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THE SHARP CONSTANT IN THE WEAK (1,1) INEQUALITY FOR THE
SQUARE FUNCTION: A NEW PROOF

I. HOLMES, P. IVANISVILI, A. VOLBERG

ABSTRACT. In this note we give a new proof of the sharp constant C = ¢~/ + fol e**/2 dg in the
weak (1, 1) inequality for the dyadic square function. The proof makes use of two Bellman functions
L and M related to the problem, and relies on certain relationships between L and M, as well as
the boundary values of these functions, which we find explicitly. Moreover, these Bellman functions
exhibit an interesting behavior: the boundary solution for M yields the optimal obstacle condition

for L, and vice versa.

1. INTRODUCTION

In this paper we consider weak inequalities for the dyadic square function:

1/2
Sep(x) = (Z(so,hf)ﬂl‘[[(f)> :

1€D

where (-, -) denotes the usual inner product in L?(R), D is the standard collection of dyadic intervals
on the real line, and {h;};cp are the (L? normalized) Haar functions:

1
hi(z) = W(HL (z) — 11, (2)),
where I_ and I, denote the left and right halves of I, respectively. In particular, we look at localized
versions of S, applied to compactly supported functions; for a dyadic interval J € D, let

Sie:= > (¢ hI)Qm = A1y,
ICD, ICJT IcJ
where Arp denotes the martingale difference
1
Arg =5 ({p)r, = (@) ), =) = (¢, hn)hr.
Note that S%p = S[(p — (p)s)1,], where (p); = ﬁfjgpd:z, so we may always assume that

supp(p) C J.
We are looking for the sharp constant C' in the inequality

{z € T : S2p(x) > A} SC%/JM,

for all p € LY(J) and J € D. It was conjectured by Bollobas in [2], and it was later proved by
Osekowski in [4], that this constant is

(1.1) C = ¥(1), where ¥(7) = 7®(7) + e~ ™/2 and D(7) = / /2 g,
0
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2 I. HOLMES, P. IVANISVILI, A. VOLBERG

In this paper we give a new proof of this fact, using Bellman functions.

B. Bollobas published [2] in 1982 but apparently he initiated this problem in mid-70’s, as it is said
in [2] that he invented the problem to entertain professor Littlewood. In [2] a certain constant and
a certain special function (the Bellman function of an underlying problem) were invented. But the
fact that the constant and the function of Bollobas are precisely the best constant and the Bellman
function correspondingly were proved only in 2008 by A. Osekowski. in [4]. We give here a different
proof of this fact, and we list also some extra properties of the function found by Bollobas in [2].

We begin by defining the standard Bellman function for the above listed problem:

Definition 1. Given f € R, F' > |f|, and XA > 0, define:
1
||
where the supremum is over all functions o, supported in J € D, such that (¢); = f and {|p|); = F.
We say that any such ¢ is an admissible function for M(f, F, \).

M(f, F, \) := sup |{x€J:S§gp(:n) > A},

As shown in Proposition this function has the expected properties, such as a main inequality
and an obstacle condition. Also as expected, we show in Theorem [2.3] that M is the so-called “least
supersolution” for its main inequality.

Next, we define another Bellman function, also associated to this problem:

Definition 2. Given f € R, 0 <p <1, and X > 0, define:
L(f,p, A) == inf({|¢]) s,

where the infimum is over all functions ¢, supported in J € D, such that

1
(p)g=f and m

We say that any such ¢ is an admissible function for L(f,p, ).

This definition is inspired by Bollobas [2] — see Remark for details of the connection to Bol-
lobas’s definition. Being defined as an infimum, this function will have most of the mirrored prop-
erties of Ml — replace concavity with convexity for example. These are detailed in Proposition [2.2
Also mirroring M, we show in Theorem that L is the so-called “greatest subsolution” for its main
inequality.

Using the standard methods, we obtain so-called “obstacle conditions” for M and L, namely

M(f, F,\) =1, YF > VX and L(f,p,\) = |f], ¥|f| > VA,

While these suffice, as expected, to prove the least supersolution and greatest subsolution results,
there is no reason to believe they are optimal. That is, M could very well be equal to 1 for some
points where F' < v/, for instance. As it turns out, we may obtain the optimal obstacle condition
for M from information about IL, and vice versa.

In Sectionwe explore the connections between Ml and .. We show in Theoremthat L(f,p,\)
is the smallest value of F' for which M(f, F, A) > p, and M(f, F, \) is the largest value of p such that
L(f,p, \) < F:

L(f,p, A) = nf{F > [f| : M(f, F; A) = p} and M(f, F,A) = sup{p € [0,1] : L(f,p,A) < F'}.

These relationships are further improved in Proposition [3.4] where we show that in certain domains
(ultimately the really “interesting” parts of the domains), we have in fact that

M(f,L(f,p,\);A) =p and L(f,M(f, F,)),\) = F.
Then the value of M along the boundary F = |f|:
My(f,A) :==M(f, [f|,A) = sup{p € [0,1] : L(f,p,A) = [f|},

{z € J: STp(x) = A} = p.
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yields the optimal obstacle condition for IL, and the value of L. along the boundary p = 1:
Lo(f,A) :=L(f,1,A) = inf{F" > [f[ - M(f, F, ) =1},

yields the optimal obstacle condition for M. We find M, and LL; explicitly in Section [} See Section
and Figures [T] and [2] for a description of the optimal obstacle conditions for M and L obtained
from these boundary values.

In Section |4 we give the new proof of the sharp constant in . The inequality

F _F
L(0,1,A)  Ly(0,\)’
originally proved by Bollobas [2] is given a more detailed proof in Theorem This, combined with
the relationship

M(0, F, \) <

L(f,M(f, F,A),A) = F,
and the expression of I, obtained in Theorem then yields the desired sharp constant C', as

detailed in Corollary The proof is significantly simplified once we find, in Proposition the
values of M and L at f = 0.

2. PROPERTIES OF THE BELLMAN FUNCTIONS M AND LL

2.1. Basic Properties. In this section we prove the basic properties of Ml and L, such as the main
inequalities, convexity, monotonicity, and obstacle conditions.

Proposition 2.1. The Bellman function M(f, F, ) in Deﬁnition has the following properties:

1). M is independent of the choice of interval J € D in its definition.

2). Domain and Range: M has conver domain Oy := {(f, F,\) : |f| < F; X > 0}, and
0<M<I1.

3). M is decreasing in .

4). M is even in f.

5). Homogeneity:

6). Obstacle Condition:
(2.2) M(f, F,\) =1, VA < F2.

7). Main Inequality: For all triplets (f, F,\), (f+, Fx, A+) in the domain with f = %(f_+f+),
F=3(F_+Fy), and A = min(A_, \}), there holds:
f+— 1=

(2.3) M(f, F A+ <2>2> > ;(M(f+,F+,)\+) +M(f_,F_,/\_)).

8). M is concave and continuous in variables f and F.
9). M is mazimal at f = 0:

(2.4) M(f, F,\) < M(f, F,A — f2) <M(0, F, \).

10). M is non-decreasing in F'; M is non-increasing in f for f > 0 (and non-decreasing in f for
f=<0)

Proof. 1). follows by the standard considerations. Properties 2). and 3). are obvious. Property
4). follows since ¢ is admissible for M( f, F, \) if and only if —¢ is admissible for M(—f, F, A), and
in this case S%¢ = S%(—¢). To see homogeneity, 5)., note that ¢ is admissible for M(f, F, \) if and
only if tp is admissible for M(tf, [t|F,t?)), and in this case S2(tp) = t25%¢.

Next, we prove the obstacle condition, 6). Given a point (f, F,\) in the domain, consider the
function ¢ = f1; 4+ F+/|J|hs. Then (p); = f, S%p = F21;, and (|¢p|); = F. So ¢ is admissible for
M(f, F,\), and if A < F?, {z € J: S%p(x) > A} = J, so M(f, F,\) = 1.
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To prove the main inequality 7)., let J € D be a dyadic interval, and let ¢4 be functions supported
on Jy, admissible for M(fy, Fiv, A+), and which give the supremum up to some € > 0:
supp(p+) C Jx; (px)a = fx; (oxl)s = Fx,
and

|J | {z e Je: SJi‘Pi>>\i}‘>MfiaFia>\i)_€

Now define ¢ on J by concatenation: ¢ := ¢_1; + ¢ ;. . Then (p); = f and (|¢|); = F, so ¢
is admissible for M( f, F, \). Moreover:

STo =00+ > A P+ > A [P1,
Icr- Icr,

1
= Z(er — )1+ S5 o + 53+90+-

Then:
MU, EA+ (4= 1)) 2 ,J| (w €783 p-(2) + S5 pila) 2 M|
1
>m {reJ 57 ¢ )ZA—})ﬂLm‘{ﬂ?EJJrZSi@Jr(l‘)2)\+}
%( (f,,F,,)\,)+M(f+,F+,)\+))—

Since this holds for all € > 0, the main inequality (2.3]) is proved.
To prove 8)., rewrite the main inequality in a more convenient form:

(2.5) -

for all @ € R and |[b] < F'. Letting a = 0 and b = 0 above, we obtain that M is midpoint concave in
variables F' and f, respectively. Since M is measurable, this is enough to show that M is continuous
and concave in F' and f (see page 60 in [3], and the references therein [T, 5]).

For 9)., take f =0 and b =0 in (2.5):

1
(0. P A+ a?) 2 5 (M0, F) + M0, F.0) ) = (e, P2

3 (M + 0. F 4+ 00) 4107 — 0.7 = 0,00 ) <ML F A+ ) < (P )

where the last equality follows because M is even in the first variable.
Finally, to see 10). note that by the obstacle condition ({2.2)), M(f,-,\) is concave and has a
maximum at F = v/A, and is constant for F > v/A. Similarly, M(-, F, \) is even, concave, and by

(2.4) has a maximum at f = 0. 0
Note that if F' = 0, the only admissible function is ¢ = 0 a.e. so
(2.6) M(0,0,\) = 0, VA > 0.

Proposition 2.2. The Bellman function L(f,p,\) in Deﬁm’tz’on@ has the following properties:

1). L is independent of the choice of interval J € D in its definition.
2). Domain and Range: L has conver domain Qp, := {(f,p,\) : f € R;p € [0,1], A > 0}. As
for the range:

(27) [FI <L, A) < (1= p)If|+ pmax(|f], V).
3). L is increasing in A.

4). L is even in f.
5). Homogeneity:

(2.8) L(tf,p, t°A) = [tIL(f,p, \), Vt # 0.
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6). Obstacle Condition:

(2.9) L(f,p,\) = If], VIf] = VA

7). Main Inequality: For all triplets (f,p,\), (f+,p+,Ax) in the domain with f = %(f_ +f+),
p=3(p— +p+), and A = min(A_, A;), there holds:

(2.10) L(f,p,A+ <f+ . f‘)g) < ;(M(h,m,M) +M<f_,p_,x_>>-

2

8). L is conver and continuous in variables f and p.
9). L is minimal at f = 0:
(2.11) L(0,p,A) S L(0,p, A + f?) <L(f,p, \).
10). L is non-decreasing in p; L is non-decreasing in f for f > 0 (and non-increasing in f for

F<0)

Proof. The proofs of properties 1)., 4). and 5). are similar to those for M. It is also straightforward
to prove

(2.12) LA+ ) < 5 (LU +ap+ 00 + LU - ap-0.)

a weaker form of (2.10) — note that we don’t know yet that L is increasing in A, a property that
is not so obvious in this case. We may see now however that L. is convex and continuous in p, by

letting @ = 0 in (2.12).

Next, we prove the range condition 2). ([2.7)), and note that in this case the obstacle condition
6). (2.9) follows directly from the range condition, since

|fl SL(f,p,A) < (1= p)|f| + pmax(|f], VA) < max(|f], V).

The first inequality is obvious, as any function ¢ admissible for L(f, p, ) satisfies (|¢])s > |[{©)s| =
|fl. We now prove the second inequality, and begin with some simple examples. When p = 1,

consider the function ¢ = f1 7+ vAy/|J|hs. Then 520 = A, so ¢ is admissible for L(f,1,\), and
then:

L(f,1,A) < (¢l)s f|f+f!+ S| = VAl = max{|f], VA}.

Ifp= %, then consider for example the function ¢ = f]l] +vVA/]J_|hs_. Then S?,go =Alj_,s0 ¢
is admissible for L(f,1/2, A), and then:

L(F,1/2,0) < (Il = 71f + V3 + 71 = V3 + 51| = *IfH%maX{\fI’ﬁ}-

Now suppose that p € (0,1) is a dyadic rational, that is p = Q—N for some integers N > 1 and
1<k<2N _1. On some dyadic interval J, let Z denote any collection of k subintervals in the N th
generation J(yy) of dyadic descendants of J, and let

<p:fILJ+\f)\Z\mm.

IeT
Then S?,cp = Alyur.rezy, SO
1 |Urer 1| k
— J: 52 >\ = ez b P

and L(f,p,\) < {J¢|)s. Now for every I € Z, on I+, p = f £+/A, and ¢ = f off UrezI. So

(el = 137 (o111, VRY U1+ 1511\ Uree) = (1 = |+ pmac{1f1. VAL

1€l
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Therefore the second inequality in (2.7)) holds for all dyadic rationals p € (0, 1), and by continuity
of L in p and density of the dyadic rationals in [0, 1], the result follows.
Also note that, taking p = 0 in (2.7]), we see that

(2.13) L(f,0,A) = |f].
Thus L(f,-, A) is convex in p € [0,1] and has a minimum at p = 0, so L is non-decreasing in p. In

turn, this allows us to prove property 3)., that L is non-decreasing in A: suppose A; < Ay and let ¢
be admissible for IL(f, p, A\2). Then (p); = f and

_1 2
] /]
So ¢ is also admissible for L(f, g, A1), where ¢ > p, which means

<|(10|>J > ]L(f7q> )\1) > L(fapa >\1)

Since this holds for all ¢ admissible for L(f, p, \2), we have L(f, p, A2) > L(f,p, A1).

Having the desired monotonicity in A then gives the full form of the main inequality 7). ,
as well as L(f,p,\) < L(f,p, A+ a?). So letting b = 0 in (2.12)) with we obtain convexity (and
continuity) in f — so property 8). is also proved. Let f =0 and b =0 in and we obtain 9).,
minimality of L at f = 0. Finally, we may then finish proving 10).: since L(-,p, \) is even, convex,
and minimal at f = 0, the claimed monotonicity in f follows.

1

p {z € J: STp(x) 2 Ao} < —[{z € T : STp(z) > M} =t q.

O

2.2. M is the Least Supersolution. Consider the main inequality for M in more generality:
1
(2.14) m(f, F, A\ +a?) > 2(m(f+a,F+b,>\) ~|—m(f—a,F—b,)\)>.

Definition 3. We say that a function m(f, F,\) defined on Quy is a supersolution of the main
inequality (2.14) provided that m is non-negative, continuous, and satisfies

1). The main inequality (2.14));
2). The obstacle condition m(f,F,\) = 1, whenever A < F?2.

Theorem 2.3. If m is any supersolution as defined above, then M < m.

Proof. Obviously, it suffices to show that if m is a supersolution, then

(2.15) [ Tim(f, F,2) > [{z € J : Sp(x) > A},

for any function ¢ supported in J € D with (¢); = f and (|p|); = F. The first key observation is
that it suffices to prove ([2.15)) for functions ¢ with finite Haar expansion.

Remark 2.4. Some caution is needed when working in L', so we recall here the classical Haar
system on [0,1). Consider J = [0,1) and arrange its dyadic subintervals (and hence also their
corresponding Haar functions) in lexicographical order:

j—1 73 ) .
J, = [2k2]€> Vn=2+j—-1,k>0,1<j<2k
So
J1:J; J2=J7,J3:J+; J4:J_,J5:J_,...
- +

The classical result of Haar states that for every ¢ € LP[0,1), 1 < p < oo, the Haar series

1 N
on(x) = T (2) / o+ S (0, hs ) ()

k=1
converges to ¢ in LP[0,1) and almost everywhere. The reason for caution in our problem is that,
while for p > 1 the Haar functions form an unconditional basis for LP[0, 1), the most we can say for
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p =1 s that {ljg 1)} U{hy, tx>1 is a Schauder basis. That is, we may rearrange the Haar series in
such a way that it becomes divergent.
This result transfers in an obvious way to any dyadic interval J € D, and we use the notation

{ha b=t

whenever we must keep track of the ordering of the subintervals of J. We say this is the Haar system
adapted to J.

Returning to our problem, suppose (2.15)) holds for functions with finite Haar expansion, and let
¢ with supp(¢) C J, (p)s = f and (J¢|); = F. Then the Haar series

N

on = flLy+ Y (@, hs)hy,
k=1

converges to ¢ in L'(J) and almost everywhere. Moreover, (on); = f and Fy := {|on|)s — F as
N — oco. Then
| Tlm(f, Fn,A) > {z € J : STen(a) > A}

for all N. Since m is continuousﬂ taking limit as N — oo on both sides above yields exactly the
desired conclusion.

So now suppose supp(p) C J, {(¢); = f, {|¢])s = F. The goal is to show that if m is any
supersolution,

|J|m(f, F,\) > |E|, where E := {x € J : S3¢p(x) > A}.
Suppose further that there is some dyadic level N > 0 such that
p=fl;+ > (pho)hr

icJ
17|=]712~~

Remark that S?,cp is constant on each I € J(y), so E is then a disjoint union of intervals I € Jiy)
(unless E is empty, in which case we are done). For every I C J, let

fr=1()r; Fr={l¢l)s Ar=A- Z A
K:ICKCJ
Then note that

1 1 1
f=rf= i(fJ+ +fr ) F=Fy= i(FJ+ +Fy ) A=)y Adp= Z(fh — f1.)? < F3.

Now, we describe the iteration procedure:

o If A < A%, then the obstacle condition gives that |J|m(f, F,\) = |J| > |E|, and we are
done.

e Otherwise, we have \j, = A;_ = A — A?,(p > 0, so then we apply the main inequality for m
to obtain:

|J|m(f7 F, )‘) > |J—|m(fJ_7FJ_7)‘J—) + |J+’m(fJ+’FJ+7)‘J+)'
—If Ay < Aicp < Fi, then this becomes
[JIm(f, B A) = [J-|m(fo_, Fy_  Au2) + [T+,

and if we iterate further, we only do so on J_. Also note that, in this case, A\ < 0 for
any Ie J(N) with I g J+.
— Otherwise, iterate the J; term further, with A\;,_ = X;,, = A — A?,gp — Aigp > 0.

INote from the proof of Theorem that it suffices to require m be continuous in the variable F'.
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Continuing this process down to the last dyadic level N, we have

(2.16) Jim(f,F,0) > Y [Im(fn Fod)+ Y,

IEJ(N):A]>0 IEJ(N):AISO

Finally, it is easy to see that for any I € J, we have I C F if and only if A; < Af—cp, and again by
the obstacle condition, if I C E and A; > 0, then m(fr, Fr,A\;) = 1. So (2.16)) gives us the desired

conclusion:
Jim(f,EA) > Y |1 =|E|
IGJ(N):ICE
OJ

2.3. L is the Greatest Subsolution. Let us also consider the main inequality for L. in more
generality:

1
(2.17) (s @) 3 (007 + =00 + 10 —ap—b3)).
Definition 4. We say that a function ((f,p, ) defined on , is a subsolution for the main inequality

(2.17) provided that ¢ is non-negative, continuous, and satisfies

1). The main inequality ,'
2). Range/Obstacle Condition: |f| < £(f,p,\) < max{|f|, VA};
3). Boundary Condition: £(f,0,\) = |f].

Theorem 2.5. If £ is any subsolution as defined above, then £ < 1.

Proof. We must prove that ¢(f,p,A) < (|¢|)s for any function ¢ on J with (¢); = f and ‘—}ME] =p,

where E = {x € J : S%¢p(x) > A}. As before, we may assume that there is some dyadic level N > 0
below which the Haar coefficients of ¢ are zero, and assume that p is a dyadic rationa]ﬂ
If A < A%y, then by condition 2):

0(f,p, A) < max{|f|, VA} < max{|f],|Asel} < (lel)s,
and we are done. Otherwise, put A\j, =\ — A?]@ >0, fr, = (p)s., and

1
Pjy = @Hﬂ? € Jy: S?,i@(x) = At

Then by the Main Inequality:

’Jw(f?p’ )\) < |J*|€(fJ77pJ71 )\J,) + |J+|£(fJ+apJ+7 AJJr)'
If Ay, < A?,icp, it follows as before that |Ju|l(fr.,pri, As) < fJi |o], and otherwise we iterate
further on Jy.
Continuing in this way down to the last level N and putting A; := A — A?mgp — .= A%gp for
every I € J(y), the previous iterations have covered all cases where A\; <0, and we have

(2.18) e e ) <Y el + D e, pr A
TeJnyAr<0” 1 T€J(ny:Ar>0
Now note that for I € Jiy):

_ 1 . Q2 _ 1 S A2 0Lz E
pf_ml{I.SISOZMH—m\{I-AISDZ/\I}’—{1 JifICE.

So, if I ¢ E, then we use the boundary condition 3):
U frprAr) = L(fr,0, A1) = | fr] < (|e)1,

2Note that only continuity of ¢ in the variable p is used in the proof of Theorem
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and if I C E, or A\; < A%¢p, we use condition 2) as before to obtain £( f1, pr, A1) < max{|f1|,|Arp|} <

{l¢])1- Finally, (2.18) becomes:

O

Remark 2.6. Later in Section@ we will look at subsolutions for the particular case L(f,1,\). We
note that the boundary condition 3). above will no longer be needed there: when p =1, we are looking
only at functions @ with S?,np > X almost everywhere on J, so at the end of the proof, there will be
no intervals left outside E, and there will be no terms of the form £(fr,0,\r).

Remark 2.7. Our definition of the Bellman function L was inspired by Bollobas [2], who worked
with

1 1
Lp(s,h) :=inf {/ lo| dzx = supp(p) C [0, 1]; / pdx =h; Sp=s on |0, 1]} .
0 0

We claim that Lg(s,h) = L(h,1,5%). In fact, we may define L(f,p, \) in general by replacing “> \”
with “= X.” To see this, let

L'(f,p,A) == inf{(Je]) s : supp(p) C J; (@)s = f; il{w € J: S7e(x) = A} = p}.

"]
We claim that I = L. Suppose ¢ is admissible for L'(f,p,\). Then
1 1
q:= m\{x € J: S5p(x) > A} > mHJ«" € J: STp(x) = A} =»p,

so ¢ is also admissible for L(f,q,\) with ¢ > p. Then, since L is non-decreasing in the second
variable, {|¢|); > L(f,q,\) > L(f,p,\). This shows that ' > L. To see the converse, we note
that I is a subsolution for the main inequality , as i Definition . It is easy to show in
the usual way that I satisfies . Moreover, 1 satisfies the same range condition as
L: |f| <L'(f,p,\) < (p—1)|f| + pmax(|f|,VX). The proof of this inequality for L goes through
identically for I/, since the test functions ¢ we constructed for each dyadic rational p really satisfied
{z € J:S%p(x) > A} ={x € J:S%p(x) =A}. Then by Theorem it follows that ' <1L.

3. RELATIONSHIPS BETWEEN M AND LL

Theorem 3.1. L(f,p, A) is the smallest value of F' for which M(f, F,\) > p:

(3.1) L(f,p,A) = inf{F > |f| : M(f, F,\) > p}.
Moreover, M(f, F,\) is the largest value of p such that L(f,p,\) < F':
(3.2) M(f, F, A) = sup{p € [0,1] : L(f, p, A) < F}.
Proof. Suppose M(f, F,\) > p and let € > 0. Then there is a function ¢ on J € D such that:
1
(pra=1 Alells=F, q:= |7‘|{SU € J:Sjp(x) 2 A} >p—e

Then ¢ is admissible for L(f, g, \), and since L is non-decreasing in the second variable,

]L(fap_ €, )‘) < L(vaa A) < <|@‘>J =F.
Since this holds for all € > 0, L(f,p,\) < F for all F such that M(f, F, \) > p. Further, for every
€ > 0 there is a function ¢ on J € D such that
1
(p)s =1, m!{l‘ € J:S5p(x) > A\ =p, Fi=(lpl)s <L(f,p,A) +e
But ¢ is admissible for M(f, F, \), and then clearly M(f, F, A\) > p. This proves (3.1). The other
equation (3.2)) follows similarly. d



10 I. HOLMES, P. IVANISVILI, A. VOLBERG

3.1. Optimal Obstacle Conditions for M and L. Looking back at the obstacle condition ([2.2))
for M, namely M(f, F, \) = 1 whenever F > /), there is no reason to think this condition is optimal.
That is, there well could be values of F strictly smaller than v/ A where M is 1. As it turns out, the

optimal obstacle condition for M can be obtained from information about L. Since M < 1, taking
p=11n (3.1)), we obtain exactly this:

(3.3) L(f,1,A) = inf{F > 0: M(f, F,\) = 1},

On the other hand, the obstacle condition for L really comes from its range, |f| < L(f,p,A) <
max{| f|, vVA}, which clearly shows that I = |f| whenever |f| > A. However, this says nothing about
p, and we do know that, for example, L(f,0,\) = |f| regardless of the behavior of f and A\. What
other values of p could this hold for? This is again obtained precisely from information about M, by

letting F' = |f| in (3.2):
(3.4) M(f, [f|;A) = sup{p € [0,1] : L(f, p, A) = | f]}-

So, if we find the expressions for . and M along these boundaries of their domains, we also obtain
the optimal obstacle conditions for M and L, respectively.

We denote these boundary values of M and IL by M and L;, respectively, defined as follows. For
f>0and A >0,

1

il € 7+ Sel) = ),

(3.5) My (f, A) := M(f, [ f], A) = sup

where the supremum is over all functions ¢ on J with ¢ > 0 a.e. and (p); = f. Note that since
M is even in f, it suffices to consider M for f > 0. Moreover, the only admissible functions for
M(f, |f|, A) are those with ¢ > 0 a.e. (for f > 0) or ¢ <0 a.e. (for f <0). Similarly,

(3.6) Lo(f,A) == L(f,1,A) = inf{{|¢]}s : supp(p) C J; (¢)s = f; ST > X a. e. on J}.
We find these functions in Section [5, where we prove the following results.

Theorem 3.2. The function M, is given by

() (| f|/VX
3.7 My (|f], ) = M(f, | f],\) = ,LfI< VA :min<(|f|/),1>,
67 AN =MLY =] S < JA

where
O(7) = / o7 /2 dx,
0
for all T > 0.

Theorem 3.3. The function Ly is given by

R(R) oo U(|f|/VA
_ _ ] Sl o<l < VA e | ZUS/VA) 1AL
(3.8) Lo(f,A) =L(f, 1, ) ’f’:va) PR VA (@(1) )

where

for all T > 0.
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3.2. The functions 6 and 7. To visualize the optimal obstacle conditions induced by Mj and L
for I and M, respectively, we use homogeneity of M and I to reduce the discussion to functions of
two variables. Specifically, from ({2.1)) and (2.8)), we write

(3.9) M(f, F,\) = M(f/VX, F/VA1) =:0(r,7) and L(f,p,\) =: VAn(r,p),

where 7 = f/+v/A and v = F/v/A. Thus 6 is defined on Qy := {0 < |7| < v} with values in [0, 1], and
n is defined on €, := {0 < p < 1; 7 € R} with values in |7] < n(7,p) < (1 —p)|7| + max(|7[,1). It is
also clear that 8 and n are even in 7, so we often restrict our attention to the domains Qj and Q,J{
where 7 > 0. Other properties that # and 7 inherit from M and IL are easy to check:

e 9(0,0) =0 and n(7,0) = 7.

e f is maximal at 7 = 0, and 7 is minimal at 7 = 0:

O(|7],v) < 6(0,7); n(0,p) <n(|7|,p).

f is decreasing in 7 for 7 > 0, and is increasing in «. 7 is increasing in both 7 > 0 and p.
0 is concave in both 7 and v, and 7 is convex in both 7 and p.
The original obstacle conditions (2.2)) and (2.9) for M and L translate to

O(r,v)=1,Vy>1 and n(r,p)=|7|, ¥|T| > 1.
Moreover, (3.3)) and (3.4) become
n(r,1) =inf{y > |7[: 0(r,7) =1} and 0O(r,|7|) = sup{p: n(|7|.p) = 7|}

The expression for L, gives that

)

(7))
n(r,1) = (1) > 0<|rf<1
7, Il =1

which yields the optimal obstacle condition for 6 (see Figure . Similarly, M, gives that

0<|r|<1
1, T > 1.

I

which yields the optimal obstacle condition for 1 (see Figure .
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Initial Obstacle
Condition

pStacle Condition

1 T T
Domain of 8(z, y): Initial Knowledge Knowledge of @ after finding n(z, 1).
FIGURE 1. Initial and optimal Obstacle Conditions for 6.
p p
Along this boundary: n = ;'EE

1 T
. 1
= 1

=3 - =)

= Curve:p=28 | 12

o Pram ] 12

Z =

g 1 = Tunder this curve, 12

S Herep=1 and nowhereabove. | 2

o 18

= 12

= o

=9 )=

= I8
5 1
= 1
I

1 T 1 T
Domain of p(z, p): Initial Knowledge Knowledge of i after finding 8(t, 7).

F1GURE 2. Initial and optimal Obstacle Conditions for 7.

Let us give some special names to the “interesting” parts of the domains of 6 and 7, where they are
unknown. We denote by )y the part of the domain of 6 that lies underneath the obstacle condition
curve v = n(7,1):
—~ (|
Qp:={(r,7):0< 7| <1 || <y < =n(r, 1)},

v(1)

and by ?2:7 the part of the domain of 7 that lies above the obstacle condition curve p = 6(r, |7]):

Ty = {(r) 0 < Ir] < 15 p > ) =071},
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As the next proposition shows, in these domains we can improve the results of Theorem [3.1
Proposition 3.4. The functions M and L satisfy

(3.10) M(f,L(f,p,\), \) = p, for all (t = f/VA, p) €

that s, for all

0<|f] sﬁandpzw'
Similarly,
(3.11) L(f,M(f,F,\),\) = F, for all (- = f/VX, v = F/¥/X) € Oy,
that is, for all
0§|f’§ﬁand|f’§F§W‘

Proof. The relationships between M and IL in Theorem translate in -7 language to

(3.12) n(r,p) =inf{y >7: 0(r,7) > p} and 0(r,7) =sup{0 <p < 1:n(r,p) <~}
Now fix some 0 < 7 < 1. If p < 0(7,7) (below the obstacle condition curve for n), then n(r,p) =7
and 6(r,v) > 0(r,7) > p for all v > 7, so indeed v = 7 is the smallest possible value of v where
6(r,v) > p. If, on the other hand, 1 > p > 6(7,7), or (7,p) € £, then there exists a v > 7 such
that 6(7,~) = p. So, in this case, we may rewrite the first equation in (3.12) as

n(r,p) =inf{y > 7:6(r,7) = p},
and then obviously

(3.13) O(r,n(t,p)) = p, for all (1,p) € STT]
This is exactly (3.10]). Similarly, we have that
(3.14) n(r,6(r,7)) for all (1,7) € Q.

4. THE SHARP INEQUALITY FOR THE SQUARE FUNCTION

The following result is an adaptation of Lemma 2 in Bollobas [2].

Theorem 4.1. The functions M and L satisfy:

F F
(4.1) MO < 0613 = Lo,y

for all F >0 and X > 0.

Proof. Let ¢ be a function on J € D with [ ;% = 0 and finite Haar expansion (up to some dyadic
level N > 0):

2N+l
Y= Z(% hr)hr = Z aghy,,
icJ k=1

where in the last term we are keeping track of the ordering in the Haar system adapted to J, as in
Remark 2.4l Fix some )\ > 0 and let

1
mI{J : ST 2 MY = e{lel) g,
and suppose that 0 < p < 1. Put the intervals in the last generation J(y) into two (“good” and
“bad”) categories:

pi=

J(N) =1,UTy,
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where 7 is the collection of intervals I € J ) with S?,(p > A on I, and 7, are the remaining ones
where S?]go < A. Then clearly
|Urez, 1| = plJ| and |Urer,I| = (1 - p)|J].
Now, for each I € Ty, let the function:

2N+1_1 2N+1_1

1 1
Yri= Y arh;-+ Y ———=arh,
P A /2N+1 k P 1/2N—|—1 k

where each {h I}:} and {h I:} denote the (ordered) Haar systems adapted to I_ and I, respectively.
Essentially, this amounts to

Y=Y+, ¢Yr,
where each 7, is a copy of ¢ adapted to I, so

(e e = (W1l 1 = (lel) -
Now, let
p1:=9+ Z Py

I€T,
Then [, ¢1 =0, and
(lerh)s < (els(1+ Q= p)).
The square function S?,gol equals S?,(,o on Usez, I, while on any I € Zy:

{18501 2 A} 2 [L-|p+ [ Ls|p = [I]p.

So 1 satisfies
1
||
Continuing this process, we obtain a sequence of functions {¢, }», supported on J, each with [ JPn =
0 and

{J: S5e1 > A} > p(1+ (1-p)).

‘;I{J:Sﬁwnzm >p(l+1-p) 4.+ (1-p)") — 1,
and
(enl)s < lehs(1+@=p)+...+ (1 =p)") — ;<|¢,>J_

Letting ¢ = lim ¢,,, we have

(@) =0, (2)s < ~(lel)s, 876> ae. onJ.

K=

Therefore ¢ is admissible for 1.(0, 1, A), so
~ 1 1
L0, 1,2) < {2l < el = 7.

We then have that

1 2 <’<P|>J
- . > < e
ny|{'] Sip = Ml = L(0,1,\)’

for all ¢ on J with mean zero, and all A > 0, which yields exactly (4.1). d

Next, we find the values of M and L for f = 0.
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Proposition 4.2. If f =0, the functions M and L are given by:

F___ F ; N
(4.2) M(0, F, ) = { oy~ i TS e
1, ’LfF > W
and
_ _pVA

Proof. Consider v — 6(0,v). We know that #(0,0) = 0 and 6(0,v) = 1 for all v > ﬁ (see Figure
. But 6 is concave in v, so 6(0, -) lies above its secant line between (0, 0,0) and (0, ﬁ, 1). This
line has equation y(v) = ¥(1)~, so

1
>W(l)y, forall 0 <y < ——.
9(077) — ( )77 or a 0_7_ \Il(l)

But Theorem says that 0(0,~v) < ¥(1)~y, so then
U(l)y, f0<y< Lo
6(0.7) = {

(1)
Now let p € [0,1]. Then p = 60(0,~) for v = %. Then by (3.14),

1, otherwise.
_ U 4

¥(1)
proving that
D
O
Corollary 4.3. The sharp constant C in the inequality
1 1
—HzeJ:S2p(x) >\ <C— , for all p € LY(J), J € D,
\JIH ge(r) =AYl < \5\<|<P|>J f peL(J)
is given by C' = ¥(1).
Proof. Obviously
M(f, F M(0, F.
(4.4) O = sup MEENVY _ MOENVY
FEX F F F
where the second equality follows since M(f, F, A) < M(0, F, A), and the last equality follows from
2. O

5. PROOFS OF THE BOUNDARY VALUES M AND I, OF M AND LL
In this section we prove Theorems [3.2] and [3.3]

5.1. The boundary case M;(f,\). Recall that

My (f, \) := sup ;|{x €T S2o(x) > MY, VF > 0,\ > 0,
where the supremum is over all functions ¢ on J with ¢ > 0 a.e. and (¢); = f. Then M, has the
obvious properties:
e Domain: Qﬁb ={f >0,\>0}; Range: 0 <M, < 1;
o M is decreasing in A;
e Homogeneity: My (f, \) = My (tf,t?)), for all ¢ > 0;
e Obstacle Condition: My(f,\) =1, for all f > V/X;
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e Boundary Condition: Mj(0,A) = 0, for all A > 0;
e Main Inequality: For any pairs in the domain with f = %( fr+ o), A=min{\+ }:

(5.1 o5+ (5 22) ) 2 s no o)

e M, is continuous;

e M, is concave and non-decreasing in f;

e Least Supersolution: If m(f, \) is a continuous non-negative function on Qf{ﬂb which satisfies
and the obstacle condition, then M < m.

Rewriting the Main Inequality in a more convenient form:
M, (f, A) > %(Mb(f —a,A—a?) + My(f + a, A — a?)),Vf > a>0,\ > d?,
it is easy to use Taylor’s formula and obtain the infinitesimal version of :
(5.2) (Mb)ff —2(My), <O0.
Using homogeneity of M, we put:

M (f,\) = Mb(f/\ﬁ\, 1) =: a(r), where 7 =

=

Then from (|2.6]),
a:[0,00) — [0,1] with «(0) =0 and «o(7) = 1,V7 > 1.

The inequality (5.2) becomes:
(5.3) 7 (1) + " (1) <0.
Let us look at the differential equation 7y/(7) + y”(7) = 0 for 7 > 0. The general solution is:

y(1) = C®(1) + D, where ®(7) := / e~ %%/2 gy,

0
Imposing y(0) = 0 and y(1) = 1, we obtain an obvious candidate for our function a:
2, 0<T<1
5.4 =< o)y =" =
(54) y(r) { HOUNSH

The first thing we should check is that this function satisfies the (discrete) main inequality ((5.1)).
This is the content of the following lemma, which we prove shortly:

Lemma 5.1. The function m(f,\) = y(7), where 7 = f/v/A and y is the function in (5.4)), is a
supersolution for (5.1)).

Obviously, this gives us that M (f, A) < m(f, A). To see that we have, in fact, equality, we consider
a new variable:

S = ®(7),
and observe that for a function g:
2 d?
(5.5) (rg'(r) + ¢"(7))e” = 7592 = gss.
So (5.3) is equivalent to agg < 0, or o being concave in the variable S. It is easy to see that:

If g(S) is a concave non-negative function for S > 0, then the ratio @ 18 MON-INCreasing.

Thus, if we put a(7) := g(5), we have that for all 0 < 7 < 1:

g9(8) _a(r) _ g(®(1) _ o) _ 1
S o) 1) @) &)
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which gives exactly that My(f, \) > m(f, ). Therefore

o)

(5.6) My(1f1,3) = M(f [f10) = 4 e MI<VA
1, f] > VA
Proof of Lemmal5.1 We define the quantities:
+z T—x
5.7 Xt o= 1% apd X, =
(5.7) R T

forall7>0,and 0 <z < 1, x < 7. We claim that, for all 0 < x < 7 < 1, the function ® satisfies
(5.8) 20(7) > ®(X1,) + ®(X,,).
In what follows, suppose 7 € [0,1) is fixed, and we wish to show that

20(7) > g(x), Y0 <z <7, where g(z) := ®(X],) + ®(X,,).

Since ¢(0) = 2®(7), it suffices to show that ¢ is non-increasing. We have

d 1+ 712 d 1—72
oyt - - R "
de” ™ (1 —22)3/2 and dxXT"T (1 — 22)3/2’
and then
§(x) <0 T8 < (i
1—71x

1—z2 1—72

&0 < Ga), where G(z) = =% _log (1 +m> .

Since G(0) = 0, it suffices to show that G is non-decreasing. A simple computation shows that

1+ a2 1
/
G(:c):27'<(1_x2)2 — 1—1‘272) >0, Vo<z <7<l
This completes the proof for (5.8]).
Returning to Lemma [5.1] recall that we wish to show that

2m(f, ) > m(f +a,A—a*)+m(f —a,A—d®),Vf>a>0,\>d,

where m(f,\) = y(7), and y(7) = min(®(7)/®(1),1), for 7 = % > 0. Using the homogeneity of
m, we can rewrite this in terms of y. Moreover, letting x := %, we have that 0 < x < 1 and also
x < 7, so we may use exactly the quantities X;f » and X defined in (5.7) to rewrite the inequality
we have to prove:

(5.9) 2y(T) > y(X,) +y(X;,), V7 >0,0<z<lz<T

X
If 7 < 1, then it is easy to see that X, <7 <1, so (5.9) becomes
20(7) > O(X,,) + 2(Ly(X],).

If X, < 1, this becomes exactly (5.8). If X;f . > 1, the inequality follows again by (5.8) and
monotonicity of ®:

B(X5,) +B(1) < B(X-,) + B(XH,) < 20(7).
Finally, when 7 > 1, y(7) = 1, and since y < 1 always, 2 = 2y(7) > y(Xj:x) +y( X7 )
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5.2. The boundary case L(f,1,)\). Define

Ly(f,A) == L(f,1,\) = inf{{Jp|)s : supp(p) C J; {¢); = f; S2p > X a. e. on J}.

Some of the obvious properties IL; inherits from L are:
Domain: Qr, :={(f,\) : f € R; A > 0};
L, is increasing in A and even in f;
Homogeneity: Ly(tf,t2)\) = [t|Ly(f, \);
Range/Obstacle Condition: |f| < Ly(f, A) < max{|f|, V};
Main Inequality:
(5.10) 2Lp(f, ) < Lo(f — a, A — a®) + Ly(f + a, A — a?), Vla| < VA

e L, is convex in f, and recall from (2.11]) that L; is minimal at f = 0:
(511) Lb(ov)‘) < Lb(fa )‘)7 Vf7

therefore I is non-decreasing in f for f > 0, and non-increasing in f for f < 0;
o Greatest Subsolution: If £(f, \) is any continuous non-negative function on €y, which satisfies
the main inequality

(5.12) 2(f, N < Uf+a,A—a®)+L(f —a,\—a?)
and the range condition £(f,vA) < max{|f|,vV/A}, then £ < L;. See Remark
Using homogeneity, we write

Ly(f,\) = VAL, (\g, 1) —=: VAb(7), where T := \ff)\
Then b: R — [0,00), b is even in 7, and from ([5.11]):
(5.13) b(0) < b(r), V.
Moreover, b satisfies
(5.14) b(t)=|7|, V|r| > 1.

Using again Taylor’s formula, the infinitesimal version of is
(Lb)ff —2(LLy)y, > 0.

In terms of b, this becomes

(5.15) V(1) + 7' (1) — b(1) > 0.

Since b is even, we focus next only on 7 > 0.
The general solution to the differential equation 2”(7) + 72/(7) — 2(7) =0 for 7 > 0 is

Z(T) = C\Il(T) + DT, where \I’(’T) = T(p(r) + 6772/27 VT > 0.
Note that
(5.16) V' (z) = ®(z), V'(z) =e /2.

Given our condition that b(7) = 7 for all 7 > 1, a reasonable candidate for our function b is one
already proposed by Bollobas [2]:

¥(r)
(5.17) zﬁy—{ y Os7<l

(1)
T T>1.

In other words, a candidate for L is

(5.18) L(f,\) = Wﬂ)vf>m
I, VA<IS]-
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Our first goal will be to prove:

Lemma 5.2. The function L defined in (5.18|) satisfies (5.12]).

Since it is easy to verify that L satisfies the range condition L(f, \) < max{|f|, vV/\}, we have then
that L is a subsolution of (5.12)), and so

L < L.
Now we want to prove the opposite inequality
(5.19) Ly < L.
Recall that we write Ly(f,\) = VAb(7), where 7 = % We look only at 7 > 0. Consider again a
new variable
-
(5.20) T .= T T >0.
Then
AT e /2
et

which shows that T is strictly increasing in 7. Moreover, it is easy to check that for a function g, we
have

d? ([ g(1) 2
21 — =V (r)e” (¢” '~ 9).
(5.21) i (50) = VO 4 1 =)
So, if we circle back to our function b, and denote
b(r)
T):=
BI) = g

the infinitesimal main inequality (5.15)) for b is equivalent to Srr > 0, or 8 being convex in the
variable T'. Now note that

mnszwm—wwm}W?
Since T'= 0 only at 7 = 0, we have

BI(T)‘T—>0+ = b/(o-‘r) >0,
where b/(04) denotes the right derivative of b at 0. This is non-negative because b is a convex, even
function. So now we have that 5(T) is convex and 3'(04) > 0, showing that j is non-decreasing for
T > 0. Finally, we have then that for any 0 < 7 < 1:
b(T) < b(1) 1
U(r) = w(1) ()’

therefore

w(r)
(1) < —=, V 1
(1) < T T €[0,1],
which is exactly Ly < L. So Theorem [3.3]is proved, provided we have Lemma [5.2] which we prove
next.

Proof of Lemmal[5.9. In fact, the proof is given in [2]. It is slightly sketchy and leaves some cases to

the reader, so here we follow the proof of [2] in more details. By symmetry we can think that > 0.

Case 1) will be when both points x 4 ¢, A — t2) lie in II (that is over parabola A\ = x2).

()
VX

(1

Notice that L(z, \) = max(v/A
finish this case.

, |z|) if we are in II. Thus convexity of |z| and this remark
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Case 1). We follow [2]. Put

(5.22) X(z,7) = ui;;m re0,2], ze0,1).
Then in our case can be rewritten as (e. g. 7 := a/VA,z = f/V):
(5.23) 2¥(x) <V (X(x,7)) + V(X (x,—7)),
which is correct for 7 = 0. Let us check that
(5.24) %(\P(X(x, 7))+ (X (z,—7))) >0.
Using , we get the equality
WX (7)) + (X (2, 7)) = 1 (X (2, 7)) — B(X (7))
T (X)) + X (@, =7)) = (s (X @ )X (7)) + X (o, =7 (X (2, -7))
_ ﬁ(f}((wﬂﬂ +€—X(x,—7)2/2).
After plugging this simplifies to
;T(‘I’(X(%T)) + ¥(X(z,-7))) = (2(X(z,7)) — (X (2, —7)))

T — $T2 — $7T2
_m(e X@r/2 | o= X(@-m)?/2).

But m = %(X(x, 7)—X(x,—7)), so to prove (5.24)) one needs to check the following inequality:

1 X(z,7) 2 1 2 2
9 —s%/2 > = —X(x,7)%/2 —X(x,—7)%/2 )
(5 5) X<x77_> _X(x7_7_) /X(z,—T)e ds = 2(6 e )

This inequality holds because in our case 1) we have X(z,—7) € [-1,1],X(x,7) € [-1,1], and
function s — e~**/2 is concave on the interval [—1,1]. (It is easy that for every concave function on
an interval, its average over the interval is at least its average over the ends of the interval.)

Case 2). Now suppose that the left point (z —t, A — t2) lies on parabola. By homogeneity we can

always think that A = 1. We continue to consider by symmetry = > 0 only. If (z —t,1 — ¢2) is such
that (x —t)?2 = 1 — ¢ then we need to show that

V()
v (1)

(5.26) 2 <ot
Clearly 0 <t < 1,0 <z <t From (z —t)?2 =1 —t> we obtain that t — /1 — 2 =: z(t) > 0, so
t> %, and the inequality 1) simplifies to

x(t) < UTH(w()), 1>

1
t>—
- V2
The left hand side is convex and the right hand side is concave. Since at t = 1 and t = % the
inequality holds then it holds on the whole interval [1/+/2, 1].
So we proved that if the left point already left II (and then automatically the right point also
already left it), the desired inequality holds.

Case 3). It remains to show that if the right point already left II but the left point is in II,
then (5.12)) still holds. Again by homogeneity we can always think that A\ = 1. Then the required
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inequality amounts to

20 (z) < 1—#@<J%j;>+@ﬂXx+ﬂ

where either v1 —t2 —t <z <t<lorv1—t2—t<t<zx<1.TItis the same as to show

t—z t— (5 - o)
(5.27) @<ﬁ_ﬂ>+mn ‘jﬁfﬁ"zo

forall 0 <z < 1if M <t< xJ”Z 22 Te left inequality says that the right point already
crossed parabola OI1 and the right 1nequahty says that the left point is still inside II.
Let as show that the derivative in ¢ of the left hand side of (5.27) is nonnegative. If this is the

case then we are done. WV is increasing (see (5.16])), and since xt < 1 therefore t — W ( m) is
increasing as a composition of two increasing functions. By the same logic, to check the monotonicity

2w
—( \11((190)) 20 (x)

t x) . .
—iE it is enough to verify that ¢(j T x) < 1. The latter inequality follows

of the map t —
from the following two simple inequalities

(5.28) U(z) > U(L)z, 0<

/92 — 2
(5.29) <x+ $>< ><L 0<z<1
22
Indeed, to verify (|5.28)) notice that Ciqjg(c 2) — 2% x;\y(x) = —8;27 < 0, therefore ‘1/;) > U(l) > \Ile)
To verify ([5.29)) it is enough to show that
U(z) 1 1
< + =
V(1) ~ 224+ 2v2—22 2
If x = 1 we have equality. Taking derivative of the mapping x — \1?((196))90 — x2+x\1/2_x2 — % in x we
obtain
z2 1—22
2 ez Tt e >0

2\ 20 T @ave_op) T

2

Vo— —r2 z
To prove the last inequality it is the same as to show that V2-aite(-at) U(l)ez. For the

V2—x2+1—22 —
12 2
exponential function We use the estimate ez > 1+ %-. We estimate v/2 — 22 from above in the
numerator by v/2(1 — ) and we estimate /2 — x2 from below in the denominator by (1 —/2)(x —

D+1(asz— vV2— x2 is concave). Thus it would be enough to prove that

AT e (1), 0sast

If we further use the estimates ¥(1) > 22, and 35 < V2 < 17 (for denominator and numerator

correspondingly), then the last inequality would follow from

29 246" — 4862° + 2332° — 122 — 8
240 29 + 41x — 4122
The denominator has the positive sign. The negativity of 2462* — 48622 + 23322 — 122 — 8 < 0 for

0 < x <1 follows from the Sturm’s algorithm, which shows that the polynomial does not have roots
on [0,1]. Since at point x = 0 it is negative therefore it is negative on the whole interval. O

<0
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