
UC Berkeley
UC Berkeley Electronic Theses and Dissertations

Title
On The Anomalous Conductivity of Low Permittivity Electrolytes Used in Electrochemical 
Applications

Permalink
https://escholarship.org/uc/item/8z15450m

Author
Self, Julian

Publication Date
2021
 
Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/8z15450m
https://escholarship.org
http://www.cdlib.org/


PM h?2 �MQK�HQmb *QM/m+iBpBiv Q7 GQr S2`KBiiBpBiv 1H2+i`QHvi2b lb2/ BM 1H2+i`Q+?2KB+�H
�TTHB+�iBQMb

#v

CmHB�M a2H7

� /Bbb2`i�iBQM bm#KBii2/ BM T�`iB�H b�iBb7�+iBQM Q7 i?2

`2[mB`2K2Mib 7Q` i?2 /2;`22 Q7

.Q+iQ` Q7 S?BHQbQT?v

BM

J�i2`B�Hb a+B2M+2 �M/ 1M;BM22`BM;

BM i?2

:`�/m�i2 .BpBbBQM

Q7 i?2

lMBp2`bBiv Q7 *�HB7Q`MB�- "2`F2H2v

*QKKBii22 BM +?�`;2,

S`Q72bbQ` E`BbiBM �X S2`bbQM- *?�B`
S`Q72bbQ` "`v�M .X J+*HQbF2v

S`Q72bbQ` J�`F �bi�

aT`BM; kykR



PM h?2 �MQK�HQmb *QM/m+iBpBiv Q7 GQr S2`KBiiBpBiv 1H2+i`QHvi2b lb2/ BM 1H2+i`Q+?2KB+�H
�TTHB+�iBQMb

*QTv`B;?i kykR
#v

CmHB�M a2H7



R

�#bi`�+i

PM h?2 �MQK�HQmb *QM/m+iBpBiv Q7 GQr S2`KBiiBpBiv 1H2+i`QHvi2b lb2/ BM 1H2+i`Q+?2KB+�H
�TTHB+�iBQMb

#v

CmHB�M a2H7

.Q+iQ` Q7 S?BHQbQT?v BM J�i2`B�Hb a+B2M+2 �M/ 1M;BM22`BM;

lMBp2`bBiv Q7 *�HB7Q`MB�- "2`F2H2v

S`Q72bbQ` E`BbiBM �X S2`bbQM- *?�B`

JQbi Q7 i?2 #�ii2`v 2H2+i`QHvi2 +�M/B/�i2b 7Q` KmHiBp�H2Mi@BQM bvbi2Kb U2X;X J;- *�V T`2b2Mi
BMi2`2biBM; T?vbB+Q+?2KB+�H T`QT2`iB2bX AM i?2b2 �`2 BM+Hm/2/ �MQK�HQmb +QM/m+iBpBiv- r?2`2
KQH�` +QM/m+iBpBiv BM+`2�b2b rBi? b�Hi +QM+2Mi`�iBQMX h?Bb T?2MQK2MQM Bb `2H�i2/ iQ i?2
2H2+i`Q+?2KB+�H T2`7Q`K�M+2 �M/ 2H2+i`QHvi2 pB�#BHBivX AM i?Bb i?2bBb- i?Bb T?2MQK2MQM Bb 2t@
TH�BM2/ pB� mM/2`bi�M/BM; �M/ [m�MiB}+�iBQM Q7 i?2 bi`QM; BMi2`@BQMB+ BMi2`�+iBQMb BM bQHmiBQMX
hQ i?Bb 2M/- +QKTmi�iBQM�H K2i?Q/b BM+Hm/BM; +H�bbB+�H KQH2+mH�` /vM�KB+b �M/ 2H2+i`QMB+
bi`m+im`2 K2i?Q/b �`2 +QK#BM2/ rBi? /B2H2+i`B+ `2H�t�iBQM bT2+i`Qb+QTv K2�bm`2K2MibX hrQ
+�b2b bim/B2b rBi? 2i?2` #�b2/ 2H2+i`QHvi2b- QM2 rBi? J;h6aAk b�Hi �M/ QM2 rBi? *�U">9Vk
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iBQM �i i?2 2tT2Mb2 Q7 H�`;2`- �bbQ+B�i2/ +Hmbi2`bX JQ`2Qp2`- Bi Bb 7QmM/ i?�i i?2 BM+`2�b2 BM
/B2H2+i`B+ +QMbi�Mi rBi? BM+`2�bBM; b�Hi +QM+2Mi`�iBQM- /m2 iQ � bB;MB}+�Mi 7`�+iBQM Q7 TQH�`
�bbQ+B�i2/ b�Hi bT2+B2b- Bb HBF2Hv QM2 Q7 i?2 i?2`KQ/vM�KB+ /`BpBM; 7Q`+2b 7Q` i?Bb 2z2+iX h?2
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7Q` i?2 2H2+i`B}+�iBQM Q7 p2?B+H2b ?�b `2bmHi2/ BM � i`2K2M/Qmb �KQmMi Q7 `2b2�`+? BM 2H2+@
i`Q+?2KBbi`v- QM2 K�BM 7Q+mb #2BM; `2+?�`;2�#H2 #�ii2`B2bX P7 i?2b2- GB@BQM Bb T2`?�Tb i?2
KQbi TQTmH�`X >Qr2p2`- /m2 iQ b+�`+Biv Q7 +2`i�BM #�ii2`v K�i2`B�Hb `2bQm`+2b- 2X;X +Q#�Hi-(R)
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M22/ 7Q` �Hi2`M�iBp2 b2+QM/�`v U`2+?�`;2�#H2V #�ii2`B2bX(k) PM2 r2HH@FMQrM +H�bb Q7 b2+QM/�`v
#�ii2`B2b �`2 KmHiBp�H2Mi #�ii2`B2b- r?2`2 BMbi2�/ Q7 � GB@BQM #2BM; i?2 2H2+i`Q�+iBp2 BQM- �
KmHiBp�H2Mi BQM- 2X;X � J;@BQM Q` *�@BQM Bb mb2/X q?BH2 biBHH mM/2` `2b2�`+?- i?2v T`2b2Mi
i?2 TQbbB#BHBiv 7Q` H2bb 2M2`;v@BMi2MbBp2 K�i2`B�Hb T`Q+2bbBM;- ?B;?2` pQHmK2i`B+ +�T�+Biv- �M/
?B;?2` �#mM/�M+2 Q7 K�i2`B�Hb mb2/X(j- 9) h?Bb i?2bBb 7Q+mb2b QM QM2 +QKTQM2Mi Q7 i?2 #�i@
i2`v ě i?2 2H2+i`QHvi2X :2M2`�HHv- pB�#H2 HB[mB/ 2H2+i`QHvi2b 7Q` KmHiBp�H2Mi #�ii2`B2b +�M #2
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AM *?�Ti2` R- �M BMi`Q/m+iBQM iQ KmHiBp�H2Mi 2H2+i`Q+?2KBbi`v- bT2+B�iBQM �M/ i`�MbTQ`i
Q7 #mHF 2H2+i`QHvi2b- i?2B` �+iBpBiv +Q2{+B2Mib �M/ /B2H2+i`B+ `2H�t�iBQM bT2+i`Qb+QTv Bb T`Q@
pB/2/X AM *?�Ti2` k- i?2 K2i?Q/b iQ KQ/2H /B2H2+i`B+ `2H�t�iBQM bT2+i`Qb+QTv QM i?2 �iQKB+-
KQH2+mH�` �M/ bmT`�@KQH2+mH�` H2p2H pB� KQH2+mH�` /vM�KB+b �`2 /2i�BH2/X L2ti- AM *?�T@
i2` j- � +�b2 bim/v Q7 J;h6aAk BM :R UJ; #BbUi`B~mQ`QK2i?vHbmH7QMvHVBKB/2 BM KQMQ;HvK2V
�M/ :k U/B;HvK2V Bb T`2b2Mi2/X AM *?�Ti2` 9- � +�b2 bim/v Q7 *�U">9Vk �M/ J;U">9Vk BM
i2i`�?v/`Q7m`�M 7QHHQrbX 6BM�HHv- BM *?�Ti2` 8- � +QM+HmbBQM- /Bb+mbbBQM Q7 QT2M T`Q#H2Kb
�M/ TQbbB#H2 7m`i?2` rQ`F Bb /2i�BH2/X

RXR JmHiBp�H2Mi 1H2+i`Q+?2KBbi`v
� b2+QM/�`v #�ii2`v ?�b i?`22 T`BK�`v +QKTQM2Mib, i?2 irQ 2H2+i`Q/2b �M/ i?2 2H2+i`QHvi2X
AM �//BiBQM- i?2`2 ivTB+�HHv Bb � b2T�`�iQ` mb2/ #2ir22M #Qi? 2H2+i`Q/2b iQ �pQB/ b?Q`i@
+B`+mBiBM;- �b r2HH �b +m``2Mi +QHH2+iQ`b iQ +QKTH2i2 i?2 +B`+mBiX 6B;m`2 RXR b?Qrb � b+?2K�iB+
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𝞪 𝛃 𝛅 𝝐 𝞪’
Al(s) Mg(s) Mg2+ 

electrolyte(l)
MgxMo6S8(s) SS(s)

Mg2+ Mg2+ 2e-2e-

load (discharge)

power supply (charge)

6B;m`2 RXR, 1t�KTH2 J; 2H2+i`Q+?2KB+�H +2HH b?QrM r?2`2 i?2 p�`BQmb +QKTQM2Mib �`2 H�@
#2HH2/ rBi? :`22F H2ii2`bX 1Bi?2` � HQ�/ Q` TQr2` bmTTHv Bb mb2/ /m`BM; i?2 /Bb+?�`;2 �M/
+?�`;2- `2bT2+iBp2HvX

p2`bBQM Q7 � J;@BQM +2HHX �HmKBMmK(8) �M/ bi�BMH2bb bi22H UaaV(e) +m``2Mi +QHH2+iQ`b �`2 b?QrM
Uα �M/ α′V- r?BH2 i?2 M2;�iBp2 2H2+i`Q/2 Bb ?2`2 J;@K2i�H UβV �M/ i?2 TQbBiBp2 2H2+i`Q/2
J;xJQ6a8U*?2p`2H- bQHB/- εVX h?2`2 Bb +m``2MiHv BMi2Mb2 `2b2�`+? QM /Bz2`2Mi +?2KBbi`B2b 7Q`
i?2 TQbBiBp2 2H2+i`Q/2- 7Q` r?B+? i?2 `2�/2` Bb `272``2/ iQ � `2+2Mi `2pB2rX(k) "2ir22M #Qi?
2H2+i`Q/2b Bb �M 2H2+i`QHvi2 r?B+? �HHQrb +QM/m+iBQM Q7 i?2 2H2+i`Q�+iBp2 bT2+B2b UBM i?Bb +�b2
J;2+V 7`QK QM2 2H2+i`Q/2 iQ i?2 �MQi?2`X JQ`2 T`2+Bb2Hv- 7Q` i?Bb +2HH- /m`BM; +?�`;2- i?2
J;2+ /2BMi2`+�H�i2b 7`QK i?2 J;tJQea3 �M/ TH�i2b QM i?2 J; 2H2+i`Q/2 �M/ pB+2 p2`b� 7Q`
i?2 /Bb+?�`;2 Ubi`BTTBM; 7`QK i?2 J; K2i�H �M/ BMi2`+�H�iBQM BMiQ J;tJQea3VX A/2�HHv- i?2
+m``2Mi +QHH2+iQ`b �HHQr ~Qr Q7 2H2+i`QMb #mi MQi Q7 BQMb iQ �M/ 7`QK i?2 2H2+i`Q/2b- r?BH2 i?2
2H2+i`QHvi2 �HHQrb ~Qr Q7 BQMb #mi MQi 2H2+i`QMb #2ir22M 2H2+i`Q/2bX aBM+2 i?2 +m``2Mi +QHH2+@
iQ`b �`2 BM 2H2+i`B+�H +QMi�+i rBi? i?2B` `2bT2+iBp2 2H2+i`Q/2b- i?2B` 2H2+i`Q+?2KB+�H TQi2MiB�Hb
ηe �`2 2[m�H- `2bT2+iBp2Hv,

ηαe = ηβe
ηεe = ηα

′
e

URXRV

J; TH�iBM; �M/ bi`BTTBM; 7QHHQrb i?2 2[mBHB#`BmK,

Mg(s) ⇀↽ Mg2+ + 2e− URXkV

�++Q`/BM;Hv- i?2 J; TH�iBM; UQ` BMi2`+�H�iBQMV T`Q+2bb bmTTQb2b i?�i i?2 +?2KB+�H TQi2MiB�H
Q7 i?2 K�;M2bBmK �iQK µMg BM �M 2H2+i`Q/2 Bb 2[m�H iQ i?2 i?2 2H2+i`Q+?2KB+�H TQi2MiB�H Q7
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i?2 J; BQM ηMg2+ BM �//BiBQM iQ i?2 2H2+i`QM 2H2+i`Q+?2KB+�H TQi2MiB�H ηe KmHiBTHB2/ #v i?2
BQMǶb +?�`;2 MmK#2`,

µβ
Mg = ηβ

Mg2+
+ 2ηβe URXjV

JQ`2Qp2`- �i i?2 QT2M +B`+mBi pQHi�;2- Bi +�M #2 b?QrM i?�i i?2 2H2+i`Q+?2KB+�H TQi2MiB�H Q7
i?2 2H2+i`Q�+iBp2 BQM Bb 2[m�H �+`Qbb i?2 +2HH +QKTQM2Mib,(d)

ηβ
Mg2+

= ηδMg2+ = ηεMg2+ URX9V

lbBM; i?2 �#Qp2 `2H�iBQMb- i?2 pQHi�;2 UK2�bm`2/ pB� T`Q#BM; i?2 +m``2Mi +QHH2+iQ`bV +�M #2
/B`2+iHv `2H�i2/ iQ i?2 +?2KB+�H TQi2MiB�H Q7 i?2 J; �iQKb,

V = −ηαe − ηα
′

e

e
= −

µβ
Mg − µε

Mg

2e
URX8V

h?mb- i?2 pQHi�;2 Q7 i?2 +2HH V +�M #2 `2H�i2/ iQ i?2 +?2KB+�H TQi2MiB�H /Bz2`2M+2 #2ir22M i?2
2H2+i`Q�+iBp2 �iQK BM i?2 irQ 2H2+i`Q/2bX AM Qi?2` rQ`/b- B7 r2 ?�p2 irQ 2H2+i`Q/2 K�i2`B�Hb
r?2`2 i?2 +?2KB+�H TQi2MiB�H Q7 i?2 K�;M2bBmK Bb /Bz2`2Mi- �M/ BMi2`+�H�iBQM UQ` TH�iBM;V Bb
`2p2`bB#H2- i?2M BM T`BM+BTH2 i?2b2 +�M #2 mb2/ BM � #�ii2`v UrBi? �M �/2[m�i2 2H2+i`QHvi2VX
q?2M +m``2Mi Bb ~QrBM;- 2Bi?2` /m`BM; +?�`;2 Q` /Bb+?�`;2- i?2 2H2+i`QHvi2 �HHQrb i`�MbTQ`i
Q7 i?2 2H2+i`Q�+iBp2 bT2+B2bX Ai Bb rQ`i? MQiBM; i?�i /m`BM; QT2`�iBQM Q7 `2�H +2HHb- i?2`2
Bb � bB;MB}+�Mi �KQmMi Q7 2H2+i`Q�+iBp2 bT2+B2b 2Bi?2` HQbi iQ 7Q`K�iBQM Q7 BMi2`T?�b2b UQ`
T�bbBp�iBQM }HKbV QM i?2 bm`7�+2 Q7 2H2+i`Q/2b Q` HQbi iQ Qi?2`- T2`?�Tb T�`�bBiB+ Q` /2H2i2`BQmb
bB/2@`2�+iBQMbX h?2b2 �`2 ;2M2`�HHv MQM@i`BpB�H �M/ i?mb `2[mB`2 � +�`27mH +?QB+2 Q7 bQHp2Mi
�M/ b�HiX(3)

P7 i?2 p�`BQmb 2H2+i`QHvi2 +�M/B/�i2b 7Q` J; #�ii2`B2b- 2i?2`b bm+? �b i2i`�?v/`Q7m`�M
�M/ ;HvK2@#�b2/ U2X;X KQMQ;HvK2- /B;HvK2V ?�p2 T`Qp2/ �KQM; i?2 KQbi T`QKBbBM;X(e- 3)
h?Qb2 rBi? h6aA@#�b2/ b�Hi U#BbUi`B~mQ`QK2i?vHbmH7QMvHVBKB/2V +�M ?�p2 ?B;? +QM/m+iBpBiv
Uj Kaf+KV +QKT�`2/ iQ Qi?2` +�M/B/�i2bX h?2 ?B;? +QM/m+iBpBiv Bb � /2bB`2/ 72�im`2 �b HQr
+QM/m+iBpBiB2b +�M H2�/ iQ � ?B;? P?KB+ pQHi�;2 /`QT �i KQ/2`�i2 +m``2MibX J;h6aA2@2i?2`
2H2+i`QHvi2b- /Bb+mbb2/ 7m`i?2` BM *?�Ti2` j- +�M b?Qr p2`v ?B;? /BbbQHmiBQM Qp2`TQi2MiB�Hb-
HBF2Hv /m2 iQ MQi � HQr +QM/m+iBpBiv #mi iQ � MQM@pB�#H2 BMi2`T?�b2 7Q`K2/ QM i?2 J;@
bm`7�+2X hQ �HH2pB�i2 i?Bb Bbbm2- � +QK#BM�iBQM Q7 J;h6aA2 rBi? Qi?2` b�Hib U2X;X J;*H2V +�M
#2 mb2/X(e) h?2`2 �`2 K�Mv Qi?2` J; 2H2+i`Qvi2 bvbi2Kb +m``2MiHv mM/2` `2b2�`+? 7Q` 2H2+i`Q@
+?2KB+�H �TTHB+�iBQM- 7Q` r?B+? i?2 /2i�BHb �`2 QmibB/2 i?2 b+QT2 Q7 i?Bb i?2bBbX h?2b2 BM+Hm/2
2H2+i`QHvi2b #�b2/ QM K�;M2bBmK #Q`QM +Hmbi2`b �M/ #Q`Q?v/`B/2b- J�** UK�;M2bBmK �Hm@
KBMmK +?HQ`B/2 +QKTH2t2bV- K�;M2bBmK Q`;�MQ#Q`�i2b- �M/ T?2MvH +QKTH2t2bX(k- 3- N)X JQbi
Q7i2M- i?2 b�Hib �`2 /BbbQHp2/ BM 2i?2`@#�b2/ bQHp2MibX JQ`2Qp2`- i?2 mb2 Q7 bmTTQ`iBM; b�Hi Bb
MQi mM+QKKQMX
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a) b) c)
Dielectric continuum

H2O Na+ Cl-

6B;m`2 RXk, *�`iQQM Q7 r�i2` K�;MB}2/ }7iv KBHHBQM iBK2b U�TT`QtBK�i2HvV �VX *�`iQQM Q7
i�#H2 b�Hi UL�*HV /BbbQHpBM; BM r�i2` #VX a�K2 �b #V- r?2`2 i?2 r�i2` Bb `2T`2b2Mi2/ #v �
/B2H2+i`B+ +QMiBMmmK +XV G2;2M/ 7Q` BQMb �M/ KQH2+mH2b QM i?2 `B;?iX 6B;m`2b �V �M/ #V �`2
�/�Ti2/ 7`QK `272`2M+2X(Ry)

RXk aT2+B�iBQM �M/ h`�MbTQ`i Q7 "mHF 1H2+i`QHvi2b
�b b�Hi Bb /BbbQHp2/ BM � bQHp2Mi- i?2 b�Hi BQMb +?�M;2 bi`m+im`2 7`QK i?2 bQHB/ ?Qbi H�iiB+2
iQ i?�i Q7 BQMb /BbbQHp2/ �M/ bQHp�i2/ BM � HB[mB/X 6B;m`2 RXk b?Qrb � KQH2+mH�`@H2p2H +�`@
iQQM `2T`2b2Mi�iBQM Q7 i?2 bQHp2Mi U�V �M/ i?2 /BbbQHmiBQM T`Q+2bb U#V- 7Q` �M �[m2Qmb L�*H
2H2+i`QHvi2X 6B;m`2 RXk +V b?Qrb i?2 b�K2 �b #V rBi? i?2 bQHp2Mi /2TB+i2/ �b � bi`m+im`2H2bb
/B2H2+i`B+ K2/BmK BMbi2�/ Q7 BM Bib 2tTHB+Bi KQH2+mH�` `2T`2b2Mi�iBQMX

6Q` J; �M/ *�@#�b2/ 2H2+i`Q+?2KBbi`v- �[m2Qmb 2H2+i`QHvi2b �`2 ;2M2`�HHv �pQB/2/ /m2 iQ
i?2B` `2�+iBpBiv rBi? J;(s) �M/ *�(s)X(RR- Rk) 6Q` R@R 2H2+i`QHvi2b U2X;X bBM;Hv +?�`;2/ BQMbV
BM � MQM@�[m2Qmb TQH�` bQHp2Mi- �i HQr iQ KQ/2`�i2 +QM+2Mi`�iBQMb c- i?2 BQMb �`2 ;2M2`�HHv
+QKTH2i2Hv /BbbQ+B�i2/X 6B;m`2 RXj UiQT `QrV BHHmbi`�i2b i?Bb 7Q` � R@R 2H2+i`QHvi2X >2`2-
i?2 bQHp2Mi Bb `2T`2b2Mi2/ BKTHB+BiHv �b � #�+F;`QmM/ +QMiBMmmK- �M/ MQi BM Bib KQH2+mH�`
bi`m+im`2- �b BM 6B;m`2 RXk +V �M/ #V- `2bT2+iBp2HvX

6Q` 2H2+i`Q+?2KB+�H �TTHB+�iBQMb- J; �M/ *� 2H2+i`QHvi2b ;2M2`�HHv mb2 HQr T2`KBiiBpBiv
bQHp2Mib /m2 iQ i?2B` `2H�iBp2 bi�#BHBiv p2`bmb i?2 2KTHQv2/ 2H2+i`Q/2bX(3) GQr T2`KBiiBpBiv
`272`b iQ i?2 HQr2` /B2H2+i`B+ +QMbi�Mi Q7 i?2 M2�i bQHp2Mi U2X;X ε H2bb i?�M Ry rBi?Qmi �Mv
b�Hi �//2/V �b +QKT�`2/ iQ r�i2` Uε 4 d3 �i `QQK i2KT2`�im`2(Rj)V AM i?2 +�b2 Q7 HQr
T2`KBiiBpBiv R@R 2H2+i`QHvi2b U2X;X GB+ 2H2+i`QHvi2bV- � TQbbB#H2 b+2M�`BQ Bb b?QrM BM 6B;m`2 RXj
UKB//H2 `QrV- r?2`2 �i HQr +QM+2Mi`�iBQMb- i?2`2 Bb �M �#mM/�M+2 Q7 +QMi�+i BQM T�B`b- r?2`2
�MBQMb �M/ +�iBQMb �`2 BM /B`2+i +QMi�+i �M/ KQp2 �b QM2 FBM2iB+ 2MiBivX �b +QM+2Mi`�iBQM
BM+`2�b2b- i?2`2 Bb- +QmMi2`BMimBiBp2Hv- �M increase BM i?2 7`�+iBQM Q7 7`22 BQMbX h?Bb Bb /m2
iQ i?2 redissociation K2+?�MBbK- /2b+`B#2/ H�i2` BM i?Bb +?�Ti2`X � +�`iQQM 7Q` � TQbbB#H2
b+2M�`BQ 7Q` k@R 2H2+i`QHvi2b U2X;X J;h6aAk BM :R 7Q` mb2 BM J; #�ii2`B2bV Bb b?QrM BM
i?2 #QiiQK `QrX *QMi�+i BQM T�B`b �M/ 7`22 �MBQMb �`2 T`2b2Mi BM i?2 HQr2` +QM+2Mi`�iBQM
`2;BK2- r?2`2 ?B;?2` +QM+2Mi`�iBQMb Q7 b�Hi �HHQr 7Q` � ?B;?2` 7`�+iBQM Q7 7`22 +�iBQMbX h?2
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high !

low !
low "

low !

solid salt lattice

moderate "

low " moderate "

low and 
moderate "

salt dissolved in liquid

6B;m`2 RXj, *�`iQQMb Q7 BQMB+ /BbbQHmiBQMX hQT `Qr, R@R 2H2+i`QHvi2 b?QrBM; MQ BQM T�B`BM; BM �
?B;? T2`KBiiBpBiv UBX2X ?B;? εV bQHp2MiX JB//H2 `Qr, R@R 2H2+i`QHvi2 b?QrBM; BQM T�B`BM; rBi?
+QMi�+i BQM T�B`b �i HQr +QM+2Mi`�iBQM �M/ � ?B;?2` 7`�+iBQM Q7 7`22 BQMb �b +QM+2Mi`�iBQM
BM+`2�b2bX "QiiQK `Qr, k@R 2H2+i`QHvi2 BM � HQr T2`KBiiBpBiv 2H2+i`QHvi2- rBi? +�iBQMb BM
+QMi�+i BQM@T�B`bX �b +QM+2Mi`�iBQM BM+`2�b2b- � ?B;?2` 7`�+iBQM Q7 7`22 BQMb Bb T`2b2MiX

HQr T2`KBiiBpBiv- +QKTQmM/2/ rBi? i?2 bi`QM;2` +?�`;2 Q7 KmHiBp�H2Mi BQMb UJ;2+ �M/ *�2+V
+�M H2�/ iQ bB;MB}+�Mi BQM �bbQ+B�iBQM BM bQHmiBQM 7Q` k@R 2H2+i`QHvi2b- ;2M2`�HHv bT2�FBM;-
rBi? � MQM@i`BpB�H +QM+2Mi`�iBQM /2T2M/2M+2X

PM+2 /BbbQHp2/ �M/ bQHp�i2/- BQMb +�M +QM/m+i +m``2MiX h?2 +QM/m+iBpBiv σ = j/E +�M #2
mM/2`biQQ/ �b i?2 BMp2`b2 Q7 i?2 `2bBbiBpBiv- Q` i?2 +m``2Mi /2MbBiv j 7Q` � ;Bp2M 2H2+i`B+ }2H/
K�;MBim/2 EX � mb27mH [m�MiBiv iQ bim/v ?Qr +QM/m+iBpBiv +?�M;2b rBi? b�Hi +QM+2Mi`�iBQM
Bb i?2 KQH�` +QM/m+iBpBiv Λ- r?B+? Bb /2}M2/ �b i?2 7QHHQrBM;,

Λ = σ/c URXeV
6B;m`2 RX9 b?Qrb i?2 K2�bm`2/ +QM/m+iBpBiv UH27iV �M/ KQH�` +QM/m+iBpBiv U`B;?iV �b �

7mM+iBQM Q7 +QM+2Mi`�iBQM 7Q` p�`BQmb b�Hib BM p�`BQmb MQM@�[m2Qmb bQHp2Mib TQTmH�` 7Q` 2H2+@
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redissociation redissociation

LiTFSI in H2O
LiTFSI in G1

MgTFSI2 in G1, G2
LiPF6 in 
DMCLiClO4 in G1

LiClO4 in DMC

LiAsF6 in DMC

LiTFSI in H2O
LiTFSI in G1

MgTFSI2 in G1

LiPF6 in DMC

LiClO4 in G1 LiClO4 in DMC

LiAsF6 in DMC

MgTFSI2 in G1

6B;m`2 RX9, J2�bm`2/ +QM/m+iBpBiv UH27iV �M/ KQH�` +QM/m+iBpBiv U`B;?iV i�F2M 7`QK HBi2`@
�im`2X _2;BK2 r?2`2 KQH�` +QM/m+iBpBiv BM+`2�b2b Bb ?B;?HB;?i2/ U�TT`QtBK�i2HvV #v i?2
ǳ`2/BbbQ+B�iBQMǴ `2;BQM- 7Q` .J*- :R �M/ :k 2H2+i`QHvi2bX(R9- ReĜky)

i`Q+?2KB+�H �TTHB+�iBQMbX GBh6aA BM �M �[m2Qmb 2H2+i`QHvi2 Bb �HbQ b?QrM U#`QrMVX(R9) 6Q`
�[m2Qmb GBh6aA- i?2 b�Hi Bb +QKTH2i2Hv Q` �HKQbi +QKTH2i2Hv /BbbQ+B�i2/ �M/ i?2 KQH�` +QM@
/m+iBpBiv /2+`2�b2b rBi? +QM+2Mi`�iBQM UBM i?2 2MiB`2 +QM+2Mi`�iBQM `�M;2 bim/B2/VX 6Q` i?Bb
�[m2Qmb 2H2+i`QHvi2- σ 2t?B#Bib � K�tBKmK �b � 7mM+iBQM Q7 +QM+2Mi`�iBQMX �i +QM+2Mi`�iBQMb
HQr2` i?�M i?�i Q7 i?2 K�tBKmK σ- i?2`2 Bb � HQr2` +QM/m+iBpBiv /m2 iQ � bK�HH2` [m�MiBiv
Q7 +?�`;2@+�``B2` BQMb r?BH2 �i +QM+2Mi`�iBQMb ?B;?2` i?�M i?�i Q7 i?2 K�tBKmK σ- � +QK#B@
M�iBQM Q7 pBb+QbBiv �M/ T2`?�Tb bQK2 BQM T�B`BM; UQ` ;2M2`�HHv BMi2`BQMB+ +Q``2H�iBQMbV H2�/
iQ `2/m+2/ +QM/m+iBpBivX h?2 Qi?2` 2H2+i`QHvi2b U2X;X b�Hib BM /BK2i?vH +�`#QM�i2- Q` .J*-
:R �M/ :kV r?B+? �`2 HQr T2`KBiiBpBiv 2H2+i`QHvi2b- b?Qr /Bz2`2Mi #2?�pBQ` i?�M i?2 ?B;?
T2`KBiiBpBiv R@R 2H2+i`QHvi2bX 6Q` +QM+2Mi`�iBQMb �#Qp2 i?2 /BHmi2 HBKBi U2X;X c = Ry−2 JV-
i?2 +QM/m+iBpBiv Bb Km+? HQr2` i?�M 7Q` i?2 �[m2Qmb +QmMi2`T�`i- �M/ ;2M2`�HHv i?2 KQH�`
+QM/m+iBpBiv Λ BM+`2�b2b rBi? BM+`2�bBM; +QM+2Mi`�iBQMX h?Bb Bb +QMi`�`v iQ r?�i Bb T`2/B+i2/
#v +QMp2MiBQM�H i?2Q`B2b Q7 HB[mB/ 2H2+i`QHvi2bX 6Q` 2t�KTH2- EQ?H`�mb+?Ƕb H�r BM p2`v /BHmi2
bQHmiBQMb T`2/B+ib � /2+`2�b2 BM KQH�` +QM/m+iBpBiv T`QTQ`iBQM�H iQ i?2 b[m�`2 `QQi Q7 i?2
+QM+2Mi`�iBQM-(R8) /m2 iQ 2H2+i`QT?Q`2iB+ �M/ `2H�t�iBQM 2z2+ibX �i ?B;?2` +QM+2Mi`�iBQMb-
KQH�` +QM/m+iBpBiv /2+`2�b2b 7Q`- b�v- �[m2Qmb 2H2+i`QHvi2b- /m2 iQ pBb+QbBiv BM+`2�b2b Q7 i?2
2H2+i`QHvi2 �b r2HH �b BQM@BQM +Q``2H�iBQMbX h?2 `2;BQM r?2`2 KQH�` +QM/m+iBpBiv Λ Bb BM+`2�b@
BM; Bb /2MQi2/ #v i?2 redissociation `2;BK2 /`�rM BM 6B;m`2 RX9X h?Bb `272`b iQ � `2;BQM
r?2`2 i?2 TQTmH�iBQM 7`�+iBQM Q7 +QM/m+iBp2 b�Hi bT2+B2b BM+`2�b2b- H2�/BM; iQ �M BM+`2�b2
BM ΛX h?Bb Bb bT2+B}+ iQ HQr T2`KBiiBpBiv 2H2+i`QHvi2b- BM +QMi`�/BbiBM+iBQM iQ i?2 �[m2Qmb
2H2+i`QHvi2 b?QrM BM #`QrMX h?2 /`BpBM; 7Q`+2b 7Q` `2/BbbQ+B�iBQM �`2 2tTH�BM2/ BM � 7QHHQrBM;
b2+iBQMX
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RXj �+iBpBiv *Q2{+B2Mib 7Q` ai`QM;Hv@�bbQ+B�iBM;
1H2+i`QHvi2b

�b b�Hi +QM+2Mi`�iBQM BM+`2�b2b BM HB[mB/ 2H2+i`QHvi2b- i?Bb BM2pBi�#Hv H2�/b iQ � +?�M;2 BM
i?2 +?2KB+�H TQi2MiB�Hb Q7 �HH +?2KB+�H bT2+B2b BM bQHmiBQM, b�Hi �M/ bQHp2MiX h?2 T?vbB+�H
+QMb2[m2M+2b Q7 i?Bb BM+Hm/2 +?�M;2b BM i?2 +QHHB;�iBp2 T`QT2`iB2b bm+? �b 7`22xBM; TQBMi
/2T`2bbBQM �M/ #QBHBM; TQBMi 2H2p�iBQMX h?2 +QMb2[m2M+2b Q7 +?2KB+�H TQi2MiB�H �M/ �+iBpBiv
+Q2{+B2Mi +?�M;2b �`2 MQi bQH2Hv `2H2;�i2/ iQ +QHHB;�iBp2 T`QT2`iB2b @ �+iBpBiv +Q2{+B2Mib �`2
`2H2p�Mi iQ BQM T�B`BM; �M/ +?�`;2 i`�MbTQ`iX JQ`2Qp2`- bQHp�iBQM i?2`KQ/vM�KB+b- r?B+?
�+iBpBiv +Q2{+B2Mib /B`2+iHv /2b+`B#2- BM ;2M2`�H ?�p2 #22M �HbQ 7QmM/ iQ #2 iB2/ iQ 2H2+i`QHvi2
T2`7Q`K�M+2 BM #�ii2`B2b- #Qi? KmHiBp�H2Mi �M/ GB@BQMX(kRĜkj)

AM i?Bb i?2bBb- i?2 +?2KB+�H TQi2MiB�H UQ` �+iBpBiv +Q2{+B2MiV Q7 i?2 b�Hi BM bQHmiBQM Bb
+�H+mH�i2/ #�b2/ QM i?2 B/2� i?�i i?2 +QMi`B#miBQM iQ i?2 +?�M;2 BM +?2KB+�H TQi2MiB�H +QK2b
7`QK 7Qm` /Bz2`2Mi T?vbB+Q+?2KB+�H +QMi`B#miBQMb, B/2�H +QM+2Mi`�iBQM 2z2+ib- BQM T�B`BM;-
BQM@�iKQbT?2`2 2z2+ib(k9) U�b T`2/B+i2/ #v .2#v2@>m+F2H i?2Q`v- /2MQi2/ .>V �M/ bQHp�iBQM
2z2+ib 7`QK p�`vBM; T2`KBiiBpBiv U"Q`M bQHp�iBQM- /2MQi2/ "Q`MV,

µsalt − µ0
salt = ∆µideal concentration +∆µion pairing +∆µDH +∆µBorn URXdV

Ai Bb ?2`2 bi`2bb2/ i?�i i?2 �#Qp2 +QMi`B#miBQMb iQ i?2 +?2KB+�H TQi2MiB�H �`2 r2HH FMQrM-
#mi `2b2�`+? 2zQ`ib bQK2iBK2b M2;H2+i 2Bi?2` "Q`M bQHp�iBQM Q` .2#v2@>m+F2H 2z2+ib(RN- k8)X
JQ`2Qp2`- i?2`2 2tBbi �HiQ;2i?2` /Bz2`2Mi �+iBpBiv +Q2{+B2Mi KQ/2Hb- r?B+? �`2 /Bb+mbb2/
7m`i?2` #2HQrX 1[m�iBQM RXd b?Qrb i?2 p�`BQmb +QMi`B#miBQMb iQ i?2 +?2KB+�H TQi2MiB�H Q7
i?2 b�Hi +QMbB/2`2/ BM i?Bb rQ`FX AM Q`/2` iQ �M�Hvx2 i?2 p�`BQmb i2`Kb- r2 ?2`2BM /Bb+mbb
i?2 p�`BQmb +QMi`B#miBQMb KQ`2 2tTHB+BiHvX �bbmKBM; bBKTH2 KQMQp�H2Mi b�Hi +QKTQM2Mib-
i?2 ∆µideal concentration i2`K Bb 2[m�H iQ kRT HMUcVX 6Q` BQM T�B`BM; Q7 i?2 bBKTH2bi FBM/- �M
2[mBHB#`BmK Bb 2bi�#HBb?2/ #2ir22M 7`22 BQMb S+- S− �M/ +QMi�+i BQM T�B`b U*ASbV SCIPX 6Q`
� R@R 2H2+i`QHvi2- r2 +�M r`Bi2,

S+ + S− ⇀↽ SCIP URX3V
� +QM+2Mi`�iBQM 2[mBHB#`BmK +QMbi�Mi +�M #2 /2}M2/ pB� i?2 7QHHQrBM; K�bb@�+iBQM `2H�iBQM@
b?BT,

KA =
cCIP

c+c−
URXNV

h?2 2[mBHB#`B� #2ir22M �bbQ+B�i2/ b�Hi bT2+B2b �M/ 7`22 BQMb Bb BM~m2M+2/ #v i?2 �+iBpBiv
+Q2{+B2Mib Q7 i?2 `2bT2+iBp2 bT2+B2b- BX2X r2 +�M /BbiBM;mBb? i?2 �+iBpBiv +Q2{+B2Mib Q7 7`22
BQMb y+, y− rBi? i?Qb2 Q7 �bbQ+B�i2/ bT2+B2b U2X;X +QMi�+i BQM T�B`b- yCIPVX lbBM; i?2b2 �+iBpBiv
+Q2{+B2Mib- i?2 +QM+2Mi`�iBQM 2[mBHB#`BmK +QMbi�Mi +�M #2 `2H�i2/ iQ i?2 i?2`KQ/vM�KB+
UBM}MBi2 /BHmiBQMV 2[mBHB#`BmK +QMbi�Mi UBM/2T2M/2Mi Q7 +QM+2Mi`�iBQMV K0

A,

KA = K0
A

y+y−
yCIP

URXRyV
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Ai Bb iQ #2 MQi2/ i?�i i?2 �+iBpBiv +Q2{+B2Mib Q7 i?2 p�`BQmb b�Hi bT2+B2b +�M #2 /B`2+iHv `2H�i2/
iQ i?2 iQi�H �+iBpBiv +Q2{+B2Mi Uy±V Q7 i?2 b�Hi- r?B+? Bib2H7 Bb 2tT2`BK2Mi�HHv K2�bm`�#H2 UpB/2
BM7`�VX 6Q` � 7`�+iBQM Q7 7`22 BQMb α,

µsalt − µ0
salt = αµ+ + αµ− + (1− α)µCIP URXRRV

>2`2- B7 yCIP = 1- i?2M µCIP = ∆G0
A + RT ln(cCIP)- /B`2+iHv `2H�i2/ iQ i?2 BM}MBi2 /BHmiBQM

2[mBHB#`BmK +QMbi�Mi K0
A = exp(−∆G0

A/(RT ))X h?2 H�bi i2`K RT ln(cCIP) Bb i?2 B/2�H +QM@
+2Mi`�iBQM i2`K +Q``2+i2/ /m2 iQ bT2+B�iBQM 7Q` i?2 *AS bT2+B2bX >2`2 i?2 `272`2M+2 bi�i2
Bb i?�i Q7 7`22 BQMb �i BM}MBi2 /BHmiBQM- bm+? i?�i- �i BM}MBi2 /BHmiBQM- �HH 7`22 BQM �+iBpBiv
+Q2{+B2Mib �`2 yi = 1X PM2 Q7 i?2 K�BM /`BpBM; 7Q`+2b 7Q` +?�M;2 BM �+iBpBiv +Q2{+B2Mib BM
2H2+i`QHvi2 bQHmiBQMb �b � 7mM+iBQM Q7 +QM+2Mi`�iBQM Bb HQM;@`�M;2 2H2+i`Qbi�iB+bX h?2b2 +�M
BM+Hm/2 HQM;@`�M;2 2H2+i`Qbi�iB+b 7`QK i?2 BQMB+ �iKQbT?2`2 U.2#v2@>m+F2HV �M/ +?�M;2b BM
T2`KBiiBpBiv +QKBM; 7`QK i?2 BQMb T`2b2Mi BM bQHmiBQMX >Qr2p2`- i?2 H�ii2` TQBMi- �Hi?Qm;?
?B;?HB;?i2/ �b 2�`Hv �b RNk8 #v >m+F2H-(ke- kd) ?�b #22M Qp2`HQQF2/ #v K�Mv `2b2�`+?2`b-
r?B+? Bb /Bb+mbb2/ #2HQrX "`B2~v- i?2 .2#v2@>m+F2H i?2Q`v Q7 BQM �iKQbT?2`2 2z2+ib �+@
+QmMib 7Q` i?2 2H2+i`Qbi�iB+ BMi2`�+iBQMb Q7 BQMb BM bQHmiBQMX :2M2`�HHv- i?2 T`2b2M+2 Q7 Qi?2`
BQMb Q` +?�`;2/ bT2+B2b BM bQHmiBQM H2�/b iQ � HQr2`BM; Q7 i?2 +?2KB+�H TQi2MiB�H Q7 �HH i?2
p�`BQmb +?�`;2/ bT2+B2bX � /2`Bp�iBQM +�M #2 7QmM/ BM L2rK�M �M/ h?QK�b@�Hv2�X(k9) h?2
.2#v2@>m+F2H +QMi`B#miBQM iQ BQMbǶ 7`22 2M2`;B2b Bb /2T2M/2Mi QM i?2 BQMbǶ bQHmiBQM `�/Bmb U�
b2KB@2KTB`B+�H [m�MiBivV- i?2 /B2H2+i`B+ +QMbi�Mi Q7 i?2 bQHmiBQM- i?2 +?�`;2 MmK#2` Q7 BQMb
�M/ i?2 BQMB+ bi`2M;i?X �MQi?2` +QMi`B#miBQM iQ i?2 BQMbǶ 7`22 2M2`;v Bb Bib "Q`M bQHp�iBQM 2M@
2`;v- Q` Bib ǳb2H7@2M2`;vǴ- �b T`2/B+i2/ #v i?2 "Q`M 2M2`;v 2[m�iBQMX(k3) h?Bb +QMi`B#miBQM Bb
/2T2M/2Mi QM i?2 BQMbǶ bQHmiBQM `�/Bmb �M/ i?2 /B2H2+i`B+ +QMbi�Mi Q7 i?2 2H2+i`QHvi2X q2 +�M
r`Bi2 Qmi i?2 +QMi`B#miBQM iQ i?2 7`22 2M2`;B2b 7`QK i?2 p�`BQmb 2H2+i`Qbi�iB+ +QMi`B#miBQMb
mbBM; i?2 `2H2p�Mi �+iBpBiv +Q2{+B2Mib,

µ+ − µ0
+ = RT lnyDH,+ +RT lnyBorn,+ +RT ln(c+) URXRkV

µ− − µ0
− = RT lnyDH,− +RT lnyBorn,− +RT ln(c−) URXRjV

am#biBimiBM; i?2 irQ �#Qp2 2[m�iBQMb BM 2[m�iBQM RXRR,

µsalt − µ0
salt =

c+
c
RT ln(yBorn,+yDH,+c+) +

c−
c
RT ln(yBorn,−yDH,−c−) +

cCIP

c
RT ln(cCIP/K

0
A)

URXR9V
h?2 2t�+i K�i?2K�iB+�H 2tT`2bbBQM 7Q` 2�+? Q7 i?2b2 i2`Kb Bb HBbi2/ BM i?2 �TT2M/Bt U.>
�M/ "Q`M bQHp�iBQM 2z2+ib �`2 +�H+mH�i2/ pB� 2[m�iBQMb �XR �M/ �X8VX AM Q`/2` iQ +QKT�`2 iQ
2tT2`BK2Mi- i?2 2tT2`BK2Mi�H [m�MiBiv y± Bb mb27mHX Ai Bb /B`2+iHv `2H�i�#H2 iQ i?2 +?2KB+�H
TQi2MiB�H pB� i?2 7QHHQrBM;- r?2`2 � 7�+iQ` Q7 k �`Bb2b 7`QK i?2 bmK Q7 i?2 BQMbǶ +?�`;2 MmK#2`,

µsalt = µ0
salt + 2RT ln(cy±) URXR8V
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6B;m`2 RX8, o�`BQmb +QMi`B#miBQMb iQ i?2 +?2KB+�H TQi2MiB�H Q7 i?2 b�Hi 7Q` GB*HP9 BM :R UH27iV-
mbBM; 2[m�iBQM RXR9 - �M/ i?2 +Q``2bTQM/BM; +QM+2Mi`�iBQM@/2T2M/2Mi �+iBpBiv +Q2{+B2Mi
U`B;?iVX 1tT2`BK2Mi�H /�i� i�F2M 7`QK "�`i?2H 2i �HX(kN) .2#v2@>m+F2H `�/BB �M/ "Q`M `�/BB
i�F2M 7`QK *�+?2i 2i �HX-(jy) +QM+2Mi`�iBQM@/2T2M/2Mi /B2H2+i`B+ +QMbi�Mi �M/ BM}MBi2 /BHmiBQM
�bbQ+B�iBQM +QMbi�Mi 7`QK PMBb?B 2i �HX(Rd)

y± =
1

c
exp(

µsalt − µ0
salt

2RT
) URXReV

6B;m`2 RX8 b?Qrb i?2 +QMi`B#miBQMb iQ i?2 +?2KB+�H TQi2MiB�H- �b HBbi2/ BM 2[m�iBQM RXd-
7Q` GB*HP4 BM :R UH27iVX GB*HP9 Bb MQi rB/2Hv mb2/ �b � b�Hi BM +QMi2KTQ`�`v �TTHB+�iBQMb
Q` `2b2�`+? /m2 iQ b�72iv Bbbm2b-(jR) ?Qr2p2` 7Q` K�Mv MQM@�[m2Qmb 2H2+i`QHvi2b- Bi ?�b #22M
i?Q`Qm;?Hv +?�`�+i2`Bx2/- KQ`2 bQ i?�M K�Mv b�Hib +m``2MiHv mb2/ BM 2H2+i`Q+?2KB+�H �TTHB+�@
iBQMb- r?B+? Bb r?v +2`i�BM GB*HP9 +�b2 bim/B2b �`2 `2TQ`i2/ ?2`2 �M/ BM i?2 7QHHQrBM; +?�Ti2`
�b i?2v �HHQr +QKT�`BbQM iQ 2tT2`BK2Mi 7`QK i?2Q`2iB+�H Q` +QKTmi�iBQM�H KQ/2Hb i?�i �`2
i?2 bm#D2+i Q7 i?Bb i?2bBbX 6Q` i?2 +?2KB+�H TQi2MiB�H KQ/2H mb2/ BM 6B;m`2 RX8- i?2 `2H2p�Mi
BMTmi T�`�K2i2`b- M�K2Hv i?2 `2H2p�Mi BQMB+ `�/BB- BM}MBi2 /BHmiBQM �bbQ+B�iBQM +QMbi�Mi �M/
+QM+2Mi`�iBQM@/2T2M/2Mi /B2H2+i`B+ +QMbi�Mi- r2`2 i�F2M 7`QK 2tT2`BK2MiX(Rd- jy) h?2 KQ/2H
mb2/ ?2`2BM b?Qrb �;`22K2Mi rBi? i?2 2tT2`BK2Mi�HHv K2�bm`2/ �+iBpBiv +Q2{+B2Mi U`B;?iVX
6Q` +QKT�`BbQM Q7 i?2 2tT2`BK2Mi�H �M/ KQ/2H �+iBpBiv +Q2{+B2Mib- i?2 `272`2M+2 bi�i2 r�b
b?B7i2/ #v � +QMbi�MiX AKTQ`i�MiHv- i?2 �;`22K2Mi bm;;2bib i?�i i?2 +m``2Mi T`QTQb2/ +QMi`B@
#miBQMb iQ i?2 +?2KB+�H TQi2MiB�H BM 2[m�iBQM RXd �`2 #Qi? M2+2bb�`v �M/ bm{+B2Mi iQ 2tTH�BM
�+iBpBiv +Q2{+B2Mib 7Q` i?Bb HQr T2`KBiiBpBiv 2H2+i`QHvi2 BM i?2 HQr iQ KQ/2`�i2 +QM+2Mi`�iBQM
`�M;2 U#2HQr " R JV- �M/ �`;m�#Hv 7Q` HQr T2`KBiiBpBiv 2H2+i`QHvi2b BM ;2M2`�HX

.Bz2`2Mi �+iBpBiv *Q{+B2Mi JQ/2Hb
h?2 �#Qp2 /2b+`B#2/@KQ/2H +QMbB/2`b .> BQM �iKQbT?2`2- BQM T�B`BM;- �M/ T2`KBiiBpBiv U2X;X
"Q`M aQHp�iBQMV 2z2+ibX h?2`2 2tBbi Qi?2` �+iBpBiv +Q2{+B2Mi KQ/2Hb r?2`2 i?2 �bbmKTiBQMb
`2;�`/BM; i?2 BKTQ`i�Mi i?2`KQ/vM�KB+ /`BpBM; 7Q`+2b �`2 /Bz2`2MiX >BbiQ`B+�HHv- QM2 Q7
i?2 KQbi BKTQ`i�Mi Bb i?2 KQ/2H Q7 SBix2` 2[m�iBQMbX(jk- jj) h?2b2 ?�p2 #22M /2p2HQT2/
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7Q` �[m2Qmb 2H2+i`QHvi2b- #mi ?�p2 #22M mb2/ 7Q` HQr T2`KBiiBpBiv 2H2+i`QHvi2bX(j9) >2`2- �M
2tT�MbBQM Q7 i?2 �+iBpBiv +Q2{+B2Mi �b � 7mM+iBQM Q7 BQMB+ bi`2M;i?- BM+Hm/BM; .> 2z2+ib-
Bb mb2/X >Qr2p2`- Bi Bb ?2`2 bm;;2bi2/ i?�i i?�i SBix2` ivT2 KQ/2Hb- �Hi?Qm;? �HHQrBM;
T?2MQK2MQHQ;B+�H }iiBM; Q7 i?2 �+iBpBiv +Q2{+B2Mib- K�v KBbb BKTQ`i�Mi T?vbB+�H 2z2+ib BM
i?2 mM/2`HvBM; KQ/2H r?BH2 �HHQrBM; i?2 K�Mv �/Dmbi�#H2 T�`�K2i2`b iQ }i 2tT2`BK2Mi�H
/�i�X AM Qi?2` rQ`/b- Qp2`}iiBM; K�v #2 i?2 +QMb2[m2M+2 Q7 i?2 ;QQ/ �;`22K2Mi Q7 SBix2`
2[m�iBQMb rBi? 2tT2`BK2MiX AM i?Bb r�v- SBix2` 2[m�iBQMb K�v MQi #2 i?2 #2bi iQ T`2/B+i
�+iBpBiv +Q2{+B2Mib rBi? HBiiH2 Q` MQ � T`BQ`B 2tT2`BK2Mi�H /�i�X 6Q` 2t�KTH2- T2`KBiiBpBiv
+?�M;2b �M/ i?2 T?vbB+�H 2z2+ib i?�i 7QHHQr U2X;X `2/BbbQ+B�iBQM- /Bb+mbb2/ BM KQ`2 /2i�BH
H�i2`V �`2 MQi +�Tim`2/X SBix2` KQ/2Hb �`2 ;2M2`�HHv �TTHB2/ bm+? i?�i i?2 BQMB+ bi`2M;i?
Bb i�F2M �b � Ur2B;?i2/V bmK Qp2` �HH b�Hi bT2+B2b �M/ MQi Qp2` �HH +?�`;2/ bT2+B2b- r?B+?
K2�Mb i?�i BQM@T�B`BM; Bb MQi r2HH �++QmMi2/ 7Q`X(j8) JQ`2Qp2`- i?2 /B2H2+i`B+ +QMbi�Mi Bb F2Ti
+QMbi�Mi �b � 7mM+iBQM Q7 b�Hi +QM+2Mi`�iBQM- �M �bbmKTiBQM mM/Qm#i2/Hv BM+Q``2+i #2vQM/
i?2 /BHmi2 HBKBiX

�MQi?2` KQ/2H Bb i?2 K2�M bT?2`B+�H �bbQ+B�iBQM UJa�VX(j8Ĝjd) >2`2- i?2 2z2+i Q7 pQHmK2
2t+HmbBQM 7`QK i?2 T`2b2M+2 Q7 i?2 b�Hi BM i?2 bQHmiBQM H2�/b iQ � +Q``2+iBQM iQ i?2 .>
2tT`2bbBQM 7Q` +?2KB+�H TQi2MiB�HX �b i?2 M�K2 BKTHB2b- `�/BB Q7 BMi2`�+iBM; bT?2`2b �`2 mb2/
iQ KQ/2H i?2 b�Hi- �M/ +�M �HHQr `2T`Q/m+iBQM Q7 �+iBpBiv +Q2{+B2Mi /�i�X �Hi?Qm;? i?2
Ja� ?�b #22M mb2/ BM � r�v i?�i �HHQrb T`2/B+iBQM Q7 K0

A p�Hm2b 7Q` +2`i�BM +�b2b-(j3) Bi
/Q2b MQi #v Bib2H7 �HHQr 7Q` i?2 T`2/B+iBQM Q7 +?�M;2b BM T2`KBiiBpBiv- r?B+? +�M /`�K�iB+�HHv
�z2+i i?2 �+iBpBiv +Q2{+B2Mib Q7 b�Hi bT2+B2bX *2`i�BM �mi?Q`b ?�p2 2M?�M+2/ i?2 Ja� pB�
�++QmMiBM; 7Q` i?2 T2`KBiiBpBiv +?�M;2b �b �M �//BiBQM iQ i?2 KQ/2H- �Hi?Qm;? iQ i?2 #2bi
Q7 Qm` FMQrH2/;2- bm+? rQ`F ?�b MQi T`2/B+i2/ i?2 /B2H2+i`B+ +QMbi�Mi #mi `�i?2` ?�b `2HB2/
QM 2tT2`BK2Mi�H /�i�X(jN) h?2`2 Bb �i H2�bi QM2 �/Dmbi�#H2 T�`�K2i2` BM i?2 Ja� U`�/Bmb
Q7 +HQb2bi �TT`Q�+?V- �M�HQ;Qmb iQ i?2 `�/Bmb mb2/ BM .> i?2Q`v- r?B+? Bb �HbQ 2Bi?2` �
b2KB@2KTB`B+�H Q` �/Dmbi�#H2 T�`�K2i2`X h?2 ?vTQi?2bBb BM i?Bb i?2bBb- /m2 iQ i?2 KQ/2`�i2
+QM+2Mi`�iBQMb bim/B2/- Bb i?�i pQHmK2 2t+HmbBQM 2z2+ib �`2 MQi QM2 Q7 i?2 K�DQ` T?vbB+�H
K2+?�MBbKb /B+i�iBM; +?�M;2b BM #mHF T`QT2`iB2b Q7 2H2+i`QHvi2bX S2`KBiiBpBiv 2z2+ib �M/ BQM@
�iKQbT?2`2 2z2+ib �`2 �bbmK2/ �b i?2 KQbi bB;MB}+�MiX �b bm+?- i?2 Ja� Bb MQi +QMbB/2`2/
?2`2BM- �Hi?Qm;? Bi +QmH/ #2 BM+Q`TQ`�i2/ BM 7m`i?2` rQ`F iQ i?2 K2i?Q/QHQ;v BM i?Bb i?2bBb-
r?2`2 +QM+2Mi`�iBQM /2T2M/2Mi T2`KBiiBpBiv Bb KQ/2H2/X

6Q` �[m2Qmb 2H2+i`QHvi2b- p�`BQmb `2b2�`+? ;`QmTb ?�p2 T`QTQb2/ i?�i �+iBpBiv +Q2{+B2Mib
+QmH/ #2 r2HH KQ/2H2/ #v BM+HmbBQM Q7 .2#v2@>m+F2H- "Q`M �M/ B/2�H +QM+2Mi`�iBQMb 2z2+ib-
T`QpB/2/ i?2 /B2H2+i`B+ +QMbi�Mi Bb FMQrM �b � 7mM+iBQM Q7 +QM+2Mi`�iBQM- rBi? MQ M22/ 7Q`
+QMbB/2`�iBQM Q7 pQHmK2 2t+HmbBQM 2z2+ib U�b BM i?2 Ja�V Q` BQM T�B`BM;X(ke- jd- 9y- 9R) .m2
iQ i?2 ?B;? T2`KBiiBpBiv Q7 r�i2`- BQM T�B`BM; Bb �`;m�#Hv M2;HB;B#H2 BM i?2B` bim/B2b Q7 R@R
�[m2Qmb 2H2+i`QHvi2bX >Qr2p2` BM i?2 bQHp2Mib bim/B2/ 7Q` J; �M/ *� #�ii2`B2b U:R- h>6V
�Mv `2�bQM�#H2 �+iBpBiv +Q2{+B2Mi KQ/2H b?QmH/ BM+Q`TQ`�i2 BQM T�B`BM;- �b /Bb+mbb2/ 2�`HB2`X
JQ`2Qp2`- i?2 +QM+2Mi`�iBQM@/2T2M/2Mi /B2H2+i`B+ +QMbi�Mi 7Q` HQr T2`KBiiBpBiv 2H2+i`QHvi2b
+�M QMHv #2 mM/2`biQQ/ �M/ T`2/B+i2/ pB� i?2 +QMbB/2`�iBQM Q7 BQM T�B`BM;- �b rBHH #2 b?QrM
BM � 7QHHQrBM; b2+iBQMX Ai Bb MQi2/ i?�i i?2 B/2� Q7 /BbiBM+i BQM bT2+B�iBQM- r?2`2 BQMb i?�i �`2
+HQb2 iQ;2i?2` bi�v iQ;2i?2`- Bb T`2bmK�#Hv � KQ/2H r2HH bmBi2/ 7Q` +QM+2Mi`�iBQMb bm{+B2MiHv
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HQr2` i?�i i?�i Q7 ?B;? +QM+2Mi`�iBQM U2X;X r2HH bmBi2/ 7Q` c " R J �M/ #2HQrVX �b r2
�TT`Q�+? +QM+2Mi`�i2/ �M/ bmT2`+QM+2Mi`�i2/ `2;BK2b-(9k- 9j) BQMb K�v #2 #2bi /2b+`B#2/
�b M2Bi?2` 7`22 MQ` T�B`2/- +Hmbi2`2/ Q` �;;`2;�i2/ #mi �b +Q``2H�i2/ iQ � +2`i�BM /2;`22X
�b � T2`?�Tb i`BpB�H #mi `2p2�HBM; 2t�KTH2- i?2 BQMb BM BQMB+ HB[mB/b /Q MQi 7Q`K � bBM;H2
;B�Mi �;;`2;�i2- #mi �`2 #2ii2` /2b+`B#2/ �b +Q``2H�i2/ BQMb BM HB[mB/ T?�b2X LQM2i?2H2bb- BM
i?2 `2;BK2b bim/B2/ BM i?Bb i?2bBb- BQM T�B`BM; Bb �bbmK2/ iQ #2 r2HH bmBi2/ iQ /2b+`B#2/ i?2
M�MQb+QTB+ TB+im`2 Q7 i?2 b�HiX

RX9 .B2H2+i`B+ _2H�t�iBQM aT2+i`Qb+QTv
.2bTBi2 i?2 BKTQ`i�M+2 Q7 i?2 /2;`22 Q7 BQM T�B`BM; BM bQHmiBQMb- i?2 bT2+B�iBQM BM KmHiBp�H2Mi
k@R 2H2+i`QHvi2b Bb iQ /�i2 [mBi2 TQQ`Hv mM/2`biQQ/- /m2 iQ i?2 /B{+mHiv Q7 2tT2`BK2Mi�HHv
/2i2`KBMBM; i?2 /2;`22 Q7 BQM T�B`BM; �b � 7mM+iBQM Q7 b�Hi +QM+2Mi`�iBQMX Pi?2`rBb2 bm+@
+2bb7mH i2+?MB[m2b bm+? �b +QM/m+iQK2i`v(j8) �`2 BM+`2�bBM;Hv /B{+mHi iQ mb2- /m2 iQ #Qi?
i?2 BM+`2�b2 BM �KQmMi Q7 BQM T�B`BM; �M/ iQ i?2 7�+i i?�i 2p2M bBKTH2 +QMi�+i BQM T�B`b +�M
+�``v +?�`;2X JQ`2 T`2+Bb2Hv- 7`QK +QM/m+iQK2i`B+ �M�HvbBb �HQM2 Q7 k@R 2H2+i`QHiv2b- Bi Bb MQi
� T`BQ`B Q#pBQmb 2p2M r?�i i?2 #�bB+ `2H2p�Mi �bbQ+B�iBQM 2[mBHB#`B� �`2X(99) h?mb- i?2`2 rBHH
MQi #2 � 7Q+mb BM i?Bb i?2bBb QM mb2b Q7 +QM/m+iQK2i`B+ 2tT`2bbBQMb iQ ǳ}iǴ Λ pb c- �b Bb Q7i2M
mM/2`i�F2M 7Q` R@R 2H2+i`QHvi2bX(RN- j8- 98) h?2 2tT`2bbBQMb /2p2HQT2/ U2X;X 6mQbb@>bB�-(j8)
G22@q?2�iQM(9e) 2i+XV- r?B+? BM+Hm/2 +QMi`B#miBQMb 7`QK `2H�t�iBQM �M/ 2H2+i`QT?Q`2iB+ 27@
72+ib- �`2 MQi 2�bBHv �TTHB2/ iQ k@R 2H2+i`QHvi2b r?2`2 iQQ K�Mv }iiBM; p�`B�#H2b �`2 Q7i2M
BMi`Q/m+2/ 7`QK i?2 p�`BQmb TQbbB#H2 +?�`;2 +�``B2`b BM bQHmiBQMX(j8)

PM2 i2+?MB[m2 r?B+? ?�b #22M bQK2r?�i KQ`2 bm++2bb7mH i?�M +QM/m+iQK2i`v 7Q` KmH@
iBp�H2Mi 2H2+i`QHvi2b Bb /B2H2+i`B+ `2H�t�iBQM bT2+i`Qb+QTv U._aV-(j8- 9d) r?B+? bim/B2b i?2
`2bTQMb2 Q7 HB[mB/b Q` K�i2`B�Hb iQ �TTHB2/ 2H2+i`B+ }2H/bX AM T�`iB+mH�`- �bbQ+B�i2/ b�Hi bT2+B2b
T`2b2Mi BM bQHmiBQM b?Qr /BTQH�` `2H�t�iBQM BM i?2 bim/B2/ 7`2[m2M+v `�M;2 �M/ ?2M+2 i?2B`
T`2b2M+2 K�v #2 /2i2+i2/ #v ._aX JQ`2Qp2`- HQbb BM bQHp2Mi TQH�`Bx�#BHBiv /m2 iQ i?2 #QmM/@
BM; Q7 7`22 bQHp2Mi KQH2+mH2b U2X;X HQbb Q7 ǳ7`22Ǵ bQHp2Mi KQH2+mH2b iQ i?2 T`BK�`v bQHp�iBQM
b?2HH Q7 BQMbV +�M �HbQ #2 K2�bm`2/X h?2 7`2[m2M+B2b Q7 ._a mb2/ iQ bim/v /BTQH�` `2bTQMb2
�`2 ivTB+�HHv #2ir22M yX8 :>x �M/ Ryy :>xX

h?2`2 Bb � bB;MB}+�Mi #Q/v Q7 rQ`F Q7 ._a �TTHB2/ iQ HQr T2`KBiiBpBiv R@R HB[mB/ 2H2+@
i`QHvi2b- r?2`2 ._a Bb Q7i2M +QK#BM2/ rBi? +QM/m+iQK2i`v �M/fQ` bT2+i`Qb+QTB+ �M�HvbBb
bm+? �b _�K�MX h?2b2 bim/B2b ?�p2 2Hm+B/�i2/ T`2+Bb2 BM}MBi2 /BHmiBQM �bbQ+B�iBQM +QMbi�Mib
K0

A #2ir22M 7`22 BQMb �M/ +QMi�+i BQM T�B`b- �M/ i?2 TQbbB#H2 T`2b2M+2 Q7 i`BTH2 BQM 7Q`@
K�iBQMX(Rd- RN- 93) AKTQ`i�MiHv- ._a ?�b �HHQr2/ `2b2�`+?2`b iQ 2tTH�BM i?2 KBMBK� �M/
bm#b2[m2Mi BM+`2�b2 BM KQH�` +QM/m+iBpBiv Ub22 6B;m`2 RX9V pB� i?2 `2/BbbQ+B�iBQM ?vTQi?2bBbX
>2`2 i?2 �bbQ+B�i2/ b�Hi BM+`2�b2b i?2 T2`KBiiBpBiv- H2�/BM; iQ � /2+`2�b2 BM i?2 +?2KB+�H
TQi2MiB�H Q7 7`22 BQMb /m2 iQ i?2 "Q`M bQHp�iBQM +QMi`B#miBQM �M/ �M BM+`2�b2 BM i?2B` 7`�+@
iBQM�H TQTmH�iBQMX Ai Bb rQ`i? MQiBM; i?�i i?Bb 2tTH�M�iBQM ?�b #22M mM/2` +QMi2MiBQM- Bi
?�b #22M T`QTQb2/ i?�i BM+`2�b2/ KQH�` +QM/m+iBpBiv Bb /m2 BMbi2�/ iQ � ?B;?2` 7`�+iBQM Q7
U+?�`;2/V i`BTH2 BQMbX(93) Ai Bb i?2 QTBMBQM Q7 i?2 �mi?Q` Q7 i?Bb i?2bBb- �b r2HH �b S2i`m++B 2i
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�HX-(93) i?�i i?2 `2/BbbQ+B�iBQM K2+?�MBbK 7`QK T2`KBiiBpBiv Bb KQ`2 HBF2Hv i?�M i?2 bi`B+iHv
i`BTH2 BQM i?2Q`vX LQM2i?2H2bb- i?2`2 Bb MQ `2�bQM iQ `mH2 Qmi i?�i i`BTH2 BQMb K�v biBHH #2
T`2b2Mi BM H�`;2` [m�MiBiB2b �i ?B;?2` +QM+2Mi`�iBQMb- 2p2M �b i?2 T2`KBiiBpBiv BM+`2�b2b �M/
`2/BbbQ+B�iBQM #2ir22M 7`22 BQMb �M/ +QMi�+i BQM T�B`b Bb Q++m``BM;X

AMi2`2biBM;Hv- �Hi?Qm;? i?2`2 ?�b #22M bQK2 rQ`F QM ._a Q7 KmHiBp�H2Mi 2H2+i`QHvi2b
U2X;X BM r�i2` Q` �+2iQMBi`BH2V-(9N- 8y) ._a ?�b MQi #22M T`2pBQmbHv �TTHB2/ iQ KmHiBp�H2Mi
HQr T2`KBiiBpBiv 2H2+i`QHvi2bX h?Bb i2+?MB[m2 ?�b � T`QKBM2Mi TH�+2 BM i?Bb i?2bBb 7Q` irQ
BKTQ`i�Mi `2�bQMb, RV Bi +�M T`QpB/2 irQ K2�bm`�#H2 bB;M�im`2b 7Q` 2�+? b�Hi bT2+B2b U/B2H2+@
i`B+ BM+`2�b2 T2` bT2+B2b �M/ `2H�t�iBQM 7`2[m2M+vV- r?B+? ?2HTb +B`+mKp2Mi i?2 TBi7�HHb Q7
KmHiBp�H2Mi +QM/m+iQK2i`v �M�HvbBb- �M/ kV Bi Bb i?2 QMHv 2tT2`BK2Mi�H i2+?MB[m2 i?�i +�M
`2HB�#Hv T`QpB/2 i?2 bi�iB+ T2`KBiiBpBiv UQ` /B2H2+i`B+ +QMbi�MiV Q7 HB[mB/ 2H2+i`QHvi2b- �H#2Bi
rBi? +2`i�BM �bbmKTiBQMbX

6B;m`2 RXe UH27iV b?Qrb � +�`iQQM Q7 � +Q�tB�H T`Q#2 /BTT2/ BM �M 2H2+i`QHvi2 bQHmiBQM r?B+?
�HHQrb K2�bm`2K2Mib Q7 i?2 7`2[m2M+v /2T2M/2Mi T2`KBiiBpBiv �b � 7mM+iBQM Q7 +QM+2Mi`�iBQMX
aQHp2Mi KQH2+mH2b T`2b2Mi � /BTQH2 KQK2Mi- 7Q` r?B+? i?2 �HB;MK2Mi +�M +QMi`B#mi2 iQ i?2
TQH�`Bx�#BHBiv S- r?B+? Bb `2H�i2/ iQ i?2 2H2+i`B+ }2H/ pB� i?2 +QKTH2t T2`KBiiBpBiv US =
ε0(ε − 1)EVX(9d- 8R) h?2 2H2+i`B+ }2H/ Q7 � 7`2[m2M+v f Bb b2i #v i?2 ._a BMbi`mK2Mi �M/
i?2 +QKTH2t T2`KBiiBpBiv ε +�M #2 BM/B`2+iHv K2�bm`2/ Ub22 #2HQrV #v i?2 ._a BMbi`mK2MiX
AM i?2 +�`iQQM UKB//H2V � KB+`Qb+QTB+ TB+im`2 Q7 TQH�`Bx�#BHBiv Bb Qz2`2/, bQHp2Mi KQH2+mH2b
b?Qr � bK�HH2` /BTQH2 �M/ � 7�bi2` `2H�t�iBQM i?�M �bbQ+B�i2/ b�Hi bT2+B2b- 2t2KTHB}2/ #v
+QMi�+i BQM T�B`b- r?B+? i2M/ iQ b?Qr � H�`;2` /BTQH2 KQK2MiX

AM ._a- i?2 K2�bm`�#H2 [m�MiBiv Bb i?2 total +QKTH2t T2`KBiiBpBiv ηX h?2 bQ@+�HH2/
T2`KBiiBpBiv ε′ Bb 2[m�H iQ i?2 `2�H T�`i Q7 ηX h?2 BK�;BM�`v T�`i Q7 η Bb � bmK Q7 irQ
+QMi`B#miBQMb- i?2 }`bi 7`QK BQMB+ +QM/m+iBpBiv σ �M/ i?2 b2+QM/ 7`QK i?2 /B2H2+i`B+ HQbb ε′′

UbQK2iBK2b `272``2/ iQ �b i?2 BK�;BM�`v +QKTQM2Mi Q7 i?2 T2`KBiiBpBivV,(9d)

ε′′(f) = η′′(f)− σ

2πfε0
URXRdV

h?2 `2�H �M/ BK�;BM�`v T2`KBiiBpBiv +QKTQM2Mib ε′ �M/ ε′′ �`2 K�i?2K�iB+�HHv `2H�i2/X(8R)
qBi? � T`QT2` mM/2`HvBM; KQ/2H- ε′U7V +�M #2 2ti`�TQH�i2/ iQ x2`Q 7`2[m2M+v ε′Uf = 0V- r?B+?
Bb /2}M2/ �b i?2 bi�iB+ T2`KBiiBpBiv UQ` 2[mBp�H2MiHv i?2 /B2H2+i`B+ +QMbi�MiVX h?2 T2`KBiiBpBiv
Q7 HB[mB/ 2H2+i`QHvi2b �i HQr2` 7`2[m2M+B2b i?�M i?Qb2 BMp2biB;�i2/ #v KB+`Qr�p2 bT2+i`Qb+QTv
;2M2`�HHv +�MMQi #2 T`Q#2/ /B`2+iHv /m2 iQ i?2 ?B;? MQBb2 7`QK i?2 BQMB+ +QM/m+iBpBivX 6B;m`2
RXe U`B;?iV b?Qrb �M 2t�KTH2 ._a bT2+i`� 7Q` � bQHmiBQM rBi? irQ /2i2+i�#H2 /BTQH�` bT2+B2b,
� bQHp2Mi KQH2+mH2- 7Q` r?B+? i?2 /BTQH2 KQK2Mi Bb b?QrM rBi? �M �``Qr- �M/ QM2 �bbQ+B�i2/
b�Hi bT2+B2bX h?2 b�Hi bT2+B2b b?Qrb � /BTQH�` `2H�t�iBQM �i HQr2` 7`2[m2M+v �b Bi Bi H�`;2`
�M/ KQ`2 bHm;;Bb? BM i?2 bQHmiBQMX AM i?2 +�`iQQM UKB//H2V- Bi Bb bQHp�i2/ #v i?`22 bQHp2Mi
bT2+B2bX ε′ �M/ ε′′ +�M #2 }i ?2`2 rBi? irQ .2#v2@ivT2 `2H�t�iBQM 7`2[m2M+B2b-(8R) 7Q` r?B+?
i?2 2[m�iBQMb �`2 �b 7QHHQrb,

ε′ =
ε1

1 + (f/f1)2
+

ε2
1 + (f/f2)2

+ ε∞ URXR3V
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CIPSolvent 
Molecule

smaller dipole:
faster 

relaxation

larger dipole:
slower 

relaxation

coaxial probe

+ -

6B;m`2 RXe, *�`iQQM Q7 +Q�tB�H T`Q#2 /BTT2/ BM �M 2H2+i`QHvi2 HB[mB/ UH27iVX AMb2i +�`iQQM
Q7 TQbbB#H2 2H2+i`QHvi2 bT2+B2b T`Q#2/ #v ._a UKB//H2VX 1t�KTH2 ._a bT2+i`� 7`QK �M
2H2+i`QHvi2 U`B;?iVX

ε′′ =
ε1(f/f1)

1 + (f/f1)2
+

ε2(f/f2)

1 + (f/f2)2
URXRNV

AM i?2 �#Qp2 2[m�iBQMb- εi �M/ fi `272` iQ i?2 K�;MBim/2 �M/ 7`2[m2M+v Q7 i?2 T`Q+2bb i- r?B+?
Bb �bbmK2/ iQ #2 Q7 .2#v2@ivT2X 6Q` 2t�KTH2- i = 1 �M/ i = 2 +�M `272` iQ i?2 �bbQ+B�i2/
b�Hi �M/ bQHp2Mi /BTQH�` `2H�t�iBQM T`Q+2bb2b- `2bT2+iBp2HvX h?2 .2#v2 ivT2 Q7 `2H�t�iBQM
Bb i?2 bBKTH2bi- �M/ i?2 K�BM �bbmKTiBQM Bb i?�i i?2 iBK2 /2`Bp�iBp2 Q7 i?2 TQH�`Bx�iBQM
Bb T`QTQ`iBQM�H iQ Bib �+im�H p�Hm2X � /2`Bp�iBQM Q7 `2H�t�iBQM 2tT`2bbBQMb 7Q` .2#v2@ivT2
T`Q+2bb2b Bb T`QpB/2/ BM E`2K2` 2i �HX(8R) ε∞ `272`b iQ ?B;? 7`2[m2M+v T`Q+2bb2b BM�++2bbB@
#H2 #v i?2 2[mBTK2Mi- ;2M2`�HHv `2H�i2/ iQ 2H2+i`QMB+ TQH�`Bx�iBQMX Ai Bb Q7i2M i?2 +�b2 i?�i
bT2+i`� Q7 ε′ �M/ ε′′ �`2 Q#i�BM2/ pB� ._a K2�bm`2K2Mib #mi i?2 +?2KB+�H bi`m+im`2b Q7 i?2
�bbQ+B�i2/ b�Hi bT2+B2b +QMi`B#miBM; iQ i?2 MQM@bQHp2Mi 72�im`2b Bb MQi � T`BQ`B 2pB/2MiX 6Q`
2t�KTH2- � +QMi�+i BQM T�B` Q` � i`BTH2 BQM Q7 � k@R 2H2+i`QHvi2 K�v ?�p2 /BTQH2 KQK2Mib Q7
bB;MB}+�Mi K�;MBim/2 +QMi`B#miBM; iQ i?2 /B2H2+i`B+ bT2+i`�X P7i2M- bi`m+im`�H �bbmKTiBQMb
�`2 K�/2 iQ /2+BT?2` i?2 HBF2HBM2bb Q7 i?2 p�`BQmb bT2+B2b i?�i +QmH/ #2 +QMi`B#miBM; iQ i?2
._a 72�im`2bX(8y) JQ`2Qp2`- �Hi?Qm;? bQHp�i2/ 7`22 BQMb /Q MQi ?QH/ � TQbBiBp2 +QMi`B#miBQM
iQ i?2 ._a bT2+i`�- i?2 #BM/BM; Q7 bQHp2Mi KQH2+mH2b iQ i?2 bQHp�iBQM Q7 b�B/ BQMb ;2M2`�HHv
`2bmHib BM � /2+`2�b2 BM i?2 bQHp2Mi +QMi`B#miBQM iQ i?2 /B2H2+i`B+ bT2+i`�X aQK2iBK2b- i?Bb Bb
`272``2/ iQ �b 2H2+i`Qbi`B+iBQM- Q` /B2H2+i`B+ b�im`�iBQMX AM i?2 7QHHQrBM; b2+iBQMb Bi Bb b?QrM
?Qr KQH2+mH�` /vM�KB+b bBKmH�iBQMb +�M #2 mb2/ iQ [m�MiB7v +QMi`B#miBQMb Q7 p�`BQmb b�Hi
bT2+B2b iQ i?2 /B2H2+i`B+ bT2+i`�X am+? bBKmH�iBQMb +�M ?2HT 2tTH�BM �MQK�HQmb +QM/m+iBp@
Biv �M/ `2/BbbQ+B�iBQM BM i?2 bim/B2/ HQr T2`KBiiBpBiv 2H2+i`QHvi2b pB� mM/2`bi�M/BM; Q7 i?2
bT2+B�iBQM �M/ Bib mM/2`HvBM; i?2`KQ/vM�KB+ /`BpBM; 7Q`+2bX



R9

*?�Ti2` k

JQ/2HBM; .B2H2+i`B+ _2H�t�iBQM
aT2+i`Qb+QTv mbBM; *H�bbB+�H
JQH2+mH�` .vM�KB+b

kXR GBM2�` _2bTQMb2 h?2Q`v �M/ i?2 6Hm+im�iBQM
.BbbBT�iBQM h?2Q`2K

h?2 r2HH@FMQrM T�`iB+H2 T?vbB+Bbi JB+?�2H S2bFBM 7�KQmbHv b�B/- ǳT?vbB+b Bb i?�i bm#b2i Q7
?mK�M 2tT2`B2M+2 r?B+? +�M #2 `2/m+2/ iQ +QmTH2/ ?�`KQMB+ Qb+BHH�iQ`bǴX(8k) h?mb- B7 r2 +�M
2tTH�BM i?2 ~m+im�iBQM /BbbBT�iBQM i?2Q`2K U6.hV 7Q` � bT`BM; r2 +�M �i H2�bi mM/2`bi�M/ i?2
mM/2`HvBM; T?vbB+bX � bBKTH2 ?�`KQMB+ Qb+BHH�iQ`- Q` � bT`BM;- Bb � i?2Q`2iB+�H T?vbB+�H Q#D2+i
7Q` r?B+? i?2 7Q`+2 F `2[mB`2/ iQ /BbTH�+2 � K�bb Bb /B`2+iHv T`QTQ`iBQM�H iQ i?2 /Bbi�M+2

+ - +
-

+
-

+
-

+
-

+ -

+
-

kBT/k =<x2>-<x>2 kBTε ∝ <P2>-<P>2

+ - +
-

+
-

+
-

+
-

+ -

+
-

kBT/k =<x2>-<x>2 kBTε ∝ <P2>-<P>2

6B;m`2 kXR, *�`iQQM Q7 � bT`BM; QM � r�HH UH27iV �M/ +�`iQQM Q7 � HB[mB/ +QKTQb2/ Q7 KQH2+mH2b
rBi? � /BTQH2 KQK2Mi U`B;?iVX AM 2�+? +�b2 i?2`2 Bb � `2H�iBQM #2ir22M i?2 `2bTQMb2 7mM+iBQM
�M/ ~m+im�iBQMb �i 2[mBHB#`BmKX
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/BbTH�+2/- 7Q` r?B+? i?2 T`QTQ`iBQM�HBiv +QMbi�Mi Bb /2MQi2/ #v FX

F = kx UkXRV
AKTQ`i�MiHv- i?Bb Bb i?2 T`2KBb2 Q7 HBM2�` `2bTQMb2 i?2Q`v, i?�i r2 T2`im`# i?2 bvbi2K UBM

i?Bb +�b2 rBi? � 7Q`+2 F V r?B+? `2bmHib BM � +?�M;2 BM i?2 `2bTQMb2 UTQbBiBQMV r?B+? Bb HBM2�`
U� HBM2�`Biv /2b+`B#2/ #v i?2 bT`BM; +QMbi�Mi kVX q2 FMQr i?�i mM/2` b�v- H�`;2 7Q`+2b- Q` 7�`
�r�v 7`QK 2[mBHB#`BmK- i?Bb `2H�iBQMb?BT K�v MQi ?QH/ ě T2`?�Tb � ?B;?2` Q`/2` TQHvMQKB�H
rQmH/ #2ii2` /2b+`B#2 i?2 bvbi2KX q?2M r2 +�M �/2[m�i2Hv /2b+`B#2 i?2 bvbi2K rBi? � HBM2�`
`2H�iBQM- bm+? �b 2[m�iBQM kXR- r2 �`2 BM i?2 HBM2�` `2bTQMb2 `2;BK2X 6`QK i?Bb T`2KBb2 r2
+�M /2`Bp2 � `2bmHi Q7 i?2 6.h pB� bi�iBbiB+�H K2+?�MB+bX

6Q` � +�MQMB+�H 2Mb2K#H2- �i i?2`K�H 2[mBHB#`BmK- r2 +�M r`Bi2 i?2 7QHHQrBM;- r?2`2 Z
Bb i?2 T�`iBiBQM 7mM+iBQM- H i?2 >�KBHiQMB�M- H0 i?2 >�KBHiQMB�M rBi? MQ 2ti2`M�H 7Q`+2
�TTHB2/- �M/ β = (kBT )−1 ,

Z = Σiexp(−βHi) UkXkV
AM i?2 �#Qp2 2[m�iBQM- Hi `272`b iQ i?2 7QHHQrBM;,

Hi = H0 − xiF UkXjV
>QQF2Ƕb H�r +�M #2 +�bi �b i?2 7QHHQrBM;- r?2`2 #`�+F2ib /2MQi2 2Mb2K#H2 �p2`�;2,

〈x〉 =
(
1

k

)
F UkX9V

h?2 TQbBiBQM �p2`�;2 +�M #2 `2H�i2/ iQ Z pB� i?2 7QHHQrBM;,

Σxiexp(−βHi)

Z
= 〈x〉 = 1

βZ

∂Z

∂F
UkX8V

aBKBH�`Hv i?2 p�`B�M+2 Q7 i?2 TQbBiBQM +�M #2 r`Bii2M,

Σx2
i exp(−βHi)

Z
= 〈x2〉 = 1

β2Z

∂2Z

∂F 2
UkXeV

h?2 /2`Bp�iBp2 Q7 i?2 �p2`�;2 TQbBiBQM rBi? `2bT2+i iQ i?2 �TTHB2/ 7Q`+2 +�M #2 `2H�i2/ iQ i?2
p�`B�M+2 Q7 i?2 TQbBiBQM,

∂〈x〉
∂F

=
∂

∂F
(
1

βZ

∂Z

∂F
) = − 1

βZ2

∂Z

∂F

∂Z

∂F
+

1

βZ

∂2Z

∂F 2
= −β〈x〉2 + β〈x2〉 UkXdV

.Bz2`2MiB�iBQM 2[m�iBQM kX9 rBi? `2bT2+i iQ 7Q`+2 vB2H/b i?2 7QHHQrBM;,

∂〈x〉
∂F

=
1

k
UkX3V

6BM�HHv- mbBM; i?2 �#Qp2 2[m�iBQM rBi? 2[m�iBQM kXd r2 +�M `2H�i2 i?2 BMp2`b2 Q7 i?2 bT`BM;
+QMbi�Mi iQ i?2 p�`B�M+2 Q7 i?2 TQbBiBQM Q7 i?2 bT`BM; �i i?2`K�H 2[mBHB#`BmK,
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1

k
= β(〈x2〉 − 〈x〉2) UkXNV

h?2 �#Qp2 `2H�iBQMb?BT ?QH/b 7Q` �Mv �TTHB2/ 7Q`+2 F - 2p2M r?2M Bi Bb x2`QX �M/ bQ- BK@
TQ`i�MiHv- i?2 �#Qp2 `2H�iBQMb?BT ?QH/b 7Q` bvbi2Kb �i i?2`KQ/vM�KB+ 2[mBHB#`BmK rBi? MQ
�TTHB2/ 7Q`+2X *QMb2[m2MiHv- B7 r2 FMQr i?2 p�`B�M+2 BM i?2 TQbBiBQM Q7 i?2 bT`BM; r?2M Bi
Bb �i i?2`K�H 2[mBHB#`BmK- r2 +�M /B`2+iHv +�H+mH�i2 i?2 bT`BM; +QMbi�MiX h?Bb Bb QM2 2K#Q/@
BK2Mi Q7 i?2 ~m+im�iBQM /BbbBT�iBQM i?2Q`2K, `2bTQMb2 7mM+iBQMb U2X;X kV +�M #2 Q#i�BM2/
pB� bim/vBM; bvbi2Kb �i i?2`K�H 2[mBHB#`BmKX J�Mv +QKTmi�iBQM�H iQQHb �`2 r2HH@bmBi2/ 7Q`
bim/vBM; bvbi2Kb �i i?2`K�H 2[mBHB#`BmK- �M/ i?mb +�M #2 mb2/ iQ Q#i�BM `2bTQMb2 7mM+@
iBQMb rBi?Qmi i?2 M22/ 7Q` /B`2+iHv bBKmH�iBM; �M 2ti2`M�H /Bbim`#�M+2X 6B;m`2 kXR UH27iV
Bb � +�`iQQM `2T`2b2Mi�iBQM Q7 i?2 6.h- r?2`2 i?2`K�H Qb+BHH�iBQMb Q7 � bT`BM; �i i?2`K�H
2[mBHB#`BmK- �b [m�MiB}2/ #v i?2 p�`B�M+2 Q7 TQbBiBQM- +�M #2 mb2/ iQ +?�`�+i2`Bx2 i?2 bT`BM;
+QMbi�Mi k Q7 � bT`BM;X

1H2+i`B+ SQH�`Bx�#BHBiv
�M�HQ;Qmb iQ � bT`BM; #2BM; TmHH2/ #v � 7Q`+2 F /BbTH�+2/ #v �M �KQmMi x- rBi? � bT`BM;
+QMbi�Mi k- r2 +�M i�HF �#Qmi � HB[mB/ Q7 pQHmK2 V #2BM; mM/2` �M �TTHB2/ 2H2+i`B+ }2H/ 1-
TQH�`Bx2/ #v �M �KQmMi T UT Bb i?2 iQi�H /BTQH2 KQK2MiV- rBi? � /B2H2+i`B+ +QMbi�Mi ε,

〈p
V
〉 = ε0(ε− 1)E UkXRyV

ε0 Bb i?2 p�+mmK T2`KBiiBpBiv- ?2`2 �HHQrBM; i?2 mb2 Q7 aA mMBibX Ai Bb �HbQ �bbmK2/ i?�i i?2
�TTHB2/ 2H2+i`B+ }2H/ �M/ i?2 iQi�H }2H/ �`2 2[m�H- r?B+? Bb /Bb+mbb2/ 7m`i?2` #2HQrX 6Q` �
/BTQH2 KQK2Mi p- r2 +�M �``Bp2 iQ � bBKBH�` `2bmHi Q7 i?�i Q7 i?2 bT`BM;,

Z = Σiexp(−βHi) UkXRRV

Hi = H0 − piE UkXRkV
6Q` �M BbQi`QTB+ ~mB/- r?2`2 x Bb � *�`i2bB�M +QQ`/BM�i2- /Bz2`2MiB�iBM; 2[m�iBQM 2.10 rBi?
`2bT2+i iQ Ex r2 Q#i�BM,

1

V

∂〈px〉
∂Ex

= (ε− 1)ε0 UkXRjV

.`�rBM; �M �M�HQ;v /B`2+iHv iQ 2[m�iBQMb kX3 �M/ kXN- �M/ BMi`Q/m+BM; � 7�+iQ` Q7 Rfj iQ
�++QmMi 7Q` i?2 i?`22 bT�iB�H /BK2MbBQMb- r2 Q#i�BM,

ε0(ε− 1) =
β(〈T2〉 − 〈T〉2)

3V
UkXR9V

h?mb- 7`QK i?2 p�`B�M+2 Q7 T �i i?2`K�H 2[mBHB#`BmK UrBi? MQ �TTHB2/ 2H2+i`B+ }2H/V r2 +�M
Q#i�BM i?2 `2bTQMb2 ε0(ε− 1) iQ �M �TTHB2/ 2H2+i`B+ }2H/X 6B;m`2 kXR U`B;?iV b?Qrb � +�`iQQM
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Q7 i?2 6.h r?2`2 i?2`K�H `Qi�iBQMb Q7 KQH2+mH�` /BTQH2b- �b [m�MiB}2/ #v i?2 p�`B�M+2 Q7
i?2 /BTQH2 KQK2Mi- �`2 T`QTQ`iBQM�H iQ εX � KQ`2 `B;Q`Qmb /2`Bp�iBQM Q7 i?Bb `2bmHi BMpQHp2b
i?2 +QMbB/2`�iBQM Q7 i?2 2z2+ib Q7 i?2 #QmM/�`v +QM/BiBQMb- r?B+? BMi`Q/m+2b `2�+iBQM }2H/
2z2+ib +QKTHB+�iBM; i?2 `2H�iBQMb?BT #2ir22M /BTQH2 ~m+im�iBQMb �M/ i?2 T2`KBiiBpBiv- �b i?2
�TTHB2/ 2H2+i`B+ }2H/ K�v #2 /Bz2`2Mi i?�M i?2 iQi�H 2H2+i`B+ }2H/X >Qr2p2`- BM i?Bb i?2bBb-
i?2 #QmM/�`v +QM/BiBQMb �i BM}MBi2 /Bbi�M+2 �`2 TB+F2/ �b ǳiBM7QBHǴ UT2`72+i +QM/m+iQ`V- �b Bb
+QMp2MiBQM�H BM KQ/2`M +H�bbB+�H KQH2+mH�` /vM�KB+bX h?Bb �HHQrb 7Q` i?2 2[m�iBQM kXR9 iQ
`2K�BM p�HB/X(8jĜ8e)

kXk .B2H2+i`B+ _2H�t�iBQM aT2+i`Qb+QTv �M/ JQH2+mH�`
.vM�KB+b aBKmH�iBQMb

6QHHQrBM; i?2 /2`Bp�iBQM BM i?2 T`2pBQmb bm#b2+iBQM- 2[m�iBQM kXR9 +�M #2 `2r`Bii2M �b 7QHHQrb-
r?2`2 T Bb i?2 /BTQH2 KQK2Mi- Uo-hV �`2 i?2 pQHmK2 �M/ i2KT2`�im`2 Q7 i?2 bvbi2K �M/
M2;H2+iBM; 2H2+i`QMB+ TQH�`Bx�#BHBiv,

〈p2〉 − 〈p〉2

3kBTV ε0
= ε− 1 UkXR8V

h?2 /BTQH2 KQK2Mi +�M #2 /B`2+iHv +�H+mH�i2/ #v bmKKBM; Qp2` i?2 +?�`;2 qi Q7 �iQKb i
KmHiBTHB2/ #v i?2B` TQbBiBQM ri,

p = Σqiri UkXReV
*QKTmiBM; i?2 p�`B�M+2 Q7 i?2 /BTQH2 KQK2Mi- �b b?QrM BM 2[m�iBQM kXR8- �HHQrb mb iQ +QK@
Tmi2 ε T`QpB/2/ i?2`2 Bb MQ BQMB+ +QM/m+iBpBiv- BX2X i?2 b�Hi bT2+B2b �`2 +QKTH2i2Hv �bbQ+B�i2/
BMiQ M2mi`�H �;;`2;�i2b U2X;X *ASb 7Q` R@R 2H2+i`QHvi2bVX h?mb- i?2 �#Qp2 7Q`K�HBbK +�M
#2 mb2/ iQ +�H+mH�i2 ε Q7 bQHmiBQMb +QKT`BbBM; #Qi? � bQHp2Mi �M/ b�Hi- bBM+2 i?2 �bbQ+B�i2/
�M/ M2mi`�H b�Hi �;;`2;�i2b +�M #2 i`2�i2/ �b M2mi`�H KQH2+mH2bX h?2 i`2�iK2Mi Q7 TQH�`
bT2+B2b rBi? �M Qp2`�HH +?�`;2 Bb /Bb+mbb2/ BM i?2 7QHHQrBM; +?�Ti2`X �Hi?Qm;? Bi ?�b #22M
r2HH 2bi�#HBb?2/ BM i?2 2tT2`BK2Mi�H HBi2`�im`2 i?�i TQH�` �bbQ+B�i2/ b�Hi bT2+B2b +QMi`B#mi2
iQ i?2 /B2H2+i`B+ +QMbi�Mi- KQH2+mH�` H2p2H +�H+mH�iBQMb �M/ bBKmH�iBQMb- 2X;X rQ`F QM +H�bbB+�H
KQH2+mH�` /vM�KB+b bBKmH�iBQMb(8d) �M/ i?2Q`2iB+�H K2i?Q/b(83) ?�p2 ;2M2`�HHv Qp2`HQQF2/
i?Bb 2z2+iX

kXj *�b2 aim/v Q7 GBi?BmK a�Hib BM .BK2i?vH
*�`#QM�i2

AM +m``2Mi ǳbi�i2@Q7@i?2@�`iǴ GB@BQM #�ii2`v 2H2+i`QHvi2b- i?2 2H2+i`QHvi2 Bb +QKT`Bb2/ Q7 � TQ@
H�` U/BbbQ+B�iBM;V +Q@bQHp2Mi �M/ � H2bb@TQH�` UpBb+QbBiv `2/m+BM;V +Q@bQHp2MiX 6Q` 2t�KTH2- �
#H2M/ Q7 2i?vH2M2 +�`#QM�i2 U1*- TQH�`V rBi? � HBM2�` +�`#QM�i2 Ubm+? �b .J*- H2bb pBb+QmbV
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Bb [mBi2 +QKKQMX JQ`2 T`2+Bb2Hv- �//BiBp2b �`2 ;2M2`�HHv mb2/ �b i?2v +?�M;2 i?2 T�bbBp�iBQM
}HKb QM i?2 2H2+i`Q/2 BM bm+? � r�v i?�i i?2 +v+H�#BHBiv Bb /`�K�iB+�HHv BM+`2�b2/X h?2b2
�//BiBp2b- /m2 iQ i?2B` bK�HH r2B;?i T2`+2Mi�;2 U2X;X 8WV ;2M2`�HHv /Q MQi �z2+i #mHF [m�MiB@
iB2b bm+? �b 7`�+iBQM Q7 /BbbQ+B�i2/ b�Hi Q` pBb+QbBivX >Qr2p2`- Bi ?�b #22M b?QrM (8NĜeR) i?�i
i?2 /BbbQ+B�iBM; +Q@bQHp2Mi 1* Bb MQi M2+2bb�`vX �Hi?Qm;? HBM2�` +�`#QM�i2b �`2 Km+? H2bb
TQH�`- i?2 KQH�` +QM/m+iBpBiv �M/ #mHF +QM/m+iBpBiv Q7 HBM2�` +�`#QM�i2 #�b2/ 2H2+i`QHvi2b- �i
bm{+B2MiHv ?B;? +QM+2Mi`�iBQMb- �`2 +QKT�`�#H2 iQ i?�i Q7 i?2 1*@#�b2/ #H2M/bX h?Bb Bb /m2
iQ i?2 `2/BbbQ+B�iBQM 2z2+i r?B+? Bb 2tTH�BM2/ #2HQrX 1*@#�b2/ 2H2+i`QHvi2b �`2 biBHH �`2 mb2/-
�b i?`Qm;? i?2B` /2+QKTQbBiBQM- i?2v 7Q`K � T�bbBp�iBM; }HK QM i?2 M2;�iBp2 2H2+i`Q/2 U2X;X
;`�T?Bi2V r?B+? �HHQrb #2ii2` +v+H�#BHBiv- �i H2�bi +QKT�`2/ iQ T`QTvH2M2 +�`#QM�i2 US*V-
� bBKBH�`Hv bi`m+im`2/ bQHp2Mi KQH2+mH2X q?BH2 HBM2�` +�`#QM�i2b /Q MQi 7Q`K � 7mM+iBQM�H
T�bbBp�iBM; }HK- ?Qr2p2`- �//BiBp2b +�M T`272`2MiB�HHv /2+QKTQb2 �M/ T�bbBp�i2 i?2 M2;�iBp2
2H2+i`Q/2X h?mb bm+? ǳ1*@7`22Ǵ 2H2+i`QHvi2b �`2 pB�#H2- �M/ �`2 �M �+iBp2 �`2� Q7 `2b2�`+?
7Q` GA"bX(eR) AM i?Bb +QMi2ti- Bi Bb Q7 BMi2`2bi iQ +?�`�+i2`Bx2 bm+? bQHmiBQMb �M/ i?2B` #mHF
T`QT2`iB2b- �M/ i?2 rQ`F T`2b2Mi2/ ?2`2 �HHQrb mb iQ +QMM2+i i?2 #mHF T2`KBiiBpBiv- �M/ �i
H2�bi iQ � [m�HBi�iBp2 2ti2Mi i?2 +QM/m+iBpBiv- iQ i?2 �iQKB+- KQH2+mH�` �M/ bmT`�@KQH2+mH�`
bi`m+im`2 Q7 i?2 2H2+i`QHvi2X

*H�bbB+�H JQH2+mH�` .vM�KB+b
AMbB;?ib Q7 KQH2+mH�` H2p2H BMi2`�+iBQMb BM HB[mB/b �i � ;Bp2M i2KT2`�im`2 +�M #2 Q#i�BM2/
i?`Qm;? KQH2+mH�` /vM�KB+b UJ.V bBKmH�iBQMb-(ek) QM � H2M;i? b+�H2 Q7 i2Mb Q7 M�MQK2i2`b
�M/ � iBK2b+�H2 Q7 Mb iQ KbX AM i?Bb i?2bBb- +H�bbB+�H KQH2+mH�` /vM�KB+b Bb 2KTHQv2/- BX2X
�iQKb ?�p2 }t2/ +?�`;2b �b i?2 bvbi2K 2pQHp2b rBi? iBK2X 6`QK i?2 :_PJ�*a K�Mm�H- ǳ�
ivTB+�H J. mb2` +?QQb2b �M BMBiB�H KQH2+mH�` +QM};m`�iBQM- /2b+`B#2b i?2 �iQKB+ BMi2`�+iBQMb
�M/ KQ/2H T?vbB+b- `mMb � bBKmH�iBQM- �M/ K�F2b Q#b2`p�iBQMb 7`QK i?2 i`�D2+iQ`vX am+?
bBKmH�iBQMb 2p�Hm�i2 i?2 KBHHBQMb Q7 BMi2`�+iBQMb Q7 T�`iB+H2b 7Q` #BHHBQMb Q7 iBK2 bi2TbXǴ(ej)

AM i?Bb +�b2 bim/v- i?2 J. bBKmH�iBQMb r2`2 +�``B2/ Qmi rBi? :_PJ�*a bQ7ir�`2X(e9) R
GBY- R �MBQM- S6−

6 Q` R *HP−
4 - �M/ Rkd KQH2+mH2b Q7 .J* r2`2 TH�+2/ BMiQ � #Qt Q7 bBx2 kX88

MK t kX88 MK t kX88 MK U" yXRy KQHfGV mbBM; S�+FKQHX(e8) 6B;m`2 kXk UH27iV b?Qrb � #Qt rBi?
i?2 2H2+i`QHvi2 ?2`2BM K2MiBQM2/X h?2 .J* bQHp2Mi �iQKbǶ +?�`;2b r2`2 i�F2M 7`QK aQ2i2Mb
2i �HX-(ee) r?BH2 i?2 Qi?2` M2+2bb�`v 7Q`+2}2H/ T�`�K2i2`b r2`2 i�F2M 7`QK i?2 bi�M/�`/ PSGa
7Q`+2}2H/X(ed- e3) 6Q` i?2 BQMb- i?2 +?�`;2b r2`2 i�F2M 7`QK GQT2b �M/ S�/m� US6−

6 V �M/
.Q?2`iv 2i �HX U*HP−

4 VX(eN- dy) 6Q` i?Bb +�b2 bim/v- BQMb r2`2 KQ/2HH2/ rBi? i?2B` 7mHH +?�`;2-
2X;X GBY rBi? � +?�`;2 Q7 YRX aBM+2 i?2 /2MbBiv Q7 2H2+i`QHvi2b Bb ;2M2`�HHv MQi FMQrM �
T`BQ`B- �M/ i?2 BMBiB�H +QM};m`�iBQM Bb MQi M2+2bb�`BHv QM2 �i i?2`KQ/vM�KB+ 2[mBHB#`BmK- �
b2`B2b Q7 J. bBKmH�iBQMb r2`2 +�``B2/ Qmi rBi? p�`BQmb 2Mb2K#H2bX 6B`bi- � bi22T2bi /2b+2Mi
KBMBKBx�iBQM Q7 i?2 7Q`+2 }2H/ r�b mb2/- 7QHHQr2/ #v �M BbQi?2`K�H@BbQ#�`B+ ULShV 2Mb2K#H2
U7Q` �i H2�bi j MbV r?B+? �HHQr2/ `2H�t�iBQM iQ i?2 +Q``2+i 2H2+i`QHvi2 /2MbBivX AM i?Bb +�b2
� "2`2M/b2M #�`Qbi�i r�b mb2/X(dR) >Qr2p2`- �Hi?Qm;? i?2 "2`2M/b2M #�`Qbi�i �HHQrb 7Q`
`2H�iBp2Hv [mB+F +QMp2`;2M+2 iQ i?2 +Q``2+i T`2bbm`2- Bi Bb MQi �/2[m�i2 iQ Q#i�BM `2bTQMb2
7mM+iBQMb 7`QK J. bBKmH�iBQMbX �7i2` i?2 LSh 2[mBHB#`�iBQM- bi2Tb Q7 �MM2�HBM; U?2�iBM;V
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6B;m`2 kXk, aM�Tb?Qi Q7 �M J. bBKmH�iBQM Q7 R T�B` Q7 GBS6e rBi? Rkd .J* KQH2+mH2b
UH27iVX AMb2i Q7 �bbQ+B�i2/ b�Hi bT2+B2b UKB//H2VX .B2H2+i`B+ +QMbi�Mi �b � 7mM+iBQM Q7 b�Hi
+QM+2Mi`�iBQM U`B;?iVX

�M/ [m2M+?BM; U+QQHBM;V r2`2 mM/2`i�F2M BM i?2 U+�MQMB+�HV Loh 2Mb2K#H2 U� }t2/ /2MbBivV-
iQ ?2HT �pQB/ HQ+�H KBMBK� i`�Tb BM i?2 TQi2MiB�H 2M2`;v bm`7�+2X h?2 ?2�iBM; bi2T r�b QM2
�i 9yy E 7Q` k Mb- �M/ i?2 +QQHBM; bi2T r�b QM2 Q7 i?`22 bm++2bbBp2 i2KT2`�im`2 /`QTb 7`QK
9yy E iQ j8y E iQ kN3 E- 2�+? Q7 R MbX 6BM�HHv- � T`Q/m+iBQM `mM BM i?2 Loh 2Mb2K#H2- 7Q`
�i H2�bi Ry Mb- r�b mM/2`i�F2MX(dk) h?Bb }M�H `mM �HHQr2/ 7Q` i?2 bim/v Q7 `2bTQMb2 7mM+iBQMb-
7Q` 2t�KTH2 i?2 +�H+mH�iBQM Q7 i?2 /B2H2+i`B+ +QMbi�Mi 7`QK i?2 �M�HvbBb Q7 ~m+im�iBQMb Q7
i?2 /BTQH2 KQK2Mi T2` mMBi pQHmK2 �i i?2`K�H 2[mBHB#`BmKX 6`QK i?2 bim/v Q7 i?2 GBS66 BM
.J* bvbi2K- i?2 /B2H2+i`B+ +QMbi�Mi �b � 7mM+iBQM Q7 +QM+2Mi`�iBQM +�M #2 Q#i�BM2/- �b b?QrM
BM i?2 `B;?iKQbi T�M2H Q7 6B;m`2 kXkX >2`2- ;Bp2M i?2 p2`v ?B;? �bbQ+B�iBQM +QMbi�Mi-(RN) Bi
Bb �bbmK2/ i?�i i?2 7`�+iBQM Q7 7`22 BQMb BM bm{+B2MiHv bK�HH i?�i i?2B` +QMi`B#miBQM iQ i?2
/B2H2+i`B+ +QMbi�Mi +�M #2 M2;H2+i2/ BM i?Bb +QM+2Mi`�iBQM `2;BK2X h?Bb �TT`QtBK�iBQM rBHH
#2 `2pBb2/ H�i2` BM i?Bb i?2bBbX AM 6B;m`2 kXk U`B;?iV- i?2 �;`22K2Mi Q7 i?2 +QKTmi2/ iQ
2tT2`BK2Mi�H /B2H2+i`B+ +QMbi�Mi Bb ;QQ/- �M/ K�Mv BKTQ`i�Mi +QM+HmbBQMb +�M #2 /`�rMX
6B`bi- i?Bb T`QpB/2b 7m`i?2` 2pB/2M+2 i?�i i?2 /B2H2+i`B+ BM+`2�b2 Bb BM 7�+i /m2 �bbQ+B�i2/ b�Hi
bT2+B2b- �b BHHmbi`�i2/ BM 6B;m`2 kXk UKB//H2V- r?B+? Bb Q++�bBQM�HHv Qp2`HQQF2/X(83) a2+QM/-
KQH2+mH�` /vM�KB+b bBKmH�iBQMb +�M T`QpB/2 [m�MiBi�iBp2 BMi2`T`2i�iBQM Q7 2tT2`BK2Mi�H ._a
`2bmHibX h?Bb Bb TQi2MiB�HHv p2`v mb27mH BM i?2 BMi2`T`2i�iBQM Q7 ._a /�i� 7Q` KmHiBp�H2Mi
2H2+i`QHvi2b- r?2`2 KmHiBTH2 �bbQ+B�i2/ b�Hi bT2+B2b K�v #2 T`2b2Mi �i QM+2X AM Qi?2` rQ`/b-
i?2 `2H�iBQMb?BT #2ir22M �bbQ+B�i2/ bT2+B2b �M/ i?2 /B2H2+i`B+ T`QT2`iB2b Q7 i?2 2H2+i`QHvi2
+�M b2`p2 �b � TQr2`7mH }M;2`T`BMiX :2M2`�HHv i?2 /B2H2+i`B+ /2+`2�b2 7`QK bQHp�iBQM Q7 BQMb
Bb r2HH mM/2`biQQ/-(dj) #mi i?2 /B2H2+i`B+ +QMbi�Mi BM+`2�b2 7`QK �bbQ+B�i2/ b�Hi Bb MQi �b r2HH
2bi�#HBb?2/X h?B`/- T`QpB/2/ � KQ/2H 7Q` bT2+B�iBQM- r2 b?Qr i?�i J. bBKmH�iBQMb ?�p2
T`2/B+iBp2 TQr2` rBi? `2bT2+i iQ i?2 /B2H2+i`B+ +QMbi�Mi 7Q` }MBi2 b�Hi +QM+2Mi`�iBQMb ě BM
i?2 +�b2 b?QrM BM 6B;m`2 kXj i?2 bT2+B�iBQM KQ/2H `2[mB`2/ QMHv FMQrH2/;2 Q7 K0

A �M/ i?2
"Q`M `�/BBX
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6B;m`2 kXj, aT2+B�iBQM /B�;`�K Q7 GB*HP4 BM .J* UH27iV �b +�H+mH�i2/ #v .2HbB;MQ`2 2i �HX
�M/ i?2 b�K2 bT2+B�iBQM /B�;`�K QM HQ;@HQ; b+�H2 +QKT�`2/ iQ i?2 KQH�` +QM/m+iBpBiv 7`QK
.2HbB;MQ`2 2i �HX U`B;?iV(RN) AM �//BiBQM- /�i� 7`QK GB*HP9 BM r�i2` 7`QK S2``QM 2i �HX-(d9)
rBi? MQ BQM T�B`BM; Ub22 i2tiV- Bb b?QrM 7Q` +QKT�`BbQMX

_2/BbbQ+B�iBQM
:Bp2M ε(c) �M/ i?2 i?2`KQ/vM�KB+ T�`�K2i2`b }i �M/ �bbmK2/ 7`QK .2HbB;MQ`2 2i �HX(RN)-
Bi Bb TQbbB#H2 iQ THQi i?2 bT2+B�iBQM /B�;`�K 7Q` GB*HP9 BM .J* mbBM; 2[m�iBQMb RXN- RXRy
�M/ �X8X h?Bb bT2+B�iBQM /B�;`�K Bb b?QrM BM 6B;m`2 kXjX h?2 +�H+mH�iBQM T�`�K2i2`b i�F2M
7`QK `272`2M+2(RN) BM+Hm/2 i?2 BM}MBi2 /BHmiBQM �bbQ+B�iBQM +QMbi�Mi K0

A �M/ i?2 "Q`M `�/BB
Q7 i?2 7`22 BQMbX 6B;m`2 kXj UH27iV b?Qrb i?2 7`�+iBQM Q7 7`22 BQMb �M/ *ASb �b � 7mM+iBQM Q7
+QM+2Mi`�iBQMX AM i?2 b?QrM +QM+2Mi`�iBQM `�M;2- �b ε(c) BM+`2�b2b /m2 iQ i?2 *AS T`2b2M+2-
i?2 7`�+iBQM Q7 7`22 BQMb BM+`2�b2b bBM+2 i?2 ?B;?2` T2`KBiiBpBiv bB;MB}+�MiHv `2/m+2b i?2
�+iBpBiv +Q2{+B2Mi Q7 7`22 BQMbX 6B;m`2 kXj U`B;?iV b?Qrb i?2 KQH�` +QM/m+iBpBiv Λ BM � HQ;@
HQ; THQi �M/ Bi Bb +QKT�`2/ i?2 7`�+iBQM Q7 7`22 BQMb Ub+�H2 QM `B;?iVX >2`2- � KBMBKmK BM i?2
KQH�` +QM/m+iBpBiv +QBM+B/2b rBi? � KBMBKmK BM i?2 7`�+iBQM Q7 7`22 BQMb �i � +QM+2Mi`�iBQM
7Q` r?B+? i?2 T2`KBiiBpBiv bi�`ib iQ BM+`2�b2 bm{+B2MiHv iQ �HHQr 7Q` `2/BbbQ+B�iBQM Q7 7`22
BQMbX � +�`iQQM Q7 `2/BbbQ+B�iBQM Bb b?QrM BM 6B;m`2 RXj UKB//H2 `QrVX AM +QMi`�bi- �[m2Qmb
GB*HP4- 7Q` r?B+? i?2 /�i� Bb �HbQ b?QrM- /Q2b MQi b?Qr �Mv bB;MB}+�Mi BQM T�B`BM;(d9) �M/ i?2
KQH�` +QM/m+iBpBiv QMHv /2+`2�b2b BM i?2 bim/B2/ +QM+2Mi`�iBQM `�M;2- rBi? MQ `2/BbbQ+B�iBQM
i�FBM; TH�+2X _2/BbbQ+B�iBQM- �b 2t2KTHB}2/ ?2`2 7Q` GB*HP4 BM .J*- Bb �HbQ �M BKTQ`i�Mi #mi
Q7i2M Qp2`HQQF2/ T?2MQK2MQM 7Q` KmHiBp�H2Mi 2H2+i`QHvi2b- �b rBHH #2 b?QrM BM i?2 7QHHQrBM;
+?�Ti2`X

kX9 1H2+i`QMB+ ai`m+im`2 J2i?Q/b
1H2+i`QMB+ bi`m+im`2 K2i?Q/b �HHQr 7Q` i?2 T`2+Bb2 +�H+mH�iBQM Q7 i?2 2H2+i`QMB+ bi`m+im`2
Q7 +2`i�BM KQH2+mH2b- BQMb- bmT`�KQH2+mH�` �M/ BQMB+ +QKTH2t2b �b r2HH �b 2H2+i`QMB+ 2M2`;v
+?�M;2b mTQM +?2KB+�H `2�+iBQM �M/ +QM7Q`K�iBQM +?�M;2X am+? K2i?Q/b �`2 Q7i2M `272``2/
�HbQ `272``2/ iQ �b [m�MimK +?2KBbi`vX h?2 B/2� Bb i?�i i?2 2M2`;B2b Q7 i?2 KQH2+mH�` Q`#Bi�Hb
�`2 +�H+mH�i2/ �M/ TQTmH�i2/ pB� bQT?BbiB+�i2/ �TT`QtBK�iBQM b+?2K2b iQ bQHp2 a+?`Q/BM;2`Ƕb
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2[m�iBQMX h?Bb �HHQrb +�H+mH�iBQM Q7 � iQi�H 2H2+i`QMB+ 2M2`;v #�b2/ QM �M mM/2`HvBM; �iQKB+
bi`m+im`2- r?B+? Bib2H7 K�v #2 QTiBKBx2/ b2H7@+QMbBbi2MiHvX h?2 KQbi +QKKQMHv FMQrM 2H2+@
i`QMB+ bi`m+im`2 K2i?Q/ Bb /2MbBiv 7mM+iBQM�H i?2Q`v U.6hV- �M/ bT2+B}+�HHv 7Q` Q`;�MB+
bvbi2Kb- i?2 KQbi TQTmH�` �TT`Q�+? mb2b bQ@+�HH2/ ?v#`B/@7mM+iBQM�Hb- r?B+? +QK#BM2 2H@
2K2Mib Q7 #Qi? .6h �M/ >�`i`22@6Q+F U>6V #�b2/ K2i?Q/bX(d8- de) JQH2+mH�` /vM�KB+b
bBKmH�iBQMb �i i?2 2H2+i`QMB+ bi`m+im`2 H2p2H U�AJ.- �# BMBiBQ KQH2+mH�` /vM�KB+bV �`2 r2HH
/2p2HQT2/ iQ bim/v b?Q`i@iBK2b+�H2 +?2KB+�H T`Q+2bb2bX >Qr2p2` i?2 +QKTmi�iBQM�H +Qbi Bb
;2M2`�HHv iQQ T`Q?B#BiBp2 iQ �HHQr bim/v Q7 ._a 72�im`2b �i i?2 iBK2b+�H2b `2[mB`2/ U∼ R MbVX
1H2+i`QMB+ bi`m+im`2 K2i?Q/b +�M MQM2i?2H2bb #2 mb27mH iQ 2Hm+B/�i2 bi`m+im`2- +QM7Q`K�iBQM-
�M/ BKTQ`i�MiHv- BM}MBi2 /BHmiBQM �bbQ+B�iBQM +QMbi�Mib K0

AX AM i?2 T`2pBQmb bm#b2+iBQM- �
bT2+B�iBQM /B�;`�K Q7 GB*HP9 BM .J* r�b b?QrM U6B;m`2 kXjVX h?2 J.@+�H+mH�i2/ /B2H2+i`B+
BM+`2K2Mi T2` b�Hi bT2+B2b- �b r2HH �b i?2 `2H2p�Mi U"Q`MV `�/BB �M/ BM}MBi2 /BHmiBQM �bbQ+B�@
iBQM +QMbi�Mi K0

A Q#i�BM2/ 7`QK 2tT2`BK2Mi(RN) r2`2 mb2/X >Qr2p2` BM K�Mv +B`+mKbi�M+2b
Bi K�v #2 BKT`�+iB+�H Q` BKTQbbB#H2 iQ }M/ i?2 `2H2p�Mi K0

A- �M/ 2H2+i`QMB+ bi`m+im`2 K2i?Q/b
+�M �HHQr 7Q` Bib +�H+mH�iBQMX aBKTHv- i?2 7`22 2M2`;v Q7 i?2 `2�+i�Mib �`2 bm#i`�+i2/ 7`QK
i?2 T`Q/m+ib �M/ i?2 /Bz2`2M+2 BM 7`22 2M2`;v Bb `2H�i2/ iQ K0

AX h?2`2 2tBbi p�`BQmb b+?2K2b
iQ �++QmMi 7Q` i?2 T`2b2M+2 Q7 i?2 bQHp2MiX �`;m�#Hv QM2 Q7 i?2 KQbi T`2+Bb2 K2i?Q/b Bb iQ
BM+Hm/2 i?2 }`bi bQHp�iBQM b?2HH Q7 i?2 BQMb BM �//BiBQM iQ � bi`m+im`2H2bb /B2H2+i`B+ +QMiBMmmK
�`QmM/ i?2 U2tTHB+BiHv@VbQHp�i2/ bT2+B2b- r?2`2 i?2 mb2 Q7 � bm``QmM/BM; bi`m+im`2H2bb /B2H2+@
i`B+ K2/BmK Bb FMQrM �b i?2 +QMiBMmmK bQHp�iBQM KQ/2H �TT`Q�+?- Q` TQH�`Bx�#H2 +QMiBMmmK
KQ/2H US*JVX(dd) h?Bb �TT`QtBK�iBQM �HHQrb 7Q` � +Q``2+iBQM iQ i?2 2H2+i`QMB+ 2M2`;v 7`QK
i?2 bQHp�iBQM Q7 b�Hi bT2+B2b BM bQHmiBQMX AM �//BiBQM- T`QT2` �++QmMiBM; 7Q` i`�MbH�iBQM�H-
`Qi�iBQM�H �M/ pB#`�iBQM�H /2;`22b Q7 7`22/QK(d3- dN) +�M �HHQr 7Q` � iQi�H 7`22 2M2`;v Q7 i?2
bT2+B2b `2bmHiBM; BM �M BKT`Qp2/ �++m`�+v Q7 K0

AX
1H2+i`QMB+ bi`m+im`2 K2i?Q/b #v i?2Kb2Hp2b �`2 BM T`BM+BTH2 r2HH bmBi2/ iQ Q#i�BM BM}MBi2

/BHmiBQM 2[mBHB#`BmK +QMbi�Mib K0
A #mi #v i?2Kb2Hp2b +�MMQi �++QmMi 7Q` +QM+2Mi`�iBQM 2z2+ib-

r?B+? Bb r?v � +QK#BM2/ +QKTmi�iBQM�H �TT`Q�+? mbBM; #Qi? 2H2+i`QMB+ bi`m+im`2 K2i?Q/b
UiQ Q#i�BM K0

A- �b r2HH �b i?2 `2H2p�Mi "Q`M �M/ .> `�/BBV BM �//BiBQM iQ KQH2+mH�` /vM�KB+b
K2i?Q/b UiQ Q#i�BM i?2 /B2H2+i`B+ +QMbi�Mi +?�M;2 �b � 7mM+iBQM Q7 +QM+2Mi`�iBQM Q7 b�Hi
bT2+B2b T`2b2Mi- �M/ i?2 `2H2p�Mi �+iBpBiv +Q2{+B2MibV rBHH #2 mb2/ BM i?2 7QHHQrBM; +?�Ti2`X



kk

*?�Ti2` j

*�b2 aim/v Q7 � J�;M2bBmK a�Hi BM
JQMQ;HvK2 �M/ .B;HvK2

h?Bb +?�Ti2` Bb `2T`Q/m+2/ BM T�`i rBi? T2`KBbbBQM 7`QK CX S?vbX *?2KX G2iiX kyky- RR-
ky9eƐky8k-(ky)- *QTv`B;?i kyky- �K2`B+�M *?2KB+�H aQ+B2ivX h?2 +QMi2Mi- �b r2HH �b KQbi
Q7 i?2 rQ`/BM;- Bb � +QHH�#Q`�iBp2 2zQ`i #2ir22M �HH i?2 �mi?Q`b HBbi2/ BM i?2 �#Qp2 +Bi2/
Tm#HB+�iBQMX

jXR AMi`Q/m+iBQM
PM2 Q7 i?2 BKT2/BK2Mib iQr�`/b BKT`QpBM; J; 2H2+i`Q+?2KBbi`v Bb i?2 H�+F Q7 i?2 7mM/�@
K2Mi�H mM/2`bi�M/BM; Q7 i?2 ;Qp2`MBM; 2H2+i`Q+?2KB+�H �M/ T?vbBQ+?2KB+�H T`QT2`iB2b Q7 i?2
2H2+i`QHvi2X �Hi?Qm;? i?2`2 2tBbib � bB;MB}+�Mi #Q/v Q7 rQ`F 7Q+mbBM; QM i`�MbTQ`i T`QT@
2`iB2b- bQHp�iBQM �M/ 2H2+i`Q+?2KB+�H bi�#BHBiv-(3- 3yĜ39) BQM T�B`BM; �M/ bT2+B�iBQM `2K�BM
TQQ`Hv mM/2`biQQ/ 7Q` +QKKQMHv bim/B2/ KmHiBp�H2Mi 2H2+i`QHvi2 bvbi2Kb-(38) /2bTBi2 i?2B`
+`m+B�H BKTQ`i�M+2 iQ Qp2`�HH 2H2+i`QHvi2 #2?�pBQ`X � +`BiB+�H H2�T BM mM/2`bi�M/BM; Bb M22/2/
BM KmHiBp�H2Mi 2H2+i`QHvi2b iQ �++2H2`�i2 i?2B` /2p2HQTK2Mi �M/ �+?B2p2 T�`Biv rBi? HBi?BmK
2H2+i`QHvi2bX

JQbi GB@BQM �M/ bT2+B}+�HHv ?B;? T2`KBiiBpBiv 2H2+i`QHvi2b bim/B2/ 7Q` 2H2+i`Q+?2KB+�H
�TTHB+�iBQMb 2t?B#Bi � /2+`2�bBM; KQH�` +QM/m+iBpBiv �b � 7mM+iBQM Q7 +QM+2Mi`�iBQM-(3e) �b
BQM T�B`BM; �M/ pBb+QbBiv BM+`2�b2X AM +QMi`�bi- KmHiBp�H2Mi 2H2+i`QHvi2b Ur?B+? �`2 ;2M2`�HHv
T`2T�`2/ rBi? bQHp2Mib Q7 HQr bi�iB+ T2`KBiiBpBiv-(3) 2X;X ε < 10V +�M b?Qr �M BM+`2�bBM;
KQH�` +QM/m+iBpBiv Λ U+QM+2Mi`�iBQM MQ`K�HBx2/ +QM/m+iBpBivV p2`bmb +QM+2Mi`�iBQMX JQ`2
T`2+Bb2Hv- BM +QM+2Mi`�iBQM `�M;2b Q7 2H2+i`Q+?2KB+�H BMi2`2bi U2X;X yXyR J iQ R JV- i?2 KQH�`
+QM/m+iBpBiv BMBiB�HHv BM+`2�b2b �M/ 2p2Mim�HHv `2�+?2b � K�tBKmK �i KQ/2`�i2 +QM+2Mi`�@
iBQMbX �b /Bb+mbb2/ BM i?2 T`2pBQmb +?�Ti2`b- i?2 BMBiB�H BM+`2�b2 BM KQH�` +QM/m+iBpBiv 7Q`
KmHiBp�H2Mi HQr T2`KBiiBpBiv 2H2+i`QHvi2b K�v #2 /m2 iQ � /`�K�iB+- KQ`2 +QKTH2t +?�M;2 BM
BQM bT2+B�iBQM �b +QKT�`2/ iQ KQMQp�H2Mi ?B;? T2`KBiiBpBiv 2H2+i`QHvi2bX
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6B;m`2 jXR, J2�bm`2/ +QM/m+iBpBiv UH27iV �M/ KQH�` +QM/m+iBpBiv U`B;?iV �b � 7mM+iBQM Q7
J;h6aA2 b�Hi +QM+2Mi`�iBQM BM :R Q` :k bQHp2MibX

hrQ `2T`2b2Mi�iBp2 HQr T2`KBiiBpBiv KmHiBp�H2Mi J;2+ 2H2+i`QHvi2b �`2 J;h6aAk UJ;
#BbUi`B~mQ`QK2i?vHbmH7QMvHVBKB/2V BM KQMQ;HvK2 U:RV �M/ J;h6aAk BM /B;HvK2 U:kV- r?B+?
�`2 rB/2Hv BMp2biB;�i2/ 2H2+i`QHvi2b 7Q` mb2 BM 2H2+i`Q+?2KB+�H +2HHb-(3) T`BK�`BHv /m2 iQ i?2B`
?B;? +QM/m+iBpBiv- bQHm#BHBiv �M/ +QKK2`+B�H �p�BH�#BHBivXh?2b2 �MBQM@bQHp2Mi +QK#BM�iBQMb
�`2 �HbQ rB/2Hv miBHBx2/ 7Q` GB@Qtv;2M �M/ GB@bmH7m` 2H2+i`Q+?2KBbi`vX(3dĜ3N) >Qr2p2`- J;h6aAk
BM 2i?2`b `2[mB`2b �//BiBQM�H b�Hi U2X;X J;*HkV BM Q`/2` iQ �HHQr TH�iBM; �M/ bi`BTTBM; �i ?B;?
*QmHQK#B+ 2{+B2M+B2bX(3) LQM2i?2H2bb- i?2 T`2b2Mi rQ`F rBHH 7Q+mb bT2+B}+�HHv QM J;h6aAk
BM 2i?2`b rBi?Qmi �//BiBQM�H b�Hi- �b 2p2M bm+? bBKTH2 2H2+i`QHvi2b- r?B+? �`2 i?2 bm#D2+i Q7
BMi2Mb2 `2b2�`+? �M/ BMi2`2bi-(3R- 3k- 39- Ny- NR) �`2 biBHH TQQ`Hv mM/2`biQQ/ BM i2`Kb Q7 b�Hi
bT2+B�iBQM(Nk) �M/ #mHF i?2`KQ/vM�KB+ T`QT2`iB2bX(Nj)

6Q` #Qi? J;h6aAk BM :R �M/ :k- +QM+2Mi`�iBQM /2T2M/2Mi KQH�` +QM/m+iBpBiv /2pB�i2b
7`QK i?�i Q7 ?B;? T2`KBiiBpBiv 2H2+i`QHvi2b U6B;m`2 jXRVX(Nj- N9) h?2 KQH�` +QM/m+iBpBiv BM@
+`2�b2b rBi? +QM+2Mi`�iBQM- BM/B+�iBM; MQM@+QMp2MiBQM�H #2?�pBQ`, ivTB+�HHv U2X;X 7Q` ?B;?
T2`KBiiBpBiv bQHp2MibV KQH�` +QM/m+iBpBiv /2+`2�b2b �b � 7mM+iBQM Q7 +QM+2Mi`�iBQM BM i?2
/BHmi2 HBKBi 7QHHQrBM; EQ?H`�mb+?Ƕb H�r-(R8) �M/ �i +QM+2Mi`�iBQMb ∼ 0.5 J 7QHHQrBM;- �KQM;
Qi?2` 7�+iQ`b- bB;MB}+�Mi pBb+QbBiv �M/ BQM T�B`BM; BM+`2�b2bX(N8) h?2 KQH�` +QM/m+iBpBiv BM@
+`2�b2 7Q` :R �M/ :k bm;;2bib i?�i BQM T�B`BM; /2+`2�b2b(NR) UBX2X i?2 TQTmH�iBQM 7`�+iBQM Q7
+?�`;2 +�``B2`b Bb BM+`2�b2/V- +QMi`�`v iQ r?�i rQmH/ #2 2tT2+i2/ 7`QK bBKTH2 T`2/B+iBQMb
#�b2/ QM i?2 H�r Q7 K�bb �+iBQMX

a�H�K� 2i �HX bm;;2bi2/ 7`QK /BzmbBQM �M/ _�K�M K2�bm`2K2Mib i?�i J;h6aAk BM :R 2t@
Bbib T`BK�`BHv �b 7`22 BQMb- BM/2T2M/2Mi Q7 +QM+2Mi`�iBQM-(Nj) � }M/BM; mM/2` +QMi2MiBQM(39-
38)X aBKBH�`Hv- Em#BbB�F �M/ 1BHK2b(Ny) `2TQ`i2/ J. bBKmH�iBQMb r?B+? b?Qr2/ bi`B+iHv
bQHp2Mi@bQHp�i2/ J;2+ 7`QK yXR J iQ R J J;h6aAk BM :RX a� 2i �HX bim/B2/ J;h6aAk BM :k-
�M/ 7QmM/ U�M mMmbm�HV BM+`2�b2 BM /BzmbBpBiv Q7 b�Hi 7`QK yXR J iQ yXd J #v �M Q`/2` Q7 K�;@
MBim/2- r?B+? Bb bm;;2bi2/ �b `2bmHiBM; 7`QK � ǳ+QKTHB+�i2/ bQHmiBQM 2MpB`QMK2Mi �i /Bz2`2Mi
BQMB+ bi`2M;i?bǴX(N9) lbBM; J. i?2v 7QmM/ � bB;MB}+�Mi T`2b2M+2 Q7 aaASb Q` 7`22 BQMb- �M/
KQMQiQMB+�HHv BM+`2�bBM; BQM T�B`BM; rBi? +QM+2Mi`�iBQM 7`QK yXk J iQ k JX lM7Q`imM�i2Hv-
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i?2 `2bmHib 7`QK a�H�K� 2i �HX- Em#BbB�F �M/ 1BHK2b �M/ a� 2i �HX �`2 MQi +QMbBbi2Mi rBi?
i?2 `2H2p�Mi KQH�` +QM/m+iBpBiv BM+`2�b2X G�TB/mb 2i �HX-(39) pB� s@`�v �M/ J. bim/B2b Q7
yX9 J J;h6aAk BM :k- 7QmM/ �TT`QtBK�i2Hv ?�H7 Q7 J;2+ r�b 7`22- rBi? i?2 `2K�BMBM; bTHBi
BMiQ +QMi�+i BQM T�B`b U*ASbV Q` M2mi`�H i`BTH2 BQMbX EBKm`� 2i �HX- r?Q bim/B2/ J;h6aAk
BM i`B;HvK2 pB� +QM/m+iBpBiv �M/ _�K�M- bm;;2bi2/ � b?B7iBM; 2[mBHB#`BmK #2ir22M bQHp2Mi@
b2T�`�i2/ BQM T�B`b UaaASbV �M/ 7`22 BQMb �b +QM+2Mi`�iBQM Bb p�`B2/ iQ 2tTH�BM i?2 BM+`2�bBM;
KQH�` +QM/m+iBpBiv- rBi?Qmi T`QpB/BM; � T?vbB+�H KQiBp�iBQM 7Q` bm+? � K2+?�MBbKX(NR) h?2
/Bz2`2M+2b BM i?2 �7Q`2K2MiBQMM2/ BMi2`T`2i�iBQMb �M/ bm;;2biBQMb BHHmbi`�i2 i?�i MQ +H2�`
+QMb2Mbmb ?�b v2i 2K2`;2/ `2;�`/BM; i?2 bT2+B�iBQM BM HQr T2`KBiiBpBiv KmHiBp�H2Mi bvbi2KbX

q2 ?vTQi?2bBx2 i?�i i?2 BMi2`TH�v #2ir22M BQM T�B`BM; �M/ KQH�` +QM/m+iBpBiv +�M #2
`�iBQM�HBx2/ pB� redissociationX(RN- 93- NeĜN3) AM HQr T2`KBiiBpBiv 2H2+i`QHvi2b- �bbQ+B�i2/
b�Hi bT2+B2b i2M/ iQ 7Q`K /m2 iQ i?2 bi`QM; 2H2+i`Qbi�iB+ BMi2`�+iBQMb +QKT�`2/ iQ TQH�` bQH@
p2MibX(j8) A7 i?2b2 �bbQ+B�i2/ bT2+B2b �`2 2M/Qr2/ rBi? � bB;MB}+�Mi /BTQH2 KQK2Mi- i?2v rBHH
BM+`2�b2 i?2 iQi�H T2`KBiiBpBiv pB� �M BM+`2�b2 BM i?2 Q`B2Mi�iBQM�H TQH�`Bx�#BHBiv �M/ 7�pQ` �
H�`;2` TQTmH�iBQM Q7 /BbbQ+B�i2/ b�Hi bT2+B2b �b +QM+2Mi`�iBQM BM+`2�b2b- � T?2MQK2MQM i2`K2/
`2/BbbQ+B�iBQMX(93- Nd- NN) S`2pBQmb rQ`F QM bim/vBM; i?2 BMi2`TH�v #2ir22M T2`KBiiBpBiv BM@
+`2�b2 �M/ BQM �bbQ+B�iBQM ?�b 7Q+mb2/ QM KQMQp�H2Mi b�HibX(RN- 93- NdĜRyR) hQ i?2 #2bi Q7
i?2 �mi?Q`bǶ FMQrH2/;2- `2/BbbQ+B�iBQM ?�b MQi #22M �M�Hvx2/ Q` T`QTQb2/ 7Q` MQM@�[m2Qmb
KmHiBp�H2Mi bvbi2Kb- /2bTBi2 i?2 BM?2`2MiHv bi`QM;2` 2H2+i`Qbi�iB+ BMi2`�+iBQMb T`2b2MiX

*?�`�+i2`Bx�iBQM Q7 BQM T�B`BM; 7Q` KmHiBp�H2Mi HB[mB/ 2H2+i`QHvi2b bvbi2Kb Bb [mBi2 +?�H@
H2M;BM; /m2 iQ i?2 bi`QM; BMi2`BQMB+ BMi2`�+iBQMb BM bQHmiBQM, K�Mv +QMp2MiBQM�H i2+?MB[m2b
bm+? �b +QM/m+iQK2i`v �`2 Q7i2M MQi /B`2+iHv �TTHB+�#H2-(j8) �M/ i?2 +?�HH2M;2b �`2 +QK@
TQmM/2/ 7Q` HQr T2`KBiiBpBiv bvbi2KbX AM Q`/2` iQ 2p�Hm�i2 i?2 `2/BbbQ+B�iBQM ?vTQi?2bBb 7Q`
HQr T2`KBiiBpBiv KmHiBp�H2Mi 2H2+i`QHvi2b- r2 ?2`2BM mb2 � KmHiBb+�H2 +QKTmi�iBQM�H KQ/2H
UJaJV iQ T`2/B+i T2`KBiiBpBiv �M/ b�Hi bT2+B�iBQM �b � 7mM+iBQM Q7 +QM+2Mi`�iBQMX hQ p2`@
B7v i?2 `2bmHib- r2 mM/2`i�F2 _�K�M �M/ /B2H2+i`B+ `2H�t�iBQM bT2+i`Qb+QTv U._aVX q?BH2
T`2pBQmb rQ`F QM +QK#BM2/ T2`KBiiBpBiv �M/ bT2+B�iBQM /B�;`�Kb ?�p2 mb2/ � TQbi2`BQ`B 2t@
T2`BK2Mi�H /�i�-(8y- N3- Ryk) i?2 +m``2Mi JaJ Bb 2MiB`2Hv i?2Q`2iB+�HHv �M/ +QKTmi�iBQM�HHv
#�b2/- �M/ `2HB2b QM 2tT2`BK2Mi�H BMTmi QMHv 7Q` p�HB/�iBQMX 6m`i?2`KQ`2- � bB;MB}+�Mi MmK@
#2` Q7 /B2H2+i`B+ `2H�t�iBQM bim/B2b ?�p2 #22M +�``B2/ Qmi QM KQMQp�H2Mi HQr T2`KBiiBpBiv
bvbi2Kb-(RN- Nd- Ryy- RyR) �b r2HH �b bQK2 ?B;? T2`KBiiBpBiv KmHiBp�H2Mi bvbi2Kb-(8y) ?Qr2p2`
MQM2 v2i QM KmHiBp�H2Mi HQr T2`KBiiBpBiv 2H2+i`QHvi2b ě i?2 bm#D2+i Q7 i?2 T`2b2Mi rQ`FX

6Q` � bvbi2K rBi? /Bp�H2Mi +�iBQMb �M/ KQMQp�H2Mi �MBQMb- i?2 +QM+2Mi`�iBQM �bbQ+B�iBQM
+QMbi�Mi KA /B`2+iHv T`QpB/2b i?2 +QM+2Mi`�iBQM `�iBQ Q7 �bbQ+B�i2/ KQMQ+�iBQMB+ +QMi�+i BQM
T�B`b cCIP,+ iQ 7`22 BQMb c++ �M/ c− pB� i?2 7QHHQrBM; `2H�iBQMb?BTb,(j8)

KA(c) =
cCIP,+

c++c−
= K0

A

yDH,++yDH,−

yDH,CIP,+
fε,A UjXRV

AM i?2 �#Qp2 2[m�iBQM- i?2 i?2`KQ/vM�KB+ �bbQ+B�iBQM +QMbi�Mi K0
A Bb BMi`Q/m+2/- �b r2HH

�b i?2 +QM+2Mi`�iBQM �+iBpBiv +Q2{+B2Mib Q7 i?2 KmHiBp�H2Mi +�iBQM- �MBQM- �M/ +QMi�+i BQM
T�B` yDH,++- yDH,−− �M/ yDH,CIP,+ �M/ i?2 T2`KBiiBpBiv +Q``2+iBQM i2`K fε,A = yBorn,++yBorn,−

yBorn,CIP,+
X

�b BMi`Q/m+2/ BM b2+iBQM *?�Ti2` R- K0
A �++QmMib 7Q` bT2+B}+ b?Q`i `�M;2 BMi2`�+iBQMb r?BH2
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i?2 �+iBpBiv +Q2{+B2Mib yDH,i �b r2HH �b i?2 T2`KBiiBpBiv +Q``2+iBQM i2`K fε,A- �++QmMi 7Q`
HQM;@`�M;2 MQM@bT2+B}+ 2H2+i`Qbi�iB+ BMi2`�+iBQMbX

�bbmKBM; QMHv 7`22 BQMb �M/ +QMi�+i BQM T�B`b i?2M i?2 7QHHQrBM; +QM+2Mi`�iBQM +QMb2`@
p�iBQM 2[m�iBQM +�M #2 r`Bii2M,

c = c++ + cCIP,+ UjXkV
JQ`2Qp2`- +?�`;2 M2mi`�HBiv BKTQb2b i?2 7QHHQrBM; +QM/BiBQM,

2c++ + cCIP,+ = c− UjXjV
AM i?2 T`2b2Mi rQ`F- K0

A Bb Q#i�BM2/ i?`Qm;? }`bi@T`BM+BTH2b 2H2+i`QMB+ bi`m+im`2 +�H+mH�iBQMb
rBi?BM � +QMiBMmmK bQHp�iBQM KQ/2H 2M?�M+2/ rBi? �M 2tTHB+Bi }`bi bQHp�iBQM b?2HH 7Q` i?2
KmHiBp�H2Mi +�iBQM Ub22 J2i?Q/b- b2+iBQM jX9VX 6Q` HQr iQ KQ/2`�i2 +QM+2Mi`�iBQMb U2X;X mT
iQ yXd JV- � :m;;2M?2BK@ivT2 2[m�iBQM Bb Q7i2M mb2/ 7Q` �+iBpBiv +Q2{+B2Mib-(8y) r?2`2 i?2
}`bi i2`K Bb i?2 .2#v2@>m+F2H 2tT`2bbBQM- 2KTHQv2/ BM i?2 T`2b2Mi rQ`F- �b 7QHHQrb,(k9- 8y)

yDH,++yDH,−

yDH,CIP,+
= 10

−4ADH
√
I

1+BDHαDH
√
I UjX9V

AM i?2 �#Qp2 2[m�iBQM- i?2 bvK#QHb ?�p2 i?2B` ivTB+�H bB;MB}+�M+2-(k9- 8y) r?2`2 BDH Bb
i?2 .2#v2@>m+F2H i2`K- αDH Bb i?2 /Bbi�M+2 Q7 +HQb2bi �TT`Q�+?- ADH Bb i?2 .2#v2@>m+F2H
T�`�K2i2` �M/ I Bb i?2 BQMB+ bi`2M;i? Ub22 �TT2M/Bt 7Q` 7m`i?2` /2i�BHbVX q?BH2 :m;;2M?2BK@
ivT2 2tT`2bbBQMb �HbQ BM+Hm/2 HBM2�` �M/ ?B;?2` Q`/2` i2`Kb BM BQMB+ bi`2M;i? 7Q` i?2 BQMbǶ
+?2KB+�H TQi2MiB�H- ?2`2 r2 �bbmK2 i?�i �//BiBQM�H i2`Kb iQ i?2 bi�M/�`/ .2#v2@>m+F2H
2tT`2bbBQM BKT�+i }`bi Q`/2` /m2 iQ +?�M;2b BM T2`KBiiBpBivX(ke- kd) h?mb- i?2 `QH2 Q7 bm+?
i2`Kb Bb 7mH}HH2/ #v fε,A- /2b+`B#2/ �#Qp2X >2M+2- r2 M2;H2+i �Mv ?B;?2` Q`/2` +Q``2+iBQMbX

A7 i?2 T2`KBiiBpBiv Q7 i?2 2H2+i`QHvi2 `2K�BMb 7�B`Hv +QMbi�Mi �b � 7mM+iBQM Q7 +QM+2Mi`�iBQM-
i?2M fε,A rQmH/ 2[m�H mMBivX >Qr2p2`- B7 i?2 T2`KBiiBpBiv +?�M;2b �TT`2+B�#Hv- �b Bi i2M/b
iQ 7Q` HQr T2`KBiiBpBiv 2H2+i`QHvi2b- i?2M i?2 7QHHQrBM; T?2MQK2MQHQ;B+�H 2[m�iBQM +�M #2
mb2/-(RN) r?2`2 b Bb � TQbBiBp2 T?2MQK2MQHQ;B+�H +QMbi�Mi,(RN)

fε,A = exp(
−b

ε(c = 0)
+

b

ε(c)
) UjX8V

qBi? BM+`2�bBM; +QM+2Mi`�iBQM Q7 +?�`;2/ bT2+B2b- i?2 yi +?�`;2/ bT2+B2b �+iBpBiv +Q2{+B2Mib
/2+`2�b2- ?2M+2 +QKT2iBM; rBi? i?2 K�bb �+iBQM H�r r?B+? T`QKQi2b �bbQ+B�iBQMX A7 i?2
T2`KBiiBpBiv BM+`2�b2b- i?2M i?Bb rBHH �+i �b �M �//BiBQM�H /`BpBM; 7Q`+2 7Q` `2/m+2/ �bbQ+B�iBQM
U�M/ BM+`2�b2/ �bbQ+B�iBQM B7 i?2 T2`KBiiBpBiv /2+`2�b2bVX hQ;2i?2`- 2[m�iBQMb jXR- jXk- jXj-
jX9 �M/ jX8 �HHQr 7Q` +QMbi`m+iBQM Q7 bT2+B�iBQM /B�;`�Kb 7`QK }`bi T`BM+BTH2b +�H+mH�iBQMb
T`QpB/2/ ε(c) Bb FMQrM BM i?2 /2bB`2/ +QM+2Mi`�iBQM `�M;2X
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6B;m`2 jXk, S2`KBiiBpBiv UH27iV �M/ bT2+B�iBQM /B�;`�K U`B;?iV Q7 J;h6aA2 BM :k �i k8◦*X
*QKTmi2/ bT2+B2b 7`�+iBQM ci/c Bb b?QrM rBi? bQHB/ HBM2b- 2t+2Ti 7Q` i?2 �MBQM r?B+? Bb b?QrM
7Q` yX8 ci/cX aT2+B2b BM [m2biBQM �`2 BHHmbi`�i2/ BM #m##H2bX

*QM+2Mi`�iBQM@.2T2M/2Mi ai�iB+ S2`KBiiBpBiv
ε(c) = ε(c = 0) +

∑

i

∆εici +O(cicj) UjXeV

AM 2[m�iBQM jXe- i?2 +QM+2Mi`�iBQM@/2T2M/2Mi T2`KBiiBpBiv Bb 2[m�H iQ i?2 T2`KBiiBpBiv Q7
i?2 M2�i bQHp2Mi ε(c = 0) BM �//BiBQM iQ i?2 /B2H2+i`B+ BM+`2K2Mi T2` bT2+B2b ∆εi KmHiBTHB2/
#v i?2 +QM+2Mi`�iBQM Q7 b�B/ bT2+B2b ciX ∆εi Bb ?2`2 BM/2T2M/2Mi Q7 +QM+2Mi`�iBQM- �M/ Bi
Bb �HbQ �bbmK2/ i?�i ?B;?2` Q`/2` i2`Kb +�M #2 M2;H2+i2/X A7 +QmTH2/ iQ 2[m�iBQMb jXR@jX8-
i?2M i?2 iQi�H T2`KBiiBpBiv +�M #2 +�H+mH�i2/ �b � 7mM+iBQM Q7 +QM+2Mi`�iBQM- T`QpB/2/ 2�+?
∆εi Bb FMQrMX �b /2b+`B#2/ BM i?2 J2i?Q/b Ub2+iBQM jX9V- BM *?�Ti2` k �M/ BM � T`2pBQmb
Tm#HB+�iBQM-(8d) ∆εi +�M #2 +�H+mH�i2/ 7`QK +H�bbB+�H KQH2+mH�` /vM�KB+b bBKmH�iBQMbX

jXk _2bmHib �M/ .Bb+mbbBQM
6B;m`2 jXk UH27iV b?Qrb i?2 bi�iB+ T2`KBiiBpBiv U/B2H2+i`B+ +QMbi�MiV �b � 7mM+iBQM Q7 +QM+2Mi`�@
iBQM �M/ i?2 bT2+B�iBQM �b � 7mM+iBQM Q7 +QM+2Mi`�iBQM U`B;?iV 7Q` J;h6aAk BM :kX h?2 bi�iB+
T2`KBiiBpBiv Bb +QKTmi2/ iQ BM+`2�b2 7`QK dX9 UM2�i :kV iQ R9X3 UyX8 JV- r?BH2 Bi Bb K2�bm`2/
iQ BM+`2�b2 7`QK dX9 iQ ReXkX h?2`2 Bb ;QQ/ �;`22K2Mi i?`Qm;?Qmi i?2 bim/B2/ +QM+2Mi`�iBQM
`�M;2 UyXyk J iQ yX8 JVX h?2 2``Q` #�`b �`2 � +QMb2[m2M+2 Q7 i?2 }iiBM; T`Q+2/m`2 `2[mB`2/ iQ
2ti`�+i i?2 bi�iB+ T2`KBiiBpBiv p�Hm2b 7`QK i?2 7`2[m2M+v /2T2M/2Mi bT2+i`� Ub22 J2i?Q/b-
b2+iBQM jX9VX h?2 i2M/2M+v Q7 i?2 T2`KBiiBpBiv iQ BM+`2�b2 rBi? +QM+2Mi`�iBQM Bb /Bz2`2Mi
i?�M b�Hib BM ivTB+�H ?B;? T2`KBiiBpBiv 2H2+i`QHvi2b U2X;X L�*H BM r�i2`V r?2`2 i?2 /B2H2+@
i`B+ +QMbi�Mi ivTB+�HHv /2+`2�b2b rBi? +QM+2Mi`�iBQM /m2 iQ i?2 HQbb Q7 7`22 bQHp2Mi KQH2+mH2b
#QmM/ BMiQ i?2 bQHp�iBQM b?2HH Q7 7`22 BQMb- i?mb `2/m+BM; i?2 Q`B2Mi�iBQM�H TQH�`Bx�#BHBiv Q7
i?2 bQHmiBQMX(Rj) >2`2- i?2 BM+`2�b2 BM T2`KBiiBpBiv rBi? +QM+2Mi`�iBQM mM2[mBpQ+�HHv BM/B@
+�i2b i?�i �bbQ+B�i2/ bT2+B2b- 2X;X *ASb- r?B+? ?QH/ � bi`QM; /BTQH2 KQK2Mi- �`2 T`2b2Mi BM
�TT`2+B�#H2 [m�MiBiB2b BM i?2 bQHmiBQMX



*>�Sh1_ jX *�a1 ahl.u P6 � J�:L1aAlJ a�Gh AL JPLP:GuJ1 �L.
.A:GuJ1 kd

6B;m`2 jXj, S2`KBiiBpBiv UH27iV �M/ bT2+B�iBQM /B�;`�K U`B;?iV Q7 J;h6aA2 BM :R �i k8◦*X
*QKTmi2/ bT2+B2b 7`�+iBQM ci/c Bb b?QrM rBi? bQHB/ HBM2b- 2t+2Ti 7Q` i?2 �MBQM r?B+? Bb b?QrM
7Q` yX8 ci/cX aT2+B2b BM [m2biBQM �`2 BHHmbi`�i2/ BM #m##H2bX

h?2 bT2+B�iBQM BM72``2/ 7`QK i?2 _�K�M �M�HvbBb Q7 h6aA BQM T�B`BM; Bb BM ;QQ/ �;`22K2Mi
rBi? i?2 +QKTmi2/ p�Hm2b U6B;m`2 jXk- `B;?iVX >2`2- i?2 TQTmH�iBQM 7`�+iBQM Q7 7`22 BQMb
BM+`2�b2b rBi? +QM+2Mi`�iBQM- r?BH2 i?2 7`�+iBQM Q7 �bbQ+B�i2/ bT2+B2b- 2X;X *ASb- /2+`2�b2-
+QMbBbi2Mi rBi? i?2 KQH�` +QM/m+iBpBiv BM+`2�b2X

h�#H2 jXR b?Qrb i?2 +QKTmi2/ /B2H2+i`B+ BM+`2K2Mi T2` b�Hi bT2+B2b- r?B+? r�b mb2/ BM
i?2 JaJX q2 MQi2 i?�i i?2 T`2b2M+2 Q7 7`22 BQMb i2M/b iQ HQr2` ε- ?Qr2p2`- i?2 /2+`2�b2 Bb
Km+? H2bb i?�M i?2 BM+`2�b2 BM ε 7`QK *ASbX

bQHp2Mi ∆ε++(
1
M) ∆ε−(

1
M) ∆εCIP,+(

1
M) K0

A

:k @RR @jXy R9d 8Xk ×108

:R @Rj @kXd dk jXe ×108

h�#H2 jXR, *QKTmi2/ /B2H2+i`B+ BM+`2K2Mi T2` KQH2 Q7 bT2+B2b- �M/ +QKTmi2/ K0
AX

6B;m`2 jXj b?Qrb i?2 bi�iB+ T2`KBiiBpBiv �b � 7mM+iBQM Q7 +QM+2Mi`�iBQM UH27iV �M/ i?2
bT2+B�iBQM �b � 7mM+iBQM Q7 +QM+2Mi`�iBQM U`B;?iV 7Q` J;h6aA2 BM :RX h?2 bi�iB+ T2`KBiiBpBiv
Bb +QKTmi2/ iQ BM+`2�b2 rBi? +QM+2Mi`�iBQM- 7`QK dXy UM2�i :RV iQ RyX3 UyX8d J b�Hi BM :RV-
�M/ Bb K2�bm`2/ iQ BM+`2�b2 7`QK dXy iQ RkXj #v ._a- BM ;2M2`�H �;`22K2MiX LQ /�i� TQBMib
r2`2 Q#i�BM2/ #2ir22M yXy8 J �M/ yX8d J /m2 iQ i?2 KBb+B#BHBiv ;�T BM i?2 2H2+i`QHvi2(Nj)
Ub22 J2i?Q/b- b2+iBQM jX9VX

h?2 `B;?iKQbi THQi Q7 6B;m`2 jXj b?Qrb i?2 bT2+B�iBQM �b � 7mM+iBQM Q7 +QM+2Mi`�iBQMX
h?2 _�K�M �M�HvbBb Q7 �bbQ+B�i2/ h6aA− TQTmH�iBQMb Bb +QMbBbi2Mi rBi? i?2 i`2M/b, i?2
7`�+iBQM Q7 �bbQ+B�i2/ b�Hi U*ASbV ;2M2`�HHv /2+`2�b2b rBi? +QM+2Mi`�iBQM �M/ 7`�+iBQM Q7 7`22
BQMb BM+`2�b2b rBi? +QM+2Mi`�iBQM- [m�HBi�iBp2Hv bBKBH�` iQ i?2 J;h6aAk BM :k bvbi2KX h?2
?B;? +QM+2Mi`�iBQM TQTmH�iBQM 2tT2`BK2Mi�H /�i� UyX8d JV �`2 rBi?BM 8 W Q7 i?2 +QKTmi2/
p�Hm2b- #mi i?2 HQr2` +QM+2Mi`�iBQMb /Q MQi b?Qr bm+? �;`22K2MiX h?2 /Bb�;`22K2Mi bm;;2bib
i?�i 2Bi?2` i?2 +QKTmi2/ KA Bb Qp2`2biBK�i2/ BM i?2 HQr2` +QM+2Mi`�iBQMb- Q` i?2`2 +QmH/ #2
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T`2b2M+2 Q7 ?B;?2` Q`/2` �;;`2;�i2b U2X;X bQHp2Mi b2T�`�i2/ BQM T�B`b- i`BTH2 BQMbV- r?B+? Bb
/Bb+mbb2/ 7mi?2` #2HQrX h?2 _�K�M /�i� TQBMib BM/B+�i2 � bHB;?i BM+`2�b2 BM BQM T�B`BM; 7`QK
yXyj8 J iQ yXy8 J #v yXe WX >Qr2p2`- i?2 2``Q` 2biBK�i2 7Q` _�K�M BM72``2/ TQTmH�iBQMb /m2
iQ BMbi`mK2Mi MQBb2 Bb e W BM i?2 HQr2bi +QM+2Mi`�iBQM UyXyk JV- �M/ Qi?2`rBb2 i?2 BQM@T�B`2/
TQTmH�iBQMb ;2M2`�HHv /2+`2�b2 rBi? BM+`2�bBM; +QM+2Mi`�iBQM U2``Q` #�`b �`2 MQi /BbTH�v2/
?2`2 7Q` pBbm�H +H�`Biv- b22 �TT2M/BtVX h?mb- i?2 2KT?�bBb Bb ?2`2 TH�+2/ QM i?2 ;2M2`�H i`2M/
Q7 /2+`2�bBM; BQM T�B`BM; rBi? +QM+2Mi`�iBQMX

�i ?B;? +QM+2Mi`�iBQMb- i?2 T2`KBiiBpBiv Q7 :k 2H2+i`QHvi2b Bb ?B;?2` i?�M i?�i Q7 :R-
/2bTBi2 � bBKBH�` 7`�+iBQM Q7 BQM T�B`BM; �++Q`/BM; iQ _�K�M bT2+i`Qb+QTv- �M/ i?Bb ?B;?HB;?ib
�M BKTQ`i�Mi /Bz2`2M+2 BM *AS bi`m+im`2 i2M/2M+B2bX �b b?QrM BM h�#H2 jXR- *ASb BM :k b?Qr
� Km+? H�`;2` /B2H2+i`B+ BM+`2K2Mi BM+`2�b2 i?�M :R UR9dfJ p2`bmb dkfJV- r?B+? �HHQrb
i?2 2H2+i`QHvi2 iQ `2�+? � ?B;?2` bi�iB+ T2`KBiiBpBiv /2bTBi2 ?�pBM; � bBKBH�` 7`�+iBQM Q7
*ASbX h?2 H�`;2` /B2H2+i`B+ BM+`2K2Mi Bb /m2 iQ � T`272`2M+2 7Q` i?2 KQ`2 TQH�` KQMQ/2Mi�i2
+QM};m`�iBQM Q7 i?2 *AS BM :k- BM +QMi`�bi iQ i?2 #B/2M/�i2 K�DQ`Biv +QM};m`�iBQM Q7 i?2
*AS BM :R Ub22 BMb2i BHHmbi`�iBQMb BM 6B;m`2 jXjVX AM i?2 KQ/2H mb2/ ?2`2BM- r2 �TT`QtBK�i2
i?2 K�DQ`Biv /2Mi�iBQM �b i?2 QMHv BQM@T�B` bi`m+im`2- �Hi?Qm;? HBF2Hv bQK2 �/KBtim`2 Q7 #Qi?
/2Mi�iBQMb Bb T`2b2Mi BM #Qi? HB[mB/bX h?2 K0

A p�Hm2b 7Q` #Qi? bim/B2/ bvbi2Kb U:k �M/ :RV �`2
QM i?2 Q`/2` Q7 108 Uh�#H2 jXRV- r?BH2 7Q` ?B;? T2`KBiiBpBiv 2H2+i`QHvi2b ivTB+�HHv K0

Ab �`2 Km+?
bK�HH2` U2X;X QM i?2 Q`/2` Q7 102VX(8y) h?2 +QM+2Mi`�iBQM@/2T2M/2Mi KAb �`2 /`�K�iB+�HHv
HQr2`2/ 7`QK i?2 T2`KBiiBpBiv BM+`2�b2- � T?2MQK2MQM bT2+B}+ iQ HQr T2`KBiiBpBiv bvbi2KbX

�b T�`i Q7 i?2 T`2b2Mi2/ `2bmHib- � 72r TQbbB#H2 bQm`+2b Q7 2``Q`b b?QmH/ #2 +QMbB/2`2/
�M/ /Bb+mbb2/X 6B`bi- i?2 �bbmKTiBQM Q7 � +QM+2Mi`�iBQM@BM/2T2M/2Mi BMi2`BQMB+ /Bbi�M+2 T�@
`�K2i2` αDH +QmH/ BM T`BM+BTH2 #2 BKT`Qp2/X(9e) AM i?Bb rQ`F r2 /2`Bp2 αDH �b i?2 bmK Q7
`�/BB(Ryj- Ry9) Q7 � *AS �M/ �M �MBQM- T`QpB/BM; � `2�bQM�#H2 p�Hm2 7Q` � KmHiBp�H2Mi J;2+

bvbi2KX(9e) a2+QM/- �bbmKBM; *ASb �b i?2 QMHv �bbQ+B�i2/ bT2+B2b Bb +2`i�BMHv �M �TT`QtBK�@
iBQM- 2bT2+B�HHv BM i?2 HQr +QM+2Mi`�iBQM `2;BK2X 6Q` T`2pBQmb KmHiBp�H2Mi bvbi2Kb- aaASb
r2`2 b?QrM iQ #2 T`2b2Mi �i HQr +QM+2Mi`�iBQMb U#2HQr yXk JV-(8y) r?B+? K�v 2tTH�BM i?2
/Bb�;`22K2Mi �i HQr +QM+2Mi`�iBQM 7Q` i?2 J;h6aAk BM :R �M/ :k bvbi2KbX lM7Q`imM�i2Hv-
i?2 HQr 7`2[m2M+v HBKBi Q7 ._a- �M/ i?2 _�K�M �M�HvbBb K2i?Q/b Ur?B+? +�MMQi /BbiBM;mBb?
#2ir22M 7`22 BQMb �M/ aaASb- �M/ b?Qr ?B;?2` 2``Q`b �i HQr2` +QM+2Mi`�iBQMbV- T`2+Hm/2 mb
7`QK /B`2+iHv BMp2biB;�iBM; i?2 T`2b2M+2 Q7 aaASb BM i?Bb rQ`FX JQ`2Qp2`- i?2 �;`22K2Mi
#2ir22M i?2 JaJ rBi? ._a �M/ _�K�M �M�HvbBb �i ?B;?2` +QM+2Mi`�iBQMb bmTTQ`ib i?2
�bbmKTiBQM Q7 *ASb �b i?2 K�DQ`Biv �bbQ+B�i2/ bT2+B2b �i ?B;?2` +QM+2Mi`�iBQMbX

AKTQ`i�MiHv- 7Q` #Qi? :R �M/ :k 2H2+i`QHvi2 bvbi2Kb- i?2 +�H+mH�i2/ p�Hm2b 7Q` T2`KBi@
iBpBiv �M/ bT2+B�iBQM �M/ i?2 `2bT2+iBp2 2tT2`BK2Mi�H /�i� �`2 +QMbBbi2Mi rBi? i?2 `2/BbbQ@
+B�iBQM ?vTQi?2bBbX JQ`2 T`2+Bb2Hv- i?2 T2`KBiiBpBiv BM+`2�b2- BM �//BiBQM iQ i?2 BM+`2�bBM;
BQMB+ bi`2M;i?- r?B+? 2M?�M+2b b+`22MBM; Q7 7`22 BQMb �M/ HQr2`b i?2B` +?2KB+�H TQi2MiB�H UpB�
2[m�iBQM jX9V- 2tTH�BMb i?2 /`�K�iB+ bi�#BHBx�iBQM Q7 7`22 BQMb �i ?B;?2` +QM+2Mi`�iBQMbX
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jXj *QM+HmbBQM
AM +QMi`�bi iQ ?B;? T2`KBiiBpBiv GB@BQM 2H2+i`QHvi2b- KmHiBp�H2Mi 2H2+i`QHvi2b 7Q` #�ii2`v �TTHB@
+�iBQMb- r?B+? ;2M2`�HHv mb2 HQr T2`KBiiBpBiv bQHp2Mib- b?Qr �M BM+`2�bBM; KQH�` +QM/m+iBpBiv
p2`bmb +QM+2Mi`�iBQMX hQ BKT`Qp2 Qm` mM/2`bi�M/BM; Q7 i?2 +QKTH2t bT2+B�iBQM BM i?2b2 HB[@
mB/b- r2 mb2 KQ/2HBM; �M/ ._a- iQ 2bi�#HBb? �M BM+`2�b2 BM bi�iB+ T2`KBiiBpBiv �b � 7mM+iBQM
Q7 b�Hi +QM+2Mi`�iBQM BM J;Uh6aAVkf:R �M/ :k 2H2+i`QHvi2bX 6m`i?2`KQ`2- i?2 bT2+B�iBQM
/B�;`�Kb +QMbi`m+i2/ 7`QK i?2 KmHiB@b+�H2 KQ/2HBM; K2i?Q/QHQ;v b?Qr �M BM+`2�b2 BM i?2
7`�+iBQM Q7 /BbbQ+B�i2/ bT2+B2b rBi? +QM+2Mi`�iBQM- r?B+? Bb +QM}`K2/ 2tT2`BK2Mi�HHv #v _�@
K�M bT2+i`Qb+QTvX h?2 +QK#BM2/ 2pB/2M+2 bi`QM;Hv BM/B+�i2b i?�i TQH�` +QMi�+i BQM@T�B`b
i?�i 7Q`K �i HQr +QM+2Mi`�iBQM i`B;;2` � `2/BbbQ+B�iBQM K2+?�MBbK- H2�/BM; iQ �M BM+`2�b2 BM
7`22- +?�`;2@+�``B2` BQMb �i ?B;?2` +QM+2Mi`�iBQMbX 6Q` :R- i?2 /`�K�iB+ +?�M;2 BM bT2+B�iBQM
7`QK `2/BbbQ+B�iBQM K�v �HbQ TH�v � `QH2 BM i?2 KBb+B#BHBiv ;�T 7`QK yXy8 J iQ yX8d JX(Nj)
6m`i?2`KQ`2- i?2 +m``2Mi `2bmHib bm;;2bi i?�i 7Q` KmHiBp�H2Mi HQr T2`KBiiBpBiv 2H2+i`QHvi2b-
`2/BbbQ+B�iBQM Bb � MQM@bT2+B}+ 2z2+i UBX2X BM/2T2M/2Mi Q7 i?2 b�Hi +?2KBbi`vV- T`QpB/2/ �
+QMbB/2`�#H2 TQTmH�iBQM Q7 bi`QM;Hv TQH�` �bbQ+B�i2/ bT2+B2b T2`bBbibX S`2HBKBM�`v K2�bm`2@
K2Mib BM/B+�i2 i?�i K�Mv J;2+ �M/ *�2+ 2H2+i`QHvi2b Q7 BMi2`2bi 2t?B#Bi BM+`2�bBM; KQH�`
+QM/m+iBpBiv rBi? +QM+2Mi`�iBQM- �M/ 7m`i?2` BMp2biB;�iBQMb HBMFBM; i?2b2 Q#b2`p�iBQMb iQ i?2
�ii2M/�Mi +Hmbi2` bi`m+im`2b �M/ TQTmH�iBQMb rBHH #2 i?2 bm#D2+i Q7 7mim`2 rQ`FX 6BM�HHv- i?2
�#BHBiv iQ imM2 `2/BbbQ+B�iBQM ě �M/ i?2`27Q`2 bT2+B�iBQM �M/ i`�MbTQ`i ě pB� /2bB;M2` b�Hi
�//BiBp2b `2K�BMb � pB�#H2 T�i? 7Q`r�`/X

jX9 J2i?Q/b
*QKTmi�iBQM�H �M/ h?2Q`2iB+�H .2i�BHb
AM}MBi2 /BHmiBQM �bbQ+B�iBQM +QMbi�Mib K0

A- b?QrM BM h�#H2 jXR- r2`2 +�H+mH�i2/ pB� }`bi
T`BM+BTH2b [m�MimK +?2KBbi`v +�H+mH�iBQMX >v#`B/@.6h +�H+mH�iBQMb r2`2 mM/2`i�F2M rBi?
:�mbbB�M yRe bQ7ir�`2(Ry8) mbBM; ω#Ndt@/(d8) rBi? i?2 /27kixpT #�bBb-(Rye) rBi? � +QMiBMmmK
bQHp�iBQM KQ/2H(dd) U*aJV mbBM; i?2 M2�i bQHp2Mi T2`KBiiBpBiv- �b r2HH �b �M }`bi 2tTHB+Bi
bQHp�iBQM b?2HH 7Q` +�iBQMbX "27Q`2 ;2QK2i`v QTiBKBx�iBQM pB� �# BMBiBQ K2i?Q/b- BMBiB�H +QM};@
m`�iBQMb r2`2 TB+F2/ pB� +QM7Q`K�iBQM�H �M�HvbBb mbBM; J�+`QJQ/2H(Ryd) �M/ �M PSGa@#�b2/
7Q`+2 }2H/-(e3) r?2`2 bi`m+im`2b rBi? /2Mi�iBQM K�i+?BM; i?Qb2 7`QK i?2 +H�bbB+�H KQH2+mH�`
/vM�KB+b r2`2 TB+F2/X AM Q`/2` iQ +Q``2+i 7Q` bTm`BQmb +QMi`B#miBQMb Q7 HQr 7`2[m2M+v KQ/2b
iQ i?2 pB#`�iBQM�H T�`iBiBQM 7mM+iBQM- h`m?H�`Ƕb(d3) +Q``2+iBQM r�b �TTHB2/ mbBM; S�iiQMǶb
+Q/2X(Ry3) fε,A r�b +�H+mH�i2/ mbBM; i?2 QTiBKBx2/ ;2QK2i`B2b Q7 i?2 M2�i bQHp2Mi �M/ i?2M
bBM;H2 TQBMi +�H+mH�iBQMb �b i?2 T2`KBiiBpBiv Q7 i?2 *aJ Bb p�`B2/X � 7mM+iBQM �b /2b+`B#2/
#v 2[m�iBQM jX8 r�b }i U7m`i?2` /2i�BHb BM i?2 �TT2M/BtVX h?Bb vB2H/2/ �M �M�HviB+ 7mM+iBQM
�HHQrBM; i?2 +QKTmi�iBQM Q7 i?2 +Q``2+iBQM iQ i?2 �bbQ+B�iBQM +QMbi�Mi /m2 iQ i?2 +?�M;2 BM
T2`KBiiBpBivX

AM Q`/2` iQ +�H+mH�i2 ∆εi- KQH2+mH�` /vM�KB+b +�H+mH�iBQMb r2`2 mM/2`i�F2M rBi? :_P@
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J�*a-(e9) rBi? /2i�BHb 7QHHQrBM; i?Qb2 Q7 � T`2pBQmb K�Mmb+`BTiX(8d) "`B2~v- 2�+? bBKmH�iBQM
?2H/ � bBM;H2 b�Hi bT2+B2b BM � #Qt Q7 bQHp2Mi- bm+? i?�i i?2 +QM+2Mi`�iBQM r�b yXR JX AM Q`@
/2` iQ BM+Hm/2 i?2 +QMi`B#miBQM Q7 b�Hi bT2+B2b iQ i?2 iQi�H T2`KBiiBpBiv pB� i?2 ~m+im�iBQM
/BbbBT�iBQM i?2Q`2K- i?2 /BTQH2 Q7 i?2 b�Hi bT2+B2b ?�/ iQ #2 /`�rM �M/ BM+Hm/2/ BM i?2 iQi�H
TQH�`Bx�iBQMX h?Bb r�b mM/2`i�F2M rBi? BM ?Qmb2 +Q/2- /2b+`B#2/ �M/ T`QpB/2/ BM � T`2pB@
Qmb Tm#HB+�iBQMX(8d) �b r�b M2+2bb�`v- +2`i�BM Q7 i?2 bBKmH�iBQMb +�``B2/ �M Qp2`�HH +?�`;2-
r?B+?- 7Q` r?B+? i?2 :_PJ�*a bQ7ir�`2 T`QpB/2/ � +Q``2+iBM; #�+F;`QmM/ ?QKQ;2M2Qmb
+?�`;2X(e9- RyN) 6Q` +?�`;2/ �bbQ+B�i2/ b�Hi bT2+B2b- i?2 M2i +?�`;2 r�b bm#i`�+i2/ �i i?2
+2Mi2` Q7 K�bbX(e9) "`B2~v- i?2 /BTQH2 KQK2Mi P Q7 i?2 �bbQ+B�i2/ b�Hi bT2+B2b +�M #2 r`Bii2M
�b 7QHHQrb,

Psalt species,x = Σionsqionsrx UjXdV
AM i?2 �#Qp2 2[m�iBQM- ǳBQMbǴ `272`b iQ i?2 �iQKB+ TQBMi +?�`;2b Q7 i?2 b�Hi bT2+B2b �M/ x i?2
;Bp2M +�`i2bB�M /B`2+iBQMX A7 i?2 �bbQ+B�i2/ b�Hi bT2+B2b ?�b �M Qp2`�HH +?�`;2- i?2M i?2 +2Mi2`
Q7 K�bb U*PJV +?�`;2 +�M #2 bm#i`�+i2/,

P ′
salt species,j = Psalt species,j − rCOM(Σkqk) UjX3V

1tT2`BK2Mi�H .2i�BHb
h?2 2tT2`BK2Mi�H K2�bm`2K2Mib 7Q` BQMB+ +QM/m+iBpBiv- ._a- �M/ _�K�M r2`2 +�``B2/ Qmi
#v +QHH�#Q`�iQ`b- r?Q �`2 +Q@�mi?Q`2/ QM i?2 K�Mmb+`BTi +Bi2/ �i i?2 bi�`i Q7 i?Bb +?�Ti2`X(ky)
h?2 �M�HvbBb �M/ }iiBM; Q7 i?2 2tT2`BK2Mi�HHv +QHH2+i2/ ._a bT2+i`� r�b MQM2i?2H2bb mM/2`@
i�F2M �b � +QHH2+iBp2 2zQ`iX 1H2+i`QHvi2 bQHmiBQMb 7Q` BQMB+ +QM/m+iBpBiv- ._a- �M/ _�K�M
K2�bm`2K2Mib r2`2 T`2T�`2/ BM �M �`;QM@}HH2/ ;HQp2 #Qt rBi? >kP < R TTK �M/ Pk < yXR
TTK UJ"`�mMVX h?2 bQHp2Mib :R UR-k@/BK2i?Qtv2i?�M2V �M/ :k U/B2i?vH2M2 ;Hv+QH /BK2i?vH
2i?2`V r2`2 Tm`+?�b2/ BM �M?v/`Qmb 7Q`K 7`QK JBHHBTQ`2@aB;K�- /BbiBHH2/- �M/ biQ`2/ Qp2`
j ³ KQH2+mH�` bB2p2b rBi? �+iBp�i2/ �HmKBM�X J;h6aAk UaQHpBQMB+- NNX8WV r�b /`B2/ mM@
/2` p�+mmK �i Rdy◦* 7Q` � KBMBKmK Q7 93 ? T`BQ` iQ mb2X Ai r�b 7QmM/ i?�i i?2 /BbbQHp2/
J;h6aAk b�Hi BKT�`i2/ � MQM@i`BpB�H bQHmiBQM pQHmK2 BM+`2�b2 Qp2` i?�i Q7 i?2 Tm`2 bQHp2Mib
�M/ i?mb +�`27mH K2�bm`2K2Mi Q7 Qp2`�HH bQHmiBQM pQHmK2 r�b `2[mB`2/ iQ �+?B2p2 �++m`�i2
KQH�`Biv p�Hm2bX h?Bb Bb T�`iB+mH�`Hv BKTQ`i�Mi 7Q` bQHmiBQMb Q7 KQ/2`�i2 iQ ?B;? +QM+2Mi`�@
iBQMX *QMbBbi2Mi rBi? � T`2pBQmb `2TQ`i- Bi r�b 7QmM/ i?�i J;h6aAkf:R bQHmiBQMb 2t?B#Bi
� bB;MB}+�Mi KBb+B#BHBiv ;�T #2ir22M ∼yXy8 J �M/ ∼yX8d J- T`2+Hm/BM; K2�bm`2K2Mib �i
BMi2`K2/B�i2 +QM+2Mi`�iBQMbX(Nj)

aQHmiBQM BQMB+ +QM/m+iBpBiB2b r2`2 K2�bm`2/ BM i?2 �7Q`2K2MiBQM2/ ;HQp2 #Qt mbBM; �*
BKT2/�M+2 BM+Q`TQ`�iBM; � ?QK2@K�/2 +QM/m+iBpBiv T`Q#2 +QMbBbiBM; Q7 irQ T�`�HH2H Si 2H2+@
i`Q/2bX h?2 +2HH +QMbi�Mi Q7 i?Bb +QM/m+iBpBiv T`Q#2 r�b T2`BQ/B+�HHv +�HB#`�i2/ BM E*H
bQHmiBQMb Q7 p�`BQmb +QM+2Mi`�iBQMb iQ 2Mbm`2 K2�bm`2K2Mi �++m`�+vX

_�K�M bT2+i`Qb+QTv r�b T2`7Q`K2/ BM b2�H2/ pB�Hb QM � qAh2+ *QM7Q+�H _�K�M JB+`Q@
b+QT2 mbBM; � 8jk MK 2t+Bi�iBQM H�b2`X h?2 h6aA bT2+B�iBQM r�b K2�bm`2/ i?`Qm;? +�`27mH
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bT2+i`�H }iiBM; Q7 i?2 h6aA #`2�i?BM; KQ/2 `2;BQM U∼d9y +K−1V mbBM; :�mbbB�MfGQ`2MixB�M
HBM2 b?�T2b- bBKBH�` iQ Tm#HBb?2/ K2i?Q/bX(3j- RRy) a2H2+i 2t�KTH2b �`2 b?QrM BM i?2 �T@
T2M/BtX

.B2H2+i`B+ bT2+i`� r2`2 K2�bm`2/ BM ;H�bb pB�Hb mbBM; �M BKK2`b2/ bHBK@7Q`K +Q�tB�H T`Q#2
UE2vbB;?i LR8yR�V �M/ p2+iQ` M2irQ`F �M�Hvx2` UE2vbB;?i SNjd8�V Qp2` � 7`2[m2M+v `�M;2
7`QK yX8 iQ keX8 :>xX JmHiBTH2 K2�bm`2K2Mib r2`2 K�/2 iQ 2Mbm`2 `2T2�i�#BHBiv- �M/ p�`BQmb
BKK2`bBQM /2Ti?b r2`2 i2bi2/ iQ +QM}`K i?2 �#b2M+2 Q7 �bbQ+B�i2/ �`iB7�+ibX *�HB#`�iBQM
r�b K�BMi�BM2/ �M/ T2`BQ/B+�HHv `27`2b?2/ i?`Qm;? �M 1*�H KQ/mH2 UE2vbB;?i Ld888�VX �
i?`22@TQBMi +�HB#`�iBQM r�b T2`7Q`K2/ #27Q`2 2�+? ._a b2`B2b mbBM; �B`- b?Q`i@+B`+mBi- �M/
i2i`�?v/`Q7m`�MX(RRR) .m`BM; bT2+i`�H �+[mBbBiBQM- i?2 b�KTH2b r2`2 #`B2~v 2tTQb2/ iQ �B`
U< R KBMVX >Qr2p2`- MQ bm#b2[m2Mi +?�M;2b r2`2 Q#b2`p2/ BM ._a K2�bm`2K2Mib `2T2�i2/
�7i2` HQM;@i2`K 2tTQbm`2 iQ �B`- BM/B+�iBM; i?�i i?2 K2�bm`2K2Mi Bb BMb2MbBiBp2 iQ 2H2+i`QHvi2
�B` 2tTQbm`2 Qp2` i?2b2 iBK2@b+�H2bX ._a /�i� r2`2 }i rBi? irQ .2#v2 `2H�t�iBQMb 7Q` :R
2H2+i`QHvi2b- �M/ QM2 *QH2@*QH2 �M/ QM2 .2#v2 `2H�t�iBQM 7Q` :k 2H2+i`QHvi2b U7m`i?2` /2i�BHb
BM i?2 �TT2M/BtVX(8R- RRk- RRj)



jk

*?�Ti2` 9

*�b2 aim/v Q7 � *�H+BmK a�Hi BM
h2i`�?v/`Q7m`�M

9XR *�H+BmK 1H2+i`Q/2TQbBiBQM
*�H+BmK U*�V 2H2+i`Q+?2KBbi`v `2b2�`+? Bb Km+? H2bb �/p�M+2/ i?�M Bib HBi?BmK �M/ K�;M2@
bBmK +QmMi2`T�`ibX � +m``2Mi b+B2MiB}+ 2zQ`i Bb mM/2`r�v iQ B/2MiB7v 2H2+i`QHvi2b i?�i +QmH/
`2p2`bB#Hv 2H2+i`QTH�i2 +�H+BmK K2i�H- r?B+? rQmH/ T�p2 i?2 r�v iQ � TQi2MiB�H +�H+BmK #�i@
i2`vX h?2 H�ii2` rQmH/ �HbQ `2[mB`2 � pB�#H2 TQbBiBp2 2H2+i`Q/2 U+�i?Q/2V-(k- RR9ĜRky) r?B+?
Bb MQi /Bb+mbb2/ 7m`i?2` BM i?Bb +?�Ti2`X

�M BM /2Ti? bim/v #v �m`#�+? 2i �HX BM RNNR(RkR) 7QmM/ i?�i 7Q` � rB/2 p�`B2iv Q7 +QKKQM
�MBQMb �M/ bQHp2Mib- +�H+BmK 2H2+i`QHvi2b /Q MQi �HHQr `2p2`bB#H2 2H2+i`Q/2TQbBiBQM- /m2 iQ
i?2 7Q`K�iBQM Q7 �M BQMB+�HHv BMbmH�iBM; bm`7�+2 }HKX .2bTBi2 �m`#�+?Ƕb rQ`F b?Qr+�bBM; i?2
/B{+mHiB2b Q7 2M�#HBM; *� 2H2+i`Q/2TQbBiBQM- i?Bb }2H/ ?�b 7QmM/ � `2+2Mi `2M�Bbb�M+2 /m2 iQ
i?2 /Bb+Qp2`v Q7 T�`iB�HHv pB�#H2 2H2+i`QHvi2bX 6B`bi- SQM`Qm+? 2i �HX BM kyRe(Rkk) `2TQ`i2/
i?�i yXj J *�U"69Vk BM 1*fS* KBtim`2b +QmH/ `2p2`bB#Hv 2H2+i`QTH�i2- ?Qr2p2` QMHv �i ?B;?
i2KT2`�im`2b Ud8◦* Q` �#Qp2V �M/ rBi? MQi�#H2 2H2+i`QHvi2 /2+QKTQbBiBQM T`Q/m+ib 7QmM/ QM
i?2 *� K2i�H 2H2+i`Q/2X h?2 `QH2 Q7 ?B;? i2KT2`�im`2 `2K�BMb mM+H2�`- Bi K�v ?�p2 2�b2/ i?2
i`�MbTQ`i i?`Qm;? i?2 2H2+i`QHvi2@2H2+i`Q/2 BMi2`T?�b2 /QK�BMb 7Q`K2/ #v i?2b2 T`Q/m+ib- Q`
T2`?�Tb Bi �HHQr2/ 7Q` Qi?2`rBb2 /B{+mHi /2bQHp�iBQM Q7 i?2 2H2+i`Q�+iBp2 +�iBQMX G�i2` rQ`F
#v "B`B� 2i �HX(Rkj) `2TQ`i2/ `2p2`bB#H2 /2TQbBiBQM �i `2H�iBp2Hv ?B;? 2{+B2M+B2b UN8 WV �i
`QQK i2KT2`�im`2 7Q` i?Bb 2H2+i`QHvi2- �Hi?Qm;? i?2 +m``2Mi /2MbBiv r�b 7�B`Hv HQr �M/ i?2
M2+2bb�`v Qp2`TQi2MiB�Hb +QMbB/2`�#H2X

AM kyR3 q�M; 2i �HX(Rk9) 7QmM/ i?�i RX8 J *�U">9Vk BM h>6 +QmH/ #2 `2p2`bB#Hv TH�i2/
rBi? `2H�iBp2Hv ?B;? 2{+B2M+B2b UNe WVX h?2v ?B;?HB;?i2/ i?2 M22/ 7Q` biBHH ?B;?2` 2{+B2M+B2b
U�#Qp2 NNXN3 WV 7Q` *� 2H2+i`Q+?2KBbi`v iQ #2 � pB�#H2 +QMi2M/2` +QKK2`+B�HHvX h?2v bm;@
;2bi2/ i?�i � #2ii2` bm`7�+2 }HK +QmH/ �HHQr bm+? ?B;? 2{+B2M+B2bX h?2 bm`7�+2 }HK B/2MiB}2/
QM i?2 K2i�H �MQ/2 r�b +QKT`Bb2/ BM T�`i Q7 *�>k- r?B+? /B/ MQi bm{+B2MiHv T�bbBp�i2 i?2
2H2+i`Q/2X JQ`2Qp2`- i?2 QtB/�iBp2 bi�#BHBiv HBKBi Q7 *�U">9Vk K�v MQi �HHQr 7Q` � bm{+B2MiHv
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H�`;2 2H2+i`Q+?2KB+�H rBM/QrX(k- Rk8)
a?vr�KbmM/2` 2i �HX BM kyRN(Rke) 7QmM/ i?�i i?2 H�`;2 ">6AS �MBQM Ui2i`�FBb U?2t@

�~mQ`QBbQT`QTQvHQtvV #Q`�i2V +QmH/ #2 mb2/ iQ �HHQr `2p2`bB#H2 2H2+i`QTH�iBM; �i KQ/2`�i2
2{+B2M+B2b UNk@N8 WVX h?Bb /2bB;M +?QB+2 r�b BMbTB`2/ #v rQ`F QM J; 2H2+i`QHvi2b-(Rk8)
r?2`2 i?2 ;mB/BM; T`BM+BTH2 r�b iQ `2/m+2 BQM T�B`BM; pB� i?2 mb2 Q7 H�`;2 �MBQMbX 6Q`
*�U">6ASVk BM :R- i?2 �#BHBiv iQ `2p2`bB#Hv 2H2+i`Q/2TQbBi +�H+BmK ?�b #22M �ii`B#mi2/ iQ
i?2 HQr �MBQM@+�iBQM BMi2`�+iBQM bi`2M;i? BM �//BiBQM iQ i?2 bm{+B2MiHv HQr bQHp2Mi@+�iBQM
BMi2`�+iBQM bi`2M;i?X(Rkd)

AM i?2 �#Qp2 K2MiBQM2/ bvbi2Kb- Bi Bb �M QT2M [m2biBQM r?�i T`QT2`iB2b Q7 �M 2H2+i`QHvi2
�`2 HBKBiBM; i?2 2{+B2M+B2b 7Q` `2p2`bB#H2 TH�iBM; �M/ bi`BTTBM;X AM Q`/2` iQ B/2MiB7v bm+?
T`QT2`iB2b- QM2 �TT`Q�+? Bb iQ }`bi B/2MiB7v i?2 bQHp�iBQM 2MpB`QMK2Mi Q7 i?2 +�H+BmK BQM BM
bQHmiBQMX h?Bb Bb 2bb2MiB�H BM Q`/2` iQ mM/2`bi�M/ /2TQbBiBQM- /2bQHp�iBQM �M/ +?�`;2 /2HBp2`v
�i i?2 M�MQbQ+�H2X h?2 /2b+`BTiBQM Q7 bQHp�iBQM �M/ B/2MiB}+�iBQM Q7 bT2+B�iBQM Bb mM/2`i�F2M
?2`2BM 7Q` i?2 *�U">9Vk BM h>6 bvbi2K BM i?2 7QHHQrBM; b2+iBQMX S`2+2/BM; i?2 7QHHQrBM;
b2+iBQM- i?2 7QHHQrBM; bm#b2+iBQM #`B2~v /Bb+mbb2b +v+HB+ pQHi�KK2i`v BM i?2 +QMi2ti Q7 *�
2H2+i`Q+?2KBbi`vX

AMi`Q/m+iBQM iQ *v+HB+ oQHi�KK2i`v
AM i?Bb b2+iBQM r2 T`QpB/2 � #`B27 BMi`Q/m+iBQM iQ +v+HB+ pQHi�KK2i`v U*oV- r?B+? `272`b iQ �M
2H2+i`Q+?2KB+�H K2�bm`2K2Mi r?2`2 i?2 TQi2MiB�H Bb p�`B2/ HBM2�`Hv �M/ +v+HB+�HHv rBi? iBK2X
q2 `272` iQ "�`/ �M/ 6�mHFM2` 7Q` � KQ`2 +QKTH2i2 BMi`Q/m+iBQMX(Rk3) *o K�v #2 #2bi FMQrM
7Q` Bib �TTHB+�iBQM iQ /BzmbBQM@HBKBi2/ +?�`;2@i`�Mb72` `2�+iBQMb-(Rk3) bm+? �b 7Q` �M 2H2+i`QHvi2
bQHmiBQM +QMi�BMBM; 72``Q+2M2X >Qr2p2`- i?2 b+QT2 Q7 i?2 i2+?MB[m2 Bb Km+? #`Q�/2`- BM+Hm/BM;
BM7Q`K�iBQM �#Qmi `2p2`bB#H2 TH�iBM; �M/ bi`BTTBM; Q7 K2i�H 2H2+i`Q/2b- �M/ i?2 bim/v Q7
+QKTHB+�i2/ 2H2+i`Q/2 `2�+iBQMbX Ai b?QmH/ #2 MQi2/ i?�i *o �HQM2 +�MMQi /2}MBi2Hv T`Qp2
i?�i TH�iBM; �M/ bi`BTTBM; Bb Q++m``BM;- r?B+? Bb r?v Bi Bb ;2M2`�HHv mM/2`i�F2M BM +QK#BM�iBQM
rBi? Qi?2` i2+?MB[m2b- bm+? �b KB+`Qb+QTvX(RkN) 6B;m`2 9XR �V b?Qrb � b+?2K�iB+ Q7 � i?`22
2H2+i`Q/2 +v+HB+ pQHi�KK2i`v 2tT2`BK2MiX � rQ`FBM; 2H2+i`Q/2 Uq1V Bb i?2 2H2+i`Q/2 r?2`2
i?2 2H2+i`Q+?2KB+�H `2�+iBQM Q` `2�+iBQMb mM/2` bim/v i�F2 TH�+2- B7 i?2v /QX AM Q`/2` iQ +HQb2
i?2 +B`+mBi- � TQr2` bmTTHv T`QpB/2b i?2 M2+2bb�`v +m``2Mi iQ Q` 7`QK i?2 q1 �M/ 7`QK Q` iQ
i?2 +QmMi2` 2H2+i`Q/2 U*1VX hQ KQMBiQ` i?2 pQHi�;2 Q7 i?2 q1- pQHi�;2 Bb K2�bm`2/ #2ir22M
i?2 q1 �M/ � `272`2M+2 UQ` Tb2m/Q@`272`2M+2V 2H2+i`Q/2 _1- BM i?Bb +�b2 rBi? � pQHiK2i2`X
>2`2- �HH i?`22 2H2+i`Q/2b �`2 BKK2`b2/ BM �M 2H2+i`QHvi2 Q7 � ;Bp2M +QKTQbBiBQMX AM 6B;m`2
9XR #V- i?2 pQHiK2i2` �M/ .* TQr2` bmTTHv �`2 ;2M2`�HHv `2TH�+2/ #v � TQi2MiBQbi�i- �b Bi
�++QKTHBb?2b i?2 b�K2 �b i?2 T`2pBQmbHv K2MiBQM2/ pQHiK2i2` �M/ .* TQr2` bmTTHvX >2`2-
7QHHQrBM; i?2 b2imT Q7 �m`#�+? 2i �HX(RkR)- i?2 q1- *1 �M/ _1 �HH �`2 *�X h?2 q1 Bb
;2M2`�HHv bK�HH2` i?�M i?2 *1 �M/ Bib �`2� Bb r2HH FMQrM BM Q`/2` 7Q` i?2 2tT2`BK2Mi iQ #2
`2TQ`i2/ �b � 7mM+iBQM Q7 +m``2Mi /2MbBivX JQ`2Qp2`- � H�`;2` *1- BM i?2 +�b2 Q7 *�- K�v
�bbm`2 i?2 *o 2H2+i`Q+?2KBbi i?�i B7 i?2`2 Bb 2H2+i`Q+?2KB+�H T�bbBp�iBQM Q++m`BM; 7`QK i?2
bim/B2/ `2�+iBQM- i?2 q1 rBHH #2 T�bbBp�i2/ }`bi #27Q`2 i?2 *1 /m2 Bib Km+? bK�HH2` �`2�X
AM 6B;m`2 9XR +V- � *o THQi Q7 GB*HP4 BM h>6 Bb b?QrMX(RkR) 6QHHQrBM; i?2 BMi2`T`2i�iBQM #v



*>�Sh1_ 9X *�a1 ahl.u P6 � *�G*AlJ a�Gh AL h1h_�>u._P6l_�L j9

V DC Power 
Supply        Potentiostat

Ca foil Ca disk Ca foil

Reference 
Electrode 
(RE)

Working 
Electrode
 (WE)

Counter 
Electrode 
(CE)

RE WE CE

0.5 M LiClO4 in THF

1 2 0 -1 -2 

Ca dissolution

Overpotential

Li plating

Li dissolution

-2 -1 0 1 2 

0.5 M Ca(ClO4)2 in Acetonitrile

 Low current density 
for plating profile (near 
0 mA/cm2)

Potentiostat

Ca Au Ca rods

RE WE CE
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RE WE CE
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0 A
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Feedback
-> put re betwee WE and CCE
-> add 0 current line
-> maybe add schematic of 
plating stripping

Ca dissolution peak 
may be accompanied
by parasitic reactions 
at CE

V vs Ca/Ca2+V vs Ca/Ca2+
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plating stripping

Ca dissolution peak 
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at CE

V vs Ca/Ca++V vs Ca/Ca2+
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Ca dissolution peak 
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at CE
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at CE
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Potentiostat

V DC Power 
Supply        Potentiostat

Ca foil Ca disk Ca foil
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(RE)

Working 
Electrode
 (WE)

Counter 
Electrode 
(CE)

RE WE CE

0.5 M LiClO4 in THF
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Feedback
-> put re betwee WE and CCE
-> add 0 current line
-> maybe add schematic of 
plating stripping

Ca dissolution peak 
may be accompanied
by parasitic reactions 
at CE

V vs Ca/Ca++V vs Ca/Ca2+

6B;m`2 9XR, �V a2imT b+?2K�iB+ 7Q` � *o K2�bm`2K2MiX #V a�K2 b+?2K�iB+ rBi? i?2 i?2
TQi2MiBQbi�i TH�vBM; i?2 `QH2 Q7 #Qi? pQHiK2i2` �M/ TQr2` bmTTHv- rBi? �HH 2H2+i`Q/2b �b *�
�b BM �m`#�+? 2i �HX(RkR) +V *v+HB+ pQHi�KKQ;`�K 7Q` GB*HP9 BM h>6 rBi? i?2 b2imT Q7 #VX
/V *v+HB+ pQHi�KKQ;`�K QM �m 7Q` *�U*HP9Vk BM �+2iQMBi`BH2 rBi? i?2 b2imT Q7 #VX .�i� 7Q`
+V �M/ /V /B;BiBx2/ 7`QK �m`#�+? 2i �HX(RkR)

�m`#�+? 2i �HX-(RkR) i?2 #QiiQK UM2;�iBp2 +m``2MiV 72�im`2 Bb BM i?2 HBi?BmK TH�iBM; QM i?2 *�
q1X �b i?2 pQHi�;2 Bb BM+`2�b2/- � TQbBiBp2 +m``2Mi Bb 2p2Mim�HHv `2�+?2/- r?2`2 GB Ur?B+? r�b
T`2pBQmbHv TH�i2/ 7`QK i?2 2H2+i`QHv2 QMiQ i?2 q1V- bi�`ib /BbbQHpBM; #�+F BMiQ bQHmiBQM- mMiBH
i?2`2 Bb MQ TH�i2/ GB H27i QM i?2 q1- �i r?B+? TQBMi i?2 +m``2Mi /`QTb iQ yX �b i?2 pQHi�;2 Bb
BM+`2�b2/ �#Qp2 y pb *�f*�2+- i?2`2 Bb � 72�im`2 �ii`B#mi2/ iQ *� /BbbQHmiBQM- BX2X /BbbQHpBM;
7`QK i?2 q1 BMiQ bQHmiBQMX aBM+2 i?Bb 72�im`2 Bb Km+? �#Qp2 y o pb *�f*�2+- r?B+? Bb
i?2 2[mBHB#`mK i?2`KQ/vM�KB+ TQi2MiB�H UQ7 TH�iBM; �M/ bi`BTTBM;V- i?2 /Bz2`2M+2 #2ir22M
i?2 QMb2i �M/ i?2 2[mBHB#`BmK pQHi�;2 Bb Q7i2M /2b+`B#2/ �b i?2 Qp2`TQi2MiB�HX �TTHB+�iBQM Q7
`B;Q`Qmb KQ/2Hb Q7 2H2+i`Q+?2KB+�H `2�+iBQMb K�v H2�/ iQ /Bz2`2Mi p�Hm2b Q7 Qp2`TQi2MiB�H (k9-
Rk3) �b i?2v �++QmMi 7Q` +QM+2Mi`�iBQM �M/ bm`7�+2 Qp2`TQi2MiB�Hb �M/ i?2 P?KB+ pQHi�;2 /`QT
BM bQHmiBQMX LQM2i?2H2bb- i?2 MQM@x2`Q Qp2`TQi2MiB�H- �b b22M #v BMbT2+iBQM BM i?Bb 2t�KTH2-
b?Qrb i?�i i?2 *� /BbbQHmiBQM /Q2b MQi Q++m` BM bQHmiBQM rBi?Qmi /B{+mHivX

6B;m`2 9XR /V b?Qrb i?2 *o Q7 *�U*HP9Vk BM �+2iQMBi`BH2 rBi? � *� q1X >2`2- i?2 72�im`2
�i M2;�iBp2 pQHi�;2 Bb Q7 M2�` y +m``2Mi- bm;;2biBM; i?�i TH�iBM; Bb /B{+mHi Q` BKTQbbB#H2 rBi?
i?Bb 2H2+i`QHvi2X �i ?B;?2` pQHi�;2 U�#Qp2 y o pb *�f*�2+V- i?2`2 Bb � TQbbB#H2 /BbbQHmiBQM
72�im`2X >Qr2p2`- bBM+2 i?2 /BbbQHmiBQM �M/ TH�iBM; �`2 MQi `2p2`bB#H2- Bi Bb mM+H2�` r?�i
`2�+iBQMb �`2 Q++m``BM; �i i?2 *1 U2X;X B``2p2`bB#H2 /2+QKTQbBiBQM Q7 i?2 bQHp2MiVX h?2
/Bz2`2Mi HBM2 ivT2b BM 6B;m`2b 9XR +V �M/ /V `272` iQ /Bz2`2Mi *o +v+H2b- 7QHHQrBM; i?2 H2;2M/
Q7 �m`#�+? 2i �HX-(RkR) r?2`2 i?2 /�i� r�b /B;BiBx2/ 7`QKX
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V DC Power 
Supply

Potentiostat

Ca foil Ca disk Ca foil
Reference 
Electrode 
(RE)

Working 
Electrode
 (WE)

Counter 
Electrode 
(CE)

RE WE CE

0.5M LiClO4 in THF

1 2 0 -1 -2 

Ca dissolution

Overpotential

Li plating

Li dissolution

-2 -1 0 1 2 

0.5 M Ca(ClO4)2 in Acetonitrile

 Low current density 
for plating profile (near 
0 mA/cm2)

Potentiostat

Ca Au Ca rods

RE WE CE

Potentiostat

RE WE CE

0 V
0 A

-4

-2

0

2

4

mA/cm2

20

15

10

5

-5

0

mA/cm2

Feedback
-> put re betwee WE and CCE
-> add 0 current line
-> maybe add schematic of 
plating stripping

Ca dissolution peak 
may be accompanied
by parasitic reactions 
at CE

V vs Ca/Ca++V vs Ca/Ca2+

6B;m`2 9Xk, a2imT b+?2K�iB+ 7Q` *o 2tT2`BK2Mib Q7 *�U">9Vk TH�iBM; QM � �m q1X UH27iV
+v+HB+ pQHi�KKQ;`�K Q7 *�U">9Vk BM h>6 7Q` i?`22 /Bz2`2Mi b�Hi +QM+2Mi`�iBQMb UKB//H2VX
*QmHQK#B+ 2{+B2M+v �b � 7mM+iBQM Q7 +m``2Mi /2MbBiv U`B;?iV- r?2`2 ?B;?2` b�Hi +QM+2Mi`�iBQMb
vB2H/ bB;MB}+�MiHv ?B;?2` 2{+B2M+B2bX .�i� 7Q` KB//H2 �M/ `B;?i T�M2Hb /B;BiBx2/ 7`QK >�?M
2i �HX(Rjy)

9Xk *�U">4V2 �M/ J;U">4V2 BM h2i`�?v/`Q7m`�M
6B;m`2 9Xk UH27iV b?Qrb � b+?2K�iB+ Q7 i?2 i?`22 2H2+i`Q/2 +2HH b2imT mb2/ iQ BMp2biB;�i2
*�U">9Vk BM h>6 2H2+i`Qvi2bX h?2 rQ`FBM; 2H2+i`Q/2 Bb +QKTQb2/ Q7 ;QH/ U�mV r?BH2 i?2
+QmMi2` 2H2+i`Q/2 Bb +QKT`Bb2/ Q7 +�H+BmK `Q/b- r?B+? �HHQr 7Q` � ?B;? bm`7�+2 �`2�X 6B;m`2
9Xk UKB//H2V b?Qrb i?2 *o Q7 *�U">9Vk BM h>6 �i /Bz2`2Mi b�Hi +QM+2Mi`�iBQMbX �b i?2
+QM+2Mi`�iBQM Bb BM+`2�b2/ 7`QK yX9j J iQ yX38 J iQ RXe8 J- i?2 +m``2Mi /2MbBiB2b �ii�BM2/
�`2 Km+? ?B;?2`X 6B;m`2 9Xk U`B;?iV b?Qrb i?2 *QmHQK#B+ 2{+B2M+v �b � 7mM+iBQM Q7 +m``2Mi
/2MbBiv- Q#i�BM2/ pB� ;�Hp�MQbi�iB+ +?�`;BM; UBX2X +QMbi�Mi +m``2Mi �b QTTQb2/ iQ � HBM2�`
pQHi�;2 br22TVX h?2 /�i� r�b /B;BiBx2/ 7`QK >�?M 2i �HX(Rjy) h?2 2{+B2M+v BM+`2�b2 rBi?
+m``2Mi /2MbBiv bm;;2bib i?�i iBK2@/2T2M/2Mi T�`�bBiB+ `2�+iBQMb �`2 bB;MB}+�Mi BM i?Bb bvbi2K-
�M/ �`2 HBF2Hv `2H�i2/ iQ i?2 2pQHmiBQM Q7 � bm`7�+2 }HKX hQ �M�Hvx2 �M/ mM/2`bi�M/ i?2
mM/2`HvBM; 2H2+i`Q+?2KB+�H #2?�pBQ`- i?2 2H2+i`QHvi2 i`�MbTQ`i T`QT2`iB2b �`2 mb27mHX h?2b2
+�M ?2HT BM72` /2i�BHb �#Qmi i?2 bQHp�iBQM 2MpB`QMK2Mi T`2b2Mi BM i?2 HB[mB/ 2H2+i`QHvi2b
�b r2HH �b ;Bp2 /B`2+i BM7Q`K�iBQM QM i`�MbTQ`i HBKBi�iBQMbX h?2 +QM/m+iBpBiv Q7 p�`BQmb
HQr T2`KBiiBpBiv KmHiBp�H2Mi 2H2+i`QHvi2b Bb b?QrM BM 6B;m`2 9Xj- BM+Hm/BM; *�U">9VkX h?2
+QM/m+iBpBiv BM+`2�b2b bB;MB}+�MiHv 7`QK HQr iQ ?B;? +QM+2Mi`�iBQMb 7Q` i?2 H�ii2`X JQ`2Qp2`-
i?2`2 Bb �M �MQK�HQmb BM+`2�b2 BM KQH�` +QM/m+iBpBiv 7Q` i?2 HQr T2`KBiiBpBiv KmHiBp�H2Mi
2H2+i`QHvi2b- r?2`2�b � R@R �[m2Qmb 2H2+i`QHvi2 U2X;X GBh6aA BM r�i2`V b?Qrb /2+`2�bBM;
KQH�` +QM/m+iBpBiv Ub22 *?�Ti2` RVX h?2 +m``2Mi /2MbBiv BM+`2�b2 rBi? b�Hi +QM+2Mi`�iBQM
7Q` *�U">9Vk BM h>6 TH�iBM; �M/ bi`BTTBM; U6B;m`2 9Xk KB//H2V Bb HBF2Hv /m2 BM T�`i iQ i?2
BM+`2�b2 BM +QM/m+iBpBiv rBi? +QM+2Mi`�iBQM r?B+? `2/m+2b i?2 P?KB+ pQHi�;2 /`QTX Ai Bb MQi2/
i?�i- 7QHHQrBM; +QMp2MiBQM-(RkR) i?2 P?KB+ /`QT Bb MQi +Q``2+i2/ 7Q` BM i?2 6B;m`2 9XkX h?2
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Mg(BH4)2 in THFCa(BH4)2 in THF

Mg(TFSI)2 in G2

Mg(TFSI)2 in G1
LiTFSI in H2O

Ca(BH4)2 in THF

Mg(TFSI)2 in G2
Mg(TFSI)2 in G1

LiTFSI in H2O

Mg(BH4)2 in THF

6B;m`2 9Xj, *QM/m+iBpBiv UH27iV �M/ KQH�` +QM/m+iBpBiv U`B;?iV Q7 p�`BQmb *� �M/ J; 2H2+@
i`QHvi2bX .�i� i�F2M 7`QK HBi2`�im`2X(ky- d9- Rjy)

`2bi Q7 i?Bb +?�Ti2` rBHH 7Q+mb QM T`Q#BM; i?2 M�MQb+�H2 bi`m+im`2 Q7 i?Bb +�H+BmK 2H2+i`QHvi2
U*�U">9Vk BM h>6V 7Q` i?`22 `2�bQMbX 6B`bi- mM/2`bi�M/BM; i?2 bQHp�iBQM bi`m+im`2 �M/ Bib
HBMFUbV iQ i`�MbTQ`i rBHH �B/ BM i?2 7mim`2 /2bB;M Q7 HB[mB/ 2H2+i`QHvi2b rBi? �/2[m�i2 i`�MbTQ`i
T`QT2`iB2bX a2+QM/- i?2 bQHp�iBQM bi`m+im`2b �M/ 2MpB`QMK2Mi Q7 i?2 2H2+i`Q�+iBp2 bT2+B+2b
K�v #2 pBi�H BM mM/2`bi�M/BM; i?2 2H2+i`Q/2@}HK 7Q`KBM; T`Q+2bb2b- r?B+? �`2 +QMbB/2`2/
QM2 Q7 i?2 K�BM BKT2/BK2Mib iQ +�H+BmK 2H2i`Q+?2KBbi`vX h?B`/- *�U">9Vk BM h>6 T`QpB/2b
� p�Hm�#H2 +�b2 bim/v ;Bp2M Bib ?B;? *QmHQK#B+ 2{+B2M+v �M/ BMi2`2bi i`�MbTQ`i T`QT2`iB2bX

h?2 `2K�BM/2` Q7 i?Bb +?�Ti2` Bb `2T`Q/m+2/ BM H�`;2 T�`i 7`QK � K�Mmb+`BTi �mi?Q`2/
#v L�i?�M hX >�?M- CmHB�M a2H7- E22 amM; >�M- oBD�v�FmK�` Jm`m;2b�M- E�`H hX Jm2HH2`-
E`BbiBM �X S2`bbQM �M/ E2pBM _X w�p�/BH- rBi? T2`KBbbBQM 7`QK i?2 CQm`M�H Q7 S?vbB+�H
*?2KBbi`v "- *QTv`B;?i kykR- �K2`B+�M *?2KB+�H aQ+B2ivX(RjR) h?2 +QMi2Mi- �b r2HH �b KQbi
Q7 i?2 rQ`/BM;- Bb � +QHH�#Q`�iBp2 2zQ`i #2ir22M �HH i?2 �mi?Q`b HBbi2/ BM i?2 �#Qp2 +Bi2/
Tm#HB+�iBQMX

9Xj Zm�MiB7vBM; aT2+B2b SQTmH�iBQMb BM JmHiBp�H2Mi
"Q`Q?v/`B/2 1H2+i`QHvi2b

JmHiBp�H2Mi #�ii2`B2b `2T`2b2Mi �M BKTQ`i�Mi #2vQM/ GB@BQM 2M2`;v biQ`�;2 +QM+2TiX h?2
T`QbT2+i Q7 +�H+BmK #�ii2`B2b BM T�`iB+mH�` ?�b 2K2`;2/ `2+2MiHv /m2 iQ MQp2H 2H2+i`QHvi2
/2KQMbi`�iBQMb- 2bT2+B�HHv i?�i Q7 � ;`QmM/@#`2�FBM; +QK#BM�iBQM Q7 i?2 #Q`Q?v/`B/2 b�Hi
*�U">9Vk /BbbQHp2/ BM i2i`�?v/`Q7m`�MX _2+2Mi �M�HvbBb Q7 K�;M2bBmK �M/ +�H+BmK p2`bBQMb
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Q7 i?Bb 2H2+i`QHvi2 H2/ iQ i?2 B/2MiB}+�iBQM Q7 /Bp2`;2Mi bT2+B�iBQM T�i?r�vb 7Q` J;2+ �M/
*�2+ /2bTBi2 B/2MiB+�H �MBQMb �M/ bQHp2Mib- QrBM; iQ /Bz2`2M+2b BM +�iBQM bBx2 �M/ �ii2M@
/�Mi ~2tB#BHBiv Q7 +QQ`/BM�iBQMX hQ i2bi i?2b2 T`QTQb2/ bT2+B�iBQM 2[mBHB#`B� �M/ /2p2HQT
� KQ`2 [m�MiBi�iBp2 mM/2`bi�M/BM; i?2`2Q7- r2 ?�p2 �TTHB2/ TmHb2/@}2H/@;`�/B2Mi Mm+H2�`
K�;M2iB+ `2bQM�M+2 �M/ /B2H2+i`B+ `2H�t�iBQM bT2+i`Qb+QTv iQ i?2 bim/v Q7 i?2b2 2H2+i`QHvi2bX
*QM+2Mi`�iBQM@/2T2M/2Mi p�`B�iBQM BM �MBQM /BzmbBpBiB2b �M/ bQHmiBQM /BTQH2 `2H�t�iBQMb- BM@
i2`T`2i2/ rBi? i?2 �B/ Q7 KQH2+mH�` /vM�KB+b bBKmH�iBQMb- +QM}`K i?2b2 /Bp2`;2Mi J;2+

�M/ *�2+ bT2+B�iBQM T�i?r�vbX h?2b2 `2bmHib T`QpB/2 � KQ`2 [m�MiBi�iBp2 /2b+`BTiBQM Q7
i?2 2H2+i`Q�+iBp2 bT2+B2b TQTmH�iBQMbX q2 }M/ i?�i i?2b2 bT2+B2b �`2 T`2b2Mi BM `2H�iBp2Hv
bK�HH [m�MiBiB2b- 2p2M BM i?2 ?B;?Hv �+iBp2 *�U">9Vkfi2i`�?v/`Q7m`�M 2H2+i`QHvi2X h?Bb }M/@
BM; ?2HTb BMi2`T`2i T`2pBQmb +?�`�+i2`Bx�iBQMb Q7 K2i�H /2TQbBiBQM 2{+B2M+v �M/ KQ`T?QHQ;v
+QMi`QH �M/ i?mb T`QpB/2b BKTQ`i�Mi 7mM/�K2Mi�H BMbB;?i BMiQ i?2 /vM�KB+ T`QT2`iB2b Q7
KmHiBp�H2Mi 2H2+i`QHvi2b 7Q` M2ti ;2M2`�iBQM #�ii2`B2bX

AMi`Q/m+iBQM
�b /Bb+mbb2/ BM *?�Ti2` R- GB@BQM #�ii2`B2b ?�p2 +QK2 iQ /QKBM�i2 i?2 ;HQ#�H TQ`i�#H2 2H2+@
i`QMB+b �M/ 2H2+i`B}2/ p2?B+H2 K�`F2ib- #mi 7m`i?2` �/p�M+2b BM #�ii2`B2b �`2 `2[mB`2/ iQ K22i
�MiB+BT�i2/ 2M2`;v biQ`�;2 M22/b 7Q` � /Bp2`bBiv Q7 �TTHB+�iBQMbX(Rjk) �KQM; i?2 T`QTQb2/
�p2Mm2b iQr�`/ i?Bb ;Q�H- KmHiBp�H2Mi #�ii2`B2b- BM+Hm/BM; *�- J;- wM- �M/ �H- �`2 BMi`B;mBM;
QTiBQMb /m2 iQ i?2 ?B;? 2M2`;v /2MbBiB2b �M/ ;2M2`�HHv HQr2` `2�+iBpBiB2b Q7 i?2B` K2i�HHB+
�MQ/2b +QKT�`2/ iQ GBX(Rjj) h?2 �HF�HBM2 2�`i? +?2KBbi`B2b Q7 J; �M/ *� ?�p2 `2+2Bp2/
;`QrBM; BMi2`2bi `2+2MiHv /m2 iQ i?2B` bB;MB}+�MiHv M2;�iBp2 `2/Qt TQi2MiB�Hb- vB2H/BM; i?2
T`QbT2+i Q7 ?B;? +2HH pQHi�;2X(Rkk- Rjj- Rj9) h?2b2 ?B;? pQHi�;2b- ?Qr2p2`- +QK2 �i i?2 +Qbi
Q7 2H2+i`QHvi2 bi�#BHBiv- r?B+? Kmbi #2 K�M�;2/ iQ K�BMi�BM ?B;? 2{+B2M+B2b �M/ `�i2b 7Q`
i?2 +Q``2bTQM/BM; K2i�H TH�iBM; �M/ bi`BTTBM; `2�+iBQMbX "2+�mb2 Q7 i?Bb `2[mB`2K2Mi- 2�`Hv
bi�;2 2H2+i`QHvi2 /2KQMbi`�iBQMb ?�p2 H�`;2Hv Q`B;BM�i2/ 7`QK 2tQiB+ 7Q`KmH�iBQMb +QMi�BMBM;
`2/m+BM; b�Hib BM+Hm/BM; Q`;�MQK2i�HHB+b 7�+BHBi�i2/ #v +?HQ`B/2 /BbbQHp2/ BM 2i?2`2�H bQHp2Mib
bm+? �b i2i`�?v/`Q7m`�M Uh>6VX(Rj8- Rje) PM2 Q7 i?2 }`bi MQM@?�HB/2 K�;M2bBmK b�Hib /2KQM@
bi`�i2/ iQ `2p2`bB#Hv /2TQbBi J; r�b J;U">9Vk-(Rjd- Rj3) �M/ i?2 }`bi bm+? +�H+BmK b�Hi iQ
7mM+iBQM BM i?Bb K�MM2` �i `QQK i2KT2`�im`2 r�b *�U">9VkX(RkN) h?2 ;`QmM/@#`2�FBM; M�@
im`2 Q7 i?2b2 2H2+i`QHvi2b ?B;?HB;?ib i?2 BKTQ`i�M+2 Q7 i?2 #Q`Q?v/`B/2 +H�bb �b � bvbi2K Q7
7mM/�K2Mi�H bim/v- /2bTBi2 Bib Q#pBQmb /`�r#�+Fb 7`QK i?2 bi�M/TQBMi Q7 QtB/�iBp2 `2�+@
iBpBivX JQ`2Qp2`- mM/2`bi�M/BM; i?2 HBMFb #2ir22M #Q`Q?v/`B/2 bQHp�iBQM 2MpB`QMK2Mib �M/
T`QT2`iB2b ?�b ?B;? TQi2MiB�H BKT�+i 7Q` #Qi? bQHB/@bi�i2 2H2+i`QHvi2b �M/ `2p2`bB#H2 ?v/`Q;2M
biQ`�;2- �`2�b BM r?B+? #Q`Q?v/`B/2b �`2 mM/2` �+iBp2 BMp2biB;�iBQMX(RjNĜR9k)

q?BH2 b2p2`�H BMp2biB;�iBQMb BMiQ i?2 HB[mB/ bQHp�iBQM 2MpB`QMK2Mi Q7 J;U">9Vk 2H2+@
i`QHvi2b ?�p2 #22M +QM/m+i2/-(Rjd- Rj3- R9jĜR9e) mM/2`bi�M/BM; Q7 *�U">9Vk 2H2+i`QHvi2
bQHp�iBQM Bb `2H�iBp2Hv M�b+2MiX(Rjy- R9d) Pm` `2+2Mi }M/BM;b mM/2`b+Q`2/ i?2 BKTQ`i�M+2 Q7
"> Ĝ

9 +QQ`/BM�iBQM BM /2i2`KBMBM; bT2+B�iBQM �M/ /2HBp2`v Q7 i?2 K2i�H +�iBQM iQ i?2 BMi2`@
7�+2X(Rjy) h?2 KQbi T`Q#�#H2 BQMB+ bT2+B2b /2i2`KBM2/ 7`QK /2MbBiv 7mM+iBQM�H i?2Q`v U.6hV
+�H+mH�iBQMb r2`2 7QmM/ iQ #2 *�"> Y

9 �M/ *�U">9V Ĝ
j - BM/B+�iBM; i?�i i?2 2H2+i`Q�+iBp2
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bT2+B2b Bb i?2 +�iBQMB+ +Hmbi2` *�"> Y
9 X .B{+mHiv BM 7Q`KBM; i?2 �+iBp2 bT2+B2b- r?2i?2`

BM *�U">9Vkfh>6 �i HQr +QM+2Mi`�iBQMb U≤ yX8 JV Q` BM J;U">9Vkfh>6 �+`Qbb �HH b�Hi
+QM+2Mi`�iBQMb- `2/m+2b i?2 K2�bm`2/ K2i�H /2TQbBiBQM +m``2Mi /2MbBiv �M/ *QmHQK#B+ 27@
}+B2M+vX(Rjy)X h?2b2 }M/BM;b �HbQ BKTHB+�i2/ i?2 `QH2 Q7 KmHiBK2` 7Q`K�iBQM BM 7�+BHBi�iBM;
i?2 +`2�iBQM Q7 i?2b2 BKTQ`i�Mi BQMB+ bT2+B2b #�b2/ QM s@`�v �#bQ`TiBQM bT2+i`Qb+QTvc � F2v
72�im`2 /Bz2`2MiB�iBM; i?2 #2?�pBQ` Q7 i?2 J; �M/ *� 2H2+i`QHvi2b #�b2/ QM i?2B` +QM};m`�@
iBQM�H ~2tB#BHBiv /Bz2`2M+2bX h?2 i2`K ǳ+QM};m`�iBQM�H ~2tB#BHBivǴ `2~2+ib i?2 7�+i i?�i *�2+

+�M �/QTi � rB/2` `�M;2 Q7 #QM/BM; +QM};m`�iBQMb /m2 iQ Bib ;`2�i2` bBx2 �M/ TQH�`Bx�#BHBiv
i?�M J;2+X(R93- R9N) hQ p�HB/�i2 i?2b2 T`QTQb2/ bT2+B�iBQM /2i�BHb 7`QK � KQ`2 [m�MiBi�iBp2
T2`bT2+iBp2- r2 `2TQ`i +QKTHBK2Mi�`v BMp2biB;�iBQM BMiQ J;U">9Vk �M/ *�U">9Vk bQHmiBQMb
BM h>6 pB� TmHb2/@}2H/@;`�/B2Mi Mm+H2�` K�;M2iB+ `2bQM�M+2 US6:@LJ_V �M/ /B2H2+i`B+ `2@
H�t�iBQM bT2+i`Qb+QTv U._aVX h?2 `2bmHib Q7 i?Bb BMp2biB;�iBQM +QM}`K � bB;MB}+�MiHv ;`2�i2`
TQTmH�iBQM Q7 2H2+i`Q�+iBp2 BQMB+ bT2+B2b BM i?2 *� bvbi2K- r?B+? Bb T�`iB+mH�`Hv 2M?�M+2/ �i
?B;? b�Hi +QM+2Mi`�iBQMbX "v mbBM; KQH2+mH�` /vM�KB+b UJ.V bBKmH�iBQMb iQ BMi2`T`2i i?2
._a /�i� r2 �`2 �#H2 iQ T`QpB/2 � [m�MiBi�iBp2 2biBK�iBQM Q7 i?2 T`BK�`v bT2+B2b BM bQHmiBQMX
q2 /2KQMbi`�i2 i?2 /QKBM�M+2 Q7 M2mi`�H KQMQK2`b BM J;U">9Vkfh>6 �+`Qbb i?2 7mHH +QM@
+2Mi`�iBQM `�M;2 �M/ i?2 2M?�M+2K2Mi Q7 M2mi`�H /BK2`b �M/ BQMB+ bT2+B2b BM *�U">9Vkfh>6
�i ?B;? b�Hi +QM+2Mi`�iBQMbX .2bTBi2 i?2 2M?�M+2K2Mi Q7 2H2+i`Q�+iBp2 *�"> Y

9 �i ?B;? +QM@
+2Mi`�iBQMb BM i?2 *� +�b2- i?2 `2H�iBp2 TQTmH�iBQM Q7 i?Bb bT2+B2b Bb biBHH QMHv � bK�HH 7`�+iBQM
Q7 i?2 iQi�H *�2+ BMp2MiQ`vX h?Bb 7�+i ?�b BKTQ`i�Mi `�KB}+�iBQMb 7Q` bmbi�BMBM; ?B;? `�i2
�M/ 2M2`;v 2{+B2Mi +�H+BmK TH�iBM; 7`QK i?Bb 2H2+i`QHvi2X

J2i?Q/b
1H2+i`QHvi2 T`2T�`�iBQM, 2H2+i`QHvi2 bvMi?2bBb r�b T2`7Q`K2/ BMbB/2 � +�i�Hvbi@Tm`B}2/- �`;QM
}HH2/ ;HQp2 #Qt UJ"`�mMV rBi? ivTB+�H r�i2` �M/ Qtv;2M H2p2Hb #2HQr R TTK �M/ yXR TTK-
`2bT2+iBp2HvX h>6 r�b Tm`+?�b2/ 7`QK aB;K�@�H/`B+?- /BbiBHH2/ Qp2` bQ/BmK- �M/ biQ`2/
Qp2` �+iBp�i2/ �HmKBM� �M/ j� KQH2+mH�` bB2p2b T`BQ` iQ mb2- vB2H/BM; K2�bm`2/ r�i2` H2p2Hb
#2HQr Ry TTKX *�U">9Vk·kh>6- J;U">9Vk UN8WV- �M/ GB">9 UN8WV b�Hib r2`2 Tm`+?�b2/
7`QK aB;K�@�H/`B+? �M/ mb2/ �b `2+2Bp2/X AQMB+ +QM/m+iBpBiB2b r2`2 K2�bm`2/ mbBM; 2H2+@
i`Q+?2KB+�H BKT2/�M+2 bT2+i`Qb+QTv BM � +mbiQK +2HH +QMbBbiBM; Q7 T�`�HH2H Si 2H2+i`Q/2b-
i?2 +2HH +QMbi�Mi Q7 r?B+? r�b /2i2`KBM2/ mbBM; �[m2Qmb E*H bQHmiBQMbX S6:@LJ_, Danion

�M/ Dsolvent r2`2 /2i2`KBM2/ bBKmHi�M2QmbHv #v 1> S6:@LJ_ mbBM; � #BTQH�` ;`�/B2Mi S6:
b2[m2M+2 �i k8o* QM � eyy J>x LJ_ bT2+i`QK2i2` U�;BH2Mi- la�V 2[mBTT2/ rBi? � 8 KK
x@;`�/B2Mi T`Q#2 U.Qiv a+B2MiB}+- la�VX h?2 S6:@2+?Q T`Q}H2b r2`2 Q#i�BM2/ �b � 7mM+iBQM
Q7 ;`�/B2Mi bi`2M;i? UgV rBi? � ;`�/B2Mi H2M;i? UδV �M/ � /BzmbBQM /2H�v }t2/ �i k �M/ jy Kb-
`2bT2+iBp2HvX h?2 ;`�/B2Mi bi`2M;i? r�b ;`�/m�HHv BM+`2�b2/ BM Re 2[m�H bi2Tb iQ i?2 K�tB@
KmK �TTHB2/ ;`�/B2Mi bi`2M;i? iQ Q#b2`p2 i?2 7mHH /2+�v BM i?2 2+?Q T`Q}H2bX h?2 `2+Q`/2/
2+?Q T`Q}H2b- SUgV r2`2 }ii2/ rBi? i?2 ai2DbF�H@h�MM2` 2[m�iBQM-

S(g) = S(0)exp[−D(γgδ)2(∆− δ/3)] U9XRV
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r?2`2 SUyV Bb i?2 2+?Q BMi2MbBiv �i ;`�/B2Mi bi`2M;i? Q7 x2`QX .- γ- δ- �M/ ∆ �`2 i?2
/BzmbBQM +Q2{+B2Mi- i?2 ;v`QK�;M2iB+ `�iBQ UγU1>V 4 kπ · 9kX8dd `�/ · J>x · h−1V- i?2
;`�/B2Mi H2M;i?- �M/ i?2 iBK2 BMi2`p�H #2ir22M i?2 irQ #BTQH�` ;`�/B2Mi T�B`b- `2bT2+iBp2HvX
43*� �M/ 25J; S6:@LJ_ r2`2 MQi bm++2bb7mH 7Q` i?2 /2i2`KBM�iBQM Q7 Dcation 7Q` *�2+

�M/ J;2+ BM i?2b2 bQHmiBQMb /m2 iQ i?2 7�bi Mm+H2�` `2H�t�iBQM `�i2b 7Q` 43*� �M/ 25J;
BM i?2b2 b�KTH2bX .B2H2+i`B+ _2H�t�iBQM aT2+i`Qb+QTv, ._a r�b T2`7Q`K2/ QM 2H2+i`QHvi2b
BM ;H�bb pB�Hb mbBM; � /B2H2+i`B+ T`Q#2 FBi UE2vbB;?i LR8yR�V �M/ p2+iQ` M2irQ`F �M�Hvx2`
UE2vbB;?i Njd8�V Qp2` � 7`2[m2M+v `�M;2 Q7 yX8 iQ keX8 :>xX 1�+? b2i Q7 K2�bm`2K2Mib
r2`2 T2`7Q`K2/ rBi? i?`22@TQBMi +�HB#`�iBQM mbBM; �B`- � b?Q`iBM; #HQ+F- �M/ h>6X .mTHB+�i2
K2�bm`2K2Mib r2`2 T2`7Q`K2/ �7i2` `2+�HB#`�iBQM iQ 2Mbm`2 +QMbBbi2M+vX aBKmHi�M2Qmb }iiBM;
Q7 i?2 `2�H UεǶV �M/ BK�;BM�`v UεǴV +QKTQM2Mib Q7 i?2 +QKTH2t- 7`2[m2M+v@/2T2M/2Mi `2H�iBp2
T2`KBiiBpBiv U2[m�iBQM 9XkV r�b T2`7Q`K2/ MmK2`B+�HHv #v /2+QMpQHmiBQM Q7 i?2 BM/BpB/m�H
/BTQH2 `2H�t�iBQM T`Q+2bb2b U2[m�iBQM 9XjVX(9d)

ε(ν) = ε′(ν)− iε′′(ν) U9XkV

ε(ν) = ε∞ + Σn
j=1εj[1− (i2πντj)

1−αj ]−1 U9XjV
AM 2[m�iBQM 9Xj- ε∞ �++QmMib 7Q` i?2 iQi�H BMi`�KQH2+mH�` TQH�`Bx�#BHBiv Q7 i?2 bQHmiBQM r?BH2
i?2 n bQHmiBQM /BTQH2 `2@Q`B2Mi�iBQM +QMi`B#miBQMb �`2 BM+Hm/2/ BM i?2 bmKK�iBQM i2`K #�b2/
QM 2�+? /BTQH2Ƕb T2`KBiiBpBiv �KTHBim/2 UεV- `2H�t�iBQM iBK2 UτV- �M/ #`Q�/2MBM; Q` *QH2@
*QH2 T�`�K2i2` UαVX 6Q` .2#v2 `2H�t�iBQMb α = 0X AQMB+ +QM/m+iBpBiB2b Umb2/ iQ 2ti`�+i
ε′′ 7`QK i?2 T2`KBiiBpBiv /�i�V K2�bm`2/ #v BKT2/�M+2 bT2+i`Qb+QTv r2`2 i`2�i2/ �b }t2/
T�`�K2i2`b /m`BM; i?2 }iiBM; T`Q+2bbX Ai r�b /2i2`KBM2/ i?�i bT2+i`� Q#i�BM2/ 7`QK i?2
J;U">9Vkfh>6 bQHmiBQMb r2`2 #2bi }i #v QM2 .2#v2 `2H�t�iBQM 7Q` i?2 bQHp2Mi �M/ QM2
*QH2@*QH2 `2H�t�iBQM 7Q` i?2 b�Hi r?BH2 bT2+i`� 7`QK *�U">9Vkfh>6 bQHmiBQMb r2`2 #2bi }i
#v irQ iQ i?`22 .2#v2 `2H�t�iBQMbX amKK�iBQM Q7 i?2b2 `2H�t�iBQM �KTHBim/2b vB2H/b i?2 iQi�H
/B2H2+i`B+ +QMbi�Mi- εr- Q7 i?2 bQHmiBQM U/2MQi2/ �b ε BM i?2 T`2pBQmb +?�Ti2`bX a22 �TT2M/Bt
7Q` }iiBM; T�`�K2i2`b- h�#H2 �X9 �M/ �X8VX h?2 RXy J J;U">9Vk bQHmiBQM r�b Q#b2`p2/
iQ `2�+i �i i?2 T`Q#2 iBT- Mm+H2�iBM; bK�HH #m##H2b r?B+? BKT�+i2/ i?2 K2�bm`2/ T�`�K@
2i2`bX h?2 /�i� `2TQ`i2/ 7Q` i?Bb bvbi2K r2`2 i?mb �p2`�;2/ Qp2` +QKTH2i2Hv BM/2T2M/2Mi
2H2+i`QHvi2 K�F2mTb �M/ +�HB#`�iBQMb Ub22 �TT2M/Bt- h�#H2 �X8VX h?2 +QM+HmbBQMb �`2 MQi
BKT�+i2/ #v i?2 mM+2`i�BMiv BM i?Bb /�i�TQBMiX �bB/2 7`QK i?2 RXy J J;U">9Vk bQHmiBQM- i?2
b�KTH2b b?Qr2/ +QMbBbi2Mi /B2H2+i`B+ +QMbi�Mib BM `2T2�i2/ K2�bm`2K2Mib UivTB+�HHv #2ii2`
i?�M ± yXy8VX aT2+B2b TQTmH�iBQMb r2`2 /2i2`KBM2/ #v +QK#BMBM; i?2 K2�bm`2/ /B2H2+i`B+
+QMbi�Mi +?�M;2b rBi? +�H+mH�i2/ /B2H2+i`B+ BM+`2K2Mib U∆εV �M/ ΛfΛNMR,eff K2�bm`2K2Mib-
�b /2b+`B#2/ BM i?2 �TT2M/BtX

_2;�`/BM; +QKTmi�iBQM�H bBKmH�iBQMb- /B2H2+i`B+ BM+`2K2Mi +�H+mH�iBQMb r2`2 /QM2 rBi?
+H�bbB+�H KQH2+mH�` /vM�KB+b bBKmH�iBQMb- �b /Bb+mbb2/ BM *?�Ti2` k �M/ T`2pBQmb Tm#HB+�@
iBQMbX(ky- 8d) aBM;H2 b�Hi bT2+B2b Ubm+? �b *ASb- 2i+XV r2`2 TH�+2/ BM � #Qt rBi? RRk h>6
bQHp2Mi KQH2+mH2b U�TT`QtX yXRy@yXRR JV mbBM; S�*EJPGX qBi? i?2 :_PJ�*a J. bQ7i@
r�`2- i?2b2 2H2+i`QHvi2b r2`2 2[mBHB#`�i2/ }`bi mbBM; � "2`2M/b2M #�`Qbi�i ULShV- 7QHHQr2/
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#v ?2�iBM; �M/ +QQHBM; bi2TbX �7i2`r�`/b- T`Q/m+iBQM `mMb BM i?2 Loh 2Mb2K#H2 mbBM; i?2
p2HQ+Biv `2b+�HBM; i?2`KQbi�i r2`2 mM/2`i�F2MX AM i?2b2 `2;BK2b- b�Hi bT2+B2b r2`2 �bbQ+B@
�i2/ 7Q` i?2 /m`�iBQM Q7 i?2 bBKmH�iBQM U2�+? �i H2�bi Ry MbV �M/ 7`QK i?2B` /BTQH2 KQK2Mi-
BM �//BiBQM iQ i?2 /BTQH2 KQK2Mi Q7 i?2 bQHp2Mi bT2+B2b- i?2 /B2H2+i`B+ +QMbi�Mi Q7 i?2 2M@
iB`2 2H2+i`QHvi2 bQHmiBQM r�b 7QmM/X h?2 /B2H2+i`B+ +QMbi�Mi Q7 i?2 M2�i h>6 bQHmiBQM r�b
bm#i`�+i2/ 7`QK i?Bb p�Hm2- r?B+? r�b i?2M bm#b2[m2MiHv /BpB/2/ #v i?2 +QM+2Mi`�iBQM U2X;X
yXRR JV iQ Q#i�BM i?2 /B2H2+i`B+ BM+`2K2Mi T2` b�Hi bT2+B2b- �b �TT2�`BM; BM i?2 �TT2M/Bt
Uh�#H2 �Xe- h�#H2 �Xd- �M/ 6B;m`2 �X3VX 6Q` �bbQ+B�i2/ b�Hi bT2+B2b rBi? �M Qp2`�HH +?�`;2-
i?2 Qp2`�HH +?�`;2 r�b bm#i`�+i2/ 7`QK i?2 /BTQH2 KQK2Mi �b /Bb+mbb2/ BM � T`2pBQmb Tm#@
HB+�iBQMX(ky) h?2 7Q`+2}2H/ T�`�K2i2` }H2b 7Q` "> Ĝ

9 r2`2 i?2 b�K2 �b i?Qb2 7`QK _�DTmi 2i
�HX-(Rjy- R8y)- i?2 h>6 7Q`+2 }2H/ }H2b 7`QK *�H2K�M 2i �HX �M/ i?2 *� �M/ J; 7Q`+2}2H/
}H2b 7`QK i?2 bi�M/�`/ PSGa 7Q`+2}2H/X(8j- e3) 1``Q` 2biBK�i2b �TT2�`BM; BM h�#H2 �Xe �M/
�Xd r2`2 +�H+mH�i2/ 7`QK /mTHB+�i2 bBKmH�iBQMb �M/ �M�Hvb2bX

_2bmHib �M/ .Bb+mbbBQM
�M BM+`2�b2 BM `2H�iBp2 2H2+i`Q�+iBp2 BQMB+ bT2+B2b TQTmH�iBQMb rBi? Qp2`�HH b�Hi +QM+2Mi`�iBQM
Bb /2KQMbi`�i2/ BM i?�i i?2 BQMB+ +QM/m+iBpBiB2b Q7 #Qi? J;U">9Vkfh>6 �M/ *�U">9Vkfh>6
bQHmiBQMb BM+`2�b2 rBi? +QM+2Mi`�iBQM /2bTBi2 � /`QT BM �p2`�;2 "> Ĝ

9 /BzmbBpBivX �Hi?Qm;?
i?2 +QM/m+iBpBiv BM+`2�b2 Bb Km+? KQ`2 /`�K�iB+ 7Q` *�U">9Vk i?�M 7Q` J;U">9Vk- #Qi?
BM+`2�b2 bB;MB}+�MiHv QM � `2H�iBp2 #�bBb U6B;m`2 9X9 �VX q?2M i?2 +QM/m+iBpBiv p�Hm2b �`2
MQ`K�HBx2/ #v +QM+2Mi`�iBQM vB2H/BM; KQH�` +QM/m+iBpBiB2b- Λ- i?2 TQbBiBp2 i`2M/b T2`bBbi mT
iQ R J U6B;m`2 9XjVX �M BM+`2�b2 BM Λ b?QmH/ `2T`2b2Mi �M BM+`2�b2 2Bi?2` BM i?2 BQMB+Biv
U`2H�iBp2 7Q`K�iBQM Q7 BQMB+ bT2+B2bV Q7 i?2 2H2+i`QHvi2 Q` BM i?2 /BzmbBpBiB2b Q7 i?2 BQMB+
bT2+B2bX aBM+2 i?2 S6:@LJ_ K2�bm`2/ /BzmbBpBiv Q7 "> Ĝ

9 UDanionV /2+`2�b2b #v M2�`Hv �
7�+iQ` Q7 irQ BM #Qi? bQHmiBQMb �b +QM+2Mi`�iBQM BM+`2�b2b 7`QK yXR iQ RXy J U6B;m`2 9X9 #V-
i?2 /QKBM�Mi 7�+iQ` Kmbi #2 �M BQMB+Biv BM+`2�b2X h?Bb BM+`2�b2 Bb +H2�`Hv 2M?�M+2/ BM i?2
*� bvbi2KX

h?2 bB;MB}+�Mi BQMB+Biv BM+`2�b2 BM i?2b2 bQHmiBQMb Q++m`b /2bTBi2 i?2B` bi`QM; BQM T�B`BM;
i2M/2M+B2bX h?2 T`2b2M+2 Q7 2ti2MbBp2 BQM T�B`BM; Bb /2KQMbi`�i2/ #v i?2 `2H�iBp2 �MBQM �M/
bQHp2Mi /BzmbBpBiB2b �b K2�bm`2/ #v S6:@LJ_X �b b?QrM BM 6B;m`2 9X9 #V- i?2 /2+`2�b2 BM
Danion Bb �++QKT�MB2/ #v � /2+`2�b2 BM h>6 /BzmbBpBiv UDsolventV rBi? BM+`2�bBM; +QM+2Mi`�@
iBQMX h?Bb +�M #2 �ii`B#mi2/ iQ #Qi? �M BM+`2�b2 BM bQHmiBQM pBb+QbBiv UηV �M/ �M BM+`2�b2/
7`�+iBQM Q7 h>6 #QmM/ iQ i?2 K2i�H +�iBQMbX hQ �++QmMi 7Q` i?2 bQHmiBQM pBb+QbBiv +?�M;2b-
i?2 `�iBQ Q7 DanionfDsolvent r�b +�H+mH�i2/ BM 2�+? +�b2 U6B;m`2 9X9 +VX oBb+QbBiv b?QmH/ �7@
72+i #Qi? �MBQM �M/ bQHp2Mi /BzmbBpBiB2b BM � bBKBH�` K�MM2` #�b2/ QM i?2 aiQF2b@1BMbi2BM
`2H�iBQM . ∼ UηRV−1- r?2`2 R Bb i?2 2z2+iBp2 `�/Bmb Q7 i?2 bQHmiBQM bT2+B2bX AM �HH bQHmiBQMb
Danion Bb H2bb i?�M ?�H7 Q7 Dsolvent- /2bTBi2 i?�i 7�+i i?�i i?2 +�H+mH�i2/ `�/Bmb Q7 ;v`�iBQM
URgV Q7 "> Ĝ

9 7`QK J. bBKmH�iBQMb URg 4 yXe ³V Bb bK�HH2` i?�M i?�i Q7 h>6 URg 4 RX9 �VX
h?Bb /Bz2`2M+2 BM Rg K2�Mb i?�i � ǳ7`22Ǵ "> Ĝ

9 �MBQM b?QmH/ /Bzmb2 Km+? 7�bi2` i?�M � 7`22
h>6 KQH2+mH2X h?2 7�+i i?�i Danion I Dsolvent BM/B+�i2b i?�i KQbi- B7 MQi �HH- Q7 i?2 "> Ĝ

9
�MBQMb �`2 +QQ`/BM�i2/ iQ K2i�H +�iBQMb- 7Q`KBM; +Hmbi2`b rBi? bB;MB}+�MiHv H�`;2` 2z2+iBp2
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6B;m`2 9X9, �V AQMB+ +QM/m+iBpBiv p�Hm2b K2�bm`2/ 7Q` J;U">9Vk �M/ *�U">9Vk BM h>6 �b
� 7mM+iBQM Q7 +QM+2Mi`�iBQM U�/�Ti2/ BM T�`i 7`QK >�?M 2i �HX(Rjy) rBi? T2`KBbbBQM 7`QK
i?2 _Qv�H aQ+B2iv Q7 *?2KBbi`vVX .Qii2/ HBM2b `2T`2b2Mi TQHvMQKB�H }ib b2`pBM; �b ;mB/2b iQ
i?2 2v2X #V .BzmbBpBiv p�Hm2b Q7 "> Ĝ

9 �M/ h>6 K2�bm`2/ #v S6:@LJ_ �b � 7mM+iBQM Q7
#Q`Q?v/`B/2 b�Hi +QM+2Mi`�iBQMX +V h?2 `2H�iBp2 /BzmbBpBiB2b Q7 �MBQM,bQHp2Mi +�H+mH�i2/ 7`QK
i?2 S6:@LJ_ /�i�X /V *�H+mH�i2/ +QM+2Mi`�iBQMb Q7 *�"> Y

9 �M/ J;"> Y
9 BM bQHmiBQM �b �

7mM+iBQM Q7 Qp2`�HH b�Hi +QM+2Mi`�iBQM #�b2/ QM �M 2z2+iBp2 BQMB+Biv `�iBQ �M�HvbBb- �bbmKBM;
BQMB+ bT2+B2b Q7 J"> Y

9 �M/ JU">9V Ĝ
j X
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`�/BB i?�M 7`22 "> Ĝ
9 �M/ vB2H/BM; � HQr2` �p2`�;2 Danion p�Hm2X AM/22/- i?2 +�H+mH�i2/ Rg

p�Hm2b 7Q` �bbQ+B�i2/ +Hmbi2`b 7`QK J. bBKmH�iBQMb �`2 #2ir22M kX8 �M/ 9X8 �- BX2X �TT`QtB@
K�i2Hv irB+2 �b H�`;2 �b i?2 Rg Q7 h>6X h?Bb bBx2 /Bz2`2M+2 Bb +QMbBbi2Mi rBi? i?2 K2�bm`2/
DanionfDsolvent p�Hm2b U�TT2M/Bt- h�#H2b �Xe �M/ �XdVX

h?2 �#b2M+2 Q7 7`22 "> Ĝ
9 Bb +QMbBbi2Mi rBi? T`2pBQmbHv `2TQ`i2/ _�K�M K2�bm`2K2Mib

i?�i r2`2 mM�#H2 iQ /2i2+i 7`22 "> Ĝ
9 BM i?2b2 2H2+i`QHvi2b �M/ rBi? .6h +�H+mH�iBQMb b?QrBM;

i?�i /BbbQ+B�iBQM Q7 "> Ĝ
9 7`QK *�2+ Q` J;2+ Bb mM7�pQ`�#H2X(Rjy- R99) AM/22/- 2p2M i?2 /BbbQ@

+B�iBQM Q7 "> Ĝ
9 7`QK GBY Bb ?B;?Hv mM7�pQ`�#H2 BM h>6X(R8R) 6m`i?2`KQ`2- .6h +�H+mH�iBQMb

BM/B+�i2/ i?�i i?2 T`BK�`v BQMB+ bT2+B2b BM *�U">4V2fh>6 �`2 KQbi HBF2Hv i?2 �bbQ+B�i2/
+Hmbi2`b *�"> Y

9 �M/ *�U">9V Ĝ
j - BM r?B+? +�b2 i?2 Qp2`�HH 2[mBHB#`BmK +QmH/ #2 +QMbB/2`2/

�b k*�U">9Vk ↔ *�"> Y
9 Y *�U">9V Ĝ

j X h?2 /Bz2`2M+2b BM K2�bm`2/ Λ #2ir22M i?2 *�2+

�M/ J;2+ 2H2+i`QHvi2b BKTHv i?�i i?2b2 +Hmbi2`b 7Q`K Km+? KQ`2 `2�/BHv 7`QK *�U">9Vk i?�M
7`QK J;U">9Vk BM h>6X h?2 7�+i i?�i DanionfDsolvent /2+`2�b2b rBi? BM+`2�bBM; +QM+2Mi`�@
iBQM BM #Qi? *�U">9Vk �M/ J;U">9Vk bQHmiBQMb +QM}`Kb i?�i 2M?�M+2/ TQTmH�iBQMb Q7 7`22
"> Ĝ

9 Ur?B+? rQmH/ BM+`2�b2 DanionfDsolventV �`2 MQi i?2 Q`B;BM Q7 i?2 BQMB+Biv BM+`2�b2bX A7
�Mvi?BM;- i?Bb i`2M/ BKTHB2b i?�i bQK2 /2;`22 Q7 b�Hi �;;`2;�iBQM Bb 7�pQ`2/ �i ?B;? +QM+2M@
i`�iBQMb BM #Qi? bQHmiBQMb- �Hi?Qm;? T`2pBQmb rQ`F BM/B+�i2/ i?�i *�U">9Vk KQ`2 `2�/BHv
7Q`Kb KmHiBK2`B+ bT2+B2b i?�M J;U">9Vk BM h>6X(Rjy- R8kĜR89) h?2b2 `2bmHib p�HB/�i2 Qm`
?vTQi?2bBb i?�i i?2 T`BK�`v Q`B;BM Q7 i?2 BM+`2�bBM; Λ pbX +QM+2Mi`�iBQM i`2M/ BM �HF�HBM2
2�`i? #Q`Q?v/`B/2 bQHmiBQMb Bb i?2 2M?�M+2/ 7Q`K�iBQM Q7 �bbQ+B�i2/ BQMB+ +Hmbi2`b bm+? �b
J"> Y

9 `�i?2` i?�M HB#2`�iBQM Q7 7`22 "> Ĝ
9 Q` � TQbbB#H2 BM+`2�b2 BM BQM /BzmbBpBivX(R88)

*QMbB/2`BM; i?2b2 `2bmHib BM HB;?i Q7 i?2 T`QTQb2/ BQMB+ bT2+B2b UJ"> Y
9 �M/ JU">9V Ĝ

j V-(Rjy)
r2 2biBK�i2 i?2B` +QM+2Mi`�iBQMb 7`QK i?2 K2�bm`2/ Λ �M/ Danion p�Hm2b #�b2/ QM �M 2z2+iBp2
BQMB+Biv `�iBQ ΛfΛNMR,eff UBX2X 2z2+iBp2 >�p2M `�iBQV- r?2`2 ΛNMR,eff Bb i?2 KQH�` +QM/m+iBpBiv
2tT2+i2/ B7 �HH i?2 /BbbQHp2/ b�Hi Bb +QMp2`i2/ BMiQ i?2 T`QTQb2/ BQMB+ bT2+B2bX h?Bb p�Hm2 Bb
;Bp2M #v 2[m�iBQM 9X9,(R8e- R8d)

ΛNMR,eff =
eF

kBT
(
Diz2i ci
csalt

+
Djz2j cj
csalt

) U9X9V

AM 2[m�iBQM 9X9- bT2+B2b B �M/ D `272` iQ J"> Y
9 �M/ JU">9V Ĝ

j - `2bT2+iBp2Hv- D Bb i?2 bT2+B2b
b2H7@/BzmbBQM +Q2{+B2Mi- z Bb i?2 bT2+B2b +?�`;2- c Bb i?2 bT2+B2b +QM+2Mi`�iBQM- �M/ csalt Bb
i?2 Qp2`�HH b�Hi +QM+2Mi`�iBQMX h?2`27Q`2- xi 4 xj 4 R- �M/ cifcsalt 4 cjfcsalt 4 yX8 #�b2/
QM biQB+?BQK2i`vX hQ � }`bi �TT`QtBK�iBQM Bi Bb �bbmK2/ i?�i Di 4 Dj- BX2X DUJ"> Y

9 V 4
DUJU">9V Ĝ

j V- �M/ i?�i i?2b2 /BzmbBpBiB2b �`2 �TT`QtBK�i2Hv 2[m�H iQ i?2 2Mb2K#H2 K2�@
bm`2/ �MBQM U"> Ĝ

9 V /BzmbBpBivX h?2b2 �bbmKTiBQMb �`2 #�b2/ QM i?2 H�+F Q7 7`22 "> Ĝ
9 �M/

QM i?2 bBKBH�`Biv Q7 i?2 +�H+mH�i2/ Rg p�Hm2b 7Q` i?2 `2bmHiBM; K2i�H@#Q`Q?v/`B/2 +Hmbi2`b BM
J. bBKmH�iBQMb U�TT2M/Bt- h�#H2b �Xe �M/ �XdVX 6m`i?2`KQ`2- i?2 +?�`;2/ +Hmbi2` /Bzm@
bBpBiB2b �`2 MQi 2tT2+i2/ iQ /Bz2` Km+? 7`QK i?Qb2 Q7 i?2 M2mi`�H +Hmbi2`bX(R83- R8N) h?2
+QMi`B#miBQMb Q7 i?2 +?�`;2/ +Hmbi2`b iQ ΛNMR,eff �`2 �TT`QtBK�i2/ �b B/2�H- BX2X HQM;@`�M;2
BMi2`BQMB+ BMi2`�+iBQMb �`2 M2;H2+i2/X h?mb- BQMB+ TQTmH�iBQMb 2biBK�i2/ 7`QK i?2 2z2+iBp2
BQMB+Biv K�v #2 bQK2r?�i mM/2`2biBK�i2/X h?2 J"> Y

9 +QM+2Mi`�iBQMb `2bmHiBM; 7`QK i?Bb
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6B;m`2 9X8, _2�H Uε′- iQTV �M/ BK�;BM�`v Uε′′- #QiiQKV +QKTQM2Mib Q7 i?2 +QKTH2t T2`KBiiBp@
Biv K2�bm`2/ �b � 7mM+iBQM Q7 7`2[m2M+v BM �V *�U">9Vkfh>6 �M/ #V J;U">9Vfh>6X aQHB/
HBM2b `2T`2b2Mi i?2 K2�bm`2/ /�i� r?BH2 /�b?2/ HBM2b `2T`2b2Mi }ib Q7 i?2 /�i� #�b2/ QM �
bmKK�iBQM Q7 .2#v2 �M/fQ` *QH2@*QH2 `2H�t�iBQMbX .2+QMpQHmiBQMb Q7 i?2b2 `2H�t�iBQMb �`2
b?QrM BM i?2 �TT2M/Bt- 6B;m`2 �XeX

�M�HvbBb �`2 b?QrM BM 6B;m`2 9X9 /VX h?2b2 +�H+mH�iBQMb ?B;?HB;?i i?2 `2K�`F�#H2 BM+`2�b2 BM
+QM+2Mi`�iBQM Q7 i?2b2 2H2+i`Q�+iBp2 bT2+B2b �b � 7mM+iBQM Q7 Qp2`�HH b�Hi +QM+2Mi`�iBQM BM i?2
*� bvbi2KX h?2b2 bT2+B2b �`2 �HKQbi MQM@2tBbi2Mi �i b�Hi +QM+2Mi`�iBQMb H2bb i?�M yX8 J-
r?B+? `2�/BHv 2tTH�BMb i?2 b2p2`2Hv BM?B#Bi2/ +�H+BmK 2H2+i`Q/2TQbBiBQM `2bTQMb2 `2TQ`i2/ �i
bm+? +QM+2Mi`�iBQMbX(Rjy) aBM+2 i?2 J; bvbi2K TQbb2bb2b p2`v HQr +QM+2Mi`�iBQMb Q7 J;"> Y

9
�i �HH b�Hi +QM+2Mi`�iBQMb- Bib K2i�H /2TQbBiBQM `2bTQMb2 Bb BM?B#Bi2/ 2p2M �i ?B;? b�Hi +QM@
+2Mi`�iBQMbX h?Bb Bb +QMbBbi2Mi rBi? T`2pBQmb `2TQ`ib /2KQMbi`�iBM; i?�i �HF�HB@b�Hi �//BiBp2b
UGB">9 Q` L�">9V �`2 `2[mB`2/ iQ �+?B2p2 �/2[m�i2 K�;M2bBmK 2H2+i`Q/2TQbBiBQM `�i2 �M/
`2p2`bB#BHBivX(Rjd- R99- R98- Rey)

aB;MB}+�Mi /Bz2`2M+2b BM i?2 +QM+2Mi`�iBQM@/2T2M/2Mi bT2+B�iBQM T�i?r�vb Q7 i?2 J; �M/
*� 2H2+i`QHvi2b �`2 K�MB72bi2/ BM i?2 +QKTH2t T2`KBiiBpBiv `2bTQMb2b Q7 i?2 bQHp�i2/ bT2+B2bX
._a bT2+i`� K2�bm`2/ �+`Qbb � `�M;2 Q7 b�Hi +QM+2Mi`�iBQMb BM i?2b2 irQ bvbi2Kb `2p2�H i?2B`
+?�`�+i2`BbiB+ 7`2[m2M+v@/2T2M/2Mi T2`KBiiBpBiv U6B;m`2 9X8VX AM #Qi? bvbi2Kb irQ T`BK�`v
`2H�t�iBQMb �`2 Q#b2`p2/, � ?B;? 7`2[m2M+v bQHp2Mi `2H�t�iBQM U7 ∼ jy iQ dy :>xV- �M/ � HQr
7`2[m2M+v `2H�t�iBQM +Q``2bTQM/BM; iQ /BTQH�` b�Hi +Hmbi2`b U7 ∼ yXj iQ j :>xVX h?2 *�U">9Vk
+Hmbi2`b 2t?B#Bi bHQr2` `2H�t�iBQMb /m2 iQ i?2 H�`;2` bBx2 Q7 *�2+ �M/ Bib `2H�i2/ +QKTH2t2bX
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AM *�U">9Vkfh>6 i?2 BKT�+i Q7 /BTQH�` b�Hi +Hmbi2`b QM i?2 bQHmiBQM T2`KBiiBpBiv Bb MQi
bB;MB}+�Mi mMiBH b�Hi +QM+2Mi`�iBQM 2t+22/b yXR J r?BH2 BM J;U">9Vkfh>6 i?2b2 +Hmbi2`b �`2
bB;MB}+�Mi 2p2M �i yXy8 JX .m2 iQ i?2 T`2b2M+2 Q7 i?2b2 +Hmbi2`b- i?2 /B2H2+i`B+ +QMbi�Mib UεrV
Q7 i?2 +QM+2Mi`�i2/ bQHmiBQMb �`2 7�` ;`2�i2` i?�i Q7 i?2 M2�i h>6 bQHp2Mi Uεr 4 dX9V- `2�+?BM;
p�Hm2b �b ?B;? �b R3Xk 7Q` J;U">9Vk �M/ ReXy 7Q` *�U">9Vk U6B;m`2 9Xe �VX Pm` Q#b2`p�iBQM
Q7 � M2i BM+`2�b2 BM εr Bb +QMbBbi2Mi rBi? T`2pBQmb BMp2biB;�iBQMb Q7 bi`QM;Hv �bbQ+B�iBM; �HF�HB
b�Hib BM HQr T2`KBiiBpBiv bQHp2MibX(RN- 93- Rjy- ReR) _2+2MiHv r2 bT2+mH�i2/ i?�i εr +QmH/
BM+`2�b2 iQ � p�Hm2 �b ?B;? �b Ry BM *�U">9Vkfh>6 /m2 iQ bm+? 2z2+ib-(Rjy) #mi i?Bb p�Hm2
im`Mb Qmi iQ ?�p2 #22M � bB;MB}+�Mi mM/2`2biBK�iBQMX h?2 KQbi BKTQ`i�Mi /Bz2`2M+2 BM i?2
T2`KBiiBpBiv #2?�pBQ` Q7 i?2 J; �M/ *� bvbi2Kb HB2b BM i?2 7mM+iBQM�H 7Q`Kb Q7 i?2 εr pbX
+QM+2Mi`�iBQM /2T2M/2M+2 U6B;m`2 9XeVX AM J;U">9Vkfh>6- εr BM+`2�b2b HBM2�`Hv �+`Qbb i?2
2MiB`2 +QM+2Mi`�iBQM `�M;2 r?BH2 BM *�U">9Vkfh>6 i?2 εr +?�M;2 Bb MQM@HBM2�` �M/ 2p2M MQM@
KQMQiQMB+X h?2 HBM2�` J;U">9Vk #2?�pBQ` BKTHB2b �M 2bb2MiB�HHv bi�iB+ bT2+B�iBQM T`Q}H2 BM
r?B+? QM2 Q` KQ`2 /BTQH�` +Hmbi2`b �`2 T`2b2Mi �i � +QMbi�Mi `2H�iBp2 TQTmH�iBQM `2;�`/H2bb Q7
b�Hi +QM+2Mi`�iBQMX AM +QMi`�bi- i?2 *�U">9Vk #2?�pBQ` BKTHB2b QM 2pQHpBM; bT2+B�iBQM T`Q}H2
r?2`2 i?2 `2H�iBp2 /BTQH�` +Hmbi2` TQTmH�iBQMb p�`v bB;MB}+�MiHv rBi? b�Hi +QM+2Mi`�iBQMX h?Bb
`2bmHi bT2�Fb iQ i?2 +QM};m`�iBQM�H ~2tB#BHBiv /Bz2`2M+2b Q7 *�2+ �M/ J;2+X

Pm` T`2pBQmb BMp2biB;�iBQMb H2/ mb iQ +QM+Hm/2 i?�i i?2 T`BK�`v bQHp�i2/ bT2+B2b BM
J;U">9Vkfh>6 Bb i?2 M2mi`�H- KQMQK2`B+ 7Q`K Q7 i?2 /BbbQHp2/ b�Hi �+`Qbb �HH +QM+2Mi`�@
iBQMb- #�b2/ QM i?2 HQr K2�bm`2/ +QM/m+iBpBiB2b �M/ i?2 `2TQ`i2/ i2M/2M+v Q7 J;U">9Vk
iQr�`/ 7Q`KBM; KQMQK2`B+ bQHp�i2bX(Rjy- R8k- R89) hQ i2bi r?2i?2` bm+? bT2+B2b +QmH/ 2t@
TH�BM i?2 HBM2�` �M/ bi22THv bHQT2/ εr pbX +QM+2Mi`�iBQM i`2M/- i?2 /B2H2+i`B+ BM+`2K2Mib U∆εV
Q7 b2p2`�H +Hmbi2`b r2`2 bBKmH�i2/ #v J.c i?2 T�`�K2i2` ∆ε `2T`2b2Mib i?2 M2i +?�M;2 BM
εr i?�i � ;Bp2M +Hmbi2` rQmH/ BM/m+2 r?2M 7Q`K2/ BM � h>6 K2/BmK �i � +QM+2Mi`�iBQM
Q7 R JX h?2 M2mi`�H KQMQK2`- J;U">9Vk- TQbb2bb2b � ?B;?Hv �bvKK2i`B+ bi`m+im`2 �M/ �
H�`;2 /BTQH2 KQK2Mi H2�/BM; iQ � H�`;2 +QKTmi2/ M2i ∆ε Q7 3XN J−1X h?Bb p�Hm2 �;`22b
r2HH rBi? i?2 M2i ∆ε Q7 NX9 −1 K2�bm`2/ 7Q` i?Bb 2H2+i`QHvi2 �+`Qbb i?2 2MiB`2 +QM+2Mi`�iBQM
`�M;2 U�TT2M/Bt- 6B;m`2 �XdVX h?Bb �;`22K2Mi bm;;2bib i?�i i?2b2 M2mi`�H KQMQK2`b �`2
i?2 K�DQ`Biv bQHp�i2/ bT2+B2b �+`Qbb i?Bb +QM+2Mi`�iBQM `�M;2X q2 MQi2 i?�i i?2 bK�HH TQTm@
H�iBQMb Q7 J;"> Y

9 bT2+B2b T`2/B+i2/ 7`QK +QM/m+iBpBiv �M/ /BzmbBpBiv �M�Hvb2b �`2 mMHBF2Hv
iQ #2 Q#b2`p2/ #v ._a /m2 iQ i?2B` HQr +QM+2Mi`�iBQMX 6Q` +QKT�`BbQM- K2�bm`2K2Mib Q7
GB">9fh>6 �b � bBKTH2` R,R b�Hi bvbi2K Qbi2MbB#Hv /QKBM�i2/ #v M2mi`�H +QMi�+i BQM T�B`b
U*ASbV BM h>6 UEA ∼Ry9V(R8R) �HbQ vB2H/2/ � HBM2�` εr pbX +QM+2Mi`�iBQM i`2M/ U�TT2M/Bt-
6B;m`2 �X3VX �b BM i?2 J; +�b2- i?2 ∆ε /2`Bp2/ 7`QK i?2 GB">9 K2�bm`2K2Mib �;`22b rBi?
i?2 +�H+mH�i2/ ∆ε p�Hm2 UNXk pbX NXdVX h?Bb �;`22K2Mi #2ir22M K2�bm`2/ Qp2`�HH ∆ε �M/
+�H+mH�i2/ M2mi`�H KQMQK2` ∆ε BM #Qi? bvbi2Kb T`QpB/2b bi`QM; 2pB/2M+2 i?�i #Qi? bvbi2Kb
�`2 /QKBM�i2/ #v i?2b2 bT2+B2b �i i?2 +QM+2Mi`�iBQMb BMp2biB;�i2/X AM T`2pBQmb bim/B2b- b�Hi
+Hmbi2`b +QKTQb2/ Q7 � bBM;H2 +�iBQM �M/ irQ �MBQMb Uǳi`BTH2 BQMbǴV r2`2 bQK2iBK2b T`2bmK2/
�b HBM2�` �M/ i?mb MQi /2i2+i�#H2 �b /BTQH�` bT2+B2b #v ._aX(93- 9N) >Qr2p2`- � KQ`2 `B;@
Q`Qmb 2p�Hm�iBQM Q7 +Hmbi2` /B2H2+i`B+ BM+`2K2Mib #v J. bBKmH�iBQMb +H2�`Hv b?Qrb i?�i bm+?
bi`m+im`�H �bbmKTiBQMb +�M #2 KBbH2�/BM;- �b 2t2KTHB}2/ #v i?2 +�b2 Q7 J;U">9Vkfh>6X

AM *�U">9Vkfh>6 r2 `2+2MiHv T`QTQb2/ i?�i M2mi`�H KQMQK2`b U*�U">9VkV �`2 T`2p�H2Mi
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6B;m`2 9Xe, �V aQHmiBQM /B2H2+i`B+ +QMbi�Mib UεrV /2i2`KBM2/ 7`QK }ib Q7 i?2 +QKTH2t T2`KBi@
iBpBiv /�i� �b � 7mM+iBQM Q7 +QM+2Mi`�iBQMX .Qii2/ HBM2b `2T`2b2Mi i`2M/ HBM2b 7Q` i?2 εr pbX
+QM+2Mi`�iBQM /�i� UHBM2�` BM i?2 +�b2 Q7 J;2+ �M/ TQHvMQKB�H BM i?2 +�b2 Q7 *�2+VX AMb2i,
K�;MB}+�iBQM Q7 i?2 THQib �i HQr +QM+2Mi`�iBQMbX #@2V _2T`2b2Mi�iBp2 +Hmbi2` bi`m+im`2b iQ
r?B+? i?2 εr +?�M;2b �`2 �ii`B#mi2/X h?2 +�H+mH�i2/ M2i /B2H2+i`B+ BM+`2K2Mi U∆εV Q7 2�+?
+Hmbi2` Bb BM/B+�i2/X h?2b2 bT2+B2b �`2 `272``2/ iQ �b, #V J; M2mi`�H KQMQK2`- +V *� M2mi`�H
KQMQK2`- /V *� *AS U+QMi�+i BQM T�B`V +�iBQM- 2V *� M2mi`�H /BK2` U#2Mi +QM};m`�iBQMVX
J;- *�- "- *- > �M/ P �iQKb �`2 b?QrM BM Tm`TH2- ;`22M- TBMF- ;`2v- r?Bi2 �M/ `2/ `2bT2+@
iBp2HvX h?2 +�H+mH�i2/ T�`�K2i2`b �M/ mM+2`i�BMiB2b Q7 �HH bT2+B2b BMp2biB;�i2/ �`2 b?QrM BM
h�#H2b �X9 �M/ �X8 BM i?2 �TT2M/BtX

�i HQr b�Hi +QM+2Mi`�iBQMb �M/ i?�i i?2b2 �`2 T`Q;`2bbBp2Hv +QMp2`i2/ iQ KmHiBK2`B+ �M/ BQMB+
bT2+B2b bm+? �b *�kU">9V9- *�"> Y

9 - �M/ *�U">9V Ĝ
j �b b�Hi +QM+2Mi`�iBQM Bb BM+`2�b2/X(Rjy)

*�H+mH�iBQMb Q7 i?2b2 bT2+B2bǶ ∆ε p�Hm2b BM/B+�i2b i?�i Qm` ?vTQi?2bBx2/ i`�D2+iQ`v Q7 bT2+B2b
2pQHmiBQM +�M 2tTH�BM i?2 mMB[m2 εr pbX +QM+2Mi`�iBQM i`2M/ K2�bm`2/ BM i?Bb bvbi2K U6B;m`2
9XeVX J. bBKmH�iBQMb `2p2�H i?�i i?2 M2mi`�H +�H+BmK KQMQK2` Bb Km+? KQ`2 bvKK2i`B+
i?�M i?2 K�;M2bBmK �M�HQ; �M/ ?�b �HKQbi MQ /BTQH2 KQK2Mi U6B;m`2 9Xe +V- `2bmHiBM; BM �
∆ε Q7 @kXR J−1X h?2 M2;�iBp2 ∆ε �`Bb2b 7`QK i?2 7�+i i?�i b2p2`�H h>6 KQH2+mH2b �`2 #QmM/
iQ i?Bb bQHp�i2/ +Hmbi2` �M/ +�M MQ HQM;2` +QMi`B#mi2 iQ i?2 #�+F;`QmM/ /B2H2+i`B+ +QMbi�MiX
h?2`27Q`2- � TQTmH�iBQM Q7 bQHp�i2/ M2mi`�H KQMQK2`b +�M `2�/BHv 2tTH�BM i?2 bK�HH BMBiB�H
/2+`2�b2 BM K2�bm`2/ /B2H2+i`B+ +QMbi�Mi Q7 ∼ yXR mMBib �i yXy8 J U6B;m`2 9Xe�- BMb2iVX �i
+QM+2Mi`�iBQMb �#Qp2 yXR J i?2 K2�bm`2/ /B2H2+i`B+ +QMbi�Mi BM+`2�b2b bB;MB}+�MiHv �#Qp2
i?�i Q7 M2�i h>6- bB;M�HBM; � b?B7i BM i?2 bQHmiBQM 2[mBHB#`B� iQr�`/ KQ`2 TQH�` +Hmbi2`bX
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6B;m`2 9Xd, *QM+2Mi`�iBQMb Q7 i?2 K�DQ` bQHp�i2/ bT2+B2b +�H+mH�i2/ 7`QK i?2 2z2+iBp2 BQMB+Biv
�M�HvbBb +QK#BM2/ rBi? ._a K2�bm`2K2Mib �M/ KQ/2HBM; �b � 7mM+iBQM Q7 Qp2`�HH b�Hi +QM@
+2Mi`�iBQM 7Q` U�-#V *�U">9Vkfh>6 �M/ U+-/V J;U">9Vkfh>6X h?2 /�i� �`2 THQii2/ 2Bi?2`
U�-+V �b bT2+B2b +QM+2Mi`�iBQMb Q` U#-/V �b `2H�iBp2 TQTmH�iBQMbX Ai Bb �bbmK2/ i?�i (J"> Y

9 )
4 (JU">9V Ĝ

j )X
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�M�HvbBb Q7 i?2 ?vTQi?2bBx2/ +Hmbi2`b `2p2�Hb i?�i #Qi? *�"> Y
9 U∆ε 4 kyX8 J−1V �M/

*�kU">9V9 U∆ε 4 ReXj J−1V +QmH/ +QMi`B#mi2 bB;MB}+�MiHv iQ i?2 T2`KBiiBpBiv BM+`2�b2 K2�@
bm`2/ BM *�U">9Vkfh>6X h?2 H�`;2 /B2H2+i`B+ BM+`2K2Mi Q7 i?2 /BK2` bT2+B2b Bb bm`T`BbBM;
;Bp2M i?�i M2mi`�H /BK2`b �`2 Q7i2M �bbmK2/ iQ ?�p2 M2;HB;B#H2 /BTQH2 KQK2Mib /m2 iQ i?2B`
�TT`QtBK�i2Hv bvKK2i`B+ bi`m+im`2X(93- Nd) >Qr2p2`- Qp2` Qm` bBKmH�i2/ J. i`�D2+iQ`v r2
}M/ i?�i i?Bb *�kU">9V9 +Hmbi2` 7`2[m2MiHv `2�``�M;2b BMiQ #2Mi Q` Tv`�KB/�H +QM};m`�iBQMb-
H2�/BM; iQ � bB;MB}+�Mi iBK2@�p2`�;2/ /BTQH2 KQK2Mi K�;MBim/2 �M/ � `2bmHiBM; /B2H2+i`B+
BM+`2K2Mi Q7 ReXj J−1 U�TT2M/Bt 6B;m`2 �XNVX h?Bb �;�BM ?B;?HB;?ib i?2 BKTQ`i�M+2 Q7
J. bBKmH�iBQMb BM �++m`�i2Hv �++QmMiBM; 7Q` i?2 `�M;2 Q7 +QM7Q`K�iBQMb i?�i � ;Bp2M +Hmbi2`
K�v �/QTiX h?2 +�H+mH�i2/ ∆ε p�Hm2b �HHQr 7Q` 2biBK�iBQM Q7 p�`BQmb bT2+B2b TQTmH�iBQMb
+QMi`B#miBM; iQ i?2 Qp2`�HH K2�bm`2/ ∆ε �bbmKBM; �M 2[mBHB#`BmK /Bbi`B#miBQM �KQM; i?2
7Qm` T`QTQb2/ K�DQ` bT2+B2b, k *�U">9Vk ↔ *�kU">9V9 ↔ *�"> Y

9 Y *�U">9V Ĝ
j X h?2

J.@bBKmH�i2/ ∆ε p�Hm2b Q7 i?2b2 bT2+B2b r2`2 mb2/ iQ +�H+mH�i2 i?2 b2H7@+QMbBbi2Mi TQTmH�@
iBQMb i?�i +QmH/ �++QmMi 7Q` i?2 K2�bm`2/ Qp2`�HH ∆ε �i 2�+? b�Hi +QM+2Mi`�iBQMX hQ #QHbi2`
i?Bb �TT`Q�+?- i?2 +�H+mH�iBQMb r2`2 `2}M2/ #v BM+Q`TQ`�iBM; i?2 *�"> Y

9 �M/ *�U">9V Ĝ
j

+QM+2Mi`�iBQMb T`2/B+i2/ 7`QK i?2 �7Q`2K2MiBQM2/ 2z2+iBp2 BQMB+Biv �M�HvbBb U�b b?QrM BM
6B;m`2 9X9 /VX qBi?Qmi i?Bb BMTmi- i?2 bT2+B2b TQTmH�iBQMb +�MMQi #2 BM72``2/ T`2+Bb2Hv /m2
iQ /B{+mHiB2b BM /Bz2`2MiB�iBM; i?2 +QMi`B#miBQMb Q7 *�"> Y

9 �M/ *�kU">9V9 iQ εr U�TT2M/Bt-
6B;m`2 �XRyVX h?2 +�H+mH�i2/ bT2+B�iBQM /B�;`�Kb- �b b?QrM BM 6B;m`2 9Xd �V �M/ 6B;m`2 9Xd
#V- `2p2�H i?�i i?2 M2mi`�H KQMQK2` Bb i?2 /QKBM�Mi bT2+B2b �i HQr b�Hi +QM+2Mi`�iBQMb Q7
yXR J �M/ #2HQr- i?�i i?2b2 bT2+B2b �`2 T�`iB�HHv +QMp2`i2/ iQ /BK2`b �i KQ/2`�i2 iQ ?B;?
b�Hi +QM+2Mi`�iBQMb- �M/ i?�i bK�HH TQTmH�iBQMb Q7 i?2 BQMB+ bT2+B2b #2+QK2 bi�#BHBx2/ �i ?B;?
b�Hi +QM+2Mi`�iBQMbX AM J;U">9Vkfh>6- ?Qr2p2`- i?2 M2mi`�H KQMQK2`b �`2 KQ`2 bi`QM;Hv
7�pQ`2/ �M/ �HKQbi MQ +?�M;2 BM bT2+B�iBQM Bb Q#b2`p2/ U6B;m`2 9Xd +@/VX

h?2 7�+i i?�i /BK2`b �++QmMi 7Q` �i H2�bi ?�H7 Q7 i?2 iQi�H +�H+BmK BMp2MiQ`v BM bQHmiBQM
�i ?B;? b�Hi +QM+2Mi`�iBQMb 2Mbm`2b i?2B` /2i2+iBQM pB� s@`�v �#bQ`TiBQM bT2+i`Qb+QTv-(Rjy)
H2M/BM; +`2/2M+2 iQ i?2b2 +�H+mH�iBQMbX h?2 ?B;? +QM+2Mi`�iBQM Q7 TQH�` /BK2`b �M/ i?2 `2bmHi@
BM; bQHmiBQM T2`KBiiBpBiv BM+`2�b2 HBF2Hv ?2HTb bi�#BHBx2 i?2 BQMB+ bT2+B2bX h?Bb T?2MQK2MQM
Bb i2`K2/ ǳ`2/BbbQ+B�iBQMǴX(ky- 93- NN) >Qr2p2`- r2 MQi2 i?�i bm+? � K2+?�MBbK �TT�`2MiHv
/Q2b MQi QT2`�i2 M2�`Hv �b 2z2+iBp2Hv BM J;U">9Vkfh>6 /2bTBi2 Bib ?B;? +QM+2Mi`�iBQM Q7
TQH�` KQMQK2`bX q2 bT2+mH�i2 i?�i i?Bb Bb /m2 iQ � bK�HH2` i?2`KQ/vM�KB+ 2[mBHB#`BmK
+QMbi�Mi 7Q` 7Q`KBM; i?2 T`QTQb2/ BQMB+ bT2+B2b UJ"> Y

9 �M/ JU">9V Ĝ
j V- /m2 iQ i?2 ;`2�i2`

+?�`;2 /2MbBiv �M/ H2bb2` TQH�`Bx�#BHBiv Q7 J;2+X h?2`27Q`2- i?2 +QM};m`�iBQM�H ~2tB#BHBiv Q7
*�2+ `2K�BMb �M BKTQ`i�Mi +`Bi2`BQM 7Q` 2z2+iBp2 BQMB+ +Hmbi2` 7Q`K�iBQM BM i?2b2 bi`QM;Hv
BQM@�bbQ+B�iBM; bQHmiBQMbX q2 7m`i?2` MQi2 i?�i ǳ`2/BbbQ+B�iBQMǴ ?�b ;2M2`�HHv T`2pBQmbHv `2@
72``2/ iQ i?2 bi�#BHBx�iBQM Q7 7`22 BQMb �i ?B;?2` +QM+2Mi`�iBQM- r?BH2 ?2`2 i?2 BQMB+ bT2+B2b
�`2 BQM@T�B`b Q` BQM +Hmbi2`bX h?mb- � T2`?�Tb #2ii2` i2`K rQmH/ ?2`2 #2 ǳ`2BQMBxB�iBQMǴX

�Hi?Qm;? i?2 T`QTQb2/ 2H2+i`Q�+iBp2 bT2+B2b *�"> Y
9 +QMbiBimi2b QMHv � KBMQ`Biv TQT@

mH�iBQM BM *�U">9Vkfh>6- i?2 FBM2iB+b Q7 bT2+B2b BMi2`+QMp2`bBQM HBF2Hv T`2p2Mi *�"> Y
9

7`QK #2+QKBM; b2H2+iBp2Hv /2TH2i2/ �i i?2 �MQ/2 bm`7�+2 /m`BM; +�H+BmK TH�iBM; UBX2X +2HH
+?�`;BM;VX h?2 FBM2iB+b Q7 BQM T�B`BM; �M/ /BbbQ+B�iBQM �`2 ;2M2`�HHv 7�bi 2MQm;?- #v K�Mv
Q`/2`b Q7 K�;MBim/2-(Rek) iQ T`2p2Mi bT2+B2b@bT2+B}+ /2TH2iBQM /m2 iQ 2H2+i`Q+?2KB+�H +QM@
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bmKTiBQM �i �M 2H2+i`Q/2- T`QpB/2/ i?2 Qp2`�HH +QM+2Mi`�iBQM Q7 b�Hi Bb K�BMi�BM2/X >Qr2p2`-
i?2 +QM+2Mi`�iBQM@/2T2M/2Mi i?2`KQ/vM�KB+b Q7 bT2+B�iBQM- �b /2KQMbi`�i2/ BM 6B;m`2 9Xd-
T`2/B+i � bi`QM; bmTT`2bbBQM Q7 (*�"> Y

9 ) M2�` i?2 bm`7�+2 �M/ BM i?2 /BzmbBQM H�v2` B7 H�`;2
b�Hi +QM+2Mi`�iBQM ;`�/B2Mib �`2 7Q`K2/ /m`BM; ?B;? `�i2 �M/fQ` ?B;? +�T�+Biv +�H+BmK TH�i@
BM;X h?Bb bmTT`2bbBQM Q7 BQMB+ bT2+B2b K�v H2�/ iQ � bB;MB}+�Mi P?KB+ TQi2MiB�H /`QT /2bTBi2
?B;? #mHF b�Hi +QM+2Mi`�iBQMbX JQ`2Qp2`- HQr +QM+2Mi`�iBQMb Q7 2H2+i`Q�+iBp2 *�"> Y

9 M2�`
i?2 2H2+i`Q/2 K�v T`QKQi2 T�`�bBiB+ `2�+iBQMb �M/ HQbb Q7 +�H+BmK KQ`T?QHQ;v +QMi`QHX AM@
/22/- � `2+2Mi bim/v ?B;?HB;?i2/ i?�i bm+? `�i2@/2T2M/2Mi +�H+BmK TH�iBM; T`Q#H2Kb �`2
2M+QmMi2`2/ BM *�U">9Vkfh>6 2H2+i`QHvi2bX(Rej) h?2`27Q`2- r2 T`QTQb2 i?2 `2H�iBp2Hv bK�HH-
+QM+2Mi`�iBQM@/2T2M/2Mi TQTmH�iBQM Q7 *�"> Y

9 �b i?2 mM/2`HvBM; +�mb2X Pm` }M/BM;b i?mb
BM7Q`K #Qi? `2+2Mi �M/ QM;QBM; 2zQ`ib �i bim/vBM; BMi2`7�+B�H T?2MQK2M� BM i?2b2 mMB[m2
2H2+i`QHvi2 2MpB`QMK2MibX

*QM+HmbBQM
*QKTHBK2Mi�`v �M�Hvb2b Q7 BQMB+ +QM/m+iBpBiv- �MBQM /BzmbBpBiv- �M/ bQHmiBQM T2`KBiiBp@
Biv �m;K2Mi Qm` [m�MiBi�iBp2 mM/2`bi�M/BM; Q7 bQHp�iBQM BM �M BKTQ`i�Mi +H�bb Q7 �HF�HBM2
2�`i? K2i�H #Q`Q?v/`B/2 2H2+i`QHvi2b BM h>6X h?2 T`BK�`v }M/BM;b Q7 i?2b2 �M�Hvb2b �`2,
RV #Qi? J;U">9Vk �M/ *�U">9Vk 2H2+i`QHvi2b 2t?B#Bi �M BM+`2�b2 BM BQMB+Biv rBi? +QM+2M@
i`�iBQM /2bTBi2 2ti2MbBp2 BQM T�B`BM; BM #Qi? bvbi2Kbc kV 2H2+i`Q�+iBp2 J"> Y

9 bT2+B2b TQT@
mH�iBQMb �`2 Km+? KQ`2 7�pQ`2/ BM i?2 H�ii2` +�b2- 2bT2+B�HHv �i ?B;? b�Hi +QM+2Mi`�iBQMbc jV
J;U">9Vkfh>6 Bb /QKBM�i2/ #v M2mi`�H KQMQK2`b �+`Qbb i?2 7mHH +QM+2Mi`�iBQM `�M;2 r?BH2
*�U">9Vkfh>6 bT2+B�iBQM 2pQHp2b 7`QK M2mi`�H KQMQK2`b iQ KmHiBK2`b �M/ BQMB+ bT2+B2bc
9V i?2 TQTmH�iBQM Q7 i?2 2H2+i`Q�+iBp2 *�"> Y

9 bT2+B2b BM *�U">9Vkfh>6 Bb H2bb i?�M yXR J-
2p2M BM ?B;? b�Hi +QM+2Mi`�iBQM 2H2+i`QHvi2b UR iQ RX8 JV i?�i bmTTQ`i ?B;? *QmHQK#B+ 2{@
+B2M+v 2H2+i`Q/2TQbBiBQMX h?2 �#BHBiv iQ [m�MiB7v bT2+B2b TQTmH�iBQMb BM i?2 *�U">9Vkfh>6
2H2+i`QHvi2 `2T`2b2Mib �M BKTQ`i�Mi +QMi`B#miBQM iQ i?2 mM/2`bi�M/BM; Q7 i?2b2 bvbi2Kb i?�i
/B`2+iHv HBMFb iQ `2+2Mi /2KQMbi`�iBQMb Q7 bm`7�+2 �M/ BMi2`7�+B�H T?2MQK2M�X
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*?�Ti2` 8

*QM+HmbBQM �M/ 6m`i?2` qQ`F

8XR 6m`i?2` qQ`F
h?Bb i?2bBb 2M+QKT�bb2b +�b2 bim/B2b Q7 *� �M/ J; b�Hib BM 2i?2`2�H 2H2+i`QHvi2b r?2`2 i?2
T�`iB+mH�` 2KT?�bBb r�b Tmi QM /Bb+mbbBM; i?2 p�`BQmb i?2`KQ/vM�KB+b /`BpBM; 7Q`+2b i?�i
/B+i�i2 bT2+B�iBQMX JQ`2Qp2`- K2i?Q/QHQ;v iQ BMi2`T`2i /B2H2+i`B+ bT2+i`� pB� mb2 Q7 KQH2+mH�`
/vM�KB+b bBKmH�iBQMb r�b 2bi�#HBb?2/X _2;�`/BM; i?2 T?vbB+�H +?2KBbi`v �M/ 2H2+i`Q+?2K@
Bbi`v Q7 bm+? 2H2+i`QHvi2 bQHmiBQMb- K�Mv [m2biBQMb �`2 H27i mM�Mbr2`2/ �M/ rQmH/ #2M2}i
7`QK 7m`i?2` rQ`FX

6Q` 2t�KTH2- +2`i�BM HQr T2`KBiiBpBiv 2H2+i`QHvi2b- MQi�#Hv J;h6aAk BM :R- b?Qr � KBb@
+B#BHBiv ;�TX(ky- Nj) "2ir22M +QM+2Mi`�iBQMb Q7 yXy8 J @ yXe J U�TT`QtBK�i2HvV- i?2 J;h6aAk
BM :R 2H2+i`QHvi2 bTQMi�M2QmbHv b2;`2;�i2b BMiQ HQr �M/ ?B;? /2MbBiv `2;BQMbX Pm` rQ`F BM/B@
+�i2b i?�i i?2 HQr +QM+2Mi`�iBQM UHQr2` /2MbBiv T?�b2V Bb Q7 HQr2` T2`KBiiBpBiv i?�M i?2 ?B;?2`
+QM+2Mi`�iBQM T?�b2 U?B;?2` /2MbBivVX h?Bb bm;;2bib � T�`�HH2H #2ir22M i?2 BKKBb+B#BHiv Q7
QBH BM r�i2`- r?2`2 bQHp2Mib Q7 bB;MB}+�MiHv /Bz2`2Mi TQH�`Biv �`2 BKKBb+B#H2X >Qr2p2`- bBM+2
J;h6aAk BM :k /Q2b MQi b?Qr � KBb+B#BHBiv ;�T- i?Bb �M�HQ;v Bb MQi bm{+B2Mi iQ 2tTH�BM
i?2 T?2MQK2MQMX S2`?�Tb i?2 bT2+B}+ b?Q`i@`�M;2 bQHp�iBQM Q7 :R Q` :k U2X;X /2MiB+Biv-
bQHp�iBQM MmK#2`V +QMi`B#mi2b iQ i?2 i?2`KQ/vM�KB+ /`BpBM; 7Q`+2b 7Q` BKKBb+B#BHBivX AM
�//BiBQM- i?2 `QH2 Q7 ?B;?2` Q`/2` �;;`2;�i2b U2X;X M2mi`�H i`BTH2 bT2+B2bV K�v #2 � +`BiB+�H
7�+iQ` /BbiBM;mBb?BM; i?2 :R 2H2+i`QHvi2b 7`QK :k 2H2+i`QHvi2b �M/ K�v 2tTH�BM BKKBb+B#BHBivX

6m`i?2`KQ`2- i?2 [m2biBQM Q7 ?B;?2` Q`/2` �bbQ+B�i2/ bT2+B2b #2vQM/ *ASb r�b `�Bb2/ BM
*?�Ti2`b j �M/ 9X PM2 bm+? bT2+B2b Bb i?2 aaAS- r?B+? r�b i�F2M �b M2;HB;B#H2 BM +QM+2Mi`�iBQM
BM i?2 bvbi2Kb bim/B2/ BM i?2 T`2b2Mi rQ`FX LQM2i?2H2bb � KQ`2 `2}M2/ �TT`Q�+? +�M `2H�t
i?Bb �bbmKTiBQMX >Qr2p2`- i?2 i?2`KQ/vM�KB+b Q7 aaASb �M/ r?2i?2` i?2v �`2 T`2/B+i�#H2
7`QK }`bi T`BM+BTH2b Bb MQi r2HH 2bi�#HBb?2/X 6Q` 2t�KTH2- 1#2`bT�+?2` 2i �HX MQiB+2/ i?�i
aaASb [mB+FHv 7�HH BM 7`�+iBQM�H TQTmH�iBQM 7Q` +2`i�BM +?HQ`�i2 b�Hib BM �+2iQMBi`BH2 r?BH2
i?2 *AS 7`�+iBQM BM+`2�b2bX(8y) J�bb �+iBQM rQmH/ bm;;2bi i?�i #Qi? *ASb �M/ aaASb b?QmH/
BM+`2�b2 rBi? BM+`2�bBM; b�Hi +QM+2Mi`�iBQM @ �M/ 7m`i?2` rQ`F b?QmH/ BMp2biB;�i2 r?v i?Bb `mH2
/Q2b MQi ;2M2`�HHv �TTHv 7Q` i?2 aaASbX Ai Bb TQbbB#H2 i?�i i?2 2Mi`QTB+ +QMi`B#miBQM iQ 7`22
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2M2`;v 7`QK +�Tim`2 Q` `2H2�b2 Q7 bQHp2Mi KQH2+mH2b mTQM BQM T�B`BM; �M/ BQM /BbbQ+B�iBQM(j8)
TH�vb � +`BiB+�H `QH2X

q?BH2 i?2 rQ`F T`2b2Mi2/ BM i?Bb i?2bBb 7Q+mb2b QM #mHF 2H2+i`QHvi2 bT2+B�iBQM- Bi Bb TQb@
bB#H2 iQ 2ti2M/ i?Bb mM/2`bi�M/BM; iQ KQ/2HHBM; b�Hi +QM+2Mi`�iBQM T`Q}H2b BM i?2 /BzmbBQM
H�v2` mbBM; `2H2p�Mi i`�MbTQ`i KQ/2HbX am+? +QMiBMmmK KQ/2HHBM; Bb 2bi�#HBb?2/ BM i?2 HBi@
2`�im`2(Re9) �M/ Bb Q7i2M /QM2 rBi? i?2 mb2 Q7 bQ7ir�`2 T�+F�;2b bm+? �b *PJaPG-(Re8) Q`
KQ`2 `2+2MiHv- Su"�JJX(Ree) am+? �TT`Q�+?2b +�M �HHQr 7Q` +�H+mH�iBQMb Q7 i?2 HBKBiBM;
+m``2Mi(Red) �M/ K�v �HbQ �HHQr 7Q` T`QT2` �++QmMiBM; Q7 i?2 P?KB+ /`QT �M/ +QM+2Mi`�iBQM
Qp2`TQi2MiB�Hb 7Q` 2H2+i`Q+?2KB+�H K2�bm`2K2Mib- r?B+? Bb BKTQ`i�Mi #mi b2H/QK `2TQ`i2/ #v
BMp2biB;�iQ`b Q7 J; �M/ *� 2H2+i`Q+?2KBbi`vX EMQrH2/;2 Q7 i?2 +QM+2Mi`�iBQM Qp2`TQi2MiB�Hb
�M/ P?KB+ /`QT BM im`M �HHQr 2biBK�iBQM Q7 bm`7�+2 Qp2`TQi2MiB�Hb BM � +2HH �M/ K�v vB2H/
7m`i?2` BMbB;?i QM /2bQHp�iBQM(kR) �M/ +?�`;2 i`�Mb72` FBM2iB+bX AM i?Bb `2;�`/- Bi Bb TQbbB#H2
i?�i i?2 FBM2iB+b Q7 BQM T�B` 7Q`K�iBQM(Rek) K�v #2 mb2/ �b �M 2[mBHB#`BmK ǳT`Q#2Ǵ Q7 i?2
FBM2iB+b Q7 bQHp�iBQM �M/ /2bQHp�iBQM- �Hi?Qm;? bm+? K2i?Q/b �`2 MQi v2i r2HH 2bi�#HBb?2/X

"2vQM/ #mHF �M/ +QMiBMmmK KQ/2HHBM; Q7 i?2 /BzmbBQM H�v2`- i?2`2 `2K�BMb i?2 [m2biBQM Q7
i?2 BMi2`7�+2- BMi2`T?�b2b �M/ 2H2+i`B+ /Qm#H2 H�v2`X �Hi?Qm;? i?2`2 2tBbi +H�bbB+�H KQH2+mH�`
/vM�KB+b bBKmH�iBQM K2i?Q/b iQ KQ/2H i?2 2H2+i`QHvi2 �i i?2 BMi2`7�+2 Q7 i?2 2H2+i`Q/2-(Re3-
ReN) bm+? K2i?Q/QHQ;v Bb ?B;?Hv /2T2M/2Mi QM i?2 bT2+B}+b Q7 i?2 BMi2`7�+2 +?2KBbi`v �M/
i2`KBM�iBQM- r?B+? �`2 BM K�Mv +�b2b MQi FMQrM �M/ ?2M+2 i?2 `2bmHib K�v MQi #2 `2H2p�Mi
iQ `2�H bvbi2KbX �M�HviB+ K2i?Q/b �M/fQ` T?2MQK2MQHQ;B+�H 2tT`2bbBQMb(RdyĜRdk) K�v #2
� pB�#H2 +QKTH2K2Mi Q` �Hi2`M�iBp2- T`QpB/2/ i?2v �`2 /2p2HQT2/ BM � r�v i?�i �HHQrb 7Q`
2tT2`BK2Mi�H p�HB/�iBQM ě T2`?�Tb pB� T`2/B+iBQM Q7 � bm`7�+2 Qp2`TQi2MiB�H `2H�iBM; iQ i?2
i`�Mb72` Q7 �M 2H2+i`Q�+iBp2 +�iBQM i?`Qm;? i?2 KQ/2HH2/ /Qm#H2 H�v2` �M/fQ` BMi2`7�+2 �M/
BMi2`T?�b2bX

�M �p2Mm2 /Bz2`2Mi i?�M i?�i Q7 7m`i?2` +?�`�+i2`Bx�iBQM Q7 #BM�`v 2H2+i`QHvi2b UbBM;H2
b�Hi �M/ bBM;H2 bQHp2MiV Bb i?2 +QMbB/2`�iBQM Q7 i2`M�`v bvbi2Kb- �b BM irQ bQHp2Mib �M/ �
b�Hi- Q` irQ b�Hib �M/ � bQHp2MiX h?2 K2i?Q/QHQ;v mb2/ BM *?�Ti2`b j �M/ 9 +�M #2 �TTHB2/
iQ bvbi2Kb rBi? � bmTTQ`iBM; 2H2+i`QHvi2X PM2 BMi2`2biBM; +�b2 bim/v Bb i?�i Q7 i?2 #B@b�Hi
bvbi2K J;U">9Vk rBi? bmTTQ`iBM; GB">9 BM �M 2i?2`2�H bQHp2MiX(Rjd- R98- Rey- Rdj) am+?
BMp2biB;�iBQMb K�v T�p2 i?2 r�v 7Q` #B@b�Hi /2bB;M2` 2H2+i`QHvi2b iQ 2M?�M+2 i`�MbTQ`i �M/
+?�`;2 i`�Mb72` FBM2iB+bX

8Xk *QM+HmbBQM
AM i?Bb i?2bBb- Bi r�b 7QmM/ i?�i �MQK�HQmb i`�MbTQ`i BM J; �M/ *� 2i?2`2�H 2H2+i`QHvi2b
Bb r2HH 2tTH�BM2/ pB� i?2 bT2+B�iBQM Q7 i?2 b�Hi BM bQHmiBQMX aT2+B}+�HHv- `2/BbbQ+B�iBQM- Q`
`2BQMBx�iBQM- Q7 i?2 BQMb BM bQHmiBQM 2tTH�BMb i?2 BM+`2�b2 BM KQH�` +QM/m+iBpBivX .B2H2+i`B+
`2H�t�iBQM bT2+i`Qb+QTv r�b mb2/ iQ BMp2biB;�i2 i?2 bT2+B�iBQM BM i?2 J; �M/ *� 2i?2`@#�b2/
+�b2 bim/B2bX JQ`2Qp2`- K2i?Q/QHQ;v iQ �M�Hvx2 /B2H2+i`B+ bT2+i`� mbBM; KQH2+mH�` /vM�KB+b
bBKmH�iBQM r�b /2p2HQT2/ �M/ mb2/ bm++2bb7mHHvX Ai r�b b?QrM i?�i i?2 bT2+B}+ T2`KBiiBpBiv
+QMi`B#miBQMb 7`QK p�`BQmb BQMB+ bT2+B2b +�M #2 +QKTmi2/X h?2b2 bT2+B2b@bT2+B}+ +QMi`B#m@
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iBQMb +�M �HHQr +�H+mH�iBQM Q7 i?2 T2`KBiiBpBiv B7 bT2+B�iBQM Bb +QKTmi2/- Q` �Hi2`M�iBp2Hv-
?2HT BM72` bT2+B�iBQM B7 i?2 T2`KBiiBpBiv Bb K2�bm`2/X

AM i?2 +�b2 Q7 J;h6aAk BM :R �M/ J;h6aAk BM :k- `2/BbbQ+B�iBQM 7`QK +?�`;2/ +QMi�+i
BQM T�B`b iQ 7`22 BQMb 2tTH�BMb i?2 BM+`2�b2 BM KQH�` +QM/m+iBpBivX JQ`2Qp2`- Bi r�b 7QmM/ i?�i
bT2+B�iBQM /B�;`�Kb +�M #2 +QMbi`m+i2/ 7`QK }`bi T`BM+BTH2bX *QMbB/2`�iBQM Q7 .2#v2@>m+F2H
i?2Q`v- "Q`M bQHp�iBQM �M/ BQM T�B`BM; r2`2 M2+2bb�`v 7Q` � `2�bQM�#H2 T?vbB+�H +?2KB+�H
TB+im`2 Q7 i?2 BQMb BM bQHmiBQMX h?2 �;`22K2Mi #2ir22M i?2Q`v �M/ ._a@/2`Bp2/ bT2+B�iBQM
r�b 7m`i?2` +QM}`K2/ i?`Qm;? BM/2T2M/2Mi _�K�M bT2+i`Qb+QTv K2�bm`2K2MibX � +H2�`
TB+im`2 r�b T`QpB/2/ 7Q` i?2 bT2+B�iBQM Q7 BQMb BM i?2 bim/B2/ bQHmiBQMb ě � iQTB+ i?�i ?�b
#22M mM/2` +QMbB/2`�#H2 +QMi2MiBQMX

6Q` *�U">9Vk �M/ J;U">9Vk BM h>6- bT2+B�iBQM 7`QK ._a K2�bm`2K2Mib r�b BM72``2/X
>2`2- QM+2 �;�BM- `2/BbbQ+B�iBQM- Q` `2BQMBx�iBQM- �b M2mi`�H bT2+B2b /BKBMBb? BM 7`�+iBQM iQ
�HHQr 7Q` � ?B;?2` 7`�+iBQM Q7 BQMB+ U+?�`;2/V bT2+B2b �i ?B;?2` b�Hi +QM+2Mi`�iBQMb- Bb +QMbBbi2Mi
rBi? i?2 K2�bm`2/ `2bmHibX h?2 /B2H2+i`B+ +QMbi�Mi Q7 i?2 2H2+i`QHvi2 BM+`2�b2b 7`QK i?2
T`2b2M+2 Q7 M2mi`�H BQMB+ +Hmbi2` bT2+B2b- T`QpB/BM; � i?2`KQ/vM�KB+ /`BpBM; 7Q`+2 7Q` �
H�;2` 7`�+iBQM Q7 +?�`;2/ bT2+B2b �b i?2 b�Hi +QM+2Mi`�iBQM BM+`2�b2bX Ai r�b 7QmM/ i?�i
7Q` *�U">9Vk b�Hi BM h>6- #Qi? M2mi`�H *�U">9Vk �M/ *�kU">9V9 bT2+B2b r2`2 T`2b2Mi BM
bB;MB}+�Mi [m�MiBiB2bX h?2 BQMB+ +Hmbi2` bT2+B2b Q7 *�U">9VY �M/ *�U">9V Ĝ

j r2`2 i?2 K�BM
+?�`;2 +�``B2`b- rBi? 7`22 BQM T`2b2M+2 #2BM; M2;HB;B#H2X

h?2 }M/BM;b T`2b2Mi2/ BM i?Bb i?2bBb �`2 `2H2p�Mi iQ 7mM/�K2Mi�H T?vbB+�H +?2KBbi`v �M/
�TTHB2/ 2H2+i`Q+?2KBbi`vX AM i?2 H�ii2` +�b2- `2/BbbQ+B�iBQM �M/ i`�MbTQ`i K�v #2 2M?�M+2/
rBi? /2bB;M2` 2H2+i`QHvi2b- pB� mb2 Q7 2Bi?2` /m�H bQHp2Mi Q` /m�H b�Hi 2H2+i`QHvi2bX
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"B#HBQ;`�T?v

URV q?BiiBM;?�K- JX aX *?2KB+�H _2pB2rb kyR9- RR9- RR9R9ĜRR99jX
UkV *�M2T�- SXc a�B :�mi�K- :Xc >�MM�?- .X *Xc J�HBF- _Xc GBm- JXc :�HH�;?2`- EX :Xc

S2`bbQM- EX �Xc *2/2`- :X *?2KB+�H _2pB2rb kyRd- RRd- 9k3dĜ9j9RX
UjV h`�M- hX hX h?2 lb2 Q7 �HHQv �MQ/2b �M/ *QMp2MiBQM�H 1H2+i`QHvi2b BM J�;M2bBmK

"�ii2`B2b- S?X.X h?2bBb- .�H?QmbB2 lMBp2`bBiv- kyRkX
U9V Lmbb- SXc 1+F2HK�M- JX CX SGQa PL1 kyR9- N- 2/X #v C�Mbb2M- SX CX- 2RyRkN3X
U8V >2#Bû- aXc L;Q- >X SX EXc G2T`āi`2- CX@*Xc AQDQBm- *Xc *QBMi2�mt- GXc "2`i?2HQi- _Xc

�HHQBM- 6X �*a �TTHB2/ J�i2`B�Hb � AMi2`7�+2b kyRd- N- k3jddĜk3j38X
UeV a�- LXc S�M- "Xc a�?�@a?�?- �Xc >m#�m/- �X �Xc o�m;?2v- CX hXc "�F2`- GX �Xc GB�Q-

*Xc "m``2HH- �X EX �*a �TTHB2/ J�i2`B�Hb � AMi2`7�+2b kyRe- 3- ReyykĜReyy3X
UdV o�M /2` o2M- �Xc .2M;- wXc "�M2`D22- aXc PM;- aX SX *?2KB+�H `2pB2rb kyky- Rky-

eNddĜdyRNX
U3V �iiB�b- _Xc a�H�K�- JXc >B`b+?- "Xc :Qz2`- uXc �m`#�+?- .X CQmH2 kyRN- j- kdĜ8kX
UNV aQM;- CXc a�?�/2Q- 1Xc LQF2/- JXc G22- aX "X CX S?vbX *?2KX G2iiX kyRe- R9X

URyV _B+?�`/ 62vMK�Mc _X "X G2B;?iQMc JX a�M/b- h?2 62vMK�M G2+im`2b QM S?vbB+bc
"�bB+ "QQFb, kyRRc oQHX RX

URRV J�F�`- :Xc E`m;2`- CX AMi2`M�iBQM�H K�i2`B�Hb `2pB2rb RNNj- j3- Sm#HBb?2`, h�vHQ` �
6`�M+Bb- Rj3ĜR8jX

URkV GB/2- .X _X- *_* ?�M/#QQF Q7 +?2KBbi`v �M/ T?vbB+bc *_* T`2bb, kyy9c oQHX 38X
URjV "m+?M2`- _Xc >27i2`- :X hXc J�v- SX JX h?2 CQm`M�H Q7 S?vbB+�H *?2KBbi`v � RNNN-

Ryj- RĜNX
UR9V S2``QM- :Xc "`QmBHH2ii2- .Xc .2bMQv2`b- CX *�MX CX *?2KX RNNd- d8- Rey3ĜReR9X
UR8V q`B;?i- JX _X- �M AMi`Q/m+iBQM iQ �[m2Qmb 1H2+i`QHvi2 aQHmiBQMbc qBH2v, kyydX
UReV "`QmBHH2ii2- .Xc S2``QM- :Xc .2bMQv2`b- CX 1X- jkX
URdV PMBb?B- aXc 6�`#2`- >Xc S2i`m++B- aX h?2 CQm`M�H Q7 S?vbB+�H *?2KBbi`v RN3y- 39-

kNkkĜkNkdX
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UR3V L�M#m- LXc q�i�M�#2- aXc h�F2?�`�- JXc l2- JXc a�b�FB- uX CQm`M�H Q7 1H2+i`Q�M�@
HviB+�H *?2KBbi`v kyyN- ek8- dĜR8X

URNV .2HbB;MQ`2- JXc 6�`#2`- >Xc S2i`m++B- aX h?2 CQm`M�H Q7 S?vbB+�H *?2KBbi`v RN38- 3N-
9Ne3Ĝ9NdjX

UkyV a2H7- CXc >�?M- LX hXc 6QM;- EX .Xc J+*H�`v- aX �Xc w�p�/BH- EX _Xc S2`bbQM- EX �X
h?2 CQm`M�H Q7 S?vbB+�H *?2KBbi`v G2ii2`b kyky- RR- ky9eĜky8kX

UkRV sm- EXc pQM *`2b+2- �Xc G22- lX G�M;KmB` kyRy- ke- RR8j3ĜRR89jX
UkkV J�- GXc a+?`Q2/2`- JX �Xc SQHH�`/- hX SXc "Q`Q/BM- PXc .BM;- JX aXc amM- _Xc *�Q- GXc

>Q- CXc "�F2`- .X _Xc q�M;- *Xc sm- EX 1M2`;v � 1MpB`QMK2Mi�H J�i2`B�Hb kyky-
22KkXRkyddX

UkjV CQr- _Xc w?�M;- aX aXc sm- EXc �HH2M- CX 1*a h`�Mb�+iBQMb kyyd- j- 8RĜ83X
Uk9V L2rK�M- CXc h?QK�b@�Hv2�- EX 1X- 1H2+i`Q+?2KB+�H avbi2Kbc CQ?M qBH2v � aQMb,

kyRkX
Uk8V l2- JX CQm`M�H Q7 i?2 2H2+i`Q+?2KB+�H bQ+B2iv RNN9- R9R- jjjeĜjj9kX
UkeV a?BHQp- AX uXc Gv�b?+?2MFQ- �X EX h?2 CQm`M�H Q7 S?vbB+�H *?2KBbi`v " kyR8- RRN-

Ryy3dĜRyyN8X
UkdV a+?HmKT#2`;2`- aXc "�x�Mi- JX wX �`sBp,RdyNXyjRye (+QM/@K�i- T?vbB+b,T?vbB+b) kyRd-

�`sBp, RdyNXyjRyeX
Uk3V Ab`�2H�+?pBHB- CX LX- AMi2`KQH2+mH�` �M/ bm`7�+2 7Q`+2bc �+�/2KB+ T`2bb, kyRRX
UkNV "�`i?2H- CXc L2m2/2`- _Xc SQ2TF2- >Xc qBiiK�MM- >X CQm`M�H Q7 bQHmiBQM +?2KBbi`v

RNNN- k3- Sm#HBb?2`, aT`BM;2`- 93NĜ8yjX
UjyV *�+?2i- >Xc 62FB`- JXc G2bi`�/2- CX@*X *�M�/B�M CQm`M�H Q7 *?2KBbi`v RN3R- 8N-

Ry8RĜRyeyX
UjRV 1H2+i`QHvi2b 7Q` GBi?BmK �M/ GBi?BmK@AQM "�ii2`B2bc CQr- hX _X- sm- EX- "Q`Q/BM- PX-

l2- JX- 1/bXc JQ/2`M �bT2+ib Q7 1H2+i`Q+?2KBbi`v- oQHX 83c aT`BM;2` L2r uQ`F, L2r
uQ`F- Lu- kyR9X

UjkV SBix2`- EX aX h?2 CQm`M�H Q7 S?vbB+�H *?2KBbi`v RNdj- dd- Sm#HBb?2`, �*a Sm#HB+�@
iBQMb- ke3ĜkddX

UjjV SBix2`- EX aXc J�vQ`;�- :X h?2 CQm`M�H Q7 S?vbB+�H *?2KBbi`v RNdj- dd- Sm#HBb?2`,
�*a Sm#HB+�iBQMb- kjyyĜkjy3X

Uj9V "�`i?2H- CXc L2m2/2`- _Xc SQ2TF2- >Xc qBiiK�MM- >X CQm`M�H Q7 bQHmiBQM +?2KBbi`v
RNN3- kd- Sm#HBb?2`, aT`BM;2`- Ry88ĜRyeeX

Uj8V J�`+mb- uXc >27i2`- :X *?2KB+�H _2pB2rb kyye- Rye- 9838Ĝ9ekRX
UjeV "HmK- GX JQH2+mH�` S?vbB+b RNd8- jy- Sm#HBb?2`, h�vHQ` � 6`�M+Bb- R8kNĜR8j8X
UjdV J�`B#Q@JQ;2Mb2M- "Xc EQMiQ;2Q`;Bb- :X JXc h?QKb2M- EX AM/mbi`B�H � 1M;BM22`BM;

*?2KBbi`v _2b2�`+? kyRk- 8R- 8j8jĜ8jejX
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Uj3V *`Qi?2`b- �X _Xc _�/F2- *X CXc S`�mbMBix- CX JX AM/mbi`B�H � 1M;BM22`BM; *?2KBbi`v
_2b2�`+? kyRN- 83- R3jedĜR3jddX

UjNV aBKQMBM- CX@SXc "2`M�`/- PXc "HmK- GX h?2 CQm`M�H Q7 S?vbB+�H *?2KBbi`v " RNN3-
Ryk- 99RRĜ99RdX

U9yV oBM+x2- CXc o�HBbFƦ- JXc "Q/�- .X h?2 CQm`M�H Q7 *?2KB+�H S?vbB+b kyRy- Rjj- R898ydX
U9RV o�HBbFƦ- JXc "Q/�- .X h?2 CQm`M�H Q7 S?vbB+�H *?2KBbi`v " kyR8- RRN- R9jjkĜR9jjeX
U9kV "Q`Q/BM- PXc a2H7- CXc S2`bbQM- EX �Xc q�M;- *Xc sm- EX CQmH2 kyky- 9- eNĜRyyX
U9jV a2H7- CXc 6QM;- EX .Xc S2`bbQM- EX �X �*a 1M2`;v G2ii2`b kyRN- 9- k39jĜk39NX
U99V �##Q- >X aXc �H@L�D�`- �X �X "mHHX *?2KX aQ+X CTMX RNNy- k99d- k99dĜk99NX
U98V EQM/Q- EXc a�MQ- JXc >Br�`�- �Xc PKB- hXc 6mDBi�- JXc Emr�2- �Xc AB/�- JXc JQ;B- EXc

uQFQv�K�- >X h?2 CQm`M�H Q7 S?vbB+�H *?2KBbi`v " kyyy- Ry9- 8y9yĜ8y99X
U9eV G22- qX >Xc q?2�iQM- _X CX h?2 CQm`M�H Q7 S?vbB+�H *?2KBbi`v RNd3- 3k- ey8Ĝey3X
U9dV "m+?M2`- _Xc >27i2`- :X S?vbB+�H *?2KBbi`v *?2KB+�H S?vbB+b kyyN- RR- 3N39X
U93V S2i`m++B- aXc J�bBF2`- JX *Xc 1v`BM;- 1X JX CQm`M�H Q7 aQHmiBQM *?2KBbi`v kyy3- jd-

RyjRĜRyj8X
U9NV "m+?M2`- _Xc *?2M- hXc >27i2`- :X h?2 CQm`M�H Q7 S?vbB+�H *?2KBbi`v " kyy9- Ry3-

kje8Ĝkjd8X
U8yV 1#2`bT +?2`- SXc qBbK2i?- 1Xc "m+?M2`- _Xc "�`i?2H- CX CQm`M�H Q7 JQH2+mH�` GB[mB/b

kyye- RkN- jĜRkX
U8RV "`Q�/#�M/ .B2H2+i`B+ aT2+i`Qb+QTvc E`2K2`- 6X- a+?ƺM?�Hb- �X- 1/bXc aT`BM;2` "2`HBM

>2B/2H#2`;, "2`HBM- >2B/2H#2`;- kyyjX
U8kV a+?rB+?i2M#2`;- CX- LQ@MQMb2Mb2 *H�bbB+�H J2+?�MB+b, � aim/2Mi@6`B2M/Hv AMi`Q/m+@

iBQMc LQ@LQMb2Mb2 "QQFb, kyRNX
U8jV *�H2K�M- *Xc p�M J��`2M- SX CXc >QM;- JXc >m#- CX aXc *Qbi�- GX hXc p�M /2` aTQ2H-

.X CQm`M�H Q7 *?2KB+�H h?2Q`v �M/ *QKTmi�iBQM kyRk- 3- eRĜd9X
U89V EQH�7�- CXc oB2`2`#HQp�- GX CQm`M�H Q7 *?2KB+�H h?2Q`v �M/ *QKTmi�iBQM kyR9- Ry-

R9e3ĜR9deX
U88V L2mK�MM- JX JQH2+mH�` S?vbB+b RN3j- 8y- 39RĜ383X
U8eV "Q`2b+?- aXc ai2BM?�mb2`- PX "2`B+?i2 /2` "mMb2M;2b2HHb+?�7i 7Ƀ` T?vbBF�HBb+?2 *?2KB2

RNNd- RyR- RyRNĜRykNX
U8dV a2H7- CXc qQQ/- "X JXc _�DTmi- LX LXc S2`bbQM- EX �X h?2 CQm`M�H Q7 S?vbB+�H *?2K@

Bbi`v * kyR3- Rkk- RNNyĜRNN9X
U83V :`x2iB+- .X CXc .2H�M2v- EX hXc 6`2/`B+FbQM- :X >X S?vbB+�H _2pB2r G2ii2`b kyRN- Rkk-

Rk3yydX
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U8NV :KBii2`- �X CXc SHBix- AXc �K�im++B- :X :X CQm`M�H Q7 h?2 1H2+i`Q+?2KB+�H aQ+B2iv
kyRk- R8N- �jdyĜ�jdNX

UeyV S2iB#QM- _Xc �BF2M- *Xc J�- GXc sBQM;- .Xc .�?M- CX 1H2+i`Q+?BKB+� �+i� kyR8- R89-
k3dĜkNjX

UeRV J�- GXc :H�xB2`- aX GXc S2iB#QM- _Xc sB�- CXc S2i2`b- CX JXc GBm- ZXc �HH2M- CXc .QB;-
_X LX *Xc .�?M- CX _X CQm`M�H Q7 h?2 1H2+i`Q+?2KB+�H aQ+B2iv kyRd- Re9- �8yy3Ĝ
�8yR3X

UekV 6`2MF2H- .Xc aKBi- "X- lM/2`bi�M/BM; JQH2+mH�` aBKmH�iBQM, 7`QK �H;Q`Bi?Kb iQ �T@
THB+�iBQMbc �+�/2KB+ S`2bb, a�M .B2;Q- kyykc oQHX RX

UejV >2bb- "Xc EmixM2`- *Xc p�M /2` aTQ2H- .Xc GBM/�?H- 1X CQm`M�H Q7 *?2KB+�H h?2Q`v
�M/ *QKTmi�iBQM kyy3- 9- 9j8Ĝ99dX

Ue9V �#`�?�K- JX CXc Jm`iQH�- hXc a+?mHx- _Xc S�HH- aXc aKBi?- CX *Xc >2bb- "Xc GBM/�?H- 1X
aQ7ir�`2s kyR8- R@k- RNĜk8X

Ue8V J�`iőM2x- GXc �M/`�/2- _Xc "B`;BM- 1X :Xc J�`iőM2x- CX JX CQm`M�H Q7 *QKTmi�iBQM�H
*?2KBbi`v kyyN- jy- kR8dĜkRe9X

UeeV aQ2i2Mb- CX@*Xc JBHHQi- *Xc J�B;`2i- "X h?2 CQm`M�H Q7 S?vbB+�H *?2KBbi`v � RNN3-
RykX

UedV CQ`;2Mb2M- qX GX �++QmMib Q7 *?2KB+�H _2b2�`+? RN3N- kk- R39ĜR3NX
Ue3V CQ`;2Mb2M- qX GXc J�tr2HH- .X aXc hB`�/Q@_Bp2b- CX CQm`M�H Q7 i?2 �K2`B+�M *?2KB+�H

aQ+B2iv RNNe- RR3- RRkk8ĜRRkjeX
UeNV *�MQM;B� GQT2b- CX LXc .2b+?�KTb- CXc S�/m�- �X �X >X h?2 CQm`M�H Q7 S?vbB+�H

*?2KBbi`v " kyy9- Ry3- kyj3Ĝky9dX
UdyV .Q?2`iv- "Xc w?QM;- sXc :�i?B�F�- aXc GB- "Xc �+2p2/Q- PX CQm`M�H Q7 *?2KB+�H h?2Q`v

�M/ *QKTmi�iBQM kyRd- Rj- eRjRĜeR98X
UdRV "2`2M/b2M- >X CX *Xc SQbiK�- CX SX JXc p�M :mMbi2`2M- qX 6Xc .BLQH�- �Xc >��F- CX _X

h?2 CQm`M�H Q7 *?2KB+�H S?vbB+b RN39- 3R- je39ĜjeNyX
UdkV "mbbB- :Xc .QM�/BQ- .Xc S�``BM2HHQ- JX h?2 CQm`M�H Q7 *?2KB+�H S?vbB+b kyyd- Rke-

yR9RyRX
UdjV _BMM2- EX 6Xc :2FH2- aXc L2ix- _X _X h?2 CQm`M�H Q7 *?2KB+�H S?vbB+b kyR9- R9R-

kR98ykX
Ud9V S2``QM- :Xc "`QmBHH2i2- .Xc .2bMQv2`b- CX 1X *QKT�`BbQM Q7 i?2 i?2`KQ/vM�KB+ �M/

i`�MbTQ`i T2`QT2`iB2b Q7 HBi?BmK #BbUi`B~mQ`QK2i?vHbmH7QMvHVBKB/2 UGBh6aAV rBi? GB@
*HP9 �M/ "m9L"` BM r�i2` �i k8*- RNNdX

Ud8V *?�B- CX@.Xc >2�/@:Q`/QM- JX S?vbB+�H *?2KBbi`v *?2KB+�H S?vbB+b kyy3- Ry- eeR8X
UdeV S�B2`- CXc J�`bK�M- JXc E`2bb2- :X h?2 CQm`M�H Q7 *?2KB+�H S?vbB+b kyyd- Rkd-

yk9RyjX
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UddV hQK�bB- CXc J2MMm++B- "Xc *�KKB- _X *?2KB+�H _2pB2rb kyy8- Ry8- kNNNĜjyN9X
Ud3V _B#2B`Q- _X 6Xc J�`2MB+?- �X oXc *`�K2`- *X CXc h`m?H�`- .X :X h?2 CQm`M�H Q7 S?vbB+�H

*?2KBbi`v " kyRR- RR8- R988eĜR98ekX
UdNV :`BKK2- aX *?2KBbi`v @ � 1m`QT2�M CQm`M�H kyRk- R3- NN88ĜNNe9X
U3yV a?i2`2M#2`;- AXc a�H�K�- JXc :Q72`- uXc G2pB- 1Xc �m`#�+?- .X J_a "mHH2iBM kyR9-

jN- 98jĜ9eyX
U3RV a?i2`2M#2`;- AXc a�H�K�- JXc uQQ- >X .Xc :Q72`- uXc S�`F- CX@"Xc amM- uX@EXc �m`#�+?-

.X CQm`M�H Q7 h?2 1H2+i`Q+?2KB+�H aQ+B2iv kyR8- Rek- �dRR3Ĝ�dRk3X
U3kV >�- aX@uXc G22- uX@qXc qQQ- aX qXc EQQ- "Xc EBK- CX@aXc *?Q- CXc G22- EX hXc *?QB-

LX@aX �*a �TTHB2/ J�i2`B�Hb � AMi2`7�+2b kyR9- e- 9yejĜ9ydjX
U3jV :B{M- :X �Xc JQ`2iiB- �Xc C2QM;- aXc S�bb2`BMB- aX h?2 CQm`M�H Q7 S?vbB+�H *?2KBbi`v

* kyR9- RR3- NNeeĜNNdjX
U39V G�TB/mb- aX >Xc _�DTmi- LX LXc Zm- sXc *?�TK�M- EX qXc S2`bbQM- EX �Xc *?mT�b-

SX CX S?vbX *?2KX *?2KX S?vbX kyR9- Re- kRN9RĜkRN98X
U38V _�DTmi- LX LXc a2;mBM- hX CXc qQQ/- "X JXc Zm- sXc S2`bbQM- EX �X AM JQ/2HBM;

1H2+i`Q+?2KB+�H 1M2`;v aiQ`�;2 �i i?2 �iQKB+ a+�H2- aT`BM;2`- kyR3- TT dNĜRk9X
U3eV u�K�/�- uXc u�K�/�- �X CQm`M�H Q7 h?2 1H2+i`Q+?2KB+�H aQ+B2iv kyR8- Rek- �k9yeĜ

�k9kjX
U3dV �m`#�+?- .Xc SQHH�F- 1Xc 1H�x�`B- _Xc a�HBi`�- :Xc E2HH2v- *X aXc �{MBiQ- CX CQm`M�H Q7

h?2 1H2+i`Q+?2KB+�H aQ+B2iv kyyN- R8e- �eN9X
U33V "m`F2- *X JXc S�M/2- oXc E?2i�M- �Xc oBbr�M�i?�M- oXc J+*HQbF2v- "X .X S`Q+22/BM;b

Q7 i?2 L�iBQM�H �+�/2Kv Q7 a+B2M+2b kyR8- RRk- NkNjĜNkN3X
U3NV _Qb2MK�M- �Xc J�`F2pB+?- 1Xc a�HBi`�- :Xc �m`#�+?- .Xc :�`bm+?- �Xc *?2bM2�m- 6X 6X

�/p�M+2/ 1M2`;v J�i2`B�Hb kyR8- 8- R8yykRkX
UNyV Em#BbB�F- SXc 1BHK2b- �X h?2 CQm`M�H Q7 S?vbB+�H *?2KBbi`v * kyR3- Rkk- RkeR8Ĝ

RkekkX
UNRV EBKm`�- hXc 6mDBB- EXc a�iQ- uXc JQ`Bi�- JXc uQb?BKQiQ- LX h?2 CQm`M�H Q7 S?vbB+�H

*?2KBbi`v * kyR8- RRN- R3NRRĜR3NRdX
UNkV "�bFBM- �Xc S`2M/2`;�bi- .X h?2 CQm`M�H Q7 S?vbB+�H *?2KBbi`v * kyRe- Rky- j83jĜ

j8N9X
UNjV a�H�K�- JXc a?i2`2M#2`;- AXc :Bx#�`- >Xc 1HB�x- LX LXc EQb�- JXc E2BM�M@�/�KbFv-

EXc �7`B- JXc a?BKQM- GX CX qXc :QiiHB2#- >X 1Xc J�DQ`- .X hXc :Q72`- uXc �m`#�+?- .X
h?2 CQm`M�H Q7 S?vbB+�H *?2KBbi`v * kyRe- Rky- RN83eĜRN8N9X

UN9V a�- LXc _�DTmi- LX LXc q�M;- >Xc E2v- "Xc 62``�M/QM- JXc a`BMBp�b�M- oXc S2`bbQM-
EX �Xc "m``2HH- �X EXc o�m;?2v- CX hX _a* �/p�M+2b kyRe- e- RRjeejĜRRjedyX
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UN8V CX JX "�`i?2Hc E`B2MF2- >Xc EmMx- qX- S?vbB+�H *?2KBbi`v Q7 1H2+i`QHvi2 aQHmiBQMb,
JQ/2`M �bT2+ib- aT`BM;2` a+B2M+2 � "mbBM2bb J2/B�- RNN3c oQHX 8X

UNeV .Qm+2v- GXc _2p�mHi- JXc G�miBû- �Xc *?�mbbû- �Xc J2bbBM�- _X 1H2+i`Q+?BKB+� �+i�
RNNN- 99- kjdRĜkjddX

UNdV "Q`Q/BM- PXc .Qm;H�b- _Xc aKBi?- :Xc 1v`BM;- 1X JXc S2i`m++B- aX h?2 CQm`M�H Q7
S?vbB+�H *?2KBbi`v " kyyk- Rye- kR9yĜkR98X

UN3V GQ;�M- 1X _Xc hQMBi�- 1X JXc :2`BM;- EX GXc J�- GXc "�m2`- JX EX :Xc GB- CXc "2�mHB2m-
GX uXc .�?M- CX _X CQm`M�H Q7 h?2 1H2+i`Q+?2KB+�H aQ+B2iv kyR3- Re8- �dy8Ĝ�dReX

UNNV *�p2HH- 1X �X aXc EMB;?i- SX *X w2Bib+?`B7i 7m` S?vbBF�HBb+?2 *?2KB2 L2m2 6QH;2 RNe3-
8d- jjRĜjj9X

URyyV 6�`#2`- >Xc S2i`m++B- aX h?2 CQm`M�H Q7 S?vbB+�H *?2KBbi`v RNd8- dN- RkkRĜRkkdX
URyRV 6�`#2`- >Xc S2i`m++B- aX h?2 CQm`M�H Q7 S?vbB+�H *?2KBbi`v RNde- 3y- jkdĜjj8X
URykV >r�M;- aXc EBK- .X@>Xc a?BM- CX >Xc C�M;- CX 1Xc �?M- EX >Xc G22- *Xc G22- >X h?2

CQm`M�H Q7 S?vbB+�H *?2KBbi`v * kyR3- Rkk- RN9j3ĜRN99eX
URyjV J�`+mb- uX *?2KB+�H _2pB2rb RN33- 33- R9d8ĜR9N3X
URy9V a�HQKQM- JX CQm`M�H Q7 aQHmiBQM *?2KBbi`v RNNj- kkX
URy8V 6`Bb+?- JX CX 2i �HX- :�mbbB�MRe _2pBbBQM "XyR- kyReX
URyeV q2B;2M/- 6Xc �?H`B+?b- _X S?vbB+�H *?2KBbi`v *?2KB+�H S?vbB+b kyy8- d- jkNdX
URydV a+?`Q/BM;2`- GX J�+`QJQ/2H- L2r uQ`F- Lu- kyR3X
URy3V _Q/`B;m2x@:m2``�- CXc *?2M- CX kyR3- RyX8k3Rfx2MQ/QXRk9d8e8- RyX8k3Rfx2MQ/QXRk9d8e8X
URyNV >m#- CX aXc /2 :`QQi- "X GXc :`m#KɃHH2`- >Xc :`Q2M?Q7- :X CQm`M�H Q7 *?2KB+�H h?2Q`v

�M/ *QKTmi�iBQM kyR9- Ry- j3RĜjNyX
URRyV q�iFBMb- hXc "mii`v- .X �X h?2 CQm`M�H Q7 S?vbB+�H *?2KBbi`v " kyR8- RRN- dyyjĜ

dyR9X
URRRV "�/B�HB- CX@SXc *�+?2i- >Xc *v`Qi- �Xc G2bi`�/2- CX@*X CQm`M�H Q7 i?2 *?2KB+�H aQ+B2iv-

6�`�/�v h`�Mb�+iBQMb k RNdj- eN- RjjNX
URRkV *QH2- EX aXc *QH2- _X >X h?2 CQm`M�H Q7 *?2KB+�H S?vbB+b RN9R- N- j9RĜj8RX
URRjV :`Qbb2- *X CQm`M�H Q7 *QHHQB/ �M/ AMi2`7�+2 a+B2M+2 kyR9- 9RN- RykĜRyeX
URR9V *�#2HHQ- JXc L�+BKB2MiQ- 6Xc �H+�Mi�`�- _Xc G�p2H�- SXc Sû`2x oB+2Mi2- *Xc hB`�/Q-

CX GX *?2KBbi`v Q7 J�i2`B�Hb kyR3- jy- 838jĜ83eRX
URR8V C2QM- "Xc >2Q- CX qXc >vQmM;- CXc Er�F- >X >Xc G22- .X JXc >QM;- aX@hX *?2KBbi`v

Q7 J�i2`B�Hb kyky- �+bX+?2KK�i2`Xy+yRRRkX
URReV GBTbQM- �X GXc S�M- "Xc G�TB/mb- aX >Xc GB�Q- *Xc o�m;?2v- CX hXc AM;`�K- "X CX

*?2KBbi`v Q7 J�i2`B�Hb kyR8- kd- 399kĜ399dX



"A"GAP:_�S>u 83

URRdV S�`F- >Xc *mB- uXc EBK- aXc o�m;?2v- CX hXc w�TQH- SX h?2 CQm`M�H Q7 S?vbB+�H *?2K@
Bbi`v * kyky- Rk9- 8NykĜ8NyNX

URR3V SQM`Qm+?- �Xc S�H�+BM- JX *m``2Mi PTBMBQM BM 1H2+i`Q+?2KBbi`v kyR3- N- RĜdX
URRNV h+?Bi+?2FQp�- .X aXc SQM`Qm+?- �Xc o2``2HHB- _Xc "`Qmt- hXc 6`QMi2`�- *Xc aQ``2MiBMQ-

�Xc "�`/û- 6Xc "BbFmT- LXc �``QvQ@/2 .QKT�#HQ- JX 1Xc S�H�+őM- JX _X *?2KBbi`v Q7
J�i2`B�Hb kyR3- jy- 39dĜ38eX

URkyV q�M;- CXc h�M- aXc sBQM;- 6Xc um- _Xc qm- SXc *mB- GXc �M- ZX *?2KB+�H *QKKmMB+�@
iBQMb kyky- 8e- j3y8Ĝj3y3X

URkRV �m`#�+?- .Xc :Q72`- uX CQm`M�H Q7 h?2 1H2+i`Q+?2KB+�H aQ+B2iv RNNR- Rj3- j8kNĜj8jeX
URkkV SQM`Qm+?- �Xc 6`QMi2`�- *Xc "�`/û- 6Xc S�H�+őM- JX _X L�im`2 J�i2`B�Hb kyRe- R8-

ReNĜRdkX
URkjV "B`B�- aXc S�i?`22F2`- aXc GB- >Xc >Qb2BM- AX .X �*a �TTHB2/ 1M2`;v J�i2`B�Hb kyRN-

k- ddj3Ĝdd9jX
URk9V q�M;- 6Xc "Q`Q/BM- PXc :�Q- hXc 6�M- sXc amM- qXc >�M- 6Xc 6�`�QM2- �Xc .m`�- CX �Xc

sm- EXc q�M;- *X L�im`2 J�i2`B�Hb kyR3- Rd- 89jĜ89NX
URk8V w?�M;- wXc *mB- wXc ZB�Q- GXc :m�M- CXc sm- >Xc q�M;- sXc >m- SXc .m- >Xc GB- aXc

w?Qm- sXc .QM;- aXc GBm- wXc *mB- :Xc *?2M- GX �/p�M+2/ 1M2`;v J�i2`B�Hb kyRd- d-
Reyky88X

URkeV a?v�KbmM/2`- �Xc "H�M+- GX 1Xc �bbQm/- �Xc L�x�`- GX 6X �*a 1M2`;v G2ii2`b kyRN-
9- kkdRĜkkdeX

URkdV >�?M- LX hXc .`Bb+QHH- .X JXc um- wXc ai2`#BMbFv- :X 1Xc *?2M;- GXc "�H�bm#`�K�MB�M-
JXc w�p�/BH- EX _X �*a �TTHB2/ 1M2`;v J�i2`B�Hb kyky- �+b�2KXy+yRydyX

URk3V "�`/- �X CXc 6�mHFM2`- GX _X- 1H2+i`Q+?2KB+�H K2i?Q/b, 7mM/�K2Mi�Hb �M/ �TTHB+�iBQMb-
kM/ 2/c qBH2v, L2r uQ`F- kyyRX

URkNV q�M;- .Xc :�Q- sXc *?2M- uXc CBM- GXc Embb- *Xc "`m+2- SX :X L�im`2 J�i2`B�Hb kyRd-
Rd- ReĜkyX

URjyV >�?M- LX hXc a2H7- CXc a2;mBM- hX CXc .`Bb+QHH- .X JXc _Q/`B;m2x- JX �Xc "�H�bm#`�K�@
MB�M- JXc S2`bbQM- EX �Xc w�p�/BH- EX _X CQm`M�H Q7 J�i2`B�Hb *?2KBbi`v � kyky- 3-
dkj8Ĝdk99X

URjRV >�?M- LX hXc a2H7- CXc >�M- EX aXc oBD�v�FmK�`- JXc Jm2HH2`- EX hXc S2`bbQM- EX �Xc
w�p�/BH- EX _X h?2 CQm`M�H Q7 S?vbB+�H *?2KBbi`v " kykR- AM S`2bb- NX

URjkV h`�?2v- GX 2i �HX S`Q+22/BM;b Q7 i?2 L�iBQM�H �+�/2Kv Q7 a+B2M+2b kyky- RRd- Rk88yĜ
Rk88dX

URjjV GB�M;- uXc .QM;- >Xc �m`#�+?- .Xc u�Q- uX L�im`2 1M2`;v kyky- 8- e9eĜe8eX
URj9V �``QvQ@/2 .QKT�#HQ- JX 1Xc SQM`Qm+?- �Xc CQ?�MbbQM- SXc S�H�+őM- JX _X *?2KB+�H

_2pB2rb kyky- Rky- ejjRĜej8dX
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URj8V JBx`�?B- PXc �KB`- LXc SQHH�F- 1Xc *?mbB/- PXc J�`Fb- oXc :QiiHB2#- >Xc G�`mb?- GXc
wBMB;`�/- 1Xc �m`#�+?- .X CQm`M�H Q7 i?2 1H2+i`Q+?2KB+�H aQ+B2iv kyyd- R88- Sm#@
HBb?2`, APS Sm#HBb?BM;- �RyjX

URjeV oB2bi7`B/- uXc G2pB- JXc :Q72`- uXc �m`#�+?- .X CQm`M�H Q7 1H2+i`Q�M�HviB+�H *?2KBbi`v
kyy8- 8de- R3jĜRN8X

URjdV JQ?i�/B- _Xc J�ibmB- JXc �`i?m`- hX aXc >r�M;- aX@CX �M;2r�M/i2 *?2KB2 AMi2`M�@
iBQM�H 1/BiBQM kyRk- 8R- Nd3yĜNd3jX

URj3V a?�Q- uXc GBm- hXc GB- :Xc :m- JXc LB2- wXc 1M;2H?�`/- JXc sB�Q- CXc Gp- .Xc q�M;- *Xc
w?�M;- CX@:Xc GBm- CX a+B2MiB}+ _2TQ`ib kyRj- j- jRjyX

URjNV Gm- wXc *Bm++B- 6X *?2KX J�i2`X kyRd- RkX
UR9yV *m�M- CXc w?Qm- uXc w?Qm- hXc GBM;- aXc _mB- EXc :mQ- wXc GBm- >Xc um- sX �/p�M+2/

J�i2`B�Hb kyRN- jR- R3yj8jjX
UR9RV >2- hXc *�Q- >Xc *?2M- SX �/p�M+2/ J�i2`B�Hb kyRN- jR- RNykd8dX
UR9kV a+?M22K�MM- �Xc q�M- GX 6Xc GBTiQM- �X aXc GBm- uX@aXc aMB/2`- CX GXc "�F2`- �X �Xc

am;�`- CX .Xc aT�i�`m- *X .Xc :mQ- CXc �mi`2v- hX aXc CǠ`;2Mb2M- JXc C2Mb2M- hX _Xc
qQQ/- "X *Xc �HH2M/Q`7- JX .Xc ai�pBH�- oX �*a L�MQ kyky- R9- RykN9ĜRyjy9X

UR9jV a�Km2H- .Xc ai2BM?�mb2`- *Xc aKBi?- CX :Xc E�m7K�M- �Xc _�/BM- JX .Xc L�`mb2- CXc
>B`�K�ibm- >Xc aB2;2H- .X CX �*a �TTHB2/ J�i2`B�Hb � AMi2`7�+2b kyRd- N- 9jd88Ĝ
9jdeeX

UR99V .22ix- CX .Xc *�Q- 6Xc q�M;- ZXc amM- >X CQm`M�H Q7 h?2 1H2+i`Q+?2KB+�H aQ+B2iv
kyR3- Re8- �eRĜ�dyX

UR98V .22ix- CX .Xc *�Q- 6Xc amM- >X CQm`M�H Q7 h?2 1H2+i`Q+?2KB+�H aQ+B2iv kyR3- Re8-
�k98RĜ�k98dX

UR9eV �`i?m`- hX aXc :H�Mb- SX@�Xc aBM;?- LXc hmimb�mb- PXc LB2- EXc GBm- uX@aXc JBxmMQ- 6Xc
:mQ- CXc �Hb2K- .X >Xc a�HKQM- LX CXc JQ?i�/B- _X *?2KBbi`v Q7 J�i2`B�Hb kyRd- kN-
dR3jĜdR33X

UR9dV h�- EXc w?�M;- _Xc a?BM- JXc _QQM2v- _X hXc L2mK�MM- 1X EXc :2rB`i?- �X �X �*a
�TTHB2/ K�i2`B�Hb � BMi2`7�+2b kyRN- RR- Sm#HBb?2`, �*a Sm#HB+�iBQMb- kR8jeĜkR89kX

UR93V E�ix- �X EXc :HmbF2`- CX SXc "22#2- aX �Xc "Q+F- *X qX CQm`M�H Q7 i?2 �K2`B+�M
*?2KB+�H aQ+B2iv RNNe- RR3- Sm#HBb?2`, �*a Sm#HB+�iBQMb- 8d8kĜ8dejX

UR9NV *�`�7QHB- 1Xc E`2#b- CX CQm`M�H Q7 "BQHQ;B+�H *?2KBbi`v kyRe- kNR- Sm#HBb?2`, 1Hb2pB2`-
ky39NĜky38dX

UR8yV _�DTmi- LX LXc Zm- sXc a�- LXc "m``2HH- �X EXc S2`bbQM- EX �X CQm`M�H Q7 i?2 �K2`B+�M
*?2KB+�H aQ+B2iv kyR8- Rjd- j9RRĜj9kyX

UR8RV �b?#v- 1X *Xc .Q##b- 6X _Xc >QTFBMb- >X SX CQm`M�H Q7 i?2 �K2`B+�M *?2KB+�H aQ+B2iv
RNdj- N8- k3kjĜk3kNX
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UR8kV "`2K2`- JXc Lƺi?- >Xc h?QK�MM- JXc a+?KB/i- JX *?2KBb+?2 "2`B+?i2 RNN8- Rk3-
988Ĝ9eyX

UR8jV "`2K2`- JXc Lƺi?- >Xc q�`+??QH/- JX 1m`QT2�M CQm`M�H Q7 AMQ`;�MB+ *?2KBbi`v
kyyj- kyyj- RRRĜRRNX

UR89V GQ#FQpbFBB- 1X "Xc hBiQp- GX oXc SbBF?�- aX "Xc �MiBTBM- JX uXc ai`m+?FQp- uX hX
CQm`M�H Q7 ai`m+im`�H *?2KBbi`v RN3j- kj- e99Ĝe9eX

UR88V S2i`QrbFv- JXc 6`2+?- _Xc am�`2x- aX LXc C�v�FQ/v- CX _X SXc :`22M#�mK- aX h?2
CQm`M�H Q7 S?vbB+�H *?2KBbi`v " kyye- RRy- kjyRkĜkjykRX

UR8eV h�F2m+?B- JXc E�K2/�- uXc lK2#�v�b?B- uXc P;�r�- aXc aQMQ/�- hXc Ab?B;m`Q- aX@BXc
6mDBi�- JXc a�MQ- JX CQm`M�H Q7 JQH2+mH�` GB[mB/b kyyN- R93- NNĜRy3X

UR8dV 6QM;- EX .Xc a2H7- CXc J+*HQbF2v- "X .Xc S2`bbQM- EX �X J�+`QKQH2+mH2b kykR- 89-
k8d8Ĝk8NRX

UR83V *Q?2M- GX >Xc a�`�7- .X LXc qBi?2`bTQQM- SX �X a+B2M+2 RNej- R9k- N88ĜN8eX
UR8NV >�HH- .X aXc a2H7- CXc .�?M- CX _X h?2 CQm`M�H Q7 S?vbB+�H *?2KBbi`v * kyR8- RRN-

kkjkkĜkkjjyX
UReyV *?�M;- CXc >��b+?- _X hXc EBK- CXc aTBH�- hXc "`�mM- SX oXc :2rB`i?- �X �Xc LmxxQ-

_X :X �*a �TTHB2/ J�i2`B�Hb � AMi2`7�+2b kyR8- d- k9N9Ĝk8ykX
UReRV a��`- .Xc "`�mM2`- CXc 6�`#2`- >Xc S2i`m++B- aX h?2 CQm`M�H Q7 S?vbB+�H *?2KBbi`v

RNd3- 3k- k8jRĜk8j8X
URekV "m+?M2`- _Xc "�`i?2H- CX CQm`M�H Q7 KQH2+mH�` HB[mB/b RNN8- ej- Sm#HBb?2`, 1Hb2pB2`-

88Ĝd8X
URejV Sm- aX .Xc :QM;- *Xc :�Q- sXc LBM;- wXc u�M;- aXc J�`B2- CX@CXc GBm- "Xc >Qmb2- _X �Xc

>�`iH2v- :X PXc GmQ- CXc "`m+2- SX :Xc _Q#2`ibQM- �X qX �*a 1M2`;v G2ii2`b kyky-
8- kk3jĜkkNyX

URe9V .QvH2- JXc 6mHH2`- hX 6Xc L2rK�M- CX CQm`M�H Q7 i?2 1H2+i`Q+?2KB+�H bQ+B2iv RNNj-
R9y- Sm#HBb?2`, APS Sm#HBb?BM;- R8keX

URe8V .B+FBMbQM- 1X CXc 1Fbi`ƺK- >Xc 6QMi2b- 1X 1H2+i`Q+?2KBbi`v +QKKmMB+�iBQMb kyR9- 9y-
Sm#HBb?2`, 1Hb2pB2`- dRĜd9X

UReeV amHx2`- oXc J�`[mBb- aX :Xc hBKKb- _Xc _Q#BMbQM- JXc *?�TK�M- aX CX kyky- Sm#@
HBb?2`, 1*a�`sBpX

URedV .B2/2`B+?b2M- EX JXc J+a?�M2- 1X CXc J+*HQbF2v- "X .X �*a 1M2`;v G2ii2`b kyRd-
k- k8ejĜk8d8X

URe3V J2`H2i- *Xc GBKK2`- .X hXc a�H�MM2- JXc p�M _QBD- _Xc J�//2M- SX �Xc *?�M/H2`- .Xc
_Qi2M#2`;- "X h?2 CQm`M�H Q7 S?vbB+�H *?2KBbi`v * kyR9- RR3- R3kNRĜR3kN3X

UReNV >m- wXc o�i�K�Mm- CXc "Q`Q/BM- PXc "2/`Qp- .X S?vbB+�H *?2KBbi`v *?2KB+�H S?vbB+b
kyRj- R8- R9kj9X
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URdyV .2p�M�i?�M- JX �X oX h`�Mb�+iBQMb Q7 i?2 6�`�/�v aQ+B2iv RN89- 8y- jdjX
URdRV >�K2HBM- �X AM JQ/2`M �bT2+ib Q7 1H2+i`Q+?2KBbi`v- RN38c oQHX ReX
URdkV o�H2ii2- :X CQm`M�H Q7 1H2+i`Q�M�HviB+�H *?2KBbi`v �M/ AMi2`7�+B�H 1H2+i`Q+?2KBbi`v

RN3R- Rkk- k38ĜkNdX
URdjV a?�Q- uX 2i �HX JQH2+mH�` S?vbB+b kyR8- RRj- R39ĜkR8X



ek

�TT2M/Bt �

�TT2M/Bt

�XR �//BiBQM�H .2i�BHb 7Q` *?�Ti2` R
h?2 .2#v2@>m+F2H �+iBpBiv +Q2{+B2Mi i2`Kb-(k9- 8y) �b �TT2�`BM; BM 2[m�iBQMb RXRk �M/ RXRj
+�M #2 +�H+mH�i2/ pB� i?2 7QHHQrBM; 2tT`2bbBQM,

yDH,i = exp(− z2iADH

√
I

1 + BDHαDH

√
I
) U�XRV

h?2 BQMB+ bi`2M;i? A Bb /2}M2/ pB� i?2 7QHHQrBM; 2tT`2bbBQM- rBi? zi �b bT2+B2b +?�`;2,

I = 0.5
∑

i

z2i ci U�XkV

h?2 .2#v2@>m+F2H i2`K BDH Bb /2}M2/ #v i?2 7QHHQrBM; 2tT`2bbBQM,

BDH =
F

(ε0εRT/2)0.5
U�XjV

A7 BDH Bb BM mMBib Q7
√
m√
mol

- i?2M � mMBi +QMp2`bBQM #v KmHiBTHvBM; #v
√
10/(1 × 108) ;Bp2b

BDH BM mMBib Q7 BMp2`b2 +QM+2Mi`�iBQM UKQHfGV T2` MK- �M/ i?mb BDH Bb Q7i2M `2TQ`i2/ BM
mMBib Q7 RfMK- B7 A Bb BM KQH�` +QM+2Mi`�iBQM mMBibX AM i?2 +�b2 Q7 �+2iQMBi`BH2- 2X;X ε = 36.0-
i?2M BDH = 4.86fMKX ADH �M/ BDH +�M #2 `2H�i2/ iQ i?2 A′

DH �M/ B′
DH 7Q` +QM+2Mi`�iBQMb

BM mMBib Q7 KQH�HBiv K pB� KmHiBTHB+�iBQM #v i?2 b[m�`2 `QQi Q7 i?2 bQHp2Mi /2MbBiv ρ U2X;X
A′

DH = ADH
√
ρ �M/ B′

DH = BDH
√
ρVX αDH Bb i?2 /Bbi�M+2 Q7 +HQb2bi �TT`Q�+? #2ir22M BQMb-

2X;X BQMb Q7 +?�`;2b + �M/ −X h?2 .2#v2@>m+F2H T�`�K2i2` ADH +�M #2 2tT`2bb2/ pB� i?2
7QHHQrBM; `2H�iBQMb?BT- r?2`2 i?2 mMBib �`2 i?2 b[m�`2 `QQi Q7 BMp2`b2 KQH�HBiv- �HHQrBM; ADH

iQ Q7i2M #2 2tT`2bb2/ �b mMBiH2bb T`QpB/2/ i?2 BQMB+ bi`2M;i? Bb �HbQ BM mMBib Q7 KQH�HBivX �M
2tT`2bbBQM 7Q` ADH Bb �b 7QHHQrb,

ADH =
Fe

8πε0εRT
BDH U�X9V
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�b �M 2t�KTH2- 7Q` �+2iQMBi`BH2- ADH = 3.80X A7 mbBM; HQ;10(y) BMbi2�/ Q7 i?2 M�im`�H HQ;�`Bi?K
HM(y)- �b BM [mBi2 +QKKQM-(8y) i?2M ADH = 1.65X

h?2 "Q`M �+iBpBiv +Q2{+B2Mi i2`Kb- �b �TT2�`BM; BM 2[m�iBQMb RXRk �M/ RXRj- +�M #2
+�H+mH�i2/ pB� � T`Q/m+i bm+? �b i?2 7QHHQrBM;- r?2`2 α+− Bb � /Bbi�M+2 Q7 +HQb2bi �TT`Q�+?
#2ir22M BQMb,

yBorn,+yBorn,− = exp(
e2

4πε0kBT

|z+z−|
α+−

ε(c = 0)− ε(c)

ε(c = 0)ε(c)
) U�X8V

�Xk �//BiBQM�H .2i�BHb 7Q` *?�Ti2` j
h?2 7QHHQrBM; Bb `2T`Q/m+2/ BM T�`i rBi? T2`KBbbBQM 7`QK CX S?vbX *?2KX G2iiX kyky- RR-
ky9eƐky8k-(ky)- *QTv`B;?i kyky- �K2`B+�M *?2KB+�H aQ+B2ivX

�//BiBQM�H /2i�BHb QM JaJ
6Q` :k- i?2 p�Hm2b Q7 ADH- BDH �`2 RdX38 �M/ RyXd8 MK−1- `2bT2+iBp2HvX 6Q` :R- i?2 p�Hm2b
Q7 ADH- BDH �`2 kyXk9 �M/ RRXkR MK−1- `2bT2+iBp2HvX q2 MQi2 i?�i i?2b2 p�Hm2b +?�M;2 �b
i?2 T2`KBiiBpBiv +?�M;2b- �++Q`/BM; iQ i?2B` /2}MBiBQMX(k9) h?2 p�Hm2 Q7 αDH r�b TB+F2/ �b
yXNd MK, i?2 bmK Q7 i?2 `�/BB Q7 i?2 *AS UyX98 MK Y yXyd MKV �M/ i?2 �MBQM UyX98 MKVX

h?2 T2`KBiiBpBiv +Q``2+iBQM 2[m�iBQM +�M #2 r`Bii2M �b 7QHHQrb,

fε,A = exp(a1
e2

4πε0kBT

|z++z−|
α+−

ε(c = 0)− ε(c)

ε(c = 0)ε(c)
) U�XeV

6Q` :R �M/ :k- i?2 }i T�`�K2i2` a1 r�b RXyk �M/ yXNN- �M/ α+− Bb yX8k MK- i?2 /Bbi�M+2
Q7 +HQb2bi �TT`Q�+? #2ir22M irQ 7`22 BQMbX h?2 7�+i i?�i a1 Bb bQ +HQb2 iQ R 7Q` #Qi? :R
�M/ :k bvbi2Kb BM/B+�i2b i?�i α+−4yX8k MK Bb � `2�bQM�#H2 p�Hm2 iQ mb2 �b i?2 bmK Q7 i?2
+�iBQM �M/ �MBQM `�/BBX q2 MQi2 i?�i i?Bb p�Hm2 /Bz2`b 7`QK i?�i Q7 i?2 αDH mb2/ BM i?2
.2#v2@>m+F2H �+iBpBiv +Q2{+B2Mi- r?B+? Bb BM i?Bb rQ`F TB+F2/ �b i?2 bmK Q7 � *AS �M/ 7`22
�MBQMX 6B;m`2 �XR b?Qrb i?2 KA /2T2M/2M+2 QM T2`KBiiBpBiv 7Q` :R UH27iV �M/ :k U`B;?iV-
+QKTmi2/ 7`QK [m�MimK +?2KBbi`v- �M/ rBi? � }i- r?BH2 b2iiBM; i?2 BQMB+ bi`2M;i? iQ yX

6B;m`2 �Xk b?Qrb i?2 +QM+2Mi`�iBQM /2T2M/�Mi �bbQ+B�iBQM KA �b � 7mM+iBQM Q7 +QM+2M@
i`�iBQMX >2`2- #Qi? i?2 T2`KBiBpBiv +Q``2+iBQM- �b b?QrM BM 6B;m`2 �XR- �M/ .2#v2@>m+F2H
+Q``2+iBQMb �`2 +�H+mH�i2/X h?2 KA p�Hm2b mb2/ BM 6B;m`2 �Xk r2`2 i?2 QM2b mb2/ iQ Q#i�BM
i?2 7`�+iBQM�H TQTmH�iBQM Q7 bT2+B2b BM i?2 JaJ- �b `2TQ`i2/ BM i?2 K�BM i2tiX
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6B;m`2 �XR, JaJ S2`KBiiBpBiv +Q``2+iBQM 7Q` :k UH27iV �M/ :R U`B;?iV 2H2+i`QHvi2bX

6B;m`2 �Xk, JaJ@+�H+mH�i2/ KA THQii2/ �b � 7mM+iBQM Q7 +QM+2Mi`�iBQM 7Q` :k UH27iV �M/ :R
U`B;?iVX
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._a /�i� �M/ }ib
h?2 T2`KBiiBpBiv ε +�M #2 bTHBi mT BMiQ Bib `2�H �M/ BK�;BM�`v T�`ib ε′ �M/ ε′′ pB� i?2 7QHHQrBM;
2tT`2bbBQM,

ε = ε′ − iε′′ U�XdV
>Qr2p2`- i?2 QMHv 2tT2`BK2Mi�HHv �++2bbB#H2 [m�MiBiv BM ._a- i?2 iQi�H +QKTH2t T2`KBiiBp@
Biv(9d) Uη(f) = ε(f) − i σ

2πfε0
V- BM+Hm/2b � 7m`i?2` +QMi`B#miBQM 7`QK i?2 +QM/m+iBpBiv σX AM

i?Bb rQ`F- BMTmi /�i� r�b ;2M2`�i2/ 7`QK �M �p2`�;2 Q7 KmHiBTH2 /B2H2+i`B+ K2�bm`2K2Mib QM
2�+? 2H2+i`QHvi2 bQHmiBQM- rBi? 7`2b? +�HB#`�iBQMb T2`7Q`K2/ #2ir22M 2�+? `mMX h?2 2``Q` r�b
i�F2M �b i?2 bi�M/�`/ /2pB�iBQM �i 2�+? 7`2[m2M+vX 6Q` � ;Bp2M /�i� b2i- i?2 BK�;BM�`v TQ`@
iBQM Q7 i?2 +QKTH2t iQi�H T2`KBiiBpBiv η bT2+i`mK r�b }i }`bi mbBM; :`Qbb2Ƕb T`Q;`�KX(RRj)
h?Bb BM+Hm/2b #Qi? i?2 BK�;BM�`v T2`KBiiBpBiv ε′′ �b r2HH �b i?2 +QM/m+iBpBiv i2`KX h?2M- i?2
}i T�`�K2i2`b r2`2 mb2/ �b BMBiB�H ;m2bb2b 7Q` � bBKmHi�M2Qmb }i Q7 i?2 `2�H �M/ BK�;BM�`v
TQ`iBQMb Q7 i?2 /B2H2+i`B+ bT2+i`mK Uε �M/ ε′′VX

6Q` :R@#�b2/ 2H2+i`QHvi2b- i?2 K2�bm`2/ +QM/m+iBpBiv σmeas r�b 2KTHQv2/ BM i?2 }iiBM;
T`Q+2/m`2- r?BH2 � }ii2/ +QM/m+iBpBiv σfit r�b mb2/ 7Q` :k@#�b2/ 2H2+i`QHvi2bX h?2 }ii2/
+QM/m+iBpBiv p�Hm2b �;`22/ `2�bQM�#Hv rBi? 2tT2`BK2Mi�H K2�bm`2K2Mib Ub22 h�#H2 �XkVX 6Q`
i?2 ?B;?@+QM+2Mi`�iBQM }ib U8dy KJ :R �M/ 8yy KJ :kV- HQr 7`2[m2M+v /�i� U7 < yXN
:>xV r�b 2t+Hm/2/ 7`QK i?2 }i /m2 iQ /B{+mHiB2b BM }iiBM; i?2 HQr 7`2[m2M+v #2?�pBQ`- BM
�++Q`/�M+2 rBi? T`2pBQmbHv `2TQ`i2/ 2[mBTK2Mi HBKBi�iBQMbX(Rj)

6Q` :R irQ .2#v2 i2`Kb r2`2 mb2/ 7Q` }iiBM;,

ε′ =
ε1

1 + (f/f1)2
+

ε2
1 + (f/f2)2

+ ε∞ U�X3V

ε′′ = ε1
(f/f1)

1 + (f/f1)2
+ ε2

(f/f2)

1 + (f/f2)2
U�XNV

h?2 iQi�H T2`KBiiBpBiv- �HbQ +�HH2/ i?2 /B2H2+i`B+ +QMbi�Mi- Q` bi�iB+ T2`KBiiBpBiv- Q` i?2 x2`Q@
7`2[m2M+v HBKBi Q7 i?2 `2�H T�`i Q7 i?2 T2`KBiiBpBiv ε′- +�M #2 r`Bii2M �b ,

εtotal = ε(f = 0) = ε′(f = 0) = ε1 + ε2 + ε∞ U�XRyV
6B;m`2 �Xj b?Qrb i?2 +QHH2+i2/ ._a /�i� �M/ }ib 7Q` i?2 p�`BQmb bim/B2/ +QHH2+i2/ :R 2H2+@
i`QHvi2bX h�#H2 �XR b?Qrb i?2 `2bT2+iBp2 }i T�`�K2i2`b mb2/X

6Q` :k QM2 .2#v2 i2`K �M/ QM2 *QH2@*QH2 i2`K r2`2 mb2/ 7Q` }iiBM;,

ε′ = ε∞ + ε1
1

1 + (f/f1)2
+ ε2

1 + (f/f2)1−α2 sinα2π/2

1 + 2(f/f2)1−α2 sinα2π/2 + (f/f2)2(1−α2)
U�XRRV

ε′′ = ε1
(f/f1)

1 + (f/f1)2
+ ε2

(f/f2)1−α2 cosα2π/2

1 + 2(f/f2)1−α2 sinα2π/2 + (f/f2)2(1−α2)
U�XRkV

6B;m`2 �X9 b?Qrb i?2 +QHH2+i2/ ._a /�i� �M/ }ib 7Q` i?2 p�`BQmb bim/B2/ +QHH2+i2/ :k 2H2+@
i`QHvi2bX h�#H2 �Xk b?Qrb i?2 `2bT2+iBp2 }i T�`�K2i2`b mb2/X
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6B;m`2 �Xj, S2`KBiiBpBiv Q7 :R 2H2+i`QHvi2 bQHmiBQMb- ._a /�i� UbQHB/V �M/ }ib U/�b?2/ �M/
/�b?@/Qii2/VX

+ f J εtotal }i 2``Q` f1 f2 ε1 ε2 ε∞ σmeas

M2�i :R dXy9 yXyR @ jk @ jXN9 jXRy @
yXyk J :R 3Xjy yXyk RXk jy RXRe jXNk jXkk yXye
yXyj8 J :R 3XN3 yXyk RX9 jy RX3d jXN8 jXRd yXRR
yXy8 J :R NXk3 yXyR RX9 k3 kXRy jX3N jXjy yXR3
yX8d J :R RkXke yXyR RXN R9 9Xj9 jXdN 9XRj dX9k

h�#H2 �XR, 6Bi T�`�K2i2`b 7Q` :R 2H2+i`QHvi2 bQHmiBQMbX σ Bb ?2`2 BM mMBib Q7 Kaf+K �M/
7`2[m2M+v f BM mMBib Q7 :>xX
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6B;m`2 �X9, S2`KBiiBpBiv Q7 :k 2H2+i`QHvi2 bQHmiBQMb- ._a /�i� UbQHB/V �M/ }ib U/�b?2/ �M/
/�b?@/Qii2/VX

+ f J εtotal }i 2``Q` f1 f2 ε1 ε2 ε∞ α2 σfit σmeas

M2�i :k dX9y yXyj @ ReXy @ 9Xk jXk yXye @ @
yXyk J :k 3XN yXR8 yX8R ReX3 RXk 9XN kX3 yXR9 yXy9 yXy8
yXy8 J :k RyXj yXj yX89 ReXR kX9 8Xj kXd yXR3 yXRN yXRe
yXR J :k RRX3 yXj yX83 R9Xd jX9 8X3 kX8 yXk9 yX8N yX9j
yXk J :k RjXy yX9 yXej RRX8 jX3 eXd kX8 yXjy RXdN RXje
yX8 J :k ReXj yX8 yX93 eX3 8X9 3Xk kXd yXje jXNj 9XjN

h�#H2 �Xk, 6Bi T�`�K2i2`b 7Q` :k 2H2+i`QHvi2bX σ Bb ?2`2 BM mMBib Q7 Kaf+K �M/ 7`2[m2M+v f
BM mMBib Q7 :>xX
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6B;m`2 �X8, a�KTH2 _�K�M /�i� �M/ }ib mb2/ 7Q` TQTmH�iBQM �M�HvbBbX

_�K�M
6B;m`2 �X8 b?Qrb b�KTH2 _�K�M /�i� �M/ }ib mb2/ 7Q` TQTmH�iBQM �M�HvbBbX h�#H2 �Xj b?Qrb
i?2 BM72``2/ bT2+B2b TQTmH�iBQM 7`�+iBQMX lbBM; �M �TT`Q�+? bBKBH�` iQ S�bb2`BMB 2i �HX (3j)
�M/ "mii`v 2i �HX-(RRy) i?2 h6aA− #`2�i?BM; KQ/2 _�K�M `2;BQM ∼ 740 cm−1 r�b }i rBi?
i?`22 Tb2m/Q@oQB;i 7mM+iBQMbX h?2 HQr2bi 7`2[m2M+v KQ/2 +Q``2bTQM/b iQ mM+QQ`/BM�i2/
h6aA−- �M/ i?2 irQ ?B;?2` 7`2[m2M+v KQ/2b `2~2+i h6aA− +QM};m`�iBQMb T`2b2Mi BM *ASb
UH�#2H2/ *AS@A �M/ *AS@AAVX .m2 iQ � TQQ` bB;M�H,MQBb2 `�iBQ �i HQr +QM+2Mi`�iBQMb- i?2b2
*AS +QKTQM2Mib r2`2 MQi mb2/ iQ T`QpB/2 KQ`2 /2}MBiBp2 bi`m+im`�H BM7Q`K�iBQM- #mi iQ
BM/B+�i2 i?2 Qp2`�HH 7`�+iBQM Q7 i?2 *AS �M/ aaAS h6aA− +QM};m`�iBQMb �M/ h�#H2 aj b?Qrb
i?2 +Q``2bTQM/BM; bT2+B2b TQTmH�iBQM 7`�+iBQMb +�H+mH�i2/ 7`QK i?2 _�K�M bT2+i`� #�b2/ QM
i?2 T`QTQb2/ /BbbQ+B�iBQM 2[mBHB#`BmK- J;h6aA+ ↔ J;2+ Y h6aA−X JmHiBTH2 BM/2T2M/2Mi
K2�bm`2K2Mib �M/ }iiBM;b r2`2 mb2/ iQ ;2M2`�i2 bi�iBbiB+�H mM+2`i�BMiB2b 7Q` i?2b2 p�Hm2b
�M/ `�M;2 7`QK ± RW �i ?B;? +QM+2Mi`�iBQM iQ ± eW �i i?2 HQr2bi +QM+2Mi`�iBQM 7Q` i?2 7`22
h6aA− TQTmH�iBQM 7`�+iBQMX q2 MQi2 i?�i i?2 TQTmH�iBQM 7`�+iBQM Q7 7`22 J;2+ Bb 7QmM/ pB�
+?�`;2 +QMb2`p�iBQM FMQrBM; i?2 TQTmH�iBQM Q7 7`22 UQ` aaASV �M/ �bbQ+B�i2/ h6aA−- bBM+2
7`22 J;2+ TQTmH�iBQM 7`�+iBQM +�MMQi #2 /B`2+iHv BM72``2/ pB� _�K�MX �++Q`/BM;Hv- 2``Q`
T`QT�;�iBQM H2�/b iQ irB+2 i?2 2``Q` 7Q` 7`22 J;2+ Qp2` 7`22 h6aA−X



�SS1L.As �X �SS1L.As eN

+ f J 1
2
c−
c Uh6aA−V 1``Q` c2+

c UJ;++V 1``Q` cCIP,+

c UJ;h6aA+V 1``Q`
yXyk J :R yXdy3 yXye yX9R8 yXRR yX838 yXRR
yXyj8 J :R yXdj9 yXyRe yX9eN yXyj yX8jR yXyj
yXy8 J :R yXdjk yXyRy yX9ej yXyRN yX8jd yXyRN
yX8d J :R yX3jd yXyRR yXd9e yXyk yXk89 yXyk
yXyk J :k yXd8e yXye yX8Rj yXRk yX93d yXRk
yXy8 J :k yXddN yXye yX88d yXRR yX99j yXRR
yXR J :k yX3Rd yXyj yXejj yXye yXjed yXye
yXk J :k yX39j yXyy8 yXe3e yXyRR yXjR9 yXyRR
yX8d J :k yX3dj yXyyN yXd9e yXyR3 yXk89 yXyR3

h�#H2 �Xj, _�K�M �M�HvbBb- rBi? `2TQ`i2/ 2``Q`b 7`QK /mTHB+�i2 K2�bm`2K2MibX h6aA− `272`b
iQ 7`22 Q` aaAS bT2+B2b- J;2+ iQ 7`22 +�iBQMb- �M/ J;h6aA+ iQ �bbQ+B�i2/ b�Hi bT2+B2b U?2`2
�bbmK2/ iQ #2 *ASbVX

�Xj �//BiBQM�H .2i�BHb 7Q` *?�Ti2` 9
h?2 7QHHQrBM; Bb `2T`Q/m+2/ BM T�`i rBi? T2`KBbbBQM 7`QK i?2 CQm`M�H P7 S?vbB+�H *?2K@
Bbi`v "- ?iiTb,ff/QBXQ`;fRyXRykRf�+bXDT+#XR+yykej-(RjR) *QTv`B;?i kykR- �K2`B+�M *?2KB+�H
aQ+B2ivX

�b K2MiBQM2/ BM i?2 K�BM i2ti- /B2H2+i`B+ bT2+i`� Uε′ �M/ ε′′V r2`2 K2�bm`2/ #2ir22M
yX8 �M/ keX8 :>xX h?2 ε′′ p�Hm2b r2`2 +Q``2+i2/ 7Q` BQMB+ +QM/m+iBpBivX 1ti`�+iBQM Q7 i?2
Qp2`�HH /B2H2+i`B+ +QMbi�Mi Ubi�iB+ T2`KBiiBpBiv- εrV r�b �++QKTHBb?2/ #v }iiBM; #Qi? i?2 ε′

�M/ ε′′ bT2+i`� bBKmHi�M2QmbHv #v /Bb+`2i2 /BTQH2 `2H�t�iBQMb U.2#v2 �M/fQ` *QH2@*QH2V �M/
2ti`�TQH�iBQM Q7 i?2 iQi�H ε′ bT2+i`mK iQ x2`Q 7`2[m2M+vX h?Bb }iiBM; r�b T2`7Q`K2/ rBi?
p2`v 72r 2ti2`M�H +QMbi`�BMib �M/ Bb BMi2M/2/ iQ vB2H/ �M �++m`�i2 K2�bm`2K2Mi Q7 εr `�i?2`
i?�M T`QpB/2 � +QKTH2i2 /2+QMpQHmiBQM Q7 i?2 BM/BpB/m�H /BTQH�` bT2+B2b �b Bb bQK2iBK2b
�ii2KTi2/X(8y) J�Mv Q7 i?2 KQbi TQH�` bT2+B2b BM *�U">9Vkfh>6 ?�p2 bBKBH�` +�H+mH�i2/
`2H�t�iBQM 7`2[m2M+B2b �M/ i?mb i?2 Qp2`�HH εr Bb � KQ`2 `2HB�#H2 K2i`B+X 1t�KTH2b Q7 i?2 }ii2/
ε′′ bT2+i`� �`2 b?QrM BM 6B;m`2 �XeX h?2 `2H2p�Mi }iiBM; T�`�K2i2`b 7Q` �HH bQHmiBQMb �`2 b?QrM
BM h�#H2 �X9 �M/ �X8X hQ 2biBK�i2 i?2 BM/BpB/m�H bT2+B2b TQTmH�iBQMb BM *�U">9Vkfh>6 mbBM;
i?Bb i2+?MB[m2- r2 `2Hv QM i?2 7�+i i?�i i?2 Qp2`�HH +?�M;2 BM εr 7Q` � ;Bp2M 2H2+i`QHvi2 `2H�iBp2
iQ i?�i Q7 Tm`2 h>6 Q`B;BM�i2b 7`QK i?2 bmK Q7 i?2 +QMi`B#miBQMb Q7 i?2 p�`BQmb b�Hi bT2+B2b
T`2b2Mi,

∆εr = (εr −∆ε∞)c − (εr − ε∞)0 = Σ(ci∆εi) U�XRjV
r?2`2 c Bb +QM+2Mi`�iBQM BM J �M/ ∆ε Bb i?2 +QKTmi2/ M2i /B2H2+i`B+ BM+`2K2Mi BM J−1c ε∞
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Bb i?2 bmK Q7 ?B;?2` 7`2[m2M+v BMi`�KQH2+mH�` �M/ 2H2+i`QMB+ T2`KBiiBpBiv +QMi`B#miBQMb �M/
Bb 2ti`�+i2/ 7`QK i?2 }iiBM; iQ BbQH�i2 i?2 +QMi`B#miBQMb Q7 /BTQH2 `Qi�iBQMbX "2+�mb2 i?2
+QM+2Mi`�iBQMb Q7 i?2 p�`BQmb bT2+B2b �`2 BMi2``2H�i2/ #v i?2 T`QTQb2/ Qp2`�HH 2[mBHB#`BmK-
k *�U">9Vk ↔ *�kU">9V9 ↔ *�"> Y

9 Y *�U">9V Ĝ
j - i?2b2 +QM+2Mi`�iBQMb +�M #2 /2`Bp2/

�M�HviB+�HHv �b b?QrM #2HQr- r?2`2 JPL 4 M2mi`�H KQMQK2`- .AJ 4 M2mi`�H /BK2`- *AS
4 +QMi�+i BQM T�B` +�iBQM- �M/ Z� 4 [m�/`mTH2 �MBQMX

∆εr = [MON]εMON + [DIM]∆εDIM + [CIP]∆εCIP + [QA]∆εQA U�XR9V

[MON] + 2[DIM] + [CIP] + [QA] = c U�XR8V

[CIP] = [QA] U�XReV
_2�``�M;BM; 2[m�iBQM �XRe,

[DIM] = (c− 2[CIP]− [MON])/2 U�XRdV
*QK#BMBM; 2[m�iBQM �XR9- 2[m�iBQM �XRe �M/ 2[m�iBQM �XRd,

∆εr − [CIP](∆εCIP −∆εQA)−
(c− 2[CIP])

2
∆εDIM = [MON](∆εMON − (∆εDIM/2)) U�XR3V

_2�``�M;BM; 2[m�iBQM �XR3,

∆εr − [CIP](∆εCIP +∆εQA)− (c−2[CIP])
2 ∆εDIM

(∆εMON − (∆εDIM)/2)
= [MON] U�XRNV

6`QK 2[m�iBQM �XRN- i?2 p�Hm2b Q7 ci +�M #2 bQHp2/ B7 (*AS) Bb FMQrMX h?2 2z2+iBp2 BQMB+@
Biv- +�H+mH�i2/ 7`QK i?2 +QM/m+iBpBiv �M/ /BzmbBpBiv K2�bm`2K2Mib- T`QpB/2b � }`bi Q`/2`
�TT`QtBK�iBQM Q7 (*AS)- 2M�#HBM; � #2bi 2biBK�i2 Q7 i?2 T`2+Bb2 TQTmH�iBQMb �b � 7mM+iBQM Q7
b�Hi +QM+2Mi`�iBQM UK�BM i2ti 6B;m`2 9XdVX qBi?Qmi bT2+B7vBM; (*AS)- � `�M;2 Q7 TQTmH�iBQMb
+QmH/ #2 T`2b2Mi- �b BHHmbi`�i2/ BM 6B;m`2 �XRyX
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6B;m`2 �Xe, 1t�KTH2 /2+QMpQHmi2/ }ib Q7 i?2 BK�;BM�`v T2`KBiiBpBiv bT2+i`� 7Q`
J;U">9Vkfh>6 UiQTV �M/ *�U">9Vkfh>6 U#QiiQKV �i +QKT�`�#H2 b�Hi +QM+2Mi`�iBQMbX h?2
/2+QMpQHmi2/ +QKTQM2Mib UbQHB/ `2/- ;`22M- �M/ Tm`TH2 i`�+2bV +Q``2bTQM/ iQ �bbQ+B�i2/ b�Hi
bT2+B2b UBV Q` 7`22 bQHp2Mi UBBVX h?2 #H�+F /�b?2/ HBM2 `2T`2b2Mib i?2 bmK Q7 i?2b2 }ii2/
+QKTQM2Mib r?BH2 i?2 bQHB/ Q`�M;2 HBM2 `2T`2b2Mib i?2 /�i� K2�bm`2/ 7`QK yX8 iQ keX8 :>xX

(J;U">9Vk) UJV ε∞ εTHF fTHF U:>xVa ε2 f2 U:>xV αb
2 εr

y kX8N 9X3R 83X3 @ @ @ dX9y
yXy8 kX8j 9Xed 8NX8 yXeN kXj yXyRe dX3N
yXR kX9N 9XeN eyXd RXkN kXk yXy8k 3X9d
yX8 kXNj jX9y 8kXR eXk9 RXj yXy3y RkX8d
RXyc jX33 kXRd jjXd RkXRj yX3 yXyd8 R3XRd ± RXjj

h�#H2 �X9, ._a K2�bm`2K2Mi T�`�K2i2`b 7Q` J;U">9Vkfh>6 2H2+i`QHvi2b �i kR◦* Q#i�BM2/
7`QK � }i BM+Q`TQ`�iBM; QM2 .2#v2 �M/ QM2 *QH2@*QH2 `2H�t�iBQMX af = 1

2πτ X b*QH2@*QH2
#`Q�/2MBM; T�`�K2i2`X co�Hm2b �i RXy J `2T`2b2Mi i?2 �p2`�;2 Q7 irQ BM/2T2M/2Mi bQHmiBQM
K2�bm`2K2MibX



�SS1L.As �X �SS1L.As dk

6B;m`2 �Xd, J2�bm`2/ /BTQH2 `2Q`B2Mi�iBQM +QMi`B#miBQM iQ i?2 /B2H2+i`B+ +QMbi�Mi Q7
J;U">9Vkfh>6 �b � 7mM+iBQM Q7 b�Hi +QM+2Mi`�iBQMX � HBM2�` }i i`2M/ HBM2 �M/ Bib T�@
`�K2i2`b �`2 b?QrMX � M2i ∆ε Q7 NX9 J−1 Bb /2`Bp2/ 7`QK i?Bb }i- bBKBH�` iQ i?2 T`2/B+i2/
p�Hm2 Q7 i?2 M2mi`�H KQMQK2` U3XN J−1VX

(*�U">9Vk) UJV ε∞ εTHF fTHF U:>xVa ε2 f2 U:>xV ε3 f3 U:>xV εr
y kXjj 8Xy3 ekXN @ @ @ @ dX9R

yXy8 kXjjb 9XNR djXd yXyR RXya @ @ dXk8 ± yXyk
yXR kXjjb 9X3d dkX9 yXRN yXN @ @ dXjN
yX8 kXkk 9X88 djXy yXNe RXe yXNN yXe 3Xdk
R jX9R kXN3 9dXN 8XRj yX9 RXy3 kXe RkX8N

RX8 jX3R kXkN jdX3 3XeR yXj RXke kX3 R8XNd

h�#H2 �X8, ._a K2�bm`2K2Mi T�`�K2i2`b 7Q` *�U">9Vkfh>6 2H2+i`QHvi2b �i kR◦* Q#i�BM2/
7`QK � }i BM+Q`TQ`�iBM; i?`22 .2#v2 `2H�t�iBQMbX af = 1

2πτ X b1ti2`M�HHv +QMbi`�BM2/ T�`�K@
2i2`X
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6B;m`2 �X3, �V .B2H2+i`B+ bT2+i`� U`2�H �M/ BK�;BM�`v +QKTQM2MibV K2�bm`2/ 7Q` p�`BQmb
GB">9 +QM+2Mi`�iBQMb BM h>6X .�b?2/ HBM2b `2T`2b2Mi }ib Q7 i?2 /�i� mbBM; irQ .2#v2 `2@
H�t�iBQMbX #V .BTQH�` +QMi`B#miBQMb iQ i?2 iQi�H T2`KBiiBpBiv 2ti`�+i2/ 7`QK ._a }ib �b �
7mM+iBQM Q7 GB">9 +QM+2Mi`�iBQMX � HBM2�` }i iQ i?Bb /�i� vB2H/b �M 2z2+iBp2 ∆ε Q7 NXk J−1X
h?2 +QKTmi2/ bi`m+im`2 Q7 i?2 GB">9 *AS +Hmbi2`- BM+Hm/BM; Bib `2H2p�Mi /B2H2+i`B+ `2H�t�iBQM
T�`�K2i2`b /2i2`KBM2/ i?`Qm;? J. bBKmH�iBQMb Bb Qp2`H�B/X "Qi? i?2 +QKTmi2/ ∆ε �M/ `2@
H�t�iBQM 7`2[m2M+v UfV �;`22 p2`v r2HH rBi? i?2 2tT2`BK2Mi�HHv /2`Bp2/ T�`�K2i2`bX +V JQH�`
+QM/m+iBpBiB2b K2�bm`2/ 7Q` GB">9 BM h>6X h?2 p�Hm2b �`2 bK�HH UbBKBH�` iQ *�U">9Vk �i
i?2b2 +QM+2Mi`�iBQMbV BM/B+�iBM; r2�F /BbbQ+B�iBQM- +QMbBbi2Mi rBi? � TQTmH�iBQM /QKBM�i2/
#v M2mi`�H *ASbX

6Q`KmH�a h>6 LmK#2`b ∆εcnet ∆εdgross f U:>xVe RgU�Vf
J;U">9VY jX3 R8Xy± RX9 RN ± RX8 RXN ± yXj jXk
J;U">9Vk RXN 3XN± RXk NX8 ± RXk 9X8 ± yX3 kXe
J;U">9V Ĝ

j yXN8 RX8± RXR 8X8 ± RXyd 9X38 ± yXy9 kX8
J;kU">9V Y

j 8Xe RNXj± RXj kkXk± RXe RXR ± yXk @
J;kU">9V9 jXe RdXk± RXk R3XN± RXN RXj3 ± yXy9 jX3
J;kU">9V Ĝ

8 RXN 9X9 ± RXy eXy ± RXy kXe9 ± yXRk @

h�#H2 �Xe, *QKTmi2/ K�;M2bBmK +Hmbi2` T�`�K2i2`b 7`QK J. bBKmH�iBQMbX a6Q`KmH� rBi?@
Qmi h>6 KQH2+mH2bX b�p2`�;2 MmK#2` Q7 +QQ`/BM�iBM; h>6 KQH2+mH2b T2` +Hmbi2`X c*?�M;2
BM /B2H2+i`B+ +QMbi�Mi BM+Hm/BM; HQbb Q7 7`22 h>6X d*?�M;2 BM /B2H2+i`B+ +QMbi�Mi B;MQ`BM; HQbb
Q7 7`22 h>6X e*?�`�+i2`BbiB+ `2Q`B2Mi�iBQM 7`2[m2M+vX f1z2+iBp2 `�/Bmb Q7 ;v`�iBQMX
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configuration 1 configuration 2

conf. 3

conf. 1

conf. 2

configuration 3

a) b) c) d)

6B;m`2 �XN, �V .BTQH2 KQK2Mi K�;MBim/2 Q7 i?2 *�kU">9V9 /BK2` BM bQHmiBQM pbX iBK2
/m`BM; i?2 J. bBKmH�iBQM i`�D2+iQ`v BM mMBib Q7 .2#v2X h?2 /BTQH2 KQK2Mi THQii2/ ?2`2 Bb
Q7 i?2 BQMB+ +QKTH2t r?B+? BM+Hm/2b +QMi`B#miBQMb 7`QK i?2 BQMb #mi 2t+Hm/2b +QMi`B#miBQMb
7`QK �Mv bQHp2Mi KQH2+mH2bX #V 1t�KTH2 Q7 HBM2�` UTH�M�`V ;2QK2i`v Q7 i?2 /BK2` bT2+B2b
2M+QmMi2`2/ /m`BM; i?2 J. bBKmH�iBQM U+V 1t�KTH2 Q7 #2Mi ;2QK2i`v Q7 i?2 /BK2` bT2+B2b
2M+QmMi2`2/ /m`BM; i?2 J. bBKmH�iBQMX U/V 1t�KTH2 TQH�` Tv`�KB/�H ;2QK2i`v Q7 i?2 /BK2`
bT2+B2b 2M+QmMi2`2/ /m`BM; i?2 J. bBKmH�iBQMX *�- "- *- > �M/ P �iQKb �`2 b?QrM BM
;`22M- TBMF- ;`2v- r?Bi2 �M/ `2/ `2bT2+iBp2HvX

6Q`KmH�a h>6 LmK#2`b ∆εcnet ∆εdgross f U:>xVe RgU�Vf
*�U">9VY 9X3 kR ± k k9 ± j RXy ± yXj jX8
*�U">9Vk jX3 @kXR ± RXR RXN ± RXk Re ± 3 jXd
*�U">9V Ĝ

j RXN @kXR ± RX9 yX9 ± RXd 9d ± 3 kX8
*�kU">9V Y

j d k9 ± j k9 ± 9 yXed ± yXyk @
*�kU">9V9 8Xe Re ± k R8XR ± RX9 RXyd ± yXyj 9X8
*�kU">9V Ĝ

8 9 @kXR ± RXR RXN ± RXR kj ± d @

h�#H2 �Xd, *QKTmi2/ +�H+BmK +Hmbi2` T�`�K2i2`b 7`QK J. bBKmH�iBQMbX a6Q`KmH� rBi?Qmi
h>6 KQH2+mH2bX b�p2`�;2 MmK#2` Q7 +QQ`/BM�iBM; h>6 KQH2+mH2b T2` +Hmbi2`X c*?�M;2 BM
/B2H2+i`B+ +QMbi�Mi BM+Hm/BM; HQbb Q7 7`22 h>6X d*?�M;2 BM /B2H2+i`B+ +QMbi�Mi B;MQ`BM; HQbb Q7
7`22 h>6X e*?�`�+i2`BbiB+ `2Q`B2Mi�iBQM 7`2[m2M+vX f1z2+iBp2 `�/Bmb Q7 ;v`�iBQMX
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6B;m`2 �XRy, *�H+mH�iBQMb Q7 i?2 `�M;2b Q7 bT2+B2b +QM+2Mi`�iBQMb i?�i +QmH/ b�iBb7v i?2
Qp2`�HH K2�bm`2/ +?�M;2 BM /B2H2+i`B+ +QMbi�Mi 7Q` yXR J U�V- yX8 J U#V- RXy J U+V- �M/ RX8 J
U/V *�U">9VkBM h>6 �b � 7mM+iBQM Q7 *�"> Y

9 +QM+2Mi`�iBQMX 6BtBM; i?2 p�Hm2 Q7 (*�"> Y
9 )

#�b2/ QM i?2 +QM/m+iBpBiv �M/ /BzmbBpBiv K2�bm`2K2Mib T`QpB/2b KQ`2 T`2+Bb2 2biBK�i2b Q7
i?2 �+im�H TQTmH�iBQMb- �b b?QrM BM 6B;m`2 9XdX




