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1 Introduction

The mixing of neutral particles particle with their antiparticles through flavor
changing neutral currents is a sensitive probe of flavor physics. Ever since
the K9-K? mass difference was used to predict the charm quark mass [fl],
these systems have been used to test the standard model and to search for
signs of new physics. Recently, there has been interest in D°-D° mixing as a
window into dynamical symmetry breaking mechanisms [, B, f].

The traditional analysis of D°-D° mixing in the standard model is
plagued by large uncertainties. While the “short distance” contributions are
known to be small, it has been argued [f, ] that the “dispersive” contribu-
tions from second-order weak interactions with mesonic intermediate states
may be considerably larger. This differs substantially from the situations in
the K°-K° and B°-B° systems. In the former, the short distance contribu-
tions are expected to be of the same size as the dispersive contribution [f];
in the latter, dispersive effects are expected to be negligible [f].

It has recently been argued [[]] that Heavy Quark Effective Field The-
ory (HqEFT) [B, ] and naive dimensional analysis [[J] suggest that the
dispersive contributions are smaller than previously estimated, implying that
cancellations occur between contributions from different classes of intermedi-
ate mesonic states. In this paper, we perform a quantitative analysis of D%-D°
mixing in the HQEFT framework in order to test that assertion. We first cal-
culate the matching contributions at the charm quark scale where the charm
quark is removed from the effective theory, leaving only a heavy color charge.
Then, we calculate the one-loop anomalous dimensions that contribute to the

running of the operators between the charm mass and Agep. Although the



change in scale is not large, a great many operators contribute and there is
the possibility that some of them can get a large anomalous dimension.
After describing the effective field theory framework in section f, we
elaborate on the matching conditions and introduce the operator basis for the
Wilson expansion in section fJ. Then we calculate the one-loop anomalous
dimensions for these operators and use the renormalization group equation
to pick up the additional contributions from the running between the charm
scale and the hadronic scale ~ Agep in section [l and f. Our numerical

results appear in section | and our conclusions are presented in section [i.

2 The Effective Field Theory

We shall need to move from the full standard model at high energies to a
low-energy effective theory of neutral D meson mixing. Since the D° meson is
a cu state and the CKM (Cabibbo-Kobayashi-Maskawa) matrix element V,, is
very small, we shall ignore the effects of the third quark generation altogether.
As we pass below the scale = My, we integrate out the heavy weak bosons
and match onto a theory with four-fermion weak interaction operators; this
and the subsequent renormalization group running is done in the standard
way and introduces nothing surprising. The first really interesting physics
comes in at the charm quark threshold: at this point we remove the charm
quark from our theory and replace it by a heavy color charge in the HQEFT.
We recognize that assuming that m. lies far enough above Agcp for HQEFT
to properly capture the charm quark’s low energy behavior is questionable.

However, we feel that the benefits of approaching the calculation in this way



make the risks worthwhile. And, as one usually says in applying HqEFT to
the charm quark, the approximation is well-defined and the corrections are
systematically calculable.

At this point, let us remind the reader of some of the essential physics
of HQEFT. The central idea is that a system composed of a single heavy quark
() (where “heavy” means Mg > Agcp) and one or more light quarks can
be described as a heavy color charge surrounded by generic “brown muck”
with the characteristic energy scale of the confining QCD interactions. The
mass and velocity of the whole system are essentially identical to those of the
heavy quark; the “brown muck” carries only residual momenta of the order
of Agep < Mg. Further, if only QCD interactions are included, the velocity
of the heavy quark is constant; additional (e.g.) weak interactions must be
included to change the heavy quark velocity.

The most common application of the HqQEFT draws upon the fact
that the spin and flavor of the heavy quark are decoupled from the brown
muck. This enables one to relate decays of various B and D mesons to one
another using the HQEFT formalism.

Our reason for using the HQEFT is rather different - what interests
us is that no large momentum (e.g. no momentum as large as m.) can be
transferred to the brown muck. This has the surprising consequence that
below 1 = m, charm-changing non-leptonic decays of the neutral D meson
are forbidden: such decays would inevitably transfer the large charm quark
momentum to light colored degrees of freedom. In other words, no new
operators contributing to D° D mixing appear at scales below the charm
scalel Other than operators arising from short-distance physics (such as

W exchange in the familiar box diagrams) the only operators contributing



to D%-D° mixing arise in the matching of the ordinary charm quark onto the
heavy charm quark at u = m.. So if the HqQEFT can really be applied to
the ¢ quark, we can calculate the size of D°-D° mixing in the standard model
by computing only short distance, matching and running effects.

We should stress some peculiar features of our effective theory. Re-
moving the charm quark from the theory leaves a hard momentum p =~
m. > Agop flowing through the Feynman diagrams for the D°-D° mixing
operators. This large momentum forces the internal light quark and gluon
propagators far off shell, making it possible to match them with local terms
at the charm quark scale. However, in contrast to the W, the light quarks
and gluons have not been integrated out: light quarks and gluons with mo-
menta of the order of Agcp are still present in our effective theory. It is
also crucial to note in the context of D°-D° mixing, that there are no truly
“long-distance” contributions to the matching at the scale y ~ m.. Because
we are matching at a relatively large scale ;1 > A, sp, quark loops give a good
approximation to the sum over all intermediate states. The diagrams of the
form shown in figs. [, B, and B give rise to local four-quark, six-quark, and

eight-quark operators below the matching scale.

3 Matching

At the W mass scale, the familiar AC = 1 effective hamiltonian can be

written in the compact form [f:

4Gp

Hepp = 7 @L%UL) (K- 7) (cey"yr) (1)



where ¢ and K are respectively:

cos? 6 — sin? 6

—i (2)
2cosf sinf

The subscript L denotes application of the left-handed projection opera-
tor (1 —~°)/2; the 7 are the Pauli matrices;  is the Cabibbo mixing angle.

In this section, we will find the coefficients of the four-, six-, and eight-
quark operators generated by matching at the charm scale. The four-quark
operators come from one-loop matching; the six- and eight-quark operators
are generated at tree-level. Although the latter are non leading in 1/m,,
naive dimensional analysis [, [J] shows that their matrix elements make

important contributions to D°-D° mixing.

3.1 Construction of the Operator Basis

We start by constructing a basis for the multi-quark operators arising from
the matching and the operators that mix with them through QCD interac-
tions. Each operator contains two (heavy) charm quarks and an even number
of light quarks.

Let us establish some conventions for writing down our multi-quark
operators. A 2n-quark operator can be written as the product of n currents;
we shall always write the current containing a charm anti-quark last and that

containing a heavy charm quark next-to-last. So the form of the operators



engendering D° — D° transitions will beEI

four-quark:  (¢,["u) (¢,[ou) (3)
six-quark: (@Flu) (c,'2) (¢,'su) (4)
eight-quark:  (YTyu) (¢Tqu) (2,05) (€,Tat)) (5)

where each matrix I' contains the color and Dirac structure of the associated
current. Now that we have established the positions that the different quarks
occupy in the operators, we can move to a more compact notation which

omits the quarks altogether and retains only the I' matrices

<n]_:[ quq> (@I'n-19) (€, T'ng) = <® I, ) ® Ty @, (6)

Here ¢ stands for the appropriate light (u, d, or s) quark. We also recognize
that the color and Dirac parts of each I' factorize. Hence our tensor product

notation can be usefully broken down into separate color and Dirac tensor

(&)= ( &r7)e( &.r7)

'Following the notation of [@, E], we distinguish between the charm quark annihilation

products:

operator

1 + 7& M VT

co(x) = 5 ¢ c(x)

and the anti-charm quark creation operator

We have to add the effects of the hermitian conjugates of (E—E) to get the full AC = 2

contribution.



From here on, we distinguish the tensor products in color (®¢) and Dirac
(®p) space by subscripts, and we reserve the unqualified tensor product
symbol ® for the tensor product of color and Dirac space.

The factorization of the I' matrices implies that the construction of the
operator basis naturally divides into two parts. Finding a basis in color space
is conceptually simple because all the quarks have the same color properties.
One just enumerates all singlets in the tensor product of n copies of 1®(N?—
1). We shall see that this is trivial when n = 2 or 3 and is not much more
complicated for n = 4.

Finding a basis in Dirac space is more interesting since the charm
and light quarks have different Dirac properties. Since we are calculating
to lowest nonvanishing order in the light quark masses, the full standard
model theory tells us that the light quarks participating in D°-D° mixing
are left-handed:

(14++°)g=0. (7)

According to the HQEFT, the heavy charm quarks are static colors sources
that do not have a ‘handedness’. What they do have are equations of motion

that must be satisfied:
(#—1e, = 0 (8)

(#+1)c, = 0 (9)

and these will affect the Dirac structure of the operator basis. The vector

space of the Dirac operators

(&)



for which we want to find a basis is, in fact, a subspace of the n-fold tensor

product
X, % (11)
i=1

of the full Dirac algebra G;. The algebra G; is spanned by the usual Min-
kowski space basis {1,7,, 0, 7,7°,7°}. The trick is to define precisely which
subspace it corresponds to. Since all Lorentz indices in ([L[0) are fully con-
tracted, ([[() belongs to the subspace of G, that transforms as a scalar under
the proper Lorentz group; we call this subspace G°. Now if ([[Q) spanned G°,
in order to find a basis we would only need to extend the usual inner product
on G,

(I,T) = iTr (rfr) (12)

to an inner product on GY
n 1 ;
H [ Tr r(Iiry) . (13)

Then a basis of ([[]) could be constructed by finding a complete set orthog-
onal with respect to the inner product ([J). However, the peculiar proper-
ties of the currents connecting heavy and light quarks as summarized in ([1)
and (§-d) mean that the basis vectors of G° whose construction we have just
described are not independent.

Now we can finish the construction of the basis for the operators ([[0).
We can use the right and left projection operators

n
= @,

1=1

n= ((®30-7))ezahega-n 03

i=1

(1 ¥ ) (14)

N | —



to project onto the subspace of operators with non vanishing matrix elements.

Then the kernel of the combined action of these projection operators
{regml'r, =0}

is the physically irrelevant portion of G°. Therefore the elements of the factor
space

G, =G5/ {r e GmI'x, = 0} (16)
correspond to the physically inequivalent operators in which we are inter-

ested. G,, can naturally be equipped with an inner product by

f[ i v (Dmlr, ). (17)

The construction of a basis in G, is now equivalent to finding a maximal

subspace of GY, such that (-, -) is non-degenerate.

3.2 Four-Quark Operators

The basis for the four-quark operators is particularly simple. In color space
the only possible operators are the tensor product of a pair of color singlets

or a pair of color octets

™ = 1®c1 (18)
™ = T,®cT,. (19)

The Dirac space G, is spanned by

T = Y/ @bV (20)
T4 = 1;®p1;. (21)

10



Let us show explicitly how conditions ([]) and (§-f) are used to re-
duce G to (RORI). First, condition (f) selects the left handed sector {1,
Yo 0L} of Gi. Applying conditions (§-f) removes operators containing ¢

or v,or” from the basis:

Yr@pypr = =T
vuaﬁ” D Vopy = iT41 + 1 T42
Yo, ®pv,ot = —i T —iTY
v, " ®p vop”, = T4+,
The self duality relation
o = —%EW'{AUL,H,\ (22)

makes operators containing contractions of o and € redundant and leads to

o va v poe . VKA «
o, w®po —0,", ®p oy = —1e"" 0L ko @p 0 (23)
1
“w va v po vV __KA
OL, Q®D UL +O_L, a®D UL — 59“ UL ®D O’L,Ii)\' (24)

Finally, contracting (24) with v,v, and using (§), we arrive at
KA _ 4 4
07" @p open =4+ (T 1+ 2)

which leaves us with (PQ,2T) as our basis.
We can now calculate the matching condition at u & m, from the one

loop diagram in fig. il

2 4
(—i4% sin @ cos 9) [7‘41 Q /%
u ) _ 1 y
T\ g+l —my,  mp+l—mg) -

11



u\/d‘s\/c u\/gv
—
c /\f,s/\\u . 1/\u

Figure 1: Matching of the four-quark operators at u ~ m,

1 7
®D7L,V ( _ ms _/l _ md> ’}/L,u‘|
1 G2 4
—Z;TF sin? @ cos? 9:—2

{741 ® {2 ®p YLu+ Por’ ®p ?éUL,W}}

z%%% sin” f cos 9% [7‘41 ® (2T41 + 4T42)}

to lowest order m?/m?.

3.3 Six-Quark Operators

For the six-quark operators the color basis is

7'61 =1 ®C’ 1 ®C 1

7—62 == Ta ®C Ta ®C 1

% = T,®@cl®cT,

7-64 =1 Ko Ta Rc Ta

7-65 - dabc : Ta Ko Tb KRc Tc
7—66 = fabc : Ta Kc Tb Kc Tc

12
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and the basis for the Dirac structure is

T = Y ®p1lr®p L, (32)
T = v} ®p YL, ®p 1L (33)
% = YL ®p (01w @0V + 7 @D T ) (34)
Y% = 9%, ®p, ®p YL, (35)
1% = ¢, ®plr®ply. (36)

In finding the Dirac basis, we first note that the Dirac piece of the current
with two light quarks must contain a ~4 since all light quarks are left-handed.
Then we apply the steps discussed in the previous section for the four-quark

case. An additional relation

7&0? = z'v“fyé — z'vAfyf + v“a““A”fyL,,, (37)

allows us to trade contractions of v, ¢, and ~;, for o and vice versa. It also
allows us to remove the antisymmetric counterpart of T%; from the basis.

Now let us consider the matching at the charm mass scale. From the
first graph in figure P} we obtain

—2'4& 2 cos@sinf (K- T)
V2

1 1
Y VIR || R

mep — mg mep — Mg

% ® {'VL,V @D VL

Here the matrix (& - 7) acts on the flavor doublets ¢ of down-type quarks

appearing in the six-quark operator (see e.g. equation f)

(R P (" w)(@ ¥)(C, ).

13
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Figure 2: Six-quark matching

where repeated indices are summed. Since my < my, (BY) reduces to

2
. . — — ms 14
—i8G% cosfsinf (i - T) " {7'61 ® {V2v ®p Y1 ®D VL 75%}} -

C

Expressing the Dirac structure in terms of our operator basis yields

m2

—i8G2 cosOsing (R-7) s [761 ® {%(Tﬂ +T65) — i1 — T64} .

m;

(39)

The second graph in figure ] also gives a matching contribution of the
form (BY). In this case, the flavor indices of the matrix (< - 7) are contracted

as follows

(R - 7)7 (9'u)(Eu) (E,0).
3.4 Eight-Quark Operators

In studying the color structure for the eight-quark operators, we found it

useful to employ a generic SU(N) color group. The number of singlets in

14
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X L
C u Sy
u 0177 Tu
(8 (0 (G
Figure 3: An example of a leading contribution to eight-quark matching.

This graph corresponds to (/:/::) in the notation of section f.

the tensor product of four adjoint representations of SU(N) is not entirely
independent of N: there are 8 singlets for N = 3 and 9 for N > 3. The
difference arises because the rank four tensor

1 1 1
dabedcde + dacedbde + dadedbce - Néabdcd - N(Sac(sbd - N(Sadébc (40)

vanishes [[3] for SU(3) and is non-vanishing when N > 3. We circumvent this
difficulty by constructing a basis with one element proportional to (f{]). Then
the basis for N = 3 is the subspace of the N > 3 basis that is perpendicular
to the (EQ) direction. The 24 operators for N > 3 are listed in appendix [AT].

A straightforward extension of the methods described for the four-
quark and six-quark Dirac bases enables us to find the 14 independent eight-
quark Dirac structures listed in appendix [A.2.

Now we are ready to consider the matching of the eight-quark oper-
ators. We have to study graphs similar to the one shown in figure Bl where
a gluon is exchanged between two four-fermion operators. Note that not all
graphs give a leading (order ~ 1/m?) contribution in the effective theory.

For instance, graphs in which the gluon couples to two heavy quarks give

15



operators with coefficients of order 1/m¢: one factor of 1/m? comes from
each off-shell heavy quark propagator and one more comes from the prop-
agator of the gluon carrying the large momentum of order m,.. Similarly,
graphs in which the gluon couples to one heavy and one light quark make
contributions of order (1/m?) since an off-shell light quark propagator gives
a factor of (1/m.). The leading graphs are those in which the gluon couples
to two light quarks.ﬂ
The contribution to the matching made by the graph in figure B is

Graras(me) . . L
8ZFT (K-7) (R-7T)
. . 1
7'82 X <—T81 — T82 + T83 + 'ZT85 - ZT86 - §T87 (41)

1 1 1 ? ?
—|—§T88 — §T89 + §T810 + §T811 - §T812)} .

Compared to the coefficient of the four-quark operators, ([]) has an extra
suppression of order a,/m?, but no m? suppression. The matrices < - 7 act

on the flavor indices of the doublets ¥ of down-type quarks. Explicitly,
(F- 7)Y (R - 7)™ () (PFu) ey ) (). (42)

The contribution from the other graphs is presented in appendix [A3

4 One-loop integrals

We now compute the one-loop QCD running from m,. to Agep. After dis-

cussing the several types of loop integrals occurring in the calculation, we

2Hence the graph in figure 5 of reference [@] is actually subleading.

16



Figure 4: Gluon insertion into light-light, heavy-light, and heavy-heavy pairs

of quark lines.

perform the necessary algebra. The calculations for the four-quark operators
are easily performed using standard techniques. The eight-quark operator ba-
sis is however large enough to make use of symbolic manipulation programs.
All our results for the six- and eight-quark operators have been obtained
and verified by two independent calculations using the symbolic manipula-
tion tools Form [[l]] and Mathematica®™ [[J]. The algorithm of the Form
program uses Dirac and SU(N) trace techniques by treating the Dirac alge-
bra as a factor space as discussed in section B.]. The Mathematica program
on the other hand implements the reduction from G, to G, explicitly, using
relations like (B7).

Each loop diagram contributing to the running of our multi-quark
operators below the charm scale has one internal gluon and two internal
quarks. The form of the loop integral depends on whether the internal quarks
are heavy or light. The three possibilities (both heavy, both light, one of each)
are sketched in figure f]. Note that each quark line internal to the loop is
clearly bounded at one by the gluon insertion and at the other by a vertex

connecting it to another quark line. The result of any loop integral may be

17



expressed simply in terms of the color and Dirac matrices associated with
those gluon insertions and vertices. So long as at least one of the internal
quarks is heavy, the loop integral turns out to be independent of the Dirac
structure of the vertices. For example, (see also appendix [B) the integral
corresponding to diagram fb yields

M= 2%“— (T, Vi]€ [TuVa]C + finite , (43)
m €

and that for diagram c yields

(L %% [T, V4)C [T.V5)C + finite . (44)

Here T, is the color matrix arising from a gluon insertion and the V; is the
color matrix from the vertex at the other end of the internal quark line.
When both internal quarks are light, however, the Dirac structure of the

internal quarks’ vertices is relevant (fig. fla)

1 auf .
1= TV TV VI bl + finite . (45)

What we have just seen is that the evaluation of each loop diagram falls
neatly into three pieces: the momentum integration, the product of color
matrices, and the product of Dirac matrices. The first of these is essentially
done; we shall address the matrix algebra in the section f.

We can represent the sum of all 1-loop diagrams renormalizing a 2n-
quark operator O, as a sum over tensor products of linear operators Cj

and D; acting on the color SU(N) and Dirac bases

€ NpD

50, =~ 50, (C;0 D) O, (46)

dr €

18



where np is the number of diagrams. The C; and D; come directly from
equations [i3, 4 and 5. The possible values for the coefficients b; are
{£1/2,4+2, £4} as we have seen.

Since we will need to evaluate quite a number of one-loop diagrams,
it will be useful to have a way of identifying individual diagrams without
drawing a picture of each one. As all the one-loop diagrams involved in
the running of a particular multi-quark operator differ only in the place-
ment of the single gluon line, this identification is not difficult. For example,
recall that we represent a generic four-quark operator by the tensor prod-

uct (cf. equations (B-f, f))
I' ®I's.

The one-loop diagram in which a gluon is attached to the charm quark and
charm anti-quark of this operator could be represented by marking the place-

ment of the gluon insertions
GI'y ® GTs.

The same information about the placement of the gluon insertions can be

conveyed by the briefer notation

(1:1)

which indicates that the gluon is attached to both the left side of the first
current and the left side of the second current. The one-loop diagram in
which the gluon is attached to the up quarks would be (r:7) in this notation.
The four diagrams in which the gluon is attached to one heavy and one
light quark would be represented as (Ir:), (:lr), (I:r), and (r:l). The direct

correspondence between this ‘colon’ notation and the one-loop diagrams for

19



the four-quark operators is shown in figure . The extension of the notation
to the six- and eight-quark operators is straightforward.

Now we can restate our results in colon notation:

e From (B-H) we see that each graph where a gluon connects two heavy

lines is of the form (...:l:l). For such graphs, D; = 1 and b; = 4.

e The graphs with a light and a heavy quark connected by a gluon also
have D; = 1. The coefficient b; always has magnitude 2. The sign of b;
is positive if the graph is of the form (...7:...::) or (...r:...:l) and
is negative if the graph has the form (...0:...::) or (...1:...:]).

e The graphs where a gluon connects two light quarks can have a non-
trivial Dirac structure. If the graph is of the form (...l:...:l...)
or (...r:....r...) then D; # 1 and b; = —

the following relation for left-handed Dirac matrices I'f, f

%. Otherwise, we can apply

YL @p L =47 @p Ly 47)

3From

Y yE @p Ty yu — 492 ®@p T
= UW/’Y% ®D 1—‘lLO',ul/ = U;L{V'Yg ®D FLO'L”uu

(1®@pTyL) (ol @por,uw)(Vf ®p 1)

we see that (J7) is a consequence of the identity

pv _
Or ®DOL v =0.

20



to find that D; =1 and b, = 2.

These observations have interesting consequences in the large NV limit.
The only diagrams which can give a leading contribution of order a/N are
those which that have a trivial Dirac structure from (f7). This can be seen
most easily in 't Hooft’s double line notation [[4], where it is obvious that
all diagrams connecting two quark lines on the same side of the operator are
not planar and therefore subleading. Therefore the different Dirac structures

do not mix in the limit of large N.

5 Anomalous Dimensions

Having calculated the divergent pieces of the loop integrals, we can now

proceed to use the renormalization group equation

0 0
(M@ + 5(9)8—9 + Y+ ey — ’Yn> 0,=0 (48)

to extract the anomalous dimensions 7,. Here n; and n; are, respectively, the
number of heavy and light quark fields in the operator O,, and n = n; + ny,.

Using [{]

3
g; 11N —2n
Blg) = —lgmn 2 (19)
a;
no= —Cr (50)
R
Th = 2CFE (51)

with ny = 3 the number of light quark flavors below the charm scale, we
arrive at the anomalous dimension matrix

A

Yn = A

Z bi (C; @ D;) + (2ny, —n))Cr- (1@ 1) +0(a?) (52

21



where b;, C; and D; have been defined in section i

The Wilson coefficients 7;(p) in the effective Hamiltonian
Hepp = G > mi(m)Oi(p) (53)

satisfy the renormalization group equation

%mw = — ()00, (54)

where 7 is the transpose of the anomalous dimension matrix from (f§). If

we decompose ! as
=LAl Re L= R (59
with 72 a diagonal matrix and expand ~2 in powers of a,
W = AR+ 0ad). (56)

the solution of (Bb4) may be expressed in the form
330

n(p) = Ly, - <aof(§,,’jc))>2(1w — 2ny) - Ry, - n(me). (57)

In QCD with three light quark flavors below m,, the exponent of (F7) sim-
plifies to 2 /18. Since ay increases as we run down from the charm scale, a
positive exponent 42 will result in enhancement of the coefficient 7.

In the rest of this section, we will calculate the anomalous dimensions
of the multi-quark operators responsible for D%-D° mixing. We will use these
anomalous dimensions to run our Wilson coefficients to a hadronic scale of

order Agep in the next section.
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Figure 5: Running of the four-quark operators

5.1 Four-Quark Operators

The Feynman diagrams contributing to the running of the four-quark
operators below m, are shown in fig. [|. Using the rules and the notation

explained in section ] we can immediately infer
D¢y = Dgyyy = Dy = Dy = Dy = 1 (58)

and

1
b(:lr) — b(lr:) - b(r:l) — b(l:r) = 27 b(l:l) = 47 b(r:r) - _5 (59)

23



A short calculation yields for the color structure

Cr O

C(:lr) = C1(l7’:) = . ) (60)
0 —a§
0 1

Con =Cun = | 1) (61)
v OFr—ay
0 1

C’(l:l) = C(T’:T’) = c . ) (62>
N W

and for the remaining Dirac structure

16 0
D(r:r) = : (63>
—4 0

Using the general relation (53), the anomalous dimensions for the

four-quark operators read explicitly

oor 1 0 -%
W@TZ;{( ®1+ ® Dy (64)
s 6Cr- 4 b &

The first term in the sum (f4) takes into account the contributions of graphs
(:lr), (Ir:), (r:0), (I:r), (I:1), and the self energy subtraction. The second term
in (p4) is the contribution of the last graph (r:r).

The simple form of (p4]) allows us to perform the decomposition (p3)

separately for the color and the Dirac part:

1-4 0 0 0
Va 6Cr-1®1+4- ® (65)
0 —-1-% 0 1

1+% 1-% 11
2 —2 0 4



1 N1 1 _1
2 4N 4

_N+41 0 1

4N 4

and we can read off the eigenvalues from (3)

a /3 1 a (3 1 a3 a3

N[

corresponding to the exponents 16/27, 4/27, 4/9, and 4/9 in p1.

5.2 Six-Quark Operators

The simple structure of our results for the four-quark operators does not

persist in the six-quark case. The gluon insertions with non trivial action on

the Dirac basis (B280) are




Dypry = | 6i —18i 6 —12i 0. (71)

6 6 20 4 0

-4 0 0 0 O

While each matrix has the same set of eigenvalues (16, 16,0, 0,0), the corre-
sponding eigenspaces differ and the diagonalization method of the preceding
section is not applicable. We can nevertheless pick a particular value for N
(N = 3 being the natural choice) and perform the decomposition (FF) of v¢
numerically. In this way we obtain the multiplicities for the exponents shown
in figure f. The two largest exponents are 17/18, resulting in an appreciable

enhancement of the related operators.

5.3 Eight-Quark Operators

In the case of the eight-quark operators, there are seven non-trivial 14-
dimensional matrices describing the 1-loop mixing of the Dirac space opera-
tors. Rather than quoting those here, we proceed immediately to an account
of the numerical results. In figure [] we have plotted the multiplicities of
the exponents of the anomalous dimension matrix 3£’ /18 for the eight-quark
operators for N = 3.

The largest exponents are 37/27 and 11/9 with multiplicities 2 and 5,
respectively. Over all, eighteen operator coefficients have exponents greater
than or equal to 1; for these operator coefficients, the QCD running effec-

tively removes the suppression factor of s (m,) introduced in the charm-scale
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Figure 6: Multiplicity distribution of the eigenvalues of the anomalous di-

mension matrix 74’ /18 for the six-quark operators in the case N = 3.

matching.

6 Matrix Elements

We can now run our Wilson coefficients all the way down to a typical hadronic
scale where it is possible to evaluate the matrix elements contributing to the

D-meson mass difference:

Am =2-(D°|H.zs| D). (72)
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Figure 7: Multiplicity distribution of the eigenvalues of the anomalous di-

mension matrix 7 /18 for the eight-quark operators in the case N = 3.

In principle, the evaluation of these matrix elements requires non-perturba-
tive methods, e.g. lattice gauge theory calculations. Instead, we will estimate
the size of the matrix elements using Naive Dimensional Analysis (NDA) [[I0,
al.

Throughout this paper, we have abbreviated our multi-quark opera-
tors by writing down tensor-products of color and Dirac matrices without
the accompanying quark fields. Now that we are about to calculate matrix

elements, we remind the reader that the operators 72" and Y?" do really
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carry quark fields with them. For example, where we write
(/%"7_")’7'62®T61
we mean

(k- 7)™ (B [T @ 740 (@ [T ® 107 (@1 © 0] ).

We will continue to use this convention in order to keep the expressions for
the matrix elements relatively compact.

The contribution of the four-quark operators to the D-meson mass
difference is given by the results of our matching (PF) and running (B7)

calculations as

1 4
16 2G% sin? 6 cos? 6 s
T

S (8 (D0 a1 7).
3 2

Z7j:17

(Am), = 4x2-

X (73)

2
mg

where A is a typical hadronic scale which we fix by the condition as(A) = 1.
Note that the factor of 4 in the 4Y*; confers a conventional normalization
on the Dirac operators (i.e. muliplies each left-handed projection operator

by a factor of two). The initial conditions at the charm scale may be read

from (P3)

77111 (me) =1 (74)
nhim) = 2 )
7];11 (mc> = 7732(7"6) =0 (76>
Using the values [[[3]
cosf = 0975 (77)



Gp = 1.166-107°GeV 2 (78)

me. = 1.5GeV, (79)
we find
4
(Am), = 23x107'7"GeV™? (O.Qﬂge\/) X (80)
Z T]?J(A) <D0 ‘4T4Z‘T4j} D0> .
ij=1,2

We must now estimate the magnitude of the hadronic matrix elements.

NDA tells us

Los

(DO 4740%| D°) ~ mef} ~ Aspf? ~ o Msn (81)

where A,sp ~ 1 GeV is the chiral symmetry breaking scale. Note that NDA
does not tell us whether the matrix elements of our several operators will
interfere constructively or destructively. In the context of dimensional anal-
ysis, it is not unreasonable to assume statistical independence of the various
contributions and to add the coefficients in quadrature. We can also ob-
tain a reasonable upper estimate by adding the magnitudes of the individual
contributions.

Using these two procedures as limiting cases, the result without the

leading order QCD corrections is

0. _ 10-17 ms :
(Am)° ~ (0.3 — 0.4) - 10" GeV ( — Gev> ,

in agreement with the result for the short distance contribution from the box
diagram. Using

as(me) =0.4 (82)
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the renormalization group running enhances this to

N _ 10-17 M :
(Am), ~ (0.5 0.9) - 10717 GeV (0'2 Ge\/)' (83)

To evaluate the contribution of the six-quark operators to the mass
difference, we follow a similar line of reasoning. Since NDA suggests that
the matrix element of the U-spin vector operator ¥ - 71 is of the or-
der sin 6 cos  m f? [H], we expect the matrix elements of the six-quark oper-

ators to yield

<D0 ‘8 7)7%,78; ’D0> ~ (sin 6 cos O m, f2)(mef3). (84)

Combining this estimate with our results from the matching (B§) and run-
ning (p7) calculations (keeping in mind that two distinct diagrams contribute

to the matching) yields

1 A2 m
A = 2.-_x58B s 85
( m)ﬁ 2m8mc ].6 g X ( )

Qan < }H 71875, 7°; ‘D0>

sm@cos@m sf

Then we find

m 3
~ ( . (§ )

from the charm-quark matching and

3
Am), =~ (0.7 -2.0)- 107" G v< - ) 86
(Am)g = (0.7 2.0) 107 Gev (e (56)
including the leading order QCD corrections
Repeating this reasoning for the eight-quark operators, we have
<D0 ‘(/%' : 77)2167'8[1”8]-’ DO> = (sin @ cos @ m, f2)*(mefp) (87)
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and applying this to ([]) and (57) gives

La(m.) Ass L o 2 n M
(Am), = 1 mgmg X 2 167T2GFsm 0 cos 9@ X (88)
2
1 8 0liz . =\21a.-8 78 | MO
(Sin9c089m8f2> > 1 (A) <D ‘( 7)°167°; T ]‘D >

The charm-scale matching gives

0 (0.04— 0.2) - 10-17 _ms N
(Am)° = (0.04 — 0.2) - 10 GeV<O.2 GeV>

and the numerical solution of the renormalization group equation yields

~ _ 10-17 s 2
(Am), ~ (0.07 — 0.6) - 10717 GeV <0'2 Ge\/> . (89)

The large number of contributing operators causes a substantial uncertainty

in the last expression because our estimate of the error from the unknown

phases scales roughly like y/number of operators. This uncertainty does not,
however, apply to the upper bound.

Adding all contributions, our final result is
(Am) y ppr ~ (0.9 = 3.5) - 1077 GeV (90)

for my = 0.2 GeV.

7 Conclusions

We have calculated the leading order QCD corrections to D% D° mixing in the
Heavy Quark Effective Field Theory. We find that the renormalization group

running enhances Am by a factor of two to three. While the precision of our
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numerical results is limited by our incomplete knowledge of the hadronic
matrix elements, we do not see any large correction to the purely short
distance contribution in the framework of HqEFT. We therefore conclude
that the cancellations among the dispersive channels conjectured in [[] are

not removed by the leading order QCD corrections.
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A Eight-Quark Operator Basis

A.1 Color Structure

Let us fix the notation for the invariant tensors f and d

fabc = —2iTr ([Tcu Tb] Tc) (91>
dape = 2Tr ({Tcu Tb} Tc) : (92>

Then the color basis for the eight-quark operators is

1®c1®c1®c1 (93)
T, ®c T ®c1®c1 (94)
1®c1®cTy®c Ty (95)
T, ®c1®c 1, ®c1 (96)
1®cT, ®c 1&®c 1, (97)
T, ®c1®c1®cT, (98)
10T, ®c Ty ®c 1 (99)
Jave - To @c Ty ®c Te ®c 1 (100)
dape - To @c Ty @c T, ®c 1 (101)
Jave * To ®@c Ty @c 1 @c T, (102)
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7'813
7'814
7'815
7'816

8
T 17

8
T 20

8
T 21

8
T 22

8
T 23

8
T 24

= dape * To @cTy @c 1 ®c T,

= fave Ta ®c 1 @c Ty ®c T,

= dape " To ®c 1 @c Ty @c T,

= Jabe 1 ®c T @c Ty ®c T,

= dape "1 ®c 1o ®c Ty @c T,

= daplea - To @c Ty @c Te. @c Ty
= dapelede - To @c Ty @c Te ®@c Ty
= faveleae " To @c Ty @c T, @c Ty
= dapefede * Ta @c Ty @c T, @c Ty
= faveSede  Ta @c Ty @c Te @c Ty

- (face dbde - fade dbce - fbce dade + fbde dace)

T ®@c Ty ®cTe @c Ty
(0acObd — Oadlve) - Ty Rc Ty @c T @c Ty
(0acObd + 0aadee) - To @c Ty @c T, ®c Ty

- dabedcde + dacedbde + dadedbce

1
N (0ab0cd + OacObd + 5ad5bc)> T @c Ty @c T, @c 1y

A.2 Dirac structures

Our basis for the Dirac structure of the eight-quark operators is

T = YW ®pV,®pY, ®@p VL
T = Y ®p7) @b YL @b Yiw

T = Y ®p7) ®pYrw ®p Vo
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T8,
T8
T8
T8,
T8
T8
T
T,
T,
T8,
T

YE ®p Yo ®p 1 ®p 15,

Vi ®@p VL ®p oL ®@p 1g

YL ®@p VL @p 1L @p 0L

Y1 ®p ¥, @p Yo @p 1z

¥, @pVL @p Yo ®p 11

Vi ®p ¥, ®p 1L @p Y4

Y, @p VL @p 1L @p Yo

V7. ®@p ¥, ®p (V7 ®D OLyw + 0L @D V1)
b Qp Vi Qp (V. ®@p 0Ly + 0L @p VL)
¥, @p ¥ @b VL D VL

¥, @p ¥, ®p 1L ®p 1,

120
121
122
123
124

(120)
(121)
(122)
(123)
(124)
(125)
(126)
(127)
(128)
(129)
(130)

130

Note that potential contributions proportional to 50‘6767@0[ ®pYLARODVLARD

v1,s have been eliminated, because the identityE

Vo2 > 0 : 020 = v, et 4 Py, et 4Ty, et B0 4 Oy, et (131)

can be used to relate them to elements of the basis.

A.3 Matching

In this appendix we give the results of the leading order matching for each

graph in terms of the basis listed in appendix [f]. To distinguish the individual

“In a system of coordinate with v = (v/v2,0) equation ([[31) is nothing but the familiar

expansion formula for a determinant in terms of its minors.
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graphs, we use the notation introduced at the end of section f]. All the

following terms have the overall factor

Z,G%47Ta5 (me)

o) (K-T)(K-T) (132)

where «y is the strong coupling and the two matrices K - 7 are intended to

act over the doublets 1, as explained in section B.4]

1
() = T ® <—T81 — T8 4+ Y% — Y% +iT% + §T87

| | 1 i i
ST ST = ST — ST+ §T812) (133)
1

86 ® <+T81 — Y8, — Y8y T — i — 51'87
+%T88 _ %ng + %Tfﬁo + %T% - %T812> (134)
8, ® <—T81 + T8, + Y8y — 2708 4,8 + T8 — %T87
+;T88 _ %TSQ - %Tf‘w + %TSH + %Tf‘lg 4 2T813) (135)
@ <—T81 Sy 4+ Ty — 208, — T8 — T+ %T87
gng + %Tf‘w _ %TSH - %TSH n 2T813> (136)
@ <T81 TS, — T8y 4 208, — T, — i1 + %T87
7T88 + %ng + %Tf‘m — %T% — %T% — 2T813> (137)

1
+§T88 —

2
1
% ® <T81 4+ Y8 — T8 278, i i — §T87
1 7 1 ? i
_§T88 + §T89 - §T810 + §T811 + §T812 — 2T813> (138)

1
T82 X (_T81 — T82 + T83 + ’iT85 - ’iTSG — §T87
1

1 1 | |
FSTE = ST+ ST+ S %Tf‘lg) (139)
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Two additional graphs are connected to the preceding by symmetry; the
graph (:r:r:) is the same as (r::r) but with a different color factor 7%;

and (r:r::) is the same as (:r:r) but with a color factor 75,.

B One-Loop Integrals

Using the one-loop integrals

d4 El u » 1 ,UE )
e / 2m) (B = 2@1)“167T2?+ finite (140)
d*=cl 1 1 ue
/(27r = (I0)? = —42167T2—+ finite (141)
d=cl 1M i 1o
e / o) - 59” 1622 ¢ + finite , (142)

we can reduce the evaluation of our one-loop diagrams to algebra. The

gluon insertion into a light-light current (cf. fa) corresponds to the generic

expression
d4 El —’Lg 5 b 7 b ) b
(O W b —igTy)¢ lfyu_l —igTy)S |7~

/ [ ]1 /l ) [ b]2 /l )

. D [ od¥el 1,1
= —ig’u [Ta]lc[T] el [, ) (p)ﬁs (143)
_ layp D .
= 53 LIV 1 by + finite

where the notation [S] Z.D

refers to the insertion of the string S of Dirac ma-
trices from right to left, starting at the appropriate vertex; similarly for [S]ZC
in color space. Ij; has to be multiplied by —1 for each fermion line in which

the charge flows in the opposite direction of the momentum.
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The corresponding calculation for the heavy-light current (cf. fb)

yields
Al —igOu i1P il
ho_ ;w a . cl, pnt . C v’
M= [ =gTalf o] el ||
= gt (B (T P [ e (114)
T Rl B S @y (i)
o « ,u C .
= 247T - [T.]S [T,)¢ + finite ,

where we have used $p = 1 in the last equality. Again, I}, has to be multiplied
by —1 for each fermion line in which the charge flows in the opposite direction
of the momentum. There is a superficial ambiguity in the sign for heavy anti-
quark lines. One possible rule is to treat them like anti-quarks; an equivalent
one [ is to treat them like quarks with the opposite color charge.

Finally the heavy-heavy current (cf. flc) gives the contribution

d4—sl _ u5a - =D - 1D
= muG/( Y b[—z’gTa]lc [v”i} [—igTy)S [v"iL

2r)d—e 2 vl lv
d*=<l 1
9t 1C 1 1C
= i’ [T (1) [ G mmymp (145)
QM O :
= 447r ; [T,]7 [Ta); + finite |

with the same rules for additional signs.

40



=
S
[
T
=

=
o
=
|

Figure 3: An example of a leading contribution to eight-quark matching.

Thie graph corresponds to (i) In the notatlon of sectlon 77,
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Figure 4: Gluon insertion into light-light, heavy-light, and heavy-heavy pairs
of quark lines.
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Figure 5: Running of the four-quark operators
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Figure §: Multiplicity distribution of the elgenvalues of the anomalous di-
mension matrix ¥ /18 for the six-quark operators in the case N = 3.
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Figure 7: Multiplicity distribution of the elgenvalues of the anomalous di-
mension matrix ¥ /18 for the eight- quark operators in the case N = 3.
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