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Abstract

In the presence of heteroscedasticity and autocorrelation of unknown forms, the
covariance matrix of the parameter estimator is often estimated using a nonparametric
kernel method that involves a lag truncation parameter. Depending on whether this
lag truncation parameter is specified to grow at a slower rate than or the same rate
as the sample size, we obtain two types of asymptotic approximations: the small-b
asymptotics and the fixed-b asymptotics. Using techniques for probability distribution
approximation and high order expansions, this paper shows that the fixed-b asymptotic
approximation provides a higher order refinement to the first order small-b asymptotics.
This result provides a theoretical justification on the use of the fixed-b asymptotics
in empirical applications. On the basis of the fixed-b asymptotics and higher order
small-b asymptotics, the paper introduces a new and easy-to-use asymptotic F test
that employs a finite sample corrected Wald statistic and uses an F-distribution as the
reference distribution. Finally, the paper develops a bandwidth selection rule that is
testing-optimal in that the bandwidth minimizes the type II error of the asymptotic
F' test while controlling for its type I error. Monte Carlo simulations show that the
asymptotic F' test with the testing-optimal bandwidth works very well in finite samples.
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1 Introduction

In linear and nonlinear models with moment restrictions, it is standard practice to employ
the generalized method of moments (GMM) to estimate model parameters. Consistency of
the GMM estimator in general does not depend on the dependence structure of the moment
conditions. However, we often want not only point estimators of the model parameters, but
also their covariance matrix in order to conduct inference. A popular covariance estimator
that allows for general forms of dependence is the nonparametric kernel estimator. The
underlying smoothing parameter is the truncation lag (or bandwidth parameter) or the
ratio b of the truncation lag to the sample size; see for example See Newey and West (1987)
and Andrews (1991). In econometrics, this covariance estimator is often referred to as
the heteroskedasticity and autocorrelation robust (HAR) estimator. A major difficulty in
using the HAR covariance estimator to perform hypothesis testing lies in how to select the
smoothing parameter b and how to approximate the sampling distribution of the associated
test statistic.

In terms of distributional approximations, both the conventional small-b asymptotics
and nonstandard fixed-b asymptotics are considered in the literature. In the former case, b
is assumed to be small in that it goes to zero at certain rate with the sample size. Under
this asymptotic specification, the Wald statistic is asymptotically x2. In the latter case,
b is assumed to be held fixed at a given value, and the Wald statistic has a nonstandard
limiting distribution. See Kiefer and Vogelsang (2002a, 2002b, 2005, hereafter KV). KV
(2005) show by simulation that the nonstandard fixed-b asymptotic approximation is more
accurate than the conventional asymptotic x? approximation. Jansson (2004) and Sun,
Phillips, Jin (2008, hereafter SP.J) provide theoretical analyses for location models.

This paper has several objectives and makes several contributions. The first objective is
to investigate the relationship between the small-b asymptotics and the fixed-b asymptotics.
We show that the fixed-b asymptotic approximation provides a higher order refinement to
the first order small-b asymptotics. This result is established via a high order expansion of
the Wald statistic under the small-b asymptotics and an expansion of the fixed-b asymptotic
distribution around b = 0. Our theoretical result establishes the asymptotic validity of the
fixed-b critical values regardless of the asymptotic thought experiments we use.

The second objective is to approximate a modified Wald statistic by a standard F
distribution. The modification corrects for the demeaning bias of the HAR estimator,
which is due to the estimation uncertainty of model parameters, and the dimensionality
bias of the Wald statistic, which is present when the number of joint hypotheses is greater
than 1. We design an asymptotic F' test that employs the modified Wald statistic and

critical values from a standard F' distribution. When b is not too large, more specifically,



b <0.4,0.3,0.2 for the Bartlett, Parzen and QS kernels respectively, the asymptotic F' test
is as accurate in size as the nonstandard test of KV (2005) and yet is as easy to use as the
standard Wald test, as both the correction factor and the critical values are easy to obtain.

The third objective is to provide a theoretical explanation on why the conventional
Wald test has a severe size distortion when p, the number of restrictions being tested or the
dimension of hypothesis space, is large. We show that the difference between the high-order
corrected F critical value and the first-order y? critical value depends on the bandwidth
parameter b, the number of joint hypotheses, and the kernel function used in the HAR
estimation. The conventional Wald test can be severely size distorted as it uses critical
values that do not depend on b and the kernel function and do not adequately capture the
effect of the dimension of the hypothesis space.

The fourth objective is to operationalize the asymptotic F' test by determining suitable
values of the bandwidth parameter b. At present it is standard practice to use the bandwidth
parameter that is optimal for the point estimation of the covariance matrix of the parameter
estimator. This choice may not be optimal from a testing point of view. In hypothesis
testing, our ultimate goal is to minimize the type II error hence maximize the power of the
test while controlling for the type I error. This goal is different from the minimization of
the mean squared error of the covariance estimator. In this paper, we propose to select
the bandwidth parameter that is optimal for hypothesis testing. More specifically, the
testing-optimal bandwidth parameter minimizes the type II error subject to the constraint
that the type I error is bounded by Ta where « is the nominal type I error and 7 > 1
is the permitted tolerance towards the type I error. The type I and type II errors are
approximately measured on the basis of higher order expansions.

The testing-optimal bandwidth is fundamentally different from the MSE-optimal band-
width in terms of both the rate of convergence and the parameters on which they depend.
The testing-optimal bandwidth is tailored to the testing problem at hand. As a result, it
depends on every aspect of the testing problem under consideration. For example, it de-
pends on the null and local alternative hypotheses, the significance level, and the number of
restrictions being tested while the MSE-optimal bandwidth does not. When the permitted
tolerance towards the type I error is small, the testing-optimal bandwidth is larger by an
order of magnitude than the MSE-optimal bandwidth. In hypothesis testing, when the
type I error is of greater concern, we should employ under-smoothing in order to achieve
more bias reduction than that is required by the MSE criterion.

The final objective is to examine the finite sample performance of the asymptotic F
test. We compare the asymptotic F' test with testing-optimal bandwidth to the conventional
Wald test with MSE-optimal bandwidth. We also include the KV type of test with b =1



and using the nonstandard fixed-b asymptotics as the reference distribution. The simulation
result shows the asymptotic F' test is only slightly more size distorted than the KV test
with b = 1. For all the kernels considered, the F' test is much more accurate in size than the
conventional Wald test. In terms of the power, the F' test is as powerful as the Wald test. As
expected, it is much more powerful than the KV test with b = 1. We can therefore conclude
that the F' test with testing-optimal bandwidth has good size and power properties.

The papers that are closely related to the present one are SPJ (2008) and Sun and
Phillips (2009, unpublished). In SPJ (2008), a simple ¢ test in a univariate location model is
considered. Here we generalize their result to the Wald test in a general GMM framework.
The generalization is far from trivial as it is much more difficult to obtain high order
expansions in a GMM setting. In addition, the Wald test with multiple restrictions is
also harder to analyze than a simple ¢ test as considered in SPJ (2008). Sun and Phillips
(2009) focuses only on the high order small-b asymptotics and optimal confidence interval
construction under the small-b asymptotics.

A paper with conceptual ideas related to those presented here is Gao and Gijbels (2008).
In their seminal work, Gao and Gijbels consider testing for a parametric function form in
a nonparametric kernel regression. The test statistic depends on the kernel smoothing
bandwidth. They propose choosing the bandwidth to maximize the power of the test over
a set of bandwidth values under which the size is under control. This is conceptually similar
to our approach, although the problems considered and the technical machinery used are
fundamentally different.

The remainder of the paper is organized as follows. Section [2| describes the testing
problem of concern and provides an overview of the fixed-b asymptotic theory. Section
expands the fixed-b asymptotic distribution around b = 0. The expansion and the rep-
resentations that lead to it help deepen our understanding of the fixed-b approximation.
Section [4] develops a high order expansion of the Wald statistic. Section [5] introduces the
asymptotic F' test. On basis of the high order expansion, the next section describes ap-
proximate measures of the type I and type II errors of the asymptotic F' test. It also gives
an explicit and closed-form expression for the testing-optimal bandwidth for the F test.
Section [7] presents simulation evidence and last section concludes. Proofs are given in the

Appendix.

2 Autocorrelation Robust Testing

We employ a standard GMM framework. We are interested in a d x 1 vector of parameters

0 € © C R?. Let v; denote a vector of observations. Let 8y be the true value and assume



that g is an interior point of the compact parameter space ©. The moment conditions
Ef (v,0)=0,t=1,2,....,T

hold if and only if § = 6y where f () is an m x 1 vector of twice continuously differentiable

functions with m > d and rank F [0f (v, 6p) /00'] = d. Define

t

g (0) =T f(v,0),

j=1

the GMM estimator of 90 is then given by
é = arg min 0 ,W 0
T rg 961@ gr ( ) T9dT ( )

where Wr is an m X m positive semidefinite weighting matrix.
Let

Gt(e):&%(@) _ 1 ZM nd Gy = E W‘

The following high level assumptions are standard in the literature on the fixed-b asymp-
totics; See for example KV (2005), Lee and Kuan (2009), Bester, Conley, Hansen (2011),
Zhang and Shao (2012) and references therein.

Assumption 1 plimTHooéT = 6y and Oy is an interior point of ©.

Assumption 2 plimTHooG[TT}(HNT) = rGy uniformly in v for any Op whose elements are

between the corresponding elements of 01 and 6.

Assumption 3 Wr is positive semidefinite, plimp—.oWr = Weo, and GyWsGo is posi-
tive definite.

Under the above assumptions, we have, using element-by-element mean value expan-

sions:

T
VT (B — ) = — (GoWesGo) ™ G{]Woo\% ; w0, 60) + 0 (1). (1)

Consider the null hypothesis Hy : r(6p) = 0 and the alternative hypothesis Hy : 7 (6y) #
0 where r () is a p x 1 vector of twice continuously differentiable functions with first

order derivative matrix R(6) = 9r(0)/0¢’. The Wald statistic is based on the difference
r(6r) — 7 (6p) . Under Assumptions we have, using :

\F[(GT)—T‘ 90}: i t+o0p(1



where

-1

ut = ¢(’Ut7 90) = —RO (GIOWOOGO) G6W00f(vt700)?

and Ry = R(6p). ¢(vs,6p) can be regarded as an influence function representation of

VTTr(0r) =7 (60)].

Assumption 4 T—1/2 qu} up —% AW, (r) where AN = Q = > 72 oo Buruy_; is the long

run variance (LRV) of uy and Wy(r) is the p-dimensional standard Brownian motion.

The FCLT in Assumption 4 holds for serially correlated and heterogeneously distributed
data that satisfy certain regularity conditions on moments and the dependence structure
over time. These primitive regularity conditions can be found in Davidson (1994), Tanaka
(1996), White (2001), among others. For example, Theorem 3.14 in Tanaka (1996, p. 98)
considers a linear process of the form: u; = Y0 Agei—¢ where g, ~ iid(0, I,)) and {Ag};2 is
a sequence of p x p matrices. Sufficient conditions for the FCLT are (i) >_;2 ¢||A¢| < oo for
| Ael| = [tr(AZAg)]l/2 ; (i) A=Y, Ar and Ag are nonsingular. Tanaka (1996) proves the
theorem using the linear process approach of Phillips and Solo (1992). The iid assumption
on & can be replaced by the martingale difference sequence assumption with additional
moment requirements. See Theorem 3.15 in Phillips and Solo (1992).

For processes that are not necessarily linear, mixing conditions are usually imposed to
obtain the FCLT. For example, Phillips and Durlauf (1986, Corollary 2.2) consider a mean
zero and weakly stationary sequence {u; = (us1,...,utp) }. They show that the following

three conditions are sufficient for the FCLT:

() Elui|’ > o0 (i =1,...,p) for B > 2;

(ii) u¢ is p-mixing with mixing coefficients satisfying Y~ 90;_1/ < 00;
(iii) Q=372  Buwu;_; is positive definite.

Conditions (i) and (ii) can be replaced by

()’ Eluyl’ > 00 (i =1,...,p) for B> 2;

(ii)> w is o-mixing with mixing coefficients satisfying »_,°, oz;ﬂ/ﬁ < 0.

Phillips and Durlauf (1986, Theorem 2.1) give another set of sufficient conditions with-
out assuming weak stationarity. See also Theorem 7.30 of White (2001) for a FCLT for
heterogenous mixing processes.

Note that the mixing properties are hereditary in the sense that, for any measurable

function m (-), the process m(v;) possesses the mixing property of v;. Hence, in our setting



it suffices to verify whether the mixing conditions hold for {v;}. Doukhan (1994, Section
1.3.2 and Chapter 2) provides examples of time series with various mixing properties.
In particular, the commonly-used ARMA process satisfies the a-mixing condition if it is
stationary and the innovations are iid and have a probability density with respect to the
Lebesgue measure.

While Assumption [4 holds for processes that may not be weakly stationary, it rules out
the case that wu; is strongly persistent, i.e. each component of u; follows a unit root or near
unit root process. While it is possible to develop fixed-b asymptotics for these two cases,
the mechanics and details are sufficiently different to warrant a separate investigation.

Under Assumptions we now have
VT [r(Br) = 7 (00)| —* AW, (1) ~ N(0,9),

which provides the usual basis for robust testing. The F-test version of the Wald statistic

for testing Hy against H; is
TN R
Fr = [VTr(br)| 07 [VTr(0r)] /p, 2)
where QT is an estimator of €. The kernel estimator QT of Q2 takes the form of

1 t—71
N — ~ ]
Qp = T E E Ky, < T > Ul (3)

t=171=1

where u; is a plug-in estimator of u; given by
. . NS | . .
iy = —R(0r) (G/T(GT)WTGT(GT)> Gr(Or)Wr f (v, 0r), (4)

k(-) is a kernel function, and kj (x) = k(x/b) for x € [—1,1]. Here b is the smoothing
parameter that affects the asymptotic properties of Qr and the associated test statistic.
Following KV (2005) and using integration by parts, we can show that under the as-
sumptions given above:
Fp —% Fyo(p,b)
for any fixed value of b, where

-1

1 1
Frop,b) = W' (1) [/0 [l = syaviavie)| w, 5)

and V), (r) = Wy (r) — rW, (1) is the p-dimensional Brownian bridge process. Note that
cov (W, (1),V, ()] = cov [W, (1), W, (1)] — rcov [Wy (1) , W, (1)] =r —r =0, so W, (1) is
independent of the Brownian bridge process V,, (7).

The distribution Fi(p, b) is the so-called fixed-b limiting distribution of Fr. When there
is no possibility of confusion, we use Foo(p, b) to denote a random variable with distribution
Fo(p,b) and the distribution itself. Similarly, we use F), i to denote a random variable

with F' distribution F}, g and the distribution itself.



3 Representation and Expansion of the Nonstandard As-

ymptotic Distribution

This section presents alternative representations and develops an asymptotic expansion of
the limit distribution given in as the bandwidth parameter b — 0. The asymptotic

expansion and later developments in the paper make use of the following kernel conditions:

Assumption 5 (i) k(z) : R — [0,1] is symmetric, piecewise smooth with k(0) = 1 and
Jo k(z)xdx < oo. (i) The Parzen characteristic exponent defined by

oo} (6)

. 1—Fk(x)
g =max{qgo : o € Z", ggo = lim BECE

s greater than or equal to 1.

Assumption [5| imposes only mild conditions on the kernel function. All the commonly
used kernels satisfy (i) and (ii). The assumption [~ k(z)zdz < oo ensures the integrals
that appear in our proofs are finite. It also enables us to use the Riemann-Lebesgue lemma.
For the Bartlett kernel, the Parzen characteristic exponent is 1. For the Parzen and QS
kernels, the Parzen characteristic exponent is 2. We focus on these three kernels as they are
positive semidefinite, a condition that ensures the positive semidefiniteness of the associated
LRV estimator.

Define

1 1 1 1
kp(r,s) = kp(r —s) — /0 ky(r —t)dt — /0 ky(T — s)dr +/0 /0 ky(t — T)dtdr,

which is the “centered” version of the kernel function in the sense that

1 1 1 1
/ ky (r, s)dr = / ky (r,s)ds = / / ky (r, s)drds = 0 for any r and s.
0 0 0o Jo

Then it is easy to show that

//kbr—st )dV.(s //k:brde (r)dW}(s).

Note that while k (z) may be defined on R, ky(r — s) and hence kj(r,s) are defined on
[0,1] x [0,1] for any given b. Under Assumption |5 k;(r,s) is a symmetric and integrable
function in L? (0, 1] x [0,1]). So the Fredholm integral operator with kernel & (r, s) is self-
adjoint and compact. By the spectral theorem, e.g. Promislow (2008, p. 199), we can

expand kj(r, s) as

ky (r, s) Z/\* o) fi( (7)



where the right hand side converges in L2 ([0, 1] x [0, 1]) . Here A}, is an eigenvalue of the cen-
tered kernel and f;(r) is the corresponding eigenfunction, i.e. A f (s fo ki (r,s) fr(r)dr.
Since kj (7, s) is centered, we have fo fa(r)dr = 0. It follows from |Ii that

/ / ki (r, s)dW,(r)dW)(s Zx*gn (8)

where ¢, = fol [ (r)dW,y(r). Since f%(s) is an orthonormal sequence of functions in L? [0,1],
Cn ~ 19dN (0,1,) and (¢, follows W, (I,,1), a simple Wishart distribution. Hence the
double stochastic integral is equal in distribution to a weighted sum of independent Wishart
distributions.

Using , we obtain our first representation of pFi(p, b) as

-1
Lo [ZA cncn] ", (9)

where ¢, ~ itdN(0,1,), n ~ N(0,I,) and ¢, is independent of 7 for all n. The independence
holds because cov ((n,n) = cov [fol f,’;(r)de(r),fol AW, (r ] fo r)dr = 0 and both
(n and n are normal. That is, pF(p,b) is equal in distribution to a quadratic form of
standard normals with an independent and random weighting matrix.

Let H be an orthonormal matrix such that H = (n/ ||n||,II)" where I is a p x (p — 1)
matrix, then by definition Hn = ||n|| e; and

0 -1
L nll* e (Z (Hén) H@)’) e1

00 —1
PFoo(p,b) £ (Hn) (Z An (HGn) (HCn)') Hn

where e; = (1,0,0,...,0,0). Note that |5 is independent of H and H(, has the same

distribution as (,, so we can write

PFoo(p.b) < 1)) ¢} (ZA*cncn)

e 1% 1%

j : * / 11 12
)‘n NCn =

n=1 V21 V22

where 117 € R and vy € RO-D*®=1) Then

Let

d |Inl?
pFoo(p,b) =

-1
for Vi1.2 = V11 — V12V9y V21. (10)
V112



This is our second representation of pFeo(p, b). It shows that pFuo(p,b) is equal in distrib-
ution to a chi-square variate scaled by an independent and almost surely positive random
variable. So Fi(p,b) is similar to an F' distribution.

As b — 0, we expect 1112 to be concentrated around 1. By taking a Taylor expansion
G)p (zv11.2) around G (z) and computing the moments of v1;.2, we can prove the following

theorem.

Theorem 1 As b — 0, we have
P{pFs(p,b) < 2z} = Gp(z) + A(2)b + o(b) (11)

where
Az) = GZ(Z)ZQCQ - Gp(2)zler +e2a(p—1)],

c1 = h k(z)dz, co = h E(x)dz.
/ /

—00 —00

There are two terms in A(z)b. The term Gg(z)ZQCQb arises from the asymptotic mean
square error F (v11.2 — 1)2 of v11.2 while the term —G;,(z)z [c1 + c2 (p — 1)] b arises from the
asymptotic bias E (112 — 1) of v112. The bias term comes from two sources. The first
is the estimating uncertainty of model parameters. This is reflected in the dependence of
V112 on the transformed kernel function kl’;(-, -) rather than the original kernel function
Ey(-). This type of bias may be referred to as the demeaning bias as kj (-, ) can be regarded
as a demeaned version of ky(-). The second comes from a dimension adjustment. When
p > 1, 112 is not equal to v11 but its projected version, viz v11; — V121/2_21V21. In contrast,
when p = 1, vq1.2 is equal to v11 and there is no dimension adjustment. Given that this
type of bias depends on the dimension of the hypothesis space, we may refer to it as the
dimensionality bias.

When p = 1, Theorem [l reduces to Theorem 1 in SPJ (2008). The main difference
between the scalar case and the multivariate case is the presence of the dimensionality
bias. This bias depends on p, the number of restrictions being tested or the dimension of
the hypothesis space. As we show later, one of the reasons that the fixed-b approximation
is more accurate than the chi-square approximation is that it captures the dimensionality

bias.



4 Second-order Correctness of the Fixed-b Approximation

under the Small-b Asymptotics

In this section, we show that the fixed-b approximation is high-order correct under the
small-b asymptotics where b — 0 and T" — oo jointly. We first employ a Gaussian location

model to illustrate the basic point. We then extend the result to a general GMM setting.

4.1 Gaussian Location Model

Consider a vector time series y:
ye =0+ v, t=1,2,...,T, (12)

where ¥ = (Y1t .., yar), 0o = (010, --.,0a0)", v = (vit,...,v4)" is a stochastic process with
Zero mean.

The OLS estimator of 0 is the average of {y;}, viz borg =Tt Zle y¢. To simplify the
presentation, we consider testing linear restrictions Hy : Rofy = ro against Hy : Roby # 1o
for some p x d matrix Ry. It is easy to generalize the result to nonlinear restrictions. Under

the null hypothesis, we have

T
N 1
VT (ROQOLS —ry) = — uz for uy = Rovy.
)=z
Let Frors be the F-test version of the Wald statistic based on the OLS estimator:
R I .
Frors = [\/T(ROQOLS — To)} Ot [\/T(ROGOLS — To)] /P (13)

where Qr is defined as in with 4; = Ro(y¢ — éOLs).

The Gaussian location model is a special case in the GMM setting. The underlying
moment condition is f(y:, #) = y: — 6. The model is exactly identified so m = d. The OLS
estimator is a GMM estimator with G = —I; and any weighting matrix Wy, say Wr = 1.

We maintain the following assumption.

Assumption 6 (i) u; is a stationary Gaussian process. (ii) For any c € R%, the spectral

density of c'us 1s bounded above and away from zero in a neighborhood around the origin.

(iii) The FCLT holds: T~/ 0, —4 AW, (r).
Let éGLS be the GLS estimator of 0 given by

fars = [(r ®10) Q7 (br @ 1)] ™ (br @ 1)ty

10



where Q, = var([v],vh, ... v5]), v = [}, ¥h, -, ¥y] and £r is a vector of ones. Replacing

Q, by It ® I leads to the OLS estimator éo s introduced earlier. Define
A =0ors — 00— (Ocrs — 0o).

Under Assumption |§|(1) and (ii), it follows from Grenander and Rosenblatt (1957) that forg
and g are asymptotically equivalent. In addition, simple calculations show that E[(éG LS—
0p)A’] = 0 and

E[(fgrs — 0)i]

— cov { [(br @ 1) Q7 (br @ 12)] ™ (br @ 1) Q5 v, Ry [(Ir — L2/ T) @ 1) u}
=E[(lr ®1a) 9, (br @1a)] " (br @ 1) Qo' [(Ip — €007/ T) @ 14] }Ro

= E[(tr ® 1) 7 (br 1)) " (r @ L)' [(Ir — £08y/T) @ 14] } Ro

=0

for all £. So éGLS — 0y is independent of both A and ;.
Let Frqgrs be the F-test version of the Wald statistic based on the GLS estimator:

Frors = [\/T(ROéGLS - To)}l Q! [\/T(ROéGLS - 7“0)} /p

where QT is the same estimator as in Frors given by .
Using the asymptotic equivalence of the OLS and GLS estimators and independence of

éGLS — 6y from A and 4, we can prove the following lemma.

Lemma 1 Let Assumption [ hold. Then
(a) P (pFT,GLS < Z) = EGp (ZE;I) +0 (Tﬁl) ,
(b) P(pFroLs < z) =P (pFrars <z)+0(T71),

where

A Qs VT (Rof -7
= = e {91/295191/2} ep, op = —TOLS (Robcrs — 7o)

HQ;}C&S\/T(ROHAGLS — TO)H

and Qr.Grs s the variance of \/T(RoéGLS —179).

Lemma [1| shows that the estimation uncertainty of Qr affects the distribution of the
Wald statistic only through Z7. Taking a Taylor expansion, we have E;l =1+L+Q+err,
where err is the approximation error, L is linear in Qr — Q and Q@ is quadratic in Qr — Q.
The exact expressions for L and @ are not important here but are given in the proof of
Theorem [2] Using this stochastic expansion and Lemma [T} we can establish a high-order

expansion of the finite sample distribution for the case where b — 0 as T' — oo.

11



Theorem 2 Let Assumptions @ and @ hold. Assume that > ;2 |h|? Buwu)_, < oo. If
b — 0 such that bT — oo, then

P (pPrors < z) = Gy (2) + A(2)b+ (bT) "7 G, (2) 2B+ 0 (b) 4+ o ((bT)"?) (14)

where -
B=tr {BQ_l} /p, B=—gq4 Z |h|? Buguy_),
h=—o00

and q and g4 are given in Assumption@ (ii).

The first term in comes from the standard chi-square approximation of the Wald
statistic. The second term captures the demeaning bias, the dimensionality bias, and the
variance of the LRV estimator. The third term reflects the usual nonparametric bias of the
LRV estimator. In view of its representation, B can be regarded as a measurement of the
relative nonparametric bias.

Let A" be the 1 — a quantile from the X;Z) distribution, then, up to smaller order terms,
P (pFroLs > X3) = a — A(X)b— (bT) 1 G, (X)) X5 B. (15)

Since Gy (X) < 0 and G},(X) > 0, all terms in —A(XS)b are positive. First, the variance
term —G} (X)) (Xz?)2 cg is positive. This is expected. Using Xf, as the reference distribution
does not take into account the randomness of the LRV estimator and the critical values from
it tend to be smaller than they should be. As a result, the rejection region is larger, leading
to over rejection. Second, the bias term —Gi,(X") A *c1 from demeaning is positive. This
type of bias is easier to understand in the scalar case where the LRV is positive. In this case,
demeaning effectively dampens the low frequency components and introduces a downward
bias into the LRV estimator. The downward bias translates into an increase in the test
statistic and leads to over rejection. Finally, the bias term —G, (X)X ca(p — 1) from the
dimension adjustment is positive. Intuitively, when p > 1, the p X p matrix Qr may become
singular in p — 1 different directions. When that happens, the Wald statistic will blow up
and we reject the null hypothesis. So the dimensionality bias also tends to give arise over-
rejection. On the other hand, the nonparametric bias term — (bT") ¢ G; (Xpo‘) X;B may be
positive or negative, leading to over-rejection or under-rejection.

Comparing Theorem [I] with Theorem [2| we find that the fixed-b asymptotics captures
some terms in the high order expansion of the small-b asymptotics. Let FS (p,b) be the
1 — « quantile from the distribution Fuo(p,b), i.e. P (Fu(p,b) > F%L(p,b)) = a. According
to Theorem 1, we have 1 — Gp(pFS(p, b)) — A (pF%(p,b)) b+ o(b) = a. So as b — 0,

P (Frors > Fau(p, b)) = a— (bT) "1 G}, (pFo(p, b)) pFe (p, b)B+o0(b)+o ((bT)79). (16)
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Therefore, use of the nonstandard critical value F$ (p,b) removes the demeaning bias,
dimensionality bias and variance term from the higher order expansion. The size distortion
is then of order O ((bT')™). In contrast, if X/p is used as the critical value, the size
distortion is of order O ((bT')™%) + O (b). So when (bT) 76~ — 0, using critical value
F& (p,b) should lead to size improvements. We have thus shown that critical values from

the fixed-b asymptotics are second order correct under the small-b asymptotics.

4.2 General GMM Setting

To establish a high order expansion in the general GMM setting, we establish a stochastic

approximation in the appendix:

pFr =pFr + Yr + 97

where

is the dominated linear term in the approximation and
T T T T !
~ 1 Z Z t—T1 1 Z 1 Z
QT - T ¢ < bT > " T s=1 us] IUT - T s=1 us]

is the kernel estimator of the long run variance of u; when the mean is assumed to be

unknown. In this stochastic approximation, 7 = O,(1/v/T) does not depend on b and
V3 = Op([Vb+ (0T) ™) /VT + 1/T).
Define
Yo = 1t ug
for some p € RP. Then pFr [ is exactly the same as the Wald statistic for testing whether
the mean of y; satisfies E(y;) = u = 0. Using Theorem [2) we can prove Theorem [3| below.

Theorem 3 Assume (i) plimr_.oof7 = 6o, (ii) for sufficiently large C, P(|tbr| > (logT) /V/T) =
O(1/VT) and P (|| > o7/logT) = o (dr) for o7 = b+ (bVT) ™9, (i) uy = ¢(vi,00) sat-
isfies Assumption @ (1) Wr = Weo + Op(1/VT) and GyWaoGy is positive definite, (v)
Gpn (07) = rGo+O,(1/V/T) uniformly in v for any O between 7 and 0y, (vi) Assumption

[ holds. If b — 0 such that bT — oo, then

P (pFr < z) = Gy (2) + A(2)b+ (bT) 1 G, (2) 2B+O(T~*log T) +0 (b) +0 ((bT) %) (17)

where the O (T_l/2 log T) term does not depend on b.
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Some comments on the assumptions are in order. Assumption (ii) is a high level as-
sumption. It holds with sufficient mixing and moment conditions. This type of result
can often be proved using results in Doukhan (1995, Section 1.2.2). The Gaussianity as-
sumption in (iii) is made for convenience. It greatly simplifies the proof and makes our
arguments much more transparent. There is no need to use general Edgeworth expansion
techniques to establish the high order expansion. The Gaussianity assumption be relaxed
but at the cost of much greater complexity in terms of both proof strategies and technical
conditions. See Sun and Phillips (2009) for the expansion without the Gaussianity assump-
tion. The expansion there contains more terms but reduces to the above expansion when
the Gaussian assumption holds. Assumption (iv) requires the weighting matrix to converge
at the parametric rate. It rules out the two step GMM estimator with the weighting matrix
Wr converging only at a nonparametric rate. Again, we make this assumption in order to
greatly simplify our proof. In practice, we may ignore the convergence rate of Wr even if it
is a nonparametric rate and use the formula derived here. Assumption (v) is stronger than
Assumption [2| It holds if \/T[G[TT} (60) — rGy] satisfies a functional central limit theorem
and 0Gr(0)/00" satisfies a uniform law of large numbers.

Theorem 3| shows that the high order expansion for the location model remains valid
for GMM estimators. The only difference is the term of order O (Tﬁl/ 2log T). This term
reflects, among others, the higher order terms in the linear representation of the GMM
estimator and the nonlinearity of the restrictions being tested. With more sophisticate and
tedious arguments as in Sun and Phillips (2009), the term O(T~'/2logT) can be reduced
to O(T~'/?). Here we are content with the weaker result as our main interest is to capture
the effect of b on the sampling distribution of Fr.

Given the similarity of the two expansions, the qualitative results for the location model
in the previous subsection apply to the GMM setting. In particular, the fixed-b critical

values are high order correct under the conventional small-b asymptotics.

5 Standard F Approximation

In this section, we establish a standard F' approximation that is second order correct under
the conventional small-b asymptotics.

For some constant k to be determined, define . = Fr/k to be a modified Wald statistic.
We want to approximate the distribution of F7. by a standard F' distribution F), i. Like
in the conventional X]Q) approximation, the first degree of freedom of the approximating F
distribution is the number of joint hypotheses p. The second degree of freedom K together

with x will be chosen to capture the high order term in the expansion given in ([14)).
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Let 7' ) be the 1 — a quantile of the I distribution F}, k, i.e. P(Fpx > F)'x) = o, we

choose k and K such that
1 -Gy (kF) k) — A(RFy k)b = a+ o(b). (18)

That is, we choose k and K to remove the term of order O(b) in the expansion of P(F; >
Fo )

To derive explicit expressions for k and K, we first expand the F' critical value Fok
around the corresponding X;Q; critical value A7 /p. When K o 1/b, we have, by definition:

2
a=1-EG, <p.7-"§fK[?> .

Taking a second order Taylor expansion, we immediately obtain

(07 (073 (03 2
faK:?Lp_GZ(Xp)(Xp) 1
P p PGy (X5) K

+ o(b).
Using this and expanding around A}, we have:

G (x2) (X2 (% - CQb) — G (X)X {k — 1 — [e1 + ea (p— 1)] B} = o(b).

So we can choose any x and K combination that satisfies

=1+ e+ (p—1)]b+ o(b) andK:b;(l—i—o(b)).

For the Bartlett kernel, ¢; = 1, co = 2/3; For the Parzen kernel, ¢; = 3/4, co = 0.539285;
For the quadratic spectral (QS) kernel, ¢; = 1.25, co = 1.

Theorem 4 Let assumptions in Theorem[] or[3 hold. Let K = K* —p+1 or K* for

K* =max([1/ (be2)],p)

and
exp(bler + (p—1) o)) + (14 bler + (p— 1) 2])
2

where [-] is the ceiling function. As b — 0, we have

R =

P (Fr > kFox) = a+o(b) + O ((bT) ) + O <log T/ﬁ) . (19)

The parameter x corrects for the demeaning bias and the dimensionality bias. It can
be motivated from a Bartlett type correction. See Bartlett (1937, 1954) for the original
papers and Cribari-Neto and Cordeiro (1999) for a more recent survey. The argument goes

as follows. Suppose that Fr . —d X%/p and EFr 1 = C for some constant C, then as b — 0,
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Fr1,/C is closer to the Xf,/p distribution than the original Fr ;. When u; ~ #idN (0, a?),
we can show that C' = k + o(b). So we can choose C = k to make the correction and
F}. = Fr/k becomes a Bartlett-corrected Wald statistic.

Theorem [4] goes one more step beyond the Bartlett correction. Instead of approximat-
ing the distribution of F7} by the normalized chi-squared distribution X;ZJ /p, Theorem
approximates it by the standard F' distribution with degrees of freedom p and K.

Theorem [f] adjusts the value of K* to ensure that K = K*—p+1 > 1. The parameter K
is asymptotically equivalent to the inverse of the asymptotic variance of the LRV estimator.
It can be called the “equivalent degree of freedom” of the LRV estimator. As b decreases,
i.e. as the degree of smoothing increases, the variance decreases and K increases. In other
words, the higher the degree of freedom is, the larger the degree of smoothing is, and the
smaller the variance is.

The scaled F critical value kF ') is larger than the standard critical value from XZ /D
for two reasons. First, Fok is larger than A7 /p, the corresponding critical value from XZQ, /D
due to the presence of a random denominator in the F' distribution. Second, the correction
factor x is larger than 1. As b increases, both the correction factor and F' critical value
Fp K increase. As a result, the second-order correct critical value kF, i s an increasing
function of b.

In view of and ([19), both the nonstandard critical value FZ (p, b) and the corrected
F critical value KF - are second order correct under the conventional small-b asymptotics.
Unreported numerical work shows that when b is small, the two critical values F$ (p,b)
and KF)' - are very close to each other. See also the simulation study in Section

For the adjusted F critical value k'), the choices of K = K* —p+1 and K* are
asymptotically equivalent but make a difference when b is not small. For the Bartlett
kernel, using K = K™ brings the F' critical value k77 ;- closer to the nonstandard critical
value FS (p, b). For the Parzen and QS kernels, K = K* —p+1 leads to a smaller difference
between KF [ and Fg (p,b). We will use K = K* for the Bartlett kernel and K = K*—p+1
for the Parzen and QS kernels in our simulation study.

For convenience, we refer to the test based on the test statistic F77. and the F' critical
value F ' as the asymptotic F' test. This of course is the same as the test based on the

original Wald statistic and the scaled F’ critical value k7] k.
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As b — 0, some simple calculations show that

Fo  _xo Q" (x) xo
Klp,Ka p/p: (1_ pgp) pb62>—1+0(b)
x5 /p G (%)

=le1t+ea(p—1)]b— (;p—é‘q?—1> c2b+ o(b)
= [01 + écQ (g + Xﬁ)} b+ o(b).

Similarly,

Foo(p,b) = A7 /p [
Xg/p B

So to the order of O(b), the percentage adjustment of the critical value increases with p.

1 P o
e+ 5+ )} b+ ob).

This is true for both the scaled F' critical value mfg x and the nonstandard critical value
F&% (p,b). Our result is especially interesting when the number of restrictions is large. In
this case, the size distortion of the usual Wald test is large. This is due to the presence of
the dimensionality bias. The nonstandard critical value and F’ critical value automatically
correct for the dimensionality problem. Our results provide an explanation of the finite
sample results reported by Ravikumar, Ray and Savin (2004) who find that the fixed-b as-
ymptotic approximation can substantially reduce size distortion in tests of joint hypotheses
especially when the number of hypotheses being tested is large. See also Ray and Savin
(2008) and Ray, Savin and Tiwari (2009).

6 Testing-Optimal Bandwidth Choice

In this section, we consider selecting the bandwidth parameter b for the asymptotic F'
test in the GMM setting. It is standard practice to select b to minimize the MSE of the
LRV estimator. However, the MSE-optimal b is not optimal for hypothesis testing. We
propose to select b to minimize the type II error while controlling for the type I error. Our
testing-orientated criterion addresses the central concern of hypothesis testing.

It follows from that the type I error of the a-level F' test can be approximated by

er(b) =a— (1)1 G, (X)) X5 B.

For Gaussian location models, this approximation has an error of order o(b) and o ((bT)) %)
as b — 0 such that b7 — oco. For Gaussian GMM models, there is an additional error term
of order O(log T/+/T). But this term does not depend on b and can thus be ignored for the

purpose of optimal b selection.
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To obtain the type II error of the F' test, we have to first specify the alternative hy-

pothesis. We consider the standard local alternative hypothesis of the form:
Hy (6%) 17 (0o) = AG/VT

for some vector & € RP such that ||¢||* = 62. Under H; (6%) and the small-b asymptotics,
we have Fp —¢ X]Z; ((52) /p, the normalized noncentral chi-square distribution with noncen-
trality parameter 62. Hence the type II error of the usual Wald test depends on the local
alternative parameter ¢ only through its squared length ||é|*. When we do not know the
direction of the local alternative, it is reasonable to assume that ¢ is uniformly distributed
on the sphere S, (0?) = {¢ € R? : |¢]|* = 6%}. We will maintain this specification. In other
words, the type II error we will obtain is the average of the type Il error associated with
each point ¢ on the sphere S, (52) .

It remains to specify the noncentrality parameter 62. Since it can not be consistently
estimated from the data, we choose §2 such that the local power of the standard Wald test
is 75% under the first order asymptotics. More specifically, 62 satisfies P (s < Ay) = T5%
where ¢ ~ X12> (52) . This strategy is similar to that used in the optimal testing literature. In
the absence of a uniformly most powerful test, it is often recommended to pick a reasonable
point under the alternative and construct an optimal test against this particular point
alternative. It is hoped that the resulting test, although not uniformly most powerful, is
reasonably close to the power envelope. Here we use the same idea and select the radius
of the sphere according to the power requirement. We hope that the smoothing parameter
that is optimal for the chosen radius also works well for other points under the alternative

hypothesis. This is confirmed by our Monte Carlo study.

Theorem 5 Let the assumptions in Theorem [3 hold. Consider the local alternative hy-
pothesis Hy (62) : 7 (0o) = AE/VT where & is uniformly distributed on S, (6%) = {¢ € RP :
1€]|? = 62}. Under the small-b asymptotics, the type II error of the asymptotic F test is

P(Fr < kFo) = err(b) + Olog T/VT) + o(b) + o ((bT) %)
where the O(log T/\/T) term does not depend on b,
« - « an 62 a (e
er1(b) = Gpp2 (45) + (0T) 7 G, 52 (A7) X' B + 5G9 52 (1) Agleab

and G 5> (2) is the pdf of noncentral x? distribution with degrees of freedom 1 and noncen-

trality parameter 62.

There are three terms in the type II error. The first term in e;; reflects the usual first

order approximation to the type II error. The second term is due to the nonparametric
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bias of the LRV estimator. This bias has opposite effects on the type I and type II errors.
The third term reflects the difference in curvature of the null distribution and alternative
distribution at the critical value A}

Given the approximate measures of the type I and type II errors, we can select the

bandwidth parameter b to solve the constrained minimization problem:
b* = argmines(b) s.t. er(b) < 7a

for some parameter 7 > 1. The presence of 7 allows the approximate type I error to be
different from the nominal type I error. Depending on our tolerance towards this difference,
we may choose 7 to be small or large. Hence we can call 7 the permitted tolerance.
Sun (2011) imposes a similar upper bound when selecting the smoothing parameter in
nonparametric series LRV estimation.

The constrained minimization problem is easy to solve. The testing-optimal bandwidth

is

1
206", (x2)|B| :|q+l e
b T @1, B>0
— [52(;/(“2)762(2(,?)62 1/ |
Gy (x) X |B|] 7 g

The testing-optimal b is fundamentally different from the MSE-optimal b. First, the
testing-optimal b depends on the direction of B where the MSE-optimal b does not. The
direction of the bias has a different impact on the test statistic and as a result on the type
I and type II errors of the test. The testing-optimal b reflects this. By construction, the
MSE-optimal b does not depend on the direction of the nonparametric bias. Second, the
testing-optimal b has a different decaying rate from the MSE-optimal . The MSE-optimal
b is of order O(T—2¢/(4+1)) When B > 0, the testing-optimal b is of larger order than the
MSE-optimal b. This is also true when B < 0, provided that 7 is close enough to 1. More

7q/(2q+1)), the testing-optimal b is larger than the MSE-optimal

specifically, when 7—1 = o(T'
b by an order of magnitude regardless of whether B > 0 or not. So when the permitted
tolerance on the type I error is low, under-smoothing is required for hypothesis testing,
compared to the point estimation of the LRV matrix. Third, the testing-optimal b depends
on the null hypothesis and alternative hypothesis being considered. The dependence factors
in via the relative bias B, which depends on the direction of the restriction matrix Ry, and
the noncentrality parameter §2, which captures the departure of the alternative from the
null. By definition, the MSE-optimal b does not depend on the hypotheses being considered.

The testing-optimal bandwidth can be written as b* = b*(B) where B = tr (BQ™') /p.

The parameter B is unknown but could be estimated by a standard plug-in procedure
based on a simple model like a VAR(1) or univariate AR(1). See Andrews (1991). This
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method achieves a valid order of magnitude and the procedure is obviously analogous to

conventional data-driven methods for HAR estimation.

7 Simulation Study

This section provides some simulation evidence on the finite sample performance of the
asymptotic F' test using the smoothing parameter that minimizes the approximate type II
error while controlling for the approximate type I error.

We consider the following data generating process:

Yy =7+ z0+ e

where z; is a 4 x 1 vector process and z; and &; follow either an AR (1) process

Ty = pri—1j+ V1 —pPerj, er = per—1+ V1 —plerp

or an MA(1) process

Ty = per—1,j + V1 —pPerj, et = per—10+ V1 — p2erp.

The error term e; ; ~ 7dN (0, 1) across ¢t and j. Throughout we are concerned with testing
for the regression parameter 5 and set v = 0 without the loss of generality. We take
p =0.0,0.25, 0.50 and 0.75.

Let 0 = (v, 8"). We estimate 6 by the OLS estimator. Since the model is exactly iden-
tified, the weighted matrix Wy becomes irrelevant. Let &} = [1,2}] and X = [Z1, ..., &7,
then the OLS estimator is 67 — 6y = —G7'gr (6p) where Gy = —X'X /T, Gy = E(Gr),
gr (60) = T~1 321, &

We consider the following null hypotheses:

Hop:p1=...=0,=0

for p =1, 2,3, 4. The corresponding restriction matrix Ro, = I5(2 : p+1,:), i.e., row 2 to row
p+ 1 of the identity matrix I5. The local alternative hypothesis is Hy, (52) : Rop = cp/ﬁ
where ¢, = Ag,C, Agp is the matrix square root of the LRV of R, G, 1%.e¢, and & is uniformly
distributed over the sphere S, (62), that is, ¢ = 6¢/ [|€]|, € ~ N(0,1L,,). More specifically,

Hlp (52) : (51’ "'vﬁp) = Cp/\/i 5p+1 =.=03=0

To explore the finite sample size of the tests, we generate data under the null hypothesis.

To compare the power of the tests, we generate data under the local alternative. Since our
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test statistic is invariant to the value of 8, we can impose the null hypothesis given above

by setting 0y = 0. Let
. N .
FT(Cp) = [\/TROPQT + Cp:| Q;l [\/TROPHT + Cp] /p

where Q7 is defined in and all the estimates are computed under the null DGP. Then
Fr(0) is the Wald statistic under the null Hp,. Note that Qr is invariant to the value of 6,
Fr(cp) has the same distribution as the Wald statistic under local alternative Hy,. So for
the linear regression model, there is no need to simulate the data generating process under
both the null and the local alternative.

We consider two significance levels a = 5% and o = 10% and three different sample
sizes T = 100, 200,500. We employ three commonly-used positive semi-definite kernels:

Bartlett, Parzen, and QS kernels. The number of simulation replications is 10000.

7.1 A fixed sequence of smoothing parameters

In order to disentangle the effect of smoothing parameter choices from that of distribution
approximations, we consider a sequence of fixed b values between 0.01 and 1 with incre-
ment 0.02. We compute Fr(0) and employ three different critical values: A3*/p, L
and F2 (= FS (p,b))), which come from the standard x? distribution, the standard F
distribution and the nonstandard fixed-b asymptotic distribution, respectively.

We focus on the size properties in this subsection. Figures [If and 2] graph the empirical
type I errors of the three tests against the bandwidth parameter b when p = 0. The nominal
type I error is @ = 0.05. Figure [I| reports the results for the Bartlett kernel. It is clear
that the empirical type I error of the F' test is very close to that of the nonstandard
test when b < 0.4 and for all values of p considered. A direct implication is that the F'
critical value KF) - is very close to the nonstandard critical value 75, when b < 0.4 and
p=1,2,3,4. When b > 0.4 and p = 1,2, the F critical value Iif;jK is too large compared
to the nonstandard critical value F3,. When p = 3 and 4, k¥ ) and Fg, are close to each
other even when b > 0.4.

Figure [2 reports the results for the Parzen kernel. The same pattern for the Bartlett
kernel holds when b < 0.3. The F critical value and the nonstandard critical value are very
close to each other for all p values considered. This remains to be true for the QS kernel
when b < 0.2. The figure for the QS kernel is similar to that for the Parzen kernel and
is omitted. By simulating the nonstandard critical value and comparing it directly with
the corresponding /@.7-";: x» we have also found direct evidence that these two sets of critical

values are close to each other when b is not large.
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Both Figure [I] and Figure [2| clearly demonstrate that the chi-square critical value is too
small. This is especially the case when the number of joint hypotheses is larger than 1.

To sum up, we find that the I critical value and the nonstandard critical value are
close to each other when b < 0.4,0.3,0.2 for the Bartlett kernel, the Parzen kernel and the
QS kernel, respectively. This is true for both o = 5% and 10% and for up to four joint
hypotheses. The difference in the upper bounds of b reflects the different shapes of three

kernels.

7.2 Data-driven smoothing parameter choice

In this subsection, we follow the recommendation in the previous section and consider
data-driven choices of b. We consider three different values of the tolerance parameter:
7 = 110%, 115% and 120%, and set 4, such that the power of the test when the LRV is
known is 75%. This choice of §, may not coincide with the true noncentrality parameters 0.
We consider a sequence of ¢’s in order to obtain the power curve. In effect, our procedure
aims at a particular local alternative Hy, (52) . We hope the smoothing parameter obtained
under Hyy, (02) works well for other local alternatives Hij, (62). This is confirmed by our
simulation study.

We examine the finite sample performance of the Wald type tests for different smoothing
parameter and reference distribution combinations. The first one is the asymptotic F'
test, which is based on Wald statistic and uses the testing-optimal b and the F' critical
value KF .. The testing-optimal b is implemented via the VAR(1) plug-in procedure. The
second one is the conventional Wald test, which is based on the Wald statistic and uses the
MSE-optimal b and the chi-square critical value X' /p. The MSE-optimal b is implemented
using the VAR(1) plug-in procedure in Andrews (1991). The last one sets b = 1 and uses
the nonstandard fixed-b critical value F5.. We also consider a hybrid testing procedure,
which is based on the Wald statistic Fp and uses the MSE-optimal b and the critical
value kFpg- T he difference between the hybrid test and the asymptotic F' test lies in the
bandwidth parameter b used. The difference between the hybrid test and the standard
Wald test lies in the critical values used. The four methods are referred to as ‘b-opt’,
‘b-mse’, ‘b-max’, ‘b-mix’ respectively in the tables.

Table [1| gives the type I errors of the four testing methods for the AR(1) regressors and
error with sample size T' = 100, tolerance parameter 7 = 115%. The significance level is
5%, which is also the nominal type I error. Several patterns emerge. First, as it is clear
from the table, the conventional method has a large size distortion. The size distortion
increases with both the error dependence and the number of restrictions being tested. The

size distortion can be very severe. Second, the size distortion of the b-opt, b-max and b-mix
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tests is substantially smaller than the conventional method. This is because these three
tests employ asymptotic approximations that capture the estimation uncertainty of the LRV
estimator. Third, compared with the b-max test, the b-opt test has somewhat larger size
distortion than the b-max test, especially when the process has strong persistence and the
number of restrictions is relatively large. This is well expected as the b-max test is designed
to achieve the smallest possible size distortion at the cost of power loss. Nevertheless, when
the Bartlett kernel is used and p is large, the b-opt test is more accurate in size than the
b-max test.

Table [2| reports the average and standard deviation of the selected b values with the
same parameter configurations as in Table The average and standard deviation are
computed over 10000 simulation replications. It is clear that for both the testing-oriented
criterion and the MSE criterion, the average of selected b values increases with the error
dependence. In general, the testing-optimal b is larger than the MSE-optimal b. This is
consistent with our theoretical prediction. It also partly explains why the type I error of the
b-opt test is smaller than that of the b-mix test. Furthermore, the range of selected b values
is in general within the range that the F' critical value is very close to the corresponding
nonstandard fixed-b critical value.

In deriving the testing-optimal choice b, we impose an upper bound on the approximate
type I error. Due to the presence of approximation errors, this may not translate into
the same upper bound on the empirical type I error. This is demonstrated in Table [1} as
the asymptotic F test can still have some size distortion. The quality of approximation
depends on the persistence of the time series. When the time series is highly persistent, the
first order asymptotic bias of the LRV estimator may not approximate the finite sample
bias very well. As a result, the approximate type I error, which is based on the first order
asymptotic bias, may not fully capture the empirical type I error. So it is important to
keep in mind that the empirical type I error may still be larger than the nominal type I
error even if we exert some control over the approximate type I error.

Table |3| presents the simulated type I errors for MA(1) regressors and error. The quali-
tative observations for the AR(1) case remain valid. In fact, these qualitative observations
hold for other parameter configurations such as different sample sizes and significance lev-
els. All else being equal, the size distortion of the b-opt test for 7 = 120% is slightly larger
than that for 7 = 115%. This is expected as we have a higher tolerance for the type I error
when the value of 7 is larger. Similarly, the size distortion of the b-opt test for 7 = 110%
is slightly smaller than that for 7 = 115%.

To save space, we do not report the figures that compare the size-adjusted power of

different tests, but make a few brief comments here. Since the test statistics differ only
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in terms of the bandwidths used and the size of each test is adjusted, the power compar-
ison effectively compares the impact of bandwidth choice on power. Since the b-max test
employs the largest bandwidth, it is less powerful than the b-opt and b-mse tests. The
power loss can be substantial. However, there are cases where a larger bandwidth is called
for to reduce over-rejection. The power of the b-opt test is more or less the same as the
conventional Wald test, i.e. the b-mse test, which in turn has the same size-adjusted power
as the b-mix test. This can be explained by comparable bandwidths selected by the b-opt

and b-mse tests.

8 Conclusion

On the basis of the fixed-b asymptotics and higher order small-b asymptotics, the paper
proposes a new asymptotic F test in the GMM framework where the moment conditions
may exhibit general forms of serial dependence. The asymptotic F' test employs a finite
sample corrected Wald statistic and uses an F' distribution as the reference distribution. It
is as easy to implement as the standard Wald test. There is no extra computing cost.

To make the F' test operational, the paper develops a method for bandwidth choice
that addresses the central concern of hypothesis testing. The testing-optimal bandwidth
minimizes the asymptotic type II error while controlling for the asymptotic type I error.
Simulations show that the F' test with data-driven testing-optimal bandwidth performs
very well in finite samples. It has a much smaller size distortion than the conventional
Wald test while retaining the power of the latter test.

We recommend using the asymptotic F' test with testing-optimal bandwidth parameter
in practical situations. At a minimum, when the MSE-optimal bandwidth is used, the
Wald statistic should be corrected and an F-distribution should be used as the reference

distribution.
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Table 1: Empirical Type I error of different tests for AR(1) regressors and error with
T =100,7 = 1.15
b-OPT b-MAX b-MSE b-MIX b-OPT b-MAX b-MSE b-MIX

Bartlett
p=1 p=2
p=0 0.064 0.058 0.066 0.064 0.073 0.062 0.075 0.073
p=0.25 0.074 0.063 0.077 0.074 0.093 0.066 0.099 0.090
p=0.50 0.106 0.075 0.113 0.094 0.131 0.090 0.159 0.121
p=0.75 0.113 0.108 0.219 0.116 0.120 0.147 0.357 0.158
p=3 p=4
p=0 0.085 0.069 0.090 0.086 0.095 0.070 0.103 0.099
p=0.25 0.109 0.076 0.119 0.106 0.127 0.082 0.143 0.123
p=0.50 0.148 0.107 0.207 0.141 0.169 0.115 0.261 0.169
p=0.75 0.133 0.186 0.502 0.202 0.162 0.226 0.640 0.253
Parzen
p=1 p=2
p=0 0.061 0.059 0.068 0.061 0.068 0.054 0.081 0.066
p=0.25 0.067 0.058 0.075 0.066 0.079 0.058 0.102 0.078
p=0.50 0.082 0.066 0.106 0.082 0.098 0.066 0.151 0.101
p=0.75 0.119 0.088 0.173 0.121 0.139 0.096 0.271 0.153
p=3 p=4
p=0 0.074 0.054 0.098 0.074 0.079 0.057 0.112 0.080
p=0.25 0.087 0.056 0.129 0.087 0.095 0.063 0.154 0.094
p=0.50 0.111 0.069 0.200 0.116 0.119 0.078 0.258 0.130
p=0.75 0.150 0.105 0.374 0.179 0.149 0.124 0.484 0.204
QS
p=1 p=2
p=0 0.062 0.060 0.067 0.060 0.068 0.052 0.080 0.065
p=0.25 0.067 0.060 0.075 0.066 0.079 0.055 0.100 0.079
p=0.50 0.083 0.067 0.105 0.084 0.100 0.060 0.147 0.103
p=0.75 0.121 0.086 0.169 0.123 0.144 0.076 0.264 0.156
p=3 p=4
p=0 0.076 0.060 0.095 0.074 0.080 0.053 0.109 0.080
p=0.25 0.089 0.056 0.126 0.087 0.096 0.059 0.148 0.095
p=0.50 0.114 0.067 0.193 0.118 0.125 0.058 0.249 0.132
p=0.75 0.162 0.086 0.361 0.185 0.174 0.083 0.467 0.214

Note: b-OPT: the asymptotic F test with testing-optimal b implemented by a VAR(1) plug-in
procedure; b-MSE: the standard Wald test with MSE-optimal b implemented by a VAR(1) plug-in
procedure; b-MAX: the KV test with b=1; b-MIX: the asymptotic F test with MSE-optimal b.

26



Table 2: Sample mean and standard derivation of the testing-optimal and MSE-optimal
bandwidths over simulation replications under AR(1) regressors and error with T =
100,7 = 1.15

bopr std(bopr) bumse std(busk) bopr std(bopr) buse std(busk)
Bartlett
p=1 p=2
p=0 0.003 0.006 0.004 0.002 0.004 0.005 0.004 0.002
p=0.25 0.005 0.011 0.011 0.008 0.007 0.010 0.011 0.008
p=0.50 0.029 0.049 0.046 0.029 0.039 0.049 0.046 0.029
p=0.75 0.262 0.265 0.217 0.154 0.356 0.277 0.216 0.154
p=3 p=4
p=0 0.005 0.005 0.004 0.002 0.006 0.005 0.004 0.002
p=0.25 0.008 0.010 0.011 0.008 0.009 0.010 0.011 0.008
p=0.50 0.046 0.048 0.046 0.029 0.052 0.047 0.046 0.030
p=0.75 0.422 0.284 0.216 0.153 0.474 0.285 0.216 0.154
Parzen
p=1 p=2
p=0 0.042 0.016 0.028 0.006 0.037 0.014 0.028 0.006
p=0.25 0.044 0.019 0.043 0.011 0.042 0.019 0.043 0.011
p=0.50 0.070 0.032 0.075 0.018 0.082 0.030 0.075 0.018
p=0.75 0.151 0.057 0.138 0.037 0.177 0.053 0.138 0.038
p=3 p=4
p=0 0.034 0.014 0.028 0.006 0.033 0.014 0.028 0.006
p=0.25 0.043 0.019 0.043 0.011 0.043 0.019 0.043 0.011
p=0.50 0.090 0.028 0.075 0.018 0.095 0.027 0.075 0.018
p=0.75 0.193 0.050 0.138 0.037 0.204 0.049 0.138 0.038
QS
p=1 p=2
p=0 0.021 0.008 0.014 0.003 0.018 0.007 0.014 0.003
p=0.25 0.022 0.009 0.021 0.006 0.021 0.009 0.021 0.006
p=0.50 0.034 0.015 0.037 0.009 0.040 0.015 0.037 0.009
p=0.75 0.073 0.028 0.069 0.018 0.086 0.027 0.069 0.019
p=3 p=4
p=0 0.017 0.007 0.014 0.003 0.016 0.007 0.014 0.003
p=0.25 0.021 0.009 0.021 0.006 0.021 0.009 0.021 0.006
p=0.50 0.044 0.014 0.037 0.009 0.046 0.013 0.037 0.009
p=0.75 0.094 0.024 0.069 0.018 0.099 0.024 0.069 0.019

Note: bopr and std (bopr) are the average and standard deviation of testing-optimal b’s across
10000 simulation replications. byrsp and std (byssg) are defined similarly. Parameter config-
uration is the same as in Table [Il

27



Table 3: Empirical Type I error of different tests for MA(1) regressors and error with
T =100,7 = 1.15
b-OPT b-MAX b-MSE b-MIX b-OPT b-MAX b-MSE b-MIX

Bartlett
p=1 p=2
p=0 0.064 0.058 0.066 0.064 0.073 0.062 0.075 0.073
p=0.25 0.073 0.063 0.076 0.072 0.091 0.067 0.096 0.088
p=0.50 0.092 0.068 0.094 0.080 0.114 0.075 0.131 0.101
p=0.75 0.092 0.069 0.100 0.080 0.110 0.080 0.145 0.101
p=3 p=4
p=0 0.085 0.069 0.090 0.086 0.095 0.069 0.103 0.099
p=0.25 0.108 0.073 0.116 0.105 0.123 0.080 0.138 0.121
p=0.50 0.127 0.087 0.163 0.117 0.142 0.092 0.200 0.134
p=0.75 0.118 0.092 0.181 0.114 0.132 0.099 0.230 0.133
Parzen
p=1 p=2
p=0 0.061 0.059 0.068 0.061 0.068 0.053 0.081 0.066
p=0.25 0.064 0.057 0.075 0.063 0.076 0.055 0.101 0.076
p=0.50 0.069 0.060 0.091 0.069 0.081 0.059 0.128 0.085
p=0.75 0.071 0.063 0.095 0.072 0.081 0.060 0.138 0.086
p=3 p=4
p=0 0.074 0.055 0.098 0.074 0.079 0.058 0.112 0.080
p=0.25 0.085 0.058 0.128 0.085 0.094 0.064 0.151 0.093
p=0.50 0.090 0.065 0.164 0.091 0.098 0.069 0.205 0.102
p=0.75 0.089 0.068 0.177 0.092 0.097 0.070 0.228 0.106
QS
p=1 p=2
p=0 0.062 0.060 0.067 0.060 0.068 0.052 0.080 0.065
p=0.25 0.065 0.060 0.074 0.064 0.077 0.052 0.098 0.076
p=0.50 0.070 0.062 0.089 0.070 0.083 0.055 0.124 0.086
p=0.75 0.072 0.064 0.092 0.073 0.084 0.057 0.132 0.087
p=3 p=4
p=0 0.076 0.059 0.095 0.074 0.080 0.053 0.109 0.080
p=0.25 0.087 0.058 0.123 0.085 0.095 0.056 0.146 0.093
p=0.50 0.091 0.064 0.158 0.093 0.101 0.057 0.199 0.105
p=0.75 0.091 0.063 0.172 0.095 0.102 0.059 0.218 0.108

Note: b-OPT: the asymptotic F test with testing-optimal b implemented by a VAR(1) plug-in
procedure; b-MSE: the standard Wald test with MSE-optimal b implemented by a VAR(1) plug-in
procedure; b-MAX: the KV test with b=1; b-MIX: the asymptotic F test with MSE-optimal b.
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9 Appendix of Proofs

9.1 Additional Technical Results

Lemma 2 Let Assumption [5(i) hold. Asb— 0, we have
(a) w1 =300 1 Ns =1 —bey + O(b?),
() 2 = 32571 (A)* = bez + O(07).

Proof of Lemma 2. Note that

o] 1 1 1
1 = ZA; = /0 ky(r,r)dr =1 —/0 / ky(r — s)drds
n=1

0

and

po = Z)\* // ki (7, 5)]? drds
1

m=

(/ / Ky, r—sdrds) —|—/0 /0 k2 (r — s)drds
—2 /0 /0 /0 ko(r — p)ko(r — q)drdpda.

To evaluate py and po, we let

1
o

1

’Cl()‘):%

/00 k(z) exp(—ix)dz, Ko (M) =

/ K1 (N exp(idz)dA, k2 (z / Ko () exp(iAz)dA.

For the integral that appears in both p; and o, we have

/O 1 /0 kol — s)drds

- [Lao [ e (F)a] [ o (-5) a0
[ (- ) (o ()]
()

K1 (A))\—Qlcl (0) ( )\>2d)\7

= 27bKC1(0) + 4b /

—00

29

/ E*(x) exp(—idz)dz.

(20)

(21)



where the last equality holds because

00 by -2 A 2 00
/ (2()) <sm 2()) d\ = 2b/ z 2 sin? xdx = 2b. (23)

/_Z K1 (/\))\_2161 (0) <Sln2/\b>2d)\
:[iKMMQKMm<Gm$f ;>& 2Kmnu»;numﬁ

__;/_Z (iq (A)A—Qicl (0)> <C082A> d/\+;/_z K1 (A)A—Qlcl (o)dA

_ ;/Z (’Cl (A)A_z’cl (0)> d\ + o(1) (24)

as b — 0, where we have used the Riemann-Lebesgue lemma. In view of the symmetry of

k(x), K1 (\) = (2m) ! [ k(x) cos(Az)dxz, we have, using and 1)

1 1
/ / ky(r — s)drds
o Jo

= 27bKC1 (0) + 2b° /OO (’Cl A=K (0)> X + o(b?)

Now,

. \2
— 2mbK (0) + B2 /OO </Oo k(x)(mifcdw) X\ + o(b?)
— 2mbCy (0) — 2021 / / \sin® A”””/ sIZO2/2) a4 o(?)
= 27bK1(0) — b2/ k(z)|z|dx + o (62)
= bey + O(b?). (25)

Similarly, under the assumption that f_oooo k%(z)z2dxr < oo, we have

/1 /1 k2(r — s)drds = beg + O(b?). (26)
0o Jo

/1 (r — )ds

/ ki (0 / {exp (W) + exp <—M(Tb_s)>}dsd>\
:[mKMMAC%<M:ﬂwaA (27)
- _b/::/cl (A)% {sin <A(7’b_ 1)) — sin (Abrﬂ dA

= _b/oo K1 (xb) % [sin (z(r — 1)) — sin (ar)] dz,

Next,
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SO

1 1 1
/ / / ko(r — p)ky(r — q)drdpdg
0 0 0

2 /0 1 [ /_ Z K () % fsin (2(r — 1)) — sin (27)] d:c] " ir

_ K2 (0)/01 (/Oo ésin(m(r— 1))dm—/zisin(m)daj)2dr(1+o(1))

—00

— B2K2 (0) /01 <_ /_Z Wd(:p(r S1)) - /_Z %sin (a:r)d(xr)>2 dr(1+0(1))

— 12K2 (0) /01 (2/00 1sin(y)dy)2dr(1+o(1)) — 3B 1 o(b).

—00

Combining , , and yields the lemma. =

Lemma 3 Let Assumption[5(i) hold. As b — 0, we have
(a) E (1/11 — U12V;21V21) =1- bCl — bCQ (p — 1) + O(b),
(b) E |:(V11 — V12V2_211/21)2:| =1-2b (Cl — 62) -2 (p — 1) bCQ + 0(1)),
_ 2
(C) E [(Vll — 1/12V221V21) — 1} = 2bcy + O(b)

Proof of Lemma (3, (a) Let W,(r) = [W{(r), Wy (r )], then

Evy _E/ / ki (r, $)dW1 (r)dW (s Z/\* =1 —bey + o(b)

n=1

by Lemma 2] and

E [U12V;21V21]

_ 5 </ / K (r, )dW (r) AW, (s)> </01 /01 K (r, s)del(r)dWI;_l(s)>_l
/ / K (1, $)AW{(r)dWp 1 (5)

e ([ [ Hsam, e, o)

x/l /1 </1 k2 (r, 1) (r,TQ)dr> AWy (m2)dW!_ (7).

Let &, = [ f£(r)dW,—1(r) € RP~1, then

//k:brdepl )W, _(s)

//Z/\*fn P)f () AWy (r)dIW) o (s)
:nz::"</ F2(r) AW,y (r ></ FEr) AW, (r ) ZA;’;énén.

-1
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Since

S~

ky (r, m1)ky (7, m2) dr

t’jg nt£j8 S~

le)\f

i (/ i )fmrl)f;(Tz)

(A 2)2f2 (11) fa (72)

[ 2

1
we have
/ / </ ki (r, 1)K (r, TQ)dr) AW,y—1(2)dW}_ i‘l )2 &t
Therefore
Eviayy vy = Btr (Z Aot ) (i(A;>2gm££n)]

M2, o _ bea + o(b) _ o
=22 (- o) = 1222 - 1 o)

=bcy (p—1) + o(b),

using Lemma
(b) Note that

-1 2 2 -1 -1 -1
E (1/11 — 1/12V22 1/21) = Eljll + EV12V22 1/21V12V22 Vo1 — 2EI/111/121/22 V1.

We consider each term in turn. First,
1 1 1 1
B2 = E ( / / k;(rl,sl)dWl(rl)dW{(sl)> < / k:g‘(rg,@)dWl(rg)dWl’(sz))
0

1
:</k;§rr 7“) +2// (kp(rys)) 2 drds
0

<Z )\*> + 22 (A5)2 = (1 — bey + o(D))* + 2bcy + o(b),
n=1

=1—2b(c1 —c2) + o(b).

32



Second,

Evi1v1avay v

_E/ / ky (r, s)dWi(r dW1 / / Epy (rym1)dWi(r dW 1(11)
X [/ / ki (r, 8)dWy_1(r)dW,,_, ] / / ki (r, 7o) dW (r)dWp_1(72)
_E </ ki (r,7) )/ / (/ (r, 71 )2 (r, Tg)dT‘) AW!_, ()

-1

[ / / ki (r, 8)dWp1 (r) AW _y (s )] AW,_1(72)

+2E/0/0 [/0 /0 k:g(r,s)klf(r,ﬁ)k;(s,m)drds] AW, _y(m1)

<[ [ )T, (9) W)

0o 00 -1 o0
= (Z Aj;) Etr (Z A;§n§;> (Z (&)%&2)
n=1 k=1

n=1
[e's) -1 0
+2Etr (Z A;@gng,g) (Z (An)°? gn&)
n=1 n=1

where the last line follows because
1 1
/ / ky (7, 8)ky (7, 1)Ky, (8, 72)drds
/ / Z N Fi () £ (s Z N Fia () i (1) Z NoyFis(5) 1, (72) drds
3

= ( ) fr (11) f; (72) .

k=1
Using Lemma [2 and the fact that
> ()i=o <Z (/\;'1)2> = o(b)
n=1 n=1

we have
Evivigvay' var = (p — 1) bea + o(b).
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Finally,

~1
Eviovyy a1 V1aVey Va1

—E{//kb i [//kb s v a]

<[ [ [ s mawian, H/O )W (r <>]

N7y sy N,

_E// [/ kbrslkaSer]d ' (s1) U/kbmdwpl )] e
U/ [/ i (7, 53) kb”‘*dT]dW 33“//%?"%% 1(r)dW,_ ()]_1dwp_1<34)
+2EU/ U kbrslkbr@dr}dw SlH//kbrdep " )dW’l(s)]_l

[ L] st o o

-1
{/ / Ky (ry s)dWp_1(r)dW,_y s)} dWp—1(s2)
0o Jo

0o -1r «» 00 - oo
= Etr ( ZAZ%] [Z <A:;1)2§m£;1]) tr ([Z Anbnén ] [Z €mfm])
n=1 m=1 m=1
. -1r 11
+ 2Etr { > A;';fn&] [Z 5m5m] [Z Anné, ] [Z (A)” ﬁmdn] }
n=1 m=1 m=1
00 —2 (o) 2 —2 0 2
= [(p - 1) (Z /\Z> (Z (&2)2) +2(p-1) (Z /\Z> <z (/\3%)2> ] (1+0(1))
n=1 m=1 n=1 m=1
= o(b)
using Lemma
Hence

FE (V11 — V12V2_21V21)2 =1-2b (Cl — 02) -2 (p — 1) beo + O(b)
Part (c) follows from parts (a) and (b). m
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9.2 Proof of the Main Results

Proof of Theorem (1} Taking a Taylor expansion, we have

P{pFu(p,b) < z} = EG) (2 (v11 — v12v55'v21))
= Gp(Z) + G;(Z)ZE [(1/11 — V12V521V21) — 1]

1
+ gGZ(Z)ZQE [(1/11 — V121/2_211/21) — 1]2
1
+ EE [Gg(g) — Gg(z)] 22 [(1/11 — V12V521V21) — 1]2
where Z is between z and z (V11 - V12V2_21V21) . Using Lemma (3, we have

P{pFs(p,b) < z}
=Gp(z) = Gp(2)zler+ 2 (p—1)]b

+ lG"(z)z2 [2—2b(c1 —c2) —2(p—1)bca —2 (1 —bey — bea (p—1))] + o(b)
= Gy(2) +{G}(2) 22cy — G (2)z[c14+c2(p—1)]} b+ o(b)
= Gp(2) + A(2)b + o(b)

as stated. m

Proof of Lemma |1} Part (a). We write the statistic pFrgrs as

. r _ .
pFrars = { [ROT1/2(0GLS - 90)] QTlcéiS} QlT/éLSQ IQ%P%LS {QT,lcéis [ROTl/z(QGLS - 90)} }

= HQT lis [R0T1/2(90Ls — 0o ]H S R U
= TrE5
where
Tr = HQ;I(;iS [ROT P?0cLs — 90)] ‘ 2,
and

= 1/2 1/2
=p = TQTGLSQ QTGLseT

Note that Y7 is independent of Zp because (i) (HGLS — 6p) is independent of Qr, which
follows from the facts that Q7 is a function of {4} and that 4 is independent of Ocrs — 0.
(ii) Y7 is the squared length of a standard normal vector and er is the direction of this
vector. The length is independent of the direction. Hence

PlpFras < 2] = P[T15 < 2] = EGy |2 (24) ']
1/2 1/2
= EG) <6/TQT/GLSQ QT/GLSeT>
It is not hard to show that e} QY%, (07102 2, 0 1/2H > ¢ >
0 for some ¢ with probability one. Let Frgq (V) be the CDF of Qr. Using Qrars =
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Q (140 (T")) and the boundedness of Gy, (z) for z > § > 0, we have

PlpFrgrs <z = /Gp (elTQ%r/,?;LSV 1QT/GLSeT> dFro (V)
- / [Gp (e’TQl/2V—191/2eT) ) (T—l)] dFro (V)
- / [Gp <e’TQl/QV*191/ZeT)} dFrg (V) +0 (T
= EG, [:27']+0 (T

as stated.
Part (b). Let

G = 2RT2AY Q1 02, ger
Cor = (RoTY2A) Q! (ROTI/QA)
and (7 = v/ T7Cr + Cor. Then
~ N A
pFrors = [ROTl/z(‘gGLS — o) + ROTI/QA} Qrt [ROTl/z(QGLS —b6o) + RoTl/QA}
~ [N ~
= |RoT* (a5 — 00)| 07" | RoT"*(Bws — 00)|
/AN A ~
+ [ RoT'2A] Q7! [RoT'2A] 4 2(RoT'A) Q7 [RoTY(Bvs — 00)
QilG/iSRoTl/ 2(Ocrs — 6o)
—1/2 A
HQT,CéLSROTl/Q(HGLS - 90)“

JTr

= pFroLs + Gor + 2(ReTY2A) Q) 1QIT/?;LS

=pFrars + Cr +vVYrGr
=pFrars +Cr.

Note that T is independent of (17, (o and Zp, we have
PlpFrors < z| = P[(pFrars + () < 2]
{ [TTE? + v TrGr + C2T] < Z}
{ [TTET + vV TrGr + CzT] < Z} +0 (171
EF (Gir, Cor, E7) + O (T71),

where

F(a,b,c):P{[TTc—i- \/ﬁa—l—b} Sz}.

But

EF (Cir, Cor, 21)
= EF (0,0,Z7) + EF{ (0,0,Z7) Gir + O (E(y) + O (E |Girler]) + O (Ear)
= EF (0,0,Z7) + EF{ (0,0,Z7) G + O (T7) .
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where F}(a, b, c) = OF (a,b, c)/da. Here we have used: O (E(f;) = O(1/T) and O (Ear) =
O(1/T), which follows from var(c'AA’c) = O (1/T) for any constant c. Next, let f.(z) be
the pdf of ep. Since er is independent of Q7 and A, we have

EFll (07 07 ET) ClT
= /E [Fll (0, 0, ET) ClT |€T = x] fe(ilf)dfv
/ 101/28—-101/2,. 12A) &-101/2

= [ BF{ (0,0,2'0Y2071012% ) 2 (RoT M) 07 (2, o fol@)da

Note that Qp(u) = Qp(—u) and A = —A(—u), we have
. .

EF| (0, O,x'Ql/ZQ;lﬁl/zm') 2 (R0T1/2A> Q;lfllT%LSa? =0 for all z.

As a result,

EF](0,0,Z7) G117 = 0.

So
EF (Gir, Cor, Er) = EF (0,0,E7) + O (T71) .

We have therefore shown that

PpPrors < 2] = EF (Gir, CGor, Z7) + O (T71)
=EF(0,0,Z7)+ O (T)
=PpFraLs <2+ 0 (T7")

as desired. m

~

Proof of Theorem Writing Zp = ET(QT) and taking a Taylor expansion of Zr(Qr)
around Z7(2) = 1, we have

[ET (QTH T 14+ L+ Q+ remainder (29)
where
L = Duec (QT _ Q)
Q= %vec (QT - Q)' (J1 + Jo) vec (QT . Q)
and

D= ([6%9—1/2} 2 [6%9—1/2}) 7
Ji= {29*1/2 (erer) Q*l/ﬂ ® [971/2 (erely) 971/2] ’
Jy = — [Q—l/ZeTe’TQ—l/Z ® Q—l} Ky (Lp + Kag) ,

and remainder is the remainder term of the Taylor expansion. It can be shown that the
remainder term is of smaller order than ().
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We proceed to compute the moments of L and ). First, extending Lemma 6 in Velasco
and Robinson (2001) to the vector case, we have

EQp — Q= —be;Q+ (bT) " 9B(1 + o(1)) 4+ o (b) .
So
EL=F ([6%971/2] ® [e}QleD vec (QT - Q)
= Bl 012 (QT - Q) Qe
= (bT) 1B Q2B Y26 (14 0 (1)) — bey Ber QY2007 26 + 0 (b)
— (bT)~Etr (Q*I/ZBQ*I/ZeTe’T) (1+0(1)) — bey + o(b)
= (bT) %tr [9—1/239—1/2} ]1) (14 0(1)) = bey + o(b)
= (bT) B (14 0(1)) — bey + o(b)

where we have used the independence of ep from Qr and Eerel, = I,/p. Following Sun
(2011), we can show that
EL* =2c3b 40 (b+ (b1)77),

and
EQ=—bcy(p—1)+o(b+ (bT)7 ).
Hence
R B
[ET (QT)} =14+ L+Q+o0,(b+ (bT)79). (30)
where the o, (-) terms are also small in the root mean-square sense.
Note that
2G, (2) = Gapirg 2 oxp(—5) {2 2 0}
2k/2T (K /2) 2/ =
and ( 2)
2 A . z—p+ 1 z
S = iy ) 20

It is clear that there exists a constant C > 0 such that ‘zG;, (z)‘ < C and |z2Gg (z)! <C
for all z € (0,00). Using the asymptotic expansion in and the boundedness of G, (z)
and G (z) 2%, we have

P (pFT,OLS < z) =P (TT < zE;l) + O(Tﬁl)
=EG,(2(1+L+Q))+o0(b+( bT )79
Gp(2) + G (2) 2E (L + Q) + EG” (2) 22 (EL?) + o (b+ (bT)79)
Gp(z)+ (bT)~ qG;,( )zB—bch’ (2) 2
—bchp(z)z(p—1)+b02Gg( z) 22 +0(b) + o ((bT)7%)
=Gy (2) + A(z)b+ (bT) G, (2) 2B + 0(b) + o ((bT)77)

as desired. m
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Proof of Theorem For notatlonal economy, let Hy (6) = —R (6) (G’ (OOWrGr(0)) ™ GL(O)Wr
and Hy = —Ro [GiWsoGo] ™~ ! GoWa. For any 07 and 07 between O and 0o, it is easy to
show that when R (6) and f (v, ) are twice continuously differentiable in 6 on ©,

R(fr) = Ro + Oy(1/VT), Gr (07) = Go + Op(1/VT).
Combining this with Wr = Wy, + O,(1/V/T), we have

Hy (0) = Ho + Oy(1/VT)

and
VT [1(6r) = 7 (60)]
= VTR(07) (éT - 90) = RyVT (éT — 00) +1/VTor

! 2 A -1 / N ]. T ~
=—Ry (GT(HT)WTGT(QT)> GT(QT)WTﬁ tz:; f(ve,00) + 1/\/T1/10T
= —Ro (GyWaeGo) G6W<>0i zT: f (v, 60) + i7/)1T + l¢2T

g3 T T

1 & 1 1
= HOﬁ ; f(ve,00) + ﬁwlT + T¢2T

where (1/+/T)y17 captures the terms of order O,(1/+/T) that do not depend on the smooth-
ing parameter b and (1/7") 197 collects the higher order terms of order O, (1/T).
Next, define S; = 22':1 f(vj,07), So =0, then we can show that

I o + —tar + < (VB OT) ™ ar

where the term containing 137 captures terms of order O, (1 / VT ) that are independent

of b, the term containing 4 captures high order terms, and

t—T1 t+1—171 t—717—1 t—1T1
bT)_M bT ) = K bT )+MbT)

D(t, 1) = k(
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Under the assumption that G[TT}(éT) =1Go + O,(1/VT), we have

HoS, = Hto Ug,90)+Hozaf(gg,eT)(éT—90)
Jj=1 j=1

: A 1
= Ho S f(vj,00) +t x HyGo (67 — 65) + O <)
szl 75 Y0 0 O(T 0) D \/T

t
= Hj Zf(vj, 90) —tx Ry (G/T(éT)WTGT(éT)) G/ GT

IIMH

1
’Ut,90 +O <\/T>

— Hozt:f(vj,eo) — Ho% ET:f(Utﬁo) + Op <\/1T) + 0y <;>

j=1
t
= HOZ [ (vj,00) — ;,Zf (vr,0p)
j=1

where ¢¥57 = O, (1) and e = Op(1). Hence

1 1
+ =
\/T%T 7 YeT

Qp = Qr + [\[ + (bT)~ ] Yg -

\FT;Z)7T‘|‘ f

Combining the above analyses yields:
1 « 1 1
pFr = |Ho—= ) f(v,00) + —=t11 + =tor
[ DD T

X <[QT + \}TW,T + \/17 Vb + (bT)fq] ¢8,T] > -

T
X [Ho\/lf tz:; f(ve, 00) + \/1?1/11T + %¢2T

=pFr +Yr + Y7

where 11 = O,(1/v/T) does not depend on b and % = O,([Vb+ (bVT)"9/VT + 1/T).
Note that ij‘iL is the exactly the same as the Wald statistic for testing whether the
mean of process ¢(uvy,0y) satisfies E¢(vg,0p) = 0. So we can invoke the asymptotic ap-
proximation established for the Gaussian location model to complete our proof. Under
assumption (ii) of the Theorem, we have
P(pFr <z)=P (pFrr+vr+y7r < z)
= P (pPro+vr +%% < 7 |vr| < O/VT, 5] < 61/ logT)

P (1] 2 10g T/VT ) + P (03] > 61/ 10gT)

logT or 1
=PlpFr; <z+ + L0 —
prrL = = — log > +0(dr) < ﬁT>

Gy (2) + A(2)b+ (bT) 1 G (2) 2B + O (T’1/2 log T) +0(b) + o ((bT) )

_|_

40



where the O (T‘l/2 log T) term does not depend on b. m

Proof of Theorem 5. We first prove the theorem for the Gaussian location model. It is
easy to see that Lemma [I] holds for any given ¢. So

P(Frons < FpklH1(¢)) = P(FProLs < kFy k| H1(¢))
= P(Frars < KFS g |H1(€) + O (T7).

But
o r ~
pFrcrs = [ROTI/ 2(HGLS - 90)} QT,lcéis [QlT/,éLSQ?QlT%LS} QT G/LS [ROTl/z(GGLS - 90)}
= [oris [RoT 2 Oars — 00)] + 5H2 e Y2010 e, + O, (T7Y)
=YTE.+0, (T,

where

Q;lcéis [R0T1/2(éGLS — 90)} +c
HQTlCéiS [RoTl/z(éGLS — (90)} +c

and

_ A 12
T. = H%féis BT (15 — 00)] + c\
= = QY2010 2,

9

To compute the average type II error, we can expand the probability space so that ¢,
éGLS and QT all live in this expanded space. In addition, ¢ is a random vector uniformly
distributed on the sphere S, (52) , and c is independent of Oc:s and Qp. Hence Ty ~ Xzz) (52)
and e, is uniformly distributed on the unit sphere S, (1) . Using the same calculation as in
the proof of Theorem [2, we have,

P(Fraps < kFpx|H1(6%) = P(pFrars < 6Fy ic|H1(6%))
= EGp752 (prILK._C ) + O ( )
.52 (p/ifng) + (bT)™1 G;M;Q (p/{]:;jf ) KTy, KB + A2 (prFp )b+ 0 (b) + o ((bT)_q)
where
Ap (2) = Ga(2)er — (22 o + 2 (p— 1),

Invoking a Cornish-Fisher type expansion, we can show that
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Using this, we have

G 52 (p/i]:;’fK)

G, (X5)
B N CQG” Xa) (Xoc)Q
=G, {I-i (Xp — pG;, E)X;?) L b> } + o(b)
oG (X%) (X2)?
=Gpa2 (X)) + G (X)) {Xﬁ e+ 2 (p— 1)) — — pG(;) EJX);}() >) }b+0(b)»

G5 (p/ifng) + Ag2 (p/ﬁng)b

_ m%%ﬂ+Gbﬂ%ﬂ{%ﬂﬁ+@—D@%-

+ G (X0) (X2)2 eab — G o (X)X o1 + 2 (p— 1)]b

P
G/ (X)) (xe)? ¢
Gy () + [GL0(89) (1) 2 G () ST ) 2]b
p P

- Gp752 (Xpa) +

a oy G5 () | a2
£ 00) - Gy (0) G (1

Some simple calculation shows that

NG P .
GZ,JZ (Xp ) B GZ (X;) G;,zS? (Xp ) = @G,(p—s—z),&? (Xp ) :

Combining the above steps, we get

P(Frarns < 6FyglH1(6%) = Gy (X)) + (0T) 1G5 (X5) X5 B

52 _
+ EGI(IH-?),W (X;‘) Xgicab +o(b) + o ((bT) q) )

Next, we prove the theorem in the GMM setting. As in the proof of Theorem [3] we can

write
1

o= [Vo+ (1)~ s

pFr =pFr + Y7+

where ,

Ot

)

T T
1 1
t=1 t=1

5 = Op(1/VT) does not depend on b, and 95" = O,([Vb+ (bT)"%/VT +1/T). pF§, | is
equal to the Wald statistic of testing whether the mean of the process u; := ¢(vy, 0p) is zero
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under the local alternative hypothesis. Using the same argument as the proof of Theorem
we have

P(Ff < T | H1(5%))
=G4 (X;) + (bT) 71 G;ﬁz (;\f;) X)'B

52 o o logT _
+ EG"(H%&2 (X) Xfeab+ O ( T ) +o(b) + o ((bT)79) ,

as stated. m
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