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Gravitational form factors of the proton from lattice QCD

Daniel C. Hackett,1, 2 Dimitra A. Pefkou,3, 2, 4 and Phiala E. Shanahan2

1Fermi National Accelerator Laboratory, Batavia, IL 60510, U.S.A.
2Center for Theoretical Physics, Massachusetts Institute of Technology, Cambridge, MA 02139, U.S.A.

3Department of Physics, University of California, Berkeley, CA 94720, U.S.A
4Nuclear Science Division, Lawrence Berkeley National Laboratory, Berkeley, CA 94720, USA

The gravitational form factors (GFFs) of a hadron encode fundamental aspects of its structure,
including its shape and size as defined from e.g., its energy density. This work presents a determi-
nation of the flavor decomposition of the GFFs of the proton from lattice QCD, in the kinematic
region 0 ≤ −t ≤ 2 GeV2. The decomposition into up-, down-, strange-quark, and gluon contribu-
tions provides first-principles constraints on the role of each constituent in generating key proton
structure observables, such as its mechanical radius, mass radius, and D-term.

Achieving a quantitative description of the structure of
the proton and other hadrons in terms of their quark and
gluon constituents is a defining challenge for hadronic
physics research. The gravitational structure of the pro-
ton, encoded in its gravitational form factors (GFFs), has
come under particular investigation [1–23] since the first
extraction of one of its GFFs from experimental measure-
ments in 2018 [24]. Defined from the matrix elements of
the energy-momentum tensor (EMT) in a hadron state,
GFFs describe fundamental properties such as the mass
and spin of a state, the less well-known but equally funda-
mental D-term (or “Druck” term), and information that
can be interpreted in terms of the distributions of energy,
angular momentum, and various mechanical properties of
the system [25–28].

The proton GFFs A(t), J(t), and D(t) are defined as

⟨N(p′, s′)| T̂µν |N(p, s)⟩ = 1

m
ū(p′, s′)

ï
PµP νA(t)+

iP {µσν}ρ∆ρJ(t) +
1

4
(∆µ∆ν − gµν∆2)D(t)

ò
u(p, s),

(1)

where a{µbν} = (aµbν+aνbµ)/2, N(p, s) is a proton state
with three-momentum p and spin eigenvalue s = ± 1

2 ,
u(p, s) is the Dirac spinor, P = (p + p′)/2, ∆ = p′ − p,
t = ∆2, and σµν = i

2 [γµ, γν ] where γµ are the Dirac ma-

trices. T̂µν is the renormalization-scale independent [29]
symmetric EMT of QCD [30]. It can be decomposed into
quark and gluon contributions as T̂µν =

∑
i∈{q,g} T̂

µν
i ,

where

T̂µν
g = 2 Tr

ï
−FµαF ν

α +
1

4
gµνFαβFαβ

ò
,

T̂µν
q =

∑
f

î
iψ̄fD

{µγν}ψf

ó
,

(2)

Fµα is the gluon field strength tensor, ψf is a quark field
of flavor f , and Dµ = ∂µ + igAµ is the covariant deriva-
tive. The matrix elements of T̂µν

i define the renormaliza-
tion scheme- and scale-dependent partonic contributions
to the GFFs, which can also be interpreted as moments
of generalized parton distributions (GPDs) [31–33]. The

corresponding forward limits Ai(0), Ji(0), and Di(0) de-
scribe the partonic decomposition of the proton’s mo-
mentum, spin, and D-term, respectively. Poincaré sym-
metry imposes the sum rules [8, 32, 34–36] A(0) = 1 and
J(0) = 1/2, while the value of D(0) is conserved but
not constrained from spacetime symmetries [37]. The t-
dependence of the GFFs encodes additional information
about the quark and gluon contributions to densities in
the proton [25–27]. While determination of the flavor
decomposition of the proton’s momentum and spin have
a long history, reviewed in Refs. [38–41], constraints on
the D-term [17–20, 24, 42, 43] and the t-dependence [17–
21, 43–45] of the proton’s GFFs have been comparatively
recent.
This work presents a flavor-decomposition of the total

GFFs of the proton, A(t), J(t), and D(t), into gluon,
up-, down-, and strange-quark contributions, achieved
through a lattice QCD calculation with quark masses
yielding a close-to-physical value of the pion mass. The
Du+d(t) and Dg(t) GFFs are found to be consistent
with the recent experimental extractions of these quanti-
ties [24, 42], while the t-dependence of Ag(t) is consistent
with one of the two analyses of experimental data pre-
sented in Ref. [42] and in tension with the other (includ-
ing the updated analysis of Ref. [46]). The individual
up-, down-, and strange-quark GFFs are quantified for
the first time from experiment or first-principles theory,
albeit on a single lattice QCD ensemble, but fully ac-
counting for mixing with the gluon contribution. From
the GFFs, the energy and radial force densities of the pro-
ton, and the associated mass and mechanical radii, are
computed, allowing a quantitative comparison of these
different measures of the proton’s size.

Lattice QCD calculation: The lattice QCD calcula-
tion is performed using a single ensemble of gauge field
configurations generated by the JLab/LANL/MIT/WM
groups [47], using the Lüscher-Weisz gauge action [48]
and Nf = 2 + 1 flavors of clover-improved Wilson
quarks [49] with clover coefficient set to the tree-level
tadpole-improved value and constructed using stout-
smeared links [50]. The light-quark masses are tuned
to yield a pion mass of mπ ≈ 170 MeV, and the lat-
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2

tice spacing and volume are a ≈ 0.091 fm [51, 52] and
L3 × T = 483 × 96. The technical details of the lat-
tice QCD calculation are as for the determination of the
pion GFFs in Ref. [53] and are summarized below. Addi-
tional details, including analysis hyperparameter choices
and figures illustrating intermediate results, are included
in the supplementary material.

First, the bare matrix elements of T̂µν
g , and of the

singlet and non-singlet quark flavor combinations of the
EMT, i.e.,

singlet: T̂µν
q = T̂µν

u + T̂µν
d + T̂µν

s (3)

non-singlet: T̂µν
v1

= T̂µν
u − T̂µν

d , (4)

T̂µν
v2 = T̂µν

u + T̂µν
d − 2T̂µν

s , (5)

are constrained from ratios of three-point and two-point
functions that are proportional to the bare matrix ele-
ments of the EMT, Eq. (1), at large Euclidean times.
The three-point function of the gluon EMT is measured
on 2511 configurations, averaged over 1024 source posi-
tions per configuration, with the gluon EMT measured
on gauge fields that have been Wilson flowed [54–56]
to tflow/a

2 = 2, for all sink and operator momenta
with |p′|2 ≤ 10(2π/L)2 and |∆|2 ≤ 25(2π/L)2, and
all four spin channels, s, s′ ∈ {±1/2}. The connected
part of the quark three-point function is measured on
1381 configurations using the sequential source method,
inverting through the sink for 11 choices of source-
sink separation in the range [6a, 18a], with the num-
ber of sources varying between 9 and 32 for the differ-
ent source-sink separations. The momenta measured are
p′ ∈ 2π/L{(1, 0,−1), (−2,−1, 0), (−1,−1,−1)} and all
∆ with |∆|2 ≤ 25(2π/L)2, for a single spin channel with
s = s′ = 1/2. The disconnected parts are stochasti-
cally estimated on the same 1381 configurations as the
connected parts, using 2 samples of Z4 noise [57], di-
luting in spacetime using hierarchical probing [58, 59]
with 512 Hadamard vectors, and computing the spin-
color trace exactly. Measurements are made for all
|p′|2 ≤ 10(2π/L)2, |∆|2 ≤ 25(2π/L)2, and all four spin
channels,

Second, ratios of three- and two-point functions that
correspond to the same linear combination of GFFs—
as defined in Eq. (1), and up to an overall sign—are
averaged. The summation method [60–63] is used to
fit the Euclidean time-dependence of the averaged ra-
tios and extract the bare matrix elements. In all cases,
1000 bootstrap ensembles are used to estimate statisti-
cal uncertainties, and systematic uncertainties in fits are
propagated using model averaging with weights dictated
by the Akaike information criterion [64] (AIC) [65–67].
Since connected measurements exist for only a subset of
the matrix elements, the disconnected contributions to
the bare GFFs of Tq and Tv2

1 are fit separately using
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FIG. 1. The three GFFs of the proton, computed on the
lattice QCD ensemble of this work, and their decomposition
into gluon and total quark contributions, are shown as func-
tions of t. Inset figures show the isosinglet quark GFFs fur-
ther decomposed into up-, down-, and strange-quark contri-
butions. The total GFFs are renormalization scheme- and
scale-independent, while all other GFFs are shown in the MS
scheme at µ = 2 GeV. The dark bands represent dipole fits
to the data in the case of g and q = u+d+s, and linear com-
binations of the dipole fits to q, v1, and v2 in all other cases.
The lighter bands show analogous fits using the z-expansion.

1 Tv1 is purely connected, as the disconnected contributions cancel
in the difference.
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FIG. 2. The proton GFFs Ag(t), Dg(t), and Du+d(t) and cor-
responding dipole fits, computed on the lattice QCD ensem-
ble of this work, are compared with the experimentally con-
strained multipole parametrizations of Refs. [24] (BEG), [42]
(Duran et al.), and [46] (Guo et al.). For this comparison, the
results for Ag(t) are re-scaled such that the gluon momentum
fraction is Ag(0) = 0.414(8) [69], which is the value used as
an input in the extraction of Refs. [42] and [46]. This does
not affect the t-dependence of the GFF.

all available data, with the results used to obtain better
constraints for the subset for which connected parts are
available and thus to obtain the full matrix elements of
Tq and Tv2 . Finally, the matrix elements are divided
into 34 t-bins using k-means clustering [68], and the
GFFs are extracted by solving the resulting linear sys-
tems of equations, with the renormalization performed
non-perturbatively using the results and procedure pre-
sented in Ref. [53].

Results: The flavor decomposition of the renormal-
ized GFFs, computed on the lattice QCD ensemble of
this work, is presented in Fig. 1. To guide the eye, the
GFFs of currents g and q are fit using both a multipole

ansatz with n = 2 (dipole), chosen as the integer yielding
the lowest χ2 per degree of freedom for the majority of
the fits, as well as the more expressive z-expansion [70].
The GFFs are further decomposed to yield the individual
quark flavor contributions G(t) = (A(t), J(t), D(t)) from
the data and fits for currents q, v1, and v2, using

Gu(t) =
1

3
Gq(t) +

1

6
Gv2(t) +

1

2
Gv1(t) , (6)

Gd(t) =
1

3
Gq(t) +

1

6
Gv2(t)−

1

2
Gv1(t) , (7)

Gs(t) =
1

3
Gq(t)−

1

3
Gv2(t) . (8)

The functional forms of the fit models, along with the
resulting fit parameters, are given in the supplementary
material.
The flavor decomposition of the forward limits

A(0), J(0), and D(0) is summarized in Table I,
and can be compared with other recent lattice QCD
calculations of the decomposition of the momen-
tum and spin fractions of the proton. Specifi-
cally, recent studies of the forward-limit quantities
at or extrapolated to the physical pion mass report
Aq(0) = 0.491(20)(23), Ag(0) = 0.509(20)(23), Jq(0) =
0.270(11)(22), Jg(0) = 0.231(11)(22) [71], Aq(0) =
0.618(60), Ag(0) = 0.427(92), Jq(0) = 0.285(45), Jg(0) =
0.187(46) [72], and Ag(0) = 0.492(52)(49) [38]. In the
present calculation, the sum rules for the total momen-
tum fraction and spin are satisfied, and the total quark
and gluon contributions to these quantities are approxi-
mately equal. The calculated gluon momentum fraction
is, however, several standard deviations larger than the
global fit result Ag(0) = 0.414(8) [69], which can likely
be attributed to remaining systematic uncertainties that
could not be estimated from this calculation using a sin-
gle ensemble of lattice QCD gauge fields. In particu-
lar, the continuum limit has not be taken, and renormal-
ization coefficients were computed on an ensemble with
larger lattice spacing and quark masses [53]. Moreover,
the mπL ≈ 3.8 of the ensemble used in this work is less
than the typical rule-of-thumb bound mπL > 4 targeted
to limit finite volume effects to the percent level. The
expected magnitudes of these various additional sources
of systematic uncertainty are discussed in the Supple-
mentary Information. The calculated result for the total
D-term satisfies the chiral perturbation theory prediction
for its upper bound [73], D(0)/m ≤ −1.1(1) GeV−1, and
is in agreement with chiral models [74–80].

Figure 2 presents a comparison of the dipole fit results
with the available experimentally constrained multipole
parametrization results for Du+d, Ag, and Dg, presented
in Refs. [24, 42, 46]. The fits to Du+d are found to be
consistent, but the uncertainties of the lattice data are
comparatively large at the small values of |t| for which
experimental data is available. Extractions from new [81]
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Dipole z-expansion

Ai(0) Ji(0) Di(0) Ai(0) Ji(0) Di(0)

u 0.3255(92) 0.2213(85) −0.56(17) 0.349(11) 0.238(18) −0.56(17)

d 0.1590(92) 0.0197(85) −0.57(17) 0.171(11) 0.033(18) −0.56(17)

s 0.0257(95) 0.0097(82) −0.18(17) 0.032(12) 0.014(19) −0.08(17)

u+ d+ s 0.510(25) 0.251(21) −1.30(49) 0.552(31) 0.286(48) −1.20(48)

g 0.501(27) 0.255(13) −2.57(84) 0.526(31) 0.234(27) −2.15(32)

Total 1.011(37) 0.506(25) −3.87(97) 1.079(44) 0.520(55) −3.35(58)

TABLE I. The flavor decomposition of the momentum fraction, spin, and D-term of the proton, computed on the lattice QCD
ensemble of this work, obtained from dipole and z-expansion fits to the proton GFFs, renormalized at µ = 2 GeV in the MS
scheme. The fit parameters of the two models are included in the Supplementary Information.

and future experimental data over a larger |t|-range, as
well as better control of the uncertainties of the lattice
QCD result at low |t|, will be necessary for a robust com-
parison. For the gluon GFFs, the lattice QCD results
are found to be consistent with the ‘holographic QCD’
inspired approach [14, 15] (method 1) to the analysis of
experimental data in Ref. [42] and disfavor the ‘general-
ized parton distribution’ (GPD) inspired approach [82]
(method 2). A more recent analysis [46] including an
update to the GPD inspired analysis method, as well as
additional experimental data [83], is in less tension with
the lattice QCD results presented here. These compar-
isons illustrate the continued synergy and complemen-
tarity between lattice and experimental results for these
quantities.

Densities: Through the definition in terms of the
EMT, and by analogy2 to mechanical systems, the t-
dependence of the GFFs also gives insight into various
densities in the proton. Specifically, the Breit-frame dis-
tributions εi(r), pi(r), and si(r), defined as3

εi(r) = m

ï
Ai(t)−

t(Di(t)+Ai(t)−2Ji(t))
4m2

ò
FT

, (9)

pi(r) =
1

6m

1

r2
d

dr
r2
d

dr
[Di(t)]FT , (10)

si(r) = −
1

4m
r
d

dr

1

r

d

dr
[Di(t)]FT , (11)

where r = |r|,

[f(t)]FT =

∫
d3∆

(2π)3
e−i∆·rf(t) , (12)

2 The physical significance of these analogies is debated [84–87].
3 The quark and gluon contributions to the pressure and energy
densities additionally depend on the GFF c̄i(t), which appears

in the decomposition of the matrix elements of T̂µν
i due to the

quark and gluon EMT terms not being individually conserved.
This contribution, which is not constrained in this work, vanishes
for the total densities since c̄q(t) + c̄g(t)=0.
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FIG. 3. The quark, gluon, and total contributions to the
longitudinal force (upper) and energy (lower) densities in the
Breit frame, computed on the lattice QCD ensemble of this
work, are shown as functions of the radial distance from the
center of the proton. The corresponding quark, gluon, and
total mechanical and mass radii are marked as data points on
the corresponding curves.

and i ∈ {q, g, q+g}, can be interpreted as energy, pres-
sure, and shear force distributions respectively [25–27].
The root-mean-square radii of the energy density and
the longitudinal force density

F
||
i (r) = pi(r) + 2si(r)/3 (13)

yield the mass and mechanical radii of the proton [27],

⟨r2i ⟩
mass

=

∫
d3r r2εi(r)∫
d3r εi(r)

,

⟨r2i ⟩
mech

=

∫
d3r r2F

||
i (r)∫

d3rF
||
i (r)

. (14)
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FIG. 4. Comparison of different proton radii. In addition to
the results obtained on the lattice QCD ensemble of this work,
the charge radius from Ref. [89] (PDG), the gluonic mass radii
from Ref. [42] (Duran et al.) and Ref. [46] (Guo et al.), and
the quark mechanical radii from Ref. [88] (BEG) are shown.
While the latter only includes the light quark contributions,
they are compared directly as the strange quark contribution
is found to be negligible for this quantity. The uncertainty of
the charge radius is too small to be visible.

Figure 3 shows the quark, gluon, and total densities and
corresponding radii obtained analytically from the dipole
fits to the GFFs. For both densities, the gluonic radius is
found to be larger than the quark radius. For the case of
the gluon mass radius, the result is consistent with that
predicted using the ‘holographic QCD’ inspired model
in the phenomenological extraction of Ref. [42] and the
updated analysis of Ref. [46], as shown in Fig. 4. The re-
sults for the quark mechanical radius are consistent with
a recent extraction from deeply virtual Compton scat-
tering cross sections data [88]. They are also consistent
with the soliton model prediction [74, 79] that the pro-
ton mechanical radius is slightly smaller than the charge
radius [89], and with the equality of the two radii in the
non-relativistic limit shown in the bag model [1, 8].

Summary : The flavor decomposition of the proton’s
A(t), J(t), and D(t) GFFs into their up-, down-, strange-
quark, and gluon contributions is determined for the first
time for a kinematic range 0 ≤ −t ≤ 2 GeV2, using a
first-principles lattice QCD calculation. The results re-
veal that, while the contributions of quarks and gluons to
the proton’s momentum, spin, and D-term are approxi-
mately equal, the gluon contributions act to extend the
radial size of the proton over that defined by the quark
contributions as quantified through the mass and me-
chanical radii encoded in the t-dependence of the GFFs.
To improve upon these first results, it is crucial that this
study be repeated using ensembles with different lattice
volumes and lattice spacings in order for these systematic
uncertainties to be fully accounted for. Moreover, it will
be important to improve the renormalization procedure,
e.g., by exploring the use of gauge-invariant renormal-

ization schemes [90]. Nevertheless, these first-principles
results permit first comparisons between theory and ex-
periment for several aspects of these fundamental mea-
sures of proton structure.

The lattice QCD results for the Du+d(t) and Dg(t)
GFFs are consistent with the recent experimental re-
sults of Refs. [24, 42], but Du+d(t) is constrained over
a greater kinematic range. For Ag(t), however, the com-
parison of first-principles theory with the experimental
results of Ref. [42] provides important additional con-
straints that distinguish between different analyses of the
experimental data. Moreover, the results for the separate
up-, down-, and strange-quark GFFs presented here are
the first constraints on these quantities from first prin-
ciples theory or from experiment. This work thus sets
important benchmarks on these fundamental aspects of
proton structure for future measurements at Thomas Jef-
ferson National Accelerator Facility [91–93] and at a fu-
ture Electron-Ion Collider [94].
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the mechanical properties of the nucleon, Eur. Phys. J.
C 79, 89 (2019), arXiv:1810.09837 [hep-ph].

[26] M. Polyakov, Generalized parton distributions and
strong forces inside nucleons and nuclei, Phys. Lett. B
555, 57 (2003), arXiv:hep-ph/0210165.

[27] M. V. Polyakov and P. Schweitzer, Forces inside
hadrons: pressure, surface tension, mechanical radius,
and all that, Int. J. Mod. Phys. A 33, 1830025 (2018),
arXiv:1805.06596 [hep-ph].

[28] V. D. Burkert, L. Elouadrhiri, F. X. Girod, C. Lorcé,
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FURTHER DETAILS OF LATTICE QCD CALCULATION

The momentum-projected two-point correlation function of the proton for spin channel s→ s′ is defined as

C2pt
ss′ (p, ts;x0, t0) =

∑
x

e−ip·(x−x0)tr
[
Γs′s⟨χ(x, ts + t0)χ̄(x0, t0)⟩

]
, (15)

where the interpolating operator χ(x) is

χ(x) = ϵabc
[
ψT,b
u (x)Cγ5ψ

c
d(x)

]
ψa
u(x) , (16)

with a, b, c being color indices and C the charge conjugation matrix, and the spin-projection matrices are

Γs′s =

Å
P+(1 + γxγy) P+γz(γx + iγy)
P+γz(γx − iγy) P+(1− γxγy)

ã
s′s

, (17)

with P+ ≡ 1
2 (1 + γt) being the positive-energy projector. C2pt

ss′ is computed on quark sources smeared by gauge-
invariant Gaussian smearing up to radius 4.5a, defined using spatially stout-smeared [50] link fields, for 1024 source
positions on each of 2511 configurations. The 1024 sources are arranged in two 43× 8 grids offset by (6, 6, 6, 6) lattice
units, with an overall random offset for each configuration. The two-point functions are projected to all momenta
satisfying |p|2 ≤ 10(2π/L)2. To extract the proton energies, the two-point functions are averaged over all momenta
of equivalent magnitude, all sources, and the two diagonal spin channels; the results are fit to the functional form

C2pt(p, ts) ∼
∑
n=0

|Zn
p |2e−En

p ts , (18)

where n = 0 is the ground state. The momentum-averaged correlator for each distinct |p| is analyzed independently.
The parameters E0

p are determined by model averaging [65] over the results of fits to models with 2 and 3 states, and
various ranges ts,min ≤ ts < ts,max(|p|). All ts,min ∈ [1, 15] are used, and ts,max(|p|) is taken to be the last point before
the noise-to-signal ratio exceeds 5%, ranging between 27 for p2 = 0 to 21 for p2 = 10. The energies are parameterized
as a tower of positive gaps ∆n, fitted with a log-space prior log∆n ∼ log[0.5(1)] for each. Wide, uninformative priors
are used for the Zn

p . Uncertainties are propagated by bootstrapping as described in the main text, which is reconciled
with model averaging as described in Ref. [20].

Figure 5 shows the effective speed of light c computed from the energies obtained as described above, and the
dispersion relation Ep =

√
m2 + |cp|2. The 2% deviation of the results from c = 1 is small compared to the

uncertainties of the GFFs, and therefore energies obtained from the dispersion relation using the fit to the nucleon
mass am = 0.4169 are used for the remainder of the analysis.

0.00 0.04 0.08 0.12 0.16
(a |p|)2

0.98

1.00

1.02

1.04

c

FIG. 5. The values of c obtained from the dispersion relation Ep =
√
m2 + |cp|2 using the ground state energies extracted

from fits to nucleon two-point correlation functions.
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ts 6 7 8 9 10 11 12 13 14 16 18
Ns 9 16 16 16 16 16 16 16 32 32 32

TABLE II. Number of sources Ns for which the connected quark contributions to the three-point function, Eq. (30), are
computed for each sink time ts.

The quark and gluon symmetric EMT contributions in Euclidean space can be defined as

T̂f,µν(x) = ψ̄f (x)
←→
D {µγν}ψf (x), (19)

T̂g,µν(x) = 2Tr

ï
Fµρ(x)Fνρ(x)−

1

4
δµνFαβ(x)Fαβ(x)

ò
, (20)

where, up to discretization effects, the Euclidean gluon field strength tensor can be expressed as

Fµν(x) =
i

8g0
(Qµν(x)−Q†

µν(x)), (21)

with Qµν defined in terms of the link fields as

Qµν(x) =Uµ(x)Uν(x+ µ̂)U†
µ(x+ ν̂)U†

ν (x) + Uν(x)U
†
µ(x− µ̂− ν̂)U†

ν (x− µ̂)Uµ(x− µ̂)
+U†

µ(x− µ̂)U†
ν (x− µ̂− ν̂)Uµ(x− µ̂− ν̂)Uν(x− ν̂) + U†

ν (x− ν̂)Uµ(x− ν̂)Uν(x− µ̂− ν̂)U†
µ,

(22)

and where g0 is the bare coupling for a tadpole-improved Luscher-Weisz gauge action with tadpole parameter u0,

g0 =

√
2Nc

β(1− 2
5u2

0
)
. (23)

The symmetric covariant derivative can be expressed as

←→
D µ =

1

2

Ä−→
Dµ −

←−
Dµ

ä
, (24)

where

−→
DE

µψ(x) =
1

2

(
Uµ(x)ψ(x+ µ̂)− U†

µ(x− µ̂)ψ(x− µ̂)
)

(25)

ψ̄(x)
←−
DE

µ =
1

2

(
ψ̄(x+ µ̂)U†

µ(x)− ψ̄(x− µ̂)Uµ(x− µ̂)
)
. (26)

On an isotropic hypercubic lattice, the traceless diagonal and off-diagonal components of the EMT transform under

two different irreducible representations (irreps) of the hypercubic group, τ
(3)
1 and τ

(6)
3 [111, 112]. The choice of basis

for each irrep that is used in this work is

T̂
τ
(3)
1,1

=
1

2
(T̂11 + T̂22 − T̂33 − T̂44), T̂τ(3)

1,2
=

1√
2
(T̂11 − T̂22), T̂τ(3)

1,3
=

1√
2
(T̂33 − T̂44), (27)

T̂
τ
(6)
3,1

=
1√
2
(T̂12 + T̂21), T̂τ(6)

3,2
=

1√
2
(T̂13 + T̂31) , T̂τ(6)

3,3
=

1√
2
(T̂14 + T̂41),

T̂
τ
(6)
3,4

=
1√
2
(T̂23 + T̂32), T̂τ(6)

3,5
=

1√
2
(T̂24 + T̂42), T̂τ(6)

3,6
=

1√
2
(T̂34 + T̂43),

(28)

which can be transformed to Minkowski space via

Euclidean→ Minkowski : T̂44 → T̂00, T̂4j → −iT̂0j , T̂jk → −T̂jk. (29)

The three-point functions needed to extract the matrix elements of operator T̂iRℓ, where R ∈ {τ (3)1 , τ
(6)
3 }, ℓ denotes

the vector in the basis of the irreps defined in Eqs. (27) and (28), and i ∈ {q, g, v1, v2}, are defined as

C3pt
iRℓss′(p

′, ts;∆, τ ;x0, t0) =
∑
x,y

e−ip′·(x−x0)ei∆·(y−x0)tr
î
⟨Γs′sχ(x, ts + t0)T̂iRℓχ̄(x0, t0)⟩

ó
. (30)
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In the limit where (ts − t0)→∞ and (ts − τ)→∞, the three-point functions approach the desired matrix elements
as:

C3pt
iRℓss′(p

′, ts;∆, τ ;x0, t0)
(ts−τ)→∞−−−−−−−→
(ts−t0)→∞

Z∗
pZp′

e−Ep′ (ts−t0)e−(Ep−Ep′ )(τ−t0)

4Ep′Ep
⟨N(p′, s′)| T̂iRℓ |N(p, s)⟩ , (31)

where p = p′ −∆. Three-point functions for the disconnected quark and gluon contributions are constructed by
correlating the operator measurements with the grid of 1024 two-point functions described above. The connected
quark contributions are measured for a subset of source-sink separations, with different numbers of sources for each
as tabulated in Table II. These measurements are averaged over all source positions and 1000 bootstrap ensembles
are formed. At the bootstrap level, the following ratios of three- and two-point functions are constructed:

RiRℓss′(p
′, ts;∆, τ) =

C3pt
iRℓss′(p

′, ts;∆, τ)

C2pt
s′s′(p

′, ts)

√
C2pt

ss (p, ts − τ)C2pt
s′s′(p

′, ts)C
2pt
s′s′(p

′, τ)

C2pt
s′s′(p

′, ts − τ)C2pt
ss (p, ts)C

2pt
ss (p, τ)

(ts−τ)→∞−−−−−−−→
ts→∞

tr
î
Γs′s(�p

′ +m) ⟨N(p′, s′)| T̂iRℓ |N(p, s)⟩ (�p+m)
ó

4
√
EpEp′(Ep +m)(Ep′ +m)

.

(32)

The above expression is a linear combination of the GFFs, with known kinematical coefficients. Within each irrep,
all ratios for choices (ℓ,p′,∆, s, s′) that yield identical coefficients up to an overall minus sign are averaged, yielding
averaged ratios R̄iRc(t; ts, τ), where c denotes the unique set of coefficients and t the squared momentum transfer
associated with it. The averaged ratios yield the matrix elements of interest as

R̄iRc(t; ts, τ)
(ts−τ)→∞−−−−−−−→

ts→∞
MEiRc(t), (33)

where MEiRc(t) is the rescaled matrix element to be extracted by fitting the Euclidean time dependence of the ratios.
This is done using the summation method, wherein one sums over the operator insertion time τ to form summed
ratios [60–62]

Σ̄iRc(t; ts, τcut) =

ts−τcut∑
τ=τcut

R̄iRc(t; ts, τ)
(ts−τ)→∞−−−−−−−→

ts→∞
(ts − τcut + 1)MEiRc(t) + ΛiRc(t; τcut), (34)

where ΛiRc(t; τcut) is a ts-independent constant. MEiRc(t) is then extracted by fitting the slope of Σ̄iRc(t; ts, τcut)
with respect to ts.
For the connected data, summed ratios are constructed and fit for all τcut ∈ [2, 6]. Linear summation fits are

performed for all ranges ts,min < ts ≤ 18, where ts,min ∈ [6, 14] and ts = 18 is the largest available in the dataset.
The resulting pool of fits are model-averaged to obtain the final estimate of the matrix element. For the disconnected
data, summation fits are performed for τcut ≥ 2 to all ts-ranges extending over 5 or more timeslices in the window

[ts,min, ts,max], where ts,min = 6 for τ
(3)
1 and ts,min = 10 for τ

(6)
3 , which yield the highest p-values for most of the t-bins

in the bare GFF fits of both singlet and non-singlet disconnected quark contributions. The maximum sink time is set
to ts,max = 20, after which the c-bin ratios become consistent with non-Gaussian noise. For the gluon contribution, in
order to avoid the effect of contact terms due to the gradient flow, cuts are made such that τcut ≥ 4 and tmin ≥ 9 for
the summation fits, while the rest of the fitting details are the same as for the disconnected quark data. Examples of
averaged ratios and corresponding summation method fits for all different contributions are shown in Figs. 6 and 7.

The matrix elements of the singlet u+d+ s and non-singlet u+d−2s currents contain both a connected and a dis-
connected contribution. However, data for the connected contribution are only available for a subset of the kinematics
compared to the disconnected contribution, as three-point functions were computed for only three sink momenta and
one spin orientation via the sequential source method, inverting through the sink. Discarding a considerable fraction
of the disconnected contribution measurements is undesirable, since constraining it is already challenging due to poor
signal-to-noise. Instead, the bare disconnected singlet and non-singlet contributions to the GFFs are first fit, by
separating the complete set of rescaled matrix elements obtained by the summation fits into 34 momentum t-bins (the
same t-bins used for the renormalized GFFs presented in the main text), and inverting the system of equations

KA
RtA

bare
iRt +KJ

RtJ
bare
iRt +KD

RtD
bare
iRt = MEiRt (35)

for each t-bin. Here, bold symbols are vectors in the space of c-bins, K are the kinematic coefficients multiplying the
GFFs in the expansion of the rescaled matrix element, as defined by Eqs. (32) and (1), and i ∈ {qdisco, vdisco2 }. The



4

resulting bare GFFs are shown in Fig. 8. These are then used to obtain predictions for the disconnected contributions
to the smaller subset of matrix elements for which the connected measurements are available.

In order to investigate how well the summation fits describe the data cumulatively, one may compare with “effective
GFFs”, i.e., the results of a simpler ts-dependent extraction of the bare GFFs. First, “effective matrix elements” may
be defined as functions of ts by

MEeff
iRc(t; ts) = ∂tsΣ̄iRc(t; ts) ≈

1

δts

[
Σ̄iRc(t; ts + δts)− Σ̄iRc(t; ts)

]
, (36)

with δts = 1 for all the gluon and quark disconnected data, and for the majority of the quark connected data4. The
τcut dependence of the summed ratios is fixed to the minimum value used for the specific contribution, as described
above, and is not explicitly shown. The effective matrix elements, which are formed directly from the data, are
grouped into the same t-bins used for extraction of the GFFs. One can then obtain effective bare GFFs Aeff

iRt(ts),
Jeff
iRt(ts), and Deff

iRt(ts) for each flavor i, irrep R, momentum bin t, and sink time ts by fitting the overconstrained
system of linear equations,

KA
RtA

eff
iRt(ts) +KJ

RtJ
eff
iRt(ts) +KD

RtD
eff
iRt(ts) = MEeff

iRt(ts) , (37)

where KA
Rt, K

J
Rt and KD

Rt are as in Eq. (35). Figs. 9, 10, and 11 show examples of the bare effective GFFs for all the
different contributions and several different t-bins, and compare them to bare GFFs computed by fitting the matrix
elements obtained from summation fits. The two methods provide broadly consistent results, up to deviations in the
effective GFFs at small ts which may be attributed to excited-state effects, and at large ts due to degradation of
signal-to-noise.

Fig. 12 shows the bare GFFs for each flavor and four different choices of momentum transfer t, obtained by inverting
Eq. (35) using matrix elements fit with increasing values of the hyperparameter ts,min. The stability of the results
provides a test of remnant excited state contamination; in most cases the values are stable within statistical noise
and no apparent pattern of drift is observed. This suggests that excited-state contamination is well-treated by the
analysis.

GFF MODEL FIT PARAMETERS

The renormalized GFFs presented in Fig. 1 include fits using the n-pole model

Fn(t) =
α

(1− t/Λ2)n
, (38)

with α and Λ being free parameters. All choices 1 ≤ n ≤ 4 yield consistent results. The dipole model, n = 2,
was chosen for the results presented in the main text based on the χ2/d.o.f.. Results are also presented using the
z-expansion [70]

Fz(t) =

kmax∑
k=0

αk[z(t)]
k, (39)

where αk are free parameters, and

z(t) =

√
tcut − t−

√
tcut − t0√

tcut − t+
√
tcut − t0

, (40)

where

t0 = tcut

(
1−
»
1 + (2 GeV)2/tcut

)
, (41)

and tcut = 4m2
π. Fits were performed with kmax varied between 2 and 4, and the smallest χ2/d.o.f. is obtained in

fits with kmax = 2, which is used for the results in the main text. Table III presents the resulting parameters of the
dipole and z-expansion fits to A(t), J(t), and D(t), which are used to produce the bands in Fig. 1, along with the
corresponding χ2 per degree of freedom of each fit.

4 δts is set to 2 for the larger sink times of the connected data, since ts = 15 and ts = 17 were not computed.
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dipole z-expansion

α Λ χ2/d.o.f α0 α1 α2 χ2/d.o.f

Ai g 0.501(27) 1.262(18) 1.5 0.271(14) −0.648(35) −0.089(78) 1.5

q 0.510(25) 1.477(44) 0.8 0.314(13) −0.591(39) −0.06(13) 0.8

v1 0.1665(56) 1.997(80) 0.7 0.1249(41) −0.141(11) −0.029(38) 0.4

v2 0.433(13) 1.524(35) 0.7 0.2768(78) −0.493(22) −0.156(77) 0.6

Ji g 0.255(13) 1.399(49) 1.1 0.1539(54) −0.301(24) −0.26(11) 1.0

q 0.251(21) 1.62(13) 0.6 0.1658(85) −0.290(42) −0.01(23) 0.6

v1 0.2016(86) 1.698(70) 0.3 0.1399(49) −0.219(15) −0.150(68) 0.3

v2 0.222(13) 1.65(10) 0.5 0.1492(61) −0.250(26) −0.07(13) 0.5

Di g −2.57(84) 0.538(65) 1.2 −0.303(28) 2.20(30) −5.2(11) 1.1

q −1.30(49) 0.81(14) 0.5 −0.378(43) 1.49(45) −1.1(17) 0.6

v1 0.009(23) 1.7(50) 0.4 0.0068(83) −0.003(54) −0.08(24) 0.4

v2 −0.77(15) 0.932(98) 0.9 −0.272(22) 1.06(18) −1.37(70) 0.9

TABLE III. Fit parameters of the dipole and z-expansion parametrizations of the t-dependence of the proton GFFs, Ai(t),
Ji(t), and Di(t), renormalized in the MS scheme at scale µ = 2 GeV.

SINGLE-IRREP RENORMALIZED GFFS

The results presented in the main text are the result of a simultaneous fit to both irreps using the procedure and
renormalization coefficients of Ref. [53]. The renormalized results for the two irreps must agree in the continuum limit,
but can have different discretization artifacts. Since a continuum extrapolation is not performed, Fig. 13 presents the
renormalized GFFs obtained by fitting the two irreps separately. Although some tension is observed between the two
irreps for some of the GFFs, particularly for Jg(t), the p-values of the combined-irrep fits are comparable to those
for the single-irrep fits. In future work, it will be important to repeat this calculation at different lattice spacings in
order to better quantify the discretization artifacts.

REMAINING SOURCES OF SYSTEMATIC UNCERTAINTY

This section discusses the remaining sources of systematic uncertainty that can not be fully quantified within the
present calculation, including an attempt to estimate their magnitudes.

• Discretization effects:

As discussed in the main text, discretization effects cannot be quantified in this first calculation using a single
lattice ensemble. However, an estimate of the order of magnitude of these effects can be made by 1) comparison
with previous calculations and 2) comparison of the GFFs computed in separate irreps, which will have different
discretization artifacts.

No information is available from previous calculations as to the magnitude of discretization effects in the D-term
or the t-dependence of the proton GFFs, as quantified, e.g., by the multipole mass. However, several previous
studies have considered aspects of the forward-limit momentum fraction Ai(0) in calculations with several lattice
spacings. In a recent study of the purely connected isovector u − d momentum fraction [113], which employed
Nf = 2 + 1 ensembles with clover fermions near the physical pion mass, including the ensemble used in this
calculation, a mild dependence on the lattice spacing was observed, approximately 5% between a = 0.09 fm and
the continuum limit. For the gluon momentum fraction, the study of Ref. [38] using Nf = 2 + 1 + 1 flavors of
HISQ fermions (i.e., a different formulation of lattice fermions to that employed in this work) found similarly
modest discretization effects. Specifically, the gluon momentum fraction was found to shift to larger values by
approximately 3% between a = 0.09 fm and the continuum limit at the physical pion mass. Note, however, that
discretization effects may be substantially larger in this calculation, both because mixing with the isosinglet
quark contribution was not included in Ref. [38], and because the HISQ action is engineered specifically to
reduce lattice artifacts.
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Complementary information is provided by the comparison between the single-irrep and combined-irrep fits in
this work, shown in Fig. 13. Taking this difference as indicative of the size of discretization artifacts, one might
expect small effects on the t-dependence (as quantified by, e.g., dipole masses), and more significant effects as
large as 10-20% on the overall normalization and thus the forward limits.

In summary, while discretization effects can not be quantified in this first calculation on a single lattice ensemble,
it is likely that they are of order 10% for the forward limits, and smaller for the t-dependence of the GFFs.

• Finite volume corrections:

As discussed in the main text, the ensemble used in this work has mπL ≈ 3.8, which is slightly smaller than
the typical bound of mπL > 4 desired to limit finite-volume effects to roughly the percent level. However, the
rule-of-thumb estimate of finite-volume effects gives e−mπL ≈ 2%, which is subdominant compared to both the
statistical uncertainty of these results and the likely size of other systematic uncertainties such as discretization
artifacts.

Limited additional information on the size of finite-volume corrections can be deduced from previous lattice
QCD calculations. For the isovector quark momentum fraction, the results of Ref. [113] support the conclusion
that finite-volume effects are small at the parameters of this calculation, however those of Ref. [17] (albeit in
a calculation with a significantly different setup including a different lattice action) suggests that finite-volume
effects may be larger off-forward than in the forward limit for the Au−d(t) GFF, but not the other isovector
GFFs. There is no information for the other quantities studied here.

• Uncertainty resulting from quark masses yielding a larger-than-physical value of the pion mass:

The ensemble used in this work has quark masses tuned to yield a pion mass that is ≈ 30 MeV heavier than the
physical value. Chiral perturbation theory predictions exist for the isovector quark, isoscalar quark, and total
GFFs [114–116]. However, in order to use them to extrapolate to the physical pion mass, or even to estimate the
size of systematic uncertainties arising from the quark masses used in this calculation, the low energy constants
would need to be determined, for example using results at several different values of mπ.

Again, limited information can be deduced from previous lattice QCD calculations regarding the systematic
effects of quark masses corresponding to a larger-than-physical pion mass on the quantities studied in this work.
The most relevant information is for the the forward-limit isovector momentum fraction Au−d(0), for which
Ref. [113] found O(5%) effects in the extrapolation from the ensemble used here to the physical point. A similar
order of effects is found in Ref. [71] for the gluon and disconnected quark contributions to A(t) and J(t) for a
small range of t, albeit with a different fermion action and parameters that are not directly comparable to those
studied here. There is no information available for the other quantities studied in this work.

• Uncertainty due to the non-perturbative renormalization being computed at a different lattice spacing and pion
mass to the bare GFFs:

The RI-MOM renormalization coefficients are computed on an ensemble at different physical parameters (en-
semble B), as described in Ref. [53], for reasons of computational necessity. The corresponding results are

τ
(3)
1 : RMS

qq = 1.056(27), RMS
qg = 0.067(71) ,

RMS
gq = −0.169(22), RMS

gg = 1.68(18) ,

τ
(6)
3 : RMS

qq = 1.039(28), RMS
qg = 0.081(19) ,

RMS
gq = −0.180(23), RMS

gg = 1.625(48) ,

(42)

for the singlet factors and

τ
(3)
1 : RMS

v = 1.067(29) ,

τ
(6)
3 : RMS

v = 1.066(21) ,
(43)

for the nonsinglet factors. The parameters of ensemble A, which was used for the extraction of the bare
matrix elements in this work, and of ensemble B, used for the renormalization, are presented in Table IV. The
renormalization factor for the isovector current u − d on the ensemble (ensemble A) used for the bare matrix
elements in the current work was found in Ref. [113] to be within a standard deviation from the non-singlet
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L/a T/a β aml ams a [fm] mπ [MeV]

A 48 96 6.3 −0.2416 −0.2050 0.091(1) 169(1)

B 12 24 6.1 −0.2800 −0.2450 0.1167(16) 450(5)

TABLE IV. Specifics of the lattice ensembles used in this work. Ensemble A, generated by the JLab/LANL/MIT/WM
groups [47], is used for the calculation of the bare matrix elements presented in the main text. The calculation of the renor-
malization coefficients, presented in Ref. [53], is performed on ensemble B.

renormalization factor that is used here. The flavor-singlet renormalization coefficient on ensemble B is also
found to be consistent with the non-singlet one on ensemble B, in agreement with the perturbation theory
prediction that they deviate starting at NLO [117]. These observations suggest that the difference between
ensembles A and B in the contributions to the renormalization coefficients coming from amputated three-point
functions of the quark EMT currents is likely small compared to the other uncertainties in this work. For the
amputated three-point functions of the gluon EMT, it can be expected that the results deviate from perturbation
theory predictions that are available for the unflowed operator due to the flowing employed in the measurement,
and therefore no similar argument can be made. To mitigate the effects of this limitation for the gluon EMT,
the flow time used in the calculation of the renormalization was adjusted in order to match the physical scale
of the gluon EMT on the bare matrix element, as noted in the beginning of Sec. IIID in Ref. [53].

• Uncertainty due to excited-state contamination:

The stability analysis and the comparison with effective GFFs described above provide confidence that excited-
state effects are well-treated in this analysis and do not appear to be a likely source of substantial unquantified
systematic uncertainty. In fact, an estimate of this uncertainty is already quantified in the analysis by the treat-
ment of fit-range systematics with Bayesian model averaging. However, unexpectedly large excited state effects
have been observed in calculations of other hadronic structure observables [118], highlighting the importance of
employing variational methods in future calculations to better quantify the associated systematic uncertainties.

The expected size of the remaining systematic uncertainties in the lattice QCD results, as outlined above, is
commensurate with the systematic uncertainties suggested by comparison with the global experimental averages of
Ref. [69]. Assuming these are accurate, unaffected by new physics, and without their own unquantified systematic
effects, this comparison indicates a systematic uncertainty of ≈ 20% in the overall normalization of the GFFs computed
here. As discussed in the main text, comparison with present experimental results, as well as the analysis of this
section, suggest the t-dependence is less affected by these effects.



8

0.00

0.05

0.10
u

d
t = 0.0 GeV2

K = (0.349,0.0,0.0)

ts
0.7 fm
0.9 fm
1.1 fm

1.3 fm
1.5 fm
1.6 fm

0.0

0.2

u+
d,

co
nn

0.0

0.2

u+
d+

s,
di

sc
o

0.0

0.1

u+
d

2s
,d

isc
o

0.3 0.0 0.3
ts/2 [fm]

0.0

0.5

g
t = 0.483 GeV2

K = (0.223,-0.031,-0.01)

0.3 0.0 0.3
ts/2 [fm]

t = 0.873 GeV2

K = (0.22,-0.056,-0.034)

0.3 0.0 0.3
ts/2 [fm]

t = 1.529 GeV2

K = (0.22,-0.098,0.085)

0.3 0.0 0.3
ts/2 [fm]

t = 1.985 GeV2

K = (0.238,-0.134,0.125)

0.3 0.0 0.3
ts/2 [fm]

FIG. 6. Examples of averaged ratios, defined following Eq. (32), for τ
(3)
1 . Each column represents a single ratio, with the

corresponding t value and (KA,KJ ,KD) coefficients shown as column titles. The rows represent the bare u− d, the connected
part of u+ d, the disconnected part of u+ d+ s, the disconnected part of u+ d− 2s, and the gluon contributions to the ratio.
The overlaid bands show fits to the corresponding ratios obtained via the summation method as described in the text.



9

0.00

0.05

u
d

t = 0.067 GeV2

K = (0.185,-0.003,-0.0)

ts
0.7 fm
0.9 fm
1.1 fm

1.3 fm
1.5 fm
1.6 fm

0.00

0.05

0.10

u+
d,

co
nn

0.0

0.2

u+
d+

s,
di

sc
o

0.00

0.05

u+
d

2s
,d

isc
o

0.3 0.0 0.3
ts/2 [fm]

0.0

0.2

g
t = 0.464 GeV2

K = (0.066,-0.006,0.024)

0.3 0.0 0.3
ts/2 [fm]

t = 1.046 GeV2

K = (0.024,-0.003,0.0)

0.3 0.0 0.3
ts/2 [fm]

t = 1.45 GeV2

K = (0.187,0.191,-0.0)

0.3 0.0 0.3
ts/2 [fm]

t = 2.003 GeV2

K = (0.017,0.017,0.006)

0.3 0.0 0.3
ts/2 [fm]

FIG. 7. As in Fig. 6, but for irrep τ
(6)
3 .



10

0.0

0.1

0.2

A
di

sc
o,

B
i

u + d + s u + d 2s
(3)
1

(6)
3

0.0

0.1

Jdi
sc

o,
B

i

0.0 0.5 1.0 1.5 2.0
t [GeV2]

3

2

1

0

D
di

sc
o,

B
i

0.0 0.5 1.0 1.5 2.0
t [GeV2]
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FIG. 9. Examples of effective GFFs for three different t-bins of (a) the purely connected u − d and (b) the connected part of
the u+ d contribution, computed from Eq. (37) using summed ratios with τcut = 2. The bands are not fits to the data shown
but correspond to bare GFFs obtained by fitting the bare matrix elements used to compute the results from the main text.
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FIG. 10. Examples of effective GFFs for three different t-bins of the disconnected part of the (a) u+ d+ s and (b) u+ d− 2s
contribution, computed from Eq. (37) using summed ratios with τcut = 2. The bands are not fits to the data shown but
correspond to bare GFFs obtained by fitting the bare matrix elements used to compute the results from the main text.
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FIG. 12. To illustrate the effect of the choice of ts,min on the summation fits, the τ
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1 (a) and τ

(6)
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increasing ts,min at four different values of t. The starting ts,min for each bare flavor contribution is as defined below Eq. (34).
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