
UC San Diego
UC San Diego Electronic Theses and Dissertations

Title
Efficient representation and learning of quantum many-body states

Permalink
https://escholarship.org/uc/item/8xw7c2ph

Author
Hu, Hongye

Publication Date
2022
 
Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/8xw7c2ph
https://escholarship.org
http://www.cdlib.org/


UNIVERSITY OF CALIFORNIA SAN DIEGO

Efficient representation and learning of quantum many-body states

A dissertation submitted in partial satisfaction of the
requirements for the degree

Doctor of Philosophy

in

Physics

by

Hongye Hu

Committee in charge:

Professor Yi-Zhuang You, Chair
Professor Chunhui Du
Professor Tarun Grover
Professor John McGreevy
Professor Kesong Yang

2022



Copyright

Hongye Hu, 2022

All rights reserved.



The dissertation of Hongye Hu is approved, and it is accept-

able in quality and form for publication on microfilm and

electronically.

University of California San Diego

2022

iii



DEDICATION

This thesis is dedicated to my family, my fiancée, and all my great mentors.

iv



EPIGRAPH

To learn, read.

To know, write.

To master, teach.

—Hindu proverb

v



TABLE OF CONTENTS

Dissertation Approval Page . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

Dedication . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv

Epigraph . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

Table of Contents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vi

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . x

List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xii

Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xiii

Vita . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xix

Abstract of the Dissertation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xx

Part I Introduction 1

Chapter 1 Background and introduction . . . . . . . . . . . . . . . . . . . . . . . . 2

Chapter 2 Quantum mechanics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.1 Closed quantum systems . . . . . . . . . . . . . . . . . . . . . . . 6

2.1.1 Axioms of quantum mechanics . . . . . . . . . . . . . . . . 6
2.1.2 Schmidt decomposition . . . . . . . . . . . . . . . . . . . . 8

2.2 Tensor diagram: a Lego for understanding quantum mechanics . . . 10
2.3 Open quantum systems . . . . . . . . . . . . . . . . . . . . . . . . 14

2.3.1 Density matrix: a complete representation of quantum states 14
2.3.2 Ensemble interpretation is not unique . . . . . . . . . . . . 16
2.3.3 Generalized measurements . . . . . . . . . . . . . . . . . . 18
2.3.4 Quantum Channels . . . . . . . . . . . . . . . . . . . . . . 20

2.4 Other representations of quantum channel . . . . . . . . . . . . . . 21
2.4.1 Louiville representation . . . . . . . . . . . . . . . . . . . 22
2.4.2 Choi matrix representation . . . . . . . . . . . . . . . . . . 23
2.4.3 Process matrix representation . . . . . . . . . . . . . . . . 25
2.4.4 Relation among representations . . . . . . . . . . . . . . . 26

2.5 Hidden variable models . . . . . . . . . . . . . . . . . . . . . . . . 28
2.5.1 Bell’s inequality . . . . . . . . . . . . . . . . . . . . . . . 30
2.5.2 Quantum contextuality . . . . . . . . . . . . . . . . . . . . 32

vi



Chapter 3 Complexity and unitary designs . . . . . . . . . . . . . . . . . . . . . . 36
3.1 Measure of Haar . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
3.2 Schur-Weyl duality . . . . . . . . . . . . . . . . . . . . . . . . . . 37
3.3 Haar integral . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
3.4 Haar random states . . . . . . . . . . . . . . . . . . . . . . . . . . 42
3.5 Unitary design and frame potential . . . . . . . . . . . . . . . . . . 44

Chapter 4 Machine learning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
4.1 Basic concepts . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
4.2 Differential programming . . . . . . . . . . . . . . . . . . . . . . . 50
4.3 Backpropagating through continuous and discrete samples . . . . . 53

Part II Classical shadow representation of quantum states 57

Chapter 5 Hamiltonian-driven shadow tomography of quantum states . . . . . . . . 58
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
5.2 Brief Review of Shadow Tomography . . . . . . . . . . . . . . . . 61
5.3 Hamiltonian-Driven Shadow Tomography. . . . . . . . . . . . . . . 62
5.4 Tomography Efficiency Analysis. . . . . . . . . . . . . . . . . . . . 65
5.5 Efficiency for Nonlinear Functions. . . . . . . . . . . . . . . . . . 69
5.6 Summary and Discussions. . . . . . . . . . . . . . . . . . . . . . . 70
5.7 Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . 71

Chapter 6 Classical shadow tomography with locally scrambled quantum dynamics . 72
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
6.2 Theoretical Framework . . . . . . . . . . . . . . . . . . . . . . . . 76

6.2.1 Reconstruction Map from Entanglement Features . . . . . . 76
6.2.2 Variance Estimation and Sample Complexity . . . . . . . . 81
6.2.3 A Toy Example of Two-Qudit System . . . . . . . . . . . . 84
6.2.4 Additional Remarks on Computational Methods and Future

Directions . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
6.3 Numerical Demonstrations . . . . . . . . . . . . . . . . . . . . . . 90

6.3.1 Classical Shadow Tomography with Shallow Random Unitary
Circuits . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

6.3.2 Scaling of Variance and Tomography Complexity . . . . . . 94
6.3.3 Approximate Classical Shadow Tomography with Local Hamil-

tonian Dynamics . . . . . . . . . . . . . . . . . . . . . . . 100
6.4 Summary and Discussions . . . . . . . . . . . . . . . . . . . . . . 105
6.5 Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . 109

Part III Hierarchical representation of quantum states 110

vii



Chapter 7 Topological and symmetry-enriched random quantum critical points . . . 111
7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111
7.2 Ising⋆ transition . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
7.3 Random Ising⋆ transition . . . . . . . . . . . . . . . . . . . . . . . 114
7.4 SBRG results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116
7.5 Symmetry-enriched random singlet phase . . . . . . . . . . . . . . 118
7.6 Floquet Ising⋆ criticality . . . . . . . . . . . . . . . . . . . . . . . 121
7.7 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122
7.8 Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . 122

Chapter 8 Machine learning holographic mapping by neural network renormalization
group . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123
8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123
8.2 Renormalization Group and Generative Model . . . . . . . . . . . . 125
8.3 Holographic Duality and Classical Approximation . . . . . . . . . . 129
8.4 Application to Complex φ4 Model . . . . . . . . . . . . . . . . . . 132
8.5 Summary and Discussions . . . . . . . . . . . . . . . . . . . . . . 143
8.6 Acknowledgement . . . . . . . . . . . . . . . . . . . . . . . . . . 144

Chapter 9 Summary and outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

Appendix A Hamiltonian-driven shadow tomography of quantum states . . . . . . . . 149
A.1 Diagrammatic approach towards quantum channel M . . . . . . . . 149
A.2 Diagrammatic approach towards variance calculation . . . . . . . . 151
A.3 Variance of linear functions . . . . . . . . . . . . . . . . . . . . . . 156

A.3.1 Off-diagonal Pauli observables . . . . . . . . . . . . . . . . 157
A.3.2 Diagonal Pauli observables . . . . . . . . . . . . . . . . . . 157

A.4 Numerical results and case studies . . . . . . . . . . . . . . . . . . 158
A.4.1 Numerical studies of reconstruction channel . . . . . . . . . 158
A.4.2 Numerical case studies of variance estimations . . . . . . . 159

A.5 Variance of nonlinear functions . . . . . . . . . . . . . . . . . . . . 161

Appendix B Classical shadow tomography with locally scrambled quantum dynamics . 163
B.1 Entanglement feature and the reconstruction channel . . . . . . . . 163
B.2 Variance estimation and sample complexity . . . . . . . . . . . . . 165
B.3 Fidelity estimation for mixed state . . . . . . . . . . . . . . . . . . 167
B.4 Approximated unitary ensemble and purification . . . . . . . . . . 168

Appendix C Topological and symmetry-enriched random quantum critical points . . . 173
C.1 Spectrum bifurcation renormalization group . . . . . . . . . . . . . 173
C.2 DMRG analysis of the symmetry-enriched random singlet phase . . 176
C.3 Floquet Ising⋆ criticality . . . . . . . . . . . . . . . . . . . . . . . 178

viii



Appendix D Machine learning holographic mapping by neural network renormalization
group . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182
D.1 Minimal Bulk Mutual Information Principle . . . . . . . . . . . . . 182
D.2 Design of Bijectors . . . . . . . . . . . . . . . . . . . . . . . . . . 185
D.3 Neural Network Training . . . . . . . . . . . . . . . . . . . . . . . 186
D.4 Monte Carlo Sampling Efficiency . . . . . . . . . . . . . . . . . . 187
D.5 Design of the Correlated Gaussian Prior . . . . . . . . . . . . . . . 187

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189

ix



LIST OF FIGURES

Figure 2.1: Tensor diagrams for elementary tensors. . . . . . . . . . . . . . . . . . . . 10
Figure 2.2: The convex set of density matrix. . . . . . . . . . . . . . . . . . . . . . . 16
Figure 2.3: The tensor diagram of basis transformation between col-order and arbitrary

σ-order. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
Figure 2.4: Relations between different representations of a quantum channel. . . . . . 26
Figure 2.5: A cartoon of the Mermin’s magic square . . . . . . . . . . . . . . . . . . . 33
Figure 2.6: Escher’s Waterfall. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

Figure 4.1: A cartoon of feedforward neural network. . . . . . . . . . . . . . . . . . . 47
Figure 4.2: A cartoon of computation graph. . . . . . . . . . . . . . . . . . . . . . . . 51

Figure 5.1: Shadow tomography protocol. . . . . . . . . . . . . . . . . . . . . . . . . 59
Figure 5.2: Time-dependence of the sample form factor . . . . . . . . . . . . . . . . . 68

Figure 6.1: Illustration of classical shadow tomography protocol. This work focuses on
the case when the unitary channel is of finite depth and respects locality. . . 73

Figure 6.2: Two-qudit unitary channel in (a) the long-time (Page state) limit and (b) the
short-time (product state) limit... . . . . . . . . . . . . . . . . . . . . . . . 86

Figure 6.3: Classical shadow tomography with (a) finite-depth random unitary circuits
(of L layers), (b) discrete-time Hamiltonian dynamics (of T steps). . . . . . 90

Figure 6.4: (a) Fidelity estimation of GHZ state with RUC of different circuit depth L
using entanglement-feature-based reconstruction M −1

EF (denoted by EF) over
different number N of qubits... . . . . . . . . . . . . . . . . . . . . . . . . 91

Figure 6.5: (a) Fidelity estimation of the reconstructed GHZ state with RUC of finite
depth L... . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

Figure 6.6: (a) Single-shot variance of estimated fidelity v.s. circuit depth L for a 9-qubits
GHZ state... . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

Figure 6.7: (a) Tomography complexity C ∝ (L+1)VarF as a function of circuit depth
L for the fidelity... . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

Figure 6.8: (a) Frame potential gap ∆
(2)
Eσ

of the GUE2 ensemble as a function of evolution
time T ... . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

Figure 6.9: Fidelity prediction by (a) different approximated locally scrambled ensembles...104
Figure 6.10: Classical post-processing protocol to estimate the operator expectation value

and shadow norm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
Figure 6.11: Illustration of holographic classical shadow tomography scheme, where the

quantum circuit is arranged in a hierarchical structure... . . . . . . . . . . . 107

Figure 7.1: Random Ising⋆ transition... . . . . . . . . . . . . . . . . . . . . . . . . . 115
Figure 7.2: Symmetry-enriched random singlet phase.... . . . . . . . . . . . . . . . 120

Figure 8.1: Relation between (a) RG and (b) generative model. . . . . . . . . . . . . . 125
Figure 8.2: (a) Side view of the neural-RG network... . . . . . . . . . . . . . . . . . . 134

x



Figure 8.3: Neural network architecture within a decimator block (the disentangler block
shares the same architecture). . . . . . . . . . . . . . . . . . . . . . . . . 135

Figure 8.4: Performance of the trained EHM for the complex φ4 theory. . . . . . . . . 136
Figure 8.5: The boundary field configuration φ before (left) and after (right) a local

update in the most IR layer of the bulk field ζ. . . . . . . . . . . . . . . . . 138
Figure 8.6: (a) Distance matrix D(A : B), indexed by the decimator indices A,B... . . . 141

Figure A.1: Form factors fα(t) and their asymptotic behaviors. . . . . . . . . . . . . . 153
Figure A.2: Early time reconstruction of GHZ state. . . . . . . . . . . . . . . . . . . . 158
Figure A.3: Numerical tests on the scaling of variance for off-diagonal operators. . . . 159
Figure A.4: Numerical tests of the variance of diagonal variables. . . . . . . . . . . . . 161

Figure B.1: Fidelity estimation between mix state and target state. . . . . . . . . . . . 168
Figure B.2: Eigenvalues of reconstructed density matrix ρ̃ of 7-qubit GHZ state using

mismatched channels. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168
Figure B.3: Fidelity estimation of approximated unitary ensemble after purification. . . 169
Figure B.4: Unbiased reconstruction of a 7-qubit GHZ density matrix, using a single

instance of Hamiltonian in the DQIM ensemble... . . . . . . . . . . . . . . 171
Figure B.5: Biased reconstruction of a 7-qubit GHZ density matrix, using a single in-

stance of Hamiltonian in the DQIM ensemble... . . . . . . . . . . . . . . . 172

Figure C.1: Spectrum bifurcation renormalization group. . . . . . . . . . . . . . . 174
Figure C.2: Bulk criticality of the Ising⋆ fixed point . . . . . . . . . . . . . . . . . . 176
Figure C.3: Entanglement scaling in the symmetry-enriched random singlet phase. 177
Figure C.4: Topological edge modes at Floquet criticality. . . . . . . . . . . . . . . . 180

Figure D.1: Functional dependence of variables in the neural-RG network. Each block
represents a bijective map. . . . . . . . . . . . . . . . . . . . . . . . . . . 182

Figure D.2: Orthogonal transformation. . . . . . . . . . . . . . . . . . . . . . . . . . . 186
Figure D.3: MCMC result. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187

xi



LIST OF TABLES

Table 2.1: The hidden variable theory for EPR state. If such a theory exists, then there is
a preassigned probability distribution. . . . . . . . . . . . . . . . . . . . . 31

Table 4.1: Summary of different methods to backpropagate gradient through samples . 56

xii



ACKNOWLEDGEMENTS

Time flies and the past six years are among the most memorable periods in my life. I

am grateful that I can spend the time with those lovely, intellectual, inspiring people here at the

University of California, San Diego, which is located at one of the best places on earth, the sunny

La Jolla.

First and foremost, I am deeply indebted to my advisor Dr. Yi-Zhuang You, for his

guidance and support. I feel extremely lucky to study under his wing over the past few years.

When I started my Ph.D. study at UCSD, I didn’t know where is my destination. It feels like

standing inside a forest with my bare hands, and I am fortunate to have Yi-Zhuang as my mentor,

dear friend, and inspiring role model along this journey. He always encourages me to be myself

and follow my heart. Inside the forest of knowledge, there are many paths. There are times when

I am afraid I am choosing the wrong one and wasting my time. With Yi-Zhuang’s encouragement

echoing in my head, I gradually realized maybe there is no right or wrong in the choice. The

important aspect is to start my first step, follow my heart, and then make sure I put faith in my

choice, work hard and keep going. When looking back, I had tremendous joy in doing research in

computational neuroscience, renormalization group and neural network, quantum many-body

physics with disorder, and quantum information. All of them form a unique path which leads

me to this thesis, the efficient representation and learning of quantum many-body states. As a

theoretical physicist, Yi-Zhuang has his own way of doing research and learning new knowledge,

which is very hands-on. This technique inspires me all the time. He always starts with simple

models or problems that one can do some math or solve numerically and play with them. I

find this method is very efficient in learning new concepts and gaining intuitions. In addition,

Yi-Zhuang is an excellent educator. He can explain everything very clearly to non-expert people.

Even hard math becomes very attractive with his words, and I find his clever usage of analogy

is very useful in understanding and expressing hard concepts. Yi-Zhuang loves science, and his

passion influences me a lot. Whenever I feel blue in real life, talking science with Yi-Zhuang is

xiii



one of the best remedies for me. Yi-Zhuang sets a very high standard for me in many aspects. I

hope one day, I can be a good scientist, dear friend, and an excellent educator as Yi-Zhuang.

During my Ph.D. study, I feel fortunate to have many good professors, without whom I

cannot imagine completing this incredible expedition. Every journey has a starting point. For this,

I would like to thank Prof. Congjun Wu, who gave me the chance to study at UCSD. It was a night

at the airport, Prof. Wu and I had an excellent discussion, during which time he explained his

insights on how to understand electrons as individuals living as a society. I am really grateful I had

many chances to discuss with Prof. Wu about physics and science. No matter it is here, or I am at

home in China, he always invites me to discuss some science with him. I enjoy those discussions

a lot, and I am very impressed by his profound insights in many aspects, such as condensed matter

physics, mathematics, and history. In addition, I would thank Prof. John McGreevy, Prof. Tarun

Grover, and Prof. Daniel Arovas. All of them are extremely talented scientists. I am grateful that

they put the time in developing many wonderful classes, preparing lecture notes, and are willing

to pass their knowledge to the younger generation. I really appreciate the fact that they answer all

my questions with patience and clearly, even if I know my questions are sometimes naive to them.

And, of course, I really thank Prof. Arovas for bringing much joy into the department. I think I

will really miss that. I would also like to thank my committee members: Prof. Chunhui Du and

Prof. Kesong Yang. I really thank them for supporting me during my study here and meeting

me regularly during qualification and other annual meetings. Especially, Prof. Du provided me

with much guidance on experimental-related questions and certainly developed my interest in

experimental-related research. She is very kind to include me in her group meeting, from where I

certainly learned a lot about NV-related experiments and I am very impressed by the techniques

developed in her group.

During this journey, I am indebted to many good friends and collaborators, from whom I

learned a lot. First, I would like to thank Prof. Soonwon Choi from MIT. I am fortunate to have

Soonwon as my collaborator. He is an excellent physicist and has a very high standard in research

xiv



which is that we should always have a clear physical picture. I think all his collaborators will

agree with me on this, and his research style is very apparent from many of his papers. I really

learned a lot from our discussion and collaboration. And I hope I can try to reach and keep his

standard in all my future research. I would also like to thank Soonwon as a friend. Especially

during my postdoc application, he put many personal hours with me in preparing my presentation

and going over slides. He would challenge me with any questions and help me understand what

is the big picture of the study, which not many people discuss with me. I am really grateful, and

I hope I will continue learning with him. Also, I would like to thank Prof. Lei Wang from the

Institute of Physics. I really learned most of the machine learning from him, and I am amazed

by his profound knowledge in both physics and machine learning. Whenever I have questions

regarding numerical studies, he is my go-to person. And Lei is very generous. At the beginning

of my research on machine learning, I don’t have any computational tools. He let me use many

of his resources for free to give me a boosted start during my early research time. In addition, I

would like to thank Prof. Koji Hashimoto from Kyoto University. I have been deeply infected

by his passion for machine learning and physics since I met him at Microsoft. And I am really

thankful that I can collaborate with him on machine learning and holographic duality, during

which time I enjoyed learning a lot about the holographic universe from him. I feel really lucky

that Koji invited me to give a talk about ”machine learning holography” at the second international

conference on machine learning and physics at the Yukawa Institute. During my visit to Japan, I

had a lot of fun. For example, I thank Koji for teaching me how to fish and cook Japanese food.

I am really lucky to write the Chinese book of Machine Learning and Physics with Koji, and

hopefully, this book will be useful to other college students in China. Also, my friend Dr. Xun

Gao influences me a lot during my Ph.D. study. He has a unique taste of what good research

is, and I certainly like his style. He always tells me that good physics researchers need good

physical pictures and shouldn’t rely on the heavy machinery of mathematics. Especially in the

study of quantum machine learning, I think he achieves his own standard, and I am very grateful

xv



that I have a chance to collaborate with him. And I would like to thank my mentor, Dr. Zhihui

Wang, during my internship with the NASA quantum artificial intelligence lab (QuAIL). I met

Zhihui six years ago during the APS March Meeting when I was still an undergraduate. I am

surprised that she still remembers me years later. I want to thank her for her support during my

internship and my postdoc application. I really learned a lot from her. In addition, I would like

to express my gratitude to Prof. Liang Jiang at the University of Chicago. Liang met me seven

years ago when I was an undergraduate traveling in a foreign land. He kindly invited me to lunch

together at Yale and discussed interesting science with me, including quantum computing and

the behavior economics class at Caltech when he was an undergraduate. For many years, he has

been a role model for me, which he probably does not know. I am really grateful for that lunch

and the friendship we have built. Moreover, I would like to thank Prof. Charles Stevens (Chuck)

and Prof. Tatyana Sharpee at Salk institute for biological studies. I really appreciate my first

two-year experience at Salk Institute to study neuroscience under their wings. It was fascinating

and exciting. Especially, I am very impressed by Chuck’s personality. He continued to learn new

things such as general relativity and computer programming in his 90s and wrote very clear notes.

I am very lucky to have many personal conversations with him and his personal notes.

In addition, I would like to express my sincere gratitude to my parents, Kebiao Hu, Ying

Zhang, my fiancée, Ziyan Xu, and my younger brother Hongkai Hu. Even though my parents may

not fully understand my research now, they value education over most things and have supported

my study since a very young age. So I was fortunate to have many books when I was a boy.

During those time, I came across the book, Surely you are joking, Mr. Feynman!, that opened a

new world for me. I remember I disassembled my 8th birthday gift from my mom, which was a

controllable robot, to figure out why the robot could move, and made an electric fan using the

engine of the robot. Looking back, I am so lucky that they were not angry with me but encourage

me being curious. Also, I appreciate my dad buying those English books for me whenever he

has a chance during his busy oversea errands. They really place the seed for my future scientific

xvi



journey intentionally or unintentionally. In addition, my parents support me doing research and

I cannot achieve what I have now without their support. I feel so lucky to such a family! And,

of course, I love my little brother Hongkai. He is very lovely and smart. It is fortunate to have

a such a brother. During my adulthood, I am really lucky to have Ziyan. She is a very caring

and supportive partner and a bright young immunologist. I am indebted to her in many ways.

Sometimes, I work very late or have discussions with my collaborators during weekends or late at

night. She usually sacrifices her time and compromises with me. From time to time, she jokes

about it: ”I have a finding that physicists do not need sleep.” Sometimes life can be rough, and I

am really grateful for her companionship. She really has her own magical way to make me feel

better. I grow into a better person with her. And we both are very lucky to have a lovely corgi,

Tinkerbell.

Last but not the least, I deeply appreciate all my friends and collaborators, with whom I

shared lifelong stories: Prof. Biao Wu, Prof. Frank Wilczek, Prof. Susanne Yelin, Prof. Romain

Vasseur, Prof. Vedika Khemani, Prof. Bruno Olshausen, Prof. Xiao-Liang Qi, Prof. Chao-Ming

Jian, Prof. Charles Stevens, Prof. Tatyana Sharpee, Dr. Hongchen Jiang, Dr. Eleanor Rieffel,

Shang Liu, Robert Hsin-Yuan Huang, Xue-Yang Song, Eric Anschuetz, Wei-Ting Guo, Jordan

Cotler, Gurtej Kanwar, Dachuan Lu, Ahmed Akhtar, Ruben Verresen, Jinlong Huang, Handuo

Shi, Shenxiu Liu, Yi Liu, Yijun Jiang, Hengyun Zhou, Shengtao Wang, Wenbo Fu, Dian Wu,

Yijian Zou, Wenzhuo Huang, Xiong Lin, Meng Zeng, Yilun Zhang, Di Luo, Junyi Shan, Honglie

Ning, Xiao Zhang, Fangli Liu, Xiang Ji, Li Jing, Xizhi Han, Wenfan Chen, Jinguo Liu, Tianci

Zhou, Xunchen You, Xudong Lv, Fangming Xie, Charles Chunjun Cao, Yubei Chen, Lun-Hui

Hu, Shuo-Hui Li, Zengyi Li, Pan Li, Ziming Liu, Tailin Wu, Wang Yang, Yifei Zhang, Donghao

Wang, Xiaoyan Xu, Qingdong Jiang, Wenjie Yao, Tsung-Cheng Lu, Ryan LaRose, Ryan Levy,

the Swarma Club, Senrui Chen, Zeng Pei, Junyu Liu, Shangnan Zhou, Xiaoyang Huang, Dian

Wu, Dan Mao, Jinghui Liu, Xiu-Zhe Luo, Boqun Shi, Dr. Amanda Han, Yimu Bao, Gushu Li,

Zhaoran Wang, Junyi Cao, Sharmila Poddar, Bingtian Ye, Jack Berkowitz, Wei-Mien Mendy Hsu,

xvii



Shon Grabbe, James Sud, Raimel A. Medina, Sona Najafi, Jahan Claes, Ze-Pei Cian, Sisi Zhou,

Haoxiang Wang, Wanda Hou, Kaifeng Bu, Wenping Cui, Yao Wang, Chenguang Guan.

Chapter 5, in total, is a reprint of the material as it appears in Hong-Ye Hu, Yi-Zhuang

You, Physical Review Research 4, 013043. The dissertation author was the primary investigator

and author of this paper.

Chapter 6, in total, is a reprint of the material as it appears in Hong-Ye Hu, Soonwon

Choi, Yi-Zhuang You, arXiv:2107.04817. The dissertation author was the primary investigator

and author of this paper.

Chapter 7, in total, is a reprint of the material as it appears in Hong-Ye Hu*, Carlos M.

Duque*, Yi-Zhuang You, Vedika Khemani, Ruben Verresen, Romain Vasseur, Physical review B

103, L100207. The dissertation author was the primary investigator and author of this paper.

Chapter 8, in total, is a reprint of the material as it appears in Hong-Ye Hu, Shuo-Hui Li,

Lei Wang, Yi-Zhuang You, Physical Review Research 2, 023369. The dissertation author was the

primary investigator and author of this paper.

xviii



VITA

2016 B. S. in Physics, cum laude, Peking University, China

2022 Ph. D. in Physics, University of California San Diego

PUBLICATIONS

Hong-Ye Hu, Yi-Zhuang You, Hamiltonian-Driven Shadow Tomography of Quantum States,
Physical Review Research 4, 013043 (2022).

Chenhua Geng, Hong-Ye Hu, Yijian Zou, Differentiable Programming of Isometric Tensor
Networks, Machine Learning Science and Technology 3, 015020 (2022).

Hong-Ye Hu, Soonwon Choi, Yi-Zhuang You, Classical Shadow Tomography with Locally
Scrambled Quantum Dynamics, arXiv:2107.04817 (2021).

Hong-Ye Hu*, Carlos M. Duque*, Yi-Zhuang You, Vedika Khemani, Ruben Verresen, Romain
Vasseur, Topological and Symmetry-enriched Random Quantum Critical Points, Physical Review
B 103, L100207 (Editors’ Suggestion 2021).

Koji Hashimoto, Hong-Ye Hu, Yi-Zhuang You, Neural Ordinary Differential Equation and
Holographic Quantum Chromodynamics, Machine Learning: Science and Technology 2, 035011
(2021).

Meng Zeng, Lun-Hui Hu, Hong-Ye Hu, Yi-Zhuang You, Congjun Wu, Phase-fluctuation Induced
Time-Reversal Symmetry Breaking Normal State, arXiv:2102.06158 (2021).

Hong-Ye Hu, Dian Wu, Yi-Zhuang You, Bruno Olshausen, Yubei Chen, RG-Flow: A hierarchical
and explainable flow model based on renormalization group and sparse prior, arXiv:2010.00029
(2020). Under review by Journal of Machine Learning Research.

Hong-Ye Hu, Shuo-Hui Li, Lei Wang, Yi-Zhuang You, Machine Learning Holographic Mapping
by Neural Network Renormalization Group, Physical Review Research 2, 023369 (2020).

Frank Wilczek, Hong-Ye Hu, Biao Wu, Resonant Quantum Search with Monitor Qubits, Chinese
Physics Letters 37 (5), 050304. (Editors’ Suggestion 2020).

Xiao-Yang Huang, Taige Wang, Shang Liu, Hong-Ye Hu, Yi-Zhuang You, Quantum Magnetism
in Wannier-Obstructed Mott Insulators, arXiv:2005.01439 (2020).

Hong-Ye (Hongye) Hu, Biao Wu, Optimizing Quantum Adiabatic Algorithm, Physical Review A
93 (1), 012345 (2016).

xix



ABSTRACT OF THE DISSERTATION

Efficient representation and learning of quantum many-body states

by

Hongye Hu

Doctor of Philosophy in Physics

University of California San Diego, 2022

Professor Yi-Zhuang You, Chair

Quantum mechanics is one of the most successful and striking theories in physics. It

predicts atomic particles can have exotic properties, such as quantum entanglement, that any

classical local theory cannot describe. This phenomenon dramatically increases the complexity

of nature, and it indicates there is no classical algorithm that can universally simulate all quantum

many-body states. On the other hand, as opposed to classical systems, we never observe quantum

properties directly since the measurement for the quantum systems is destructive. People can

only determine the quantum black box by the statistics of classical readouts. The complexity of

quantum objects implies exponentially many measurements and classical data to figure out the

quantum states fully. It is underlying those challenges to find an efficient classical representation
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of quantum many-body states. An efficient (classical) representation will require fewer classical

data of quantum states and learn many of its properties. And an efficient representation can also

be served as a classical simulation algorithm for the quantum states. The is no universal, efficient

representation for all the quantum states, and it usually depends on the learning properties or

underlying quantum states. This thesis will give two efficient representations: the classical shadow

representation of quantum states and the hierarchical representation of quantum states. We will

see that those efficient representations will help us learn and simulate quantum many-body states

and lead to many critical applications in quantum information technology, condensed matter

physics, and quantum field theory.
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Chapter 1

Background and introduction

Quantum mechanics is one of the most successful, striking, and controversial theories in

physics. It predicts atomic particles can have exotic properties, such as quantum entanglement, a

quantum correlation that does not have any classical analog [EPR35, Sch35, Sch36]. Einstein

suspected that quantum mechanics was an incomplete description of reality and the troublesome

fundamental probabilities of quantum mechanics may be originated from the ignorance of some

hidden degrees of freedom. Therefore, he hoped to construct some classical stochastic theory,

like statistical mechanics, within the framework of classical mechanics, which he dubbed ”local

hidden variable theory”. However, this dream was shattered by John Bell in 1964 [Bel64a].

Incredibly, he shows that any local hidden variable theory is incompatible with quantum mechan-

ics, and quantum mechanical probabilities cannot arise from the ignorance of pre-existing local

variables. Otherwise, superluminal communication is possible. Nowadays, people know quantum

entanglement is an essential property that gives rise to the Bell’s inequality. This phenomenon

dramatically increases the complexity of nature. And the complexity poses two difficulties in

understanding quantum many-body states: 1) it is really hard to fully characterize what is the

quantum state in the black box by experimental measurements, and 2) it is really hard to find

algorithms to simulate quantum states on a classical computer.
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In classical mechanics, a system containing N particles only needs 6N or, in general,

Poly(N) parameters to fully characterize the system’s state. In contrast, a quantum system

composed of N qubits (quantum two-level systems) requires approximately 2N complex numbers

to represent its state fully. On top of the exponential scaling of parameters, quantum measurements

are destructive. The quantum state will collapse to one of the eigenstates of the observable each

time after measurement. Combining those factors, people find it hard to unveil the secret of

quantum states. More rigorously, people prove that the number of measurements needed to

characterize quantum states fully grows exponentially with system size. And this process of

figuring out quantum states by experiments is called quantum state tomography. Quantum state

tomography is essential in many quantum technology applications, such as quantum device

benchmarking and discrimination of quantum states. While reconstructing the full classical

representation, the density matrix, becomes unfeasible with increasing system size, predicting a

collection of (possibly exponentially many) properties of quantum states with only a polynomial

number of state copies and measurements is still possible. Therefore, we would like to find a

representation of quantum states such that it only requires a polynomial number of classical data

for us to learn (possibly exponentially) many properties of quantum states. Those representations

are efficient. There is no universal, efficient representation for all quantum states. Usually, that

depends on the assumption of underlying states, such as low entanglement states, stabilizer states,

or depends on the collection of properties that we want to learn, such as low-rank observables,

local observables. Some efficient representations based on quantum state assumptions include

matrix product state tomography [CPF+10b, LMH+17a, WHW+17], reduced density matrix

tomography [LPW02, LW02, CJZZ12, XLC+19] and machine learning tomography [CTMA19,

TM18, TTv+19]. And more recently, a new efficient representation called shadow tomography

has attracted much attention [HKP20]. Based on statistical learning theory, this new scheme does

not rely on assumptions of underlying quantum states, and its efficiency depends on the collection

of observables.
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When studying physical states beyond the exactly solvable limit, physicists use computers

to simulate their behavior to get a better understanding. However, this approach breaks down

when the system of interest is quantum mechanical. As we have seen, the general quantum

states require exponentially many complex numbers to be characterized. Only saving those data

on a classical computer can be troublesome. An efficient representation of quantum states can

also be served as a good ansatz for numerical simulation, which does not require exponential

many computational resources. For example, matrix product state is efficient representation for

low-entanglement states [Vid07a, Vid08a], and stabilizer formalism is efficient representation for

stabilizer states [AG04, Got98a], which can be created with Clifford circuits on product all-zero

states.

As we can see, finding efficient representations of quantum many-body states is an

essential task in modern physics. It can help physicists not only learn properties of underlying

states from very few experimental measurements but also serve as an efficient ansatz for numerical

simulations. Motivated by this overarching question, I will introduce two important efficient

representations: the classical shadow representation of quantum states and the hierarchical

representation of quantum states. In Chapter 2 to Chapter 4, I will review the background

knowledge in quantum mechanics, random unitary designs, and machine learning. Chapter

5 and 6 form part I of the thesis, where I will introduce classical shadow tomography with

chaotic dynamics [HY22, HCY21]. Especially, I solve the reconstruction map of classical shadow

representation under arbitrary locally scrambled unitary dynamics. The new solution explicitly

shows how the entanglement created in quantum dynamics can help with quantum measurements.

And this new proposal of classical shadow tomography is the first one that does not rely on the

group structure of random measurements. Chapter 7 and 8 form the second part of the thesis,

where hierarchical representation of quantum states is discussed. The hierarchical representation

is very closely related to holographic duality and renormalization group. Especially in chapter 7,

I will introduce the spectrum bifurcation renormalization group and its application to simulation
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of strongly disordered quantum systems [DHY+21]. In chapter 8, I will introduce the machine

learning renormalization group and show the relation between this invertible renormalization

group and exact holographic mapping [HLWY20]. And I will also illustrate some applications of

this machine learning holographic mapping, such as efficient simulation of critical field theory

and finding holographic dual theory.
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Chapter 2

Quantum mechanics

2.1 Closed quantum systems

2.1.1 Axioms of quantum mechanics

Quantum mechanics is a mathematical model for the physical world. It successfully

describes many aspects of fundamental particles that no classical theory can achieve. The theory

of a closed quantum system is based on five axioms for 1) quantum states, 2) physical observables,

3) measurement, 4) quantum evolution, and 5) composition of systems. In this section, we review

the basics of axioms for closed quantum systems. More discussions can be found in [Pre18a].

Axiom 1: Quantum states. A state is the complete description of the physical system,

and it is described by a ray in the Hilbert space.

First, a Hilbert space is a linear vector space on complex numbers C with an inner product.

The vectors in the Hilbert space can be written as |ψ⟩ using the Dirac notation. The inner product

⟨ψ|φ⟩ is the map that takes two vectors |ψ⟩ and |φ⟩ to a complex number C, which has the

following properties:

1. ⟨ψ|ψ⟩> 0 for any non-zero vectors.
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2. ⟨ψ|(a|φ⟩+b|ϕ⟩) = a⟨ψ|φ⟩+b⟨ψ|ϕ⟩.

3. ⟨ψ|φ⟩= ⟨φ|ψ⟩∗1

Not all different vectors in the Hilbert space describe different physical states. If two vectors

differ by a non-zero complex number, i.e., |ψ⟩= α|φ⟩ where α ∈ C, then they are in the same

ray. So a ray is the equivalent class for vectors that only differ by a non-zero complex number.

Usually, we choose the representation of a ray to be normalized, such that ⟨ψ|ψ⟩ = 1. The

representation vector |ψ⟩ is the description of a physical system. And one should also notice that

the normalization condition doesn’t fix the phase of vector, so |ψ⟩ and eiθ|ψ⟩ describe the same

physical system. This is also called gauge redundancy.

Axiom 2: Physical observables. Physical observables are quantities that can be measured,

and they are described by self-adjoint operators.

Operators are linear maps in the Hilbert space O : |ψ⟩ → O|ψ⟩, and self-adjoint operators

satisfy O† = o. Self-adjoint operators can be diagonalized or have spectral representation, such

that

o = ∑
n

anEn, (2.1)

where En are orthogonal projectors, and an are eigenvalues. And eigenvalues an are possible

readouts for measuring physical observable O.

Axiom 3: Measurements. A measurement is the process of getting information of the

physical system through a observable O. After the measurement, the observer get a classical read-

out that is one of the eigenvalues an of observable O, and the state collapse to the corresponding

eigenstate. The probability of getting readout an is p(an) = ⟨ψ|En|ψ⟩. So the expectation value

of the observable O is

⟨O⟩= ∑
n

an p(an) = ∑
n

an⟨ψ|En|ψ⟩= ⟨ψ|O|ψ⟩ (2.2)

1Here, asterisk means the complex conjugate.
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Axiom 4: Dynamics. The evolution of a closed quantum system is governed by unitary

evolution: |ψ(t ′)⟩ = U(t ′, t)|ψ(t)⟩. The infinitesimal evolution is generated by a self-adjoint

operator H(t), which is called the Hamiltonian of the system. In particular, U(t + dt, t) =

I− iH(t)dt. And we can also write down the partial differential equation for the dynamics of

quantum states, which is the Shrodinger equation:

i
∂|ψ(t)⟩

∂t
= H(t)|ψ(t)⟩. (2.3)

Axiom 5: Composition of systems. Suppose there are two systems: A and B with

corresponding Hilbert spaces HA and HB. Then the Hilbert space of the composite system A+B

will be the tensor product HA ⊗HB. Those five axioms conclude the mathematical foundation

of quantum theory for a closed quantum system. And such a model already comprises a lot of

interesting phenomena that cannot be captured by classical models, such as entanglement.

2.1.2 Schmidt decomposition

Before I introduce open quantum states, let me review a beneficial standard form for pure

bipartite quantum states, called Schmidt form or Schmidt decomposition. Suppose we have a

bipartite system composed of A and B. According to the fifth axiom, the total Hilbert space is

HA ⊗HB, and any quantum state can be written as

|ψ⟩= ∑
i,a

ψa,i|a⟩A ⊗|i⟩B, (2.4)

where {|a⟩A} and {|i⟩B} are orthonormal basis in Hilbert space HA and HB respectively. We can

view the coefficients ψa,i as a matrix, which is not necessarily square. Any matrix will have a
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singular value decomposition (SVD), so that

ψn×p =Un×nΛn×pV †
p×p, (2.5)

where U and V are unitary matrices, i.e. UU† = I, VV † = I, and Vn×p is a diagonal matrix. If we

plug the SVD decomposition into Eq.(2.4), then we have

|ψ⟩= ∑
i,a,α

Ua,αλα,αV ∗
i,α|a⟩A ⊗|i⟩B

= ∑
α

λα,α|α⟩A ⊗|α⟩B,

(2.6)

where we use U and V to define new basis as |α⟩A = ∑a |a⟩AUa,α and |α⟩B = ∑i |i⟩BV ∗
i,α. Or in

matrix form, the state in new basis is

|ψ⟩=
(
|0⟩A · · · |α⟩A · · ·

)




λ0 0 0 0

0 . . . 0 0

0 0 λα 0

0 0 0 . . .







|0⟩B
...

|α⟩B
...



. (2.7)

The above equation is the Schmidt form of a pure quantum state, and it exists for any pure bipartite

quantum state. However, in general, one cannot write two states |ψ⟩AB and |φ⟩AB in Schmidt

form simultaneously. The basis can be different. One should also notice the ambiguity in the

Schmidt form. If there is degeneracy in the singular values λi, then one can apply any unitary

transformation O in the degenerate subspace to rotate the basis, such that U →UO and V →VO.

This simultaneous transformation changes the basis {|i⟩A}, and {|i⟩B} for A and B but leaves |ψ⟩

unchanged.
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2.2 Tensor diagram: a Lego for understanding quantum me-

chanics

Before we further discuss open quantum systems, I would like to introduce a handy tool

which is called tensor diagram. In the literature, people also call it tensor networks [BB17, Oru14],

or graphical calculus [WBC15, MPM17]. It will help us understand concepts like the Feynman

diagram for quantum field theory. And we will find it very helpful in the following discussions.

First, let me clarify some notations. For Hilbert spaces, instead of using HX ,HY , I will use X , Y

for simplification. And L(X ,Y ) is the space of bounded linear operators: A : X → Y . Tensors

are the basic objects we will be dealing with. They are multi-dimensional arrays of complex

numbers with a fixed standard basis. For example, scalars are rank-0 tensors, and vectors are

rank-1 tensors with one index, vi = ⟨i|v⟩, and matrices are rank-2 tensors with two indexes,

A = ∑i, j Ai, j|i⟩⟨ j|, where Ai, j = ⟨i|A| j⟩. If the distinct index can be thought of as legs, then we

can represent elementary tensors as graphs as shown in Fig. 2.1.
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A
<latexit sha1_base64="v3dTrZGwDDjKdQvMP/oExSR4yb8=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiSiKK4KblxWsA9oQ7mZTNqhk0mYmQgl9CPcuFDErd/jzr9x2mahrQcGDuecy9x7glRwbVz32ymtrW9sbpW3Kzu7e/sH1cOjtk4yRVmLJiJR3QA1E1yyluFGsG6qGMaBYJ1gfDfzO09MaZ7IRzNJmR/jUPKIUzRW6vSFjYY4qNbcujsHWSVeQWpQoDmofvXDhGYxk4YK1Lrnuanxc1SGU8GmlX6mWYp0jEPWs1RizLSfz9edkjOrhCRKlH3SkLn6eyLHWOtJHNhkjGakl72Z+J/Xy0x04+dcpplhki4+ijJBTEJmt5OQK0aNmFiCVHG7K6EjVEiNbahiS/CWT14l7Yu6d1V3Hy5rjduijjKcwCmcgwfX0IB7aEILKIzhGV7hzUmdF+fd+VhES04xcwx/4Hz+ADuvj3k=</latexit>

�

<latexit sha1_base64="5R1dLZN3LIV0wbOZgkyQn4KWqmU=">AAACD3icbVC7SgNBFJ2NrxhfUUubxaDEJuwGRbEKpLGMaB6QDeHuZJIMmZ1dZu6KYYlfYOOv2FgoYmtr5984eRSaeGDgcM49zL3HjwTX6DjfVmppeWV1Lb2e2djc2t7J7u7VdBgryqo0FKFq+KCZ4JJVkaNgjUgxCHzB6v6gPPbrd0xpHspbHEasFUBP8i6ngEZqZ4/zcPLgIbvH5IaCADW69ISJd8Dj0gsA+76flEftbM4pOBPYi8SdkRyZodLOfnmdkMYBk0gFaN10nQhbCSjkVLBRxos1i4AOoMeahkoImG4lk3tG9pFROnY3VOZJtCfq70QCgdbDwDeT4w31vDcW//OaMXYvWgmXUYxM0ulH3VjYGNrjcuwOV4yiGBoCVHGzq037oICiqTBjSnDnT14ktWLBPSs416e5UnFWR5ockEOSJy45JyVyRSqkSih5JM/klbxZT9aL9W59TEdT1iyzT/7A+vwBfwOc6Q==</latexit>

(a) Scalar : � 2 C
<latexit sha1_base64="cBUjRyGdtdejsrgmyJCcKFn7dOo=">AAACHXicbVA9SwNBEN2L3/EramlzGARtwl2IKFaCjaWCiYFcOPY2k2TJ3u6xOxcMZ/whNv4VGwtFLGzEf+Pmo1Djg4HHezPMzIsSwQ163peTm5tfWFxaXsmvrq1vbBa2tmtGpZpBlSmhdD2iBgSXUEWOAuqJBhpHAm6i3vnIv+mDNlzJaxwk0IxpR/I2ZxStFBYqB9HhfYBwi1kNGCo9PL3rB5rKjoCAy0Ahj8GEPIgpdhkVWX0Y8rBQ9EreGO4s8aekSKa4DAsfQUuxNAaJTFBjGr6XYDOjGjkTMMwHqYGEsh7tQMNSSe3OZjb+bujuW6XltpW2JdEdqz8nMhobM4gj2zk60vz1RuJ/XiPF9kkz4zJJESSbLGqnwkXljqJyW1zbSMTAEso0t7e6rEs1ZWgDzdsQ/L8vz5JaueQflbyrSvGsPI1jmeySPXJAfHJMzsgFuSRVwsgDeSIv5NV5dJ6dN+d90ppzpjM75Becz2/dt6Ob</latexit>

(b) Vector : |vi 2 ⌦iXi

<latexit sha1_base64="rJlljIEsWodad8qxDWtGAfUsF7E="></latexit>

(c) Dual vector : hv| 2 ⌦iX †
i

<latexit sha1_base64="ed8w8/ONcfwJhjFoqk8JW27nHwI="></latexit>

(d) Linear operator : A 2 L(⌦iXi)

Figure 2.1: Tensor diagrams for elementary tensors.

As we see in Fig. 2.1, to avoid confusion, we should read the whole diagram from left

to right. And opening legs pointing to the left indict vectors in basis |i⟩, while the opening

legs pointing to the right indict vectors in the dual-basis ⟨i|. In the next chapter, I will also

introduce another convention with arrows on the legs. Now let me introduce the color summation

convection. If elementary objects share the same color, they will be summed over the shared
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basis. For example, the following diagram is the same as I = ∑i |i⟩⟨i|:

<latexit sha1_base64="iHJCU3l6VQlZeCJL+WotG0SWZyE=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQUPRa8eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwb5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzX/uuY9XFXrXhFHCU7hDC7Ahxuowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBx1ePNA==</latexit>...

<latexit sha1_base64="O5dlsnjxL3WWW2Lv5zVqydEIGok=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoiqeCF48t2A9oQ9lsJ+3azSbsbgol9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG9zO/NUaleSwfzSRBP6IDyUPOqLFSfdwrld2KOwdZJV5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6L3VRjQtmIDrBjqaQRaj+bHzol51bpkzBWtqQhc/X3REYjrSdRYDsjaoZ62ZuJ/3md1IS3fsZlkhqUbLEoTAUxMZl9TfpcITNiYgllittbCRtSRZmx2RRtCN7yy6ukeVnxritu/apcvcvjKMApnMEFeHADVXiAGjSAAcIzvMKb8+S8OO/Ox6J1zclnTuAPnM8f4huM9g==</latexit>v <latexit sha1_base64="iHJCU3l6VQlZeCJL+WotG0SWZyE=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQUPRa8eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwb5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzX/uuY9XFXrXhFHCU7hDC7Ahxuowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBx1ePNA==</latexit>...

<latexit sha1_base64="O5dlsnjxL3WWW2Lv5zVqydEIGok=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoiqeCF48t2A9oQ9lsJ+3azSbsbgol9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG9zO/NUaleSwfzSRBP6IDyUPOqLFSfdwrld2KOwdZJV5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6L3VRjQtmIDrBjqaQRaj+bHzol51bpkzBWtqQhc/X3REYjrSdRYDsjaoZ62ZuJ/3md1IS3fsZlkhqUbLEoTAUxMZl9TfpcITNiYgllittbCRtSRZmx2RRtCN7yy6ukeVnxritu/apcvcvjKMApnMEFeHADVXiAGjSAAcIzvMKb8+S8OO/Ox6J1zclnTuAPnM8f4huM9g==</latexit>v <latexit sha1_base64="iHJCU3l6VQlZeCJL+WotG0SWZyE=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQUPRa8eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwb5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzX/uuY9XFXrXhFHCU7hDC7Ahxuowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBx1ePNA==</latexit>...
<latexit sha1_base64="iHJCU3l6VQlZeCJL+WotG0SWZyE=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQUPRa8eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwb5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzX/uuY9XFXrXhFHCU7hDC7Ahxuowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBx1ePNA==</latexit>...

<latexit sha1_base64="xawc8E/53kKK2XIrbSUf6IYnydY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoiqeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/bZXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVbc+kW5epPHUYBjOIEz8OAKqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/kceMwQ==</latexit>

A
<latexit sha1_base64="v3dTrZGwDDjKdQvMP/oExSR4yb8=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiSiKK4KblxWsA9oQ7mZTNqhk0mYmQgl9CPcuFDErd/jzr9x2mahrQcGDuecy9x7glRwbVz32ymtrW9sbpW3Kzu7e/sH1cOjtk4yRVmLJiJR3QA1E1yyluFGsG6qGMaBYJ1gfDfzO09MaZ7IRzNJmR/jUPKIUzRW6vSFjYY4qNbcujsHWSVeQWpQoDmofvXDhGYxk4YK1Lrnuanxc1SGU8GmlX6mWYp0jEPWs1RizLSfz9edkjOrhCRKlH3SkLn6eyLHWOtJHNhkjGakl72Z+J/Xy0x04+dcpplhki4+ijJBTEJmt5OQK0aNmFiCVHG7K6EjVEiNbahiS/CWT14l7Yu6d1V3Hy5rjduijjKcwCmcgwfX0IB7aEILKIzhGV7hzUmdF+fd+VhES04xcwx/4Hz+ADuvj3k=</latexit>

�

<latexit sha1_base64="5R1dLZN3LIV0wbOZgkyQn4KWqmU=">AAACD3icbVC7SgNBFJ2NrxhfUUubxaDEJuwGRbEKpLGMaB6QDeHuZJIMmZ1dZu6KYYlfYOOv2FgoYmtr5984eRSaeGDgcM49zL3HjwTX6DjfVmppeWV1Lb2e2djc2t7J7u7VdBgryqo0FKFq+KCZ4JJVkaNgjUgxCHzB6v6gPPbrd0xpHspbHEasFUBP8i6ngEZqZ4/zcPLgIbvH5IaCADW69ISJd8Dj0gsA+76flEftbM4pOBPYi8SdkRyZodLOfnmdkMYBk0gFaN10nQhbCSjkVLBRxos1i4AOoMeahkoImG4lk3tG9pFROnY3VOZJtCfq70QCgdbDwDeT4w31vDcW//OaMXYvWgmXUYxM0ulH3VjYGNrjcuwOV4yiGBoCVHGzq037oICiqTBjSnDnT14ktWLBPSs416e5UnFWR5ockEOSJy45JyVyRSqkSih5JM/klbxZT9aL9W59TEdT1iyzT/7A+vwBfwOc6Q==</latexit>

(a) Scalar : � 2 C
<latexit sha1_base64="cBUjRyGdtdejsrgmyJCcKFn7dOo=">AAACHXicbVA9SwNBEN2L3/EramlzGARtwl2IKFaCjaWCiYFcOPY2k2TJ3u6xOxcMZ/whNv4VGwtFLGzEf+Pmo1Djg4HHezPMzIsSwQ163peTm5tfWFxaXsmvrq1vbBa2tmtGpZpBlSmhdD2iBgSXUEWOAuqJBhpHAm6i3vnIv+mDNlzJaxwk0IxpR/I2ZxStFBYqB9HhfYBwi1kNGCo9PL3rB5rKjoCAy0Ahj8GEPIgpdhkVWX0Y8rBQ9EreGO4s8aekSKa4DAsfQUuxNAaJTFBjGr6XYDOjGjkTMMwHqYGEsh7tQMNSSe3OZjb+bujuW6XltpW2JdEdqz8nMhobM4gj2zk60vz1RuJ/XiPF9kkz4zJJESSbLGqnwkXljqJyW1zbSMTAEso0t7e6rEs1ZWgDzdsQ/L8vz5JaueQflbyrSvGsPI1jmeySPXJAfHJMzsgFuSRVwsgDeSIv5NV5dJ6dN+d90ppzpjM75Becz2/dt6Ob</latexit>

(b) Vector : |vi 2 ⌦iXi

<latexit sha1_base64="rJlljIEsWodad8qxDWtGAfUsF7E="></latexit>

(c) Dual vector : hv| 2 ⌦iX †
i

<latexit sha1_base64="ed8w8/ONcfwJhjFoqk8JW27nHwI="></latexit>

(d) Linear operator : A 2 L(⌦iXi)

<latexit sha1_base64="NhQqaXbOanfRzUEqQdJ6WVftWfE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48VbCu0oWy2k3btZhN3N4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMTqIaAaBZfYNNwIfEgU0igQ2A5GNzO/PUaleSzvzSRBP6IDyUPOqLFSq4tPKR/3yhW36s5BVomXkwrkaPTKX91+zNIIpWGCat3x3MT4GVWGM4HTUjfVmFA2ogPsWCpphNrP5tdOyZlV+iSMlS1pyFz9PZHRSOtJFNjOiJqhXvZm4n9eJzXhtZ9xmaQGJVssClNBTExmr5M+V8iMmFhCmeL2VsKGVFFmbEAlG4K3/PIqadWq3mXVvbuo1Gt5HEU4gVM4Bw+uoA630IAmMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB769jzA=</latexit>⌘
<latexit sha1_base64="VGk6AKr38dVXhYn/pFSIyttPPuQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewGgx4DXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk5q900qBmxQrvhVfwG0ToKcVCBHc1D+6g8VSQWVlnBsTC/wExtmWFtGOJ2V+qmhCSYTPKI9RyUW1ITZ4toZunDKEMVKu5IWLdTfExkWxkxF5DoFtmOz6s3F/7xeauObMGMySS2VZLkoTjmyCs1fR0OmKbF86ggmmrlbERljjYl1AZVcCMHqy+ukXasG9ap/f1Vp1PI4inAG53AJAVxDA+6gCS0g8AjP8ApvnvJevHfvY9la8PKZU/gD7/MHqzOPIw==</latexit>X

i

<latexit sha1_base64="fYwcBoWiu6oCi4lQOH8rjThVyqw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20a1Xvuuo2ryr1Wh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Ay/+M4Q==</latexit>

i
<latexit sha1_base64="fYwcBoWiu6oCi4lQOH8rjThVyqw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20a1Xvuuo2ryr1Wh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Ay/+M4Q==</latexit>

i <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

<latexit sha1_base64="NhQqaXbOanfRzUEqQdJ6WVftWfE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48VbCu0oWy2k3btZhN3N4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMTqIaAaBZfYNNwIfEgU0igQ2A5GNzO/PUaleSzvzSRBP6IDyUPOqLFSq4tPKR/3yhW36s5BVomXkwrkaPTKX91+zNIIpWGCat3x3MT4GVWGM4HTUjfVmFA2ogPsWCpphNrP5tdOyZlV+iSMlS1pyFz9PZHRSOtJFNjOiJqhXvZm4n9eJzXhtZ9xmaQGJVssClNBTExmr5M+V8iMmFhCmeL2VsKGVFFmbEAlG4K3/PIqadWq3mXVvbuo1Gt5HEU4gVM4Bw+uoA630IAmMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB769jzA=</latexit>⌘ <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=
<latexit sha1_base64="v/Hno2VZ7HUvk4/9oF4czINj9+k=">AAAB73icbVBNS8NAEJ34WetX1aOXxSIIQkmKoseCF48V7Ae0sWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2J1j+OE+xEdKBEKRtFK7W59KB6y80mvVHYr7gxkmXg5KUOOeq/01e3HLI24QiapMR3PTdDPqEbBJJ8Uu6nhCWUjOuAdSxWNuPGz2b0TcmqVPgljbUshmam/JzIaGTOOAtsZURyaRW8q/ud1Ugyv/UyoJEWu2HxRmEqCMZk+T/pCc4ZybAllWthbCRtSTRnaiIo2BG/x5WXSrFa8y4p7d1GuVfM4CnAMJ3AGHlxBDW6hDg1gIOEZXuHNeXRenHfnY9664uQzR/AHzucPws+PvA==</latexit>

�+ <latexit sha1_base64="NhQqaXbOanfRzUEqQdJ6WVftWfE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48VbCu0oWy2k3btZhN3N4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMTqIaAaBZfYNNwIfEgU0igQ2A5GNzO/PUaleSzvzSRBP6IDyUPOqLFSq4tPKR/3yhW36s5BVomXkwrkaPTKX91+zNIIpWGCat3x3MT4GVWGM4HTUjfVmFA2ogPsWCpphNrP5tdOyZlV+iSMlS1pyFz9PZHRSOtJFNjOiJqhXvZm4n9eJzXhtZ9xmaQGJVssClNBTExmr5M+V8iMmFhCmeL2VsKGVFFmbEAlG4K3/PIqadWq3mXVvbuo1Gt5HEU4gVM4Bw+uoA630IAmMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB769jzA=</latexit>⌘ <latexit sha1_base64="v/Hno2VZ7HUvk4/9oF4czINj9+k=">AAAB73icbVBNS8NAEJ34WetX1aOXxSIIQkmKoseCF48V7Ae0sWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2J1j+OE+xEdKBEKRtFK7W59KB6y80mvVHYr7gxkmXg5KUOOeq/01e3HLI24QiapMR3PTdDPqEbBJJ8Uu6nhCWUjOuAdSxWNuPGz2b0TcmqVPgljbUshmam/JzIaGTOOAtsZURyaRW8q/ud1Ugyv/UyoJEWu2HxRmEqCMZk+T/pCc4ZybAllWthbCRtSTRnaiIo2BG/x5WXSrFa8y4p7d1GuVfM4CnAMJ3AGHlxBDW6hDg1gIOEZXuHNeXRenHfnY9664uQzR/AHzucPws+PvA==</latexit>

�+ <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

. (2.8)

And the (unnormalized) Bell state |Φ+⟩ = ∑i |i⟩⊗ |i⟩ and its dual-state ⟨Φ+| = ∑i ⟨i|⊗ ⟨i| are

very useful:

<latexit sha1_base64="iHJCU3l6VQlZeCJL+WotG0SWZyE=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQUPRa8eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwb5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzX/uuY9XFXrXhFHCU7hDC7Ahxuowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBx1ePNA==</latexit>...

<latexit sha1_base64="O5dlsnjxL3WWW2Lv5zVqydEIGok=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoiqeCF48t2A9oQ9lsJ+3azSbsbgol9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG9zO/NUaleSwfzSRBP6IDyUPOqLFSfdwrld2KOwdZJV5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6L3VRjQtmIDrBjqaQRaj+bHzol51bpkzBWtqQhc/X3REYjrSdRYDsjaoZ62ZuJ/3md1IS3fsZlkhqUbLEoTAUxMZl9TfpcITNiYgllittbCRtSRZmx2RRtCN7yy6ukeVnxritu/apcvcvjKMApnMEFeHADVXiAGjSAAcIzvMKb8+S8OO/Ox6J1zclnTuAPnM8f4huM9g==</latexit>v <latexit sha1_base64="iHJCU3l6VQlZeCJL+WotG0SWZyE=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQUPRa8eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwb5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzX/uuY9XFXrXhFHCU7hDC7Ahxuowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBx1ePNA==</latexit>...

<latexit sha1_base64="O5dlsnjxL3WWW2Lv5zVqydEIGok=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoiqeCF48t2A9oQ9lsJ+3azSbsbgol9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG9zO/NUaleSwfzSRBP6IDyUPOqLFSfdwrld2KOwdZJV5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6L3VRjQtmIDrBjqaQRaj+bHzol51bpkzBWtqQhc/X3REYjrSdRYDsjaoZ62ZuJ/3md1IS3fsZlkhqUbLEoTAUxMZl9TfpcITNiYgllittbCRtSRZmx2RRtCN7yy6ukeVnxritu/apcvcvjKMApnMEFeHADVXiAGjSAAcIzvMKb8+S8OO/Ox6J1zclnTuAPnM8f4huM9g==</latexit>v <latexit sha1_base64="iHJCU3l6VQlZeCJL+WotG0SWZyE=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQUPRa8eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwb5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzX/uuY9XFXrXhFHCU7hDC7Ahxuowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBx1ePNA==</latexit>...
<latexit sha1_base64="iHJCU3l6VQlZeCJL+WotG0SWZyE=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQUPRa8eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwb5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzX/uuY9XFXrXhFHCU7hDC7Ahxuowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBx1ePNA==</latexit>...

<latexit sha1_base64="xawc8E/53kKK2XIrbSUf6IYnydY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoiqeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/bZXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVbc+kW5epPHUYBjOIEz8OAKqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/kceMwQ==</latexit>

A
<latexit sha1_base64="v3dTrZGwDDjKdQvMP/oExSR4yb8=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiSiKK4KblxWsA9oQ7mZTNqhk0mYmQgl9CPcuFDErd/jzr9x2mahrQcGDuecy9x7glRwbVz32ymtrW9sbpW3Kzu7e/sH1cOjtk4yRVmLJiJR3QA1E1yyluFGsG6qGMaBYJ1gfDfzO09MaZ7IRzNJmR/jUPKIUzRW6vSFjYY4qNbcujsHWSVeQWpQoDmofvXDhGYxk4YK1Lrnuanxc1SGU8GmlX6mWYp0jEPWs1RizLSfz9edkjOrhCRKlH3SkLn6eyLHWOtJHNhkjGakl72Z+J/Xy0x04+dcpplhki4+ijJBTEJmt5OQK0aNmFiCVHG7K6EjVEiNbahiS/CWT14l7Yu6d1V3Hy5rjduijjKcwCmcgwfX0IB7aEILKIzhGV7hzUmdF+fd+VhES04xcwx/4Hz+ADuvj3k=</latexit>

�

<latexit sha1_base64="5R1dLZN3LIV0wbOZgkyQn4KWqmU=">AAACD3icbVC7SgNBFJ2NrxhfUUubxaDEJuwGRbEKpLGMaB6QDeHuZJIMmZ1dZu6KYYlfYOOv2FgoYmtr5984eRSaeGDgcM49zL3HjwTX6DjfVmppeWV1Lb2e2djc2t7J7u7VdBgryqo0FKFq+KCZ4JJVkaNgjUgxCHzB6v6gPPbrd0xpHspbHEasFUBP8i6ngEZqZ4/zcPLgIbvH5IaCADW69ISJd8Dj0gsA+76flEftbM4pOBPYi8SdkRyZodLOfnmdkMYBk0gFaN10nQhbCSjkVLBRxos1i4AOoMeahkoImG4lk3tG9pFROnY3VOZJtCfq70QCgdbDwDeT4w31vDcW//OaMXYvWgmXUYxM0ulH3VjYGNrjcuwOV4yiGBoCVHGzq037oICiqTBjSnDnT14ktWLBPSs416e5UnFWR5ockEOSJy45JyVyRSqkSih5JM/klbxZT9aL9W59TEdT1iyzT/7A+vwBfwOc6Q==</latexit>

(a) Scalar : � 2 C
<latexit sha1_base64="cBUjRyGdtdejsrgmyJCcKFn7dOo=">AAACHXicbVA9SwNBEN2L3/EramlzGARtwl2IKFaCjaWCiYFcOPY2k2TJ3u6xOxcMZ/whNv4VGwtFLGzEf+Pmo1Djg4HHezPMzIsSwQ163peTm5tfWFxaXsmvrq1vbBa2tmtGpZpBlSmhdD2iBgSXUEWOAuqJBhpHAm6i3vnIv+mDNlzJaxwk0IxpR/I2ZxStFBYqB9HhfYBwi1kNGCo9PL3rB5rKjoCAy0Ahj8GEPIgpdhkVWX0Y8rBQ9EreGO4s8aekSKa4DAsfQUuxNAaJTFBjGr6XYDOjGjkTMMwHqYGEsh7tQMNSSe3OZjb+bujuW6XltpW2JdEdqz8nMhobM4gj2zk60vz1RuJ/XiPF9kkz4zJJESSbLGqnwkXljqJyW1zbSMTAEso0t7e6rEs1ZWgDzdsQ/L8vz5JaueQflbyrSvGsPI1jmeySPXJAfHJMzsgFuSRVwsgDeSIv5NV5dJ6dN+d90ppzpjM75Becz2/dt6Ob</latexit>

(b) Vector : |vi 2 ⌦iXi

<latexit sha1_base64="rJlljIEsWodad8qxDWtGAfUsF7E="></latexit>

(c) Dual vector : hv| 2 ⌦iX †
i

<latexit sha1_base64="ed8w8/ONcfwJhjFoqk8JW27nHwI="></latexit>

(d) Linear operator : A 2 L(⌦iXi)

<latexit sha1_base64="NhQqaXbOanfRzUEqQdJ6WVftWfE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48VbCu0oWy2k3btZhN3N4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMTqIaAaBZfYNNwIfEgU0igQ2A5GNzO/PUaleSzvzSRBP6IDyUPOqLFSq4tPKR/3yhW36s5BVomXkwrkaPTKX91+zNIIpWGCat3x3MT4GVWGM4HTUjfVmFA2ogPsWCpphNrP5tdOyZlV+iSMlS1pyFz9PZHRSOtJFNjOiJqhXvZm4n9eJzXhtZ9xmaQGJVssClNBTExmr5M+V8iMmFhCmeL2VsKGVFFmbEAlG4K3/PIqadWq3mXVvbuo1Gt5HEU4gVM4Bw+uoA630IAmMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB769jzA=</latexit>⌘
<latexit sha1_base64="VGk6AKr38dVXhYn/pFSIyttPPuQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewGgx4DXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk5q900qBmxQrvhVfwG0ToKcVCBHc1D+6g8VSQWVlnBsTC/wExtmWFtGOJ2V+qmhCSYTPKI9RyUW1ITZ4toZunDKEMVKu5IWLdTfExkWxkxF5DoFtmOz6s3F/7xeauObMGMySS2VZLkoTjmyCs1fR0OmKbF86ggmmrlbERljjYl1AZVcCMHqy+ukXasG9ap/f1Vp1PI4inAG53AJAVxDA+6gCS0g8AjP8ApvnvJevHfvY9la8PKZU/gD7/MHqzOPIw==</latexit>X

i

<latexit sha1_base64="fYwcBoWiu6oCi4lQOH8rjThVyqw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20a1Xvuuo2ryr1Wh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Ay/+M4Q==</latexit>

i
<latexit sha1_base64="fYwcBoWiu6oCi4lQOH8rjThVyqw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20a1Xvuuo2ryr1Wh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Ay/+M4Q==</latexit>

i <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

<latexit sha1_base64="NhQqaXbOanfRzUEqQdJ6WVftWfE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48VbCu0oWy2k3btZhN3N4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMTqIaAaBZfYNNwIfEgU0igQ2A5GNzO/PUaleSzvzSRBP6IDyUPOqLFSq4tPKR/3yhW36s5BVomXkwrkaPTKX91+zNIIpWGCat3x3MT4GVWGM4HTUjfVmFA2ogPsWCpphNrP5tdOyZlV+iSMlS1pyFz9PZHRSOtJFNjOiJqhXvZm4n9eJzXhtZ9xmaQGJVssClNBTExmr5M+V8iMmFhCmeL2VsKGVFFmbEAlG4K3/PIqadWq3mXVvbuo1Gt5HEU4gVM4Bw+uoA630IAmMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB769jzA=</latexit>⌘ <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=
<latexit sha1_base64="v/Hno2VZ7HUvk4/9oF4czINj9+k=">AAAB73icbVBNS8NAEJ34WetX1aOXxSIIQkmKoseCF48V7Ae0sWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2J1j+OE+xEdKBEKRtFK7W59KB6y80mvVHYr7gxkmXg5KUOOeq/01e3HLI24QiapMR3PTdDPqEbBJJ8Uu6nhCWUjOuAdSxWNuPGz2b0TcmqVPgljbUshmam/JzIaGTOOAtsZURyaRW8q/ud1Ugyv/UyoJEWu2HxRmEqCMZk+T/pCc4ZybAllWthbCRtSTRnaiIo2BG/x5WXSrFa8y4p7d1GuVfM4CnAMJ3AGHlxBDW6hDg1gIOEZXuHNeXRenHfnY9664uQzR/AHzucPws+PvA==</latexit>

�+ <latexit sha1_base64="NhQqaXbOanfRzUEqQdJ6WVftWfE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48VbCu0oWy2k3btZhN3N4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMTqIaAaBZfYNNwIfEgU0igQ2A5GNzO/PUaleSzvzSRBP6IDyUPOqLFSq4tPKR/3yhW36s5BVomXkwrkaPTKX91+zNIIpWGCat3x3MT4GVWGM4HTUjfVmFA2ogPsWCpphNrP5tdOyZlV+iSMlS1pyFz9PZHRSOtJFNjOiJqhXvZm4n9eJzXhtZ9xmaQGJVssClNBTExmr5M+V8iMmFhCmeL2VsKGVFFmbEAlG4K3/PIqadWq3mXVvbuo1Gt5HEU4gVM4Bw+uoA630IAmMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB769jzA=</latexit>⌘ <latexit sha1_base64="v/Hno2VZ7HUvk4/9oF4czINj9+k=">AAAB73icbVBNS8NAEJ34WetX1aOXxSIIQkmKoseCF48V7Ae0sWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2J1j+OE+xEdKBEKRtFK7W59KB6y80mvVHYr7gxkmXg5KUOOeq/01e3HLI24QiapMR3PTdDPqEbBJJ8Uu6nhCWUjOuAdSxWNuPGz2b0TcmqVPgljbUshmam/JzIaGTOOAtsZURyaRW8q/ud1Ugyv/UyoJEWu2HxRmEqCMZk+T/pCc4ZybAllWthbCRtSTRnaiIo2BG/x5WXSrFa8y4p7d1GuVfM4CnAMJ3AGHlxBDW6hDg1gIOEZXuHNeXRenHfnY9664uQzR/AHzucPws+PvA==</latexit>

�+ <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=. (2.9)

<latexit sha1_base64="iHJCU3l6VQlZeCJL+WotG0SWZyE=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQUPRa8eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwb5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzX/uuY9XFXrXhFHCU7hDC7Ahxuowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBx1ePNA==</latexit>...

<latexit sha1_base64="O5dlsnjxL3WWW2Lv5zVqydEIGok=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoiqeCF48t2A9oQ9lsJ+3azSbsbgol9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG9zO/NUaleSwfzSRBP6IDyUPOqLFSfdwrld2KOwdZJV5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6L3VRjQtmIDrBjqaQRaj+bHzol51bpkzBWtqQhc/X3REYjrSdRYDsjaoZ62ZuJ/3md1IS3fsZlkhqUbLEoTAUxMZl9TfpcITNiYgllittbCRtSRZmx2RRtCN7yy6ukeVnxritu/apcvcvjKMApnMEFeHADVXiAGjSAAcIzvMKb8+S8OO/Ox6J1zclnTuAPnM8f4huM9g==</latexit>v <latexit sha1_base64="iHJCU3l6VQlZeCJL+WotG0SWZyE=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQUPRa8eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwb5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzX/uuY9XFXrXhFHCU7hDC7Ahxuowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBx1ePNA==</latexit>...

<latexit sha1_base64="O5dlsnjxL3WWW2Lv5zVqydEIGok=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoiqeCF48t2A9oQ9lsJ+3azSbsbgol9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG9zO/NUaleSwfzSRBP6IDyUPOqLFSfdwrld2KOwdZJV5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6L3VRjQtmIDrBjqaQRaj+bHzol51bpkzBWtqQhc/X3REYjrSdRYDsjaoZ62ZuJ/3md1IS3fsZlkhqUbLEoTAUxMZl9TfpcITNiYgllittbCRtSRZmx2RRtCN7yy6ukeVnxritu/apcvcvjKMApnMEFeHADVXiAGjSAAcIzvMKb8+S8OO/Ox6J1zclnTuAPnM8f4huM9g==</latexit>v <latexit sha1_base64="iHJCU3l6VQlZeCJL+WotG0SWZyE=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQUPRa8eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwb5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzX/uuY9XFXrXhFHCU7hDC7Ahxuowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBx1ePNA==</latexit>...
<latexit sha1_base64="iHJCU3l6VQlZeCJL+WotG0SWZyE=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQUPRa8eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwb5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzX/uuY9XFXrXhFHCU7hDC7Ahxuowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBx1ePNA==</latexit>...

<latexit sha1_base64="xawc8E/53kKK2XIrbSUf6IYnydY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoiqeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/bZXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVbc+kW5epPHUYBjOIEz8OAKqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/kceMwQ==</latexit>

A
<latexit sha1_base64="v3dTrZGwDDjKdQvMP/oExSR4yb8=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiSiKK4KblxWsA9oQ7mZTNqhk0mYmQgl9CPcuFDErd/jzr9x2mahrQcGDuecy9x7glRwbVz32ymtrW9sbpW3Kzu7e/sH1cOjtk4yRVmLJiJR3QA1E1yyluFGsG6qGMaBYJ1gfDfzO09MaZ7IRzNJmR/jUPKIUzRW6vSFjYY4qNbcujsHWSVeQWpQoDmofvXDhGYxk4YK1Lrnuanxc1SGU8GmlX6mWYp0jEPWs1RizLSfz9edkjOrhCRKlH3SkLn6eyLHWOtJHNhkjGakl72Z+J/Xy0x04+dcpplhki4+ijJBTEJmt5OQK0aNmFiCVHG7K6EjVEiNbahiS/CWT14l7Yu6d1V3Hy5rjduijjKcwCmcgwfX0IB7aEILKIzhGV7hzUmdF+fd+VhES04xcwx/4Hz+ADuvj3k=</latexit>

�

<latexit sha1_base64="5R1dLZN3LIV0wbOZgkyQn4KWqmU=">AAACD3icbVC7SgNBFJ2NrxhfUUubxaDEJuwGRbEKpLGMaB6QDeHuZJIMmZ1dZu6KYYlfYOOv2FgoYmtr5984eRSaeGDgcM49zL3HjwTX6DjfVmppeWV1Lb2e2djc2t7J7u7VdBgryqo0FKFq+KCZ4JJVkaNgjUgxCHzB6v6gPPbrd0xpHspbHEasFUBP8i6ngEZqZ4/zcPLgIbvH5IaCADW69ISJd8Dj0gsA+76flEftbM4pOBPYi8SdkRyZodLOfnmdkMYBk0gFaN10nQhbCSjkVLBRxos1i4AOoMeahkoImG4lk3tG9pFROnY3VOZJtCfq70QCgdbDwDeT4w31vDcW//OaMXYvWgmXUYxM0ulH3VjYGNrjcuwOV4yiGBoCVHGzq037oICiqTBjSnDnT14ktWLBPSs416e5UnFWR5ockEOSJy45JyVyRSqkSih5JM/klbxZT9aL9W59TEdT1iyzT/7A+vwBfwOc6Q==</latexit>

(a) Scalar : � 2 C
<latexit sha1_base64="cBUjRyGdtdejsrgmyJCcKFn7dOo=">AAACHXicbVA9SwNBEN2L3/EramlzGARtwl2IKFaCjaWCiYFcOPY2k2TJ3u6xOxcMZ/whNv4VGwtFLGzEf+Pmo1Djg4HHezPMzIsSwQ163peTm5tfWFxaXsmvrq1vbBa2tmtGpZpBlSmhdD2iBgSXUEWOAuqJBhpHAm6i3vnIv+mDNlzJaxwk0IxpR/I2ZxStFBYqB9HhfYBwi1kNGCo9PL3rB5rKjoCAy0Ahj8GEPIgpdhkVWX0Y8rBQ9EreGO4s8aekSKa4DAsfQUuxNAaJTFBjGr6XYDOjGjkTMMwHqYGEsh7tQMNSSe3OZjb+bujuW6XltpW2JdEdqz8nMhobM4gj2zk60vz1RuJ/XiPF9kkz4zJJESSbLGqnwkXljqJyW1zbSMTAEso0t7e6rEs1ZWgDzdsQ/L8vz5JaueQflbyrSvGsPI1jmeySPXJAfHJMzsgFuSRVwsgDeSIv5NV5dJ6dN+d90ppzpjM75Becz2/dt6Ob</latexit>

(b) Vector : |vi 2 ⌦iXi

<latexit sha1_base64="rJlljIEsWodad8qxDWtGAfUsF7E="></latexit>

(c) Dual vector : hv| 2 ⌦iX †
i

<latexit sha1_base64="ed8w8/ONcfwJhjFoqk8JW27nHwI="></latexit>

(d) Linear operator : A 2 L(⌦iXi)

<latexit sha1_base64="NhQqaXbOanfRzUEqQdJ6WVftWfE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48VbCu0oWy2k3btZhN3N4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMTqIaAaBZfYNNwIfEgU0igQ2A5GNzO/PUaleSzvzSRBP6IDyUPOqLFSq4tPKR/3yhW36s5BVomXkwrkaPTKX91+zNIIpWGCat3x3MT4GVWGM4HTUjfVmFA2ogPsWCpphNrP5tdOyZlV+iSMlS1pyFz9PZHRSOtJFNjOiJqhXvZm4n9eJzXhtZ9xmaQGJVssClNBTExmr5M+V8iMmFhCmeL2VsKGVFFmbEAlG4K3/PIqadWq3mXVvbuo1Gt5HEU4gVM4Bw+uoA630IAmMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB769jzA=</latexit>⌘
<latexit sha1_base64="VGk6AKr38dVXhYn/pFSIyttPPuQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewGgx4DXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk5q900qBmxQrvhVfwG0ToKcVCBHc1D+6g8VSQWVlnBsTC/wExtmWFtGOJ2V+qmhCSYTPKI9RyUW1ITZ4toZunDKEMVKu5IWLdTfExkWxkxF5DoFtmOz6s3F/7xeauObMGMySS2VZLkoTjmyCs1fR0OmKbF86ggmmrlbERljjYl1AZVcCMHqy+ukXasG9ap/f1Vp1PI4inAG53AJAVxDA+6gCS0g8AjP8ApvnvJevHfvY9la8PKZU/gD7/MHqzOPIw==</latexit>X

i

<latexit sha1_base64="fYwcBoWiu6oCi4lQOH8rjThVyqw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20a1Xvuuo2ryr1Wh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Ay/+M4Q==</latexit>

i
<latexit sha1_base64="fYwcBoWiu6oCi4lQOH8rjThVyqw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20a1Xvuuo2ryr1Wh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Ay/+M4Q==</latexit>

i <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

<latexit sha1_base64="NhQqaXbOanfRzUEqQdJ6WVftWfE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48VbCu0oWy2k3btZhN3N4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMTqIaAaBZfYNNwIfEgU0igQ2A5GNzO/PUaleSzvzSRBP6IDyUPOqLFSq4tPKR/3yhW36s5BVomXkwrkaPTKX91+zNIIpWGCat3x3MT4GVWGM4HTUjfVmFA2ogPsWCpphNrP5tdOyZlV+iSMlS1pyFz9PZHRSOtJFNjOiJqhXvZm4n9eJzXhtZ9xmaQGJVssClNBTExmr5M+V8iMmFhCmeL2VsKGVFFmbEAlG4K3/PIqadWq3mXVvbuo1Gt5HEU4gVM4Bw+uoA630IAmMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB769jzA=</latexit>⌘ <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=
<latexit sha1_base64="v/Hno2VZ7HUvk4/9oF4czINj9+k=">AAAB73icbVBNS8NAEJ34WetX1aOXxSIIQkmKoseCF48V7Ae0sWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2J1j+OE+xEdKBEKRtFK7W59KB6y80mvVHYr7gxkmXg5KUOOeq/01e3HLI24QiapMR3PTdDPqEbBJJ8Uu6nhCWUjOuAdSxWNuPGz2b0TcmqVPgljbUshmam/JzIaGTOOAtsZURyaRW8q/ud1Ugyv/UyoJEWu2HxRmEqCMZk+T/pCc4ZybAllWthbCRtSTRnaiIo2BG/x5WXSrFa8y4p7d1GuVfM4CnAMJ3AGHlxBDW6hDg1gIOEZXuHNeXRenHfnY9664uQzR/AHzucPws+PvA==</latexit>

�+ <latexit sha1_base64="NhQqaXbOanfRzUEqQdJ6WVftWfE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48VbCu0oWy2k3btZhN3N4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMTqIaAaBZfYNNwIfEgU0igQ2A5GNzO/PUaleSzvzSRBP6IDyUPOqLFSq4tPKR/3yhW36s5BVomXkwrkaPTKX91+zNIIpWGCat3x3MT4GVWGM4HTUjfVmFA2ogPsWCpphNrP5tdOyZlV+iSMlS1pyFz9PZHRSOtJFNjOiJqhXvZm4n9eJzXhtZ9xmaQGJVssClNBTExmr5M+V8iMmFhCmeL2VsKGVFFmbEAlG4K3/PIqadWq3mXVvbuo1Gt5HEU4gVM4Bw+uoA630IAmMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB769jzA=</latexit>⌘ <latexit sha1_base64="v/Hno2VZ7HUvk4/9oF4czINj9+k=">AAAB73icbVBNS8NAEJ34WetX1aOXxSIIQkmKoseCF48V7Ae0sWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2J1j+OE+xEdKBEKRtFK7W59KB6y80mvVHYr7gxkmXg5KUOOeq/01e3HLI24QiapMR3PTdDPqEbBJJ8Uu6nhCWUjOuAdSxWNuPGz2b0TcmqVPgljbUshmam/JzIaGTOOAtsZURyaRW8q/ud1Ugyv/UyoJEWu2HxRmEqCMZk+T/pCc4ZybAllWthbCRtSTRnaiIo2BG/x5WXSrFa8y4p7d1GuVfM4CnAMJ3AGHlxBDW6hDg1gIOEZXuHNeXRenHfnY9664uQzR/AHzucPws+PvA==</latexit>

�+ <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>= . (2.10)

With these basic definition, we can already get some interesting results:

<latexit sha1_base64="iHJCU3l6VQlZeCJL+WotG0SWZyE=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQUPRa8eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwb5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzX/uuY9XFXrXhFHCU7hDC7Ahxuowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBx1ePNA==</latexit>...

<latexit sha1_base64="O5dlsnjxL3WWW2Lv5zVqydEIGok=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoiqeCF48t2A9oQ9lsJ+3azSbsbgol9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG9zO/NUaleSwfzSRBP6IDyUPOqLFSfdwrld2KOwdZJV5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6L3VRjQtmIDrBjqaQRaj+bHzol51bpkzBWtqQhc/X3REYjrSdRYDsjaoZ62ZuJ/3md1IS3fsZlkhqUbLEoTAUxMZl9TfpcITNiYgllittbCRtSRZmx2RRtCN7yy6ukeVnxritu/apcvcvjKMApnMEFeHADVXiAGjSAAcIzvMKb8+S8OO/Ox6J1zclnTuAPnM8f4huM9g==</latexit>v <latexit sha1_base64="iHJCU3l6VQlZeCJL+WotG0SWZyE=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQUPRa8eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwb5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzX/uuY9XFXrXhFHCU7hDC7Ahxuowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBx1ePNA==</latexit>...

<latexit sha1_base64="O5dlsnjxL3WWW2Lv5zVqydEIGok=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoiqeCF48t2A9oQ9lsJ+3azSbsbgol9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG9zO/NUaleSwfzSRBP6IDyUPOqLFSfdwrld2KOwdZJV5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6L3VRjQtmIDrBjqaQRaj+bHzol51bpkzBWtqQhc/X3REYjrSdRYDsjaoZ62ZuJ/3md1IS3fsZlkhqUbLEoTAUxMZl9TfpcITNiYgllittbCRtSRZmx2RRtCN7yy6ukeVnxritu/apcvcvjKMApnMEFeHADVXiAGjSAAcIzvMKb8+S8OO/Ox6J1zclnTuAPnM8f4huM9g==</latexit>v <latexit sha1_base64="iHJCU3l6VQlZeCJL+WotG0SWZyE=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQUPRa8eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwb5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzX/uuY9XFXrXhFHCU7hDC7Ahxuowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBx1ePNA==</latexit>...
<latexit sha1_base64="iHJCU3l6VQlZeCJL+WotG0SWZyE=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQUPRa8eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwb5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzX/uuY9XFXrXhFHCU7hDC7Ahxuowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBx1ePNA==</latexit>...

<latexit sha1_base64="xawc8E/53kKK2XIrbSUf6IYnydY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoiqeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/bZXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVbc+kW5epPHUYBjOIEz8OAKqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/kceMwQ==</latexit>

A
<latexit sha1_base64="v3dTrZGwDDjKdQvMP/oExSR4yb8=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiSiKK4KblxWsA9oQ7mZTNqhk0mYmQgl9CPcuFDErd/jzr9x2mahrQcGDuecy9x7glRwbVz32ymtrW9sbpW3Kzu7e/sH1cOjtk4yRVmLJiJR3QA1E1yyluFGsG6qGMaBYJ1gfDfzO09MaZ7IRzNJmR/jUPKIUzRW6vSFjYY4qNbcujsHWSVeQWpQoDmofvXDhGYxk4YK1Lrnuanxc1SGU8GmlX6mWYp0jEPWs1RizLSfz9edkjOrhCRKlH3SkLn6eyLHWOtJHNhkjGakl72Z+J/Xy0x04+dcpplhki4+ijJBTEJmt5OQK0aNmFiCVHG7K6EjVEiNbahiS/CWT14l7Yu6d1V3Hy5rjduijjKcwCmcgwfX0IB7aEILKIzhGV7hzUmdF+fd+VhES04xcwx/4Hz+ADuvj3k=</latexit>

�

<latexit sha1_base64="5R1dLZN3LIV0wbOZgkyQn4KWqmU=">AAACD3icbVC7SgNBFJ2NrxhfUUubxaDEJuwGRbEKpLGMaB6QDeHuZJIMmZ1dZu6KYYlfYOOv2FgoYmtr5984eRSaeGDgcM49zL3HjwTX6DjfVmppeWV1Lb2e2djc2t7J7u7VdBgryqo0FKFq+KCZ4JJVkaNgjUgxCHzB6v6gPPbrd0xpHspbHEasFUBP8i6ngEZqZ4/zcPLgIbvH5IaCADW69ISJd8Dj0gsA+76flEftbM4pOBPYi8SdkRyZodLOfnmdkMYBk0gFaN10nQhbCSjkVLBRxos1i4AOoMeahkoImG4lk3tG9pFROnY3VOZJtCfq70QCgdbDwDeT4w31vDcW//OaMXYvWgmXUYxM0ulH3VjYGNrjcuwOV4yiGBoCVHGzq037oICiqTBjSnDnT14ktWLBPSs416e5UnFWR5ockEOSJy45JyVyRSqkSih5JM/klbxZT9aL9W59TEdT1iyzT/7A+vwBfwOc6Q==</latexit>

(a) Scalar : � 2 C
<latexit sha1_base64="cBUjRyGdtdejsrgmyJCcKFn7dOo=">AAACHXicbVA9SwNBEN2L3/EramlzGARtwl2IKFaCjaWCiYFcOPY2k2TJ3u6xOxcMZ/whNv4VGwtFLGzEf+Pmo1Djg4HHezPMzIsSwQ163peTm5tfWFxaXsmvrq1vbBa2tmtGpZpBlSmhdD2iBgSXUEWOAuqJBhpHAm6i3vnIv+mDNlzJaxwk0IxpR/I2ZxStFBYqB9HhfYBwi1kNGCo9PL3rB5rKjoCAy0Ahj8GEPIgpdhkVWX0Y8rBQ9EreGO4s8aekSKa4DAsfQUuxNAaJTFBjGr6XYDOjGjkTMMwHqYGEsh7tQMNSSe3OZjb+bujuW6XltpW2JdEdqz8nMhobM4gj2zk60vz1RuJ/XiPF9kkz4zJJESSbLGqnwkXljqJyW1zbSMTAEso0t7e6rEs1ZWgDzdsQ/L8vz5JaueQflbyrSvGsPI1jmeySPXJAfHJMzsgFuSRVwsgDeSIv5NV5dJ6dN+d90ppzpjM75Becz2/dt6Ob</latexit>

(b) Vector : |vi 2 ⌦iXi

<latexit sha1_base64="rJlljIEsWodad8qxDWtGAfUsF7E="></latexit>

(c) Dual vector : hv| 2 ⌦iX †
i

<latexit sha1_base64="ed8w8/ONcfwJhjFoqk8JW27nHwI="></latexit>

(d) Linear operator : A 2 L(⌦iXi)

<latexit sha1_base64="NhQqaXbOanfRzUEqQdJ6WVftWfE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48VbCu0oWy2k3btZhN3N4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMTqIaAaBZfYNNwIfEgU0igQ2A5GNzO/PUaleSzvzSRBP6IDyUPOqLFSq4tPKR/3yhW36s5BVomXkwrkaPTKX91+zNIIpWGCat3x3MT4GVWGM4HTUjfVmFA2ogPsWCpphNrP5tdOyZlV+iSMlS1pyFz9PZHRSOtJFNjOiJqhXvZm4n9eJzXhtZ9xmaQGJVssClNBTExmr5M+V8iMmFhCmeL2VsKGVFFmbEAlG4K3/PIqadWq3mXVvbuo1Gt5HEU4gVM4Bw+uoA630IAmMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB769jzA=</latexit>⌘
<latexit sha1_base64="VGk6AKr38dVXhYn/pFSIyttPPuQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewGgx4DXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk5q900qBmxQrvhVfwG0ToKcVCBHc1D+6g8VSQWVlnBsTC/wExtmWFtGOJ2V+qmhCSYTPKI9RyUW1ITZ4toZunDKEMVKu5IWLdTfExkWxkxF5DoFtmOz6s3F/7xeauObMGMySS2VZLkoTjmyCs1fR0OmKbF86ggmmrlbERljjYl1AZVcCMHqy+ukXasG9ap/f1Vp1PI4inAG53AJAVxDA+6gCS0g8AjP8ApvnvJevHfvY9la8PKZU/gD7/MHqzOPIw==</latexit>X

i

<latexit sha1_base64="fYwcBoWiu6oCi4lQOH8rjThVyqw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20a1Xvuuo2ryr1Wh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Ay/+M4Q==</latexit>

i
<latexit sha1_base64="fYwcBoWiu6oCi4lQOH8rjThVyqw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20a1Xvuuo2ryr1Wh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Ay/+M4Q==</latexit>

i <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

<latexit sha1_base64="NhQqaXbOanfRzUEqQdJ6WVftWfE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48VbCu0oWy2k3btZhN3N4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMTqIaAaBZfYNNwIfEgU0igQ2A5GNzO/PUaleSzvzSRBP6IDyUPOqLFSq4tPKR/3yhW36s5BVomXkwrkaPTKX91+zNIIpWGCat3x3MT4GVWGM4HTUjfVmFA2ogPsWCpphNrP5tdOyZlV+iSMlS1pyFz9PZHRSOtJFNjOiJqhXvZm4n9eJzXhtZ9xmaQGJVssClNBTExmr5M+V8iMmFhCmeL2VsKGVFFmbEAlG4K3/PIqadWq3mXVvbuo1Gt5HEU4gVM4Bw+uoA630IAmMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB769jzA=</latexit>⌘ <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=
<latexit sha1_base64="v/Hno2VZ7HUvk4/9oF4czINj9+k=">AAAB73icbVBNS8NAEJ34WetX1aOXxSIIQkmKoseCF48V7Ae0sWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2J1j+OE+xEdKBEKRtFK7W59KB6y80mvVHYr7gxkmXg5KUOOeq/01e3HLI24QiapMR3PTdDPqEbBJJ8Uu6nhCWUjOuAdSxWNuPGz2b0TcmqVPgljbUshmam/JzIaGTOOAtsZURyaRW8q/ud1Ugyv/UyoJEWu2HxRmEqCMZk+T/pCc4ZybAllWthbCRtSTRnaiIo2BG/x5WXSrFa8y4p7d1GuVfM4CnAMJ3AGHlxBDW6hDg1gIOEZXuHNeXRenHfnY9664uQzR/AHzucPws+PvA==</latexit>

�+

<latexit sha1_base64="NhQqaXbOanfRzUEqQdJ6WVftWfE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48VbCu0oWy2k3btZhN3N4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMTqIaAaBZfYNNwIfEgU0igQ2A5GNzO/PUaleSzvzSRBP6IDyUPOqLFSq4tPKR/3yhW36s5BVomXkwrkaPTKX91+zNIIpWGCat3x3MT4GVWGM4HTUjfVmFA2ogPsWCpphNrP5tdOyZlV+iSMlS1pyFz9PZHRSOtJFNjOiJqhXvZm4n9eJzXhtZ9xmaQGJVssClNBTExmr5M+V8iMmFhCmeL2VsKGVFFmbEAlG4K3/PIqadWq3mXVvbuo1Gt5HEU4gVM4Bw+uoA630IAmMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB769jzA=</latexit>⌘ <latexit sha1_base64="v/Hno2VZ7HUvk4/9oF4czINj9+k=">AAAB73icbVBNS8NAEJ34WetX1aOXxSIIQkmKoseCF48V7Ae0sWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2J1j+OE+xEdKBEKRtFK7W59KB6y80mvVHYr7gxkmXg5KUOOeq/01e3HLI24QiapMR3PTdDPqEbBJJ8Uu6nhCWUjOuAdSxWNuPGz2b0TcmqVPgljbUshmam/JzIaGTOOAtsZURyaRW8q/ud1Ugyv/UyoJEWu2HxRmEqCMZk+T/pCc4ZybAllWthbCRtSTRnaiIo2BG/x5WXSrFa8y4p7d1GuVfM4CnAMJ3AGHlxBDW6hDg1gIOEZXuHNeXRenHfnY9664uQzR/AHzucPws+PvA==</latexit>

�+ <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>= <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=
<latexit sha1_base64="xawc8E/53kKK2XIrbSUf6IYnydY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoiqeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/bZXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVbc+kW5epPHUYBjOIEz8OAKqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/kceMwQ==</latexit>

A
<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

<latexit sha1_base64="KYeKVu2J6UUBx6x8D/wRvaaamE8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseKF48VmlpoY9lst+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGfdZLGPdDqnhUijuo0DJ24nmNAolfwjHtzP/4YlrI2LVxEnCg4gOlRgIRtFK/s1j1pz2yhW36s5BVomXkwrkaPTKX91+zNKIK2SSGtPx3ASDjGoUTPJpqZsanlA2pkPesVTRiJsgmx87JWdW6ZNBrG0pJHP190RGI2MmUWg7I4ojs+zNxP+8ToqD6yATKkmRK7ZYNEglwZjMPid9oTlDObGEMi3srYSNqKYMbT4lG4K3/PIqadWq3mXVvb+o1Gt5HEU4gVM4Bw+uoA530AAfGAh4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/rDiOiw==</latexit>

AT

<latexit sha1_base64="xawc8E/53kKK2XIrbSUf6IYnydY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoiqeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/bZXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVbc+kW5epPHUYBjOIEz8OAKqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/kceMwQ==</latexit>

A
<latexit sha1_base64="mMBA0Cl1haY77f9oAmC+rtGZy6c=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BItQLyURxV6EihePFfoFbSib7bZdutnE3UmxhP4OLx4U8eqP8ea/cdvmoK0PBh7vzTAzz48E1+g431ZmbX1jcyu7ndvZ3ds/yB8eNXQYK8rqNBShavlEM8ElqyNHwVqRYiTwBWv6o7uZ3xwzpXkoaziJmBeQgeR9Tgkayesge8Kkpoq359Obbr7glJw57FXipqQAKard/FenF9I4YBKpIFq3XSdCLyEKORVsmuvEmkWEjsiAtQ2VJGDaS+ZHT+0zo/TsfqhMSbTn6u+JhARaTwLfdAYEh3rZm4n/ee0Y+2Uv4TKKkUm6WNSPhY2hPUvA7nHFKIqJIYQqbm616ZAoQtHklDMhuMsvr5LGRcm9KjkPl4VKOY0jCydwCkVw4RoqcA9VqAOFR3iGV3izxtaL9W59LFozVjpzDH9gff4AIPORpA==</latexit>

Tr(A) =

(2.11)
<latexit sha1_base64="iHJCU3l6VQlZeCJL+WotG0SWZyE=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQUPRa8eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwb5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzX/uuY9XFXrXhFHCU7hDC7Ahxuowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBx1ePNA==</latexit>...

<latexit sha1_base64="O5dlsnjxL3WWW2Lv5zVqydEIGok=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoiqeCF48t2A9oQ9lsJ+3azSbsbgol9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG9zO/NUaleSwfzSRBP6IDyUPOqLFSfdwrld2KOwdZJV5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6L3VRjQtmIDrBjqaQRaj+bHzol51bpkzBWtqQhc/X3REYjrSdRYDsjaoZ62ZuJ/3md1IS3fsZlkhqUbLEoTAUxMZl9TfpcITNiYgllittbCRtSRZmx2RRtCN7yy6ukeVnxritu/apcvcvjKMApnMEFeHADVXiAGjSAAcIzvMKb8+S8OO/Ox6J1zclnTuAPnM8f4huM9g==</latexit>v <latexit sha1_base64="iHJCU3l6VQlZeCJL+WotG0SWZyE=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQUPRa8eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwb5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzX/uuY9XFXrXhFHCU7hDC7Ahxuowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBx1ePNA==</latexit>...

<latexit sha1_base64="O5dlsnjxL3WWW2Lv5zVqydEIGok=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoiqeCF48t2A9oQ9lsJ+3azSbsbgol9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG9zO/NUaleSwfzSRBP6IDyUPOqLFSfdwrld2KOwdZJV5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6L3VRjQtmIDrBjqaQRaj+bHzol51bpkzBWtqQhc/X3REYjrSdRYDsjaoZ62ZuJ/3md1IS3fsZlkhqUbLEoTAUxMZl9TfpcITNiYgllittbCRtSRZmx2RRtCN7yy6ukeVnxritu/apcvcvjKMApnMEFeHADVXiAGjSAAcIzvMKb8+S8OO/Ox6J1zclnTuAPnM8f4huM9g==</latexit>v <latexit sha1_base64="iHJCU3l6VQlZeCJL+WotG0SWZyE=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQUPRa8eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwb5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzX/uuY9XFXrXhFHCU7hDC7Ahxuowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBx1ePNA==</latexit>...
<latexit sha1_base64="iHJCU3l6VQlZeCJL+WotG0SWZyE=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQUPRa8eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwb5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzX/uuY9XFXrXhFHCU7hDC7Ahxuowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBx1ePNA==</latexit>...

<latexit sha1_base64="xawc8E/53kKK2XIrbSUf6IYnydY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoiqeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/bZXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVbc+kW5epPHUYBjOIEz8OAKqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/kceMwQ==</latexit>

A
<latexit sha1_base64="v3dTrZGwDDjKdQvMP/oExSR4yb8=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiSiKK4KblxWsA9oQ7mZTNqhk0mYmQgl9CPcuFDErd/jzr9x2mahrQcGDuecy9x7glRwbVz32ymtrW9sbpW3Kzu7e/sH1cOjtk4yRVmLJiJR3QA1E1yyluFGsG6qGMaBYJ1gfDfzO09MaZ7IRzNJmR/jUPKIUzRW6vSFjYY4qNbcujsHWSVeQWpQoDmofvXDhGYxk4YK1Lrnuanxc1SGU8GmlX6mWYp0jEPWs1RizLSfz9edkjOrhCRKlH3SkLn6eyLHWOtJHNhkjGakl72Z+J/Xy0x04+dcpplhki4+ijJBTEJmt5OQK0aNmFiCVHG7K6EjVEiNbahiS/CWT14l7Yu6d1V3Hy5rjduijjKcwCmcgwfX0IB7aEILKIzhGV7hzUmdF+fd+VhES04xcwx/4Hz+ADuvj3k=</latexit>

�

<latexit sha1_base64="5R1dLZN3LIV0wbOZgkyQn4KWqmU=">AAACD3icbVC7SgNBFJ2NrxhfUUubxaDEJuwGRbEKpLGMaB6QDeHuZJIMmZ1dZu6KYYlfYOOv2FgoYmtr5984eRSaeGDgcM49zL3HjwTX6DjfVmppeWV1Lb2e2djc2t7J7u7VdBgryqo0FKFq+KCZ4JJVkaNgjUgxCHzB6v6gPPbrd0xpHspbHEasFUBP8i6ngEZqZ4/zcPLgIbvH5IaCADW69ISJd8Dj0gsA+76flEftbM4pOBPYi8SdkRyZodLOfnmdkMYBk0gFaN10nQhbCSjkVLBRxos1i4AOoMeahkoImG4lk3tG9pFROnY3VOZJtCfq70QCgdbDwDeT4w31vDcW//OaMXYvWgmXUYxM0ulH3VjYGNrjcuwOV4yiGBoCVHGzq037oICiqTBjSnDnT14ktWLBPSs416e5UnFWR5ockEOSJy45JyVyRSqkSih5JM/klbxZT9aL9W59TEdT1iyzT/7A+vwBfwOc6Q==</latexit>

(a) Scalar : � 2 C
<latexit sha1_base64="cBUjRyGdtdejsrgmyJCcKFn7dOo=">AAACHXicbVA9SwNBEN2L3/EramlzGARtwl2IKFaCjaWCiYFcOPY2k2TJ3u6xOxcMZ/whNv4VGwtFLGzEf+Pmo1Djg4HHezPMzIsSwQ163peTm5tfWFxaXsmvrq1vbBa2tmtGpZpBlSmhdD2iBgSXUEWOAuqJBhpHAm6i3vnIv+mDNlzJaxwk0IxpR/I2ZxStFBYqB9HhfYBwi1kNGCo9PL3rB5rKjoCAy0Ahj8GEPIgpdhkVWX0Y8rBQ9EreGO4s8aekSKa4DAsfQUuxNAaJTFBjGr6XYDOjGjkTMMwHqYGEsh7tQMNSSe3OZjb+bujuW6XltpW2JdEdqz8nMhobM4gj2zk60vz1RuJ/XiPF9kkz4zJJESSbLGqnwkXljqJyW1zbSMTAEso0t7e6rEs1ZWgDzdsQ/L8vz5JaueQflbyrSvGsPI1jmeySPXJAfHJMzsgFuSRVwsgDeSIv5NV5dJ6dN+d90ppzpjM75Becz2/dt6Ob</latexit>

(b) Vector : |vi 2 ⌦iXi

<latexit sha1_base64="rJlljIEsWodad8qxDWtGAfUsF7E="></latexit>

(c) Dual vector : hv| 2 ⌦iX †
i

<latexit sha1_base64="ed8w8/ONcfwJhjFoqk8JW27nHwI="></latexit>

(d) Linear operator : A 2 L(⌦iXi)

<latexit sha1_base64="NhQqaXbOanfRzUEqQdJ6WVftWfE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48VbCu0oWy2k3btZhN3N4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMTqIaAaBZfYNNwIfEgU0igQ2A5GNzO/PUaleSzvzSRBP6IDyUPOqLFSq4tPKR/3yhW36s5BVomXkwrkaPTKX91+zNIIpWGCat3x3MT4GVWGM4HTUjfVmFA2ogPsWCpphNrP5tdOyZlV+iSMlS1pyFz9PZHRSOtJFNjOiJqhXvZm4n9eJzXhtZ9xmaQGJVssClNBTExmr5M+V8iMmFhCmeL2VsKGVFFmbEAlG4K3/PIqadWq3mXVvbuo1Gt5HEU4gVM4Bw+uoA630IAmMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB769jzA=</latexit>⌘
<latexit sha1_base64="VGk6AKr38dVXhYn/pFSIyttPPuQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewGgx4DXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk5q900qBmxQrvhVfwG0ToKcVCBHc1D+6g8VSQWVlnBsTC/wExtmWFtGOJ2V+qmhCSYTPKI9RyUW1ITZ4toZunDKEMVKu5IWLdTfExkWxkxF5DoFtmOz6s3F/7xeauObMGMySS2VZLkoTjmyCs1fR0OmKbF86ggmmrlbERljjYl1AZVcCMHqy+ukXasG9ap/f1Vp1PI4inAG53AJAVxDA+6gCS0g8AjP8ApvnvJevHfvY9la8PKZU/gD7/MHqzOPIw==</latexit>X

i

<latexit sha1_base64="fYwcBoWiu6oCi4lQOH8rjThVyqw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20a1Xvuuo2ryr1Wh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Ay/+M4Q==</latexit>

i
<latexit sha1_base64="fYwcBoWiu6oCi4lQOH8rjThVyqw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20a1Xvuuo2ryr1Wh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Ay/+M4Q==</latexit>

i <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

<latexit sha1_base64="NhQqaXbOanfRzUEqQdJ6WVftWfE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48VbCu0oWy2k3btZhN3N4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMTqIaAaBZfYNNwIfEgU0igQ2A5GNzO/PUaleSzvzSRBP6IDyUPOqLFSq4tPKR/3yhW36s5BVomXkwrkaPTKX91+zNIIpWGCat3x3MT4GVWGM4HTUjfVmFA2ogPsWCpphNrP5tdOyZlV+iSMlS1pyFz9PZHRSOtJFNjOiJqhXvZm4n9eJzXhtZ9xmaQGJVssClNBTExmr5M+V8iMmFhCmeL2VsKGVFFmbEAlG4K3/PIqadWq3mXVvbuo1Gt5HEU4gVM4Bw+uoA630IAmMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB769jzA=</latexit>⌘ <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=
<latexit sha1_base64="v/Hno2VZ7HUvk4/9oF4czINj9+k=">AAAB73icbVBNS8NAEJ34WetX1aOXxSIIQkmKoseCF48V7Ae0sWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2J1j+OE+xEdKBEKRtFK7W59KB6y80mvVHYr7gxkmXg5KUOOeq/01e3HLI24QiapMR3PTdDPqEbBJJ8Uu6nhCWUjOuAdSxWNuPGz2b0TcmqVPgljbUshmam/JzIaGTOOAtsZURyaRW8q/ud1Ugyv/UyoJEWu2HxRmEqCMZk+T/pCc4ZybAllWthbCRtSTRnaiIo2BG/x5WXSrFa8y4p7d1GuVfM4CnAMJ3AGHlxBDW6hDg1gIOEZXuHNeXRenHfnY9664uQzR/AHzucPws+PvA==</latexit>

�+

<latexit sha1_base64="NhQqaXbOanfRzUEqQdJ6WVftWfE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48VbCu0oWy2k3btZhN3N4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMTqIaAaBZfYNNwIfEgU0igQ2A5GNzO/PUaleSzvzSRBP6IDyUPOqLFSq4tPKR/3yhW36s5BVomXkwrkaPTKX91+zNIIpWGCat3x3MT4GVWGM4HTUjfVmFA2ogPsWCpphNrP5tdOyZlV+iSMlS1pyFz9PZHRSOtJFNjOiJqhXvZm4n9eJzXhtZ9xmaQGJVssClNBTExmr5M+V8iMmFhCmeL2VsKGVFFmbEAlG4K3/PIqadWq3mXVvbuo1Gt5HEU4gVM4Bw+uoA630IAmMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB769jzA=</latexit>⌘ <latexit sha1_base64="v/Hno2VZ7HUvk4/9oF4czINj9+k=">AAAB73icbVBNS8NAEJ34WetX1aOXxSIIQkmKoseCF48V7Ae0sWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2J1j+OE+xEdKBEKRtFK7W59KB6y80mvVHYr7gxkmXg5KUOOeq/01e3HLI24QiapMR3PTdDPqEbBJJ8Uu6nhCWUjOuAdSxWNuPGz2b0TcmqVPgljbUshmam/JzIaGTOOAtsZURyaRW8q/ud1Ugyv/UyoJEWu2HxRmEqCMZk+T/pCc4ZybAllWthbCRtSTRnaiIo2BG/x5WXSrFa8y4p7d1GuVfM4CnAMJ3AGHlxBDW6hDg1gIOEZXuHNeXRenHfnY9664uQzR/AHzucPws+PvA==</latexit>

�+ <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>= <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=
<latexit sha1_base64="xawc8E/53kKK2XIrbSUf6IYnydY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoiqeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/bZXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVbc+kW5epPHUYBjOIEz8OAKqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/kceMwQ==</latexit>

A
<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

<latexit sha1_base64="KYeKVu2J6UUBx6x8D/wRvaaamE8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseKF48VmlpoY9lst+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGfdZLGPdDqnhUijuo0DJ24nmNAolfwjHtzP/4YlrI2LVxEnCg4gOlRgIRtFK/s1j1pz2yhW36s5BVomXkwrkaPTKX91+zNKIK2SSGtPx3ASDjGoUTPJpqZsanlA2pkPesVTRiJsgmx87JWdW6ZNBrG0pJHP190RGI2MmUWg7I4ojs+zNxP+8ToqD6yATKkmRK7ZYNEglwZjMPid9oTlDObGEMi3srYSNqKYMbT4lG4K3/PIqadWq3mXVvb+o1Gt5HEU4gVM4Bw+uoA530AAfGAh4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/rDiOiw==</latexit>

AT

<latexit sha1_base64="xawc8E/53kKK2XIrbSUf6IYnydY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoiqeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/bZXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVbc+kW5epPHUYBjOIEz8OAKqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/kceMwQ==</latexit>

A
<latexit sha1_base64="mMBA0Cl1haY77f9oAmC+rtGZy6c=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BItQLyURxV6EihePFfoFbSib7bZdutnE3UmxhP4OLx4U8eqP8ea/cdvmoK0PBh7vzTAzz48E1+g431ZmbX1jcyu7ndvZ3ds/yB8eNXQYK8rqNBShavlEM8ElqyNHwVqRYiTwBWv6o7uZ3xwzpXkoaziJmBeQgeR9Tgkayesge8Kkpoq359Obbr7glJw57FXipqQAKard/FenF9I4YBKpIFq3XSdCLyEKORVsmuvEmkWEjsiAtQ2VJGDaS+ZHT+0zo/TsfqhMSbTn6u+JhARaTwLfdAYEh3rZm4n/ee0Y+2Uv4TKKkUm6WNSPhY2hPUvA7nHFKIqJIYQqbm616ZAoQtHklDMhuMsvr5LGRcm9KjkPl4VKOY0jCydwCkVw4RoqcA9VqAOFR3iGV3izxtaL9W59LFozVjpzDH9gff4AIPORpA==</latexit>

Tr(A) =

(2.12)

<latexit sha1_base64="iHJCU3l6VQlZeCJL+WotG0SWZyE=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQUPRa8eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwb5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzX/uuY9XFXrXhFHCU7hDC7Ahxuowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBx1ePNA==</latexit>...

<latexit sha1_base64="O5dlsnjxL3WWW2Lv5zVqydEIGok=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoiqeCF48t2A9oQ9lsJ+3azSbsbgol9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG9zO/NUaleSwfzSRBP6IDyUPOqLFSfdwrld2KOwdZJV5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6L3VRjQtmIDrBjqaQRaj+bHzol51bpkzBWtqQhc/X3REYjrSdRYDsjaoZ62ZuJ/3md1IS3fsZlkhqUbLEoTAUxMZl9TfpcITNiYgllittbCRtSRZmx2RRtCN7yy6ukeVnxritu/apcvcvjKMApnMEFeHADVXiAGjSAAcIzvMKb8+S8OO/Ox6J1zclnTuAPnM8f4huM9g==</latexit>v <latexit sha1_base64="iHJCU3l6VQlZeCJL+WotG0SWZyE=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQUPRa8eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwb5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzX/uuY9XFXrXhFHCU7hDC7Ahxuowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBx1ePNA==</latexit>...

<latexit sha1_base64="O5dlsnjxL3WWW2Lv5zVqydEIGok=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoiqeCF48t2A9oQ9lsJ+3azSbsbgol9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG9zO/NUaleSwfzSRBP6IDyUPOqLFSfdwrld2KOwdZJV5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6L3VRjQtmIDrBjqaQRaj+bHzol51bpkzBWtqQhc/X3REYjrSdRYDsjaoZ62ZuJ/3md1IS3fsZlkhqUbLEoTAUxMZl9TfpcITNiYgllittbCRtSRZmx2RRtCN7yy6ukeVnxritu/apcvcvjKMApnMEFeHADVXiAGjSAAcIzvMKb8+S8OO/Ox6J1zclnTuAPnM8f4huM9g==</latexit>v <latexit sha1_base64="iHJCU3l6VQlZeCJL+WotG0SWZyE=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQUPRa8eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwb5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzX/uuY9XFXrXhFHCU7hDC7Ahxuowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBx1ePNA==</latexit>...
<latexit sha1_base64="iHJCU3l6VQlZeCJL+WotG0SWZyE=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQUPRa8eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwb5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzX/uuY9XFXrXhFHCU7hDC7Ahxuowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBx1ePNA==</latexit>...

<latexit sha1_base64="xawc8E/53kKK2XIrbSUf6IYnydY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoiqeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/bZXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVbc+kW5epPHUYBjOIEz8OAKqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/kceMwQ==</latexit>

A
<latexit sha1_base64="v3dTrZGwDDjKdQvMP/oExSR4yb8=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiSiKK4KblxWsA9oQ7mZTNqhk0mYmQgl9CPcuFDErd/jzr9x2mahrQcGDuecy9x7glRwbVz32ymtrW9sbpW3Kzu7e/sH1cOjtk4yRVmLJiJR3QA1E1yyluFGsG6qGMaBYJ1gfDfzO09MaZ7IRzNJmR/jUPKIUzRW6vSFjYY4qNbcujsHWSVeQWpQoDmofvXDhGYxk4YK1Lrnuanxc1SGU8GmlX6mWYp0jEPWs1RizLSfz9edkjOrhCRKlH3SkLn6eyLHWOtJHNhkjGakl72Z+J/Xy0x04+dcpplhki4+ijJBTEJmt5OQK0aNmFiCVHG7K6EjVEiNbahiS/CWT14l7Yu6d1V3Hy5rjduijjKcwCmcgwfX0IB7aEILKIzhGV7hzUmdF+fd+VhES04xcwx/4Hz+ADuvj3k=</latexit>

�

<latexit sha1_base64="5R1dLZN3LIV0wbOZgkyQn4KWqmU=">AAACD3icbVC7SgNBFJ2NrxhfUUubxaDEJuwGRbEKpLGMaB6QDeHuZJIMmZ1dZu6KYYlfYOOv2FgoYmtr5984eRSaeGDgcM49zL3HjwTX6DjfVmppeWV1Lb2e2djc2t7J7u7VdBgryqo0FKFq+KCZ4JJVkaNgjUgxCHzB6v6gPPbrd0xpHspbHEasFUBP8i6ngEZqZ4/zcPLgIbvH5IaCADW69ISJd8Dj0gsA+76flEftbM4pOBPYi8SdkRyZodLOfnmdkMYBk0gFaN10nQhbCSjkVLBRxos1i4AOoMeahkoImG4lk3tG9pFROnY3VOZJtCfq70QCgdbDwDeT4w31vDcW//OaMXYvWgmXUYxM0ulH3VjYGNrjcuwOV4yiGBoCVHGzq037oICiqTBjSnDnT14ktWLBPSs416e5UnFWR5ockEOSJy45JyVyRSqkSih5JM/klbxZT9aL9W59TEdT1iyzT/7A+vwBfwOc6Q==</latexit>

(a) Scalar : � 2 C
<latexit sha1_base64="cBUjRyGdtdejsrgmyJCcKFn7dOo=">AAACHXicbVA9SwNBEN2L3/EramlzGARtwl2IKFaCjaWCiYFcOPY2k2TJ3u6xOxcMZ/whNv4VGwtFLGzEf+Pmo1Djg4HHezPMzIsSwQ163peTm5tfWFxaXsmvrq1vbBa2tmtGpZpBlSmhdD2iBgSXUEWOAuqJBhpHAm6i3vnIv+mDNlzJaxwk0IxpR/I2ZxStFBYqB9HhfYBwi1kNGCo9PL3rB5rKjoCAy0Ahj8GEPIgpdhkVWX0Y8rBQ9EreGO4s8aekSKa4DAsfQUuxNAaJTFBjGr6XYDOjGjkTMMwHqYGEsh7tQMNSSe3OZjb+bujuW6XltpW2JdEdqz8nMhobM4gj2zk60vz1RuJ/XiPF9kkz4zJJESSbLGqnwkXljqJyW1zbSMTAEso0t7e6rEs1ZWgDzdsQ/L8vz5JaueQflbyrSvGsPI1jmeySPXJAfHJMzsgFuSRVwsgDeSIv5NV5dJ6dN+d90ppzpjM75Becz2/dt6Ob</latexit>

(b) Vector : |vi 2 ⌦iXi

<latexit sha1_base64="rJlljIEsWodad8qxDWtGAfUsF7E="></latexit>

(c) Dual vector : hv| 2 ⌦iX †
i

<latexit sha1_base64="ed8w8/ONcfwJhjFoqk8JW27nHwI="></latexit>

(d) Linear operator : A 2 L(⌦iXi)

<latexit sha1_base64="NhQqaXbOanfRzUEqQdJ6WVftWfE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48VbCu0oWy2k3btZhN3N4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMTqIaAaBZfYNNwIfEgU0igQ2A5GNzO/PUaleSzvzSRBP6IDyUPOqLFSq4tPKR/3yhW36s5BVomXkwrkaPTKX91+zNIIpWGCat3x3MT4GVWGM4HTUjfVmFA2ogPsWCpphNrP5tdOyZlV+iSMlS1pyFz9PZHRSOtJFNjOiJqhXvZm4n9eJzXhtZ9xmaQGJVssClNBTExmr5M+V8iMmFhCmeL2VsKGVFFmbEAlG4K3/PIqadWq3mXVvbuo1Gt5HEU4gVM4Bw+uoA630IAmMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB769jzA=</latexit>⌘
<latexit sha1_base64="VGk6AKr38dVXhYn/pFSIyttPPuQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewGgx4DXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk5q900qBmxQrvhVfwG0ToKcVCBHc1D+6g8VSQWVlnBsTC/wExtmWFtGOJ2V+qmhCSYTPKI9RyUW1ITZ4toZunDKEMVKu5IWLdTfExkWxkxF5DoFtmOz6s3F/7xeauObMGMySS2VZLkoTjmyCs1fR0OmKbF86ggmmrlbERljjYl1AZVcCMHqy+ukXasG9ap/f1Vp1PI4inAG53AJAVxDA+6gCS0g8AjP8ApvnvJevHfvY9la8PKZU/gD7/MHqzOPIw==</latexit>X

i

<latexit sha1_base64="fYwcBoWiu6oCi4lQOH8rjThVyqw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20a1Xvuuo2ryr1Wh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Ay/+M4Q==</latexit>

i
<latexit sha1_base64="fYwcBoWiu6oCi4lQOH8rjThVyqw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20a1Xvuuo2ryr1Wh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Ay/+M4Q==</latexit>

i <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

<latexit sha1_base64="NhQqaXbOanfRzUEqQdJ6WVftWfE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48VbCu0oWy2k3btZhN3N4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMTqIaAaBZfYNNwIfEgU0igQ2A5GNzO/PUaleSzvzSRBP6IDyUPOqLFSq4tPKR/3yhW36s5BVomXkwrkaPTKX91+zNIIpWGCat3x3MT4GVWGM4HTUjfVmFA2ogPsWCpphNrP5tdOyZlV+iSMlS1pyFz9PZHRSOtJFNjOiJqhXvZm4n9eJzXhtZ9xmaQGJVssClNBTExmr5M+V8iMmFhCmeL2VsKGVFFmbEAlG4K3/PIqadWq3mXVvbuo1Gt5HEU4gVM4Bw+uoA630IAmMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB769jzA=</latexit>⌘ <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=
<latexit sha1_base64="v/Hno2VZ7HUvk4/9oF4czINj9+k=">AAAB73icbVBNS8NAEJ34WetX1aOXxSIIQkmKoseCF48V7Ae0sWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2J1j+OE+xEdKBEKRtFK7W59KB6y80mvVHYr7gxkmXg5KUOOeq/01e3HLI24QiapMR3PTdDPqEbBJJ8Uu6nhCWUjOuAdSxWNuPGz2b0TcmqVPgljbUshmam/JzIaGTOOAtsZURyaRW8q/ud1Ugyv/UyoJEWu2HxRmEqCMZk+T/pCc4ZybAllWthbCRtSTRnaiIo2BG/x5WXSrFa8y4p7d1GuVfM4CnAMJ3AGHlxBDW6hDg1gIOEZXuHNeXRenHfnY9664uQzR/AHzucPws+PvA==</latexit>

�+

<latexit sha1_base64="NhQqaXbOanfRzUEqQdJ6WVftWfE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48VbCu0oWy2k3btZhN3N4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMTqIaAaBZfYNNwIfEgU0igQ2A5GNzO/PUaleSzvzSRBP6IDyUPOqLFSq4tPKR/3yhW36s5BVomXkwrkaPTKX91+zNIIpWGCat3x3MT4GVWGM4HTUjfVmFA2ogPsWCpphNrP5tdOyZlV+iSMlS1pyFz9PZHRSOtJFNjOiJqhXvZm4n9eJzXhtZ9xmaQGJVssClNBTExmr5M+V8iMmFhCmeL2VsKGVFFmbEAlG4K3/PIqadWq3mXVvbuo1Gt5HEU4gVM4Bw+uoA630IAmMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB769jzA=</latexit>⌘ <latexit sha1_base64="v/Hno2VZ7HUvk4/9oF4czINj9+k=">AAAB73icbVBNS8NAEJ34WetX1aOXxSIIQkmKoseCF48V7Ae0sWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2J1j+OE+xEdKBEKRtFK7W59KB6y80mvVHYr7gxkmXg5KUOOeq/01e3HLI24QiapMR3PTdDPqEbBJJ8Uu6nhCWUjOuAdSxWNuPGz2b0TcmqVPgljbUshmam/JzIaGTOOAtsZURyaRW8q/ud1Ugyv/UyoJEWu2HxRmEqCMZk+T/pCc4ZybAllWthbCRtSTRnaiIo2BG/x5WXSrFa8y4p7d1GuVfM4CnAMJ3AGHlxBDW6hDg1gIOEZXuHNeXRenHfnY9664uQzR/AHzucPws+PvA==</latexit>

�+ <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>= <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=
<latexit sha1_base64="xawc8E/53kKK2XIrbSUf6IYnydY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoiqeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/bZXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVbc+kW5epPHUYBjOIEz8OAKqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/kceMwQ==</latexit>

A
<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

<latexit sha1_base64="KYeKVu2J6UUBx6x8D/wRvaaamE8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseKF48VmlpoY9lst+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGfdZLGPdDqnhUijuo0DJ24nmNAolfwjHtzP/4YlrI2LVxEnCg4gOlRgIRtFK/s1j1pz2yhW36s5BVomXkwrkaPTKX91+zNKIK2SSGtPx3ASDjGoUTPJpqZsanlA2pkPesVTRiJsgmx87JWdW6ZNBrG0pJHP190RGI2MmUWg7I4ojs+zNxP+8ToqD6yATKkmRK7ZYNEglwZjMPid9oTlDObGEMi3srYSNqKYMbT4lG4K3/PIqadWq3mXVvb+o1Gt5HEU4gVM4Bw+uoA530AAfGAh4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/rDiOiw==</latexit>

AT

<latexit sha1_base64="xawc8E/53kKK2XIrbSUf6IYnydY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoiqeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/bZXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVbc+kW5epPHUYBjOIEz8OAKqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/kceMwQ==</latexit>

A
<latexit sha1_base64="mMBA0Cl1haY77f9oAmC+rtGZy6c=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BItQLyURxV6EihePFfoFbSib7bZdutnE3UmxhP4OLx4U8eqP8ea/cdvmoK0PBh7vzTAzz48E1+g431ZmbX1jcyu7ndvZ3ds/yB8eNXQYK8rqNBShavlEM8ElqyNHwVqRYiTwBWv6o7uZ3xwzpXkoaziJmBeQgeR9Tgkayesge8Kkpoq359Obbr7glJw57FXipqQAKard/FenF9I4YBKpIFq3XSdCLyEKORVsmuvEmkWEjsiAtQ2VJGDaS+ZHT+0zo/TsfqhMSbTn6u+JhARaTwLfdAYEh3rZm4n/ee0Y+2Uv4TKKkUm6WNSPhY2hPUvA7nHFKIqJIYQqbm616ZAoQtHklDMhuMsvr5LGRcm9KjkPl4VKOY0jCydwCkVw4RoqcA9VqAOFR3iGV3izxtaL9W59LFozVjpzDH9gff4AIPORpA==</latexit>

Tr(A) = (2.13)

Another important concept is vectorization, which reshapes a m× n matrix into a mn vector.

There is a freedom to choose the order of reshaping in reshaping elements. Typically, there are

row-first and column-first orders. For row(column)-first ordering, we stack rows (columns) of the

matrix on top of each other. In literature [WBC11], they are sometimes called row-vector and
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column vector respectively. I will choose the following convention in defining them:

<latexit sha1_base64="xawc8E/53kKK2XIrbSUf6IYnydY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoiqeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/bZXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVbc+kW5epPHUYBjOIEz8OAKqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/kceMwQ==</latexit>

A
<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

<latexit sha1_base64="sSIvRGQ4FMEA55cH4UWFQVbRCLI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceKF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh5u+7pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6KYc3PhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqndVde8vK/VaHkcRTuAUzsGDa6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwAYuo2k</latexit>

Ar
<latexit sha1_base64="xawc8E/53kKK2XIrbSUf6IYnydY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoiqeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/bZXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVbc+kW5epPHUYBjOIEz8OAKqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/kceMwQ==</latexit>

A

<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=
<latexit sha1_base64="g0GQF7/hcGdTYNiBN/6kYse/oxc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceKF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0cNNn/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NWPMzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqndVde8vK/VaHkcRTuAUzsGDa6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAB/o2V</latexit>

Ac, . (2.14)

Or in mathematics, it means

|A⟩⟩r = (A⊗1)|Φ+⟩, |A⟩⟩c = (1⊗A)|Φ+⟩ (2.15)

Following the definition, we also have the following identity,

|Φ+⟩= |1⟩⟩r = |1⟩⟩c (2.16)

In general, we can the vectorization procedure with respect to an arbitrary basis for L(X ,Y ).

Suppose X ∼= Cdx , Y ∼= Cdy , and Z ∼= CD, where D = dxdy. We choose an arbitrary orthonormal

operator basis {σα : α = 0, · · · ,D−1} and Tr(σ†
ασβ) = δα,β. Then vectorization with respect to

this basis for L(X ,Y ) is given by

σ−vec : L(X ,Y )→ Z : A → |A⟩⟩
σ

(2.17)

and

|A⟩⟩
σ
=

D−1

∑
α=0

Tr(σ†
αA)|σ⟩ (2.18)

So for row(col)-vector, the orthonormal basis are elementary matrix basis {Ei, j = |i⟩| j⟩} and

making assignment to α = di+ j for row-vector, α = i+d j for col-vector. Given two choices of

orthonormal basis {σα} and {ωα} for L(X ,Y ), we can define a basis transformation operator

12



that transforms vectorized operators from σ-vec to ω−vec:

Tσ→ω : Z → Z : |A⟩⟩
σ
→ |A⟩⟩

ω
. (2.19)

The transformation is given by

Tσ→ω = ∑
α

|σα⟩⟩ω
⟨α|= ∑

α

|α⟩⟨⟨ωα|σ. (2.20)

We can check the two definition in Eq.(2.20) are equal and

Tσ→ω|A⟩⟩σ
= ∑

α

|σα⟩⟩ω
⟨α|∑

β

Tr(σ†
β
A)|β⟩

= ∑
β

(
∑
α

Tr(ω†
β
σα)Tr(σ†

αA)
)
|β⟩

= ∑
β

Tr(ω†
β
A)|β⟩

= |A⟩⟩
ω
.

(2.21)

In the derivation, we have used ∑α Tr(ω†
β
σα)Tr(σ†

αA) = Tr(ω†
β
A). Especially, the transformation

between row-vector and col-vector is the SWAP transformation:

Tc→r = Tr→c = SWAP. (2.22)
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We can prove this by the following diagrams:

<latexit sha1_base64="xawc8E/53kKK2XIrbSUf6IYnydY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoiqeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/bZXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVbc+kW5epPHUYBjOIEz8OAKqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/kceMwQ==</latexit>

A
<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

<latexit sha1_base64="sSIvRGQ4FMEA55cH4UWFQVbRCLI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceKF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh5u+7pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6KYc3PhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqndVde8vK/VaHkcRTuAUzsGDa6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwAYuo2k</latexit>

Ar
<latexit sha1_base64="xawc8E/53kKK2XIrbSUf6IYnydY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoiqeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/bZXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVbc+kW5epPHUYBjOIEz8OAKqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/kceMwQ==</latexit>

A

<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=
<latexit sha1_base64="g0GQF7/hcGdTYNiBN/6kYse/oxc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceKF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0cNNn/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NWPMzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqndVde8vK/VaHkcRTuAUzsGDa6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAB/o2V</latexit>

Ac,

<latexit sha1_base64="xawc8E/53kKK2XIrbSUf6IYnydY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoiqeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/bZXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVbc+kW5epPHUYBjOIEz8OAKqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/kceMwQ==</latexit>

A
<latexit sha1_base64="a9APXYAQdj6DRb97QG/ZCzINJfg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9iIUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38389hMqzWP5YCYJ+hEdSh5yRo2VGrf9UtmtuHOQVeLlpAw56v3SV28QszRCaZigWnc9NzF+RpXhTOC02Es1JpSN6RC7lkoaofaz+aFTcm6VAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1Y9TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZoQ/CWX14lrcuKd11xG1flWjWPowCncAYX4MEN1OAe6tAEBgjP8ApvzqPz4rw7H4vWNSefOYE/cD5/AIsdjLs=</latexit>=

<latexit sha1_base64="xawc8E/53kKK2XIrbSUf6IYnydY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoiqeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/bZXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVbc+kW5epPHUYBjOIEz8OAKqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/kceMwQ==</latexit>
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Tr!c

(2.23)

2.3 Open quantum systems

2.3.1 Density matrix: a complete representation of quantum states

In the previous section, I have introduced the five axioms of quantum theory for a closed

quantum system. The states are a ray of vectors in the Hilbert space. And the quantum dynamics

are unitary, meaning there is no loss of information. However, it is very rare to have a closed

quantum system that does not interact with the environment. If that is the case, people usually call

the system is open. For an open quantum system, the axioms do not hold in general. The states

are not rays anymore, and the dynamics are not unitary. Let me first review how to characterize a

quantum state in the open quantum system.

Suppose {|a⟩A} and {|b⟩B} are orthonomal basis for Hilbert space HA and HB respectively.

Then a quantum state in the total system is

|ψ⟩= ∑
a,b

ψa,b|a⟩A ⊗|b⟩B. (2.24)

An observable only acting on subsystem A will be MA⊗IB. Suppose we want to get the expectation
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value of MA, what we have is

⟨MA⟩= ⟨ψ|MA ⊗ IB|ψ⟩

= ∑
a′,a,b

⟨a′|AMA|a⟩Aψ
∗
a′,bψa,b

= Tr(ρAMA),

(2.25)

where

ρA = TrB(|ψ⟩⟨ψ|) = ∑
a′,a,b

ψ
∗
a′,bψa,b|a⟩A⟨a′|A. (2.26)

We see if an observer only can prove the information in the subsystem A, then the subsystem

is fully described by ρA = TrB(|ψ⟩⟨ψ|), which is called (reduced) density matrix. The density

matrix is the general description of a quantum system, and any properties of subsystem A can be

predicted with ρA. From the definition of the density matrix in Eq.(2.26), we can infer the density

matrix ρ has the following properties:

1. Self-adjoint: ρ† = ρ

2. Positivity: for any |ϕ⟩, ⟨ϕ|ρ|ϕ⟩= ∑b |∑a ψa,b⟨ϕ|a⟩|2 ≥ 0,

3. Tr(ρ) = 1.

If the state is pure, ρ = |ψ⟩⟨ψ|, then the density matrix is a projector to the one-dimensional

subspace expanded by |ψ⟩. And Tr(ρ2) = Tr(ρ) = 1. And if this is not the case, we say the state

is mixed. Since ρ is self-adjoint, it can be diagonalized or has a spectral decomposition:

ρ = ∑
a

pa|a⟩⟨a|, (2.27)

where 0 < pa ≤ 1 and ∑a pa = 1. We can interpret pa as the classical probability of finding the

system in a pure state |a⟩⟨a|. This is also called the ensemble interpretation of the mixed state.
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This interpretation also gives us a protocol for preparing ρ. Suppose Alice has a random number

generator that can generate samples a according to probability pa, and a machine to prepare

any pure state in {|a⟩}. Suppose Bob wants to measure the expectation value of M. Every time,

Alice prepares a pure state |a⟩ with probability pa and hands it to Bob for the measurement. The

expectation for M will be

⟨M⟩= ∑
a

pa⟨a|M|a⟩= Tr(ρM) (2.28)

So Bob cannot distinguish this probabilistic preparation procedure with another direct preparation

of ρ if it exists.

2.3.2 Ensemble interpretation is not unique

A fascinating consequence of the ensemble interpretation is that the ensemble is not

unique. According to Eq.(2.27), one may think the ensemble interpretation is only the probabilistic

combination of |a⟩ determined by spectral decomposition. However, this is not true. The tricky

part is that any convex combination of the density matrix is a valid density matrix. Suppose ρ1

and ρ2 are density matrices, then ρ(λ) = λρ1 +(1−λ)ρ2 with 0 ≤ λ ≤ 1 is also a valid density

matrix. It is straightforward to check it is self-adjoint, non-negative, and normalized. Therefore,

all the possible density matrices form a convex set as denoted in Fig.2.2.
1

Printed by Wolfram Mathematica Student Edition

Figure 2.2: The convex set of density matrix. The extremal points of the set are pure states.
And all the other points are mixed states.
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Pure states are special cases. It cannot be expressed as a convex combination of two other

states. In order to prove this statement, suppose we have a pure state ρ = |ψ⟩⟨ψ| and a orthogonal

state |ψ⊥⟩ such that ⟨ψ|ψ⊥⟩= 0. If the pure state can be expressed as a convex combination of

two other states, then

ρ = λρ1 +(1−λ)ρ2, λ ̸= 0. (2.29)

0 = ⟨ψ⊥|ρ|ψ⊥⟩= λ⟨ψ⊥|ρ1|ψ⊥⟩+(1−λ)⟨ψ⊥|ρ2|ψ⊥⟩ (2.30)

Therefore, we conclude ⟨ψ⊥|ρ1|ψ⊥⟩= 0 and ⟨ψ⊥|ρ2|ψ⊥⟩= 0. Since |ψ⊥⟩ can be any orthogonal

states, ρ = ρ1 = ρ2. The pure states are unique. They are the extremal points in the convex set,

which are denoted as black points in Fig.2.2.

Now we can ask whether the ensemble interpretation of a density matrix is unique.

Mathematically, the question is how many ways can we write ρ as a convex combination of

pure states. In fact, the answer is there are infinitely many ways to write a mixed state as a

convex combination of pure states. Without proving this statement, let’s state spin-1
2 system as an

example. Any quantum state can be written as

ρ(P⃗) =
1
2
(I + P⃗⃗σ). (2.31)

If |P⃗|= 1, the state is pure; and if |P⃗|< 1, then the state is mixed. This is also called the Bloch

sphere representation of a qubit. Suppose n⃗1 and n⃗2 are two vectors on the Bloch shpere, then ρ(⃗n1)

and ρ(⃗n2) are pure states. If P⃗ = λ⃗n1 +(1−λ)⃗n2, then we have ρ(P⃗) = λρ(⃗n1)+(1−λ)ρ(⃗n2).

As a consequence, if point P⃗ lies on the line segment connecting n⃗1 and n⃗2, then it is a valid

ensemble interpretation. We immediately see there are infinitely many plausible interpretations.

Therefore, one should always be careful to interpret pa in ρ = ∑a pa|a⟩⟨a| as a classical

probability. And we should remember there are infinitely many such ensemble interpretations for
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the same mixed state. The ambiguity of the ensemble interpretation is quite fascinating since we

will never see this fact in the classical probabilistic system. In the classical world, if an object can

be interpreted as 20% A and 80% B, there is no other ensemble interpretation. One may think the

classical world only has one probabilistic interpretation, while the quantum world can be viewed

from many aspects. Each aspect has its ensemble interpretation, and they are equally right.

2.3.3 Generalized measurements

In the previous section, we have seen that the complete representation of a quantum

state is the density matrix. And in this section, we will see that the general measurements are

not orthogonal projections. Here, I will follow a simple argument or model of generalized

measurement envisioned by von Neumann. And more detailed discussion can be found in

Ref.[NC10].

To see how generalized measurements are not orthogonal, let’s first take a look at a qubit

system A, that is described by α|0⟩A +β|1⟩A. The generalized measurements can be achieved

with an ancilla system B, which can be viewed as a model of the instrument. As a simple example,

we also assume the instrument is modeled by a two-level quantum system, with orthonormal basis

{|0⟩B, |1⟩B}. Without loss of generality, we assume the instrument is initially in the state |0⟩B. In

order to probe the system A, the instrument couples ancilla system B with A, and evolve the total

system with a simple unitary dynamics:

U : (α|0⟩A +β|1⟩A)⊗|0⟩B → α|0⟩A ⊗|0⟩B +β|1⟩A ⊗|1⟩B. (2.32)

And the instrument measure the ancilla qubit to give the readout. If the instrument measures

spin-z of B, then it equivalently measures the spin-z information of A. And it is still an orthogonal

measurement. However, this is not always the case. Suppose the instrument measures |+⟩B and

|−⟩B. If the instrument has readout ±1, then the state of A changes to α|0⟩A ±β|1⟩A after the
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measurement. And the post-measurement states are not orthogonal in general.

This idea can be generalized to ancilla system has N orthonormal states:

{|0⟩B, · · · , |N −1⟩B}.

And the instrument couples the system A with ancilla B by a unitary dynamics:

U : |ψ⟩A ⊗|0⟩B → ∑
a

Ma|ψ⟩A ⊗|a⟩B, (2.33)

where Ma is usually called Kraus operators. Since unitary dynamics preserves the norm of vector,

we have a constraints on the Kraus operators:

1 = ∑
a,b

⟨ψ|AM†
aMb|ψ⟩A⟨a|b⟩B = ⟨ψ|A ∑

a
M†

aMa|ψ⟩A. (2.34)

Since |ψ⟩A is arbitrary, we require ∑a M†
aMa = I. An orthogonal measurements on ancilla system

is described by I ⊗|a⟩B⟨a|B. Therefore, the probability of getting readout a is

p(a) = ⟨ψ|AM†
aMa|ψ⟩A = ||Ma|ψ⟩A||2. (2.35)

And after the measurement, the state changes to

|ψ⟩A → Ma|ψ⟩A√
⟨ψ|AM†

aMa|ψ⟩A

. (2.36)

One should notice that if MaMb ̸= δa,bMa, then two consecutive measurements can give different

readout, which is in contrast to orthogonal measurements. In the literature, people usually define

Fa ≡ M†
aMa as the generalized measurement operator, and dubbed it the positive operator-valued

measure (POVM). By definition, it satisfies the following properties:
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1. Self-adjoint: F†
a = Fa,

2. Positivity: for any state |ψ⟩, ⟨ψ|Fa|ψ⟩ ≥ 0,

3. Completeness: ∑a Fa = I.

So the POVM operators Fa give us the probability of getting the readout a but do not provide

information on the post-measurement state. Since any Ma =Ua
√

Fa with unitary operator Ua can

be the corresponding Kraus operator. And we can design any Kraus operator we want to evolve

the total system. By doing projective measurements on the ancilla system, the corresponding

POVM general measurement can be achieved.

2.3.4 Quantum Channels

For open quantum system, the dynamics is not unitary in general. In Eq.(2.33), we have

introduced Kraus operators {Ma} and seen the formal general evolution of the total system:

U : |ψ⟩A ⊗|0⟩B → ∑
a

Ma|ψ⟩A ⊗|a⟩B, (2.37)

If we don’t have any knowledge about environment B, then for open quantum system A, the

general evolution is

E : ρA → ∑
a

MaρAM†
a, (2.38)
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<latexit sha1_base64="a9APXYAQdj6DRb97QG/ZCzINJfg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9iIUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38389hMqzWP5YCYJ+hEdSh5yRo2VGrf9UtmtuHOQVeLlpAw56v3SV28QszRCaZigWnc9NzF+RpXhTOC02Es1JpSN6RC7lkoaofaz+aFTcm6VAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1Y9TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZoQ/CWX14lrcuKd11xG1flWjWPowCncAYX4MEN1OAe6tAEBgjP8ApvzqPz4rw7H4vWNSefOYE/cD5/AIsdjLs=</latexit>=

<latexit sha1_base64="xawc8E/53kKK2XIrbSUf6IYnydY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoiqeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/bZXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVbc+kW5epPHUYBjOIEz8OAKqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/kceMwQ==</latexit>

A

<latexit sha1_base64="a9APXYAQdj6DRb97QG/ZCzINJfg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9iIUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38389hMqzWP5YCYJ+hEdSh5yRo2VGrf9UtmtuHOQVeLlpAw56v3SV28QszRCaZigWnc9NzF+RpXhTOC02Es1JpSN6RC7lkoaofaz+aFTcm6VAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1Y9TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZoQ/CWX14lrcuKd11xG1flWjWPowCncAYX4MEN1OAe6tAEBgjP8ApvzqPz4rw7H4vWNSefOYE/cD5/AIsdjLs=</latexit>=
<latexit sha1_base64="xawc8E/53kKK2XIrbSUf6IYnydY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoiqeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/bZXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVbc+kW5epPHUYBjOIEz8OAKqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/kceMwQ==</latexit>

A

<latexit sha1_base64="a9APXYAQdj6DRb97QG/ZCzINJfg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9iIUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38389hMqzWP5YCYJ+hEdSh5yRo2VGrf9UtmtuHOQVeLlpAw56v3SV28QszRCaZigWnc9NzF+RpXhTOC02Es1JpSN6RC7lkoaofaz+aFTcm6VAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1Y9TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZoQ/CWX14lrcuKd11xG1flWjWPowCncAYX4MEN1OAe6tAEBgjP8ApvzqPz4rw7H4vWNSefOYE/cD5/AIsdjLs=</latexit>=
<latexit sha1_base64="xawc8E/53kKK2XIrbSUf6IYnydY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoiqeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/bZXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVbc+kW5epPHUYBjOIEz8OAKqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/kceMwQ==</latexit>

A

<latexit sha1_base64="wlnJbHonuyXoGI/R+MQGjuy0CZI=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIYo8FLx4r9AvaEDbbTbt0swm7E7WE/BUvHhTx6h/x5r9x2+agrQ8GHu/NMDMvSATX4DjfVmljc2t7p7xb2ds/ODyyj6tdHaeKsg6NRaz6AdFMcMk6wEGwfqIYiQLBesH0du73HpjSPJZtmCXMi8hY8pBTAkby7Wrbz9RQ8fEEiFLxI6a5b9ecurMAXiduQWqoQMu3v4ajmKYRk0AF0XrgOgl4GVHAqWB5ZZhqlhA6JWM2MFSSiGkvW9ye43OjjHAYK1MS8EL9PZGRSOtZFJjOiMBEr3pz8T9vkELY8DIukxSYpMtFYSowxHgeBB5xxSiImSGEKm5uxXRCFKFg4qqYENzVl9dJ97LuXted+6tas1HEUUan6AxdIBfdoCa6Qy3UQRQ9oWf0it6s3Hqx3q2PZWvJKmZO0B9Ynz9ecJSe</latexit>

Tr!c

<latexit sha1_base64="a9APXYAQdj6DRb97QG/ZCzINJfg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9iIUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38389hMqzWP5YCYJ+hEdSh5yRo2VGrf9UtmtuHOQVeLlpAw56v3SV28QszRCaZigWnc9NzF+RpXhTOC02Es1JpSN6RC7lkoaofaz+aFTcm6VAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1Y9TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZoQ/CWX14lrcuKd11xG1flWjWPowCncAYX4MEN1OAe6tAEBgjP8ApvzqPz4rw7H4vWNSefOYE/cD5/AIsdjLs=</latexit>=
<latexit sha1_base64="xMokr4myAsoIuS0H3FUIATaJdqk=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBItQNyURxS4LIrisYB/QhDKZTtuhk5kwM1FK7Ke4caGIW7/EnX/jpM1CWw8MHM65l3vmhDGjSrvut1VYW9/Y3Cpul3Z29/YP7PJhW4lEYtLCggnZDZEijHLS0lQz0o0lQVHISCecXGd+54FIRQW/19OYBBEacTqkGGkj9e2yHyE9xoilN7OqL8firG9X3Jo7h7NKvJxUIEezb3/5A4GTiHCNGVKq57mxDlIkNcWMzEp+okiM8ASNSM9QjiKignQefeacGmXgDIU0j2tnrv7eSFGk1DQKzWQWVC17mfif10v0sB6klMeJJhwvDg0T5mjhZD04AyoJ1mxqCMKSmqwOHiOJsDZtlUwJ3vKXV0n7vOZd1ty7i0qjntdRhGM4gSp4cAUNuIUmtADDIzzDK7xZT9aL9W59LEYLVr5zBH9gff4A4yaTuA==</latexit>E(⇢)

<latexit sha1_base64="ec/wE5U95pe/k6Vw2D31T2m1r1k=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4kVowX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5YCYJ+hEdSh5yRo2VGvf9UtmtuHOQVeLlpAw56v3SV28QszRCaZigWnc9NzF+RpXhTOC02Es1JpSN6RC7lkoaofaz+aFTcm6VAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1Y9TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZoQ/CWX14lrcuKd11xG1flWjWPowCncAYX4MEN1OAO6tAEBgjP8ApvzqPz4rw7H4vWNSefOYE/cD5/AKNdjMs=</latexit>

M
<latexit sha1_base64="c7foBEFpIynSdMvdMQB4A4EHopc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmAckS5idzGaHzGOZmRXCkl/w4kERr/6QN//GSbIHTSxoKKq66e6KUs6M9f1vr7SxubW9U96t7O0fHB5Vj086RmWa0DZRXOlehA3lTNK2ZZbTXqopFhGn3WhyN/e7T1QbpuSjnaY0FHgsWcwItnNpoBM1rNb8ur8AWidBQWpQoDWsfg1GimSCSks4NqYf+KkNc6wtI5zOKoPM0BSTCR7TvqMSC2rCfHHrDF04ZYRipV1Jixbq74kcC2OmInKdAtvErHpz8T+vn9m4EeZMppmlkiwXxRlHVqH542jENCWWTx3BRDN3KyIJ1phYF0/FhRCsvrxOOlf14KbuP1zXmo0ijjKcwTlcQgC30IR7aEEbCCTwDK/w5gnvxXv3PpatJa+YOYU/8D5/AB38jkE=</latexit>⇢

<latexit sha1_base64="PRSf2QqASRagCrWeqWn9UG3DCzE=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsceCFy9CBfsBbSybzSZdutkNuxOhhP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0gFN+C6305pbX1jc6u8XdnZ3ds/qB4edYzKNGVtqoTSvYAYJrhkbeAgWC/VjCSBYN1gfDPzu09MG67kA0xS5ickljzilICV+neP+SAkccz0dFituXV3DrxKvILUUIHWsPo1CBXNEiaBCmJM33NT8HOigVPBppVBZlhK6JjErG+pJAkzfj4/eYrPrBLiSGlbEvBc/T2Rk8SYSRLYzoTAyCx7M/E/r59B1PBzLtMMmKSLRVEmMCg8+x+HXDMKYmIJoZrbWzEdEU0o2JQqNgRv+eVV0rmoe1d19/6y1mwUcZTRCTpF58hD16iJblELtRFFCj2jV/TmgPPivDsfi9aSU8wcoz9wPn8AZH2RSw==</latexit>

M† . (2.39)

Such a linear map E(ρ) is also call quantum channel. And the Kraus operators must satisfy the

completeness condition ∑a M†
aMa = I. Similar to the ambiguity in ensemble interpretation for

density matrix, the Kraus operator representation for a quantum channel E is also not unique.
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The root of this phenomenon is also from the fact that there are more than one way to look at the

quantum system. Suppose we perform a basis transformation on ancilla system B with unitary V :

|a⟩B = ∑i |i⟩BVi,a. Therefore Eq.(2.33) can be rewritten as

U : |ψ⟩A ⊗|0⟩B → ∑
a,i

Ma|ψ⟩A ⊗Vi,a|i⟩B = ∑
i
(∑

a
Vi,aMa)|ψ⟩A ⊗|i⟩B. (2.40)

If we do a partial trace on ancilla system with the new basis {|i⟩B}, the same quantum channel is

represented as

E : ρA → ∑
a

M̃aρAM̃†
a, (2.41)

where the new Kraus operators are M̃a = ∑iVa,iMi. In mathematics, people also call the map of

the quantum channel the Complete Positive Trace Preserving map or CPTP map for short. Using

the Kraus representation of quantum channels, we can easily verify a quantum channel is: 1)

positive and 2) trace-preserving. Physically, it guarantees the quantum channel maps quantum

states to states. Complete positivity is a stronger requirement. If a map E acting on HA is positive,

and for any composite system HA ⊗HB, the composite map E ⊗1 is also positive, then we say

E is completely positive. With Kraus representation, we can easily verify M⊗1 is completely

positive. The physical intuition behind these strong constraints is that even the system is part of

the big world, the quantum channel should still be a valid dynamic.

2.4 Other representations of quantum channel

In the previous section, we have seen that the quantum channel is a CPTP map and the

Kraus representation of a quantum channel. And there are other representations of quantum

channels, which can be useful. In this section, without proof, I will briefly review some other

representations: 1) Louiville representation, 2) Choi matrix representation, and 3) process matrix
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representation. A detailed discussion on different representations can be found in [WBC15].

2.4.1 Louiville representation

The Louiville representation is based on the vectorization of density matrix ρ → |ρ⟩⟩
σ

with respect to some orthonormal basis {σα,α = 0, · · · ,d2 −1}. Then the quantum channel can

be defined as a superoperator S, which maps operators to operators:

S : X ⊗X → Y ⊗Y : |ρ⟩⟩
σ
→ |E(ρ)⟩⟩

σ
. (2.42)

In the following, I will choose col-vector ordering and drop the subscript. Otherwise, I will

mention the ordering of vectorization. The pictorial description of the quantum channel can be

viewed as:

<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=
<latexit sha1_base64="ytfvWiJsK2OIUUkkwANUVWlfi8w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rFF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WDmSToR3QoecgZNVZq3PdLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBrHWM0Q==</latexit>

S

<latexit sha1_base64="NhQqaXbOanfRzUEqQdJ6WVftWfE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48VbCu0oWy2k3btZhN3N4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMTqIaAaBZfYNNwIfEgU0igQ2A5GNzO/PUaleSzvzSRBP6IDyUPOqLFSq4tPKR/3yhW36s5BVomXkwrkaPTKX91+zNIIpWGCat3x3MT4GVWGM4HTUjfVmFA2ogPsWCpphNrP5tdOyZlV+iSMlS1pyFz9PZHRSOtJFNjOiJqhXvZm4n9eJzXhtZ9xmaQGJVssClNBTExmr5M+V8iMmFhCmeL2VsKGVFFmbEAlG4K3/PIqadWq3mXVvbuo1Gt5HEU4gVM4Bw+uoA630IAmMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB769jzA=</latexit>⌘ <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=
<latexit sha1_base64="v/Hno2VZ7HUvk4/9oF4czINj9+k=">AAAB73icbVBNS8NAEJ34WetX1aOXxSIIQkmKoseCF48V7Ae0sWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2J1j+OE+xEdKBEKRtFK7W59KB6y80mvVHYr7gxkmXg5KUOOeq/01e3HLI24QiapMR3PTdDPqEbBJJ8Uu6nhCWUjOuAdSxWNuPGz2b0TcmqVPgljbUshmam/JzIaGTOOAtsZURyaRW8q/ud1Ugyv/UyoJEWu2HxRmEqCMZk+T/pCc4ZybAllWthbCRtSTRnaiIo2BG/x5WXSrFa8y4p7d1GuVfM4CnAMJ3AGHlxBDW6hDg1gIOEZXuHNeXRenHfnY9664uQzR/AHzucPws+PvA==</latexit>

�+

<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=
<latexit sha1_base64="ytfvWiJsK2OIUUkkwANUVWlfi8w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rFF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WDmSToR3QoecgZNVZq3PdLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBrHWM0Q==</latexit>

S
<latexit sha1_base64="c7foBEFpIynSdMvdMQB4A4EHopc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmAckS5idzGaHzGOZmRXCkl/w4kERr/6QN//GSbIHTSxoKKq66e6KUs6M9f1vr7SxubW9U96t7O0fHB5Vj086RmWa0DZRXOlehA3lTNK2ZZbTXqopFhGn3WhyN/e7T1QbpuSjnaY0FHgsWcwItnNpoBM1rNb8ur8AWidBQWpQoDWsfg1GimSCSks4NqYf+KkNc6wtI5zOKoPM0BSTCR7TvqMSC2rCfHHrDF04ZYRipV1Jixbq74kcC2OmInKdAtvErHpz8T+vn9m4EeZMppmlkiwXxRlHVqH542jENCWWTx3BRDN3KyIJ1phYF0/FhRCsvrxOOlf14KbuP1zXmo0ijjKcwTlcQgC30IR7aEEbCCTwDK/w5gnvxXv3PpatJa+YOYU/8D5/AB38jkE=</latexit>⇢

<latexit sha1_base64="c7foBEFpIynSdMvdMQB4A4EHopc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmAckS5idzGaHzGOZmRXCkl/w4kERr/6QN//GSbIHTSxoKKq66e6KUs6M9f1vr7SxubW9U96t7O0fHB5Vj086RmWa0DZRXOlehA3lTNK2ZZbTXqopFhGn3WhyN/e7T1QbpuSjnaY0FHgsWcwItnNpoBM1rNb8ur8AWidBQWpQoDWsfg1GimSCSks4NqYf+KkNc6wtI5zOKoPM0BSTCR7TvqMSC2rCfHHrDF04ZYRipV1Jixbq74kcC2OmInKdAtvErHpz8T+vn9m4EeZMppmlkiwXxRlHVqH542jENCWWTx3BRDN3KyIJ1phYF0/FhRCsvrxOOlf14KbuP1zXmo0ijjKcwTlcQgC30IR7aEEbCCTwDK/w5gnvxXv3PpatJa+YOYU/8D5/AB38jkE=</latexit>⇢
<latexit sha1_base64="xMokr4myAsoIuS0H3FUIATaJdqk=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBItQNyURxS4LIrisYB/QhDKZTtuhk5kwM1FK7Ke4caGIW7/EnX/jpM1CWw8MHM65l3vmhDGjSrvut1VYW9/Y3Cpul3Z29/YP7PJhW4lEYtLCggnZDZEijHLS0lQz0o0lQVHISCecXGd+54FIRQW/19OYBBEacTqkGGkj9e2yHyE9xoilN7OqL8firG9X3Jo7h7NKvJxUIEezb3/5A4GTiHCNGVKq57mxDlIkNcWMzEp+okiM8ASNSM9QjiKignQefeacGmXgDIU0j2tnrv7eSFGk1DQKzWQWVC17mfif10v0sB6klMeJJhwvDg0T5mjhZD04AyoJ1mxqCMKSmqwOHiOJsDZtlUwJ3vKXV0n7vOZd1ty7i0qjntdRhGM4gSp4cAUNuIUmtADDIzzDK7xZT9aL9W59LEYLVr5zBH9gff4A4yaTuA==</latexit>E(⇢) (2.43)

and, for col-vector, the mathematical description is

E(ρ)mn = ∑
µ,ν

Smn,νµρµν. (2.44)

In the previous section, we have introduced the basis transformation operator:

Tσ→ω : |A⟩⟩
σ
→ |A⟩⟩

ω
, (2.45)

with

Tσ→ω = ∑
α

|α⟩⟨⟨ωα|σ = ∑
α

|σα⟩⟩ω
⟨α|. (2.46)
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The graphical representation of the equation is below:

<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=
<latexit sha1_base64="ytfvWiJsK2OIUUkkwANUVWlfi8w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rFF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WDmSToR3QoecgZNVZq3PdLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBrHWM0Q==</latexit>

S <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=
<latexit sha1_base64="ytfvWiJsK2OIUUkkwANUVWlfi8w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rFF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WDmSToR3QoecgZNVZq3PdLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBrHWM0Q==</latexit>

S
<latexit sha1_base64="c7foBEFpIynSdMvdMQB4A4EHopc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmAckS5idzGaHzGOZmRXCkl/w4kERr/6QN//GSbIHTSxoKKq66e6KUs6M9f1vr7SxubW9U96t7O0fHB5Vj086RmWa0DZRXOlehA3lTNK2ZZbTXqopFhGn3WhyN/e7T1QbpuSjnaY0FHgsWcwItnNpoBM1rNb8ur8AWidBQWpQoDWsfg1GimSCSks4NqYf+KkNc6wtI5zOKoPM0BSTCR7TvqMSC2rCfHHrDF04ZYRipV1Jixbq74kcC2OmInKdAtvErHpz8T+vn9m4EeZMppmlkiwXxRlHVqH542jENCWWTx3BRDN3KyIJ1phYF0/FhRCsvrxOOlf14KbuP1zXmo0ijjKcwTlcQgC30IR7aEEbCCTwDK/w5gnvxXv3PpatJa+YOYU/8D5/AB38jkE=</latexit>⇢

<latexit sha1_base64="c7foBEFpIynSdMvdMQB4A4EHopc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmAckS5idzGaHzGOZmRXCkl/w4kERr/6QN//GSbIHTSxoKKq66e6KUs6M9f1vr7SxubW9U96t7O0fHB5Vj086RmWa0DZRXOlehA3lTNK2ZZbTXqopFhGn3WhyN/e7T1QbpuSjnaY0FHgsWcwItnNpoBM1rNb8ur8AWidBQWpQoDWsfg1GimSCSks4NqYf+KkNc6wtI5zOKoPM0BSTCR7TvqMSC2rCfHHrDF04ZYRipV1Jixbq74kcC2OmInKdAtvErHpz8T+vn9m4EeZMppmlkiwXxRlHVqH542jENCWWTx3BRDN3KyIJ1phYF0/FhRCsvrxOOlf14KbuP1zXmo0ijjKcwTlcQgC30IR7aEEbCCTwDK/w5gnvxXv3PpatJa+YOYU/8D5/AB38jkE=</latexit>⇢
<latexit sha1_base64="xMokr4myAsoIuS0H3FUIATaJdqk=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBItQNyURxS4LIrisYB/QhDKZTtuhk5kwM1FK7Ke4caGIW7/EnX/jpM1CWw8MHM65l3vmhDGjSrvut1VYW9/Y3Cpul3Z29/YP7PJhW4lEYtLCggnZDZEijHLS0lQz0o0lQVHISCecXGd+54FIRQW/19OYBBEacTqkGGkj9e2yHyE9xoilN7OqL8firG9X3Jo7h7NKvJxUIEezb3/5A4GTiHCNGVKq57mxDlIkNcWMzEp+okiM8ASNSM9QjiKignQefeacGmXgDIU0j2tnrv7eSFGk1DQKzWQWVC17mfif10v0sB6klMeJJhwvDg0T5mjhZD04AyoJ1mxqCMKSmqwOHiOJsDZtlUwJ3vKXV0n7vOZd1ty7i0qjntdRhGM4gSp4cAUNuIUmtADDIzzDK7xZT9aL9W59LEYLVr5zBH9gff4A4yaTuA==</latexit>E(⇢)

<latexit sha1_base64="t5RnDFu5d3VRRt1l5O5GAsNGSco=">AAACBXicbVC7SgNBFJ2NrxhfUUstBoNgFXZFMWXAxjJCHkJ2We5OJpshMzvLzKwSljQ2/oqNhSK2/oOdf+PkUWjigQuHc+7l3nuilDNtXPfbKaysrq1vFDdLW9s7u3vl/YO2lpkitEUkl+ouAk05S2jLMMPpXaooiIjTTjS8nvide6o0k0nTjFIaCIgT1mcEjJXC8nEzzH3NYgG+YvHAgFLyAftS0BjGYbniVt0p8DLx5qSC5miE5S+/J0kmaGIIB627npuaIAdlGOF0XPIzTVMgQ4hp19IEBNVBPv1ijE+t0sN9qWwlBk/V3xM5CK1HIrKdAsxAL3oT8T+vm5l+LchZkmaGJmS2qJ9xbCSeRIJ7TFFi+MgSIIrZWzEZgAJibHAlG4K3+PIyaZ9Xvcuqe3tRqdfmcRTRETpBZ8hDV6iOblADtRBBj+gZvaI358l5cd6dj1lrwZnPHKI/cD5/ADe4mP8=</latexit>

T�!!
<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>= <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

<latexit sha1_base64="X6UDwE7FOEtAcDlbga1lZ39zMFo=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIYpcFNy4r2Ac0IUymk3ToPMLMRKihX+LGhSJu/RR3/o3TNgttPXDhcM693HtPnDGqjed9O5WNza3tnepubW//4LDuHh33tMwVJl0smVSDGGnCqCBdQw0jg0wRxGNG+vHkdu73H4nSVIoHM81IyFEqaEIxMlaK3HogOUlRVASaphzNIrfhNb0F4DrxS9IAJTqR+xWMJM45EQYzpPXQ9zITFkgZihmZ1YJckwzhCUrJ0FKBONFhsTh8Bs+tMoKJVLaEgQv190SBuNZTHttOjsxYr3pz8T9vmJukFRZUZLkhAi8XJTmDRsJ5CnBEFcGGTS1BWFF7K8RjpBA2NquaDcFffXmd9C6b/nXTu79qtFtlHFVwCs7ABfDBDWiDO9ABXYBBDp7BK3hznpwX5935WLZWnHLmBPyB8/kDLMGTZA==</latexit>!�
<latexit sha1_base64="9D1/BZJOOvM7EwK4UA4k9TkAfCQ=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIYpcFNy4r2Ac0IUymk3ToPMLMRKihX+LGhSJu/RR3/o3TNgttPXDhcM693HtPnDGqjed9O5WNza3tnepubW//4LDuHh33tMwVJl0smVSDGGnCqCBdQw0jg0wRxGNG+vHkdu73H4nSVIoHM81IyFEqaEIxMlaK3HqgacpRVASSkxTNIrfhNb0F4DrxS9IAJTqR+xWMJM45EQYzpPXQ9zITFkgZihmZ1YJckwzhCUrJ0FKBONFhsTh8Bs+tMoKJVLaEgQv190SBuNZTHttOjsxYr3pz8T9vmJukFRZUZLkhAi8XJTmDRsJ5CnBEFcGGTS1BWFF7K8RjpBA2NquaDcFffXmd9C6b/nXTu79qtFtlHFVwCs7ABfDBDWiDO9ABXYBBDp7BK3hznpwX5935WLZWnHLmBPyB8/kDLQGTZA==</latexit>�!

<latexit sha1_base64="+/Q1WNZItJxQJ5m16CO70rs29uM=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokothlwY3LCn1BE8JkOkmHzkzCzEQpIRt/xY0LRdz6Ge78G6dtFtp64MLhnHu5954wZVRpx/m2KmvrG5tb1e3azu7e/oF9eNRTSSYx6eKEJXIQIkUYFaSrqWZkkEqCeMhIP5zczvz+A5GKJqKjpynxOYoFjShG2kiBfdIJcuxJGo81kjJ5hJ6iMUdFYNedhjMHXCVuSeqgRDuwv7xRgjNOhMYMKTV0nVT7OZKaYkaKmpcpkiI8QTEZGioQJ8rP5w8U8NwoIxgl0pTQcK7+nsgRV2rKQ9PJkR6rZW8m/ucNMx01/ZyKNNNE4MWiKGNQJ3CWBhxRSbBmU0MQltTcCvEYSYS1yaxmQnCXX14lvcuGe91w7q/qrWYZRxWcgjNwAVxwA1rgDrRBF2BQgGfwCt6sJ+vFerc+Fq0Vq5w5Bn9gff4AP9mWyw==</latexit>

Tc!�
<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

<latexit sha1_base64="inuKUQKGa1zGxcE38NQbnWm42ac=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEsceCF48V7Ac0sWw2m3TpZhN2N4US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8IONMacf5tiobm1vbO9Xd2t7+weGRfXzSVWkuCe2QlKeyH2BFORO0o5nmtJ9JipOA014wvpv7vQmViqXiUU8z6ic4FixiBGsjDW3bUyxO8FPhhTiOqZwN7brTcBZA68QtSR1KtIf2lxemJE+o0IRjpQauk2m/wFIzwums5uWKZpiMcUwHhgqcUOUXi8tn6MIoIYpSaUpotFB/TxQ4UWqaBKYzwXqkVr25+J83yHXU9AsmslxTQZaLopwjnaJ5DChkkhLNp4ZgIpm5FZERlphoE1bNhOCuvrxOulcN96bhPFzXW80yjiqcwTlcggu30IJ7aEMHCEzgGV7hzSqsF+vd+li2Vqxy5hT+wPr8AelHk84=</latexit>

�†
<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

<latexit sha1_base64="HAYwzOHidt+vmDdBMuHCxYEA7Pw=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokothlwY3LCn1BE8JkOkmHzkzCzEQpIRt/xY0LRdz6Ge78G6dtFtp64MLhnHu5954wZVRpx/m2KmvrG5tb1e3azu7e/oF9eNRTSSYx6eKEJXIQIkUYFaSrqWZkkEqCeMhIP5zczvz+A5GKJqKjpynxOYoFjShG2kiBfdIJck/RmCNP0niskZTJI8RFYNedhjMHXCVuSeqgRDuwv7xRgjNOhMYMKTV0nVT7OZKaYkaKmpcpkiI8QTEZGioQJ8rP5w8U8NwoIxgl0pTQcK7+nsgRV2rKQ9PJkR6rZW8m/ucNMx01/ZyKNNNE4MWiKGNQJ3CWBhxRSbBmU0MQltTcCvEYSYS1yaxmQnCXX14lvcuGe91w7q/qrWYZRxWcgjNwAVxwA1rgDrRBF2BQgGfwCt6sJ+vFerc+Fq0Vq5w5Bn9gff4AQJOWyw==</latexit>

T�!c
<latexit sha1_base64="bJSRfak9dNhsFLRO6Hz83lxaRIw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKwRwDXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk5q9w0bCTwoV/yqvwBaJ0FOKpCjOSh/9YeKpIJKSzg2phf4iQ0zrC0jnM5K/dTQBJMJHtGeoxILasJsce0MXThliGKlXUmLFurviQwLY6Yicp0C27FZ9ebif14vtXE9zJhMUkslWS6KU46sQvPX0ZBpSiyfOoKJZu5WRMZYY2JdQCUXQrD68jppX1WDWtW/v6406nkcRTiDc7iEAG6gAXfQhBYQeIRneIU3T3kv3rv3sWwtePnMKfyB9/kDmq+PHQ==</latexit>�

<latexit sha1_base64="NAHOtIgEQtavlY0G60hJVcJtZF0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lEsceCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKDxV60S+V3ao7B1klXk7KkKPRL331BjFLI66QSWpM13MT9DOqUTDJp8VeanhC2ZgOeddSRSNu/Gx+6pScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw5qfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO0YbgLb+8SlqXVe+66t5fleu1PI4CnMIZVMCDG6jDHTSgCQyG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gCG+41E</latexit>

(a)
<latexit sha1_base64="BULFK08EE3/qJaWSR6G8iw1H+5Y=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lEsceCF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJaPZpKgH9Gh5CFn1FjpoRJc9Etlt+rOQVaJl5My5Gj0S1+9QczSCKVhgmrd9dzE+BlVhjOB02Iv1ZhQNqZD7FoqaYTaz+anTsm5VQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc1Yc3PuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadog3BW355lbQuq9511b2/KtdreRwFOIUzqIAHN1CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AGIgI1F</latexit>

(b)

(2.47)

Since most of the time we use col-vector convention, I also give the tensor diagram of transforma-

tion Tc→σ in Fig. 2.3.

<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=
<latexit sha1_base64="ytfvWiJsK2OIUUkkwANUVWlfi8w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rFF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WDmSToR3QoecgZNVZq3PdLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBrHWM0Q==</latexit>

S <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=
<latexit sha1_base64="ytfvWiJsK2OIUUkkwANUVWlfi8w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rFF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WDmSToR3QoecgZNVZq3PdLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBrHWM0Q==</latexit>

S
<latexit sha1_base64="c7foBEFpIynSdMvdMQB4A4EHopc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmAckS5idzGaHzGOZmRXCkl/w4kERr/6QN//GSbIHTSxoKKq66e6KUs6M9f1vr7SxubW9U96t7O0fHB5Vj086RmWa0DZRXOlehA3lTNK2ZZbTXqopFhGn3WhyN/e7T1QbpuSjnaY0FHgsWcwItnNpoBM1rNb8ur8AWidBQWpQoDWsfg1GimSCSks4NqYf+KkNc6wtI5zOKoPM0BSTCR7TvqMSC2rCfHHrDF04ZYRipV1Jixbq74kcC2OmInKdAtvErHpz8T+vn9m4EeZMppmlkiwXxRlHVqH542jENCWWTx3BRDN3KyIJ1phYF0/FhRCsvrxOOlf14KbuP1zXmo0ijjKcwTlcQgC30IR7aEEbCCTwDK/w5gnvxXv3PpatJa+YOYU/8D5/AB38jkE=</latexit>⇢

<latexit sha1_base64="c7foBEFpIynSdMvdMQB4A4EHopc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmAckS5idzGaHzGOZmRXCkl/w4kERr/6QN//GSbIHTSxoKKq66e6KUs6M9f1vr7SxubW9U96t7O0fHB5Vj086RmWa0DZRXOlehA3lTNK2ZZbTXqopFhGn3WhyN/e7T1QbpuSjnaY0FHgsWcwItnNpoBM1rNb8ur8AWidBQWpQoDWsfg1GimSCSks4NqYf+KkNc6wtI5zOKoPM0BSTCR7TvqMSC2rCfHHrDF04ZYRipV1Jixbq74kcC2OmInKdAtvErHpz8T+vn9m4EeZMppmlkiwXxRlHVqH542jENCWWTx3BRDN3KyIJ1phYF0/FhRCsvrxOOlf14KbuP1zXmo0ijjKcwTlcQgC30IR7aEEbCCTwDK/w5gnvxXv3PpatJa+YOYU/8D5/AB38jkE=</latexit>⇢
<latexit sha1_base64="xMokr4myAsoIuS0H3FUIATaJdqk=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBItQNyURxS4LIrisYB/QhDKZTtuhk5kwM1FK7Ke4caGIW7/EnX/jpM1CWw8MHM65l3vmhDGjSrvut1VYW9/Y3Cpul3Z29/YP7PJhW4lEYtLCggnZDZEijHLS0lQz0o0lQVHISCecXGd+54FIRQW/19OYBBEacTqkGGkj9e2yHyE9xoilN7OqL8firG9X3Jo7h7NKvJxUIEezb3/5A4GTiHCNGVKq57mxDlIkNcWMzEp+okiM8ASNSM9QjiKignQefeacGmXgDIU0j2tnrv7eSFGk1DQKzWQWVC17mfif10v0sB6klMeJJhwvDg0T5mjhZD04AyoJ1mxqCMKSmqwOHiOJsDZtlUwJ3vKXV0n7vOZd1ty7i0qjntdRhGM4gSp4cAUNuIUmtADDIzzDK7xZT9aL9W59LEYLVr5zBH9gff4A4yaTuA==</latexit>E(⇢)

<latexit sha1_base64="t5RnDFu5d3VRRt1l5O5GAsNGSco=">AAACBXicbVC7SgNBFJ2NrxhfUUstBoNgFXZFMWXAxjJCHkJ2We5OJpshMzvLzKwSljQ2/oqNhSK2/oOdf+PkUWjigQuHc+7l3nuilDNtXPfbKaysrq1vFDdLW9s7u3vl/YO2lpkitEUkl+ouAk05S2jLMMPpXaooiIjTTjS8nvide6o0k0nTjFIaCIgT1mcEjJXC8nEzzH3NYgG+YvHAgFLyAftS0BjGYbniVt0p8DLx5qSC5miE5S+/J0kmaGIIB627npuaIAdlGOF0XPIzTVMgQ4hp19IEBNVBPv1ijE+t0sN9qWwlBk/V3xM5CK1HIrKdAsxAL3oT8T+vm5l+LchZkmaGJmS2qJ9xbCSeRIJ7TFFi+MgSIIrZWzEZgAJibHAlG4K3+PIyaZ9Xvcuqe3tRqdfmcRTRETpBZ8hDV6iOblADtRBBj+gZvaI358l5cd6dj1lrwZnPHKI/cD5/ADe4mP8=</latexit>

T�!!
<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>= <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

<latexit sha1_base64="X6UDwE7FOEtAcDlbga1lZ39zMFo=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIYpcFNy4r2Ac0IUymk3ToPMLMRKihX+LGhSJu/RR3/o3TNgttPXDhcM693HtPnDGqjed9O5WNza3tnepubW//4LDuHh33tMwVJl0smVSDGGnCqCBdQw0jg0wRxGNG+vHkdu73H4nSVIoHM81IyFEqaEIxMlaK3HogOUlRVASaphzNIrfhNb0F4DrxS9IAJTqR+xWMJM45EQYzpPXQ9zITFkgZihmZ1YJckwzhCUrJ0FKBONFhsTh8Bs+tMoKJVLaEgQv190SBuNZTHttOjsxYr3pz8T9vmJukFRZUZLkhAi8XJTmDRsJ5CnBEFcGGTS1BWFF7K8RjpBA2NquaDcFffXmd9C6b/nXTu79qtFtlHFVwCs7ABfDBDWiDO9ABXYBBDp7BK3hznpwX5935WLZWnHLmBPyB8/kDLMGTZA==</latexit>!�
<latexit sha1_base64="9D1/BZJOOvM7EwK4UA4k9TkAfCQ=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIYpcFNy4r2Ac0IUymk3ToPMLMRKihX+LGhSJu/RR3/o3TNgttPXDhcM693HtPnDGqjed9O5WNza3tnepubW//4LDuHh33tMwVJl0smVSDGGnCqCBdQw0jg0wRxGNG+vHkdu73H4nSVIoHM81IyFEqaEIxMlaK3HqgacpRVASSkxTNIrfhNb0F4DrxS9IAJTqR+xWMJM45EQYzpPXQ9zITFkgZihmZ1YJckwzhCUrJ0FKBONFhsTh8Bs+tMoKJVLaEgQv190SBuNZTHttOjsxYr3pz8T9vmJukFRZUZLkhAi8XJTmDRsJ5CnBEFcGGTS1BWFF7K8RjpBA2NquaDcFffXmd9C6b/nXTu79qtFtlHFVwCs7ABfDBDWiDO9ABXYBBDp7BK3hznpwX5935WLZWnHLmBPyB8/kDLQGTZA==</latexit>�!

<latexit sha1_base64="+/Q1WNZItJxQJ5m16CO70rs29uM=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokothlwY3LCn1BE8JkOkmHzkzCzEQpIRt/xY0LRdz6Ge78G6dtFtp64MLhnHu5954wZVRpx/m2KmvrG5tb1e3azu7e/oF9eNRTSSYx6eKEJXIQIkUYFaSrqWZkkEqCeMhIP5zczvz+A5GKJqKjpynxOYoFjShG2kiBfdIJcuxJGo81kjJ5hJ6iMUdFYNedhjMHXCVuSeqgRDuwv7xRgjNOhMYMKTV0nVT7OZKaYkaKmpcpkiI8QTEZGioQJ8rP5w8U8NwoIxgl0pTQcK7+nsgRV2rKQ9PJkR6rZW8m/ucNMx01/ZyKNNNE4MWiKGNQJ3CWBhxRSbBmU0MQltTcCvEYSYS1yaxmQnCXX14lvcuGe91w7q/qrWYZRxWcgjNwAVxwA1rgDrRBF2BQgGfwCt6sJ+vFerc+Fq0Vq5w5Bn9gff4AP9mWyw==</latexit>

Tc!�
<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

<latexit sha1_base64="inuKUQKGa1zGxcE38NQbnWm42ac=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEsceCF48V7Ac0sWw2m3TpZhN2N4US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8IONMacf5tiobm1vbO9Xd2t7+weGRfXzSVWkuCe2QlKeyH2BFORO0o5nmtJ9JipOA014wvpv7vQmViqXiUU8z6ic4FixiBGsjDW3bUyxO8FPhhTiOqZwN7brTcBZA68QtSR1KtIf2lxemJE+o0IRjpQauk2m/wFIzwums5uWKZpiMcUwHhgqcUOUXi8tn6MIoIYpSaUpotFB/TxQ4UWqaBKYzwXqkVr25+J83yHXU9AsmslxTQZaLopwjnaJ5DChkkhLNp4ZgIpm5FZERlphoE1bNhOCuvrxOulcN96bhPFzXW80yjiqcwTlcggu30IJ7aEMHCEzgGV7hzSqsF+vd+li2Vqxy5hT+wPr8AelHk84=</latexit>

�†
<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

<latexit sha1_base64="HAYwzOHidt+vmDdBMuHCxYEA7Pw=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokothlwY3LCn1BE8JkOkmHzkzCzEQpIRt/xY0LRdz6Ge78G6dtFtp64MLhnHu5954wZVRpx/m2KmvrG5tb1e3azu7e/oF9eNRTSSYx6eKEJXIQIkUYFaSrqWZkkEqCeMhIP5zczvz+A5GKJqKjpynxOYoFjShG2kiBfdIJck/RmCNP0niskZTJI8RFYNedhjMHXCVuSeqgRDuwv7xRgjNOhMYMKTV0nVT7OZKaYkaKmpcpkiI8QTEZGioQJ8rP5w8U8NwoIxgl0pTQcK7+nsgRV2rKQ9PJkR6rZW8m/ucNMx01/ZyKNNNE4MWiKGNQJ3CWBhxRSbBmU0MQltTcCvEYSYS1yaxmQnCXX14lvcuGe91w7q/qrWYZRxWcgjNwAVxwA1rgDrRBF2BQgGfwCt6sJ+vFerc+Fq0Vq5w5Bn9gff4AQJOWyw==</latexit>

T�!c
<latexit sha1_base64="bJSRfak9dNhsFLRO6Hz83lxaRIw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKwRwDXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk5q9w0bCTwoV/yqvwBaJ0FOKpCjOSh/9YeKpIJKSzg2phf4iQ0zrC0jnM5K/dTQBJMJHtGeoxILasJsce0MXThliGKlXUmLFurviQwLY6Yicp0C27FZ9ebif14vtXE9zJhMUkslWS6KU46sQvPX0ZBpSiyfOoKJZu5WRMZYY2JdQCUXQrD68jppX1WDWtW/v6406nkcRTiDc7iEAG6gAXfQhBYQeIRneIU3T3kv3rv3sWwtePnMKfyB9/kDmq+PHQ==</latexit>�

<latexit sha1_base64="NAHOtIgEQtavlY0G60hJVcJtZF0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lEsceCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKDxV60S+V3ao7B1klXk7KkKPRL331BjFLI66QSWpM13MT9DOqUTDJp8VeanhC2ZgOeddSRSNu/Gx+6pScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw5qfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO0YbgLb+8SlqXVe+66t5fleu1PI4CnMIZVMCDG6jDHTSgCQyG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gCG+41E</latexit>

(a)
<latexit sha1_base64="BULFK08EE3/qJaWSR6G8iw1H+5Y=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lEsceCF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJaPZpKgH9Gh5CFn1FjpoRJc9Etlt+rOQVaJl5My5Gj0S1+9QczSCKVhgmrd9dzE+BlVhjOB02Iv1ZhQNqZD7FoqaYTaz+anTsm5VQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc1Yc3PuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadog3BW355lbQuq9511b2/KtdreRwFOIUzqIAHN1CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AGIgI1F</latexit>

(b)

Figure 2.3: The tensor diagram of basis transformation between col-order and arbitrary σ-order.

Then we can transform superoperator S to other basis by

Sσ = Tc→σST †
c→σ

(2.48)

2.4.2 Choi matrix representation

Another representation of quantum channel is called Choi matrix[Cho75]. It is an ap-

plication of the Choi-Jamiolkowski isomorphism, which bijectively map linear maps to linear

operators[Jam72]. For X ∼= Cd , there are two conventions of the definition of Choi matrix:

Λc =
d−1

∑
i, j=0

|i⟩⟨ j|⊗E(|i⟩⟨ j|) = (I ⊗E)|Φ+⟩⟨Φ+|,

Λr =
d−1

∑
i, j=0

E(|i⟩⟨ j|)⊗|i⟩⟨ j|= (E ⊗ I )|Φ+⟩⟨Φ+|,
(2.49)

where {|i⟩, i = 0, · · · ,d} is the orthonormal basis for X . In the following, I will use the column-

vector convention and drop the subscript. The diagrammatic representation of Λc with Kraus
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operators is

<latexit sha1_base64="xuj17jQPeVNMa+Rzm3EF6ET814s=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiSi2GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaPXAwOGcc5l7T5AKro3rfjmltfWNza3ydmVnd2//oHp41NFJpihr00QkqhegZoJL1jbcCNZLFcM4EKwbTG7mfveRKc0T+WCmKfNjHEkecYrGSt3BnY2GOKzW3Lq7APlLvILUoEBrWP0chAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyNnVglJlCj7pCEL9edEjrHW0ziwyRjNWK96c/E/r5+ZqOHnXKaZYZIuP4oyQUxC5reTkCtGjZhaglRxuyuhY1RIjW2oYkvwVk/+SzoXde+q7t5f1pqNoo4ynMApnIMH19CEW2hBGyhM4Ale4NVJnWfnzXlfRktOMXMMv+B8fAMJ9Y9X</latexit>

⇤ <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>= <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=
<latexit sha1_base64="ec/wE5U95pe/k6Vw2D31T2m1r1k=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4kVowX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5YCYJ+hEdSh5yRo2VGvf9UtmtuHOQVeLlpAw56v3SV28QszRCaZigWnc9NzF+RpXhTOC02Es1JpSN6RC7lkoaofaz+aFTcm6VAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1Y9TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZoQ/CWX14lrcuKd11xG1flWjWPowCncAYX4MEN1OAO6tAEBgjP8ApvzqPz4rw7H4vWNSefOYE/cD5/AKNdjMs=</latexit>

M
<latexit sha1_base64="PRSf2QqASRagCrWeqWn9UG3DCzE=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsceCFy9CBfsBbSybzSZdutkNuxOhhP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0gFN+C6305pbX1jc6u8XdnZ3ds/qB4edYzKNGVtqoTSvYAYJrhkbeAgWC/VjCSBYN1gfDPzu09MG67kA0xS5ickljzilICV+neP+SAkccz0dFituXV3DrxKvILUUIHWsPo1CBXNEiaBCmJM33NT8HOigVPBppVBZlhK6JjErG+pJAkzfj4/eYrPrBLiSGlbEvBc/T2Rk8SYSRLYzoTAyCx7M/E/r59B1PBzLtMMmKSLRVEmMCg8+x+HXDMKYmIJoZrbWzEdEU0o2JQqNgRv+eVV0rmoe1d19/6y1mwUcZTRCTpF58hD16iJblELtRFFCj2jV/TmgPPivDsfi9aSU8wcoz9wPn8AZH2RSw==</latexit>

M†

<latexit sha1_base64="ec/wE5U95pe/k6Vw2D31T2m1r1k=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4kVowX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5YCYJ+hEdSh5yRo2VGvf9UtmtuHOQVeLlpAw56v3SV28QszRCaZigWnc9NzF+RpXhTOC02Es1JpSN6RC7lkoaofaz+aFTcm6VAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1Y9TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZoQ/CWX14lrcuKd11xG1flWjWPowCncAYX4MEN1OAO6tAEBgjP8ApvzqPz4rw7H4vWNSefOYE/cD5/AKNdjMs=</latexit>

M
<latexit sha1_base64="PRSf2QqASRagCrWeqWn9UG3DCzE=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsceCFy9CBfsBbSybzSZdutkNuxOhhP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0gFN+C6305pbX1jc6u8XdnZ3ds/qB4edYzKNGVtqoTSvYAYJrhkbeAgWC/VjCSBYN1gfDPzu09MG67kA0xS5ickljzilICV+neP+SAkccz0dFituXV3DrxKvILUUIHWsPo1CBXNEiaBCmJM33NT8HOigVPBppVBZlhK6JjErG+pJAkzfj4/eYrPrBLiSGlbEvBc/T2Rk8SYSRLYzoTAyCx7M/E/r59B1PBzLtMMmKSLRVEmMCg8+x+HXDMKYmIJoZrbWzEdEU0o2JQqNgRv+eVV0rmoe1d19/6y1mwUcZTRCTpF58hD16iJblELtRFFCj2jV/TmgPPivDsfi9aSU8wcoz9wPn8AZH2RSw==</latexit>

M†

<latexit sha1_base64="xuj17jQPeVNMa+Rzm3EF6ET814s=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiSi2GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaPXAwOGcc5l7T5AKro3rfjmltfWNza3ydmVnd2//oHp41NFJpihr00QkqhegZoJL1jbcCNZLFcM4EKwbTG7mfveRKc0T+WCmKfNjHEkecYrGSt3BnY2GOKzW3Lq7APlLvILUoEBrWP0chAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyNnVglJlCj7pCEL9edEjrHW0ziwyRjNWK96c/E/r5+ZqOHnXKaZYZIuP4oyQUxC5reTkCtGjZhaglRxuyuhY1RIjW2oYkvwVk/+SzoXde+q7t5f1pqNoo4ynMApnIMH19CEW2hBGyhM4Ale4NVJnWfnzXlfRktOMXMMv+B8fAMJ9Y9X</latexit>

⇤

<latexit sha1_base64="c7foBEFpIynSdMvdMQB4A4EHopc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmAckS5idzGaHzGOZmRXCkl/w4kERr/6QN//GSbIHTSxoKKq66e6KUs6M9f1vr7SxubW9U96t7O0fHB5Vj086RmWa0DZRXOlehA3lTNK2ZZbTXqopFhGn3WhyN/e7T1QbpuSjnaY0FHgsWcwItnNpoBM1rNb8ur8AWidBQWpQoDWsfg1GimSCSks4NqYf+KkNc6wtI5zOKoPM0BSTCR7TvqMSC2rCfHHrDF04ZYRipV1Jixbq74kcC2OmInKdAtvErHpz8T+vn9m4EeZMppmlkiwXxRlHVqH542jENCWWTx3BRDN3KyIJ1phYF0/FhRCsvrxOOlf14KbuP1zXmo0ijjKcwTlcQgC30IR7aEEbCCTwDK/w5gnvxXv3PpatJa+YOYU/8D5/AB38jkE=</latexit>⇢
<latexit sha1_base64="c7foBEFpIynSdMvdMQB4A4EHopc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmAckS5idzGaHzGOZmRXCkl/w4kERr/6QN//GSbIHTSxoKKq66e6KUs6M9f1vr7SxubW9U96t7O0fHB5Vj086RmWa0DZRXOlehA3lTNK2ZZbTXqopFhGn3WhyN/e7T1QbpuSjnaY0FHgsWcwItnNpoBM1rNb8ur8AWidBQWpQoDWsfg1GimSCSks4NqYf+KkNc6wtI5zOKoPM0BSTCR7TvqMSC2rCfHHrDF04ZYRipV1Jixbq74kcC2OmInKdAtvErHpz8T+vn9m4EeZMppmlkiwXxRlHVqH542jENCWWTx3BRDN3KyIJ1phYF0/FhRCsvrxOOlf14KbuP1zXmo0ijjKcwTlcQgC30IR7aEEbCCTwDK/w5gnvxXv3PpatJa+YOYU/8D5/AB38jkE=</latexit>⇢

<latexit sha1_base64="ec/wE5U95pe/k6Vw2D31T2m1r1k=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4kVowX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5YCYJ+hEdSh5yRo2VGvf9UtmtuHOQVeLlpAw56v3SV28QszRCaZigWnc9NzF+RpXhTOC02Es1JpSN6RC7lkoaofaz+aFTcm6VAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1Y9TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZoQ/CWX14lrcuKd11xG1flWjWPowCncAYX4MEN1OAO6tAEBgjP8ApvzqPz4rw7H4vWNSefOYE/cD5/AKNdjMs=</latexit>

M
<latexit sha1_base64="PRSf2QqASRagCrWeqWn9UG3DCzE=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsceCFy9CBfsBbSybzSZdutkNuxOhhP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0gFN+C6305pbX1jc6u8XdnZ3ds/qB4edYzKNGVtqoTSvYAYJrhkbeAgWC/VjCSBYN1gfDPzu09MG67kA0xS5ickljzilICV+neP+SAkccz0dFituXV3DrxKvILUUIHWsPo1CBXNEiaBCmJM33NT8HOigVPBppVBZlhK6JjErG+pJAkzfj4/eYrPrBLiSGlbEvBc/T2Rk8SYSRLYzoTAyCx7M/E/r59B1PBzLtMMmKSLRVEmMCg8+x+HXDMKYmIJoZrbWzEdEU0o2JQqNgRv+eVV0rmoe1d19/6y1mwUcZTRCTpF58hD16iJblELtRFFCj2jV/TmgPPivDsfi9aSU8wcoz9wPn8AZH2RSw==</latexit>

M†

<latexit sha1_base64="ec/wE5U95pe/k6Vw2D31T2m1r1k=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4kVowX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5YCYJ+hEdSh5yRo2VGvf9UtmtuHOQVeLlpAw56v3SV28QszRCaZigWnc9NzF+RpXhTOC02Es1JpSN6RC7lkoaofaz+aFTcm6VAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1Y9TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZoQ/CWX14lrcuKd11xG1flWjWPowCncAYX4MEN1OAO6tAEBgjP8ApvzqPz4rw7H4vWNSefOYE/cD5/AKNdjMs=</latexit>

M
<latexit sha1_base64="PRSf2QqASRagCrWeqWn9UG3DCzE=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsceCFy9CBfsBbSybzSZdutkNuxOhhP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0gFN+C6305pbX1jc6u8XdnZ3ds/qB4edYzKNGVtqoTSvYAYJrhkbeAgWC/VjCSBYN1gfDPzu09MG67kA0xS5ickljzilICV+neP+SAkccz0dFituXV3DrxKvILUUIHWsPo1CBXNEiaBCmJM33NT8HOigVPBppVBZlhK6JjErG+pJAkzfj4/eYrPrBLiSGlbEvBc/T2Rk8SYSRLYzoTAyCx7M/E/r59B1PBzLtMMmKSLRVEmMCg8+x+HXDMKYmIJoZrbWzEdEU0o2JQqNgRv+eVV0rmoe1d19/6y1mwUcZTRCTpF58hD16iJblELtRFFCj2jV/TmgPPivDsfi9aSU8wcoz9wPn8AZH2RSw==</latexit>

M†<latexit sha1_base64="c7foBEFpIynSdMvdMQB4A4EHopc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmAckS5idzGaHzGOZmRXCkl/w4kERr/6QN//GSbIHTSxoKKq66e6KUs6M9f1vr7SxubW9U96t7O0fHB5Vj086RmWa0DZRXOlehA3lTNK2ZZbTXqopFhGn3WhyN/e7T1QbpuSjnaY0FHgsWcwItnNpoBM1rNb8ur8AWidBQWpQoDWsfg1GimSCSks4NqYf+KkNc6wtI5zOKoPM0BSTCR7TvqMSC2rCfHHrDF04ZYRipV1Jixbq74kcC2OmInKdAtvErHpz8T+vn9m4EeZMppmlkiwXxRlHVqH542jENCWWTx3BRDN3KyIJ1phYF0/FhRCsvrxOOlf14KbuP1zXmo0ijjKcwTlcQgC30IR7aEEbCCTwDK/w5gnvxXv3PpatJa+YOYU/8D5/AB38jkE=</latexit>⇢<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>= <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

<latexit sha1_base64="xMokr4myAsoIuS0H3FUIATaJdqk=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBItQNyURxS4LIrisYB/QhDKZTtuhk5kwM1FK7Ke4caGIW7/EnX/jpM1CWw8MHM65l3vmhDGjSrvut1VYW9/Y3Cpul3Z29/YP7PJhW4lEYtLCggnZDZEijHLS0lQz0o0lQVHISCecXGd+54FIRQW/19OYBBEacTqkGGkj9e2yHyE9xoilN7OqL8firG9X3Jo7h7NKvJxUIEezb3/5A4GTiHCNGVKq57mxDlIkNcWMzEp+okiM8ASNSM9QjiKignQefeacGmXgDIU0j2tnrv7eSFGk1DQKzWQWVC17mfif10v0sB6klMeJJhwvDg0T5mjhZD04AyoJ1mxqCMKSmqwOHiOJsDZtlUwJ3vKXV0n7vOZd1ty7i0qjntdRhGM4gSp4cAUNuIUmtADDIzzDK7xZT9aL9W59LEYLVr5zBH9gff4A4yaTuA==</latexit>E(⇢) <latexit sha1_base64="xuj17jQPeVNMa+Rzm3EF6ET814s=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiSi2GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaPXAwOGcc5l7T5AKro3rfjmltfWNza3ydmVnd2//oHp41NFJpihr00QkqhegZoJL1jbcCNZLFcM4EKwbTG7mfveRKc0T+WCmKfNjHEkecYrGSt3BnY2GOKzW3Lq7APlLvILUoEBrWP0chAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyNnVglJlCj7pCEL9edEjrHW0ziwyRjNWK96c/E/r5+ZqOHnXKaZYZIuP4oyQUxC5reTkCtGjZhaglRxuyuhY1RIjW2oYkvwVk/+SzoXde+q7t5f1pqNoo4ynMApnIMH19CEW2hBGyhM4Ale4NVJnWfnzXlfRktOMXMMv+B8fAMJ9Y9X</latexit>

⇤

<latexit sha1_base64="c7foBEFpIynSdMvdMQB4A4EHopc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmAckS5idzGaHzGOZmRXCkl/w4kERr/6QN//GSbIHTSxoKKq66e6KUs6M9f1vr7SxubW9U96t7O0fHB5Vj086RmWa0DZRXOlehA3lTNK2ZZbTXqopFhGn3WhyN/e7T1QbpuSjnaY0FHgsWcwItnNpoBM1rNb8ur8AWidBQWpQoDWsfg1GimSCSks4NqYf+KkNc6wtI5zOKoPM0BSTCR7TvqMSC2rCfHHrDF04ZYRipV1Jixbq74kcC2OmInKdAtvErHpz8T+vn9m4EeZMppmlkiwXxRlHVqH542jENCWWTx3BRDN3KyIJ1phYF0/FhRCsvrxOOlf14KbuP1zXmo0ijjKcwTlcQgC30IR7aEEbCCTwDK/w5gnvxXv3PpatJa+YOYU/8D5/AB38jkE=</latexit>⇢

<latexit sha1_base64="xuj17jQPeVNMa+Rzm3EF6ET814s=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiSi2GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaPXAwOGcc5l7T5AKro3rfjmltfWNza3ydmVnd2//oHp41NFJpihr00QkqhegZoJL1jbcCNZLFcM4EKwbTG7mfveRKc0T+WCmKfNjHEkecYrGSt3BnY2GOKzW3Lq7APlLvILUoEBrWP0chAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyNnVglJlCj7pCEL9edEjrHW0ziwyRjNWK96c/E/r5+ZqOHnXKaZYZIuP4oyQUxC5reTkCtGjZhaglRxuyuhY1RIjW2oYkvwVk/+SzoXde+q7t5f1pqNoo4ynMApnIMH19CEW2hBGyhM4Ale4NVJnWfnzXlfRktOMXMMv+B8fAMJ9Y9X</latexit>

⇤

<latexit sha1_base64="j00O/wqliu7YBsq58oSn7jV6aGw=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV1RzDHgxWOEvCBZw+xkNhkyj3VmVghLfsKLB0W8+jve/BsnyR40saChqOqmuytKODPW97+9tfWNza3twk5xd2//4LB0dNwyKtWENoniSncibChnkjYts5x2Ek2xiDhtR+Pbmd9+otowJRt2ktBQ4KFkMSPYOqnT0yP1kDWm/VLZr/hzoFUS5KQMOer90ldvoEgqqLSEY2O6gZ/YMMPaMsLptNhLDU0wGeMh7ToqsaAmzOb3TtG5UwYoVtqVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMbV8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vktZlJbiu+PdX5Vo1j6MAp3AGFxDADdTgDurQBAIcnuEV3rxH78V79z4WrWtePnMCf+B9/gBAfZAT</latexit>

⇢T
<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>= <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

. (2.50)

The evolution of the density matrix in terms of Choi-matrix is given by

E(ρ) = TrX [(ρ
T ⊗1Y )Λ], (2.51)

which can be represented as

<latexit sha1_base64="xuj17jQPeVNMa+Rzm3EF6ET814s=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiSi2GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaPXAwOGcc5l7T5AKro3rfjmltfWNza3ydmVnd2//oHp41NFJpihr00QkqhegZoJL1jbcCNZLFcM4EKwbTG7mfveRKc0T+WCmKfNjHEkecYrGSt3BnY2GOKzW3Lq7APlLvILUoEBrWP0chAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyNnVglJlCj7pCEL9edEjrHW0ziwyRjNWK96c/E/r5+ZqOHnXKaZYZIuP4oyQUxC5reTkCtGjZhaglRxuyuhY1RIjW2oYkvwVk/+SzoXde+q7t5f1pqNoo4ynMApnIMH19CEW2hBGyhM4Ale4NVJnWfnzXlfRktOMXMMv+B8fAMJ9Y9X</latexit>

⇤ <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>= <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=
<latexit sha1_base64="ec/wE5U95pe/k6Vw2D31T2m1r1k=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4kVowX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5YCYJ+hEdSh5yRo2VGvf9UtmtuHOQVeLlpAw56v3SV28QszRCaZigWnc9NzF+RpXhTOC02Es1JpSN6RC7lkoaofaz+aFTcm6VAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1Y9TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZoQ/CWX14lrcuKd11xG1flWjWPowCncAYX4MEN1OAO6tAEBgjP8ApvzqPz4rw7H4vWNSefOYE/cD5/AKNdjMs=</latexit>

M
<latexit sha1_base64="PRSf2QqASRagCrWeqWn9UG3DCzE=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsceCFy9CBfsBbSybzSZdutkNuxOhhP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0gFN+C6305pbX1jc6u8XdnZ3ds/qB4edYzKNGVtqoTSvYAYJrhkbeAgWC/VjCSBYN1gfDPzu09MG67kA0xS5ickljzilICV+neP+SAkccz0dFituXV3DrxKvILUUIHWsPo1CBXNEiaBCmJM33NT8HOigVPBppVBZlhK6JjErG+pJAkzfj4/eYrPrBLiSGlbEvBc/T2Rk8SYSRLYzoTAyCx7M/E/r59B1PBzLtMMmKSLRVEmMCg8+x+HXDMKYmIJoZrbWzEdEU0o2JQqNgRv+eVV0rmoe1d19/6y1mwUcZTRCTpF58hD16iJblELtRFFCj2jV/TmgPPivDsfi9aSU8wcoz9wPn8AZH2RSw==</latexit>

M†

<latexit sha1_base64="ec/wE5U95pe/k6Vw2D31T2m1r1k=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4kVowX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5YCYJ+hEdSh5yRo2VGvf9UtmtuHOQVeLlpAw56v3SV28QszRCaZigWnc9NzF+RpXhTOC02Es1JpSN6RC7lkoaofaz+aFTcm6VAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1Y9TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZoQ/CWX14lrcuKd11xG1flWjWPowCncAYX4MEN1OAO6tAEBgjP8ApvzqPz4rw7H4vWNSefOYE/cD5/AKNdjMs=</latexit>

M
<latexit sha1_base64="PRSf2QqASRagCrWeqWn9UG3DCzE=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsceCFy9CBfsBbSybzSZdutkNuxOhhP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0gFN+C6305pbX1jc6u8XdnZ3ds/qB4edYzKNGVtqoTSvYAYJrhkbeAgWC/VjCSBYN1gfDPzu09MG67kA0xS5ickljzilICV+neP+SAkccz0dFituXV3DrxKvILUUIHWsPo1CBXNEiaBCmJM33NT8HOigVPBppVBZlhK6JjErG+pJAkzfj4/eYrPrBLiSGlbEvBc/T2Rk8SYSRLYzoTAyCx7M/E/r59B1PBzLtMMmKSLRVEmMCg8+x+HXDMKYmIJoZrbWzEdEU0o2JQqNgRv+eVV0rmoe1d19/6y1mwUcZTRCTpF58hD16iJblELtRFFCj2jV/TmgPPivDsfi9aSU8wcoz9wPn8AZH2RSw==</latexit>

M†

<latexit sha1_base64="xuj17jQPeVNMa+Rzm3EF6ET814s=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiSi2GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaPXAwOGcc5l7T5AKro3rfjmltfWNza3ydmVnd2//oHp41NFJpihr00QkqhegZoJL1jbcCNZLFcM4EKwbTG7mfveRKc0T+WCmKfNjHEkecYrGSt3BnY2GOKzW3Lq7APlLvILUoEBrWP0chAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyNnVglJlCj7pCEL9edEjrHW0ziwyRjNWK96c/E/r5+ZqOHnXKaZYZIuP4oyQUxC5reTkCtGjZhaglRxuyuhY1RIjW2oYkvwVk/+SzoXde+q7t5f1pqNoo4ynMApnIMH19CEW2hBGyhM4Ale4NVJnWfnzXlfRktOMXMMv+B8fAMJ9Y9X</latexit>

⇤

<latexit sha1_base64="c7foBEFpIynSdMvdMQB4A4EHopc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmAckS5idzGaHzGOZmRXCkl/w4kERr/6QN//GSbIHTSxoKKq66e6KUs6M9f1vr7SxubW9U96t7O0fHB5Vj086RmWa0DZRXOlehA3lTNK2ZZbTXqopFhGn3WhyN/e7T1QbpuSjnaY0FHgsWcwItnNpoBM1rNb8ur8AWidBQWpQoDWsfg1GimSCSks4NqYf+KkNc6wtI5zOKoPM0BSTCR7TvqMSC2rCfHHrDF04ZYRipV1Jixbq74kcC2OmInKdAtvErHpz8T+vn9m4EeZMppmlkiwXxRlHVqH542jENCWWTx3BRDN3KyIJ1phYF0/FhRCsvrxOOlf14KbuP1zXmo0ijjKcwTlcQgC30IR7aEEbCCTwDK/w5gnvxXv3PpatJa+YOYU/8D5/AB38jkE=</latexit>⇢
<latexit sha1_base64="c7foBEFpIynSdMvdMQB4A4EHopc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmAckS5idzGaHzGOZmRXCkl/w4kERr/6QN//GSbIHTSxoKKq66e6KUs6M9f1vr7SxubW9U96t7O0fHB5Vj086RmWa0DZRXOlehA3lTNK2ZZbTXqopFhGn3WhyN/e7T1QbpuSjnaY0FHgsWcwItnNpoBM1rNb8ur8AWidBQWpQoDWsfg1GimSCSks4NqYf+KkNc6wtI5zOKoPM0BSTCR7TvqMSC2rCfHHrDF04ZYRipV1Jixbq74kcC2OmInKdAtvErHpz8T+vn9m4EeZMppmlkiwXxRlHVqH542jENCWWTx3BRDN3KyIJ1phYF0/FhRCsvrxOOlf14KbuP1zXmo0ijjKcwTlcQgC30IR7aEEbCCTwDK/w5gnvxXv3PpatJa+YOYU/8D5/AB38jkE=</latexit>⇢

<latexit sha1_base64="ec/wE5U95pe/k6Vw2D31T2m1r1k=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4kVowX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5YCYJ+hEdSh5yRo2VGvf9UtmtuHOQVeLlpAw56v3SV28QszRCaZigWnc9NzF+RpXhTOC02Es1JpSN6RC7lkoaofaz+aFTcm6VAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1Y9TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZoQ/CWX14lrcuKd11xG1flWjWPowCncAYX4MEN1OAO6tAEBgjP8ApvzqPz4rw7H4vWNSefOYE/cD5/AKNdjMs=</latexit>

M
<latexit sha1_base64="PRSf2QqASRagCrWeqWn9UG3DCzE=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsceCFy9CBfsBbSybzSZdutkNuxOhhP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0gFN+C6305pbX1jc6u8XdnZ3ds/qB4edYzKNGVtqoTSvYAYJrhkbeAgWC/VjCSBYN1gfDPzu09MG67kA0xS5ickljzilICV+neP+SAkccz0dFituXV3DrxKvILUUIHWsPo1CBXNEiaBCmJM33NT8HOigVPBppVBZlhK6JjErG+pJAkzfj4/eYrPrBLiSGlbEvBc/T2Rk8SYSRLYzoTAyCx7M/E/r59B1PBzLtMMmKSLRVEmMCg8+x+HXDMKYmIJoZrbWzEdEU0o2JQqNgRv+eVV0rmoe1d19/6y1mwUcZTRCTpF58hD16iJblELtRFFCj2jV/TmgPPivDsfi9aSU8wcoz9wPn8AZH2RSw==</latexit>

M†

<latexit sha1_base64="ec/wE5U95pe/k6Vw2D31T2m1r1k=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4kVowX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5YCYJ+hEdSh5yRo2VGvf9UtmtuHOQVeLlpAw56v3SV28QszRCaZigWnc9NzF+RpXhTOC02Es1JpSN6RC7lkoaofaz+aFTcm6VAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1Y9TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZoQ/CWX14lrcuKd11xG1flWjWPowCncAYX4MEN1OAO6tAEBgjP8ApvzqPz4rw7H4vWNSefOYE/cD5/AKNdjMs=</latexit>

M
<latexit sha1_base64="PRSf2QqASRagCrWeqWn9UG3DCzE=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsceCFy9CBfsBbSybzSZdutkNuxOhhP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0gFN+C6305pbX1jc6u8XdnZ3ds/qB4edYzKNGVtqoTSvYAYJrhkbeAgWC/VjCSBYN1gfDPzu09MG67kA0xS5ickljzilICV+neP+SAkccz0dFituXV3DrxKvILUUIHWsPo1CBXNEiaBCmJM33NT8HOigVPBppVBZlhK6JjErG+pJAkzfj4/eYrPrBLiSGlbEvBc/T2Rk8SYSRLYzoTAyCx7M/E/r59B1PBzLtMMmKSLRVEmMCg8+x+HXDMKYmIJoZrbWzEdEU0o2JQqNgRv+eVV0rmoe1d19/6y1mwUcZTRCTpF58hD16iJblELtRFFCj2jV/TmgPPivDsfi9aSU8wcoz9wPn8AZH2RSw==</latexit>

M†<latexit sha1_base64="c7foBEFpIynSdMvdMQB4A4EHopc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmAckS5idzGaHzGOZmRXCkl/w4kERr/6QN//GSbIHTSxoKKq66e6KUs6M9f1vr7SxubW9U96t7O0fHB5Vj086RmWa0DZRXOlehA3lTNK2ZZbTXqopFhGn3WhyN/e7T1QbpuSjnaY0FHgsWcwItnNpoBM1rNb8ur8AWidBQWpQoDWsfg1GimSCSks4NqYf+KkNc6wtI5zOKoPM0BSTCR7TvqMSC2rCfHHrDF04ZYRipV1Jixbq74kcC2OmInKdAtvErHpz8T+vn9m4EeZMppmlkiwXxRlHVqH542jENCWWTx3BRDN3KyIJ1phYF0/FhRCsvrxOOlf14KbuP1zXmo0ijjKcwTlcQgC30IR7aEEbCCTwDK/w5gnvxXv3PpatJa+YOYU/8D5/AB38jkE=</latexit>⇢<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>= <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

<latexit sha1_base64="xMokr4myAsoIuS0H3FUIATaJdqk=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBItQNyURxS4LIrisYB/QhDKZTtuhk5kwM1FK7Ke4caGIW7/EnX/jpM1CWw8MHM65l3vmhDGjSrvut1VYW9/Y3Cpul3Z29/YP7PJhW4lEYtLCggnZDZEijHLS0lQz0o0lQVHISCecXGd+54FIRQW/19OYBBEacTqkGGkj9e2yHyE9xoilN7OqL8firG9X3Jo7h7NKvJxUIEezb3/5A4GTiHCNGVKq57mxDlIkNcWMzEp+okiM8ASNSM9QjiKignQefeacGmXgDIU0j2tnrv7eSFGk1DQKzWQWVC17mfif10v0sB6klMeJJhwvDg0T5mjhZD04AyoJ1mxqCMKSmqwOHiOJsDZtlUwJ3vKXV0n7vOZd1ty7i0qjntdRhGM4gSp4cAUNuIUmtADDIzzDK7xZT9aL9W59LEYLVr5zBH9gff4A4yaTuA==</latexit>E(⇢) <latexit sha1_base64="xuj17jQPeVNMa+Rzm3EF6ET814s=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiSi2GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaPXAwOGcc5l7T5AKro3rfjmltfWNza3ydmVnd2//oHp41NFJpihr00QkqhegZoJL1jbcCNZLFcM4EKwbTG7mfveRKc0T+WCmKfNjHEkecYrGSt3BnY2GOKzW3Lq7APlLvILUoEBrWP0chAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyNnVglJlCj7pCEL9edEjrHW0ziwyRjNWK96c/E/r5+ZqOHnXKaZYZIuP4oyQUxC5reTkCtGjZhaglRxuyuhY1RIjW2oYkvwVk/+SzoXde+q7t5f1pqNoo4ynMApnIMH19CEW2hBGyhM4Ale4NVJnWfnzXlfRktOMXMMv+B8fAMJ9Y9X</latexit>

⇤

<latexit sha1_base64="c7foBEFpIynSdMvdMQB4A4EHopc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmAckS5idzGaHzGOZmRXCkl/w4kERr/6QN//GSbIHTSxoKKq66e6KUs6M9f1vr7SxubW9U96t7O0fHB5Vj086RmWa0DZRXOlehA3lTNK2ZZbTXqopFhGn3WhyN/e7T1QbpuSjnaY0FHgsWcwItnNpoBM1rNb8ur8AWidBQWpQoDWsfg1GimSCSks4NqYf+KkNc6wtI5zOKoPM0BSTCR7TvqMSC2rCfHHrDF04ZYRipV1Jixbq74kcC2OmInKdAtvErHpz8T+vn9m4EeZMppmlkiwXxRlHVqH542jENCWWTx3BRDN3KyIJ1phYF0/FhRCsvrxOOlf14KbuP1zXmo0ijjKcwTlcQgC30IR7aEEbCCTwDK/w5gnvxXv3PpatJa+YOYU/8D5/AB38jkE=</latexit>⇢

<latexit sha1_base64="xuj17jQPeVNMa+Rzm3EF6ET814s=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiSi2GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaPXAwOGcc5l7T5AKro3rfjmltfWNza3ydmVnd2//oHp41NFJpihr00QkqhegZoJL1jbcCNZLFcM4EKwbTG7mfveRKc0T+WCmKfNjHEkecYrGSt3BnY2GOKzW3Lq7APlLvILUoEBrWP0chAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyNnVglJlCj7pCEL9edEjrHW0ziwyRjNWK96c/E/r5+ZqOHnXKaZYZIuP4oyQUxC5reTkCtGjZhaglRxuyuhY1RIjW2oYkvwVk/+SzoXde+q7t5f1pqNoo4ynMApnIMH19CEW2hBGyhM4Ale4NVJnWfnzXlfRktOMXMMv+B8fAMJ9Y9X</latexit>

⇤

<latexit sha1_base64="j00O/wqliu7YBsq58oSn7jV6aGw=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV1RzDHgxWOEvCBZw+xkNhkyj3VmVghLfsKLB0W8+jve/BsnyR40saChqOqmuytKODPW97+9tfWNza3twk5xd2//4LB0dNwyKtWENoniSncibChnkjYts5x2Ek2xiDhtR+Pbmd9+otowJRt2ktBQ4KFkMSPYOqnT0yP1kDWm/VLZr/hzoFUS5KQMOer90ldvoEgqqLSEY2O6gZ/YMMPaMsLptNhLDU0wGeMh7ToqsaAmzOb3TtG5UwYoVtqVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMbV8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vktZlJbiu+PdX5Vo1j6MAp3AGFxDADdTgDurQBAIcnuEV3rxH78V79z4WrWtePnMCf+B9/gBAfZAT</latexit>

⇢T
<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>= <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

. (2.52)

A diagrammatic proof of the evolution equation Eq.(2.51) is:

<latexit sha1_base64="xuj17jQPeVNMa+Rzm3EF6ET814s=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiSi2GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaPXAwOGcc5l7T5AKro3rfjmltfWNza3ydmVnd2//oHp41NFJpihr00QkqhegZoJL1jbcCNZLFcM4EKwbTG7mfveRKc0T+WCmKfNjHEkecYrGSt3BnY2GOKzW3Lq7APlLvILUoEBrWP0chAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyNnVglJlCj7pCEL9edEjrHW0ziwyRjNWK96c/E/r5+ZqOHnXKaZYZIuP4oyQUxC5reTkCtGjZhaglRxuyuhY1RIjW2oYkvwVk/+SzoXde+q7t5f1pqNoo4ynMApnIMH19CEW2hBGyhM4Ale4NVJnWfnzXlfRktOMXMMv+B8fAMJ9Y9X</latexit>

⇤ <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>= <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=
<latexit sha1_base64="ec/wE5U95pe/k6Vw2D31T2m1r1k=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4kVowX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5YCYJ+hEdSh5yRo2VGvf9UtmtuHOQVeLlpAw56v3SV28QszRCaZigWnc9NzF+RpXhTOC02Es1JpSN6RC7lkoaofaz+aFTcm6VAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1Y9TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZoQ/CWX14lrcuKd11xG1flWjWPowCncAYX4MEN1OAO6tAEBgjP8ApvzqPz4rw7H4vWNSefOYE/cD5/AKNdjMs=</latexit>

M
<latexit sha1_base64="PRSf2QqASRagCrWeqWn9UG3DCzE=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsceCFy9CBfsBbSybzSZdutkNuxOhhP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0gFN+C6305pbX1jc6u8XdnZ3ds/qB4edYzKNGVtqoTSvYAYJrhkbeAgWC/VjCSBYN1gfDPzu09MG67kA0xS5ickljzilICV+neP+SAkccz0dFituXV3DrxKvILUUIHWsPo1CBXNEiaBCmJM33NT8HOigVPBppVBZlhK6JjErG+pJAkzfj4/eYrPrBLiSGlbEvBc/T2Rk8SYSRLYzoTAyCx7M/E/r59B1PBzLtMMmKSLRVEmMCg8+x+HXDMKYmIJoZrbWzEdEU0o2JQqNgRv+eVV0rmoe1d19/6y1mwUcZTRCTpF58hD16iJblELtRFFCj2jV/TmgPPivDsfi9aSU8wcoz9wPn8AZH2RSw==</latexit>

M†

<latexit sha1_base64="ec/wE5U95pe/k6Vw2D31T2m1r1k=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4kVowX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5YCYJ+hEdSh5yRo2VGvf9UtmtuHOQVeLlpAw56v3SV28QszRCaZigWnc9NzF+RpXhTOC02Es1JpSN6RC7lkoaofaz+aFTcm6VAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1Y9TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZoQ/CWX14lrcuKd11xG1flWjWPowCncAYX4MEN1OAO6tAEBgjP8ApvzqPz4rw7H4vWNSefOYE/cD5/AKNdjMs=</latexit>

M
<latexit sha1_base64="PRSf2QqASRagCrWeqWn9UG3DCzE=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsceCFy9CBfsBbSybzSZdutkNuxOhhP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0gFN+C6305pbX1jc6u8XdnZ3ds/qB4edYzKNGVtqoTSvYAYJrhkbeAgWC/VjCSBYN1gfDPzu09MG67kA0xS5ickljzilICV+neP+SAkccz0dFituXV3DrxKvILUUIHWsPo1CBXNEiaBCmJM33NT8HOigVPBppVBZlhK6JjErG+pJAkzfj4/eYrPrBLiSGlbEvBc/T2Rk8SYSRLYzoTAyCx7M/E/r59B1PBzLtMMmKSLRVEmMCg8+x+HXDMKYmIJoZrbWzEdEU0o2JQqNgRv+eVV0rmoe1d19/6y1mwUcZTRCTpF58hD16iJblELtRFFCj2jV/TmgPPivDsfi9aSU8wcoz9wPn8AZH2RSw==</latexit>

M†

<latexit sha1_base64="xuj17jQPeVNMa+Rzm3EF6ET814s=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiSi2GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaPXAwOGcc5l7T5AKro3rfjmltfWNza3ydmVnd2//oHp41NFJpihr00QkqhegZoJL1jbcCNZLFcM4EKwbTG7mfveRKc0T+WCmKfNjHEkecYrGSt3BnY2GOKzW3Lq7APlLvILUoEBrWP0chAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyNnVglJlCj7pCEL9edEjrHW0ziwyRjNWK96c/E/r5+ZqOHnXKaZYZIuP4oyQUxC5reTkCtGjZhaglRxuyuhY1RIjW2oYkvwVk/+SzoXde+q7t5f1pqNoo4ynMApnIMH19CEW2hBGyhM4Ale4NVJnWfnzXlfRktOMXMMv+B8fAMJ9Y9X</latexit>

⇤

<latexit sha1_base64="c7foBEFpIynSdMvdMQB4A4EHopc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmAckS5idzGaHzGOZmRXCkl/w4kERr/6QN//GSbIHTSxoKKq66e6KUs6M9f1vr7SxubW9U96t7O0fHB5Vj086RmWa0DZRXOlehA3lTNK2ZZbTXqopFhGn3WhyN/e7T1QbpuSjnaY0FHgsWcwItnNpoBM1rNb8ur8AWidBQWpQoDWsfg1GimSCSks4NqYf+KkNc6wtI5zOKoPM0BSTCR7TvqMSC2rCfHHrDF04ZYRipV1Jixbq74kcC2OmInKdAtvErHpz8T+vn9m4EeZMppmlkiwXxRlHVqH542jENCWWTx3BRDN3KyIJ1phYF0/FhRCsvrxOOlf14KbuP1zXmo0ijjKcwTlcQgC30IR7aEEbCCTwDK/w5gnvxXv3PpatJa+YOYU/8D5/AB38jkE=</latexit>⇢
<latexit sha1_base64="c7foBEFpIynSdMvdMQB4A4EHopc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmAckS5idzGaHzGOZmRXCkl/w4kERr/6QN//GSbIHTSxoKKq66e6KUs6M9f1vr7SxubW9U96t7O0fHB5Vj086RmWa0DZRXOlehA3lTNK2ZZbTXqopFhGn3WhyN/e7T1QbpuSjnaY0FHgsWcwItnNpoBM1rNb8ur8AWidBQWpQoDWsfg1GimSCSks4NqYf+KkNc6wtI5zOKoPM0BSTCR7TvqMSC2rCfHHrDF04ZYRipV1Jixbq74kcC2OmInKdAtvErHpz8T+vn9m4EeZMppmlkiwXxRlHVqH542jENCWWTx3BRDN3KyIJ1phYF0/FhRCsvrxOOlf14KbuP1zXmo0ijjKcwTlcQgC30IR7aEEbCCTwDK/w5gnvxXv3PpatJa+YOYU/8D5/AB38jkE=</latexit>⇢

<latexit sha1_base64="ec/wE5U95pe/k6Vw2D31T2m1r1k=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4kVowX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5YCYJ+hEdSh5yRo2VGvf9UtmtuHOQVeLlpAw56v3SV28QszRCaZigWnc9NzF+RpXhTOC02Es1JpSN6RC7lkoaofaz+aFTcm6VAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1Y9TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZoQ/CWX14lrcuKd11xG1flWjWPowCncAYX4MEN1OAO6tAEBgjP8ApvzqPz4rw7H4vWNSefOYE/cD5/AKNdjMs=</latexit>

M
<latexit sha1_base64="PRSf2QqASRagCrWeqWn9UG3DCzE=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsceCFy9CBfsBbSybzSZdutkNuxOhhP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0gFN+C6305pbX1jc6u8XdnZ3ds/qB4edYzKNGVtqoTSvYAYJrhkbeAgWC/VjCSBYN1gfDPzu09MG67kA0xS5ickljzilICV+neP+SAkccz0dFituXV3DrxKvILUUIHWsPo1CBXNEiaBCmJM33NT8HOigVPBppVBZlhK6JjErG+pJAkzfj4/eYrPrBLiSGlbEvBc/T2Rk8SYSRLYzoTAyCx7M/E/r59B1PBzLtMMmKSLRVEmMCg8+x+HXDMKYmIJoZrbWzEdEU0o2JQqNgRv+eVV0rmoe1d19/6y1mwUcZTRCTpF58hD16iJblELtRFFCj2jV/TmgPPivDsfi9aSU8wcoz9wPn8AZH2RSw==</latexit>

M†

<latexit sha1_base64="ec/wE5U95pe/k6Vw2D31T2m1r1k=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4kVowX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5YCYJ+hEdSh5yRo2VGvf9UtmtuHOQVeLlpAw56v3SV28QszRCaZigWnc9NzF+RpXhTOC02Es1JpSN6RC7lkoaofaz+aFTcm6VAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1Y9TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZoQ/CWX14lrcuKd11xG1flWjWPowCncAYX4MEN1OAO6tAEBgjP8ApvzqPz4rw7H4vWNSefOYE/cD5/AKNdjMs=</latexit>

M
<latexit sha1_base64="PRSf2QqASRagCrWeqWn9UG3DCzE=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsceCFy9CBfsBbSybzSZdutkNuxOhhP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0gFN+C6305pbX1jc6u8XdnZ3ds/qB4edYzKNGVtqoTSvYAYJrhkbeAgWC/VjCSBYN1gfDPzu09MG67kA0xS5ickljzilICV+neP+SAkccz0dFituXV3DrxKvILUUIHWsPo1CBXNEiaBCmJM33NT8HOigVPBppVBZlhK6JjErG+pJAkzfj4/eYrPrBLiSGlbEvBc/T2Rk8SYSRLYzoTAyCx7M/E/r59B1PBzLtMMmKSLRVEmMCg8+x+HXDMKYmIJoZrbWzEdEU0o2JQqNgRv+eVV0rmoe1d19/6y1mwUcZTRCTpF58hD16iJblELtRFFCj2jV/TmgPPivDsfi9aSU8wcoz9wPn8AZH2RSw==</latexit>

M†<latexit sha1_base64="c7foBEFpIynSdMvdMQB4A4EHopc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmAckS5idzGaHzGOZmRXCkl/w4kERr/6QN//GSbIHTSxoKKq66e6KUs6M9f1vr7SxubW9U96t7O0fHB5Vj086RmWa0DZRXOlehA3lTNK2ZZbTXqopFhGn3WhyN/e7T1QbpuSjnaY0FHgsWcwItnNpoBM1rNb8ur8AWidBQWpQoDWsfg1GimSCSks4NqYf+KkNc6wtI5zOKoPM0BSTCR7TvqMSC2rCfHHrDF04ZYRipV1Jixbq74kcC2OmInKdAtvErHpz8T+vn9m4EeZMppmlkiwXxRlHVqH542jENCWWTx3BRDN3KyIJ1phYF0/FhRCsvrxOOlf14KbuP1zXmo0ijjKcwTlcQgC30IR7aEEbCCTwDK/w5gnvxXv3PpatJa+YOYU/8D5/AB38jkE=</latexit>⇢<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>= <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

<latexit sha1_base64="xMokr4myAsoIuS0H3FUIATaJdqk=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBItQNyURxS4LIrisYB/QhDKZTtuhk5kwM1FK7Ke4caGIW7/EnX/jpM1CWw8MHM65l3vmhDGjSrvut1VYW9/Y3Cpul3Z29/YP7PJhW4lEYtLCggnZDZEijHLS0lQz0o0lQVHISCecXGd+54FIRQW/19OYBBEacTqkGGkj9e2yHyE9xoilN7OqL8firG9X3Jo7h7NKvJxUIEezb3/5A4GTiHCNGVKq57mxDlIkNcWMzEp+okiM8ASNSM9QjiKignQefeacGmXgDIU0j2tnrv7eSFGk1DQKzWQWVC17mfif10v0sB6klMeJJhwvDg0T5mjhZD04AyoJ1mxqCMKSmqwOHiOJsDZtlUwJ3vKXV0n7vOZd1ty7i0qjntdRhGM4gSp4cAUNuIUmtADDIzzDK7xZT9aL9W59LEYLVr5zBH9gff4A4yaTuA==</latexit>E(⇢) <latexit sha1_base64="xuj17jQPeVNMa+Rzm3EF6ET814s=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiSi2GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaPXAwOGcc5l7T5AKro3rfjmltfWNza3ydmVnd2//oHp41NFJpihr00QkqhegZoJL1jbcCNZLFcM4EKwbTG7mfveRKc0T+WCmKfNjHEkecYrGSt3BnY2GOKzW3Lq7APlLvILUoEBrWP0chAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyNnVglJlCj7pCEL9edEjrHW0ziwyRjNWK96c/E/r5+ZqOHnXKaZYZIuP4oyQUxC5reTkCtGjZhaglRxuyuhY1RIjW2oYkvwVk/+SzoXde+q7t5f1pqNoo4ynMApnIMH19CEW2hBGyhM4Ale4NVJnWfnzXlfRktOMXMMv+B8fAMJ9Y9X</latexit>

⇤

<latexit sha1_base64="c7foBEFpIynSdMvdMQB4A4EHopc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmAckS5idzGaHzGOZmRXCkl/w4kERr/6QN//GSbIHTSxoKKq66e6KUs6M9f1vr7SxubW9U96t7O0fHB5Vj086RmWa0DZRXOlehA3lTNK2ZZbTXqopFhGn3WhyN/e7T1QbpuSjnaY0FHgsWcwItnNpoBM1rNb8ur8AWidBQWpQoDWsfg1GimSCSks4NqYf+KkNc6wtI5zOKoPM0BSTCR7TvqMSC2rCfHHrDF04ZYRipV1Jixbq74kcC2OmInKdAtvErHpz8T+vn9m4EeZMppmlkiwXxRlHVqH542jENCWWTx3BRDN3KyIJ1phYF0/FhRCsvrxOOlf14KbuP1zXmo0ijjKcwTlcQgC30IR7aEEbCCTwDK/w5gnvxXv3PpatJa+YOYU/8D5/AB38jkE=</latexit>⇢

<latexit sha1_base64="xuj17jQPeVNMa+Rzm3EF6ET814s=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiSi2GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaPXAwOGcc5l7T5AKro3rfjmltfWNza3ydmVnd2//oHp41NFJpihr00QkqhegZoJL1jbcCNZLFcM4EKwbTG7mfveRKc0T+WCmKfNjHEkecYrGSt3BnY2GOKzW3Lq7APlLvILUoEBrWP0chAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyNnVglJlCj7pCEL9edEjrHW0ziwyRjNWK96c/E/r5+ZqOHnXKaZYZIuP4oyQUxC5reTkCtGjZhaglRxuyuhY1RIjW2oYkvwVk/+SzoXde+q7t5f1pqNoo4ynMApnIMH19CEW2hBGyhM4Ale4NVJnWfnzXlfRktOMXMMv+B8fAMJ9Y9X</latexit>

⇤

<latexit sha1_base64="j00O/wqliu7YBsq58oSn7jV6aGw=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV1RzDHgxWOEvCBZw+xkNhkyj3VmVghLfsKLB0W8+jve/BsnyR40saChqOqmuytKODPW97+9tfWNza3twk5xd2//4LB0dNwyKtWENoniSncibChnkjYts5x2Ek2xiDhtR+Pbmd9+otowJRt2ktBQ4KFkMSPYOqnT0yP1kDWm/VLZr/hzoFUS5KQMOer90ldvoEgqqLSEY2O6gZ/YMMPaMsLptNhLDU0wGeMh7ToqsaAmzOb3TtG5UwYoVtqVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMbV8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vktZlJbiu+PdX5Vo1j6MAp3AGFxDADdTgDurQBAIcnuEV3rxH78V79z4WrWtePnMCf+B9/gBAfZAT</latexit>

⇢T
<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>= <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

. (2.53)

Unlike the Kraus representation, once we fixed the orthonormal basis {|i⟩X , i = 0, · · ·dx −1} for

the system, the Choi representation of a quantum channel is fixed. In Kraus representation, we

have seen the ambiguity even for the system with a fixed basis. This ambiguity is rooted in the

ambiguous choice for the environmental basis.

24



2.4.3 Process matrix representation

Another representation for the quantum channel is called process matrix representation. It

is related to the Choi representation through the change of basis for L(X ,X ). Suppose the Hilbert

space X ∼= Cd , and let D = d2. If one choose a basis {σα : α = 0, . . . ,D−1}, then the quantum

channel can be represented as

E(ρ) =
D−1

∑
α,β=0

χα,βσαρσ
†
β
, (2.54)

where χα,β is the process matrix with respect to orthonormal basis {σα : α = 0, . . . ,D− 1}.

And the Choi matrix is related to general process matrix by a basis transformation. In other

word, the Choi matrix can be viewed as the process matrix in the column order basis where

{σα = |i⟩⟨ j| : α = i+ jd}. Mathematically, it is

χ = Tc→σ ·Λ ·T †
c→σ

Λ = ∑
α,β

χα,β|σα⟩⟩c⟨⟨σβ|c.
(2.55)
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This relation can be simply proved by the diagrammatic approach:

<latexit sha1_base64="xuj17jQPeVNMa+Rzm3EF6ET814s=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiSi2GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaPXAwOGcc5l7T5AKro3rfjmltfWNza3ydmVnd2//oHp41NFJpihr00QkqhegZoJL1jbcCNZLFcM4EKwbTG7mfveRKc0T+WCmKfNjHEkecYrGSt3BnY2GOKzW3Lq7APlLvILUoEBrWP0chAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyNnVglJlCj7pCEL9edEjrHW0ziwyRjNWK96c/E/r5+ZqOHnXKaZYZIuP4oyQUxC5reTkCtGjZhaglRxuyuhY1RIjW2oYkvwVk/+SzoXde+q7t5f1pqNoo4ynMApnIMH19CEW2hBGyhM4Ale4NVJnWfnzXlfRktOMXMMv+B8fAMJ9Y9X</latexit>

⇤

<latexit sha1_base64="c7foBEFpIynSdMvdMQB4A4EHopc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmAckS5idzGaHzGOZmRXCkl/w4kERr/6QN//GSbIHTSxoKKq66e6KUs6M9f1vr7SxubW9U96t7O0fHB5Vj086RmWa0DZRXOlehA3lTNK2ZZbTXqopFhGn3WhyN/e7T1QbpuSjnaY0FHgsWcwItnNpoBM1rNb8ur8AWidBQWpQoDWsfg1GimSCSks4NqYf+KkNc6wtI5zOKoPM0BSTCR7TvqMSC2rCfHHrDF04ZYRipV1Jixbq74kcC2OmInKdAtvErHpz8T+vn9m4EeZMppmlkiwXxRlHVqH542jENCWWTx3BRDN3KyIJ1phYF0/FhRCsvrxOOlf14KbuP1zXmo0ijjKcwTlcQgC30IR7aEEbCCTwDK/w5gnvxXv3PpatJa+YOYU/8D5/AB38jkE=</latexit>⇢
<latexit sha1_base64="xMokr4myAsoIuS0H3FUIATaJdqk=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBItQNyURxS4LIrisYB/QhDKZTtuhk5kwM1FK7Ke4caGIW7/EnX/jpM1CWw8MHM65l3vmhDGjSrvut1VYW9/Y3Cpul3Z29/YP7PJhW4lEYtLCggnZDZEijHLS0lQz0o0lQVHISCecXGd+54FIRQW/19OYBBEacTqkGGkj9e2yHyE9xoilN7OqL8firG9X3Jo7h7NKvJxUIEezb3/5A4GTiHCNGVKq57mxDlIkNcWMzEp+okiM8ASNSM9QjiKignQefeacGmXgDIU0j2tnrv7eSFGk1DQKzWQWVC17mfif10v0sB6klMeJJhwvDg0T5mjhZD04AyoJ1mxqCMKSmqwOHiOJsDZtlUwJ3vKXV0n7vOZd1ty7i0qjntdRhGM4gSp4cAUNuIUmtADDIzzDK7xZT9aL9W59LEYLVr5zBH9gff4A4yaTuA==</latexit>E(⇢)

<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

<latexit sha1_base64="c7foBEFpIynSdMvdMQB4A4EHopc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmAckS5idzGaHzGOZmRXCkl/w4kERr/6QN//GSbIHTSxoKKq66e6KUs6M9f1vr7SxubW9U96t7O0fHB5Vj086RmWa0DZRXOlehA3lTNK2ZZbTXqopFhGn3WhyN/e7T1QbpuSjnaY0FHgsWcwItnNpoBM1rNb8ur8AWidBQWpQoDWsfg1GimSCSks4NqYf+KkNc6wtI5zOKoPM0BSTCR7TvqMSC2rCfHHrDF04ZYRipV1Jixbq74kcC2OmInKdAtvErHpz8T+vn9m4EeZMppmlkiwXxRlHVqH542jENCWWTx3BRDN3KyIJ1phYF0/FhRCsvrxOOlf14KbuP1zXmo0ijjKcwTlcQgC30IR7aEEbCCTwDK/w5gnvxXv3PpatJa+YOYU/8D5/AB38jkE=</latexit>⇢

<latexit sha1_base64="c7foBEFpIynSdMvdMQB4A4EHopc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmAckS5idzGaHzGOZmRXCkl/w4kERr/6QN//GSbIHTSxoKKq66e6KUs6M9f1vr7SxubW9U96t7O0fHB5Vj086RmWa0DZRXOlehA3lTNK2ZZbTXqopFhGn3WhyN/e7T1QbpuSjnaY0FHgsWcwItnNpoBM1rNb8ur8AWidBQWpQoDWsfg1GimSCSks4NqYf+KkNc6wtI5zOKoPM0BSTCR7TvqMSC2rCfHHrDF04ZYRipV1Jixbq74kcC2OmInKdAtvErHpz8T+vn9m4EeZMppmlkiwXxRlHVqH542jENCWWTx3BRDN3KyIJ1phYF0/FhRCsvrxOOlf14KbuP1zXmo0ijjKcwTlcQgC30IR7aEEbCCTwDK/w5gnvxXv3PpatJa+YOYU/8D5/AB38jkE=</latexit>⇢

<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

<latexit sha1_base64="64OdJnRogQTja7FQQkKDxBoTlR0=">AAACCXicbVDLSsNAFJ34rPUVdelmsAiuSiKKXRbcuKzQFzQ13Ewm6dDJg5mJUkK2bvwVNy4UcesfuPNvnLZZaOuBC4dz7uXee7yUM6ks69tYWV1b39isbFW3d3b39s2Dw65MMkFohyQ8EX0PJOUsph3FFKf9VFCIPE573vh66vfuqZAsidtqktJhBGHMAkZAack1cfsud3wIQyoKNyeOYOFIgRDJgyNZGEHhmjWrbs2Al4ldkhoq0XLNL8dPSBbRWBEOUg5sK1XDHIRihNOi6mSSpkDGENKBpjFEVA7z2ScFPtWKj4NE6IoVnqm/J3KIpJxEnu6MQI3kojcV//MGmQoaw5zFaaZoTOaLgoxjleBpLNhnghLFJ5oAEUzfiskIBBClw6vqEOzFl5dJ97xuX9at24tas1HGUUHH6ASdIRtdoSa6QS3UQQQ9omf0it6MJ+PFeDc+5q0rRjlzhP7A+PwB/ZObIQ==</latexit>

T †
c!�

<latexit sha1_base64="+0m+5Xmg1liUkJGe2TxatGSiOpA=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEFLssuHFZoQ+hCWEynbRD5xFmJkqJXfgrblwo4tbfcOffOG2z0NYDFw7n3Mu998Qpo9p43rdTWlldW98ob1a2tnd299z9g46WmcKkjSWT6i5GmjAqSNtQw8hdqgjiMSPdeHQ99bv3RGkqRcuMUxJyNBA0oRgZK0XuUSvKcaDoYGiQUvIh0HTA0SRyq17NmwEuE78gVVCgGblfQV/ijBNhMENa93wvNWGOlKGYkUklyDRJER6hAelZKhAnOsxn90/gqVX6MJHKljBwpv6eyBHXesxj28mRGepFbyr+5/Uyk9TDnIo0M0Tg+aIkY9BIOA0D9qki2LCxJQgram+FeIgUwsZGVrEh+IsvL5POec2/rHm3F9VGvYijDI7BCTgDPrgCDXADmqANMHgEz+AVvDlPzovz7nzMW0tOMXMI/sD5/AHjB5ah</latexit>

Tc!�

<latexit sha1_base64="bkLFrZSZyLYsB81POt+3gIdxjew=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48VTFtoQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcqZNq777VQ2Nre2d6q7tb39g8Oj+vFJVyeZItQnCU9UP8Saciapb5jhtJ8qikXIaS+c3hV+74kqzRL5aGYpDQSeSBYxgk0hDUnMRvWG23QXQOvEK0kDSnRG9a/hOCGZoNIQjrUeeG5qghwrwwin89ow0zTFZIondGCpxILqIF/cOkcXVhmjKFG2pEEL9fdEjoXWMxHaToFNrFe9QvzPG2QmagU5k2lmqCTLRVHGkUlQ8TgaM0WJ4TNLMFHM3opIjBUmxsZTsyF4qy+vk+5V07tpug/XjXarjKMKZ3AOl+DBLbThHjrgA4EYnuEV3hzhvDjvzseyteKUM6fwB87nD/37jiw=</latexit>�

<latexit sha1_base64="bkLFrZSZyLYsB81POt+3gIdxjew=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48VTFtoQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcqZNq777VQ2Nre2d6q7tb39g8Oj+vFJVyeZItQnCU9UP8Saciapb5jhtJ8qikXIaS+c3hV+74kqzRL5aGYpDQSeSBYxgk0hDUnMRvWG23QXQOvEK0kDSnRG9a/hOCGZoNIQjrUeeG5qghwrwwin89ow0zTFZIondGCpxILqIF/cOkcXVhmjKFG2pEEL9fdEjoXWMxHaToFNrFe9QvzPG2QmagU5k2lmqCTLRVHGkUlQ8TgaM0WJ4TNLMFHM3opIjBUmxsZTsyF4qy+vk+5V07tpug/XjXarjKMKZ3AOl+DBLbThHjrgA4EYnuEV3hzhvDjvzseyteKUM6fwB87nD/37jiw=</latexit>� <latexit sha1_base64="bJSRfak9dNhsFLRO6Hz83lxaRIw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKwRwDXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk5q9w0bCTwoV/yqvwBaJ0FOKpCjOSh/9YeKpIJKSzg2phf4iQ0zrC0jnM5K/dTQBJMJHtGeoxILasJsce0MXThliGKlXUmLFurviQwLY6Yicp0C27FZ9ebif14vtXE9zJhMUkslWS6KU46sQvPX0ZBpSiyfOoKJZu5WRMZYY2JdQCUXQrD68jppX1WDWtW/v6406nkcRTiDc7iEAG6gAXfQhBYQeIRneIU3T3kv3rv3sWwtePnMKfyB9/kDmq+PHQ==</latexit>�<latexit sha1_base64="bJSRfak9dNhsFLRO6Hz83lxaRIw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKwRwDXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk5q9w0bCTwoV/yqvwBaJ0FOKpCjOSh/9YeKpIJKSzg2phf4iQ0zrC0jnM5K/dTQBJMJHtGeoxILasJsce0MXThliGKlXUmLFurviQwLY6Yicp0C27FZ9ebif14vtXE9zJhMUkslWS6KU46sQvPX0ZBpSiyfOoKJZu5WRMZYY2JdQCUXQrD68jppX1WDWtW/v6406nkcRTiDc7iEAG6gAXfQhBYQeIRneIU3T3kv3rv3sWwtePnMKfyB9/kDmq+PHQ==</latexit>�

<latexit sha1_base64="bkLFrZSZyLYsB81POt+3gIdxjew=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48VTFtoQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcqZNq777VQ2Nre2d6q7tb39g8Oj+vFJVyeZItQnCU9UP8Saciapb5jhtJ8qikXIaS+c3hV+74kqzRL5aGYpDQSeSBYxgk0hDUnMRvWG23QXQOvEK0kDSnRG9a/hOCGZoNIQjrUeeG5qghwrwwin89ow0zTFZIondGCpxILqIF/cOkcXVhmjKFG2pEEL9fdEjoXWMxHaToFNrFe9QvzPG2QmagU5k2lmqCTLRVHGkUlQ8TgaM0WJ4TNLMFHM3opIjBUmxsZTsyF4qy+vk+5V07tpug/XjXarjKMKZ3AOl+DBLbThHjrgA4EYnuEV3hzhvDjvzseyteKUM6fwB87nD/37jiw=</latexit>�

<latexit sha1_base64="c7foBEFpIynSdMvdMQB4A4EHopc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmAckS5idzGaHzGOZmRXCkl/w4kERr/6QN//GSbIHTSxoKKq66e6KUs6M9f1vr7SxubW9U96t7O0fHB5Vj086RmWa0DZRXOlehA3lTNK2ZZbTXqopFhGn3WhyN/e7T1QbpuSjnaY0FHgsWcwItnNpoBM1rNb8ur8AWidBQWpQoDWsfg1GimSCSks4NqYf+KkNc6wtI5zOKoPM0BSTCR7TvqMSC2rCfHHrDF04ZYRipV1Jixbq74kcC2OmInKdAtvErHpz8T+vn9m4EeZMppmlkiwXxRlHVqH542jENCWWTx3BRDN3KyIJ1phYF0/FhRCsvrxOOlf14KbuP1zXmo0ijjKcwTlcQgC30IR7aEEbCCTwDK/w5gnvxXv3PpatJa+YOYU/8D5/AB38jkE=</latexit>⇢<latexit sha1_base64="bJSRfak9dNhsFLRO6Hz83lxaRIw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKwRwDXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk5q9w0bCTwoV/yqvwBaJ0FOKpCjOSh/9YeKpIJKSzg2phf4iQ0zrC0jnM5K/dTQBJMJHtGeoxILasJsce0MXThliGKlXUmLFurviQwLY6Yicp0C27FZ9ebif14vtXE9zJhMUkslWS6KU46sQvPX0ZBpSiyfOoKJZu5WRMZYY2JdQCUXQrD68jppX1WDWtW/v6406nkcRTiDc7iEAG6gAXfQhBYQeIRneIU3T3kv3rv3sWwtePnMKfyB9/kDmq+PHQ==</latexit>�
<latexit sha1_base64="inuKUQKGa1zGxcE38NQbnWm42ac=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEsceCF48V7Ac0sWw2m3TpZhN2N4US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8IONMacf5tiobm1vbO9Xd2t7+weGRfXzSVWkuCe2QlKeyH2BFORO0o5nmtJ9JipOA014wvpv7vQmViqXiUU8z6ic4FixiBGsjDW3bUyxO8FPhhTiOqZwN7brTcBZA68QtSR1KtIf2lxemJE+o0IRjpQauk2m/wFIzwums5uWKZpiMcUwHhgqcUOUXi8tn6MIoIYpSaUpotFB/TxQ4UWqaBKYzwXqkVr25+J83yHXU9AsmslxTQZaLopwjnaJ5DChkkhLNp4ZgIpm5FZERlphoE1bNhOCuvrxOulcN96bhPFzXW80yjiqcwTlcggu30IJ7aEMHCEzgGV7hzSqsF+vd+li2Vqxy5hT+wPr8AelHk84=</latexit>

�†

(2.56)

2.4.4 Relation among representations

<latexit sha1_base64="pBxI0YqjNdhCkXRn8p+uEnrtTK4=">AAAB/nicbVDLSgNBEJyNrxhfUfHkZTAInsKuKOYY8CJ4iWAekCxhdtKbDJndWWZ6xbAE/BUvHhTx6nd482+cPA6aWNBQVHXT3RUkUhh03W8nt7K6tr6R3yxsbe/s7hX3DxpGpZpDnSupdCtgBqSIoY4CJbQSDSwKJDSD4fXEbz6ANkLF9zhKwI9YPxah4Ayt1C0edRAeMbvVLDVUJaAZKj3uFktu2Z2CLhNvTkpkjlq3+NXpKZ5GECOXzJi25yboZ0yj4BLGhU5qIGF8yPrQtjRmERg/m54/pqdW6dFQaVsx0qn6eyJjkTGjKLCdEcOBWfQm4n9eO8Ww4mciTlKEmM8WhamkqOgkC9oTGjjKkSWMa2FvpXzANONoEyvYELzFl5dJ47zsXZbdu4tStTKPI0+OyQk5Ix65IlVyQ2qkTjjJyDN5JW/Ok/PivDsfs9acM585JH/gfP4ABEeWIg==</latexit>

Kraus operator

<latexit sha1_base64="GfOPOrlilRFBJIBlLN1U4nC/86U=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIvgqsyIYpeFblxWsA9oh5JJM21oJhmSO9Iy9FfcuFDErT/izr8xbWehrQcCh3Pu5Z6cMBHcgOd9O4Wt7Z3dveJ+6eDw6PjEPS23jUo1ZS2qhNLdkBgmuGQt4CBYN9GMxKFgnXDSWPidJ6YNV/IRZgkLYjKSPOKUgJUGbrkPbApZY6w4jgloPp0P3IpX9ZbAm8TPSQXlaA7cr/5Q0TRmEqggxvR8L4EgIxo4FWxe6qeGJYROyIj1LJUkZibIltnn+NIqQxwpbZ8EvFR/b2QkNmYWh3bS5hubdW8h/uf1UohqQcZlkgKTdHUoSgUGhRdF4CHXjIKYWUKo5jYrpmOiCQVbV8mW4K9/eZO0r6v+bdV7uKnUa3kdRXSOLtAV8tEdqqN71EQtRNEUPaNX9ObMnRfn3flYjRacfOcM/YHz+QNv55Sq</latexit>

Choi matrix
<latexit sha1_base64="PG9UouskptQm5dXgmEvToQpYTXc=">AAAB/XicbVBNS8NAEN34WetX/Lh5CRbBU0lEsceCF48V7Qe0oWy2k3bpJht2J2INxb/ixYMiXv0f3vw3btsctPXBwOO9GWbmBYngGl3321paXlldWy9sFDe3tnd27b39hpapYlBnUkjVCqgGwWOoI0cBrUQBjQIBzWB4NfGb96A0l/EdjhLwI9qPecgZRSN17cMOwgNmt2kCSpqiKNW4a5fcsjuFs0i8nJRIjlrX/ur0JEsjiJEJqnXbcxP0M6qQMwHjYifVkFA2pH1oGxrTCLSfTa8fOydG6TmhVKZidKbq74mMRlqPosB0RhQHet6biP957RTDip/xOEkRYjZbFKbCQelMonB6XAFDMTKEMsXNrQ4bUEUZmsCKJgRv/uVF0jgrexdl9+a8VK3kcRTIETkmp8Qjl6RKrkmN1Akjj+SZvJI368l6sd6tj1nrkpXPHJA/sD5/ALb5lgE=</latexit>

Superoperator

<latexit sha1_base64="Pue2FUx2wAdI1wA9a8Ur3XsXLpQ=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTAInsKuKOYY8OIxonlAsoTZSW8yZPbBTK8Yl3yJFw+KePVTvPk3TpI9aGJBQ1HVTXeXn0ih0XG+rcLa+sbmVnG7tLO7t1+2Dw5bOk4VhyaPZaw6PtMgRQRNFCihkyhgoS+h7Y+vZ377AZQWcXSPkwS8kA0jEQjO0Eh9u9xDeMTsLgGOislp3644VWcOukrcnFRIjkbf/uoNYp6GECGXTOuu6yToZUyh4BKmpV6qIWF8zIbQNTRiIWgvmx8+padGGdAgVqYipHP190TGQq0noW86Q4YjvezNxP+8bopBzctElKQIEV8sClJJMaazFOhAKPOwnBjCuBLmVspHTDGOJquSCcFdfnmVtM6r7mXVub2o1Gt5HEVyTE7IGXHJFamTG9IgTcJJSp7JK3mznqwX6936WLQWrHzmiPyB9fkDdBCTkg==</latexit>

Spectral
<latexit sha1_base64="K86eNQPihR3ZU76GZyn+xw4wGqU=">AAAB/XicbVDLSgNBEJyNrxhf8XHzshgET2FXFHMMePEYwTwgCWF20kmGzOwsM71iXIK/4sWDIl79D2/+jbPJHjSxoKGo6qa7K4gEN+h5305uZXVtfSO/Wdja3tndK+4fNIyKNYM6U0LpVkANCB5CHTkKaEUaqAwENIPxdeo370EbrsI7nETQlXQY8gFnFK3UKx51EB4w6QNTMlKGp+q0Vyx5ZW8Gd5n4GSmRDLVe8avTVyyWECIT1Ji270XYTahGzgRMC53YQETZmA6hbWlIJZhuMrt+6p5ape8OlLYVojtTf08kVBozkYHtlBRHZtFLxf+8doyDSjfhYRQjhGy+aBALF5WbRuH2uQaGYmIJZdq+zlw2opoytIEVbAj+4svLpHFe9i/L3u1FqVrJ4siTY3JCzohPrkiV3JAaqRNGHskzeSVvzpPz4rw7H/PWnJPNHJI/cD5/ALoVlgM=</latexit>

decomposition
<latexit sha1_base64="ZlRLwQg5mCnHXtlLWvqt+vLZSY4=">AAAB/XicbVBNSwMxEM3Wr1q/1o+bl2ARPJVdUeyx4MVjBdsK7VKyadqGZpMlmRXbpfhXvHhQxKv/w5v/xnS7B219MPB4b4aZeWEsuAHP+3YKK6tr6xvFzdLW9s7unrt/0DQq0ZQ1qBJK34fEMMElawAHwe5jzUgUCtYKR9czv/XAtOFK3sE4ZkFEBpL3OSVgpa571AH2CGmTUVCaTzJ12nXLXsXLgJeJn5MyylHvul+dnqJJxCRQQYxp+14MQUo0cCrYtNRJDIsJHZEBa1sqScRMkGbXT/GpVXq4r7QtCThTf0+kJDJmHIW2MyIwNIveTPzPayfQrwYpl3ECTNL5on4iMCg8iwL3uLZvi7ElhGpub8V0SDShYAMr2RD8xZeXSfO84l9WvNuLcq2ax1FEx+gEnSEfXaEaukF11EAUTdAzekVvzpPz4rw7H/PWgpPPHKI/cD5/AKdblfc=</latexit>

Vectorization

<latexit sha1_base64="2qfNSiRk+/zyeFrihbN68Tdh/9Q=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRbBU0lEsceCF49V7Ae0oWy2k3bpZhN2J9IS+le8eFDEq3/Em//GbZuDtj4YeLw3szvzgkRwja77bRU2Nre2d4q7pb39g8Mj+7jc0nGqGDRZLGLVCagGwSU0kaOATqKARoGAdjC+nfvtJ1Cax/IRpwn4ER1KHnJG0Uh9u9xDmGD2AHqUhqF5ZTjr2xW36i7grBMvJxWSo9G3v3qDmKURSGSCat313AT9jCrkTMCs1Es1JJSN6RC6hkoagfazxe4z59woAyeMlSmJzkL9PZHRSOtpFJjOiOJIr3pz8T+vm2JY8zMukxRBsuVHYSocjJ15EM6AK2AopoZQprjZ1WEjqihDE1fJhOCtnrxOWpdV77rq3l9V6rU8jiI5JWfkgnjkhtTJHWmQJmFkQp7JK3mzZtaL9W59LFsLVj5zQv7A+vwB2x6U7w==</latexit>

Reshu✏ing

Figure 2.4: Relations between different representations of a quantum channel.

In the previous sections, I have introduced the Kraus representation, Choi matrix (χ−matrix)

representation, and superoperator representation of a quantum channel. The relation among them
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is summarized in Fig. 2.4. Here, I present the transformation between different representations

and the proof using tensor diagrams. This section is largely inspired by [WBC15].

Relations between Choi matrix and superoperator: reshuffling

The Choi matrix Λ and superoperator S can be transformed back and forth with a reshuf-

fling of the indexes:

Λmn,µν = Sνn,µm, Smn,µν = Λνn,µm. (2.57)

or diagrammatically it can be represented as:

<latexit sha1_base64="xuj17jQPeVNMa+Rzm3EF6ET814s=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiSi2GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaPXAwOGcc5l7T5AKro3rfjmltfWNza3ydmVnd2//oHp41NFJpihr00QkqhegZoJL1jbcCNZLFcM4EKwbTG7mfveRKc0T+WCmKfNjHEkecYrGSt3BnY2GOKzW3Lq7APlLvILUoEBrWP0chAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyNnVglJlCj7pCEL9edEjrHW0ziwyRjNWK96c/E/r5+ZqOHnXKaZYZIuP4oyQUxC5reTkCtGjZhaglRxuyuhY1RIjW2oYkvwVk/+SzoXde+q7t5f1pqNoo4ynMApnIMH19CEW2hBGyhM4Ale4NVJnWfnzXlfRktOMXMMv+B8fAMJ9Y9X</latexit>

⇤
<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

<latexit sha1_base64="ytfvWiJsK2OIUUkkwANUVWlfi8w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rFF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WDmSToR3QoecgZNVZq3PdLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBrHWM0Q==</latexit>

S
<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

<latexit sha1_base64="ytfvWiJsK2OIUUkkwANUVWlfi8w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rFF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WDmSToR3QoecgZNVZq3PdLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBrHWM0Q==</latexit>

S
<latexit sha1_base64="xuj17jQPeVNMa+Rzm3EF6ET814s=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiSi2GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaPXAwOGcc5l7T5AKro3rfjmltfWNza3ydmVnd2//oHp41NFJpihr00QkqhegZoJL1jbcCNZLFcM4EKwbTG7mfveRKc0T+WCmKfNjHEkecYrGSt3BnY2GOKzW3Lq7APlLvILUoEBrWP0chAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyNnVglJlCj7pCEL9edEjrHW0ziwyRjNWK96c/E/r5+ZqOHnXKaZYZIuP4oyQUxC5reTkCtGjZhaglRxuyuhY1RIjW2oYkvwVk/+SzoXde+q7t5f1pqNoo4ynMApnIMH19CEW2hBGyhM4Ale4NVJnWfnzXlfRktOMXMMv+B8fAMJ9Y9X</latexit>

⇤,

<latexit sha1_base64="xuj17jQPeVNMa+Rzm3EF6ET814s=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiSi2GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaPXAwOGcc5l7T5AKro3rfjmltfWNza3ydmVnd2//oHp41NFJpihr00QkqhegZoJL1jbcCNZLFcM4EKwbTG7mfveRKc0T+WCmKfNjHEkecYrGSt3BnY2GOKzW3Lq7APlLvILUoEBrWP0chAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyNnVglJlCj7pCEL9edEjrHW0ziwyRjNWK96c/E/r5+ZqOHnXKaZYZIuP4oyQUxC5reTkCtGjZhaglRxuyuhY1RIjW2oYkvwVk/+SzoXde+q7t5f1pqNoo4ynMApnIMH19CEW2hBGyhM4Ale4NVJnWfnzXlfRktOMXMMv+B8fAMJ9Y9X</latexit>

⇤

<latexit sha1_base64="c7foBEFpIynSdMvdMQB4A4EHopc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmAckS5idzGaHzGOZmRXCkl/w4kERr/6QN//GSbIHTSxoKKq66e6KUs6M9f1vr7SxubW9U96t7O0fHB5Vj086RmWa0DZRXOlehA3lTNK2ZZbTXqopFhGn3WhyN/e7T1QbpuSjnaY0FHgsWcwItnNpoBM1rNb8ur8AWidBQWpQoDWsfg1GimSCSks4NqYf+KkNc6wtI5zOKoPM0BSTCR7TvqMSC2rCfHHrDF04ZYRipV1Jixbq74kcC2OmInKdAtvErHpz8T+vn9m4EeZMppmlkiwXxRlHVqH542jENCWWTx3BRDN3KyIJ1phYF0/FhRCsvrxOOlf14KbuP1zXmo0ijjKcwTlcQgC30IR7aEEbCCTwDK/w5gnvxXv3PpatJa+YOYU/8D5/AB38jkE=</latexit>⇢
<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

<latexit sha1_base64="xuj17jQPeVNMa+Rzm3EF6ET814s=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiSi2GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaPXAwOGcc5l7T5AKro3rfjmltfWNza3ydmVnd2//oHp41NFJpihr00QkqhegZoJL1jbcCNZLFcM4EKwbTG7mfveRKc0T+WCmKfNjHEkecYrGSt3BnY2GOKzW3Lq7APlLvILUoEBrWP0chAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyNnVglJlCj7pCEL9edEjrHW0ziwyRjNWK96c/E/r5+ZqOHnXKaZYZIuP4oyQUxC5reTkCtGjZhaglRxuyuhY1RIjW2oYkvwVk/+SzoXde+q7t5f1pqNoo4ynMApnIMH19CEW2hBGyhM4Ale4NVJnWfnzXlfRktOMXMMv+B8fAMJ9Y9X</latexit>

⇤

<latexit sha1_base64="c7foBEFpIynSdMvdMQB4A4EHopc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmAckS5idzGaHzGOZmRXCkl/w4kERr/6QN//GSbIHTSxoKKq66e6KUs6M9f1vr7SxubW9U96t7O0fHB5Vj086RmWa0DZRXOlehA3lTNK2ZZbTXqopFhGn3WhyN/e7T1QbpuSjnaY0FHgsWcwItnNpoBM1rNb8ur8AWidBQWpQoDWsfg1GimSCSks4NqYf+KkNc6wtI5zOKoPM0BSTCR7TvqMSC2rCfHHrDF04ZYRipV1Jixbq74kcC2OmInKdAtvErHpz8T+vn9m4EeZMppmlkiwXxRlHVqH542jENCWWTx3BRDN3KyIJ1phYF0/FhRCsvrxOOlf14KbuP1zXmo0ijjKcwTlcQgC30IR7aEEbCCTwDK/w5gnvxXv3PpatJa+YOYU/8D5/AB38jkE=</latexit>⇢

<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=
<latexit sha1_base64="xuj17jQPeVNMa+Rzm3EF6ET814s=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiSi2GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaPXAwOGcc5l7T5AKro3rfjmltfWNza3ydmVnd2//oHp41NFJpihr00QkqhegZoJL1jbcCNZLFcM4EKwbTG7mfveRKc0T+WCmKfNjHEkecYrGSt3BnY2GOKzW3Lq7APlLvILUoEBrWP0chAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyNnVglJlCj7pCEL9edEjrHW0ziwyRjNWK96c/E/r5+ZqOHnXKaZYZIuP4oyQUxC5reTkCtGjZhaglRxuyuhY1RIjW2oYkvwVk/+SzoXde+q7t5f1pqNoo4ynMApnIMH19CEW2hBGyhM4Ale4NVJnWfnzXlfRktOMXMMv+B8fAMJ9Y9X</latexit>

⇤

<latexit sha1_base64="c7foBEFpIynSdMvdMQB4A4EHopc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmAckS5idzGaHzGOZmRXCkl/w4kERr/6QN//GSbIHTSxoKKq66e6KUs6M9f1vr7SxubW9U96t7O0fHB5Vj086RmWa0DZRXOlehA3lTNK2ZZbTXqopFhGn3WhyN/e7T1QbpuSjnaY0FHgsWcwItnNpoBM1rNb8ur8AWidBQWpQoDWsfg1GimSCSks4NqYf+KkNc6wtI5zOKoPM0BSTCR7TvqMSC2rCfHHrDF04ZYRipV1Jixbq74kcC2OmInKdAtvErHpz8T+vn9m4EeZMppmlkiwXxRlHVqH542jENCWWTx3BRDN3KyIJ1phYF0/FhRCsvrxOOlf14KbuP1zXmo0ijjKcwTlcQgC30IR7aEEbCCTwDK/w5gnvxXv3PpatJa+YOYU/8D5/AB38jkE=</latexit>⇢

<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=
<latexit sha1_base64="xMokr4myAsoIuS0H3FUIATaJdqk=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBItQNyURxS4LIrisYB/QhDKZTtuhk5kwM1FK7Ke4caGIW7/EnX/jpM1CWw8MHM65l3vmhDGjSrvut1VYW9/Y3Cpul3Z29/YP7PJhW4lEYtLCggnZDZEijHLS0lQz0o0lQVHISCecXGd+54FIRQW/19OYBBEacTqkGGkj9e2yHyE9xoilN7OqL8firG9X3Jo7h7NKvJxUIEezb3/5A4GTiHCNGVKq57mxDlIkNcWMzEp+okiM8ASNSM9QjiKignQefeacGmXgDIU0j2tnrv7eSFGk1DQKzWQWVC17mfif10v0sB6klMeJJhwvDg0T5mjhZD04AyoJ1mxqCMKSmqwOHiOJsDZtlUwJ3vKXV0n7vOZd1ty7i0qjntdRhGM4gSp4cAUNuIUmtADDIzzDK7xZT9aL9W59LEYLVr5zBH9gff4A4yaTuA==</latexit>E(⇢)

<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>= <latexit sha1_base64="xMokr4myAsoIuS0H3FUIATaJdqk=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBItQNyURxS4LIrisYB/QhDKZTtuhk5kwM1FK7Ke4caGIW7/EnX/jpM1CWw8MHM65l3vmhDGjSrvut1VYW9/Y3Cpul3Z29/YP7PJhW4lEYtLCggnZDZEijHLS0lQz0o0lQVHISCecXGd+54FIRQW/19OYBBEacTqkGGkj9e2yHyE9xoilN7OqL8firG9X3Jo7h7NKvJxUIEezb3/5A4GTiHCNGVKq57mxDlIkNcWMzEp+okiM8ASNSM9QjiKignQefeacGmXgDIU0j2tnrv7eSFGk1DQKzWQWVC17mfif10v0sB6klMeJJhwvDg0T5mjhZD04AyoJ1mxqCMKSmqwOHiOJsDZtlUwJ3vKXV0n7vOZd1ty7i0qjntdRhGM4gSp4cAUNuIUmtADDIzzDK7xZT9aL9W59LEYLVr5zBH9gff4A4yaTuA==</latexit>E(⇢)

<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=
<latexit sha1_base64="ytfvWiJsK2OIUUkkwANUVWlfi8w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rFF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WDmSToR3QoecgZNVZq3PdLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBrHWM0Q==</latexit>

S
<latexit sha1_base64="c7foBEFpIynSdMvdMQB4A4EHopc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmAckS5idzGaHzGOZmRXCkl/w4kERr/6QN//GSbIHTSxoKKq66e6KUs6M9f1vr7SxubW9U96t7O0fHB5Vj086RmWa0DZRXOlehA3lTNK2ZZbTXqopFhGn3WhyN/e7T1QbpuSjnaY0FHgsWcwItnNpoBM1rNb8ur8AWidBQWpQoDWsfg1GimSCSks4NqYf+KkNc6wtI5zOKoPM0BSTCR7TvqMSC2rCfHHrDF04ZYRipV1Jixbq74kcC2OmInKdAtvErHpz8T+vn9m4EeZMppmlkiwXxRlHVqH542jENCWWTx3BRDN3KyIJ1phYF0/FhRCsvrxOOlf14KbuP1zXmo0ijjKcwTlcQgC30IR7aEEbCCTwDK/w5gnvxXv3PpatJa+YOYU/8D5/AB38jkE=</latexit>⇢

. (2.58)

I will prove the first equation with tensor diagrams, and the second equality can be proved in a

similar way:

<latexit sha1_base64="xuj17jQPeVNMa+Rzm3EF6ET814s=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiSi2GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaPXAwOGcc5l7T5AKro3rfjmltfWNza3ydmVnd2//oHp41NFJpihr00QkqhegZoJL1jbcCNZLFcM4EKwbTG7mfveRKc0T+WCmKfNjHEkecYrGSt3BnY2GOKzW3Lq7APlLvILUoEBrWP0chAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyNnVglJlCj7pCEL9edEjrHW0ziwyRjNWK96c/E/r5+ZqOHnXKaZYZIuP4oyQUxC5reTkCtGjZhaglRxuyuhY1RIjW2oYkvwVk/+SzoXde+q7t5f1pqNoo4ynMApnIMH19CEW2hBGyhM4Ale4NVJnWfnzXlfRktOMXMMv+B8fAMJ9Y9X</latexit>

⇤
<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

<latexit sha1_base64="ytfvWiJsK2OIUUkkwANUVWlfi8w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rFF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WDmSToR3QoecgZNVZq3PdLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBrHWM0Q==</latexit>

S
<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

<latexit sha1_base64="ytfvWiJsK2OIUUkkwANUVWlfi8w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rFF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WDmSToR3QoecgZNVZq3PdLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBrHWM0Q==</latexit>

S
<latexit sha1_base64="xuj17jQPeVNMa+Rzm3EF6ET814s=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiSi2GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaPXAwOGcc5l7T5AKro3rfjmltfWNza3ydmVnd2//oHp41NFJpihr00QkqhegZoJL1jbcCNZLFcM4EKwbTG7mfveRKc0T+WCmKfNjHEkecYrGSt3BnY2GOKzW3Lq7APlLvILUoEBrWP0chAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyNnVglJlCj7pCEL9edEjrHW0ziwyRjNWK96c/E/r5+ZqOHnXKaZYZIuP4oyQUxC5reTkCtGjZhaglRxuyuhY1RIjW2oYkvwVk/+SzoXde+q7t5f1pqNoo4ynMApnIMH19CEW2hBGyhM4Ale4NVJnWfnzXlfRktOMXMMv+B8fAMJ9Y9X</latexit>

⇤,

<latexit sha1_base64="xuj17jQPeVNMa+Rzm3EF6ET814s=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiSi2GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaPXAwOGcc5l7T5AKro3rfjmltfWNza3ydmVnd2//oHp41NFJpihr00QkqhegZoJL1jbcCNZLFcM4EKwbTG7mfveRKc0T+WCmKfNjHEkecYrGSt3BnY2GOKzW3Lq7APlLvILUoEBrWP0chAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyNnVglJlCj7pCEL9edEjrHW0ziwyRjNWK96c/E/r5+ZqOHnXKaZYZIuP4oyQUxC5reTkCtGjZhaglRxuyuhY1RIjW2oYkvwVk/+SzoXde+q7t5f1pqNoo4ynMApnIMH19CEW2hBGyhM4Ale4NVJnWfnzXlfRktOMXMMv+B8fAMJ9Y9X</latexit>

⇤

<latexit sha1_base64="c7foBEFpIynSdMvdMQB4A4EHopc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmAckS5idzGaHzGOZmRXCkl/w4kERr/6QN//GSbIHTSxoKKq66e6KUs6M9f1vr7SxubW9U96t7O0fHB5Vj086RmWa0DZRXOlehA3lTNK2ZZbTXqopFhGn3WhyN/e7T1QbpuSjnaY0FHgsWcwItnNpoBM1rNb8ur8AWidBQWpQoDWsfg1GimSCSks4NqYf+KkNc6wtI5zOKoPM0BSTCR7TvqMSC2rCfHHrDF04ZYRipV1Jixbq74kcC2OmInKdAtvErHpz8T+vn9m4EeZMppmlkiwXxRlHVqH542jENCWWTx3BRDN3KyIJ1phYF0/FhRCsvrxOOlf14KbuP1zXmo0ijjKcwTlcQgC30IR7aEEbCCTwDK/w5gnvxXv3PpatJa+YOYU/8D5/AB38jkE=</latexit>⇢
<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

<latexit sha1_base64="xuj17jQPeVNMa+Rzm3EF6ET814s=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiSi2GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaPXAwOGcc5l7T5AKro3rfjmltfWNza3ydmVnd2//oHp41NFJpihr00QkqhegZoJL1jbcCNZLFcM4EKwbTG7mfveRKc0T+WCmKfNjHEkecYrGSt3BnY2GOKzW3Lq7APlLvILUoEBrWP0chAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyNnVglJlCj7pCEL9edEjrHW0ziwyRjNWK96c/E/r5+ZqOHnXKaZYZIuP4oyQUxC5reTkCtGjZhaglRxuyuhY1RIjW2oYkvwVk/+SzoXde+q7t5f1pqNoo4ynMApnIMH19CEW2hBGyhM4Ale4NVJnWfnzXlfRktOMXMMv+B8fAMJ9Y9X</latexit>

⇤

<latexit sha1_base64="c7foBEFpIynSdMvdMQB4A4EHopc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmAckS5idzGaHzGOZmRXCkl/w4kERr/6QN//GSbIHTSxoKKq66e6KUs6M9f1vr7SxubW9U96t7O0fHB5Vj086RmWa0DZRXOlehA3lTNK2ZZbTXqopFhGn3WhyN/e7T1QbpuSjnaY0FHgsWcwItnNpoBM1rNb8ur8AWidBQWpQoDWsfg1GimSCSks4NqYf+KkNc6wtI5zOKoPM0BSTCR7TvqMSC2rCfHHrDF04ZYRipV1Jixbq74kcC2OmInKdAtvErHpz8T+vn9m4EeZMppmlkiwXxRlHVqH542jENCWWTx3BRDN3KyIJ1phYF0/FhRCsvrxOOlf14KbuP1zXmo0ijjKcwTlcQgC30IR7aEEbCCTwDK/w5gnvxXv3PpatJa+YOYU/8D5/AB38jkE=</latexit>⇢

<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=
<latexit sha1_base64="xuj17jQPeVNMa+Rzm3EF6ET814s=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiSi2GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaPXAwOGcc5l7T5AKro3rfjmltfWNza3ydmVnd2//oHp41NFJpihr00QkqhegZoJL1jbcCNZLFcM4EKwbTG7mfveRKc0T+WCmKfNjHEkecYrGSt3BnY2GOKzW3Lq7APlLvILUoEBrWP0chAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyNnVglJlCj7pCEL9edEjrHW0ziwyRjNWK96c/E/r5+ZqOHnXKaZYZIuP4oyQUxC5reTkCtGjZhaglRxuyuhY1RIjW2oYkvwVk/+SzoXde+q7t5f1pqNoo4ynMApnIMH19CEW2hBGyhM4Ale4NVJnWfnzXlfRktOMXMMv+B8fAMJ9Y9X</latexit>

⇤

<latexit sha1_base64="c7foBEFpIynSdMvdMQB4A4EHopc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmAckS5idzGaHzGOZmRXCkl/w4kERr/6QN//GSbIHTSxoKKq66e6KUs6M9f1vr7SxubW9U96t7O0fHB5Vj086RmWa0DZRXOlehA3lTNK2ZZbTXqopFhGn3WhyN/e7T1QbpuSjnaY0FHgsWcwItnNpoBM1rNb8ur8AWidBQWpQoDWsfg1GimSCSks4NqYf+KkNc6wtI5zOKoPM0BSTCR7TvqMSC2rCfHHrDF04ZYRipV1Jixbq74kcC2OmInKdAtvErHpz8T+vn9m4EeZMppmlkiwXxRlHVqH542jENCWWTx3BRDN3KyIJ1phYF0/FhRCsvrxOOlf14KbuP1zXmo0ijjKcwTlcQgC30IR7aEEbCCTwDK/w5gnvxXv3PpatJa+YOYU/8D5/AB38jkE=</latexit>⇢

<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=
<latexit sha1_base64="xMokr4myAsoIuS0H3FUIATaJdqk=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBItQNyURxS4LIrisYB/QhDKZTtuhk5kwM1FK7Ke4caGIW7/EnX/jpM1CWw8MHM65l3vmhDGjSrvut1VYW9/Y3Cpul3Z29/YP7PJhW4lEYtLCggnZDZEijHLS0lQz0o0lQVHISCecXGd+54FIRQW/19OYBBEacTqkGGkj9e2yHyE9xoilN7OqL8firG9X3Jo7h7NKvJxUIEezb3/5A4GTiHCNGVKq57mxDlIkNcWMzEp+okiM8ASNSM9QjiKignQefeacGmXgDIU0j2tnrv7eSFGk1DQKzWQWVC17mfif10v0sB6klMeJJhwvDg0T5mjhZD04AyoJ1mxqCMKSmqwOHiOJsDZtlUwJ3vKXV0n7vOZd1ty7i0qjntdRhGM4gSp4cAUNuIUmtADDIzzDK7xZT9aL9W59LEYLVr5zBH9gff4A4yaTuA==</latexit>E(⇢)

<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>= <latexit sha1_base64="xMokr4myAsoIuS0H3FUIATaJdqk=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBItQNyURxS4LIrisYB/QhDKZTtuhk5kwM1FK7Ke4caGIW7/EnX/jpM1CWw8MHM65l3vmhDGjSrvut1VYW9/Y3Cpul3Z29/YP7PJhW4lEYtLCggnZDZEijHLS0lQz0o0lQVHISCecXGd+54FIRQW/19OYBBEacTqkGGkj9e2yHyE9xoilN7OqL8firG9X3Jo7h7NKvJxUIEezb3/5A4GTiHCNGVKq57mxDlIkNcWMzEp+okiM8ASNSM9QjiKignQefeacGmXgDIU0j2tnrv7eSFGk1DQKzWQWVC17mfif10v0sB6klMeJJhwvDg0T5mjhZD04AyoJ1mxqCMKSmqwOHiOJsDZtlUwJ3vKXV0n7vOZd1ty7i0qjntdRhGM4gSp4cAUNuIUmtADDIzzDK7xZT9aL9W59LEYLVr5zBH9gff4A4yaTuA==</latexit>E(⇢)

<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=
<latexit sha1_base64="ytfvWiJsK2OIUUkkwANUVWlfi8w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rFF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WDmSToR3QoecgZNVZq3PdLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBrHWM0Q==</latexit>

S
<latexit sha1_base64="c7foBEFpIynSdMvdMQB4A4EHopc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmAckS5idzGaHzGOZmRXCkl/w4kERr/6QN//GSbIHTSxoKKq66e6KUs6M9f1vr7SxubW9U96t7O0fHB5Vj086RmWa0DZRXOlehA3lTNK2ZZbTXqopFhGn3WhyN/e7T1QbpuSjnaY0FHgsWcwItnNpoBM1rNb8ur8AWidBQWpQoDWsfg1GimSCSks4NqYf+KkNc6wtI5zOKoPM0BSTCR7TvqMSC2rCfHHrDF04ZYRipV1Jixbq74kcC2OmInKdAtvErHpz8T+vn9m4EeZMppmlkiwXxRlHVqH542jENCWWTx3BRDN3KyIJ1phYF0/FhRCsvrxOOlf14KbuP1zXmo0ijjKcwTlcQgC30IR7aEEbCCTwDK/w5gnvxXv3PpatJa+YOYU/8D5/AB38jkE=</latexit>⇢

. (2.59)

Kraus operator to superoperator: vectorization

Once the Kraus representation of a given quantum channel is given by {Mα}, the superop-
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erator representation is constructed via vectorization:

S = ∑
α

M∗
α ⊗Mα, (2.60)

where M∗
α is the hermitian conjugate.

Choi matrix to Kraus operators: spectral decomposition

Since the Choi matrix describes a CPTP-map, it is hermitian and positive. So it always

has a spectral decomposition form:

Λ = ∑
α

λα|Vα⟩⟨Vα|, (2.61)

with λα > 0. |Vα⟩ is the eigenvector and there is a unique operator Kα satisfies |Kα⟩⟩c = |Vα⟩. Kα

can be find by reordering elements of |Vα⟩. Then the Kraus operator can be defined as

Mα =
√

λαKα
(2.62)

2.5 Hidden variable models

As discussed, quantum mechanics is a mathematical model that describes the physical

world based on axioms. And certainly, the axiom about measurement dynamics and quantum

state dynamics seems not very satisfying. Einstein suspected that quantum mechanics is an

incomplete description of the physical world [EPR35]. And some of the uncertainty in the

measurements are probably rooted in some unknown hidden degree of freedom. Since people

never “observe” a quantum state directly, we never witness magic properties, like entanglement,

predicted by quantum mechanics. People can only infer what is in the black box through the

classical measurement data. All the gems are hidden in the statistics of the readouts. Having

introduced quantum mechanics, now let me introduce what is not quantum mechanics. Especially,
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I will focus on the (local) hidden variable model.

The hidden variable model is a classical stochastic model. First, it assumes that every

quantum state or quantum black box labelled by |ψ⟩ is described by a probability distribution of

hidden variable λ: P|ψ⟩(λ). For every physical observable O, the probability of getting readout

yi is given by a conditional probability: P(yi|λ,O). So the total probability of having readout yi

from observing O is

P(yi|O) = ∑
λ

P(yi|λ,O)P|ψ⟩(λ). (2.63)

Suppose we have a qubit system |ψ⟩= 1√
2
(|0⟩+ |1⟩). From quantum mechanics, we know

if one measures spin-z operator σz, then half of the chance we get +1 and the other half we get

−1. And if one measures spin-x operator σx, then we get +1 all the time. This phenomenon can

also be described by a hidden variable model. Suppose there is a hidden variable that we don’t

know, and it can take four values 0z0x,0z1x,1z0x,1z1x. The measurement probability is defined as

P(+1|0z0x,σz) = 1, P(+1|0z0x,σx) = 1

P(+1|0z1x,σz) = 1, P(−1|0z1x,σx) = 1

P(−1|1z0x,σz) = 1, P(+1|1z0x,σx) = 1

P(−1|1z1x,σz) = 1, P(−1|1z1x,σx) = 1

(2.64)

Then, the above measurement scheme can be reproduced with a hidden variable system that

P|ψ⟩(0z0x) = 0.5, and P|ψ⟩(1z0x) = 0.5. There is nothing that goes beyond classical hidden

variable theory about one qubit. So what properties are purely quantum mechanical? In the

following, I will introduce two aspects of quantum mechanical systems that cannot be described

by any local hidden variable theory: quantum non-locality and quantum contextuality.
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2.5.1 Bell’s inequality

When we have a composite system, magical things can happen. One of the most exciting

properties in quantum mechanics is called quantum entanglement. Quantum entanglement is a

quantum version of correlation that goes beyond classical correlation. Suppose we have a pure

state |ψ⟩ for a bipartite system A⊗B. With Schmidt decomposition, any pure bipartite state has

the Schmidt form:

|ψ⟩= ∑
α

λα|α⟩A ⊗|α⟩B, (2.65)

where {|α⟩A} and {|α⟩B} are orthonormal basis for HA and HB respectively. Then the reduced

density matrices are

ρA = TrB(ρ) = ∑
α

λ
2
α|α⟩A⟨α|A,

ρB = TrA(ρ) = ∑
α

λ
2
α|α⟩B⟨α|B.

(2.66)

There are many definitions of entanglement entropy, such as von Neumann entropy and Renyi

entropy. Here, I will introduce the von Neumann entropy: S = −Tr(ρ log(ρ)). As we can see

the entanglement between A and B depends on the spectral of Schmidt decomposition, and

S =−∑α λ2
α log(λ2

α). Another important property of entanglement entropy is that it does not rely

on the choice of basis for subsystems.

Now let me generalize the previous example to a two-qubit state: |ψ⟩= 1√
2
(|00⟩+ |11⟩),

which is also called Einstein–Podolsky–Rosen (EPR) state. One can check that the entanglement

entropy for part A and part B are one bit. Therefore, part A and part B are entangled and not

separable. Moreover, if one calculates the mutual information, we see the EPR state can share

two bits of mutual information between A and B. This phenomenon is quite interesting because

the perfectly correlated two classical bits cannot share mutual information that exceeds one
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bit. This indicates the EPR state has some correlation beyond classical correlations. In the

previous discussion, we have seen that the classical hidden variable model can perfectly fit the

data produced by one qubit. Now let me prove this will not be true for two qubits EPR state.

Suppose we have a EPR state |EPR⟩ that described by a hidden variable theory PEPR(λ).

After state preparation, we send one qubit to Alice, and the other qubit to Bob. We assume there

is no superluminal communication, so Alice and Bob have the same hidden variable distributions,

PEPR(λ). This is also called local hidden variable theory. And we assume Alice and Bob have a

instrument that can measure at least three quantities: n⃗1 · σ⃗, n⃗2 · σ⃗, and n⃗3 · σ⃗. Suppose there is

a hidden variable theory with hidden variable λ that can take value λ =±1n1 ±1n2 ±1n3 . And

if one measures n⃗i · σ⃗, the probability of readout is p(±1| · · ·±1ni · · · , n⃗i · σ⃗) = 1. For example

p(+1|+1n1 −1n2 +1n3, n⃗1 · σ⃗) = 1, p(−1|+1n1 −1n2 +1n3, n⃗2 · σ⃗) = 1, and p(+1|+1n1 −1n2 +

1n3, n⃗3 · σ⃗) = 1. If such a hidden variable theory exists, there must be a preassigned probability

distribution PEPR(λ), which is illustrated in Table.2.1.

Table 2.1: The hidden variable theory for EPR state. If such a theory exists, then there is a
preassigned probability distribution.

Alice Bob PEPR(λ)
+1n1 +1n2 +1n3 +1n1 +1n2 +1n3 p1
+1n1 +1n2 −1n3 +1n1 +1n2 −1n3 p2
+1n1 −1n2 +1n3 +1n1 −1n2 +1n3 p3
+1n1 −1n2 −1n3 +1n1 −1n2 −1n3 p4
−1n1 +1n2 +1n3 −1n1 +1n2 +1n3 p5
−1n1 +1n2 −1n3 −1n1 +1n2 −1n3 p6
−1n1 −1n2 +1n3 −1n1 −1n2 +1n3 p7
−1n1 −1n2 −1n3 −1n1 −1n2 −1n3 p8

Suppose Alice measures n⃗1 and Bob measures n⃗2, the probability they have the same

readout is p(⃗n1 · σ⃗A = n⃗2 · σ⃗B) = p1 + p2 + p7 + p8. With the same logic, we can write down

p(⃗n1 · σ⃗A = n⃗2 · σ⃗B)+ p(⃗n2 · σ⃗A = n⃗3 · σ⃗B)+ p(⃗n3 · σ⃗A = n⃗1 · σ⃗B) = 1+2p1 +2p8 ≥ 1. (2.67)
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If we use the quantum mechanical model to calculate the same probability, we will get:

p(⃗n1 · σ⃗A = n⃗2 · σ⃗B)+ p(⃗n2 · σ⃗A = n⃗3 · σ⃗B)+ p(⃗n3 · σ⃗A = n⃗1 · σ⃗B)

=
1+ n⃗1 · n⃗2

2
+

1+ n⃗2 · n⃗3

2
+

1+ n⃗3 · n⃗1

2
.

(2.68)

If the classical hidden variable model is compatible with quantum mechanical model, and be able

to explain everything, then we will have

1+ n⃗1 · n⃗2

2
+

1+ n⃗2 · n⃗3

2
+

1+ n⃗3 · n⃗1

2
≥ 1. (2.69)

This is a simple version of the Bell’s inequality[Bel64b]. Especially, if we choose n⃗1 ,⃗n2 and n⃗3 to

be vectors that lie in the same plane and has angle 2π/3 with each other, then n⃗1 · n⃗2 = n⃗2 · n⃗3 =

n⃗3 · n⃗1 =−1/2. And we see the Bell’s inequality is violated:

1+ n⃗1 · n⃗2

2
+

1+ n⃗2 · n⃗3

2
+

1+ n⃗3 · n⃗1

2
=

3
4
≤ 1. (2.70)

If we can test the violation of Bell’s inequality in experiments, then it will confirm quantum

mechanics cannot be described by any classical hidden variable model, and quantum entanglement

is beyond classical correlations. Currently, there are several experiments that confirm the violation

of Bell’s inequality[ADR82, GMS18, CLZ+18].

2.5.2 Quantum contextuality

As we have seen, the Bell’s inequality rules out the possibility of classical local hidden

variable theory. It shows us quantum entanglement and non-locality is a pure quantum effect.

We should also notice that the Bell’s inequality is a statement that depends on the quantum state.

Besides quantum non-locality, there is another interesting quantum property called quantum

contextuality that is independent of the underlying quantum state. Quantum contextuality focuses
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on the non-commuting nature of the measurements in quantum mechanics, and shows this

non-commuting property or quantum uncertainty principle is intrinsic in quantum mechanics.

Formally, the Kochen–Specker theorem[SK68] is a ‘no go’ result for noncontextual hidden

variable theories. The theorem states that the observables of a quantum system can’t have definite,

non-contextual, pre-existing values before they are measured, not even for certain finite sets of

observables. Here, I will use a game, called Mermin magic square[Mer90, Mer94], to prove a

simpler version of Kochen-Specker theorem.
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Z ⌦ Z

<latexit sha1_base64="4Fi7pzlI/CEH7TVUCCMmJ8cOoyA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FL3qrYD+gCWWz3bRLN9mwOxFK6d/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ26hMM95iSirdDanhUiS8hQIl76aa0ziUvBOOb+d+54lrI1TyiJOUBzEdJiISjKKV/GrXVyhibsh9tV+uuDV3AbJOvJxUIEezX/7yB4plMU+QSWpMz3NTDKZUo2CSz0p+ZnhK2ZgOec/ShNo9wXRx84xcWGVAIqVtJUgW6u+JKY2NmcSh7YwpjsyqNxf/83oZRjfBVCRphjxhy0VRJgkqMg+ADITmDOXEEsq0sLcSNqKaMrQxlWwI3urL66Rdr3lXNfehXmm4eRxFOINzuAQPrqEBd9CEFjBI4Rle4c3JnBfn3flYthacfOYU/sD5/AHaBZDY</latexit>

X ⌦ I
<latexit sha1_base64="GNilqAXq2k5Sg7FqruWAbsYs740=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FL3qrYD+gCWWz3bRLN9mwOxFK6d/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ26hMM95iSirdDanhUiS8hQIl76aa0ziUvBOOb+d+54lrI1TyiJOUBzEdJiISjKKV/Oq9r1DE3JButV+uuDV3AbJOvJxUIEezX/7yB4plMU+QSWpMz3NTDKZUo2CSz0p+ZnhK2ZgOec/ShNo9wXRx84xcWGVAIqVtJUgW6u+JKY2NmcSh7YwpjsyqNxf/83oZRjfBVCRphjxhy0VRJgkqMg+ADITmDOXEEsq0sLcSNqKaMrQxlWwI3urL66Rdr3lXNfehXmm4eRxFOINzuAQPrqEBd9CEFjBI4Rle4c3JnBfn3flYthacfOYU/sD5/AHZfpDY</latexit>

I ⌦ X
<latexit sha1_base64="zaqn3NPm95X5D5d4Eo8lJMiG8g8=">AAAB83icbVBNS8NAEJ34WetX1aOXxVbwVJKC6LHgxWMF+wFNKJvtpl26yYbdiVBC/4YXD4p49c9489+4bXPQ1gcDj/dmmJkXplIYdN1vZ2Nza3tnt7RX3j84PDqunJx2jMo0422mpNK9kBouRcLbKFDyXqo5jUPJu+Hkbu53n7g2QiWPOE15ENNRIiLBKFrJr/V8hSLmhvRqg0rVrbsLkHXiFaQKBVqDypc/VCyLeYJMUmP6nptikFONgkk+K/uZ4SllEzrifUsTavcE+eLmGbm0ypBESttKkCzU3xM5jY2ZxqHtjCmOzao3F//z+hlGt0EukjRDnrDloiiTBBWZB0CGQnOGcmoJZVrYWwkbU00Z2pjKNgRv9eV10mnUveu6+9CoNt0ijhKcwwVcgQc30IR7aEEbGKTwDK/w5mTOi/PufCxbN5xi5gz+wPn8AfDQkOc=</latexit>

X ⌦ X

<latexit sha1_base64="P4Sk/A2SX3ox9e8hv3/7uH1W1bw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FLx4r2A9sQtlsN+3STTbsToRS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MJXCoOt+O4WNza3tneJuaW//4PCofHzSNirTjLeYkkp3Q2q4FAlvoUDJu6nmNA4l74Tj27nfeeLaCJU84CTlQUyHiYgEo2glv9r1FYqYG/JY7Zcrbs1dgKwTLycVyNHsl7/8gWJZzBNkkhrT89wUgynVKJjks5KfGZ5SNqZD3rM0oXZPMF3cPCMXVhmQSGlbCZKF+ntiSmNjJnFoO2OKI7PqzcX/vF6G0U0wFUmaIU/YclGUSYKKzAMgA6E5QzmxhDIt7K2EjaimDG1MJRuCt/ryOmnXa95Vzb2vVxpuHkcRzuAcLsGDa2jAHTShBQxSeIZXeHMy58V5dz6WrQUnnzmFP3A+fwDz2pDp</latexit>

X ⌦ Z
<latexit sha1_base64="DxKSfc0tPbo06xyFAPH5mjl1A4E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FLx4r2A9sQtlsN+3STTbsToRS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MJXCoOt+O4WNza3tneJuaW//4PCofHzSNirTjLeYkkp3Q2q4FAlvoUDJu6nmNA4l74Tj27nfeeLaCJU84CTlQUyHiYgEo2glv/roKxQxN6Rb7Zcrbs1dgKwTLycVyNHsl7/8gWJZzBNkkhrT89wUgynVKJjks5KfGZ5SNqZD3rM0oXZPMF3cPCMXVhmQSGlbCZKF+ntiSmNjJnFoO2OKI7PqzcX/vF6G0U0wFUmaIU/YclGUSYKKzAMgA6E5QzmxhDIt7K2EjaimDG1MJRuCt/ryOmnXa95Vzb2vVxpuHkcRzuAcLsGDa2jAHTShBQxSeIZXeHMy58V5dz6WrQUnnzmFP3A+fwDz7JDp</latexit>

Z ⌦ X
<latexit sha1_base64="yOT3Ayn/cAYDxUjd0/fSxvCpWyE=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CbaCF8tuQfRY8OKxgv2iXUo2zbah2WRNsoWy9Hd48aCIV3+MN/+NabsHbX0w8Hhvhpl5QcyZNq777eQ2Nre2d/K7hb39g8Oj4vFJU8tEEdogkkvVDrCmnAnaMMxw2o4VxVHAaSsY38391oQqzaR4NNOY+hEeChYygo2V/PJVpycNi6hGnXK/WHIr7gJonXgZKUGGer/41RtIkkRUGMKx1l3PjY2fYmUY4XRW6CWaxpiM8ZB2LRXY7vHTxdEzdGGVAQqlsiUMWqi/J1IcaT2NAtsZYTPSq95c/M/rJia89VMm4sRQQZaLwoQjI9E8ATRgihLDp5Zgopi9FZERVpgYm1PBhuCtvrxOmtWKd11xH6qlmpvFkYczOIdL8OAGanAPdWgAgSd4hld4cybOi/PufCxbc042cwp/4Hz+AF8zkSA=</latexit>�Y ⌦ Y

<latexit sha1_base64="liI74/aQX0E1dIsxpAT/k1JSxa4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FL3qraGuhDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8sdgfD3zH5+4NiJWDzhJuB/RoRKhYBStdF+9rfbLFbfmzkFWiZeTCuRo9stfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDKz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiXtes27qLl39UrDzeMowgmcwjl4cAkNuIEmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w9Rz40Z</latexit>

I

<latexit sha1_base64="liI74/aQX0E1dIsxpAT/k1JSxa4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FL3qraGuhDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8sdgfD3zH5+4NiJWDzhJuB/RoRKhYBStdF+9rfbLFbfmzkFWiZeTCuRo9stfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDKz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiXtes27qLl39UrDzeMowgmcwjl4cAkNuIEmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w9Rz40Z</latexit>

I

<latexit sha1_base64="liI74/aQX0E1dIsxpAT/k1JSxa4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FL3qraGuhDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8sdgfD3zH5+4NiJWDzhJuB/RoRKhYBStdF+9rfbLFbfmzkFWiZeTCuRo9stfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDKz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiXtes27qLl39UrDzeMowgmcwjl4cAkNuIEmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w9Rz40Z</latexit>

I
<latexit sha1_base64="liI74/aQX0E1dIsxpAT/k1JSxa4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FL3qraGuhDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8sdgfD3zH5+4NiJWDzhJuB/RoRKhYBStdF+9rfbLFbfmzkFWiZeTCuRo9stfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDKz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiXtes27qLl39UrDzeMowgmcwjl4cAkNuIEmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w9Rz40Z</latexit>

I
<latexit sha1_base64="liI74/aQX0E1dIsxpAT/k1JSxa4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FL3qraGuhDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8sdgfD3zH5+4NiJWDzhJuB/RoRKhYBStdF+9rfbLFbfmzkFWiZeTCuRo9stfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDKz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiXtes27qLl39UrDzeMowgmcwjl4cAkNuIEmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w9Rz40Z</latexit>

I

<latexit sha1_base64="wu/Zf5SO75e4SgYh2p2I7PQJ45U=">AAAB63icbVBNSwMxEJ2tX7V+VT16CbaCF8tuoeix4EVvFewHtEvJptk2NMkuSVYoS/+CFw+KePUPefPfmG33oK0PBh7vzTAzL4g508Z1v53CxubW9k5xt7S3f3B4VD4+6egoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmk6pX99VhueLW3AXQOvFyUoEcrWH5azCKSCKoNIRjrfueGxs/xcowwum8NEg0jTGZ4jHtWyqxoNpPF7fO0YVVRiiMlC1p0EL9PZFiofVMBLZTYDPRq14m/uf1ExPe+CmTcWKoJMtFYcKRiVD2OBoxRYnhM0swUczeisgEK0yMjadkQ/BWX14nnXrNa9Tch3ql6eZxFOEMzuESPLiGJtxBC9pAYALP8ApvjnBenHfnY9lacPKZU/gD5/MHu2mNUA==</latexit>�I

<latexit sha1_base64="DJpGpPGM/qINt3CsI2ecZLG6T2E=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbZCvZTdgiieCl48VnDbQruUbJptQ5PskmSFsvQ3ePGgiFd/kDf/jWm7B219MPB4b4aZeWHCmTau++0UNja3tneKu6W9/YPDo/LxSVvHqSLUJzGPVTfEmnImqW+Y4bSbKIpFyGknnNzN/c4TVZrF8tFMExoIPJIsYgQbK/nVGr6sDsoVt+4ugNaJl5MK5GgNyl/9YUxSQaUhHGvd89zEBBlWhhFOZ6V+qmmCyQSPaM9SiQXVQbY4doYurDJEUaxsSYMW6u+JDAutpyK0nQKbsV715uJ/Xi810U2QMZmkhkqyXBSlHJkYzT9HQ6YoMXxqCSaK2VsRGWOFibH5lGwI3urL66TdqHtXdfehUWne5nEU4QzOoQYeXEMT7qEFPhBg8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwA/OI2g</latexit>

(a)
<latexit sha1_base64="xQCK2zwFwNspsUACpFUyOgSbkss=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbZCvZTdgiieCl48VnDbQruUbJptQ5PskmSFsvQ3ePGgiFd/kDf/jWm7B219MPB4b4aZeWHCmTau++0UNja3tneKu6W9/YPDo/LxSVvHqSLUJzGPVTfEmnImqW+Y4bSbKIpFyGknnNzN/c4TVZrF8tFMExoIPJIsYgQbK/nVWnhZHZQrbt1dAK0TLycVyNEalL/6w5ikgkpDONa657mJCTKsDCOczkr9VNMEkwke0Z6lEguqg2xx7AxdWGWIoljZkgYt1N8TGRZaT0VoOwU2Y73qzcX/vF5qopsgYzJJDZVkuShKOTIxmn+OhkxRYvjUEkwUs7ciMsYKE2PzKdkQvNWX10m7Ufeu6u5Do9K8zeMowhmcQw08uIYm3EMLfCDA4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBAvo2h</latexit>

(b)
<latexit sha1_base64="3ors0S/1Z5TtD7OK2rJGSo7wenE=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbZCvZTdgiieCl48VnDbQruUbJptQ5PskmSFsvQ3ePGgiFd/kDf/jWm7B219MPB4b4aZeWHCmTau++0UNja3tneKu6W9/YPDo/LxSVvHqSLUJzGPVTfEmnImqW+Y4bSbKIpFyGknnNzN/c4TVZrF8tFMExoIPJIsYgQbK/nVGrmsDsoVt+4ugNaJl5MK5GgNyl/9YUxSQaUhHGvd89zEBBlWhhFOZ6V+qmmCyQSPaM9SiQXVQbY4doYurDJEUaxsSYMW6u+JDAutpyK0nQKbsV715uJ/Xi810U2QMZmkhkqyXBSlHJkYzT9HQ6YoMXxqCSaK2VsRGWOFibH5lGwI3urL66TdqHtXdfehUWne5nEU4QzOoQYeXEMT7qEFPhBg8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBCRI2i</latexit>

(c)

Figure 2.5: (a) A square with 9 entries. Each entry can be assigned with number ±1 or a
probability p(±1) in general. (b) An example of the assignment. (c) A quantum magic square.
Each entry is assigned with an operator. The value of entry will be obtained after measurements
on some quantum state.

Suppose we have a 3× 3 square as shown in Fig. 2.5 (a). Each of the entry ci j can be

assigned with ±1. Fig. 2.5 (b) is an example of one assignment. Let us consider the assignment

of numbers are generated from a quantum mechanical process. Each element of the square is

assigned with a two qubit Pauli operator, whose eigenvalues are ±1. For example, we assign

σx ⊗σz or X ⊗Z to c31. We can check the operators in each row and column commute with

each other. Remember the commuting operators can be measured simultaneously. Therefore,

we call each row and column a context, a concept from natural languages. Regardless of the

underlying quantum state, we ask whether can we pre-assign probability p(±1) to each operator.

If such a goal can be achieved, then we say there exist a non-contextual hidden variable theory.
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Otherwise, there is no pre-existing probability that can be assigned to the readout of those quantum

observables. And the value of each operator depends on the context that we are measuring.

Like the Bell’s inequality, we define a statistical quantity,

C = ⟨c11c12c13⟩+ ⟨c21c22c23⟩−⟨c31c32c33⟩

+ ⟨c11c21c31⟩+ ⟨c12c22c32⟩+ ⟨c13c23c33⟩,
(2.71)

where ⟨·⟩ means the statistical average. It is easy to check that for quantum model, C = 1. For

non-contextual hidden variable model, it is also easy to check that by assigning ±1 to ci j, the

largest C value one can get is C = 4. Therefore, any non-contextual hidden variable model will

have C ≤ 4. The experimental verification of C value indicates the non-communing nature of

physical observables indicates the contextual property of quantum mechanics[GMS18, DRLB20].

In recent years, people have shown that quantum contextuality can be a potential resources for

quantum advantage in various computational tasks[GAW+21]. It is interesting to see art and

science are often intertwined. Last but not the least, I would like to use a famous art piece by

Escher to illustrate the contextuality. Just as shown in Fig. 2.6, local agreement will not guarantee

the global agreement.
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Figure 2.6: Escher’s Waterfall. It shows local agreement will not guarantee the global agreement.
It can be viewed as an art illustration of quantum contextuality.
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Chapter 3

Complexity and unitary designs

3.1 Measure of Haar

In mathematics, a measure can be thought of as a ruler that tells you how things are

distributed or concentrated in a mathematical set or space. For example, if we want to calculate

the volume of a sphere, we can choose to use Cartesian coordinate (x,y,z) and do integral over

dx ·dy ·dz. Or we can choose the spherical coordinate (r,θ,φ) and do integral over r2 sin(θ)dr ·

dθ ·dφ. The extra r2 sin(θ) can be viewed as the measure. Here, I am not going to define Haar

measure rigorously. The intuitive picture for Haar measure of the unitary group can be viewed as

a uniform distribution over the unitary group. It is the unique probability measure on the unitary

group U(N) that is both left-invariant and right-invariant:

∫
Haar

dU = 1∫
Haar

f (VU)dU =
∫

Haar
f (UV )dU =

∫
Haar

f (U)dU,

(3.1)

for all V ∈ U(N), where f is an arbitrary function. So Haar random unitaries are extremely

random, and they are distributed evenly for the unitary group. In this section, I will review some

mathematics that we will use for Haar integral, and some parts are largely inspired by [RY17].
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3.2 Schur-Weyl duality

Theorem 1 Let L(H ⊗k) be the space for all linear maps A : H ⊗k → H ⊗k. Let U(H ) be the

unitary group on H . An operator A ∈ L(H ⊗k) commute with all V⊗k with V ∈U(H ) if and only

if A is a linear combination of permutation operators Wπ

[A,V⊗k] = 0,∀V ∈U(H )⇐⇒ A = ∑
π∈Sk

cπ ·Wπ, (3.2)

where Sk is the permutation group for k element. A permutation operator Wπ with permutation

π = π(1)π(2) · · ·π(k) is defined as

Wπ|a1,a2, · · · ,ak⟩= |aπ(1),aπ(1), · · · ,aπ(k)⟩. (3.3)

The Pauli string is the tensor product of Pauli operators without any global phase. For example, a

Pauli string for four qubits can be σ1203 = X ⊗Y ⊗ I ⊗Z. The Pauli operators provide a basis for

L(H ), the space of linear operators acting on Hilbert space H . Since Tr(P†
i Pj) = 2δi j, we can

expand any operator A as

A = ∑
j

a jPj, a j =
1
2

Tr(P†
j A). (3.4)

One interesting example is the cyclic permutation operator Wcyc for k copies of qubit system. We

can easily find the Pauli decomposition as

Wcyc =
1

2k−1 ∑
P1,...,Pk−1∈P

P1 ⊗P2 ⊗·· ·Pk−1 ⊗ (P1P2 · · ·Pk−1)
†, (3.5)
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where the sum is over k − 1 copies of P . In particular, we see the SWAP operator has the

decomposition:

SWAP =
1
2 ∑

P∈P
P⊗P† =

1
2
(1⊗1+X ⊗X +Y ⊗Y +Z ⊗Z). (3.6)

Using tensor diagrams, we can express the above equation as

<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

<latexit sha1_base64="CHEdA+8cIOODxbcak3b6ibNa2Ec=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIxS4Lbly2YB/QDpJJ77SxmcyQZIQy9AvcuFDErZ/kzr8xbWehrQcCh3POJfeeIBFcG9f9dgobm1vbO8Xd0t7+weFR+fiko+NUMWyzWMSqF1CNgktsG24E9hKFNAoEdoPJ7dzvPqHSPJb3ZpqgH9GR5CFn1Fip1XwoV9yquwBZJ15OKpDD5r8Gw5ilEUrDBNW677mJ8TOqDGcCZ6VBqjGhbEJH2LdU0gi1ny0WnZELqwxJGCv7pCEL9fdERiOtp1FgkxE1Y73qzcX/vH5qwrqfcZmkBiVbfhSmgpiYzK8mQ66QGTG1hDLF7a6EjamizNhuSrYEb/XkddK5qnq1qtu6rjTqeR1FOINzuAQPbqABd9CENjBAeIZXeHMenRfn3flYRgtOPnMKf+B8/gCn6YzO</latexit>

P

<latexit sha1_base64="YUyF3mBMSyDxa/ljs3+B2GwBi+0=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4Koko9ljw4rGC/YA0ls1mky7d7IbdiVBCf4YXD4p49dd489+4bXPQ1gcDj/dmmJkXZoIbcN1vZ219Y3Nru7JT3d3bPzisHR13jco1ZR2qhNL9kBgmuGQd4CBYP9OMpKFgvXB8O/N7T0wbruQDTDIWpCSRPOaUgJX89mMxiEiSMD0d1upuw50DrxKvJHVUoj2sfQ0iRfOUSaCCGON7bgZBQTRwKti0OsgNywgdk4T5lkqSMhMU85On+NwqEY6VtiUBz9XfEwVJjZmkoe1MCYzMsjcT//P8HOJmUHCZ5cAkXSyKc4FB4dn/OOKaURATSwjV3N6K6YhoQsGmVLUheMsvr5LuZcO7brj3V/VWs4yjgk7RGbpAHrpBLXSH2qiDKFLoGb2iNwecF+fd+Vi0rjnlzAn6A+fzB2knkU4=</latexit>

P †

<latexit sha1_base64="CHEdA+8cIOODxbcak3b6ibNa2Ec=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIxS4Lbly2YB/QDpJJ77SxmcyQZIQy9AvcuFDErZ/kzr8xbWehrQcCh3POJfeeIBFcG9f9dgobm1vbO8Xd0t7+weFR+fiko+NUMWyzWMSqF1CNgktsG24E9hKFNAoEdoPJ7dzvPqHSPJb3ZpqgH9GR5CFn1Fip1XwoV9yquwBZJ15OKpDD5r8Gw5ilEUrDBNW677mJ8TOqDGcCZ6VBqjGhbEJH2LdU0gi1ny0WnZELqwxJGCv7pCEL9fdERiOtp1FgkxE1Y73qzcX/vH5qwrqfcZmkBiVbfhSmgpiYzK8mQ66QGTG1hDLF7a6EjamizNhuSrYEb/XkddK5qnq1qtu6rjTqeR1FOINzuAQPbqABd9CENjBAeIZXeHMenRfn3flYRgtOPnMKf+B8/gCn6YzO</latexit>

P
<latexit sha1_base64="YUyF3mBMSyDxa/ljs3+B2GwBi+0=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4Koko9ljw4rGC/YA0ls1mky7d7IbdiVBCf4YXD4p49dd489+4bXPQ1gcDj/dmmJkXZoIbcN1vZ219Y3Nru7JT3d3bPzisHR13jco1ZR2qhNL9kBgmuGQd4CBYP9OMpKFgvXB8O/N7T0wbruQDTDIWpCSRPOaUgJX89mMxiEiSMD0d1upuw50DrxKvJHVUoj2sfQ0iRfOUSaCCGON7bgZBQTRwKti0OsgNywgdk4T5lkqSMhMU85On+NwqEY6VtiUBz9XfEwVJjZmkoe1MCYzMsjcT//P8HOJmUHCZ5cAkXSyKc4FB4dn/OOKaURATSwjV3N6K6YhoQsGmVLUheMsvr5LuZcO7brj3V/VWs4yjgk7RGbpAHrpBLXSH2qiDKFLoGb2iNwecF+fd+Vi0rjnlzAn6A+fzB2knkU4=</latexit>

P † <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

(3.7)

Here, I introduce the arrows on the line as a ”new” ingredient for the tensor diagram. The inward

and outward arrows are a good indication of the left and right basis for matrices. With this

notation, we can freely move tensors around without causing confusion. In contrast, the tensor

diagram introduced in Sec.2.2 is strictly read from left to right. As an example, we can convert

the above diagram to the following without confusion:

<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=

<latexit sha1_base64="CHEdA+8cIOODxbcak3b6ibNa2Ec=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIxS4Lbly2YB/QDpJJ77SxmcyQZIQy9AvcuFDErZ/kzr8xbWehrQcCh3POJfeeIBFcG9f9dgobm1vbO8Xd0t7+weFR+fiko+NUMWyzWMSqF1CNgktsG24E9hKFNAoEdoPJ7dzvPqHSPJb3ZpqgH9GR5CFn1Fip1XwoV9yquwBZJ15OKpDD5r8Gw5ilEUrDBNW677mJ8TOqDGcCZ6VBqjGhbEJH2LdU0gi1ny0WnZELqwxJGCv7pCEL9fdERiOtp1FgkxE1Y73qzcX/vH5qwrqfcZmkBiVbfhSmgpiYzK8mQ66QGTG1hDLF7a6EjamizNhuSrYEb/XkddK5qnq1qtu6rjTqeR1FOINzuAQPbqABd9CENjBAeIZXeHMenRfn3flYRgtOPnMKf+B8/gCn6YzO</latexit>

P

<latexit sha1_base64="YUyF3mBMSyDxa/ljs3+B2GwBi+0=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4Koko9ljw4rGC/YA0ls1mky7d7IbdiVBCf4YXD4p49dd489+4bXPQ1gcDj/dmmJkXZoIbcN1vZ219Y3Nru7JT3d3bPzisHR13jco1ZR2qhNL9kBgmuGQd4CBYP9OMpKFgvXB8O/N7T0wbruQDTDIWpCSRPOaUgJX89mMxiEiSMD0d1upuw50DrxKvJHVUoj2sfQ0iRfOUSaCCGON7bgZBQTRwKti0OsgNywgdk4T5lkqSMhMU85On+NwqEY6VtiUBz9XfEwVJjZmkoe1MCYzMsjcT//P8HOJmUHCZ5cAkXSyKc4FB4dn/OOKaURATSwjV3N6K6YhoQsGmVLUheMsvr5LuZcO7brj3V/VWs4yjgk7RGbpAHrpBLXSH2qiDKFLoGb2iNwecF+fd+Vi0rjnlzAn6A+fzB2knkU4=</latexit>

P †

<latexit sha1_base64="CHEdA+8cIOODxbcak3b6ibNa2Ec=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIxS4Lbly2YB/QDpJJ77SxmcyQZIQy9AvcuFDErZ/kzr8xbWehrQcCh3POJfeeIBFcG9f9dgobm1vbO8Xd0t7+weFR+fiko+NUMWyzWMSqF1CNgktsG24E9hKFNAoEdoPJ7dzvPqHSPJb3ZpqgH9GR5CFn1Fip1XwoV9yquwBZJ15OKpDD5r8Gw5ilEUrDBNW677mJ8TOqDGcCZ6VBqjGhbEJH2LdU0gi1ny0WnZELqwxJGCv7pCEL9fdERiOtp1FgkxE1Y73qzcX/vH5qwrqfcZmkBiVbfhSmgpiYzK8mQ66QGTG1hDLF7a6EjamizNhuSrYEb/XkddK5qnq1qtu6rjTqeR1FOINzuAQPbqABd9CENjBAeIZXeHMenRfn3flYRgtOPnMKf+B8/gCn6YzO</latexit>

P
<latexit sha1_base64="YUyF3mBMSyDxa/ljs3+B2GwBi+0=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4Koko9ljw4rGC/YA0ls1mky7d7IbdiVBCf4YXD4p49dd489+4bXPQ1gcDj/dmmJkXZoIbcN1vZ219Y3Nru7JT3d3bPzisHR13jco1ZR2qhNL9kBgmuGQd4CBYP9OMpKFgvXB8O/N7T0wbruQDTDIWpCSRPOaUgJX89mMxiEiSMD0d1upuw50DrxKvJHVUoj2sfQ0iRfOUSaCCGON7bgZBQTRwKti0OsgNywgdk4T5lkqSMhMU85On+NwqEY6VtiUBz9XfEwVJjZmkoe1MCYzMsjcT//P8HOJmUHCZ5cAkXSyKc4FB4dn/OOKaURATSwjV3N6K6YhoQsGmVLUheMsvr5LuZcO7brj3V/VWs4yjgk7RGbpAHrpBLXSH2qiDKFLoGb2iNwecF+fd+Vi0rjnlzAn6A+fzB2knkU4=</latexit>

P † <latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=
. (3.8)

A natural application of (3.8) tells us the average Pauli channel is the identity channel:

1
2 ∑

P∈P
P†AP = 1Tr(A). (3.9)
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3.3 Haar integral

When we are dealing with random unitary channels, we usually need to integrate the

unitary matrices uniformly from unitary group,

∫
Haar

(U⊗k)† ⊗U⊗kdU. (3.10)

Here I will introduce a diagrammatic approach to calculate the Haar integral above. First, let me

define the k-fold channel of an operator A ∈ L(H ⊗k) as

Φ
(k)
Haar(A) :=

∫
Haar

(U⊗k)†AU⊗kdU. (3.11)

By using the right-invariance of the Haar measure, we can show

(V⊗k)†
Φ

(k)
Haar(A)V

⊗k =
∫

Haar
f (UV )dU = Φ

(k)
Haar(A), (3.12)

and by using the left-invariance of the Haar measure, we can show

Φ
(k)
Haar

(
(V⊗k)†AV⊗k

)
=

∫
Haar

f (VU)dU = Φ
(k)
Haar(A), (3.13)

where V is any unitary matrix defined in H . From the (3.12) and (3.12), we can see Φ
(k)
Haar(A)

commute with all operators V⊗k. Utilizing Schur-Weyl theorem, we can write Φ
(k)
Haar(A) as a

linear combination of permutation operators,

Φ
(k)
Haar(A) = ∑

π∈Sk

Wπ ·uπ(A). (3.14)
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uπ(A) is a linear function of A and depending on the permutation π. So we can write it as

uπ(A) = Tr(CπA). (3.15)

Using (3.13) again, we can find

Tr(Cπ(V⊗k)†AV⊗k) = Tr(V⊗kCπ(V⊗k)†A) = Tr(CπA). (3.16)

Therefore, [Cπ,V⊗k] = 0 for ∀V . By using Schur-Weyl theorem again, we can write

Cπ = ∑
σ∈Sk

cπ,σWσ. (3.17)

And we have

Φ
(k)
Haar(A) = ∑

π,σ∈Sk

cπ,σWπ Tr(WσA). (3.18)

The coefficient cπ,σ depends on two permutation indexes, and it is called the Weingarten matrix.

To find the Weingarten matrix, we can use the fact that Φ
(k)
Haar(Wλ) =Wλ,

Wλ = ∑
π,σ

cπ,σWπ Tr(WσWλ)

= ∑
π,σ

cπ,σWπd#cycles(σλ)
(3.19)

Therefore, we have a linear equation for the Weingarten matrix,

δπ,λ = ∑
σ∈Sk

cπ,σQσ,λ, (3.20)
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with Qσ,λ = d#cycles(σλ). As we can see, the Weingarten matrix is the inverse matrix of the cycle

counting matrix Q, which is symmetric. So the k−fold channel solution is

Φ
(k)
Haar(A) = ∑

π,σ∈Sk

(Q−1)π,σWπ Tr(WσA) = ∑
π,σ∈Sk

Wg[π,σ]Wπ Tr(WσA)

= ∑
π,σ∈Sk

Wg[πσ
−1]Wπ Tr(WσA),

(3.21)

where I have introduced the Weingarten function Wg[π,σ] = (Q−1)π,σ. And in some literature,

it also has been written as Wg[π,σ] =Wg[πσ−1]. It will be more useful and intuitive to write

down Haar integral as tensor diagrams and give a diagrammatic rule for Haar integral. Like the

Feynman diagram, this will help people calculate Haar integral easier. First, I can express Haar

integral as a tensor diagram:

<latexit sha1_base64="sRRSjp86Fts2H5tAaApf9mOqlv4="></latexit>Z

Haar

U⌦k ⌦ (U†)⌦kdU

<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=
<latexit sha1_base64="jN7YrMWcvvVmEGTHNnzbzUn80A0=">AAAB9XicbVDNSsNAGPzib41Wqx69LJaCp5IIYo8FUTxWMG2hjWWz3bZLN5uwu1FKyHt48aBIr76Dj+DNt3HT9qCtAwvDzPfxzU4Qc6a043xba+sbm1vbhR17d6+4f1A6PGqqKJGEeiTikWwHWFHOBPU005y2Y0lxGHDaCsZXud96pFKxSNzrSUz9EA8FGzCCtZEeuiHWoyBIr7Ne6mW9UtmpOjOgVeIuSLle/EwqN/a00St9dfsRSUIqNOFYqY7rxNpPsdSMcJrZ3UTRGJMxHtKOoQKHVPnpLHWGKkbpo0EkzRMazdTfGykOlZqEgZnMU6plLxf/8zqJHtT8lIk40VSQ+aFBwpGOUF4B6jNJieYTQzCRzGRFZIQlJtoUZZsS3OUvr5LmedW9qDp3po0azFGAEziFM3DhEupwCw3wgICEZ3iFN+vJerHerel8dM1a7BzDH1gfP1yrlU4=</latexit>

EU

<latexit sha1_base64="PXKajKz2wzNFRJ/UNMk4sogtoZU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQUoVdQbQzYmOZgJsEkiXMTs4mY2Znl5lZIYQ8gYUWitj6KIovYOeD2Du5FJr4w8DH/5/DnHOChDOlHefLyiwtr6yuZddzG5tb2zv53b2ailNJ0aMxj2UjIAo5E+hppjk2EokkCjjWg/7lOK/folQsFtd6kKAfka5gIaNEG6vqtfMFp+RMZC+CO4PC+cfbfav4/V5p5z9bnZimEQpNOVGq6TqJ9odEakY5jnKtVGFCaJ90sWlQkAiVP5wMOrKPjNOxw1iaJ7Q9cX93DEmk1CAKTGVEdE/NZ2Pzv6yZ6vDMHzKRpBoFnX4UptzWsT3e2u4wiVTzgQFCJTOz2rRHJKHa3CZnjuDOr7wIteOSe1Jyqk6hfAFTZeEADqEILpxCGa6gAh5QQLiDR3iybqwH69l6mZZmrFnPPvyR9foD1SeRaQ==</latexit>

U
<latexit sha1_base64="PXKajKz2wzNFRJ/UNMk4sogtoZU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQUoVdQbQzYmOZgJsEkiXMTs4mY2Znl5lZIYQ8gYUWitj6KIovYOeD2Du5FJr4w8DH/5/DnHOChDOlHefLyiwtr6yuZddzG5tb2zv53b2ailNJ0aMxj2UjIAo5E+hppjk2EokkCjjWg/7lOK/folQsFtd6kKAfka5gIaNEG6vqtfMFp+RMZC+CO4PC+cfbfav4/V5p5z9bnZimEQpNOVGq6TqJ9odEakY5jnKtVGFCaJ90sWlQkAiVP5wMOrKPjNOxw1iaJ7Q9cX93DEmk1CAKTGVEdE/NZ2Pzv6yZ6vDMHzKRpBoFnX4UptzWsT3e2u4wiVTzgQFCJTOz2rRHJKHa3CZnjuDOr7wIteOSe1Jyqk6hfAFTZeEADqEILpxCGa6gAh5QQLiDR3iybqwH69l6mZZmrFnPPvyR9foD1SeRaQ==</latexit>

U
<latexit sha1_base64="cZ2o1/lw74HD3LblxVRAgejDE5I=">AAAB7XicbZDLSsNAFIYn9VbrrerSzWARuiqJILqz4sZlBXuBJpTJZNKOnWTCzEmhhD6Dblwo4tb3UHwBdz6Ie6eXhbb+MPDx/+cw5xw/EVyDbX9ZuaXlldW1/HphY3Nre6e4u9fQMlWU1akUUrV8opngMasDB8FaiWIk8gVr+v3Lcd4cMKW5jG9gmDAvIt2Yh5wSMFbDHQQSdKdYsiv2RHgRnBmUzj/e7tzy93utU/x0A0nTiMVABdG67dgJeBlRwKlgo4KbapYQ2idd1jYYk4hpL5tMO8JHxglwKJV5MeCJ+7sjI5HWw8g3lRGBnp7PxuZ/WTuF8MzLeJykwGI6/ShMBQaJx6vjgCtGQQwNEKq4mRXTHlGEgjlQwRzBmV95ERrHFeekYl/bpeoFmiqPDtAhKiMHnaIqukI1VEcU3aJ79IieLGk9WM/Wy7Q0Z8169tEfWa8/72mT0g==</latexit>...

<latexit sha1_base64="PXKajKz2wzNFRJ/UNMk4sogtoZU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQUoVdQbQzYmOZgJsEkiXMTs4mY2Znl5lZIYQ8gYUWitj6KIovYOeD2Du5FJr4w8DH/5/DnHOChDOlHefLyiwtr6yuZddzG5tb2zv53b2ailNJ0aMxj2UjIAo5E+hppjk2EokkCjjWg/7lOK/folQsFtd6kKAfka5gIaNEG6vqtfMFp+RMZC+CO4PC+cfbfav4/V5p5z9bnZimEQpNOVGq6TqJ9odEakY5jnKtVGFCaJ90sWlQkAiVP5wMOrKPjNOxw1iaJ7Q9cX93DEmk1CAKTGVEdE/NZ2Pzv6yZ6vDMHzKRpBoFnX4UptzWsT3e2u4wiVTzgQFCJTOz2rRHJKHa3CZnjuDOr7wIteOSe1Jyqk6hfAFTZeEADqEILpxCGa6gAh5QQLiDR3iybqwH69l6mZZmrFnPPvyR9foD1SeRaQ==</latexit>

U

<latexit sha1_base64="cZ2o1/lw74HD3LblxVRAgejDE5I=">AAAB7XicbZDLSsNAFIYn9VbrrerSzWARuiqJILqz4sZlBXuBJpTJZNKOnWTCzEmhhD6Dblwo4tb3UHwBdz6Ie6eXhbb+MPDx/+cw5xw/EVyDbX9ZuaXlldW1/HphY3Nre6e4u9fQMlWU1akUUrV8opngMasDB8FaiWIk8gVr+v3Lcd4cMKW5jG9gmDAvIt2Yh5wSMFbDHQQSdKdYsiv2RHgRnBmUzj/e7tzy93utU/x0A0nTiMVABdG67dgJeBlRwKlgo4KbapYQ2idd1jYYk4hpL5tMO8JHxglwKJV5MeCJ+7sjI5HWw8g3lRGBnp7PxuZ/WTuF8MzLeJykwGI6/ShMBQaJx6vjgCtGQQwNEKq4mRXTHlGEgjlQwRzBmV95ERrHFeekYl/bpeoFmiqPDtAhKiMHnaIqukI1VEcU3aJ79IieLGk9WM/Wy7Q0Z8169tEfWa8/72mT0g==</latexit>...

<latexit sha1_base64="1Acwr2fYJRPJUGFvXWYFl8hB7eA=">AAAB8nicbZDLSsNAFIYnXmu9VV26GSxCVyURRHdW3LisYNpCEstkMkmHTmbCzEQooc/gyo0LRdz6FIov4M4Hce/0stDWHwY+/v8c5pwTZowqbdtf1sLi0vLKammtvL6xubVd2dltKZFLTFwsmJCdECnCKCeuppqRTiYJSkNG2mH/YpS3b4lUVPBrPchIkKKE05hipI3luTeFH6EkIXLYrVTtuj0WnAdnCtWzj7c7v/b93uxWPv1I4DwlXGOGlPIcO9NBgaSmmJFh2c8VyRDuo4R4BjlKiQqK8chDeGicCMZCmsc1HLu/OwqUKjVIQ1OZIt1Ts9nI/C/zch2fBgXlWa4Jx5OP4pxBLeBofxhRSbBmAwMIS2pmhbiHJMLaXKlsjuDMrjwPraO6c1y3r+xq4xxMVAL74ADUgANOQANcgiZwAQYC3INH8GRp68F6tl4mpQvWtGcP/JH1+gOWl5Xp</latexit>

U †
<latexit sha1_base64="1Acwr2fYJRPJUGFvXWYFl8hB7eA=">AAAB8nicbZDLSsNAFIYnXmu9VV26GSxCVyURRHdW3LisYNpCEstkMkmHTmbCzEQooc/gyo0LRdz6FIov4M4Hce/0stDWHwY+/v8c5pwTZowqbdtf1sLi0vLKammtvL6xubVd2dltKZFLTFwsmJCdECnCKCeuppqRTiYJSkNG2mH/YpS3b4lUVPBrPchIkKKE05hipI3luTeFH6EkIXLYrVTtuj0WnAdnCtWzj7c7v/b93uxWPv1I4DwlXGOGlPIcO9NBgaSmmJFh2c8VyRDuo4R4BjlKiQqK8chDeGicCMZCmsc1HLu/OwqUKjVIQ1OZIt1Ts9nI/C/zch2fBgXlWa4Jx5OP4pxBLeBofxhRSbBmAwMIS2pmhbiHJMLaXKlsjuDMrjwPraO6c1y3r+xq4xxMVAL74ADUgANOQANcgiZwAQYC3INH8GRp68F6tl4mpQvWtGcP/JH1+gOWl5Xp</latexit>

U †

<latexit sha1_base64="1Acwr2fYJRPJUGFvXWYFl8hB7eA=">AAAB8nicbZDLSsNAFIYnXmu9VV26GSxCVyURRHdW3LisYNpCEstkMkmHTmbCzEQooc/gyo0LRdz6FIov4M4Hce/0stDWHwY+/v8c5pwTZowqbdtf1sLi0vLKammtvL6xubVd2dltKZFLTFwsmJCdECnCKCeuppqRTiYJSkNG2mH/YpS3b4lUVPBrPchIkKKE05hipI3luTeFH6EkIXLYrVTtuj0WnAdnCtWzj7c7v/b93uxWPv1I4DwlXGOGlPIcO9NBgaSmmJFh2c8VyRDuo4R4BjlKiQqK8chDeGicCMZCmsc1HLu/OwqUKjVIQ1OZIt1Ts9nI/C/zch2fBgXlWa4Jx5OP4pxBLeBofxhRSbBmAwMIS2pmhbiHJMLaXKlsjuDMrjwPraO6c1y3r+xq4xxMVAL74ADUgANOQANcgiZwAQYC3INH8GRp68F6tl4mpQvWtGcP/JH1+gOWl5Xp</latexit>

U †

<latexit sha1_base64="jN7YrMWcvvVmEGTHNnzbzUn80A0=">AAAB9XicbVDNSsNAGPzib41Wqx69LJaCp5IIYo8FUTxWMG2hjWWz3bZLN5uwu1FKyHt48aBIr76Dj+DNt3HT9qCtAwvDzPfxzU4Qc6a043xba+sbm1vbhR17d6+4f1A6PGqqKJGEeiTikWwHWFHOBPU005y2Y0lxGHDaCsZXud96pFKxSNzrSUz9EA8FGzCCtZEeuiHWoyBIr7Ne6mW9UtmpOjOgVeIuSLle/EwqN/a00St9dfsRSUIqNOFYqY7rxNpPsdSMcJrZ3UTRGJMxHtKOoQKHVPnpLHWGKkbpo0EkzRMazdTfGykOlZqEgZnMU6plLxf/8zqJHtT8lIk40VSQ+aFBwpGOUF4B6jNJieYTQzCRzGRFZIQlJtoUZZsS3OUvr5LmedW9qDp3po0azFGAEziFM3DhEupwCw3wgICEZ3iFN+vJerHerel8dM1a7BzDH1gfP1yrlU4=</latexit>

EU

<latexit sha1_base64="PXKajKz2wzNFRJ/UNMk4sogtoZU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQUoVdQbQzYmOZgJsEkiXMTs4mY2Znl5lZIYQ8gYUWitj6KIovYOeD2Du5FJr4w8DH/5/DnHOChDOlHefLyiwtr6yuZddzG5tb2zv53b2ailNJ0aMxj2UjIAo5E+hppjk2EokkCjjWg/7lOK/folQsFtd6kKAfka5gIaNEG6vqtfMFp+RMZC+CO4PC+cfbfav4/V5p5z9bnZimEQpNOVGq6TqJ9odEakY5jnKtVGFCaJ90sWlQkAiVP5wMOrKPjNOxw1iaJ7Q9cX93DEmk1CAKTGVEdE/NZ2Pzv6yZ6vDMHzKRpBoFnX4UptzWsT3e2u4wiVTzgQFCJTOz2rRHJKHa3CZnjuDOr7wIteOSe1Jyqk6hfAFTZeEADqEILpxCGa6gAh5QQLiDR3iybqwH69l6mZZmrFnPPvyR9foD1SeRaQ==</latexit>

U
<latexit sha1_base64="PXKajKz2wzNFRJ/UNMk4sogtoZU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQUoVdQbQzYmOZgJsEkiXMTs4mY2Znl5lZIYQ8gYUWitj6KIovYOeD2Du5FJr4w8DH/5/DnHOChDOlHefLyiwtr6yuZddzG5tb2zv53b2ailNJ0aMxj2UjIAo5E+hppjk2EokkCjjWg/7lOK/folQsFtd6kKAfka5gIaNEG6vqtfMFp+RMZC+CO4PC+cfbfav4/V5p5z9bnZimEQpNOVGq6TqJ9odEakY5jnKtVGFCaJ90sWlQkAiVP5wMOrKPjNOxw1iaJ7Q9cX93DEmk1CAKTGVEdE/NZ2Pzv6yZ6vDMHzKRpBoFnX4UptzWsT3e2u4wiVTzgQFCJTOz2rRHJKHa3CZnjuDOr7wIteOSe1Jyqk6hfAFTZeEADqEILpxCGa6gAh5QQLiDR3iybqwH69l6mZZmrFnPPvyR9foD1SeRaQ==</latexit>

U
<latexit sha1_base64="cZ2o1/lw74HD3LblxVRAgejDE5I=">AAAB7XicbZDLSsNAFIYn9VbrrerSzWARuiqJILqz4sZlBXuBJpTJZNKOnWTCzEmhhD6Dblwo4tb3UHwBdz6Ie6eXhbb+MPDx/+cw5xw/EVyDbX9ZuaXlldW1/HphY3Nre6e4u9fQMlWU1akUUrV8opngMasDB8FaiWIk8gVr+v3Lcd4cMKW5jG9gmDAvIt2Yh5wSMFbDHQQSdKdYsiv2RHgRnBmUzj/e7tzy93utU/x0A0nTiMVABdG67dgJeBlRwKlgo4KbapYQ2idd1jYYk4hpL5tMO8JHxglwKJV5MeCJ+7sjI5HWw8g3lRGBnp7PxuZ/WTuF8MzLeJykwGI6/ShMBQaJx6vjgCtGQQwNEKq4mRXTHlGEgjlQwRzBmV95ERrHFeekYl/bpeoFmiqPDtAhKiMHnaIqukI1VEcU3aJ79IieLGk9WM/Wy7Q0Z8169tEfWa8/72mT0g==</latexit>...

<latexit sha1_base64="PXKajKz2wzNFRJ/UNMk4sogtoZU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQUoVdQbQzYmOZgJsEkiXMTs4mY2Znl5lZIYQ8gYUWitj6KIovYOeD2Du5FJr4w8DH/5/DnHOChDOlHefLyiwtr6yuZddzG5tb2zv53b2ailNJ0aMxj2UjIAo5E+hppjk2EokkCjjWg/7lOK/folQsFtd6kKAfka5gIaNEG6vqtfMFp+RMZC+CO4PC+cfbfav4/V5p5z9bnZimEQpNOVGq6TqJ9odEakY5jnKtVGFCaJ90sWlQkAiVP5wMOrKPjNOxw1iaJ7Q9cX93DEmk1CAKTGVEdE/NZ2Pzv6yZ6vDMHzKRpBoFnX4UptzWsT3e2u4wiVTzgQFCJTOz2rRHJKHa3CZnjuDOr7wIteOSe1Jyqk6hfAFTZeEADqEILpxCGa6gAh5QQLiDR3iybqwH69l6mZZmrFnPPvyR9foD1SeRaQ==</latexit>

U

<latexit sha1_base64="cZ2o1/lw74HD3LblxVRAgejDE5I=">AAAB7XicbZDLSsNAFIYn9VbrrerSzWARuiqJILqz4sZlBXuBJpTJZNKOnWTCzEmhhD6Dblwo4tb3UHwBdz6Ie6eXhbb+MPDx/+cw5xw/EVyDbX9ZuaXlldW1/HphY3Nre6e4u9fQMlWU1akUUrV8opngMasDB8FaiWIk8gVr+v3Lcd4cMKW5jG9gmDAvIt2Yh5wSMFbDHQQSdKdYsiv2RHgRnBmUzj/e7tzy93utU/x0A0nTiMVABdG67dgJeBlRwKlgo4KbapYQ2idd1jYYk4hpL5tMO8JHxglwKJV5MeCJ+7sjI5HWw8g3lRGBnp7PxuZ/WTuF8MzLeJykwGI6/ShMBQaJx6vjgCtGQQwNEKq4mRXTHlGEgjlQwRzBmV95ERrHFeekYl/bpeoFmiqPDtAhKiMHnaIqukI1VEcU3aJ79IieLGk9WM/Wy7Q0Z8169tEfWa8/72mT0g==</latexit>...

<latexit sha1_base64="1Acwr2fYJRPJUGFvXWYFl8hB7eA=">AAAB8nicbZDLSsNAFIYnXmu9VV26GSxCVyURRHdW3LisYNpCEstkMkmHTmbCzEQooc/gyo0LRdz6FIov4M4Hce/0stDWHwY+/v8c5pwTZowqbdtf1sLi0vLKammtvL6xubVd2dltKZFLTFwsmJCdECnCKCeuppqRTiYJSkNG2mH/YpS3b4lUVPBrPchIkKKE05hipI3luTeFH6EkIXLYrVTtuj0WnAdnCtWzj7c7v/b93uxWPv1I4DwlXGOGlPIcO9NBgaSmmJFh2c8VyRDuo4R4BjlKiQqK8chDeGicCMZCmsc1HLu/OwqUKjVIQ1OZIt1Ts9nI/C/zch2fBgXlWa4Jx5OP4pxBLeBofxhRSbBmAwMIS2pmhbiHJMLaXKlsjuDMrjwPraO6c1y3r+xq4xxMVAL74ADUgANOQANcgiZwAQYC3INH8GRp68F6tl4mpQvWtGcP/JH1+gOWl5Xp</latexit>

U †
<latexit sha1_base64="1Acwr2fYJRPJUGFvXWYFl8hB7eA=">AAAB8nicbZDLSsNAFIYnXmu9VV26GSxCVyURRHdW3LisYNpCEstkMkmHTmbCzEQooc/gyo0LRdz6FIov4M4Hce/0stDWHwY+/v8c5pwTZowqbdtf1sLi0vLKammtvL6xubVd2dltKZFLTFwsmJCdECnCKCeuppqRTiYJSkNG2mH/YpS3b4lUVPBrPchIkKKE05hipI3luTeFH6EkIXLYrVTtuj0WnAdnCtWzj7c7v/b93uxWPv1I4DwlXGOGlPIcO9NBgaSmmJFh2c8VyRDuo4R4BjlKiQqK8chDeGicCMZCmsc1HLu/OwqUKjVIQ1OZIt1Ts9nI/C/zch2fBgXlWa4Jx5OP4pxBLeBofxhRSbBmAwMIS2pmhbiHJMLaXKlsjuDMrjwPraO6c1y3r+xq4xxMVAL74ADUgANOQANcgiZwAQYC3INH8GRp68F6tl4mpQvWtGcP/JH1+gOWl5Xp</latexit>

U †

<latexit sha1_base64="1Acwr2fYJRPJUGFvXWYFl8hB7eA=">AAAB8nicbZDLSsNAFIYnXmu9VV26GSxCVyURRHdW3LisYNpCEstkMkmHTmbCzEQooc/gyo0LRdz6FIov4M4Hce/0stDWHwY+/v8c5pwTZowqbdtf1sLi0vLKammtvL6xubVd2dltKZFLTFwsmJCdECnCKCeuppqRTiYJSkNG2mH/YpS3b4lUVPBrPchIkKKE05hipI3luTeFH6EkIXLYrVTtuj0WnAdnCtWzj7c7v/b93uxWPv1I4DwlXGOGlPIcO9NBgaSmmJFh2c8VyRDuo4R4BjlKiQqK8chDeGicCMZCmsc1HLu/OwqUKjVIQ1OZIt1Ts9nI/C/zch2fBgXlWa4Jx5OP4pxBLeBofxhRSbBmAwMIS2pmhbiHJMLaXKlsjuDMrjwPraO6c1y3r+xq4xxMVAL74ADUgANOQANcgiZwAQYC3INH8GRp68F6tl4mpQvWtGcP/JH1+gOWl5Xp</latexit>

U †

<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>= <latexit sha1_base64="cZ2o1/lw74HD3LblxVRAgejDE5I=">AAAB7XicbZDLSsNAFIYn9VbrrerSzWARuiqJILqz4sZlBXuBJpTJZNKOnWTCzEmhhD6Dblwo4tb3UHwBdz6Ie6eXhbb+MPDx/+cw5xw/EVyDbX9ZuaXlldW1/HphY3Nre6e4u9fQMlWU1akUUrV8opngMasDB8FaiWIk8gVr+v3Lcd4cMKW5jG9gmDAvIt2Yh5wSMFbDHQQSdKdYsiv2RHgRnBmUzj/e7tzy93utU/x0A0nTiMVABdG67dgJeBlRwKlgo4KbapYQ2idd1jYYk4hpL5tMO8JHxglwKJV5MeCJ+7sjI5HWw8g3lRGBnp7PxuZ/WTuF8MzLeJykwGI6/ShMBQaJx6vjgCtGQQwNEKq4mRXTHlGEgjlQwRzBmV95ERrHFeekYl/bpeoFmiqPDtAhKiMHnaIqukI1VEcU3aJ79IieLGk9WM/Wy7Q0Z8169tEfWa8/72mT0g==</latexit>...
<latexit sha1_base64="cZ2o1/lw74HD3LblxVRAgejDE5I=">AAAB7XicbZDLSsNAFIYn9VbrrerSzWARuiqJILqz4sZlBXuBJpTJZNKOnWTCzEmhhD6Dblwo4tb3UHwBdz6Ie6eXhbb+MPDx/+cw5xw/EVyDbX9ZuaXlldW1/HphY3Nre6e4u9fQMlWU1akUUrV8opngMasDB8FaiWIk8gVr+v3Lcd4cMKW5jG9gmDAvIt2Yh5wSMFbDHQQSdKdYsiv2RHgRnBmUzj/e7tzy93utU/x0A0nTiMVABdG67dgJeBlRwKlgo4KbapYQ2idd1jYYk4hpL5tMO8JHxglwKJV5MeCJ+7sjI5HWw8g3lRGBnp7PxuZ/WTuF8MzLeJykwGI6/ShMBQaJx6vjgCtGQQwNEKq4mRXTHlGEgjlQwRzBmV95ERrHFeekYl/bpeoFmiqPDtAhKiMHnaIqukI1VEcU3aJ79IieLGk9WM/Wy7Q0Z8169tEfWa8/72mT0g==</latexit>...

<latexit sha1_base64="cZ2o1/lw74HD3LblxVRAgejDE5I=">AAAB7XicbZDLSsNAFIYn9VbrrerSzWARuiqJILqz4sZlBXuBJpTJZNKOnWTCzEmhhD6Dblwo4tb3UHwBdz6Ie6eXhbb+MPDx/+cw5xw/EVyDbX9ZuaXlldW1/HphY3Nre6e4u9fQMlWU1akUUrV8opngMasDB8FaiWIk8gVr+v3Lcd4cMKW5jG9gmDAvIt2Yh5wSMFbDHQQSdKdYsiv2RHgRnBmUzj/e7tzy93utU/x0A0nTiMVABdG67dgJeBlRwKlgo4KbapYQ2idd1jYYk4hpL5tMO8JHxglwKJV5MeCJ+7sjI5HWw8g3lRGBnp7PxuZ/WTuF8MzLeJykwGI6/ShMBQaJx6vjgCtGQQwNEKq4mRXTHlGEgjlQwRzBmV95ERrHFeekYl/bpeoFmiqPDtAhKiMHnaIqukI1VEcU3aJ79IieLGk9WM/Wy7Q0Z8169tEfWa8/72mT0g==</latexit>...
<latexit sha1_base64="cZ2o1/lw74HD3LblxVRAgejDE5I=">AAAB7XicbZDLSsNAFIYn9VbrrerSzWARuiqJILqz4sZlBXuBJpTJZNKOnWTCzEmhhD6Dblwo4tb3UHwBdz6Ie6eXhbb+MPDx/+cw5xw/EVyDbX9ZuaXlldW1/HphY3Nre6e4u9fQMlWU1akUUrV8opngMasDB8FaiWIk8gVr+v3Lcd4cMKW5jG9gmDAvIt2Yh5wSMFbDHQQSdKdYsiv2RHgRnBmUzj/e7tzy93utU/x0A0nTiMVABdG67dgJeBlRwKlgo4KbapYQ2idd1jYYk4hpL5tMO8JHxglwKJV5MeCJ+7sjI5HWw8g3lRGBnp7PxuZ/WTuF8MzLeJykwGI6/ShMBQaJx6vjgCtGQQwNEKq4mRXTHlGEgjlQwRzBmV95ERrHFeekYl/bpeoFmiqPDtAhKiMHnaIqukI1VEcU3aJ79IieLGk9WM/Wy7Q0Z8169tEfWa8/72mT0g==</latexit>...

<latexit sha1_base64="xdRGvvoIb1JIDKKUIYS73F9QjMk=">AAAB8XicbVDLSgNBEOyNrxhf8XXyMhgET2FXED1GvHgRIpgHJkuYncwmQ2Zml5lZISw5+wNePCjiSfBvPAj+jZNNDppY0FBUddPdFcScaeO6305uYXFpeSW/Wlhb39jcKm7v1HWUKEJrJOKRagZYU84krRlmOG3GimIRcNoIBpdjv3FPlWaRvDXDmPoC9yQLGcHGSneNTtrWrCfwqFMsuWU3A5on3pSUKvt7/Yf3r+tqp/jZ7kYkEVQawrHWLc+NjZ9iZRjhdFRoJ5rGmAxwj7YslVhQ7afZxSN0ZJUuCiNlSxqUqb8nUiy0HorAdgps+nrWG4v/ea3EhOd+ymScGCrJZFGYcGQiNH4fdZmixPChJZgoZm9FpI8VJsaGVLAheLMvz5P6Sdk7Lbs3No0LmCAPB3AIx+DBGVTgCqpQAwISHuEZXhztPDmvztukNedMZ3bhD5yPH/12lBs=</latexit>

W�
<latexit sha1_base64="gptjZeepL08xAJEExspPEuIJ2Pw=">AAAB73icbVA7SwNBEJ6Lrxhf8VXZLAbBKtwJomXExkaIYB6QHGFvs0mW7O2du3NCOFLb21goYql/x0Lw37h5FJr4wcDH980wM18QS2HQdb+dzMLi0vJKdjW3tr6xuZXf3qmaKNGMV1gkI10PqOFSKF5BgZLXY81pGEheC/qXI792z7URkbrFQcz9kHaV6AhG0Ur1WittIk2GrXzBLbpjkHniTUmhtL/Xe3j/ui638p/NdsSSkCtkkhrT8NwY/ZRqFEzyYa6ZGB5T1qdd3rBU0ZAbPx3fOyRHVmmTTqRtKSRj9fdESkNjBmFgO0OKPTPrjcT/vEaCnXM/FSpOkCs2WdRJJMGIjJ4nbaE5QzmwhDIt7K2E9aimDG1EORuCN/vyPKmeFL3Tontj07iACbJwAIdwDB6cQQmuoAwVYCDhEZ7hxblznpxX523SmnGmM7vwB87HD38Lk0A=</latexit>

W⌧

<latexit sha1_base64="A5ZOVMSq+fSq7d2oqTzfGtB7O0g=">AAACBnicbVDLSsNAFJ3UV62vqEsRBlvBjSUpiC4rblxWsA9oYplMp+3QySTM3IglZOXGX3HjQhG3foM7/8bpY6GtBy4czrmXe+8JYsE1OM63lVtaXlldy68XNja3tnfs3b2GjhJFWZ1GIlKtgGgmuGR14CBYK1aMhIFgzWB4Nfab90xpHslbGMXMD0lf8h6nBIzUsQ9LHrAHSJv9rO1p3g8J9oAkd+mpm/mljl10ys4EeJG4M1JEM9Q69pfXjWgSMglUEK3brhODnxIFnAqWFbxEs5jQIemztqGShEz76eSNDB8bpYt7kTIlAU/U3xMpCbUehYHpDAkM9Lw3Fv/z2gn0LvyUyzgBJul0US8RGCI8zgR3uWIUxMgQQhU3t2I6IIpQMMkVTAju/MuLpFEpu2dl56ZSrF7O4sijA3SETpCLzlEVXaMaqiOKHtEzekVv1pP1Yr1bH9PWnDWb2Ud/YH3+AJtJmIw=</latexit>

Wg[�⌧�1]

<latexit sha1_base64="UrY621UJyyrlSztIz/CgJsGQjCQ=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoNgIWFXEMUqYpMyonlANiyzk9lkyMzsMjMrhGULG7/DzkZBEVs/wk78D2snj0ITD1w4nHMv994TxIwq7TifVm5hcWl5Jb9aWFvf2Nyyt3caKkokJnUcsUi2AqQIo4LUNdWMtGJJEA8YaQaDi5HfvCFS0Uhc62FMOhz1BA0pRtpIvl30VML91FO0x9Ghp1HiUQGv/HSQZb5dcsrOGHCeuFNSqlTp9/3X01nNtz+8boQTToTGDCnVdp1Yd1IkNcWMZAUvUSRGeIB6pG2oQJyoTjp+IoP7RunCMJKmhIZj9fdEirhSQx6YTo50X816I/E/r53o8LSTUhEnmgg8WRQmDOoIjhKBXSoJ1mxoCMKSmlsh7iOJsDa5FUwI7uzL86RxVHaPy86lSeMcTJAHRbAHDoALTkAFVEEN1AEGt+ABPIMX6856tF6tt0lrzprO7II/sN5/AOv+nLA=</latexit> X

�,⌧2Sk

. (3.22)

The inward(outward) arrows in the tensor diagram indicate the left(right) indexes of a matrix.

The inward nodes of U are labeled by one color, red, as an example. And the outward node of U

is labeled by another color, such as green. The coloring rules for U† are the opposite. And the
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Haar integral result can be represented diagrammatically in the following:

<latexit sha1_base64="sRRSjp86Fts2H5tAaApf9mOqlv4="></latexit>Z

Haar

U⌦k ⌦ (U†)⌦kdU

<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=
<latexit sha1_base64="jN7YrMWcvvVmEGTHNnzbzUn80A0=">AAAB9XicbVDNSsNAGPzib41Wqx69LJaCp5IIYo8FUTxWMG2hjWWz3bZLN5uwu1FKyHt48aBIr76Dj+DNt3HT9qCtAwvDzPfxzU4Qc6a043xba+sbm1vbhR17d6+4f1A6PGqqKJGEeiTikWwHWFHOBPU005y2Y0lxGHDaCsZXud96pFKxSNzrSUz9EA8FGzCCtZEeuiHWoyBIr7Ne6mW9UtmpOjOgVeIuSLle/EwqN/a00St9dfsRSUIqNOFYqY7rxNpPsdSMcJrZ3UTRGJMxHtKOoQKHVPnpLHWGKkbpo0EkzRMazdTfGykOlZqEgZnMU6plLxf/8zqJHtT8lIk40VSQ+aFBwpGOUF4B6jNJieYTQzCRzGRFZIQlJtoUZZsS3OUvr5LmedW9qDp3po0azFGAEziFM3DhEupwCw3wgICEZ3iFN+vJerHerel8dM1a7BzDH1gfP1yrlU4=</latexit>

EU

<latexit sha1_base64="PXKajKz2wzNFRJ/UNMk4sogtoZU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQUoVdQbQzYmOZgJsEkiXMTs4mY2Znl5lZIYQ8gYUWitj6KIovYOeD2Du5FJr4w8DH/5/DnHOChDOlHefLyiwtr6yuZddzG5tb2zv53b2ailNJ0aMxj2UjIAo5E+hppjk2EokkCjjWg/7lOK/folQsFtd6kKAfka5gIaNEG6vqtfMFp+RMZC+CO4PC+cfbfav4/V5p5z9bnZimEQpNOVGq6TqJ9odEakY5jnKtVGFCaJ90sWlQkAiVP5wMOrKPjNOxw1iaJ7Q9cX93DEmk1CAKTGVEdE/NZ2Pzv6yZ6vDMHzKRpBoFnX4UptzWsT3e2u4wiVTzgQFCJTOz2rRHJKHa3CZnjuDOr7wIteOSe1Jyqk6hfAFTZeEADqEILpxCGa6gAh5QQLiDR3iybqwH69l6mZZmrFnPPvyR9foD1SeRaQ==</latexit>

U
<latexit sha1_base64="PXKajKz2wzNFRJ/UNMk4sogtoZU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQUoVdQbQzYmOZgJsEkiXMTs4mY2Znl5lZIYQ8gYUWitj6KIovYOeD2Du5FJr4w8DH/5/DnHOChDOlHefLyiwtr6yuZddzG5tb2zv53b2ailNJ0aMxj2UjIAo5E+hppjk2EokkCjjWg/7lOK/folQsFtd6kKAfka5gIaNEG6vqtfMFp+RMZC+CO4PC+cfbfav4/V5p5z9bnZimEQpNOVGq6TqJ9odEakY5jnKtVGFCaJ90sWlQkAiVP5wMOrKPjNOxw1iaJ7Q9cX93DEmk1CAKTGVEdE/NZ2Pzv6yZ6vDMHzKRpBoFnX4UptzWsT3e2u4wiVTzgQFCJTOz2rRHJKHa3CZnjuDOr7wIteOSe1Jyqk6hfAFTZeEADqEILpxCGa6gAh5QQLiDR3iybqwH69l6mZZmrFnPPvyR9foD1SeRaQ==</latexit>

U
<latexit sha1_base64="cZ2o1/lw74HD3LblxVRAgejDE5I=">AAAB7XicbZDLSsNAFIYn9VbrrerSzWARuiqJILqz4sZlBXuBJpTJZNKOnWTCzEmhhD6Dblwo4tb3UHwBdz6Ie6eXhbb+MPDx/+cw5xw/EVyDbX9ZuaXlldW1/HphY3Nre6e4u9fQMlWU1akUUrV8opngMasDB8FaiWIk8gVr+v3Lcd4cMKW5jG9gmDAvIt2Yh5wSMFbDHQQSdKdYsiv2RHgRnBmUzj/e7tzy93utU/x0A0nTiMVABdG67dgJeBlRwKlgo4KbapYQ2idd1jYYk4hpL5tMO8JHxglwKJV5MeCJ+7sjI5HWw8g3lRGBnp7PxuZ/WTuF8MzLeJykwGI6/ShMBQaJx6vjgCtGQQwNEKq4mRXTHlGEgjlQwRzBmV95ERrHFeekYl/bpeoFmiqPDtAhKiMHnaIqukI1VEcU3aJ79IieLGk9WM/Wy7Q0Z8169tEfWa8/72mT0g==</latexit>...

<latexit sha1_base64="PXKajKz2wzNFRJ/UNMk4sogtoZU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQUoVdQbQzYmOZgJsEkiXMTs4mY2Znl5lZIYQ8gYUWitj6KIovYOeD2Du5FJr4w8DH/5/DnHOChDOlHefLyiwtr6yuZddzG5tb2zv53b2ailNJ0aMxj2UjIAo5E+hppjk2EokkCjjWg/7lOK/folQsFtd6kKAfka5gIaNEG6vqtfMFp+RMZC+CO4PC+cfbfav4/V5p5z9bnZimEQpNOVGq6TqJ9odEakY5jnKtVGFCaJ90sWlQkAiVP5wMOrKPjNOxw1iaJ7Q9cX93DEmk1CAKTGVEdE/NZ2Pzv6yZ6vDMHzKRpBoFnX4UptzWsT3e2u4wiVTzgQFCJTOz2rRHJKHa3CZnjuDOr7wIteOSe1Jyqk6hfAFTZeEADqEILpxCGa6gAh5QQLiDR3iybqwH69l6mZZmrFnPPvyR9foD1SeRaQ==</latexit>

U

<latexit sha1_base64="cZ2o1/lw74HD3LblxVRAgejDE5I=">AAAB7XicbZDLSsNAFIYn9VbrrerSzWARuiqJILqz4sZlBXuBJpTJZNKOnWTCzEmhhD6Dblwo4tb3UHwBdz6Ie6eXhbb+MPDx/+cw5xw/EVyDbX9ZuaXlldW1/HphY3Nre6e4u9fQMlWU1akUUrV8opngMasDB8FaiWIk8gVr+v3Lcd4cMKW5jG9gmDAvIt2Yh5wSMFbDHQQSdKdYsiv2RHgRnBmUzj/e7tzy93utU/x0A0nTiMVABdG67dgJeBlRwKlgo4KbapYQ2idd1jYYk4hpL5tMO8JHxglwKJV5MeCJ+7sjI5HWw8g3lRGBnp7PxuZ/WTuF8MzLeJykwGI6/ShMBQaJx6vjgCtGQQwNEKq4mRXTHlGEgjlQwRzBmV95ERrHFeekYl/bpeoFmiqPDtAhKiMHnaIqukI1VEcU3aJ79IieLGk9WM/Wy7Q0Z8169tEfWa8/72mT0g==</latexit>...

<latexit sha1_base64="1Acwr2fYJRPJUGFvXWYFl8hB7eA=">AAAB8nicbZDLSsNAFIYnXmu9VV26GSxCVyURRHdW3LisYNpCEstkMkmHTmbCzEQooc/gyo0LRdz6FIov4M4Hce/0stDWHwY+/v8c5pwTZowqbdtf1sLi0vLKammtvL6xubVd2dltKZFLTFwsmJCdECnCKCeuppqRTiYJSkNG2mH/YpS3b4lUVPBrPchIkKKE05hipI3luTeFH6EkIXLYrVTtuj0WnAdnCtWzj7c7v/b93uxWPv1I4DwlXGOGlPIcO9NBgaSmmJFh2c8VyRDuo4R4BjlKiQqK8chDeGicCMZCmsc1HLu/OwqUKjVIQ1OZIt1Ts9nI/C/zch2fBgXlWa4Jx5OP4pxBLeBofxhRSbBmAwMIS2pmhbiHJMLaXKlsjuDMrjwPraO6c1y3r+xq4xxMVAL74ADUgANOQANcgiZwAQYC3INH8GRp68F6tl4mpQvWtGcP/JH1+gOWl5Xp</latexit>

U †
<latexit sha1_base64="1Acwr2fYJRPJUGFvXWYFl8hB7eA=">AAAB8nicbZDLSsNAFIYnXmu9VV26GSxCVyURRHdW3LisYNpCEstkMkmHTmbCzEQooc/gyo0LRdz6FIov4M4Hce/0stDWHwY+/v8c5pwTZowqbdtf1sLi0vLKammtvL6xubVd2dltKZFLTFwsmJCdECnCKCeuppqRTiYJSkNG2mH/YpS3b4lUVPBrPchIkKKE05hipI3luTeFH6EkIXLYrVTtuj0WnAdnCtWzj7c7v/b93uxWPv1I4DwlXGOGlPIcO9NBgaSmmJFh2c8VyRDuo4R4BjlKiQqK8chDeGicCMZCmsc1HLu/OwqUKjVIQ1OZIt1Ts9nI/C/zch2fBgXlWa4Jx5OP4pxBLeBofxhRSbBmAwMIS2pmhbiHJMLaXKlsjuDMrjwPraO6c1y3r+xq4xxMVAL74ADUgANOQANcgiZwAQYC3INH8GRp68F6tl4mpQvWtGcP/JH1+gOWl5Xp</latexit>

U †

<latexit sha1_base64="1Acwr2fYJRPJUGFvXWYFl8hB7eA=">AAAB8nicbZDLSsNAFIYnXmu9VV26GSxCVyURRHdW3LisYNpCEstkMkmHTmbCzEQooc/gyo0LRdz6FIov4M4Hce/0stDWHwY+/v8c5pwTZowqbdtf1sLi0vLKammtvL6xubVd2dltKZFLTFwsmJCdECnCKCeuppqRTiYJSkNG2mH/YpS3b4lUVPBrPchIkKKE05hipI3luTeFH6EkIXLYrVTtuj0WnAdnCtWzj7c7v/b93uxWPv1I4DwlXGOGlPIcO9NBgaSmmJFh2c8VyRDuo4R4BjlKiQqK8chDeGicCMZCmsc1HLu/OwqUKjVIQ1OZIt1Ts9nI/C/zch2fBgXlWa4Jx5OP4pxBLeBofxhRSbBmAwMIS2pmhbiHJMLaXKlsjuDMrjwPraO6c1y3r+xq4xxMVAL74ADUgANOQANcgiZwAQYC3INH8GRp68F6tl4mpQvWtGcP/JH1+gOWl5Xp</latexit>

U †

<latexit sha1_base64="jN7YrMWcvvVmEGTHNnzbzUn80A0=">AAAB9XicbVDNSsNAGPzib41Wqx69LJaCp5IIYo8FUTxWMG2hjWWz3bZLN5uwu1FKyHt48aBIr76Dj+DNt3HT9qCtAwvDzPfxzU4Qc6a043xba+sbm1vbhR17d6+4f1A6PGqqKJGEeiTikWwHWFHOBPU005y2Y0lxGHDaCsZXud96pFKxSNzrSUz9EA8FGzCCtZEeuiHWoyBIr7Ne6mW9UtmpOjOgVeIuSLle/EwqN/a00St9dfsRSUIqNOFYqY7rxNpPsdSMcJrZ3UTRGJMxHtKOoQKHVPnpLHWGKkbpo0EkzRMazdTfGykOlZqEgZnMU6plLxf/8zqJHtT8lIk40VSQ+aFBwpGOUF4B6jNJieYTQzCRzGRFZIQlJtoUZZsS3OUvr5LmedW9qDp3po0azFGAEziFM3DhEupwCw3wgICEZ3iFN+vJerHerel8dM1a7BzDH1gfP1yrlU4=</latexit>

EU

<latexit sha1_base64="PXKajKz2wzNFRJ/UNMk4sogtoZU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQUoVdQbQzYmOZgJsEkiXMTs4mY2Znl5lZIYQ8gYUWitj6KIovYOeD2Du5FJr4w8DH/5/DnHOChDOlHefLyiwtr6yuZddzG5tb2zv53b2ailNJ0aMxj2UjIAo5E+hppjk2EokkCjjWg/7lOK/folQsFtd6kKAfka5gIaNEG6vqtfMFp+RMZC+CO4PC+cfbfav4/V5p5z9bnZimEQpNOVGq6TqJ9odEakY5jnKtVGFCaJ90sWlQkAiVP5wMOrKPjNOxw1iaJ7Q9cX93DEmk1CAKTGVEdE/NZ2Pzv6yZ6vDMHzKRpBoFnX4UptzWsT3e2u4wiVTzgQFCJTOz2rRHJKHa3CZnjuDOr7wIteOSe1Jyqk6hfAFTZeEADqEILpxCGa6gAh5QQLiDR3iybqwH69l6mZZmrFnPPvyR9foD1SeRaQ==</latexit>

U
<latexit sha1_base64="PXKajKz2wzNFRJ/UNMk4sogtoZU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQUoVdQbQzYmOZgJsEkiXMTs4mY2Znl5lZIYQ8gYUWitj6KIovYOeD2Du5FJr4w8DH/5/DnHOChDOlHefLyiwtr6yuZddzG5tb2zv53b2ailNJ0aMxj2UjIAo5E+hppjk2EokkCjjWg/7lOK/folQsFtd6kKAfka5gIaNEG6vqtfMFp+RMZC+CO4PC+cfbfav4/V5p5z9bnZimEQpNOVGq6TqJ9odEakY5jnKtVGFCaJ90sWlQkAiVP5wMOrKPjNOxw1iaJ7Q9cX93DEmk1CAKTGVEdE/NZ2Pzv6yZ6vDMHzKRpBoFnX4UptzWsT3e2u4wiVTzgQFCJTOz2rRHJKHa3CZnjuDOr7wIteOSe1Jyqk6hfAFTZeEADqEILpxCGa6gAh5QQLiDR3iybqwH69l6mZZmrFnPPvyR9foD1SeRaQ==</latexit>

U
<latexit sha1_base64="cZ2o1/lw74HD3LblxVRAgejDE5I=">AAAB7XicbZDLSsNAFIYn9VbrrerSzWARuiqJILqz4sZlBXuBJpTJZNKOnWTCzEmhhD6Dblwo4tb3UHwBdz6Ie6eXhbb+MPDx/+cw5xw/EVyDbX9ZuaXlldW1/HphY3Nre6e4u9fQMlWU1akUUrV8opngMasDB8FaiWIk8gVr+v3Lcd4cMKW5jG9gmDAvIt2Yh5wSMFbDHQQSdKdYsiv2RHgRnBmUzj/e7tzy93utU/x0A0nTiMVABdG67dgJeBlRwKlgo4KbapYQ2idd1jYYk4hpL5tMO8JHxglwKJV5MeCJ+7sjI5HWw8g3lRGBnp7PxuZ/WTuF8MzLeJykwGI6/ShMBQaJx6vjgCtGQQwNEKq4mRXTHlGEgjlQwRzBmV95ERrHFeekYl/bpeoFmiqPDtAhKiMHnaIqukI1VEcU3aJ79IieLGk9WM/Wy7Q0Z8169tEfWa8/72mT0g==</latexit>...

<latexit sha1_base64="PXKajKz2wzNFRJ/UNMk4sogtoZU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQUoVdQbQzYmOZgJsEkiXMTs4mY2Znl5lZIYQ8gYUWitj6KIovYOeD2Du5FJr4w8DH/5/DnHOChDOlHefLyiwtr6yuZddzG5tb2zv53b2ailNJ0aMxj2UjIAo5E+hppjk2EokkCjjWg/7lOK/folQsFtd6kKAfka5gIaNEG6vqtfMFp+RMZC+CO4PC+cfbfav4/V5p5z9bnZimEQpNOVGq6TqJ9odEakY5jnKtVGFCaJ90sWlQkAiVP5wMOrKPjNOxw1iaJ7Q9cX93DEmk1CAKTGVEdE/NZ2Pzv6yZ6vDMHzKRpBoFnX4UptzWsT3e2u4wiVTzgQFCJTOz2rRHJKHa3CZnjuDOr7wIteOSe1Jyqk6hfAFTZeEADqEILpxCGa6gAh5QQLiDR3iybqwH69l6mZZmrFnPPvyR9foD1SeRaQ==</latexit>

U

<latexit sha1_base64="cZ2o1/lw74HD3LblxVRAgejDE5I=">AAAB7XicbZDLSsNAFIYn9VbrrerSzWARuiqJILqz4sZlBXuBJpTJZNKOnWTCzEmhhD6Dblwo4tb3UHwBdz6Ie6eXhbb+MPDx/+cw5xw/EVyDbX9ZuaXlldW1/HphY3Nre6e4u9fQMlWU1akUUrV8opngMasDB8FaiWIk8gVr+v3Lcd4cMKW5jG9gmDAvIt2Yh5wSMFbDHQQSdKdYsiv2RHgRnBmUzj/e7tzy93utU/x0A0nTiMVABdG67dgJeBlRwKlgo4KbapYQ2idd1jYYk4hpL5tMO8JHxglwKJV5MeCJ+7sjI5HWw8g3lRGBnp7PxuZ/WTuF8MzLeJykwGI6/ShMBQaJx6vjgCtGQQwNEKq4mRXTHlGEgjlQwRzBmV95ERrHFeekYl/bpeoFmiqPDtAhKiMHnaIqukI1VEcU3aJ79IieLGk9WM/Wy7Q0Z8169tEfWa8/72mT0g==</latexit>...

<latexit sha1_base64="1Acwr2fYJRPJUGFvXWYFl8hB7eA=">AAAB8nicbZDLSsNAFIYnXmu9VV26GSxCVyURRHdW3LisYNpCEstkMkmHTmbCzEQooc/gyo0LRdz6FIov4M4Hce/0stDWHwY+/v8c5pwTZowqbdtf1sLi0vLKammtvL6xubVd2dltKZFLTFwsmJCdECnCKCeuppqRTiYJSkNG2mH/YpS3b4lUVPBrPchIkKKE05hipI3luTeFH6EkIXLYrVTtuj0WnAdnCtWzj7c7v/b93uxWPv1I4DwlXGOGlPIcO9NBgaSmmJFh2c8VyRDuo4R4BjlKiQqK8chDeGicCMZCmsc1HLu/OwqUKjVIQ1OZIt1Ts9nI/C/zch2fBgXlWa4Jx5OP4pxBLeBofxhRSbBmAwMIS2pmhbiHJMLaXKlsjuDMrjwPraO6c1y3r+xq4xxMVAL74ADUgANOQANcgiZwAQYC3INH8GRp68F6tl4mpQvWtGcP/JH1+gOWl5Xp</latexit>

U †
<latexit sha1_base64="1Acwr2fYJRPJUGFvXWYFl8hB7eA=">AAAB8nicbZDLSsNAFIYnXmu9VV26GSxCVyURRHdW3LisYNpCEstkMkmHTmbCzEQooc/gyo0LRdz6FIov4M4Hce/0stDWHwY+/v8c5pwTZowqbdtf1sLi0vLKammtvL6xubVd2dltKZFLTFwsmJCdECnCKCeuppqRTiYJSkNG2mH/YpS3b4lUVPBrPchIkKKE05hipI3luTeFH6EkIXLYrVTtuj0WnAdnCtWzj7c7v/b93uxWPv1I4DwlXGOGlPIcO9NBgaSmmJFh2c8VyRDuo4R4BjlKiQqK8chDeGicCMZCmsc1HLu/OwqUKjVIQ1OZIt1Ts9nI/C/zch2fBgXlWa4Jx5OP4pxBLeBofxhRSbBmAwMIS2pmhbiHJMLaXKlsjuDMrjwPraO6c1y3r+xq4xxMVAL74ADUgANOQANcgiZwAQYC3INH8GRp68F6tl4mpQvWtGcP/JH1+gOWl5Xp</latexit>

U †

<latexit sha1_base64="1Acwr2fYJRPJUGFvXWYFl8hB7eA=">AAAB8nicbZDLSsNAFIYnXmu9VV26GSxCVyURRHdW3LisYNpCEstkMkmHTmbCzEQooc/gyo0LRdz6FIov4M4Hce/0stDWHwY+/v8c5pwTZowqbdtf1sLi0vLKammtvL6xubVd2dltKZFLTFwsmJCdECnCKCeuppqRTiYJSkNG2mH/YpS3b4lUVPBrPchIkKKE05hipI3luTeFH6EkIXLYrVTtuj0WnAdnCtWzj7c7v/b93uxWPv1I4DwlXGOGlPIcO9NBgaSmmJFh2c8VyRDuo4R4BjlKiQqK8chDeGicCMZCmsc1HLu/OwqUKjVIQ1OZIt1Ts9nI/C/zch2fBgXlWa4Jx5OP4pxBLeBofxhRSbBmAwMIS2pmhbiHJMLaXKlsjuDMrjwPraO6c1y3r+xq4xxMVAL74ADUgANOQANcgiZwAQYC3INH8GRp68F6tl4mpQvWtGcP/JH1+gOWl5Xp</latexit>

U †

<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>= <latexit sha1_base64="cZ2o1/lw74HD3LblxVRAgejDE5I=">AAAB7XicbZDLSsNAFIYn9VbrrerSzWARuiqJILqz4sZlBXuBJpTJZNKOnWTCzEmhhD6Dblwo4tb3UHwBdz6Ie6eXhbb+MPDx/+cw5xw/EVyDbX9ZuaXlldW1/HphY3Nre6e4u9fQMlWU1akUUrV8opngMasDB8FaiWIk8gVr+v3Lcd4cMKW5jG9gmDAvIt2Yh5wSMFbDHQQSdKdYsiv2RHgRnBmUzj/e7tzy93utU/x0A0nTiMVABdG67dgJeBlRwKlgo4KbapYQ2idd1jYYk4hpL5tMO8JHxglwKJV5MeCJ+7sjI5HWw8g3lRGBnp7PxuZ/WTuF8MzLeJykwGI6/ShMBQaJx6vjgCtGQQwNEKq4mRXTHlGEgjlQwRzBmV95ERrHFeekYl/bpeoFmiqPDtAhKiMHnaIqukI1VEcU3aJ79IieLGk9WM/Wy7Q0Z8169tEfWa8/72mT0g==</latexit>...
<latexit sha1_base64="cZ2o1/lw74HD3LblxVRAgejDE5I=">AAAB7XicbZDLSsNAFIYn9VbrrerSzWARuiqJILqz4sZlBXuBJpTJZNKOnWTCzEmhhD6Dblwo4tb3UHwBdz6Ie6eXhbb+MPDx/+cw5xw/EVyDbX9ZuaXlldW1/HphY3Nre6e4u9fQMlWU1akUUrV8opngMasDB8FaiWIk8gVr+v3Lcd4cMKW5jG9gmDAvIt2Yh5wSMFbDHQQSdKdYsiv2RHgRnBmUzj/e7tzy93utU/x0A0nTiMVABdG67dgJeBlRwKlgo4KbapYQ2idd1jYYk4hpL5tMO8JHxglwKJV5MeCJ+7sjI5HWw8g3lRGBnp7PxuZ/WTuF8MzLeJykwGI6/ShMBQaJx6vjgCtGQQwNEKq4mRXTHlGEgjlQwRzBmV95ERrHFeekYl/bpeoFmiqPDtAhKiMHnaIqukI1VEcU3aJ79IieLGk9WM/Wy7Q0Z8169tEfWa8/72mT0g==</latexit>...

<latexit sha1_base64="cZ2o1/lw74HD3LblxVRAgejDE5I=">AAAB7XicbZDLSsNAFIYn9VbrrerSzWARuiqJILqz4sZlBXuBJpTJZNKOnWTCzEmhhD6Dblwo4tb3UHwBdz6Ie6eXhbb+MPDx/+cw5xw/EVyDbX9ZuaXlldW1/HphY3Nre6e4u9fQMlWU1akUUrV8opngMasDB8FaiWIk8gVr+v3Lcd4cMKW5jG9gmDAvIt2Yh5wSMFbDHQQSdKdYsiv2RHgRnBmUzj/e7tzy93utU/x0A0nTiMVABdG67dgJeBlRwKlgo4KbapYQ2idd1jYYk4hpL5tMO8JHxglwKJV5MeCJ+7sjI5HWw8g3lRGBnp7PxuZ/WTuF8MzLeJykwGI6/ShMBQaJx6vjgCtGQQwNEKq4mRXTHlGEgjlQwRzBmV95ERrHFeekYl/bpeoFmiqPDtAhKiMHnaIqukI1VEcU3aJ79IieLGk9WM/Wy7Q0Z8169tEfWa8/72mT0g==</latexit>...
<latexit sha1_base64="cZ2o1/lw74HD3LblxVRAgejDE5I=">AAAB7XicbZDLSsNAFIYn9VbrrerSzWARuiqJILqz4sZlBXuBJpTJZNKOnWTCzEmhhD6Dblwo4tb3UHwBdz6Ie6eXhbb+MPDx/+cw5xw/EVyDbX9ZuaXlldW1/HphY3Nre6e4u9fQMlWU1akUUrV8opngMasDB8FaiWIk8gVr+v3Lcd4cMKW5jG9gmDAvIt2Yh5wSMFbDHQQSdKdYsiv2RHgRnBmUzj/e7tzy93utU/x0A0nTiMVABdG67dgJeBlRwKlgo4KbapYQ2idd1jYYk4hpL5tMO8JHxglwKJV5MeCJ+7sjI5HWw8g3lRGBnp7PxuZ/WTuF8MzLeJykwGI6/ShMBQaJx6vjgCtGQQwNEKq4mRXTHlGEgjlQwRzBmV95ERrHFeekYl/bpeoFmiqPDtAhKiMHnaIqukI1VEcU3aJ79IieLGk9WM/Wy7Q0Z8169tEfWa8/72mT0g==</latexit>...

<latexit sha1_base64="xdRGvvoIb1JIDKKUIYS73F9QjMk=">AAAB8XicbVDLSgNBEOyNrxhf8XXyMhgET2FXED1GvHgRIpgHJkuYncwmQ2Zml5lZISw5+wNePCjiSfBvPAj+jZNNDppY0FBUddPdFcScaeO6305uYXFpeSW/Wlhb39jcKm7v1HWUKEJrJOKRagZYU84krRlmOG3GimIRcNoIBpdjv3FPlWaRvDXDmPoC9yQLGcHGSneNTtrWrCfwqFMsuWU3A5on3pSUKvt7/Yf3r+tqp/jZ7kYkEVQawrHWLc+NjZ9iZRjhdFRoJ5rGmAxwj7YslVhQ7afZxSN0ZJUuCiNlSxqUqb8nUiy0HorAdgps+nrWG4v/ea3EhOd+ymScGCrJZFGYcGQiNH4fdZmixPChJZgoZm9FpI8VJsaGVLAheLMvz5P6Sdk7Lbs3No0LmCAPB3AIx+DBGVTgCqpQAwISHuEZXhztPDmvztukNedMZ3bhD5yPH/12lBs=</latexit>

W�
<latexit sha1_base64="gptjZeepL08xAJEExspPEuIJ2Pw=">AAAB73icbVA7SwNBEJ6Lrxhf8VXZLAbBKtwJomXExkaIYB6QHGFvs0mW7O2du3NCOFLb21goYql/x0Lw37h5FJr4wcDH980wM18QS2HQdb+dzMLi0vJKdjW3tr6xuZXf3qmaKNGMV1gkI10PqOFSKF5BgZLXY81pGEheC/qXI792z7URkbrFQcz9kHaV6AhG0Ur1WittIk2GrXzBLbpjkHniTUmhtL/Xe3j/ui638p/NdsSSkCtkkhrT8NwY/ZRqFEzyYa6ZGB5T1qdd3rBU0ZAbPx3fOyRHVmmTTqRtKSRj9fdESkNjBmFgO0OKPTPrjcT/vEaCnXM/FSpOkCs2WdRJJMGIjJ4nbaE5QzmwhDIt7K2E9aimDG1EORuCN/vyPKmeFL3Tontj07iACbJwAIdwDB6cQQmuoAwVYCDhEZ7hxblznpxX523SmnGmM7vwB87HD38Lk0A=</latexit>

W⌧

<latexit sha1_base64="A5ZOVMSq+fSq7d2oqTzfGtB7O0g=">AAACBnicbVDLSsNAFJ3UV62vqEsRBlvBjSUpiC4rblxWsA9oYplMp+3QySTM3IglZOXGX3HjQhG3foM7/8bpY6GtBy4czrmXe+8JYsE1OM63lVtaXlldy68XNja3tnfs3b2GjhJFWZ1GIlKtgGgmuGR14CBYK1aMhIFgzWB4Nfab90xpHslbGMXMD0lf8h6nBIzUsQ9LHrAHSJv9rO1p3g8J9oAkd+mpm/mljl10ys4EeJG4M1JEM9Q69pfXjWgSMglUEK3brhODnxIFnAqWFbxEs5jQIemztqGShEz76eSNDB8bpYt7kTIlAU/U3xMpCbUehYHpDAkM9Lw3Fv/z2gn0LvyUyzgBJul0US8RGCI8zgR3uWIUxMgQQhU3t2I6IIpQMMkVTAju/MuLpFEpu2dl56ZSrF7O4sijA3SETpCLzlEVXaMaqiOKHtEzekVv1pP1Yr1bH9PWnDWb2Ud/YH3+AJtJmIw=</latexit>

Wg[�⌧�1]

<latexit sha1_base64="UrY621UJyyrlSztIz/CgJsGQjCQ=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoNgIWFXEMUqYpMyonlANiyzk9lkyMzsMjMrhGULG7/DzkZBEVs/wk78D2snj0ITD1w4nHMv994TxIwq7TifVm5hcWl5Jb9aWFvf2Nyyt3caKkokJnUcsUi2AqQIo4LUNdWMtGJJEA8YaQaDi5HfvCFS0Uhc62FMOhz1BA0pRtpIvl30VML91FO0x9Ghp1HiUQGv/HSQZb5dcsrOGHCeuFNSqlTp9/3X01nNtz+8boQTToTGDCnVdp1Yd1IkNcWMZAUvUSRGeIB6pG2oQJyoTjp+IoP7RunCMJKmhIZj9fdEirhSQx6YTo50X816I/E/r53o8LSTUhEnmgg8WRQmDOoIjhKBXSoJ1mxoCMKSmlsh7iOJsDa5FUwI7uzL86RxVHaPy86lSeMcTJAHRbAHDoALTkAFVEEN1AEGt+ABPIMX6856tF6tt0lrzprO7II/sN5/AOv+nLA=</latexit> X

�,⌧2Sk

. (3.23)

The red dots are connected with red dots with some permutation operator Wσ where σ ∈ Sk, and

the green dots are connected with green dots with some other permutation operator Wτ where

τ ∈ Sk. We need to sum σ and τ over all the permutations in permutation group Sk and each term

is weighted by Weingarten function Wg[στ−1].

3.4 Haar random states

Similarly, we can define the k−fold average of Haar random states. If |ψ⟩=U |0⟩, and

U is a Haar random unitary, then |ψ⟩ is the Haar random state or Page state. Now let’s use the

diagrammatic approach to calculate the k−fold average of Haar random states,

∫
Haar

(|ψ⟩⟨ψ|)⊗kdψ := Φ
(k)
Haar(|ψ⟩⟨ψ|⊗k) (3.24)
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<latexit sha1_base64="FluKAwFJIr6qN4F/kORqzix3CZA="></latexit>Z

Haar

(| ih |)⌦kd 

<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=
<latexit sha1_base64="jN7YrMWcvvVmEGTHNnzbzUn80A0=">AAAB9XicbVDNSsNAGPzib41Wqx69LJaCp5IIYo8FUTxWMG2hjWWz3bZLN5uwu1FKyHt48aBIr76Dj+DNt3HT9qCtAwvDzPfxzU4Qc6a043xba+sbm1vbhR17d6+4f1A6PGqqKJGEeiTikWwHWFHOBPU005y2Y0lxGHDaCsZXud96pFKxSNzrSUz9EA8FGzCCtZEeuiHWoyBIr7Ne6mW9UtmpOjOgVeIuSLle/EwqN/a00St9dfsRSUIqNOFYqY7rxNpPsdSMcJrZ3UTRGJMxHtKOoQKHVPnpLHWGKkbpo0EkzRMazdTfGykOlZqEgZnMU6plLxf/8zqJHtT8lIk40VSQ+aFBwpGOUF4B6jNJieYTQzCRzGRFZIQlJtoUZZsS3OUvr5LmedW9qDp3po0azFGAEziFM3DhEupwCw3wgICEZ3iFN+vJerHerel8dM1a7BzDH1gfP1yrlU4=</latexit>

EU

<latexit sha1_base64="PXKajKz2wzNFRJ/UNMk4sogtoZU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQUoVdQbQzYmOZgJsEkiXMTs4mY2Znl5lZIYQ8gYUWitj6KIovYOeD2Du5FJr4w8DH/5/DnHOChDOlHefLyiwtr6yuZddzG5tb2zv53b2ailNJ0aMxj2UjIAo5E+hppjk2EokkCjjWg/7lOK/folQsFtd6kKAfka5gIaNEG6vqtfMFp+RMZC+CO4PC+cfbfav4/V5p5z9bnZimEQpNOVGq6TqJ9odEakY5jnKtVGFCaJ90sWlQkAiVP5wMOrKPjNOxw1iaJ7Q9cX93DEmk1CAKTGVEdE/NZ2Pzv6yZ6vDMHzKRpBoFnX4UptzWsT3e2u4wiVTzgQFCJTOz2rRHJKHa3CZnjuDOr7wIteOSe1Jyqk6hfAFTZeEADqEILpxCGa6gAh5QQLiDR3iybqwH69l6mZZmrFnPPvyR9foD1SeRaQ==</latexit>

U
<latexit sha1_base64="PXKajKz2wzNFRJ/UNMk4sogtoZU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQUoVdQbQzYmOZgJsEkiXMTs4mY2Znl5lZIYQ8gYUWitj6KIovYOeD2Du5FJr4w8DH/5/DnHOChDOlHefLyiwtr6yuZddzG5tb2zv53b2ailNJ0aMxj2UjIAo5E+hppjk2EokkCjjWg/7lOK/folQsFtd6kKAfka5gIaNEG6vqtfMFp+RMZC+CO4PC+cfbfav4/V5p5z9bnZimEQpNOVGq6TqJ9odEakY5jnKtVGFCaJ90sWlQkAiVP5wMOrKPjNOxw1iaJ7Q9cX93DEmk1CAKTGVEdE/NZ2Pzv6yZ6vDMHzKRpBoFnX4UptzWsT3e2u4wiVTzgQFCJTOz2rRHJKHa3CZnjuDOr7wIteOSe1Jyqk6hfAFTZeEADqEILpxCGa6gAh5QQLiDR3iybqwH69l6mZZmrFnPPvyR9foD1SeRaQ==</latexit>

U
<latexit sha1_base64="cZ2o1/lw74HD3LblxVRAgejDE5I=">AAAB7XicbZDLSsNAFIYn9VbrrerSzWARuiqJILqz4sZlBXuBJpTJZNKOnWTCzEmhhD6Dblwo4tb3UHwBdz6Ie6eXhbb+MPDx/+cw5xw/EVyDbX9ZuaXlldW1/HphY3Nre6e4u9fQMlWU1akUUrV8opngMasDB8FaiWIk8gVr+v3Lcd4cMKW5jG9gmDAvIt2Yh5wSMFbDHQQSdKdYsiv2RHgRnBmUzj/e7tzy93utU/x0A0nTiMVABdG67dgJeBlRwKlgo4KbapYQ2idd1jYYk4hpL5tMO8JHxglwKJV5MeCJ+7sjI5HWw8g3lRGBnp7PxuZ/WTuF8MzLeJykwGI6/ShMBQaJx6vjgCtGQQwNEKq4mRXTHlGEgjlQwRzBmV95ERrHFeekYl/bpeoFmiqPDtAhKiMHnaIqukI1VEcU3aJ79IieLGk9WM/Wy7Q0Z8169tEfWa8/72mT0g==</latexit>...

<latexit sha1_base64="PXKajKz2wzNFRJ/UNMk4sogtoZU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQUoVdQbQzYmOZgJsEkiXMTs4mY2Znl5lZIYQ8gYUWitj6KIovYOeD2Du5FJr4w8DH/5/DnHOChDOlHefLyiwtr6yuZddzG5tb2zv53b2ailNJ0aMxj2UjIAo5E+hppjk2EokkCjjWg/7lOK/folQsFtd6kKAfka5gIaNEG6vqtfMFp+RMZC+CO4PC+cfbfav4/V5p5z9bnZimEQpNOVGq6TqJ9odEakY5jnKtVGFCaJ90sWlQkAiVP5wMOrKPjNOxw1iaJ7Q9cX93DEmk1CAKTGVEdE/NZ2Pzv6yZ6vDMHzKRpBoFnX4UptzWsT3e2u4wiVTzgQFCJTOz2rRHJKHa3CZnjuDOr7wIteOSe1Jyqk6hfAFTZeEADqEILpxCGa6gAh5QQLiDR3iybqwH69l6mZZmrFnPPvyR9foD1SeRaQ==</latexit>

U

<latexit sha1_base64="cZ2o1/lw74HD3LblxVRAgejDE5I=">AAAB7XicbZDLSsNAFIYn9VbrrerSzWARuiqJILqz4sZlBXuBJpTJZNKOnWTCzEmhhD6Dblwo4tb3UHwBdz6Ie6eXhbb+MPDx/+cw5xw/EVyDbX9ZuaXlldW1/HphY3Nre6e4u9fQMlWU1akUUrV8opngMasDB8FaiWIk8gVr+v3Lcd4cMKW5jG9gmDAvIt2Yh5wSMFbDHQQSdKdYsiv2RHgRnBmUzj/e7tzy93utU/x0A0nTiMVABdG67dgJeBlRwKlgo4KbapYQ2idd1jYYk4hpL5tMO8JHxglwKJV5MeCJ+7sjI5HWw8g3lRGBnp7PxuZ/WTuF8MzLeJykwGI6/ShMBQaJx6vjgCtGQQwNEKq4mRXTHlGEgjlQwRzBmV95ERrHFeekYl/bpeoFmiqPDtAhKiMHnaIqukI1VEcU3aJ79IieLGk9WM/Wy7Q0Z8169tEfWa8/72mT0g==</latexit>...

<latexit sha1_base64="1Acwr2fYJRPJUGFvXWYFl8hB7eA=">AAAB8nicbZDLSsNAFIYnXmu9VV26GSxCVyURRHdW3LisYNpCEstkMkmHTmbCzEQooc/gyo0LRdz6FIov4M4Hce/0stDWHwY+/v8c5pwTZowqbdtf1sLi0vLKammtvL6xubVd2dltKZFLTFwsmJCdECnCKCeuppqRTiYJSkNG2mH/YpS3b4lUVPBrPchIkKKE05hipI3luTeFH6EkIXLYrVTtuj0WnAdnCtWzj7c7v/b93uxWPv1I4DwlXGOGlPIcO9NBgaSmmJFh2c8VyRDuo4R4BjlKiQqK8chDeGicCMZCmsc1HLu/OwqUKjVIQ1OZIt1Ts9nI/C/zch2fBgXlWa4Jx5OP4pxBLeBofxhRSbBmAwMIS2pmhbiHJMLaXKlsjuDMrjwPraO6c1y3r+xq4xxMVAL74ADUgANOQANcgiZwAQYC3INH8GRp68F6tl4mpQvWtGcP/JH1+gOWl5Xp</latexit>

U †
<latexit sha1_base64="1Acwr2fYJRPJUGFvXWYFl8hB7eA=">AAAB8nicbZDLSsNAFIYnXmu9VV26GSxCVyURRHdW3LisYNpCEstkMkmHTmbCzEQooc/gyo0LRdz6FIov4M4Hce/0stDWHwY+/v8c5pwTZowqbdtf1sLi0vLKammtvL6xubVd2dltKZFLTFwsmJCdECnCKCeuppqRTiYJSkNG2mH/YpS3b4lUVPBrPchIkKKE05hipI3luTeFH6EkIXLYrVTtuj0WnAdnCtWzj7c7v/b93uxWPv1I4DwlXGOGlPIcO9NBgaSmmJFh2c8VyRDuo4R4BjlKiQqK8chDeGicCMZCmsc1HLu/OwqUKjVIQ1OZIt1Ts9nI/C/zch2fBgXlWa4Jx5OP4pxBLeBofxhRSbBmAwMIS2pmhbiHJMLaXKlsjuDMrjwPraO6c1y3r+xq4xxMVAL74ADUgANOQANcgiZwAQYC3INH8GRp68F6tl4mpQvWtGcP/JH1+gOWl5Xp</latexit>

U †

<latexit sha1_base64="1Acwr2fYJRPJUGFvXWYFl8hB7eA=">AAAB8nicbZDLSsNAFIYnXmu9VV26GSxCVyURRHdW3LisYNpCEstkMkmHTmbCzEQooc/gyo0LRdz6FIov4M4Hce/0stDWHwY+/v8c5pwTZowqbdtf1sLi0vLKammtvL6xubVd2dltKZFLTFwsmJCdECnCKCeuppqRTiYJSkNG2mH/YpS3b4lUVPBrPchIkKKE05hipI3luTeFH6EkIXLYrVTtuj0WnAdnCtWzj7c7v/b93uxWPv1I4DwlXGOGlPIcO9NBgaSmmJFh2c8VyRDuo4R4BjlKiQqK8chDeGicCMZCmsc1HLu/OwqUKjVIQ1OZIt1Ts9nI/C/zch2fBgXlWa4Jx5OP4pxBLeBofxhRSbBmAwMIS2pmhbiHJMLaXKlsjuDMrjwPraO6c1y3r+xq4xxMVAL74ADUgANOQANcgiZwAQYC3INH8GRp68F6tl4mpQvWtGcP/JH1+gOWl5Xp</latexit>

U †

<latexit sha1_base64="sfVp0i1wcwRPLjxK/82zoxxjVPI=">AAAB/HicbVC7TsMwFHV4tZRXoCOLoUJiqhwkBGMRC2OR6AM1UeW4TmvVcSLbQYrS8imwMIAQKwt/wcZv8AW4aQdoOdLVPTrnXvn6+DFnSiP0ZS0tr6yuFYrrpY3Nre0de3evqaJEEtogEY9k28eKciZoQzPNaTuWFIc+py1/eDnxW3dUKhaJG53G1AtxX7CAEayN1LXLI+RKLPqcujxvEI26dgVVUQ64SJwZqdQOWoWH2++Petf+dHsRSUIqNOFYqY6DYu1lWGpGOB2X3ETRGJMh7tOOoQKHVHlZfvwYHhmlB4NImhIa5urvjQyHSqWhbyZDrAdq3puI/3mdRAfnXsZEnGgqyPShIOFQR3CSBOwxSYnmqSGYSGZuhWSAJSba5FUyITjzX14kzZOqc1pF1yaNCzBFEeyDQ3AMHHAGauAK1EEDEJCCR/AMXqx768l6td6mo0vWbKcM/sB6/wHVhpfn</latexit>|0ih0|
<latexit sha1_base64="sfVp0i1wcwRPLjxK/82zoxxjVPI=">AAAB/HicbVC7TsMwFHV4tZRXoCOLoUJiqhwkBGMRC2OR6AM1UeW4TmvVcSLbQYrS8imwMIAQKwt/wcZv8AW4aQdoOdLVPTrnXvn6+DFnSiP0ZS0tr6yuFYrrpY3Nre0de3evqaJEEtogEY9k28eKciZoQzPNaTuWFIc+py1/eDnxW3dUKhaJG53G1AtxX7CAEayN1LXLI+RKLPqcujxvEI26dgVVUQ64SJwZqdQOWoWH2++Petf+dHsRSUIqNOFYqY6DYu1lWGpGOB2X3ETRGJMh7tOOoQKHVHlZfvwYHhmlB4NImhIa5urvjQyHSqWhbyZDrAdq3puI/3mdRAfnXsZEnGgqyPShIOFQR3CSBOwxSYnmqSGYSGZuhWSAJSba5FUyITjzX14kzZOqc1pF1yaNCzBFEeyDQ3AMHHAGauAK1EEDEJCCR/AMXqx768l6td6mo0vWbKcM/sB6/wHVhpfn</latexit>|0ih0|
<latexit sha1_base64="sfVp0i1wcwRPLjxK/82zoxxjVPI=">AAAB/HicbVC7TsMwFHV4tZRXoCOLoUJiqhwkBGMRC2OR6AM1UeW4TmvVcSLbQYrS8imwMIAQKwt/wcZv8AW4aQdoOdLVPTrnXvn6+DFnSiP0ZS0tr6yuFYrrpY3Nre0de3evqaJEEtogEY9k28eKciZoQzPNaTuWFIc+py1/eDnxW3dUKhaJG53G1AtxX7CAEayN1LXLI+RKLPqcujxvEI26dgVVUQ64SJwZqdQOWoWH2++Petf+dHsRSUIqNOFYqY6DYu1lWGpGOB2X3ETRGJMh7tOOoQKHVHlZfvwYHhmlB4NImhIa5urvjQyHSqWhbyZDrAdq3puI/3mdRAfnXsZEnGgqyPShIOFQR3CSBOwxSYnmqSGYSGZuhWSAJSba5FUyITjzX14kzZOqc1pF1yaNCzBFEeyDQ3AMHHAGauAK1EEDEJCCR/AMXqx768l6td6mo0vWbKcM/sB6/wHVhpfn</latexit>|0ih0|

<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>= <latexit sha1_base64="cZ2o1/lw74HD3LblxVRAgejDE5I=">AAAB7XicbZDLSsNAFIYn9VbrrerSzWARuiqJILqz4sZlBXuBJpTJZNKOnWTCzEmhhD6Dblwo4tb3UHwBdz6Ie6eXhbb+MPDx/+cw5xw/EVyDbX9ZuaXlldW1/HphY3Nre6e4u9fQMlWU1akUUrV8opngMasDB8FaiWIk8gVr+v3Lcd4cMKW5jG9gmDAvIt2Yh5wSMFbDHQQSdKdYsiv2RHgRnBmUzj/e7tzy93utU/x0A0nTiMVABdG67dgJeBlRwKlgo4KbapYQ2idd1jYYk4hpL5tMO8JHxglwKJV5MeCJ+7sjI5HWw8g3lRGBnp7PxuZ/WTuF8MzLeJykwGI6/ShMBQaJx6vjgCtGQQwNEKq4mRXTHlGEgjlQwRzBmV95ERrHFeekYl/bpeoFmiqPDtAhKiMHnaIqukI1VEcU3aJ79IieLGk9WM/Wy7Q0Z8169tEfWa8/72mT0g==</latexit>...
<latexit sha1_base64="cZ2o1/lw74HD3LblxVRAgejDE5I=">AAAB7XicbZDLSsNAFIYn9VbrrerSzWARuiqJILqz4sZlBXuBJpTJZNKOnWTCzEmhhD6Dblwo4tb3UHwBdz6Ie6eXhbb+MPDx/+cw5xw/EVyDbX9ZuaXlldW1/HphY3Nre6e4u9fQMlWU1akUUrV8opngMasDB8FaiWIk8gVr+v3Lcd4cMKW5jG9gmDAvIt2Yh5wSMFbDHQQSdKdYsiv2RHgRnBmUzj/e7tzy93utU/x0A0nTiMVABdG67dgJeBlRwKlgo4KbapYQ2idd1jYYk4hpL5tMO8JHxglwKJV5MeCJ+7sjI5HWw8g3lRGBnp7PxuZ/WTuF8MzLeJykwGI6/ShMBQaJx6vjgCtGQQwNEKq4mRXTHlGEgjlQwRzBmV95ERrHFeekYl/bpeoFmiqPDtAhKiMHnaIqukI1VEcU3aJ79IieLGk9WM/Wy7Q0Z8169tEfWa8/72mT0g==</latexit>...

<latexit sha1_base64="xdRGvvoIb1JIDKKUIYS73F9QjMk=">AAAB8XicbVDLSgNBEOyNrxhf8XXyMhgET2FXED1GvHgRIpgHJkuYncwmQ2Zml5lZISw5+wNePCjiSfBvPAj+jZNNDppY0FBUddPdFcScaeO6305uYXFpeSW/Wlhb39jcKm7v1HWUKEJrJOKRagZYU84krRlmOG3GimIRcNoIBpdjv3FPlWaRvDXDmPoC9yQLGcHGSneNTtrWrCfwqFMsuWU3A5on3pSUKvt7/Yf3r+tqp/jZ7kYkEVQawrHWLc+NjZ9iZRjhdFRoJ5rGmAxwj7YslVhQ7afZxSN0ZJUuCiNlSxqUqb8nUiy0HorAdgps+nrWG4v/ea3EhOd+ymScGCrJZFGYcGQiNH4fdZmixPChJZgoZm9FpI8VJsaGVLAheLMvz5P6Sdk7Lbs3No0LmCAPB3AIx+DBGVTgCqpQAwISHuEZXhztPDmvztukNedMZ3bhD5yPH/12lBs=</latexit>

W�

<latexit sha1_base64="A5ZOVMSq+fSq7d2oqTzfGtB7O0g=">AAACBnicbVDLSsNAFJ3UV62vqEsRBlvBjSUpiC4rblxWsA9oYplMp+3QySTM3IglZOXGX3HjQhG3foM7/8bpY6GtBy4czrmXe+8JYsE1OM63lVtaXlldy68XNja3tnfs3b2GjhJFWZ1GIlKtgGgmuGR14CBYK1aMhIFgzWB4Nfab90xpHslbGMXMD0lf8h6nBIzUsQ9LHrAHSJv9rO1p3g8J9oAkd+mpm/mljl10ys4EeJG4M1JEM9Q69pfXjWgSMglUEK3brhODnxIFnAqWFbxEs5jQIemztqGShEz76eSNDB8bpYt7kTIlAU/U3xMpCbUehYHpDAkM9Lw3Fv/z2gn0LvyUyzgBJul0US8RGCI8zgR3uWIUxMgQQhU3t2I6IIpQMMkVTAju/MuLpFEpu2dl56ZSrF7O4sijA3SETpCLzlEVXaMaqiOKHtEzekVv1pP1Yr1bH9PWnDWb2Ud/YH3+AJtJmIw=</latexit>

Wg[�⌧�1]

<latexit sha1_base64="UrY621UJyyrlSztIz/CgJsGQjCQ=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoNgIWFXEMUqYpMyonlANiyzk9lkyMzsMjMrhGULG7/DzkZBEVs/wk78D2snj0ITD1w4nHMv994TxIwq7TifVm5hcWl5Jb9aWFvf2Nyyt3caKkokJnUcsUi2AqQIo4LUNdWMtGJJEA8YaQaDi5HfvCFS0Uhc62FMOhz1BA0pRtpIvl30VML91FO0x9Ghp1HiUQGv/HSQZb5dcsrOGHCeuFNSqlTp9/3X01nNtz+8boQTToTGDCnVdp1Yd1IkNcWMZAUvUSRGeIB6pG2oQJyoTjp+IoP7RunCMJKmhIZj9fdEirhSQx6YTo50X816I/E/r53o8LSTUhEnmgg8WRQmDOoIjhKBXSoJ1mxoCMKSmlsh7iOJsDa5FUwI7uzL86RxVHaPy86lSeMcTJAHRbAHDoALTkAFVEEN1AEGt+ABPIMX6856tF6tt0lrzprO7II/sN5/AOv+nLA=</latexit> X

�,⌧2Sk

<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>= <latexit sha1_base64="cZ2o1/lw74HD3LblxVRAgejDE5I=">AAAB7XicbZDLSsNAFIYn9VbrrerSzWARuiqJILqz4sZlBXuBJpTJZNKOnWTCzEmhhD6Dblwo4tb3UHwBdz6Ie6eXhbb+MPDx/+cw5xw/EVyDbX9ZuaXlldW1/HphY3Nre6e4u9fQMlWU1akUUrV8opngMasDB8FaiWIk8gVr+v3Lcd4cMKW5jG9gmDAvIt2Yh5wSMFbDHQQSdKdYsiv2RHgRnBmUzj/e7tzy93utU/x0A0nTiMVABdG67dgJeBlRwKlgo4KbapYQ2idd1jYYk4hpL5tMO8JHxglwKJV5MeCJ+7sjI5HWw8g3lRGBnp7PxuZ/WTuF8MzLeJykwGI6/ShMBQaJx6vjgCtGQQwNEKq4mRXTHlGEgjlQwRzBmV95ERrHFeekYl/bpeoFmiqPDtAhKiMHnaIqukI1VEcU3aJ79IieLGk9WM/Wy7Q0Z8169tEfWa8/72mT0g==</latexit>...
<latexit sha1_base64="cZ2o1/lw74HD3LblxVRAgejDE5I=">AAAB7XicbZDLSsNAFIYn9VbrrerSzWARuiqJILqz4sZlBXuBJpTJZNKOnWTCzEmhhD6Dblwo4tb3UHwBdz6Ie6eXhbb+MPDx/+cw5xw/EVyDbX9ZuaXlldW1/HphY3Nre6e4u9fQMlWU1akUUrV8opngMasDB8FaiWIk8gVr+v3Lcd4cMKW5jG9gmDAvIt2Yh5wSMFbDHQQSdKdYsiv2RHgRnBmUzj/e7tzy93utU/x0A0nTiMVABdG67dgJeBlRwKlgo4KbapYQ2idd1jYYk4hpL5tMO8JHxglwKJV5MeCJ+7sjI5HWw8g3lRGBnp7PxuZ/WTuF8MzLeJykwGI6/ShMBQaJx6vjgCtGQQwNEKq4mRXTHlGEgjlQwRzBmV95ERrHFeekYl/bpeoFmiqPDtAhKiMHnaIqukI1VEcU3aJ79IieLGk9WM/Wy7Q0Z8169tEfWa8/72mT0g==</latexit>...

<latexit sha1_base64="xdRGvvoIb1JIDKKUIYS73F9QjMk=">AAAB8XicbVDLSgNBEOyNrxhf8XXyMhgET2FXED1GvHgRIpgHJkuYncwmQ2Zml5lZISw5+wNePCjiSfBvPAj+jZNNDppY0FBUddPdFcScaeO6305uYXFpeSW/Wlhb39jcKm7v1HWUKEJrJOKRagZYU84krRlmOG3GimIRcNoIBpdjv3FPlWaRvDXDmPoC9yQLGcHGSneNTtrWrCfwqFMsuWU3A5on3pSUKvt7/Yf3r+tqp/jZ7kYkEVQawrHWLc+NjZ9iZRjhdFRoJ5rGmAxwj7YslVhQ7afZxSN0ZJUuCiNlSxqUqb8nUiy0HorAdgps+nrWG4v/ea3EhOd+ymScGCrJZFGYcGQiNH4fdZmixPChJZgoZm9FpI8VJsaGVLAheLMvz5P6Sdk7Lbs3No0LmCAPB3AIx+DBGVTgCqpQAwISHuEZXhztPDmvztukNedMZ3bhD5yPH/12lBs=</latexit>

W�

<latexit sha1_base64="0ukvqnCT/lXcUhGchUuESC+HtVY=">AAACH3icbVDLSsNAFJ34tr6qLt0MFkE3JRFfS8WNS0VrhSaEyfSmHTqZhJkbsYT8iRt/xY0LRcSdf+O0ZuHrwMDhnHu4c0+USWHQdT+cicmp6ZnZufnawuLS8kp9de3apLnm0OKpTPVNxAxIoaCFAiXcZBpYEkloR4PTkd++BW1Eqq5wmEGQsJ4SseAMrRTWD3wJMW77Jk/Cwpc22GW+UPQyLAZl6SPcYdHulZ3KCnwten3cCesNt+mOQf8SryINUuE8rL/73ZTnCSjkkhnT8dwMg4JpFFxCWfNzAxnjA9aDjqWKJWCCYnxfSbes0qVxqu1TSMfq90TBEmOGSWQnE4Z989sbif95nRzjo6AQKssRFP9aFOeSYkpHZdGu0MBRDi1hXAv7V8r7TDOOttKaLcH7ffJfcr3b9Pab7sVe4/ikqmOObJBNsk08ckiOyRk5Jy3CyT15JM/kxXlwnpxX5+1rdMKpMuvkB5yPT9g1pBU=</latexit> X

�2Sk

Wg[�]

!
<latexit sha1_base64="4wXBVDZ3NdoAJ34689onvJ2hur8=">AAAB/XicbVDJSgNBEK2JW4xbXG5eGoPgKcyIoseIF48RzQKZYejp9CRNunuG7h4hDsFf8eJBEa/+hzf/xs5y0MQHBY/3qqiqF6WcaeO6305haXllda24XtrY3NreKe/uNXWSKUIbJOGJakdYU84kbRhmOG2nimIRcdqKBtdjv/VAlWaJvDfDlAYC9ySLGcHGSmH5wNeZCHNfs57APpPoLhyMwnLFrboToEXizUgFZqiH5S+/m5BMUGkIx1p3PDc1QY6VYYTTUcnPNE0xGeAe7VgqsaA6yCfXj9CxVbooTpQtadBE/T2RY6H1UES2U2DT1/PeWPzP62QmvgxyJtPMUEmmi+KMI5OgcRSoyxQlhg8twUQxeysifawwMTawkg3Bm395kTRPq9551b09q9SuZnEU4RCO4AQ8uIAa3EAdGkDgEZ7hFd6cJ+fFeXc+pq0FZzazD3/gfP4ArOeVWw==</latexit> X

�2Sk

<latexit sha1_base64="P66qSVZe3WXL2/3HV3RyX0gyXug=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqXnTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpF2repdVt3lRqdfyOIpwAqdwDh5cQR3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A4lPjLU=</latexit>=
<latexit sha1_base64="mTu5infr+jz6jbYrgjSww69mrws=">AAACAXicbZDLSsNAFIZP6q3WW9SN4GawCK5KIoouK25cVrAXaEKYTCft0JkkzEyEEurGV3HjQhG3voU738ZpG0Rbfxj4+M85nDl/mHKmtON8WaWl5ZXVtfJ6ZWNza3vH3t1rqSSThDZJwhPZCbGinMW0qZnmtJNKikXIaTscXk/q7XsqFUviOz1KqS9wP2YRI1gbK7APiKcyEeSeYn2Bx+0fCuyqU3OmQovgFlCFQo3A/vR6CckEjTXhWKmu66Taz7HUjHA6rniZoikmQ9ynXYMxFlT5+fSCMTo2Tg9FiTQv1mjq/p7IsVBqJELTKbAeqPnaxPyv1s10dOnnLE4zTWMyWxRlHOkETeJAPSYp0XxkABPJzF8RGWCJiTahVUwI7vzJi9A6rbnnNef2rFq/KuIowyEcwQm4cAF1uIEGNIHAAzzBC7xaj9az9Wa9z1pLVjGzD39kfXwDg9eXkQ==</latexit>

c
X

�

W�

(3.25)

In the second equal sign, I have used the fact that no matter what is the permuation connec-

tion for the green dots, it will always result in one. In addition, for a fixed permutation σ,

∑τ∈Sk
Wg[στ−1] = ∑λ∈Sk

Wg[λ]. In the last equal sign, I define c = ∑λ∈Sk
Wg[λ]. If we take a

trace of (3.25). We see

c =
1

∑σ∈Sk
d#cycles(σ)

=
1

k!C(k+d −1,k)
, (3.26)

where C(k+d −1,k) =
(k+d −1)!
k!(d −1)!

is the binomial coefficient. As a byproduct, we also derived

the following equality,

∑
σ∈Sk

Wg[σ] =
1

∑σ∈Sk
d#cycles(σ)

=
1

k!C(k+d −1,k)
. (3.27)
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3.5 Unitary design and frame potential

As we have discussed, a Haar random matrix ensemble can be viewed as a uniform

distribution of random unitary matrices. Considering an arbitrary ensemble of unitary E =

{Ui|p(Ui) = pi}, unitary design is a quantitative measure of how random the ensemble is. We

call an ensemble unitary t-design if and only if the ensemble cannot be distinguished with Haar

random ensemble up to tth moment. That is the t-fold channel with respect to E ,

Φ
(t)
E (A) := ∑

j
p j(U⊗t

j )†A(U j)
⊗t , (3.28)

is the same as Haar random t-fold channel up to t, i.e. Φ
(t)
E (A) = Φ

(t)
Haar(A). Since Pauli strings

are basis for operators A, an ensemble is t-design if and only if Φ
(t)
E (P) = Φ

(t)
Haar(P),∀P ∈ (P )⊗t .

Therefore, we have another useful criteria,

E is t-design ⇐⇒ Φ
(t)
E (P) is a linear combination of Wπ for ∀P ∈ (P )⊗t . (3.29)

The definition of unitary t-design does not tell people how to check whether an ensemble is

t-design efficiently, since the Pauli group P⊗t has exponentially many elements. Now let me

introduce frame potential as a single quantity for characterizing unitary t-design.

Considering an ensemble of unitaries E , the tth frame potential is defined as

F(t)
E :=

1
|E |2 ∑

U,V∈E
|Tr(U†V )|2k, (3.30)

where |E | is the cardinality of E .

Theorem 2 For any ensemble E of unitaries,

F(t)
E ≥ F(t)

Haar. (3.31)
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The equal sign is satisfied if and only if E is t-design.

A simple and insightful proof is given by [RY17, Sco08]. Considering S =
∫

E(U
†)⊗t ⊗U⊗tdU −∫

Haar(U
†)⊗t ⊗U⊗tdU , we have

0 ≤ Tr(S†S) =
∫

U∈E

∫
V∈E

dUdV |Tr(U†V )|2t −2
∫

U∈E

∫
V∈Haar

dUdV |Tr(U†V )|2t

+
∫

U∈Haar

∫
V∈Haar

dUdV |Tr(U†V )|2t .

(3.32)

By utilizing the invariance of Haar measure,

2
∫

U∈E

∫
V∈Haar

dUdV |Tr(U†V )|2t

= 2
∫

U∈E

∫
V∈Haar

∫
W,W ′∈Haar

dWdW ′dUdV |Tr(U†W ′†VW †)|2t

= 2
∫

U∈E

∫
V∈Haar

∫
W,W ′∈Haar

dWdW ′dUdV |Tr(W †U†W ′†V )|2t

= 2
∫

V∈Haar

∫
W∈Haar

dWdV |Tr(W †V )|2t

= 2F(t)
Haar

(3.33)

Therefore, we have

0 ≤ Tr(S†S) = F(t)
E −2F(t)

Haar +F(t)
Haar = F(t)

E −F(t)
Haar

⇐⇒ F(t)
E ≥ F(t)

Haar.

(3.34)

In particular, using tensor diagram, we can easily calculate F(t)
Haar = t!. So the frame potential can

be a character for the complexity of an unitary ensemble E .
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Chapter 4

Machine learning

4.1 Basic concepts

Artificial intelligence is not a new concept. After the birth of computers and computer

programs, people are interested in whether a machine can achieve human performance in some

tasks, such as chess playing and recognition of objects. The traditional methods mainly focus

on designing algorithms or computer programs that can be carried out by machines in order

to achieve some tasks. However, this path is not very successful, even for solving tasks that

seem to be easy for a human, such as recognizing objects in pictures. In the meantime, there is

another school that advocates artificial intelligence can be built with units emulating the function

of neurons in the brain [CHhH02, KSH17b, LBBH98, LBD+89, LBD+90]. With millions of

artificial neurons connected together, complicated behaviors of the (artificial) neural network can

emerge. This philosophy is really similar to that in modern condensed matter physics, where

emergence is an important topic [And72]. A simple neural network is shown in Fig. 4.1, where

each colored nodes are the artificial neuron, and the arrows indicate the connectivity between

neurons. Now let me explain what I mean by artificial neurons and their connectivity.

In neuroscience, it is widely believed that information is carried by the electrical signal

46



<latexit sha1_base64="R6SYemQAPoUrzZLqp7p+3fLvJSc=">AAAB+3icbVDLSgNBEJyNrxhfMR69DAbBU9gVRY8RLwoeIpgHJCHMTjrJkNnZZaZXEpb9FS8eFPHqj3jzb5xNctBoQUNR1U13lx9JYdB1v5zcyura+kZ+s7C1vbO7V9wvNUwYaw51HspQt3xmQAoFdRQooRVpYIEvoemPrzO/+QjaiFA94DSCbsCGSgwEZ2ilXrHUQZhgcquiGOkdm4JOe8WyW3FnoH+JtyBlskCtV/zs9EMeB6CQS2ZM23Mj7CZMo+AS0kInNhAxPmZDaFuqWACmm8xuT+mxVfp0EGpbCulM/TmRsMCYaeDbzoDhyCx7mfif145xcNlNRPYYKD5fNIglxZBmQdC+0MBRTi1hXAt7K+UjphlHG1fBhuAtv/yXNE4r3nnFvT8rV68WceTJITkiJ8QjF6RKbkiN1AknE/JEXsirkzrPzpvzPm/NOYuZA/ILzsc3YqeUqA==</latexit>

Input Layer
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Figure 4.1: A cartoon of feedforward neural network. Each colored node represents a neuron,
and its state can be labeled by a real number xi ∈ R, hi ∈ R, and yi ∈ R. The arrows indicate
connectivity between neurons, and they can be representated using real matrices W(i).

or action potential of neurons. Each neuron receives the signal from other neurons through its

dendrites and processes the signal. Then it will pass information to other neurons via synapses.

A simple mathematical model for the neural is the linear-nonlinear model. The state of each

neuron is specified by a real number y ∈R. First, it will receive a signal from its parent neurons.

For example, the neuron h1 in Fig. 4.1 has three parents: x1, x2 and x3. They pass their state

information to h1 through a linear channel:

h1 =W (1)
11 x1 +W (1)

12 x2 +W (1)
13 x3 +b(1)1 . (4.1)

Each coefficient can be viewed as connectivity between neurons. If the coefficient is positive and

large, it means they have a strong bond. Then the neuron will process the received signal via a

nonlinear activation function f (h1), such as sigmoid function fa,b(h1) =
1

1+ e−a(h1−b)
. If we list

the state of neurons as a column vector, the hidden layer neurons will have states

h⃗ = fθ(W (1)x⃗+ b⃗(1)), (4.2)
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and the output neurons will have states,

y⃗ = FΘ(⃗x) = fθ

(
W (2)( fθ(W (1)x⃗+ b⃗(1)))+ b⃗(2)

)
, (4.3)

where θ denotes some parameters in the activation function, and Θ is all parameters, including W

and b⃗ in general. As we can imagine, if we have more and more units in the system, the behavior

of FΘ(⃗x) is more and more complicated. And it is amazing that people prove the universal

approximation theorem for a single hidden layer feed-forward neural network, whose architecture

is shown in Fig. 4.1. The theorem states that with enough hidden neurons in the middle, FΘ(⃗x)

can approximate any continuous function on compact space of the input space Rn. This universal

approximation theorem lies the foundation of modern machine learning. The neural network

FΘ(⃗x) can approximate any continuous functions with nice properties don’t tell people how to

find the parameters Θ. Before we discuss this problem in the next section, let me first define some

common classes of machine learning models.

The classes of machine learning models are defined based on the tasks. And the three

common machine learning models are: supervised machine learning models, unsupervised

machine learning models, and reinforcement learning models.

In supervised machine learning, the dataset constitutes pairs of data {⃗xi, y⃗i}, and the

learning task is to predict new y⃗ given input x⃗ that is not in the dataset. People usually assume

there is a pattern between x⃗ and y⃗, and loosely speaking there is a map y⃗= f (⃗x). So mathematically,

machine learning of this pattern from the data is equivalent to finding the parameters Θ of the

neural network such that FΘ(·) approximate f (·). It is called supervised machine learning

because the machine has access to correct {⃗yi} in the dataset, which serves as a supervisor. For

example, pattern recognition in computer vision is supervised machine learning. {⃗xi} can be

the input images, and {⃗yi} are the category of object in the images, such as car, cat or dog. In

condensed matter physics, the classification of phases of matter is an important task. Here we
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could assign system configurations as input {⃗xi} and the output {yi} is the phase label of the

system [CM17b, KDK+21, HG20, CCMK17, DSDD19].

As the name suggested, in unsupervised machine learning, the dataset is pure {⃗xi}. We

assume all the data are independently sampled from identical hidden distribution P(⃗x). So the

learning task for the machine is to find the best parameters Θ for neural network ansatz PΘ(⃗x), such

that PΘ(·) approximates P(·). For example, in computer vision, people have billions of human

face images, and those images form an empirical distribution of human faces. Computer scientists

want the neural network ansatz PΘ(·) to approximate the empirical distribution, such that they can

use PΘ(·) to generate new human faces that look really real. And it is also called the generative

model. In physics, usually the distribution of field configurations is determined by the Hamiltonian

of the system, P(⃗x) = e−βH (⃗x)/Z. However, sampling field configurations from this distribution

can be hard. Especially when the system is critical and possesses (quasi-) long-range correlations,

the Monte Carlo simulation can suffer from the critical slowing down. So physicists have use

neural network models PΘ(⃗x) to learn the true distribution and propose efficient sampling scheme

with unsupervised machine learning [LW18, HLWY20, AKS19, KAB+20, AKR+21, HHA+21].

In reinforcement learning, usually, there is no dataset beforehand. What we have is an

environment, and we want the agent to achieve some tasks in the environment. For example,

we want the agent to drive the car safely. The neural network usually constitutes a policy

πΘ(a|s), which tells the agent what the action a to take if the current environment is in state s.

Usually there is reward function r(s,a) for the agent based on the current environment s and

the action chosen by the agent a. The agent learns optimal policy by setting parameters Θ in

the neural network through the interactions with the environment. For example, game playing

is a perfect task for reinforcement learning. And it is amazing to see a trained machine with

no human knowledge can beat the world champion in the game of Go. In physics, there are

various control problems, such as how to find the best quantum control to mitigate quantum

errors and decoherence. Those type of questions are suitable for reinforcement learning models
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[AN17, WMD21, KPR20, SQC+21, KHMZ+20].

4.2 Differential programming

In the previous section, I have introduced basic concepts of neural networks and different

machine learning models. In all of them, we can view the neural network as a parameterized

function FΘ(·). The learning tasks usually define an objective function L(Θ) that we want to

minimize. And the learning of neural networks is to find the best parameters Θ∗ such that L(Θ∗)

is minimized. There are three engines in modern machine learning: 1) big data, 2) efficient

hardware, and 3) differential programming platform. The first two are easy to understand. Big

data make the empirical loss function more accurate. And in order to handle big data faster, we

need efficient hardware, such as GPU and TPU. But what is differential programming? In order

to answer this, we need to understand how to find optimal parameters Θ in the neural network.

All the fancy methods used in neural network optimization today have the root from

gradient descent. In order to find the (sub-)optimal Θ, we can update each parameter according

to its gradient,

Θi → Θi −α
∂L
∂Θi

. (4.4)

However, it would be very slow if one chose to use finite difference method
∆L
∆Θi

≈ ∂L
∂Θi

, since a

neural network usually contains millions of parameters. In addition, the finite difference method

also introduces errors in the estimation of gradients. If we don’t want to run the program a million

times to get the gradient of all the parameters, what should we do? The answer is differential

programming.

Differential programming is a new paradigm of computing. By utilizing the differen-

tiable nature of elementary operations with chain rule in calculus, the computer program can
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Figure 4.2: A cartoon of computation graph. Every computer program can be represented as a
direct acyclic graph, which is called computation graph. The nodes are variables or parameters
in the computation. The black arrows define the operations in the forward pass. And the red
arrows define the gradient flow in the backward pass.

automatically construct an adjoint program that calculates the exact gradient with respect to any

parameters in the program. The meaning of this definition will be more clear with an example.

Suppose we want to write a computer program that calculates

L = (x2
1θ1 +θ2)

2, (4.5)

where θ1 and θ2 are parameters to be optimized, and L is the minimization objective function.

In order to do gradient descent, we need ∂L/∂θ1 and ∂L/∂θ1. As we said before, the finite

difference estimation is not satisfied because we need to do finite-difference O(N) times for N

parameters, and it introduces finite difference errors. If we have learned calculus, then we can

calculate the gradient analytically,

∂L
∂θ1

= 2(x2
1θ1 +θ2) · x2

1,

∂L
∂θ2

= 2(x2
1θ1 +θ2).

(4.6)

In deriving (4.6), we have implicitly used the chain rules. When the number of parameters θi

is small and the program is easy, we can perform this analysis manually. However, in modern

neural networks, there are millions or billions of parameters, and the structure of the program
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is complicated. Therefore, differential programming utilizes the calculus chain rule and helps

us calculate those gradients in a systematic way. In differential programming, the computer

will represent the program as a direct acyclic graph (DAG), where each node stores the value

of the parameters or variables, and the black arrows are elementary differentiable operations,

such as sin(·), and (·)2. For example, the computer graph of (4.5) is shown in Fig. 4.2. The black

arrows are elementary differentiable operators. For example, the computer transform (4.5) into

the following steps: (1) x2 = x2
1θ1, (2) x3 = x2 +θ2, and (3) L = x2

3.

After the computer compiles the computation graph, it will construct the adjoint computa-

tion graph indicated by the red arrows. The adjoint variable is defined as the gradient x̄ = ∂L/∂x,

and the output adjoint variable is defined as one, i.e. L̄ = ∂L/∂L = 1. The computer will

construct the adjoint computation graph backward, and

x̄ = ∑
yi∈{parent(x)}

ȳi
∂yi

∂x
, (4.7)

For any node, the its parent nodes {parent(x)} can be found via computation graph, and the differ-

ential programming platform already encodes the gradient of every elementary computations, for

example d(x2)/dx = 2x. So ∂yi/∂x is carried out automatically by the differential programming

platform. Therefore, after we write the computer program, it will be compiled into a forward

computation graph and a backward adjoint computation graph. Each time when we run the

forward graph with input x1, θ1, θ2, intermediate results like x2, and x3 will be stored. And it

will only run the backward graph once to get all the gradient ∂L/∂θi. This new paradigm of

computing solves two important issues: 1) gradients with respect to many parameters will be

calculated with just one run, and 2) the gradients are accurate without finite-difference errors.

In modern days, with the help of differential programming platforms, like PyTorch [PGM+19],

TensorFlow [AAB+15b], Jax [BFH+18], people only need to program the forward operations

like what they used to do, and the backward computation graph is automatically constructed. And
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this new paradigm of computing will influence many aspects of physics, such as optimization,

variational inference, and optimal control.

4.3 Backpropagating through continuous and discrete samples

As we have seen in the previous section, the main engine of modern deep learning is the

gradient chain rule. And if the neural network is simply a parameterized continuous function

FΘ(⃗x), then it is straightforward to calculate the gradients
∂FΘ(⃗x)

∂Θ
with auto-differentiation. This

is usually the case for supervised machine learning, where the dataset usually contains pairs

{(⃗xi,yi)}. The yi are supervised signals, and it is usually assumed there is a underlying relation

between inputs and signals, i.e. F (⃗xi,yi). The goal of supervised machine learning is to use neural

network as a variational ansatz FΘ(⃗x) and choose the parameters Θ such that FΘ ≈ F . However,

not all neural networks are deterministic. The idea of machine learning is more interesting and

powerful when it involves stochastic process and sampling, which is often the case in unsupervised

machine learning, generative modeling, and reinforcement learning. In those cases, we may

need to backpropagate the gradient through samples from a parameterized distribution. More

specifically, we want to minimize an expected loss

L(θ,φ) = Ex∼pφ(x)[ fθ(x)]. (4.8)

In order to optimize this loss function with gradient descent, we will need an efficient method to

calculate

1. ∇θL(θ,φ) = Ex∼pφ(x)[∇θ fθ(x)],

2. ∇φL(θ,φ) =
∫

x ∇φ pφ(x) fθ(x)dx.

We see the first type of gradients is easier because we can use Monte Carlo simulation to

estimate ∇θL(θ,φ). So the only two requirements are: 1. fθ(x) is a differentiable function with
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respect to x and 2. we can get samples from pφ(x) efficiently. The second type of gradients

is not straightforward to calculate, since it does not form an expectation value. Therefore, we

cannot use Monte Carlo sampling to get it. In the following, I am going to briefly review three

techniques to tackle the gradient of the second type: 1. Score function estimator (REINFORCE),

2. Reparameterization trick and 3. Gumbel-softmax trick.

REINFORCE [Wil92]: The score function estimator is also called REINFORCE because it is

a trick that usually appears in the reinforcement learning. By utilizing the property, ∇φ pφ(x) =

pφ(x)∇φ log pφ(x), we can rewrite the gradient as

∇φL(θ,φ) =
∫

x
fθ(x)∇φ pφ(x)dx

=
∫

x
fθ(x)∇φ log(pφ(x))pφ(x)dx

= Ex∼pφ

[
fθ(x)∇φ log pφ(x)

]
.

(4.9)

With the above trick, we can again use Monte Carlo to estimate the gradient. The above equation

can be incorporated with the auto-differentiation (auto-diff) platform. In the forward calculation,

we want to sample x from pφ(x) and estimate Ex∼pφ
[ fθ(x)]. And in the backward calculation, we

want the auto-diff platform automatically calculate Ex∼pφ

[
fθ(x)∇φ log pφ(x)

]
. To achieve this,

we define

rφ(x) = log pφ(x)+(1− log pφ(x)).detach, (4.10)

where (A).detach creates a flag such that A is detached from the backpropgation graph. REIN-

FORCE method sometimes can have large variance. To mitigate this effect, one can substract a

baseline from it,

∇φL(θ,φ) = Ex∼pφ

[
( fθ(x)−b(x))∇φ log pφ(x)

]
+Ex∼pφ

[b(x)]. (4.11)
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Reparameterization trick [KW14]: Sometime, the random variable x can be reparameterized

as a deterministic function g that takes φ and a random variable ε that does not depend on φ as

input, i.e. x = g(φ,ε). One famous example is the Gaussian random variable x ∼ N (µ(φ),σ2(φ))

can be rewritten as x = µ(φ)+σ2(φ)∗ ε, and ε ∼ N (0,1). With reparameterization trick, we can

rewrite the gradient as

∇φL(θ,φ) = ∇φEε∼p(ε) [ fθ(g(φ,ε))]

= Eε∼p(ε)

[
f
′
θ(g(φ,ε))∇φg(φ,ε)

]
.

(4.12)

One should notice, the requirement for reparameterization trick is fθ(x) must be differentiable

with respect to x, and g(φ,ε) must exist and be differentiable with respect to φ.

Gumbel-softmax [JGP17]: This method can be viewed as a reparameterization trick for

the discrete samples. Let discrete random variable x ∼ Cat(π1, . . . ,πk) follow a categorical

distribution, where πi is the probability of x in category i. One way of sampling this discrete

variable is utilizing the accumulated distribution. Let η∼Uniform[0,1], and x = {max i|π1+π2+

· · ·+πi−1 ≤ η}. With the reparameterization trick, a categorical random variable with distribution

Cat(π1, . . . ,πk) can also be reparameterized as a deterministic function acting on probability

values πi and a random variable εi ∼ Gumbel[0,1] following the Gumbell distribution. The

Gumbell random variable can be obtained via εi ∼− log(− log(ηi)), where ηi ∼ Uniform[0,1].

Then it can be shown that the random variable

x := g(⃗π,⃗ε) = argmaxk(logπk + εk), (4.13)

with εk ∼ Gumbel[0,1] will follow the correct categorical distribution Cat(⃗π). The reparameteri-

zation trick has successfully separate the effect of randomness and parameter of distributions. And

it is usually referred as Gumbell-max trick. However, the argmax function is not differentiable.
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To make it differentiable, people use softmax function to approximate it. More precisely, one can

define a Gumbell-softmax random variable,

xk = Softmax((logπk + εk)/τ) =
exp((logπk + εk)/τ)

∑k exp((logπk + εk)/τ)
. (4.14)

In above, we introduce a hyper-parameter τ called temperature, since it resembles the temperature

of Fermi-Dirac distribution. When τ → 0, one can see random variable xk will become a one-hot

vector that follows the categorical distribution Cat(⃗π). And when τ → ∞, it will become a uniform

distribution. In practice, people usually choose τ ∼ 1/N, where N is the number of categories.

With Gumbell-max and softmax, now the gradient can be backpropagate through the discrete

samples. As a summary, I list the comparison of different tricks in the Table.4.1.

Table 4.1: Summary of different methods to backpropagate gradient through samples.

Method Continuous or Discrete Exact p(x) ∇x fθ(x) must exist
REINFORCE Both Yes No

Reparameterization Continuous Yes Yes
Gumbell-softmax Discrete No Yes
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Part II

Classical shadow representation of

quantum states
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Chapter 5

Hamiltonian-driven shadow tomography of

quantum states

5.1 Introduction

Quantum state tomography [VR89, JKMW01, CFS02, PR04, RLR+04, CW20] is an

essential quantum technology underlying the characterization of quantum devices and the discrim-

ination of quantum states. It aims to reconstruct the density matrix from repeated measurements

of identically prepared copies of a quantum system. While the complexity of exact tomog-

raphy of the full density matrix scales exponentially with the system size due to the curse

of dimensionality[HHJ+17a], approximate tomography with polynomial complexity has been

developed with assumptions of the underlying quantum state, including matrix product state

tomography[CPF+10a, LMH+17b, WHW+17], reduced density matrix tomography[LPW02,

LW02, CJR+12, CJZZ12, XLC+19, Di4], and machine learning tomography[TMC+18b, TM18,

CTMA18, XX18, QFK18, TTv+19, CLP+19, CGW+20, NFJ+20].

Among various tomography schemes, shadow tomography[BKL+17, Aar17, AR19,

HKP20, ZRM20, EG20a, EKH+20, CYZF20a, ZZL20, SZK+21, GZJ21] has recently attracted
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much research attention. Given a copy of a N-qubit quantum system described by the density

matrix ρ, the shadow tomography protocol first performs a random unitary transformation U

on the state ρ → ρ′ =UρU†, then measures the transformed state ρ′ in the computational basis

(i.e. simultaneously measuring the Pauli-Z operator on every qubit), as illustrated in Fig. 6.1. After

the measurement, the system collapses to a pure state |b⟩ labeled by the bit-string b ∈ {0,1}N

of measurement outcomes. Classical snapshots σ̂ =U†|b⟩⟨b|U of the quantum system can be

collected through repeated measurements. Given the knowledge about the random ensemble of

the unitary transformation U , the density matrix ρ can be reconstructed as a particular linear

combination of the ensemble average of classical snapshots σ̂, where the linear channel only

depends on properties of the unitary ensemble.

Q
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Unitary channel

U (t) = e-ⅈH t
(this work)

M
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m
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Figure 5.1: Shadow tomography protocol. Specially in this work, the unitary channel is
considered to be a time evolution generated by a random Hamiltonian H for time t.

The unitary transformation U plays an important role in the protocol to scramble the

quantum information, such that the computational basis measurement on the scrambled state ρ′ is

effectively a simultaneous measurement of a random set of N commuting operators {U†ZiU}N
i=1

on the original state ρ. In this way, each measurement returns measurement outcomes for 2N

observables (as products of arbitrary subsets of the commuting operators, e.g. U†(ZiZ j · · ·)U),

which provides an efficient way to extract information from the quantum system. The shadow

tomography saturates the fundamental lower bound on the minimal number of independent

samples required for tomography,[HHJ+17a, HKP20] achieving the maximal efficiency. In

particular, when the unitary ensemble is Haar random (or any unitary 2-design such as random

Clifford circuits), the scrambling is strongest to enable estimating rank-1 observables (such as
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quantum fidelity) with a constant number of samples that does not scale with the system size N.

However, insufficient scrambling power of the unitary channel will affect the efficiency of

shadow tomography. To investigate the effect of scrambling power on the tomography efficiency,

we consider the random unitary channel U(t) = e−iHt to be the time evolution generated by a

chaotic Hamiltonian H, which enables us to tune the scrambling power of the unitary channel by

the evolution time t. Such a tomography scheme will be called the Hamiltonian-driven shadow

tomography. When t = 0, the unitary channel is an identity that has no scrambling power, then

the shadow tomography is only able to reconstruct the diagonal part of the density matrix ρ (in

the computational basis). As the quantum system evolves for some time, the computational basis

measurement will be able to probe the off-diagonal part of ρ more efficiently, but it also becomes

less efficient to infer the diagonal part of ρ as the diagonal information starts to get scrambled

with the off-diagonal information. In the long-time limit, the unitary ensemble approaches the

Haar limit, and the efficiency for both diagonal and off-diagonal parts converges to the same

limit. In this work, we derive the reconstruction channel for the Hamiltonian-driven shadow

tomography and analyze its efficiency as a function of the evolution time t and the total Hilbert

space dimension D = 2N . We find that, given observables are Pauli operators, there exists an

intermediate time range 1 ≲ t ≲ D1/6, in which the Hamiltonian-driven shadow tomography

only need ∼ Tr(O2
d)/D samples to estimate a diagonal observable Od , and ∼ Tr(O2

o) samples to

estimate an off-diagonal observable Oo, which is superior to the shadow tomography based on

2-design random unitaries. Our result may find applications in shadow tomography with shallow

quantum circuits, which are feasible in the noisy intermediate-scale quantum (NISQ)[Pre18b]

era.
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5.2 Brief Review of Shadow Tomography

Consider a N-qubit system described by an unknown density matrix ρ which can be

prepared repeatedly. The goal of the quantum state tomography is to infer ρ from repeated

measurements on independent copies of the state. In each experiment, the state ρ is first evolved

by a unitary operator U drawn from the distribution P(U) and then measured in the computational

basis. The measurement will prepare a classical snapshot of the quantum system σ̂ ≡U†|b⟩⟨b|U

with b ∈ {0,1}N labeling the measurement outcome. After M repeated experiments, we will

collect M classical snapshots {σ̂1, · · · , σ̂M}. We can view the average mapping from the quantum

state ρ to its classical snapshots as a measure-and-prepare quantum channel M ,

M (ρ) = Eσ̂ = E
[
U†|b⟩⟨b|U

]
, (5.1)

where the averaging is taken over both the unitary ensemble P(U) and the possible measurement

outcomes following the probability distribution P(b|U) = ⟨b|UρU†|b⟩.

The quantum state ρ can be reconstructed by applying the inverse channel M −1 (i.e. the

reconstruction channel)

ρ = M −1(Eσ̂) = EM −1(σ̂) = Eρ̂, (5.2)

where ρ̂ ≡ M −1(σ̂) = M −1(U†|b⟩⟨b|U) is called the classical shadow of the original quantum

state ρ. The reconstruction channel M −1 does not admit physical implementation, as it is not com-

pletely positive in general. Nevertheless, given the distribution P(U) of the unitary ensemble, the

reconstruction channel M −1 can be calculated and applied to the classical snapshots {σ̂1, · · · , σ̂M}

by classical post-processing[HKP20] to obtain the set of classical shadows {ρ̂1, · · · , ρ̂M}, which

can then be used to estimate both linear and nonlinear functions of the underlying quantum state

ρ. For example, the expectation value o = Tr(Oρ) of a physical observable O is a linear function
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of ρ, which can be estimated as

o = Tr(Oρ) = E[Tr(Oρ̂)]≃ 1
M ∑

i
Tr(Oρ̂i). (5.3)

Nonlinear functions, such as Tr(Oρ⊗ρ), can also be estimated similarly,

Tr(Oρ⊗ρ) = Tr(OE[ρ̂]⊗E[ρ̂])

≃ 1
M(M−1) ∑

i̸= j
Tr(Oρ̂i ⊗ ρ̂ j),

(5.4)

given the fact that ρ̂i and ρ̂ j are statistically independent. When number of experiments M is large

enough, the statistical averages over classical shadows in Eq. (5.3) and Eq. (5.4) will converge to

their corresponding expectation values without bias.

5.3 Hamiltonian-Driven Shadow Tomography.

The shadow tomography approach crucially relies on the realization of the unitary channel

with sufficient scrambling power. Tomography schemes using global Haar/Clifford unitary

ensemble have been proposed in Ref. [HKP20]. In practice, it remains challenging to realize

these unitary ensembles on NISQ devices. We propose to generate the scrambling unitary channel

by some quantum chaotic Hamiltonian H through time-evolution U(t) = e−iHt . With this setup,

the quantum dynamics also enter the discussion, as it becomes meaningful to discuss how the

reconstruction channel M −1 and the tomography efficiency depends on the evolution time t.

To analyze the problem, we model the chaotic Hamiltonian generally by a random

Hermitian operator H drawn from the Gaussian unitary ensemble (GUE) in D = 2N dimensional

Hilbert space, following the probability distribution P(H) ∝ exp(−D
2 TrH2). The energy scale

is such normalized that the spectral density of H approaches the Wigner semicircle law ρ(E) =

1
2π

√
4−E2 of the spectral radius 2 as D → ∞. The unitary time-evolution generated by H admits
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the following eigen decomposition

U(t) = e−iHt =V Λ(t)V †. (5.5)

where V is the matrix diagonalizing H and Λ(t) is the diagonal matrix Λnn′(t) = e−iEntδnn′ with

En being the eigen energies of H. For the GUE random matrix H, the unitary V is Haar random.

Substitute the eigen decomposition of U in Eq. (5.5) to Eq. (5.1), the quantum channel M

can be expanded as

M (ρ) = E
V,Λ

∑
b∈{0,1}N

V Λ(t)†V †|b⟩⟨b|V Λ(t)V †

⟨b|V Λ(t)V †
ρV Λ(t)†V †|b⟩.

(5.6)

Using the results of Haar measure integral[Wei78, CŚ06] and the spectral form factor of GUE

matrices[CHLY17], to the leading order of D, the quantum channel simplifies to

M (ρ) = M (1/D+ρo +ρd)

=
1

D
+

ρo

αD(t)
+

ρd

βD(t)
,

(5.7)

where 1 stands for the identity matrix, ρo is the off-diagonal part of ρ, and ρd is the traceless

diagonal part of ρ. The coefficients αD(t), and βD(t) are defined as

αD(t) =
( 1

D+1
−λD(t)

)−1
,

βD(t) =
( 1

D+1
+DλD(t)

)−1
,

λD(t) =
(Dr2(t)+ r(2t))2 −4r2(t)

(D+3)(D2 −1)
,

(5.8)

and r(t) = J1(2t)/t with J1 being the Bessel function of the first kind (which captures the leading-

D behavior of spectral form factors). See Appendix A.1 for detail derivations.
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In the short time limit t → 0, the quantum channel becomes

M (ρ)→ 1

D
+ρd. (5.9)

As expected, only the diagonal part of the density matrix will be transmitted through this quantum

channel. Because in the absence of time-evolution, the computational basis measurement can

only extract the diagonal information of the density matrix, and the off-diagonal information is

completely lost. As the measurement is not tomographically complete, the channel M is not

invertible at t = 0. However, after a finite time-evolution, a finite fraction of the off-diagonal

information will be scrambled to the diagonal part of the density matrix and become accessible to

the measurement, then the channel M will be invertible (as long as t ̸= 0). In the long-time limit

t →+∞, the quantum channel converges to the known result[GKKT18] for shadow tomography

with unitary 2-design

M (ρ)→ 1

D
+

ρd

D+1
+

ρo

D+1
. (5.10)

The diagonal and off-diagonal parts converge to the same channel transmission rate in this limit,

indicating that the quantum information has been fully scrambled.

Since 1/D, ρo, and ρd are all orthogonal to each other, the inverse channel of Eq. (5.7) is

simply obtained by inverting the coefficient of each term,

ρ̂ = M −1(σ̂) =
1

D
+αD(t)σ̂o +βD(t)σ̂d, (5.11)

where σ̂o and σ̂d are respectively the off-diagonal and the traceless diagonal part of the classical

snapshot σ̂ = U(t)†|b⟩⟨b|U(t). Coefficients αD(t) and βD(t) were defined in Eq. (5.8). Given

the reconstruction channel M −1 for the Hamiltonian-driven shadow tomography, we can use

classical shadows ρ̂ = M −1(σ̂) to reconstruct the density matrix ρ = Eρ̂ and to estimate physical

properties of the quantum system following Eq. (5.3) and Eq. (5.4).
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5.4 Tomography Efficiency Analysis.

We now analyze the efficiency of the Hamiltonian-driven shadow tomography, i.e. how

many independent copies of ρ are typically needed to predict functions of ρ to a suitable precision.

We will mainly focus on the efficiency of predicting linear functions, but our result can be

generalized to nonlinear function predictions systematically.

According to Eq. (5.3), the linear function o = Tr(Oρ) can be estimated from the classical

shadow ρ̂ via o = E[Tr(Oρ̂)] = Eô, where ô ≡ Tr(Oρ̂) can be viewed as a random variable derived

from the classical shadow. In practice, we conduct M experiments to collect classical shadows ρ̂i,

and estimate o using

oavg =
1
M

M

∑
i=1

ôi =
1
M

M

∑
i=1

Tr(Oρ̂i). (5.12)

Based on Chebyshev’s inequality, the probability of the estimation oavg to deviate from its

expectation value o is bounded by its variance Var(oavg) as Pr(|oavg−o| ≥ δ)≤ Var(oavg)/δ2. To

control the deviation probability within a desired statistical accuracy ε, we require Var(oavg)/δ2 =

Var(ô)/(Mδ2) ≤ ε, where δ bounds the additive error in oavg and M is the number of identity

copies of ρ used. In other words, the number of experiments needed to achieved the desired

tomography accuracy is given by

M ≥ Var(ô)/εδ
2. (5.13)

Therefore the problem boils down to analyzing the variance Var(ô) of the single-shot random

variable ô = Tr(Oρ̂). We will assume the physical observable O to be traceless (TrO = 0), since

adding O by c1 only shifts ô by a constant c (given Tr(ρ̂)≡ 1), which does not affect its variance.

We can further bound the variance by

Var(ô) = E[ô2]−E[ô]2 ≤ E[ô2], (5.14)

By decomposing the observable O = Oo +Od to its off-diagonal part Oo and traceless diagonal
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part Od , we can evaluate E[ô2], which takes the form of

E[ô2] =V [O⊗2] =V [O⊗2
o ]+V [O⊗2

d ]+V [Oo ⊗Od], (5.15)

where V [O⊗2] is a linear function of the double-operator O⊗2, whose explicit form is given in

Appendix A.2. More explicitly, we can express V [O⊗2
o ] = Tr(O2

o)Fo(t) and V [O⊗2
d ] = Tr(O2

d)Fd(t)

with the dynamic form factors given by

Fo(t) = f1(t)+ f2(t)
Tr(O2

oρ)

Tr(O2
o)

+ f3(t)
Tr(O2

oρd)

Tr(O2
o)

,

Fd(t) = f4(t)+ f5(t)
Tr(O2

dρ)

Tr(O2
d)

,

(5.16)

where the time-dependent functions f1,2,3,4,5 are given in (A.13) of Appendix A.2. Combining

the results in Eq. (5.13), Eq. (5.14) and Eq. (5.15), we arrive at the following theorems regarding

the efficiency of Hamiltonian-driven shadow tomography, which are central results of this work.

Theorem 3 Given an off-diagonal operator Oo, the Hamiltonian-driven shadow tomography with

an evolution time t uses O( 1
εδ2 Tr(O2

o)Fo(t)) independent copies of ρ to estimate the expectation

value oo of the observable Oo to the precision that Pr(|oo −Tr(Ooρ)| ≥ δ)≤ ε.

Theorem 4 Given a traceless diagonal operator Od , the Hamiltonian-driven shadow tomogra-

phy with an evolution time t uses O( 1
εδ2 Tr(O2

d)Fd(t)) independent copies of ρ to estimate the

expectation value od of the observable Od to the precision that Pr(|od −Tr(Odρ)| ≥ δ)≤ ε.

In the long-time limit (t → ∞),

Fo(∞) = Fd(∞) = 1+2
Tr(O2ρ)

Tr(O2)
≤ 3. (5.17)

There is no difference between diagonal and off-diagonal observables in terms of tomography

efficiency. The required number of samples (i.e. copies of ρ) scales as M ∼ Tr(O2)/(εδ2) which
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agrees with the result for shadow tomography using Haar/Clifford random unitaries.[HKP20]

For rank-1 observables, such as quantum fidelity, Tr(O2) is independent of the system size N,

then the shadow tomography only needs a constant number of experiments to achieve the desired

accuracy.

We dubbed Fo(t) and Fd(t) as sample form factors since they can be interpreted as the

ratio of the required number of samples in the Hamiltonian-driven shadow tomography to that

in the random-unitary-based shadow tomography (with 2-design unitary channels). A sample

form factor less (or greater) than its long-time limit indicates the Hamiltonian-driven shadow

tomography is more (or less) efficient than the random-unitary-based shadow tomography. With

these understandings, we investigate the early time behavior of Fo(t) and Fd(t).

At early time, the behavior of sample form factors can be rather complicated. However,

we found that for Pauli observables (i.e. O is a Pauli operator), they take particularly simple forms

(to the leading order in D)

Fo(t) =
1

1− r4(t)
, Fd(t) =

1
1+Dr4(t)

. (5.18)

Recall that r(t) = J1(2t)/t, the time-dependence of Fo(t) and Fd(t) for Pauli observables are

plotted in Fig. 5.2. In the following, we will mainly focus on the Pauli observables. The general

cases are discussed in Appendix A.2 and A.4.

For off-diagonal observables, the sample form factor Fo(t) diverges as t → 0, as it is

impossible to infer the off-diagonal information from computational basis measurement in the

absence of information scrambling. As time evolves, the off-diagonal information gets scrambled

to the diagonal part, then Fo(t) decays with t as t−2, as shown in Fig. 5.2(a). Fo(t) quickly

approaches 1 after a characteristic time to ∼ 1 set by the inverse energy scale of the Hamiltonian

H, which was identified as the scrambling time of the system in Ref. [YG18]. Thus in the

Hamiltonian-driven shadow tomography, one just needs to wait for the scrambling time to achieve
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Figure 5.2: Time-dependence of the sample form factor: (a) Fo(t) for off-diagonal observables
and (b) Fd(t) for diagonal observables. The time scales in unit of the inverse energy scale of the
chaotic Hamiltonian H.

effectively the same efficiency as random-unitary-based shadow tomography in terms of off-

diagonal observable. Moreover, the scrambling time to is independent of D (or the system size N)

in our model, given the non-local nature of the GUE random Hamiltonian.

For diagonal observables, the sample form factor Fd(t) is of the order Fd(t)∼ D−1 = 2−N

at t = 0, which is exponentially small in system size N. Without any unitary scrambling, the

computational basis measurement is directly measuring the diagonal information of the density

matrix, therefore it requires much fewer samples to infer diagonal observables as compared to that

of the general-purpose random-unitary-based shadow tomography. As time evolves, the diagonal

information is scrambled away, hence more samples are required to achieve the accuracy goal.

So the tomography efficiency decreases with time for diagonal observables, in contrast to the

increasing efficiency for off-diagonal observables.

Interestingly, Fd(t) peaks to its maximal value periodically before it saturates to its
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long-time limit, as shown in Fig. 5.2(b). At these peaks, the diagonal information is maximally

scrambled, therefore we name this phenomenon as scrambling beats, which was first reported in

Ref. [YG18]. The peaks occur at times tk = xk/2, where xk is the kth zero of the Bessel function

J1(x). Under coherent Hamiltonian evolution, the scrambled information can partially bounce

back in a finite-size system, leading to the beat behavior of Fd(t). But how long scrambling beats

will last depends on the system size. The characteristic time for scrambling beats to die off is of

the order td ∼ D1/6 = 2N/6, when Dr4(td)∼ 1. Before this time scale, there exist time windows

between peaks, as yellow-shaded regions in Fig. 5.2(b), when the sample form factor maintains at

a low level of Fd(t)∼ D−1.

For a large enough system, the time scales td ∼ D1/6 and to ∼ 1 are well-separated, which

admits an intermediate time range to ≲ t ≲ td where the Hamiltonian-driven shadow tomography

can simultaneously achieve exponentially higher efficiency for diagonal observables and the

same efficiency for off-diagonal observables, as compared to the random-unitary-base shadow

tomography. Such behavior could potentially be advantageous when the diagonal observables are

of more interest in certain tomography tasks.

5.5 Efficiency for Nonlinear Functions.

Our result can be generalized to analyze the tomography efficiency of predicting nonlinear

functions of the density matrix ρ. For nonlinear function involving k copies of ρ, which generally

takes the form of Tr(Oρ⊗k), the variance of the shadow estimation can be bounded by

Var(Tr(Oρ̂
⊗k))≤ E[Tr(Oρ̂

⊗k)2]

≤ ∑
ααα

Tr(O
αL

1αL
2 ···αL

k
O

αR
1 αR

2 ···αR
k
)∏

αi

Fαi(t),
(5.19)
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where ααα = (α1, · · · ,αk) has k-component, and each

αi = (αL
i ,α

R
i ) ∈ {(o,o),(d,d),(I,o),(o, I),(I,d),(d, I),(o,d),(d,o)}

is a pair of labels where α
L/R
i labels the i-th tensor leg of left/right O operator. The summation is

over all combinations of ααα. The details are discussed in Appendix A.5. Plugging the variance into

Eq. (5.13), the number of required experiments can be bounded as well for nonlinear functions.

5.6 Summary and Discussions.

We propose to use Hamiltonian generated unitary evolution to scramble the quantum

information for shadow tomography. We provide an unbiased estimator of the density matrix for

all ranges of evolution time. We investigated the efficiency of the Hamiltonian-driven shadow

tomography. In particular, for Pauli observables, we showed that it can be superior to the shadow

tomography based on 2-design random unitaries within an intermediate time window. Although

our analysis is based on the GUE random Hamiltonian, we expect that the result could be

generalized to other types of quantum chaotic Hamiltonians[CSM+21, CMH+21]. In addition,

we expect quantum dynamics generated by generic chaotic Hamiltonians are more feasible to

existing quantum devices, such as nuclear spin systems and cold atom quantum simulators, than

deep quantum circuits. In experiments, the Sachdev-Ye-Kiteav model which exhibits the same

level statistics as GUE Hamiltonians has been successfully simulated on those quantum platforms

recently [LYL+19, WS21]. In a follow-up work [HCY21], we demonstrate that approximate

shadow tomography can be performed using a simple spin chain Hamiltonian modeled after

programmable trapped ions or Rydberg atom array systems, implying that our method is hardware

efficient for existing quantum devices [Saf16a, MCD+21]. Another interesting possibility is

to consider Hamiltonians consist of random Pauli strings with random coefficients. In the

strong disorder regime, such Hamiltonians can be asymptotically diagonalized by Clifford
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unitaries using the spectrum bifurcation renormalization group approach[YQX16], which enables

efficient classical post-processing of the classical shadow data and makes the Hamiltonian-driven

shadow tomography computationally feasible. Machine learning techniques may also find useful

application in the classical post-processing phase to construct unbiased reconstruction channels

based on data statistics, which helps to mitigate the influence of noises and imperfections of

NISQ devices. Finally, we would like to mention that our current analysis is limited to non-local

Hamiltonians. How to include locality into the discussion will be a challenging problem for future

research.
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Chapter 6

Classical shadow tomography with locally

scrambled quantum dynamics

6.1 Introduction

Quantum state tomography[VR89, JKMW01, CFS02] is an essential task in many quan-

tum technology applications. It seeks to reconstruct a quantum state from experimental data of

repeated measurements. While reconstructing the full density matrix of a many-body system

quickly becomes unfeasible with increasing system size due to the curse of dimensionality[OW16,

HHJ+17b], predicting a collection of (possibly exponentially many) properties of the quan-

tum system can still be efficiently achieved with an only polynomial number of state copies,

which was the idea of shadow tomography proposed by Aaronson[Aar17, AR19]. The idea

is further improved by the recent work[HKP20] to propose the classical shadow tomography,

which significantly reduces the demand on the quantum hardware and enables efficient classical

post-processing.

Given a copy of an unknown quantum state ρ of N qubits, the classical shadow tomography

protocol (see Fig. 6.1) first transforms the state ρ → ρ′ =UρU† by a unitary U , which is randomly
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sampled (independently each time) from some probability distribution P(U), then measures the

transformed state ρ′ in the computational basis, ρ′ → |b⟩⟨b|, which collapses the system to a

product state |b⟩ labeled by a bit-string b ∈ {0,1}×N of measurement outcomes b = (b1, · · · ,bN)

with the probability P(b|ρ′) = ⟨b|ρ′|b⟩. Based on the observed bit-string b and the classical

description of the unitary U , a classical snapshot σ̂U,b =U†|b⟩⟨b|U can be constructed in principle,

which essentially encodes the measurement outcomes together with their basis choice (pulled

back through the unitary evolution). Repeating such measurements on independent and identical

copies of ρ for a few times, a collection of classical snapshots Eσ|ρ = {σ̂U,b} can be obtained

(which correlates with ρ). Ref. [ONE13] showed that as long as the unitary ensemble is expressive

enough (i.e. tomographically complete), there exist a linear reconstruction map M −1 such that

the density matrix ρ can be formally recovered as ρ = Eσ̂∈Eσ|ρ M −1[σ̂]. This also enables the

prediction of many properties of ρ, like the expectation value of any physical observable O as:

⟨O⟩ = Tr(Oρ) = Eσ̂∈Eσ|ρ Tr(OM −1[σ̂]). The construction of classical snapshots σ̂U,b and the

computation of their associated properties are performed on a classical computer.
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Figure 6.1: Illustration of classical shadow tomography protocol. This work focuses on the case
when the unitary channel is of finite depth and respects locality.

However, the existing methods[Aar17, AR19, HKP20, HY21] have limitations in applying

to near-term quantum devices. First, depending on the type of observables O that we are interested

in, one needs to employ different strategies to design the unitary circuit U . Two limiting cases

have been analyzed in Ref. [HKP20]: (i) if the observable is low-rank (such as many-body overlap
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fidelity), it is most efficient to adopt deep circuits, such that U effectively forms a global Haar

random ensemble; (ii) if the observable is high-rank and quasi-local, it would be more efficient

to adopt shallow circuits (e.g. the on-site Haar random). Otherwise the sample complexity will

be high. However, the flexibility to interpolate between these two limits has not been available

yet, such that the tomography protocol can not adjust to the target observables in a more adaptive

manner. Second, more importantly, in existing quantum simulation platforms, applying random

unitary circuits is very challenging, because it requires high degrees of sophisticated quantum

controls. In particular, for programmable quantum simulators of large systems based on trapped

ions or Rydberg atom systems,[EWL+20, SSW+20, ZPH+17] a certain set of entangling unitary

evolution is much more favorable to implement than typical random unitaries that require fine-

tuned control. Therefore, it is desirable to develop a method applicable for systems with limited

controls.

In this work, we address these challenges by generalizing the classical shadow tomogra-

phy methods to a broad class of unitary ensembles. In our approach, the specific details of the

unitary ensemble is not important as long as the ensemble generates locally scrambled quan-

tum dynamics[KAAY20]. Rigorously speaking, the probability distribution P(U) of evolution

unitaries is invariant under local basis transformations, i.e. ∀V ∈ U(2)N : P(UV ) = P(U) where

V = ∏iVi is a product of local unitary operator Vi on each qubit. This basically means that the

unitary evolution U is efficient in scrambling local quantum information, such that the initial local

basis choice is quickly “forgotten” under the quantum dynamics. Examples of locally scrambled

quantum dynamics includes random unitary circuits (including random Clifford circuit at the

3-design level)[NRVH17, ZN18, NVH18, CBQA19, BCA19, FVVY20] and quantum Brownian

dynamics[LSH+13, XS18, GHST18, ZC19, CZ19]. As the unitary ensemble does not care about

local basis choice, the only information that matters will be the quantum entanglement that the

unitary dynamics can create in the quantum system. Therefore, for locally scrambled quantum

dynamics, the reconstruction map only depends on the entanglement property of the classical
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snapshots. The density matrix ρ can be reconstructed as a linear superposition of the classical

snapshot σ̂ reduced in different subsystems. The combination coefficient can be calculated

from the entanglement feature[YYQ18b, YG18] of the classical snapshots, which is simply the

collection of average purities of classical snapshots in all possible subregions.

Since our method is applicable to a broad class of quantum dynamics, it is natural to

consider an ensemble of realistic Hamiltonian evolutions that are readily available in near-term

quantum devices. To this end, we introduce an approximate classical shadow tomography (with a

non-vanishing but small bias) applicable to an ensemble of time-dependent Hamiltonian evolution

that generates approximately locally scrambled dynamics. We numerically demonstrate this idea

by using a simple spin chain Hamiltonian modeled after programmable trapped ions or Rydberg

atom array systems. We introduce the local frame potential to characterize the bias and we show

the bias decreases rapidly for the initial short period of time, and reaches a vanishingly small

plateau value for the proposed Hamiltonian. Surprisingly, we find even a single instance from an

ensemble of Hamiltonian evolution suffices to perform an approximate tomography, implying

that our method is hardware efficient for existing quantum devices[Saf16b, MCD+21].

In the following, we will first establish the general theoretical framework to calculate

the reconstruction map in Sec. 6.2.1 and to bound the sample complexity in Sec. 6.2.2. We also

provide a two-qudit toy model to analytically demonstrate our construction in Sec. 6.2.3. We

comment on how to carry out the computation efficiently in Sec. 6.2.4. Then we apply our

construction for local unitary circuits and numerically demonstrates its accuracy in quantum

fidelity and Pauli observable estimation tasks in Sec. 6.3.1, as well as their scaling of sample

complexity in Sec. 6.3.2. Finally, we show in Sec. 6.3.3 that our approach can be extended to

broader classes of unitary ensembles that are approximately locally scrambled. We propose a

frame potential to characterize the level of approximation, which serves as a powerful indicator to

design nearly-locally-scrambled unitary ensembles that are available for existing analog quantum

simulators[Saf16b, MCD+21]. We summarize our classical post-processing protocol and outline
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a few interesting future applications in Sec. 6.4

6.2 Theoretical Framework

6.2.1 Reconstruction Map from Entanglement Features

To be general, we consider a quantum system consists of N qudits, where each qudit has

the Hilbert space dimension d (where d = 2 corresponds to the qubit system). The protocol of

classical shadow tomography describes a process that first measures the unknown quantum state ρ

in a random basis specified by the unitary transformation U and then prepare the classical snapshot

σ̂U,b ≡U†|b⟩⟨b|U based on the measurement outcome b. The randomness involved in the process

includes (i) sampling U from the distribution P(U) and (ii) obtaining the measurement outcome b

conditioned on the evolved state ρ′ =UρU† with the probability P(b|ρ′) = ⟨b|ρ′|b⟩= Tr(σ̂U,bρ).

As pointed out by Ref. [ASS21], the ensemble of classical snapshots forms a positive operator

valued measure (POVM), defined as

Eσ|ρ = {σ̂U,b | P(σ̂U,b|ρ) = Tr(σ̂U,bρ)P(U)}. (6.1)

We will call Eσ|ρ the posterior POVM, as it is conditioned on the observation of ρ. The posterior

POVM reduces to the prior POVM

Eσ = {σ̂U,b | P(σ̂U,b) = d−NP(U)}, (6.2)

when there is no knowledge contained in ρ, i.e. ρ = d−N1. For the prior distribution P(σ̂U,b), the

outcome b is uniformly drawn from all possible outcomes in {0,1, · · · ,d −1}×N (independent of

U,ρ). The prior POVM Eσ only depends on the unitary ensemble EU = {U |P(U)}.
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With the notation introduced above, the expected classical snapshot σ can be expressed as

σ ≡ E
σ̂∈Eσ|ρ

σ̂ = E
σ̂∈Eσ

σ̂Tr(σ̂ρ)dN = M [ρ], (6.3)

which is related to the original state ρ by a quantum channel M , called the measurement channel.

It is easy to check that the measurement channel M is trace-preserving, completely positive and

self-adjoint. It is generally difficult to obtain an explicit expression of M for generic unitary

ensemble EU (or for generic prior POVM Eσ). Results of M are known for global and on-

site 2-design unitaries[ONE13, GKKT18, EVRZ19] (possibly with noise[EG20b, CYZF20b]),

fermionic Gaussian unitaries[ZRM20], and many-body Gaussian unitaries[HY21].

We can make progress in computing the measurement channel M (and its inverse) for yet

another class of unitary ensemble, namely the locally scrambled unitaries[KAAY20], for which

P(U) obeys the (right-)local-basis invariance condition1

∀V ∈ U(d)N : P(U) = P(UV ), (6.4)

where U(d)N is the group of all on-site unitary operators. This condition is sufficient to ensure

the prior ensemble Eσ of snapshot states σ̂ to be invariant under σ̂ →V †σ̂V ,

∀V ∈ U(d)N : P(σ̂) = P(V †
σ̂V ). (6.5)

In this case, we say that Eσ is a locally scrambled POVM. In fact, our following derivation only

requires the weaker condition Eq. (6.5) at the state level, instead of Eq. (6.4) at the channel level,

though it will be practically more straight forward to design unitary circuits that satisfies Eq. (6.4)

by assembling locally scrambled unitary gates.

1Strictly speaking, the locally scrambled condition originally introduced in Ref. [KAAY20] requires both the
left- and the right-invariance, i.e. P(VU) = P(UV ) = P(U). However, for the purpose of this work, we only require
a weaker condition that the distribution only need to be invariant under the right-multiplication of the local basis
transformation V .
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Nevertheless, as long as the states σ̂ are locally scrambled (even if the unitaries U may or

may not be locally scrambled), we will be able to insert local basis transformations V in Eq. (6.3),

and average V over any ensemble of our choice,

σ = E
V∈U(d)N

E
σ̂∈Eσ

V †
σ̂V Tr(V †

σ̂V ρ)dN . (6.6)

We can choose the ensemble of V = ∏iVi to be such that every Vi is independently a local 2-design

unitary. With this choice, the ensemble average of V can be evaluated by averaging every Vi over

the Haar unitary measure following Ref. [Wei78, CŚ06], and the result can be written as (see

Appendix B.1 for derivation)

σ = ∑
B,C∈2ΩN

d2N−|B|
ρBWgB,CW (2)

Eσ,C
, (6.7)

with B,C summing over all possible subregions of the N qudit system, where each subregion is

labeled by a subset of ΩN = {1, · · · ,N} (as an element in the power set 2ΩN ). |B| denotes the

size (cardinality) of the region B. ρB = (TrB̄ ρ)⊗ (1B̄/d|B̄|) is the reduced density matrix of ρ in

region B embedded back into the total Hilbert space. B̄ denotes the complement of region B. Note

that B and B̄ do not need to be consecutive regions in the space, and they can intertwine with each

other in general. WgB,C = (d2 −1)−N(−1/d)|B⊖C| is the Weingarten function of regions B and

C, where B⊖C denotes the subregions that belong to either B or C but not both.

W (2)
Eσ,C

≡ E
σ̂∈Eσ

TrC(TrC̄ σ̂)2 = E
σ̂∈Eσ

e−S(2)C (σ̂) (6.8)

is the 2nd entanglement feature[YYQ18b, YG18] of the prior POVM Eσ, where S(2)C (σ̂) denotes

the 2nd Rényi entanglement entropy of the state σ̂ in region C. The entanglement feature W (2)
Eσ,C

is merely a property of the unitary ensemble EU (which determines Eσ). It describes how the

unitary channel entangles a product state in general. It depends on neither the underlying state ρ
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to be reconstructed nor any particular snapshot state σ̂ collected in the tomography process.

Given the entanglement feature W (2)
Eσ,C

, Eq. (6.7) spells out how the expected classical

snapshot σ is written as a linear combination of reduced density matrices ρB in all regions,

which explicitly specifies the measurement channel M as a linear map σ = M [ρ] from ρ to

σ. Therefore, any reduced classical snapshot σA must also be a linear combination of reduced

density matrices ρB, which implies that the measurement channel can be represented as a matrix

MAB such that σA = ∑B MABρB. Suppose the map M is invertible (i.e. the unitary ensemble is

tomographically complete), the inverse map M −1 (the reconstruction map) must also be a linear

map that combines all reduced classical snapshots σA to reconstruct ρB = ∑A(M −1)BAσA. In

particular, we are most interested to reconstruct the full density matrix ρ (because all reduced

density matrices follows from its partial trace), which must also be a linear combination of σA

with some coefficients rA ∈R,

ρ = M −1[σ] = dN
∑

A∈2ΩN

rAσA, (6.9)

where σA = (TrĀ σ)⊗ (1Ā/d|Ā|) follows the same definition as the reduced density matrix. The

reconstruction map M −1 is not a physical channel, because the reconstruction coefficients rA

may not be positive definite in general. Nevertheless, M −1 is still trace-preserving and self-

adjoint. Since M −1 is linear, we have ρ = M −1[Eσ̂∈Eσ|ρ σ̂] = Eσ̂∈Eσ|ρ M −1[σ̂], which enables us

to reconstruct the underlying state ρ from the ensemble of classical snapshots. The collection of

ρ̂ = M −1[σ̂] is also called the classical shadow[HKP20] of ρ, which can then be used to predict

many properties of ρ efficiently.

Now the key problem is to compute rA from W (2)
Eσ,C

. For a system of N qudits, there will

be 2N many reconstruction coefficients rA. To determine them, we substitute Eq. (6.7) to Eq. (6.9)

and find

ρ = ∑
A,B,C∈2ΩN

fA,B,CrAρBW (2)
Eσ,C

, (6.10)
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with the fusion coefficient fA,B,C given by

fA,B,C = ∑
D∈2ΩN

δB,A∩Dd2N+|A|−|B|+|Ā∩D̄|WgD,C

=
( d3

d2 −1

)N
∑

D∈2ΩN

δB,A∩Dd−|D|
(
− 1

d

)|C⊖D|
,

(6.11)

which is universally determined by the qudit dimension d. Here δA,B denotes the Kronecker delta

of two regions A and B, s.t. δA,B = 1 (or 0) if A = B (or A ̸= B). Eq. (6.10) will hold for any choice

of ρ if and only if

∑
A,C∈2ΩN

rA fA,B,CW (2)
Eσ,C

= δB,ΩN , (6.12)

where ΩN = {1, · · · ,N} is the full set that labels the full system of N qudits. By solving this linear

equation, we can determine the reconstruction coefficients rA in terms of of the entanglement

feature W (2)
Eσ,C

, such that the reconstruction map M −1 can be constructed according to Eq. (6.9).

In conclusion, we provide a general framework to compute the reconstruction map for

the classical shadow tomography with locally scrambled quantum dynamics. The protocol is

summarized as:
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1. Given the prior POVM Eσ, first calculate its entanglement feature by

W (2)
Eσ,C

= E
σ̂∈Eσ

TrC(TrC̄ σ̂)2.

2. Solve for the reconstruction coefficient rA by

∑
A,C∈2ΩN

rA fA,B,CW (2)
Eσ,C

= δB,ΩN .

3. Then the reconstruction map is given by

ρ = M −1[σ] = dN
∑

A∈2ΩN

rAσA.

All computations are supposed to be carried out on a classical computer in the post-

processing procedure. Although solving for rA may be computationally demanding for large

systems, it only needed to be done once and its result can be applied to process all classical

snapshots collected from all possible states ρ to be learned.

6.2.2 Variance Estimation and Sample Complexity

Given the ensemble Eσ|ρ of classical snapshots collected from measuring the unknown

state ρ, we can use the reconstruction map M −1 to predict properties of ρ. For example, let

O be a traceless Hermitian operator representing a physical observable. Its expectation value

⟨O⟩ ≡ Tr(Oρ) can be predicted via

⟨O⟩= E
σ̂∈Eσ|ρ

Tr(OM −1[σ̂]) = E
σ̂∈Eσ|ρ

Tr(M −1[O]σ̂), (6.13)
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where we have used the self-adjoint property of M −1 to transpose its action from σ̂ to O. We

can interpret ô(σ̂)≡ Tr(M −1[O]σ̂) as the single-shot estimation of the observable (based on a

particular classical snapshot σ̂), such that ⟨O⟩= Eσ̂∈Eσ|ρ ô(σ̂).

The variance of the single-shot estimation is defined as

Var ô ≡ E
σ̂∈Eσ|ρ

ô(σ̂)2 − ( E
σ̂∈Eσ|ρ

ô(σ̂))2,

which can be bounded by (the first term in Var ô)

Var ô ≤ ∥O∥2
Eσ|ρ

≡ E
σ̂∈Eσ|ρ

ô(σ̂)2

= E
σ̂∈Eσ

(TrM −1[O]σ̂)2 Tr(σ̂ρ)dN .

(6.14)

The bound ∥O∥Eσ|ρ
can be considered as a generalized ρ-dependent notion of the (squared) shadow

norm[HKP20] of an operator O (whereas the shadow norm originally defined in Ref. [HKP20]

further maximizes over all possible underlying states ρ to remove the dependence on ρ). Assuming

Eσ is locally scrambled, following the same approach of inserting and averaging local-basis

transformations as in Eq. (6.6), the bound in Eq. (6.14) becomes

∥O∥2
Eσ|ρ

= ∑
g,h∈SN

3

∥O∥2
ρ,gWgg,hW (3)

Eσ,h
, (6.15)

where g,h are group elements in the SN
3 (product of 3-fold permutation groups over N qudits),

Wgg,h is the Weingarten function of permutations g and h. ∥O∥2
ρ,g is a generalized operator norm

for O, which is defined as

∥O∥2
ρ,g ≡ dN Tr((M −1[O]⊗2 ⊗ρ)χg), (6.16)

where χg is the representation of the SN
3 permutation g in the 3-fold Hilbert space. W (3)

Eσ,h
is the
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3rd entanglement feature of the ensemble Eσ, defined as

W (3)
Eσ,h

≡ E
σ̂∈Eσ

Tr(σ̂⊗3
χh). (6.17)

Note that the 2nd entanglement feature previously defined in Eq. (6.8) can be consistently cast

into the form of Eq. (6.17) in terms of permutation operators (see Ref. [YG18]).

In practice, the expectation value ⟨O⟩ is always estimated based on a finite collection

of the snapshot states. Let M be the number of samples of ρ measured in the data acquisition

stage (each sample results in a snapshot state σ̂k). The finite average estimation ō = 1
M ∑

M
k=1 ô(σ̂k)

will fluctuate around the true expectation value ⟨O⟩ with a variance that scales as (Var ô)/M. By

the Chebyshev inequality, the probability for ō to deviate from ⟨O⟩ by more than ε amount is

bounded by

Pr(|ō−⟨O⟩| ≥ ε)≤ Var ô
ε2M

≤
∥O∥2

Eσ|ρ

ε2M
. (6.18)

Therefore, to control the failure probability within a threshold δ, i.e. Pr(|ō− ⟨O⟩| ≥ ε) ≤ δ,

sufficient number of samples is required

M ≥
∥O∥2

Eσ|ρ

ε2δ
. (6.19)

A larger (smaller) shadow norm ∥O∥2
Eσ|ρ

indicates that more (less) samples are needed.

However, the ρ-dependent shadow norm ∥O∥2
Eσ|ρ

is generally complicated to evaluate.

If we are not interested in the shadow norm for a specific state ρ, but rather the expectation

of the shadow norm over an ensemble of states {V ρV †} that are similar to ρ by local basis

transformations V ∈ U(d)N , we can actually define a ρ-independent shadow norm by averaging

over V ,

∥O∥2
Eσ

≡ E
V∈U(d)N

∥O∥2
E

σ|V ρV †
. (6.20)
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The expected shadow norm can be expressed purely in terms of the entanglement features of Eσ

and EO (see Appendix B.2 for derivation),

∥O∥2
Eσ

= ∑
A,B,C,D∈2ΩN

vA,B,C,DW (2)
Eσ,A∩B∩CW (2)

EO,D
, (6.21)

where the coefficient vA,B,C,D is given by

vA,B,C,D = rArB

( d2

d2 −1

)N
d|A∩B∩C|−|C|

(
− 1

d

)|C⊖D|
, (6.22)

and EO = {V †OV |V ∈ U(d)N} denotes the locally scrambled ensemble (or known as U(d)N-

twirling) associated with the observable O in question.

In conclusion, given a traceless Hermitian operator O, its expected shadow norm ∥O∥2
Eσ

provides a typical lower bound for the number of samples needed

M ≳
∥O∥2

Eσ

ε2δ
, (6.23)

in order to control the error of the prediction ō given by the classical shadow tomography within

the probability bound Pr(|ō−⟨O⟩| ≥ ε)≤ δ. Here we have only analyzed the sample complexity

for a single linear observable. For the analysis of multiple and/or non-linear observables, we refer

to the original paper of Ref. [HKP20]. Their result applies to our case simply by replacing the

shadow norm with our version.

6.2.3 A Toy Example of Two-Qudit System

To demonstrate our framework and to gain some analytical intuition, we present a toy

example to compute the reconstruction map in a two-qudit (N = 2) system. We assume that

the two-qudit system always evolves under a locally scrambled quantum dynamics, which
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can be modeled (for example) by a finite-time Brownian evolution2 driven by random Hamil-

tonians. Every classical snapshot σ̂U,b = U†|b⟩⟨b|U is generated by the reversed evolution

from the product state |b⟩⟨b|. In the long-time limit (Fig. 6.2(a)), the entanglement feature

W (2)
Eσ

= (1, 2d
d2+1 ,

2d
d2+1 ,1) follows from that of Page states, where the subregion basis are arranged

in the order of {},{1},{2},{1,2}. This is because the evolution of entanglement feature under

any locally scrambled quantum dynamics always converges to the Page state, regardless of the

initial state, as proven in Ref. [KAAY20]. In the short-time limit (Fig. 6.2(b)), σ̂ remains as a

product state, therefore the entanglement entropy vanishes for all regions, which translates to

W (2)
Eσ

= (1,1,1,1). In general, for any intermediate time, the entanglement feature should take

the form of

W (2)
Eσ

= (1,w,w,1), (6.24)

with w varies between 2d
d2+1 (the long-time limit) and 1 (the short-time limit). The physical

meaning of w is the average single-qudit purity in the snapshot state σ̂.

Given W (2)
Eσ

in Eq. (6.24), Eq. (6.12) reads

d2




1 d(d−w)
d2−1

d(d−w)
d2−1

d2(d2−2dw+1)
(d2−1)2

0 dw−1
d2−1 0 d(d2w−2d+w)

(d2−1)2

0 0 dw−1
d2−1

d(d2w−2d+w)
(d2−1)2

0 0 0 d2−2dw+1
(d2−1)2







r{}

r{1}

r{2}

r{1,2}




=




0

0

0

1




. (6.25)

2The Brownian unitary evolution is a product of a sequence of infinitesimal time-evolution U = ∏t e−iHt δt , but
the Hamiltonian Ht at each time step is independent drawn from a random Hamiltonian ensemble (unlike the coherent
quantum dynamics, where the same Hamiltonian drives the dynamics though all time.)
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Figure 6.2: Two-qudit unitary channel in (a) the long-time (Page state) limit and (b) the short-
time (product state) limit. (c) Reconstruction coefficients rA and (d) the shadow norm ∥O∥2

Eσ

v.s. the single-qudit purity w, for d = 2. w varying from 1 to 4/5 effectively models the circuit
depth (or evolution time) growing from 0 to ∞.
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By solving this linear equation, the reconstruction coefficient rA can be obtained

r =




r{}

r{1}

r{2}

r{1,2}




=




d3w−3d2+3dw−2w2+1
(dw−1)(d2−2dw+1)

−d4w+2d3−2d+w
d(dw−1)(d2−2dw+1)

−d4w+2d3−2d+w
d(dw−1)(d2−2dw+1)

(d2−1)2

d2(d2−2dw+1)



. (6.26)

The behavior of rA as a function of w is shown in Fig. 6.2(c), which continuously interpolates the

two limits.

In the short-time limit, w = 1 and Eq. (6.26) reduces to rA = (1,−(d + 1)/d,−(d +

1)/d,(d +1)2/d2), corresponding to the reconstruction map

M −1[σ] =
⊗
i=1,2

((d +1)σi −1i), (6.27)

matching the result of on-site 2-design circuits[GKKT18, EVRZ19]. In the long-time limit, w =

2d
d2+1 and Eq. (6.26) reduces to rA = (−1,0,0,(d2 +1)/d2), corresponding to the reconstruction

map

M −1[σ] = (d2 +1)σ−1, (6.28)

matching the result of global 2-design circuits[GKKT18, EVRZ19]. The general result in

Eq. (6.26) provides the reconstruction map that interpolates these two limits, which allows

us to perform classical shadow tomography for intermediate unitary channels that are neither

on-site nor global 2-design.

To investigate the sample complexity of the tomography scheme in the two-qudit system,
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we consider a traceless Hermitian operator O (i.e. TrO = 0) and assume:

Tr{1}(Tr{2}O)2 = k1 TrO2

Tr{2}(Tr{1}O)2 = k2 TrO2,

(6.29)

then the entanglement feature of the observable O can be arranged as the following vector

W (2)
EO

= (0,k1,k2,1)TrO2, (6.30)

with the same choice of region basis as in Eq. (6.24). Given r, W (2)
EO

and W (2)
Eσ

, we have all the

information needed to calculate the shadow norm, according to Eq. (6.21)

∥O∥2
Eσ

= d2−1
d3

( ktot
dw−1 +

(d2−1)(d−ktot)
d2−2dw+1

)
TrO2, (6.31)

where ktot = k1 + k2.

The operator locality crucially affects ktot. Consider modeling a local operator Oloc by a

random operator drawn from the Gaussian unitary ensemble (GUE) and acting on the first qudit

only, we have

W (2)
EOloc

= (0,d,0,1)TrO2
loc, (6.32)

hence ktot = d. On the other hand, for a global operator Oglb modeled by a global GUE random

operator acting on both qudits simultaneously, we have

W (2)
EOglb

= (0, d
d2+1 ,

d
d2+1 ,1)TrO2

glb, (6.33)
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hence ktot =
2d

d2+1 . In these two cases, the shadow norm in Eq. (6.31) becomes

∥Oloc∥2
Eσ

= d2−1
d2(dw−1) TrO2

loc,

∥Oglb∥2
Eσ

= d2−1
d2(d2+1)

( (d2−1)2

d2−2dw−1 +
2

dw−1

)
TrO2

glb.

(6.34)

Their dependence in w is plotted in Fig. 6.2(d). In the short-time limit (w = 1), ∥Oloc∥2
Eσ

<

∥Oglb∥2
Eσ

, meaning that the shallow circuit is more efficient in predicting local observables. In

the long-time limit (w = 2d
d2+1), ∥Oloc∥2

Eσ
= ∥Oglb∥2

Eσ
= (1+ d−2)TrO2, such that there is no

difference in predicting both local and global observables in terms of the sample efficiency,

because all operators are equally scrambled in this limit.

6.2.4 Additional Remarks on Computational Methods and Future Direc-

tions

Efficient numerical methods have been developed[FVVY20, AY20] to calculate the

evolution of entanglement feature W (k)
Eσ

under locally scrambled quantum dynamics by solving the

corresponding entanglement dynamics equation (without simulating the quantum dynamics using

brute force). However, we will leave this approach for future exploration. In this work, we will

compute the entanglement feature beforehand based on the definition Eq. (6.8), by direct sampling

from the prior POVM Eσ. For experimentally generated random unitaries whose distribution is a

priori unknown, it is also possible to estimate the entanglement feature efficiently from Rényi

entropy measurements[EVD+18, VED+18, BEJ+19] following the definition Eq. (6.8).

As shown in Ref. [AY20], for one-dimensional quantum systems, the entanglement feature

vector W (k)
Eσ

admits efficient matrix product state (MPS) representation, even if snapshot states

in Eσ are volume-law entangled. Combining the MPS representation of W (2)
Eσ

with the fact that

fA,B,C is factorizable to every qudit, one can develop efficient MPS-based numerical approach to

find the solution of rA (also as a MPS). However, we will defer the development of this approach

89



to future work. In the following numerical demonstrations, we will directly solve Eq. (6.12) for

small systems as a proof of concept.

The MPS representations for r, W (2)
Eσ

and W (2)
EO

also enables us to calculate the shadow

norm ∥O∥2
Eσ

efficiently by a four-way MPS contraction. The ability to compute the shadow norm

efficiently will be particularly useful if we want to design optimal unitary channels to minimize the

sample complexity for a given set of designated observables. It possible to apply machine learning

approaches (such as deep reinforcement learning) to perform the circuit structure optimization.

Therefore, our construction provides the flexibility to allow the classical shadow tomography

to adapt to designated observables, which has not been possible before. We will also leave this

promising direction to future research.

6.3 Numerical Demonstrations

To demonstrate the effectiveness of our approach, we consider two types of unitary

ensembles for the unitary channel in the data acquisition protocol, as illustrated in Fig. 6.3.

Ψ〉

L

(a)

Ψ〉

ⅇ-
ⅈH
1

ⅇ-
ⅈH
2

ⅇ-
ⅈH
3

T

(b)

Figure 6.3: Classical shadow tomography with (a) finite-depth random unitary circuits (of L
layers), (b) discrete-time Hamiltonian dynamics (of T steps).
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6.3.1 Classical Shadow Tomography with Shallow Random Unitary Cir-

cuits

We first consider using random unitary circuits (RUCs) [NRVH17] for the unitary channel.

As illustrated in Fig. 6.3(a), the unitary circuit consists of two-qubit local unitary gates arranged in

the brick-wall pattern with a periodic boundary condition. Each gate in the circuit is independently

drawn from the Haar random unitary ensemble. The depth L of the circuit can be adjusted.

Obviously, RUCs are locally scrambled, as any local-basis transformation (from both left and

right) can be absorbed by the Haar random unitary gates in the circuit. Therefore, we expect our

reconstruction map to work perfectly in this case for any choice of the circuit depth L.
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Figure 6.4: (a) Fidelity estimation of GHZ state with RUC of different circuit depth L using
entanglement-feature-based reconstruction M −1

EF (denoted by EF) over different number N of
qubits. (b) Fidelity estimation of GHZ state using shallow RUC (3-layer, with M −1

EF , denoted
by EF), random on-site (local Haar) gates (0-layer, with M −1

LH , denoted by LH) and global
Haar unitary (∞-layer, with M −1

GH , denoted by GH). The inset shows the variance VarF of the
predicted fidelity as a function of system size N. In both subfigures, the sample size is 5000.
Error bar indicates 3-standard-deviation estimated by the bootstrap method. Points are split
horizontally to avoid the overlap of markers.
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For illustration purpose, we start with a Greenberger-Horne-Zeilinger (GHZ) state ρ =

|Ψ⟩⟨Ψ|, where |Ψ⟩= 1√
2
(|00 · · ·0⟩+ |11 · · ·1⟩). For every given circuit depth L, we first calculate

the entanglement feature W (2)
Eσ,C

to determine the reconstruction map M −1. This calculation is

done for once and stored in the classical memory for future reference. In our numerical simulation

of the data acquisition process, we sample the RUC, apply it to the GHZ state |Ψ⟩, and perform

the computational basis measurement. We generate a collection of classical snapshots Eσ|ρ = {σ̂}

of size M by repeated measurements. We then estimate the fidelity F of the reconstructed state by

F =

√√√√ 1
M ∑

σ̂∈Eσ|ρ

⟨Ψ|M −1[σ̂]|Ψ⟩. (6.35)

Following the philosophy of classical shadow tomography, one should view Eq. (6.35) as a

prediction task. If the shadow tomography is successful, then the estimated fidelity should

converge to F = 1. This estimation can be achieved accurately by a few measurements, even

though the full density matrix estimation avgσ̂∈Eσ|ρ M −1[σ̂] may still have large fluctuations. In

addition, when the reconstruction is biased, for example the experimental channel M doesn’t

match the theoretical assumption of the unitary ensemble, then the fidelity estimation will deviate

from one. Fig. 6.4 (a) shows that the entanglement-feature-based reconstruction map M −1
EF indeed

gives unbiased estimation of fidelity F for different circuit depths L and for different system sizes

N. Furthermore, when the GHZ state is prepared with Z errors, our method can give the correct

fidelity estimation that decreases linearly with the probability of Z error, which is challenging for

the current state-of-art machine-learning quantum state tomography method[CTMA19, HKP20]

(see Appendix B.3 for more discussions).

To compare with the existing classical shadow tomography method[HKP20], we consider

the reconstruction maps M −1
GH [σ] = (dN + 1)σ− 1 and M −1

LH [σ] =
⊗

i((d + 1)σi − 1i), where

M −1
GH (or M −1

LH ) assumes the unitary ensemble is global (or on-site local) Haar random. They can

be viewed as special limits where circuit depth L tends to infinity and zero respectively. Although
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Figure 6.5: (a) Fidelity estimation of the reconstructed GHZ state with RUC of finite depth L.
(b) Estimation of observable P0 = |⟨Ψ|00 · · ·0⟩|2 (the projection operator to the |00 · · ·0⟩ state)
on the reconstructed GHZ state with RUC of finite depth L. In both cases, the reconstruction uses
the global Haar reconstruction map. The sample size is 5000. Error bar indicates 3-standard-
deviation estimated by the bootstrap method.

they can also achieve an unbiased estimation of quantum fidelity, the tomography efficiency

differs. In Fig. 6.4(b), the error bar shows how the (3-times) standard deviation of the estimated

fidelity scales with the number of qubits N at 5000 sample size. As we can see (both from

the error bar and from the inset of Fig. 6.4(b)), the variance of (on-site) local Haar estimation

increases drastically as N increases, which implies an increasingly high sample complexity for

large systems.

In the other limit, the variance of global Haar estimation is independent of system size,

achieving the optimal sample complexity as advocated in Ref. [HKP20]. However, to realize

the global Haar ensemble, the circuit depth needs to be at least of order O(N), which is quite

demanding for quantum devices. If we approximate the global Haar ensemble with finite-

depth circuits and use the reconstruction map M −1
GH on data collected from finite-depth circuit

measurements,[ONE13] this will yield systematically biased predictions for physical quantities

when the circuit is not deep enough. In Fig. 6.5(a), we show that the biased prediction tends to

over-estimate the fidelity, leading to the unphysical result of F > 1 (the correct behavior is F = 1).
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This occurs because, when the measurement channel M in data acquisition protocol disagrees

with the reconstruction channel M −1 in classical post-processing protocol, the reconstructed

density matrix 1
M ∑σ̂∈Eσ|ρ M −1[σ̂] may not be positive-definite (see Appendix B.4 for detailed

discussions), resulting in the unphysical fidelity estimation. This bias gets worse for larger system

size. In Fig. 6.5(b), we also show the estimation of P0 = |⟨Ψ|00 · · ·0⟩|2. For GHZ state, the correct

behavior is P0 = 0.5, and we still see significant bias when applying M −1
GH for shallow circuits.

However, with the entanglement-feature-based reconstruction map M −1
EF , as demonstrated

in Fig. 6.4 (b), we are able to achieve an unbiased fidelity estimation with a 3-layer shallow circuit,

approaching similar variance level (i.e. similar sample efficiency) as global Haar ensemble while

keeping a low circuit complexity. This clearly demonstrates the advantage of our approach.

6.3.2 Scaling of Variance and Tomography Complexity

The above discussion motivate us to define the tomography complexity as C = (L+1)M,

where L is the circuit complexity (the number of layers in the quantum circuit), and M is the

sample complexity (the number of sample needed). M will be proportional to the single-shot

variance Var ô. Suppose applying each layer of quantum gates and performing measurements

both take a unit of time on the quantum device, then C is roughly the total amount of time needed

to collect the classical shadow from M copies of the quantum state, which characterizes the

complexity of the data acquisition protocol. This notion of complexity is consistent with the

Quantum Algorithmic Measurement (QUALM) complexity introduced in Ref. [ACQ21] (with LM

and M being their gate and query complexities respectively). In the following, we will investigate

the scaling of single-shot variance Var ô as a function of circuit depth L and system size N for

both low-rank operators (such as fidelity) and full-rank operators (such as Pauli operators), and

show how the tomography complexity C can guide us to find the optimal circuit depth L∗.

For low-rank operators, we will focus on quantum fidelity, which is important in many

quantum information applications, such as (variational) state preparation. We will define the
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Figure 6.6: (a) Single-shot variance of estimated fidelity v.s. circuit depth L for a 9-qubits GHZ
state. (b) Single-shot variance of estimated fidelity as a function of the effective system size Neff.
The best fit for VarF ∝ exp

(
c N
(L+1)α

)
gives c = 0.47±0.08 and α = 0.72±0.1. (c) Variance of

full rank operator estimation on 9-qubit GHZ state. The full rank operators are Pauli-Z operators
of the form: Z(k) = Z⊗kI⊗(N−k) with different support k. The dots are experimental results from
simulation, and the lines are theoretical prediction using operator shallow norm by Eq. (6.21).
They match perfectly.
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zero-depth limit (L → 0) of the RUC to be a single layer of on-site Haar-random gates because

even if there is no two-qubit gate in the “zero-depth” circuit, we still assume that the unitary

ensemble is locally scrambled such that on-site scrambling unitaries continue to persist. In this

limit, the single-shot variance VarF of fidelity estimation scales exponentially with the number

of qubits N. On the other hand, in the deep circuit limit (L → ∞), RUCs will approach the

global Haar unitary ensemble, and the variance VarF will be independent of system size. We

are interested to investigate how VarF behaves in the shallow circuit regime. In Fig. 6.6(a), we

calculated VarF numerically using the bootstrap method for the 9-qubit GHZ state. It shows the

variance VarF will decrease quickly in the shallow circuit regime. Interestingly, we found that

an empirical formula VarF ∝ exp
(
c N
(L+1)α

)
fits the data well in the shallow circuit regime, with

α = 0.7±0.1. In Fig. 6.6(b), we plot VarF as a function of N
(L+1)α for different fixed circuit depth

L. We find curves with different choices of circuit depth L all collapse together with the same

coefficient c = 0.47±0.08.

The physical intuition behind the empirical formula has to do with the operator growth

in RUCs. If the quantum circuit is very shallow, then the computational basis measurement will

only probe local information in the original basis. If the circuit becomes deeper, computational

basis measurement can probe information in larger regions in the original basis, because the

measurement operator has grown under the (backward) circuit evolution. Suppose the size of

the measurement operator grows in a power-law manner ∼ (L+1)α3 with respect to the depth

L of the RUC, the relative size of the system will effectively shrink to Neff =
N

(L+1)α , such that

VarF should scale universally with Neff, as proposed in the empirical formula. We might expect

α = 1/2 (or α = 1), if the operator grew diffusively (or ballisticaly). However, the best fit of our

numerical result seems to indicate an effective operator growth between the diffusive and ballistic

limits. Due to the limited system size in this study, we are unable to determine whether our

observation persists to the thermodynamic limit. We will leave this intriguing scaling behavior

3In the L → 0 limit, the measurement operator is still of at least size 1, which motivates the “+1” regularization
in (L+1)α.
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for further investigation in the future. Nevertheless, for any α, the variance decreases faster

than exponential with L in the shallow circuit regime, which already speaks for the advantage of

applying shallow circuits in classical shadow tomography.

For full-rank operators, we mainly focus on consecutive strings of Pauli operators of the

form

Z(k) = Z⊗kI⊗(N−k) = ZZ · · ·Z︸ ︷︷ ︸
k

II · · · I︸ ︷︷ ︸
N−k

, (6.36)

where Z is the Pauli-Z operator, and I is the identity operator. We define the locality of the Pauli

string operator by its length k. In the shallow circuit limit (L → 0), the variance of estimation for

Z(k) scales VarZ(k) ∝ 4k. So shallow circuit is only efficient for predicting the local observables,

and becomes inefficient for non-local observables. In the deep circuit limit (L → ∞), as the unitary

ensemble becomes globally Haar, there is no difference between local and non-local operators

in this limit, and VarZ(k) ∝ 2N . A simple comparison indicates: when k ≳ N/2, VarZ(k) will

decrease with L, thus deep circuits will have lower sample complexity; when k ≲ N/2, VarZ(k)

will increase with L, thus shallow circuits will have lower sample complexity. In Fig. 6.6(c), the

dots shows the variance VarZ(k) as a function of circuit depth L for different support k. The trend

agrees with our simple argument. For non-local operators, their variance will quickly decrease

with the circuit depth L, while the variance for local operators will mildly increase with L. The

behavior is theoretically described by how the operator shadow norm ∥O∥2
Eσ

depends on both

the circuit depth L and the operator locality k, which are separately encoded in the entanglement

features of Eσ and EO. We calculate the shadow norm ∥Z(k)∥2
Eσ

based on the entanglement

feature formalism using Eq. (6.21), and plot the result as lines in Fig. 6.6(c). The theoretical

calculation agrees perfectly with the numerical results, which also indicates that the shadow norm

bounds the single-shot variance (and hence the sample complexity) quite tightly.

Based on the discussion in Sec. 6.2.2, the sample complexity M is proportional to the

single-shot variance. Given the scaling of variance with the the circuit depth L, we can study the
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Figure 6.7: (a) Tomography complexity C ∝ (L+1)VarF as a function of circuit depth L for
the fidelity (low-rank observable) estimation task. Dots are tomography complexities for GHZ
states of qubit number N by our numerical simulation. Solid curves are best fits based on the
empirical formula Eq. (6.37). (b) Tomography complexity C ∝ (L+ 1)VarZ(k) for the Pauli
string (full-rank observable) estimation task. Dots are numerical simulation results. Solid curves
are analytic calculations using the operator shadow norm formula Eq. (6.21).
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scaling of the sample complexity, as well as that of the tomography complexity C . For fidelity

estimation task, C scales as

C = (L+1)M ∝ (L+1)VarF

∝ (L+1)exp
( cN
(L+1)α

)
.

(6.37)

For sufficiently large systems, the complexity C can have a non-trivial minimum at a finite circuit

depth L∗ ≃ (αcN)1/α −1. Our simulation result in Fig. 6.7(a) verifies such behavior. For small

systems (N ≲ 5), random single-qubit measurements can efficiently benchmark the quantum state,

so we do not need to use a finite-depth circuit for data acquisition. However, as the system size

N gets larger, to maintain the prediction accuracy, single-qubit measurements will require more

and more samples that have to grow exponentially with N. As shown in Fig. 6.6(a), applying a

few layers of quantum circuits before the measurement can quickly bring down the single-shot

variance (and hence reduce the sample complexity). However, we also do not want to go too far

in the circuit depth, because that would increase the circuit complexity. Therefore, we expect

an optimal circuit depth L∗ where the sample complexity and the circuit complexity reach a

balance, and the total tomography complexity is minimized. This explains the advantage of

shallow circuits in classical shadow tomography, as compared to the existing method that requires

either on-site Haar random (L → 0) or global Haar random (L → ∞) unitaries.

We also study the tomography complexity C ∝ (L+1)VarZ(k) for the full-rank observ-

ables, such as Pauli strings Z(k), as shown in Fig. 6.6(b). In this case, what matters is the locality

k of the full-rank operator (the length k of the Pauli string). For local operators (small k), on-site

measurement will be most efficient. However, for non-local operators (large k), we observe that

the tomography complexity is minimized at some finite circuit depth, again demonstrating the

advantage of employing shallow circuits in classical shadow tomography. For different classes

of physical observables, we can use the tomography complexity C as an objective function to

guide the design of the optimal circuit structure. We will leave this promising direction for future
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investigation.

6.3.3 Approximate Classical Shadow Tomography with Local Hamiltonian

Dynamics

Requiring an unitary ensemble to be strictly locally scrambled could be restrictive. To this

end, we would like to explore a broader class of unitary ensembles that are only approximately

locally scrambled. In particular, we study unitary evolutions U = e−iHT generated by a local

Hamiltonian H for finite amount of time T , as depicted in Fig. 6.3(b). Two classes of Hamiltonians

are of particular interest. In the first class, we consider a model of random local Hamiltonians

H = ∑
i

Hi,i+1, (6.38)

where each term Hi,i+1 is independently sampled as 2-local GUE random matrices. We dub

this class the GUE2 ensemble to remind ourselves that the Hamiltonian is 2-local. The local

Hamiltonian describes a disordered one-dimensional quantum system in general. Once every

Hi,i+1 term is sampled, we will use the Hamiltonian H to drive the time evolution without

changing H during the evolution. The unitary GUE2 ensemble is only invariant under U →

V †UV (not U → UV ) for V ∈ U(d)N , such that that its corresponding prior POVM Eσ will

transform as σ̂U,b = U†|b⟩⟨b|U → V †U†V |b⟩⟨b|V †UV ̸= V †σ̂U,bV , which does not satisfy the

locally scrambling condition at the state level (i.e. the invariance under σ̂ →V †σ̂V ). However,

we anticipate that under a sufficient amount of time evolution, the original local basis choice (of

|b⟩) will be quickly randomized given the chaotic nature of the local Hamiltonian, such that the

initial choice of V |b⟩⟨b|V † or |b⟩⟨b| will not make a substantial difference statistically, so the

GUE2 ensemble will become approximately locally scrambled after some local thermalization

(scrambling) time TTh.

Another more realistic class of random Hamiltonians to be considered is based on the
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quantum Ising model with both disordered coupling in space and random fields in time

Ht = ∑
⟨i j⟩

Ji jXiX j +h∑
i
(cosθtXi + sinθtYi), (6.39)

where the local coupling Ji j ∼ Uni[J − J
2 ,J +

J
2 ] is drawn from a uniform distribution, and the

angle of magnetic field θt ∼ Uni[0,2π] is also random. We use this Hamiltonian to drive the

quantum dynamics in discrete time steps. In each period of time, the magnetic field h will be

applied along a different random direction θt in the x-y plane for all spins uniformly. However,

Ji j will remain the same throughout the time evolution. The ensemble of unitary consists of

U =
T

∏
t=1

e−iHt . (6.40)

which we name as the Disordered Quantum Ising Model or DQIM for short. The DQIM

ensemble is friendly for quantum technology such as Rydberg-atom-based[Saf16b] or trapped-

ion-based[MCD+21] quantum simulators. Similar construction of approximate unitary designs

by Hamiltonian evolution with random quenches in time was also proposed in Ref. [EVD+18,

VED+18]. We would like to investigate how well our framework applies to these two cases.

Each approximately locally scrambled unitary ensembles EU leads to a prior POVM

Eσ = {σ̂U,b|b ∈ {0,1}×N ,U ∈ EU} that is also approximately locally scrambled. We propose

to characterize how close the prior POVM Eσ is towards its local-basis invariant limit by the

following frame potential

F (k)
Eσ

= E
σ̂,σ̂′∈Eσ

(Tr σ̂σ̂
′)k. (6.41)

Recall that in deriving Eq. (6.6) from Eq. (6.3), we only require the 2nd moment to match, i.e.

E
σ̂∈Eσ

σ̂
⊗2 = E

V∈U(d)N
E

σ̂∈Eσ

(V †
σ̂V )⊗2, (6.42)
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therefore we will be most interested in the 2nd frame potential F (2)
Eσ

. The frame potential F (2)
Eσ

for any ensemble Eσ is lower bounded by its locally-scrambled (U(d)N-twirled) limit F (2)
ELS

σ

as

F (2)
Eσ

≥ F (2)
ELS

σ

= ∑
A,B

W (2)
Eσ,A

WgA,BW (2)
Eσ,B

. (6.43)

The fact that F (2)
ELS

σ

is expressed purely in terms of the entanglement feature of Eσ indicates that it

is indeed free of any local-basis-dependent information. We can define the gap between the frame

potential and its locally-scrambled limit as

∆
(2)
Eσ

= F (2)
Eσ

−F (2)
ELS

σ

= Tr
(

E
σ̂∈Eσ

(
σ̂
⊗2 − E

V∈U(d)N
(V †

σ̂V )⊗2))2
,

(6.44)

which turns out to match the trace-square-difference between the 2nd moment Eσ̂ σ̂⊗2 and its

local twirling EV,σ̂(V †σ̂V )⊗2. The frame potential gap ∆
(2)
Eσ

serves as an indicator of the validity

of our approach, as it vanishes if Eσ is locally scrambled such that our construction becomes

exact.

Different unitary ensembles can lead to different frame potential gaps of Eσ, which can

be used to evaluate the quality of the unitary ensemble in obeying the local scrambling condition.

In Fig. 6.8(a), we first focus on the frame potential gap ∆(2) for the GUE2 ensemble. We find the

gap will first decay exponentially and then saturate to a plateau at a very low level. The quickly

vanishing gap implies that the GUE2 ensemble quickly becomes approximately locally scrambled

as time evolves. We define the characteristic time associated with the exponential decay as TTh,

i.e. ∆(2)(T ) ∝ exp(−T/TTh), which can be considered as the local scrambling (thermalization)

time. In addition, the inset plot in Fig. 6.8(a) shows that TTh is independent of the system size

N, as the slope remains mostly the same for different N. Unlike the global scrambling (global

thermalization) which requires a long time (∼ N) to achieve, achieving local scrambling only
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Figure 6.8: (a) Frame potential gap ∆
(2)
Eσ

of the GUE2 ensemble as a function of evolution
time T . The inset shows the decay behavior for different system sizes N. (b) Frame potential
gap of DQIM ensemble at different coupling strength J, in comparison with that of the GUE2
ensemble. (c) The dependence of the local scrambling time TTh on the coupling strength J. (d)
Frame potential gap for single instances in the DQIM ensemble. Each instance corresponds to a
light-green curve in the background.
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requires a fixed amount of time set by the ultra-violet energy scale that is independent of the

system size N. This is another advantage of using locally scrambled quantum dynamics for

classical shadow tomography in practice.

As for the DQIM ensemble, we fix the strength of the magnetic field at h = π/4, since

this value produces the fastest on-site scrambling of a single qubit. According to the definition

Eq.(6.39), the only tuning parameter will be the mean value J of Ising couplings (which also

sets their disorder strength). We calculate the frame potential gap for DQIM ensemble with

different J, and use the exponential decay regime to define the local scrambling time TTh. The

result is shown in Fig. 6.8(b). The DQIM ensemble also approaches local scrambling as time

evolves, although the final saturation plateau is not as low as the GUE2 ensemble. Larger Ising

coupling J will lower the saturation plateau and shorter the local scrambling time TTh, as shown

in Fig. 6.8(c). In addition, as shown in Fig. 6.8(d), we find the frame potential gap for a single

realization quenched-disorder Hamiltonian does not deviate significantly from the ensemble mean

value. This indicates that a single fixed disordered Ising chain under a randomly rotating uniform

magnetic field is already good to generate an approximately locally scrambled ensemble that can

be used for classical shadow tomography.
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Figure 6.9: Fidelity prediction by (a) different approximated locally scrambled ensembles,
and (b) the GUE ensemble at different system sizes N. Sample number is 10000 and error bar
indicates 3-standard deviation.

In practice, we use the two proposed approximated ensembles, (i) the GUE2 ensemble
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and (ii) a single instance of the DQIM ensemble, to perform the tomography task and predict the

fidelity of a 7-qubit GHZ state. In Fig. 6.9(a), we see the predicted fidelity will be biased in the

beginning (the biased fidelity can be greater than one, see Appendix B.4 for more discussions), due

to the fact that the quantum dynamics is still on its way to establish local scrambling. After around

T ∼ 10TTh, the local scrambling condition is approximately established, then the entanglement-

feature-based reconstruction map M −1
EF can provide a good reconstruction of the quantum state,

as indicated by the convergence of the quantum fidelity to identity. In Appendix B.4, we further

investigate the quantum fidelity of ρ̃ projected to the physical space (to tame the unphysical

F > 1 behavior) and show that the reconstruction is perfect after around T ∼ 10TTh. In addition,

Fig. 6.9(b) also shows the local scrambling time for GUE2 is independent of system size, which

is consistent with the same behavior in Fig. 6.8(a). The results in Fig. 6.9 suggest that the

entanglement-feature-based approach could be applicable for approximately locally scrambled

unitary ensembles. The reconstruction bias vanishes as the frame potential gap decays. As long

as the frame potential gap is low enough, the bias is also expected to be vanishingly small for all

predictions. This significantly broadens the application of classical shadow tomography to a large

class of quantum dynamics that can be achieved on NISQ devices.

6.4 Summary and Discussions

Our result can be further extended to more general measurement channels, which can

involve ancilla qubits and partial measurements. The unitary channel can be noisy and the

measurements can be weak. Under generalized measurements, the state ρ collapses to ρ →

KaρK†
a/(TrKaρK†

a ), where Ka is the Kraus operators[Kra71] associated with the measurement

outcome a. We can define the measurement operator σ̂a = K†
a Ka (with the standard normalization

∑a σ̂a = 1), which forms the prior POVM Eσ = {σ̂a|P(σ̂a) = d−N}, and the posterior POVM will

be Eσ|ρ = {σ̂a|P(σ̂a|ρ) = Tr σ̂aρ} correspondingly. As long as the generalized prior POVM Eσ is
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locally scrambled, i.e. ∀V ∈ U(d)N : P(σ̂) = P(V †σ̂V ), our theoretical framework automatically

applies, and all formulations in this work remain valid in the same form. This enables us to

consider classical shadow tomography with very general data acquisition protocols.
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Figure 6.10: Classical post-processing protocol to estimate the operator expectation value and
shadow norm.

The entanglement feature formalism plays a central role in our approach. Fig. 6.10

summarizes the proposed classical post-processing protocol to predict the expectation value ⟨O⟩

of a physical observable O, together with its estimated variance (given by the shadow norm ∥O∥2
Eσ

divided by the sample size M). Given the circuit structure, the entanglement feature (EF) solver

calculates the entanglement feature W (2)
Eσ

of the prior POVM as defined in Eq. (6.8) (the algorithm

is developed in previous works[KAAY20, FVVY20, AY20]). The result is passed to the inverse

channel solver to calculate the reconstruction coefficients rA by solving Eq. (6.12). With rA,

we can predict any physical observable O by ⟨O⟩= dN
∑A rAoA where oA = Eσ̂∈Eσ|ρ TrOσ̂A (the

median-of-means trick[HKP20] can be used here if multiple observables are to be predicted). For

every sample of classical description of the Kraus operator K, a quantum circuit simulator (running

on a classical computer) is needed to construct the (efficient representation of) measurement
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operator σ̂ = K†K. The classical simulation could be efficient if the circuit is Clifford[Got98b]

(our formalism applies to random Clifford circuits with no problem). The part of computation

in the dashed box of Fig. 6.10 should be repeated for every sample to evaluate the ensemble

average. Finally, given the reconstruction coefficient r and the entanglement features W (2)
Eσ

and

W (2)
EO

, the shadow norm ∥O∥Eσ
can be calculated, which provides an estimation for variance of

the predicted observable. Although it takes some effort to process the entanglement feature data

and to calculate the reconstruction coefficients, such computation (everything outside the dashed

box in Fig. 6.10) only occurs once for a given circuit structure, therefore this computational effort

is usually affordable (especially when efficient tensor-network approaches are developed and

employed).

Ψ〉

Figure 6.11: Illustration of holographic classical shadow tomography scheme, where the
quantum circuit is arranged in a hierarchical structure (forming the hyperbolic bulk space).

The theoretical framework established in this work extends the classical shadow tomogra-

phy to general quantum circuits, which opens up many possible applications. As one interesting

example, we consider performing the classical shadow tomography in the “holographic bulk”

by transforming the original state by a random Clifford circuit arranged in a hierarchical struc-

ture (see Fig. 6.11), similar to the multi-scale entanglement renormalization ansatz (MERA)

network[Vid07b, Vid08b] or the holographic quantum error-correcting code[PYHP15a]. Fol-

lowing the idea of holographic duality, local measurements in the holographic bulk translate to

measurements at all different scales on the holographic boundary. Therefore it is conceivable
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that the holographic classical shadow tomography could achieve high sample efficiency for

operators of all scales, potentially evading the dichotomy between sample complexity and circuit

complexity.

Another interesting application is to consider random circuits hybrid with random mea-

surements inserted into the circuit at a fixed rate[LCF18, LCF19, SRS19, CNPS19, SRN19]. Con-

ditioned on the intermediate measurement outcomes, the hybrid quantum circuit forms a quantum

channel that transmits quantum information from end to end. Driven by the measurement rate, the

final state can undergo an entanglement transition[VPYL18, JYVL19, BCA19] (or the quantum

channel can undergo a purification transition[GH19] equivalently). When the measurement rate

is high, the quantum information in the initial state can be efficiently extracted by intermediate

measurements (eavesdroppers), such that the channel has zero transmission capacity. When the

measurement rate is lower than a critical threshold, the channel will have a finite capacity and

can transmit quantum information in an error-correcting manner.[CBQA19, FVVY20, GKH+20]

However, it is unclear how to take advantage of the self-organized quantum error correction in

these hybrid quantum circuits. We anticipate that the classical shadow tomography with a flexible

measurement scheme can help decoding the measurement-induced quantum error-correcting code.

We will leave these interesting applications for future explorations.

Finally, the classical shadow tomography provides an efficient interface that converts

quantum states to classical shadow data, which enables us to exploit the power of classical com-

putation, especially data-driven and machine learning approaches, to advance our understanding

of complex quantum systems and to solve challenging quantum many-body problems. As shown

in Ref. [HKT+21], classical algorithms that learns from the classical shadow data has provable

performance advantages over conventional numerical approaches that do not learn of data. Our

work further adds to this promising direction by providing a more flexible classical shadow

tomography scheme that works with very general measurement protocols (beyond on-site Pauli

measurements), which could lead to potentially more efficient classical-shadow-based learning
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algorithms.

6.5 Acknowledgements

This work is supported supported by a UC Hellman fellowship. Chapter 4, in full,

is a reprint of the material as it appears in Hong-Ye Hu, Soonwon Choi, Yi-Zhuang You,

arXiv:2107.04817. The dissertation author was the primary investigator and author of this

paper.

109



Part III

Hierarchical representation of quantum

states

110



Chapter 7

Topological and symmetry-enriched

random quantum critical points

7.1 Introduction

Topological phases form a cornerstone of modern condensed matter physics, extending

beyond the Landau-Ginzburg paradigm of symmetry-breaking order. An especially important

class of topological states are Symmetry-Protected Topological (SPT) phases [GW09, CGW11,

TPB11, FK11, CLW11, PBTO12, LV12, LG12, CGLW12, CGLW13, Sen15], which are gapped

systems characterized by non-local order parameters and symmetry-protected topological edge

modes. Prominent examples of SPT phases include fermionic topological insulators [VBA85,

SV88, MNZ04, KM05, FK07, Kit09, SRFL09, HK10]—protected by time-reversal and charge

conservation symmetry—or the Haldane phase in quantum spin chains [Hal83, AKLT88, DR93,

PTBO10]—protected by spin-rotation symmetry.

Recently, the concept of SPT order was extended to gapless systems [KWSDS11, FLNF11,

SHFDS11, Tsv11, CT11, RDTHA12, GV12, KDB+13, ODC+14, RBA15, IMR+15, LB15,

KB15, KC15, ZW17, OC16, MDIR17, WXPH17, KSH17a, RA17, KSGC17, SPV17, GLB17,
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CYT+18, VJP18, ZL18, JLSL18, PSV18, KBA18, JV19, VTJP19, JSW19, Ver20]: surprisingly,

many of the key features of SPT physics carry over to the gapless case, despite the non-trivial

coupling between topological edge modes and bulk critical fluctuations. It is also helpful to

think of gapless SPT (gSPT) states [SPV17] as symmetry-enriched quantum critical points (SE-

QCP) [VTJP19], where global symmetries can enrich the critical behavior of critical systems.

This led to the discovery of new critical points and phases with unusual nonlocal scaling operators

which imply an anomalous surface critical behavior, and symmetry-protected topological edge

modes. In certain cases, such SEQCPs are naturally realized as phase transitions separating

SPT and symmetry-broken phases: while the bulk universality class is locally dictated by the

Landau-Ginzburg theory of spontaneous symmetry-breaking, the nonlocal operators and the

surface critical behavior are affected by the neighboring SPT phase.

In this work, we show that the mechanism protecting gapless SPT phases persists upon

adding disorder. We focus on one-dimensional systems, where the bulk criticality flows to infinite-

randomness fixed points [MDH79, DM80, Fis92, Fis94, Fis95, MMHF00]. We first discuss

the paradigmatic infinite-randomness Ising criticality, where we find that—similar to the clean

case [VTJP19]—there are topologically distinct versions in the presence of an additional ZT
2

symmetry. We find that one of these classes has topologically-protected edge states. Whilst this

is a finite-tuned critical point, our second example is a stable “random singlet” phase of matter.

Moreover, in the latter case, there are additional gapped degrees of freedom which are able to

make the edge mode exponentially-localized. We also illustrate how this topological random

quantum criticality can emerge naturally in periodically driven (Floquet) systems.
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7.2 Ising⋆ transition

We consider the spin-1/2 chain

H =−∑
i

JiZiZi+1 −∑
i

hiXi −∑
i

giZi−1XiZi+1, (7.1)

where X ,Y,Z denote the Pauli matrices. The model has a Z2 spin-flip symmetry (generated by

P = ∏i Xi) and a time-reversal symmetry ZT
2 (acting as the complex conjugation T = K). Let us

first consider the clean case, where the coefficients Ji ≡ J, hi ≡ h and gi ≡ g are site-independent.

In this case, the J,h,g ≥ 0 terms respectively drive the system towards ferromagnetic (FM), trivial

paramagnetic (PM) and Z2 ×ZT
2 symmetry protected topological (SPT) [Suz71, RB01, KM04,

SAF+11b, VMP17] phases, the latter sometimes being called the cluster or Haldane SPT phase.

The phase diagram is shown in Fig. 7.1(a), with the gray solid lines indicating Ising criticalities.

Although the FM-PM and FM-SPT transition are both described by the Ising conformal

field theory (CFT), the time-reversal symmetry acts differently on the disorder operator, leading to

different symmetry enriched CFTs (or gapless SPTs) [SPV17, VJP18, PSV18, VTJP19, Ver20].

To briefly review this, note that an Ising CFT has a unique local and a unique nonlocal scaling

operator with scaling dimension ∆ = 1/8, commonly denoted by σ and µ, respectively. These

are the order parameters of the nearby phases, i.e., σ(n) ∼ Zn is the Ising order parameter,

whereas the disorder operator µ(n) is the Kramers-Wannier-dual string order parameter of the

symmetry-preserving phase. In the trivial PM, µ(n) ∼ ∏
n
j=−∞ X j, whereas in the SPT phase,

µ(n) ∼ ∏
n
j=−∞ Z j−1X jZ j+1 = · · ·Xn−2Xn−1YnZn+1 [SAF+11a, BV14, JV19, VTJP19]. We see

that the two Ising critical lines are distinguished by the discrete invariant T µT =±µ [VTJP19].

This means they must be separated by a phase transition. Indeed, in Fig. 7.1(a) they meet at a

multicritical point where the central charge is c = 1.

We refer to the non-trivial case, where the nonlocal bulk operator is charged T µT =−µ,

as Ising⋆. This supports a localized zero-energy edge state [VTJP19]. Intuitively, the edge of the
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Ising⋆ criticality spontaneously breaks the Ising Z2 symmetry. This unusual degenerate boundary

fixed point is stable since µ is charged and hence cannot be used to disorder the boundary.

The finite-size splitting of this edge mode is parametrically faster than the finite-size bulk gap

∼ 1/L. In particular, if the model is dual to free-fermions (such as Eq. (7.1)) then the edge mode

is exponentially-localized [VJP18] whereas with interactions, the splitting becomes ∼ 1/L14

[VTJP19].

7.3 Random Ising⋆ transition

We now study the fate of Ising⋆ upon disordering the system. The coefficients Ji, hi and gi

in Eq. (7.1) are now independently drawn from power-law distributions P(J) = (J/J0)
1/Γ/(ΓJ)

for J ∈ [0,J0] (similarly for P(h) and P(g)), where Γ controls the width of the distribution in

logarithmic scale. The limit Γ → 0 would recover the clean case. We will take Γ = 1, i.e., the

uniform distribution.

In the presence of randomness, the Ising CFT flows towards the infinite-randomness

fixed point (Γ → ∞) [Fis92, Fis95]. We will explore the symmetry enriched infinite-randomness

fixed point as the many-body localized counterpart of gapless SPT states. The disordered phase

diagram is shown in Fig. 7.1(a), which is qualitatively unchanged from the clean case. This was

obtained by mapping Eq. (7.1) to free fermions (using a Jordan-Wigner transformation) and using

the transfer matrix method to determine the topological winding number ω [MDH01]; in this

case the PM, FM and SPT phases map to the trivial (ω = 0), Kitaev chain (ω = 1) and two Kitaev

chains (ω = 2). In the original spin chain language, one can interpret ω as encoding the ground

state degeneracy 2ω with open boundary conditions, which is 0, 2 and 4, respectively.

Similar to the Ising CFT, the infinite-randomness Ising fixed point also has a local σ and

nonlocal µ scaling operator. While their scaling dimensions have changed (∆bulk = 1−ϕ/2 ≈

0.191 where ϕ = 1
2(1+

√
5) is the golden ratio [Fis95]), their lattice expressions are as before—
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Figure 7.1: Random Ising⋆ transition (a) Phase diagram of the random Ising Hamiltonian (7.1)
for clean (solid lines) and disordered (dotted lines), showing the topological winding number ω

for the dual fermionic description (see main text). (b) Floquet phase diagram of eq. (7.4) which
shows two topologically non-trivial Ising⋆ transitions. (c) Boundary magnetization under small
Zeeman field, showing spontaneous magnetization at the Ising⋆ transition (red star in (a)). (d)
Finite-size energy splitting of boundary spins at the Ising⋆ transition. (e) Spin-spin correlations
involving bulk and boundary spins (averaged over 1.5×105 realizations), compared to theory
predictions (solid black lines), where ϕ is the golden ratio. Calculations are performed using the
SBRG method on a 512-site spin chain.

indeed, the nearby gapped phases are still characterized by the same order parameters. We

thus still have the bulk topological invariant T µT =±µ, distinguishing two distinct symmetry-

enriched infinite-randomness Ising fixed points, which we refer to as the Ising and Ising⋆. For

the same reasons as before, we expect that the disordered Ising⋆ criticality has spontaneously-
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fixed boundary conditions. This would come with at least three physical fingerprints: (i) a

nonzero spontaneous magnetization at the boundary, (ii) a degenerate edge mode whose finite-

size splitting is parametrically smaller than the bulk gap, and (iii) spin-spin correlations near the

boundary should have a boundary scaling dimension [McC69, IR98] ∆
bdy
σ = 1/2 (or 0) for free

(or spontaneously-fixed) boundary condition, characterizing the Ising (Ising⋆) case.

We now test these predictions numerically. Because we will be interested in including

interactions, we use the spectrum bifurcation renormalization group (SBRG) method [YQX16,

SYX16, SBYX17, sup], which is a numerical real-space renormalization group approach that

progressively transforms the original Hamiltonian H to its diagonal form HMBL = ∑a εaτa +

∑ab εabτaτb + · · · as a many-body localization (MBL) effective Hamiltonian [SPA13, HNO14,

Swi13], and constructs the (approximate) local integrals of motion τa of the MBL system in

the form of Pauli strings. The approximation is asymptotically exact in the strong-disorder

limit. The rescaled parameters (J̃, h̃, g̃)≡ (J0,h0,g0)
1/Γ are invariant under the renormalization

group (RG) flow, and should be considered as tuning parameters. SBRG can be thought of as an

implementation of the strong disorder real space renormalization group (RSRG) [MDH79, DM80,

Fis92, Fis94, Fis95, MMHF00] and its generalization to excited states (RSRG-X) [PRA+14,

VA13, VA14, VPP15] in operator space. While SBRG can be used to study MBL physics and

excited states, in the following we focus on T = 0 groundstate properties.

7.4 SBRG results

We focus on the Ising⋆ transition at (J̃, h̃, g̃) = (1,0,1) (red star in Fig. 7.1(a)). We have

verified [sup] that in the bulk, the Ising⋆ transition flows to an infinite-randomness fixed point

with dynamical scaling l ∼ (log t)2 ∼ (− logε)2 that relates the length scale l and the energy

scale ε [Fis95], and logarithmic scaling of the entanglement entropy [RM04, RM09]. This is not

surprising since with periodic boundary conditions, Ising and Ising⋆ are unitarily equivalent.
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We now probe the boundary properties. To include the effect of interactions, we follow

Ref. [VTJP19] and add a generic Z2×ZT
2 -symmetric boundary perturbation HV =−V (X0Z1Z2+

ZL−2ZL−1XL), with V a random variable ten times smaller than the bulk couplings. Micro-

scopically, this perturbation can flip the boundary Ising spin. Nevertheless, if we study the

boundary magnetization m = ⟨Z0⟩ in response to a small Zeeman field hz applied along the

z-axis, we find that it tends to a nonzero limit as hz → 0 (with hz smaller than the finite-size

bulk gap, but larger than the groundstates splitting, see below), shown in Fig. 7.1(d). This is in

contrast to the trivial Ising fixed point, where the boundary magnetization is known to vanish as

m(hz)∼ 1/| loghz| [McC69].

Thus the boundary is spontaneously magnetized in the Ising⋆ case despite the Hamilto-

nian (7.1) being symmetric. Schematically, on a finite system we have two spontaneously-fixed

ferromagnetic (FM) ground states | ↑L↑R⟩ and | ↓L↓R⟩, where L and R denote the configurations

of the left and right edge modes (note that these are split from | ↑L↓R⟩ and | ↓L↑R⟩ by the critical

bulk penalizing antiferromagnetic states) [SPV17, VTJP19]. The above perturbation HV can

couple these FM states at second order in V , which should lead to a finite-size splitting. The

claim that we have a ground state degeneracy is only meaningful if this splitting is smaller than

the bulk finite-size gap. To confirm this, we arrange the energy coefficients εa obtained from

SBRG in the ascending order ε0 < ε1 < · · · , and focus on the lowest two. For the Ising⋆ transition

with open boundary condition (OBC), ε0 characterizes the smallest energy splitting between

| ↑L↑R⟩± | ↓L↓R⟩ whereas ε1 characterizes the bulk excitation gap. As shown in Fig. 7.1(e), both

splittings ε0 and ε1 follow εa ∼ exp(−αaL1/3) but with different exponents α0 = 5.4±0.6 and

α1 = 2.51± 0.02, i.e., ε0 ≈ ε1
2. The finite-size splitting ε0 of the symmetry-protected edge

modes decays significantly faster with the system size L compared to ε1. This provides a quan-

titative distinction between the topological edge modes and the bulk excitations. To further

verify this interpretation, we switch to the periodic boundary condition (PBC), the fast-decaying

topological splitting disappears and the smallest splitting decays with the “bulk” exponent as
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α0 = 2.45±0.02.

The Ising and Ising⋆ states can be further distinguished by their average boundary-bulk

spin-spin correlation functions ⟨Z0Zl⟩, which decay as ∼ 1/l∆
bdy
σ +∆bulk

, where ∆
bdy
σ (∆bulk) is the

boundary (bulk) scaling dimension of the Ising order parameter mentioned before. We thus

predict

⟨Z0Zl⟩ ∼





l−(3−ϕ)/2 ≈ l−0.69 Ising,

l−(2−ϕ)/2 ≈ l−0.19 Ising⋆.
(7.2)

In Fig. 7.1(f), we find that the boundary-bulk correlation follows ⟨Z0Zl⟩ ∼ l−(0.67±0.08) for Ising

and l−(0.20±0.02) for Ising⋆, which matches Eq. (7.2) within error bars. We also checked that

the bulk-bulk correlation ⟨ZiZi+l⟩ ∼ l−(0.42±0.05) decays with the expected exponent 2∆bulk =

2−ϕ ≈ 0.38 for both Ising and Ising⋆ transitions.

7.5 Symmetry-enriched random singlet phase

The Ising⋆ transition provides a clear example of symmetry-enriched random quantum

critical point, with stretched-exponentially localized edge modes. It is natural to ask whether this

notion can be extended to random critical phases, and whether the topological edge modes can be

made exponentially localized despite the absence of a bulk gap. Here, we answer both questions

in the positive, by introducing a symmetry-enriched random singlet phase.

In order to obtain a critical phase in one dimension, we consider a system with charge

conservation and particle-hole symmetry. For concreteness, we will focus on the random anti-

ferromagnetic spin-1/2 XXZ spin chain HA = ∑i Ji(XA
i XA

i+1 +Y A
i Y A

i+1 +∆iZA
i ZA

i+1), with Ji > 0

and 0 < ∆i < 1 random couplings specified later. It has a symmetry group GA =U(1)⋊ZA
2 with

the ZA
2 spin flip generated by ∏i XA

i , while the U(1) part corresponds to ∑i ZA
i conservation. For

uniform couplings, this spin chain is in a Luttinger liquid phase; while for random couplings, its

low energy properties can be captured by a real-space renormalization group (RSRG) procedure
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very similar to the SBRG approach above (but restricted to the groundstate). The random XXZ

spin chain forms a random singlet phase [Fis94], where the groundstate is asymptotically made

of non-crossing pairs of singlets of all ranges, with quantum critical properties similar to the

random Ising transition (which itself can be thought of as a random singlet state of Majorana

fermions). In particular, the entanglement entropy grows logarithmically with effective central

charge ceff = log2 [RM07, RM09], and the gap closes stretched-exponentially with system size

(dynamical exponent z = ∞).

To obtain a topological random singlet phase, we use the decorated domain walls con-

struction [CLV14] to “twist” the random XXZ chain. To that effect, we introduce another spin

species B, with Ising symmetry GB = ZB
2 , with Hamiltonian HB =−∑i XB

i +gBZB
i ZB

i+1. We take

gB ≪ 1 so that the B spins are disordered, deep into a quantum paramagnetic phase. We then

couple the two models by attaching charges of the GB = ZB
2 symmetry to the domain walls of

the A spins. This is achieved by the unitary transformation U = ∏DW(A)(−1)(1−ZB
i )/2, where the

product runs over all the domain walls of the A spins in the Z basis, with U2 = 1. After unitary

rotation (“twist”) of HA +HB +V , we find

H = ∑
i

Ji

[
ZB

i−1(X
A
i XA

i+1 +Y A
i Y A

i+1)Z
B
i+1 +∆iZA

i ZA
i+1

]

−∑
i

ZA
i XB

i ZA
i+1 +gBZB

i ZB
i+1 +V ′, (7.3)

where V ′ =UVU represents arbitrary small perturbations that preserves the GA ×GB symmetry.

Following the terminology of Ref. [SPV17, PSV18], we refer to Eq. (7.3) and HA +HB +V =

UHU as the gSPT and gTrivial (gapless, topologically trivial) Hamiltonians, respectively.

For periodic boundary conditions, H is unitarily related to HA +HB plus perturbations,

and thus corresponds to random singlet A spins coupled to the gapped paramagnetic B spins.

Nevertheless, the two models are topologically distinct. Like Ising and Ising⋆ above, they can

be distinguished by the charges of nonlocal scaling operators. In fact, since now there are
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Figure 7.2: Symmetry-enriched random singlet phase. DMRG results on eq. (7.3) including
various perturbations [sup]. Fits of the typical and average finite size gaps, showing a scaling
compatible with the random-singlet z = ∞ scalings ∆Etypical ≡ elog∆E ∼ e−

√
L and ∆E ∼ e−L1/3

.
Top-right Inset: the splitting between the two ground states vanishes exponentially with system
size, indicating exponentially-localized edge modes. Bottom-left Inset: spontaneous boundary
magnetization in the presence of a small symmetry-breaking magnetic field h.

additional gapped degrees of freedom, one can consider a string order parameter with long-range

order: in the trivial case HA +HB this is · · ·XB
j−2XB

j−1XB
j whereas in the topological case H it is

· · ·XB
j−2XB

j−1XB
j ZA

j+1. In the latter case, this string order parameter for the gapped B variables is

charged under GA. This discrete invariant shows that we have two distinct symmetry-enriched

versions of the same underlying infinite-randomness fixed point. Relatedly, for open boundary

conditions, we have H = J0∆0ZA
0 ZA

1 +ZA
0 XB

0 ZB
1 +ZB

0 ZB
1 + . . . , and in the absence of additional

perturbations (V = 0), we see that [ZA
0 ,H] = 0, providing an exact edge mode.

Going away from this special limit, we expect exponentially-localized topological edge

modes to be protected by the finite gap of the B spins, as in the clean case [SPV17, PSV18]. We

confirmed numerically the presence of exponentially localized edge modes coexisting with bulk

random singlet criticality using density-matrix renormalization group (DMRG) [Whi93, ITe]

techniques (Fig. C.3), including generic symmetry-preserving perturbations [sup].

120



7.6 Floquet Ising⋆ criticality

To close this letter, we illustrate how such novel universality classes emerge naturally in

the context of periodically driven (Floquet) systems. We focus on the driven quantum Ising chain

characterized by the single-period evolution (Floquet) operator [KLMS16]

F = e−
i
2 ∑i JiZiZi+1+...e−

i
2 ∑i hiXi+... (7.4)

where the dots represent small but arbitrary interactions preserving the Z2 symmetry G =

∏i Xi. For strong enough disorder, this system admits four dynamical phases protected by

MBL [KLMS16]. In addition to the familiar paramagnetic (PM) and spin glass (SG) Ising phases,

there are two more phases called π-SG (a.k.a. time crystal [KLMS16, EBN16, vKKS16, ZHK+17,

KMS19]) and 0π PM (a non-trivial SPT phase); see Fig. 7.1(b). This phase structure is due to

an emergent Z2 symmetry inherited from time translation symmetry. The transitions between

those phases have been argued to be in the random Ising universality class [YPPV17, BKPV18]

(ignoring potential instabilities towards thermalization in the presence of interactions [MHK20,

SMY+20, WAV20]). Here we note that the transitions out of the 0π PM are actually in the

random Ising⋆ universality class described above, protected by Z2 ×Z2 symmetry (one of the

Z2’s being emergent). This is because the 0π PM is closely related to the Z2 ×Z2 equilibrium

SPT [KLMS16, vS16, EN16, PMV16, HR17]. We find exponentially localized edge modes at

the transitions separating the 0π PM to either the SG or π-SG, which are protected due to the

disorder operator µ for the critical Z2 symmetry again being charged with respect to the second

Z2 symmetry, as detailed in the supplemental material [sup]. (The edge mode localization is

exponential as in the random singlet phase above, as the protecting symmetry is Z2 ×Z2 instead

of Z2 ×ZT
2 .)
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7.7 Discussion

We have demonstrated the existence of symmetry-enriched infinite-randomness fixed

points with robust topological edge modes coexisting with all the characteristics of strong disorder

quantum criticality. In particular, we have shown that the paradigmatic random Ising critical

point and XXZ random singlet phase come in topologically distinct versions in the presence of

an additional ZT
2 or Z2 symmetry. The topological edge modes couple non-trivially to gapless

bulk fluctuations, leading to anomalous boundary critical behavior. We expect our findings to

extend to essentially all known strong- and infinite-randomness critical points: finding examples

of symmetry-enriched random critical points in 2+1d [MMHF00, KPP+] and 3+1d represents an

interesting direction for future works. It would also be interesting to investigate the consequences

of our results for dynamical properties [PVS19, BKPV18, KYL19, YAM20].
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Chapter 8

Machine learning holographic mapping by

neural network renormalization group

8.1 Introduction

The holographic duality, also known as the anti-de-Sitter space and conformal field theory

correspondence (AdS/CFT) [Wit98b, Wit98a, GKP98, Mal99], is a duality between a CFT on

a flat boundary and a gravitational theory in the AdS bulk with one higher dimension. It is

intrinsically related to the renormalization group (RG) flow [dVV00, Ske02, HP11, Swi12a,

Swi12b, NRT12, BGL13] of the boundary quantum field theory, since the dilation transformation,

as a part of the conformal group, naturally corresponds to the coarse-graining procedure in

the RG flow. The extra dimension emergent in the holographic bulk can be interpreted as the

RG scale. In the traditional real-space RG [Kad66], the coarse-graining procedure decimates

irrelevant degrees of freedom along the RG flow, therefore the RG transformation is irreversible

due to the information loss. However, if the decimated degrees of freedom are collected and

hosted in the bulk, the RG transformation becomes a bijective map between the degrees of

freedom on the CFT boundary and the degrees of freedom in the AdS bulk. Such mappings,
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generated by information-preserving RG transforms, are called exact holographic mappings

(EHM) [Qi13, LQ15, GLW+16], which were first formulated for free fermion CFT. Under the

EHM, the boundary features of a quantum field theory of different scales are mapped to different

depths in the bulk, and vice versa. The field variable deep in the bulk represents the overall or

infrared (IR) feature, while the variable close to the boundary controls the detailed or ultraviolet

(UV) feature. Such a hierarchical arrangement of information is often observed in deep neural

networks, particularly in convolutional neural networks (CNN) [LBH15]. The similarity between

renormalization group and deep learning has been discussed in several works [B13, MS14, BO15,

OT17, LTR17, GS17]. With the developement of machine learning in quantum many-body

physics [TM16, Wan16, vLH17, CT17, CM17a, TMC+18a], deep learning techniques have also

been employed to construct the optimal RG transformations [LW18, KR18] and to uncover the

holographic geometry [YYQ18a, HSTT18b, HSTT18a, Has19]. In this work, we further explore

the possibility of designing the EHM for interacting quantum field theories using deep learning

approaches. By training a flow-based hierarchical generative model [DSB16, KD18] to generate

field configurations following the probability distribution specified by the field theory action, the

model converges to the optimal EHM with an emergent bulk gravitational description, where

neural network parameters and latent variables correspond respectively to the gravity (geometry)

and matter degrees of freedom in the holographic bulk. The learned holographic mapping is

useful for both sampling and inference tasks. In the sampling task, the generative model is used

to propose efficient global-updates for boundary field configurations, which helps to boost the

Monte Carlo simulation efficiency of the CFT. In the inference task, the boundary field theory is

pulled back to an effective theory of the bulk field, which enables us to probe the emergent dual

geometry (on the classical level) by measuring the mutual information in bulk field.
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8.2 Renormalization Group and Generative Model

Renormalization group (RG) plays a central role in the study of quantum field theory (QFT)

and many body physics. The RG transformation progressively coarse-grains the field configuration

to extract relevant features. The coarse-graining rules (or the RG schemes) are generally model-

dependent and requires human design. Take the real-space RG[Kad66] for example: for a

ferromagnetic Ising model, the RG rule should progressively extract the uniform spin components

as the most relevant feature; however for an antiferromagnetic Ising model, the staggered spin

components should be extracted instead; if the spin couplings are randomly distributed on the

lattice, the RG rule can be more complicated. When it comes to the momentum-space RG[Wil83],

the rule becomes to renormalize the low-energy degrees of freedom by integrating out the high-

energy degrees of freedom. What is the general designing principle behind all these seemly

different RG schemes? Can a machine learns to design the optimal RG scheme based on the

model action?

(a) Renormalization
RG scale

UV IR

decimated irrelevant features ...

(b) Generation
inverse
RG scale

UVIR

ζ (x, z0) ζ (x, z1) ζ (x, z2)
ϕ (x)

boundary fieldbulk field

1

Figure 8.1: Relation between (a) RG and (b) generative model. The inverse RG can be viewed
as a generative model that generates the ensemble of field configurations from random sources.
The random sources can are supplied at different RG scales (coordinated by z), which can be
viewed as a field ζ(x,z) living in the holographic bulk with one more dimension. The original
field φ(x) will be generated on the holographic boundary.
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With these questions in mind, we take a closer look at the RG procedure in a lattice field

theory setting. In the traditional RG approach, the RG transformation is invertible due to the

information loss at each RG step when the irrelevant features are decimated, as illustrated in

Fig. 8.1(a). However, if the decimated features are kept at each RG scale, the RG transformation

can be inverted. Under the inverse RG flow, the decimated degrees of freedom ζ(x,z) are supplied

to each layer (step) of the inverse RG transformation, such that the field configuration φ(x) can

be regenerated, as shown in Fig. 8.1(b). Here we assume that the φ(x) field is defined in a flat

Euclidean spacetime coordinated by x = (x1,x2, · · ·) ∈ Rd , then ζ(x,z) will live on a manifold

with one higher dimension, and the extra dimension z corresponds to the RG scale. Given its

close analogy to the holographic duality, we may view ζ(x,z) as the field in the holographic bulk

and φ(x) as the field on the holographic boundary. The inverse RG can be considered as a deep

generative model G, which organizes the bulk field ζ(x,z) to generate the boundary field φ(x),

φ(x) = G[ζ(x,z)]. (8.1)

The renormalization G−1 and generation G procedures are thus unified as the forward and

backward maps of a bijective (invertible) map between the boundary and the bulk, known as the

EHM.[Qi13, LQ15]

At the first glance, such an information-preserving RG does not seem to have much

practical use, because ζ(x,z) is simply a rewriting of φ(x), which does not seem to reduce the

degrees of freedom. However, since the bulk field ζ(x,z) represents the irrelevant feature to be

decimated under RG, it should look like independent random noise, which contains minimal

amount of information. So instead of memorizing the bulk field configuration ζ(x,z) at each

RG scale for reconstruction purpose, we can simply sample ζ(x,z) from uncorrelated (or weakly

correlated) random source and serve them to the inverse RG transformation. Suppose the bulk

field ζ(x,z) is drawn from a prior distribution Pprior[ζ], the transformation φ = G[ζ] will deform
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the prior distribution to a posterior distribution Ppost[φ] for the boundary field φ(x),

Ppost[φ] = Pprior[ζ]
∣∣∣det

(
δG[ζ]

δζ

)∣∣∣
−1
, (8.2)

where |det(δζG)|−1 is the Jacobian determinant of transformation. In such manner, the objective

of the inverse RG is not to reconstruct a particular original field configuration, but to generate an

ensemble of field configurations φ(x), whose probability distribution Ppost[φ] should better match

the Boltzmann distribution

Ptarget[φ] = e−SQFT[φ]/ZQFT (8.3)

specified by the action functional SQFT[φ(x)] of the boundary field theory, where ZQFT =

∑[φ] e−SQFT[φ] denotes the partition function.

This setup provides us a theoretical framework to discuss the designing principles of a good

RG scheme. We propose two objectives for a good RG scheme (or EHM): the RG transformation

should aim at decimating irrelevant features and preserving relevant features, and the inverse RG

must aim at generating field configurations matching the target field theory distribution Ptarget[φ]

in Eq. (8.3). An information theoretic criterion for “irrelevant” features is that they should have

minimal mutual information, so the prior distribution Pprior[ζ] should be chosen to minimize the

mutual information between bulk fields at different points, i.e. min I(ζ(x,z) : ζ(x′,z′)). We will

refer to this designing principle as the minimal bulk mutual information (minBMI) principle,

which is a general information theoretic principle behind different RG schemes and is independent

of the notion of field pattern or energy scale. The close relation between RG and deep learning

has been discussed in several early works[MS14, OT17, LTR17]. However, as pointed out

in Ref. [KR18, LRHK18], the hierarchical architecture itself cannot guarantee the emergence

of RG transformation in a deep neural network. Additional information theoretic principles

must be imposed to guide the learning. In light of this observation, Ref. [KR18, LRHK18]

proposed the maximal real-space mutual information (maxRSMI) principle, which aims at
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maximizing the mutual information between the coarse-grained field and the fine-grained field in

the surrounding environment. Our minBMI principle is consistent with and is more general than

the maxRSMI principle (see Appendix D.1 for detailed discussion about the relation between

these two principles).

In the simplest setting, we can hard code the minBMI principle by assigning the prior

distribution to the uncorrelated Gaussian distribution,

Pprior[ζ] = N [ζ;0,1] ∝ e−∥ζ∥2
, (8.4)

where ∥ζ∥2 = ∑x,z |ζ(x,z)|2. Hence the mutual information vanishes for every pair of points in

the holographic bulk. Given the prior distribution, the problem of finding the optimal EHM

boils down to training the optimal generative model G to minimize the Kullback-Leibler (KL)

divergence between the posterior distribution Ppost[φ] in Eq. (8.2) and the target distribution

Ptarget[φ] in Eq. (8.3), i.e. minL with

L = KL(Ppost[φ] ∥ Ptarget[φ])

= E
ζ∼Pprior

SQFT[G[ζ]]+ lnPprior[ζ]− lndet
(

δG[ζ]

δζ

)
,

(8.5)

where Eζ∼Pprior
denotes the average over the ensemble of ζ drawn from the prior distribution.

This fits perfectly to the framework of flow-based generative models[DSB16, KD18] in machine

learning, which can be trained efficiently thanks to its tractable and differentiable posterior

likelihood. We model the bijective map G by a neural network (to be detailed later) with trainable

network parameters. We initiate the sampling from the bulk ζ∼Pprior and push the bulk field to the

boundary by φ = G[ζ], collecting the logarithm of the Jacobian determinant along the way. Given

the action SQFT[φ], we can evaluate the loss function L in Eq. (8.5) and back propagate its gradient

with respect to the network parameters. We then update the network parameters by stochastic

gradient descent. We iterate the above steps to train the neural network. In this way, simply
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by presenting the QFT action SQFT to the machine, the machine learns to design the optimal

RG transformation G by keep probing SQFT with various machine generated field configurations.

Thus our algorithm may be called the neural network renormalization group (neural RG)[LW18],

which can be implemented using the deep learning platforms such as TensorFlow[AAB+15a].

8.3 Holographic Duality and Classical Approximation

We would like to provide an alternative interpretation of the loss function L in Eq. (8.5)

in the context of holographic duality, which will deepen our understanding of the capabilities

and limitations of our approach. Suppose we can sample the boundary field configuration φ(x)

from the target distribution Ptarget[φ] and map φ(x) to the bulk by applying the EHM along the

RG direction ζ = G−1[φ], the obtained bulk field ζ(x,z) will follow the distribution

Pbulk[ζ] = Ptarget[φ]det(δφG−1[φ])−1

= Z−1
QFTe−SQFT[G[ζ]] det(δζG).

(8.6)

where we have used Eq. (8.3) to express Ptarget[φ] in terms of ζ. The normalization of the bulk

field probability distribution ∑[ζ]Pbulk[ζ] = 1 further implies that the QFT partition function ZQFT,

which was originally defined on the holographic boundary, can now be written in terms of the

bulk field ζ as well

ZQFT = ∑
[ζ]

e−SQFT[G[ζ]]+lndet(δζG). (8.7)

Note that ZQFT is by definition independent of G, we are allowed to sum over all possible G on

both sides of Eq. (8.7), which establishes a duality between the following two partition functions

ZQFT = ∑
[φ]

e−SQFT[φ] ↔ Zgrav = ∑
[ζ,G]

e−Sgrav[ζ,G], (8.8)
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with the bulk theory Sgrav given by

Sgrav[ζ,G] = SQFT[G[ζ]]− lndet(δζG). (8.9)

By “duality” we mean that ZQFT and Zgrav only differ by a proportionality constant (as Zgrav =

∑[G]ZQFT), so they are equivalent descriptions of the same physics theory. Sgrav[ζ,G] describes

how the bulk variables ζ (matter field) and the neural network G (geometry) would fluctuate and

interact with each other, which resembles a “quantum gravity” theory in the holographic bulk. The

bulk has more degrees of freedom than the boundary, as there can be many different choices of ζ

and G that leads to the same boundary field configuration φ = G[ζ]. This is a gauge redundancy

in the bulk theory, which covers the diffeomorphism invariance as well as the interchangeable

role between matter and spacetime geometry in a gravity theory. At this level, the bulk theory

looks intrinsically nonlocal and the geometry can fluctuate strongly.

However, it is usually more desired to work with quantum gravity theories with a classical

limit, which describe weak fluctuations (matter fields and gravitons) around a classical geometry.

Although not every CFT admits a classical gravity dual, we still attempt to find the classical

approximation of the dual quantum gravity theory, neglecting the fluctuation of G. Aiming

at a classical geometry, we look for the optimal G that maximizes its marginal probability

PEHM[G] = Z−1
grav ∑[ζ] e−Sgrav[ζ,G] with the bulk matter field ζ traced out. This optimization problem

seems trivial, because according to Eq. (8.7), PEHM[G] = ZQFT/Zgrav is independent of G. It

is understandable that any choice of G is equally likely if we have no preference on the prior

distribution Pprior[ζ] of the bulk matter field, because there is a trade-off between G and Pprior

that one can always adjust Pprior to compensate the change in G. Such a trade-off behavior is

fundamentally required by the gauge redundancy in the bulk gravity theory. To fix the gauge, we

evoke the minBMI principle to bias the bulk matter field towards independent random noise, such

that the classical solution of G will look like a RG transformation, in line with our expectation
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for a holographic mapping. Choosing a minBMI prior distribution such as Eq. (8.4) and replace

det(δζG) in Eq. (8.9) by Pprior/Ppost, PEHM[G] can be cast into

PEHM[G] =
ZQFT

Zgrav
E

ζ∼Pprior

Ptarget[G[ζ]]

Ppost[G[ζ]]
≥ ZQFT

Zgrav
e−L , (8.10)

which is bounded by e−L from below, with L being the KL divergence between Ppost and Ptarget

as defined in Eq. (8.5). Therefore the objective of maximizing PEHM[G] can be approximately

replaced by minimizing the loss function L , which is no longer a trivial optimization problem.

From this perspective, the loss function L can be approximately interpreted as the action (negative

log-likelihood) for the holographic bulk geometry associated to the EHM G. Minimizing the

loss function corresponds to finding the classical saddle point solution of the bulk geometry. We

will build a flow-based generative model to parameterize G and train the neural network using

deep learning approaches. The fluctuation of neural network parameters in the learning dynamics

reflects (at least partially) the gravitational fluctuation in the holographic bulk.

At the classical saddle point G∗ = argminGL , we may extract an effective theory for the

bulk matter field

Seff[ζ]≡ Sgrav[ζ,G∗]

= ∥ζ∥2 + lnPpost[G∗[ζ]]− lnPtarget[G∗[ζ]].
(8.11)

As the KL divergence L = KL(Ppost ∥ Ptarget) is minimized after training, we expect Ppost and

Ptarget to be similar, such that their log-likelihood difference lnPpost − lnPtarget will be small, so

the effective theory Seff[ζ] will be dominated by the first term ∥ζ∥2 in Eq. (8.11), implying that the

bulk field ζ will be massive. The small log-likelihood difference further provides kinetic terms

(and interactions) for the bulk field ζ, allowing it to propagate on a classical background that is

implicitly specified by G∗. In this way, the bulk field will be correlated in general. Even though

one of our objectives is to minimize the bulk mutual information as much as possible, the learned
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EHM typically cannot resolve all correlations in the original QFT, so the residual correlations will

be left in the bulk field ζ as described by the log-likelihood difference in Eq. (8.11). The mismatch

between Ppost and Ptarget may arise from several reasons: first, limited by the design of the neural

network, the generative model G may not be expressive enough to precisely deform the prior

distribution to the target distribution; second, even if G has the sufficient representation power,

the training may not be able to converge to the global minimum; finally and perhaps the most

fundamental reason is not every QFT has a classical gravitational dual, the bulk theory should be

quantum gravity in general. Taking the classical approximation and ignoring the gravitational

fluctuation leads the unresolvable correlation and interaction for the matter field ζ that has to be

kept in the bulk.

Nevertheless, our framework could in principle include fluctuations of G by falling back to

Zgrav in Eq. (8.8). We can either model the marginal distribution PEHM[G] by techniques like graph

generative models, or directly analyze the gravitational fluctuations by observing the fluctuations

of neural network parameters in the learning dynamics as mentioned below Eq. (8.10). We will

leave these ideas for future exploration. In the following, we will use a concrete example, a 2D

compact boson CFT on a lattice, to illustrate our approach of learning the EHM as a generative

model and to demonstrate its applications in both the sampling and the inference tasks.

8.4 Application to Complex φ4 Model

We consider a lattice field theory defined on a 2D square lattice, described by the Euclidean

action

SQFT[φ] =−t ∑
⟨i j⟩

φ
∗
i φ j +∑

i
(µ|φi|2 +λ|φi|4), (8.12)

where φi ∈C is a complex scalar field defined on each site i of a square lattice and ⟨i j⟩ denotes the

summation over all nearest neighbor sites. The model has a global U(1) symmetry, under which

the field rotates by φi → eiϕφi on every site. We choose µ = −200+2t and λ = 25 to create a
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deep Mexican hat potential that basically pins the complex field on a circle φi =
√

ρeiθi of radius
√

ρ = 2. In this way, the field theory falls back to the XY-model SQFT = − 1
T ∑⟨i j⟩ cos(θi −θ j)

with an effective temperature T = (ρt)−1. By tuning the temperature T , the model exhibits two

phases: the low-T algebraic liquid phase with a power-law correlation ⟨φ∗i φ j⟩ ∼ |xi − x j|−α and

the high-T disordered phase with a short-range correlation. The two phases are separated by

the Kosterlitz-Thouless (KT) transition. Several recent works[BGM18, ZLW18, RS18, ZEPS18]

have focused on applying machine learning method to identify phase transitions or topological

defects (vortices). Our purpose is different here: we stay in the algebraic liquid phase, described

by a Luttinger liquid CFT, and seek to develop the optimal holographic mapping for the CFT.

We design the generative model G as a bijective deep neural network following the

architecture of the neural network renormalization group (neural-RG) proposed by Ref. [LW18].

Its structure resembles the MERA network [Vid07c] as depicted in Fig. 8.2(a). Each RG step

contains a layer of disentangler blocks (like CNN convolutional layer) to resolve local correlations,

and a layer of decimator blocks (like CNN pooling layer) to separate the renormalized and

decimated variables. Given that the spacetime dimension is two on the boundary, we can overlay

decimators on top of disentanglers in an interweaving manner as shown in Fig. 8.2(b). Both

the disentangler and the decimator are made of three bijective layers: a linear scaling layer,

an orthogonal transformation layer and an invertible non-linear activation layer, as arranged in

Fig. 8.3 (see Appendix D.2 for more details). They are designed to be invertible, non-linear and

U(1)-symmetric transformations, which are used to model generic RG transformations for the

complex φ4 model. The bijector parameters are subject to training (training procesure and number

of parameters are specified in Appendix D.3). The Jacobian matrix of these transformations are

calculable. After each decimator, only one renormalized variable flows to the next RG layer,

and the other three decimated variables are positioned into the bulk as little crosses as shown in

Fig. 8.2(a) and (b). The entire network constitutes an EHM between the original boundary field

φ(x) and the dual field ζ(x,z) in the holographic bulk.
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Figure 8.2: (a) Side view of the neural-RG network. x is the spatial dimension(s) and z
corresponds to the RG scale. There are two types of blocks: disentanglers (dark green) and
decimators (light yellow). The network forms an EHM between the boundary variables (blue
dots) and the bulk variables (red crosses). (b) Top view of one RG layer in the network.
Disentanglers and decimators interweave in the spacetime (taking two-dimensional spacetime
for example). Each decimator pushes the coarse-grained variable (black dot) to the higher
layer and leaves the decimated variables (red crosses) in the holographic bulk. (c) The training
contains two stages. In the first stage, we fix the prior distribution P[ζ] to be uncorrelated
Gaussian and train the EHM G to bring it to the Boltzmann distribution of the CFT. In the
second stage, we learn the prior distribution with the trained EHM held fixed. (d) The behavior
of the loss function L in the two training stages.
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Figure 8.3: Neural network architecture within a decimator block (the disentangler block shares
the same architecture). Starting from the renormalized variable φ′ and the bulk noise ζ1,2,3
as complex variables, the Re and Im channels are first separated, then S applies the scaling
separately to the four variables within each channel and O implements the O(4) transformation
that mixes the four variables together. S and O are identical for Re and Im channels to preserve
the U(1) symmetry. Then the channels merge into complex variables followed by element wise
non-linear activation describe by an invertible U(1)-symmetric map φi 7→ (φi/|φi|)sinh |φi|.

We start with a 32× 32 square lattice as the holographic boundary and build up the

neural-RG network. The network will have five layers in total. Since the boundary field theory

has a gobal U(1) symmetry, the bijectors in the neural network are designed to respect the U(1)

symmetry (see Fig. 8.3), such that the bulk filed also preserves the U(1) symmetry. The training

will be divided into two stages, as pictured in Fig. 8.2(c). In the training stage I, we fix the prior

distribution in Eq. (8.4) and train the network parameters in the generative model G to minimize

the loss function L . The training method is outlined below Eq. (8.5). The loss function L decays

with training steps, whose typical behavior is shown in Fig. 8.2(d). We will discuss the stage II

training later.

We perform the stage I training for several neural networks at different temperatures T

separately, i.e. we use SQFT[φ] of different parameters to train different neural networks. After

training, each neural network can generate configurations of the boundary field φ from the bulk
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Figure 8.4: Performance of the trained EHM for the complex φ4 theory. (a) Order parameter
⟨φ⟩ v.s. temperature T . Different models are trained separately at different temperature. For
finite-sized system, ⟨φ⟩ crosses over to zero around the KT transition. Correlation function
⟨φ∗

i φ j⟩ scaling in log-log plot (b) and log-linear plot (c). Distribution of φi in a single sample
generated by the neural network trained in (d) the algebraic liquid phase and (e) the disordered
phase.
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uncorrelated Gaussian field ζ efficiently. To test how well these generative models work, we

measured the order parameter ⟨φ⟩ and the correlation function ⟨φ∗i φ j⟩ using the field configurations

generated by the neural network. Although the order parameter ⟨φ⟩ is expected to vanish in the

thermodynamic limit, for our finite-size system, it is not vanishing and can exhibit a crossover

around the KT transition, as shown in Fig. 8.4(a). The cross over temperature T ≃ 0.9 agrees

with the previous Monte Carlo study [Ols95, HP97, Has05] of the KT transition temperature

TKT = 0.8929 in the two-dimensional XY model. We measure the correlation function ⟨φ∗i φ j⟩ at

two different temperatures: one at T = 0.5 in the algebraic liquid phase, one at T = 1.0 in the

disordered phase. We plot the two-point function ⟨φ∗i φ j⟩ as a function of the Euclidean distance

ri j ≡ |xi − x j| (on the square lattice) in both the log-log scale as Fig. 8.4(b) and the log-linear

scale as Fig. 8.4(c). The comparison shows that the correlation function in the algebraic liquid (or

the disordered) phase fits better to the power-law (or the exponential) decay. Fig. 8.4(d) shows the

statistics of φi in one sample generated by the machine trained in the algebraic liquid phase. It

exhibits the “spontaneous symmetry breaking” behavior due to the finite-size effect, although

accumulating over multiple samples will restore the U(1) symmetry. However, similar plot

Fig. 8.4(e) in the disordered phase respects the U(1) symmetry in every single sample. Based on

these tests, we can conclude that the neural network has learned to generate field configurations

φ(x) that reproduce the correct physics of the complex φ4 model. The trained generative model G

maps an almost uncorrelated bulk field ζ to a correlated boundary field φ, and vice versa, therefore

G provides a good EHM for the φ4 theory.

The learned EHM can be useful in both the backward and forward directions. The

backward mapping from bulk to boundary provides efficient sampling of the CFT configurations,

which can be used to boost the Monte Carlo simulation of the CFT. The forward mapping from

boundary to bulk enables direct inference of bulk field configurations, allowing us to study the

bulk effective theory and to probe the bulk geometry. Let us first discuss the sampling task. The

EHM establishes a mapping between the massive bulk field ζ and the massless boundary field φ.
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Figure 8.5: The boundary field configuration φ before (left) and after (right) a local update in
the most IR layer of the bulk field ζ. The complex field φi is represented by the small arrow on
each site. The background color represents the vorticity. The inset shows the distribution of φi

in the complex plane.

The bulk field admits efficient sampling in terms of local update, because the it is uncorrelated (or

short-range correlated). Local updates in the bulk gets maps to global updates on the boundary,

which allows us to sample the critical boundary field efficiently, minimizing the effect of critical

slowdown. To demonstrate this, we first generate one field configuration as shown in the left

panel of Fig. 8.5. Then we push this field configuration back into the bulk field ζ. We tweak

the bulk field in the most IR degree of freedom by adding a small random Gaussian number.

The variance of the added Gaussian variable is five times smaller than the variance of the bulk

field degree of freedom. Under the EHM, we observe a global change of the boundary field

configuration as shown in Fig. 8.5. It is interesting to note that the change of the IR bulk field

basically induces a global U(1) rotation of φi (see the insets of Fig. 8.5), which corresponds

the “Goldstone mode” associated to the “spontaneous symmetry breaking” in the fine-sized

system, showing that the machine can identify the order parameter as the relevant IR degrees of

freedom without prior knowledge about low-energy modes of the system. We also check that

the Hamiltonian Monte Carlo sampling in the bulk converges much faster compared to applying

the same algorithm on the boundary (see Appendix D.4 for more evidences). In connection to

several recent works, our neural-RG architecture can be integrated to self-learning Monte Carlo

approaches[LSQ+16, AK16, HW17, LQMF17, NSQ+17, TT17, NOT18] to boost the numerical
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efficiency in simulating CFTs. The inverse RG transformation can also be used to generate

super-resolution samples[EBM18] for finite-size extrapolation of thermodynamic observables.

Now let us turn to the inference task. We can use the optimal EHM to push the boundary

field back into the bulk and investigate the effective bulk theory Seff[ζ] induced by the boundary

CFT. As analyzed below Eq. (8.11), the mismatch between Ppost and Ptarget will give rise to the

residual correlation (mutual information) of the bulk matter field, which can be used to probe

the holographic bulk geometry. Assuming an emergent locality in the holographic bulk, the

expectation is that the bulk effective theory Seff[ζ] will take the following form in the continuum

limit,

Seff[ζ] =
∫

M
gµν

∂µζ
∗
∂νζ+m2|ζ|2 +u|ζ|4 + · · · , (8.13)

which describes the bulk field ζ on a curved spacetime background M equipped with the metric

tensor gµν. Strictly speaking, ζ is not a single field but contains a tower of fields corresponding to

different primary operators in the CFT. We choose to focus on the lightest component and model

it by a scalar field, as it will dominate the bulk mutual information at large scale. Because the bulk

field excitation is massive and can not propagate far, we expect the mutual information between

the bulk variables at two different points to decay exponentially with their geodesic distance in

the bulk. Following this idea, suppose ζi = ζ(xi,zi) and ζ j = ζ(x j,z j) are two bulk field variables,

then their distance d(ζi : ζ j) can be inferred from their mutual information I(ζi : ζ j) as follows

d(ζi : ζ j) =−ξ ln
I(ζi : ζ j)

I0
, (8.14)

where the correlation length ξ and the information unit I0 are global fitting parameters.

To estimate the mutual information among bulk field variables, we take a quadratic

approximation of the bulk effective action Seff[ζ]≃ ∑i j ζ∗i Ki jζ j = ζ†Kζ, ignoring the higher order

interactions of ζ for now. This amounts to relaxing the prior distribution of the bulk field ζ to a
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correlated Gaussian distribution

P′
prior[ζ] =

1√
det(2πK−1)

e−ζ†Kζ. (8.15)

The kernel matrix K is carefully designed to ensure positivity and bulk locality (see Appendix D.5

for more details). To determine the best fit of K, we initiate the stage II training to learn the

prior distribution with the EHM fixed at its optimal solution obtained in the stage I training, as

illustrated in Fig. 8.2(c). We use the reparametrization trick [KW13] to sample the bulk field ζ

from the correlated Gaussian in Eq. (8.15), then ζ is pushed to the boundary by the fixed EHM

to evaluate the loss function L in Eq. (8.5), and the gradient signal can back-propagate to train

the kernel K. As we relax the Gaussian kernel K for training, we can see that the loss function

will continue to drop in the stage II, as shown in Fig. 8.2(d). This indicates that the Gaussian

model is learning to capture the residual bulk field correlation (at least partially), such that the

overall performance of generation gets improved. One may wonder why we do not train the

generative model G and bulk field distribution Pprior[ζ] jointly. This is because there is a trade-off

between these two objectives. For example, one can weaken the disentanglers in G and push more

correlation to the bulk field distribution Pprior[ζ]. Such trade-off will undermine our objective of

minimizing bulk mutual information in training a good EHM, therefore the two training stages

should be separated, or at least assigned very different learning rates. Intuitively, the machine

learns the background geometry in the stage I training and the bulk field theory (to the quadratic

order) in the stage II training. The trade-off between the two training stages resembles the

interchangeable roles between matter and spacetime geometry in a gravity theory.

After the stage II training, we obtain the fitted kernel matrix K. The mutual information

I(ζi : ζ j) can be evaluated from

I(ζi : ζ j) =−1
2

ln
(

1− ⟨ζ∗i ζ j⟩
⟨ζ∗i ζi⟩⟨ζ∗jζ j⟩

)
, (8.16)
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Figure 8.6: (a) Distance matrix D(A : B), indexed by the decimator indices A,B, obtained based
on Eq. (8.17). (b) Visualization of the bulk geometry by multidimensional scaling projected to
the leading three principle dimensions. Each point represent a decimator in the neural network,
colored according to layers from UV to IR. The neighboring UV-IR links are add to guide
the eye. Subplot (c) & (d) shows the distance scaling along (c) the radius and (b) the angular
direction.
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where the bulk correlation ⟨ζ∗i ζ j⟩= (K−1)i j is simply given by the inverse of the kernel matrix K.

Then we can measure the holographic distance d(ζi : ζ j) between any pair of bulk variables ζi

and ζ j following Eq. (8.14). To probe the bulk geometry, we further define the distance between

two decimators A and B to be the average distance between all pairs of bulk variables separately

associated to them,

D(A : B) = avg
ζi∈A,ζ j∈B

d(ζi : ζ j). (8.17)

The result is presented in Fig. 8.6(a). To visualize the bulk geometry qualitatively, we perform a

multidimensional scaling to obtain a three-dimensional embedding of the decimators in Fig. 8.6(b).

One can see a hyperbolic geometry emerges in the bulk. To be more quantitative, we label each

decimator by three coordinates (x1,x2,z), where x = (x1,x2) denotes its center position projected

to the holographic boundary and z = 2l is related to its layer depth l (ascending from UV to IR).

We found that the measured distance function follows the scaling behavior

D(x1,x2,z : x1 + r,x2,z) ∝ lnr,

D(x1,x2,z : x1,x2,z+ r) ∝ r,
(8.18)

as demonstrated in Fig. 8.6(c)&(d). These scaling behaviors agree with the geometry of a

three-dimensional hyperbolic space H3, which corresponds to the AdS3 spacetime under the

Wick rotation of the time dimension. This indicates that the emergent bulk geometry is indeed

hyperbolic at the classical level.

Our result demonstrates that the Luttinger liquid CFT can be approximately dual to a

massive scalar fields on AdS3 background geometry. The duality is only approximate because

we have assumed a classical geometry in the bulk, ignoring all the gravitational fluctuations. In

AdS3/CFT2 correspondence, the bulk gravitational coupling GN = 3ℓ/2c is inversely proportional

to the central charge c of the CFT.[BH86] The Luttinger liquid CFT has a relatively small central

charge c = 1 and hence a large gravitational coupling in the bulk, so we should not expect a
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classical dual description. It would be more appropriate to consider holographic CFTs which

admit classical duals. However, our current method only applies to lattice field theories of

bosons with explicit action functionals, which prevent us to study interesting holographic CFTs.

Generalizing the neural RG approach to involve fermions and gauge fields and to work with

continuous spacetime will be important directions for future development.

8.5 Summary and Discussions

In conclusion, we introduced the neural RG algorithm to allow automated construction of

EHM by machine learning instead of human design. Previously, the EHM was only designed for

free fermion CFT. Using machine learning approaches, we are able to develop more general EHMs

that also apply to interacting field theories. Given the QFT action as input, the machine effective

digests the information contained in the action and encode it into the structure of the EHM

network, which represents the emergent holographic geometry. Our result provides a concrete

example that the holographic spacetime geometry can emerge as the optimal generative network

of a quantum field theory.[DZ18] The obtained EHM simultaneously provides an information-

preserving RG scheme and a generative model to reproduce the QFT, which could be useful for

both inference and sampling tasks.

However, as a version of EHM, our approach also bares the limitations of EHM. By

construction, the bulk geometry is discrete and classical, such that the model can not resolve

the sub-AdS geometry and can not capture gravitational fluctuations. Recent development of

neural ordinary differential equation approaches[CRBD18, ZEW18, GCB+18] are natural ways

to extend our flow-based generative model to the continuum limit. Continuous formulation of

real-space RG has been discussed in the context of gradient flows[Fuj16, AF18, CHN18] and

trivializing maps[L10], where the RG flow equations are human-designed. Our research may pave

way for machine-learned RG flow equations for continuous holographic mappings. Our formalism
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also allows the inclusion of gravitational fluctuations in principle, by relaxing optimization to

allow superposition of different EHMs. We conjecture that the bulk gravitational fluctuation could

be partially captured by the fluctuation of neural network parameters. The learned EHM provides

us a starting point to investigate the corrections on top of the classical geometry approximation,

which may enable us to go beyond holographic CFTs and study the quantum gravity dual of

generic QFTs. Another feature of EHM is that it is a one-to-one mapping of field configurations

(operators) between bulk and boundary, while in holographic duality, a local bulk operator can be

mapped to multiple boundary operators in different regions. A resolution[ADH15, PYHP15b] of

the paradox is that the non-unique bulk-boundary correspondence only applies to the low-energy

freedoms in the bulk, which can be encoded on the boundary in a redundant and error-correcting

manner. The bidirectional holographic code (BHC)[YHQ16, QYY17] was proposed as an

extension of the EHM to capture the error-correction property of the holographic mapping.

Extending our current network design to realize machine-learned BHC will be another open

question for future research.
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Chapter 9

Summary and outlook

Quantum mechanics is one of the most successful and striking theories in physics. It

predicts atomic particles can have exotic properties, such as quantum entanglement, that cannot be

described by any classical local theory. This phenomenon dramatically increases the complexity

of nature in two ways: first, it is really hard to fully characterize the quantum many-body states in

a black box and it usually takes exponentially many measurements; second, it is really hard to

simulate quantum many-body states on a classical computer, and it usually takes exponentially

classical resources, such as time and memory. These two tasks are essential in both theoretical

and experimental physics.

To tackle these problems, I investigate two efficient (classical) representations of quantum

many-body states in this thesis: 1) the classical shadow representation and 2) hierarchical

representation. In chapter 5 and 6, I introduced classical shadow tomography with chaotic

dynamics. My new proposal explicitly shows how the entanglement created in quantum dynamics

can help with quantum measurements, and it is the first classical shadow tomography protocol

does not rely on the group structure of random measurements. In chapter 7, I introduced

spectrum bifurcation renormalization group, and showed strongly disordered quantum system

can be approximated solved by a hierarchical Clifford circuit, therefore those systems can be

145



efficiently simulated classically. Especially I applied this technique to study the interplay between

strong disorder and topological critical point. In chapter 8, I introduced machine learning

holographic mapping. I showed the invertible renormalization group scheme, exact holographic

mapping and flow-based generative model in unsupervised learning are related to each other.

Especially, I introduced an information theoretical goal for machines to learn optimal (real-space)

renormalization group solely based on the action or Hamiltonian description of physical systems.

And I showed this new method can not only find interesting holographic dual theory of critical

field theory on the boundary but also boost the efficiency of classical simulation of critical

systems.

Statistical machine learning theory provides a new scope in understanding quantum many-

body states and still have many interesting open questions. Despite many practical applications

of machine learning to quantum many-body states, a theoretical understanding of what properties

of quantum systems are hard to learn is still opening [Aar07, Roc18, RAS+19]. In recent

literature [HKT+21], the authors showed the provable advantage of machine learning models in

solving quantum many-body problems. It is an interesting open question about how the results

generalized to self-supervised or unsupervised machine learning settings, where less or no human

prior knowledge is given to the machine. In the future, I am interested in investigating the

unsupervised machine learning theory and its implication on quantum many-body physics.

In addition, there lacks a standard test and database for machine learning quantum many-

body problems. Over the past a few years, there are many machine learning models proposed

for quantum phase classifications, quantum controls, and etc. But most of them are specifically

designed for one task in quantum many-body physics. The lack of a standard test makes it hard to

compare the performance of different models and their generalization performance in real-world

applications. Therefore, I propose to design a standard test and dataset for quantum many-body

problems. Like the ImageNet challenge [RDS+15] in computer vision, I envision a standard

dataset for quantum many-body states should contain many quantum wave functions that gathered
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from different quantum phase of matter. Each quantum wave function can be saved as a set of

classical shadows, which contain unbiased information of underlying quantum states. A standard

dataset challenge would benefit the whole field of machine learning quantum many-body physics

in many ways. It will provide a fair comparison among machine learning models, and their

generalization performance. In analog to the natural language applications and BERT [DCLT19],

a standard dataset can be used by machines to learn the representations of quantum states and

perform self-supervised learning and few-shot learning.

A successfully pretrained model for quantum many-body states will soon find applications

in the near-term quantum machines. Over the past a few years, we have witnessed the great

process made in programmable quantum simulators (PQS). We will soon enter a region where

interesting quantum phase of matter can be realized in PQS but doing a full quantum state

tomography is impossible [SHP+21, SLK+21, MSE+21]. Therefore, it is an interesting and

challenging questions to predict properties of those quantum states in PQS and understanding

their phases by classical measurement readouts. The pretrained machine learning model can help

with those important tasks with fewer experimental data.

Last but not the least, quantum systems can be naturally viewed as (quantum) generative

models, as under each measurement, a random outcome is generated based on the Born’s rule.

It is interesting to investigate whether quantum properties, such as quantum non-locality and

contextuality, can enhance neural network generative models. In a recent work [GAW+21] and

my work in preparation, we study the relative expressive power between classical recurrent neural

networks and quantum recurrent models based on Gaussian operations. We show there is an

unconditional quantum advantage in quantum sequence generative models. More importantly,

we can interpret the quantum advantage is inherited from quantum contextuality. In addition,

we demonstrate this quantum advantage through the popular natural language translation tasks,

implying the potential impact of quantum recurrent neural networks for real-world applications.

In the future, I want to investigate whether other intrinsic quantum many-body effect, such as
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topological quantum effect, can also enhance the performance of quantum neural networks. I am

also interested in the relation between barren plateau problem and information scrambling in the

training of quantum neural networks [PNGY21, SMM+22, SZYZ20].
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Appendix A

Hamiltonian-driven shadow tomography of

quantum states

A.1 Diagrammatic approach towards quantum channel M

In the shadow tomography of quantum states, for each experiment, the state ρ is first

evolved by a random unitary operator U = e−iHt = V Λ(t)V † generated from GUE random

Hamiltonian H, then measured in the computational basis. The measurement will prepare a

classical snapshot of quantum system σ̂ =U†|b⟩⟨b|U with b ∈ {0,1}N labeling the measurement

outcome. We can view the average mapping from the quantum state ρ to its classical snapshots as

a quantum channel M ,

M (ρ) = E[U†|b⟩⟨b|U ]

= E
V,Λ

∑
b∈{0,1}N

V Λ(t)†V †|b⟩⟨b|V Λ(t)V †⟨b|V Λ(t)V †
ρV Λ(t)†V †|b⟩

= E
V,Λ
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<latexit sha1_base64="a+ql0Mj1rrlHO437VYx0AzpQI/0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FD3qsaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMr2f+4xMqzWP5YCYJ+hEdSh5yRo2V7qvtar9ccWvuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5J2veZd1Ny7eqVxk8dRhBM4hXPw4BIacAtNaAGDITzDK7w5wnlx3p2PRWvByWeO4Q+czx9se409</latexit>

V

<latexit sha1_base64="gYt3SV/PGEcEI/uJtDq5t7XGs80=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPBgx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+0dr6xubWdmGnuLu3f3BYOjpuGZVqyppUCaU7ITFMcMmallvBOolmJA4Fa4fjm5nffmLacCUf7CRhQUyGkkecEuukVqWnR6rSL5W9qjcHXiV+TsqQo9EvffUGiqYxk5YKYkzX9xIbZERbTgWbFnupYQmhYzJkXUcliZkJsvm1U3zulAGOlHYlLZ6rvycyEhsziUPXGRM7MsveTPzP66Y2ug4yLpPUMkkXi6JUYKvw7HU84JpRKyaOEKq5uxXTEdGEWhdQ0YXgL7+8Slq1qn9Z9e5r5fptHkcBTuEMLsCHK6jDHTSgCRQe4Rle4Q0p9ILe0ceidQ3lMyfwB+jzB9sujqo=</latexit>⇢

<latexit sha1_base64="a+ql0Mj1rrlHO437VYx0AzpQI/0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FD3qsaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMr2f+4xMqzWP5YCYJ+hEdSh5yRo2V7qvtar9ccWvuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5J2veZd1Ny7eqVxk8dRhBM4hXPw4BIacAtNaAGDITzDK7w5wnlx3p2PRWvByWeO4Q+czx9se409</latexit>

V
<latexit sha1_base64="80ZklJWw+3LEQcIBJoDwJ2mdwmU=">AAAB83icbVBNS8NAFHypX7V+VT16CbZCvZSkIHoseNCDhwrWFppQNptNu3SzCbsvQin9G148KOLVP+PNf+O2zUFbBxaGmXm8txOkgmt0nG+rsLa+sblV3C7t7O7tH5QPjx51kinK2jQRieoGRDPBJWsjR8G6qWIkDgTrBKPrmd95YkrzRD7gOGV+TAaSR5wSNJJX9e5MNiQ1PK/2yxWn7sxhrxI3JxXI0eqXv7wwoVnMJFJBtO65Tor+hCjkVLBpycs0SwkdkQHrGSpJzLQ/md88tc+MEtpRosyTaM/V3xMTEms9jgOTjAkO9bI3E//zehlGV/6EyzRDJuliUZQJGxN7VoAdcsUoirEhhCpubrXpkChC0dRUMiW4y19eJY+NuntRd+4bleZNXkcRTuAUauDCJTThFlrQBgopPMMrvFmZ9WK9Wx+LaMHKZ47hD6zPH2v3kKM=</latexit>

⇤(t)
<latexit sha1_base64="hSw9g2z59Yfpr+p6dNsL/UkAwmM=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYCJ4CrsB0WPAgx4jmAcka5id7WyGzD6cmQ2EJd/hxYMiXv0Yb/6Nk2QPmljQUFR1093lJYIrbdvf1tr6xubWdmGnuLu3f3BYOjpuqTiVDJssFrHseFSh4BE2NdcCO4lEGnoC297oZua3xygVj6MHPUnQDWkQ8QFnVBvJrbQes55PgwDltNIvle2qPQdZJU5OypCj0S999fyYpSFGmgmqVNexE+1mVGrOBE6LvVRhQtmIBtg1NKIhKjebHz0l50bxySCWpiJN5urviYyGSk1Cz3SGVA/VsjcT//O6qR5cuxmPklRjxBaLBqkgOiazBIjPJTItJoZQJrm5lbAhlZRpk1PRhOAsv7xKWrWqc1m172vl+m0eRwFO4QwuwIErqMMdNKAJDJ7gGV7hzRpbL9a79bFoXbPymRP4A+vzBzOhkb0=</latexit>

V †

<latexit sha1_base64="hSw9g2z59Yfpr+p6dNsL/UkAwmM=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYCJ4CrsB0WPAgx4jmAcka5id7WyGzD6cmQ2EJd/hxYMiXv0Yb/6Nk2QPmljQUFR1093lJYIrbdvf1tr6xubWdmGnuLu3f3BYOjpuqTiVDJssFrHseFSh4BE2NdcCO4lEGnoC297oZua3xygVj6MHPUnQDWkQ8QFnVBvJrbQes55PgwDltNIvle2qPQdZJU5OypCj0S999fyYpSFGmgmqVNexE+1mVGrOBE6LvVRhQtmIBtg1NKIhKjebHz0l50bxySCWpiJN5urviYyGSk1Cz3SGVA/VsjcT//O6qR5cuxmPklRjxBaLBqkgOiazBIjPJTItJoZQJrm5lbAhlZRpk1PRhOAsv7xKWrWqc1m172vl+m0eRwFO4QwuwIErqMMdNKAJDJ7gGV7hzRpbL9a79bFoXbPymRP4A+vzBzOhkb0=</latexit>

V †
<latexit sha1_base64="80ZklJWw+3LEQcIBJoDwJ2mdwmU=">AAAB83icbVBNS8NAFHypX7V+VT16CbZCvZSkIHoseNCDhwrWFppQNptNu3SzCbsvQin9G148KOLVP+PNf+O2zUFbBxaGmXm8txOkgmt0nG+rsLa+sblV3C7t7O7tH5QPjx51kinK2jQRieoGRDPBJWsjR8G6qWIkDgTrBKPrmd95YkrzRD7gOGV+TAaSR5wSNJJX9e5MNiQ1PK/2yxWn7sxhrxI3JxXI0eqXv7wwoVnMJFJBtO65Tor+hCjkVLBpycs0SwkdkQHrGSpJzLQ/md88tc+MEtpRosyTaM/V3xMTEms9jgOTjAkO9bI3E//zehlGV/6EyzRDJuliUZQJGxN7VoAdcsUoirEhhCpubrXpkChC0dRUMiW4y19eJY+NuntRd+4bleZNXkcRTuAUauDCJTThFlrQBgopPMMrvFmZ9WK9Wx+LaMHKZ47hD6zPH2v3kKM=</latexit>

⇤(t)
<latexit sha1_base64="a+ql0Mj1rrlHO437VYx0AzpQI/0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FD3qsaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMr2f+4xMqzWP5YCYJ+hEdSh5yRo2V7qvtar9ccWvuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5J2veZd1Ny7eqVxk8dRhBM4hXPw4BIacAtNaAGDITzDK7w5wnlx3p2PRWvByWeO4Q+czx9se409</latexit>

V
<latexit sha1_base64="LrNlfcWIP1k7jIHJojk8E8yjpt0=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM9gKrkpSEF0WXOiygn1AE8pketsOnUzCzEQoacFfceNCEbd+hzv/xmmahbYeuNzDOfcyd04Qc6a043xbhbX1jc2t4nZpZ3dv/8A+PGqpKJEUmjTikewERAFnApqaaQ6dWAIJAw7tYHwz99uPIBWLxIOexOCHZCjYgFGijdSzTyrTwJNEDDl4PGs4mFZ6dtmpOhnwKnFzUkY5Gj37y+tHNAlBaMqJUl3XibWfEqkZ5TAreYmCmNAxGULXUEFCUH6anT/D50bp40EkTQmNM/X3RkpCpSZhYCZDokdq2ZuL/3ndRA+u/ZSJONEg6OKhQcKxjvA8C9xnEqjmE0MIlczciumISEK1SaxkQnCXv7xKWrWqe1l17mvl+m0eRxGdojN0gVx0heroDjVQE1GUomf0it6sJ+vFerc+FqMFK985Rn9gff4AqemVTA==</latexit>|bihb|

<latexit sha1_base64="hSw9g2z59Yfpr+p6dNsL/UkAwmM=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYCJ4CrsB0WPAgx4jmAcka5id7WyGzD6cmQ2EJd/hxYMiXv0Yb/6Nk2QPmljQUFR1093lJYIrbdvf1tr6xubWdmGnuLu3f3BYOjpuqTiVDJssFrHseFSh4BE2NdcCO4lEGnoC297oZua3xygVj6MHPUnQDWkQ8QFnVBvJrbQes55PgwDltNIvle2qPQdZJU5OypCj0S999fyYpSFGmgmqVNexE+1mVGrOBE6LvVRhQtmIBtg1NKIhKjebHz0l50bxySCWpiJN5urviYyGSk1Cz3SGVA/VsjcT//O6qR5cuxmPklRjxBaLBqkgOiazBIjPJTItJoZQJrm5lbAhlZRpk1PRhOAsv7xKWrWqc1m172vl+m0eRwFO4QwuwIErqMMdNKAJDJ7gGV7hzRpbL9a79bFoXbPymRP4A+vzBzOhkb0=</latexit>

V †
<latexit sha1_base64="bDPeQ5ono8DLHPGXgpCnj3SuZmQ=">AAAB/3icbVDLSsNAFL3xWesrKrhxE2yFuilJQXRZcKELFxXsA5pYJpNJO3QyCTMTocQu/BU3LhRx62+482+ctllo64GBwznncu8cP2FUKtv+NpaWV1bX1gsbxc2t7Z1dc2+/JeNUYNLEMYtFx0eSMMpJU1HFSCcRBEU+I21/eDnx2w9ESBrzOzVKiBehPqchxUhpqWcelt0bnQ7QfeYGqN8nYlxRp+WeWbKr9hTWInFyUoIcjZ755QYxTiPCFWZIyq5jJ8rLkFAUMzIuuqkkCcJD1CddTTmKiPSy6f1j60QrgRXGQj+urKn6eyJDkZSjyNfJCKmBnPcm4n9eN1XhhZdRnqSKcDxbFKbMUrE1KcMKqCBYsZEmCAuqb7XwAAmEla6sqEtw5r+8SFq1qnNWtW9rpfpVXkcBjuAYKuDAOdThGhrQBAyP8Ayv8GY8GS/Gu/Exiy4Z+cwB/IHx+QPPeZVU</latexit>

⇤†(t)
<latexit sha1_base64="a+ql0Mj1rrlHO437VYx0AzpQI/0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FD3qsaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMr2f+4xMqzWP5YCYJ+hEdSh5yRo2V7qvtar9ccWvuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5J2veZd1Ny7eqVxk8dRhBM4hXPw4BIacAtNaAGDITzDK7w5wnlx3p2PRWvByWeO4Q+czx9se409</latexit>

V

<latexit sha1_base64="LrNlfcWIP1k7jIHJojk8E8yjpt0=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM9gKrkpSEF0WXOiygn1AE8pketsOnUzCzEQoacFfceNCEbd+hzv/xmmahbYeuNzDOfcyd04Qc6a043xbhbX1jc2t4nZpZ3dv/8A+PGqpKJEUmjTikewERAFnApqaaQ6dWAIJAw7tYHwz99uPIBWLxIOexOCHZCjYgFGijdSzTyrTwJNEDDl4PGs4mFZ6dtmpOhnwKnFzUkY5Gj37y+tHNAlBaMqJUl3XibWfEqkZ5TAreYmCmNAxGULXUEFCUH6anT/D50bp40EkTQmNM/X3RkpCpSZhYCZDokdq2ZuL/3ndRA+u/ZSJONEg6OKhQcKxjvA8C9xnEqjmE0MIlczciumISEK1SaxkQnCXv7xKWrWqe1l17mvl+m0eRxGdojN0gVx0heroDjVQE1GUomf0it6sJ+vFerc+FqMFK985Rn9gff4AqemVTA==</latexit>|bihb|

<latexit sha1_base64="hSw9g2z59Yfpr+p6dNsL/UkAwmM=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYCJ4CrsB0WPAgx4jmAcka5id7WyGzD6cmQ2EJd/hxYMiXv0Yb/6Nk2QPmljQUFR1093lJYIrbdvf1tr6xubWdmGnuLu3f3BYOjpuqTiVDJssFrHseFSh4BE2NdcCO4lEGnoC297oZua3xygVj6MHPUnQDWkQ8QFnVBvJrbQes55PgwDltNIvle2qPQdZJU5OypCj0S999fyYpSFGmgmqVNexE+1mVGrOBE6LvVRhQtmIBtg1NKIhKjebHz0l50bxySCWpiJN5urviYyGSk1Cz3SGVA/VsjcT//O6qR5cuxmPklRjxBaLBqkgOiazBIjPJTItJoZQJrm5lbAhlZRpk1PRhOAsv7xKWrWqc1m172vl+m0eRwFO4QwuwIErqMMdNKAJDJ7gGV7hzRpbL9a79bFoXbPymRP4A+vzBzOhkb0=</latexit>

V †
<latexit sha1_base64="bDPeQ5ono8DLHPGXgpCnj3SuZmQ=">AAAB/3icbVDLSsNAFL3xWesrKrhxE2yFuilJQXRZcKELFxXsA5pYJpNJO3QyCTMTocQu/BU3LhRx62+482+ctllo64GBwznncu8cP2FUKtv+NpaWV1bX1gsbxc2t7Z1dc2+/JeNUYNLEMYtFx0eSMMpJU1HFSCcRBEU+I21/eDnx2w9ESBrzOzVKiBehPqchxUhpqWcelt0bnQ7QfeYGqN8nYlxRp+WeWbKr9hTWInFyUoIcjZ755QYxTiPCFWZIyq5jJ8rLkFAUMzIuuqkkCcJD1CddTTmKiPSy6f1j60QrgRXGQj+urKn6eyJDkZSjyNfJCKmBnPcm4n9eN1XhhZdRnqSKcDxbFKbMUrE1KcMKqCBYsZEmCAuqb7XwAAmEla6sqEtw5r+8SFq1qnNWtW9rpfpVXkcBjuAYKuDAOdThGhrQBAyP8Ayv8GY8GS/Gu/Exiy4Z+cwB/IHx+QPPeZVU</latexit>

⇤†(t)
<latexit sha1_base64="a+ql0Mj1rrlHO437VYx0AzpQI/0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FD3qsaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMr2f+4xMqzWP5YCYJ+hEdSh5yRo2V7qvtar9ccWvuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5J2veZd1Ny7eqVxk8dRhBM4hXPw4BIacAtNaAGDITzDK7w5wnlx3p2PRWvByWeO4Q+czx9se409</latexit>

V

<latexit sha1_base64="gYt3SV/PGEcEI/uJtDq5t7XGs80=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPBgx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+0dr6xubWdmGnuLu3f3BYOjpuGZVqyppUCaU7ITFMcMmallvBOolmJA4Fa4fjm5nffmLacCUf7CRhQUyGkkecEuukVqWnR6rSL5W9qjcHXiV+TsqQo9EvffUGiqYxk5YKYkzX9xIbZERbTgWbFnupYQmhYzJkXUcliZkJsvm1U3zulAGOlHYlLZ6rvycyEhsziUPXGRM7MsveTPzP66Y2ug4yLpPUMkkXi6JUYKvw7HU84JpRKyaOEKq5uxXTEdGEWhdQ0YXgL7+8Slq1qn9Z9e5r5fptHkcBTuEMLsCHK6jDHTSgCRQe4Rle4Q0p9ILe0ceidQ3lMyfwB+jzB9sujqo=</latexit>⇢

<latexit sha1_base64="a+ql0Mj1rrlHO437VYx0AzpQI/0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FD3qsaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMr2f+4xMqzWP5YCYJ+hEdSh5yRo2V7qvtar9ccWvuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5J2veZd1Ny7eqVxk8dRhBM4hXPw4BIacAtNaAGDITzDK7w5wnlx3p2PRWvByWeO4Q+czx9se409</latexit>

V
<latexit sha1_base64="80ZklJWw+3LEQcIBJoDwJ2mdwmU=">AAAB83icbVBNS8NAFHypX7V+VT16CbZCvZSkIHoseNCDhwrWFppQNptNu3SzCbsvQin9G148KOLVP+PNf+O2zUFbBxaGmXm8txOkgmt0nG+rsLa+sblV3C7t7O7tH5QPjx51kinK2jQRieoGRDPBJWsjR8G6qWIkDgTrBKPrmd95YkrzRD7gOGV+TAaSR5wSNJJX9e5MNiQ1PK/2yxWn7sxhrxI3JxXI0eqXv7wwoVnMJFJBtO65Tor+hCjkVLBpycs0SwkdkQHrGSpJzLQ/md88tc+MEtpRosyTaM/V3xMTEms9jgOTjAkO9bI3E//zehlGV/6EyzRDJuliUZQJGxN7VoAdcsUoirEhhCpubrXpkChC0dRUMiW4y19eJY+NuntRd+4bleZNXkcRTuAUauDCJTThFlrQBgopPMMrvFmZ9WK9Wx+LaMHKZ47hD6zPH2v3kKM=</latexit>

⇤(t)
<latexit sha1_base64="hSw9g2z59Yfpr+p6dNsL/UkAwmM=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYCJ4CrsB0WPAgx4jmAcka5id7WyGzD6cmQ2EJd/hxYMiXv0Yb/6Nk2QPmljQUFR1093lJYIrbdvf1tr6xubWdmGnuLu3f3BYOjpuqTiVDJssFrHseFSh4BE2NdcCO4lEGnoC297oZua3xygVj6MHPUnQDWkQ8QFnVBvJrbQes55PgwDltNIvle2qPQdZJU5OypCj0S999fyYpSFGmgmqVNexE+1mVGrOBE6LvVRhQtmIBtg1NKIhKjebHz0l50bxySCWpiJN5urviYyGSk1Cz3SGVA/VsjcT//O6qR5cuxmPklRjxBaLBqkgOiazBIjPJTItJoZQJrm5lbAhlZRpk1PRhOAsv7xKWrWqc1m172vl+m0eRwFO4QwuwIErqMMdNKAJDJ7gGV7hzRpbL9a79bFoXbPymRP4A+vzBzOhkb0=</latexit>

V †

,

(A.1)
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in the last line we use the tensor network to represent the equation, the dashed line means summing

over the bit-string b, and the arrow indicates the order that operators are multiplied together. As

we can see this is a 4-fold twirl of Haar random matrix V , and Λ(t) is a diagonal matrix with

Λnn(t) = e−iEnt with En being eigen energies of H. It can be further simplified as

M (ρ) = E
Λ

∑
σ,τ∈S4

Wg[στ
−1g0]A[σ]B[τ], (A.2)

where σ,τ are permutations from permutation group S4, Wg[g] is the Weingarten function[Wei78]

of the permutation group element g, g0 = (1,3)(2,4) is a fixed permutation to match the tensor

network connection, and A[σ], B[τ] are defined as:

A[σ] =

<latexit sha1_base64="gYt3SV/PGEcEI/uJtDq5t7XGs80=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPBgx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+0dr6xubWdmGnuLu3f3BYOjpuGZVqyppUCaU7ITFMcMmallvBOolmJA4Fa4fjm5nffmLacCUf7CRhQUyGkkecEuukVqWnR6rSL5W9qjcHXiV+TsqQo9EvffUGiqYxk5YKYkzX9xIbZERbTgWbFnupYQmhYzJkXUcliZkJsvm1U3zulAGOlHYlLZ6rvycyEhsziUPXGRM7MsveTPzP66Y2ug4yLpPUMkkXi6JUYKvw7HU84JpRKyaOEKq5uxXTEdGEWhdQ0YXgL7+8Slq1qn9Z9e5r5fptHkcBTuEMLsCHK6jDHTSgCRQe4Rle4Q0p9ILe0ceidQ3lMyfwB+jzB9sujqo=</latexit>⇢
<latexit sha1_base64="LrNlfcWIP1k7jIHJojk8E8yjpt0=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM9gKrkpSEF0WXOiygn1AE8pketsOnUzCzEQoacFfceNCEbd+hzv/xmmahbYeuNzDOfcyd04Qc6a043xbhbX1jc2t4nZpZ3dv/8A+PGqpKJEUmjTikewERAFnApqaaQ6dWAIJAw7tYHwz99uPIBWLxIOexOCHZCjYgFGijdSzTyrTwJNEDDl4PGs4mFZ6dtmpOhnwKnFzUkY5Gj37y+tHNAlBaMqJUl3XibWfEqkZ5TAreYmCmNAxGULXUEFCUH6anT/D50bp40EkTQmNM/X3RkpCpSZhYCZDokdq2ZuL/3ndRA+u/ZSJONEg6OKhQcKxjvA8C9xnEqjmE0MIlczciumISEK1SaxkQnCXv7xKWrWqe1l17mvl+m0eRxGdojN0gVx0heroDjVQE1GUomf0it6sJ+vFerc+FqMFK985Rn9gff4AqemVTA==</latexit>|bihb| <latexit sha1_base64="LrNlfcWIP1k7jIHJojk8E8yjpt0=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM9gKrkpSEF0WXOiygn1AE8pketsOnUzCzEQoacFfceNCEbd+hzv/xmmahbYeuNzDOfcyd04Qc6a043xbhbX1jc2t4nZpZ3dv/8A+PGqpKJEUmjTikewERAFnApqaaQ6dWAIJAw7tYHwz99uPIBWLxIOexOCHZCjYgFGijdSzTyrTwJNEDDl4PGs4mFZ6dtmpOhnwKnFzUkY5Gj37y+tHNAlBaMqJUl3XibWfEqkZ5TAreYmCmNAxGULXUEFCUH6anT/D50bp40EkTQmNM/X3RkpCpSZhYCZDokdq2ZuL/3ndRA+u/ZSJONEg6OKhQcKxjvA8C9xnEqjmE0MIlczciumISEK1SaxkQnCXv7xKWrWqe1l17mvl+m0eRxGdojN0gVx0heroDjVQE1GUomf0it6sJ+vFerc+FqMFK985Rn9gff4AqemVTA==</latexit>|bihb|

<latexit sha1_base64="uKJLQdshIf6Hk4XMXQ+s1jgFgVk=">AAAB73icbVDLSgNBEOz1GeMr6tHLYCJ4CrsB0WPAgx4jmAckS5idzCZD5rHOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63t7a+sbm1Xdgp7u7tHxyWjo5bRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8M/PbT1QbpuSDnSQ0FHgoWcwItk7qVHqGDQWu9Etlv+rPgVZJkJMy5Gj0S1+9gSKpoNISjo3pBn5iwwxrywin02IvNTTBZIyHtOuoxIKaMJvfO0XnThmgWGlX0qK5+nsiw8KYiYhcp8B2ZJa9mfif101tfB1mTCappZIsFsUpR1ah2fNowDQllk8cwUQzdysiI6wxsS6iogshWH55lbRq1eCy6t/XyvXbPI4CnMIZXEAAV1CHO2hAEwhweIZXePMevRfv3ftYtK55+cwJ/IH3+QNZCI+G</latexit>�

<latexit sha1_base64="dvA8jYsvqebbz41A6luIPk7yxi0=">AAAB/3icbVDLSsNAFL3xWesrKrhxE2yFuilJQXRZdOPCRQX7gCaWyWTSDp1MwsxEKLELf8WNC0Xc+hvu/BunbRbaemDgcM653DvHTxiVyra/jaXlldW19cJGcXNre2fX3NtvyTgVmDRxzGLR8ZEkjHLSVFQx0kkEQZHPSNsfXk389gMRksb8To0S4kWoz2lIMVJa6pmHZfdGpwN0n7kB6veJGFfUablnluyqPYW1SJyclCBHo2d+uUGM04hwhRmSsuvYifIyJBTFjIyLbipJgvAQ9UlXU44iIr1sev/YOtFKYIWx0I8ra6r+nshQJOUo8nUyQmog572J+J/XTVV44WWUJ6kiHM8WhSmzVGxNyrACKghWbKQJwoLqWy08QAJhpSsr6hKc+S8vklat6pxV7dtaqX6Z11GAIziGCjhwDnW4hgY0AcMjPMMrvBlPxovxbnzMoktGPnMAf2B8/gDN+JVP</latexit>

⇤†(t)
<latexit sha1_base64="dvA8jYsvqebbz41A6luIPk7yxi0=">AAAB/3icbVDLSsNAFL3xWesrKrhxE2yFuilJQXRZdOPCRQX7gCaWyWTSDp1MwsxEKLELf8WNC0Xc+hvu/BunbRbaemDgcM653DvHTxiVyra/jaXlldW19cJGcXNre2fX3NtvyTgVmDRxzGLR8ZEkjHLSVFQx0kkEQZHPSNsfXk389gMRksb8To0S4kWoz2lIMVJa6pmHZfdGpwN0n7kB6veJGFfUablnluyqPYW1SJyclCBHo2d+uUGM04hwhRmSsuvYifIyJBTFjIyLbipJgvAQ9UlXU44iIr1sev/YOtFKYIWx0I8ra6r+nshQJOUo8nUyQmog572J+J/XTVV44WWUJ6kiHM8WhSmzVGxNyrACKghWbKQJwoLqWy08QAJhpSsr6hKc+S8vklat6pxV7dtaqX6Z11GAIziGCjhwDnW4hgY0AcMjPMMrvBlPxovxbnzMoktGPnMAf2B8/gDN+JVP</latexit>

⇤†(t)
<latexit sha1_base64="cfqcYPOZirpjr7fXXRaz07yS81s=">AAAB83icbVBNS8NAFHypX7V+VT16CbZCvZSkIHosevHgoYK1hSaUzWbTLt1swu6LUEr/hhcPinj1z3jz37htc9DWgYVhZh7v7QSp4Bod59sqrK1vbG4Vt0s7u3v7B+XDo0edZIqyNk1EoroB0UxwydrIUbBuqhiJA8E6wehm5neemNI8kQ84Tpkfk4HkEacEjeRVvTuTDUkNz6v9csWpO3PYq8TNSQVytPrlLy9MaBYziVQQrXuuk6I/IQo5FWxa8jLNUkJHZMB6hkoSM+1P5jdP7TOjhHaUKPMk2nP198SExFqP48AkY4JDvezNxP+8XobRlT/hMs2QSbpYFGXCxsSeFWCHXDGKYmwIoYqbW206JIpQNDWVTAnu8pdXyWOj7l7UnftGpXmd11GEEziFGrhwCU24hRa0gUIKz/AKb1ZmvVjv1sciWrDymWP4A+vzB2p2kJ4=</latexit>

⇤(t)
<latexit sha1_base64="cfqcYPOZirpjr7fXXRaz07yS81s=">AAAB83icbVBNS8NAFHypX7V+VT16CbZCvZSkIHosevHgoYK1hSaUzWbTLt1swu6LUEr/hhcPinj1z3jz37htc9DWgYVhZh7v7QSp4Bod59sqrK1vbG4Vt0s7u3v7B+XDo0edZIqyNk1EoroB0UxwydrIUbBuqhiJA8E6wehm5neemNI8kQ84Tpkfk4HkEacEjeRVvTuTDUkNz6v9csWpO3PYq8TNSQVytPrlLy9MaBYziVQQrXuuk6I/IQo5FWxa8jLNUkJHZMB6hkoSM+1P5jdP7TOjhHaUKPMk2nP198SExFqP48AkY4JDvezNxP+8XobRlT/hMs2QSbpYFGXCxsSeFWCHXDGKYmwIoYqbW206JIpQNDWVTAnu8pdXyWOj7l7UnftGpXmd11GEEziFGrhwCU24hRa0gUIKz/AKb1ZmvVjv1sciWrDymWP4A+vzB2p2kJ4=</latexit>

⇤(t)

<latexit sha1_base64="Ly3OWTP8LRFbMe7voG+D9nZ0qWc=">AAAB7XicbVBNS8NAEJ34WetX1aOXxVbwVJKC6LHoxWMF+wFtKJvtpl272YTdiVBC/4MXD4p49f9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94CThfkSHSoSCUbRSq9JDmlb6pbJbdecgq8TLSRlyNPqlr94gZmnEFTJJjel6boJ+RjUKJvm02EsNTygb0yHvWqpoxI2fza+dknOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J47WdCJSlyxRaLwlQSjMnsdTIQmjOUE0so08LeStiIasrQBlS0IXjLL6+SVq3qXVbd+1q5fpPHUYBTOIML8OAK6nAHDWgCg0d4hld4c2LnxXl3Phata04+cwJ/4Hz+ANsvjqY=</latexit>⌧
, B[τ] =

<latexit sha1_base64="gYt3SV/PGEcEI/uJtDq5t7XGs80=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPBgx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+0dr6xubWdmGnuLu3f3BYOjpuGZVqyppUCaU7ITFMcMmallvBOolmJA4Fa4fjm5nffmLacCUf7CRhQUyGkkecEuukVqWnR6rSL5W9qjcHXiV+TsqQo9EvffUGiqYxk5YKYkzX9xIbZERbTgWbFnupYQmhYzJkXUcliZkJsvm1U3zulAGOlHYlLZ6rvycyEhsziUPXGRM7MsveTPzP66Y2ug4yLpPUMkkXi6JUYKvw7HU84JpRKyaOEKq5uxXTEdGEWhdQ0YXgL7+8Slq1qn9Z9e5r5fptHkcBTuEMLsCHK6jDHTSgCRQe4Rle4Q0p9ILe0ceidQ3lMyfwB+jzB9sujqo=</latexit>⇢
<latexit sha1_base64="LrNlfcWIP1k7jIHJojk8E8yjpt0=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM9gKrkpSEF0WXOiygn1AE8pketsOnUzCzEQoacFfceNCEbd+hzv/xmmahbYeuNzDOfcyd04Qc6a043xbhbX1jc2t4nZpZ3dv/8A+PGqpKJEUmjTikewERAFnApqaaQ6dWAIJAw7tYHwz99uPIBWLxIOexOCHZCjYgFGijdSzTyrTwJNEDDl4PGs4mFZ6dtmpOhnwKnFzUkY5Gj37y+tHNAlBaMqJUl3XibWfEqkZ5TAreYmCmNAxGULXUEFCUH6anT/D50bp40EkTQmNM/X3RkpCpSZhYCZDokdq2ZuL/3ndRA+u/ZSJONEg6OKhQcKxjvA8C9xnEqjmE0MIlczciumISEK1SaxkQnCXv7xKWrWqe1l17mvl+m0eRxGdojN0gVx0heroDjVQE1GUomf0it6sJ+vFerc+FqMFK985Rn9gff4AqemVTA==</latexit>|bihb| <latexit sha1_base64="LrNlfcWIP1k7jIHJojk8E8yjpt0=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM9gKrkpSEF0WXOiygn1AE8pketsOnUzCzEQoacFfceNCEbd+hzv/xmmahbYeuNzDOfcyd04Qc6a043xbhbX1jc2t4nZpZ3dv/8A+PGqpKJEUmjTikewERAFnApqaaQ6dWAIJAw7tYHwz99uPIBWLxIOexOCHZCjYgFGijdSzTyrTwJNEDDl4PGs4mFZ6dtmpOhnwKnFzUkY5Gj37y+tHNAlBaMqJUl3XibWfEqkZ5TAreYmCmNAxGULXUEFCUH6anT/D50bp40EkTQmNM/X3RkpCpSZhYCZDokdq2ZuL/3ndRA+u/ZSJONEg6OKhQcKxjvA8C9xnEqjmE0MIlczciumISEK1SaxkQnCXv7xKWrWqe1l17mvl+m0eRxGdojN0gVx0heroDjVQE1GUomf0it6sJ+vFerc+FqMFK985Rn9gff4AqemVTA==</latexit>|bihb|

<latexit sha1_base64="uKJLQdshIf6Hk4XMXQ+s1jgFgVk=">AAAB73icbVDLSgNBEOz1GeMr6tHLYCJ4CrsB0WPAgx4jmAckS5idzCZD5rHOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63t7a+sbm1Xdgp7u7tHxyWjo5bRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8M/PbT1QbpuSDnSQ0FHgoWcwItk7qVHqGDQWu9Etlv+rPgVZJkJMy5Gj0S1+9gSKpoNISjo3pBn5iwwxrywin02IvNTTBZIyHtOuoxIKaMJvfO0XnThmgWGlX0qK5+nsiw8KYiYhcp8B2ZJa9mfif101tfB1mTCappZIsFsUpR1ah2fNowDQllk8cwUQzdysiI6wxsS6iogshWH55lbRq1eCy6t/XyvXbPI4CnMIZXEAAV1CHO2hAEwhweIZXePMevRfv3ftYtK55+cwJ/IH3+QNZCI+G</latexit>�

<latexit sha1_base64="dvA8jYsvqebbz41A6luIPk7yxi0=">AAAB/3icbVDLSsNAFL3xWesrKrhxE2yFuilJQXRZdOPCRQX7gCaWyWTSDp1MwsxEKLELf8WNC0Xc+hvu/BunbRbaemDgcM653DvHTxiVyra/jaXlldW19cJGcXNre2fX3NtvyTgVmDRxzGLR8ZEkjHLSVFQx0kkEQZHPSNsfXk389gMRksb8To0S4kWoz2lIMVJa6pmHZfdGpwN0n7kB6veJGFfUablnluyqPYW1SJyclCBHo2d+uUGM04hwhRmSsuvYifIyJBTFjIyLbipJgvAQ9UlXU44iIr1sev/YOtFKYIWx0I8ra6r+nshQJOUo8nUyQmog572J+J/XTVV44WWUJ6kiHM8WhSmzVGxNyrACKghWbKQJwoLqWy08QAJhpSsr6hKc+S8vklat6pxV7dtaqX6Z11GAIziGCjhwDnW4hgY0AcMjPMMrvBlPxovxbnzMoktGPnMAf2B8/gDN+JVP</latexit>

⇤†(t)
<latexit sha1_base64="dvA8jYsvqebbz41A6luIPk7yxi0=">AAAB/3icbVDLSsNAFL3xWesrKrhxE2yFuilJQXRZdOPCRQX7gCaWyWTSDp1MwsxEKLELf8WNC0Xc+hvu/BunbRbaemDgcM653DvHTxiVyra/jaXlldW19cJGcXNre2fX3NtvyTgVmDRxzGLR8ZEkjHLSVFQx0kkEQZHPSNsfXk389gMRksb8To0S4kWoz2lIMVJa6pmHZfdGpwN0n7kB6veJGFfUablnluyqPYW1SJyclCBHo2d+uUGM04hwhRmSsuvYifIyJBTFjIyLbipJgvAQ9UlXU44iIr1sev/YOtFKYIWx0I8ra6r+nshQJOUo8nUyQmog572J+J/XTVV44WWUJ6kiHM8WhSmzVGxNyrACKghWbKQJwoLqWy08QAJhpSsr6hKc+S8vklat6pxV7dtaqX6Z11GAIziGCjhwDnW4hgY0AcMjPMMrvBlPxovxbnzMoktGPnMAf2B8/gDN+JVP</latexit>

⇤†(t)
<latexit sha1_base64="cfqcYPOZirpjr7fXXRaz07yS81s=">AAAB83icbVBNS8NAFHypX7V+VT16CbZCvZSkIHosevHgoYK1hSaUzWbTLt1swu6LUEr/hhcPinj1z3jz37htc9DWgYVhZh7v7QSp4Bod59sqrK1vbG4Vt0s7u3v7B+XDo0edZIqyNk1EoroB0UxwydrIUbBuqhiJA8E6wehm5neemNI8kQ84Tpkfk4HkEacEjeRVvTuTDUkNz6v9csWpO3PYq8TNSQVytPrlLy9MaBYziVQQrXuuk6I/IQo5FWxa8jLNUkJHZMB6hkoSM+1P5jdP7TOjhHaUKPMk2nP198SExFqP48AkY4JDvezNxP+8XobRlT/hMs2QSbpYFGXCxsSeFWCHXDGKYmwIoYqbW206JIpQNDWVTAnu8pdXyWOj7l7UnftGpXmd11GEEziFGrhwCU24hRa0gUIKz/AKb1ZmvVjv1sciWrDymWP4A+vzB2p2kJ4=</latexit>

⇤(t)
<latexit sha1_base64="cfqcYPOZirpjr7fXXRaz07yS81s=">AAAB83icbVBNS8NAFHypX7V+VT16CbZCvZSkIHosevHgoYK1hSaUzWbTLt1swu6LUEr/hhcPinj1z3jz37htc9DWgYVhZh7v7QSp4Bod59sqrK1vbG4Vt0s7u3v7B+XDo0edZIqyNk1EoroB0UxwydrIUbBuqhiJA8E6wehm5neemNI8kQ84Tpkfk4HkEacEjeRVvTuTDUkNz6v9csWpO3PYq8TNSQVytPrlLy9MaBYziVQQrXuuk6I/IQo5FWxa8jLNUkJHZMB6hkoSM+1P5jdP7TOjhHaUKPMk2nP198SExFqP48AkY4JDvezNxP+8XobRlT/hMs2QSbpYFGXCxsSeFWCHXDGKYmwIoYqbW206JIpQNDWVTAnu8pdXyWOj7l7UnftGpXmd11GEEziFGrhwCU24hRa0gUIKz/AKb1ZmvVjv1sciWrDymWP4A+vzB2p2kJ4=</latexit>

⇤(t)

<latexit sha1_base64="Ly3OWTP8LRFbMe7voG+D9nZ0qWc=">AAAB7XicbVBNS8NAEJ34WetX1aOXxVbwVJKC6LHoxWMF+wFtKJvtpl272YTdiVBC/4MXD4p49f9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94CThfkSHSoSCUbRSq9JDmlb6pbJbdecgq8TLSRlyNPqlr94gZmnEFTJJjel6boJ+RjUKJvm02EsNTygb0yHvWqpoxI2fza+dknOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J47WdCJSlyxRaLwlQSjMnsdTIQmjOUE0so08LeStiIasrQBlS0IXjLL6+SVq3qXVbd+1q5fpPHUYBTOIML8OAK6nAHDWgCg0d4hld4c2LnxXl3Phata04+cwJ/4Hz+ANsvjqY=</latexit>⌧ . (A.3)

In the above tensor diagram, the double line means the periodic boundary condition for top and

bottom legs. After specifying the choice of permutation σ and τ, one can make a connection

according to σ and τ in the yellow and green block, and those tensor diagram can be evaluated.

The average over Λnn′(t) = e−iEntδn,n′ can be calculated using the joint probability distri-

bution of eigen energies, and the spectral form factor of GUE matrices[CHLY17, YG18].

PGUE[E] ∝ ∏
m>m′

(
Em −Em′

)2 e−
D
2 ∑m E2

m . (A.4)

The summation of σ,τ ∈ S4 permutation group and averaging over eigen energies can be carries
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out and gives

M (ρ) = M (1/D+ρo +ρd)

=
1

D
+

ρo

αD(t)
+

ρd

βD(t)
,

(A.5)

where 1 stands for the identity matrix, ρo is the off-diagonal part of ρ, and ρd is the traceless

diagonal part of ρ. The coefficients αD(t), and βD(t) are defined as

αD(t) =
( 1

D+1
−λD(t)

)−1
,

βD(t) =
( 1

D+1
+DλD(t)

)−1
,

λD(t) =
(Dr2(t)+ r(2t))2 −4r2(t)

(D+3)(D2 −1)
,

(A.6)

and r(t) = J1(2t)/t with J1 being the Bessel function of the first kind.

A.2 Diagrammatic approach towards variance calculation

In the main text, we have shown that the efficiency of using shadow tomography to predict

physical observables o = F(O,ρ) is closely related to the variance of ô = F(O, ρ̂), where ρ̂ is

the classical shadow, and F is a function that depends on density matrix ρ, and observable O. In

general, we have

Var(ô)≤ E[ô2], (A.7)

and we define a V [· · · ] linear function of the double-operator O⊗2 as

E[ô2] = E[Tr(Oρ̂)2] =V [O⊗2]. (A.8)
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Diagrammatically, the above equation can be expressed as

<latexit sha1_base64="Y5ncPJ6Z+rx+ib4NdMK16QJcgWQ=">AAAB83icbVBNSwMxFHxbv2r9qnr0EmwFT2W3IHosiuCxgq2F7lKyabYNzSZLkhXK0r/hxYMiXv0z3vw3Zts9aOtAYJh5jzeZMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoq2WqCO0QyaXqhVhTzgTtGGY47SWK4jjk9DGc3OT+4xNVmknxYKYJDWI8EixiBBsr+XU/xmYchtntrD6o1tyGOwdaJV5BalCgPah++UNJ0pgKQzjWuu+5iQkyrAwjnM4qfqppgskEj2jfUoFjqoNsnnmGzqwyRJFU9gmD5urvjQzHWk/j0E7mEfWyl4v/ef3URFdBxkSSGirI4lCUcmQkygtAQ6YoMXxqCSaK2ayIjLHCxNiaKrYEb/nLq6TbbHgXDfe+WWtdF3WU4QRO4Rw8uIQW3EEbOkAggWd4hTcndV6cd+djMVpyip1j+APn8wdnAJFD</latexit>

E
<latexit sha1_base64="S4RGZxQDGx4sCBbGuM8nKP4fWmE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpIQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCorZNMMWyxRCSqE1KNgktsGW4EdlKFNA4FPoajm5n/+IRK80Q+mHGKQUwHkkecUWOl+6pf7ZUrbs2dg6wSLycVyNHslb+6/YRlMUrDBNXa99zUBBOqDGcCp6VupjGlbEQH6FsqaYw6mMxPnZIzq/RJlChb0pC5+ntiQmOtx3FoO2NqhnrZm4n/eX5moqtgwmWaGZRssSjKBDEJmf1N+lwhM2JsCWWK21sJG1JFmbHplGwI3vLLq6Rdr3kXNfeuXmlc53EU4QRO4Rw8uIQG3EITWsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wdyk409</latexit>

[
<latexit sha1_base64="SVlxVkSMjhZFefniH0eNadAnlJ8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+6pf7Zcrbs2dg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKu17yLmntXrzSu8ziKcAKncA4eXEIDbqEJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QN1nY0/</latexit>

]<latexit sha1_base64="A+Ie/m2pk2fT7eAZO4OaKWQ0rik=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB6DXrwZ0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh/JduVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvouLeV0u16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AYFeNMQ==</latexit>

O
<latexit sha1_base64="A+Ie/m2pk2fT7eAZO4OaKWQ0rik=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB6DXrwZ0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh/JduVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvouLeV0u16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AYFeNMQ==</latexit>

O
<latexit sha1_base64="Y5ncPJ6Z+rx+ib4NdMK16QJcgWQ=">AAAB83icbVBNSwMxFHxbv2r9qnr0EmwFT2W3IHosiuCxgq2F7lKyabYNzSZLkhXK0r/hxYMiXv0z3vw3Zts9aOtAYJh5jzeZMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoq2WqCO0QyaXqhVhTzgTtGGY47SWK4jjk9DGc3OT+4xNVmknxYKYJDWI8EixiBBsr+XU/xmYchtntrD6o1tyGOwdaJV5BalCgPah++UNJ0pgKQzjWuu+5iQkyrAwjnM4qfqppgskEj2jfUoFjqoNsnnmGzqwyRJFU9gmD5urvjQzHWk/j0E7mEfWyl4v/ef3URFdBxkSSGirI4lCUcmQkygtAQ6YoMXxqCSaK2ayIjLHCxNiaKrYEb/nLq6TbbHgXDfe+WWtdF3WU4QRO4Rw8uIQW3EEbOkAggWd4hTcndV6cd+djMVpyip1j+APn8wdnAJFD</latexit>

E
<latexit sha1_base64="S4RGZxQDGx4sCBbGuM8nKP4fWmE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpIQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCorZNMMWyxRCSqE1KNgktsGW4EdlKFNA4FPoajm5n/+IRK80Q+mHGKQUwHkkecUWOl+6pf7ZUrbs2dg6wSLycVyNHslb+6/YRlMUrDBNXa99zUBBOqDGcCp6VupjGlbEQH6FsqaYw6mMxPnZIzq/RJlChb0pC5+ntiQmOtx3FoO2NqhnrZm4n/eX5moqtgwmWaGZRssSjKBDEJmf1N+lwhM2JsCWWK21sJG1JFmbHplGwI3vLLq6Rdr3kXNfeuXmlc53EU4QRO4Rw8uIQG3EITWsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wdyk409</latexit>

[
<latexit sha1_base64="SVlxVkSMjhZFefniH0eNadAnlJ8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+6pf7Zcrbs2dg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKu17yLmntXrzSu8ziKcAKncA4eXEIDbqEJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QN1nY0/</latexit>

]<latexit sha1_base64="A+Ie/m2pk2fT7eAZO4OaKWQ0rik=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB6DXrwZ0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh/JduVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvouLeV0u16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AYFeNMQ==</latexit>

O
<latexit sha1_base64="A+Ie/m2pk2fT7eAZO4OaKWQ0rik=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB6DXrwZ0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh/JduVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvouLeV0u16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AYFeNMQ==</latexit>

O

<latexit sha1_base64="Y5ncPJ6Z+rx+ib4NdMK16QJcgWQ=">AAAB83icbVBNSwMxFHxbv2r9qnr0EmwFT2W3IHosiuCxgq2F7lKyabYNzSZLkhXK0r/hxYMiXv0z3vw3Zts9aOtAYJh5jzeZMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoq2WqCO0QyaXqhVhTzgTtGGY47SWK4jjk9DGc3OT+4xNVmknxYKYJDWI8EixiBBsr+XU/xmYchtntrD6o1tyGOwdaJV5BalCgPah++UNJ0pgKQzjWuu+5iQkyrAwjnM4qfqppgskEj2jfUoFjqoNsnnmGzqwyRJFU9gmD5urvjQzHWk/j0E7mEfWyl4v/ef3URFdBxkSSGirI4lCUcmQkygtAQ6YoMXxqCSaK2ayIjLHCxNiaKrYEb/nLq6TbbHgXDfe+WWtdF3WU4QRO4Rw8uIQW3EEbOkAggWd4hTcndV6cd+djMVpyip1j+APn8wdnAJFD</latexit>

E
<latexit sha1_base64="S4RGZxQDGx4sCBbGuM8nKP4fWmE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpIQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCorZNMMWyxRCSqE1KNgktsGW4EdlKFNA4FPoajm5n/+IRK80Q+mHGKQUwHkkecUWOl+6pf7ZUrbs2dg6wSLycVyNHslb+6/YRlMUrDBNXa99zUBBOqDGcCp6VupjGlbEQH6FsqaYw6mMxPnZIzq/RJlChb0pC5+ntiQmOtx3FoO2NqhnrZm4n/eX5moqtgwmWaGZRssSjKBDEJmf1N+lwhM2JsCWWK21sJG1JFmbHplGwI3vLLq6Rdr3kXNfeuXmlc53EU4QRO4Rw8uIQG3EITWsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wdyk409</latexit>

[
<latexit sha1_base64="SVlxVkSMjhZFefniH0eNadAnlJ8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+6pf7Zcrbs2dg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKu17yLmntXrzSu8ziKcAKncA4eXEIDbqEJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QN1nY0/</latexit>

]

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=
<latexit sha1_base64="H7xZU2vk6pQJJDde1U2XFmo6Xnw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+2q72i9X3Jo7B1klXk4qkKPZL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhFd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6Rdr3kXNfeuXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wdq+o04</latexit>

V

<latexit sha1_base64="HvGIb/TDY4Zu1drjKQd4SCjW2+Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2A9oQtlsN83SzW7Y3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tMEdohkkvVD7GmnAnaMcxw2k8VxUnIaS+c3M393hNVmknxaKYpDRI8FixiBBsr+XU/xib3VSxn9WG15jbcBdA68QpSgwLtYfXLH0mSJVQYwrHWA89NTZBjZRjhdFbxM01TTCZ4TAeWCpxQHeSLm2fowiojFEllSxi0UH9P5DjRepqEtjPBJtar3lz8zxtkJroJcibSzFBBlouijCMj0TwANGKKEsOnlmCimL0VkRgrTIyNqWJD8FZfXifdZsO7argPzVrrtoijDGdwDpfgwTW04B7a0AECKTzDK7w5mfPivDsfy9aSU8ycwh84nz+uvpFy</latexit>

⇢̂
<latexit sha1_base64="HvGIb/TDY4Zu1drjKQd4SCjW2+Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2A9oQtlsN83SzW7Y3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tMEdohkkvVD7GmnAnaMcxw2k8VxUnIaS+c3M393hNVmknxaKYpDRI8FixiBBsr+XU/xib3VSxn9WG15jbcBdA68QpSgwLtYfXLH0mSJVQYwrHWA89NTZBjZRjhdFbxM01TTCZ4TAeWCpxQHeSLm2fowiojFEllSxi0UH9P5DjRepqEtjPBJtar3lz8zxtkJroJcibSzFBBlouijCMj0TwANGKKEsOnlmCimL0VkRgrTIyNqWJD8FZfXifdZsO7argPzVrrtoijDGdwDpfgwTW04B7a0AECKTzDK7w5mfPivDsfy9aSU8ycwh84nz+uvpFy</latexit>

⇢̂
<latexit sha1_base64="HvGIb/TDY4Zu1drjKQd4SCjW2+Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2A9oQtlsN83SzW7Y3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tMEdohkkvVD7GmnAnaMcxw2k8VxUnIaS+c3M393hNVmknxaKYpDRI8FixiBBsr+XU/xib3VSxn9WG15jbcBdA68QpSgwLtYfXLH0mSJVQYwrHWA89NTZBjZRjhdFbxM01TTCZ4TAeWCpxQHeSLm2fowiojFEllSxi0UH9P5DjRepqEtjPBJtar3lz8zxtkJroJcibSzFBBlouijCMj0TwANGKKEsOnlmCimL0VkRgrTIyNqWJD8FZfXifdZsO7argPzVrrtoijDGdwDpfgwTW04B7a0AECKTzDK7w5mfPivDsfy9aSU8ycwh84nz+uvpFy</latexit>

⇢̂
<latexit sha1_base64="HvGIb/TDY4Zu1drjKQd4SCjW2+Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2A9oQtlsN83SzW7Y3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tMEdohkkvVD7GmnAnaMcxw2k8VxUnIaS+c3M393hNVmknxaKYpDRI8FixiBBsr+XU/xib3VSxn9WG15jbcBdA68QpSgwLtYfXLH0mSJVQYwrHWA89NTZBjZRjhdFbxM01TTCZ4TAeWCpxQHeSLm2fowiojFEllSxi0UH9P5DjRepqEtjPBJtar3lz8zxtkJroJcibSzFBBlouijCMj0TwANGKKEsOnlmCimL0VkRgrTIyNqWJD8FZfXifdZsO7argPzVrrtoijDGdwDpfgwTW04B7a0AECKTzDK7w5mfPivDsfy9aSU8ycwh84nz+uvpFy</latexit>

⇢̂

<latexit sha1_base64="HvGIb/TDY4Zu1drjKQd4SCjW2+Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2A9oQtlsN83SzW7Y3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tMEdohkkvVD7GmnAnaMcxw2k8VxUnIaS+c3M393hNVmknxaKYpDRI8FixiBBsr+XU/xib3VSxn9WG15jbcBdA68QpSgwLtYfXLH0mSJVQYwrHWA89NTZBjZRjhdFbxM01TTCZ4TAeWCpxQHeSLm2fowiojFEllSxi0UH9P5DjRepqEtjPBJtar3lz8zxtkJroJcibSzFBBlouijCMj0TwANGKKEsOnlmCimL0VkRgrTIyNqWJD8FZfXifdZsO7argPzVrrtoijDGdwDpfgwTW04B7a0AECKTzDK7w5mfPivDsfy9aSU8ycwh84nz+uvpFy</latexit>

⇢̂
<latexit sha1_base64="HvGIb/TDY4Zu1drjKQd4SCjW2+Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2A9oQtlsN83SzW7Y3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tMEdohkkvVD7GmnAnaMcxw2k8VxUnIaS+c3M393hNVmknxaKYpDRI8FixiBBsr+XU/xib3VSxn9WG15jbcBdA68QpSgwLtYfXLH0mSJVQYwrHWA89NTZBjZRjhdFbxM01TTCZ4TAeWCpxQHeSLm2fowiojFEllSxi0UH9P5DjRepqEtjPBJtar3lz8zxtkJroJcibSzFBBlouijCMj0TwANGKKEsOnlmCimL0VkRgrTIyNqWJD8FZfXifdZsO7argPzVrrtoijDGdwDpfgwTW04B7a0AECKTzDK7w5mfPivDsfy9aSU8ycwh84nz+uvpFy</latexit>

⇢̂

. (A.9)

The V [· · · ] function that take O⊗2 as input can be expressed diagrammatically as

<latexit sha1_base64="Y5ncPJ6Z+rx+ib4NdMK16QJcgWQ=">AAAB83icbVBNSwMxFHxbv2r9qnr0EmwFT2W3IHosiuCxgq2F7lKyabYNzSZLkhXK0r/hxYMiXv0z3vw3Zts9aOtAYJh5jzeZMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoq2WqCO0QyaXqhVhTzgTtGGY47SWK4jjk9DGc3OT+4xNVmknxYKYJDWI8EixiBBsr+XU/xmYchtntrD6o1tyGOwdaJV5BalCgPah++UNJ0pgKQzjWuu+5iQkyrAwjnM4qfqppgskEj2jfUoFjqoNsnnmGzqwyRJFU9gmD5urvjQzHWk/j0E7mEfWyl4v/ef3URFdBxkSSGirI4lCUcmQkygtAQ6YoMXxqCSaK2ayIjLHCxNiaKrYEb/nLq6TbbHgXDfe+WWtdF3WU4QRO4Rw8uIQW3EEbOkAggWd4hTcndV6cd+djMVpyip1j+APn8wdnAJFD</latexit>

E
<latexit sha1_base64="S4RGZxQDGx4sCBbGuM8nKP4fWmE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpIQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCorZNMMWyxRCSqE1KNgktsGW4EdlKFNA4FPoajm5n/+IRK80Q+mHGKQUwHkkecUWOl+6pf7ZUrbs2dg6wSLycVyNHslb+6/YRlMUrDBNXa99zUBBOqDGcCp6VupjGlbEQH6FsqaYw6mMxPnZIzq/RJlChb0pC5+ntiQmOtx3FoO2NqhnrZm4n/eX5moqtgwmWaGZRssSjKBDEJmf1N+lwhM2JsCWWK21sJG1JFmbHplGwI3vLLq6Rdr3kXNfeuXmlc53EU4QRO4Rw8uIQG3EITWsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wdyk409</latexit>

[
<latexit sha1_base64="SVlxVkSMjhZFefniH0eNadAnlJ8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+6pf7Zcrbs2dg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKu17yLmntXrzSu8ziKcAKncA4eXEIDbqEJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QN1nY0/</latexit>

]<latexit sha1_base64="A+Ie/m2pk2fT7eAZO4OaKWQ0rik=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB6DXrwZ0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh/JduVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvouLeV0u16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AYFeNMQ==</latexit>

O
<latexit sha1_base64="A+Ie/m2pk2fT7eAZO4OaKWQ0rik=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB6DXrwZ0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh/JduVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvouLeV0u16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AYFeNMQ==</latexit>

O
<latexit sha1_base64="Y5ncPJ6Z+rx+ib4NdMK16QJcgWQ=">AAAB83icbVBNSwMxFHxbv2r9qnr0EmwFT2W3IHosiuCxgq2F7lKyabYNzSZLkhXK0r/hxYMiXv0z3vw3Zts9aOtAYJh5jzeZMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoq2WqCO0QyaXqhVhTzgTtGGY47SWK4jjk9DGc3OT+4xNVmknxYKYJDWI8EixiBBsr+XU/xmYchtntrD6o1tyGOwdaJV5BalCgPah++UNJ0pgKQzjWuu+5iQkyrAwjnM4qfqppgskEj2jfUoFjqoNsnnmGzqwyRJFU9gmD5urvjQzHWk/j0E7mEfWyl4v/ef3URFdBxkSSGirI4lCUcmQkygtAQ6YoMXxqCSaK2ayIjLHCxNiaKrYEb/nLq6TbbHgXDfe+WWtdF3WU4QRO4Rw8uIQW3EEbOkAggWd4hTcndV6cd+djMVpyip1j+APn8wdnAJFD</latexit>

E
<latexit sha1_base64="S4RGZxQDGx4sCBbGuM8nKP4fWmE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpIQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCorZNMMWyxRCSqE1KNgktsGW4EdlKFNA4FPoajm5n/+IRK80Q+mHGKQUwHkkecUWOl+6pf7ZUrbs2dg6wSLycVyNHslb+6/YRlMUrDBNXa99zUBBOqDGcCp6VupjGlbEQH6FsqaYw6mMxPnZIzq/RJlChb0pC5+ntiQmOtx3FoO2NqhnrZm4n/eX5moqtgwmWaGZRssSjKBDEJmf1N+lwhM2JsCWWK21sJG1JFmbHplGwI3vLLq6Rdr3kXNfeuXmlc53EU4QRO4Rw8uIQG3EITWsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wdyk409</latexit>

[
<latexit sha1_base64="SVlxVkSMjhZFefniH0eNadAnlJ8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+6pf7Zcrbs2dg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKu17yLmntXrzSu8ziKcAKncA4eXEIDbqEJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QN1nY0/</latexit>

]<latexit sha1_base64="A+Ie/m2pk2fT7eAZO4OaKWQ0rik=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB6DXrwZ0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh/JduVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvouLeV0u16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AYFeNMQ==</latexit>

O
<latexit sha1_base64="A+Ie/m2pk2fT7eAZO4OaKWQ0rik=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB6DXrwZ0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh/JduVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvouLeV0u16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AYFeNMQ==</latexit>

O

<latexit sha1_base64="Y5ncPJ6Z+rx+ib4NdMK16QJcgWQ=">AAAB83icbVBNSwMxFHxbv2r9qnr0EmwFT2W3IHosiuCxgq2F7lKyabYNzSZLkhXK0r/hxYMiXv0z3vw3Zts9aOtAYJh5jzeZMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoq2WqCO0QyaXqhVhTzgTtGGY47SWK4jjk9DGc3OT+4xNVmknxYKYJDWI8EixiBBsr+XU/xmYchtntrD6o1tyGOwdaJV5BalCgPah++UNJ0pgKQzjWuu+5iQkyrAwjnM4qfqppgskEj2jfUoFjqoNsnnmGzqwyRJFU9gmD5urvjQzHWk/j0E7mEfWyl4v/ef3URFdBxkSSGirI4lCUcmQkygtAQ6YoMXxqCSaK2ayIjLHCxNiaKrYEb/nLq6TbbHgXDfe+WWtdF3WU4QRO4Rw8uIQW3EEbOkAggWd4hTcndV6cd+djMVpyip1j+APn8wdnAJFD</latexit>

E
<latexit sha1_base64="S4RGZxQDGx4sCBbGuM8nKP4fWmE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpIQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCorZNMMWyxRCSqE1KNgktsGW4EdlKFNA4FPoajm5n/+IRK80Q+mHGKQUwHkkecUWOl+6pf7ZUrbs2dg6wSLycVyNHslb+6/YRlMUrDBNXa99zUBBOqDGcCp6VupjGlbEQH6FsqaYw6mMxPnZIzq/RJlChb0pC5+ntiQmOtx3FoO2NqhnrZm4n/eX5moqtgwmWaGZRssSjKBDEJmf1N+lwhM2JsCWWK21sJG1JFmbHplGwI3vLLq6Rdr3kXNfeuXmlc53EU4QRO4Rw8uIQG3EITWsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wdyk409</latexit>

[
<latexit sha1_base64="SVlxVkSMjhZFefniH0eNadAnlJ8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+6pf7Zcrbs2dg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKu17yLmntXrzSu8ziKcAKncA4eXEIDbqEJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QN1nY0/</latexit>

]

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=
<latexit sha1_base64="H7xZU2vk6pQJJDde1U2XFmo6Xnw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+2q72i9X3Jo7B1klXk4qkKPZL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhFd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6Rdr3kXNfeuXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wdq+o04</latexit>

V

<latexit sha1_base64="HvGIb/TDY4Zu1drjKQd4SCjW2+Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2A9oQtlsN83SzW7Y3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tMEdohkkvVD7GmnAnaMcxw2k8VxUnIaS+c3M393hNVmknxaKYpDRI8FixiBBsr+XU/xib3VSxn9WG15jbcBdA68QpSgwLtYfXLH0mSJVQYwrHWA89NTZBjZRjhdFbxM01TTCZ4TAeWCpxQHeSLm2fowiojFEllSxi0UH9P5DjRepqEtjPBJtar3lz8zxtkJroJcibSzFBBlouijCMj0TwANGKKEsOnlmCimL0VkRgrTIyNqWJD8FZfXifdZsO7argPzVrrtoijDGdwDpfgwTW04B7a0AECKTzDK7w5mfPivDsfy9aSU8ycwh84nz+uvpFy</latexit>

⇢̂
<latexit sha1_base64="HvGIb/TDY4Zu1drjKQd4SCjW2+Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2A9oQtlsN83SzW7Y3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tMEdohkkvVD7GmnAnaMcxw2k8VxUnIaS+c3M393hNVmknxaKYpDRI8FixiBBsr+XU/xib3VSxn9WG15jbcBdA68QpSgwLtYfXLH0mSJVQYwrHWA89NTZBjZRjhdFbxM01TTCZ4TAeWCpxQHeSLm2fowiojFEllSxi0UH9P5DjRepqEtjPBJtar3lz8zxtkJroJcibSzFBBlouijCMj0TwANGKKEsOnlmCimL0VkRgrTIyNqWJD8FZfXifdZsO7argPzVrrtoijDGdwDpfgwTW04B7a0AECKTzDK7w5mfPivDsfy9aSU8ycwh84nz+uvpFy</latexit>

⇢̂
<latexit sha1_base64="HvGIb/TDY4Zu1drjKQd4SCjW2+Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2A9oQtlsN83SzW7Y3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tMEdohkkvVD7GmnAnaMcxw2k8VxUnIaS+c3M393hNVmknxaKYpDRI8FixiBBsr+XU/xib3VSxn9WG15jbcBdA68QpSgwLtYfXLH0mSJVQYwrHWA89NTZBjZRjhdFbxM01TTCZ4TAeWCpxQHeSLm2fowiojFEllSxi0UH9P5DjRepqEtjPBJtar3lz8zxtkJroJcibSzFBBlouijCMj0TwANGKKEsOnlmCimL0VkRgrTIyNqWJD8FZfXifdZsO7argPzVrrtoijDGdwDpfgwTW04B7a0AECKTzDK7w5mfPivDsfy9aSU8ycwh84nz+uvpFy</latexit>

⇢̂
<latexit sha1_base64="HvGIb/TDY4Zu1drjKQd4SCjW2+Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2A9oQtlsN83SzW7Y3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tMEdohkkvVD7GmnAnaMcxw2k8VxUnIaS+c3M393hNVmknxaKYpDRI8FixiBBsr+XU/xib3VSxn9WG15jbcBdA68QpSgwLtYfXLH0mSJVQYwrHWA89NTZBjZRjhdFbxM01TTCZ4TAeWCpxQHeSLm2fowiojFEllSxi0UH9P5DjRepqEtjPBJtar3lz8zxtkJroJcibSzFBBlouijCMj0TwANGKKEsOnlmCimL0VkRgrTIyNqWJD8FZfXifdZsO7argPzVrrtoijDGdwDpfgwTW04B7a0AECKTzDK7w5mfPivDsfy9aSU8ycwh84nz+uvpFy</latexit>

⇢̂

<latexit sha1_base64="HvGIb/TDY4Zu1drjKQd4SCjW2+Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2A9oQtlsN83SzW7Y3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tMEdohkkvVD7GmnAnaMcxw2k8VxUnIaS+c3M393hNVmknxaKYpDRI8FixiBBsr+XU/xib3VSxn9WG15jbcBdA68QpSgwLtYfXLH0mSJVQYwrHWA89NTZBjZRjhdFbxM01TTCZ4TAeWCpxQHeSLm2fowiojFEllSxi0UH9P5DjRepqEtjPBJtar3lz8zxtkJroJcibSzFBBlouijCMj0TwANGKKEsOnlmCimL0VkRgrTIyNqWJD8FZfXifdZsO7argPzVrrtoijDGdwDpfgwTW04B7a0AECKTzDK7w5mfPivDsfy9aSU8ycwh84nz+uvpFy</latexit>

⇢̂
<latexit sha1_base64="HvGIb/TDY4Zu1drjKQd4SCjW2+Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2A9oQtlsN83SzW7Y3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tMEdohkkvVD7GmnAnaMcxw2k8VxUnIaS+c3M393hNVmknxaKYpDRI8FixiBBsr+XU/xib3VSxn9WG15jbcBdA68QpSgwLtYfXLH0mSJVQYwrHWA89NTZBjZRjhdFbxM01TTCZ4TAeWCpxQHeSLm2fowiojFEllSxi0UH9P5DjRepqEtjPBJtar3lz8zxtkJroJcibSzFBBlouijCMj0TwANGKKEsOnlmCimL0VkRgrTIyNqWJD8FZfXifdZsO7argPzVrrtoijDGdwDpfgwTW04B7a0AECKTzDK7w5mfPivDsfy9aSU8ycwh84nz+uvpFy</latexit>

⇢̂
. (A.10)

The calculation of Eq.A.10 involves 6-design random unitaries and we showed that is involves 8

diagrams:

<latexit sha1_base64="KQV5FxuMWMncqQuH/o0UswJI8gk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKnWpzkHmz6qBccWvuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFuTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9OhkJzhnJqCWVa2FsJG1NNGdqESjYEb/XlddKu17yrmvtQrzRu8ziKcAbncAkeXEMD7qEJLWAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wdNcY7i</latexit>

P1
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="NfeDD/mdl865/jLc4xxxJrTXl1s=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+Hkbu63n1BpHstHM00wiOhI8iFn1FjJrzb79Wq/XHFr7gJknXg5qUCOZr/81RvELI1QGiao1l3PTUyQUWU4Ezgr9VKNCWUTOsKupZJGqINsceyMXFhlQIaxsiUNWai/JzIaaT2NQtsZUTPWq95c/M/rpmZ4E2RcJqlByZaLhqkgJibzz8mAK2RGTC2hTHF7K2FjqigzNp+SDcFbfXmdtOo176rmPtQrjds8jiKcwTlcggfX0IB7aIIPDDg8wyu8OdJ5cd6dj2VrwclnTuEPnM8fiVmN1w==</latexit>

P2

<latexit sha1_base64="9phmULHFrGg67L5LXeLB9WD+ubk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5JURI9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfrXZu6j2yhW35s5BVomXkwrkaPbKX91+wrKYK2SSGtPx3BSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7slJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZfU76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv+eVV0qrXvMuae1+vNG7yOIpwAqdwDh5cQQPuoAk+MBDwDK/w5ijnxXl3PhatBSefOYY/cD5/AIrejdg=</latexit>

P3
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="kTaWN7SOusrFkFVe/d0jg/nyFW8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURY9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfrXZu6j2yhW35s5BVomXkwrkaPbKX91+wrKYK2SSGtPx3BSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7slJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZfU76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv+eVV0qrXvMuae1+vNG7yOIpwAqdwDh5cQQPuoAk+MBDwDK/w5ijnxXl3PhatBSefOYY/cD5/AIxjjdk=</latexit>

P4
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="liRllKcUkPWxxD0RT56/FK/zwgM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUih6LXjxWMLXQhrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJWyeZYuizRCSqE1KNgkv0DTcCO6lCGocCH8Px7dx/fEKleSIfzCTFIKZDySPOqLGSX231G9V+ueLW3AXIOvFyUoEcrX75qzdIWBajNExQrbuem5pgSpXhTOCs1Ms0ppSN6RC7lkoaow6mi2Nn5MIqAxIlypY0ZKH+npjSWOtJHNrOmJqRXvXm4n9eNzPRdTDlMs0MSrZcFGWCmITMPycDrpAZMbGEMsXtrYSNqKLM2HxKNgRv9eV10q7XvEbNva9Xmjd5HEU4g3O4BA+uoAl30AIfGHB4hld4c6Tz4rw7H8vWgpPPnMIfOJ8/jeiN2g==</latexit>

P5
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="H7xZU2vk6pQJJDde1U2XFmo6Xnw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+2q72i9X3Jo7B1klXk4qkKPZL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhFd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6Rdr3kXNfeuXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wdq+o04</latexit>

V
<latexit sha1_base64="A+Ie/m2pk2fT7eAZO4OaKWQ0rik=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB6DXrwZ0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh/JduVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvouLeV0u16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AYFeNMQ==</latexit>

O
<latexit sha1_base64="A+Ie/m2pk2fT7eAZO4OaKWQ0rik=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB6DXrwZ0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh/JduVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvouLeV0u16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AYFeNMQ==</latexit>

O

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢

<latexit sha1_base64="HbFPqiiEcj7hArm8fCtMCj8l778=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUpB4LHvRYwdRCG8pmO2mXbjZhdyOU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1PY2Nza3inulvb2Dw6PyscnbZ1kiqHPEpGoTkg1Ci7RN9wI7KQKaRwKfAzHN3P/8QmV5ol8MJMUg5gOJY84o8ZKfrXVb1T75Ypbcxcg68TLSQVytPrlr94gYVmM0jBBte56bmqCKVWGM4GzUi/TmFI2pkPsWippjDqYLo6dkQurDEiUKFvSkIX6e2JKY60ncWg7Y2pGetWbi/953cxE18GUyzQzKNlyUZQJYhIy/5wMuEJmxMQSyhS3txI2oooyY/Mp2RC81ZfXSbte865q7n290rzN4yjCGZzDJXjQgCbcQQt8YMDhGV7hzZHOi/PufCxbC04+cwp/4Hz+AJJzjeE=</latexit>

P7

<latexit sha1_base64="7QyxpedRpjZOwnmgIxURNRAjEug=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhNBEMJuQPQY8KDHiOYByRJmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupn5rSdUmsfy0YwT9CM6kDzkjBorPZQvyr1iya24c5BV4mWkBBnqveJXtx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/mp07JmVX6JIyVLWnIXP09MaGR1uMosJ0RNUO97M3E/7xOasJrf8JlkhqUbLEoTAUxMZn9TfpcITNibAllittbCRtSRZmx6RRsCN7yy6ukWa14lxX3vlqq3WZx5OEETuEcPLiCGtxBHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHKySNEg==</latexit>

+

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="50g96qAOiO2nhme99BQte9huLB4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IU/DgWvXisYGqhDWWz3bRLN5uwOxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777RTW1jc2t4rbpZ3dvf2D8uFRyySZZtxniUx0O6SGS6G4jwIlb6ea0ziU/DEc3c78xyeujUjUA45THsR0oEQkGEUr+dVm77LaK1fcmjsHWSVeTiqQo9krf3X7CctirpBJakzHc1MMJlSjYJJPS93M8JSyER3wjqWKxtwEk/mxU3JmlT6JEm1LIZmrvycmNDZmHIe2M6Y4NMveTPzP62QYXQcTodIMuWKLRVEmCSZk9jnpC80ZyrEllGlhbyVsSDVlaPMp2RC85ZdXSate8y5q7n290rjJ4yjCCZzCOXhwBQ24gyb4wEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AY9tjds=</latexit>

P6

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="7QyxpedRpjZOwnmgIxURNRAjEug=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhNBEMJuQPQY8KDHiOYByRJmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupn5rSdUmsfy0YwT9CM6kDzkjBorPZQvyr1iya24c5BV4mWkBBnqveJXtx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/mp07JmVX6JIyVLWnIXP09MaGR1uMosJ0RNUO97M3E/7xOasJrf8JlkhqUbLEoTAUxMZn9TfpcITNibAllittbCRtSRZmx6RRsCN7yy6ukWa14lxX3vlqq3WZx5OEETuEcPLiCGtxBHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHKySNEg==</latexit>

+
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="KQV5FxuMWMncqQuH/o0UswJI8gk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKnWpzkHmz6qBccWvuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFuTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9OhkJzhnJqCWVa2FsJG1NNGdqESjYEb/XlddKu17yrmvtQrzRu8ziKcAbncAkeXEMD7qEJLWAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wdNcY7i</latexit>

P1
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="NfeDD/mdl865/jLc4xxxJrTXl1s=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+Hkbu63n1BpHstHM00wiOhI8iFn1FjJrzb79Wq/XHFr7gJknXg5qUCOZr/81RvELI1QGiao1l3PTUyQUWU4Ezgr9VKNCWUTOsKupZJGqINsceyMXFhlQIaxsiUNWai/JzIaaT2NQtsZUTPWq95c/M/rpmZ4E2RcJqlByZaLhqkgJibzz8mAK2RGTC2hTHF7K2FjqigzNp+SDcFbfXmdtOo176rmPtQrjds8jiKcwTlcggfX0IB7aIIPDDg8wyu8OdJ5cd6dj2VrwclnTuEPnM8fiVmN1w==</latexit>

P2

<latexit sha1_base64="9phmULHFrGg67L5LXeLB9WD+ubk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5JURI9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfrXZu6j2yhW35s5BVomXkwrkaPbKX91+wrKYK2SSGtPx3BSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7slJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZfU76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv+eVV0qrXvMuae1+vNG7yOIpwAqdwDh5cQQPuoAk+MBDwDK/w5ijnxXl3PhatBSefOYY/cD5/AIrejdg=</latexit>

P3
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="kTaWN7SOusrFkFVe/d0jg/nyFW8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURY9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfrXZu6j2yhW35s5BVomXkwrkaPbKX91+wrKYK2SSGtPx3BSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7slJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZfU76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv+eVV0qrXvMuae1+vNG7yOIpwAqdwDh5cQQPuoAk+MBDwDK/w5ijnxXl3PhatBSefOYY/cD5/AIxjjdk=</latexit>

P4
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="liRllKcUkPWxxD0RT56/FK/zwgM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUih6LXjxWMLXQhrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJWyeZYuizRCSqE1KNgkv0DTcCO6lCGocCH8Px7dx/fEKleSIfzCTFIKZDySPOqLGSX231G9V+ueLW3AXIOvFyUoEcrX75qzdIWBajNExQrbuem5pgSpXhTOCs1Ms0ppSN6RC7lkoaow6mi2Nn5MIqAxIlypY0ZKH+npjSWOtJHNrOmJqRXvXm4n9eNzPRdTDlMs0MSrZcFGWCmITMPycDrpAZMbGEMsXtrYSNqKLM2HxKNgRv9eV10q7XvEbNva9Xmjd5HEU4g3O4BA+uoAl30AIfGHB4hld4c6Tz4rw7H8vWgpPPnMIfOJ8/jeiN2g==</latexit>

P5
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="H7xZU2vk6pQJJDde1U2XFmo6Xnw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+2q72i9X3Jo7B1klXk4qkKPZL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhFd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6Rdr3kXNfeuXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wdq+o04</latexit>

V
<latexit sha1_base64="A+Ie/m2pk2fT7eAZO4OaKWQ0rik=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB6DXrwZ0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh/JduVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvouLeV0u16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AYFeNMQ==</latexit>

O
<latexit sha1_base64="A+Ie/m2pk2fT7eAZO4OaKWQ0rik=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB6DXrwZ0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh/JduVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvouLeV0u16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AYFeNMQ==</latexit>

O

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢

<latexit sha1_base64="HbFPqiiEcj7hArm8fCtMCj8l778=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUpB4LHvRYwdRCG8pmO2mXbjZhdyOU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1PY2Nza3inulvb2Dw6PyscnbZ1kiqHPEpGoTkg1Ci7RN9wI7KQKaRwKfAzHN3P/8QmV5ol8MJMUg5gOJY84o8ZKfrXVb1T75Ypbcxcg68TLSQVytPrlr94gYVmM0jBBte56bmqCKVWGM4GzUi/TmFI2pkPsWippjDqYLo6dkQurDEiUKFvSkIX6e2JKY60ncWg7Y2pGetWbi/953cxE18GUyzQzKNlyUZQJYhIy/5wMuEJmxMQSyhS3txI2oooyY/Mp2RC81ZfXSbte865q7n290rzN4yjCGZzDJXjQgCbcQQt8YMDhGV7hzZHOi/PufCxbC04+cwp/4Hz+AJJzjeE=</latexit>

P7

<latexit sha1_base64="7QyxpedRpjZOwnmgIxURNRAjEug=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhNBEMJuQPQY8KDHiOYByRJmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupn5rSdUmsfy0YwT9CM6kDzkjBorPZQvyr1iya24c5BV4mWkBBnqveJXtx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/mp07JmVX6JIyVLWnIXP09MaGR1uMosJ0RNUO97M3E/7xOasJrf8JlkhqUbLEoTAUxMZn9TfpcITNibAllittbCRtSRZmx6RRsCN7yy6ukWa14lxX3vlqq3WZx5OEETuEcPLiCGtxBHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHKySNEg==</latexit>

+

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="50g96qAOiO2nhme99BQte9huLB4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IU/DgWvXisYGqhDWWz3bRLN5uwOxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777RTW1jc2t4rbpZ3dvf2D8uFRyySZZtxniUx0O6SGS6G4jwIlb6ea0ziU/DEc3c78xyeujUjUA45THsR0oEQkGEUr+dVm77LaK1fcmjsHWSVeTiqQo9krf3X7CctirpBJakzHc1MMJlSjYJJPS93M8JSyER3wjqWKxtwEk/mxU3JmlT6JEm1LIZmrvycmNDZmHIe2M6Y4NMveTPzP62QYXQcTodIMuWKLRVEmCSZk9jnpC80ZyrEllGlhbyVsSDVlaPMp2RC85ZdXSate8y5q7n290rjJ4yjCCZzCOXhwBQ24gyb4wEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AY9tjds=</latexit>

P6

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="7QyxpedRpjZOwnmgIxURNRAjEug=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhNBEMJuQPQY8KDHiOYByRJmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupn5rSdUmsfy0YwT9CM6kDzkjBorPZQvyr1iya24c5BV4mWkBBnqveJXtx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/mp07JmVX6JIyVLWnIXP09MaGR1uMosJ0RNUO97M3E/7xOasJrf8JlkhqUbLEoTAUxMZn9TfpcITNibAllittbCRtSRZmx6RRsCN7yy6ukWa14lxX3vlqq3WZx5OEETuEcPLiCGtxBHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHKySNEg==</latexit>

+
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="QslxfdNNEysyY/9qMwjUFI/6UX4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhNBEMJuQPQY9OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmd+6wmV5rF8NOME/YgOJA85o8ZKD+WLcq9YcivuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ippViveZcW9r5ZqN1kceTiBUzgHD66gBndQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBKaONDQ==</latexit>

+

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="B71gVuzj0OXnPG6Fu8IJIHv+3bY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUpB6LXjxWMLXQhrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJWyeZYuizRCSqE1KNgkv0DTcCO6lCGocCH8Px7dx/fEKleSIfzCTFIKZDySPOqLGSX231G9V+ueLW3AXIOvFyUoEcrX75qzdIWBajNExQrbuem5pgSpXhTOCs1Ms0ppSN6RC7lkoaow6mi2Nn5MIqAxIlypY0ZKH+npjSWOtJHNrOmJqRXvXm4n9eNzPRdTDlMs0MSrZcFGWCmITMPycDrpAZMbGEMsXtrYSNqKLM2HxKNgRv9eV10q7XvKuae1+vNG/yOIpwBudwCR40oAl30AIfGHB4hld4c6Tz4rw7H8vWgpPPnMIfOJ8/kPKN3A==</latexit>

P7

<latexit sha1_base64="Mt0Z4fk1x+JYb9nNQhRW+qZ6BwY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUxB6LXjxWMLXQhrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJWyeZYuizRCSqE1KNgkv0DTcCO6lCGocCH8Px7dx/fEKleSIfzCTFIKZDySPOqLGSX231G9V+ueLW3AXIOvFyUoEcrX75qzdIWBajNExQrbuem5pgSpXhTOCs1Ms0ppSN6RC7lkoaow6mi2Nn5MIqAxIlypY0ZKH+npjSWOtJHNrOmJqRXvXm4n9eNzNRI5hymWYGJVsuijJBTELmn5MBV8iMmFhCmeL2VsJGVFFmbD4lG4K3+vI6addr3lXNva9Xmjd5HEU4g3O4BA+uoQl30AIfGHB4hld4c6Tz4rw7H8vWgpPPnMIfOJ8/kneN3Q==</latexit>

P8

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="QslxfdNNEysyY/9qMwjUFI/6UX4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhNBEMJuQPQY9OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmd+6wmV5rF8NOME/YgOJA85o8ZKD+WLcq9YcivuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ippViveZcW9r5ZqN1kceTiBUzgHD66gBndQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBKaONDQ==</latexit>

+

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="50g96qAOiO2nhme99BQte9huLB4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IU/DgWvXisYGqhDWWz3bRLN5uwOxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777RTW1jc2t4rbpZ3dvf2D8uFRyySZZtxniUx0O6SGS6G4jwIlb6ea0ziU/DEc3c78xyeujUjUA45THsR0oEQkGEUr+dVm77LaK1fcmjsHWSVeTiqQo9krf3X7CctirpBJakzHc1MMJlSjYJJPS93M8JSyER3wjqWKxtwEk/mxU3JmlT6JEm1LIZmrvycmNDZmHIe2M6Y4NMveTPzP62QYXQcTodIMuWKLRVEmCSZk9jnpC80ZyrEllGlhbyVsSDVlaPMp2RC85ZdXSate8y5q7n290rjJ4yjCCZzCOXhwBQ24gyb4wEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AY9tjds=</latexit>

P6

<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="Y5ncPJ6Z+rx+ib4NdMK16QJcgWQ=">AAAB83icbVBNSwMxFHxbv2r9qnr0EmwFT2W3IHosiuCxgq2F7lKyabYNzSZLkhXK0r/hxYMiXv0z3vw3Zts9aOtAYJh5jzeZMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoq2WqCO0QyaXqhVhTzgTtGGY47SWK4jjk9DGc3OT+4xNVmknxYKYJDWI8EixiBBsr+XU/xmYchtntrD6o1tyGOwdaJV5BalCgPah++UNJ0pgKQzjWuu+5iQkyrAwjnM4qfqppgskEj2jfUoFjqoNsnnmGzqwyRJFU9gmD5urvjQzHWk/j0E7mEfWyl4v/ef3URFdBxkSSGirI4lCUcmQkygtAQ6YoMXxqCSaK2ayIjLHCxNiaKrYEb/nLq6TbbHgXDfe+WWtdF3WU4QRO4Rw8uIQW3EEbOkAggWd4hTcndV6cd+djMVpyip1j+APn8wdnAJFD</latexit>

E
<latexit sha1_base64="S4RGZxQDGx4sCBbGuM8nKP4fWmE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpIQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCorZNMMWyxRCSqE1KNgktsGW4EdlKFNA4FPoajm5n/+IRK80Q+mHGKQUwHkkecUWOl+6pf7ZUrbs2dg6wSLycVyNHslb+6/YRlMUrDBNXa99zUBBOqDGcCp6VupjGlbEQH6FsqaYw6mMxPnZIzq/RJlChb0pC5+ntiQmOtx3FoO2NqhnrZm4n/eX5moqtgwmWaGZRssSjKBDEJmf1N+lwhM2JsCWWK21sJG1JFmbHplGwI3vLLq6Rdr3kXNfeuXmlc53EU4QRO4Rw8uIQG3EITWsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wdyk409</latexit>

[
<latexit sha1_base64="SVlxVkSMjhZFefniH0eNadAnlJ8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+6pf7Zcrbs2dg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKu17yLmntXrzSu8ziKcAKncA4eXEIDbqEJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QN1nY0/</latexit>

]<latexit sha1_base64="A+Ie/m2pk2fT7eAZO4OaKWQ0rik=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB6DXrwZ0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh/JduVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvouLeV0u16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AYFeNMQ==</latexit>

O
<latexit sha1_base64="A+Ie/m2pk2fT7eAZO4OaKWQ0rik=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB6DXrwZ0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh/JduVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvouLeV0u16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AYFeNMQ==</latexit>

O
<latexit sha1_base64="Y5ncPJ6Z+rx+ib4NdMK16QJcgWQ=">AAAB83icbVBNSwMxFHxbv2r9qnr0EmwFT2W3IHosiuCxgq2F7lKyabYNzSZLkhXK0r/hxYMiXv0z3vw3Zts9aOtAYJh5jzeZMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoq2WqCO0QyaXqhVhTzgTtGGY47SWK4jjk9DGc3OT+4xNVmknxYKYJDWI8EixiBBsr+XU/xmYchtntrD6o1tyGOwdaJV5BalCgPah++UNJ0pgKQzjWuu+5iQkyrAwjnM4qfqppgskEj2jfUoFjqoNsnnmGzqwyRJFU9gmD5urvjQzHWk/j0E7mEfWyl4v/ef3URFdBxkSSGirI4lCUcmQkygtAQ6YoMXxqCSaK2ayIjLHCxNiaKrYEb/nLq6TbbHgXDfe+WWtdF3WU4QRO4Rw8uIQW3EEbOkAggWd4hTcndV6cd+djMVpyip1j+APn8wdnAJFD</latexit>

E
<latexit sha1_base64="S4RGZxQDGx4sCBbGuM8nKP4fWmE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpIQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCorZNMMWyxRCSqE1KNgktsGW4EdlKFNA4FPoajm5n/+IRK80Q+mHGKQUwHkkecUWOl+6pf7ZUrbs2dg6wSLycVyNHslb+6/YRlMUrDBNXa99zUBBOqDGcCp6VupjGlbEQH6FsqaYw6mMxPnZIzq/RJlChb0pC5+ntiQmOtx3FoO2NqhnrZm4n/eX5moqtgwmWaGZRssSjKBDEJmf1N+lwhM2JsCWWK21sJG1JFmbHplGwI3vLLq6Rdr3kXNfeuXmlc53EU4QRO4Rw8uIQG3EITWsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wdyk409</latexit>

[
<latexit sha1_base64="SVlxVkSMjhZFefniH0eNadAnlJ8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+6pf7Zcrbs2dg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKu17yLmntXrzSu8ziKcAKncA4eXEIDbqEJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QN1nY0/</latexit>

]<latexit sha1_base64="A+Ie/m2pk2fT7eAZO4OaKWQ0rik=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB6DXrwZ0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh/JduVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvouLeV0u16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AYFeNMQ==</latexit>

O
<latexit sha1_base64="A+Ie/m2pk2fT7eAZO4OaKWQ0rik=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB6DXrwZ0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh/JduVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvouLeV0u16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AYFeNMQ==</latexit>

O

<latexit sha1_base64="Y5ncPJ6Z+rx+ib4NdMK16QJcgWQ=">AAAB83icbVBNSwMxFHxbv2r9qnr0EmwFT2W3IHosiuCxgq2F7lKyabYNzSZLkhXK0r/hxYMiXv0z3vw3Zts9aOtAYJh5jzeZMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoq2WqCO0QyaXqhVhTzgTtGGY47SWK4jjk9DGc3OT+4xNVmknxYKYJDWI8EixiBBsr+XU/xmYchtntrD6o1tyGOwdaJV5BalCgPah++UNJ0pgKQzjWuu+5iQkyrAwjnM4qfqppgskEj2jfUoFjqoNsnnmGzqwyRJFU9gmD5urvjQzHWk/j0E7mEfWyl4v/ef3URFdBxkSSGirI4lCUcmQkygtAQ6YoMXxqCSaK2ayIjLHCxNiaKrYEb/nLq6TbbHgXDfe+WWtdF3WU4QRO4Rw8uIQW3EEbOkAggWd4hTcndV6cd+djMVpyip1j+APn8wdnAJFD</latexit>

E
<latexit sha1_base64="S4RGZxQDGx4sCBbGuM8nKP4fWmE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpIQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCorZNMMWyxRCSqE1KNgktsGW4EdlKFNA4FPoajm5n/+IRK80Q+mHGKQUwHkkecUWOl+6pf7ZUrbs2dg6wSLycVyNHslb+6/YRlMUrDBNXa99zUBBOqDGcCp6VupjGlbEQH6FsqaYw6mMxPnZIzq/RJlChb0pC5+ntiQmOtx3FoO2NqhnrZm4n/eX5moqtgwmWaGZRssSjKBDEJmf1N+lwhM2JsCWWK21sJG1JFmbHplGwI3vLLq6Rdr3kXNfeuXmlc53EU4QRO4Rw8uIQG3EITWsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wdyk409</latexit>

[
<latexit sha1_base64="SVlxVkSMjhZFefniH0eNadAnlJ8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+6pf7Zcrbs2dg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKu17yLmntXrzSu8ziKcAKncA4eXEIDbqEJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QN1nY0/</latexit>

]

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=
<latexit sha1_base64="H7xZU2vk6pQJJDde1U2XFmo6Xnw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+2q72i9X3Jo7B1klXk4qkKPZL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhFd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6Rdr3kXNfeuXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wdq+o04</latexit>

V

<latexit sha1_base64="HvGIb/TDY4Zu1drjKQd4SCjW2+Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2A9oQtlsN83SzW7Y3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tMEdohkkvVD7GmnAnaMcxw2k8VxUnIaS+c3M393hNVmknxaKYpDRI8FixiBBsr+XU/xib3VSxn9WG15jbcBdA68QpSgwLtYfXLH0mSJVQYwrHWA89NTZBjZRjhdFbxM01TTCZ4TAeWCpxQHeSLm2fowiojFEllSxi0UH9P5DjRepqEtjPBJtar3lz8zxtkJroJcibSzFBBlouijCMj0TwANGKKEsOnlmCimL0VkRgrTIyNqWJD8FZfXifdZsO7argPzVrrtoijDGdwDpfgwTW04B7a0AECKTzDK7w5mfPivDsfy9aSU8ycwh84nz+uvpFy</latexit>

⇢̂
<latexit sha1_base64="HvGIb/TDY4Zu1drjKQd4SCjW2+Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2A9oQtlsN83SzW7Y3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tMEdohkkvVD7GmnAnaMcxw2k8VxUnIaS+c3M393hNVmknxaKYpDRI8FixiBBsr+XU/xib3VSxn9WG15jbcBdA68QpSgwLtYfXLH0mSJVQYwrHWA89NTZBjZRjhdFbxM01TTCZ4TAeWCpxQHeSLm2fowiojFEllSxi0UH9P5DjRepqEtjPBJtar3lz8zxtkJroJcibSzFBBlouijCMj0TwANGKKEsOnlmCimL0VkRgrTIyNqWJD8FZfXifdZsO7argPzVrrtoijDGdwDpfgwTW04B7a0AECKTzDK7w5mfPivDsfy9aSU8ycwh84nz+uvpFy</latexit>

⇢̂
<latexit sha1_base64="HvGIb/TDY4Zu1drjKQd4SCjW2+Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2A9oQtlsN83SzW7Y3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tMEdohkkvVD7GmnAnaMcxw2k8VxUnIaS+c3M393hNVmknxaKYpDRI8FixiBBsr+XU/xib3VSxn9WG15jbcBdA68QpSgwLtYfXLH0mSJVQYwrHWA89NTZBjZRjhdFbxM01TTCZ4TAeWCpxQHeSLm2fowiojFEllSxi0UH9P5DjRepqEtjPBJtar3lz8zxtkJroJcibSzFBBlouijCMj0TwANGKKEsOnlmCimL0VkRgrTIyNqWJD8FZfXifdZsO7argPzVrrtoijDGdwDpfgwTW04B7a0AECKTzDK7w5mfPivDsfy9aSU8ycwh84nz+uvpFy</latexit>

⇢̂
<latexit sha1_base64="HvGIb/TDY4Zu1drjKQd4SCjW2+Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2A9oQtlsN83SzW7Y3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tMEdohkkvVD7GmnAnaMcxw2k8VxUnIaS+c3M393hNVmknxaKYpDRI8FixiBBsr+XU/xib3VSxn9WG15jbcBdA68QpSgwLtYfXLH0mSJVQYwrHWA89NTZBjZRjhdFbxM01TTCZ4TAeWCpxQHeSLm2fowiojFEllSxi0UH9P5DjRepqEtjPBJtar3lz8zxtkJroJcibSzFBBlouijCMj0TwANGKKEsOnlmCimL0VkRgrTIyNqWJD8FZfXifdZsO7argPzVrrtoijDGdwDpfgwTW04B7a0AECKTzDK7w5mfPivDsfy9aSU8ycwh84nz+uvpFy</latexit>

⇢̂

<latexit sha1_base64="HvGIb/TDY4Zu1drjKQd4SCjW2+Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2A9oQtlsN83SzW7Y3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tMEdohkkvVD7GmnAnaMcxw2k8VxUnIaS+c3M393hNVmknxaKYpDRI8FixiBBsr+XU/xib3VSxn9WG15jbcBdA68QpSgwLtYfXLH0mSJVQYwrHWA89NTZBjZRjhdFbxM01TTCZ4TAeWCpxQHeSLm2fowiojFEllSxi0UH9P5DjRepqEtjPBJtar3lz8zxtkJroJcibSzFBBlouijCMj0TwANGKKEsOnlmCimL0VkRgrTIyNqWJD8FZfXifdZsO7argPzVrrtoijDGdwDpfgwTW04B7a0AECKTzDK7w5mfPivDsfy9aSU8ycwh84nz+uvpFy</latexit>

⇢̂
<latexit sha1_base64="HvGIb/TDY4Zu1drjKQd4SCjW2+Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2A9oQtlsN83SzW7Y3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tMEdohkkvVD7GmnAnaMcxw2k8VxUnIaS+c3M393hNVmknxaKYpDRI8FixiBBsr+XU/xib3VSxn9WG15jbcBdA68QpSgwLtYfXLH0mSJVQYwrHWA89NTZBjZRjhdFbxM01TTCZ4TAeWCpxQHeSLm2fowiojFEllSxi0UH9P5DjRepqEtjPBJtar3lz8zxtkJroJcibSzFBBlouijCMj0TwANGKKEsOnlmCimL0VkRgrTIyNqWJD8FZfXifdZsO7argPzVrrtoijDGdwDpfgwTW04B7a0AECKTzDK7w5mfPivDsfy9aSU8ycwh84nz+uvpFy</latexit>

⇢̂

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=
<latexit sha1_base64="H7xZU2vk6pQJJDde1U2XFmo6Xnw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+2q72i9X3Jo7B1klXk4qkKPZL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhFd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6Rdr3kXNfeuXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wdq+o04</latexit>

V
<latexit sha1_base64="McpIIhfutWMYODTMJF9Y552jggM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2A9oQplst+3STbLsboQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8UAqujet+O4WNza3tneJuaW//4PCofHzS1kmqKGvRRCSqG6JmgsesZbgRrCsVwygUrBNO7uZ+54kpzZP40UwlCyIcxXzIKRor+dVmP/NRyDHOqv1yxa25C5B14uWkAjma/fKXP0hoGrHYUIFa9zxXmiBDZTgVbFbyU80k0gmOWM/SGCOmg2xx84xcWGVAhomyFRuyUH9PZBhpPY1C2xmhGetVby7+5/VSM7wJMh7L1LCYLhcNU0FMQuYBkAFXjBoxtQSp4vZWQseokBobU8mG4K2+vE7a9Zp3VXMf6pXGbR5HEc7gHC7Bg2towD00oQUUJDzDK7w5qfPivDsfy9aCk8+cwh84nz9peZFF</latexit>

P↵

<latexit sha1_base64="9c0OvRrGYN1nbKsdjjBy/UEJC8c=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEV6qUkBdFj0YvHCvYD2hA22027dLMJuxOhhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0gE1+A431ZhY3Nre6e4W9rbPzgs20fHHR2nirI2jUWsegHRTHDJ2sBBsF6iGIkCwbrB5Hbudx+Z0jyWDzBNmBeRkeQhpwSM5NvlauhnAyKSMZnV4KLq2xWn7iyA14mbkwrK0fLtr8EwpmnEJFBBtO67TgJeRhRwKtisNEg1SwidkBHrGypJxLSXLQ6f4XOjDHEYK1MS8EL9PZGRSOtpFJjOiMBYr3pz8T+vn0J47WVcJikwSZeLwlRgiPE8BTzkilEQU0MIVdzciumYKELBZFUyIbirL6+TTqPuXtad+0aleZPHUUSn6AzVkIuuUBPdoRZqI4pS9Ixe0Zv1ZL1Y79bHsrVg5TMn6A+szx+rWpJv</latexit>

f↵(t)
<latexit sha1_base64="jVcjtSA7Lk8PqKzXpF0XjHPf7l4=">AAAB/nicbVDLSsNAFJ34rPUVFVduBlvBVUkKUjdCwYUuK9gHNDFMppN26MwkzEyEEgL+ihsXirj1O9z5N07bLLT1wIXDOfdy7z1hwqjSjvNtrayurW9slrbK2zu7e/v2wWFHxanEpI1jFsteiBRhVJC2ppqRXiIJ4iEj3XB8PfW7j0QqGot7PUmIz9FQ0IhipI0U2MdVT6U8yDzEkhG6cvOHrJFXA7vi1JwZ4DJxC1IBBVqB/eUNYpxyIjRmSKm+6yTaz5DUFDOSl71UkQThMRqSvqECcaL8bHZ+Ds+MMoBRLE0JDWfq74kMcaUmPDSdHOmRWvSm4n9eP9XRpZ9RkaSaCDxfFKUM6hhOs4ADKgnWbGIIwpKaWyEeIYmwNomVTQju4svLpFOvuRc1565ead4UcZTACTgF58AFDdAEt6AF2gCDDDyDV/BmPVkv1rv1MW9dsYqZI/AH1ucPf/iVMQ==</latexit>P7

↵=1

<latexit sha1_base64="Jt1O46/dciDbew0rhk29LT+dLTo=">AAAB/nicbVDLSsNAFJ34rPUVFVduBlvBVUkKYjdC0Y3LCvYBTQyT6aQdOjMJMxOhhIC/4saFIm79Dnf+jdM2C209cOFwzr3ce0+YMKq043xbK6tr6xubpa3y9s7u3r59cNhRcSoxaeOYxbIXIkUYFaStqWakl0iCeMhINxzfTP3uI5GKxuJeTxLiczQUNKIYaSMF9nHVUykPMg+xZISu3Pwha+TVwK44NWcGuEzcglRAgVZgf3mDGKecCI0ZUqrvOon2MyQ1xYzkZS9VJEF4jIakb6hAnCg/m52fwzOjDGAUS1NCw5n6eyJDXKkJD00nR3qkFr2p+J/XT3XU8DMqklQTgeeLopRBHcNpFnBAJcGaTQxBWFJzK8QjJBHWJrGyCcFdfHmZdOo196Lm3NUrzesijhI4AafgHLjgEjTBLWiBNsAgA8/gFbxZT9aL9W59zFtXrGLmCPyB9fkDf/2VLQ==</latexit>P8
↵=1

. (A.11)

We name them P-diagrams, which are defined as:

<latexit sha1_base64="KQV5FxuMWMncqQuH/o0UswJI8gk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKnWpzkHmz6qBccWvuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFuTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9OhkJzhnJqCWVa2FsJG1NNGdqESjYEb/XlddKu17yrmvtQrzRu8ziKcAbncAkeXEMD7qEJLWAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wdNcY7i</latexit>

P1
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="NfeDD/mdl865/jLc4xxxJrTXl1s=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+Hkbu63n1BpHstHM00wiOhI8iFn1FjJrzb79Wq/XHFr7gJknXg5qUCOZr/81RvELI1QGiao1l3PTUyQUWU4Ezgr9VKNCWUTOsKupZJGqINsceyMXFhlQIaxsiUNWai/JzIaaT2NQtsZUTPWq95c/M/rpmZ4E2RcJqlByZaLhqkgJibzz8mAK2RGTC2hTHF7K2FjqigzNp+SDcFbfXmdtOo176rmPtQrjds8jiKcwTlcggfX0IB7aIIPDDg8wyu8OdJ5cd6dj2VrwclnTuEPnM8fiVmN1w==</latexit>

P2

<latexit sha1_base64="9phmULHFrGg67L5LXeLB9WD+ubk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5JURI9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfrXZu6j2yhW35s5BVomXkwrkaPbKX91+wrKYK2SSGtPx3BSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7slJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZfU76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv+eVV0qrXvMuae1+vNG7yOIpwAqdwDh5cQQPuoAk+MBDwDK/w5ijnxXl3PhatBSefOYY/cD5/AIrejdg=</latexit>

P3
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="kTaWN7SOusrFkFVe/d0jg/nyFW8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURY9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfrXZu6j2yhW35s5BVomXkwrkaPbKX91+wrKYK2SSGtPx3BSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7slJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZfU76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv+eVV0qrXvMuae1+vNG7yOIpwAqdwDh5cQQPuoAk+MBDwDK/w5ijnxXl3PhatBSefOYY/cD5/AIxjjdk=</latexit>

P4
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="liRllKcUkPWxxD0RT56/FK/zwgM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUih6LXjxWMLXQhrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJWyeZYuizRCSqE1KNgkv0DTcCO6lCGocCH8Px7dx/fEKleSIfzCTFIKZDySPOqLGSX231G9V+ueLW3AXIOvFyUoEcrX75qzdIWBajNExQrbuem5pgSpXhTOCs1Ms0ppSN6RC7lkoaow6mi2Nn5MIqAxIlypY0ZKH+npjSWOtJHNrOmJqRXvXm4n9eNzPRdTDlMs0MSrZcFGWCmITMPycDrpAZMbGEMsXtrYSNqKLM2HxKNgRv9eV10q7XvEbNva9Xmjd5HEU4g3O4BA+uoAl30AIfGHB4hld4c6Tz4rw7H8vWgpPPnMIfOJ8/jeiN2g==</latexit>

P5
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=
<latexit sha1_base64="50g96qAOiO2nhme99BQte9huLB4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IU/DgWvXisYGqhDWWz3bRLN5uwOxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777RTW1jc2t4rbpZ3dvf2D8uFRyySZZtxniUx0O6SGS6G4jwIlb6ea0ziU/DEc3c78xyeujUjUA45THsR0oEQkGEUr+dVm77LaK1fcmjsHWSVeTiqQo9krf3X7CctirpBJakzHc1MMJlSjYJJPS93M8JSyER3wjqWKxtwEk/mxU3JmlT6JEm1LIZmrvycmNDZmHIe2M6Y4NMveTPzP62QYXQcTodIMuWKLRVEmCSZk9jnpC80ZyrEllGlhbyVsSDVlaPMp2RC85ZdXSate8y5q7n290rjJ4yjCCZzCOXhwBQ24gyb4wEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AY9tjds=</latexit>

P6

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

,

<latexit sha1_base64="KQV5FxuMWMncqQuH/o0UswJI8gk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKnWpzkHmz6qBccWvuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFuTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9OhkJzhnJqCWVa2FsJG1NNGdqESjYEb/XlddKu17yrmvtQrzRu8ziKcAbncAkeXEMD7qEJLWAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wdNcY7i</latexit>

P1
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="NfeDD/mdl865/jLc4xxxJrTXl1s=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+Hkbu63n1BpHstHM00wiOhI8iFn1FjJrzb79Wq/XHFr7gJknXg5qUCOZr/81RvELI1QGiao1l3PTUyQUWU4Ezgr9VKNCWUTOsKupZJGqINsceyMXFhlQIaxsiUNWai/JzIaaT2NQtsZUTPWq95c/M/rpmZ4E2RcJqlByZaLhqkgJibzz8mAK2RGTC2hTHF7K2FjqigzNp+SDcFbfXmdtOo176rmPtQrjds8jiKcwTlcggfX0IB7aIIPDDg8wyu8OdJ5cd6dj2VrwclnTuEPnM8fiVmN1w==</latexit>

P2

<latexit sha1_base64="9phmULHFrGg67L5LXeLB9WD+ubk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5JURI9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfrXZu6j2yhW35s5BVomXkwrkaPbKX91+wrKYK2SSGtPx3BSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7slJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZfU76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv+eVV0qrXvMuae1+vNG7yOIpwAqdwDh5cQQPuoAk+MBDwDK/w5ijnxXl3PhatBSefOYY/cD5/AIrejdg=</latexit>

P3
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="kTaWN7SOusrFkFVe/d0jg/nyFW8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURY9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfrXZu6j2yhW35s5BVomXkwrkaPbKX91+wrKYK2SSGtPx3BSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7slJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZfU76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv+eVV0qrXvMuae1+vNG7yOIpwAqdwDh5cQQPuoAk+MBDwDK/w5ijnxXl3PhatBSefOYY/cD5/AIxjjdk=</latexit>

P4
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="liRllKcUkPWxxD0RT56/FK/zwgM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUih6LXjxWMLXQhrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJWyeZYuizRCSqE1KNgkv0DTcCO6lCGocCH8Px7dx/fEKleSIfzCTFIKZDySPOqLGSX231G9V+ueLW3AXIOvFyUoEcrX75qzdIWBajNExQrbuem5pgSpXhTOCs1Ms0ppSN6RC7lkoaow6mi2Nn5MIqAxIlypY0ZKH+npjSWOtJHNrOmJqRXvXm4n9eNzPRdTDlMs0MSrZcFGWCmITMPycDrpAZMbGEMsXtrYSNqKLM2HxKNgRv9eV10q7XvEbNva9Xmjd5HEU4g3O4BA+uoAl30AIfGHB4hld4c6Tz4rw7H8vWgpPPnMIfOJ8/jeiN2g==</latexit>

P5
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=
<latexit sha1_base64="50g96qAOiO2nhme99BQte9huLB4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IU/DgWvXisYGqhDWWz3bRLN5uwOxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777RTW1jc2t4rbpZ3dvf2D8uFRyySZZtxniUx0O6SGS6G4jwIlb6ea0ziU/DEc3c78xyeujUjUA45THsR0oEQkGEUr+dVm77LaK1fcmjsHWSVeTiqQo9krf3X7CctirpBJakzHc1MMJlSjYJJPS93M8JSyER3wjqWKxtwEk/mxU3JmlT6JEm1LIZmrvycmNDZmHIe2M6Y4NMveTPzP62QYXQcTodIMuWKLRVEmCSZk9jnpC80ZyrEllGlhbyVsSDVlaPMp2RC85ZdXSate8y5q7n290rjJ4yjCCZzCOXhwBQ24gyb4wEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AY9tjds=</latexit>

P6

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po,

<latexit sha1_base64="KQV5FxuMWMncqQuH/o0UswJI8gk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKnWpzkHmz6qBccWvuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFuTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9OhkJzhnJqCWVa2FsJG1NNGdqESjYEb/XlddKu17yrmvtQrzRu8ziKcAbncAkeXEMD7qEJLWAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wdNcY7i</latexit>

P1
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="NfeDD/mdl865/jLc4xxxJrTXl1s=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+Hkbu63n1BpHstHM00wiOhI8iFn1FjJrzb79Wq/XHFr7gJknXg5qUCOZr/81RvELI1QGiao1l3PTUyQUWU4Ezgr9VKNCWUTOsKupZJGqINsceyMXFhlQIaxsiUNWai/JzIaaT2NQtsZUTPWq95c/M/rpmZ4E2RcJqlByZaLhqkgJibzz8mAK2RGTC2hTHF7K2FjqigzNp+SDcFbfXmdtOo176rmPtQrjds8jiKcwTlcggfX0IB7aIIPDDg8wyu8OdJ5cd6dj2VrwclnTuEPnM8fiVmN1w==</latexit>

P2

<latexit sha1_base64="9phmULHFrGg67L5LXeLB9WD+ubk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5JURI9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfrXZu6j2yhW35s5BVomXkwrkaPbKX91+wrKYK2SSGtPx3BSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7slJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZfU76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv+eVV0qrXvMuae1+vNG7yOIpwAqdwDh5cQQPuoAk+MBDwDK/w5ijnxXl3PhatBSefOYY/cD5/AIrejdg=</latexit>

P3
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="kTaWN7SOusrFkFVe/d0jg/nyFW8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURY9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfrXZu6j2yhW35s5BVomXkwrkaPbKX91+wrKYK2SSGtPx3BSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7slJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZfU76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv+eVV0qrXvMuae1+vNG7yOIpwAqdwDh5cQQPuoAk+MBDwDK/w5ijnxXl3PhatBSefOYY/cD5/AIxjjdk=</latexit>

P4
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="liRllKcUkPWxxD0RT56/FK/zwgM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUih6LXjxWMLXQhrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJWyeZYuizRCSqE1KNgkv0DTcCO6lCGocCH8Px7dx/fEKleSIfzCTFIKZDySPOqLGSX231G9V+ueLW3AXIOvFyUoEcrX75qzdIWBajNExQrbuem5pgSpXhTOCs1Ms0ppSN6RC7lkoaow6mi2Nn5MIqAxIlypY0ZKH+npjSWOtJHNrOmJqRXvXm4n9eNzPRdTDlMs0MSrZcFGWCmITMPycDrpAZMbGEMsXtrYSNqKLM2HxKNgRv9eV10q7XvEbNva9Xmjd5HEU4g3O4BA+uoAl30AIfGHB4hld4c6Tz4rw7H8vWgpPPnMIfOJ8/jeiN2g==</latexit>

P5
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=
<latexit sha1_base64="50g96qAOiO2nhme99BQte9huLB4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IU/DgWvXisYGqhDWWz3bRLN5uwOxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777RTW1jc2t4rbpZ3dvf2D8uFRyySZZtxniUx0O6SGS6G4jwIlb6ea0ziU/DEc3c78xyeujUjUA45THsR0oEQkGEUr+dVm77LaK1fcmjsHWSVeTiqQo9krf3X7CctirpBJakzHc1MMJlSjYJJPS93M8JSyER3wjqWKxtwEk/mxU3JmlT6JEm1LIZmrvycmNDZmHIe2M6Y4NMveTPzP62QYXQcTodIMuWKLRVEmCSZk9jnpC80ZyrEllGlhbyVsSDVlaPMp2RC85ZdXSate8y5q7n290rjJ4yjCCZzCOXhwBQ24gyb4wEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AY9tjds=</latexit>

P6

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

,

<latexit sha1_base64="KQV5FxuMWMncqQuH/o0UswJI8gk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKnWpzkHmz6qBccWvuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFuTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9OhkJzhnJqCWVa2FsJG1NNGdqESjYEb/XlddKu17yrmvtQrzRu8ziKcAbncAkeXEMD7qEJLWAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wdNcY7i</latexit>

P1
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="NfeDD/mdl865/jLc4xxxJrTXl1s=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+Hkbu63n1BpHstHM00wiOhI8iFn1FjJrzb79Wq/XHFr7gJknXg5qUCOZr/81RvELI1QGiao1l3PTUyQUWU4Ezgr9VKNCWUTOsKupZJGqINsceyMXFhlQIaxsiUNWai/JzIaaT2NQtsZUTPWq95c/M/rpmZ4E2RcJqlByZaLhqkgJibzz8mAK2RGTC2hTHF7K2FjqigzNp+SDcFbfXmdtOo176rmPtQrjds8jiKcwTlcggfX0IB7aIIPDDg8wyu8OdJ5cd6dj2VrwclnTuEPnM8fiVmN1w==</latexit>

P2

<latexit sha1_base64="9phmULHFrGg67L5LXeLB9WD+ubk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5JURI9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfrXZu6j2yhW35s5BVomXkwrkaPbKX91+wrKYK2SSGtPx3BSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7slJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZfU76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv+eVV0qrXvMuae1+vNG7yOIpwAqdwDh5cQQPuoAk+MBDwDK/w5ijnxXl3PhatBSefOYY/cD5/AIrejdg=</latexit>

P3
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="kTaWN7SOusrFkFVe/d0jg/nyFW8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURY9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfrXZu6j2yhW35s5BVomXkwrkaPbKX91+wrKYK2SSGtPx3BSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7slJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZfU76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv+eVV0qrXvMuae1+vNG7yOIpwAqdwDh5cQQPuoAk+MBDwDK/w5ijnxXl3PhatBSefOYY/cD5/AIxjjdk=</latexit>

P4
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="liRllKcUkPWxxD0RT56/FK/zwgM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUih6LXjxWMLXQhrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJWyeZYuizRCSqE1KNgkv0DTcCO6lCGocCH8Px7dx/fEKleSIfzCTFIKZDySPOqLGSX231G9V+ueLW3AXIOvFyUoEcrX75qzdIWBajNExQrbuem5pgSpXhTOCs1Ms0ppSN6RC7lkoaow6mi2Nn5MIqAxIlypY0ZKH+npjSWOtJHNrOmJqRXvXm4n9eNzPRdTDlMs0MSrZcFGWCmITMPycDrpAZMbGEMsXtrYSNqKLM2HxKNgRv9eV10q7XvEbNva9Xmjd5HEU4g3O4BA+uoAl30AIfGHB4hld4c6Tz4rw7H8vWgpPPnMIfOJ8/jeiN2g==</latexit>

P5
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=
<latexit sha1_base64="50g96qAOiO2nhme99BQte9huLB4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IU/DgWvXisYGqhDWWz3bRLN5uwOxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777RTW1jc2t4rbpZ3dvf2D8uFRyySZZtxniUx0O6SGS6G4jwIlb6ea0ziU/DEc3c78xyeujUjUA45THsR0oEQkGEUr+dVm77LaK1fcmjsHWSVeTiqQo9krf3X7CctirpBJakzHc1MMJlSjYJJPS93M8JSyER3wjqWKxtwEk/mxU3JmlT6JEm1LIZmrvycmNDZmHIe2M6Y4NMveTPzP62QYXQcTodIMuWKLRVEmCSZk9jnpC80ZyrEllGlhbyVsSDVlaPMp2RC85ZdXSate8y5q7n290rjJ4yjCCZzCOXhwBQ24gyb4wEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AY9tjds=</latexit>

P6

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

,

<latexit sha1_base64="KQV5FxuMWMncqQuH/o0UswJI8gk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKnWpzkHmz6qBccWvuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFuTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9OhkJzhnJqCWVa2FsJG1NNGdqESjYEb/XlddKu17yrmvtQrzRu8ziKcAbncAkeXEMD7qEJLWAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wdNcY7i</latexit>

P1
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="NfeDD/mdl865/jLc4xxxJrTXl1s=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+Hkbu63n1BpHstHM00wiOhI8iFn1FjJrzb79Wq/XHFr7gJknXg5qUCOZr/81RvELI1QGiao1l3PTUyQUWU4Ezgr9VKNCWUTOsKupZJGqINsceyMXFhlQIaxsiUNWai/JzIaaT2NQtsZUTPWq95c/M/rpmZ4E2RcJqlByZaLhqkgJibzz8mAK2RGTC2hTHF7K2FjqigzNp+SDcFbfXmdtOo176rmPtQrjds8jiKcwTlcggfX0IB7aIIPDDg8wyu8OdJ5cd6dj2VrwclnTuEPnM8fiVmN1w==</latexit>

P2

<latexit sha1_base64="9phmULHFrGg67L5LXeLB9WD+ubk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5JURI9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfrXZu6j2yhW35s5BVomXkwrkaPbKX91+wrKYK2SSGtPx3BSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7slJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZfU76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv+eVV0qrXvMuae1+vNG7yOIpwAqdwDh5cQQPuoAk+MBDwDK/w5ijnxXl3PhatBSefOYY/cD5/AIrejdg=</latexit>

P3
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="kTaWN7SOusrFkFVe/d0jg/nyFW8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURY9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfrXZu6j2yhW35s5BVomXkwrkaPbKX91+wrKYK2SSGtPx3BSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7slJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZfU76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv+eVV0qrXvMuae1+vNG7yOIpwAqdwDh5cQQPuoAk+MBDwDK/w5ijnxXl3PhatBSefOYY/cD5/AIxjjdk=</latexit>

P4
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="liRllKcUkPWxxD0RT56/FK/zwgM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUih6LXjxWMLXQhrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJWyeZYuizRCSqE1KNgkv0DTcCO6lCGocCH8Px7dx/fEKleSIfzCTFIKZDySPOqLGSX231G9V+ueLW3AXIOvFyUoEcrX75qzdIWBajNExQrbuem5pgSpXhTOCs1Ms0ppSN6RC7lkoaow6mi2Nn5MIqAxIlypY0ZKH+npjSWOtJHNrOmJqRXvXm4n9eNzPRdTDlMs0MSrZcFGWCmITMPycDrpAZMbGEMsXtrYSNqKLM2HxKNgRv9eV10q7XvEbNva9Xmjd5HEU4g3O4BA+uoAl30AIfGHB4hld4c6Tz4rw7H8vWgpPPnMIfOJ8/jeiN2g==</latexit>

P5
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=
<latexit sha1_base64="50g96qAOiO2nhme99BQte9huLB4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IU/DgWvXisYGqhDWWz3bRLN5uwOxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777RTW1jc2t4rbpZ3dvf2D8uFRyySZZtxniUx0O6SGS6G4jwIlb6ea0ziU/DEc3c78xyeujUjUA45THsR0oEQkGEUr+dVm77LaK1fcmjsHWSVeTiqQo9krf3X7CctirpBJakzHc1MMJlSjYJJPS93M8JSyER3wjqWKxtwEk/mxU3JmlT6JEm1LIZmrvycmNDZmHIe2M6Y4NMveTPzP62QYXQcTodIMuWKLRVEmCSZk9jnpC80ZyrEllGlhbyVsSDVlaPMp2RC85ZdXSate8y5q7n290rjJ4yjCCZzCOXhwBQ24gyb4wEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AY9tjds=</latexit>

P6

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

,
<latexit sha1_base64="KQV5FxuMWMncqQuH/o0UswJI8gk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKnWpzkHmz6qBccWvuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFuTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9OhkJzhnJqCWVa2FsJG1NNGdqESjYEb/XlddKu17yrmvtQrzRu8ziKcAbncAkeXEMD7qEJLWAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wdNcY7i</latexit>

P1
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="NfeDD/mdl865/jLc4xxxJrTXl1s=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+Hkbu63n1BpHstHM00wiOhI8iFn1FjJrzb79Wq/XHFr7gJknXg5qUCOZr/81RvELI1QGiao1l3PTUyQUWU4Ezgr9VKNCWUTOsKupZJGqINsceyMXFhlQIaxsiUNWai/JzIaaT2NQtsZUTPWq95c/M/rpmZ4E2RcJqlByZaLhqkgJibzz8mAK2RGTC2hTHF7K2FjqigzNp+SDcFbfXmdtOo176rmPtQrjds8jiKcwTlcggfX0IB7aIIPDDg8wyu8OdJ5cd6dj2VrwclnTuEPnM8fiVmN1w==</latexit>

P2

<latexit sha1_base64="9phmULHFrGg67L5LXeLB9WD+ubk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5JURI9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfrXZu6j2yhW35s5BVomXkwrkaPbKX91+wrKYK2SSGtPx3BSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7slJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZfU76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv+eVV0qrXvMuae1+vNG7yOIpwAqdwDh5cQQPuoAk+MBDwDK/w5ijnxXl3PhatBSefOYY/cD5/AIrejdg=</latexit>

P3
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="kTaWN7SOusrFkFVe/d0jg/nyFW8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURY9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfrXZu6j2yhW35s5BVomXkwrkaPbKX91+wrKYK2SSGtPx3BSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7slJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZfU76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv+eVV0qrXvMuae1+vNG7yOIpwAqdwDh5cQQPuoAk+MBDwDK/w5ijnxXl3PhatBSefOYY/cD5/AIxjjdk=</latexit>

P4
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="liRllKcUkPWxxD0RT56/FK/zwgM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUih6LXjxWMLXQhrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJWyeZYuizRCSqE1KNgkv0DTcCO6lCGocCH8Px7dx/fEKleSIfzCTFIKZDySPOqLGSX231G9V+ueLW3AXIOvFyUoEcrX75qzdIWBajNExQrbuem5pgSpXhTOCs1Ms0ppSN6RC7lkoaow6mi2Nn5MIqAxIlypY0ZKH+npjSWOtJHNrOmJqRXvXm4n9eNzPRdTDlMs0MSrZcFGWCmITMPycDrpAZMbGEMsXtrYSNqKLM2HxKNgRv9eV10q7XvEbNva9Xmjd5HEU4g3O4BA+uoAl30AIfGHB4hld4c6Tz4rw7H8vWgpPPnMIfOJ8/jeiN2g==</latexit>

P5
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="H7xZU2vk6pQJJDde1U2XFmo6Xnw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+2q72i9X3Jo7B1klXk4qkKPZL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhFd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6Rdr3kXNfeuXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wdq+o04</latexit>

V
<latexit sha1_base64="A+Ie/m2pk2fT7eAZO4OaKWQ0rik=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB6DXrwZ0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh/JduVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvouLeV0u16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AYFeNMQ==</latexit>

O
<latexit sha1_base64="A+Ie/m2pk2fT7eAZO4OaKWQ0rik=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB6DXrwZ0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh/JduVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvouLeV0u16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AYFeNMQ==</latexit>

O

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢

<latexit sha1_base64="HbFPqiiEcj7hArm8fCtMCj8l778=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUpB4LHvRYwdRCG8pmO2mXbjZhdyOU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1PY2Nza3inulvb2Dw6PyscnbZ1kiqHPEpGoTkg1Ci7RN9wI7KQKaRwKfAzHN3P/8QmV5ol8MJMUg5gOJY84o8ZKfrXVb1T75Ypbcxcg68TLSQVytPrlr94gYVmM0jBBte56bmqCKVWGM4GzUi/TmFI2pkPsWippjDqYLo6dkQurDEiUKFvSkIX6e2JKY60ncWg7Y2pGetWbi/953cxE18GUyzQzKNlyUZQJYhIy/5wMuEJmxMQSyhS3txI2oooyY/Mp2RC81ZfXSbte865q7n290rzN4yjCGZzDJXjQgCbcQQt8YMDhGV7hzZHOi/PufCxbC04+cwp/4Hz+AJJzjeE=</latexit>

P7

<latexit sha1_base64="7QyxpedRpjZOwnmgIxURNRAjEug=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhNBEMJuQPQY8KDHiOYByRJmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupn5rSdUmsfy0YwT9CM6kDzkjBorPZQvyr1iya24c5BV4mWkBBnqveJXtx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/mp07JmVX6JIyVLWnIXP09MaGR1uMosJ0RNUO97M3E/7xOasJrf8JlkhqUbLEoTAUxMZn9TfpcITNibAllittbCRtSRZmx6RRsCN7yy6ukWa14lxX3vlqq3WZx5OEETuEcPLiCGtxBHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHKySNEg==</latexit>

+

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="50g96qAOiO2nhme99BQte9huLB4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IU/DgWvXisYGqhDWWz3bRLN5uwOxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777RTW1jc2t4rbpZ3dvf2D8uFRyySZZtxniUx0O6SGS6G4jwIlb6ea0ziU/DEc3c78xyeujUjUA45THsR0oEQkGEUr+dVm77LaK1fcmjsHWSVeTiqQo9krf3X7CctirpBJakzHc1MMJlSjYJJPS93M8JSyER3wjqWKxtwEk/mxU3JmlT6JEm1LIZmrvycmNDZmHIe2M6Y4NMveTPzP62QYXQcTodIMuWKLRVEmCSZk9jnpC80ZyrEllGlhbyVsSDVlaPMp2RC85ZdXSate8y5q7n290rjJ4yjCCZzCOXhwBQ24gyb4wEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AY9tjds=</latexit>

P6

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="7QyxpedRpjZOwnmgIxURNRAjEug=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhNBEMJuQPQY8KDHiOYByRJmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupn5rSdUmsfy0YwT9CM6kDzkjBorPZQvyr1iya24c5BV4mWkBBnqveJXtx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/mp07JmVX6JIyVLWnIXP09MaGR1uMosJ0RNUO97M3E/7xOasJrf8JlkhqUbLEoTAUxMZn9TfpcITNibAllittbCRtSRZmx6RRsCN7yy6ukWa14lxX3vlqq3WZx5OEETuEcPLiCGtxBHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHKySNEg==</latexit>

+
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="KQV5FxuMWMncqQuH/o0UswJI8gk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKnWpzkHmz6qBccWvuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFuTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9OhkJzhnJqCWVa2FsJG1NNGdqESjYEb/XlddKu17yrmvtQrzRu8ziKcAbncAkeXEMD7qEJLWAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wdNcY7i</latexit>

P1
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="NfeDD/mdl865/jLc4xxxJrTXl1s=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+Hkbu63n1BpHstHM00wiOhI8iFn1FjJrzb79Wq/XHFr7gJknXg5qUCOZr/81RvELI1QGiao1l3PTUyQUWU4Ezgr9VKNCWUTOsKupZJGqINsceyMXFhlQIaxsiUNWai/JzIaaT2NQtsZUTPWq95c/M/rpmZ4E2RcJqlByZaLhqkgJibzz8mAK2RGTC2hTHF7K2FjqigzNp+SDcFbfXmdtOo176rmPtQrjds8jiKcwTlcggfX0IB7aIIPDDg8wyu8OdJ5cd6dj2VrwclnTuEPnM8fiVmN1w==</latexit>

P2

<latexit sha1_base64="9phmULHFrGg67L5LXeLB9WD+ubk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5JURI9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfrXZu6j2yhW35s5BVomXkwrkaPbKX91+wrKYK2SSGtPx3BSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7slJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZfU76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv+eVV0qrXvMuae1+vNG7yOIpwAqdwDh5cQQPuoAk+MBDwDK/w5ijnxXl3PhatBSefOYY/cD5/AIrejdg=</latexit>

P3
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="kTaWN7SOusrFkFVe/d0jg/nyFW8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURY9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfrXZu6j2yhW35s5BVomXkwrkaPbKX91+wrKYK2SSGtPx3BSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7slJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZfU76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv+eVV0qrXvMuae1+vNG7yOIpwAqdwDh5cQQPuoAk+MBDwDK/w5ijnxXl3PhatBSefOYY/cD5/AIxjjdk=</latexit>

P4
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="liRllKcUkPWxxD0RT56/FK/zwgM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUih6LXjxWMLXQhrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJWyeZYuizRCSqE1KNgkv0DTcCO6lCGocCH8Px7dx/fEKleSIfzCTFIKZDySPOqLGSX231G9V+ueLW3AXIOvFyUoEcrX75qzdIWBajNExQrbuem5pgSpXhTOCs1Ms0ppSN6RC7lkoaow6mi2Nn5MIqAxIlypY0ZKH+npjSWOtJHNrOmJqRXvXm4n9eNzPRdTDlMs0MSrZcFGWCmITMPycDrpAZMbGEMsXtrYSNqKLM2HxKNgRv9eV10q7XvEbNva9Xmjd5HEU4g3O4BA+uoAl30AIfGHB4hld4c6Tz4rw7H8vWgpPPnMIfOJ8/jeiN2g==</latexit>

P5
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="H7xZU2vk6pQJJDde1U2XFmo6Xnw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+2q72i9X3Jo7B1klXk4qkKPZL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhFd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6Rdr3kXNfeuXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wdq+o04</latexit>

V
<latexit sha1_base64="A+Ie/m2pk2fT7eAZO4OaKWQ0rik=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB6DXrwZ0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh/JduVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvouLeV0u16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AYFeNMQ==</latexit>

O
<latexit sha1_base64="A+Ie/m2pk2fT7eAZO4OaKWQ0rik=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB6DXrwZ0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh/JduVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvouLeV0u16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AYFeNMQ==</latexit>

O

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢

<latexit sha1_base64="HbFPqiiEcj7hArm8fCtMCj8l778=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUpB4LHvRYwdRCG8pmO2mXbjZhdyOU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1PY2Nza3inulvb2Dw6PyscnbZ1kiqHPEpGoTkg1Ci7RN9wI7KQKaRwKfAzHN3P/8QmV5ol8MJMUg5gOJY84o8ZKfrXVb1T75Ypbcxcg68TLSQVytPrlr94gYVmM0jBBte56bmqCKVWGM4GzUi/TmFI2pkPsWippjDqYLo6dkQurDEiUKFvSkIX6e2JKY60ncWg7Y2pGetWbi/953cxE18GUyzQzKNlyUZQJYhIy/5wMuEJmxMQSyhS3txI2oooyY/Mp2RC81ZfXSbte865q7n290rzN4yjCGZzDJXjQgCbcQQt8YMDhGV7hzZHOi/PufCxbC04+cwp/4Hz+AJJzjeE=</latexit>

P7

<latexit sha1_base64="7QyxpedRpjZOwnmgIxURNRAjEug=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhNBEMJuQPQY8KDHiOYByRJmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupn5rSdUmsfy0YwT9CM6kDzkjBorPZQvyr1iya24c5BV4mWkBBnqveJXtx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/mp07JmVX6JIyVLWnIXP09MaGR1uMosJ0RNUO97M3E/7xOasJrf8JlkhqUbLEoTAUxMZn9TfpcITNibAllittbCRtSRZmx6RRsCN7yy6ukWa14lxX3vlqq3WZx5OEETuEcPLiCGtxBHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHKySNEg==</latexit>

+

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="50g96qAOiO2nhme99BQte9huLB4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IU/DgWvXisYGqhDWWz3bRLN5uwOxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777RTW1jc2t4rbpZ3dvf2D8uFRyySZZtxniUx0O6SGS6G4jwIlb6ea0ziU/DEc3c78xyeujUjUA45THsR0oEQkGEUr+dVm77LaK1fcmjsHWSVeTiqQo9krf3X7CctirpBJakzHc1MMJlSjYJJPS93M8JSyER3wjqWKxtwEk/mxU3JmlT6JEm1LIZmrvycmNDZmHIe2M6Y4NMveTPzP62QYXQcTodIMuWKLRVEmCSZk9jnpC80ZyrEllGlhbyVsSDVlaPMp2RC85ZdXSate8y5q7n290rjJ4yjCCZzCOXhwBQ24gyb4wEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AY9tjds=</latexit>

P6

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="7QyxpedRpjZOwnmgIxURNRAjEug=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhNBEMJuQPQY8KDHiOYByRJmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupn5rSdUmsfy0YwT9CM6kDzkjBorPZQvyr1iya24c5BV4mWkBBnqveJXtx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/mp07JmVX6JIyVLWnIXP09MaGR1uMosJ0RNUO97M3E/7xOasJrf8JlkhqUbLEoTAUxMZn9TfpcITNibAllittbCRtSRZmx6RRsCN7yy6ukWa14lxX3vlqq3WZx5OEETuEcPLiCGtxBHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHKySNEg==</latexit>

+
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="QslxfdNNEysyY/9qMwjUFI/6UX4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhNBEMJuQPQY9OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmd+6wmV5rF8NOME/YgOJA85o8ZKD+WLcq9YcivuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ippViveZcW9r5ZqN1kceTiBUzgHD66gBndQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBKaONDQ==</latexit>

+

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="B71gVuzj0OXnPG6Fu8IJIHv+3bY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUpB6LXjxWMLXQhrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJWyeZYuizRCSqE1KNgkv0DTcCO6lCGocCH8Px7dx/fEKleSIfzCTFIKZDySPOqLGSX231G9V+ueLW3AXIOvFyUoEcrX75qzdIWBajNExQrbuem5pgSpXhTOCs1Ms0ppSN6RC7lkoaow6mi2Nn5MIqAxIlypY0ZKH+npjSWOtJHNrOmJqRXvXm4n9eNzPRdTDlMs0MSrZcFGWCmITMPycDrpAZMbGEMsXtrYSNqKLM2HxKNgRv9eV10q7XvKuae1+vNG/yOIpwBudwCR40oAl30AIfGHB4hld4c6Tz4rw7H8vWgpPPnMIfOJ8/kPKN3A==</latexit>

P7

<latexit sha1_base64="Mt0Z4fk1x+JYb9nNQhRW+qZ6BwY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUxB6LXjxWMLXQhrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJWyeZYuizRCSqE1KNgkv0DTcCO6lCGocCH8Px7dx/fEKleSIfzCTFIKZDySPOqLGSX231G9V+ueLW3AXIOvFyUoEcrX75qzdIWBajNExQrbuem5pgSpXhTOCs1Ms0ppSN6RC7lkoaow6mi2Nn5MIqAxIlypY0ZKH+npjSWOtJHNrOmJqRXvXm4n9eNzNRI5hymWYGJVsuijJBTELmn5MBV8iMmFhCmeL2VsJGVFFmbD4lG4K3+vI6addr3lXNva9Xmjd5HEU4g3O4BA+uoQl30AIfGHB4hld4c6Tz4rw7H8vWgpPPnMIfOJ8/kneN3Q==</latexit>

P8

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="QslxfdNNEysyY/9qMwjUFI/6UX4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhNBEMJuQPQY9OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmd+6wmV5rF8NOME/YgOJA85o8ZKD+WLcq9YcivuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ippViveZcW9r5ZqN1kceTiBUzgHD66gBndQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBKaONDQ==</latexit>

+

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="50g96qAOiO2nhme99BQte9huLB4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IU/DgWvXisYGqhDWWz3bRLN5uwOxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777RTW1jc2t4rbpZ3dvf2D8uFRyySZZtxniUx0O6SGS6G4jwIlb6ea0ziU/DEc3c78xyeujUjUA45THsR0oEQkGEUr+dVm77LaK1fcmjsHWSVeTiqQo9krf3X7CctirpBJakzHc1MMJlSjYJJPS93M8JSyER3wjqWKxtwEk/mxU3JmlT6JEm1LIZmrvycmNDZmHIe2M6Y4NMveTPzP62QYXQcTodIMuWKLRVEmCSZk9jnpC80ZyrEllGlhbyVsSDVlaPMp2RC85ZdXSate8y5q7n290rjJ4yjCCZzCOXhwBQ24gyb4wEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AY9tjds=</latexit>

P6

<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

,
<latexit sha1_base64="KQV5FxuMWMncqQuH/o0UswJI8gk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKnWpzkHmz6qBccWvuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFuTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9OhkJzhnJqCWVa2FsJG1NNGdqESjYEb/XlddKu17yrmvtQrzRu8ziKcAbncAkeXEMD7qEJLWAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wdNcY7i</latexit>

P1
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="NfeDD/mdl865/jLc4xxxJrTXl1s=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+Hkbu63n1BpHstHM00wiOhI8iFn1FjJrzb79Wq/XHFr7gJknXg5qUCOZr/81RvELI1QGiao1l3PTUyQUWU4Ezgr9VKNCWUTOsKupZJGqINsceyMXFhlQIaxsiUNWai/JzIaaT2NQtsZUTPWq95c/M/rpmZ4E2RcJqlByZaLhqkgJibzz8mAK2RGTC2hTHF7K2FjqigzNp+SDcFbfXmdtOo176rmPtQrjds8jiKcwTlcggfX0IB7aIIPDDg8wyu8OdJ5cd6dj2VrwclnTuEPnM8fiVmN1w==</latexit>

P2

<latexit sha1_base64="9phmULHFrGg67L5LXeLB9WD+ubk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5JURI9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfrXZu6j2yhW35s5BVomXkwrkaPbKX91+wrKYK2SSGtPx3BSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7slJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZfU76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv+eVV0qrXvMuae1+vNG7yOIpwAqdwDh5cQQPuoAk+MBDwDK/w5ijnxXl3PhatBSefOYY/cD5/AIrejdg=</latexit>

P3
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="kTaWN7SOusrFkFVe/d0jg/nyFW8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURY9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfrXZu6j2yhW35s5BVomXkwrkaPbKX91+wrKYK2SSGtPx3BSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7slJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZfU76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv+eVV0qrXvMuae1+vNG7yOIpwAqdwDh5cQQPuoAk+MBDwDK/w5ijnxXl3PhatBSefOYY/cD5/AIxjjdk=</latexit>

P4
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="liRllKcUkPWxxD0RT56/FK/zwgM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUih6LXjxWMLXQhrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJWyeZYuizRCSqE1KNgkv0DTcCO6lCGocCH8Px7dx/fEKleSIfzCTFIKZDySPOqLGSX231G9V+ueLW3AXIOvFyUoEcrX75qzdIWBajNExQrbuem5pgSpXhTOCs1Ms0ppSN6RC7lkoaow6mi2Nn5MIqAxIlypY0ZKH+npjSWOtJHNrOmJqRXvXm4n9eNzPRdTDlMs0MSrZcFGWCmITMPycDrpAZMbGEMsXtrYSNqKLM2HxKNgRv9eV10q7XvEbNva9Xmjd5HEU4g3O4BA+uoAl30AIfGHB4hld4c6Tz4rw7H8vWgpPPnMIfOJ8/jeiN2g==</latexit>

P5
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="H7xZU2vk6pQJJDde1U2XFmo6Xnw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+2q72i9X3Jo7B1klXk4qkKPZL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhFd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6Rdr3kXNfeuXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wdq+o04</latexit>

V
<latexit sha1_base64="A+Ie/m2pk2fT7eAZO4OaKWQ0rik=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB6DXrwZ0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh/JduVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvouLeV0u16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AYFeNMQ==</latexit>

O
<latexit sha1_base64="A+Ie/m2pk2fT7eAZO4OaKWQ0rik=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB6DXrwZ0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh/JduVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvouLeV0u16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AYFeNMQ==</latexit>

O

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢

<latexit sha1_base64="HbFPqiiEcj7hArm8fCtMCj8l778=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUpB4LHvRYwdRCG8pmO2mXbjZhdyOU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1PY2Nza3inulvb2Dw6PyscnbZ1kiqHPEpGoTkg1Ci7RN9wI7KQKaRwKfAzHN3P/8QmV5ol8MJMUg5gOJY84o8ZKfrXVb1T75Ypbcxcg68TLSQVytPrlr94gYVmM0jBBte56bmqCKVWGM4GzUi/TmFI2pkPsWippjDqYLo6dkQurDEiUKFvSkIX6e2JKY60ncWg7Y2pGetWbi/953cxE18GUyzQzKNlyUZQJYhIy/5wMuEJmxMQSyhS3txI2oooyY/Mp2RC81ZfXSbte865q7n290rzN4yjCGZzDJXjQgCbcQQt8YMDhGV7hzZHOi/PufCxbC04+cwp/4Hz+AJJzjeE=</latexit>

P7

<latexit sha1_base64="7QyxpedRpjZOwnmgIxURNRAjEug=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhNBEMJuQPQY8KDHiOYByRJmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupn5rSdUmsfy0YwT9CM6kDzkjBorPZQvyr1iya24c5BV4mWkBBnqveJXtx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/mp07JmVX6JIyVLWnIXP09MaGR1uMosJ0RNUO97M3E/7xOasJrf8JlkhqUbLEoTAUxMZn9TfpcITNibAllittbCRtSRZmx6RRsCN7yy6ukWa14lxX3vlqq3WZx5OEETuEcPLiCGtxBHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHKySNEg==</latexit>

+

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="50g96qAOiO2nhme99BQte9huLB4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IU/DgWvXisYGqhDWWz3bRLN5uwOxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777RTW1jc2t4rbpZ3dvf2D8uFRyySZZtxniUx0O6SGS6G4jwIlb6ea0ziU/DEc3c78xyeujUjUA45THsR0oEQkGEUr+dVm77LaK1fcmjsHWSVeTiqQo9krf3X7CctirpBJakzHc1MMJlSjYJJPS93M8JSyER3wjqWKxtwEk/mxU3JmlT6JEm1LIZmrvycmNDZmHIe2M6Y4NMveTPzP62QYXQcTodIMuWKLRVEmCSZk9jnpC80ZyrEllGlhbyVsSDVlaPMp2RC85ZdXSate8y5q7n290rjJ4yjCCZzCOXhwBQ24gyb4wEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AY9tjds=</latexit>

P6

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="7QyxpedRpjZOwnmgIxURNRAjEug=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhNBEMJuQPQY8KDHiOYByRJmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupn5rSdUmsfy0YwT9CM6kDzkjBorPZQvyr1iya24c5BV4mWkBBnqveJXtx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/mp07JmVX6JIyVLWnIXP09MaGR1uMosJ0RNUO97M3E/7xOasJrf8JlkhqUbLEoTAUxMZn9TfpcITNibAllittbCRtSRZmx6RRsCN7yy6ukWa14lxX3vlqq3WZx5OEETuEcPLiCGtxBHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHKySNEg==</latexit>

+
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="KQV5FxuMWMncqQuH/o0UswJI8gk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKnWpzkHmz6qBccWvuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFuTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9OhkJzhnJqCWVa2FsJG1NNGdqESjYEb/XlddKu17yrmvtQrzRu8ziKcAbncAkeXEMD7qEJLWAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wdNcY7i</latexit>

P1
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="NfeDD/mdl865/jLc4xxxJrTXl1s=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+Hkbu63n1BpHstHM00wiOhI8iFn1FjJrzb79Wq/XHFr7gJknXg5qUCOZr/81RvELI1QGiao1l3PTUyQUWU4Ezgr9VKNCWUTOsKupZJGqINsceyMXFhlQIaxsiUNWai/JzIaaT2NQtsZUTPWq95c/M/rpmZ4E2RcJqlByZaLhqkgJibzz8mAK2RGTC2hTHF7K2FjqigzNp+SDcFbfXmdtOo176rmPtQrjds8jiKcwTlcggfX0IB7aIIPDDg8wyu8OdJ5cd6dj2VrwclnTuEPnM8fiVmN1w==</latexit>

P2

<latexit sha1_base64="9phmULHFrGg67L5LXeLB9WD+ubk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5JURI9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfrXZu6j2yhW35s5BVomXkwrkaPbKX91+wrKYK2SSGtPx3BSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7slJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZfU76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv+eVV0qrXvMuae1+vNG7yOIpwAqdwDh5cQQPuoAk+MBDwDK/w5ijnxXl3PhatBSefOYY/cD5/AIrejdg=</latexit>

P3
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="kTaWN7SOusrFkFVe/d0jg/nyFW8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURY9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfrXZu6j2yhW35s5BVomXkwrkaPbKX91+wrKYK2SSGtPx3BSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7slJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZfU76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv+eVV0qrXvMuae1+vNG7yOIpwAqdwDh5cQQPuoAk+MBDwDK/w5ijnxXl3PhatBSefOYY/cD5/AIxjjdk=</latexit>

P4
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="liRllKcUkPWxxD0RT56/FK/zwgM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUih6LXjxWMLXQhrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJWyeZYuizRCSqE1KNgkv0DTcCO6lCGocCH8Px7dx/fEKleSIfzCTFIKZDySPOqLGSX231G9V+ueLW3AXIOvFyUoEcrX75qzdIWBajNExQrbuem5pgSpXhTOCs1Ms0ppSN6RC7lkoaow6mi2Nn5MIqAxIlypY0ZKH+npjSWOtJHNrOmJqRXvXm4n9eNzPRdTDlMs0MSrZcFGWCmITMPycDrpAZMbGEMsXtrYSNqKLM2HxKNgRv9eV10q7XvEbNva9Xmjd5HEU4g3O4BA+uoAl30AIfGHB4hld4c6Tz4rw7H8vWgpPPnMIfOJ8/jeiN2g==</latexit>

P5
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="H7xZU2vk6pQJJDde1U2XFmo6Xnw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+2q72i9X3Jo7B1klXk4qkKPZL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhFd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6Rdr3kXNfeuXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wdq+o04</latexit>

V
<latexit sha1_base64="A+Ie/m2pk2fT7eAZO4OaKWQ0rik=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB6DXrwZ0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh/JduVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvouLeV0u16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AYFeNMQ==</latexit>

O
<latexit sha1_base64="A+Ie/m2pk2fT7eAZO4OaKWQ0rik=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB6DXrwZ0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh/JduVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvouLeV0u16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AYFeNMQ==</latexit>

O

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢

<latexit sha1_base64="HbFPqiiEcj7hArm8fCtMCj8l778=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUpB4LHvRYwdRCG8pmO2mXbjZhdyOU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1PY2Nza3inulvb2Dw6PyscnbZ1kiqHPEpGoTkg1Ci7RN9wI7KQKaRwKfAzHN3P/8QmV5ol8MJMUg5gOJY84o8ZKfrXVb1T75Ypbcxcg68TLSQVytPrlr94gYVmM0jBBte56bmqCKVWGM4GzUi/TmFI2pkPsWippjDqYLo6dkQurDEiUKFvSkIX6e2JKY60ncWg7Y2pGetWbi/953cxE18GUyzQzKNlyUZQJYhIy/5wMuEJmxMQSyhS3txI2oooyY/Mp2RC81ZfXSbte865q7n290rzN4yjCGZzDJXjQgCbcQQt8YMDhGV7hzZHOi/PufCxbC04+cwp/4Hz+AJJzjeE=</latexit>

P7

<latexit sha1_base64="7QyxpedRpjZOwnmgIxURNRAjEug=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhNBEMJuQPQY8KDHiOYByRJmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupn5rSdUmsfy0YwT9CM6kDzkjBorPZQvyr1iya24c5BV4mWkBBnqveJXtx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/mp07JmVX6JIyVLWnIXP09MaGR1uMosJ0RNUO97M3E/7xOasJrf8JlkhqUbLEoTAUxMZn9TfpcITNibAllittbCRtSRZmx6RRsCN7yy6ukWa14lxX3vlqq3WZx5OEETuEcPLiCGtxBHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHKySNEg==</latexit>

+

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="50g96qAOiO2nhme99BQte9huLB4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IU/DgWvXisYGqhDWWz3bRLN5uwOxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777RTW1jc2t4rbpZ3dvf2D8uFRyySZZtxniUx0O6SGS6G4jwIlb6ea0ziU/DEc3c78xyeujUjUA45THsR0oEQkGEUr+dVm77LaK1fcmjsHWSVeTiqQo9krf3X7CctirpBJakzHc1MMJlSjYJJPS93M8JSyER3wjqWKxtwEk/mxU3JmlT6JEm1LIZmrvycmNDZmHIe2M6Y4NMveTPzP62QYXQcTodIMuWKLRVEmCSZk9jnpC80ZyrEllGlhbyVsSDVlaPMp2RC85ZdXSate8y5q7n290rjJ4yjCCZzCOXhwBQ24gyb4wEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AY9tjds=</latexit>

P6

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="7QyxpedRpjZOwnmgIxURNRAjEug=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhNBEMJuQPQY8KDHiOYByRJmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupn5rSdUmsfy0YwT9CM6kDzkjBorPZQvyr1iya24c5BV4mWkBBnqveJXtx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/mp07JmVX6JIyVLWnIXP09MaGR1uMosJ0RNUO97M3E/7xOasJrf8JlkhqUbLEoTAUxMZn9TfpcITNibAllittbCRtSRZmx6RRsCN7yy6ukWa14lxX3vlqq3WZx5OEETuEcPLiCGtxBHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHKySNEg==</latexit>

+
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="QslxfdNNEysyY/9qMwjUFI/6UX4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhNBEMJuQPQY9OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmd+6wmV5rF8NOME/YgOJA85o8ZKD+WLcq9YcivuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ippViveZcW9r5ZqN1kceTiBUzgHD66gBndQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBKaONDQ==</latexit>

+

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="B71gVuzj0OXnPG6Fu8IJIHv+3bY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUpB6LXjxWMLXQhrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJWyeZYuizRCSqE1KNgkv0DTcCO6lCGocCH8Px7dx/fEKleSIfzCTFIKZDySPOqLGSX231G9V+ueLW3AXIOvFyUoEcrX75qzdIWBajNExQrbuem5pgSpXhTOCs1Ms0ppSN6RC7lkoaow6mi2Nn5MIqAxIlypY0ZKH+npjSWOtJHNrOmJqRXvXm4n9eNzPRdTDlMs0MSrZcFGWCmITMPycDrpAZMbGEMsXtrYSNqKLM2HxKNgRv9eV10q7XvKuae1+vNG/yOIpwBudwCR40oAl30AIfGHB4hld4c6Tz4rw7H8vWgpPPnMIfOJ8/kPKN3A==</latexit>

P7

<latexit sha1_base64="Mt0Z4fk1x+JYb9nNQhRW+qZ6BwY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUxB6LXjxWMLXQhrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJWyeZYuizRCSqE1KNgkv0DTcCO6lCGocCH8Px7dx/fEKleSIfzCTFIKZDySPOqLGSX231G9V+ueLW3AXIOvFyUoEcrX75qzdIWBajNExQrbuem5pgSpXhTOCs1Ms0ppSN6RC7lkoaow6mi2Nn5MIqAxIlypY0ZKH+npjSWOtJHNrOmJqRXvXm4n9eNzNRI5hymWYGJVsuijJBTELmn5MBV8iMmFhCmeL2VsJGVFFmbD4lG4K3+vI6addr3lXNva9Xmjd5HEU4g3O4BA+uoQl30AIfGHB4hld4c6Tz4rw7H8vWgpPPnMIfOJ8/kneN3Q==</latexit>

P8

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="QslxfdNNEysyY/9qMwjUFI/6UX4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhNBEMJuQPQY9OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmd+6wmV5rF8NOME/YgOJA85o8ZKD+WLcq9YcivuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ippViveZcW9r5ZqN1kceTiBUzgHD66gBndQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBKaONDQ==</latexit>

+

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="50g96qAOiO2nhme99BQte9huLB4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IU/DgWvXisYGqhDWWz3bRLN5uwOxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777RTW1jc2t4rbpZ3dvf2D8uFRyySZZtxniUx0O6SGS6G4jwIlb6ea0ziU/DEc3c78xyeujUjUA45THsR0oEQkGEUr+dVm77LaK1fcmjsHWSVeTiqQo9krf3X7CctirpBJakzHc1MMJlSjYJJPS93M8JSyER3wjqWKxtwEk/mxU3JmlT6JEm1LIZmrvycmNDZmHIe2M6Y4NMveTPzP62QYXQcTodIMuWKLRVEmCSZk9jnpC80ZyrEllGlhbyVsSDVlaPMp2RC85ZdXSate8y5q7n290rjJ4yjCCZzCOXhwBQ24gyb4wEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AY9tjds=</latexit>

P6

<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
,

<latexit sha1_base64="KQV5FxuMWMncqQuH/o0UswJI8gk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKnWpzkHmz6qBccWvuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFuTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9OhkJzhnJqCWVa2FsJG1NNGdqESjYEb/XlddKu17yrmvtQrzRu8ziKcAbncAkeXEMD7qEJLWAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wdNcY7i</latexit>

P1
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="NfeDD/mdl865/jLc4xxxJrTXl1s=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+Hkbu63n1BpHstHM00wiOhI8iFn1FjJrzb79Wq/XHFr7gJknXg5qUCOZr/81RvELI1QGiao1l3PTUyQUWU4Ezgr9VKNCWUTOsKupZJGqINsceyMXFhlQIaxsiUNWai/JzIaaT2NQtsZUTPWq95c/M/rpmZ4E2RcJqlByZaLhqkgJibzz8mAK2RGTC2hTHF7K2FjqigzNp+SDcFbfXmdtOo176rmPtQrjds8jiKcwTlcggfX0IB7aIIPDDg8wyu8OdJ5cd6dj2VrwclnTuEPnM8fiVmN1w==</latexit>

P2

<latexit sha1_base64="9phmULHFrGg67L5LXeLB9WD+ubk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5JURI9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfrXZu6j2yhW35s5BVomXkwrkaPbKX91+wrKYK2SSGtPx3BSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7slJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZfU76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv+eVV0qrXvMuae1+vNG7yOIpwAqdwDh5cQQPuoAk+MBDwDK/w5ijnxXl3PhatBSefOYY/cD5/AIrejdg=</latexit>

P3
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="kTaWN7SOusrFkFVe/d0jg/nyFW8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURY9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfrXZu6j2yhW35s5BVomXkwrkaPbKX91+wrKYK2SSGtPx3BSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7slJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZfU76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv+eVV0qrXvMuae1+vNG7yOIpwAqdwDh5cQQPuoAk+MBDwDK/w5ijnxXl3PhatBSefOYY/cD5/AIxjjdk=</latexit>

P4
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="liRllKcUkPWxxD0RT56/FK/zwgM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUih6LXjxWMLXQhrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJWyeZYuizRCSqE1KNgkv0DTcCO6lCGocCH8Px7dx/fEKleSIfzCTFIKZDySPOqLGSX231G9V+ueLW3AXIOvFyUoEcrX75qzdIWBajNExQrbuem5pgSpXhTOCs1Ms0ppSN6RC7lkoaow6mi2Nn5MIqAxIlypY0ZKH+npjSWOtJHNrOmJqRXvXm4n9eNzPRdTDlMs0MSrZcFGWCmITMPycDrpAZMbGEMsXtrYSNqKLM2HxKNgRv9eV10q7XvEbNva9Xmjd5HEU4g3O4BA+uoAl30AIfGHB4hld4c6Tz4rw7H8vWgpPPnMIfOJ8/jeiN2g==</latexit>

P5
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="H7xZU2vk6pQJJDde1U2XFmo6Xnw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+2q72i9X3Jo7B1klXk4qkKPZL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhFd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6Rdr3kXNfeuXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wdq+o04</latexit>

V
<latexit sha1_base64="A+Ie/m2pk2fT7eAZO4OaKWQ0rik=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB6DXrwZ0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh/JduVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvouLeV0u16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AYFeNMQ==</latexit>

O
<latexit sha1_base64="A+Ie/m2pk2fT7eAZO4OaKWQ0rik=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB6DXrwZ0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh/JduVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvouLeV0u16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AYFeNMQ==</latexit>

O

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢

<latexit sha1_base64="HbFPqiiEcj7hArm8fCtMCj8l778=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUpB4LHvRYwdRCG8pmO2mXbjZhdyOU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1PY2Nza3inulvb2Dw6PyscnbZ1kiqHPEpGoTkg1Ci7RN9wI7KQKaRwKfAzHN3P/8QmV5ol8MJMUg5gOJY84o8ZKfrXVb1T75Ypbcxcg68TLSQVytPrlr94gYVmM0jBBte56bmqCKVWGM4GzUi/TmFI2pkPsWippjDqYLo6dkQurDEiUKFvSkIX6e2JKY60ncWg7Y2pGetWbi/953cxE18GUyzQzKNlyUZQJYhIy/5wMuEJmxMQSyhS3txI2oooyY/Mp2RC81ZfXSbte865q7n290rzN4yjCGZzDJXjQgCbcQQt8YMDhGV7hzZHOi/PufCxbC04+cwp/4Hz+AJJzjeE=</latexit>

P7

<latexit sha1_base64="7QyxpedRpjZOwnmgIxURNRAjEug=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhNBEMJuQPQY8KDHiOYByRJmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupn5rSdUmsfy0YwT9CM6kDzkjBorPZQvyr1iya24c5BV4mWkBBnqveJXtx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/mp07JmVX6JIyVLWnIXP09MaGR1uMosJ0RNUO97M3E/7xOasJrf8JlkhqUbLEoTAUxMZn9TfpcITNibAllittbCRtSRZmx6RRsCN7yy6ukWa14lxX3vlqq3WZx5OEETuEcPLiCGtxBHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHKySNEg==</latexit>

+

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="50g96qAOiO2nhme99BQte9huLB4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IU/DgWvXisYGqhDWWz3bRLN5uwOxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777RTW1jc2t4rbpZ3dvf2D8uFRyySZZtxniUx0O6SGS6G4jwIlb6ea0ziU/DEc3c78xyeujUjUA45THsR0oEQkGEUr+dVm77LaK1fcmjsHWSVeTiqQo9krf3X7CctirpBJakzHc1MMJlSjYJJPS93M8JSyER3wjqWKxtwEk/mxU3JmlT6JEm1LIZmrvycmNDZmHIe2M6Y4NMveTPzP62QYXQcTodIMuWKLRVEmCSZk9jnpC80ZyrEllGlhbyVsSDVlaPMp2RC85ZdXSate8y5q7n290rjJ4yjCCZzCOXhwBQ24gyb4wEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AY9tjds=</latexit>

P6

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="7QyxpedRpjZOwnmgIxURNRAjEug=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhNBEMJuQPQY8KDHiOYByRJmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupn5rSdUmsfy0YwT9CM6kDzkjBorPZQvyr1iya24c5BV4mWkBBnqveJXtx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/mp07JmVX6JIyVLWnIXP09MaGR1uMosJ0RNUO97M3E/7xOasJrf8JlkhqUbLEoTAUxMZn9TfpcITNibAllittbCRtSRZmx6RRsCN7yy6ukWa14lxX3vlqq3WZx5OEETuEcPLiCGtxBHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHKySNEg==</latexit>

+
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="KQV5FxuMWMncqQuH/o0UswJI8gk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKnWpzkHmz6qBccWvuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFuTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9OhkJzhnJqCWVa2FsJG1NNGdqESjYEb/XlddKu17yrmvtQrzRu8ziKcAbncAkeXEMD7qEJLWAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wdNcY7i</latexit>

P1
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="NfeDD/mdl865/jLc4xxxJrTXl1s=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+Hkbu63n1BpHstHM00wiOhI8iFn1FjJrzb79Wq/XHFr7gJknXg5qUCOZr/81RvELI1QGiao1l3PTUyQUWU4Ezgr9VKNCWUTOsKupZJGqINsceyMXFhlQIaxsiUNWai/JzIaaT2NQtsZUTPWq95c/M/rpmZ4E2RcJqlByZaLhqkgJibzz8mAK2RGTC2hTHF7K2FjqigzNp+SDcFbfXmdtOo176rmPtQrjds8jiKcwTlcggfX0IB7aIIPDDg8wyu8OdJ5cd6dj2VrwclnTuEPnM8fiVmN1w==</latexit>

P2

<latexit sha1_base64="9phmULHFrGg67L5LXeLB9WD+ubk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5JURI9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfrXZu6j2yhW35s5BVomXkwrkaPbKX91+wrKYK2SSGtPx3BSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7slJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZfU76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv+eVV0qrXvMuae1+vNG7yOIpwAqdwDh5cQQPuoAk+MBDwDK/w5ijnxXl3PhatBSefOYY/cD5/AIrejdg=</latexit>

P3
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="kTaWN7SOusrFkFVe/d0jg/nyFW8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURY9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfrXZu6j2yhW35s5BVomXkwrkaPbKX91+wrKYK2SSGtPx3BSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7slJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZfU76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv+eVV0qrXvMuae1+vNG7yOIpwAqdwDh5cQQPuoAk+MBDwDK/w5ijnxXl3PhatBSefOYY/cD5/AIxjjdk=</latexit>

P4
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="liRllKcUkPWxxD0RT56/FK/zwgM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUih6LXjxWMLXQhrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJWyeZYuizRCSqE1KNgkv0DTcCO6lCGocCH8Px7dx/fEKleSIfzCTFIKZDySPOqLGSX231G9V+ueLW3AXIOvFyUoEcrX75qzdIWBajNExQrbuem5pgSpXhTOCs1Ms0ppSN6RC7lkoaow6mi2Nn5MIqAxIlypY0ZKH+npjSWOtJHNrOmJqRXvXm4n9eNzPRdTDlMs0MSrZcFGWCmITMPycDrpAZMbGEMsXtrYSNqKLM2HxKNgRv9eV10q7XvEbNva9Xmjd5HEU4g3O4BA+uoAl30AIfGHB4hld4c6Tz4rw7H8vWgpPPnMIfOJ8/jeiN2g==</latexit>

P5
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="H7xZU2vk6pQJJDde1U2XFmo6Xnw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+2q72i9X3Jo7B1klXk4qkKPZL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhFd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6Rdr3kXNfeuXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wdq+o04</latexit>

V
<latexit sha1_base64="A+Ie/m2pk2fT7eAZO4OaKWQ0rik=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB6DXrwZ0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh/JduVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvouLeV0u16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AYFeNMQ==</latexit>

O
<latexit sha1_base64="A+Ie/m2pk2fT7eAZO4OaKWQ0rik=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB6DXrwZ0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh/JduVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvouLeV0u16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AYFeNMQ==</latexit>

O

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢

<latexit sha1_base64="HbFPqiiEcj7hArm8fCtMCj8l778=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUpB4LHvRYwdRCG8pmO2mXbjZhdyOU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1PY2Nza3inulvb2Dw6PyscnbZ1kiqHPEpGoTkg1Ci7RN9wI7KQKaRwKfAzHN3P/8QmV5ol8MJMUg5gOJY84o8ZKfrXVb1T75Ypbcxcg68TLSQVytPrlr94gYVmM0jBBte56bmqCKVWGM4GzUi/TmFI2pkPsWippjDqYLo6dkQurDEiUKFvSkIX6e2JKY60ncWg7Y2pGetWbi/953cxE18GUyzQzKNlyUZQJYhIy/5wMuEJmxMQSyhS3txI2oooyY/Mp2RC81ZfXSbte865q7n290rzN4yjCGZzDJXjQgCbcQQt8YMDhGV7hzZHOi/PufCxbC04+cwp/4Hz+AJJzjeE=</latexit>

P7

<latexit sha1_base64="7QyxpedRpjZOwnmgIxURNRAjEug=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhNBEMJuQPQY8KDHiOYByRJmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupn5rSdUmsfy0YwT9CM6kDzkjBorPZQvyr1iya24c5BV4mWkBBnqveJXtx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/mp07JmVX6JIyVLWnIXP09MaGR1uMosJ0RNUO97M3E/7xOasJrf8JlkhqUbLEoTAUxMZn9TfpcITNibAllittbCRtSRZmx6RRsCN7yy6ukWa14lxX3vlqq3WZx5OEETuEcPLiCGtxBHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHKySNEg==</latexit>

+

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="50g96qAOiO2nhme99BQte9huLB4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IU/DgWvXisYGqhDWWz3bRLN5uwOxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777RTW1jc2t4rbpZ3dvf2D8uFRyySZZtxniUx0O6SGS6G4jwIlb6ea0ziU/DEc3c78xyeujUjUA45THsR0oEQkGEUr+dVm77LaK1fcmjsHWSVeTiqQo9krf3X7CctirpBJakzHc1MMJlSjYJJPS93M8JSyER3wjqWKxtwEk/mxU3JmlT6JEm1LIZmrvycmNDZmHIe2M6Y4NMveTPzP62QYXQcTodIMuWKLRVEmCSZk9jnpC80ZyrEllGlhbyVsSDVlaPMp2RC85ZdXSate8y5q7n290rjJ4yjCCZzCOXhwBQ24gyb4wEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AY9tjds=</latexit>

P6

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="7QyxpedRpjZOwnmgIxURNRAjEug=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhNBEMJuQPQY8KDHiOYByRJmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupn5rSdUmsfy0YwT9CM6kDzkjBorPZQvyr1iya24c5BV4mWkBBnqveJXtx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/mp07JmVX6JIyVLWnIXP09MaGR1uMosJ0RNUO97M3E/7xOasJrf8JlkhqUbLEoTAUxMZn9TfpcITNibAllittbCRtSRZmx6RRsCN7yy6ukWa14lxX3vlqq3WZx5OEETuEcPLiCGtxBHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHKySNEg==</latexit>

+
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="QslxfdNNEysyY/9qMwjUFI/6UX4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhNBEMJuQPQY9OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmd+6wmV5rF8NOME/YgOJA85o8ZKD+WLcq9YcivuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ippViveZcW9r5ZqN1kceTiBUzgHD66gBndQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBKaONDQ==</latexit>

+

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="B71gVuzj0OXnPG6Fu8IJIHv+3bY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUpB6LXjxWMLXQhrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJWyeZYuizRCSqE1KNgkv0DTcCO6lCGocCH8Px7dx/fEKleSIfzCTFIKZDySPOqLGSX231G9V+ueLW3AXIOvFyUoEcrX75qzdIWBajNExQrbuem5pgSpXhTOCs1Ms0ppSN6RC7lkoaow6mi2Nn5MIqAxIlypY0ZKH+npjSWOtJHNrOmJqRXvXm4n9eNzPRdTDlMs0MSrZcFGWCmITMPycDrpAZMbGEMsXtrYSNqKLM2HxKNgRv9eV10q7XvKuae1+vNG/yOIpwBudwCR40oAl30AIfGHB4hld4c6Tz4rw7H8vWgpPPnMIfOJ8/kPKN3A==</latexit>

P7
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="Mt0Z4fk1x+JYb9nNQhRW+qZ6BwY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUxB6LXjxWMLXQhrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJWyeZYuizRCSqE1KNgkv0DTcCO6lCGocCH8Px7dx/fEKleSIfzCTFIKZDySPOqLGSX231G9V+ueLW3AXIOvFyUoEcrX75qzdIWBajNExQrbuem5pgSpXhTOCs1Ms0ppSN6RC7lkoaow6mi2Nn5MIqAxIlypY0ZKH+npjSWOtJHNrOmJqRXvXm4n9eNzNRI5hymWYGJVsuijJBTELmn5MBV8iMmFhCmeL2VsJGVFFmbD4lG4K3+vI6addr3lXNva9Xmjd5HEU4g3O4BA+uoQl30AIfGHB4hld4c6Tz4rw7H8vWgpPPnMIfOJ8/kneN3Q==</latexit>

P8
,

(A.12)

where Po is a projection operator that takes the off-diagonal part of an operator, Pd is a projection

operator that takes the traceless diagonal part of an operator. The form factors fα(t) are given by
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(with r(t) = J1(2t)/t)

f1(t) =
1−3r4(t)+2r6(t)

(1− r4(t))2

f2(t) = 2 f1(t)

f3(t) =
2D(r4(t)− r6(t))

(1− r4(t))2

f4(t) =
1

1+Dr4(t)

f5(t) =
2+D2r6(t)+6Dr4(t)

(1+Dr4(t))2

f6(t) =
r2(t)− r6(t)
D(1− r4(t))

f7(t) =
r6(t)

1+Dr4(t)

f8(t) =
2D(r4(t)− r6(t))+2
(1+Dr4(t))(1− r4(t))

.

(A.13)

The shapes of these form factors are shown in Fig. A.1.
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Figure A.1: Form factors fα(t) and their asymptotic behaviors. Colored curves corresponds to
different D = 2N with N = 10,20,30 (blue, green, red). For form factors independent of D, the
curve is plotted in black.
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Collecting the P-diagrams, V [O⊗2] can be decomposed into five parts:

V [O⊗2] =

<latexit sha1_base64="KQV5FxuMWMncqQuH/o0UswJI8gk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKnWpzkHmz6qBccWvuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFuTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9OhkJzhnJqCWVa2FsJG1NNGdqESjYEb/XlddKu17yrmvtQrzRu8ziKcAbncAkeXEMD7qEJLWAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wdNcY7i</latexit>

P1
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="NfeDD/mdl865/jLc4xxxJrTXl1s=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+Hkbu63n1BpHstHM00wiOhI8iFn1FjJrzb79Wq/XHFr7gJknXg5qUCOZr/81RvELI1QGiao1l3PTUyQUWU4Ezgr9VKNCWUTOsKupZJGqINsceyMXFhlQIaxsiUNWai/JzIaaT2NQtsZUTPWq95c/M/rpmZ4E2RcJqlByZaLhqkgJibzz8mAK2RGTC2hTHF7K2FjqigzNp+SDcFbfXmdtOo176rmPtQrjds8jiKcwTlcggfX0IB7aIIPDDg8wyu8OdJ5cd6dj2VrwclnTuEPnM8fiVmN1w==</latexit>

P2

<latexit sha1_base64="9phmULHFrGg67L5LXeLB9WD+ubk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5JURI9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfrXZu6j2yhW35s5BVomXkwrkaPbKX91+wrKYK2SSGtPx3BSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7slJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZfU76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv+eVV0qrXvMuae1+vNG7yOIpwAqdwDh5cQQPuoAk+MBDwDK/w5ijnxXl3PhatBSefOYY/cD5/AIrejdg=</latexit>

P3
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="kTaWN7SOusrFkFVe/d0jg/nyFW8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURY9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfrXZu6j2yhW35s5BVomXkwrkaPbKX91+wrKYK2SSGtPx3BSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7slJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZfU76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv+eVV0qrXvMuae1+vNG7yOIpwAqdwDh5cQQPuoAk+MBDwDK/w5ijnxXl3PhatBSefOYY/cD5/AIxjjdk=</latexit>

P4
<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="liRllKcUkPWxxD0RT56/FK/zwgM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUih6LXjxWMLXQhrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJWyeZYuizRCSqE1KNgkv0DTcCO6lCGocCH8Px7dx/fEKleSIfzCTFIKZDySPOqLGSX231G9V+ueLW3AXIOvFyUoEcrX75qzdIWBajNExQrbuem5pgSpXhTOCs1Ms0ppSN6RC7lkoaow6mi2Nn5MIqAxIlypY0ZKH+npjSWOtJHNrOmJqRXvXm4n9eNzPRdTDlMs0MSrZcFGWCmITMPycDrpAZMbGEMsXtrYSNqKLM2HxKNgRv9eV10q7XvEbNva9Xmjd5HEU4g3O4BA+uoAl30AIfGHB4hld4c6Tz4rw7H8vWgpPPnMIfOJ8/jeiN2g==</latexit>

P5
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=
<latexit sha1_base64="50g96qAOiO2nhme99BQte9huLB4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IU/DgWvXisYGqhDWWz3bRLN5uwOxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777RTW1jc2t4rbpZ3dvf2D8uFRyySZZtxniUx0O6SGS6G4jwIlb6ea0ziU/DEc3c78xyeujUjUA45THsR0oEQkGEUr+dVm77LaK1fcmjsHWSVeTiqQo9krf3X7CctirpBJakzHc1MMJlSjYJJPS93M8JSyER3wjqWKxtwEk/mxU3JmlT6JEm1LIZmrvycmNDZmHIe2M6Y4NMveTPzP62QYXQcTodIMuWKLRVEmCSZk9jnpC80ZyrEllGlhbyVsSDVlaPMp2RC85ZdXSate8y5q7n290rjJ4yjCCZzCOXhwBQ24gyb4wEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AY9tjds=</latexit>

P6

<latexit sha1_base64="NBwRtlsREgsYagLNwbO7m1C6xa4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpVenpkar0S2Wv6s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vklat6l9WvftauX6Tx1GAUziDC/DhCupwBw1oAoVHeIZXeEMKvaB39LFoXUP5zAn8Afr8AdmtjqU=</latexit>⇢
<latexit sha1_base64="Pe3EiU+vSBNzGurxtSy7CMfKlGg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4rmLbQhrLZbNqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtO7uZ+94kqzaR4NNOUBgkeCRYzgo2V/Hp7GNWH1ZrbcBdA68QrSA0KtIfVr0EkSZZQYQjHWvc9NzVBjpVhhNNZZZBpmmIywSPat1TghOogXxw7QxdWiVAslS1h0EL9PZHjROtpEtrOBJuxXvXm4n9ePzPxTZAzkWaGCrJcFGccGYnmn6OIKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI66TQb3lXDfWjWWrdFHGU4g3O4BA+uoQX30AYfCDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/1VOOCQ==</latexit>

Pd
<latexit sha1_base64="SNbS+J3GTlZQFJJdBiM1YYFD6g0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4jmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2Vgro/kPVBteY23AXQOvEKUoMC/qD61R9KkiVUGMKx1j3PTU2YY2UY4XRW6WeapphM8Ij2LBU4oTrMF8fO0IVVhiiWypYwaKH+nshxovU0iWxngs1Yr3pz8T+vl5n4JsyZSDNDBVkuijOOjETzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K3+vI6aTcb3lXDfWjWWrdFHGU4g3O4BA+uoQX34EMABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8f5gqOFA==</latexit>

Po

<latexit sha1_base64="H7xZU2vk6pQJJDde1U2XFmo6Xnw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+2q72i9X3Jo7B1klXk4qkKPZL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhFd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6Rdr3kXNfeuXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wdq+o04</latexit>

V
<latexit sha1_base64="A+Ie/m2pk2fT7eAZO4OaKWQ0rik=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB6DXrwZ0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh/JduVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvouLeV0u16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AYFeNMQ==</latexit>

O
<latexit sha1_base64="A+Ie/m2pk2fT7eAZO4OaKWQ0rik=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB6DXrwZ0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh/JduVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvouLeV0u16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AYFeNMQ==</latexit>

O =V [O⊗2
o ]+V [O⊗2

d ]+V [Oo ⊗Od]+2V [1⊗Oo]+2V [1⊗Od] (A.14)

where V [O⊗2
o ] involves diagram P1, P2, and P3; V [O⊗2

d ] involves diagram P4, and P5; V [1⊗Oo]

involves P6; V [1⊗Od] involves P7; V [Oo ⊗Od] involves P8. Here Od , Oo stand for the traceless

diagonal part and the off-diagonal part of the observable O. More explicitly, we can write down:

V [O⊗2
o ] = f1(t)Tr(O2

o)+ f2(t)Tr(O2
oρ)+ f3(t)Tr(O2

oρd)

V [O⊗2
d ] = f4(t)Tr(O2

d)+ f5(t)Tr(O2
dρ)

V [1⊗Oo] = f6(t)Tr(Ooρ)Tr(O)

V [1⊗Od] = f7(t)Tr(Odρ)Tr(O)

V [Oo ⊗Od] = f8(t)(Tr(OdOoρ)+Tr(OoOdρ)).

(A.15)

We analyze the asymptotic behavior of form factor fα(t) in the following, and provide numerical

evidence in the following appendix. Given r(t) = J1(2t)/t and the envelop behavior of the Bessel

function Jν(t)∼
√

2/(πt), we can obtain the following asymptotic behavior

r(t) t→0
= 1− 1

2
t2, r(t)

t→∞≃ t−3/2. (A.16)

Off-diagonal terms: The off-diagonal terms involve P1, P2, and P3, corresponding to the

form factors f1, f2 and f3. As shown in Fig. A.1, the form factors f1(t) and f2(t) are bounded

between their t = 0 and t → ∞ values,

lim
t→0

f1(t) = 0.75, lim
t→∞

f1(t) = 1,

lim
t→0

f2(t) = 1.5, lim
t→∞

f2(t) = 2.
(A.17)
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The early-time divergence behavior of off-diagonal terms comes from f3. As we can see,

f3(t)
t→0
=

1
2

Dt−2. (A.18)

So for short time, f3(t) diverges as t−2 as shown in Fig. A.1. The long time behavior of f3(t) is

f3(t)
t→∞≃ Dt−6. (A.19)

Diagonal traceless terms: The diagonal traceless terms involve two P-diagrams, P4 and

P5, corresponding to f4 and f5 form factors.

For f4(t), the form factor reaches local maximal f4(tk) = 1 at tk = xk/2, where xk is the

kth zero point of the Bessel function J1(x), see Fig. A.1. And in the window between those points,

f4(t)∼ D−1t6. We name this phenomenon as scrambling beats. And for the long time,

f4(t)
t→∞≃ 1−Dt−6. (A.20)

Therefore the beats behavior of f4(t) will last for a characteristic time T4 ∼ D1/6.

For f5(t), in the long time, it becomes

f5(t)
t→∞≃ 2+2Dt−6 +D2t−9. (A.21)

We can define two characteristic times T (1)
5 ∼ D1/6 and T (2)

5 ∼ D2/9. In Fig. A.1, we show the

asymptotic behavior of f5(t). We can see the oscillation behavior separates to two stages. In the

first stage, it will peak at a constant value that scales as D1/2. This stage ends around T (1)
5 ∼ D1/6.

Then, in the second stage, the peak of f5(t) will decay and eventually reaches its long-time value.

Time T (2)
5 ∼ D2/9 characters the total time for f5(t) to reach its long-time value.

We now analyze how the peak value scales with D in the first stage. We observe the peak
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happens in vicinity of tk = xk/2. First, we Talyor expand r(t) around tk as

r(tk +δt) = akδt

f5(tk +δt) =
2+D2a6

kδt6 +6Da4
kδt4

(1+Da4
kδt4)2

(A.22)

By analyzing the behavior of f5(tk +δt), we can find the maximal peak happens at δt =± 31/4

akD1/4

with the peak value max( f5) =
5
4 +

3
√

3
√

D
16 .

A.3 Variance of linear functions

With the diagrammatic tool developed in Appendix A.2, we can discuss the efficiency of

shadow tomography in predicting linear and nonlinear functions. In this section, we are going to

focus on the linear function prediction, which has the form o = Tr(Oρ), and in Appendix A.4, we

will provide numerical evidence of variance behavior under various conditions. In addition, in

Appendix A.5, we will discuss the prediction of nonlinear function o = Tr(Oρ⊗k), which involves

k copies of ρ.

The linear function o = Tr(Oρ) can be estimated from classical shadows ρ̂ via o =

E[Tr(Oρ̂)] = E[ô], where ô ≡ Tr(Oρ̂) can be viewed as a random variable derived from the

classical shadow. In the main text, we have shown the efficiency of shadow tomography is closely

related the variance of estimation Var(ô), which is upper bounded by

Var(ô)≤ E[ô2]. (A.23)

Diagrammatically, it can be expressed as

<latexit sha1_base64="Y5ncPJ6Z+rx+ib4NdMK16QJcgWQ=">AAAB83icbVBNSwMxFHxbv2r9qnr0EmwFT2W3IHosiuCxgq2F7lKyabYNzSZLkhXK0r/hxYMiXv0z3vw3Zts9aOtAYJh5jzeZMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoq2WqCO0QyaXqhVhTzgTtGGY47SWK4jjk9DGc3OT+4xNVmknxYKYJDWI8EixiBBsr+XU/xmYchtntrD6o1tyGOwdaJV5BalCgPah++UNJ0pgKQzjWuu+5iQkyrAwjnM4qfqppgskEj2jfUoFjqoNsnnmGzqwyRJFU9gmD5urvjQzHWk/j0E7mEfWyl4v/ef3URFdBxkSSGirI4lCUcmQkygtAQ6YoMXxqCSaK2ayIjLHCxNiaKrYEb/nLq6TbbHgXDfe+WWtdF3WU4QRO4Rw8uIQW3EEbOkAggWd4hTcndV6cd+djMVpyip1j+APn8wdnAJFD</latexit>

E
<latexit sha1_base64="S4RGZxQDGx4sCBbGuM8nKP4fWmE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpIQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCorZNMMWyxRCSqE1KNgktsGW4EdlKFNA4FPoajm5n/+IRK80Q+mHGKQUwHkkecUWOl+6pf7ZUrbs2dg6wSLycVyNHslb+6/YRlMUrDBNXa99zUBBOqDGcCp6VupjGlbEQH6FsqaYw6mMxPnZIzq/RJlChb0pC5+ntiQmOtx3FoO2NqhnrZm4n/eX5moqtgwmWaGZRssSjKBDEJmf1N+lwhM2JsCWWK21sJG1JFmbHplGwI3vLLq6Rdr3kXNfeuXmlc53EU4QRO4Rw8uIQG3EITWsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wdyk409</latexit>

[
<latexit sha1_base64="SVlxVkSMjhZFefniH0eNadAnlJ8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+6pf7Zcrbs2dg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKu17yLmntXrzSu8ziKcAKncA4eXEIDbqEJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QN1nY0/</latexit>

]<latexit sha1_base64="A+Ie/m2pk2fT7eAZO4OaKWQ0rik=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB6DXrwZ0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh/JduVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvouLeV0u16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AYFeNMQ==</latexit>

O
<latexit sha1_base64="A+Ie/m2pk2fT7eAZO4OaKWQ0rik=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB6DXrwZ0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh/JduVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvouLeV0u16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AYFeNMQ==</latexit>

O
<latexit sha1_base64="Y5ncPJ6Z+rx+ib4NdMK16QJcgWQ=">AAAB83icbVBNSwMxFHxbv2r9qnr0EmwFT2W3IHosiuCxgq2F7lKyabYNzSZLkhXK0r/hxYMiXv0z3vw3Zts9aOtAYJh5jzeZMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoq2WqCO0QyaXqhVhTzgTtGGY47SWK4jjk9DGc3OT+4xNVmknxYKYJDWI8EixiBBsr+XU/xmYchtntrD6o1tyGOwdaJV5BalCgPah++UNJ0pgKQzjWuu+5iQkyrAwjnM4qfqppgskEj2jfUoFjqoNsnnmGzqwyRJFU9gmD5urvjQzHWk/j0E7mEfWyl4v/ef3URFdBxkSSGirI4lCUcmQkygtAQ6YoMXxqCSaK2ayIjLHCxNiaKrYEb/nLq6TbbHgXDfe+WWtdF3WU4QRO4Rw8uIQW3EEbOkAggWd4hTcndV6cd+djMVpyip1j+APn8wdnAJFD</latexit>

E
<latexit sha1_base64="S4RGZxQDGx4sCBbGuM8nKP4fWmE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpIQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCorZNMMWyxRCSqE1KNgktsGW4EdlKFNA4FPoajm5n/+IRK80Q+mHGKQUwHkkecUWOl+6pf7ZUrbs2dg6wSLycVyNHslb+6/YRlMUrDBNXa99zUBBOqDGcCp6VupjGlbEQH6FsqaYw6mMxPnZIzq/RJlChb0pC5+ntiQmOtx3FoO2NqhnrZm4n/eX5moqtgwmWaGZRssSjKBDEJmf1N+lwhM2JsCWWK21sJG1JFmbHplGwI3vLLq6Rdr3kXNfeuXmlc53EU4QRO4Rw8uIQG3EITWsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wdyk409</latexit>

[
<latexit sha1_base64="SVlxVkSMjhZFefniH0eNadAnlJ8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+6pf7Zcrbs2dg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKu17yLmntXrzSu8ziKcAKncA4eXEIDbqEJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QN1nY0/</latexit>

]<latexit sha1_base64="A+Ie/m2pk2fT7eAZO4OaKWQ0rik=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB6DXrwZ0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh/JduVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvouLeV0u16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AYFeNMQ==</latexit>

O
<latexit sha1_base64="A+Ie/m2pk2fT7eAZO4OaKWQ0rik=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB6DXrwZ0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh/JduVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvouLeV0u16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AYFeNMQ==</latexit>

O

<latexit sha1_base64="Y5ncPJ6Z+rx+ib4NdMK16QJcgWQ=">AAAB83icbVBNSwMxFHxbv2r9qnr0EmwFT2W3IHosiuCxgq2F7lKyabYNzSZLkhXK0r/hxYMiXv0z3vw3Zts9aOtAYJh5jzeZMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoq2WqCO0QyaXqhVhTzgTtGGY47SWK4jjk9DGc3OT+4xNVmknxYKYJDWI8EixiBBsr+XU/xmYchtntrD6o1tyGOwdaJV5BalCgPah++UNJ0pgKQzjWuu+5iQkyrAwjnM4qfqppgskEj2jfUoFjqoNsnnmGzqwyRJFU9gmD5urvjQzHWk/j0E7mEfWyl4v/ef3URFdBxkSSGirI4lCUcmQkygtAQ6YoMXxqCSaK2ayIjLHCxNiaKrYEb/nLq6TbbHgXDfe+WWtdF3WU4QRO4Rw8uIQW3EEbOkAggWd4hTcndV6cd+djMVpyip1j+APn8wdnAJFD</latexit>

E
<latexit sha1_base64="S4RGZxQDGx4sCBbGuM8nKP4fWmE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpIQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCorZNMMWyxRCSqE1KNgktsGW4EdlKFNA4FPoajm5n/+IRK80Q+mHGKQUwHkkecUWOl+6pf7ZUrbs2dg6wSLycVyNHslb+6/YRlMUrDBNXa99zUBBOqDGcCp6VupjGlbEQH6FsqaYw6mMxPnZIzq/RJlChb0pC5+ntiQmOtx3FoO2NqhnrZm4n/eX5moqtgwmWaGZRssSjKBDEJmf1N+lwhM2JsCWWK21sJG1JFmbHplGwI3vLLq6Rdr3kXNfeuXmlc53EU4QRO4Rw8uIQG3EITWsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wdyk409</latexit>

[
<latexit sha1_base64="SVlxVkSMjhZFefniH0eNadAnlJ8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+6pf7Zcrbs2dg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKu17yLmntXrzSu8ziKcAKncA4eXEIDbqEJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QN1nY0/</latexit>

]

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=

<latexit sha1_base64="MMaL/Q1M66VdkodgO/tnguiizmc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiF6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00kP5utwrltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirufbVUu8niyMMJnMI5eHAJNbiDOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPRP2NHw==</latexit>=
<latexit sha1_base64="H7xZU2vk6pQJJDde1U2XFmo6Xnw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+2q72i9X3Jo7B1klXk4qkKPZL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhFd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6Rdr3kXNfeuXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wdq+o04</latexit>

V

<latexit sha1_base64="HvGIb/TDY4Zu1drjKQd4SCjW2+Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2A9oQtlsN83SzW7Y3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tMEdohkkvVD7GmnAnaMcxw2k8VxUnIaS+c3M393hNVmknxaKYpDRI8FixiBBsr+XU/xib3VSxn9WG15jbcBdA68QpSgwLtYfXLH0mSJVQYwrHWA89NTZBjZRjhdFbxM01TTCZ4TAeWCpxQHeSLm2fowiojFEllSxi0UH9P5DjRepqEtjPBJtar3lz8zxtkJroJcibSzFBBlouijCMj0TwANGKKEsOnlmCimL0VkRgrTIyNqWJD8FZfXifdZsO7argPzVrrtoijDGdwDpfgwTW04B7a0AECKTzDK7w5mfPivDsfy9aSU8ycwh84nz+uvpFy</latexit>

⇢̂
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V
, (A.24)
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where V operator is defined in Eq.A.11. Furthermore, since Tr(ρ̂) = 1, adding O by c1 only

shifts ô by a constant c, and it will not affect variance. So for linear function, we can assume the

observable O to be traceless, i.e. Tr(O) = 0. Then

Var(ô)≤ E[ô2] =V [O⊗2] =V [O⊗2
o ]+V [O⊗2

d ]+V [Oo ⊗Od]. (A.25)

A.3.1 Off-diagonal Pauli observables

We define the off-diagonal dynamical form factor Fo(t) as

Fo(t) =
V [O⊗2

o ]

Tr(O2
o)
. (A.26)

If the observables are off-diagonal Pauli operator Oo, then Fo(t) can be simplified as

Fo(t) =
f1(t)Tr(O2

o)+ f2(t)Tr(O2
oρ)+ f3(t)Tr(O2

oρ)

Tr(O2
o)

=
f1(t)D+ f2(t)+ f3(t)

D
≃ 1

1− r4(t)
.

(A.27)

In the last step, we only keep the leading D terms.

A.3.2 Diagonal Pauli observables

We define the diagonal dynamical form factor Fd(t) as

Fd(t) =
V [O⊗2

d ]

Tr(O2
d)
. (A.28)

If the observables are diagonal Pauli operator Od , then Fd(t) can be simplified as

Fd(t) =
f4(t)Tr(O2

d)+ f5(t)Tr(O2
dρ)

Tr(O2
d)

=
f4(t)D+ f5(t)

D
≃ f4(t) =

1
1+Dr4(t)

. (A.29)
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In the second last step, we use the fact that max( f5(t)/D)∼ D−1/2. For large D, this contribution

can be ignored.

A.4 Numerical results and case studies

A.4.1 Numerical studies of reconstruction channel
Early time (T=0.4) reconstruction of GHZ state 

(a) (b)

Figure A.2: Early time reconstruction of GHZ state. Measurements are taken at T = 0.4. (a)
shows the unbiased reconstruction of GHZ density matrix with 100,000 classical snapshots,
while (b) shows the reconstruction channel using unitary 2-design is highly biased for early time
reconstruction.

In the main text, we derived the unbiased reconstruction channel M −1(X) for whole

range of dynamical time. We demonstrated this using 5 qubits GHZ states, which GUE random

Hamiltonians. At early time T = 0.4, we collected 105 classical snapshots. In Fig. A.2(a), we

showed our reconstruction channel give unbiased density matrix of 5 qubits GHZ states, while the

reconstruction channel of unitary 2-design is high biased for early time reconstruction. Especially,

the off-diagonal information in density matrix is missing. In practice, we need to measure the

state and collect classical snapshots at short-time or intermediate-time scale. Firstly, we want to

shrink the evolution time to reduce the total time of experiments. Secondly, long-time evolution

posts difficulties in classical post-processing. Because simulate chaotic Hamiltonian dynamics is

hard and inaccurate for long time. These reasons justify the need for an unbiased reconstruction

channel for whole time range.
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A.4.2 Numerical case studies of variance estimations

In the main text, Appendix A.2 and Appendix A.3, we derived and analyzed the upper

bound of the variance of ô = Tr(Oρ̂). We numerically studied variance for several cases. We

found our analytical calculation agrees well with numerical simulations, and the upper bound is

tight for those cases.

Case 1: The observable only contains off-diagonal term O = Oo.

From the previous discussion, we know

Var(ô)≤ E[ô2] = f1(t)Tr(O2
o)+ f2(t)Tr(O2

oρ)+ f3(t)Tr(O2
oρd) (A.30)

The f1(t) and f2(t) terms are regular and bounded, while f3(t) will give t−2 divergence as

lim
t→0

f3(t) =
D

2t2 . (A.31)

So in early time, E[ô] will scale with D, and t−2. To test these phenomenon, we prepare the

system in the GHZ state, and Oo = 0.5| ↑ · · · ↑⟩⟨↓ · · · ↓ |+ 0.5| ↓ · · · ↓⟩⟨↑ · · · ↑ | to be the off-

diagonal fidelity. We collected 104 classical snapshots, and numerically estimate Var(Oo) under

various conditions. In Fig. A.3(a), we found the t−2 behavior agrees well with the numerical

simulation. And in Fig. A.3(b), we also numerically confirmed the variance scales with Hilbert

space dimension D.
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<latexit sha1_base64="q112TTaZtrBedORpHPR5Drcc304=">AAACBHicbVC7TsMwFHV4lvIKMHaxaJGYqqQSgrHAwlgk+pDaqHJcp7XqOJF9g4iiDiz8CgsDCLHyEWz8DW6bAVqOdKWjc+617z1+LLgGx/m2VlbX1jc2C1vF7Z3dvX374LClo0RR1qSRiFTHJ5oJLlkTOAjWiRUjoS9Y2x9fT/32PVOaR/IO0ph5IRlKHnBKwEh9u1TpAXuA7FISkYKRBQ44AJfDSaVvl52qMwNeJm5OyihHo29/9QYRTUImgQqiddd1YvAyoszDgk2KvUSzmNAxGbKuoZKETHvZ7IgJPjHKAAeRMiUBz9TfExkJtU5D33SGBEZ60ZuK/3ndBIILL+MyToBJOv8oSASGCE8TwQOuGAWRGkKo4mZXTEdEEQomt6IJwV08eZm0alX3rOrc1sr1qzyOAiqhY3SKXHSO6ugGNVATUfSIntErerOerBfr3fqYt65Y+cwR+gPr8wfS6Jgz</latexit>

Analytical fitting

Figure A.3: Numerical tests on the scaling of variance for off-diagonal operators. (a) shows the
t−2 scaling using 5 qubits GHZ states; (b) shows D scaling at fixed evolution time T = 0.1.
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Case 2: The observable only contains diagonal term O = Od , and Tr(O2
dρ)≃ Tr(O2

d)/D.

For diagonal operator Od , the variance of estimation using shadow tomography is upper

bounded by

Var(ôd)≤ E[ô2
d] = f4(t)Tr(O2

d)+ f5(t)Tr(O2
dρ) = ( f4(t)+ f5(t)/D)Tr(O2

d). (A.32)

The behavior of the variance will dominated by f4(t). To test this, we prepared 9 qubits GHZ

state as initial state, and we measure the diagonal operator Od = Z1I2 · · · I9. In Fig. A.4(a), the

blue dots shows the numerical estimation of the variance of ôd . Indeed, we see numerical results

match f4(t) behavior. And to further quantify it, we use ansatz c1 f4(t)+ c2 f5(t)+ c3 to fit the

numerical results, where c1,2,3 are fitting parameters. By minimizing the mean-square error, we

got the best fitting results with c1 = 514.5, c2 = 0.93, and c3 =−1.742. We see the value of c1

matches its theoretical value c1 = Tr(O2
d) = 512, and c2 matches c2 = Tr(O2

dρ) = 1 really well.

And the red curve in Fig. A.4(a) shows the fitting result.

Case 3: The observable only contains diagonal term O = Od , and Tr(O2
dρ)≃ Tr(O2

d).

If this is the case, then the variance behavior will be dominated by f5(t). To test this

idea, we prepare the state in |ψ⟩ = | ↓ · · · ↓⟩ with 9 qubits, and choose the diagonal operator

as Od = | ↓ · · · ↓⟩⟨↓ · · · ↓ |. In Fig. A.4(b), we see the variance behavior is indeed resembles

f5(t). We also use ansatz c1 f4(t)+ c2 f5(t)+ c3 to fit the numerical results, where c1,2,3 are

fitting parameters. By minimizing the mean-square error, we got the best fitting results with

c1 = 1.02, c2 = 0.94, and c3 =−1.02. Again, the fitting result c1 matches its theoretical result

c1 = Tr(O2
d) = 1, and c2 matches c2 = Tr(O2

dρ) = 1 very well. From these tests, we can see

our analytical upper bound estimation of variance matches the numerical results under various

conditions, and the upper bound is tight in the numerical tests.
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Analytical fitting

Figure A.4: Numerical tests of the variance of diagonal variables. We use 9 qubits GHZ
states as our initial state. Subplot (a) and (b) shows different choices of diagonal observables
corresponding to case 2, and case 3. Blue dots are numerical results, and the red curves are
analytical fittings.

A.5 Variance of nonlinear functions

For nonlinear function involving k copies of ρ, such as ok = Tr(Oρ⊗k), we can estimate

it using ôk = Tr(Oρ̂1 ⊗·· ·⊗ ρ̂k), where ρ̂i are independent samples of classical shadows. The

efficiency is related to Var(ôk)≤ E[ô2
k ]. Since ρ̂i are independent random variables, we can have

E[ô2
k ] =
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<latexit sha1_base64="UTGhcB0I/dCCm59x3vN0qXkFFcY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB4DHvRmRPOAZAmzk95kyOzsMjMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXc/81hMqzWP5aMYJ+hEdSB5yRo2VHsp35V6x5FbcOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeGVP+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSrFa8i4p7Xy3VbrI48nACp3AOHlxCDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDYdiNNg==</latexit>

O
<latexit sha1_base64="UTGhcB0I/dCCm59x3vN0qXkFFcY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB4DHvRmRPOAZAmzk95kyOzsMjMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXc/81hMqzWP5aMYJ+hEdSB5yRo2VHsp35V6x5FbcOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeGVP+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSrFa8i4p7Xy3VbrI48nACp3AOHlxCDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDYdiNNg==</latexit>

O
<latexit sha1_base64="reuvwwB56VVcZTXMTZ8GoeWduwg=">AAAB73icbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LHvRYwX5Au5RsNtuGZpM1mS2UpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMCxLBDbjut1PY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NyCGCS5ZCzgI1k00I3EgWCcY3879zoRpw5V8hGnC/JgMJY84JWClbrU/CRWY6qBccWvuAnideDmpoBzNQfmrHyqaxkwCFcSYnucm4GdEA6eCzUr91LCE0DEZsp6lksTM+Nni3hm+sEqII6VtScAL9fdERmJjpnFgO2MCI7PqzcX/vF4K0Y2fcZmkwCRdLopSgUHh+fM45JpREFNLCNXc3orpiGhCwUZUsiF4qy+vk3a95l3V3Id6pXGXx1FEZ+gcXSIPXaMGukdN1EIUCfSMXtGb8+S8OO/Ox7K14OQzp+gPnM8fiDePpQ==</latexit>...

<latexit sha1_base64="reuvwwB56VVcZTXMTZ8GoeWduwg=">AAAB73icbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LHvRYwX5Au5RsNtuGZpM1mS2UpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMCxLBDbjut1PY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NyCGCS5ZCzgI1k00I3EgWCcY3879zoRpw5V8hGnC/JgMJY84JWClbrU/CRWY6qBccWvuAnideDmpoBzNQfmrHyqaxkwCFcSYnucm4GdEA6eCzUr91LCE0DEZsp6lksTM+Nni3hm+sEqII6VtScAL9fdERmJjpnFgO2MCI7PqzcX/vF4K0Y2fcZmkwCRdLopSgUHh+fM45JpREFNLCNXc3orpiGhCwUZUsiF4qy+vk3a95l3V3Id6pXGXx1FEZ+gcXSIPXaMGukdN1EIUCfSMXtGb8+S8OO/Ox7K14OQzp+gPnM8fiDePpQ==</latexit>...

<latexit sha1_base64="a+ql0Mj1rrlHO437VYx0AzpQI/0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FD3qsaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMr2f+4xMqzWP5YCYJ+hEdSh5yRo2V7qvtar9ccWvuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5J2veZd1Ny7eqVxk8dRhBM4hXPw4BIacAtNaAGDITzDK7w5wnlx3p2PRWvByWeO4Q+czx9se409</latexit>

V

<latexit sha1_base64="a+ql0Mj1rrlHO437VYx0AzpQI/0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FD3qsaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMr2f+4xMqzWP5YCYJ+hEdSh5yRo2V7qvtar9ccWvuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5J2veZd1Ny7eqVxk8dRhBM4hXPw4BIacAtNaAGDITzDK7w5wnlx3p2PRWvByWeO4Q+czx9se409</latexit>

V
<latexit sha1_base64="s5ZHabjY8z5JBVbu/1+MP/8ufKM=">AAAB83icbVBNSwMxFHxbv2r9qnr0EmwFT2W3IHosiOixgq2F7lKyabYNzSZLkhXK0r/hxYMiXv0z3vw3Zts9aOtAYJh5jzeZMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoq2WqCO0QyaXqhVhTzgTtGGY47SWK4jjk9DGcXOf+4xNVmknxYKYJDWI8EixiBBsr+XU/xmYchtnNrD6o1tyGOwdaJV5BalCgPah++UNJ0pgKQzjWuu+5iQkyrAwjnM4qfqppgskEj2jfUoFjqoNsnnmGzqwyRJFU9gmD5urvjQzHWk/j0E7mEfWyl4v/ef3URFdBxkSSGirI4lCUcmQkygtAQ6YoMXxqCSaK2ayIjLHCxNiaKrYEb/nLq6TbbHgXDfe+WWvdFnWU4QRO4Rw8uIQW3EEbOkAggWd4hTcndV6cd+djMVpyip1j+APn8wdogZFI</latexit>

E
<latexit sha1_base64="rA4WiHQU4Bc2PzYIlDu/Z0Mzgic=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FD3qsaGshDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjtk4yxbDFEpGoTkg1Ci6xZbgR2EkV0jgU+BiOrmf+4xMqzRP5YMYpBjEdSB5xRo2V7qt+tVeuuDV3DrJKvJxUIEezV/7q9hOWxSgNE1Rr33NTE0yoMpwJnJa6mcaUshEdoG+ppDHqYDI/dUrOrNInUaJsSUPm6u+JCY21Hseh7YypGeplbyb+5/mZia6CCZdpZlCyxaIoE8QkZPY36XOFzIixJZQpbm8lbEgVZcamU7IheMsvr5J2veZd1Ny7eqVxk8dRhBM4hXPw4BIacAtNaAGDATzDK7w5wnlx3p2PRWvByWeO4Q+czx90FI1C</latexit>

[
<latexit sha1_base64="WLHcb7yAxceaeVHEYzFh/rn3r8I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FD3qsaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMr2f+4xMqzWP5YCYJ+hEdSh5yRo2V7qt+tV+uuDV3DrJKvJxUIEezX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0m7XvMuau5dvdK4yeMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c4bw4787HorXg5DPH8AfO5w93Ho1E</latexit>

]

<latexit sha1_base64="JcxB2KOQW3e+Capy66nX+luYOfU=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CbaCp7JbED0WPOixgv2Adi3ZNNsNzSZLklXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfD3zO49UaSbFvZkk1I/xSLCQEWys9FDtR9hkfRXJ6WBcHZQrbs2dA60SLycVyNEclL/6Q0nSmApDONa657mJ8TOsDCOcTkv9VNMEkzEe0Z6lAsdU+9n86ik6s8oQhVLZEgbN1d8TGY61nsSB7YyxifSyNxP/83qpCa/8jIkkNVSQxaIw5chINIsADZmixPCJJZgoZm9FJMIKE2ODKtkQvOWXV0m7XvMuau5dvdK4yeMowgmcwjl4cAkNuIUmtICAgmd4hTfnyXlx3p2PRWvByWeO4Q+czx82WJJV</latexit>

⇢̂k
<latexit sha1_base64="JcxB2KOQW3e+Capy66nX+luYOfU=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CbaCp7JbED0WPOixgv2Adi3ZNNsNzSZLklXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfD3zO49UaSbFvZkk1I/xSLCQEWys9FDtR9hkfRXJ6WBcHZQrbs2dA60SLycVyNEclL/6Q0nSmApDONa657mJ8TOsDCOcTkv9VNMEkzEe0Z6lAsdU+9n86ik6s8oQhVLZEgbN1d8TGY61nsSB7YyxifSyNxP/83qpCa/8jIkkNVSQxaIw5chINIsADZmixPCJJZgoZm9FJMIKE2ODKtkQvOWXV0m7XvMuau5dvdK4yeMowgmcwjl4cAkNuIUmtICAgmd4hTfnyXlx3p2PRWvByWeO4Q+czx82WJJV</latexit>

⇢̂k

<latexit sha1_base64="JcxB2KOQW3e+Capy66nX+luYOfU=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CbaCp7JbED0WPOixgv2Adi3ZNNsNzSZLklXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfD3zO49UaSbFvZkk1I/xSLCQEWys9FDtR9hkfRXJ6WBcHZQrbs2dA60SLycVyNEclL/6Q0nSmApDONa657mJ8TOsDCOcTkv9VNMEkzEe0Z6lAsdU+9n86ik6s8oQhVLZEgbN1d8TGY61nsSB7YyxifSyNxP/83qpCa/8jIkkNVSQxaIw5chINIsADZmixPCJJZgoZm9FJMIKE2ODKtkQvOWXV0m7XvMuau5dvdK4yeMowgmcwjl4cAkNuIUmtICAgmd4hTfnyXlx3p2PRWvByWeO4Q+czx82WJJV</latexit>

⇢̂k
<latexit sha1_base64="JcxB2KOQW3e+Capy66nX+luYOfU=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CbaCp7JbED0WPOixgv2Adi3ZNNsNzSZLklXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfD3zO49UaSbFvZkk1I/xSLCQEWys9FDtR9hkfRXJ6WBcHZQrbs2dA60SLycVyNEclL/6Q0nSmApDONa657mJ8TOsDCOcTkv9VNMEkzEe0Z6lAsdU+9n86ik6s8oQhVLZEgbN1d8TGY61nsSB7YyxifSyNxP/83qpCa/8jIkkNVSQxaIw5chINIsADZmixPCJJZgoZm9FJMIKE2ODKtkQvOWXV0m7XvMuau5dvdK4yeMowgmcwjl4cAkNuIUmtICAgmd4hTfnyXlx3p2PRWvByWeO4Q+czx82WJJV</latexit>

⇢̂k

=

<latexit sha1_base64="UTGhcB0I/dCCm59x3vN0qXkFFcY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB4DHvRmRPOAZAmzk95kyOzsMjMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXc/81hMqzWP5aMYJ+hEdSB5yRo2VHsp35V6x5FbcOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeGVP+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSrFa8i4p7Xy3VbrI48nACp3AOHlxCDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDYdiNNg==</latexit>

O
<latexit sha1_base64="UTGhcB0I/dCCm59x3vN0qXkFFcY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB4DHvRmRPOAZAmzk95kyOzsMjMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXc/81hMqzWP5aMYJ+hEdSB5yRo2VHsp35V6x5FbcOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeGVP+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSrFa8i4p7Xy3VbrI48nACp3AOHlxCDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDYdiNNg==</latexit>

O

<latexit sha1_base64="VAIqmufVENKaZ1CFv7cN0B/TxkY=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LHvRYwX5Au5Zsmu2GZpMlmVXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBYngBlz32ymsrW9sbhW3Szu7e/sH5cOjtlGppqxFlVC6GxDDBJesBRwE6yaakTgQrBOMr2d+55Fpw5W8h0nC/JiMJA85JWClh2o/IpD1daSmA686KFfcmjsHXiVeTiooR3NQ/uoPFU1jJoEKYkzPcxPwM6KBU8GmpX5qWELomIxYz1JJYmb8bH71FJ9ZZYhDpW1JwHP190RGYmMmcWA7YwKRWfZm4n9eL4Xwys+4TFJgki4WhanAoPAsAjzkmlEQE0sI1dzeimlENKFggyrZELzll1dJu17zLmruXb3SuMnjKKITdIrOkYcuUQPdoiZqIYo0ekav6M15cl6cd+dj0Vpw8plj9AfO5w/eJ5Ib</latexit>

⇢̂1
<latexit sha1_base64="VAIqmufVENKaZ1CFv7cN0B/TxkY=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LHvRYwX5Au5Zsmu2GZpMlmVXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBYngBlz32ymsrW9sbhW3Szu7e/sH5cOjtlGppqxFlVC6GxDDBJesBRwE6yaakTgQrBOMr2d+55Fpw5W8h0nC/JiMJA85JWClh2o/IpD1daSmA686KFfcmjsHXiVeTiooR3NQ/uoPFU1jJoEKYkzPcxPwM6KBU8GmpX5qWELomIxYz1JJYmb8bH71FJ9ZZYhDpW1JwHP190RGYmMmcWA7YwKRWfZm4n9eL4Xwys+4TFJgki4WhanAoPAsAjzkmlEQE0sI1dzeimlENKFggyrZELzll1dJu17zLmruXb3SuMnjKKITdIrOkYcuUQPdoiZqIYo0ekav6M15cl6cd+dj0Vpw8plj9AfO5w/eJ5Ib</latexit>

⇢̂1

<latexit sha1_base64="reuvwwB56VVcZTXMTZ8GoeWduwg=">AAAB73icbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LHvRYwX5Au5RsNtuGZpM1mS2UpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMCxLBDbjut1PY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NyCGCS5ZCzgI1k00I3EgWCcY3879zoRpw5V8hGnC/JgMJY84JWClbrU/CRWY6qBccWvuAnideDmpoBzNQfmrHyqaxkwCFcSYnucm4GdEA6eCzUr91LCE0DEZsp6lksTM+Nni3hm+sEqII6VtScAL9fdERmJjpnFgO2MCI7PqzcX/vF4K0Y2fcZmkwCRdLopSgUHh+fM45JpREFNLCNXc3orpiGhCwUZUsiF4qy+vk3a95l3V3Id6pXGXx1FEZ+gcXSIPXaMGukdN1EIUCfSMXtGb8+S8OO/Ox7K14OQzp+gPnM8fiDePpQ==</latexit>...
<latexit sha1_base64="reuvwwB56VVcZTXMTZ8GoeWduwg=">AAAB73icbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LHvRYwX5Au5RsNtuGZpM1mS2UpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMCxLBDbjut1PY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NyCGCS5ZCzgI1k00I3EgWCcY3879zoRpw5V8hGnC/JgMJY84JWClbrU/CRWY6qBccWvuAnideDmpoBzNQfmrHyqaxkwCFcSYnucm4GdEA6eCzUr91LCE0DEZsp6lksTM+Nni3hm+sEqII6VtScAL9fdERmJjpnFgO2MCI7PqzcX/vF4K0Y2fcZmkwCRdLopSgUHh+fM45JpREFNLCNXc3orpiGhCwUZUsiF4qy+vk3a95l3V3Id6pXGXx1FEZ+gcXSIPXaMGukdN1EIUCfSMXtGb8+S8OO/Ox7K14OQzp+gPnM8fiDePpQ==</latexit>...

<latexit sha1_base64="s5ZHabjY8z5JBVbu/1+MP/8ufKM=">AAAB83icbVBNSwMxFHxbv2r9qnr0EmwFT2W3IHosiOixgq2F7lKyabYNzSZLkhXK0r/hxYMiXv0z3vw3Zts9aOtAYJh5jzeZMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoq2WqCO0QyaXqhVhTzgTtGGY47SWK4jjk9DGcXOf+4xNVmknxYKYJDWI8EixiBBsr+XU/xmYchtnNrD6o1tyGOwdaJV5BalCgPah++UNJ0pgKQzjWuu+5iQkyrAwjnM4qfqppgskEj2jfUoFjqoNsnnmGzqwyRJFU9gmD5urvjQzHWk/j0E7mEfWyl4v/ef3URFdBxkSSGirI4lCUcmQkygtAQ6YoMXxqCSaK2ayIjLHCxNiaKrYEb/nLq6TbbHgXDfe+WWvdFnWU4QRO4Rw8uIQW3EEbOkAggWd4hTcndV6cd+djMVpyip1j+APn8wdogZFI</latexit>

E
<latexit sha1_base64="rA4WiHQU4Bc2PzYIlDu/Z0Mzgic=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FD3qsaGshDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjtk4yxbDFEpGoTkg1Ci6xZbgR2EkV0jgU+BiOrmf+4xMqzRP5YMYpBjEdSB5xRo2V7qt+tVeuuDV3DrJKvJxUIEezV/7q9hOWxSgNE1Rr33NTE0yoMpwJnJa6mcaUshEdoG+ppDHqYDI/dUrOrNInUaJsSUPm6u+JCY21Hseh7YypGeplbyb+5/mZia6CCZdpZlCyxaIoE8QkZPY36XOFzIixJZQpbm8lbEgVZcamU7IheMsvr5J2veZd1Ny7eqVxk8dRhBM4hXPw4BIacAtNaAGDATzDK7w5wnlx3p2PRWvByWeO4Q+czx90FI1C</latexit>

[
<latexit sha1_base64="WLHcb7yAxceaeVHEYzFh/rn3r8I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FD3qsaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMr2f+4xMqzWP5YCYJ+hEdSh5yRo2V7qt+tV+uuDV3DrJKvJxUIEezX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0m7XvMuau5dvdK4yeMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c4bw4787HorXg5DPH8AfO5w93Ho1E</latexit>

]

<latexit sha1_base64="UTGhcB0I/dCCm59x3vN0qXkFFcY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB4DHvRmRPOAZAmzk95kyOzsMjMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXc/81hMqzWP5aMYJ+hEdSB5yRo2VHsp35V6x5FbcOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeGVP+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSrFa8i4p7Xy3VbrI48nACp3AOHlxCDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDYdiNNg==</latexit>

O
<latexit sha1_base64="UTGhcB0I/dCCm59x3vN0qXkFFcY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB4DHvRmRPOAZAmzk95kyOzsMjMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXc/81hMqzWP5aMYJ+hEdSB5yRo2VHsp35V6x5FbcOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeGVP+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSrFa8i4p7Xy3VbrI48nACp3AOHlxCDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDYdiNNg==</latexit>

O

<latexit sha1_base64="VAIqmufVENKaZ1CFv7cN0B/TxkY=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LHvRYwX5Au5Zsmu2GZpMlmVXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBYngBlz32ymsrW9sbhW3Szu7e/sH5cOjtlGppqxFlVC6GxDDBJesBRwE6yaakTgQrBOMr2d+55Fpw5W8h0nC/JiMJA85JWClh2o/IpD1daSmA686KFfcmjsHXiVeTiooR3NQ/uoPFU1jJoEKYkzPcxPwM6KBU8GmpX5qWELomIxYz1JJYmb8bH71FJ9ZZYhDpW1JwHP190RGYmMmcWA7YwKRWfZm4n9eL4Xwys+4TFJgki4WhanAoPAsAjzkmlEQE0sI1dzeimlENKFggyrZELzll1dJu17zLmruXb3SuMnjKKITdIrOkYcuUQPdoiZqIYo0ekav6M15cl6cd+dj0Vpw8plj9AfO5w/eJ5Ib</latexit>

⇢̂1
<latexit sha1_base64="VAIqmufVENKaZ1CFv7cN0B/TxkY=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LHvRYwX5Au5Zsmu2GZpMlmVXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBYngBlz32ymsrW9sbhW3Szu7e/sH5cOjtlGppqxFlVC6GxDDBJesBRwE6yaakTgQrBOMr2d+55Fpw5W8h0nC/JiMJA85JWClh2o/IpD1daSmA686KFfcmjsHXiVeTiooR3NQ/uoPFU1jJoEKYkzPcxPwM6KBU8GmpX5qWELomIxYz1JJYmb8bH71FJ9ZZYhDpW1JwHP190RGYmMmcWA7YwKRWfZm4n9eL4Xwys+4TFJgki4WhanAoPAsAjzkmlEQE0sI1dzeimlENKFggyrZELzll1dJu17zLmruXb3SuMnjKKITdIrOkYcuUQPdoiZqIYo0ekav6M15cl6cd+dj0Vpw8plj9AfO5w/eJ5Ib</latexit>

⇢̂1

<latexit sha1_base64="reuvwwB56VVcZTXMTZ8GoeWduwg=">AAAB73icbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LHvRYwX5Au5RsNtuGZpM1mS2UpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMCxLBDbjut1PY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NyCGCS5ZCzgI1k00I3EgWCcY3879zoRpw5V8hGnC/JgMJY84JWClbrU/CRWY6qBccWvuAnideDmpoBzNQfmrHyqaxkwCFcSYnucm4GdEA6eCzUr91LCE0DEZsp6lksTM+Nni3hm+sEqII6VtScAL9fdERmJjpnFgO2MCI7PqzcX/vF4K0Y2fcZmkwCRdLopSgUHh+fM45JpREFNLCNXc3orpiGhCwUZUsiF4qy+vk3a95l3V3Id6pXGXx1FEZ+gcXSIPXaMGukdN1EIUCfSMXtGb8+S8OO/Ox7K14OQzp+gPnM8fiDePpQ==</latexit>...
<latexit sha1_base64="reuvwwB56VVcZTXMTZ8GoeWduwg=">AAAB73icbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LHvRYwX5Au5RsNtuGZpM1mS2UpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMCxLBDbjut1PY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NyCGCS5ZCzgI1k00I3EgWCcY3879zoRpw5V8hGnC/JgMJY84JWClbrU/CRWY6qBccWvuAnideDmpoBzNQfmrHyqaxkwCFcSYnucm4GdEA6eCzUr91LCE0DEZsp6lksTM+Nni3hm+sEqII6VtScAL9fdERmJjpnFgO2MCI7PqzcX/vF4K0Y2fcZmkwCRdLopSgUHh+fM45JpREFNLCNXc3orpiGhCwUZUsiF4qy+vk3a95l3V3Id6pXGXx1FEZ+gcXSIPXaMGukdN1EIUCfSMXtGb8+S8OO/Ox7K14OQzp+gPnM8fiDePpQ==</latexit>...

<latexit sha1_base64="s5ZHabjY8z5JBVbu/1+MP/8ufKM=">AAAB83icbVBNSwMxFHxbv2r9qnr0EmwFT2W3IHosiOixgq2F7lKyabYNzSZLkhXK0r/hxYMiXv0z3vw3Zts9aOtAYJh5jzeZMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoq2WqCO0QyaXqhVhTzgTtGGY47SWK4jjk9DGcXOf+4xNVmknxYKYJDWI8EixiBBsr+XU/xmYchtnNrD6o1tyGOwdaJV5BalCgPah++UNJ0pgKQzjWuu+5iQkyrAwjnM4qfqppgskEj2jfUoFjqoNsnnmGzqwyRJFU9gmD5urvjQzHWk/j0E7mEfWyl4v/ef3URFdBxkSSGirI4lCUcmQkygtAQ6YoMXxqCSaK2ayIjLHCxNiaKrYEb/nLq6TbbHgXDfe+WWvdFnWU4QRO4Rw8uIQW3EEbOkAggWd4hTcndV6cd+djMVpyip1j+APn8wdogZFI</latexit>

E
<latexit sha1_base64="rA4WiHQU4Bc2PzYIlDu/Z0Mzgic=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FD3qsaGshDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjtk4yxbDFEpGoTkg1Ci6xZbgR2EkV0jgU+BiOrmf+4xMqzRP5YMYpBjEdSB5xRo2V7qt+tVeuuDV3DrJKvJxUIEezV/7q9hOWxSgNE1Rr33NTE0yoMpwJnJa6mcaUshEdoG+ppDHqYDI/dUrOrNInUaJsSUPm6u+JCY21Hseh7YypGeplbyb+5/mZia6CCZdpZlCyxaIoE8QkZPY36XOFzIixJZQpbm8lbEgVZcamU7IheMsvr5J2veZd1Ny7eqVxk8dRhBM4hXPw4BIacAtNaAGDATzDK7w5wnlx3p2PRWvByWeO4Q+czx90FI1C</latexit>

[
<latexit sha1_base64="WLHcb7yAxceaeVHEYzFh/rn3r8I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FD3qsaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMr2f+4xMqzWP5YCYJ+hEdSh5yRo2V7qt+tV+uuDV3DrJKvJxUIEezX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0m7XvMuau5dvdK4yeMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c4bw4787HorXg5DPH8AfO5w93Ho1E</latexit>

]

<latexit sha1_base64="UTGhcB0I/dCCm59x3vN0qXkFFcY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB4DHvRmRPOAZAmzk95kyOzsMjMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXc/81hMqzWP5aMYJ+hEdSB5yRo2VHsp35V6x5FbcOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeGVP+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSrFa8i4p7Xy3VbrI48nACp3AOHlxCDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDYdiNNg==</latexit>

O
<latexit sha1_base64="UTGhcB0I/dCCm59x3vN0qXkFFcY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB4DHvRmRPOAZAmzk95kyOzsMjMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXc/81hMqzWP5aMYJ+hEdSB5yRo2VHsp35V6x5FbcOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeGVP+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSrFa8i4p7Xy3VbrI48nACp3AOHlxCDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDYdiNNg==</latexit>

O
<latexit sha1_base64="reuvwwB56VVcZTXMTZ8GoeWduwg=">AAAB73icbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LHvRYwX5Au5RsNtuGZpM1mS2UpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMCxLBDbjut1PY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NyCGCS5ZCzgI1k00I3EgWCcY3879zoRpw5V8hGnC/JgMJY84JWClbrU/CRWY6qBccWvuAnideDmpoBzNQfmrHyqaxkwCFcSYnucm4GdEA6eCzUr91LCE0DEZsp6lksTM+Nni3hm+sEqII6VtScAL9fdERmJjpnFgO2MCI7PqzcX/vF4K0Y2fcZmkwCRdLopSgUHh+fM45JpREFNLCNXc3orpiGhCwUZUsiF4qy+vk3a95l3V3Id6pXGXx1FEZ+gcXSIPXaMGukdN1EIUCfSMXtGb8+S8OO/Ox7K14OQzp+gPnM8fiDePpQ==</latexit>...

<latexit sha1_base64="reuvwwB56VVcZTXMTZ8GoeWduwg=">AAAB73icbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LHvRYwX5Au5RsNtuGZpM1mS2UpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMCxLBDbjut1PY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NyCGCS5ZCzgI1k00I3EgWCcY3879zoRpw5V8hGnC/JgMJY84JWClbrU/CRWY6qBccWvuAnideDmpoBzNQfmrHyqaxkwCFcSYnucm4GdEA6eCzUr91LCE0DEZsp6lksTM+Nni3hm+sEqII6VtScAL9fdERmJjpnFgO2MCI7PqzcX/vF4K0Y2fcZmkwCRdLopSgUHh+fM45JpREFNLCNXc3orpiGhCwUZUsiF4qy+vk3a95l3V3Id6pXGXx1FEZ+gcXSIPXaMGukdN1EIUCfSMXtGb8+S8OO/Ox7K14OQzp+gPnM8fiDePpQ==</latexit>...

<latexit sha1_base64="a+ql0Mj1rrlHO437VYx0AzpQI/0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FD3qsaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMr2f+4xMqzWP5YCYJ+hEdSh5yRo2V7qvtar9ccWvuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5J2veZd1Ny7eqVxk8dRhBM4hXPw4BIacAtNaAGDITzDK7w5wnlx3p2PRWvByWeO4Q+czx9se409</latexit>

V

<latexit sha1_base64="a+ql0Mj1rrlHO437VYx0AzpQI/0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FD3qsaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMr2f+4xMqzWP5YCYJ+hEdSh5yRo2V7qvtar9ccWvuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5J2veZd1Ny7eqVxk8dRhBM4hXPw4BIacAtNaAGDITzDK7w5wnlx3p2PRWvByWeO4Q+czx9se409</latexit>

V
<latexit sha1_base64="s5ZHabjY8z5JBVbu/1+MP/8ufKM=">AAAB83icbVBNSwMxFHxbv2r9qnr0EmwFT2W3IHosiOixgq2F7lKyabYNzSZLkhXK0r/hxYMiXv0z3vw3Zts9aOtAYJh5jzeZMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoq2WqCO0QyaXqhVhTzgTtGGY47SWK4jjk9DGcXOf+4xNVmknxYKYJDWI8EixiBBsr+XU/xmYchtnNrD6o1tyGOwdaJV5BalCgPah++UNJ0pgKQzjWuu+5iQkyrAwjnM4qfqppgskEj2jfUoFjqoNsnnmGzqwyRJFU9gmD5urvjQzHWk/j0E7mEfWyl4v/ef3URFdBxkSSGirI4lCUcmQkygtAQ6YoMXxqCSaK2ayIjLHCxNiaKrYEb/nLq6TbbHgXDfe+WWvdFnWU4QRO4Rw8uIQW3EEbOkAggWd4hTcndV6cd+djMVpyip1j+APn8wdogZFI</latexit>

E
<latexit sha1_base64="rA4WiHQU4Bc2PzYIlDu/Z0Mzgic=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FD3qsaGshDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjtk4yxbDFEpGoTkg1Ci6xZbgR2EkV0jgU+BiOrmf+4xMqzRP5YMYpBjEdSB5xRo2V7qt+tVeuuDV3DrJKvJxUIEezV/7q9hOWxSgNE1Rr33NTE0yoMpwJnJa6mcaUshEdoG+ppDHqYDI/dUrOrNInUaJsSUPm6u+JCY21Hseh7YypGeplbyb+5/mZia6CCZdpZlCyxaIoE8QkZPY36XOFzIixJZQpbm8lbEgVZcamU7IheMsvr5J2veZd1Ny7eqVxk8dRhBM4hXPw4BIacAtNaAGDATzDK7w5wnlx3p2PRWvByWeO4Q+czx90FI1C</latexit>

[
<latexit sha1_base64="WLHcb7yAxceaeVHEYzFh/rn3r8I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FD3qsaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMr2f+4xMqzWP5YCYJ+hEdSh5yRo2V7qt+tV+uuDV3DrJKvJxUIEezX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0m7XvMuau5dvdK4yeMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c4bw4787HorXg5DPH8AfO5w93Ho1E</latexit>

]

<latexit sha1_base64="JcxB2KOQW3e+Capy66nX+luYOfU=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CbaCp7JbED0WPOixgv2Adi3ZNNsNzSZLklXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfD3zO49UaSbFvZkk1I/xSLCQEWys9FDtR9hkfRXJ6WBcHZQrbs2dA60SLycVyNEclL/6Q0nSmApDONa657mJ8TOsDCOcTkv9VNMEkzEe0Z6lAsdU+9n86ik6s8oQhVLZEgbN1d8TGY61nsSB7YyxifSyNxP/83qpCa/8jIkkNVSQxaIw5chINIsADZmixPCJJZgoZm9FJMIKE2ODKtkQvOWXV0m7XvMuau5dvdK4yeMowgmcwjl4cAkNuIUmtICAgmd4hTfnyXlx3p2PRWvByWeO4Q+czx82WJJV</latexit>

⇢̂k
<latexit sha1_base64="JcxB2KOQW3e+Capy66nX+luYOfU=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CbaCp7JbED0WPOixgv2Adi3ZNNsNzSZLklXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfD3zO49UaSbFvZkk1I/xSLCQEWys9FDtR9hkfRXJ6WBcHZQrbs2dA60SLycVyNEclL/6Q0nSmApDONa657mJ8TOsDCOcTkv9VNMEkzEe0Z6lAsdU+9n86ik6s8oQhVLZEgbN1d8TGY61nsSB7YyxifSyNxP/83qpCa/8jIkkNVSQxaIw5chINIsADZmixPCJJZgoZm9FJMIKE2ODKtkQvOWXV0m7XvMuau5dvdK4yeMowgmcwjl4cAkNuIUmtICAgmd4hTfnyXlx3p2PRWvByWeO4Q+czx82WJJV</latexit>

⇢̂k

<latexit sha1_base64="JcxB2KOQW3e+Capy66nX+luYOfU=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CbaCp7JbED0WPOixgv2Adi3ZNNsNzSZLklXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfD3zO49UaSbFvZkk1I/xSLCQEWys9FDtR9hkfRXJ6WBcHZQrbs2dA60SLycVyNEclL/6Q0nSmApDONa657mJ8TOsDCOcTkv9VNMEkzEe0Z6lAsdU+9n86ik6s8oQhVLZEgbN1d8TGY61nsSB7YyxifSyNxP/83qpCa/8jIkkNVSQxaIw5chINIsADZmixPCJJZgoZm9FJMIKE2ODKtkQvOWXV0m7XvMuau5dvdK4yeMowgmcwjl4cAkNuIUmtICAgmd4hTfnyXlx3p2PRWvByWeO4Q+czx82WJJV</latexit>

⇢̂k
<latexit sha1_base64="JcxB2KOQW3e+Capy66nX+luYOfU=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CbaCp7JbED0WPOixgv2Adi3ZNNsNzSZLklXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfD3zO49UaSbFvZkk1I/xSLCQEWys9FDtR9hkfRXJ6WBcHZQrbs2dA60SLycVyNEclL/6Q0nSmApDONa657mJ8TOsDCOcTkv9VNMEkzEe0Z6lAsdU+9n86ik6s8oQhVLZEgbN1d8TGY61nsSB7YyxifSyNxP/83qpCa/8jIkkNVSQxaIw5chINIsADZmixPCJJZgoZm9FJMIKE2ODKtkQvOWXV0m7XvMuau5dvdK4yeMowgmcwjl4cAkNuIUmtICAgmd4hTfnyXlx3p2PRWvByWeO4Q+czx82WJJV</latexit>

⇢̂k

. (A.33)

Using Eq.A.10, we can simplify the above equation as

E[ô2
k ] =

<latexit sha1_base64="UTGhcB0I/dCCm59x3vN0qXkFFcY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB4DHvRmRPOAZAmzk95kyOzsMjMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXc/81hMqzWP5aMYJ+hEdSB5yRo2VHsp35V6x5FbcOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeGVP+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSrFa8i4p7Xy3VbrI48nACp3AOHlxCDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDYdiNNg==</latexit>

O
<latexit sha1_base64="UTGhcB0I/dCCm59x3vN0qXkFFcY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB4DHvRmRPOAZAmzk95kyOzsMjMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXc/81hMqzWP5aMYJ+hEdSB5yRo2VHsp35V6x5FbcOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeGVP+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSrFa8i4p7Xy3VbrI48nACp3AOHlxCDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDYdiNNg==</latexit>

O

<latexit sha1_base64="VAIqmufVENKaZ1CFv7cN0B/TxkY=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LHvRYwX5Au5Zsmu2GZpMlmVXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBYngBlz32ymsrW9sbhW3Szu7e/sH5cOjtlGppqxFlVC6GxDDBJesBRwE6yaakTgQrBOMr2d+55Fpw5W8h0nC/JiMJA85JWClh2o/IpD1daSmA686KFfcmjsHXiVeTiooR3NQ/uoPFU1jJoEKYkzPcxPwM6KBU8GmpX5qWELomIxYz1JJYmb8bH71FJ9ZZYhDpW1JwHP190RGYmMmcWA7YwKRWfZm4n9eL4Xwys+4TFJgki4WhanAoPAsAjzkmlEQE0sI1dzeimlENKFggyrZELzll1dJu17zLmruXb3SuMnjKKITdIrOkYcuUQPdoiZqIYo0ekav6M15cl6cd+dj0Vpw8plj9AfO5w/eJ5Ib</latexit>

⇢̂1
<latexit sha1_base64="VAIqmufVENKaZ1CFv7cN0B/TxkY=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LHvRYwX5Au5Zsmu2GZpMlmVXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBYngBlz32ymsrW9sbhW3Szu7e/sH5cOjtlGppqxFlVC6GxDDBJesBRwE6yaakTgQrBOMr2d+55Fpw5W8h0nC/JiMJA85JWClh2o/IpD1daSmA686KFfcmjsHXiVeTiooR3NQ/uoPFU1jJoEKYkzPcxPwM6KBU8GmpX5qWELomIxYz1JJYmb8bH71FJ9ZZYhDpW1JwHP190RGYmMmcWA7YwKRWfZm4n9eL4Xwys+4TFJgki4WhanAoPAsAjzkmlEQE0sI1dzeimlENKFggyrZELzll1dJu17zLmruXb3SuMnjKKITdIrOkYcuUQPdoiZqIYo0ekav6M15cl6cd+dj0Vpw8plj9AfO5w/eJ5Ib</latexit>

⇢̂1

<latexit sha1_base64="reuvwwB56VVcZTXMTZ8GoeWduwg=">AAAB73icbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LHvRYwX5Au5RsNtuGZpM1mS2UpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMCxLBDbjut1PY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NyCGCS5ZCzgI1k00I3EgWCcY3879zoRpw5V8hGnC/JgMJY84JWClbrU/CRWY6qBccWvuAnideDmpoBzNQfmrHyqaxkwCFcSYnucm4GdEA6eCzUr91LCE0DEZsp6lksTM+Nni3hm+sEqII6VtScAL9fdERmJjpnFgO2MCI7PqzcX/vF4K0Y2fcZmkwCRdLopSgUHh+fM45JpREFNLCNXc3orpiGhCwUZUsiF4qy+vk3a95l3V3Id6pXGXx1FEZ+gcXSIPXaMGukdN1EIUCfSMXtGb8+S8OO/Ox7K14OQzp+gPnM8fiDePpQ==</latexit>...
<latexit sha1_base64="reuvwwB56VVcZTXMTZ8GoeWduwg=">AAAB73icbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LHvRYwX5Au5RsNtuGZpM1mS2UpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMCxLBDbjut1PY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NyCGCS5ZCzgI1k00I3EgWCcY3879zoRpw5V8hGnC/JgMJY84JWClbrU/CRWY6qBccWvuAnideDmpoBzNQfmrHyqaxkwCFcSYnucm4GdEA6eCzUr91LCE0DEZsp6lksTM+Nni3hm+sEqII6VtScAL9fdERmJjpnFgO2MCI7PqzcX/vF4K0Y2fcZmkwCRdLopSgUHh+fM45JpREFNLCNXc3orpiGhCwUZUsiF4qy+vk3a95l3V3Id6pXGXx1FEZ+gcXSIPXaMGukdN1EIUCfSMXtGb8+S8OO/Ox7K14OQzp+gPnM8fiDePpQ==</latexit>...

<latexit sha1_base64="s5ZHabjY8z5JBVbu/1+MP/8ufKM=">AAAB83icbVBNSwMxFHxbv2r9qnr0EmwFT2W3IHosiOixgq2F7lKyabYNzSZLkhXK0r/hxYMiXv0z3vw3Zts9aOtAYJh5jzeZMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoq2WqCO0QyaXqhVhTzgTtGGY47SWK4jjk9DGcXOf+4xNVmknxYKYJDWI8EixiBBsr+XU/xmYchtnNrD6o1tyGOwdaJV5BalCgPah++UNJ0pgKQzjWuu+5iQkyrAwjnM4qfqppgskEj2jfUoFjqoNsnnmGzqwyRJFU9gmD5urvjQzHWk/j0E7mEfWyl4v/ef3URFdBxkSSGirI4lCUcmQkygtAQ6YoMXxqCSaK2ayIjLHCxNiaKrYEb/nLq6TbbHgXDfe+WWvdFnWU4QRO4Rw8uIQW3EEbOkAggWd4hTcndV6cd+djMVpyip1j+APn8wdogZFI</latexit>

E
<latexit sha1_base64="rA4WiHQU4Bc2PzYIlDu/Z0Mzgic=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FD3qsaGshDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjtk4yxbDFEpGoTkg1Ci6xZbgR2EkV0jgU+BiOrmf+4xMqzRP5YMYpBjEdSB5xRo2V7qt+tVeuuDV3DrJKvJxUIEezV/7q9hOWxSgNE1Rr33NTE0yoMpwJnJa6mcaUshEdoG+ppDHqYDI/dUrOrNInUaJsSUPm6u+JCY21Hseh7YypGeplbyb+5/mZia6CCZdpZlCyxaIoE8QkZPY36XOFzIixJZQpbm8lbEgVZcamU7IheMsvr5J2veZd1Ny7eqVxk8dRhBM4hXPw4BIacAtNaAGDATzDK7w5wnlx3p2PRWvByWeO4Q+czx90FI1C</latexit>

[
<latexit sha1_base64="WLHcb7yAxceaeVHEYzFh/rn3r8I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FD3qsaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMr2f+4xMqzWP5YCYJ+hEdSh5yRo2V7qt+tV+uuDV3DrJKvJxUIEezX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0m7XvMuau5dvdK4yeMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c4bw4787HorXg5DPH8AfO5w93Ho1E</latexit>

]

<latexit sha1_base64="UTGhcB0I/dCCm59x3vN0qXkFFcY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB4DHvRmRPOAZAmzk95kyOzsMjMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXc/81hMqzWP5aMYJ+hEdSB5yRo2VHsp35V6x5FbcOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeGVP+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSrFa8i4p7Xy3VbrI48nACp3AOHlxCDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDYdiNNg==</latexit>

O
<latexit sha1_base64="UTGhcB0I/dCCm59x3vN0qXkFFcY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB4DHvRmRPOAZAmzk95kyOzsMjMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXc/81hMqzWP5aMYJ+hEdSB5yRo2VHsp35V6x5FbcOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeGVP+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSrFa8i4p7Xy3VbrI48nACp3AOHlxCDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDYdiNNg==</latexit>

O

<latexit sha1_base64="VAIqmufVENKaZ1CFv7cN0B/TxkY=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LHvRYwX5Au5Zsmu2GZpMlmVXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBYngBlz32ymsrW9sbhW3Szu7e/sH5cOjtlGppqxFlVC6GxDDBJesBRwE6yaakTgQrBOMr2d+55Fpw5W8h0nC/JiMJA85JWClh2o/IpD1daSmA686KFfcmjsHXiVeTiooR3NQ/uoPFU1jJoEKYkzPcxPwM6KBU8GmpX5qWELomIxYz1JJYmb8bH71FJ9ZZYhDpW1JwHP190RGYmMmcWA7YwKRWfZm4n9eL4Xwys+4TFJgki4WhanAoPAsAjzkmlEQE0sI1dzeimlENKFggyrZELzll1dJu17zLmruXb3SuMnjKKITdIrOkYcuUQPdoiZqIYo0ekav6M15cl6cd+dj0Vpw8plj9AfO5w/eJ5Ib</latexit>

⇢̂1
<latexit sha1_base64="VAIqmufVENKaZ1CFv7cN0B/TxkY=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LHvRYwX5Au5Zsmu2GZpMlmVXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBYngBlz32ymsrW9sbhW3Szu7e/sH5cOjtlGppqxFlVC6GxDDBJesBRwE6yaakTgQrBOMr2d+55Fpw5W8h0nC/JiMJA85JWClh2o/IpD1daSmA686KFfcmjsHXiVeTiooR3NQ/uoPFU1jJoEKYkzPcxPwM6KBU8GmpX5qWELomIxYz1JJYmb8bH71FJ9ZZYhDpW1JwHP190RGYmMmcWA7YwKRWfZm4n9eL4Xwys+4TFJgki4WhanAoPAsAjzkmlEQE0sI1dzeimlENKFggyrZELzll1dJu17zLmruXb3SuMnjKKITdIrOkYcuUQPdoiZqIYo0ekav6M15cl6cd+dj0Vpw8plj9AfO5w/eJ5Ib</latexit>

⇢̂1

<latexit sha1_base64="reuvwwB56VVcZTXMTZ8GoeWduwg=">AAAB73icbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LHvRYwX5Au5RsNtuGZpM1mS2UpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMCxLBDbjut1PY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NyCGCS5ZCzgI1k00I3EgWCcY3879zoRpw5V8hGnC/JgMJY84JWClbrU/CRWY6qBccWvuAnideDmpoBzNQfmrHyqaxkwCFcSYnucm4GdEA6eCzUr91LCE0DEZsp6lksTM+Nni3hm+sEqII6VtScAL9fdERmJjpnFgO2MCI7PqzcX/vF4K0Y2fcZmkwCRdLopSgUHh+fM45JpREFNLCNXc3orpiGhCwUZUsiF4qy+vk3a95l3V3Id6pXGXx1FEZ+gcXSIPXaMGukdN1EIUCfSMXtGb8+S8OO/Ox7K14OQzp+gPnM8fiDePpQ==</latexit>...
<latexit sha1_base64="reuvwwB56VVcZTXMTZ8GoeWduwg=">AAAB73icbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LHvRYwX5Au5RsNtuGZpM1mS2UpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMCxLBDbjut1PY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NyCGCS5ZCzgI1k00I3EgWCcY3879zoRpw5V8hGnC/JgMJY84JWClbrU/CRWY6qBccWvuAnideDmpoBzNQfmrHyqaxkwCFcSYnucm4GdEA6eCzUr91LCE0DEZsp6lksTM+Nni3hm+sEqII6VtScAL9fdERmJjpnFgO2MCI7PqzcX/vF4K0Y2fcZmkwCRdLopSgUHh+fM45JpREFNLCNXc3orpiGhCwUZUsiF4qy+vk3a95l3V3Id6pXGXx1FEZ+gcXSIPXaMGukdN1EIUCfSMXtGb8+S8OO/Ox7K14OQzp+gPnM8fiDePpQ==</latexit>...

<latexit sha1_base64="s5ZHabjY8z5JBVbu/1+MP/8ufKM=">AAAB83icbVBNSwMxFHxbv2r9qnr0EmwFT2W3IHosiOixgq2F7lKyabYNzSZLkhXK0r/hxYMiXv0z3vw3Zts9aOtAYJh5jzeZMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoq2WqCO0QyaXqhVhTzgTtGGY47SWK4jjk9DGcXOf+4xNVmknxYKYJDWI8EixiBBsr+XU/xmYchtnNrD6o1tyGOwdaJV5BalCgPah++UNJ0pgKQzjWuu+5iQkyrAwjnM4qfqppgskEj2jfUoFjqoNsnnmGzqwyRJFU9gmD5urvjQzHWk/j0E7mEfWyl4v/ef3URFdBxkSSGirI4lCUcmQkygtAQ6YoMXxqCSaK2ayIjLHCxNiaKrYEb/nLq6TbbHgXDfe+WWvdFnWU4QRO4Rw8uIQW3EEbOkAggWd4hTcndV6cd+djMVpyip1j+APn8wdogZFI</latexit>

E
<latexit sha1_base64="rA4WiHQU4Bc2PzYIlDu/Z0Mzgic=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FD3qsaGshDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjtk4yxbDFEpGoTkg1Ci6xZbgR2EkV0jgU+BiOrmf+4xMqzRP5YMYpBjEdSB5xRo2V7qt+tVeuuDV3DrJKvJxUIEezV/7q9hOWxSgNE1Rr33NTE0yoMpwJnJa6mcaUshEdoG+ppDHqYDI/dUrOrNInUaJsSUPm6u+JCY21Hseh7YypGeplbyb+5/mZia6CCZdpZlCyxaIoE8QkZPY36XOFzIixJZQpbm8lbEgVZcamU7IheMsvr5J2veZd1Ny7eqVxk8dRhBM4hXPw4BIacAtNaAGDATzDK7w5wnlx3p2PRWvByWeO4Q+czx90FI1C</latexit>

[
<latexit sha1_base64="WLHcb7yAxceaeVHEYzFh/rn3r8I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FD3qsaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMr2f+4xMqzWP5YCYJ+hEdSh5yRo2V7qt+tV+uuDV3DrJKvJxUIEezX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0m7XvMuau5dvdK4yeMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c4bw4787HorXg5DPH8AfO5w93Ho1E</latexit>

]

<latexit sha1_base64="UTGhcB0I/dCCm59x3vN0qXkFFcY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB4DHvRmRPOAZAmzk95kyOzsMjMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXc/81hMqzWP5aMYJ+hEdSB5yRo2VHsp35V6x5FbcOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeGVP+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSrFa8i4p7Xy3VbrI48nACp3AOHlxCDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDYdiNNg==</latexit>

O
<latexit sha1_base64="UTGhcB0I/dCCm59x3vN0qXkFFcY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB4DHvRmRPOAZAmzk95kyOzsMjMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXc/81hMqzWP5aMYJ+hEdSB5yRo2VHsp35V6x5FbcOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeGVP+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSrFa8i4p7Xy3VbrI48nACp3AOHlxCDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDYdiNNg==</latexit>

O
<latexit sha1_base64="reuvwwB56VVcZTXMTZ8GoeWduwg=">AAAB73icbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LHvRYwX5Au5RsNtuGZpM1mS2UpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMCxLBDbjut1PY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NyCGCS5ZCzgI1k00I3EgWCcY3879zoRpw5V8hGnC/JgMJY84JWClbrU/CRWY6qBccWvuAnideDmpoBzNQfmrHyqaxkwCFcSYnucm4GdEA6eCzUr91LCE0DEZsp6lksTM+Nni3hm+sEqII6VtScAL9fdERmJjpnFgO2MCI7PqzcX/vF4K0Y2fcZmkwCRdLopSgUHh+fM45JpREFNLCNXc3orpiGhCwUZUsiF4qy+vk3a95l3V3Id6pXGXx1FEZ+gcXSIPXaMGukdN1EIUCfSMXtGb8+S8OO/Ox7K14OQzp+gPnM8fiDePpQ==</latexit>...

<latexit sha1_base64="reuvwwB56VVcZTXMTZ8GoeWduwg=">AAAB73icbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LHvRYwX5Au5RsNtuGZpM1mS2UpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMCxLBDbjut1PY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NyCGCS5ZCzgI1k00I3EgWCcY3879zoRpw5V8hGnC/JgMJY84JWClbrU/CRWY6qBccWvuAnideDmpoBzNQfmrHyqaxkwCFcSYnucm4GdEA6eCzUr91LCE0DEZsp6lksTM+Nni3hm+sEqII6VtScAL9fdERmJjpnFgO2MCI7PqzcX/vF4K0Y2fcZmkwCRdLopSgUHh+fM45JpREFNLCNXc3orpiGhCwUZUsiF4qy+vk3a95l3V3Id6pXGXx1FEZ+gcXSIPXaMGukdN1EIUCfSMXtGb8+S8OO/Ox7K14OQzp+gPnM8fiDePpQ==</latexit>...

<latexit sha1_base64="a+ql0Mj1rrlHO437VYx0AzpQI/0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FD3qsaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMr2f+4xMqzWP5YCYJ+hEdSh5yRo2V7qvtar9ccWvuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5J2veZd1Ny7eqVxk8dRhBM4hXPw4BIacAtNaAGDITzDK7w5wnlx3p2PRWvByWeO4Q+czx9se409</latexit>

V

<latexit sha1_base64="a+ql0Mj1rrlHO437VYx0AzpQI/0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FD3qsaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMr2f+4xMqzWP5YCYJ+hEdSh5yRo2V7qvtar9ccWvuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5J2veZd1Ny7eqVxk8dRhBM4hXPw4BIacAtNaAGDITzDK7w5wnlx3p2PRWvByWeO4Q+czx9se409</latexit>

V
<latexit sha1_base64="s5ZHabjY8z5JBVbu/1+MP/8ufKM=">AAAB83icbVBNSwMxFHxbv2r9qnr0EmwFT2W3IHosiOixgq2F7lKyabYNzSZLkhXK0r/hxYMiXv0z3vw3Zts9aOtAYJh5jzeZMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoq2WqCO0QyaXqhVhTzgTtGGY47SWK4jjk9DGcXOf+4xNVmknxYKYJDWI8EixiBBsr+XU/xmYchtnNrD6o1tyGOwdaJV5BalCgPah++UNJ0pgKQzjWuu+5iQkyrAwjnM4qfqppgskEj2jfUoFjqoNsnnmGzqwyRJFU9gmD5urvjQzHWk/j0E7mEfWyl4v/ef3URFdBxkSSGirI4lCUcmQkygtAQ6YoMXxqCSaK2ayIjLHCxNiaKrYEb/nLq6TbbHgXDfe+WWvdFnWU4QRO4Rw8uIQW3EEbOkAggWd4hTcndV6cd+djMVpyip1j+APn8wdogZFI</latexit>

E
<latexit sha1_base64="rA4WiHQU4Bc2PzYIlDu/Z0Mzgic=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FD3qsaGshDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjtk4yxbDFEpGoTkg1Ci6xZbgR2EkV0jgU+BiOrmf+4xMqzRP5YMYpBjEdSB5xRo2V7qt+tVeuuDV3DrJKvJxUIEezV/7q9hOWxSgNE1Rr33NTE0yoMpwJnJa6mcaUshEdoG+ppDHqYDI/dUrOrNInUaJsSUPm6u+JCY21Hseh7YypGeplbyb+5/mZia6CCZdpZlCyxaIoE8QkZPY36XOFzIixJZQpbm8lbEgVZcamU7IheMsvr5J2veZd1Ny7eqVxk8dRhBM4hXPw4BIacAtNaAGDATzDK7w5wnlx3p2PRWvByWeO4Q+czx90FI1C</latexit>

[
<latexit sha1_base64="WLHcb7yAxceaeVHEYzFh/rn3r8I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FD3qsaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMr2f+4xMqzWP5YCYJ+hEdSh5yRo2V7qt+tV+uuDV3DrJKvJxUIEezX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0m7XvMuau5dvdK4yeMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c4bw4787HorXg5DPH8AfO5w93Ho1E</latexit>

]

<latexit sha1_base64="JcxB2KOQW3e+Capy66nX+luYOfU=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CbaCp7JbED0WPOixgv2Adi3ZNNsNzSZLklXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfD3zO49UaSbFvZkk1I/xSLCQEWys9FDtR9hkfRXJ6WBcHZQrbs2dA60SLycVyNEclL/6Q0nSmApDONa657mJ8TOsDCOcTkv9VNMEkzEe0Z6lAsdU+9n86ik6s8oQhVLZEgbN1d8TGY61nsSB7YyxifSyNxP/83qpCa/8jIkkNVSQxaIw5chINIsADZmixPCJJZgoZm9FJMIKE2ODKtkQvOWXV0m7XvMuau5dvdK4yeMowgmcwjl4cAkNuIUmtICAgmd4hTfnyXlx3p2PRWvByWeO4Q+czx82WJJV</latexit>

⇢̂k
<latexit sha1_base64="JcxB2KOQW3e+Capy66nX+luYOfU=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CbaCp7JbED0WPOixgv2Adi3ZNNsNzSZLklXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfD3zO49UaSbFvZkk1I/xSLCQEWys9FDtR9hkfRXJ6WBcHZQrbs2dA60SLycVyNEclL/6Q0nSmApDONa657mJ8TOsDCOcTkv9VNMEkzEe0Z6lAsdU+9n86ik6s8oQhVLZEgbN1d8TGY61nsSB7YyxifSyNxP/83qpCa/8jIkkNVSQxaIw5chINIsADZmixPCJJZgoZm9FJMIKE2ODKtkQvOWXV0m7XvMuau5dvdK4yeMowgmcwjl4cAkNuIUmtICAgmd4hTfnyXlx3p2PRWvByWeO4Q+czx82WJJV</latexit>

⇢̂k

<latexit sha1_base64="JcxB2KOQW3e+Capy66nX+luYOfU=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CbaCp7JbED0WPOixgv2Adi3ZNNsNzSZLklXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfD3zO49UaSbFvZkk1I/xSLCQEWys9FDtR9hkfRXJ6WBcHZQrbs2dA60SLycVyNEclL/6Q0nSmApDONa657mJ8TOsDCOcTkv9VNMEkzEe0Z6lAsdU+9n86ik6s8oQhVLZEgbN1d8TGY61nsSB7YyxifSyNxP/83qpCa/8jIkkNVSQxaIw5chINIsADZmixPCJJZgoZm9FJMIKE2ODKtkQvOWXV0m7XvMuau5dvdK4yeMowgmcwjl4cAkNuIUmtICAgmd4hTfnyXlx3p2PRWvByWeO4Q+czx82WJJV</latexit>

⇢̂k
<latexit sha1_base64="JcxB2KOQW3e+Capy66nX+luYOfU=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CbaCp7JbED0WPOixgv2Adi3ZNNsNzSZLklXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfD3zO49UaSbFvZkk1I/xSLCQEWys9FDtR9hkfRXJ6WBcHZQrbs2dA60SLycVyNEclL/6Q0nSmApDONa657mJ8TOsDCOcTkv9VNMEkzEe0Z6lAsdU+9n86ik6s8oQhVLZEgbN1d8TGY61nsSB7YyxifSyNxP/83qpCa/8jIkkNVSQxaIw5chINIsADZmixPCJJZgoZm9FJMIKE2ODKtkQvOWXV0m7XvMuau5dvdK4yeMowgmcwjl4cAkNuIUmtICAgmd4hTfnyXlx3p2PRWvByWeO4Q+czx82WJJV</latexit>

⇢̂k

=

<latexit sha1_base64="UTGhcB0I/dCCm59x3vN0qXkFFcY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB4DHvRmRPOAZAmzk95kyOzsMjMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXc/81hMqzWP5aMYJ+hEdSB5yRo2VHsp35V6x5FbcOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeGVP+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSrFa8i4p7Xy3VbrI48nACp3AOHlxCDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDYdiNNg==</latexit>

O
<latexit sha1_base64="UTGhcB0I/dCCm59x3vN0qXkFFcY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB4DHvRmRPOAZAmzk95kyOzsMjMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXc/81hMqzWP5aMYJ+hEdSB5yRo2VHsp35V6x5FbcOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeGVP+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSrFa8i4p7Xy3VbrI48nACp3AOHlxCDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDYdiNNg==</latexit>

O

<latexit sha1_base64="VAIqmufVENKaZ1CFv7cN0B/TxkY=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LHvRYwX5Au5Zsmu2GZpMlmVXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBYngBlz32ymsrW9sbhW3Szu7e/sH5cOjtlGppqxFlVC6GxDDBJesBRwE6yaakTgQrBOMr2d+55Fpw5W8h0nC/JiMJA85JWClh2o/IpD1daSmA686KFfcmjsHXiVeTiooR3NQ/uoPFU1jJoEKYkzPcxPwM6KBU8GmpX5qWELomIxYz1JJYmb8bH71FJ9ZZYhDpW1JwHP190RGYmMmcWA7YwKRWfZm4n9eL4Xwys+4TFJgki4WhanAoPAsAjzkmlEQE0sI1dzeimlENKFggyrZELzll1dJu17zLmruXb3SuMnjKKITdIrOkYcuUQPdoiZqIYo0ekav6M15cl6cd+dj0Vpw8plj9AfO5w/eJ5Ib</latexit>

⇢̂1
<latexit sha1_base64="VAIqmufVENKaZ1CFv7cN0B/TxkY=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LHvRYwX5Au5Zsmu2GZpMlmVXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBYngBlz32ymsrW9sbhW3Szu7e/sH5cOjtlGppqxFlVC6GxDDBJesBRwE6yaakTgQrBOMr2d+55Fpw5W8h0nC/JiMJA85JWClh2o/IpD1daSmA686KFfcmjsHXiVeTiooR3NQ/uoPFU1jJoEKYkzPcxPwM6KBU8GmpX5qWELomIxYz1JJYmb8bH71FJ9ZZYhDpW1JwHP190RGYmMmcWA7YwKRWfZm4n9eL4Xwys+4TFJgki4WhanAoPAsAjzkmlEQE0sI1dzeimlENKFggyrZELzll1dJu17zLmruXb3SuMnjKKITdIrOkYcuUQPdoiZqIYo0ekav6M15cl6cd+dj0Vpw8plj9AfO5w/eJ5Ib</latexit>

⇢̂1

<latexit sha1_base64="leVDwZI6JQxWxKHCciSQaHp6m9s=">AAAB9XicbVBNSwMxEJ31s9avqkcvwVbwVHYLoseCB70IFewHdNeSTbNtaDZZkqxSlv4PLx4U8ep/8ea/MW33oK0PBh7vzTAzL0w408Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NIyVYQ2ieRSdUKsKWeCNg0znHYSRXEcctoOR1dTv/1IlWZS3JtxQoMYDwSLGMHGSg8Vf4hN5quhnPRuK71S2a26M6Bl4uWkDDkavdKX35ckjakwhGOtu56bmCDDyjDC6aTop5ommIzwgHYtFTimOshmV0/QqVX6KJLKljBopv6eyHCs9TgObWeMzVAvelPxP6+bmugyyJhIUkMFmS+KUo6MRNMIUJ8pSgwfW4KJYvZWRIZYYWJsUEUbgrf48jJp1areedW9q5Xr13kcBTiGEzgDDy6gDjfQgCYQUPAMr/DmPDkvzrvzMW9dcfKZI/gD5/MHCMKSNw==</latexit>

⇢̂M
<latexit sha1_base64="leVDwZI6JQxWxKHCciSQaHp6m9s=">AAAB9XicbVBNSwMxEJ31s9avqkcvwVbwVHYLoseCB70IFewHdNeSTbNtaDZZkqxSlv4PLx4U8ep/8ea/MW33oK0PBh7vzTAzL0w408Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NIyVYQ2ieRSdUKsKWeCNg0znHYSRXEcctoOR1dTv/1IlWZS3JtxQoMYDwSLGMHGSg8Vf4hN5quhnPRuK71S2a26M6Bl4uWkDDkavdKX35ckjakwhGOtu56bmCDDyjDC6aTop5ommIzwgHYtFTimOshmV0/QqVX6KJLKljBopv6eyHCs9TgObWeMzVAvelPxP6+bmugyyJhIUkMFmS+KUo6MRNMIUJ8pSgwfW4KJYvZWRIZYYWJsUEUbgrf48jJp1areedW9q5Xr13kcBTiGEzgDDy6gDjfQgCYQUPAMr/DmPDkvzrvzMW9dcfKZI/gD5/MHCMKSNw==</latexit>

⇢̂M

<latexit sha1_base64="reuvwwB56VVcZTXMTZ8GoeWduwg=">AAAB73icbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LHvRYwX5Au5RsNtuGZpM1mS2UpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMCxLBDbjut1PY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NyCGCS5ZCzgI1k00I3EgWCcY3879zoRpw5V8hGnC/JgMJY84JWClbrU/CRWY6qBccWvuAnideDmpoBzNQfmrHyqaxkwCFcSYnucm4GdEA6eCzUr91LCE0DEZsp6lksTM+Nni3hm+sEqII6VtScAL9fdERmJjpnFgO2MCI7PqzcX/vF4K0Y2fcZmkwCRdLopSgUHh+fM45JpREFNLCNXc3orpiGhCwUZUsiF4qy+vk3a95l3V3Id6pXGXx1FEZ+gcXSIPXaMGukdN1EIUCfSMXtGb8+S8OO/Ox7K14OQzp+gPnM8fiDePpQ==</latexit>...
<latexit sha1_base64="reuvwwB56VVcZTXMTZ8GoeWduwg=">AAAB73icbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LHvRYwX5Au5RsNtuGZpM1mS2UpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMCxLBDbjut1PY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NyCGCS5ZCzgI1k00I3EgWCcY3879zoRpw5V8hGnC/JgMJY84JWClbrU/CRWY6qBccWvuAnideDmpoBzNQfmrHyqaxkwCFcSYnucm4GdEA6eCzUr91LCE0DEZsp6lksTM+Nni3hm+sEqII6VtScAL9fdERmJjpnFgO2MCI7PqzcX/vF4K0Y2fcZmkwCRdLopSgUHh+fM45JpREFNLCNXc3orpiGhCwUZUsiF4qy+vk3a95l3V3Id6pXGXx1FEZ+gcXSIPXaMGukdN1EIUCfSMXtGb8+S8OO/Ox7K14OQzp+gPnM8fiDePpQ==</latexit>...

<latexit sha1_base64="s5ZHabjY8z5JBVbu/1+MP/8ufKM=">AAAB83icbVBNSwMxFHxbv2r9qnr0EmwFT2W3IHosiOixgq2F7lKyabYNzSZLkhXK0r/hxYMiXv0z3vw3Zts9aOtAYJh5jzeZMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoq2WqCO0QyaXqhVhTzgTtGGY47SWK4jjk9DGcXOf+4xNVmknxYKYJDWI8EixiBBsr+XU/xmYchtnNrD6o1tyGOwdaJV5BalCgPah++UNJ0pgKQzjWuu+5iQkyrAwjnM4qfqppgskEj2jfUoFjqoNsnnmGzqwyRJFU9gmD5urvjQzHWk/j0E7mEfWyl4v/ef3URFdBxkSSGirI4lCUcmQkygtAQ6YoMXxqCSaK2ayIjLHCxNiaKrYEb/nLq6TbbHgXDfe+WWvdFnWU4QRO4Rw8uIQW3EEbOkAggWd4hTcndV6cd+djMVpyip1j+APn8wdogZFI</latexit>

E
<latexit sha1_base64="rA4WiHQU4Bc2PzYIlDu/Z0Mzgic=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FD3qsaGshDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjtk4yxbDFEpGoTkg1Ci6xZbgR2EkV0jgU+BiOrmf+4xMqzRP5YMYpBjEdSB5xRo2V7qt+tVeuuDV3DrJKvJxUIEezV/7q9hOWxSgNE1Rr33NTE0yoMpwJnJa6mcaUshEdoG+ppDHqYDI/dUrOrNInUaJsSUPm6u+JCY21Hseh7YypGeplbyb+5/mZia6CCZdpZlCyxaIoE8QkZPY36XOFzIixJZQpbm8lbEgVZcamU7IheMsvr5J2veZd1Ny7eqVxk8dRhBM4hXPw4BIacAtNaAGDATzDK7w5wnlx3p2PRWvByWeO4Q+czx90FI1C</latexit>

[
<latexit sha1_base64="WLHcb7yAxceaeVHEYzFh/rn3r8I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FD3qsaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMr2f+4xMqzWP5YCYJ+hEdSh5yRo2V7qt+tV+uuDV3DrJKvJxUIEezX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0m7XvMuau5dvdK4yeMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c4bw4787HorXg5DPH8AfO5w93Ho1E</latexit>

]

<latexit sha1_base64="UTGhcB0I/dCCm59x3vN0qXkFFcY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB4DHvRmRPOAZAmzk95kyOzsMjMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXc/81hMqzWP5aMYJ+hEdSB5yRo2VHsp35V6x5FbcOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeGVP+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSrFa8i4p7Xy3VbrI48nACp3AOHlxCDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDYdiNNg==</latexit>

O
<latexit sha1_base64="UTGhcB0I/dCCm59x3vN0qXkFFcY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB4DHvRmRPOAZAmzk95kyOzsMjMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXc/81hMqzWP5aMYJ+hEdSB5yRo2VHsp35V6x5FbcOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeGVP+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSrFa8i4p7Xy3VbrI48nACp3AOHlxCDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDYdiNNg==</latexit>

O

<latexit sha1_base64="VAIqmufVENKaZ1CFv7cN0B/TxkY=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LHvRYwX5Au5Zsmu2GZpMlmVXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBYngBlz32ymsrW9sbhW3Szu7e/sH5cOjtlGppqxFlVC6GxDDBJesBRwE6yaakTgQrBOMr2d+55Fpw5W8h0nC/JiMJA85JWClh2o/IpD1daSmA686KFfcmjsHXiVeTiooR3NQ/uoPFU1jJoEKYkzPcxPwM6KBU8GmpX5qWELomIxYz1JJYmb8bH71FJ9ZZYhDpW1JwHP190RGYmMmcWA7YwKRWfZm4n9eL4Xwys+4TFJgki4WhanAoPAsAjzkmlEQE0sI1dzeimlENKFggyrZELzll1dJu17zLmruXb3SuMnjKKITdIrOkYcuUQPdoiZqIYo0ekav6M15cl6cd+dj0Vpw8plj9AfO5w/eJ5Ib</latexit>

⇢̂1
<latexit sha1_base64="VAIqmufVENKaZ1CFv7cN0B/TxkY=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LHvRYwX5Au5Zsmu2GZpMlmVXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBYngBlz32ymsrW9sbhW3Szu7e/sH5cOjtlGppqxFlVC6GxDDBJesBRwE6yaakTgQrBOMr2d+55Fpw5W8h0nC/JiMJA85JWClh2o/IpD1daSmA686KFfcmjsHXiVeTiooR3NQ/uoPFU1jJoEKYkzPcxPwM6KBU8GmpX5qWELomIxYz1JJYmb8bH71FJ9ZZYhDpW1JwHP190RGYmMmcWA7YwKRWfZm4n9eL4Xwys+4TFJgki4WhanAoPAsAjzkmlEQE0sI1dzeimlENKFggyrZELzll1dJu17zLmruXb3SuMnjKKITdIrOkYcuUQPdoiZqIYo0ekav6M15cl6cd+dj0Vpw8plj9AfO5w/eJ5Ib</latexit>

⇢̂1

<latexit sha1_base64="leVDwZI6JQxWxKHCciSQaHp6m9s=">AAAB9XicbVBNSwMxEJ31s9avqkcvwVbwVHYLoseCB70IFewHdNeSTbNtaDZZkqxSlv4PLx4U8ep/8ea/MW33oK0PBh7vzTAzL0w408Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NIyVYQ2ieRSdUKsKWeCNg0znHYSRXEcctoOR1dTv/1IlWZS3JtxQoMYDwSLGMHGSg8Vf4hN5quhnPRuK71S2a26M6Bl4uWkDDkavdKX35ckjakwhGOtu56bmCDDyjDC6aTop5ommIzwgHYtFTimOshmV0/QqVX6KJLKljBopv6eyHCs9TgObWeMzVAvelPxP6+bmugyyJhIUkMFmS+KUo6MRNMIUJ8pSgwfW4KJYvZWRIZYYWJsUEUbgrf48jJp1areedW9q5Xr13kcBTiGEzgDDy6gDjfQgCYQUPAMr/DmPDkvzrvzMW9dcfKZI/gD5/MHCMKSNw==</latexit>

⇢̂M
<latexit sha1_base64="leVDwZI6JQxWxKHCciSQaHp6m9s=">AAAB9XicbVBNSwMxEJ31s9avqkcvwVbwVHYLoseCB70IFewHdNeSTbNtaDZZkqxSlv4PLx4U8ep/8ea/MW33oK0PBh7vzTAzL0w408Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NIyVYQ2ieRSdUKsKWeCNg0znHYSRXEcctoOR1dTv/1IlWZS3JtxQoMYDwSLGMHGSg8Vf4hN5quhnPRuK71S2a26M6Bl4uWkDDkavdKX35ckjakwhGOtu56bmCDDyjDC6aTop5ommIzwgHYtFTimOshmV0/QqVX6KJLKljBopv6eyHCs9TgObWeMzVAvelPxP6+bmugyyJhIUkMFmS+KUo6MRNMIUJ8pSgwfW4KJYvZWRIZYYWJsUEUbgrf48jJp1areedW9q5Xr13kcBTiGEzgDDy6gDjfQgCYQUPAMr/DmPDkvzrvzMW9dcfKZI/gD5/MHCMKSNw==</latexit>

⇢̂M

<latexit sha1_base64="reuvwwB56VVcZTXMTZ8GoeWduwg=">AAAB73icbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LHvRYwX5Au5RsNtuGZpM1mS2UpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMCxLBDbjut1PY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NyCGCS5ZCzgI1k00I3EgWCcY3879zoRpw5V8hGnC/JgMJY84JWClbrU/CRWY6qBccWvuAnideDmpoBzNQfmrHyqaxkwCFcSYnucm4GdEA6eCzUr91LCE0DEZsp6lksTM+Nni3hm+sEqII6VtScAL9fdERmJjpnFgO2MCI7PqzcX/vF4K0Y2fcZmkwCRdLopSgUHh+fM45JpREFNLCNXc3orpiGhCwUZUsiF4qy+vk3a95l3V3Id6pXGXx1FEZ+gcXSIPXaMGukdN1EIUCfSMXtGb8+S8OO/Ox7K14OQzp+gPnM8fiDePpQ==</latexit>...
<latexit sha1_base64="reuvwwB56VVcZTXMTZ8GoeWduwg=">AAAB73icbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LHvRYwX5Au5RsNtuGZpM1mS2UpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMCxLBDbjut1PY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NyCGCS5ZCzgI1k00I3EgWCcY3879zoRpw5V8hGnC/JgMJY84JWClbrU/CRWY6qBccWvuAnideDmpoBzNQfmrHyqaxkwCFcSYnucm4GdEA6eCzUr91LCE0DEZsp6lksTM+Nni3hm+sEqII6VtScAL9fdERmJjpnFgO2MCI7PqzcX/vF4K0Y2fcZmkwCRdLopSgUHh+fM45JpREFNLCNXc3orpiGhCwUZUsiF4qy+vk3a95l3V3Id6pXGXx1FEZ+gcXSIPXaMGukdN1EIUCfSMXtGb8+S8OO/Ox7K14OQzp+gPnM8fiDePpQ==</latexit>...

<latexit sha1_base64="s5ZHabjY8z5JBVbu/1+MP/8ufKM=">AAAB83icbVBNSwMxFHxbv2r9qnr0EmwFT2W3IHosiOixgq2F7lKyabYNzSZLkhXK0r/hxYMiXv0z3vw3Zts9aOtAYJh5jzeZMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoq2WqCO0QyaXqhVhTzgTtGGY47SWK4jjk9DGcXOf+4xNVmknxYKYJDWI8EixiBBsr+XU/xmYchtnNrD6o1tyGOwdaJV5BalCgPah++UNJ0pgKQzjWuu+5iQkyrAwjnM4qfqppgskEj2jfUoFjqoNsnnmGzqwyRJFU9gmD5urvjQzHWk/j0E7mEfWyl4v/ef3URFdBxkSSGirI4lCUcmQkygtAQ6YoMXxqCSaK2ayIjLHCxNiaKrYEb/nLq6TbbHgXDfe+WWvdFnWU4QRO4Rw8uIQW3EEbOkAggWd4hTcndV6cd+djMVpyip1j+APn8wdogZFI</latexit>

E
<latexit sha1_base64="rA4WiHQU4Bc2PzYIlDu/Z0Mzgic=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FD3qsaGshDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjtk4yxbDFEpGoTkg1Ci6xZbgR2EkV0jgU+BiOrmf+4xMqzRP5YMYpBjEdSB5xRo2V7qt+tVeuuDV3DrJKvJxUIEezV/7q9hOWxSgNE1Rr33NTE0yoMpwJnJa6mcaUshEdoG+ppDHqYDI/dUrOrNInUaJsSUPm6u+JCY21Hseh7YypGeplbyb+5/mZia6CCZdpZlCyxaIoE8QkZPY36XOFzIixJZQpbm8lbEgVZcamU7IheMsvr5J2veZd1Ny7eqVxk8dRhBM4hXPw4BIacAtNaAGDATzDK7w5wnlx3p2PRWvByWeO4Q+czx90FI1C</latexit>

[
<latexit sha1_base64="WLHcb7yAxceaeVHEYzFh/rn3r8I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FD3qsaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMr2f+4xMqzWP5YCYJ+hEdSh5yRo2V7qt+tV+uuDV3DrJKvJxUIEezX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0m7XvMuau5dvdK4yeMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c4bw4787HorXg5DPH8AfO5w93Ho1E</latexit>

]

<latexit sha1_base64="UTGhcB0I/dCCm59x3vN0qXkFFcY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB4DHvRmRPOAZAmzk95kyOzsMjMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXc/81hMqzWP5aMYJ+hEdSB5yRo2VHsp35V6x5FbcOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeGVP+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSrFa8i4p7Xy3VbrI48nACp3AOHlxCDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDYdiNNg==</latexit>

O
<latexit sha1_base64="UTGhcB0I/dCCm59x3vN0qXkFFcY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNiB4DHvRmRPOAZAmzk95kyOzsMjMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXc/81hMqzWP5aMYJ+hEdSB5yRo2VHsp35V6x5FbcOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeGVP+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSrFa8i4p7Xy3VbrI48nACp3AOHlxCDW6hDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDYdiNNg==</latexit>

O
<latexit sha1_base64="reuvwwB56VVcZTXMTZ8GoeWduwg=">AAAB73icbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LHvRYwX5Au5RsNtuGZpM1mS2UpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMCxLBDbjut1PY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NyCGCS5ZCzgI1k00I3EgWCcY3879zoRpw5V8hGnC/JgMJY84JWClbrU/CRWY6qBccWvuAnideDmpoBzNQfmrHyqaxkwCFcSYnucm4GdEA6eCzUr91LCE0DEZsp6lksTM+Nni3hm+sEqII6VtScAL9fdERmJjpnFgO2MCI7PqzcX/vF4K0Y2fcZmkwCRdLopSgUHh+fM45JpREFNLCNXc3orpiGhCwUZUsiF4qy+vk3a95l3V3Id6pXGXx1FEZ+gcXSIPXaMGukdN1EIUCfSMXtGb8+S8OO/Ox7K14OQzp+gPnM8fiDePpQ==</latexit>...

<latexit sha1_base64="reuvwwB56VVcZTXMTZ8GoeWduwg=">AAAB73icbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LHvRYwX5Au5RsNtuGZpM1mS2UpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMCxLBDbjut1PY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NyCGCS5ZCzgI1k00I3EgWCcY3879zoRpw5V8hGnC/JgMJY84JWClbrU/CRWY6qBccWvuAnideDmpoBzNQfmrHyqaxkwCFcSYnucm4GdEA6eCzUr91LCE0DEZsp6lksTM+Nni3hm+sEqII6VtScAL9fdERmJjpnFgO2MCI7PqzcX/vF4K0Y2fcZmkwCRdLopSgUHh+fM45JpREFNLCNXc3orpiGhCwUZUsiF4qy+vk3a95l3V3Id6pXGXx1FEZ+gcXSIPXaMGukdN1EIUCfSMXtGb8+S8OO/Ox7K14OQzp+gPnM8fiDePpQ==</latexit>...

<latexit sha1_base64="a+ql0Mj1rrlHO437VYx0AzpQI/0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FD3qsaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMr2f+4xMqzWP5YCYJ+hEdSh5yRo2V7qvtar9ccWvuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5J2veZd1Ny7eqVxk8dRhBM4hXPw4BIacAtNaAGDITzDK7w5wnlx3p2PRWvByWeO4Q+czx9se409</latexit>

V

<latexit sha1_base64="a+ql0Mj1rrlHO437VYx0AzpQI/0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FD3qsaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMr2f+4xMqzWP5YCYJ+hEdSh5yRo2V7qvtar9ccWvuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5J2veZd1Ny7eqVxk8dRhBM4hXPw4BIacAtNaAGDITzDK7w5wnlx3p2PRWvByWeO4Q+czx9se409</latexit>

V
<latexit sha1_base64="s5ZHabjY8z5JBVbu/1+MP/8ufKM=">AAAB83icbVBNSwMxFHxbv2r9qnr0EmwFT2W3IHosiOixgq2F7lKyabYNzSZLkhXK0r/hxYMiXv0z3vw3Zts9aOtAYJh5jzeZMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoq2WqCO0QyaXqhVhTzgTtGGY47SWK4jjk9DGcXOf+4xNVmknxYKYJDWI8EixiBBsr+XU/xmYchtnNrD6o1tyGOwdaJV5BalCgPah++UNJ0pgKQzjWuu+5iQkyrAwjnM4qfqppgskEj2jfUoFjqoNsnnmGzqwyRJFU9gmD5urvjQzHWk/j0E7mEfWyl4v/ef3URFdBxkSSGirI4lCUcmQkygtAQ6YoMXxqCSaK2ayIjLHCxNiaKrYEb/nLq6TbbHgXDfe+WWvdFnWU4QRO4Rw8uIQW3EEbOkAggWd4hTcndV6cd+djMVpyip1j+APn8wdogZFI</latexit>

E
<latexit sha1_base64="rA4WiHQU4Bc2PzYIlDu/Z0Mzgic=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FD3qsaGshDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjtk4yxbDFEpGoTkg1Ci6xZbgR2EkV0jgU+BiOrmf+4xMqzRP5YMYpBjEdSB5xRo2V7qt+tVeuuDV3DrJKvJxUIEezV/7q9hOWxSgNE1Rr33NTE0yoMpwJnJa6mcaUshEdoG+ppDHqYDI/dUrOrNInUaJsSUPm6u+JCY21Hseh7YypGeplbyb+5/mZia6CCZdpZlCyxaIoE8QkZPY36XOFzIixJZQpbm8lbEgVZcamU7IheMsvr5J2veZd1Ny7eqVxk8dRhBM4hXPw4BIacAtNaAGDATzDK7w5wnlx3p2PRWvByWeO4Q+czx90FI1C</latexit>

[
<latexit sha1_base64="WLHcb7yAxceaeVHEYzFh/rn3r8I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FD3qsaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMr2f+4xMqzWP5YCYJ+hEdSh5yRo2V7qt+tV+uuDV3DrJKvJxUIEezX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0m7XvMuau5dvdK4yeMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c4bw4787HorXg5DPH8AfO5w93Ho1E</latexit>

]

, (A.34)

where each V [· · · ] involves 7 P-diagrams as defined in Eq.A.12. From Eq.A.34, we can in

principle calculate the upper bound for variance of nonlinear functions involving any order k of ρ:
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Var(Tr(Oρ̂
⊗k))≤ E[Tr(Oρ̂

⊗k)2] = ∑
ααα∈[1,8]k

∏
αi

fαi(t)Pαi, (A.35)

where ααα= (α1, · · · ,αk)∈ [1,7]k labels the P-diagram attached to each tensor leg. For convenience,

we rename

f1(t)+ f2(t)+ f3(t) = F(o,o)(t)

f4(t)+ f5(t) = F(d,d)(t)

f6(t) = F(I,o)(t) = F(o,I)(t)

f7(t) = F(I,d)(t) = F(d,I)(t)

f8(t) = F(o,d)(t) = F(d,o)(t).

(A.36)

With those names, we can formally rewrite Eq.A.35 as

Var(Tr(Oρ̂
⊗k))≤ E[Tr(Oρ̂

⊗k)2]≤ ∑
ααα=(⃗α1,··· ,⃗αk)

Tr(O
αL

1αL
2 ···αL

k
O

αR
1 αR

2 ···αR
k
)∏

α⃗i

F⃗αi(t), (A.37)

where ααα = (⃗α1, · · · , α⃗k) has k-component, and each α⃗i = (αL
i ,α

R
i ) is a two component vector

where α
L/R
i labels the i-th tensor leg of left/right O operator. Each

α⃗i = (αL
i ,α

R
i ) ∈ {(o,o),(d,d),(I,o),(o, I),(I,d),(d, I),(o,d),(d,o)}

, and the summation is over all combinations of ααα. In the last step, we use the fact, Tr(Oρ) ≤

Tr(O).

162



Appendix B

Classical shadow tomography with locally

scrambled quantum dynamics

B.1 Entanglement feature and the reconstruction channel

In this appendix, we discuss the details about the derivation on measurement channel

σ = M [ρ] and reconstruction channel ρ = M −1[σ]. With the notation developed in 6.2.1, the

expected classical snapshot σ is expressed as

σ = M [ρ] = ∑
ˆσ∈Eσ

σ̂Tr(σ̂ρ)dN . (B.1)

By utilizing the assumption that prior ensemble Eσ is locally scrambled, i.e. P(σ̂)=P(V †σ̂V ),∀V ∈

U(d)N , we are free to insert local basis transformations V , and average it out. By doing so, we
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have

σ = EV∈U(d)NEσ̂∈Eσ
V †

σ̂V Tr(V †
σ̂V ρ)dN

= <latexit sha1_base64="zZ/yyZ5V+BVibz24XkDxBfI3ryc=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LevBYwX5Ady2zabYNTbJLklXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsuiFoypmkLcMMp91EURAhp51wfD3zO49UaRbLezNJaCBgKFnECBgrPVT9EZjM12woYFrtlytuzZ0DrxIvJxWUo9kvf/mDmKSCSkM4aN3z3MQEGSjDCKfTkp9qmgAZw5D2LJUgqA6y+dVTfGaVAY5iZUsaPFd/T2QgtJ6I0HYKMCO97M3E/7xeaqKrIGMySQ2VZLEoSjk2MZ5FgAdMUWL4xBIgitlbMRmBAmJsUCUbgrf88ipp12veRc29q1caN3kcRXSCTtE58tAlaqBb1EQtRJBCz+gVvTlPzovz7nwsWgtOPnOM/sD5/AEyOpJQ</latexit>

�̂

<latexit sha1_base64="B0geynJuhsRuSaJmRliiZ+739lw=">AAAB+HicbVBNS8NAEJ34WetHox69LLaCp5IURE9S8OKxgv2ANobNZtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1LOlHacb2ttfWNza7u0U97d2z+o2IdHHZVkktA2SXgiewFWlDNB25ppTnuppDgOOO0G45uZ332kUrFE3OtJSr0YDwWLGMHaSL5dqXV89yEfhHg4pHJa8+2qU3fmQKvELUgVCrR8+2sQJiSLqdCEY6X6rpNqL8dSM8LptDzIFE0xGeMh7RsqcEyVl88Pn6Izo4QoSqQpodFc/T2R41ipSRyYzhjrkVr2ZuJ/Xj/T0ZWXM5FmmgqyWBRlHOkEzVJAIZOUaD4xBBPJzK2IjLDERJusyiYEd/nlVdJp1N2LunPXqDavizhKcAKncA4uXEITbqEFbSCQwTO8wpv1ZL1Y79bHonXNKmaO4Q+szx/UbZKJ</latexit>

V †
1<latexit sha1_base64="dbAS1MppO+a48Bhk5uvT9/5C2N8=">AAAB+HicbVBNS8NAEJ34WetHox69LLaCp5IURE9S8OKxgv2ANobNZtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1LOlHacb2ttfWNza7u0U97d2z+o2IdHHZVkktA2SXgiewFWlDNB25ppTnuppDgOOO0G45uZ332kUrFE3OtJSr0YDwWLGMHaSL5dqXX8xkM+CPFwSOW05ttVp+7MgVaJW5AqFGj59tcgTEgWU6EJx0r1XSfVXo6lZoTTaXmQKZpiMsZD2jdU4JgqL58fPkVnRglRlEhTQqO5+nsix7FSkzgwnTHWI7XszcT/vH6moysvZyLNNBVksSjKONIJmqWAQiYp0XxiCCaSmVsRGWGJiTZZlU0I7vLLq6TTqLsXdeeuUW1eF3GU4ARO4RxcuIQm3EIL2kAgg2d4hTfryXqx3q2PReuaVcwcwx9Ynz/V/JKK</latexit>

V †
2

<latexit sha1_base64="qaAxhR0usL+/cKDVyHr9A3ujyn4=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJdgKnkpSED1JwYsnqWA/oI1hs9mkSzebsLsRaugv8eJBEa/+FG/+G7dtDtr6YODx3gwz8/yUUals+9sora1vbG6Vtys7u3v7VfPgsCuTTGDSwQlLRN9HkjDKSUdRxUg/FQTFPiM9f3w983uPREia8Hs1SYkbo4jTkGKktOSZ1XrXu33IhwGKIiKmdc+s2Q17DmuVOAWpQYG2Z34NgwRnMeEKMyTlwLFT5eZIKIoZmVaGmSQpwmMUkYGmHMVEuvn88Kl1qpXAChOhiytrrv6eyFEs5ST2dWeM1EguezPxP2+QqfDSzSlPM0U4XiwKM2apxJqlYAVUEKzYRBOEBdW3WniEBMJKZ1XRITjLL6+SbrPhnDfsu2atdVXEUYZjOIEzcOACWnADbegAhgye4RXejCfjxXg3PhatJaOYOYI/MD5/AAGvkqY=</latexit>

V †
N

<latexit sha1_base64="ohPnHi7E4j3OzQdW7VXXGh0m/jU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURE9S8OKxgmkLbSib7aRdutmE3Y1QSn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305hY3Nre6e4W9rbPzg8Kh+ftHSSKYY+S0SiOiHVKLhE33AjsJMqpHEosB2O7+Z++wmV5ol8NJMUg5gOJY84o8ZKfrXV96r9csWtuQuQdeLlpAI5mv3yV2+QsCxGaZigWnc9NzXBlCrDmcBZqZdpTCkb0yF2LZU0Rh1MF8fOyIVVBiRKlC1pyEL9PTGlsdaTOLSdMTUjverNxf+8bmaim2DKZZoZlGy5KMoEMQmZf04GXCEzYmIJZYrbWwkbUUWZsfmUbAje6svrpFWveVc196FeadzmcRThDM7hEjy4hgbcQxN8YMDhGV7hzZHOi/PufCxbC04+cwp/4Hz+AI/Kjdg=</latexit>

V1
<latexit sha1_base64="7il+WGWawu3ZO//03bcPmOjQuKQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURE9S8OKxgmkLbSib7aRdutmE3Y1QQn+DFw+KePUHefPfuP04aOuDgcd7M8zMC1PBtXHdb6ewsbm1vVPcLe3tHxwelY9PWjrJFEOfJSJRnZBqFFyib7gR2EkV0jgU2A7HdzO//YRK80Q+mkmKQUyHkkecUWMlv9rq16v9csWtuXOQdeItSQWWaPbLX71BwrIYpWGCat313NQEOVWGM4HTUi/TmFI2pkPsWippjDrI58dOyYVVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvVm4n9eNzPRTZBzmWYGJVssijJBTEJmn5MBV8iMmFhCmeL2VsJGVFFmbD4lG4K3+vI6adVr3lXNfahXGrfLOIpwBudwCR5cQwPuoQk+MODwDK/w5kjnxXl3PhatBWc5cwp/4Hz+AJFPjdk=</latexit>

V2

<latexit sha1_base64="r887mJgny0GbhyRsIbXwdzmbvGo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURE9S8OJJKphaaEPZbDft0s0m7E6EUvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDCVwqDrfjuFtfWNza3idmlnd2//oHx41DJJphn3WSIT3Q6p4VIo7qNAydup5jQOJX8MRzcz//GJayMS9YDjlAcxHSgRCUbRSn611bur9soVt+bOQVaJl5MK5Gj2yl/dfsKymCtkkhrT8dwUgwnVKJjk01I3MzylbEQHvGOpojE3wWR+7JScWaVPokTbUkjm6u+JCY2NGceh7YwpDs2yNxP/8zoZRlfBRKg0Q67YYlGUSYIJmX1O+kJzhnJsCWVa2FsJG1JNGdp8SjYEb/nlVdKq17yLmntfrzSu8ziKcAKncA4eXEIDbqEJPjAQ8Ayv8OYo58V5dz4WrQUnnzmGP3A+fwC72431</latexit>

VN

<latexit sha1_base64="zZ/yyZ5V+BVibz24XkDxBfI3ryc=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LevBYwX5Ady2zabYNTbJLklXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsuiFoypmkLcMMp91EURAhp51wfD3zO49UaRbLezNJaCBgKFnECBgrPVT9EZjM12woYFrtlytuzZ0DrxIvJxWUo9kvf/mDmKSCSkM4aN3z3MQEGSjDCKfTkp9qmgAZw5D2LJUgqA6y+dVTfGaVAY5iZUsaPFd/T2QgtJ6I0HYKMCO97M3E/7xeaqKrIGMySQ2VZLEoSjk2MZ5FgAdMUWL4xBIgitlbMRmBAmJsUCUbgrf88ipp12veRc29q1caN3kcRXSCTtE58tAlaqBb1EQtRJBCz+gVvTlPzovz7nwsWgtOPnOM/sD5/AEyOpJQ</latexit>

�̂

<latexit sha1_base64="B0geynJuhsRuSaJmRliiZ+739lw=">AAAB+HicbVBNS8NAEJ34WetHox69LLaCp5IURE9S8OKxgv2ANobNZtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1LOlHacb2ttfWNza7u0U97d2z+o2IdHHZVkktA2SXgiewFWlDNB25ppTnuppDgOOO0G45uZ332kUrFE3OtJSr0YDwWLGMHaSL5dqXV89yEfhHg4pHJa8+2qU3fmQKvELUgVCrR8+2sQJiSLqdCEY6X6rpNqL8dSM8LptDzIFE0xGeMh7RsqcEyVl88Pn6Izo4QoSqQpodFc/T2R41ipSRyYzhjrkVr2ZuJ/Xj/T0ZWXM5FmmgqyWBRlHOkEzVJAIZOUaD4xBBPJzK2IjLDERJusyiYEd/nlVdJp1N2LunPXqDavizhKcAKncA4uXEITbqEFbSCQwTO8wpv1ZL1Y79bHonXNKmaO4Q+szx/UbZKJ</latexit>

V †
1<latexit sha1_base64="dbAS1MppO+a48Bhk5uvT9/5C2N8=">AAAB+HicbVBNS8NAEJ34WetHox69LLaCp5IURE9S8OKxgv2ANobNZtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1LOlHacb2ttfWNza7u0U97d2z+o2IdHHZVkktA2SXgiewFWlDNB25ppTnuppDgOOO0G45uZ332kUrFE3OtJSr0YDwWLGMHaSL5dqXX8xkM+CPFwSOW05ttVp+7MgVaJW5AqFGj59tcgTEgWU6EJx0r1XSfVXo6lZoTTaXmQKZpiMsZD2jdU4JgqL58fPkVnRglRlEhTQqO5+nsix7FSkzgwnTHWI7XszcT/vH6moysvZyLNNBVksSjKONIJmqWAQiYp0XxiCCaSmVsRGWGJiTZZlU0I7vLLq6TTqLsXdeeuUW1eF3GU4ARO4RxcuIQm3EIL2kAgg2d4hTfryXqx3q2PReuaVcwcwx9Ynz/V/JKK</latexit>

V †
2

<latexit sha1_base64="qaAxhR0usL+/cKDVyHr9A3ujyn4=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJdgKnkpSED1JwYsnqWA/oI1hs9mkSzebsLsRaugv8eJBEa/+FG/+G7dtDtr6YODx3gwz8/yUUals+9sora1vbG6Vtys7u3v7VfPgsCuTTGDSwQlLRN9HkjDKSUdRxUg/FQTFPiM9f3w983uPREia8Hs1SYkbo4jTkGKktOSZ1XrXu33IhwGKIiKmdc+s2Q17DmuVOAWpQYG2Z34NgwRnMeEKMyTlwLFT5eZIKIoZmVaGmSQpwmMUkYGmHMVEuvn88Kl1qpXAChOhiytrrv6eyFEs5ST2dWeM1EguezPxP2+QqfDSzSlPM0U4XiwKM2apxJqlYAVUEKzYRBOEBdW3WniEBMJKZ1XRITjLL6+SbrPhnDfsu2atdVXEUYZjOIEzcOACWnADbegAhgye4RXejCfjxXg3PhatJaOYOYI/MD5/AAGvkqY=</latexit>

V †
N

<latexit sha1_base64="ohPnHi7E4j3OzQdW7VXXGh0m/jU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURE9S8OKxgmkLbSib7aRdutmE3Y1QSn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305hY3Nre6e4W9rbPzg8Kh+ftHSSKYY+S0SiOiHVKLhE33AjsJMqpHEosB2O7+Z++wmV5ol8NJMUg5gOJY84o8ZKfrXV96r9csWtuQuQdeLlpAI5mv3yV2+QsCxGaZigWnc9NzXBlCrDmcBZqZdpTCkb0yF2LZU0Rh1MF8fOyIVVBiRKlC1pyEL9PTGlsdaTOLSdMTUjverNxf+8bmaim2DKZZoZlGy5KMoEMQmZf04GXCEzYmIJZYrbWwkbUUWZsfmUbAje6svrpFWveVc196FeadzmcRThDM7hEjy4hgbcQxN8YMDhGV7hzZHOi/PufCxbC04+cwp/4Hz+AI/Kjdg=</latexit>

V1
<latexit sha1_base64="7il+WGWawu3ZO//03bcPmOjQuKQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURE9S8OKxgmkLbSib7aRdutmE3Y1QQn+DFw+KePUHefPfuP04aOuDgcd7M8zMC1PBtXHdb6ewsbm1vVPcLe3tHxwelY9PWjrJFEOfJSJRnZBqFFyib7gR2EkV0jgU2A7HdzO//YRK80Q+mkmKQUyHkkecUWMlv9rq16v9csWtuXOQdeItSQWWaPbLX71BwrIYpWGCat313NQEOVWGM4HTUi/TmFI2pkPsWippjDrI58dOyYVVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvVm4n9eNzPRTZBzmWYGJVssijJBTEJmn5MBV8iMmFhCmeL2VsJGVFFmbD4lG4K3+vI6adVr3lXNfahXGrfLOIpwBudwCR5cQwPuoQk+MODwDK/w5kjnxXl3PhatBWc5cwp/4Hz+AJFPjdk=</latexit>

V2

<latexit sha1_base64="r887mJgny0GbhyRsIbXwdzmbvGo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURE9S8OJJKphaaEPZbDft0s0m7E6EUvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDCVwqDrfjuFtfWNza3idmlnd2//oHx41DJJphn3WSIT3Q6p4VIo7qNAydup5jQOJX8MRzcz//GJayMS9YDjlAcxHSgRCUbRSn611bur9soVt+bOQVaJl5MK5Gj2yl/dfsKymCtkkhrT8dwUgwnVKJjk01I3MzylbEQHvGOpojE3wWR+7JScWaVPokTbUkjm6u+JCY2NGceh7YwpDs2yNxP/8zoZRlfBRKg0Q67YYlGUSYIJmX1O+kJzhnJsCWVa2FsJG1JNGdp8SjYEb/nlVdKq17yLmntfrzSu8ziKcAKncA4eXEIDbqEJPjAQ8Ayv8OYo58V5dz4WrQUnnzmGP3A+fwC72431</latexit>

VN

<latexit sha1_base64="cQOn2G8zZKSPd3udwbyfIfIb0Yg=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0ZMUvHisYD+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RmvrG5tb24Wd4u7e/sFh6ei4ZVSqKWtSJZTuhMQwwSVrWm4F6ySakTgUrB2Ob2d++4lpw5V8sJOEBTEZSh5xSqyTWpWeHqlKv1T2qt4ceJX4OSlDjka/9NUbKJrGTFoqiDFd30tskBFtORVsWuylhiWEjsmQdR2VJGYmyObXTvG5UwY4UtqVtHiu/p7ISGzMJA5dZ0zsyCx7M/E/r5va6DrIuExSyyRdLIpSga3Cs9fxgGtGrZg4Qqjm7lZMR0QTal1ARReCv/zyKmnVqv5l1buvles3eRwFOIUzuAAfrqAOd9CAJlB4hGd4hTek0At6Rx+L1jWUz5zAH6DPH9h5jqE=</latexit>⇢
<latexit sha1_base64="JiO7HHGBBSt9ZYAYZS6udmFOGjU="></latexit>

E
V 2U(d)N

E
�̂2E�

<latexit sha1_base64="xWJthtG/77Epipl/zXYwa3CNffY=">AAAB73icbVBNSwMxEJ2tX7V+VT16CbaCp7JbED1JwYvHCvYD2qVks9k2NJusSbZQlv4JLx4U8erf8ea/MW33oK0PBh7vzTAzL0g408Z1v53CxubW9k5xt7S3f3B4VD4+aWuZKkJbRHKpugHWlDNBW4YZTruJojgOOO0E47u535lQpZkUj2aaUD/GQ8EiRrCxUrfan4TS6OqgXHFr7gJonXg5qUCO5qD81Q8lSWMqDOFY657nJsbPsDKMcDor9VNNE0zGeEh7lgocU+1ni3tn6MIqIYqksiUMWqi/JzIcaz2NA9sZYzPSq95c/M/rpSa68TMmktRQQZaLopQjI9H8eRQyRYnhU0swUczeisgIK0yMjahkQ/BWX14n7XrNu6q5D/VK4zaPowhncA6X4ME1NOAemtACAhye4RXenCfnxXl3PpatBSefOYU/cD5/AIWCj5w=</latexit>...
<latexit sha1_base64="xWJthtG/77Epipl/zXYwa3CNffY=">AAAB73icbVBNSwMxEJ2tX7V+VT16CbaCp7JbED1JwYvHCvYD2qVks9k2NJusSbZQlv4JLx4U8erf8ea/MW33oK0PBh7vzTAzL0g408Z1v53CxubW9k5xt7S3f3B4VD4+aWuZKkJbRHKpugHWlDNBW4YZTruJojgOOO0E47u535lQpZkUj2aaUD/GQ8EiRrCxUrfan4TS6OqgXHFr7gJonXg5qUCO5qD81Q8lSWMqDOFY657nJsbPsDKMcDor9VNNE0zGeEh7lgocU+1ni3tn6MIqIYqksiUMWqi/JzIcaz2NA9sZYzPSq95c/M/rpSa68TMmktRQQZaLopQjI9H8eRQyRYnhU0swUczeisgIK0yMjahkQ/BWX14n7XrNu6q5D/VK4zaPowhncA6X4ME1NOAemtACAhye4RXenCfnxXl3PpatBSefOYU/cD5/AIWCj5w=</latexit>...

<latexit sha1_base64="xWJthtG/77Epipl/zXYwa3CNffY=">AAAB73icbVBNSwMxEJ2tX7V+VT16CbaCp7JbED1JwYvHCvYD2qVks9k2NJusSbZQlv4JLx4U8erf8ea/MW33oK0PBh7vzTAzL0g408Z1v53CxubW9k5xt7S3f3B4VD4+aWuZKkJbRHKpugHWlDNBW4YZTruJojgOOO0E47u535lQpZkUj2aaUD/GQ8EiRrCxUrfan4TS6OqgXHFr7gJonXg5qUCO5qD81Q8lSWMqDOFY657nJsbPsDKMcDor9VNNE0zGeEh7lgocU+1ni3tn6MIqIYqksiUMWqi/JzIcaz2NA9sZYzPSq95c/M/rpSa68TMmktRQQZaLopQjI9H8eRQyRYnhU0swUczeisgIK0yMjahkQ/BWX14n7XrNu6q5D/VK4zaPowhncA6X4ME1NOAemtACAhye4RXenCfnxXl3PpatBSefOYU/cD5/AIWCj5w=</latexit>...
<latexit sha1_base64="xWJthtG/77Epipl/zXYwa3CNffY=">AAAB73icbVBNSwMxEJ2tX7V+VT16CbaCp7JbED1JwYvHCvYD2qVks9k2NJusSbZQlv4JLx4U8erf8ea/MW33oK0PBh7vzTAzL0g408Z1v53CxubW9k5xt7S3f3B4VD4+aWuZKkJbRHKpugHWlDNBW4YZTruJojgOOO0E47u535lQpZkUj2aaUD/GQ8EiRrCxUrfan4TS6OqgXHFr7gJonXg5qUCO5qD81Q8lSWMqDOFY657nJsbPsDKMcDor9VNNE0zGeEh7lgocU+1ni3tn6MIqIYqksiUMWqi/JzIcaz2NA9sZYzPSq95c/M/rpSa68TMmktRQQZaLopQjI9H8eRQyRYnhU0swUczeisgIK0yMjahkQ/BWX14n7XrNu6q5D/VK4zaPowhncA6X4ME1NOAemtACAhye4RXenCfnxXl3PpatBSefOYU/cD5/AIWCj5w=</latexit>...

<latexit sha1_base64="xWJthtG/77Epipl/zXYwa3CNffY=">AAAB73icbVBNSwMxEJ2tX7V+VT16CbaCp7JbED1JwYvHCvYD2qVks9k2NJusSbZQlv4JLx4U8erf8ea/MW33oK0PBh7vzTAzL0g408Z1v53CxubW9k5xt7S3f3B4VD4+aWuZKkJbRHKpugHWlDNBW4YZTruJojgOOO0E47u535lQpZkUj2aaUD/GQ8EiRrCxUrfan4TS6OqgXHFr7gJonXg5qUCO5qD81Q8lSWMqDOFY657nJsbPsDKMcDor9VNNE0zGeEh7lgocU+1ni3tn6MIqIYqksiUMWqi/JzIcaz2NA9sZYzPSq95c/M/rpSa68TMmktRQQZaLopQjI9H8eRQyRYnhU0swUczeisgIK0yMjahkQ/BWX14n7XrNu6q5D/VK4zaPowhncA6X4ME1NOAemtACAhye4RXenCfnxXl3PpatBSefOYU/cD5/AIWCj5w=</latexit>...

<latexit sha1_base64="zZ/yyZ5V+BVibz24XkDxBfI3ryc=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LevBYwX5Ady2zabYNTbJLklXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsuiFoypmkLcMMp91EURAhp51wfD3zO49UaRbLezNJaCBgKFnECBgrPVT9EZjM12woYFrtlytuzZ0DrxIvJxWUo9kvf/mDmKSCSkM4aN3z3MQEGSjDCKfTkp9qmgAZw5D2LJUgqA6y+dVTfGaVAY5iZUsaPFd/T2QgtJ6I0HYKMCO97M3E/7xeaqKrIGMySQ2VZLEoSjk2MZ5FgAdMUWL4xBIgitlbMRmBAmJsUCUbgrf88ipp12veRc29q1caN3kcRXSCTtE58tAlaqBb1EQtRJBCz+gVvTlPzovz7nwsWgtOPnOM/sD5/AEyOpJQ</latexit>

�̂<latexit sha1_base64="zZ/yyZ5V+BVibz24XkDxBfI3ryc=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LevBYwX5Ady2zabYNTbJLklXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsuiFoypmkLcMMp91EURAhp51wfD3zO49UaRbLezNJaCBgKFnECBgrPVT9EZjM12woYFrtlytuzZ0DrxIvJxWUo9kvf/mDmKSCSkM4aN3z3MQEGSjDCKfTkp9qmgAZw5D2LJUgqA6y+dVTfGaVAY5iZUsaPFd/T2QgtJ6I0HYKMCO97M3E/7xeaqKrIGMySQ2VZLEoSjk2MZ5FgAdMUWL4xBIgitlbMRmBAmJsUCUbgrf88ipp12veRc29q1caN3kcRXSCTtE58tAlaqBb1EQtRJBCz+gVvTlPzovz7nwsWgtOPnOM/sD5/AEyOpJQ</latexit>

�̂
<latexit sha1_base64="mCtE+A+/BkK6rv8bc/S6IQ7+aFc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5AURI+FXjxJBVMLbSib7aZdursJuxuhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0o508bzvp3SxubW9k55t7K3f3B4VD0+6egkU4QGJOGJ6kZYU84kDQwznHZTRbGIOH2MJq25//hElWaJfDDTlIYCjySLGcHGSkG9NbirD6o1z/UWQOvEL0gNCrQH1a/+MCGZoNIQjrXu+V5qwhwrwwins0o/0zTFZIJHtGepxILqMF8cO0MXVhmiOFG2pEEL9fdEjoXWUxHZToHNWK96c/E/r5eZ+CbMmUwzQyVZLoozjkyC5p+jIVOUGD61BBPF7K2IjLHCxNh8KjYEf/XlddJpuP6V6903ak23iKMMZ3AOl+DDNTThFtoQAAEGz/AKb450Xpx352PZWnKKmVP4A+fzB5oGjdI=</latexit>

CN

<latexit sha1_base64="VSeLB0OprMazB1kLlhY6E29KcBE=">AAAB7HicbVBNS8NAEJ2tX7V+VT16WWwFTyEpiB4LvXisYNpCG8pmu2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjuNyptbe/s7pX3KweHR8cn1dOzjk4yRZlPE5GoXkg0E1wy33AjWC9VjMShYN1w2lr43SemNE/ko5mlLIjJWPKIU2Ks5Ndbw0Z9WK25jrsE3iReQWpQoD2sfg1GCc1iJg0VROu+56YmyIkynAo2rwwyzVJCp2TM+pZKEjMd5Mtj5/jKKiMcJcqWNHip/p7ISaz1LA5tZ0zMRK97C/E/r5+Z6C7IuUwzwyRdLYoygU2CF5/jEVeMGjGzhFDF7a2YTogi1Nh8KjYEb/3lTdJpON6N4z40ak2niKMMF3AJ1+DBLTThHtrgAwUOz/AKb0iiF/SOPlatJVTMnMMfoM8fb3qNtg==</latexit>

C2

<latexit sha1_base64="DvRKtRz7jqybKI7OptP0aMgjWUc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5AURI+FXjxWMG2hDWWz3bRLdzdhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmRSln2njet1Pa2t7Z3SvvVw4Oj45PqqdnHZ1kitCAJDxRvQhrypmkgWGG016qKBYRp91o2lr43SeqNEvko5mlNBR4LFnMCDZWCuqtoV8fVmue6y2BNolfkBoUaA+rX4NRQjJBpSEca933vdSEOVaGEU7nlUGmaYrJFI9p31KJBdVhvjx2jq6sMkJxomxJg5bq74kcC61nIrKdApuJXvcW4n9ePzPxXZgzmWaGSrJaFGccmQQtPkcjpigxfGYJJorZWxGZYIWJsflUbAj++subpNNw/RvXe2jUmm4RRxku4BKuwYdbaMI9tCEAAgye4RXeHOm8OO/Ox6q15BQz5/AHzucPbfWNtQ==</latexit>

C1

<latexit sha1_base64="xWJthtG/77Epipl/zXYwa3CNffY=">AAAB73icbVBNSwMxEJ2tX7V+VT16CbaCp7JbED1JwYvHCvYD2qVks9k2NJusSbZQlv4JLx4U8erf8ea/MW33oK0PBh7vzTAzL0g408Z1v53CxubW9k5xt7S3f3B4VD4+aWuZKkJbRHKpugHWlDNBW4YZTruJojgOOO0E47u535lQpZkUj2aaUD/GQ8EiRrCxUrfan4TS6OqgXHFr7gJonXg5qUCO5qD81Q8lSWMqDOFY657nJsbPsDKMcDor9VNNE0zGeEh7lgocU+1ni3tn6MIqIYqksiUMWqi/JzIcaz2NA9sZYzPSq95c/M/rpSa68TMmktRQQZaLopQjI9H8eRQyRYnhU0swUczeisgIK0yMjahkQ/BWX14n7XrNu6q5D/VK4zaPowhncA6X4ME1NOAemtACAhye4RXenCfnxXl3PpatBSefOYU/cD5/AIWCj5w=</latexit>...
<latexit sha1_base64="xWJthtG/77Epipl/zXYwa3CNffY=">AAAB73icbVBNSwMxEJ2tX7V+VT16CbaCp7JbED1JwYvHCvYD2qVks9k2NJusSbZQlv4JLx4U8erf8ea/MW33oK0PBh7vzTAzL0g408Z1v53CxubW9k5xt7S3f3B4VD4+aWuZKkJbRHKpugHWlDNBW4YZTruJojgOOO0E47u535lQpZkUj2aaUD/GQ8EiRrCxUrfan4TS6OqgXHFr7gJonXg5qUCO5qD81Q8lSWMqDOFY657nJsbPsDKMcDor9VNNE0zGeEh7lgocU+1ni3tn6MIqIYqksiUMWqi/JzIcaz2NA9sZYzPSq95c/M/rpSa68TMmktRQQZaLopQjI9H8eRQyRYnhU0swUczeisgIK0yMjahkQ/BWX14n7XrNu6q5D/VK4zaPowhncA6X4ME1NOAemtACAhye4RXenCfnxXl3PpatBSefOYU/cD5/AIWCj5w=</latexit>...

<latexit sha1_base64="xWJthtG/77Epipl/zXYwa3CNffY=">AAAB73icbVBNSwMxEJ2tX7V+VT16CbaCp7JbED1JwYvHCvYD2qVks9k2NJusSbZQlv4JLx4U8erf8ea/MW33oK0PBh7vzTAzL0g408Z1v53CxubW9k5xt7S3f3B4VD4+aWuZKkJbRHKpugHWlDNBW4YZTruJojgOOO0E47u535lQpZkUj2aaUD/GQ8EiRrCxUrfan4TS6OqgXHFr7gJonXg5qUCO5qD81Q8lSWMqDOFY657nJsbPsDKMcDor9VNNE0zGeEh7lgocU+1ni3tn6MIqIYqksiUMWqi/JzIcaz2NA9sZYzPSq95c/M/rpSa68TMmktRQQZaLopQjI9H8eRQyRYnhU0swUczeisgIK0yMjahkQ/BWX14n7XrNu6q5D/VK4zaPowhncA6X4ME1NOAemtACAhye4RXenCfnxXl3PpatBSefOYU/cD5/AIWCj5w=</latexit>...

<latexit sha1_base64="jAGh5EP2fJ702h7h8k0WM6i1eck=">AAAB7XicbVDLSgMxFL2pr1pfVZdugq3gqswURJcVNy4r2Ae0Q8mkmTY2kwxJRihDwU9w40IRt/6PO//G9LHQ1gMXDufcy733hIngxnreN8qtrW9sbuW3Czu7e/sHxcOjplGppqxBlVC6HRLDBJesYbkVrJ1oRuJQsFY4upn6rUemDVfy3o4TFsRkIHnEKbFOapa7eqjKvWLJq3gz4FXiL0gJFqj3il/dvqJpzKSlghjT8b3EBhnRllPBJoVualhC6IgMWMdRSWJmgmx27QSfOaWPI6VdSYtn6u+JjMTGjOPQdcbEDs2yNxX/8zqpja6CjMsktUzS+aIoFdgqPH0d97lm1IqxI4Rq7m7FdEg0odYFVHAh+Msvr5JmteJfVLy7aql2/TSPIw8ncArn4MMl1OAW6tAACg/wDK/whhR6Qe/oY96aQ4sIj+EP0OcP/2CPJA==</latexit>⇢

<latexit sha1_base64="4GeEkIRPU/sXu62fXIrnBNguH5Q=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5AURI9FLx4rmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbTzv2yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2VgvrtwK8PqjXP9RZA68QvSA0KtAbVr/5QkiyhwhCOte75XmrCHCvDCKezSj/TNMVkgke0Z6nACdVhvjh2hi6sMkSxVLaEQQv190SOE62nSWQ7E2zGetWbi/95vczEN2HORJoZKshyUZxxZCSaf46GTFFi+NQSTBSztyIyxgoTY/Op2BD81ZfXSbvh+leu99CoNd0ijjKcwTlcgg/X0IR7aEEABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8fbG6NtA==</latexit>

B1

<latexit sha1_base64="3abWjxVVSwB6AUkey4jOB0k8O0o=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5AURI9FLx4rmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbTzv2yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2VgvrtoFEfVGue6y2A1olfkBoUaA2qX/2hJFlChSEca93zvdSEOVaGEU5nlX6maYrJBI9oz1KBE6rDfHHsDF1YZYhiqWwJgxbq74kcJ1pPk8h2JtiM9ao3F//zepmJb8KciTQzVJDlojjjyEg0/xwNmaLE8KklmChmb0VkjBUmxuZTsSH4qy+vk3bD9a9c76FRa7pFHGU4g3O4BB+uoQn30IIACDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/bfONtQ==</latexit>

B2

<latexit sha1_base64="TYWFVGWUQ3WnQS8FJQnT1IGzknw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5AURI9FL56kgqmFNpTNdtMu3d2E3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6WcaeN5305pbX1jc6u8XdnZ3ds/qB4etXWSKUIDkvBEdSKsKWeSBoYZTjupolhEnD5G45uZ//hElWaJfDCTlIYCDyWLGcHGSkH9un9X71drnuvNgVaJX5AaFGj1q1+9QUIyQaUhHGvd9b3UhDlWhhFOp5VepmmKyRgPaddSiQXVYT4/dorOrDJAcaJsSYPm6u+JHAutJyKynQKbkV72ZuJ/Xjcz8VWYM5lmhkqyWBRnHJkEzT5HA6YoMXxiCSaK2VsRGWGFibH5VGwI/vLLq6TdcP0L17tv1JpuEUcZTuAUzsGHS2jCLbQgAAIMnuEV3hzpvDjvzseiteQUM8fwB87nD5h/jdE=</latexit>

BN

<latexit sha1_base64="xWJthtG/77Epipl/zXYwa3CNffY=">AAAB73icbVBNSwMxEJ2tX7V+VT16CbaCp7JbED1JwYvHCvYD2qVks9k2NJusSbZQlv4JLx4U8erf8ea/MW33oK0PBh7vzTAzL0g408Z1v53CxubW9k5xt7S3f3B4VD4+aWuZKkJbRHKpugHWlDNBW4YZTruJojgOOO0E47u535lQpZkUj2aaUD/GQ8EiRrCxUrfan4TS6OqgXHFr7gJonXg5qUCO5qD81Q8lSWMqDOFY657nJsbPsDKMcDor9VNNE0zGeEh7lgocU+1ni3tn6MIqIYqksiUMWqi/JzIcaz2NA9sZYzPSq95c/M/rpSa68TMmktRQQZaLopQjI9H8eRQyRYnhU0swUczeisgIK0yMjahkQ/BWX14n7XrNu6q5D/VK4zaPowhncA6X4ME1NOAemtACAhye4RXenCfnxXl3PpatBSefOYU/cD5/AIWCj5w=</latexit>...

<latexit sha1_base64="9qUsmnGn8/j4XV20CkJFSkPtKL0=">AAAB+nicbZBLSwMxFIUz9VXra6pLN8FWcCFlpiC6rHbjsoJ9QDsMmTTThmYeJHfUMg74R9y4UMStv8Sd/8b0sdDWA4GPc27IzfFiwRVY1reRW1ldW9/Ibxa2tnd298zifktFiaSsSSMRyY5HFBM8ZE3gIFgnlowEnmBtb1Sf5O07JhWPwlsYx8wJyCDkPqcEtOWaxXIP2AOk7UHmplen9azsmiWrYk2Fl8GeQwnN1XDNr14/oknAQqCCKNW1rRiclEjgVLCs0EsUiwkdkQHragxJwJSTTlfP8LF2+tiPpD4h4Kn7+0ZKAqXGgacnAwJDtZhNzP+ybgL+hZPyME6AhXT2kJ8IDBGe9ID7XDIKYqyBUMn1rpgOiSQUdFsFXYK9+OVlaFUr9lnFuqmWapdPszry6BAdoRNko3NUQ9eogZqIonv0jF7Rm/FovBjvxsdsNGfMKzxAf2R8/gClGpP9</latexit>

WgB,C

<latexit sha1_base64="ZqB1m1Y8wzeZfj42WXYmZRB1TbI=">AAAB7HicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPFiyep4LaFdi3ZbLYNzWaXJCuUpeA/8OJBEa/+IG/+G9OPg7Y+GHi8N8PMvCAVXBvH+UYrq2vrG5uFreL2zu7efungsKmTTFHm0UQkqh0QzQSXzDPcCNZOFSNxIFgrGF5P/NYjU5on8t6MUubHpC95xCkxVvIq4cNtpVcqO1VnCrxM3DkpwxyNXumrGyY0i5k0VBCtO66TGj8nynAq2LjYzTRLCR2SPutYKknMtJ9Pjx3jU6uEOEqULWnwVP09kZNY61Ec2M6YmIFe9Cbif14nM9Gln3OZZoZJOlsUZQKbBE8+xyFXjBoxsoRQxe2tmA6IItTYfIo2BHfx5WXSrFXd86pzVyvXr55mcRTgGE7gDFy4gDrcQAM8oMDhGV7hDUn0gt7Rx6x1Bc0jPII/QJ8/9p6OhQ==</latexit>

dN

<latexit sha1_base64="ZqB1m1Y8wzeZfj42WXYmZRB1TbI=">AAAB7HicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPFiyep4LaFdi3ZbLYNzWaXJCuUpeA/8OJBEa/+IG/+G9OPg7Y+GHi8N8PMvCAVXBvH+UYrq2vrG5uFreL2zu7efungsKmTTFHm0UQkqh0QzQSXzDPcCNZOFSNxIFgrGF5P/NYjU5on8t6MUubHpC95xCkxVvIq4cNtpVcqO1VnCrxM3DkpwxyNXumrGyY0i5k0VBCtO66TGj8nynAq2LjYzTRLCR2SPutYKknMtJ9Pjx3jU6uEOEqULWnwVP09kZNY61Ec2M6YmIFe9Cbif14nM9Gln3OZZoZJOlsUZQKbBE8+xyFXjBoxsoRQxe2tmA6IItTYfIo2BHfx5WXSrFXd86pzVyvXr55mcRTgGE7gDFy4gDrcQAM8oMDhGV7hDUn0gt7Rx6x1Bc0jPII/QJ8/9p6OhQ==</latexit>

dN

<latexit sha1_base64="JevVSSNAErynAHO15rsRylQjnZU=">AAACD3icbVDLSgMxFM3Ud32NunQTbBUXUmYKoksfG1c+wFqhM5ZMeltDk8yQZIQyDPgBbvwVNy4UcevWnX9j+lio9cCFwznnktwTJZxp43lfTmFicmp6ZnauOL+wuLTsrqxe6ThVFGo05rG6jogGziTUDDMcrhMFREQc6lH3uO/X70BpFstL00sgFKQjWZtRYqzUdLfKQSpbNgAmO9o5DpjE1ZssOBPQIc3TPM8CnYq83HRLXsUbAI8Tf0RKaITzpvsZtGKaCpCGcqJ1w/cSE2ZEGUY55MUg1ZAQ2iUdaFgqiQAdZoN7crxplRZux8qONHig/tzIiNC6JyKbFMTc6r9eX/zPa6SmvR9mTCapAUmHD7VTjk2M++XgFlNADe9ZQqhi9q+Y3hJFqLENFW0J/t+Tx8lVteLvVryLaung8H5YxyxaRxtoG/loDx2gE3SOaoiiB/SEXtCr8+g8O2/O+zBacEYVrqFfcD6+AanknNU=</latexit> P
B,C22⌦N

<latexit sha1_base64="3l9S+8e/8Gc1J3UpfjnPxVNgOMo=">AAACJXicbZDLSgMxFIYz9VbrrerSTbAVXJWZgujCRUUElxXsBTplOJNJ29BMZkgyQhkGfBY3voobFxYRXPkqphdBWw8k/Hz/CTnn92POlLbtTyu3srq2vpHfLGxt7+zuFfcPmipKJKENEvFItn1QlDNBG5ppTtuxpBD6nLb84fXEbz1QqVgk7vUopt0Q+oL1GAFtkFe8LLuJCEwD1ak7AHMp1g8hc5lwQ9ADAjy9ybwfnKVT6vsGZmWvWLIr9rTwsnDmooTmVfeKYzeISBJSoQkHpTqOHetuClIzwmlWcBNFYyBD6NOOkQJCqrrpdMsMnxgS4F4kzREaT+nvFymESo1C33ROZlSL3gT+53US3bvopkzEiaaCzD7qJRzrCE8iwwGTlGg+MgKIZGZWTAYggWiTW8GE4CyuvCya1YpzVrHvqqXa1eMsjjw6QsfoFDnoHNXQLaqjBiLoCb2gNzS2nq1X6936mLXmrHmEh+hPWV/fOTSn8Q==</latexit>

E
�̂2E�

<latexit sha1_base64="d4nM6fh78HkrD/mAXlHxNfSnl+s=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYCLkFHYDoseIF48RzQOSJcxOepMhs7PLzKwQloA/4MWDIl79Im/+jZPHQRMLGoqqbrq7gkRwbVz321lb39jc2s7t5Hf39g8OC0fHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqZ+6xGV5rF8MOME/YgOJA85o8ZK96VyqVcouhV3BrJKvAUpwgL1XuGr249ZGqE0TFCtO56bGD+jynAmcJLvphoTykZ0gB1LJY1Q+9ns1Ak5t0qfhLGyJQ2Zqb8nMhppPY4C2xlRM9TL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNJ29D8JZfXiXNasW7qLh31WLt+mkeRw5O4QzK4MEl1OAW6tAABgN4hld4c4Tz4rw7H/PWNWcR4Qn8gfP5A0rHjYk=</latexit>

(
<latexit sha1_base64="t8fuDeIaxRJrJRK+Tnc7tbt3tDM=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYCLoJewGRI8RLx4jmgckS5id9CZDZmeXmVkhLAF/wIsHRbz6Rd78GyePgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4OGzpOFcM6i0WsWgHVKLjEuuFGYCtRSKNAYDMY3kz85iMqzWP5YEYJ+hHtSx5yRo2V7kvnpW6h6JbdKcgy8eakCHPUuoWvTi9maYTSMEG1bntuYvyMKsOZwHG+k2pMKBvSPrYtlTRC7WfTU8fk1Co9EsbKljRkqv6eyGik9SgKbGdEzUAvehPxP6+dmvDKz7hMUoOSzRaFqSAmJpO/SY8rZEaMLKFMcXsrYQOqKDM2nbwNwVt8eZk0KmXvouzeVYrV66dZHDk4hhM4Aw8uoQq3UIM6MOjDM7zCmyOcF+fd+Zi1rjjzCI/gD5zPH0xMjYo=</latexit>

)

=

<latexit sha1_base64="zZ/yyZ5V+BVibz24XkDxBfI3ryc=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LevBYwX5Ady2zabYNTbJLklXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsuiFoypmkLcMMp91EURAhp51wfD3zO49UaRbLezNJaCBgKFnECBgrPVT9EZjM12woYFrtlytuzZ0DrxIvJxWUo9kvf/mDmKSCSkM4aN3z3MQEGSjDCKfTkp9qmgAZw5D2LJUgqA6y+dVTfGaVAY5iZUsaPFd/T2QgtJ6I0HYKMCO97M3E/7xeaqKrIGMySQ2VZLEoSjk2MZ5FgAdMUWL4xBIgitlbMRmBAmJsUCUbgrf88ipp12veRc29q1caN3kcRXSCTtE58tAlaqBb1EQtRJBCz+gVvTlPzovz7nwsWgtOPnOM/sD5/AEyOpJQ</latexit>

�̂

<latexit sha1_base64="B0geynJuhsRuSaJmRliiZ+739lw=">AAAB+HicbVBNS8NAEJ34WetHox69LLaCp5IURE9S8OKxgv2ANobNZtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1LOlHacb2ttfWNza7u0U97d2z+o2IdHHZVkktA2SXgiewFWlDNB25ppTnuppDgOOO0G45uZ332kUrFE3OtJSr0YDwWLGMHaSL5dqXV89yEfhHg4pHJa8+2qU3fmQKvELUgVCrR8+2sQJiSLqdCEY6X6rpNqL8dSM8LptDzIFE0xGeMh7RsqcEyVl88Pn6Izo4QoSqQpodFc/T2R41ipSRyYzhjrkVr2ZuJ/Xj/T0ZWXM5FmmgqyWBRlHOkEzVJAIZOUaD4xBBPJzK2IjLDERJusyiYEd/nlVdJp1N2LunPXqDavizhKcAKncA4uXEITbqEFbSCQwTO8wpv1ZL1Y79bHonXNKmaO4Q+szx/UbZKJ</latexit>

V †
1<latexit sha1_base64="dbAS1MppO+a48Bhk5uvT9/5C2N8=">AAAB+HicbVBNS8NAEJ34WetHox69LLaCp5IURE9S8OKxgv2ANobNZtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1LOlHacb2ttfWNza7u0U97d2z+o2IdHHZVkktA2SXgiewFWlDNB25ppTnuppDgOOO0G45uZ332kUrFE3OtJSr0YDwWLGMHaSL5dqXX8xkM+CPFwSOW05ttVp+7MgVaJW5AqFGj59tcgTEgWU6EJx0r1XSfVXo6lZoTTaXmQKZpiMsZD2jdU4JgqL58fPkVnRglRlEhTQqO5+nsix7FSkzgwnTHWI7XszcT/vH6moysvZyLNNBVksSjKONIJmqWAQiYp0XxiCCaSmVsRGWGJiTZZlU0I7vLLq6TTqLsXdeeuUW1eF3GU4ARO4RxcuIQm3EIL2kAgg2d4hTfryXqx3q2PReuaVcwcwx9Ynz/V/JKK</latexit>

V †
2

<latexit sha1_base64="qaAxhR0usL+/cKDVyHr9A3ujyn4=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJdgKnkpSED1JwYsnqWA/oI1hs9mkSzebsLsRaugv8eJBEa/+FG/+G7dtDtr6YODx3gwz8/yUUals+9sora1vbG6Vtys7u3v7VfPgsCuTTGDSwQlLRN9HkjDKSUdRxUg/FQTFPiM9f3w983uPREia8Hs1SYkbo4jTkGKktOSZ1XrXu33IhwGKIiKmdc+s2Q17DmuVOAWpQYG2Z34NgwRnMeEKMyTlwLFT5eZIKIoZmVaGmSQpwmMUkYGmHMVEuvn88Kl1qpXAChOhiytrrv6eyFEs5ST2dWeM1EguezPxP2+QqfDSzSlPM0U4XiwKM2apxJqlYAVUEKzYRBOEBdW3WniEBMJKZ1XRITjLL6+SbrPhnDfsu2atdVXEUYZjOIEzcOACWnADbegAhgye4RXejCfjxXg3PhatJaOYOYI/MD5/AAGvkqY=</latexit>

V †
N

<latexit sha1_base64="ohPnHi7E4j3OzQdW7VXXGh0m/jU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURE9S8OKxgmkLbSib7aRdutmE3Y1QSn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305hY3Nre6e4W9rbPzg8Kh+ftHSSKYY+S0SiOiHVKLhE33AjsJMqpHEosB2O7+Z++wmV5ol8NJMUg5gOJY84o8ZKfrXV96r9csWtuQuQdeLlpAI5mv3yV2+QsCxGaZigWnc9NzXBlCrDmcBZqZdpTCkb0yF2LZU0Rh1MF8fOyIVVBiRKlC1pyEL9PTGlsdaTOLSdMTUjverNxf+8bmaim2DKZZoZlGy5KMoEMQmZf04GXCEzYmIJZYrbWwkbUUWZsfmUbAje6svrpFWveVc196FeadzmcRThDM7hEjy4hgbcQxN8YMDhGV7hzZHOi/PufCxbC04+cwp/4Hz+AI/Kjdg=</latexit>

V1
<latexit sha1_base64="7il+WGWawu3ZO//03bcPmOjQuKQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURE9S8OKxgmkLbSib7aRdutmE3Y1QQn+DFw+KePUHefPfuP04aOuDgcd7M8zMC1PBtXHdb6ewsbm1vVPcLe3tHxwelY9PWjrJFEOfJSJRnZBqFFyib7gR2EkV0jgU2A7HdzO//YRK80Q+mkmKQUyHkkecUWMlv9rq16v9csWtuXOQdeItSQWWaPbLX71BwrIYpWGCat313NQEOVWGM4HTUi/TmFI2pkPsWippjDrI58dOyYVVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvVm4n9eNzPRTZBzmWYGJVssijJBTEJmn5MBV8iMmFhCmeL2VsJGVFFmbD4lG4K3+vI6adVr3lXNfahXGrfLOIpwBudwCR5cQwPuoQk+MODwDK/w5kjnxXl3PhatBWc5cwp/4Hz+AJFPjdk=</latexit>

V2

<latexit sha1_base64="r887mJgny0GbhyRsIbXwdzmbvGo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURE9S8OJJKphaaEPZbDft0s0m7E6EUvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDCVwqDrfjuFtfWNza3idmlnd2//oHx41DJJphn3WSIT3Q6p4VIo7qNAydup5jQOJX8MRzcz//GJayMS9YDjlAcxHSgRCUbRSn611bur9soVt+bOQVaJl5MK5Gj2yl/dfsKymCtkkhrT8dwUgwnVKJjk01I3MzylbEQHvGOpojE3wWR+7JScWaVPokTbUkjm6u+JCY2NGceh7YwpDs2yNxP/8zoZRlfBRKg0Q67YYlGUSYIJmX1O+kJzhnJsCWVa2FsJG1JNGdp8SjYEb/nlVdKq17yLmntfrzSu8ziKcAKncA4eXEIDbqEJPjAQ8Ayv8OYo58V5dz4WrQUnnzmGP3A+fwC72431</latexit>

VN

<latexit sha1_base64="zZ/yyZ5V+BVibz24XkDxBfI3ryc=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LevBYwX5Ady2zabYNTbJLklXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsuiFoypmkLcMMp91EURAhp51wfD3zO49UaRbLezNJaCBgKFnECBgrPVT9EZjM12woYFrtlytuzZ0DrxIvJxWUo9kvf/mDmKSCSkM4aN3z3MQEGSjDCKfTkp9qmgAZw5D2LJUgqA6y+dVTfGaVAY5iZUsaPFd/T2QgtJ6I0HYKMCO97M3E/7xeaqKrIGMySQ2VZLEoSjk2MZ5FgAdMUWL4xBIgitlbMRmBAmJsUCUbgrf88ipp12veRc29q1caN3kcRXSCTtE58tAlaqBb1EQtRJBCz+gVvTlPzovz7nwsWgtOPnOM/sD5/AEyOpJQ</latexit>

�̂

<latexit sha1_base64="B0geynJuhsRuSaJmRliiZ+739lw=">AAAB+HicbVBNS8NAEJ34WetHox69LLaCp5IURE9S8OKxgv2ANobNZtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1LOlHacb2ttfWNza7u0U97d2z+o2IdHHZVkktA2SXgiewFWlDNB25ppTnuppDgOOO0G45uZ332kUrFE3OtJSr0YDwWLGMHaSL5dqXV89yEfhHg4pHJa8+2qU3fmQKvELUgVCrR8+2sQJiSLqdCEY6X6rpNqL8dSM8LptDzIFE0xGeMh7RsqcEyVl88Pn6Izo4QoSqQpodFc/T2R41ipSRyYzhjrkVr2ZuJ/Xj/T0ZWXM5FmmgqyWBRlHOkEzVJAIZOUaD4xBBPJzK2IjLDERJusyiYEd/nlVdJp1N2LunPXqDavizhKcAKncA4uXEITbqEFbSCQwTO8wpv1ZL1Y79bHonXNKmaO4Q+szx/UbZKJ</latexit>

V †
1<latexit sha1_base64="dbAS1MppO+a48Bhk5uvT9/5C2N8=">AAAB+HicbVBNS8NAEJ34WetHox69LLaCp5IURE9S8OKxgv2ANobNZtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1LOlHacb2ttfWNza7u0U97d2z+o2IdHHZVkktA2SXgiewFWlDNB25ppTnuppDgOOO0G45uZ332kUrFE3OtJSr0YDwWLGMHaSL5dqXX8xkM+CPFwSOW05ttVp+7MgVaJW5AqFGj59tcgTEgWU6EJx0r1XSfVXo6lZoTTaXmQKZpiMsZD2jdU4JgqL58fPkVnRglRlEhTQqO5+nsix7FSkzgwnTHWI7XszcT/vH6moysvZyLNNBVksSjKONIJmqWAQiYp0XxiCCaSmVsRGWGJiTZZlU0I7vLLq6TTqLsXdeeuUW1eF3GU4ARO4RxcuIQm3EIL2kAgg2d4hTfryXqx3q2PReuaVcwcwx9Ynz/V/JKK</latexit>

V †
2

<latexit sha1_base64="qaAxhR0usL+/cKDVyHr9A3ujyn4=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJdgKnkpSED1JwYsnqWA/oI1hs9mkSzebsLsRaugv8eJBEa/+FG/+G7dtDtr6YODx3gwz8/yUUals+9sora1vbG6Vtys7u3v7VfPgsCuTTGDSwQlLRN9HkjDKSUdRxUg/FQTFPiM9f3w983uPREia8Hs1SYkbo4jTkGKktOSZ1XrXu33IhwGKIiKmdc+s2Q17DmuVOAWpQYG2Z34NgwRnMeEKMyTlwLFT5eZIKIoZmVaGmSQpwmMUkYGmHMVEuvn88Kl1qpXAChOhiytrrv6eyFEs5ST2dWeM1EguezPxP2+QqfDSzSlPM0U4XiwKM2apxJqlYAVUEKzYRBOEBdW3WniEBMJKZ1XRITjLL6+SbrPhnDfsu2atdVXEUYZjOIEzcOACWnADbegAhgye4RXejCfjxXg3PhatJaOYOYI/MD5/AAGvkqY=</latexit>

V †
N

<latexit sha1_base64="ohPnHi7E4j3OzQdW7VXXGh0m/jU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURE9S8OKxgmkLbSib7aRdutmE3Y1QSn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305hY3Nre6e4W9rbPzg8Kh+ftHSSKYY+S0SiOiHVKLhE33AjsJMqpHEosB2O7+Z++wmV5ol8NJMUg5gOJY84o8ZKfrXV96r9csWtuQuQdeLlpAI5mv3yV2+QsCxGaZigWnc9NzXBlCrDmcBZqZdpTCkb0yF2LZU0Rh1MF8fOyIVVBiRKlC1pyEL9PTGlsdaTOLSdMTUjverNxf+8bmaim2DKZZoZlGy5KMoEMQmZf04GXCEzYmIJZYrbWwkbUUWZsfmUbAje6svrpFWveVc196FeadzmcRThDM7hEjy4hgbcQxN8YMDhGV7hzZHOi/PufCxbC04+cwp/4Hz+AI/Kjdg=</latexit>

V1
<latexit sha1_base64="7il+WGWawu3ZO//03bcPmOjQuKQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURE9S8OKxgmkLbSib7aRdutmE3Y1QQn+DFw+KePUHefPfuP04aOuDgcd7M8zMC1PBtXHdb6ewsbm1vVPcLe3tHxwelY9PWjrJFEOfJSJRnZBqFFyib7gR2EkV0jgU2A7HdzO//YRK80Q+mkmKQUyHkkecUWMlv9rq16v9csWtuXOQdeItSQWWaPbLX71BwrIYpWGCat313NQEOVWGM4HTUi/TmFI2pkPsWippjDrI58dOyYVVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvVm4n9eNzPRTZBzmWYGJVssijJBTEJmn5MBV8iMmFhCmeL2VsJGVFFmbD4lG4K3+vI6adVr3lXNfahXGrfLOIpwBudwCR5cQwPuoQk+MODwDK/w5kjnxXl3PhatBWc5cwp/4Hz+AJFPjdk=</latexit>

V2

<latexit sha1_base64="r887mJgny0GbhyRsIbXwdzmbvGo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURE9S8OJJKphaaEPZbDft0s0m7E6EUvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDCVwqDrfjuFtfWNza3idmlnd2//oHx41DJJphn3WSIT3Q6p4VIo7qNAydup5jQOJX8MRzcz//GJayMS9YDjlAcxHSgRCUbRSn611bur9soVt+bOQVaJl5MK5Gj2yl/dfsKymCtkkhrT8dwUgwnVKJjk01I3MzylbEQHvGOpojE3wWR+7JScWaVPokTbUkjm6u+JCY2NGceh7YwpDs2yNxP/8zoZRlfBRKg0Q67YYlGUSYIJmX1O+kJzhnJsCWVa2FsJG1JNGdp8SjYEb/nlVdKq17yLmntfrzSu8ziKcAKncA4eXEIDbqEJPjAQ8Ayv8OYo58V5dz4WrQUnnzmGP3A+fwC72431</latexit>

VN

<latexit sha1_base64="cQOn2G8zZKSPd3udwbyfIfIb0Yg=">AAAB7XicbVBNSwMxEJ34WetX1aOXYCt4KrsF0ZMUvHisYD+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RmvrG5tb24Wd4u7e/sFh6ei4ZVSqKWtSJZTuhMQwwSVrWm4F6ySakTgUrB2Ob2d++4lpw5V8sJOEBTEZSh5xSqyTWpWeHqlKv1T2qt4ceJX4OSlDjka/9NUbKJrGTFoqiDFd30tskBFtORVsWuylhiWEjsmQdR2VJGYmyObXTvG5UwY4UtqVtHiu/p7ISGzMJA5dZ0zsyCx7M/E/r5va6DrIuExSyyRdLIpSga3Cs9fxgGtGrZg4Qqjm7lZMR0QTal1ARReCv/zyKmnVqv5l1buvles3eRwFOIUzuAAfrqAOd9CAJlB4hGd4hTek0At6Rx+L1jWUz5zAH6DPH9h5jqE=</latexit>⇢
<latexit sha1_base64="JiO7HHGBBSt9ZYAYZS6udmFOGjU="></latexit>

E
V 2U(d)N

E
�̂2E�

<latexit sha1_base64="xWJthtG/77Epipl/zXYwa3CNffY=">AAAB73icbVBNSwMxEJ2tX7V+VT16CbaCp7JbED1JwYvHCvYD2qVks9k2NJusSbZQlv4JLx4U8erf8ea/MW33oK0PBh7vzTAzL0g408Z1v53CxubW9k5xt7S3f3B4VD4+aWuZKkJbRHKpugHWlDNBW4YZTruJojgOOO0E47u535lQpZkUj2aaUD/GQ8EiRrCxUrfan4TS6OqgXHFr7gJonXg5qUCO5qD81Q8lSWMqDOFY657nJsbPsDKMcDor9VNNE0zGeEh7lgocU+1ni3tn6MIqIYqksiUMWqi/JzIcaz2NA9sZYzPSq95c/M/rpSa68TMmktRQQZaLopQjI9H8eRQyRYnhU0swUczeisgIK0yMjahkQ/BWX14n7XrNu6q5D/VK4zaPowhncA6X4ME1NOAemtACAhye4RXenCfnxXl3PpatBSefOYU/cD5/AIWCj5w=</latexit>...
<latexit sha1_base64="xWJthtG/77Epipl/zXYwa3CNffY=">AAAB73icbVBNSwMxEJ2tX7V+VT16CbaCp7JbED1JwYvHCvYD2qVks9k2NJusSbZQlv4JLx4U8erf8ea/MW33oK0PBh7vzTAzL0g408Z1v53CxubW9k5xt7S3f3B4VD4+aWuZKkJbRHKpugHWlDNBW4YZTruJojgOOO0E47u535lQpZkUj2aaUD/GQ8EiRrCxUrfan4TS6OqgXHFr7gJonXg5qUCO5qD81Q8lSWMqDOFY657nJsbPsDKMcDor9VNNE0zGeEh7lgocU+1ni3tn6MIqIYqksiUMWqi/JzIcaz2NA9sZYzPSq95c/M/rpSa68TMmktRQQZaLopQjI9H8eRQyRYnhU0swUczeisgIK0yMjahkQ/BWX14n7XrNu6q5D/VK4zaPowhncA6X4ME1NOAemtACAhye4RXenCfnxXl3PpatBSefOYU/cD5/AIWCj5w=</latexit>...

<latexit sha1_base64="xWJthtG/77Epipl/zXYwa3CNffY=">AAAB73icbVBNSwMxEJ2tX7V+VT16CbaCp7JbED1JwYvHCvYD2qVks9k2NJusSbZQlv4JLx4U8erf8ea/MW33oK0PBh7vzTAzL0g408Z1v53CxubW9k5xt7S3f3B4VD4+aWuZKkJbRHKpugHWlDNBW4YZTruJojgOOO0E47u535lQpZkUj2aaUD/GQ8EiRrCxUrfan4TS6OqgXHFr7gJonXg5qUCO5qD81Q8lSWMqDOFY657nJsbPsDKMcDor9VNNE0zGeEh7lgocU+1ni3tn6MIqIYqksiUMWqi/JzIcaz2NA9sZYzPSq95c/M/rpSa68TMmktRQQZaLopQjI9H8eRQyRYnhU0swUczeisgIK0yMjahkQ/BWX14n7XrNu6q5D/VK4zaPowhncA6X4ME1NOAemtACAhye4RXenCfnxXl3PpatBSefOYU/cD5/AIWCj5w=</latexit>...
<latexit sha1_base64="xWJthtG/77Epipl/zXYwa3CNffY=">AAAB73icbVBNSwMxEJ2tX7V+VT16CbaCp7JbED1JwYvHCvYD2qVks9k2NJusSbZQlv4JLx4U8erf8ea/MW33oK0PBh7vzTAzL0g408Z1v53CxubW9k5xt7S3f3B4VD4+aWuZKkJbRHKpugHWlDNBW4YZTruJojgOOO0E47u535lQpZkUj2aaUD/GQ8EiRrCxUrfan4TS6OqgXHFr7gJonXg5qUCO5qD81Q8lSWMqDOFY657nJsbPsDKMcDor9VNNE0zGeEh7lgocU+1ni3tn6MIqIYqksiUMWqi/JzIcaz2NA9sZYzPSq95c/M/rpSa68TMmktRQQZaLopQjI9H8eRQyRYnhU0swUczeisgIK0yMjahkQ/BWX14n7XrNu6q5D/VK4zaPowhncA6X4ME1NOAemtACAhye4RXenCfnxXl3PpatBSefOYU/cD5/AIWCj5w=</latexit>...

<latexit sha1_base64="xWJthtG/77Epipl/zXYwa3CNffY=">AAAB73icbVBNSwMxEJ2tX7V+VT16CbaCp7JbED1JwYvHCvYD2qVks9k2NJusSbZQlv4JLx4U8erf8ea/MW33oK0PBh7vzTAzL0g408Z1v53CxubW9k5xt7S3f3B4VD4+aWuZKkJbRHKpugHWlDNBW4YZTruJojgOOO0E47u535lQpZkUj2aaUD/GQ8EiRrCxUrfan4TS6OqgXHFr7gJonXg5qUCO5qD81Q8lSWMqDOFY657nJsbPsDKMcDor9VNNE0zGeEh7lgocU+1ni3tn6MIqIYqksiUMWqi/JzIcaz2NA9sZYzPSq95c/M/rpSa68TMmktRQQZaLopQjI9H8eRQyRYnhU0swUczeisgIK0yMjahkQ/BWX14n7XrNu6q5D/VK4zaPowhncA6X4ME1NOAemtACAhye4RXenCfnxXl3PpatBSefOYU/cD5/AIWCj5w=</latexit>...

<latexit sha1_base64="zZ/yyZ5V+BVibz24XkDxBfI3ryc=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LevBYwX5Ady2zabYNTbJLklXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsuiFoypmkLcMMp91EURAhp51wfD3zO49UaRbLezNJaCBgKFnECBgrPVT9EZjM12woYFrtlytuzZ0DrxIvJxWUo9kvf/mDmKSCSkM4aN3z3MQEGSjDCKfTkp9qmgAZw5D2LJUgqA6y+dVTfGaVAY5iZUsaPFd/T2QgtJ6I0HYKMCO97M3E/7xeaqKrIGMySQ2VZLEoSjk2MZ5FgAdMUWL4xBIgitlbMRmBAmJsUCUbgrf88ipp12veRc29q1caN3kcRXSCTtE58tAlaqBb1EQtRJBCz+gVvTlPzovz7nwsWgtOPnOM/sD5/AEyOpJQ</latexit>

�̂<latexit sha1_base64="zZ/yyZ5V+BVibz24XkDxBfI3ryc=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BFvBU9ktiB4LevBYwX5Ady2zabYNTbJLklXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsuiFoypmkLcMMp91EURAhp51wfD3zO49UaRbLezNJaCBgKFnECBgrPVT9EZjM12woYFrtlytuzZ0DrxIvJxWUo9kvf/mDmKSCSkM4aN3z3MQEGSjDCKfTkp9qmgAZw5D2LJUgqA6y+dVTfGaVAY5iZUsaPFd/T2QgtJ6I0HYKMCO97M3E/7xeaqKrIGMySQ2VZLEoSjk2MZ5FgAdMUWL4xBIgitlbMRmBAmJsUCUbgrf88ipp12veRc29q1caN3kcRXSCTtE58tAlaqBb1EQtRJBCz+gVvTlPzovz7nwsWgtOPnOM/sD5/AEyOpJQ</latexit>

�̂
<latexit sha1_base64="mCtE+A+/BkK6rv8bc/S6IQ7+aFc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5AURI+FXjxJBVMLbSib7aZdursJuxuhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0o508bzvp3SxubW9k55t7K3f3B4VD0+6egkU4QGJOGJ6kZYU84kDQwznHZTRbGIOH2MJq25//hElWaJfDDTlIYCjySLGcHGSkG9NbirD6o1z/UWQOvEL0gNCrQH1a/+MCGZoNIQjrXu+V5qwhwrwwins0o/0zTFZIJHtGepxILqMF8cO0MXVhmiOFG2pEEL9fdEjoXWUxHZToHNWK96c/E/r5eZ+CbMmUwzQyVZLoozjkyC5p+jIVOUGD61BBPF7K2IjLHCxNh8KjYEf/XlddJpuP6V6903ak23iKMMZ3AOl+DDNTThFtoQAAEGz/AKb450Xpx352PZWnKKmVP4A+fzB5oGjdI=</latexit>

CN

<latexit sha1_base64="VSeLB0OprMazB1kLlhY6E29KcBE=">AAAB7HicbVBNS8NAEJ2tX7V+VT16WWwFTyEpiB4LvXisYNpCG8pmu2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjuNyptbe/s7pX3KweHR8cn1dOzjk4yRZlPE5GoXkg0E1wy33AjWC9VjMShYN1w2lr43SemNE/ko5mlLIjJWPKIU2Ks5Ndbw0Z9WK25jrsE3iReQWpQoD2sfg1GCc1iJg0VROu+56YmyIkynAo2rwwyzVJCp2TM+pZKEjMd5Mtj5/jKKiMcJcqWNHip/p7ISaz1LA5tZ0zMRK97C/E/r5+Z6C7IuUwzwyRdLYoygU2CF5/jEVeMGjGzhFDF7a2YTogi1Nh8KjYEb/3lTdJpON6N4z40ak2niKMMF3AJ1+DBLTThHtrgAwUOz/AKb0iiF/SOPlatJVTMnMMfoM8fb3qNtg==</latexit>

C2

<latexit sha1_base64="DvRKtRz7jqybKI7OptP0aMgjWUc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5AURI+FXjxWMG2hDWWz3bRLdzdhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmRSln2njet1Pa2t7Z3SvvVw4Oj45PqqdnHZ1kitCAJDxRvQhrypmkgWGG016qKBYRp91o2lr43SeqNEvko5mlNBR4LFnMCDZWCuqtoV8fVmue6y2BNolfkBoUaA+rX4NRQjJBpSEca933vdSEOVaGEU7nlUGmaYrJFI9p31KJBdVhvjx2jq6sMkJxomxJg5bq74kcC61nIrKdApuJXvcW4n9ePzPxXZgzmWaGSrJaFGccmQQtPkcjpigxfGYJJorZWxGZYIWJsflUbAj++subpNNw/RvXe2jUmm4RRxku4BKuwYdbaMI9tCEAAgye4RXeHOm8OO/Ox6q15BQz5/AHzucPbfWNtQ==</latexit>

C1

<latexit sha1_base64="xWJthtG/77Epipl/zXYwa3CNffY=">AAAB73icbVBNSwMxEJ2tX7V+VT16CbaCp7JbED1JwYvHCvYD2qVks9k2NJusSbZQlv4JLx4U8erf8ea/MW33oK0PBh7vzTAzL0g408Z1v53CxubW9k5xt7S3f3B4VD4+aWuZKkJbRHKpugHWlDNBW4YZTruJojgOOO0E47u535lQpZkUj2aaUD/GQ8EiRrCxUrfan4TS6OqgXHFr7gJonXg5qUCO5qD81Q8lSWMqDOFY657nJsbPsDKMcDor9VNNE0zGeEh7lgocU+1ni3tn6MIqIYqksiUMWqi/JzIcaz2NA9sZYzPSq95c/M/rpSa68TMmktRQQZaLopQjI9H8eRQyRYnhU0swUczeisgIK0yMjahkQ/BWX14n7XrNu6q5D/VK4zaPowhncA6X4ME1NOAemtACAhye4RXenCfnxXl3PpatBSefOYU/cD5/AIWCj5w=</latexit>...
<latexit sha1_base64="xWJthtG/77Epipl/zXYwa3CNffY=">AAAB73icbVBNSwMxEJ2tX7V+VT16CbaCp7JbED1JwYvHCvYD2qVks9k2NJusSbZQlv4JLx4U8erf8ea/MW33oK0PBh7vzTAzL0g408Z1v53CxubW9k5xt7S3f3B4VD4+aWuZKkJbRHKpugHWlDNBW4YZTruJojgOOO0E47u535lQpZkUj2aaUD/GQ8EiRrCxUrfan4TS6OqgXHFr7gJonXg5qUCO5qD81Q8lSWMqDOFY657nJsbPsDKMcDor9VNNE0zGeEh7lgocU+1ni3tn6MIqIYqksiUMWqi/JzIcaz2NA9sZYzPSq95c/M/rpSa68TMmktRQQZaLopQjI9H8eRQyRYnhU0swUczeisgIK0yMjahkQ/BWX14n7XrNu6q5D/VK4zaPowhncA6X4ME1NOAemtACAhye4RXenCfnxXl3PpatBSefOYU/cD5/AIWCj5w=</latexit>...

<latexit sha1_base64="xWJthtG/77Epipl/zXYwa3CNffY=">AAAB73icbVBNSwMxEJ2tX7V+VT16CbaCp7JbED1JwYvHCvYD2qVks9k2NJusSbZQlv4JLx4U8erf8ea/MW33oK0PBh7vzTAzL0g408Z1v53CxubW9k5xt7S3f3B4VD4+aWuZKkJbRHKpugHWlDNBW4YZTruJojgOOO0E47u535lQpZkUj2aaUD/GQ8EiRrCxUrfan4TS6OqgXHFr7gJonXg5qUCO5qD81Q8lSWMqDOFY657nJsbPsDKMcDor9VNNE0zGeEh7lgocU+1ni3tn6MIqIYqksiUMWqi/JzIcaz2NA9sZYzPSq95c/M/rpSa68TMmktRQQZaLopQjI9H8eRQyRYnhU0swUczeisgIK0yMjahkQ/BWX14n7XrNu6q5D/VK4zaPowhncA6X4ME1NOAemtACAhye4RXenCfnxXl3PpatBSefOYU/cD5/AIWCj5w=</latexit>...

<latexit sha1_base64="jAGh5EP2fJ702h7h8k0WM6i1eck=">AAAB7XicbVDLSgMxFL2pr1pfVZdugq3gqswURJcVNy4r2Ae0Q8mkmTY2kwxJRihDwU9w40IRt/6PO//G9LHQ1gMXDufcy733hIngxnreN8qtrW9sbuW3Czu7e/sHxcOjplGppqxBlVC6HRLDBJesYbkVrJ1oRuJQsFY4upn6rUemDVfy3o4TFsRkIHnEKbFOapa7eqjKvWLJq3gz4FXiL0gJFqj3il/dvqJpzKSlghjT8b3EBhnRllPBJoVualhC6IgMWMdRSWJmgmx27QSfOaWPI6VdSYtn6u+JjMTGjOPQdcbEDs2yNxX/8zqpja6CjMsktUzS+aIoFdgqPH0d97lm1IqxI4Rq7m7FdEg0odYFVHAh+Msvr5JmteJfVLy7aql2/TSPIw8ncArn4MMl1OAW6tAACg/wDK/whhR6Qe/oY96aQ4sIj+EP0OcP/2CPJA==</latexit>⇢

<latexit sha1_base64="4GeEkIRPU/sXu62fXIrnBNguH5Q=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5AURI9FLx4rmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbTzv2yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2VgvrtwK8PqjXP9RZA68QvSA0KtAbVr/5QkiyhwhCOte75XmrCHCvDCKezSj/TNMVkgke0Z6nACdVhvjh2hi6sMkSxVLaEQQv190SOE62nSWQ7E2zGetWbi/95vczEN2HORJoZKshyUZxxZCSaf46GTFFi+NQSTBSztyIyxgoTY/Op2BD81ZfXSbvh+leu99CoNd0ijjKcwTlcgg/X0IR7aEEABBg8wyu8OcJ5cd6dj2VrySlmTuEPnM8fbG6NtA==</latexit>

B1

<latexit sha1_base64="3abWjxVVSwB6AUkey4jOB0k8O0o=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5AURI9FLx4rmLbQhrLZbtqlm92wuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbTzv2yltbG5t75R3K3v7B4dH1eOTtpaZIjQgkkvVjbCmnAkaGGY47aaK4iTitBNN7uZ+54kqzaR4NNOUhgkeCRYzgo2VgvrtoFEfVGue6y2A1olfkBoUaA2qX/2hJFlChSEca93zvdSEOVaGEU5nlX6maYrJBI9oz1KBE6rDfHHsDF1YZYhiqWwJgxbq74kcJ1pPk8h2JtiM9ao3F//zepmJb8KciTQzVJDlojjjyEg0/xwNmaLE8KklmChmb0VkjBUmxuZTsSH4qy+vk3bD9a9c76FRa7pFHGU4g3O4BB+uoQn30IIACDB4hld4c4Tz4rw7H8vWklPMnMIfOJ8/bfONtQ==</latexit>

B2

<latexit sha1_base64="TYWFVGWUQ3WnQS8FJQnT1IGzknw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5AURI9FL56kgqmFNpTNdtMu3d2E3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6WcaeN5305pbX1jc6u8XdnZ3ds/qB4etXWSKUIDkvBEdSKsKWeSBoYZTjupolhEnD5G45uZ//hElWaJfDCTlIYCDyWLGcHGSkH9un9X71drnuvNgVaJX5AaFGj1q1+9QUIyQaUhHGvd9b3UhDlWhhFOp5VepmmKyRgPaddSiQXVYT4/dorOrDJAcaJsSYPm6u+JHAutJyKynQKbkV72ZuJ/Xjcz8VWYM5lmhkqyWBRnHJkEzT5HA6YoMXxiCSaK2VsRGWGFibH5VGwI/vLLq6TdcP0L17tv1JpuEUcZTuAUzsGHS2jCLbQgAAIMnuEV3hzpvDjvzseiteQUM8fwB87nD5h/jdE=</latexit>

BN

<latexit sha1_base64="xWJthtG/77Epipl/zXYwa3CNffY=">AAAB73icbVBNSwMxEJ2tX7V+VT16CbaCp7JbED1JwYvHCvYD2qVks9k2NJusSbZQlv4JLx4U8erf8ea/MW33oK0PBh7vzTAzL0g408Z1v53CxubW9k5xt7S3f3B4VD4+aWuZKkJbRHKpugHWlDNBW4YZTruJojgOOO0E47u535lQpZkUj2aaUD/GQ8EiRrCxUrfan4TS6OqgXHFr7gJonXg5qUCO5qD81Q8lSWMqDOFY657nJsbPsDKMcDor9VNNE0zGeEh7lgocU+1ni3tn6MIqIYqksiUMWqi/JzIcaz2NA9sZYzPSq95c/M/rpSa68TMmktRQQZaLopQjI9H8eRQyRYnhU0swUczeisgIK0yMjahkQ/BWX14n7XrNu6q5D/VK4zaPowhncA6X4ME1NOAemtACAhye4RXenCfnxXl3PpatBSefOYU/cD5/AIWCj5w=</latexit>...

<latexit sha1_base64="9qUsmnGn8/j4XV20CkJFSkPtKL0=">AAAB+nicbZBLSwMxFIUz9VXra6pLN8FWcCFlpiC6rHbjsoJ9QDsMmTTThmYeJHfUMg74R9y4UMStv8Sd/8b0sdDWA4GPc27IzfFiwRVY1reRW1ldW9/Ibxa2tnd298zifktFiaSsSSMRyY5HFBM8ZE3gIFgnlowEnmBtb1Sf5O07JhWPwlsYx8wJyCDkPqcEtOWaxXIP2AOk7UHmplen9azsmiWrYk2Fl8GeQwnN1XDNr14/oknAQqCCKNW1rRiclEjgVLCs0EsUiwkdkQHragxJwJSTTlfP8LF2+tiPpD4h4Kn7+0ZKAqXGgacnAwJDtZhNzP+ybgL+hZPyME6AhXT2kJ8IDBGe9ID7XDIKYqyBUMn1rpgOiSQUdFsFXYK9+OVlaFUr9lnFuqmWapdPszry6BAdoRNko3NUQ9eogZqIonv0jF7Rm/FovBjvxsdsNGfMKzxAf2R8/gClGpP9</latexit>

WgB,C

<latexit sha1_base64="ZqB1m1Y8wzeZfj42WXYmZRB1TbI=">AAAB7HicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPFiyep4LaFdi3ZbLYNzWaXJCuUpeA/8OJBEa/+IG/+G9OPg7Y+GHi8N8PMvCAVXBvH+UYrq2vrG5uFreL2zu7efungsKmTTFHm0UQkqh0QzQSXzDPcCNZOFSNxIFgrGF5P/NYjU5on8t6MUubHpC95xCkxVvIq4cNtpVcqO1VnCrxM3DkpwxyNXumrGyY0i5k0VBCtO66TGj8nynAq2LjYzTRLCR2SPutYKknMtJ9Pjx3jU6uEOEqULWnwVP09kZNY61Ec2M6YmIFe9Cbif14nM9Gln3OZZoZJOlsUZQKbBE8+xyFXjBoxsoRQxe2tmA6IItTYfIo2BHfx5WXSrFXd86pzVyvXr55mcRTgGE7gDFy4gDrcQAM8oMDhGV7hDUn0gt7Rx6x1Bc0jPII/QJ8/9p6OhQ==</latexit>

dN

<latexit sha1_base64="ZqB1m1Y8wzeZfj42WXYmZRB1TbI=">AAAB7HicbVBNSwMxEJ34WetX1aOXYCt4KrsF0WPFiyep4LaFdi3ZbLYNzWaXJCuUpeA/8OJBEa/+IG/+G9OPg7Y+GHi8N8PMvCAVXBvH+UYrq2vrG5uFreL2zu7efungsKmTTFHm0UQkqh0QzQSXzDPcCNZOFSNxIFgrGF5P/NYjU5on8t6MUubHpC95xCkxVvIq4cNtpVcqO1VnCrxM3DkpwxyNXumrGyY0i5k0VBCtO66TGj8nynAq2LjYzTRLCR2SPutYKknMtJ9Pjx3jU6uEOEqULWnwVP09kZNY61Ec2M6YmIFe9Cbif14nM9Gln3OZZoZJOlsUZQKbBE8+xyFXjBoxsoRQxe2tmA6IItTYfIo2BHfx5WXSrFXd86pzVyvXr55mcRTgGE7gDFy4gDrcQAM8oMDhGV7hDUn0gt7Rx6x1Bc0jPII/QJ8/9p6OhQ==</latexit>

dN

<latexit sha1_base64="JevVSSNAErynAHO15rsRylQjnZU=">AAACD3icbVDLSgMxFM3Ud32NunQTbBUXUmYKoksfG1c+wFqhM5ZMeltDk8yQZIQyDPgBbvwVNy4UcevWnX9j+lio9cCFwznnktwTJZxp43lfTmFicmp6ZnauOL+wuLTsrqxe6ThVFGo05rG6jogGziTUDDMcrhMFREQc6lH3uO/X70BpFstL00sgFKQjWZtRYqzUdLfKQSpbNgAmO9o5DpjE1ZssOBPQIc3TPM8CnYq83HRLXsUbAI8Tf0RKaITzpvsZtGKaCpCGcqJ1w/cSE2ZEGUY55MUg1ZAQ2iUdaFgqiQAdZoN7crxplRZux8qONHig/tzIiNC6JyKbFMTc6r9eX/zPa6SmvR9mTCapAUmHD7VTjk2M++XgFlNADe9ZQqhi9q+Y3hJFqLENFW0J/t+Tx8lVteLvVryLaung8H5YxyxaRxtoG/loDx2gE3SOaoiiB/SEXtCr8+g8O2/O+zBacEYVrqFfcD6+AanknNU=</latexit> P
B,C22⌦N

<latexit sha1_base64="3l9S+8e/8Gc1J3UpfjnPxVNgOMo=">AAACJXicbZDLSgMxFIYz9VbrrerSTbAVXJWZgujCRUUElxXsBTplOJNJ29BMZkgyQhkGfBY3voobFxYRXPkqphdBWw8k/Hz/CTnn92POlLbtTyu3srq2vpHfLGxt7+zuFfcPmipKJKENEvFItn1QlDNBG5ppTtuxpBD6nLb84fXEbz1QqVgk7vUopt0Q+oL1GAFtkFe8LLuJCEwD1ak7AHMp1g8hc5lwQ9ADAjy9ybwfnKVT6vsGZmWvWLIr9rTwsnDmooTmVfeKYzeISBJSoQkHpTqOHetuClIzwmlWcBNFYyBD6NOOkQJCqrrpdMsMnxgS4F4kzREaT+nvFymESo1C33ROZlSL3gT+53US3bvopkzEiaaCzD7qJRzrCE8iwwGTlGg+MgKIZGZWTAYggWiTW8GE4CyuvCya1YpzVrHvqqXa1eMsjjw6QsfoFDnoHNXQLaqjBiLoCb2gNzS2nq1X6936mLXmrHmEh+hPWV/fOTSn8Q==</latexit>

E
�̂2E�

<latexit sha1_base64="d4nM6fh78HkrD/mAXlHxNfSnl+s=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYCLkFHYDoseIF48RzQOSJcxOepMhs7PLzKwQloA/4MWDIl79Im/+jZPHQRMLGoqqbrq7gkRwbVz321lb39jc2s7t5Hf39g8OC0fHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqZ+6xGV5rF8MOME/YgOJA85o8ZK96VyqVcouhV3BrJKvAUpwgL1XuGr249ZGqE0TFCtO56bGD+jynAmcJLvphoTykZ0gB1LJY1Q+9ns1Ak5t0qfhLGyJQ2Zqb8nMhppPY4C2xlRM9TL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNJ29D8JZfXiXNasW7qLh31WLt+mkeRw5O4QzK4MEl1OAW6tAABgN4hld4c4Tz4rw7H/PWNWcR4Qn8gfP5A0rHjYk=</latexit>

(
<latexit sha1_base64="t8fuDeIaxRJrJRK+Tnc7tbt3tDM=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYCLoJewGRI8RLx4jmgckS5id9CZDZmeXmVkhLAF/wIsHRbz6Rd78GyePgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4OGzpOFcM6i0WsWgHVKLjEuuFGYCtRSKNAYDMY3kz85iMqzWP5YEYJ+hHtSx5yRo2V7kvnpW6h6JbdKcgy8eakCHPUuoWvTi9maYTSMEG1bntuYvyMKsOZwHG+k2pMKBvSPrYtlTRC7WfTU8fk1Co9EsbKljRkqv6eyGik9SgKbGdEzUAvehPxP6+dmvDKz7hMUoOSzRaFqSAmJpO/SY8rZEaMLKFMcXsrYQOqKDM2nbwNwVt8eZk0KmXvouzeVYrV66dZHDk4hhM4Aw8uoQq3UIM6MOjDM7zCmyOcF+fd+Zi1rjjzCI/gD5zPH0xMjYo=</latexit>

),

(B.2)

where each Bi and Ci have two choices: swap operator (1) or identity operator (0), and WgB,C =

(d2 −1)−N(−1/d)|B⊖C| is the Weingarten function of regions B and C, where B⊖C = (B\C)∪

(C \B) denotes their symmetric difference. In the above tensor diagram, short parallel lines

indicate the periodic boundary condition, and the summation of B and C is over all possible

subregions of the N qudit system. As we can see, if we choose a subregion B to be the swap

operators, then ρ will be traced out on the counter part B̄. In addition, the identity operators (red

lines) on B̄ are inserted. So the first tensor diagram in Eq. (B.2) is the reduced density matrix

embedded back into the total Hilbert space. We spoil the notation and use ρBdB̄ = (TrB̄ ρ)⊗1B̄

to denote the first tensor diagram, but one should remember the identity operators are supported

in region B̄. The tensor product ⊗ notation indicates that (TrB̄ ρ) and 1B̄ act separately in regions

B and B̄, which does not imply that B should be a consecutive region “in front of” B̄ (as in the

conventional notation). The second tensor diagram in Eq. (B.2) is the 2nd entanglement feature

of the prior POVM Eσ,

W (2)
Eσ,C

≡ E
σ̂∈Eσ

TrC(TrC̄ σ̂)2 = E
σ̂∈Eσ

e−S(2)C (σ̂), (B.3)

where S(2)C (σ̂) denotes the 2nd Rényi entanglement entropy of the state σ̂ in region C. The above

tensor diagram representation is equivalent to Eq.6.7 in the main text.
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B.2 Variance estimation and sample complexity

In the main text, we relate the sample complexity M with the ρ-dependent shadow norm

∥O∥2
Eσ|ρ

, by

M ≥ ∥O∥2
Eσ|ρ

/ε
2
δ. (B.4)

However, the ρ-dependent shadow norm ∥O∥2
Eσ|ρ

is generally complicated to evaluate. If we are

not interested in the shadow norm for a specific state ρ, but rather the expectation of the shadow

norm over an ensemble of states {V ρV †} that are similar to ρ by local basis transformations

V ∈ U(d)N , we can actually define a ρ-independent shadow norm by averaging over V . The result

is similar to Eq. (6.15)

∥O∥2
Eσ

≡ E
V∈U(d)N

∥O∥2
E

σ|V ρV †

= ∑
g,h∈SN

3

∥O∥2
gWgg,hW (3)

Eσ,h
,

(B.5)

where ∥O∥2
g is inherited from Eq. (6.16)

∥O∥2
g ≡ E

V∈U(d)N
∥O∥2

V ρV †,g

= Tr
(
(M −1[O]⊗2 ⊗1)χg

)
.

(B.6)

Compared with Eq. (6.16), we can see that the ensemble average EV∈U(d)N in Eq. (B.6) removes

the ρ dependence by effectively replacing ρ with d−N1 (the prior density matrix that defines

the prior POVM Eσ). This explains the consistency in our notation that ∥O∥2
Eσ

= Eσ̂∈Eσ
ô(σ̂)2

follows from essentially the same definition as in Eq. (6.14).

Note that the reconstruction map M −1 always commutes with the local basis transfor-

mation V = ∏iVi, i.e. M −1[V †OV ] = V †M −1[O]V , because Vi acts on each qudit separately

and hence does not interfere with the partial trace operation. This indicates that the norm

165



∥O∥2
g = ∥V †OV∥2

g is invariant under the transformation V . This suggests us to define a locally

scrambled ensemble EO (or known as U(d)N-twirling) associated with any given observable O

EO ≡ {V †OV |V ∈ U(d)N}, (B.7)

such that ∥O∥2
g in Eq. (B.6) can be redefined as its ensemble average

∥O∥2
g = E

O∈EO

∥O∥2
g

= E
V∈U(d)N

Tr
(
(M −1[V †OV ]⊗2 ⊗1)χg

)

= ∑
A,B,C,D∈2ΩN

d2NrArBWgC,DW (2)
EO,D

Tr
(
((χC)A,B ⊗1)χg

)
.

(B.8)

Here χC denotes the swap operator supported in region C that acts between the first two copies of

the Hilbert space, and (χC)A,B denotes the reduction of χC in region A and B respectively in the

first and the second copies of the Hilbert space, which results in (χC)A,B = χA∩B∩Cd|A∩B∩C|−|C|.

The operator entanglement feature W (2)
EO,D

= EO∈EO TrD(TrD̄ O)2 follows from the same defi-

nition given in Eq. (6.8). rA,rB are the reconstruction coefficients given by the solution of

Eq. (6.12). Substitute Eq. (B.8) to Eq. (B.5), we can evaluate the summation of g,h given that

∑g,h∈SN
3

Tr(χA∩B∩Cχg)Wgg,hW (3)
Eσ,h

=W (2)
Eσ,A∩B∩C. The reduction of the 3rd entanglement feature

to the 2nd entanglement feature is a consequence of the fact that ρ drops out from the tensor

product in Eq. (B.6), such that only 2-fold Hilbert space is required to define ∥O∥2
Eσ

.

Thus we finally arrive at the expression for the operator shadow norm purely in terms of

the entanglement features of Eσ and EO,

∥O∥2
Eσ

= ∑
A,B,C,D∈2ΩN

vA,B,C,DW (2)
Eσ,A∩B∩CW (2)

EO,D
, (B.9)
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where the coefficient vA,B,C,D is given by

vA,B,C,D = rArB

( d2

d2 −1

)N
d|A∩B∩C|−|C|

(
− 1

d

)|C⊖D|
. (B.10)

B.3 Fidelity estimation for mixed state

Our method is not restricted to pure state. In variational quantum state preparation, even

the target state is some pure state, noise in the preparation circuit could make the final state

in experiments a mixed state. We can use the shallow circuit classical shadow tomography to

efficiently estimate the quantum fidelity between final prepared quantum state ρP and the target

quantum state ρT . Fast access to this quantity is crucial for variational quantum state preparation,

error mitigation and etc. As an example, we consider the noisy preparation of a perfect GHZ state

with Z errors occurs at probability p. The prepared state can be expressed as

ρP = (1− p)|ψ+
GHZ⟩⟨ψ+

GHZ|+ p|ψ−
GHZ⟩⟨ψ−

GHZ|, (B.11)

where |ψ±
GHZ⟩ = 1√

2
(|0⊗N⟩ ± |1⊗N⟩). We compare the performance between random Pauli

measurement and shallow circuit shadow tomography with 3 layers of local random unitaries.

Experiments are performed on a 9-qubit system and 5000 classical snapshots are collected for

both random Pauli shadow tomography and shallow circuits shadow tomography. The result is

shown in Fig. B.1. As we can see, for 5000 experiments, the quantum fidelity estimated using

random Pauli measurement has huge error bar, indicated by the blue shaded region. However,

same amount of data collected after shallow circuit evolution can give accurate estimation of

quantum fidelity, and error bar is almost four times smaller. Practically, this makes the usage of

shallow circuits more appealing.
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L = 3

Figure B.1: Fidelity estimation between mix state and target state. 5000 experimental classical
snapshots are prepared for both random Pauli measurement (L = 0) and shallow random unitary
circuit (L = 3). Error bar indicates 3 standard deviation.

B.4 Approximated unitary ensemble and purification

In the main text, we have seen when the measurement channel M in data acquisition and

the reconstruction channel M −1 in classical post-processing mismatch, the reconstructed density

matrix 1
M ∑σ̂∈Eσ|ρ M −1[σ̂] may not be positive-definite. And it results in biased prediction of

physical quantities. In Fig. 6.5 (a) and Fig. 6.9, we have seen the biased prediction of fidelity that

is larger than one. In Fig. B.2, we plot the eigenvalues of reconstructed density matrix of 7-qubit

GHZ state using DQIM ensemble with T/TTh = 1.38. In the main text, we have seen the DQIM

ensemble with one period of evolutional time or T/TTh = 1.38 is not sufficient to achieve the

local scrambling assumption, such that there is mismatch between data acquisition channel M

and reconstruction channel M −1. We see the spectrum of density matrix contains some negative

eigenvalues.

DQIM J = 1,T /TTh = 1.38
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Figure B.2: Eigenvalues of reconstructed density matrix ρ̃ of 7-qubit GHZ state using mis-
matched channels. The unitary ensemble is single instance of DQIM ensemble with J = 1, and
T/TTh = 1.38. Under this condition, the unitary ensemble is not locally scrambled.
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In addition, the approximate shadow tomography based on locally scrambling Hamiltonian

evolution, such as DQIM ensemble or GUE2 ensemble, is approximately unbiased when local

scrambling is approximately satisfied or frame potential gap is vanishingly small. In Fig. 6.9, we

have seen they all can give unbiased prediction of quantum fidelity when T ≥ 10TTh. We directly

visualize the reconstructed density matrix using approximated DQIM ensemble in Fig. B.4 and

Fig. B.5. As we see in Fig. B.5, at T/TTh = 1.95, the locally scrambling assumption is not

satisfied, and reconstructed density matrix is biased. In contrast, at T/TTh = 25.3 (Fig. B.4), the

reconstructed density matrix using a single instance of DQIM Hamiltonian is perfect, justifying

the validity of our approach when the locally scrambling assumption is approximated satisfied.
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Figure B.3: Fidelity estimation of approximated unitary ensemble after purification. After
around T ∼ 10TTh, the fidelity is around 0.99. Same data are used as Fig. 6.9

Further more, for biased reconstruction, in order to make it positive definite, we can

nonlinear project the reconstructed ρ to the convex set of physical states C = {ρ|ρ ⪰ 1,Tr(ρ) = 1}

by minimizing

ΠC(σ) = argmin
ρ∈C

Tr((ρ−σ)2), (B.12)

which is the method mentioned in Ref. [ASS21]. If we have more prior knowledge about the

quantum state, such as it is a pure state, then we can further impose those assumptions into the

projection. Here, as an illustration, we utilize the knowledge that the target quantum state is pure,

and we project the reconstructed ρ to a pure state ρ̃ in C by choosing the eigenstate of ρ with the

largest eigenvalue. As shown in Fig. B.3, for the approximated ensembles, the GUE2 and DQIM
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are biased in the short time region, and projected state ρ̃ has a fidelity less than one. And when

locally scrambling assumption is approximately satisfied, the projected ρ̃ will have fidelity that is

approximately 0.99. With these checks:

• unbiased prediction of physical quantities, see Fig. 6.9

• high fidelity of reconstructed density matrix projected back to physical space, see Fig. B.3

we confirm the approximated shadow tomography can perform unbiased reconstruction.
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Figure B.4: Unbiased reconstruction of a 7-qubit GHZ density matrix, using a single instance
of Hamiltonian in the DQIM ensemble at T/TTh = 25.3 (after the local scrambling condition is
achieved).
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Figure B.5: Biased reconstruction of a 7-qubit GHZ density matrix, using a single instance of
Hamiltonian in the DQIM ensemble at T/TTh = 1.95 (before the local scrambling condition is
achieved).
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Appendix C

Topological and symmetry-enriched

random quantum critical points

C.1 Spectrum bifurcation renormalization group

In this appendix, we briefly summarize the spectrum bifurcation renormalization group

(SBRG) method [YQX16, SYX16, SBYX17]. The basic idea of SBRG is to progressively

identify conserved quantities by block diagonalization, and treat the off-diagonal term within

second order perturbation theory. The general form of a qubit model Hamiltonian can be written

as

H = ∑
[µ]

h[µ]σ
[µ], (C.1)

where σµi (µi = 0,1,2,3) are Pauli matrices acting on the ith site, and σ[µ] ≡ σµ1 ⊗σµ2 ⊗σµ3 · · ·

denotes a string of Pauli operators. The real coefficients h[µ] are drawn from some random

distribution. To progressively diagonalize the Hamiltonian in Eq.(C.1), we first find the leading

energy scale term

H0 = h[µ]maxσ
[σ]max, (C.2)
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where |h[µ]max| has the largest value among all the coefficients. We then block diagonalize term

σ[µ]max by a Clifford rotation R,

R†
σ
[µ]maxR = σ

3[0···0], (C.3)

and all the other terms will be rotated by the same operator R, such that H → R†HR. As we

block diagonalize the leading energy term, the many-body spectrum bifurcates to high energy

E ∼ |h[µ]max| sector, or to low energy E ∼ −|h[µ]max| sector. We now reduce the other leftover

Hamiltonian to either sector. The Hamiltonian can be separated into the following three terms:

H = H0 +∆+Σ, (C.4)

where ∆ are the terms that commute with the leading term H0, and Σ are the terms that anti-

commute with H0. We will renormalize the off-diagonal term Σ using second order perturbation

+ϵ1

-ϵ1

+ϵ2

-ϵ2

+ϵ2

-ϵ2

Figure C.1: Spectrum bifurcation renormalization group. Spectrum of energy generated by
SBRG: at each RG steps, the RG bifurcates into a high- and low-energy branch, corresponding
to τi =±1 respectively. Each many-body eigenstate corresponds to a leaf of the tree, uniquely
labelled by the values {τi =±1}.
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theory, H → S†HS, with S = exp
(
−H0Σ/2h[µ]max

)
. The effective Hamiltonian reads

H = H0 +∆+
1

2h2
[µ]max

H0Σ
2 +O

(
1

2h3
[µ]max

)
. (C.5)

And we will only keep terms generated up to 2nd order in perturbation theory. We then repeat

this procedure at O(N) times to fully diagonalize the original many-body Hamiltonian. At the

end of RG flow, we will obtain the effective Hamiltonian

Heff = ∑
i

εiτi +∑
i< j

εi jτiτ j + · · · , (C.6)

where τi =±1 are the emergent conserved quantities.

The whole RG transformation can be summarized as a unitary transformation,

URG = R1S1R2S2 · · ·= ∏
i

RiSi, (C.7)

and H →U†
RGHURG ≈ Heff. The eigenstates can be labeled by a vector of conserved quantities,

i.e. |τ⟩= |τ1 = 1,τ2 =−1, · · ·⟩. We can effectively calculate the expectation value of any physical

observable Ô in the {τi} basis as

⟨ψ|Ô|ψ⟩= ⟨ψ|URGU†
RGÔURGU†

RG|ψ⟩= ⟨τ|Ôeff|τ⟩. (C.8)

The entanglement entropy can also be efficiently calculate using the stabilizer formalism[YQX16,

FCY+04].

We investigated the bulk property of Ising∗ transition as a sanity check. In Fig.C.2 (a)

show the entanglement entropy SE =−trρA logρA grows logarithmically with the size LA of the

entanglement region following SE(LA)= (ceff/3) logLA[RM07]. We observe the “effective central

charge” ceff = (0.51±0.02) log2, which is consistent with the expectation ceff = (1/2) log2 for
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the infinite-randomness fixed point in the Ising universality class. Another signature of the

infinite-randomness fixed point is the dynamical scaling l ∼ (log t)2 ∼ (− logε)2 that relates the

length scale l and the energy scale ε[Fis95]. We check this by examining the relation between the

length la of the Pauli string τa and its corresponding energy coefficient εa in HMBL. Fig. C.2 (b)

confirms the scaling logεa ∼−√
la. These evidences justify that the disordered Ising∗ does flow

to an infinite-randomness fixed point.
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Figure C.2: Bulk criticality of the Ising⋆ fixed point (a) Entanglement entropy scaling and (b)
dynamical scaling (collected over 104 realizations) at the Ising⋆ fixed point.

C.2 DMRG analysis of the symmetry-enriched random singlet

phase

In order to study the stability of the symmetry-enriched random singlet phase discussed

in the main text, we included perturbations to take the B spins away from integrability, to further

couple the A and B spins, and we also added generic symmetry-preserving terms near the edges.

In the following, we take Ji and ∆i to be drawn from uniform random distributions, between

[0.1,1.0] and [0.3,0.7], respectively; gB = 0.3, and V = −∑i 0.1XB
i XB

i+1 +0.1ZA
i XB

i ZA
i+1 where

the first term breaks integrability of the B spins while the second term couples A and B spins

before the unitary twist. We also add small fields 0.2(XA
0 +XA

N )+(XB
0 +XB

N ) that preserve the
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Figure C.3: Entanglement scaling in the symmetry-enriched random singlet phase. Bipar-
tite entanglement entropy vs system size in the groundstate of the symmetry-enriched random
singlet phase, computed using DMRG. The numerical results are consistent with the random
singlet phase prediction S ∼ log2/6logL (solid lines).

ZA
2 ×ZB

2 symmetry. (Note that those boundary terms break the U(1) ∑i ZA
i conservation at the

boundary, but that symmetry is only required to tune the bulk to criticality, and does not play a

role in protecting the edge modes.)

Because of the non-Abelian symmetry GA of the model, the SBRG approach used to study

eq. 1 in the main text does not apply here 1. In order to establish the presence of topological

edge modes and study their interplay with the coexisting quantum critical bulk fluctuations,

we compute the low-energy spectrum using density-matrix renormalization group (DMRG)

techniques [Whi93, ITe]. While DMRG cannot access system sizes as large as SBRG, it has the

advantaged of being essentially numerically exact for reasonably small system sizes (L≲ 50 before

numerical instabilities make the variational sweeps unpractical). We used the ITensor library [ITe]

to perform DMRG simulations of the disordered symmetry-enriched random singlet Hamiltonian,

using bond dimension χ ∼ 500. We considered system sizes L = 2N = 12, 16, 20, . . . , 48, where

N is the number of spins per species A,B. The number of disordered realizations ranged from

1Contrary to the random Ising⋆ universality class which extends to the whole spectrum (at least in the non-
interacting case, where there is a “strong zero mode” [Fen12, Fen16]), here we expect the ZA

2 symmetry to be
spontaneously broken in highly excited states, protected by MBL [VFPP16], resulting in very different physics than
the quantum critical behavior at low energies.
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∼ 6000 (for the largest system size L = 48) to 3×104. We found that a large number of disorder

realizations was necessary to observe the expected random singlet quantum critical behavior.

However, the topological edge modes can be observed on individual disorder realizations.

We find an exponentially small in system size splitting between the two groundstates,

| ↑L↓R⟩± | ↓L↑R⟩, where R and L denote the configurations of the right and left edge modes,

as in the main text. The orientation of the edge modes can be detected from the spontaneous

boundary magnetization in each eigenstate upon adding a small magnetic field. We observe

numerically that those groundstates are separated from the first excited states | ↑L↑R⟩± | ↓L↓R⟩:

critical bulk fluctuations separate ferro- and antiferromagnetic alignments of the edge modes,

leading to a 2-fold groundstate degeneracy. Coexisting with these topological edge modes, we

find bulk quantum critical properties characteristic of a random singlet phase. The typical bulk

gap closes as ∆Etypical ≡ elog∆E ∼ e−
√

L, with as in the Ising case, a broad gap distribution leading

to a different scaling for the average ∆E ∼ e−L1/3
. This stretched-exponential gap closing is

hallmark of an infinite randomness quantum critical point, and is apparent in our DMRG results

as shown in the main text. We find other signatures of random-singlet criticality: in particular, the

entanglement entropy (using open boundary conditions, with the entanglement cut in the middle

of the system) grows logarithmically with system size L (Fig. C.3), with a prefactor compatible

with the prediction S ∼ log2
6 logL [RM04].

C.3 Floquet Ising⋆ criticality

In this appendix, we analyze the edge mode structure of the Floquet transverse Ising chain.

We focus on the non-interacting limit for simplicity, and also consider uniform couplings as most

features we want to illustrate are already apparent in this limit. Disorder is needed to many-body

localize the phases in the presence of interactions, and to make the notion of Floquet phase

structure meaningful away from the non-interacting limit. (Without disorder, Floquet systems
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typically heat up indefinitely and thermalize to infinite temperature.) Let us work in the Majorana

representation with a pair of Majorana fermions γ j, γ̃ j per site j, and define

Hα ≡ i
2 ∑

n
γ̃nγn+α. (C.9)

Under time evolution, we have

γn(t) = eiHαt
γne−iHαt = cos(t)γn − sin(t)γ̃n−α,

and

γ̃n(t)≡ eiHαt
γ̃ne−iHαt = cos(t)γ̃n + sin(t)γn+α.

If we introduce the unitaries

U0 ≡ e−ihH0 and U1 ≡ eiJH1, (C.10)

we have, after a Jordan-Wigner transformation

F =U1U0 = e−
i
2 ∑i JZiZi+1e−

i
2 ∑i hXi, (C.11)

which is indeed the Floquet operator of the driven Ising chain.
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Figure C.4: Topological edge modes at Floquet criticality. (a) Schematic representation of
the Floquet phase diagram of eq. (C.11). (b) The localization length of the zero mode; note
that it remains finite (purple region) at the critical line between SG and 0πPM (c) Similarly, the
localization length for the π mode remains finite at the transition between πSG and 0πPM.

Under Floquet stroboscopic evolution, we have

F†
γnF =





cos(J)(cos(h)γn − sin(h)γ̃n)+ sin(J)(cos(h)γ̃n−1 + sin(h)γn−1) if n > 1

cos(h)γ1 − sin(h)γ̃1 if n = 1

(C.12)

F†
γ̃nF =





cos(J)(cos(h)γ̃n + sin(h)γn)− sin(J)(cos(h)γn+1 − sin(h)γ̃n+1) if n < N

cos(h)γ̃N + sin(h)γN if n = N.

(C.13)

From these expressions, we can construct the exact 0 and π modes for a half-infinite chain [YEM19]:

γ
(0)
L ≡

∞

∑
n=1

(
tan(h/2)
tan(J/2)

)n−1

(cos(h/2)γn − sin(h/2)γ̃n) , (C.14)

γ
(π)
L ≡

∞

∑
n=1

(
− 1

tan(h/2) tan(J/2)

)n−1

(sin(h/2)γn + cos(h/2)γ̃n) . (C.15)

Here the labels 0 and π refer to the quasi-energies of those modes, that is, F†γ
(0)
L F = γ

(0)
L , and

F†γ
(π)
L F = eiπγ

(π)
L .
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Those edge modes are only meaningful when they are localized and normalizable. We

plot the localization length of those modes as a function of J and h, and compare it to the

known phase diagram of this model [KLMS16] (Fig. C.4). As expected, all four phases can be

distinguished by their edge mode content: the paramagnet (PM) has no edge mode, the spin

glass (SG) Ising symmetry-broken phase has a 0-Majorana mode, the π-spin glass (πSG) has a

π-Majorana mode, and finally, the 0π-paramagnet (0πPM) has both a 0 and a π-Majorana mode.

Remarkably, we find that the localization length of the zero mode remains finite at the critical

line between SG and 0πPM. Similarly, the localization length for the π mode remains finite at the

transition between πSG and 0πPM. In other words, the transitions out of the 0πPM phase are in

the Ising⋆ universality class. While we focused on the clean (uniform) case for simplicity, we have

checked numerically that this carries over to the disordered case, and that both transition lines

out of the 0πPM support exponentially localized edge modes. This Ising⋆ critically is protected

by a Z2 ×Z2 symmetry, where one of the Z2’s is emergent and inherited from time translation

symmetry. Indeed, the SG-0πPM transition will have an Ising disorder operator µ (for the critical

Z2 Ising symmetry) which is charged under the emergent Z2 time-translation symmetry (this

protects the edge mode for the same reasons as the Z2 ×ZT
2 -symmetric case studied in the main

text); analogously, the Ising disorder operator µ for the πSG-0πPM transition corresponds to the

time translation Z2 which is now charged under the explicit Ising symmetry ∏n Xn. Disorder

is essential to meaningfully discuss the phase structure of Floquet systems in the presence of

interactions, so the relevant criticality in general is the random Ising⋆ universality class discussed

in the main text.
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Appendix D

Machine learning holographic mapping by

neural network renormalization group

D.1 Minimal Bulk Mutual Information Principle

The maximal real-space mutual information (maxRMI) principle proposed in Ref. [KR18,

LRHK18] aims to maximize the mutual information between the coarse-grained field and the

fine-grained field in the surrounding environment at a single RG step. In this section, we show

that the maxRMI principle can be derived from our minimal bulk mutual information (minBMI)

principle under certain assumptions.

ζC

ϕA

ϕA
′ζA

ϕB

ϕB
′ ζB

UV

IR

G
-
1 G

1

Figure D.1: Functional dependence of variables in the neural-RG network. Each block repre-
sents a bijective map.
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Let us set up the problem based on Fig.D.1. Assuming φA and φB are field configurations

in two neighboring regions A and B in the UV layer. Under one step of the RG transformation,

φA gets mapped to the coarse grained variable φ′A and the bulk variable ζA, and the mapping

is bijective. Similarly, another bijection takes φB to φ′B and ζB. Eventually, φ′A and φ′B will be

mapped to the bulk field ζC in deeper IR layers. Therefore the random variables that appeared in

Fig. D.1 are related by the following bijections fA, fB, fC as

(φ′A,ζA) = fA(φA),(φ
′
B,ζB) = fB(φB),ζC = fC(φ′A,φ

′
B). (D.1)

What are the information theoretical principles to guide the bijections fA, fB, fC toward good RG

transformations? We propose the minBMI principle that these bijections should minimize the

mutual information among the bulk variables,

min I(ζA : ζB)+ I(ζA : ζC)+ I(ζB : ζC). (D.2)

Ref. [KR18, LRHK18] propose another principle, the maxRMI principle, that the RG transforma-

tion should maximize the mutual information between the coarse grained variable (such as φ′A)

and its environments (such as φB),

max I(φ′A : φB). (D.3)

We can show that the objective of the maxRMI in Eq. (D.3) is consistent with the objective of the

minBMI in Eq. (D.2) in the limit of UV-IR decoupling.

The minBMI principle aims to minimize mutual information among all bulk variables,

both between different RG scales and within the same RG scale. Its objective has a broader

scope than the maxRMI principle, because the later does not specify its objectives across the RG

scales. So to make a connection between these two principles, one must first restrict the scope

of the minBMI principle to a single layer. This can be achieved by assuming that there is no
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mutual information between bulk variables at different RG scales. In our setup, this corresponds

to I(ζA,ζB : ζC) = 0, which factorizes the joint probability p(ζA,ζB,ζC) = p(ζA,ζB)p(ζC) and

decouples the bulk variables between UV and IR. As a result, the mutual information between

any bulk variables across different RG scales vanishes I(ζA : ζC) = I(ζB : ζC) = 0. This already

minimizes the bulk mutual information across layers and reduces the minBMI objective in

Eq. (D.2) to

min I(ζA : ζB). (D.4)

In this UV-IR decoupled limit, we can prove that max I(φ′A : φB) and min I(ζA : ζB) are equivalent.

The proof starts by considering the mutual information between φA and φB. We can see

that

I(φA : φB) = I(φ′A,ζA : φB)

= I(φ′A : φB)+ I(ζA : φB)

= I(φ′A : φB)+ I(ζA : φ
′
B,ζB)

= I(φ′A : φB)+ I(ζA : φ
′
B)+ I(ζA : ζB)

= I(φ′A : φB)+ I(ζA : ζB).

(D.5)

Here we have used the bijective property of fA, fB, fC to obtain I(φA : φB) = I(φ′A,ζA : φB), I(ζA :

φB) = I(ζA : φ′B,ζB) and I(ζA : ζC) = I(ζA : φ′A,φ
′
B). In the UV-IR decoupled limit, I(ζA : ζC) = 0,

so I(ζA : φ′A,φ
′
B) = 0, which further implies I(ζA : φ′A) = I(ζA : φ′B) = 0. With these relations, all

steps in Eq. (D.5) are justified. On the left hand side, I(φA : φB) is determined by the field theory

in the UV layer, which can be treated as a constant. For the given amount of information between

regions A and B, Eq. (D.5) tells us that I(φ′A : φB) and I(ζA : ζB) are competing for information

resources. Therefore maximizing I(φ′A : φB) is equivalent to minimizing I(ζA : ζB).

We can apply this argument layer by layer. Then to achieve the objective of the maxRMI

principle, we need to minimize mutual information among bulk variables in the same RG scale,
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which is precisely the statement of the minBMI principle when restricted to each layer. In this

sense, the maxRMI and minBMI principles are consistent. However, the minBMI principle

actually relaxes the assumption that bulk variables at different RG scales are fully decoupled.

Instead, we want to minimize mutual information among all bulk variables, including those across

the scales. In this sense, the minBMI principle is more general than the maxRMI principle.

D.2 Design of Bijectors

We designed a set of symmetry-persevere bijectors to making sure that U(1) symmetry of

the boundary is preserved at each bijector. For the generative process, at each RG step, it takes

the four complex degrees of freedom and they go through three layers of bijectors: S , O, and A .

I. Scaling layer(S ): At scaling layer, each complex variables φi is multiplied by a factor

eλi . The inverse and the Jacobian of this transformation can be obtained easily.

II. Orthogonal transformation layer(O): The orthogonal transformation in disentangler

and decimator is in general an O(4) transformation. In stead, we implemented it by stacking

multiple O(2) transformations. In Fig. D.2(a), each blue block represents the matrix:

Mblue(θi) =




sinθi cosθi

cosθi −sinθi


 , (D.6)

and the orange block in Fig. D.2(b) represents the matrix:

Morange(θi) =




cosθi −sinθi

sinθi cosθi


 . (D.7)

θi in those blocks are training parameters. The arrangement of the type I and type II blocks are

such designed that when Mblue(θi = π/4) and Morange(θi = 0) the network reproduces the ideal

EHM originally proposed in Ref. [Qi13]. We initialize the parameter to this ideal limit.
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Figure D.2: Orthogonal transformation.

III. Non-linear layer(A) For non-linear part, we use the amplitude hyperbolic functions

for complex field φi. In coarse-graining direction, it acts in the following,

Re(ζ) = sinh |φ|Reφ

|φ| ;

Im(ζ) = sinh |φ|Imφ

|φ| .
(D.8)

The corresponding inverse and Jacobian can be calculated easily.

D.3 Neural Network Training

All the training parameters of our neural RG network are contained in scaling bijectors

and orthogonal transformation bijectors as illustrated in Appendix D.2. We imposed translation

invariance of our network at each layer, due to translation invariance of the system at each energy

scale. The total number of training parameters scale with O(log(N)), where N is the size of

boundary theory. The prefactor depends on the depth of bijector neural networks. In our case, the

total number of training parameters are 24log2 N. In order for faster convergence of the training,

we first set learning rate for parameters contained in scaling bijectors as 10−2, and gradually
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reduce it to 10−4. And the learning rate for parameters contained in orthogonal transformation

bijectors is always 10−4.

D.4 Monte Carlo Sampling Efficiency

0 100000 200000 300000 400000 500000
0.0
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0.4
0.6
0.8
1.0
1.2
1.4

Epochs

〈ϕ
〉

Latent space HMC Physical space HMC

1

Printed by Wolfram Mathematica Student Edition

Figure D.3: MCMC result.

We tested numerical efficiency of our method by comparing convergence rate between

Hamiltonian Monte Carlo(HMC) on the boundary system, and HMC in the bulk system. Both

method are implemented using TensorFlow probability API with same parameters. The result is

shown in Fig.D.3. As we can see, the HMC in the bulk system converges faster than the HMC on

the boundary system.

D.5 Design of the Correlated Gaussian Prior

In finding the effective bulk field theory, we assume the bulk field is very massive. Under

this assumption, higher-order interaction terms are irrelevant. Therefore, we use a correlated

Gaussian distribution with positive definite kernel matrix K as our effective bulk field theory.

We also assumed locality of our effective bulk field theory, which means Ki j is non-zero if and

only if ζi and ζ j are nearest neighbors in the bulk, including neighbors inter-scale and intra-scale.

To further reduce the fitting parameters of matrix K, we also imposed translation invariance of
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the bulk field at each scale. This is reasonable, because our RG scheme also has the translation

invariance at each scale.

To ensure matrix K is positive definite, we decomposed matrix K into a set of positive

semi-definite matrix and a mass term. Particularly,

K = ∑
⟨i j⟩

λi j(|i⟩⟨i|+ | j⟩⟨ j|− |i⟩⟨ j|− | j⟩⟨i|)+mI, (D.9)

where I is the identity matrix, and λi j and m are positive numbers. This ensures matrix K we

constructed is positive definite.
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states: The quantum de Finetti representation. Journal of Mathematical Physics,
43(9):4537–4559, September 2002.

[CGLW12] Xie Chen, Zheng-Cheng Gu, Zheng-Xin Liu, and Xiao-Gang Wen. Symmetry-
protected topological orders in interacting bosonic systems. Science,
338(6114):1604–1606, 2012.

[CGLW13] Xie Chen, Zheng-Cheng Gu, Zheng-Xin Liu, and Xiao-Gang Wen. Symmetry
protected topological orders and the group cohomology of their symmetry group.
Phys. Rev. B, 87:155114, Apr 2013.

[CGW11] Xie Chen, Zheng-Cheng Gu, and Xiao-Gang Wen. Complete classification of
one-dimensional gapped quantum phases in interacting spin systems. Phys. Rev. B,
84:235128, Dec 2011.

[CGW+20] Peter Cha, Paul Ginsparg, Felix Wu, Juan Carrasquilla, Peter L. McMahon, and
Eun-Ah Kim. Attention-based Quantum Tomography. arXiv e-prints, page
arXiv:2006.12469, June 2020.

[CHhH02] Murray Campbell, A.Joseph Hoane, and Feng hsiung Hsu. Deep blue. Artificial
Intelligence, 134(1):57–83, 2002.

[CHLY17] Jordan Cotler, Nicholas Hunter-Jones, Junyu Liu, and Beni Yoshida. Chaos,
complexity, and random matrices. Journal of High Energy Physics, 2017(11):48,
November 2017.

[CHN18] Andrea Carosso, Anna Hasenfratz, and Ethan T. Neil. Nonperturbative Renor-
malization of Operators in Near-Conformal Systems Using Gradient Flows. ,
121:201601, Nov 2018.

[Cho75] Man-Duen Choi. Completely positive linear maps on complex matrices. Linear
Algebra and its Applications, 10(3):285–290, 1975.

[CJR+12] Jianxin Chen, Zhengfeng Ji, Mary Beth Ruskai, Bei Zeng, and Duan-Lu Zhou.
Comment on some results of Erdahl and the convex structure of reduced density
matrices. Journal of Mathematical Physics, 53(7):072203–072203, July 2012.

[CJZZ12] Jianxin Chen, Zhengfeng Ji, Bei Zeng, and D. L. Zhou. From ground states to local
Hamiltonians. , 86(2):022339, August 2012.

192



[CLP+19] Juan Carrasquilla, Di Luo, Felipe Pérez, Ashley Milsted, Bryan K. Clark, Maksims
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[LMH+17a] B. P. Lanyon, C. Maier, M. Holzäpfel, T. Baumgratz, C. Hempel, P. Jurcevic,
I. Dhand, A. S. Buyskikh, A. J. Daley, M. Cramer, M. B. Plenio, R. Blatt, and C. F.
Roos. Efficient tomography of a quantum many-body system. Nature Physics,
13(12):1158–1162, 2017.

202
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