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Abstract

Méss transferlto spherical drops or bubbleé rising steadily through
é liquid at high Re was celculated by uéing a.bbundary layer approach
for the fluid flow. The result cen ﬁe written as
| Nu =\/§;.I(Re,u,p)Pe%~ |
’ wheré I(Re,u,p) is g g;Ven funetion of Re_and two'physical properties,
namely, the viscosity and, the density of the systenm. : 4 |

This result reduces +o thé Boussines% potential sclutlion
Nu = 1.128 Pe? ,
as Re-® .

Cémparison of the theoretical result to the experimentally ob=-

served behavior of two systems shows satlsfactory agreement.

L
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L. Introduction

}hms t aﬁs*er uo drnps o* bubbles moving stead y through a. “-qu

'_is of imp 'ance uO many chemical engiqeering onerauions. ,However;
-!bu“eﬂve+ica+ caccula ions have, so far, onlj been pe ’ormeﬁ for certain
il§{: o L limfting eeses;:_Levichs‘studied the'case in Stokes floﬁ.regime:bu?j":fb'
) ) Pe ruzber. Bowmen et a13 extended the caleulation to cover”c§e77f(

fcomPletex}&ﬁge of P mumber in Stokes flow. Tor 1deal fluids wheveifhe

P2 number Is infinite, the exact potential solution was obtained y

~ . i

In meny. p*actical anplications, the process ‘oceurs. a* moderauely
tigh Pe vhere these theo les faill to describe ube sys*em successfu_Wy.:-

Consequenrtly, the design of prOcesses involving ascent of_bubbles‘in o
stagnent fluids depends heavily on experimenval correlaulons.

Yoo

In this peper the bo ndary layer approac suggeste by hao aﬁd .;E-_ax'

.“' 1-
'“mNGO”ekLwa ‘used - uQ solve *he fluid mPchanics ;or steadyjflow past a drop

";ar bubb;e 8t high Re. - The resultiqg velocity Jas 4'hen usedv

+he co ive d¢ on equation. The exact solut ion chus ob ai wed.

'57~o~ﬂa*ed wi*H availeble experime ta+ results5

DR R o oo Fluid ‘Mechanies
vhv kigh Re, 2 bcunda*y layﬂr abnroach was’ ’irst suggested by LeviCﬂ
' kis'm ethod was app;ied by Moore uo_the cas of gas bu.bbln rising scead
threﬁgh a.l “‘d. ;nis procedure will be used hereesor the case.ofg
sing liqqid drops. | BRI

The velociiy and preesure are writien as perturbations from the

- e ~ - 2
ncuential sclution,
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- 3 od : uu-u-'_‘-?clf

P , - l .
end | | CoRERAR, , \2)

vhere ¥V, D are the potential solution and vl and pl are the pe rhurved

s : quantitites.
- The potential. solution given by Hillloare
- - . )
) - . 2
T, =-2v, (L-%)smne,. (3)
: . .' for r S R |
2 L (ineide the drop -
- 3 .- < r ' : . S )
v, =3 v, (1-%)cse, S (4)
r, 2 > RQ . _ : - v
3 . 3 : 3 .
an ' v , 2
. ’\79 = Vg <l + % .B_.\ sin 8 . . : . . . (5)
o e - forr2 R )
_ o : _ 2 (outside the drop) A
o o v, = vm< - —-3- cos 0 . - : J I (6)

' The Navier~Stokes equation of motion and the continuity equation

in spherical coordinates are

v, OV v vV v N\
6 Vo o Vo'r 1 <v2 , 2 OV
— + v * =--————~=-—+v v, -—-——---—+—-— , (1)
e r or T or r I r2 o6 /
v, OV dv v2 : ov ' ' SRR
8 r ., r_ 8__1% .,/(R r_2cot 8 _2 "6 O '
= @ " Vedr 77 TToorC Vr T 7y 2 62 %6/ Ve
and Bvr 2vr 1 3 ‘ S
Sttt T S5 (vesin 8) =0, (9
-~ where 7 19 ( 2 9 1 > : :
Cn = s = (7 - ‘sin 6 (10)
: , .r2.ar 5— rsinea— ES -

The dboundaxy conditions are:

1. TFar from the -interface, potential solution is valid,

8. &8s I-w, vé' = vi =0, . e ‘ (11)
w2 ° ° ” o '
b. at I‘=O, Vé = V:J;' = O » — | - o . : (12)

2. At the interface, there is nc redial velocity e.nd the tangentiel
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“q;:}ﬁf‘ “At'the interface, the tangential shearﬂstréss is continuous,

o s

u"'bf et r=R, T =T .
SR reo rei :

5 X
: . r . 2
| 19 > (% O d [ o
' ~ﬁor My Lr‘55 vr TS ( ] “o,?‘éﬁ(v. J* RERN 7
E .i»f7y ‘ av Bv A : _ .
. . . eO voo 2 ’
' : : =35 3 ey
I-io -'g;- -, —5—— 3 sin 8. (}l +. ) “i) . "17;)

Following Mocre's techniquéxg the magnitudes of each'of thé terme

,U\" in equations (7) and (8) are compared. By re telning only te“m [of order
B where ® 13 the thickness of the boundary 1ayer: the fol °"i"@ Dosadery

1. o R
v, ¥ SRR
9 9 S

: 6 .
56 f'F—, CREA -l N2 :

1

Substituting»expressionsfﬁe and Vi from equations (3 -6), c“gnbingtu

- r to y where y=r-R and retalning only terms of fi*st order in Y, ecuh-vl'

L ;'t;on (18) can be rewritten as - o .W;,‘ o -5 §iv" - '“.Eﬁ;r
o 1 B 'aVé Co BVé' 2 Rv 52v§,=f.. ' ' i
a Vg ?og'e + sin_e 2@7;- 2y cos 9-557_= 3 5V2 . (1 );_.‘
This result anplies Both.inside and outside tﬁe_droP. g |
Squatzon (19) coupled with the boundary condisions (equetions {22-24)
; and (17)) can be solved by integral transform et hod.::The §ol-tioas are i
Vo A ;'uig &?:s{: '
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1 / Yo - % 3
vea = =6V, (§3;> sin ex2(e)@(u,p)f(ro/2xf(e)), {20)
where o 2 L o2 1 3.\ ,
)(_(9) = —3- csc 6 ("3‘ - ‘COS g + —_-2- coOSs 9) 3 \2]_)

HS
o
H
]
)

B!

N

N
N
N
p—

{ X |
[ P.H. N2
I oY | ’
1+ =11+ [ === (23)
< 2 My Poks ? -

¢ (k,p) =
f (%) = ierfc x , 2 - (2k)
and ' v 1 1 o 1
79,” -6 <}‘2 “sin 0 xE(8)0(n,0) £(]Y, /242 (8)) (25)
ei— Voo \ v sin 0 X H,p 1 X )
where Rv %
. - IR *
, Y, - = ) . (26)

This is the tangential component of the velocity. The solution

reduces to Moore'su'gaséliquid‘case when My << Ky and p, << SR
. A

3. Mass Transfer
Forva binary, dilute liquid solution of constant density and diffu-

sivity, the steady convective diffusiocn equation can be written as

veVe = DV2c s ' (27)
where ¢ is the concentration of one compbnent in the binary mixture and
D is the diffusivity.

The boundary conditions are

1. As ro», c=c_ , _ ‘ - (28)
2. At r=R, c=cé s ’ ' o (29)
3. At 6=0, %% = 0. o : _ (30)

The solution of this problem depends largely on two simplificaticns.
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At'ierge_Re; for most pracfical.systems, the Pe will e&en-beolarger,
consequently a thin mass transfer boundary layer results. ‘Thisileads
to two.approximafione' |

l. The ;1rst de 1vat1ve of concentratlon can be neglected as compared

to the second derivative,

2 dc 5
r6—<<a

2. .The stream function which will be defined.later can be approximated
by the firet two terﬁs iﬁ ao expaneioc‘in.powers of y. |
The second simplification arises ffom the ability to réduce the convective
vdiffusion equation to the one-dimensional heat conduction equation with

a readily available solutiona

Equation (27) may now be written in spherical coordinates,

2
e d . noc-
Yr Sg T D 3 2 " , : (31)
r o
Here we have omitted from the right side of the equation the angulaf
portion of the Laplacian, —E_l—~— P (sin 0 5_> » since the derivatives
r sin 6

along the surface of the sphere are small compared to the derivatives
glong the radius vector.

The equation of continuity,

5— (r vy ) ~In 9-5— (vesin 8) =0, (32)
can be repiaced by introducing;the stream function V¥ where
_ 1 v 1 d |
V9 T " Y sin® o’ Yy~ 2. 36" ' <33)
: r sin 0

'After changing variable r to ¥ in equation (31) and evaluating
the equation at raR (or y~0), we obtain
| D -3 . 2. dc -
6 —.DR (ve)y=051n 6 e . (34)

Al
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‘and integrating squation (33)

for ¥, we obtain

PR N IRV 2

3/ 2
() =3 1tn 61 - 2 (1 c“e (1~ 8)(2+cos 9) 35)
oty 75 VSR € |1 - 25 @ (k,0)csc”@ (1-cos €)(2+cos 8)% |, (35)
anG 2 lr 8 “ M . .1-_—
() = - 3+ s eli = == uw cc“8(1-cos 8){2+cos 2
S S I et R N 2(u,0)eee"8(1-cos 6){2+cos
The problem can be s¢mﬂ¢*fL°d further by introducing t whers
. .
~ r = : 1
. h3 i ) 3 8 1 ~ \2 y
S g S J sin”9 Ll. - -_—?;\,/,"Re ’\(‘1 Q)CSC 6( -ce e>(¢‘C.CS 9/‘:1, ae

i
P}
o)

4
v}
1
———
e5}
N
[}
g
o)
D
~
W
-
N

Combining egquations {25) and (27), equation (3:) can ve transforne

into the one-dimensiocnal heat confurtion equation

' \ . L.
The boundary conditions (ech*lons (28-30)) can ve rewritien in

-

PR Fo R ) s b e e
venma of the new variables € ané ¥

1- As Y=o, c=c_ o, - . A (39)
2. A% y=C, c'=cs. , . ' (ho)

y, ) N : ~
3. Aﬁt:—gDvRB( [rfﬂ)r/ s a“:__,o‘. _ : (k1)

The soluticn of ecuation (38\ subject ed to these boundary conditicns

0
D
3

2agily be found by *ho methad of similarity

O e
—~—— = erf 1, (12)
\.-03"'\—5
whare the similarity varisble
v v 1 ’
7= (2 (o z (o) s (23)
P8 DRY sin 87 o /o N2
7{6)a6~ | (9)as
- Y - LAV 7 A
LJ \J 6=0
The diffusion flux J to the surface 1s found by differentiating

]

31
©
§

+
PN
Q
181

~~
[
n
S
‘e
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4= D(g—_';‘;)y‘:o - & <D > (eur __F@) ()

QI

The Nernst diffusion.layer thickness Oy defined by it
= D(cw-c )3, : o (4s)
is, uherefore, given by = - '.A
ST : [fF(G)dG - (fF(G)dG)e 0| N -
— -2 e
As Pe - o, SN -+ 0 and as @ - T, SN =+ ® , The latter contradicts

.the thin diffusion bdundary layer model at high Pe. As tﬁe rear stagna-
rtion point 1s approached; the magnitude of the tangential and the fédial
.difquion become equal in importance. The anomsly is caused by neglecting
the tangential diffusion term during the,d'erivati'on of equation (31).

The total mass transfer flux; ¥, to the drop éan be found by inte-
graﬁing J from equation (hh) over the total area of the drop, -

yis

¥ = EaTRafj sin 6 a6= Vér R < > f F(0) a9 =L (4T)

.Ao | | | UF(@)dG- (ﬁ(e d9>e OF

The. Nusselt number for mass transfer is, therefore,

_2kR ____ 2FR J_3_ 1 i | -
Nu = - = I(Re,u,p) Pe (18)
D (e VETTTY ’ e

‘where : ' Lo
I(Re;“;p) =

[ el = (19)
0 [fF(G)dG - (fF(G)d9>e=oJ ‘
Aé-Fe;«b tﬂe_result reduces tb the well-known potential solution

of Boussinesql, | o
|  Mu = 1.128 pe? | : (50)
Equatibn (h8) is presentéd in graphical form in Figures 1 to L.
" For gas bubbles rising in a liquid, @(u,p) is taken as unity due to the

small viscosity and density of the gas phase as compared to that of the
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- ‘Figure 2. Mass Transfer to Liquid Drops. ce
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Figure 3. Mass Transfer 10 Gas Zubbles.



.12-- . - UCRL-17424

103 — .| 1 [ T IVFIH‘[ T Il\ T lrirr] T T oRT O
- sc=100 8

— Ideal — | /.. ' -

L Gas-liquid : ' _

) Liquid-liquidsS" '
0= — o -
I _ Gas ~liquid: p;<*po
—_— | PPy ]

L . Stokes, gas- liquid Liquid-liquid:pj=po

> : Stokes, liquid -liquid v Pi=Po

o IR NERT SN RN R RN B A N R WA

o 102 - e 103 0%
| | . |

Mueq19:4

Figure L.. Mass Transfer to Drops and Bubble's
~+ (Nu versus Re) :
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liquid phese. For licuid drops rising in a liquid medium, the case of
B, =H_and p, = p£_ is taken for illustration. Both cases approach
wtial solution asymptoiically as Rese. At lower Ee,

-

liquid case due to the slower tangential motic

¥3
o)
ct
ct
joy
4]
},_.l
e
fie]
<
[N
[oH
]
[
},_)
Q
£,
jo]

interface. The solution does not approach the Stekes solution at very

-

low Re because of the very different spproximations used in solving ths

weter. Experimentel resul’s are plotted in Figures 5 and 6. The present
caiculation shows g censiderakle improvement over the calculations tased
on. eithe: the Stokes flow or the ideal fluid model.
B. Geé Bubhles

. . _

‘Bowmen and Joknson” measured the mass transfer to carbon dioxide
bﬁbbléS:in‘ﬁater. 'Grapﬁical relationship between the relative velocitr
of rise, the ligquid phase mass trensfer coefficient and the bubble volume
wag presented. The bubbles under tﬁeir experimental conditions are now

o

S“;°”10al. An eccentric ;ur factor not reported was used in their calcu-
etion. FO“tUDiuylV- a correlation of such an eccentricity versus the
bpbble‘volume was given by Li et al” . Using this ‘nformaticn and the

‘o e - -5 2
diffusivity of £.07 x 1077 em”/sec

o ol
{1

u
ct

he Nu as-a function

of Re as shown in Figure 7. The poientizl solution predicts a Nu approxi-

chpTa 106 e <7} o “~ 1 A ~dicts %
mately 12% high whereas the present boundary layer apprcach predicts 20

P 7 - H AP .3 s . . b
about ©F hlgh. Levich's solution using Stokes flow 1s too low.
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 Figure 7. Carbon Dioxide Bubbles in Water.
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Considering the uncertainties in these measurements, our agreement witk

‘the data is quite satisfactory.

5. Conclusions
Mass transfef to d;ops~or bubbles’rising steadily through a liquid
at high'Re was calcﬁlated from a bbundary layer solution of the fluid
mechanics. Despite the abproximétionsland assumptions -used in the deri;
vations, the result compafes favorably with the experimental observaticns.'
The calculationAis especially satisfactory at liquid-liquid interfaces o
where it.should yvield useful information to'many practical proceésgs..
~ Acknowledgement
This work was supporﬁed by the United S#ates Atdmid Energy Commission.
meenclature
c Concentrafion ofva species in a systenm
4 Diameter of a drop or bubble | |
. D Diffusion coefficient of a specieé in a homogeneous medium

f A shorthand notation for ierfe

8

- 3 ﬂRe @(u,p)csc G(l-cos 5)(2+cos 9)2]

F A function of Re, 6, u and.p = sin3e [l

F Total mass transfer flux to a drop or a bubble
F(8) a9

LfF(e)de - <jF(9)d6 . OJ 4; o

. J Local mass transfer flux to the drop or bubble surface

I A function of F(6) =d[

k Mass transfer coefficient in the continuous phase. - :'w
P Pressure in a system
r PRadial coordinste

R Radius of a drop or bubble
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-1

A varisble = -23 Dv R3fF(e) a8
Veloclt y of a fluld
A variable =r-R L i"f'::
o - o ap/ R <
.Y A dimensionless variable =~z ( —~ o
-Nu  Nusselt number for mass. transfer‘= kd/D e
Peclet number = Re x Sc = v d/D
Reynolds number = v d/V‘
'S¢ Schmidt number =‘v/D
Thickness of the boundary layer
N Thickness of the Vernstjdiffusion‘layer.-
A SLmllarity variable <§> < =in 6 % .
- [fF(e)ae- <fF(9)d6>9 o] .
@ Angular coordinate v 2 L
mo Viscosity of a fluid S =
v ﬁ*nematic viscosity of a fluid
-p  Density oi a fluid .
T Magnitude of shear stress at fluid- uid in+erf§ce.
¢ A functiocn of 4 and p = <? + 3 i) < | )i)
' .ov X
X A fuaction of 0 = % csche (— - cos & + % cosse) ‘;;
¥  Stream function of a fluid in motion DU
- Suverscripts
- Refers to the potential solution of ideal fluids '
Refers to quentitites. of first-order perturbaﬁionji.ﬂ
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Subscripts

1 Refers to properties inside a drop or bubble

© Refers to properties outside a drop or bubble

S

Refers to quantities at equilibrium

® Refers to value in the free stream

10.

11.

12.
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