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Yass Transfer to Spherical Drops or Bubbles at High ~e 

* . H. \Y.:. Cheh and Charles vi. Tobias 
Inorganic Vaterials Research Division, 

Lawrence Radiation Laboratory, and 
Department of Chemical Engineering 
University of California, Berkeley 

Yarch 1967 

Abstract 

Mass transfer to spherical drops or bubbles rising steadily through 

a. liquid at high Re was calc~tated by using a boundary layer approach 

for the fluid flow. The result~an be written as 

Nu =M I(Re'l-l;,p)p~t 
where r(Re,l-l,p) is a given function of Re and two·physical properties, 

na~ely, the viscosity and/the denSity of the system. 

This result reduces to the Boussines~ potential solution 

Nu = 1.128 Pe2 , 
as Re-O'J • 

Comparison of the theoretical result t~ the experimentally ob-

served behavior of two systems shows satisfactory agreement • 

. . 

* 

/ 

Present address: Bell Telephone Laboratories, Murray Hill, New' Jersey •. 
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r.19.:;s -tra.~s!'ertodrCl:ps·6r· bubbles moving steadily through a. :.iqui~. 

~:':leo::-etical . calculations have;. so ;f8:r-,o~ybeen pe.rformed for c.ertain 
8 .'. . ... .... , ,. ". . 

li:.l~-!:ingcases. Levich studied the case .in Stokes flow regime bU~.' ." 

at h!e~ Fe nu.'nber. Bo'...rman!i a13 ~xtended thecalculatio!l to' ':!,over 'the 

co:::.plete'range of Fe !1.".1..'nber in Stokes flow. For ideal fl1,;.ids 'tlhere, t1:e 

·.?e :n"l.l'!~ber i~ infinite, ~he exact potential solution was obtained 0:;:', 
.,. "" .\' '. , 

:Rou3sinesq.J.. 

In rnany:practical applications, the process'occurs at moderately 

1:'" f;:' p~ "~'here ~hese theories faj.l to descri"ce th~ system succ~~sru;tlY. 

Consequently, the design of processes involvir.g ascent of bt~bbles. in 

star,;!'le.nt :fluids depe!1ds heavily on ex;per1mental correlations.: 
, 4 . .' .' 

!n this raper 7.:~e boundary layer approach suggested by erE-O' 'a!1cl 
... ~ .. 

. 11 .' ...,. ·:.".c·':t. . 
... Mo,ore' we.$u~edto ~olve t:he f~u1d inephani9s fo~ ste~dyf18w· :pas~' 'e.g.rop . 

.. . 

O 'b; bb~ e .... '1.1' h' 'P' ·r ~ .. ~ aw·~ g A~' 

,. .. ,." "'"'.'" 
. ,~'. , .. ~'. /)' 

The ·resulting.' velocity \1a9' thenus.ed ,t~~9?>.f,e':, . : 

,the ~onvectiv~ dif~sion equation. The exact solution thus . o.b-:Y~irt~8. Y{c,cs 

. ... ; . 
. ", ~ , -

.). : ~~: " .. ' .. , :," . ~ • y . 

2. Fluid Mechanics 
.... ./ ,.",:\ .­

.. ~; ,"'. . ~ . ~-
,"'. 

; .... ..'."'. ,. ':";".' . " . , .. ~'; .. .:'; .' ., .. : .... ( 
At high Re, a. bounda!'y layer e.pproechwa.s· first suggested,by t~~iqh •. 

!r!s =.ethod was applied. by i-1oore to t~e case of g~s bubble rising s~~~q,ily,; . 
. . 

'::'118 :pro~edure w11l be used here for the case of· 

r!ei.::.g liq~~d drops. 

~~~ ~e:o~!iy and· pressure are written as perturbations ~rom the 

'1 
+ :!. , .(1) 

. 

.... , ,;,.-. . ~.' 
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and 

.. 3 -

_ 1 
'p=p+p 1 

.. 

where v, p are the potential solution 'and ~,and pl.are the perturbed 

quanti ti te s. 
, , 10 
The potential, solution given by Hill are 

1 
for r ~ R 'J 

(inside the drop) 

and 
_ (' 1 R3,\ 
v a ~ = v C1J ,1 + "2 r3J sin Q 1 ' 

v= -voo (1 - R;) cos a • 
ro r 

for r ~ R 
(outside the drop) 

(2) 

'3' \ ) 

(4 ) 

, (6) 

The Navier-Stokes equation of motion and the continuity equation 

in spherical coordinates are 

ar.d 

where -.2 1'0 (2d\ 1 d ( ~d) 
V- == 2" dr r dr i of- - 2 de \. sin r:J dt . 

, r r sin a , 
(10) 

~~ boundary conditions are: 

1. Far from the.interface, potent"ia1 solut:!.on is valid, 

1 1 0 (11) a. as r-oo, va = V ::: 
1 r 

0 0 

1 I' b. at r==O, va ::: V = 0 . (12) 
, i r

i 

2. At the interface, there is n:- radial velocity and the tancentic.l ;' 

<'j "; 

... ,' -:"'"',;; 

, .. ' 

:' .. '. 
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'.. velocity is continuous" 
;', 

. ~'I:' ' .... 

,. ,. .. " 

:::.: . " . ' .'. '. 
',', 

". ~ .... 
,. . '.~ .1. "'.' 

-~. 

a. ,E!.t r=R" , 

= O. 

'~ ~, . 

'At the interface" ,the tangential shear stress is,cont1nuou!3, 

at r=R" ~re 
o 

. or 1J.
1 

= 't' 
rGi " 

v + r ~ (Vr~\)ll 
r
i 

. or J 

. This can be simplified by applying equat.ions (1) and (3-6) to read 

. ; ,.\. 

- IJ. .. 
,J" 

3 ) +'2 ~i • 

. 11 
Following Moore's technique, the magnitudes 01:' each of the te::ns 

I 

" .. ' ," ~ 
,~ ~ ... oJ _ " • 

',-, .... • • '. ~.# •• ~t, 

t \ \,131 
_,.J. •• 

'" ...... ! 1.' 

( 1 I, , 
-'+ I " 

" . ~ .. 

. ", y '. :, 

(15)': ,: ',,';:r·:,: ,:~".:. 
.- r, l". - .. ;":.: . 

,~, 

. ';;: ~';. ~; ... ~". ' 
: ", .. ,­
:i':' 

(16) ,': ~"." .. '< 
~:-,~01:,>\"" ,> ;; ~: ~ . 

" .t~ ," ',' 
,"!. .~ ... 

',,~.' 1<; .... 

.' ," '~", ..... :;. .: 

'1. •• "'-

OJ • . ~~':_~: ~: :'.' .. :-
"'; ~,,:'. 7 ,r~ 

." f.·~·:' "1, ' 
'" 

"J' 

in equations (7) and (8) ,are compared~ By retaining or~.y terms. of order 

,'0 where 0 is the thickness 'of the boundary layer" the' following b01J..'lc.a::-y r,: 
i: ""'. : ~ ..... 

'. ~" .; 

(,<" 

, • ,,' - r~ 

..... 

..... 

:,' "::. ~ 

,ie.yer equation can be ,obtained, . '. " 
. : ; :,' ~. 

: :. " 

'18' \ J, 

Substituting expressions, ve and'ir from equations (3-6), cha~ging",,:,: 
; 

r to y where y=r-R a~d retaining only tennsof first ortier in y, eQUcl-
,", ',~ .. 

;, .... 
'tion (18) can be, rewritten 'as 

( ,:. 

~. ,'. 

"'" ~' ... 1 ., ", 'ov'" , ov 

v~ cos e + sin e =ae~.'" 2y cos G, 9ye 

Th1~ result applies both inside and outside the drop. 

Equation (19) coupled with the boundary conCii tions (eq~~'t~.ona (::"-14). 
. ~ -, 

and (17)) can be solved by integral transform. method. ,The solu-::'icr!:.J. :::.:':"e 

,1: It '1',... • ~. :. ' •• 

" '. 

.... ; 
; . 
.'/.: 

'. 
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and 

where 

242 13' X(e) ~ 3 csc e (3 - cos e + 3 cos e) , 

v' r-R > 00 
.'" ""' (' Rv )!o 
~o = -p,:'-V- ' 

\ 0 

~ (~, p) = (1 + ~ ~~4 [1 + ( :~~1 J ' 
f (X) = ierfc x , 

v~ i= -6v 00 (R: ~~ sin e xi (e )~(", p) f( IY
i 

1/2xi (e» , 

This is the tangential component of the velocity. The solution 

, 11 ' // <""' reduces to Moore s gas-liquid case when ~. "~ and P.l.~ ,p . 
~ 0 0 

3. Mass Transfer 

(20 ) 

(21) 

(22) 

(24 ) 

(26) 

For a binary, dilute .liquid solution of constant density and diff\:.-

sivity, the steady convective diffusion equation can be written as 

where c is the concentration of one component in the binary mixture and 

D is the diffusivity. 

The boundary conditions are 

l- As r-+oo, c=coo , (28) 

2. At r=R, c=c , (29) s 

3· At e=o, dC o. (30) oe = 

The solution of this problem depends largely on two simplificatio:'.s. 
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At large" Re, for most practical "systems, the Fe will even be larger, 

consequently a thin mass transfer boundary layer "results. This leads 

to two approximations: 

1. The first derivative of concentration can be neglected as compared 

to the second ~erivative, 

" 2 
,g dC « d c 
r dr dr2 ' 

2. The stream function which will be defined later can be approximated 

by the first two terms in an expansion in powers of y. 

The second simplification arises from the ability to reduce the convective 

diffusion equation to the one-dimensional heat conduction equation with 

a readily available solution. 

Equation (27) may now he written in spherical coordinates, 

Here we have omitted from the right side of the equation the angular 

1 d (. dC") 
2 . . ce sin e de ' since the derivatives 

r Sln e 
portion of the Laplacian, 

along the surface of the sphere are small compared to the derivatives 

along the radius vector. 

The equation of continuity, 

can be replaced by introducing' the stream function 11' where 

v = r 
1 dll' 

2 '"8. 
r sin e 00 

After changi·ng variable r to 11' in equation (31) and evaluating 

the equation at ~R (or ~o), we obtain 

dc 3() . 2 dC dB = DR ve y=Osln e ~ 
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Using equations (5) and (20) for veand integrating equation (33) 

fo;r"" ~,r: we obtain 
.--

.g I 1 2 ) \~J ( \ -;::: : I ~ \V (~, p ) esc e (1- cos e ( 2+ cos 9) "-, 3 5 J 
j \j /The 

ane. r r--- 1-
3 ,2 I 8 1'1 1'). J 
--' vcoRy sin'ell - - ,--=- <I>(~,P)CS9C.e(\1-ces e){2+cos e)2 ,(36) (ir) :::: 

, 'y«R - '.) ,L ,:> ,1"""1-;)0 (,..,. ..) '.J J .... \-

) 

px:ob1er:J. can be I'l~m.pl.ie .. ed fu .. r~her py introdu.cirlg t where 

:... r 8 r:-1, II J.. ~ " :>, J 2 -~~ -'''" D7~.R-J; sin.J9 1·- -;;:' -- ~(;..t,p)csc e(,l-cos, e)(2.l..cos e)2J de 
c:~. L.) \ ';IRe 

'3-\ I. (I 

CO::l'oining equations (35) and (37), equation (34.) can be transfOrlCled 

in-:.o tht"! one-e.inensional heat cone.u~tion equation: 

te~::::'G of"" t:1.e new va=iables t fl:lG. '!r: 

1. As W-'-OO - , ~=,... 
-00 , (39 ) 

2" At 'V==O, c~cs J (40 ) 

3 ? " r '\ cc 3· Irt ,L. Dv'X'RJ ( Fln)c1 t.l) 0 (ltl) v -- :2 \J \" '''-r 9:::;0 J at . 

~.,.e <:, .. o'.L'u.,+·-!·o'."'. o·~ r.:-.~ .• "j,_ .1i~.+"_·'.o.""" ("'8\ "ubJ~ec"" ed to ....... hpf"'r-i. bounda ""Y rend J.~,L. .L" CY1 0:::: - -, ~- _ --~-~ " . .J J ~ ~-. ~L·-'''_' .~. _." v,." 

co.::l ear.:::'ly be ~ound 'by ":.hc ::le-:,hod of siIlilar:.ty tran!::for::l, 

c-c 
s· -;:: erf T) , 

F( e) . 

(r' \ J~ \J F(e)a9Je:::o 

~0 d"lff1.lsion flux j to ~h.e sU.rfe.ce is ~ound by' differentiating, 
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F(e) 

The Nernst diffusion layer thickness oN defined, by 

oN = D(c -c )fj, 
• 00 s 

is, therefore, given by 

1 
Pe-2 

As Pe -+ 00, ON -+ 0 and as e ... 7T, ON .... 00. The latter contradicts 

(44 ) 

(46) 

the thin diffusion boundary layer model at high Pe. As the rear stagna-

tion point is approached, the Ir..agnitude of the tangential and the radial 

diffusion become equal in importance. The anomaly is caused by neglecting 

the tangential diffusion term during the derivation of equation (31). 

The total mass transfer flux, F:;' to the drop can be found by inte-

grating j from equation (44) over the total area of the drop, 

The Nusselt number for mass transfer, is, therefore, 

Nu= 2~R = 22FR , =,~ I(Re,I-l,p) pe~ , 
47TR (coo-c )D s 

where 

I(Re,l-l,p) 

As Re~oo, the result reduces to the well-known potential solution 

1 of Boussinesq , 
1 

Nu = 1.128 Pe2 

Equation (48) is presented ,in graphical form in Figures I to 4. 

(48 ) 

(5.0) 

For gas bubbles rising in a liquid, ~(I-l,p) is taken as unity due to the 

sma.ll viscosity and denSity of the gas phase as compared to that of the 
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Liquid -liquid 

--1---1----- Stokes, gas-liquid 

rStokes, liqu!d -liquid 

10 

Re 
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Gas:-liquid: fLl«fLo 
P I «Po 

liquid-liquid:fLi =fLo 

PI = Po 

M U 8 -11929 
---- --- _ ... _---- -- ._. -._-------- -----_.-.-------- -----.-".-._-_.,-

Figure 1. The Function.}t;. r(Re,!l,p) versus Re. 
.7T 

-.- -._- .. _--- ------ .. -._-._ ..... ---._-.-. 
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. '-'--- _. _.'- '- .- :Fig1:lre 2. Mass Transfer to Liquid Drops~ 
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Re 

Figure 4. Mass Transfer to Drops and Bubbles 
(Nu versus Re) . 
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liquid phe.se. For liquid drops rising in a liquid mediuJ11; the ca se of 

IJ.. == IJ. and P.·::: P is tak.en for illustration. 
~o l 0 

Both cases approach the 

~oussinesq T s poterltial r~olu.-tio11 .asyrnptotically as R~oo_ At lor..;er Fe, 

case than for the g::'5-

liquid case due to the. slower tangential motion at the liquid-liquid 

interface. The solution does not approach the Stokes solution at very 

10'" p'e beC8.use of the very different approximations used in solving th~ 

fl~id' m~chanics for t~e t'HO ce,.ses. 

4. Comp;3,riSOll V7ith Available EX1'erimental D9.ta 

A.Liquid Drop" 
; 

HeertfJes tr.3.!:sfer 

The ,prese:1t 

on e~ther the Stokes ideal fluid r:l.Qdel. 

B. Gas Bubl)les 

~ 
Bowman and Johnson-- ;:;;.ea,sure:-} the mass transfer" to carbon dioxide 

bub"oles in ' ..... ater. Graphical relationship 'between the relative velocit:: 

of :ri;:;e",. th~ l.iquid phase maGS tre.!':sfer coe:'fi,.cier:.'t and the bubble -\rol-.:~e 

I 
'.l11.e bubb]"es ·~.1ndey thei.r ex:r;e::"i,J."';1e!1t,~l cond.:;.. tions are no-::, 

o 

An eccentricity factor !wt reported was used in theircalc:;.-

lat.ion. 

bu.bble vo11..1 . .'11e was given by Li LSsing this infC)r'Ir.ation and the 

-~ 2/ -12 .. 
di~::'fus:t vit~/ of 2.07 x 10 ,) cmsec .' lore calc~LLated the Nu as 'a function. 

The koten:t:t.3.l solu.tion predicts a Nu approxi-

preser:t bou...~da,r:.J' la.yer apprcach predicts -:0 
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Considering the uncertainties in these measurements, our agreement wit~ 

, the data is quite satisfactory. 
.. 

5. ,Conclusions 
'!II • 

Mass transfer to drops or bubbles'rising steadily through a liquid 

at high Re was calculated from a boundary layer solution of the fluid 

mechanics. Despite the approximations and assumptions used in the deri-

vations, the result compares favorably with the experimental observaticns. 
, . 

The calculation is especially satisfactory at liquid-liquid interfaces 

where it should yield useful information to many practical processes. 
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Nomenclature 

c Concentration of a species in a system 

d Diameter of a drop or bubble 

D Diffusion coefficient ofa species in a homogeneous medium ' 

f A shorthand notation for ierfc 

F A function of Re, e, Il and p = sin3e [1 - ~J1f~e ~(Il~p}csc2e~1~cos e)(2+cos e)~J 
F Total mass transfer flux' to a drop or a bubble 

II A function of FCe) = J'1f: . r ' F(e) de , _J:.. 

~" lJ F(e)de Cj'F(e)de)e=o]2 

j Local mass transfer flux to the drop or bubble surface 

k Mass transfer coefficient in the continuous phase 

p Pressure in a system 

r Radial coordinate 

R Radius of a drop or bubble 



........ , 

, , 

.. 18 -

.t A variable == i .Dv cxf\3 J F( e )de 
, , 

. ~ { 

v Velocity of a fluid .. 
A variable = r '- R' l. 

R ' 2 

UCFL-:!.7424 
.' .. 

", 'J 

:. ~: 

'.: '. '. '", 

.... -

t " , ,; 
" .',.., <. 

.. ', '. j 
. ~, ' . 
~'" ; 

. ~ . .,; . 
,I ,', 

~" ;,. 

y 

y A dimensionless variable = 'r~ R ( : 00);' , ' .;, 
~, ~" . ~ - ~, 

",Nu 

Pe 

, Re 

Sc 

e 

eN 

, .:'"~ :'~ ", .l. 

Nusselt nUlnber for.' mass transfer == kd/n 

Peclet number = Re ;x. Sc c'vood/n 

Reynolds number == vood/v 

Schmidt number = v/D 

Thickness of the bou~dary layer 

Tnickness' of the Nernst' diffusion 'layer. 
1 1 

, " 

". i-.. : 

" '\" . 
~.' ;'! 

T} 

e 

A similarity variable = (iJC;;) y F(e) 

sin e [J (J ) Jt : .,' F(e)de- ,F(e)de e=o 
Angular coordinate 

, , 

J..l 

v 

P 
't' 

~ 

',~ '. ' 

Viscosity ofa fluid 

Kinematic viscosity of a fluid 

-Density 0:1" a fluid 
V~gnitude of shear 

A function of J..l 

stress at flUid~,Uid int7rf~ce. 
'( 3 J..li ) ( Pil-li '2'\ ' and P = 1 +"2 il 1 + (~) ) 

,0 , Q 0;.' . 
, , 2 4 2 1 3-' 

A function of e = 3 csc $ (3 - cos e. -r _ 3 cos. e) ,,'-

Stream fun~tion of a fluid in motion - ,' •• t' 

. ' 

Superscrints 

Refe+s to the ~otential solution of ideal fluids 

1 Refers to quantitites of first-order ~erturbation -

, ' .. --
'. I, .•.. ,. 

, 
. ./ 

f 
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i,j 

, , ,.' 
j. 

i. 

I,. 

: i 
: j 

; 
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Subscripts 

i Refers to properties inside a drop or bubble 

0 Refers to properties outside a drop or bubble 

s Refers to quantities at equilibrium 

00 Refers to value in the free. stream 
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ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor­
mation, apparatus, method, or process disclosed in 
this report. 

As used in the above, "person acting on behal f of the 
Commission" includes any employee or contractor of the Com­
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 

of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 






