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Photonic integrated Brillouin lasers have emerged as a key tool to realize a wide range of precision
applications, including atomic time keeping, low-noise microwave-signal generation, fiber and quantum
sensing, and ultrahigh capacity coherent communications. While Brillouin lasers routinely achieve sub-
Hz instantaneous linewidths, many of these applications also require exceptional frequency stability and
high-power single-mode emission. A recent demonstration showed that extending the resonator length
increases the laser power while simultaneously improving the frequency stability through suppression of
low-frequency thermorefractive noise. However, as the resonator length scales to larger size, multiple opti-
cal resonances can be found within the Brillouin gain bandwidth, greatly complicating the laser dynamics
and extending beyond the validity of existing coupled-mode Brillouin laser models. Given the potential to
scale lasers of this type to watt-level output powers at sub-mHz linewidths, a theoretical model describing
this physics is needed to provide key insights into their performance. Here, we develop a coupled-mode
theory of integrated large mode volume Brillouin lasers, accounting for multiple cavity modes with the
potential to lase within the gain bandwidth. We obtain expressions for the steady-state dynamics, spon-
taneous spectrum, relative intensity noise, and frequency noise. Our analysis reveals that the broad gain
bandwidth results in atypical Brillouin dynamics, giving rise to distinct features in the noise spectra, and
consequently modifications of the standard, single-mode fundamental linewidth of Brillouin lasers. Addi-
tionally, these features may be used for a variety of tangential applications, such as phonon spectroscopy
or quality-factor enhancement. Furthermore, we find that the linewidth can be significantly impacted by
transferred RIN from the external pump in Brillouin lasers that lack ideal phase matching.

DOI: 10.1103/79fj-pbdf

I. INTRODUCTION

Integrated photonic lasers with low linewidth and high
output power play a significant role in a wide range of
precision applications, such as coherent optical communi-
cations [1], atomic clocks [2], environmental and quantum
sensing [3–5], coherent ranging (LiDAR) [6], and coherent
microwave and mmWave generation [7,8]. Further reduc-
tion of linewidth and higher output power is critical to
these applications, and also may unlock other opportunities
where experimental reliability and portability is needed.
Demonstrating narrow linewidth and high output power
simultaneously has proved challenging; however, recent
work has merged the effects of nonlinear feedback via
stimulated Brillouin scattering with the noise-suppressing
benefits of large mode volume optical resonators, achiev-
ing a fundamental linewidth of 31 mHz with 41-mW
output power [9]. This work suggests the potential for

*Contact author: as5262@nau.edu
†Contact author: ryan.behunin@nau.edu

linewidth reduction to the sub-mHz level while maintain-
ing watt-level output powers by increasing the resonator
length; however, a coupled-mode theoretical framework
of this system has not yet been described. Analyzing
the unique underlying physics of this system may enable
performance optimization, reveal fundamental limitations,
and uncover potential applications for this class of high-
performance lasers.

External cavity lasers (ECLs), employing semiconduc-
tor emission, leverage a large total intracavity photon
number and long photon lifetime for narrow linewidths and
high output power [10]. State-of-the-art integrated ECLs
can realize fundamental linewidths of approximately 10
Hz and mW to tens of mW class output powers, though
further improvements to either parameter involves a trade-
off with the other [11–14]. Given these limitations, a key
motivation for advancing this class of lasers is to improve
optical pump sources for stimulated Raman and stimu-
lated Brillouin lasers [11,15,16], which offer access to even
lower linewidths. Further reduction to integral linewidths
in ECLs—both in lab-scale and integrated systems—can
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be realized by locking to a temperature-stabilized reference
cavity [17,18], where the thermorefractive noise (TRN)
floor is lowered due to the large reference cavity mode
volume; however, a trade-off occurs between linewidth
and high-frequency noise, as the reference cavity acts as
a low-pass filter for phase noise beyond its linewidth, e.g.,
100 kHz [19] and the feedback control actually amplifies
higher frequencies [9].

High-performance lasing can be achieved with stimu-
lated Brillouin scattering (SBS) lasers and self-injection
locking (SIL) lasers, where nonlinear feedback is lever-
aged for noise suppression. The SIL laser suppresses noise
via optical feedback, facilitated by a wavelength-selective
element that filters light back into an already lasing semi-
conducting resonator [20]. This technology has realized
sub-Hz linewidths in state-of-the-art systems [21,22]; how-
ever, attaining high output power without compromising
linewidth remains a nontrivial task. SBS lasers use an
entirely different form of nonlinear feedback, where laser-
generated phonons suppress noise while mediating light
scattering from an input mode (pump) to an output mode
of slightly lower frequency (Stokes). This mechanism has
been shown to inhibit pump noise transfer [23,24] and limit
relative intensity noise (RIN) [25–27], where the phonon
noise functions analogously to the spontaneous emis-
sion in conventional lasers resulting in analogies to the
linewidth enhancement factor [28]. Along with the afore-
mentioned laser designs, SBS laser development has been
challenged with simultaneous narrow linewidth and high
output power. Both linewidth and output power are gener-
ally hindered by cascaded emission [29], and although this
effect can be canceled with specialized device design, out-
put power grows with the square root of the injected pump
[30,31]. Additionally, the requirement for single-mode las-
ing has driven designs in which the cavity length gives a
free spectral range such that overlap occurs between only a
single cavity mode and the Brillouin gain [16,28,32], ulti-
mately limiting the optical mode volume and thus the TRN
floor [33,34]. Leveraging state-of-the-art fabrication tech-
niques, an SBS laser designed in this manner realized a
245-mHz fundamental linewidth with 126 mW of output
power [35].

Recent work, utilizing a 4-m coil waveguide resonator,
reaches a fundamental linewidth of 31 mHz and output
power 41 mW [9], marking an alternative state-of-the-
art design for simultaneously achieving narrow linewidth
and high output power. The extended resonator length
increases the intracavity photon number, reduces the TRN
floor, and enables higher output power. Additionally, this
system departs from previous approaches by enabling
overlap between multiple cavity modes and a broad bulk-
like Brillouin gain spectrum. Despite spontaneous scat-
tering between multiple optical modes, this large mode
volume system results in a single-mode laser, where the
cavity mode supporting the greatest Brillouin gain will

lase. Furthermore, this work indicates that increasing res-
onator length may allow sub-mHz fundamental linewidths
while eclipsing 1 W of output power.

Here, we develop a theoretical coupled-mode model to
analyze the steady-state, spontaneous, and lasing dynam-
ics of large mode volume Brillouin lasers. We model the
broad Brillouin gain bandwidth with multiple oscillators,
in which each oscillator couples the pump to each cavity
mode within the gain bandwidth. By assuming the acoustic
fields decay rapidly in comparison to the optical fields, we
find a set of nonlinear equations that describe the coupled
dynamics of the pump and a collection of cavity modes.
Solving the coupled steady-state equations for the nonfluc-
tuating amplitudes of each field, we find that the cavity
mode with the highest Brillouin gain out competes the
other cavity modes within the Brillouin gain bandwidth,
and begins to lase when its gain equals the loss. At this
point, the pump amplitude along with all cavity modes of
lesser Brillouin gain, clamp at a fixed steady state ampli-
tude. We then linearize these equations around the steady
state for small amplitude perturbations, giving a compact
set of equations describing the dynamics of the amplitude
and phase fluctuations that lead to the RIN and frequency
noise spectra.

The broad Brillouin gain bandwidth gives rise to an
inherent phase-mismatch, resulting in frequency pulling
and linewidth narrowing of the cavity modes below thresh-
old, pulling of the pump frequency above threshold, and
unique features in the noise spectra at high offset frequen-
cies, which results in a modification to the well-known
SBS Schawlow-Townes-like linewidth [28,36,37]. Using
these unique features, we find that this system may be
used for nonlasing applications as well. The magnitude of
the frequency pulling and narrowing of linewidth in each
mode is significant enough to be detectable, and their mea-
surement can lead to construction of the entire phonon gain
spectrum. Additionally, the narrowed linewidth of the non-
lasing cavity modes may permit ultrahigh effective quality
factors, increasing with resonator length as cavity modes
become more closely spaced and their respective gains
approach that of the lasing mode.

II. THEORY

Conventional stimulated Brillouin lasers leverage
photon-phonon coupling, where incident light scatters
from an acoustic wave to a lower, backward propagat-
ing optical field. This interaction allows a high-frequency
“pump” photon, with frequency ωp and wavevector kp , to
decay into a “Stokes” photon of lower frequency and a
phonon with frequencies ωs, � and wavevectors ks and q,
respectively. If phase matching is satisfied, the frequency
relation ωp = ωs + � holds (conservation of energy) and
similarly for the wave vectors, kp = ks + q (conservation
of “momentum”). Drawing analogies to traditional laser
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(a) (b)

(c)

FIG. 1. (a) Illustration of large mode volume Brillouin laser dynamics, where the pump mode ap , is coupled (denoted by the sum and
mixer symbol) to multiple cavity modes aj , with each ap → aj coupling mediated by a distinct set of phonon modes bjk. (b) Brillouin
gain spectrum for a given cavity mode j. (c) Contrasting cascaded control in standard Brillouin lasers (top) vs a large mode volume
Brillouin laser (bottom), where removal of the lasing mode from the supported cavity modes will not cancel cascading.

systems, the phonon’s fluctuations facilitate spontaneous
emission from pump-to-Stokes, and Stokes photons in turn
stimulate the scattering process, ensuring optical amplifi-
cation. To satisfy phase-matching relations, resonators are
normally designed to support a single cavity mode within
the phonon gain bandwidth, and the cavity free spectral
range (FSR) is fabricated to match the Brillouin shift. The
amplification then occurs in a narrow gain bandwidth that
depends on the decay rate � of the acoustic field.

In large mode volume Brillouin lasers, a greater res-
onator length supports a relatively small FSR, leading to
multiple closely spaced cavity modes falling under a broad
gain bandwidth. A pump laser will spontaneously scatter to
each of these modes, mediated by a set of phonon modes in
which each wavevector is distinct with respect to each cav-
ity resonance. We model this interaction with the following
Hamiltonian:

H = �ωpa†
pap +

∑

j

(
�ωj a†

j aj +
∑

k

(��jkb†
jkbjk

+gjkapa†
j b†

jk + H.c)
)

, (1)

where j indexes the cavity modes within the gain band-
width, with annihilation operator aj and frequency ωj. The
collection of phonon modes coupled to cavity mode j are
indexed by jk, with annihilation operator bjk and frequency

�jk. The pump mode is represented with annihilation oper-
ator ap and frequency ωp , and H.c stands for the Hermitian
conjugate. The interactions described in this Hamiltonian
are illustrated in Fig. 1(a), where the � symbol denotes
coupling between the pump and cavity modes. This symbol
is further described by the lower box, showing a collection
of mixer symbols, which depicts how each ap → aj cou-
pling is mediated by a distinct family of phonon modes.
By modeling the system with Eq. (1), we are assuming the
rotating-wave approximation is valid, amplitudes are inde-
pendent of space [29,38], and processes produced by Kerr
nonlinearities, i.e., self- and cross-phase modulation, are
negligible due to the relatively strong electrostriction effect
in participating materials [38]. The multiphonon model can
be described with the gain spectrum [39],

GB,j (�) =
∑

k

4|gjk|2L
vpvj �ωp�jk

(�jk/2)2

(�jk/2)2 + (� − �jk)2 , (2)

shown in Fig. 1(b), where �jk is the decay rate for each
phonon mode, vp/j is group velocity for each mode, and
L is the resonator length. All parameters can be found in
Tables I and II, taken from either listed values in a physi-
cally realized system [9], or determined by finite-element
simulations using those values. The parameters compris-
ing the phonon gain spectrum, in Table II, are found to
be insensitive to cavity mode index j, and are therefore
assumed constant with respect to j.
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TABLE I. Large mode volume parameters (taken from
Ref. [9]).

γ (2π)2.55 MHz Optical decay rate
γext (2π)0.95 MHz External optical loss rate
ωp (2π)195.3 THz Pump mode frequency
L 4.0 m Resonator length
FSR 48.1 MHz Free spectral range
vp/j 2.0 × 108 m/s Optical group velocity

We derive equations of motion for the large mode vol-
ume laser using Eq. (1) and adding in the effects of optical
and acoustic damping, quantum and thermal fluctuations,
and the external pump laser. We move to a rotating ref-
erence frame where bjk → bjk exp{−i�′

jkt}, with �′
jk =

�jk − ��jk and ��jk is the difference between the driv-
ing beat note and the resonant phonon frequency, i.e.,
��jk = �jk − (ω′

p − ω′
j ) [visually shown in Fig. 1(a)].

Additionally, we assume the pump mode and external
laser are locked, oscillating at ap → ap exp{−iω′

p t}, F →
F exp{−iω′

p t}, and the cavity modes oscillate at aj →
ap exp{−iω′

j t}. The associated frequencies are taken as
ω′

p = ωp − �ωp and ω′
j = ωj − �ωj , which accounts for

the possibility of oscillation away from resonance. In doing
this, the set of coupled Heisenberg-Langevin Eqs. are

ȧp = −(i�ωp + γ /2)ap − i
∑

jk

g∗
jkaj bjk (3)

+ √
γextF + ηp ,

ȧj = −(i�ωj + γ /2)aj − i
∑

k

gjkapb†
jk + ηj , (4)

ḃjk = −(i��jk + �jk/2)bjk − igjkapa†
j + ξjk, (5)

where γ is the optical decay rate and γext is the external
coupling rate. The latter describes the coupling between
the resonator and the bus waveguide, which supplies the
external pump laser. The pump laser amplitude F is nor-
malized such that |F|2 is given in units of photon flux,

TABLE II. Large mode volume parameters derived from finite-
element simulations based off of the experimental design in Ref.
[9]. The parameters gjk, �jk, �jk are insensitive across the cavity
modes with potential to lase and thus are assumed to be constant
with respect to j.

Mode (k) gjk [Hz] �jk/(2π) [GHz] �jk/(2π) [MHz]

0 117.5 10.87 33
1 94.5 10.93 30
2 68.5 10.97 40
3 78 11.07 40
4 58.5 11.19 27
5 41 11.27 36
6 38 11.39 90

and relates to the externally supplied power by P =
�ωp |F|2. Time-dependent phases have been absorbed into
the respective optical and acoustic Langevin forces, ηp/j
and ξjk, which describe the quantum and thermal fluctua-
tions [28,29,36]. These are assumed to be zero mean, white
noise variables, which have the correlation properties,

〈η†
m(t)ηm′(t′)〉 = δm,m′γ Nmδ(t − t′) (6)

〈ηm(t)η†
m′(t′)〉 = δm,m′γ (Nm + 1)δ(t − t′) (7)

〈ξ †
jk(t)ξj ′k′(t′)〉 = δjj ′δkk′�jknjkδ(t − t′) (8)

〈ξjk(t)ξ
†
j ′k′(t′)〉 = δjj ′δkk′�jk(njk + 1)δ(t − t′) (9)

where Nm and njk are the optical and acoustic thermal pop-
ulations, respectively (i.e., Nm = [exp{�ωm/kBT} − 1]−1

and njk = [exp{��jk/kBT} − 1]−1), with m as either pump
p , or Stokes index j . The assumption that the Langevin
forces are zero mean, white-noise variables is justified
under the rotating-wave approximation and the phonon
linewidth being much narrower than the thermal distribu-
tion of the bath (i.e., �� � kBT) [40].

A. Adiabatic elimination

Here, we solve the Heisenberg-Langevin equation for
the phonon [Eq. (5)] to gather the time dynamics of the
acoustic fields. The solution to Eq. (5) is

bjk(t) =
∫ t

−∞
dτe−(i��jk+ �jk

2 )(t−τ)

×
(
ξjk(τ ) − igjkap(τ )a†

j (τ )
)

. (10)

When the phonon decay rate greatly exceeds the optical
decay rate (�jk 
 γ ), common for Brillouin lasers, the
phonon field adiabatically follows the electrostrictive force
produced by the optical beat note. In other words, the
optical fields are assumed to vary slowly in time, so that
the phonon field reaches its steady-state amplitude at each
instant. Under this condition, the integral in Eq. (10) can be
approximated by writing ap(τ )a†

j (τ ) � ap(t)a
†
j (t), leading

to the solution

bjk ≈ −igjkχjkapa†
j + b̂jk, (11)

where χjk = (i��jk + �jk/2)−1 and b̂jk quantifies the ther-
mal and quantum fluctuations of the phonon given by

b̂jk =
∫ t

−∞
dτe

−
(

i��jk+ �jk
2

)
(t−τ)

ξjk(τ ), (12)

with two-time correlation function

〈b̂†
jk(t)b̂j ′k′(t′)〉 = nthδjj ′δkk′e− �jk

2 |t−t′|ei��jk(t−t′). (13)
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As experiments scale to longer resonators, a regime may
be reached where treatment of this physics with adia-
batic elimination is no longer appropriate, as it results
in a divergent description of amplitude at a critical feed-
back parameter. This is overcome in a “three-wave model,”
which predicts pulsed steady-state dynamics at the critical
value [41].

Inserting Eq. (11) into Eqs. (3) and (4), we find coupled
equations for the optical modes,

ȧp = −
⎛

⎝i�ωp + γ /2 +
∑

j

μ∗
j a†

j aj

⎞

⎠ ap

+ √
γextF + hp (14)

ȧj = −
(

i�ωj + γ /2 − μj a†
pap

)
aj + hj . (15)

Here, μj = ∑
k |gjk|2χ∗

jk, hp = ηp − i
∑

jk g∗
jkaj b̂jk, and

hj = ηj − i
∑

jk g∗
k ap b̂†

jk. The Langevin forces hp/j
describe how colored multiplicative noise is introduced
on the optical fields via spontaneous Brillouin scattering,
beyond the intrinsic quantum and thermal fluctuations of
the optical modes. The function μj represents a nonlinear
susceptibility associated with Brillouin scattering, where
Re[μj ] is proportional to the Brillouin gain factor for each
cavity mode, which is given by

GB,j = 2Re[μj ]L
�ωj vpvj

. (16)

The Brillouin gain factor is a constant that is determined
by properties of the waveguide.

B. Steady-state dynamics

We analyze the amplitudes of the optical modes in
steady state (denoted here as αp and αj ) by dropping fluc-
tuating terms and setting derivatives to zero Eqs. (14) and
(15), giving

αp(i�ωp + γ /2 +
∑

j

μ∗
j α

2
j ) = √

γextF (17)

αj (i�ωj + γ /2 − μj α
2
p) = 0. (18)

Equation (18) has two solutions: below threshold when all
αj = 0, and above threshold when i�ωj + γ /2 − μj α

2
p =

0. The relation for above threshold is satisfied when both
real and imaginary parts vanish independently. This results
in two conditions. (1) The cavity mode with the highest
gain, Re[μl] > Re[μj 
=l], will satisfy the threshold relation

first, giving the clamping condition for the pump,

α2
p = γ

2μ′
l
, (19)

and will be the mode to lase, and (2) the frequency pulling
of the lasing mode is

�ωl = α2
pμ

′′
l = γμ′′

l

2μ′
l

. (20)

Here, we have introduced the notation μ′
j = Re[μj] and

Im[μl] = μ′′
l . The frequency pulling is a consequence of

phase matching not being satisfied between the beat note
and the multiple phonon modes (i.e., μ′′

l 
= 0). This feature
is somewhat unique as Brillouin lasers can be made res-
onant. All other modes remain with a steady-state ampli-
tude of zero, αj 
=l = 0, as (i�ωj 
=l + γ /2 − μj 
=lα

2
p) 
= 0,

showing that although multiple optical modes experience
gain, only one mode lases. Once threshold is reached, the
lasing cavity mode amplitude grows with the injected laser
amplitude F , and is found using Eqs. (17) and (19),

α2
l = 1

μ′
l

(√
γextF
αp

− γ

2

)
. (21)

The pump frequency pulls with increasing lasing ampli-
tude at �ωp = −μ′′

l α
2
l , shown in the inset of Fig. 2(b).

Below threshold, there is no pump frequency pulling
(�ωp = 0), and the pump amplitude growing with F as

αp = 2
√

γextF
γ

. (22)

Combining Eqs. (19) and (22), and using the relation
between F and input power P, we find the expression for
the pump threshold power,

PP
th = γ 3�ωp

8μ′
lγext

. (23)

Using the values from Tables I and II, we find the first
cavity mode has the highest gain (i.e., μ′

l = μ′
0) and PP

th =
78.8 mW.

The lasing cavity mode will climb in amplitude, with αp
given by the pump clamping condition in Eq. (19), until
it reaches threshold for cascaded order Brillouin lasing
α2

l = γ /(2μ′
l2), where μ′

l2 relates to the gain of the cas-
caded lasing mode [29]. Using this result, and assuming
that μ′

l2 � μ′
l, we find the threshold of supplied power to
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(a)

(b)

FIG. 2. (a) Spontaneous power spectrum below threshold with
increasing input power from gray to orange. The gain spectrum
shape is shown as the dotted line, with no relation to the y axis.
(b) Frequency pulling of each mode from cavity resonance vs
increasing input power. The vertical, dashed gray line repre-
sents PP

th, where the frequency drift clamps with the pump. Inset:
enlarged power spectrum of the j = 0 mode as power increases,
where frequency pulling is contrasted with the cavity resonance,
given by the gray vertical line.

reach cascaded lasing,

PS1
th = γ 3�ωp

8μ′
lγext

(
μ′

l

μ′
l2

+ 1
)2

� 4PP
th. (24)

Noting that output power is given by Pout = �ωpγextα
2
l , the

output power at S1 cascading can be written as

PS1
out = γextγ�ωp

2μ′
l

= γextγ L
GB,lvpvl

, (25)

evaluated as 43.7 mW. The external coupling can be
described in terms of the length, coupling factor κ , and
group velocity as γext = vgκ/L. By fixing γext (i.e., tai-
loring the bus-waveguide distance so that κ/L remains
constant with increasing L), lasing threshold powers PP

th
and PS1

th grow linearly with increasing length.
Standard Brillouin lasers can further increase output

power by negating the onset of cascading with destructive

interference via changes the resonator structure [30,31].
In a large mode volume Brillouin laser, the altered struc-
ture would need to remove a broad band of frequencies,
approximately equal to that of the phonon gain bandwidth.
This difference is illustrated in Fig. 1(c), where removal of
the lasing mode from the cavity-supported modes does not
negate cascading, as the mode with the next highest gain
will lase.

C. Spontaneous scattering

Here, we solve for the spontaneous scattering power
spectrum both before and after lasing occurs by solving
the coupled Eqs. (14) and (15). This is done using the
steady-state solution for αp [either Eq. (22) before thresh-
old or Eq. (19) above threshold], and taking the Fourier
transform of Eq. (15). This gives aj (ω) = �j (ω)hj (ω) with
�j (ω) = (−iω + i�ωj + γ /2 − μj α

2
p)

−1. Using this, the
power spectrum for each mode j is obtained by calculating

Sj [ω] = 〈a†
j (ω)aj ′(ω′)〉

2πδ(ω − ω′)
= |�j (ω)|2Shj [ω]. (26)

The power spectrum for the Langevin force hj can be
found using the stationary two-time correlation function,

〈h†
j (t)hj ′(t′)〉 ≡ δjj ′Chj (τ ) = δjj ′

(
γ Nj δ(τ )

+
∑

k

|gjk|2α2
p(njk + 1)e− �jk

2 |τ |e−i��jkτ

)
, (27)

where t − t′ = τ , and the Wiener-Khinchine theorem,

Shj [ω] =
∫ ∞

−∞
dτeiωτ Chj (τ ). (28)

Inserting the solution of Eq. (28) into Eq. (26), exiting the
rotating frame, and discarding the negligible γ Nj , we find
the full spontaneous power spectrum by summing over j ,

S[ω] =
∑

jk

|�j (ω)|2 α2
p |gjk|2(njk + 1)�jk

(�jk/2)2 + (ω + ω′
p − �jk)2 , (29)

noting that the cavity modes’ individual power spectra are
uncorrelated, and ω′

j − ��jk = ω′
p − �jk.

Equation (29) is plotted in Fig. 2(a) for varying input
powers below threshold, where αp depends on the input
power and ω′

p = ωp . The gain shape is shown as the dotted
line, to emphasize the influence of μj in the spontaneous
scattering. Examining Eq. (29) below threshold reveals
that each mode experiences frequency pulling, given by
�ωj = −μ′′

j α
2
p , and an effective narrowing of linewidth

given by γeff,j = γ − 2μ′
j α

2
p . As a consequence of these

dynamics, the center frequency and linewidth of each cav-
ity mode is fixed once the pump clamps at threshold. The
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frequency pulling is plotted against increasing power in
Fig. 2(b) for each mode, showing a maximum drift mag-
nitude ranging between 0.5–2.4 MHz at PP

th for each mode.
Additionally, the magnitude of linewidth reduction ranges
from 0.09–0.9 MHz. With this information, paired with the
steady-state values that relate to the lasing mode, the real
and imaginary parts of μj can be obtained for all cavity
modes within the phonon gain bandwidth. This means that
by simply reaching threshold in a large mode volume Bril-
louin laser, and measuring the linewidths and frequency
drifts of each mode, full construction of the phonon gain
spectrum is possible. By fitting a multiple-oscillator model
to that spectrum, all values of gjk, �jk, and �jk can be deter-
mined, making this system an interesting tool for phonon
spectroscopy.

The narrowed linewidth of the mode with the second
highest gain could be the foundation for an interesting
application in terms of a high effective Q resonator mode.
In the 4-m resonator coil, the mode with the second-highest
gain sees an effective 1.5× increase in Q at PP

th, resulting
in Qeff = ωp/γeff = 194 million, compared to the fabri-
cated loaded quality factor of 77 million. Although this
is only a modest increase, longer resonators will bring
the cavity modes closer together in frequency. In turn, the
modes adjacent to the lasing mode will begin to approach
equal gain, resulting in γeff,j trending closer to zero, and
increasing the effective quality factor. For example, when
calculating the dynamics of this system with a resonator
length of 50 m, the quality factor sees a 75× increase
at PP

th, making Qeff = 5.9 billion. It is worthwhile to note
that near-equal gain between cavity modes will strengthen
mode competition and may lead to unwanted mode hop-
ping. If the gain between multiple cavity modes would be
exactly equal, we find that the spontaneous noise induces
a random selection of the lasing mode. In this scenario,
cycling through the lasing protocol would give differ-
ent lasing modes. Examining Eq. (29) above threshold,
the spontaneous spectrum appears to be dependent on
increasing input power as ω′

p = ωp + μ′′
l α

2
l , and αl grows

with input power; however, the frequency pulling of the
pump is found to be effectively negligible in changing the
spontaneous spectrum.

D. Above threshold: Lasing

In this section we explore the dynamics of amplitude and
frequency fluctuations, using Eq. (15) for the lasing cavity
mode ( j = l). When examining above laser threshold, it is
convenient to decompose each field as

a = (α + δα)eiϕ , (30)

which includes the steady-state amplitude α, fluctuations
in amplitude δα, which describe the RIN, and fluctuations
to the phase ϕ, which describe phase and frequency noise.
Additionally, we capture the transferred amplitude and

phase noise from the external pump with the decomposi-
tion F = (F0 + δF)eiϕf , where ϕf is assumed to randomly
fluctuate in time with a variance determined by the external
laser’s linewidth �νf . We assume that the fluctuations are
small compared to the amplitude, (i.e., |δα| � α). Addi-
tionally, when the resonator linewidth is much larger than
the external laser linewidth, (γ 
 2π�νf ), one finds that
the pump phase noise adiabatically follows the phase of
the external source [29,37,38], such that

ϕp ≈ ϕf . (31)

After inserting the decomposition from Eq. (30) into the
time-dependent equations for the optical modes in the
rotating frame [Eqs. (14) and (15)], keeping only terms
linear in δα and ϕ, incorporating steady-state definitions
where appropriate, and using Eq. (31), we take the real and
imaginary parts to find the following equations:

˙δαp ≈ −2μ′
lαlαpδαl − √

γextF0
δαp

αp

+ Re[h̃p ] + √
γextδF . (32)

˙δαl = 2μ′
lαpαlδαp + Re[h̃l] (33)

ϕ̇l = 2μ′′
l αpδαp + 1

αl
Im[h̃l]. (34)

The previous considerations have altered the quan-
tum and thermal fluctuation’s definition, now precisely
represented as hp = ηp − i

∑
k g∗

lkαleiϕl b̂lk and hl = ηl −∑
k iglkαpeiϕp b̂†

lk, differing from prior theoretical descrip-
tions, which assume phase-matched coupling to a single-
phonon mode [29,38]. Additionally, h̃p = hpe−iϕp , h̃l =
hle−iϕl . Here, one can observe that the lasing Stokes’ phase
fluctuations couple to the pump’s amplitude fluctuations as
a consequence of this system lacking phase matching for
each phonon mode (μ′′

l 
= 0).

1. Relative intensity noise of lasing cavity mode

In this section, we begin our analysis of the large
mode volume laser noise by calculating the RIN, which
is defined by the two-sided power spectrum

SRIN
l [ω] = 1

P2
l

∫ ∞

−∞
dτeiωτ 〈δPl(t + τ)δPl(t)〉, (35)

where the time-dependent variations of laser power are
represented by δPl. Noting that (Pl + δPl) ∝ (αl + δαl)

2

and δαl’s are small compared to the amplitude, we can
express the RIN as

SRIN
l [ω] = 4

α2
l

∫ ∞

−∞
dτeiωτ 〈δαl(t + τ)δαl(t)〉, (36)

The amplitude coupling in Eqs. (32) and (33) leads to
relaxation oscillations, with resonant frequency ωrel

0 =

024062-7



SHEPHERD, BLUMENTHAL, and BEHUNIN PHYS. REV. APPLIED 25, 024062 (2026)

2μ′
lαlαp and damping rate �RIN = √

γextF0/αp . We solve
these coupled equations in the Fourier domain for δαl,
giving

δαl(ω) = χRIN(ω)
(√

γextδF(ω)ωrel
0 + Re[h̃p(ω)]ωrel

0

+(�RIN − iω)Re[h̃l(ω)]
)

, (37)

where χRIN = (−ω2 − iω�RIN + ωrel2
0 )−1. Using Eq. (37)

and the correlation properties of Re[h̃p ] and Re[h̃l]
(see Appendix A), we calculate the correlation function
〈δα∗

l (ω)δαl(ω
′)〉. The resulting function is used to find

the power spectrum for the RIN of a large mode volume
Brillouin laser,

SRIN
l [ω] = |χRIN(ω)|2

α2
l

[
(�RINαpω

rel
0 )2SRIN

ext [ω] + 2γ (Np

+ 1/2)ωrel2
0 + 2γ (Nl + 1/2)(�2

RIN + ω2)

+
(
ωrel2

0 α2
l − 2ωrel

0 �RINαpαl + (�2
RIN

+ ω2)α2
p

)
βl(ω)

]
, (38)

where,

βl(ω) =
∑

k

|glk|2
[

(nlk + 1)�lk

�2
lk/4 + (ω − ��lk)2

+ nlk�lk

�2
lk/4 + (ω + ��lk)2

]
. (39)

The transferred RIN from the external laser is given as
SRIN

ext [ω] = 4〈δF(ω)δF(ω′)〉/F2
0 .

Equation (38) can be shown to reproduce the RIN of
a single-mode Brillouin laser [29,36] by assuming pump-
Stokes coupling results from only one phase-matched
phonon mode (i.e., no sum on k and ��l = 0, and assum-
ing there is no transferred RIN). The RIN for the large
mode volume Brillouin laser is plotted in Fig. 3 as a solid
line, contrasted with the RIN of a standard Brillouin laser
(dashed line), with an input power of 314 mW (PS1

th ).
The added noise at high offset frequency can be attributed
to β(ω), which differs as a consequence of coupling to
multiple phonon modes lacking phase matching. This is
highlighted by the gray vertical lines in Fig. 3, which are
placed at ��lk for k = 1 to 6. The inset of Fig. 3 shows
the effect of increasing input power from just above PP

th
to PS1

th . The solid lines correspond to no transferred RIN
from the external pump, and the dotted lines assume a con-
stant white-noise spectrum for the external RIN at −140
dBc/Hz.

FIG. 3. Theoretical RIN for the large mode volume Brillouin
laser (solid red line) vs a single-mode laser involving overlap
between one phonon and one cavity mode (dashed) with 314 mW
of input power (PS1

th ). The vertical gray lines represent ��lk’s,
highlighting the source of additional noise at high-offset frequen-
cies. Inset: increasing input power from blue to red. Solid lines
represent no transferred RIN, (i.e., SRIN

ext = 0) and dotted lines
show the inclusion of constant white noise, where SRIN

ext = −140
dBc/Hz.

2. Frequency noise of lasing cavity mode

We now investigate the noise of the lasing mode fre-
quency, νl, where 2πνl(t) = ϕ̇l. As seen previously in Eq.
(34), the frequency noise and amplitude noise of the pump
are coupled due to the lack of phase matching between the
optical beat note and the multiple phonon modes that make
up the broad gain bandwidth (μ′′

l 
= 0). In turn, this couples
the lasing mode’s phase and amplitude. The pump ampli-
tude fluctuations in the Fourier domain can be expressed
as

δαp(ω) = −ωrel
0 δαl(ω) + √

γextδF(ω) + Re[h̃p(ω)]
−iω + �RIN

,

(40)

yielding,

2πνl(ω) = 2μ′′
l αp

−iω + �RIN

(−ωrel
0 δαl(ω) + √

γextδF(ω)

+Re[h̃p(ω)]
)

+ 1
αl

Im[h̃l(ω)]. (41)

Using Eq. (41) and the correlation properties of h̃p and h̃l
detailed in the Appendix A, we calculate 〈ν∗

l (ω)νl(ω
′)〉,

which provides the two-sided power spectrum for the
frequency noise as

Sνl[ω] = S�[ω] + 1
8π2α2

l

(
γ (Nl + 1/2) + 1

2
α2

pβl(ω)

)
,

(42)
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where S�[ω] is a consequence of phase-amplitude cou-
pling, given by

S�[ω] = 1
4π2

μ′′2
l α2

p

ω2 + �2
RIN

(
α2

l ω
rel2
0 SRIN

l [ω] + 2γ (Np + 1/2)

+�2
RINα2

pSRIN
ext [ω] + α2

l βl(ω)
)

. (43)

Here, both the RIN of the Brillouin laser and the RIN of the
external pump have an effect on the frequency noise. The
frequency noise spectra is shown in Fig. 4(a) as a solid red
line, contrasted with a single mode, phase-matched Bril-
louin laser as the dashed red line. This contrast, arising
from the lack of phase matching, appears more significant
in the frequency noise compared to the RIN spectra. The
inset of Fig. 4(a) shows increasing power from blue to red,
with no transferred external RIN (solid lines) versus an
assumed constant white noise external RIN of SRIN

ext [ω] =
−140 dBc/Hz (dashed), with the same values for power as
Fig. 3(b).

The contributions from S�[ω] and the second term of
Eq. (42) are shown separated in Fig 4(b), where input
power matches the solid red line in Fig. 4(a). Here, assum-
ing an ideal external laser (no RIN) leaves S� an order of
magnitude smaller (solid lines); however, with a modest
transferred RIN of −140 dBc/Hz (dashed line), these two
terms are of the same order. We analyze the impact of this
on the linewidth by examining the low-frequency limit,

Sνl[ω ∼ 0] � 1
2π

[2πS�[ω ∼ 0]

+ γ

4πα2
l
(Nl + nth + 1)

]
, (44)

where the quantity in the brackets is the modified
Schawlow-Townes-like linewidth for this system when an
ideal external pump is assumed, with the low-offset fre-
quency contribution from the inherent phase mismatch
given by

S�[ω ∼ 0] � μ′′2
l α2

p

4π2�2
RIN

[
4γ (Np + 1/2) + 2γ

�2
RIN

ωrel2
0

(Nl + 1/2) + 2�2
RINα2

pSRIN
ext [ω ∼ 0] + 8μ′

l

(
α2

l

−αl�RINαp

ωrel
0

+ �2
RINα2

p

2ωrel2
0

)
(nth + 1/2)

]
.

(45)

The inset of Fig. 4(b) shows the significant implications
of external RIN in Brillouin lasers that lack ideal phase
matching, where the fundamental linewidth [Eq. (44)] is
plotted versus increasing input power for SRIN

ext = 0 (solid

(a)

(b)

FIG. 4. (a) Theoretical frequency noise spectrum for a large
mode volume Brillouin laser (solid red line) vs a single-mode
laser involving overlap between one phonon and one cavity mode
(dashed) with an input power of 314 mW (PS1

th ). Inset: increasing
input power from blue to red, and SRIN

ext = 0 (solid) and −140
dBc/Hz (dotted). (b) Plotting S�[ω] and the second term of Eq.
(42) separated for SRIN

ext = 0 (solid) and −140 dBc/Hz (dashed).
Inset: effect of 0 → −140 dBc/Hz (solid → dashed) transferred
external RIN on linewidth in the low-frequency limit [i.e., con-
tents in the brackets of Eq. (44)]. The vertical line represents
PS1

th .

line) and SRIN
ext = −140 dBc/Hz (dashed line). Although

this sensitivity is inherent to large mode volume Brillouin
lasers, this result emphasizes the significance of operat-
ing traditional Brillouin lasers in perfect phase-matching
conditions for lowest achievable linewidths.

III. CONCLUSION

In this paper, we have developed a multiple oscillator
model to understand the dynamics and noise properties of
large mode volume Brillouin lasers. Through a coupled-
mode approach, we model the unique dynamics of a large
mode volume system where multiple cavity modes have
the potential to lase given a small FSR and broad Bril-
louin gain bandwidth. Using experimentally determined
parameters in our model, we capture the key features of
spontaneous scattering, steady-state dynamics, amplitude
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fluctuations, and frequency fluctuations. Notably, the spon-
taneous calculation reveals that the frequency pulling and
linewidth narrowing of the cavity modes below lasing
threshold may be used to uncover all salient features of
the phonon field, and the nonlasing modes above threshold
may result in ultrahigh effective quality factors as designs
scale to longer resonators.

The steady-state dynamics confirm the onset of single-
mode lasing, despite the many optical modes lying within
the gain bandwidth. Through characterization of ampli-
tude fluctuations, we find a RIN spectra that essentially
reproduces that of a single-mode Brillouin laser; how-
ever, the intrinsic off-resonant coupling to multiple phonon
modes gives rise to unique noise features at frequency off-
sets equal to the degree of frequency mismatch, which
are slightly higher than that of a standard Brillouin laser.
We find this atypical noise feature is even more signifi-
cant in the frequency noise spectrum. With inclusion of
transferred external RIN in our analysis, we find that Bril-
louin lasers lacking phase matching between the optical

beat note and the phonon mode—or modes—are sensitive
to a noisy pump. Consequently, this may have a significant
impact on the achievable linewidth.
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APPENDIX: CORRELATION FUNCTIONS

With the solution for b̂jk in Eq. (13) and the properties
of the phonon Langevin force ξjk, we find the two-time
correlation functions

〈b̂†
jk(t)b̂j ′k′(t′)〉 =

∫ t

−∞
dτ

∫ t′

−∞
dτ ′e(i��jk−�jk/2)(t−τ)e−(i��jk+�jk/2)(t′−τ ′)δjj ′δkk′�jknthδ(τ − τ ′)e−i�′

jk(τ−τ ′)

= njkδjj ′δkk′e− �jk
2 |t−t′|ei��jk(t−t′) (A1)

and

〈b̂jk(t)b̂
†
j ′k′(t′)〉 = (njk + 1)δjj ′δkk′e− �jk

2 |t−t′|e−i��jk(t−t′). (A2)

Using this to calculate the correlation functions for the optical fluctuating forces, h̃p and h̃l (above threshold), we find

〈h̃†
p(t)h̃p(t′)〉 =

〈[
η†

p(t) + i
∑

k

g∗
lkαle−iϕl(t)b̂†

lk(t)

]
eiϕp (t) ×

[
ηp(t′) − t

∑

k′
glk′αleiϕl(t′)b̂lk′(t′)

]
e−iϕp (t′)

〉

= 〈η†
p(t)ηp(t′)〉〈e−iϕp (t)eiϕp (t′)〉 +

∑

k,k′
g∗

lkglk′α2
l

〈
b̂†

lk(t)b̂lk′(t′)〉〈e−i[ϕl(t)−ϕp (t)]ei[ϕl(t′)−ϕp (t′)]
〉

. (A3)

Due to the assumption that fluctuation in phase is a white-noise Gaussian process, we can evaluate the following
expectation value, [Eq. (A4)]

〈e−i[ϕl(t)−ϕp (t)]ei[ϕl(t)−ϕp (t′)]〉 = e− 1
2 γφ |t−t′|, (A4)

where γφ characterizes the correlation time of the phases. This will relate to the laser linewidths, which is much less than
the phonon damping rate in typical Brillouin lasers, i.e., γφ � �ph. In this limit, Eq. (A4) ∼1. This gives

〈h̃†
p(t)h̃p(t′)〉 ≈ γ Npδ(t − t′) +

∑

k

|glk|2α2
l δkk′nlke− �lk

2 |t−t′|ei��lk(t−t). (A5)

Following the same logic, we arrive at the two-time correlation function for h̃l,

〈h̃†
l (t)h̃l(t′)〉 ≈ γ Nlδ(t − t′) +

∑

k

|glk|2α2
pδkk′(nlk + 1)e− �lk

2 |t−t′|e−i��lk(t−t). (A6)
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For 〈h̃p(t)h̃
†
p(t′)〉, change Np → Np + 1, nlk → nlk + 1, and flip the phase of ei��lk(t−t′). For 〈h̃l(t)h̃

†
l (t

′)〉, change Nl →
Nl + 1, (nlk + 1) → nlk, and flip the phase. Additionally, we find 〈h̃p(t)h̃p(t′)〉 = 〈h̃l(t)h̃l(t′)〉 = 0 and

〈h̃p(t)h̃l(t′)〉 = −
∑

k

|glk|2αpαl(nlk + 1)e− �lk
2 |t−t′|e−i��lk(t−t) = 〈h̃†

l (t)h̃
†
p(t

′)〉. (A7)

where p and l can be exchanged by changing nlk + 1 → nlk and flipping the phase. Leveraging the definitions Re[h] =
1/2(h + h†) and Im[h̃] = −i/2(h − h†), we compute additional useful correlation functions here,

〈Re[h̃p/l(t)]Re[h̃p/l(t′)]〉 = 〈Im[h̃p/l(t)]Im[h̃p/l(t′)]〉

= 1
2
γ δ(t − t′)(Np/l + 1/2) + 1

4

∑

k

|glk|2α2
l/pe− �lk

2 |t−t′|
[
nlkei��lk(t−t′) + (nlk + 1)e−i��lk(t−t′)

]

(A8)

〈Re[h̃p(t)]Re[h̃l(t′)]〉 = 〈Re[h̃l(t)]Re[h̃p(t′)]〉 = −1
4

∑

k

|glk|2αlαpδkk′e− �lk
2 |t−t′|

[
nlkei��lk(t−t′) + (nlk + 1)e−i��lk(t−t′)

]

(A9)

〈Re[h̃p(t)]Im[h̃l(t′)]〉 = −〈Im[h̃l(t)]Re[h̃p(t′)]〉 = 1
4i

∑

k

|glk|2αlαpe− �lk
2 |t−t′|

[
nlkei��lk(t−t′) − (nlk + 1)e−i��lk(t−t′)

]
.

(A10)
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