the analysiS in section 3 on spontaneous microcracking, lhe 

anaiysis in the present section is based on a simplified two dimensional stress 

field and the int.eractions among lhe microcracks are excluded. Due to these 

simplifications. it has been suggested in section 3 that the "effectivc" mi~ro

crack density causing the moduli decrease might be higher than the calculaled 

one. A similar situation is expected here, namely. the coefficient B in equation 

(4.13) characterizing the extent of moduli decrease (d.EI d. a). is larger than 

predicted (Le. m-l/ 4-11 2, g-3/l 3 and B-l/ 3-21 3). This statement will be 

further substantiated in section 6 where the nonlinear characteristics are 

incorporated into the analysis of micro crack toughening at steady-state crack

ing stage and predictions are compared with experimental data. 

Finally. another simplification is the exclusion of permanent strains associ

ated wilh spontaneous microcracking. which are expected to be present ill 

acLual siluations since resitluttl stri:1ins are relaxed during rnicrocrdcking. Con

sequc:ntly. in a rcal system, strains should bc higher. permallenl slrilin:; should 
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exist after unloading. and more strain energy should be dissipated (Fig. 4.8). 

Incorporation of such effects is encouraged in future studies. 
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FIGURE CAPTIONS 

4.1. Schematic of resultant slresses on boundary facets of dnisolropic grains 

subject to applied slress. 

4.2. Schematic of facet configuration domain with points corresponding to 

microcracked facets subject lo loading. 

4.3. Fraction of microcracked facets vs normalized applied slress in anisotropic 

polycryslalline materials a) with varying facel size subject to uniaxial load

ing b) with fixed facet size subject to biaxial loading. 

4.4 Nonlinear stress/strain curve of a microcracking material in loading stage 

(da/ de>O). 

4.5. Schematic illustrating non-linear stress/strain characleristic of a micro

cracking medium. 

4.6. Schematic illustraling hysteresis in stress/strcin cycle. 

4.7. Plot of fraction of microcracked facets vs normalized applied stre~s on log

arithmic axes. 

4.8. Schematic illustrating effects of permanent strain associaled with micro

cracking. 
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5. Onset of llicrocrack Toughening 

5.1. Introduction 

When a macrocrack is present in a single phase anisotropic polycrystalline 

material, the crack tip stress field may induce micro cracking at nearby grain 

boundary facets to form a microcrack zone around the macrocrack (Fig. 5.1). 

The micro crack zone is capable of modifying the toughness of the medium. thus 

yielding a toughening effect [1-4]. Experimental observations [5] showed that, 

in single phase anisotropic polycrystalline ceramics. the toughening mechanism 

is suppressed beloW' a certain grain size threshold (Fig. 5.1). The physical origin 

of this threshold may be attributed to the condition of nucleating discrete 

microcracks ahead of the macrocrack tip. Evidently. this process. is assisted by 

the presence of residual stresses; otherwise. the direct propagation of the mac,: 

rocrack would dominate the nucleation of discrete microcracks. 

In section 3. the process of microcracking at grain boundary facets subject 

to residual stresses has been studied. In the presence of a macrocrack. the 

residual stresses can both encourage the initiation of a discrete microcrack 

and suppress macrocrack extension. The specific intent of the present section 

is to analyze this dual infiuence of residual stress and hence. to establish the 

existence of a critical grain size for process zone initiation. Specifically. the 

Eshelby method is invoked to analyse the stress distribution. since the onset 

condition is dictated by the delailed structure of the stress field. Finally. the 

critical grain size for the onset of microcrack toughening may be predicted and 

correlated with experimental observations. 

5.2. The Stress Analysis 

The microcrack initiation problem is addressed by considering the 

simplified plane stress configuration depicted in Fig. 5.2. consisting of a hexago-



67 

nal grain (subject to thermal contraction anisotropy) located at a crack tip in 

an. otherwise. isotropic body. This configuration is used to permit a direct com

parision of primary crack extension along the grain boundary with microcrack 

initiation at one of t.he neighboring grain corners. This comparison is achieved 

by adopting the following procedure. The residual stress in the crack-free body 

is computed. The primary crack is then insert.ed into the system and the stress 

intensity faclor K at the primary crack. associated with the residual and 

applied field. is calculated (as a function of crack advance along the contiguous 

grain boundary). Thereafter. the modified residual field induced by the relaxa

tion of the stress along the crack surface is determined and used to calculate 

the stress intensity factor at a secondary crack located on the neighboring 

grain corner. Finally. the incidence of discrete microcracking is assessed by 

allowing K at the secondary crack to exceed K at the primary crack. 

5.2.1. The Residual Stress 

The residual stress in the crack-free body can be calculated using the 

Eshelby procedure as described in section 2. The stresses are computed for the 

grain configuration in which the maximum thermal contraction is perpendicu

lar to the main crack. as required to optimize secondary crack nucleation prior 

to primary crack extension (by providing both a maximum tensile stress along 

the neighboring grain boundary and a maximum closure at the primary crack). 

The stresses at the location of present interest along the prospective crack 

plane. the contiguous grain boundary and adjacent to the neighboring grain 

corner. are plotted in Fig. 5.3. The stresses along the neighboring grain boun

dary are tensile; while compression develops along both the contiguous boun

dary and along the prospective crack plane. 
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5.2.2. Stress Intensity Factors 

5.2.2.1. The Primary Crack. 

The local stress intensity factor at the primary crack tip. when located at 

the grain corner. can be ascertained from the residual and applied field by 

applying the weight function [6] 

K'-0r:fJl =l\+ J 1hdS 
ST 

(5.1) 

where l\ is the applied stress intensity factor. T is the traction associated with 

the second step in the Eshelby procedure. applied through the line Sr in the 

. . 

plane. and h is a weight function. 

h::=cos ~ (211-1 + sin ~ sin 3:)1 2V2rr(1-1I)Vr 

For a mode I applied stress intensity factor. Kt. the local stress intensity factor 

deduced from equation (5.1) becomes 

Kjor:lJl= Kt -0.7 E 60.6 r...rr I (1 + 11) 

K1ror:lJl = 0 

(5.2a) 

(5.2b) 

Propagation of the primary crack along the contiguous grain boundary 

modifies the stress intensity factor. The modification can be approximately 

determined by adopting the following procedure. The stress intensity associ-

ated with the residual field is ascertained by regarding the crack as a coplanar 

extension of the kink (Fig. 5.4): with closure tractions placed over the crack 

surface during the second step in the Eshelby procedure and opposing trac-

tions imposed over the top surface of the crack and along the remainder of the 

grain boundary during the third step. The resultant traction distribution is 

depicted in Fig. 5.4. The tractions over the crack surface generate the stress 

in tensity factors 

(5.3a) 
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kt= [! fSin[ 2; lE~a~TVKci" / (1+v) (5.3b) 

where fJ.a is the kink crack length. The tractions over the grain boundary 

influence k in accord with the weight function described by equation (5.1), as 

expressed by 

kf=-[EfJ.afJ.TvT 1 (1 +II)]XI (fJ.a 1 l) 

k~=[EfJ.afJ.TvT 1(1+1I)]X2(fJ.al l) 

(5.4a) 

(5.4b) 

/ where Xl and X2 are functions of fJ.al l. The stress intensity at the kink induced 

by the applied field is expressed in terms of stress intensities kj'" and kjj 

deduced from the angular dependence of the original, unkinked crack tip field 

as [7] 

kf=Kj"'[3cos (~I 2)+cos(3~1 2)]1 4 

k~=Kj"'[sin(~1 2) + 3 sin (3~1 2)]1 4 

where ~=1r1 3 is the kink angle. 

(5.5a) 

(5.5b) 

Extensioh of the kinked crack along the contiguous grain boundary is 

assumed to occur in accord wilh a crilical value of the strain energy release 

rate. Hence, a coplanar strain energy release rate, ,is determined from the 

stress intensity factors using 

(5.6) 

where the summation is taken over the contributions to k from the surface 

tractions. the grain boundary tractions and the applied field. The final result 

can be expressed in the form 

K* (1 + II) - ~ lr EoafJ.TvT fJ.al l] 
EfJ.afJ.Tvr Ie Kj"'(1+II) , 

(5.7) 

where FJe is the function plotted in Fig. 5.5. The et!ective stress intensity factor 

typically decreases as a function of kink advance. up to kink crack length -0.1 

l. The kink crack is thus capable of initial stable advance under increased 

external loading: a feature that must be accounted for in subsequent analysis. 
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5.2.2.2. The Secondary Crack 

The analysis of secondary crack initiation requires that the residual stress 

along the neighboring boundary firstly be computed in the presence of the pri-

mary crack. This is achieved in accord with the method devised by Hirth et al. 

[6J involving the determination of the elastic interaction field between the 

Eshelby tractions and the crack. The analysis establishes that the incorpora-

tion of the primary crack reduces the residual tension along the boundary. as 

depicted in Fig. 5.6. The stresses associated with the applied loading are t.hen 

superimposed; in order to obtain the total stress along the neighboring boun-

dary. 

The initiation of a secondary crack is presumed to occur from small 

defects located near the three grain interface. as in prior analyses of thermal 

expansion induced micro cracking *. A stress intensity. factor may then be 

deduced from the stresses by applying the superposition solutions [9]. 

c 

kl={2/ Trc)Yt J a{x )..Jx / (c -x )dx 
o 
c': 

k!={2/ Trc)Yt J r{x )..Jx/ (c -x )dx 
o 

(5.6a) 

(5.6b) 

where c is the length of the secondary crack. and a and r are the normal and 

shear stresses along the crack-free grain boundary. Incorporating the stresses 

a and r into equation (5.6). and using the coplanar strain energy release rate 
. 

criterion {equation (5.6» to establish an effective K for secondary cracking. 

yields an expression of the form 

x- (1 +11) =F. [ E6o.6 TV'[ c/ l] 
E6o.6TV'[ • Kt{l+lI)' 

where F;. is the function plotted in Fig. 5.7. 

eAlthoU8h the necessity for a small defect is an unsatisfactory feature of ~his type 
of analysis (an unidentified strong elastic singularity may exist at the grain junc
tion). reasona ble correlations with ezperiment can be achieved. 

(5.9) 

,~ 
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5.3.llicrocrack Initiation 

The initiation of a discrete microcrack ahead of the primary crack requires 

thal the stress intensity factor associated with the defect at the neighboring 

lhree grain corner atlain lhe critical value for grain boundary rupture, Kl b , 

before the stress intensity at the primary crack kink becomes critical. This is 
,. 

achieved when 

(5.10) 

The appropriate choice of J(k coincides with the minimum .K*min that obtains 

during kink advance. because this minimum presages the onset of unstable 

extension of t.he kink to the neighboring corner. when .K*min =Kl,b,. The J(S per-

tinent to microcrack. initiation is assumed lo be the value that obtains when 

c Il ~0.1. as suggested by prior studies of spontaneous microcracking. Applying 

these selections for .K* and J(S to equation (5.10) allows the critical condition 

for rnicrocrack initiation to be expressed as 

(5.11a) 

when 

Kt(1+v)1 Ellci.lphs llTV[ ~1.5. (5.11b) 

For 

Kt(1+v)1 EllallTVT <1.5 . .K*min <.R(cll=Ol) (5.12) 

and the secondary crack forms prior to extension of the primary crack along 

the contiguous boundary. 

The result expressed by equation (5.11) can be reformulated in terms of a 

critical grain size. lc' for discrete microcrack formation 

lc :7.7(J4')2(1+v)21 (EllallT)2 

It is instructive to compare this critical grain size with that associated with 

spontaneous microfracture during cooling, l:. For the grain configura lion dep-

icted in Fig. 5.2. the spontaneous microcrack condition is given by 



19= 19.6(IG')2(1 +11)2/ (EtlatlT)2 

Comparison of equations (5.12) and (5.13)gives 

72 

(5.13) 

(5.14) 

Discrete microcrack initiation around a primary crack thus occurs when the 

grain size reaches -40% of the grain size needed to induce spontaneous 

microfracture during cooling. 

5.4. Discussion 

The preceding analysis has indicated that discrete microcracks can initiate 

prior to primary crack extension whenever the material grain size exceeds a 

threshold value. This threshold grain size is appreciably smaller than the criti-

cal grain size for spontaneous microcracking. For the specific, simplified grain 

configuration employed in the present analysis, discrete lnicrocracking occurs 

at grain sizes> 40% of the level required for spontaneous microcracking. More-

over, it is noti'ced that this ratio does not involve other microstructural param-

eters, so, the prediction is readily applicable to single phase systems. 

The predictive capability of the analysis may be substantiated by the 

experimental data for Al 2 0 S ' Ba.nOs and lYb 2 0 5 as shown in Fig. 5.B. Although 

only the onset of toughening is analysed in this section, an analysis of the 

toughening effect within the operative regime will be presented in section 6 

where it is shown that the toughness enhancement is fully suppres~ed at R=R:' 

From data for Al 2 0 S in Fig. 5.B, ~ is observed to be -150j.Lm. thus the predicted 

onset condition is Rc -60j.Lm, whi(;h is close to the observation, Rc -30j.Lm. Simi-

lady, for Ea.TiOs, observed R: is -20j.Lm, observed Rc is -10,um and predicted Re 

is -Bj.Lm For Nb20~J' observed ~ is -10j.Lm, observed Rc is -3j.Lm and predicted 

Re is -4j.Lm So, a satisfactory correlation belween the prediction and experi-

men tal data is obtained. 
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Several implications may be derived from the present analysis. In studying 

the influence of grain size on toughness. the microcrack toughening mechan

ism can be excluded In small grain samples. If this mechanism is to be used for 

the purpose of toughness enhancement. the grain size of the material should 

exceed Rc . which can be predicted if ~ is' known. More preferably. the grain 

size should be set between O.4~ and·~ where toughness enhancement is 

optimal. Finally. it is encouraged to study the microcrack toughing process in 

composite systems to see if similar threshold conditions exist. 
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FIGURE CAPTIONS 

5.1. The expected variation of fracture toughness with grain size. 

5.2. Schematic illustrating the formation of kink and secondary cracks 

(discrete micro crack) during crack propagation in polycrystals. 

5.3. Plot of normalized residual stress (a) along the prospective main crack 

plane. (b) along the contiguous grain boundary. (c) along the neighboring 

grain boundary. for the configuration shown in the picture. 

5.4. Schematic of the kink crack system showing the boundary tractions and 

effective crack for stress intensity factor calculations. 

5.5. Normalized stress intensity factor vs relative crack length for the kink 

crack (shown in Fig. 5.2). 

5.S. Normalized tensile stresses on the neighboring grain boundary with and 

without crack. 

5.7. Normalized stress intensity factor vs relative crack length for the secon

dary crack (shown in Fig. 5.2). 

5.8. The grain -size dependence of the fracture energy for Al 2 0 S' Nb 2 0'j and Ti0 2 

(after Ref.5). 
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6. Mechanics of 1licrocrack Toughening 

6.1. Introduction 

In single phase anisotropic polycrystalline materials, the occurrence of 

microcracking is associated with the microstructural residual stresses arising 

from thermal contraction mismatch among randomly oriented grains. In the 

presence of a macrocrack subject to load, the crack tip stress field induces 

discrete microcracks at the nearby boundary facets to form a microcrack pro

cess zone. This process zone is expected to modify the fracture toughness [1-

16]. In particular, the microcracked process zone is more compliant than the 

un-microcracked region [1.16]. Hence, the crack tip stress singularity is 

relaxed, rendering an increase in toughness. However, the microcracks adja

cent to the macrocrack tip deteriorate the local fracture resistance of the 

medium and thus. partially counteract the compliance toughening [16]. 

An important characteristic of the microcrack toughening process is the 

existence of resistance(R) curve behavior [9,12-15] (Fig. 6.1), Le. the fracture 

resistance. Gc ' is a monotonically increasing function of the crack tip advance 

distance Lla. i.e. GR(Lla.), rather than a single-valued parameter. Several experi

mental observations [2.14,15] of prominent R-curve behavior have been 

reported. Yet the basis for its existence has not been well established and con

fusion often arises among experimental toughness measurements obtained with 

different tests [22-29] (e.g. notch beam and double cantilever beam tests) which 

monitor fracture instability at different stages of crack propagation. Further

more, most of the theoretical analyses [7,8,10,12] attempting to simulate micro

crack toughening have not incorporated the R-curve effect. 

A recently established continuum mechanics description [17,18] of mar

tensitic transformation toughening [19,20] has features similar to microcrack 

toughening: specifically, the existence of nonlinearity and hysteresis in the 
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stress/strain response of the process zone [18] (Fig. 3.2). Studies by McMeek

ing and Evans [17] and Budiansky et al [18] revealed that R-curve behavior is 

inherent in the martensitic transformation system. originating from the gra

dual unloading of the process zone wake which forms during crack propagation. 

The purpose of the present study is to establish a similar continuum mechanics 

description of micro crack toughening. as needed to quantify the toughening 

process, to identify the physical origin of the R-curve and to clarify th-e tough

ness measurements obtained with various tests. For this purpose. the non

linear characteristic of a microcracking medium is analysed. The fracture 

energies may then be calculated both at the initiation of crack propagation and 

at the steady-state crack propagation stage, corresponding to the two extremi

ties on the R-curve. Correlations between the results of the theoretical 

analysis and experimental data of several noncubic ceramics are also 

presented. 

6.2. Nonlinear Characteristics of a Microcracking Medium. 

Pertinent to the macrocrack tip stress state. the nonlinear stress/strain 

characteristics of the micro crack zone are constructed on the overall strain 

response of a microcracking medium subject to a uniform plane-strain stress 

field (with principal stresses 0"1 >0"2, 0"1>0 and 0"3=v (0"1+0"2). While parallel ana

lyses have been performed in section 4. based on a two-dimensional stress 

mudel. a few modifications are required for the present system. 

From the discussion in section 4. it has been suggested that. in generaliz

ing the analysis from two-dimensional to three-dimensional. the relations of the 

elastic moduli E and D above the microcracking threshold 0"1>O"g given in equa

tion (4.13) remains valid. 

(6.1 ) 

where 



B=2gl Sm/9 

I'=Ba~1 aR=B(Vl~1 l -1) 
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(6.2) 

(6.3) 

except that B will be larger than predicted from the two-dimensional analysis. 

The constitutive equations for the principal strains e1. e2 and e3 can be 

expressed in terms of the elastic moduli as. 

e1 =[a1-D(a2+aS)]1 E 
E2=[ a2-D(a1 +as)]1 E 

es=O 

(6.4) 

Consequently. by substituting equation (6.1) into equation (6.4). the strains 

become 

where 

l-(k +k' )v(1+I'-Bs 1) 
e -s 
1- 1 1+},-Bs 1 

1+( 1 +k' I k )v( 1 +},-Bs 2/ k) 
e2=s2 

Si =ai I aR 

ei =ei (1 +v)1 ~a.~T 

k =a21 a1 

k' =asl a1 =D(a1 +(2)1 a1 =( 1 +k)D 

(6.5a) 

(6.5b) 

Some numerical results obtained from equation (6.5) are shown in Fig. 6.2. It is 

apparent that. during loading (aa /Be>O) above the microcracking threshold 

(a1>a~). the stress/strain behavior is nonlinear. During unloading (aa /ae<O), 

the microcrack density maintains the value Np obtained at the loading peak ap . 

Therefore. the stress/strain curve is linear in the unloading stage. as charac-

terized by Ep and Vp obtained at ap . Hence. in the absence of unloading tran-

sients. the stress/strain trajectory exhibits clock-wise hysteresis (Fig. 6.3). The 

area enclosed by the hysteresis equals the strain energy dissipation of the 

external lo~d. as the medium is completely unloaded. Hence. the first loading 

cycle is an irreversible process. 
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6.3. Mechanics of 1licrocrack Toughening 

The macrocrack tip stress field induces microcracking at nearby grain 

facets to form a microcrack zone around the macro crack. Because of the non-

linear characteristic and slress/slrain hysteresis of the micro crack zone, the 

fracture resistance is modified. giving rise to microcrack toughening. 

The model used here to describe micro crack toughening comprises a solid 

medium composed of anisotropic grains of uniform size. with a semi-infinite 

crack under plane-strain mode I loading (Fig.6A). The crack tip stress field 

prior to microcrack zone formation can be expressed in terms of its principal 

components as 

K[ ~ . ~ 
U1= ~ cos -(l+S'l.n-) 

trr 2 2 

K[ ~ . ~ 
U2= V'21TT cos 2"( l-S'l.n 2") (6.6) 

K[ ~ 
U3= --21.1cos-

2 ~ 

where 10 is the stress intensity factor and r. ~ are the polar coordinates. 

The microcrack zone structure and the mechanics of toughening are 

dependent upon the history of macrocrack evolution. Suppose the macrocrack 

is originally in a medium free of microcracks. As the load is gradually applied. a 

frontal microcrack zone is induced in a region ahead of the crack tip where the 

stress field concentrates. In turn. the microcrack zone modifies the crack tip 

stress field. When K[ exceeds the apparent toughness. crack propagation ini-

tiates and a microcrack zone wake forms (Fig. 6.5). in which the volume ele-

ments are gradually unloaded (aul aa <0). Due to the hysteresis behavior asso-

ciated with these elements. the stress and strain fields are further modified. 

such that K[ must be increased to sustain the crack propagation. thus giving 

rise to R-curve behavior. In this study, we focus on two distinctive crack prop a-

galion stages: initiation of crack propagation and steady-state crack propaga-
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tion (Fig. 6.1). 

6.3.1.1nitiation of Crack Propagation 

The configuration of the system at the initiation stage is shown schemati-

cally in Fig. 6.6. The macrocrack is originally in a microcrack-free medium and 

gradually loaded to the crack propagation point (~=X:). The microcrack zone 

is enclosed by the boundary on which the maximum principal stress 0'1 equals 

the critical stress a~ for microcrack induction. Close to the crack tip. the 

stress field varies rapidly and the microcrack density is expected to reach a 

saturati.on value Nil in a zone around the macrocrack tip (Fig. 6.6). 

The fracture toughness .Kg is modified by the microcrack zone in two 

aspects. First. the microcracks adjacent to the crack tip deteriorate the load-

bearing ability of the local medium and reduce the fracture toughness. The 

amount of deterioration can be approximated as [16.30] 

(6.7) 

where IG is the intrinsic toughness of a microcrack-free medium. Kr? is the 

degraded toughness (which also characterizes the crack tip stress field) and 

NII/g is the fraction of facets microcracked in the saturation zone. 

Meanwhile. the stress and strain fields are modified by the presence of the 

microcrack zone. Since the material response is linear both in the unmicro-

cracked region outside the microcrack zone and in the saturation zone where 

the microcrack density is constan t. stress intensity factors can be defined in 

each region (Fig. 6.6). The stress intensity KJ. which chacterizes the lmear field 

in the unmicrocracked region remote from the crack tip. is the stress intensity 

factor applied on the system. Meanwhile. KjiP (in the saturation zone) is experi

enced by the crack tip and dictates crack propagation (J(rp=KcO). As each 

volume element in this system has experienced an increasing strain. the path 

independent J-int.egral [21] can be applied. 

,. 



.. 

where 

J= J( Wn: -Cl\jnj~.Z)d.S 
r 

~ 
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(6.S) 

W= J Cl;,jdE:;,j (6.9) 

° 
11 is the displacement vector and it is the unit normal to the contour r encir-

cling the crack tip. If r is chosen in the unmicrocracked region, 

(6.10) 

Whereas in the saturation zone, 

(6.11) 
. . 

where Es and Vs are the elastic mo~uli pertinent to the saturalion zone. which 

can be obtained from equation (3.17) with Na. 3 replaced by Ns l 3/ S. Since J is 

independent of path. equations (6.10) and (6.11) can be combined. At the crack 

propagation condition. K1i.P=Kco and ~ is related to Kco by 

where 

1-(1-2Ns l 3/9)2V2 
H(v.Ns.l)= (1-v2)(1-2N

s
l 3/ 9) 

(6.12) 

Combining equations (6.7) and (6.12). the observed toughness ~. can be 

obtained as 

K;=H(1-Ns/ g)lG (6.13) 

or. in terms of fracture energies· 

(6.14) 

The grain size dependence of the fracture energy G~ at the initiation stage 

may be oblained if the unknown parameters are estimated as follows. The 

slructure of the saturation zone is not well known. From the analysis in seetion 

5. it is believed that. at the fracture instability (K=K;;). only those facets a.dja-
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cent to the macrocrack tip subject to residual tension are susceptible. to 

discrete microcracking. Adjacent facets subject to residual compression 

remain intact until fractured by the extension of the macrocrack. Thus, the 

microcrack density adjacent to the macrocrack tip is expected to saturate at 

NII -g/2. Moreover,· since the saturation zone consists of microcracks on adja

cent facets, the saturation zone size hll is expected to be approximately equal 

to the facet size l. Poisson's ratio II of the unmicrocracked medium is taken to 

be 11=1/4, representative of most ceramics. From section 3, the ~ffective micro

crack density N* is expected to be larger than predicted with N=0.5g where 

g-3/l 3• Thus, an estimated N*-0.5g*=9/4l 3 is taken. Replacing these estima

·tions inlo equation (6.13), it is seen that the toughening effect at this stage is 

quite small. 

(6.15) 

It is also noted that the toughening is independent of the grain size R, a result 

which is not influenced by the estimations adopted. 

6.3.2. Steady-State Crack Propagation 

In the steady-state crack propagation stage, the crack is imagined to have 

propagated extensively such that the fracture energy required to maintain the 

propagation has reached a steady-state value G~II, pertinent to the asymptote in 

the R-curve (Fig. 6.1). The c'onfiguration of the system is also in steady-state, 

such that the microcrack zone wake and the saturation zone wake extend to 

x=-"", each with constant heighl (Fig. 6.7). The micro crack zone front is defined 

by oa 11 oa >0*, and the boundary is given by al =a~. The micro crack zone wake, 

defined by oal oa <0, has a constant half height hm dictated by the conditions, 

and (6.16) 

The microcrack density in the wake maintains the maximum value obtained at 

·Under quasi-static crack propagation, oal oa =-oal ox. 
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the peak of 0'1 =O'p • 

Differences in fracture energy between the initiation stage and the 

steady-state stage. due to the presence of the semi-infinite microcrack zone 

wakt:. can be calculated from energy balance considerations. In the sleady-

stale. as the crack tip propagates forward by an increment da. the stress and 

strain fields translate in unison. This translation is equivalent to the creation 

of an extra region of microcrack zone, of width da. at x=-oo. which has been 

completely unloaded. A strain energy dissipation is associated with this pro-

cess. From the energy balance relation given by Budiansky et al [18]. the 

apparent fracture energy G~ in the steady-state is 

h", 

G:·=G~iP+2 J U(y )d.y 
o 

where G~ip is the fracture resistance of the crack tip. 

( 1-ii2)( vnp)2 
G~ip= Ii Ilc _ G; 

Es 

(6.17) 

(6.18) 

and U(y) is the residual energy density (the energy dissipation associated with 

the hysteresis in the volume elements at height y and x=-oo). In the un micro-

cracked region remote from the macrocrack. 

(6.19) 

where ~ is the apparent toughness. characterizing the remote stress field. 

As the nonlinear stress and strain fields in the microcrack zone are unk-

flown at present. the microctack zone height is estimated using two bounds. 

First. the nonlinear stress field in the zone is assumed to be bounded by two 

linear elastic stress fiel.ds. one characlerized by the applied stress intensity 

. factor J(A and the other characterized by the crack tip stress intensity factor 

J(fip (Fig. 6.7) *. The normalized principal stresse sup tip at height y from x=-oo 

ihe studies of Budilinsky et aJ [18] reveal : .. :'lat, for the transfor~r..at:on pro:,!e:r~ t:te 
zone height is dlctat.ed by the intermediate stress intensity factor. K=J(flP +(XSIi

_ 

J(flP )/2 
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to x=+oa are shown in Fig. 6.B. The maximum in the curve (Jp corresponds to the 

peak load experienced by the volume element at height y and x=-oa; 

(Jp~KI2-VY 

where K can be either ](-Is or J<fiP. 

(6.20) 

Furthermore, from Fig. 6.B, it is seen that the ratio k=(J2/ (J1 varies from 

k-1 at x=+oa to k-1/3 at x-y/5 (where (J1=(Jp)' To simplify the calculation of 

U(y), k is assumed to be constant, whereupon the upper bound of U(y) is calcu-

lated with K=](-Is and k= 1 and the lower bound of U(y) is calculated with K=](-I 

and k= 1/3. Under plane strain and constant k conditions, the principal strains 

t1 and t2 are given in equation (6.5). The strain energy density U(y) consists of 

two components: one from the interaction between (J1 and t1 and the other from 

(6.21) 

where 

U;,(y)=J(Jidti 

and V 1 (y), V2(y) represent the areas enclosed by the hysteresis loop (Fig. 6.3). 

Replacing the curve between (J~ and (Jp in the hysteresis with a straight line, 

U(y) can be approximated as a triangular area. From equations (6.5) and 

(6.21), it follows that 

(6.22) 

The total strain energy dissipation involves the saturation zone and the micro-

crack zone; 

h". h. h m 

2 J V(y )dy =2 J U(y )dy + 2 J U(y )dy 
o 0 h. 

-No snear components are involved S~'lce i!le stress field is given in pri!lc:pai com
ponents. 

(6.23) 

.. 
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The strain energy dissipation in the saturation zone is simply, 

h.. 

2 J U(y )dy ;::j 2 U(hs )hs (6.24) 
o 

since the saturation zone should be small. Replacing y in equation (6.20) by hs 

and inserting Gp in equation (6.22), the total strain energy becomes 

(6.25) 

where 

2G~vhs 
v=----

K 
(6.26) 

and 

Q(-Y,1) ,11)= 2' +2112,.(1-2ln v)+ 2(1-v) 
1 +,),-,),1 v 1 +,. (6.27) 

- ~-ln [(l+')')v -y ]-(1-2v2')')(2-v) 
(1 +')')2 

Thus, the upper bound of the apparent fracture energy (G~S) 'J is given by com-

bining equations (6.17), (6.18) and (6.25) with K=J(Ss and k=l as 

N. r ]-1 ( GSS) r =(l __ S )2Jl2l Q Gi 
c 'J g 2{1-112 ) c 

(6.28) 

Similarly, the lower bound of the apparent fracture energy (G~sh is obtained 

with K=xnp and k= 1/3 as 

( N:r 2 r r72 Q]. 
( G~h= 1--) In-+ ( 2) G~ g 3 1-11 

(6.29) 

The grain size dependence of the steady-state fracture energy G~s may be 

obtained with the following estimations. From section 4, the parameter B is 

expected to be larger than predicted (B-2/3). Thus, an estimated B-1-2 is 

taken. From equation (6.3), ,. can be expressed as a function of R/ R~; 

(6.30) 

The parameter v can also be oblained as a function of R/ J?:. From previous 

discussion, it may be assumed that the saturation zone size hs is related to the 
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facet size l as 

(6.31) 

At the threshold facet size lc of microcrack zone formation (lc =0.4l~). the 

micro crack zone is expected to coincide with the saturation zone. so that 

hs=hm.=wl 

From equation (6.20). it follows that 

Interting equation (4.6). w should satisfy 

2aRVW _ 1 ~2.7 
K V1J-..JT; 

and v in equation (6.26) is obtained as 

v ~ 2.7(1-V RI R~) 

(6.32) 

(6.33) 

(6.34) 

(6.35) 

Inserting these estimates into equations (6.28) and (6.29). the upper and lower 

bounds of ~ can be obtained as a function of R/~. as plotted in Fig. 6.9. 

6.4. Discussion 

The calculation of the fracture energies at the two extreme stages in the 

R-curve can be correlated with the experimental data of fracture energy. in 

several single phase noncubic ceramics; especially the grain size depe~dence. 

The correlation not only substantiates the present model and analysis. but also 

clarifies controversies about the exact grain size dependence of the fracture 

energy of noncubic ceramics. arising from data obtained with different lests 

(e.g. notch beam. double cantilever beam). The correlation is conducted only 

for R<~. since spontaneous microcracking is not considered in the present 

analysis. Furthermore. it is noticed lhat the formation of the microcrack zone 

is fully suppressed if R<O.4~· and the microcrack toughening mechanism is no 

'see sec:ion 5 
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longer operative. 

The fracture energy at the initiation of crack propagation as given in equa

tion (6.15) is expected to conform to the experimental data obtained with most 

NB tests [22-27] where fracture instability is monitored at the initiation of frac

ture from a sawn notch (i.e. a frontal microcrack zone only). The general 

observation in these tests is that the toughening is not detected as seen from 

the Al203 data summarized [12] in Fig. 6.10. These results confirm the predic

tion of equation (6.15). 

Meanwhile. the trends in the steady-state fracture energy with grain size 

plotted in Fig. 6.9 should conform to experimental data obtained with most DCB 

tests [22.23.28.29] which monitor the equilibrium of a crack after extensive 

quasi-static propagation (i.e. an extended microcrack zone), such as the data 

summarized [10] in Fig. 6.11. Comparison of these data with the predicted 

behavior in Fig. 6.9 shows that a good conformation is obtained (especially the 

unique features distinctive in the sLeady-state cracking stage). The toughening 

is quite significant (-100% enhancement) in the grain size range where 

toughening is expected (0.4<R/ ~<1.0). No toughening is observed at R=R~ and 

R=0.4~. Furthermore, the experimental data lie closer to the predicted 

upperbound of G~, indicating that the linear stress field characterized by J<Ss is 

a better approximation of the actual non-lineilr stress field. 

It is substantiated that microcrack toughening derives from the nonlinear 

characteristic of the microcrack zone, and inherent in this process is an R

curve behavior arising from the stress/strain hysteresis in the micro cracking 

medium (which dissipates additional strain energy when a microcrack zone 

wake gradually forms during crack propagation). Consequently, experimental 

measurements of fracture energy of microcracking materials using tests like 

NB, DCB, which monitor fracture instability at different stages during crack 
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propagation. are expected to vary. Moreover. chacteristics of the grain size 

dependence of the fracture energy of such materials can vary significantly if 

"fracture energy" is confined in a certain stage in the R-curve. For instance. 

the fracture energy at the initiation of the R-curve. as usually measured with 

the NB test. would exhibit no grain size dependence. Conversely. the fracture 

energy at the asymptote of the R-curve. as usually measured with DCB test. 

shows a pronounced toughening effect between O.4~ and~. Differences 

among tests should be discriminated accordingly. Ideally. it is appropriate to 

measure the complete R-curve. DCB tests which allow stepwise measurement of 

the fracture energy thus appear more desirable. 

A continuum mechanics approach to analyse the microcrack toughening 

process has been presented which enables the calculation of the'fracture ener

gies at two extreme stages in the R-curve. Semi-quantitatively. the results 

reveal the dependence on various microstructural parameters. e.g. R.~a. ~T. 

et,c .. The analysis can be extended to incorporate a more accurate solution of 

the nonlinear stress and strain fields pertinent to the nonlinear microcracking 

medium. The nature of the saturation zone also needs to be studied. Moreover. 

analyses which incorporate the permanent strain effects associated with micro

cracking (e.g. higher strain energy dissipation in hysteresis) are expected to 

yield more toughening effect in the steady-state cracking stage. 

, 

,~, 
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·FIGURE CAPTIONS 

6.1. Schematic of R-curvp. characteristic and microcrack zone configuration at 

different stages of crack propagation. 

6.2. Nonlinear stress/strain curve of a microcracking medium subject to 

plane- strain biaxiaUoading. 

6.3. Schematic illustrating the nonlinear characteristic and unloading hys

teresis of the microcrack zone. 

6.4. Schematic of t.he stress field around a semi-infinite crack. 

6.5. Schematic illustrating the evolution of the microcrack zone configuration 

during crack propagation. 

6.6. Schematics of (a) front.al microcrack zone and saturation zone. (b) the 

nonlinear st.ress field ahead of the crack tip. at the initiation of crack pro

pagation. 

6.7. Schematics of (a) extended microcrack zone and saturation zone. (b) the 

nonlinear stress field ahead of the crack tip. at the steady-state of crack 

propagation. 

6.B. Distribution of principal components of a linear stress field around a 

crack. 

6.9. Plot of the grain size dependence of fracture energies at the steady-state 

crack propagation stage. 

6.l0.NB values of fract.ure energy of Al 2 0 3 vs grain size (after Ref. 12). 

6.l1.DCB values of fracture energy vs grain size for Al 2 0 3 • Ti02 and Nb 205 (aft.er 

Ref. 10). 
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7. Conclusion 

Whereas specific results. implications relevent to the topic of each section 

have been presented in separate discussions. the general conclusions pertinent 

to the primary topic of this work are: 

1) A continuum mechanics description of the microcrack toughening 

process. can be constructed. The constitutive behavior of the micro

crack zone is based on the overall strain response of a microcracking 

medium subject to a uniform stress field. 

2) A generalized microcracking criterion has be constructed for micro

cracking at facets subject to general stresses. 

3) The etTective microcrack density causing elastic moduli decrease is 

larger than calculated based on a two-dimensional analysis and other 

simplific ations. 

4) Induced microcracking is initiated at a threshold load. Above the 

threshold. the stress/strain behavior becomes nonlinear. During 

unloading. linearity resumes and a hysteresis is present correspond

ing to dissipation of strain energy. 

5) The stress/strain characteristics resemble those of hardening materi

als and mertensitic transformation composites. Hence. similarities in 

process zone toughening etTects are also expected. 

6) There is a grain size threshold. R=O.4~ for the onset of microcrack 

zone formation. deriving from the microstructural requirements for 

nucleating discrete microcracks. At R=O.4R:. the microcrack zone 

coincides with the saturation z·one and no toughening is observable. 

7) The fracture energy of a microcracking material is described by an R

curve. which derives from the gradual unloading of the microcrack 
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zone wake irreversible to the loading stage such that additional strain 

energies are dissipated in the hysteresis. 

B) At the initiation stage of crack propagation, the toughening effect ori

ginates from the nonlinear strain response of the frontal microcrack 

zone, counteracted by an detoughening effect due to induced micro

cracks adjacent to the macrocrack tip. The overall toughening effect 

is quite smaiL 

9) At the steady-state of crack propagation, additional toughening 

derives from the extened microcrack zone wake. At R=!?g, spontane

ous microcracking initiates, the hysteresis is greatly reduced no 

appreciable toughening is observable. 

10) Characteristics of the grain size dependence of the fracture energy 

limited in a certain region in the R-curve can vary significantly. At ini

tiation stage, no grain size dependence is observable. At steady-state, 

a pronounced toughness enhancement may be observed between 0.4~ 

and~. 

11) Usually, NB tests monitor the fracture energy at initiation cracking 

stage; whereas DCB tests monitor it at steady-state cracking stage. 

.. 
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