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DISCLAIMER -

This document was prepared as an account of work sponsored by the United States
Government. While this document is believed to contain correct information, neither the
United States Government nor any ‘agency thereof, nor the Regents of the University of
California, nor any of their employees, makes any warranty, express or implied, or
assumes any legal responsibility for the accuracy, completeness, or usefulness of any
information, apparatus, product, or process disclosed, or represents that its use would not
infringe privately owned rights. Reference herein to any specific commercial product,
process, or service by its trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof, or the Regents of the University of
California. The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government or any agency thereof or the Regents of the
University of California.
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ARBITRARY 3n-j SYMBOLS FOR SU(2)

Joel Shapiro.
Lawience Radiationvﬁaboratory_and Dépértment_df Physics

University of California, Berkeley, Califormia.

August 20, 1969

ABSTRACT
We present a computer program to write a Fortran‘
fUnction routine which calculates a given (arbitrary)

3n-j coefficient given its diagram.
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THEORY AND PROCEDURE

In problemé involving the coupling of several spins and orbital
angular momenta, or of combining several isospins, one often needs
recoupling, or 3n-j coefficients. While there:are essentiaily only
one 6-j and one 9-j symbol, for higher n the number of different
3n-j symbols becomes véry large. The symbols are best described by
a diagram.l EBach vertex of thé diagram corresponds to‘a_ 3 Wigner
coefficient, with each line emerging from the vertex correspbnding to
a given angular momentum J and 2 coﬁponent " m. If_the. J's
appear in counterclockwise order in_the,Wigner coefficient, the vertex
is labelled (+), othefwise (-). A line entering a vertex just has its

m reversed. Thus Fig. la corresponds. to

o

(1)

A line connecting two vertices is to be treated as a sum over m of
the vertices‘with free lines, buf with a phase (-l)j_mf This is
represented by Fig. 1lb. With this represeﬁtation of the Wiéner
coefficients and 2z component sums, an arbitrary 5n—j symbol ié-
represented'by a_diagram with 2n vertices interéénneéted with 3n
directed line segments, with fhree lines éonnected(to each vertex.

. One can then use éertain easiiy proved lemmas tp feduce any
_diagram to a sum of products of ‘6-j symbols. The necessary lemmas

are shownin Fig. 2. Figure 2a permits any ‘5n-j symbol with an
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internal triangle to be reduced té-a. 3(n-1)-J 'Symbol.times a 6j
symbol. "If-there are no triangles, a given polygon in the origiﬁal
‘diagram can_bé reduced, one side'at a time, uéing Fig. 2b, untii one
is left with a tfiahgle. Each reductién requifes mulfiplying by ai
6-j symbol and summing'over one angular momentum; Thus for an
efficient formula it is important to start with the polygon with the
feﬁest'number of sides. ' In order to use Fig' 2a'and 2b,vit may.be
-necessary to change fhe sign at the veftex or the direction ofba liﬁe.
Fig. 2c¢c-2d permit this. . Ohe will fingllvaihd up with a 6-j s&mbol.
(Fig. 2e). ' o
| It_is possible in the course Qf.reducing_a diagram té have a

part connected to the rest of the diagram by only one'or.two lines.
These.are_called degenérate pafts and may bé reduged until they are:of
the - form of Fig. 2f or 2g. If s@ch.diagrams'ariSe in fhe‘reduction of
a diagram which canﬁdt be di&iaedfintb.two pafts by cutting fwo lines,
the particular reductidn'used was inefficient, intfoaucing,an extra

sum and Kronecker 8.

STRUCTURE OF THE PROGRAM
The program wfites a F¢rtran function to evaluate a'given
diagram. The arguments are‘thé _5n ‘angular momenta. At the-time.of':
aéking the program to write the function rgutine, it musf-be decided
what order tﬁe 3n - angular momehta, J, are to.appear; and ﬁhether
the arguments-wili be floating, integer = j, or integer = 2j (calledv

DOUBLE mode).
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In order to tell.the subroutine what diégram tb evaluate, one
'labels the vertices in any order, and the'linés in the{order:théy are
to appear as'aréuments.. Vectors cbntaihing,thenﬂmbersof the vertices
at the héads and tails of thé'lines are then used to describe the
diagram. 'Fof fufther details, see cbmments inAthe listing.

After Writing the header_card aﬁd convérting'any.mode to DOUBLE,
the ﬁrogram iearranges the description of the symbql, adjusting the
~ directions of lines and orders at the vertices into a 'staﬁdard form .
At each step in the reduction this form is'maintained, and the phase
adjusted,cofrespondingly. The subsequent behavior of the program is.
best understood with the flow chart. The parts are described below.
Each step writes some of the function’at the end and possibly at £He
beginning of the function, wofking towards the'middle. This is stored

in core and organized and outputted at the end.

DESCRIPTION OF THE PARTS OF THE FLOW DIAGRAM

POLYFIND (800). Finds the polygon with the smallest@number of

sides. Among those, the polygon first in'alphabetical order (in the
vertex numbers) is placed in IVP.

POLYREDUCE (300). Uses Fig. 2b to reduce the number of sides

one at a time. The side which is fdualized" is the one connécting the
second and third highest numbered &ertices.

TYPE (500). Puis triangle in standard form and_determinés_how
many‘distinct verticesritvis connected to. If tﬁree, we have nérmal
triangle (NORM). If one,:we are down to the fihal 6-j symbol (FINAL).

Otherwise we have a degenerate graph.
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NORM (520). Redﬁces the trianglejto a Vertex using Fig.‘2a.

FINAL (580). Finishea off final 6-j symbol. The instructiohs
written during‘the previous execution are edited.: If necessary, a
statement 1l is added if it has been referred to previously. Control

returns to drive program.

TWOLEG (557). We have a degenerate.graphvconnected by two
legs. It'is reduced to a single line but is not yet in standard form.

STANDARD (561). Checks that we no longer have a degenerate part,

and puts diagram into standard form.
_'INNER 6h). If after the reductlon of TWOLEG we still have

a degenerate part, we reduce that

ONEIEG (570). Reduces part hanging by one leg. The connedting

line is now not in standard form.

LIMITATIONS AND TESTS

The dimension Statements 1imit the program to Vn.<“20; To
~increase the allowable n's, change the dimension of . JPH, lT, IEND,
and ITIP to 3n, J to 6n, M and L to (2n, 3), and ﬁJI and
IVP to 2nf There is not enough room in the header and conversion
statements for J100, so if n > 55 these must be changed The
POLYFIND routlne works only if the smallest polygon has fewer than
vnlne sides. This suffices for n < 23, but for n = 23, 31, b7, 63, 95
we need tl, 2, 3, extra loops exactly analogous to 846-827.

The program'itself has no restirctiens on the values of the

‘angular momentum calculated, but the present 6-j function, which is -
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used together ﬁith the output functions, is limited to the sﬁm of.tﬁe
angular momenta < 50.

The time required on a CDC 6600 to write the funcfions is under
one'secbnd for the programs tested: The time these functions réquire
depends very strongly on the values of the angularAmomenta and
erratically on the syﬁbol. For angular;moﬁenta ~ 3 with 15-J
symbols, the time was ~ 6-40 ms.

Because POLYEIND selects the first smallest polygon, and
POLYREDUCE duélizes the next to last leg, it is possible to get several
functions for the same diagram by renumbering the vertices;(adjusting
IVP accordingly). Thesé may differ in their efficiency.

The fest run calculates fivé 9-j symbols which agree with
tables. It also uses two different functions for a single oh-3 |

symboi, which agree in a nontrivial calculation.
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1. This graphical representation-ié‘developed by A. P. Yutsis, I. B.

Levinson, and V. V. Vanagas,»The Theory of Angular Momentum

(Oldbourne Press, London, 1962). Other authors have developed -

slightly different notations.

FIGURE CAPTIONS

Fig.. 1. The graphical représehtationsvfor

(a) the Wigner coefficiént;

(b) the z-bomponent sums .

Fig. 2. Basic lemmas_for,reducing the diagrams.

(a) Triangle elimination.

(b) "Dualizing" to reduce the size of the smallest polygon.

(e) Revefsing
;(d)‘vRevérsingA
(e) The 6-3
(f)__A.two4leg
o if | ]J_l-,__?

-intéger;'
(g) A one ieg-

Fig. 3. ‘Flow chart for

directed line segments.
the order within é.Wignef coefficient.
symbol. -

degenerate graph. The térm ;fjl, 32,_j3} - 1

Gpl S35 Hy + 3l and 3y +dp + 0y dsan

Otherwise (Jl; J2"?3} = 0.
graph. '

the main (PRG3NJ) subroutine.  The numbers are

the statement numbers of the begirning of each block.
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INIT
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Fig, 3
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