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ABSTRACT OF THE DISSERTATION

Understanding Probabilistic Models

Through Limit Theorems

by

Jeffrey Thomas Lin
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2017

Professor Marek Biskup, Chair

Limit theorems are ubiquitous in probability theory. The present work samples contributions
of the author at the interface of this theory with three distinct fields: interacting particle

systems, exchangeable random variables, and long-range percolation.

In the theory of interacting particle systems, one often studies the stationary distribu-
tions, which are obtained as limiting distributions of the process. We will discuss a proof
concerning characterization of these measures in the case of an attractive nearest neighbor

translation invariant spin system on the integers.

Exchangeable sequences of random variables are mixtures of i.i.d. sequences, and the
probability measure that determines the relative proportions of this mixture can be ob-
tained as a limit from the exchangeable sequence itself. We will analyze the possibility of
reconstructing this probability measure from only partial information about the exchange-

able sequence.

A goal in long-range percolation is to understand how chemical distance scales with
Euclidean separation. We will show that the limiting scaling behavior for a certain class of

models is polylogarithmic. This will be an improvement on existing results.
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CHAPTER 1

Introduction

Limit theorems are paramount in probability theory, appearing in areas such as percolation,
Markov processes, large deviations, statistical mechanics, ergodic theory, universality of
KPZ, and many more. The present work is an investigation of limit theorems in three
different areas of probability theory: interacting particle systems, exchangeable random
variables, and long-range percolation. In this introduction chapter, we will summarize these
problems, and the next three chapters will cover them in detail. The final chapter is the

conclusion.

1.1 Interacting Particle Systems Problem

Interacting particle systems are Feller Processes that take place on the compact state space
W?* where W is a compact metric space, and S is an at most countable set, which we
think of as particles. The model we discuss below can be applied to study frequently occur-
ring systems such as TASEP, physical situations where particles arranged in a lattice have

interacting spins, or other areas.

For our purposes, we will take W = {0, 1}, leading to what is called a spin system.
The rate of transition is generally described using functions ¢(n,z) > 0 where x € S and
n € WS. We think of the function ¢ as describing the rate of change at site x from 7(z) to
1 —n(x) given that all of the coordinates are known to be {n(y)},ecs. This allows for the rate
of change at a given site to depend on any of the coordinates. Feller processes exhibiting

these transition rates exist, as shown in [13]. (Chapter 1, Chapter 3) Essentially, one defines



the pregenerator 2 with codomain C'(W*), the space of continuous functions defined on the
state space of our process. ) is an unbounded operator on a subspace of C(W*) given by

the formula

Qf(m) =>_ el n)f () — f(n)] (1.1)

z€eS

where 7, = n on S\ {z} and n,(x) = 1 — n(x). The pregenerator definition (1.1) applies
to a dense set of f, under supremum norm, for which this series converges. Then one takes
the closure of the graph of the pregenerator, and proves that this closure is a generator for

a Feller process. All Feller processes can be represented by a generator. (see [13] Chapter 1)

There is a third way to represent Feller processes other than as Markov processes and

via a generator. One can also use a semigroup.

Definition 1.1. Let T, : C(W®) — C(W¥®), t € [0,00) where each Ty is a bounded linear

operator. If the family T, obeys

1. Ty =1

9 Tpe=ToT,

3. for each f € COW ), ||ITvf — flloo — 0 ast — 0.
4 T1=1

5. T, f > 0 whenever f > 0.
then T; is a Feller Semigroup.

Every Feller process has a unique Feller semigroup associated with it. ([13] Chapter 1

Section 1)

Let 1 be a probability measure defined on W*. Let us denote by pT; the probability

measure, also defined on W¥, given by

/W fyT, = /W Tifdp (1.2)



whenever f € C(W?). Thus, u is evolved under the semigroup for ¢ time to become uT;. If

t > 0= ul; = p, then y is called stationary.

Often in the theory of Markov Processes, one is concerned with the evolution of the
process towards a stationary distribution. By Tychonoff’s theorem, the state space of our

spin system is compact, hence one can show that there always exists a stationary distribution.

Definition 1.2. A spin system with Feller Semigroup T; is called ergodic if there is exactly
one stationary distribution v for the process, and moreover for any p a probability measure

on W9, we have uT, — v weakly.

In our case, we will assume a condition known as attractiveness ([13] p. 134).

Definition 1.3. Given a spin system with rates c(x,n) we call it attractive if whenevern < (,

we have Vz € S
nz) =Cx)=0 = c(z,n) <c(z,0) (1.3)
and

n(r)=Cx)=1 = oxn) =) (1.4)

Intuitively, a spin system is attractive if flips at x that would cause the spin at = to agree
with its environment are more likely to occur than flips at x that would cause disagreement

with the environment.

Much is known about the theory of attractive spin systems. The attractiveness allows
comparison of distributions to play a role. We say that two probability measures p and v
have p < v if all f € C(W?®) that are monotonic in each coordinate obey [ fdp < [ fdv.
Attractiveness means that this (stochastic) ordering of measures is preserved by evolution

of the system.

There is a maximum and minimum stationary distribution for any attractive spin sys-
tem. (see [13] p.135) Sometimes they are called maximal and minimal respectively, because
stochastic ordering is not a total linear order, but they are comparable to all other stationary

distributions. We will adopt the notation of calling the maximal stationary distribution 7



and the minimal stationary distribution v. These can be obtained by starting the system
a.s. with either all 1 states or all 0 states respectively. Ergodicity for an attractive spin

system is equivalent to 7 = v. ([13] p.136)

In our present problem, we will restrict not only to attractive spin systems, but even
those with site set S = Z and assume that the rate of change at site x € Z depends only on
the current state of its two nearest neighbors. Moreover, we assume the rates are translation

invariant. This means that Yy € Z, c(x — y, {n(z — y) }.ez) = c(x,n).

The main result of this work in the area of interacting particle systems is the correction

of the proof for the following theorem, [12] and [13] (p. 152 Theorem 3.13 in [13]):

Theorem 1.4. Suppose an attractive translation invariant nearest neighbor spin system on
the integers satisfies c(x,n) + c(x,n,) > 0 whenever n(x — 1) # n(x +1). Then for that spin

system, the extremal invariant measures are precisely U, v

1.2 Exchangeability Problem

The second subject discussed in this dissertation concerns exchangeable random variables.

Definition 1.5. Let X; be a sequence of real-valued random variables defined on the same
probability space for j > 1. Call X = (X;);en exchangeable if whenever m : N — N is a

finite permutation, we have that
(Xj)jen =a (Xr(j))jen- (1.5)

Exchangeable sequences are ubiquitous in mathematics. For instance, the sequence of
draws from Pélya’s urn is an exchangeable sequence, and exchangeability shows up in in-
teracting particle systems. If X is a random variable, then the sequence X, X, X, ... is

exchangeable.

Exchangeable sequences are generalizations of sequences of iid random variables. In fact,

de Finetti’s theorem, which we review below, spells out exactly what kind of generalization.



De Finetti’s theorem, and this discussion, applies only to infinite exchangeable sequences.

(1e X = (Xl,XQ, e ))
In preparation for de Finetti’s theorem, we need some definitions.

Definition 1.6. Suppose © is a Borel probability measure on P(R), the space of Borel
probability measures on the reals, with vague topology. We call © a mixing measure. Say

that X s 12d-© if its distribution is given by
YA € Borel®Y): P(X € A) = / 65(4) dO(0). (1.6)

We also need

Definition 1.7. Say that X is a mixture of iids directed by «, where o is a random
Borel probability measure defined on the same probability space as X, if o is a reqular

conditional distribution for X given o(«).

Now we state de Finetti’s theorem.

Theorem 1.8 (de Finetti). The following are equivalent:
1. X is exchangeable
2. X is a mizture of iids directed by some «

3. X is 11d-© for some ©.

Moreover, each X corresponds to a unique © and, up to distributional equality, a unique
« in this way. © is the distribution of a. Exchangeable sequences that have the same

distribution will have the same ©, and every possible © describes an exchangeable sequence.

So iid sequences are exchangeable sequences with © a point mass. In general, the joint
distribution of an exchangeable sequence is obtained by taking a weighted-integral-average
of iid sequences. iid sequences themselves are obtained by only including one such a sequence

in this weighted-integral-average.

In a sense, de Finetti’s theorem can be regarded as saying that we can reconstruct the
mixing measure, © from joint distributional information of the exchangeable sequence. We

could ask if marginal information suffices.



The following question was posed by David Aldous in [1] (p. 20):

Question 1.9. Let X = (X)) en, Y = (Y;)jen be exchangeable sequences of R-valued random
variables, with S, = Z?Zl X;, T, = Z?Zl Y;. Suppose that Vn > 1 we have S, =4 T,,. Does
it follow that X =4Y ?

The motivation for considering this question is reconstruction. It is well known that
one cannot deduce the coupling of random variables just from knowing the marginals. We
could ask if the situation changes if, in addition, we know a priori that the underlying joint
distribution is exchangeable. However, to make such a question interesting, we should not
consider the marginal distributions of the exchangeable sequence X itself, since they are all
the same, but rather those of its partial sums. Since X is exchangeable, the distribution of
a sum of distinct components of X depends only on the number of summands. Thus, the
question can be seen as asking if the joint distribution of an exchangeable sequence can be

deduced from the maximum amount of marginal information.

An answer to this question was known before the author’s work. In [7], Evans and Zhou
showed, via Fourier analytic techniques, that there exist two exchangeable sequences X and
Y which have all the same marginals of their partial sums, but not the same joint distribution.
However, by inspection of this method, one finds that X and Y are signed random variables.
Since it is often true that an a priori nonnegative assumption helps reconstruction, it was

natural to ask if sign matters in the present problem:

Question 1.10. Let X = (X,)jen, Y = (Yj),en be exchangeable sequences of [0, 00)-valued
random variables, with S, = Y77, X;,T, = 37, Yj. Suppose that ¥n > 1 we have S, =4
T,. Does it follow that X =4 Y ?

This question was also quite reasonable in light of the partial positive result in [7].
There, it was shown that the answer is affirmative with the additional assumption that the
exchangeable sequences are mixtures of countably many nonnegative iid sequences. (i.e.

their ©’s are concentrated on countable sets within P([0,c0)).)



The present work proves that the answer to Question 1.10 is a resounding “no” by finding
even a counterexample consisting of two exchangeable sequences X and Y which take values
in the set {0,1,2,3}.

Let us discuss the idea of our proof. We know that the joint distribution of a d-dimensional
random vector can be recovered when the one-dimensional projections are known for all
vectors in R?.  One could consider a different, though related reconstruction problem of
trying to recover the joint distribution of a d-dimensional random vector from knowing its
one-dimensional projections along merely a subset of deterministic vectors in R?. We use the
representation of an exchangeable sequence as an integral-combination of i.i.d distributions
in order to reduce Question 1.10 to the above d-dimensional question for a specific subset.
To solve the reduced question, we require an important result from the work of Cuesta-
Albertos, Fraiman, and Ransford in [6]. In that work, the Paley-Wiener theorem [16] is
used to produce two distinct probability measures with compact support that have the same
one-dimensional projections along certain subsets. The resulting two measures are then

appropriately transformed to suit our needs.

1.3 Long Range Percolation

The third and last subject discussed in this dissertation is long range percolation.

Let G be a graph. Percolation is the study of random subgraphs of GG obtained by deleting
some of the edges of GG, but keeping all the vertices. The edges are deleted at random, and
independently of one another. In our present model, the graph G is the complete graph on

7% (hence "long range”) and edges are kept with probability proportional to % where

z—yl*
x,y are the endpoints of the edge in question, and s € (d,2d). The one exception to this
rule is that nearest neighbor edges are present (kept) almost surely. In percolation theory in
general, one is interested in the geometric properties of the random subgraph. We will focus

on the chemical distance, which is defined as the graph distance between two points within

the random subgraph. Because we always keep all nearest neighbor edges and our random



graph is thus connected, the chemical distance is always finite.

A brief explanation of the restriction on s follows. Heuristically speaking, for large s, the
model is much like nearest neighbor percolation. For small s values, the chemical distance
function is bounded. Thus, the interesting behavior occurs in between the two extremes,
which turns out to mean between d and 2d. The critical cases s = 2d and s = d are of
interest as well, but not addressed in this work. For readers interested in more details on

other s values, see [3] for a summary.

In [2] and [3], Biskup establishes that

lim P(log(L)*™¢ < Dgis(0, Le;) < log(L)*"¢) =1 (1.7)

L—oo

where Dy is the chemical distance, e; is the first standard basis vector for R¢, and the above

holds for each ¢ > 0. We will improve this to

Theorem 1.11. There are ¢,C' > 0 such that

lim P(c*log(L)® < Dgi(0, Ley) < C xlog(L)?) = 1. (1.8)

L—oo

The strategy of proof in [2] and [3] relies on the observation that there is, with over-
whelming likelihood, an edge e = (x,y) with x in a small neighborhood of 0 and y in a small
neighborhood of Le;. Then there is, with overwhelming likelihood, a pair of edges connect-
ing a neighborhood of 0 to a neighborhood of x and a neighborhood of y to a neighborhood
of Le;. This iteration is continued until the probability of finding all the edges cannot be
maintained close enough to 1. At each step, the size of the neighborhoods is microscopic
compared to the previous scale, and the number of edges doubles. An appropriate choice of
the size of the neighborhoods establishes the upper bound portion of (1.7), while the lower
bound is established by an iterative method that effectively argues that optimizing paths

have roughly an hierarchical form like the above.

This method does not appear to the author to be sufficient for the improvement we claim.

Instead, the present work will derive an iteration inequality from similar considerations, and



use it to obtain first and second moment estimates that force not only the bounds we claim,

but also even a sort of scaling limit for a restricted notion of the distance.

This part of the dissertation, on long range percolation, is joint with Marek Biskup. A
small portion of the corresponding text in the present dissertation is a nearly verbatim copy

of our private communications.



CHAPTER 2

Interacting Particle Systems

2.1 Introduction

This section is copied nearly verbatim from [14], with only formatting and minor error

corrections.

For the purposes of this note, an attractive translation invariant nearest neighbor spin
system is a certain kind of Feller process defined on the compact state space X = {0, 1}Z with
rates satisfying the attractiveness inequalities, and depending only on the nearest neighbors.
(See [13], p.144-145 for more details.) Notice that such spin systems have rates entirely
determined by 8 = 23 parameters corresponding to the rates dependent on a given site and
its two nearest neighbors. More concretely, the parameters are ¢;;; where i, j, k € {0,1}. For
instance, cp1p means the flip at any site x when the present spin of particle z is 1 and its two
nearest neighbors both have spin 0. We will use 7, to denote the configuration that agrees
with 7 at all sites other than x, and has the opposite spin at . The notion of stochastic

ordering, minimality, and maximality is discussed in the previous chapter.
T. Liggett proves in [12] and [13], (p. 152 Theorem 3.13) the following theorem:

Theorem 2.1. Suppose an attractive translation invariant nearest neighbor spin system on
the integers satisfies c(x,n) + c(x,n,) > 0 whenever n(x — 1) # n(x + 1). Then this spin
system has only the minimal and mazximal invariant measures (ordered stochastically) as the

extremal invariant measures.

We discuss the estimate in [13] of lemma 3.7 part (e). It is wrong, but the similar

estimate € [ ghldy < (4K1 + 2¢) fgimdu is valid. This change does not affect the proof

m1

10



moving forward, because the only time the estimate is used is in the proof of lemma 3.10 in
[13], where it is used to derive that sup,,, [ gfn’ndu < o0o. This fact still holds with the new

estimate. The same line of reasoning appears in [12] within the proof of lemma 2.2 there.

We will refer to [13] from now on.

2.2 A Correction

The problem with the estimate as written is at the top of p.150 of [13] in the discussion of

bounding below the positive contribution to ngnn The argument there fails to consider

the possibility that change in the v coordinate at any of the z; among the left and right

endpoints in the [ + 1 length intervals may not only create a length [ interval, but also

destroy an adjacent length [ interval. But this can only happen at at most 29571,11 such sites,

i.e. the left and right neighbors of intervals of length [. The bound below on the rate of
I+1

the type of flip in question is still correctly stated as € so as long as we replace €(g,,,) by

e(gf:; - 2g£n,n) the estimate is correct. This results in the display reading

Qg’fn,n > 6( - 2g£n,n) - 4Klg£n,n

gm,n

What has been shown is the statement that attractive translation invariant nearest neigh-
bor spin systems with enough nonzero transition rates have the smallest possible set of

extremal invariant measures.

11



CHAPTER 3

Exchangeable Random Variables

3.1 Introduction

This section is copied nearly verbatim from [15], with only formatting and minor error

corrections.

In probability theory, there are many results concerning uniqueness of a distribution
satisfying certain properties. For instance, there are the various moment problems, the
inversion of the characteristic function, the inversion of the Laplace transform. Another
kind of uniqueness result relates to exchangeable sequences of random variables. Given the
joint distribution of an exchangeable vector X = (X,,)nen, it can be written as a “mixture”

of iids in exactly one way.

We will prove altered versions of these types of results. Roughly speaking, we will assume
only partial information, and make regularity assumptions to ensure that the resulting prob-
lem is well-defined. In the process, we show a trend of what types of obstructions there can
be to such uniqueness results: arithmetic and algebraic structure. (These two notions are
related because arithmetic relationships between exponents, say in a Laplace transform, will
correspond to polynomial relationships between the exponentials, for instance the Laplace

transforms.)

In [1], (p. 20) Aldous proposes the following question.

Question 3.1. Let X = (X)) en, Y = (Y])jen be exchangeable sequences of R-valued random
variables, with S,, = 2721 X;. T, = 2?21 Y;. Suppose that ¥n > 1 we have S, =4 T,,. Does
it follow that X =4 Y ¢

12



Despite this question being over 30 years old, only partial progress has been made on
it. In [7] Section 2, Evans and Zhou show the answer is negative in the class of signed
random variables. Therefore, interest has somewhat shifted to the nonnegative case. In [7],
it is shown that there is an affirmative answer if we know that X and Y are mixtures of
countably many nonnegative iid sequences. We will show that the nonnegative restriction
does not improve the situation in the absence of the additional assumption of [7]: X cannot
be determined uniquely from this partial information even if X; > 0. However, as we will
see, uniqueness holds when the exchangeable sequences are mixtures of convex combinations

of up to 3 iid sequences.

Uniqueness is also true for more complicated mixtures, so long as the iid sequences
involved in the mixture are related “transcendentally”. (It is the main purpose of this
chapter to present results which make this theme precise, in the context of all uniqueness
questions we will consider.) We may think of the heuristic, “mixtures of a small number of
distributions exhibit uniqueness of X”, as a special case of the heuristic about arithmetic and
algebraic (polynomial) dependence. For instance, if the collection of allowed distributions in

the mixture is small, then there cannot be too many arithmetic dependencies.

The first question naturally leads to the following continuous time analog, suggested by

J. Cerny.

Question 3.2. Let S; and T; be mixtures of Lévy Processes. Suppose that ¥t > 0, Sy =4 T;.
Is (Si)i>0 jointly equidistributed with (T})i>o?

We will see that in the case of restricting to mixtures of Brownian Motions, the answer
is yes. However, we will find a (possibly unexpected) parallel between a measure similar to
the Levy measure implied in this problem and the mixing measure implied in Question 3.1.
In particular, we will find that upon restricting to even just Poisson Processes, uniqueness

fails.

For a Lévy Process, knowing the marginal at any time ¢t # 0, such as ¢t = 1, tells us

the entire joint distribution of the process. However, this will not be true for a mixture of

13



Lévy Processes. We will see that in some cases, we could say S; is unique just from making
observations at ¢t € N and other times we require all ¢ > 0. In the former case, the continuous
time problem makes uniqueness of .S; more plausible than the discrete time case only because
continuous time imparts infinite divisibility which limits the possible distributions that can
occur in the mixture. In the latter case, the continuous time problems will tend to exhibit
uniqueness over their discrete time counterparts not only because of infinite divisibility, but

because observation at noninteger t’s provide more information beyond that.

An example of where the fact that we make continuum observations makes a difference,
at least in the argument, is the case of a mixture of normal distributions or Brownian
motions. In this case, the continuum of observations destroys the arithmetic structure,
making uniqueness a fact in the Brownian Motion case, as opposed to an open problem in

the discrete time case.

In light of these questions, it is natural also to consider various random analogs of unique-
ness problems from the classical theory of random variables. For instance, one such a question

is posed below:

Question 3.3. Let o, 3 be random Borel measures on R. Suppose that their moments
(which are random variables) fR x"da and fR x™df are well-defined and equal in marginal

distribution (i.e. for one n at a time). Do we have o =4 7

Question 3.3 can be viewed as a randomization of classical uniqueness theorems, in the
sense that the probability measure one tries to recover is deterministic in the classical theo-

ries, and we now take it to be random.

We will see that in all randomized versions of classical uniqueness problems we consider,
knowing joint information is enough to assert uniqueness of the original random measure in
distribution, but knowing marginal information is not enough. We will see that the existence

of counterexamples again depends on the arithmetic and algebraic structure.

The layout of the chapter is as follows. We will treat Question 3.1 in Section 2, Question

3.2 in Section 3, and the questions similar to Question 3.3 in Section 4. Section 3 is fairly

14



technical, but Section 4 does not depend on Section 3, so Section 3 could be omitted on a first
pass. In each of the sections, we will first discuss the results required to make the questions
precise and the definitions associated to the corresponding question. We also discuss the
machinery to be used in the rest of the section. In subsections, we consider answers to the

questions in various cases.

3.2 Discrete Time Exchangeability Problem

In this section, we consider Question 3.1 posed by Aldous. We keep the notation used in
the statement of the question, so that X = (X;) and Y = (Y}) will denote sequences of

exchangeable random variables.

First we state the following without proof:

Lemma 3.4 (Classical Bounded Moment Problem). Let V = (V) and Z = (Z,) be vectors
indezed by the same set I' of arbitrary cardinality. Thus V and Z take values in RY. Assume
that for each v € I', V,, Z, are bounded real random variables. Then V and Z have the
same distribution if and only if they have the same joint moments, i.e. ¥{y1,...,m} C T

Vry,...,m €N

E (H V;}) =E (H Z;;) (3.1)

We will have need throughout the chapter for the notion of a random measure. In
general, we will use P(901) to denote the (Borel) probability measures defined on a standard
Borel space M. Similarly, we define M, (9%) to be the collection of finite nonnegative Borel
measures on M. In each case, give these spaces the measurable structure generated by the
mapping p — p(B), B € Borel(9). Since M is standard Borel, so is P(M) with the topology
given by vague convergence. The Borel o algebra determined by vague convergence is an
equivalent definition of the measurable structure given to P(9). (For these facts, see for

instance [11].) A random measure is then a random variable taking values in either M, (9)
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or P(MY). We will always deal with Polish spaces when the topology is significant, and
standard Borel spaces if not. We almost always deal with probability measures, i.e. except

when dealing with Lévy measures.

From now on we will use

Vs > 0, L,(s) = / e dp(z) (3.2)

[0,00)
to mean the Laplace transform (at s > 0) of a probability measure u on [0,00). Let PT =
{p € P(R)|u is supported in [0,00)}, which is closed in P(R). If p is random, then the

Laplace transform will simply be a random variable.

In this section, we will use symbols «a, aq, s to denote random probability measures and
©, 01,0, to denote elements of P(P(R)). Symbols X;,Y; will denote real-valued random

variables.

Definition 3.5. For each j > 1, let X; be a real-valued random variable. Call X = (X;);en

exchangeable if whenever m : N — N is a finite permutation, we have that
(Xj)jen =d (Xr(z)jen. (3.3)
Definition 3.6. Say that X is 12d-O if its distribution is given by

VA € Borel(RY), P(X € A) = / oN(A) dO(0) (3.4)

Definition 3.7. Say that X is a mixture of iids directed by o, where a is defined on

the same probability space as X, if o is a reqular conditional distribution for X given o(a).

By definition of regular conditional distribution this is just the same as saying that

whenever Ay, ..., A, € Borel(R) we have for a probability 1 set of w,
P(X; € Aj,1 < i <nlo(a)(w) = [Jelw, 4). (3.5)
We now state the well-known theorem of de Finetti.
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Theorem 3.8 (de Finetti). The following are equivalent:
1. X is exchangeable
2. X is a mizture of iids directed by some «

3. X is 11d-© for some ©.

Remark 3.9. For each exchangeable law p on RY there exists a unique law © on P(R)
for which any X with distribution p is 14d-©. This assignment p — © is a bijection from
the exchangeable laws on RN to P(P(R)). In fact, it is a homeomorphism. Also, if X is
exchangeable then its directing measure is unique up to a.s. equality, and the distribution of
the RV « is ©. Therefore, if the (joint) distribution of X is determined, then the law of «

1s determined.

In the literature, the phrase “mixing measure” refers to both © and a. We will use
the terminology for © and call a the directing measure. In contexts when we have two
exchangeable sequences X and Y, we denote by ©1, o the mixing measure, directing measure
(respectively) for X and ©j, ay the mixing measure, directing measure (respectively) for Y.

Symbols aq, ag,  will always refer directing measures, not arbitrary random measures.

We set S,, = Z?Zl X; and T, = Z?Zl Y;. Our question is then whether Vn, S, =4 T,,

implies ©; = O, (or a3 =4 a3).

Towards this, let us define:

Definition 3.10. Let L C P(R) be measurable. We will say that L is mixture-restricting

provided that whenever ©1, Oy are concentrated on L and Vn, S, =4 T,, we have ©1 = O,.

To determine if a class L is mixture-restricting or not, we may use the following

Lemma 3.11. A measurable class L C Pt is mizture-restricting if and only if Vay, as a.s.

L-valued, we have that

Vs >0, Lo, (5) =a Lay () (3.6)

implies ©1 = Os.

17



Proof. We have that the statement Vn, S, =4 T, is equivalent to the statement

Vn,s >0, Ele™*] = E[e™*T"], (3.7)

which, using the definition of a directing measure, is equivalent to

¥n,s >0, E K /[O N esxdal(x))n} _E K /[O N esmdaQ(:c))n] | (3.8)

By the classical bounded moment problem, this is equivalent to

Vs >0, Lo, (s) =4 Lay(5). (3.9)

We do not assert the analogous statement for MGFs (moment generating functions) be-
cause we have no need for it even though it is true under suitable boundedness hypotheses.
We do not assert a statement for the characteristic function case because the characteristic
function would be a complex-valued random variable, and one would need the joint distribu-
tion of the real and imaginary parts. The absence of an analogous lemma for characteristic
functions is related to the absence of a bounded moment problem for complex-valued RVs
that does not involve knowing any conjugate moments. This can be thought of as a heuristic
reason for the shift in focus away from signed random variables in the recovery problems we

consider in this chapter.

3.2.1 Known Results

In this section, we will discuss results known beforehand. Using the conditional SLLN, it

follows that

Proposition 3.12. P({0,1}) is mixture-restricting.

In Section 2 of [7], it is shown that
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Proposition 3.13. P(R) is not mizture-restricting.

In Section 3 of the same paper, it is shown that a positive result can still be salvaged.

Proposition 3.14. IfVn, S, =4 T,, and ©1, ©, are purely atomic, concentrated in Pt then

X =4 Y. In other words, any countable subset of PT is mizture-restricting.

Interestingly enough, Muntz’s Theorem, which arises in Lemma 3.3 of [7], can be replaced
by the theorem of complex analysis stating that holomorphic functions defined on a connected
open set agree just as soon as they agree on a set of points that accumulates within the

domain.

Their assumption is of a different nature than what we will consider; they restrict the
size of the sets where ©1, O, are concentrated rather than requiring, as we will, that ©, O,
are concentrated on a nice set of distributions that may be a continuum. Considering that
the general problem has been solved in the negative, we will primarily address restrictions
of the latter type, hence the terminology of such a set L being “mixture-restricting”. A

particularly interesting case is when L is contained in PT.

For example, let P denote the collection of distributions in P(R) which are the distri-
bution probability measures for Poisson RVs. (So pu € P should satisfy Vk > 0, u({k}) =
e *\¥/k! for some A > 0.) Similarly, define £ for exponentials, G for geometrics, and B, for
binomials with parameter n fixed and p € [0, 1] varying. It is an exercise in analysis to see

that:

Remark 3.15. B,,,G, &, P are all mixture-restricting.

3.2.2 The Relationship Between the Aldous Question and Arithmetic Proper-
ties of the Value Set

In this subsection, we will present one substantiation of the heuristic that the more arithmetic
dependencies there are in the allowed value set for X, the harder it is to recover X uniquely.

Fix A ={a1,...,an} when N € Nor A ={ay,...,} when N = oco. Assume, for technical
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reasons, that A has no accumulation points in R. We allow negative values in A. Define
Fax C P(R) to be those distributions that are supported in A. (We can say “supported”
instead of “concentrated”, because A is closed. F) is closed because A is.) We set L := Fj.
For X exchangeable, it is equivalent to say that X; € A a.s. or to say a € L a.s. or to say

O is supported on L.

Theorem 3.16. Iy is mixture-restricting if A is linearly independent over Q.

Proof. It suffices to handle the case in which A is discrete, infinite, i.e. N = oo, because sub-
sets of mixture-restricting sets are always mixture-restricting. We have X, Y exchangeable se-
quences, which therefore comes with directing measures and mixing measures by Remark 3.9.
Since we are trying to prove the mixture-restricting property, we assume Vn > 0, S,, =4 T,,.
(In future proofs of the mixture-restricting property, we not explicitly mention this.) We

need to see that oy =4 as. It suffices to see that (aq({a;}))jen =a (2({a;}));en

Suppose that M € N. Then by using the linear independence hypothesis for our value

M

set and the properties of directing measures, we have that Vry, ... ry, with s = Zj:l

T,

<T1’T27 S . ’TM) E(ﬁ(al{az’})”) =P(S, = ;le’)

=1

=P(T, = ria;) = (rm’ 5 | 7TM)E(H(Q2{ai})Ti). (3.10)

i=1 i=1
Here, the first and third equality hold because the linear independence hypothesis guarantees
that the only way that a sum of elements from A can be Zle r;a; is if r; copies of a; are

used for each 1 < M.

Now Lemma 3.4 completes the proof. O

It is also acceptable to have a few arithmetic dependencies:

Proposition 3.17. F(o ) is mizture-restricting.
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More generally, let py, o, uz € P and let Ly, Ly, L3 denote their Laplace transforms

respectively. Let
L:= {al,ul + aa b2 + &3#3’(11 +ag + a3 = 1, ai, g, as Z 0} (311)

Then L is mixture-restricting.

Proof. We prove the more general claim. We may assume that no strict subset of {1, pa, 3}
has convex hull containing all of puq, uo, t3 because subsets of mixture-restricting sets are
mixture-restricting. From this, it follows that L is homeomorphic to T3 := {(a, b, ¢)|a+b+c =
1,a,b,c > 0} because the map taking (a, b, ¢) — apy + bug + cus is invertible, and therefore
because T3 and L are both compact Hausdorff, they are homeomorphic via this assignment,

hence measurably isomorphic.

Proceeding by way of Lemma 3.11, and using the homeomorphism above, we are reduced

to showing that if U,V are T3-valued random vectors for which Vs > 0 we have
(L1(s), L2(s), L3(s)) - U =a (L1(s), La(s), Ls(s)) - V (3.12)

then U =; V. That this is enough follows from the fact that when U, V' are the pushforwards
of ay, ay via the homeomorphism above, the left side has the distribution of the (random)
Laplace transform of o evaluated at s, and the right side has the distribution of the (random)

Laplace transform of as evaluated at s.

Because U, V are probability vectors, it suffices to show that if U’, V" are bounded random

vectors in R? with
(L1(s) = L3(s), La(s) = La(s)) - U =q (L1(s) — L3(s), L2(s) — La(s)) - V' (3.13)
then U' =4 V.

We will check that the collection of v’s of the form
v=c(Li(s) — L3(s), La(s) — L3(s)) (3.14)

cover a nonempty open set as s > 0 and ¢ € R vary. We know that u; — ps3 is a signed

measure on [0, 00) and as is ps — pg. We may regard £;(s) — L3(s) and Lo(s) — L3(s) as the
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Laplace transforms of these signed measures respectively. Therefore, a nonempty open set of
v’s are of the form (3.14). For instance, one may check that the derivatives of £4(s) — L3(s)
and L5(s) — L3(s) must be different at some sy > 0, for if they were the same, then p; — p3

and o — p3 would have the same Laplace transform.

Bivariate analytic functions agreeing on a nonempty open set in R? have to agree, and

we apply this to the bivariate MGF of U’ and that of V. m

3.2.3 Four Values are Too Many

We will see our first counterexample to the nonnegative Aldous problem, proving the claim

Proposition 3.18. P" is not mizture-restricting.

We will even show that

Theorem 3.19. F 23} is not mizture-restricting.
In order to prove this theorem, we must develop the following.
First we need some definitions

Definition 3.20. Fiz d > 0. A subset S of R? is said to be determining if whenever U
and V are bounded R*-valued random variables such that Vs € S, s-U =4 5 -V implies that

U=4V.

As mentioned multiple times in the introduction, algebraic properties of certain restric-
tions will be important. Thus it is no surprise that we need to consider the 0 set of polyno-

mials.

Definition 3.21. A subset S of RY is called a projective variety if there exists a degree-

homogeneous polynomial p defined on R? such that p # 0 and p~*(0) = S.

The next result, based on the work of Cuesta-Albertos, Fraiman, and Ransford in [6]

(Theorems 3.1 and 3.5), and the subsequent proposition will be used throughout this chapter.
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Lemma 3.22. Fiz d > 1. A subset S of R? is determining if and only if it is not contained

m any projective variety.
We will borrow the ideas found in [6] in order to prove this lemma.

Proof. Fix d > 1 and S C R?. We assume that S is nonempty because the claim is true if
S is empty.

Suppose S is not contained in any projective variety, and consider two bounded random

variables U, V. For each n > 0, we define the polynomial
p(z) = E[(z - U)"] = E[(z - V)"] (3.15)

which is homogeneous of degree n. Since p vanishes on S, it follows that p must be the 0
polynomial. It follows that Vo € R? we have that all the moments of the real-valued, bounded
random variable z - U are equal to those of o - V. Hence Yz € R? we have - U =4 2 -V,

thus U =—d V.

For the converse, it suffices to assume that S is a projective variety and construct two
different probability measures p and v with bounded support, defined on R?, such that
Vs e S, s-u=s-v. Here, if U is p distributed then s - u means the distribution probability

measure of s- U and similarly for v.
Define an auxiliary function f : C* — C given by
1) =11 Smi{—;% (3.16)
i=1 J
Here, we have z = (z1, ..., zq).
It is routine to verify that
(i)f is even, entire, and real valued when restricted to R?
(ii) f is of exponential type, i.e. there is a C' > 0 such that Vz we have |f(2)| < CeXZi=1 17l
(iii) There is a C' > 0 such that Vo € R? we have | f(z)] < C/(1 + ||z|?).

(iv) we have f(0) # 0.
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In what follows, all that matters is that f has the properties listed above.

Now, find p a homogeneous polynomial on R? that is not a constant such that S C p~1(0).
The reason p can be chosen to be not a constant is that S is nonempty. Define g : R — R
by g(z) = p(z)?f(x)X, where K is chosen large enough so that g € L2(R?) N L'(R?). This is
possible by (iii). Let h = ¢ be the Fourier transform of g. By Plancherel’s theorem we have
that h € L*(R%) and h is real-valued since g is even and real-valued. Note also that h is
bounded continuous. Moreover, the Paley-Wiener theorem [16] tells us that A is supported
in a compact subset of R?. Here, we are applying Paley-Wiener to g which is exponential
type, analytic because f is exponential type, analytic. (We extend the definition of p to C%.)
But, depending on the convention of the Fourier transform, we already know the inverse

Fourier transform of g in terms of h. This shows that A is 0 off of a compact set.

Define finite, positive Borel measures with compact support by
pu=htdr, v=hdzx, (3.17)

which are mutually singular and therefore not equal. Using the Fourier inversion theorem,
there is a constant ¢ # 0 depending on the conventions of the Fourier transform and its

inverse, such that

[ — U =cqg=cp’f5 on R (3.18)

Evaluating this equality at 0 € R? we find that

p(RY) = v(R) = cp(0)* F(0) = 0. (3.19)

Since p and v are both nonzero (because g is not zero, p is not zero, so h is not zero) and
have the same total mass, we may renormalize if necessary to force them to be probability

measures.

We also have that for any z € R? z-p = x-v if and only if V¢ € R we have fi(tx)—D(tx) = 0
if and only if Vt € R, cp(tx)?f(tz)X = 0. Thus, Vz € S we have p(z) = 0 and thus z-pu = x-v.
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This completes the proof that S is not determining, because p and v are distributions
of bounded random vectors with values in R? for which their projections along vectors in S

agree in law, but they are not equidistributed with one another. O]

Part of the utility of presenting the above proof is to show how constructions in the sequel
that use this lemma can be made explicit. We have now stated and proven what we need
from the existing literature. We use the above to prove the following proposition, which will

drive many constructions in this chapter.

Proposition 3.23. There exist U #4 V' which take values in the unit tetrahedron

3
Ty == {(zo, 21, 22, 235)|Vj € {0,1,2,3}, 2, >0, ¥ a; =1} CR* (3.20)

=0

such that Yy € R we have c4(y) - U =q c4(y) - V. Here, cs(y) = (1,y,9y% y3) € RL

Proof. Let c3(y) = (1,y,y?) € R3 for all y € R. By Lemma 3.22 applied to the collection of
scalar multiples of points on the curve cs, there exist W = (W1, Wy, Ws) #£4 Z = (Z4, Zs, Z3)
bounded R3-valued RVs such that

Vy €R, c3(y) - W =ac3(y) - Z. (3.21)

Let H = {(z,y,2) € R}|1 >z >y > z > 0}. Observe that H has nonempty interior.
Therefore, given any compact set C' C R?, there exist a € R, a # 0, b € R3 such that
aC +b C H. Because (3.21) is unchanged by rescaling and translation, we may assume that

W, Z are H-valued. Define
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U0:1—W1 %:1—21

Uy =W, — W, Vi=21— 2
Uy=Wy—Wj Vo =2y — 73
Us=W;3—-0 Vs=1723—-0
U = (Uo, Uy, Us, Us), V= Vo, V1, Vo, V). (3.22)

Observe that U and V are Ty-valued. From linear algebra (invertibility of the linear
transform linking (U, Uy, Us) to W and (V4, Vs, V3) to Z) it follows that (Uy,Us,Us) #4
(Vi, Vi, V3) so that U #4 V. By (3.21) we have

Vy €R, cs(y) - (Uy + Uz + Us, Uy 4+ Us, Us) =q c3(y) - (Vi + Vo + V3, Vo + V5, V3).  (3.23)

Plugging in the explicit form of c3(y) yields

VyeR Ui+ (1+y)U+ A+y+ " )Us=aVi+ (1 +y)Va+(1+y+y°)Vs.  (3.24)

Multiplying by (y — 1), we obtain

Vy €R, (y — DU + (v* — 1)Uz + (v° — 1)Us

=4 (y— DV + (1 — D)V + (v* — 1)Va. (3.25)

Thus, by definition of Uy, Vi we learn that

Yy € R, cy(y) - U =4 cu(y) - V. (3.26)

We have shown that U, V' have the required properties. O]
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Remark 3.24. Notice that trying the above argument in one dimension lower would fail
because the curve ca(y) = (1,y) is not contained in a projective variety. This prevents the

above argument from contradicting our earlier discovery that Fyo 12y is mizture-restricting.
We are now ready to establish Theorem 3.19.

Proof of Theorem 3.19. Obtain U,V from Proposition 3.23. Define a;; and as so that

U=, (a1<{0}>,a1<{1}>7a1<{2}>,a1<{3}>) (3.27)

and

V= (a2<{0}>,@2<{1}>,a2<{2}>,a2<{3}>). (3.28)

Strictly speaking, a1, @y may not be directing measures for some exchangeable sequence, but
the distribution of ay, ay are still elements of P(P(R)) and are thus mixing measures, from
which we may extract directing measures that have the same distribution as oy, ay. Thus,
we may assume without loss of generality that aq, as are already defined on an appropriate
probability space so that they are directing measures. In the future, this argument will not

be explicitly stated.

By a change of variables in ¢4(y) from Proposition 3.23 we have Vs > 0,

Lon(s) = (7, ¢71%, ¢, &) (a1<{0}>,a1<{1}>,a1<{2}>,a1<{3}>)
(e e e e (a2<{0}>,a2<{1}>,a2<{2}>,a2<{3}>)

= Lo, (5) (3.29)

However, we have that the corresponding ©; and ©, are distinct because U and V' have
different distributions, hence as do a7 and ay. Thus, ©1,0, have the required properties

when we use Lemma 3.11 to prove that Fyg 23y is not mixture-restricting. [
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3.2.4 A Generalization of the Four-Value Case

We may regard the values 0, 1, 2, 3 as independent sums of 0 copies of 1, 1 copy of 1, 2 copies
of 1 and 3 copies of 1 respectively. We may replace the constant random variable 1 with any

nonnegative distribution to obtain a generalization of Theorem 3.19.

Proposition 3.25. Let u € P be nondegenerate and let * denote convolution. Let L be the
collection of convexr combinations of dg, jt, pu * i, o * pu % . Then L is not mixture-restricting.

The same s true of the conver combinations of Oo, fu, ft * b, fL* f4 % [, . . ..

The primary purpose of this subsection is to prepare for comparisons and analogies with
material from subsection 3.3.2, for which the case in which p is Poisson is important. The

techniques themselves are not logical prerequisites for material in the sequel.

Proof. To imitate the last proof, we need a homeomorphism between 7 and L. We propose
the map assigning a vector (a,b,c,d) € T, the element ady + by + cp % o+ dp * p * p of
L. This map is surjective. To see it is injective, if there are (a,b,c,d), (d/,V',c,d’) with
ado+bp+cpx p+dp* px pp = a'0g+ 0+ p* p~+d px px p then taking Laplace transforms

we have that Vs > 0,

al,(s)? 4+ bL,(s)" + cLu(s)® +dL,(s)
=d'L,(s)" + VL (s) + L)+ dLu(s). (3.30)

Consider the operation of multiplying by L£,(s), then taking the derivative in s, and

then dividing by %Eu(s). This division is legitimate because %L’H < 0 for nondegenerate .

[terating this process on (3.30) as many times as we wish shows that (a, b, ¢, d) = (', V', ¢, d').
Bijective continuous maps between compact Hausdorff spaces are homeomorphisms.

Now, obtain U,V as in Proposition 3.23. Define

a7 :U()(S()—FULLL—{-UQ,LL*;L—FU?,ILL*IU*# (331)
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and

ag = Vobo + Vi + Vopu s o+ Vapu s p* . (3.32)
We assume without loss of generality that a;, as are directing measures. This way, ©1, O, are
the pushforwards of the distributions of U,V via the above homeomorphism. Since 6,0,

are the distributions of ay, as by Remark 3.9 we have that ay #4 as and ©; # 5. However,

the random Laplace transform of a; is

L, = (ﬁg, L;, ci, Li) U (3.33)

and the Laplace transform of ay is

Lo = (ag,c;,a;,c;;) V. (3.34)

Vectors of the form <£2,£}U Ei,ﬁz) (s) are a subset of the image of ¢4. Thus, Vs, a; and
s have random Laplace transforms evaluated at s that have the same distribution. Thus,

by Lemma 3.11 it follows that L is not mixture-restricting. O]

3.2.5 Another Generalization of the Four-Value Case

The primary purpose of this subsection is to prepare for comparisons and analogies with
material from Subsection 3.3.2, and to expose some new techniques that are useful in prov-
ing results showing the relationship between arithmetic and algebraic dependencies versus
uniqueness results. The techniques themselves are not logical prerequisites for material in

the sequel.

We may instead replace the role of independent sums by regular sums of the random
variable with itself. So we regard 0,1,2,3 as the sum of 0,1, 2,3 copies of 1. If instead of 1,

we use an arbitrary nonnegative random variable, we arrive at the following generalization.

Proposition 3.26. Let pn € Pt be such that L,(s) is a rational function in s, and let T # 0

be a random variable with distribution pu. Fix N > 3. Let L be the conver combinations of
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the distributions of 0T, 1T,2T,... ,NT. i.e. L C P" is the set of probability measures that

have Laplace transform of the form

> bilu(js) (3.35)

where

i b =1 (3.36)

and Vj > 0, we have b; > 0.

Then L is not mizture-restricting.

Independent sums of exponential random variables give rational Laplace transforms, for

example.

Proof. 1t suffices to handle the case N = 3. Assume that £,(s) = p(s)/q(s) with p, ¢ poly-
nomials sharing no common factor, and ¢ having no zeros in [0, 00). We seek a homogeneous

polynomial r # 0 of 3 variables for which

p(ls) p(0s) p(2s) p(0s) p(3s) p(0s)\ _
(55~ o o)~ oy o) ) = (337)
This is equivalent to
7(p(1s)q(0s)q(2s)q(3s) — p(0s)q(1s)q(2s)q(3s), p(25)q(0s)q(1s)q(3s)
—p(0s)q(1s)q(2s)q(3s), p(35)q(0s)q(1s)q(2s) — p(0s)q(1s)q(2s)q(3s)) = 0 (3.38)

Let us say that p has degree n > 0, ¢ has degree m > 0, and r has degree [ > 0. The
space of polynomials in s of degree at most {(3m + n) has dimension linear in [ as a vector
space over R whereas the space of polynomials in 3 variables that are homogeneous, of

degree [ is quadratic in [. Therefore, there exists [ large enough such that the assignment of
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homogeneous degree [ polynomials in 3 variables to polynomials of degree at most {(3m +n)

given by

= 7(p(1s)q(0s)q(25)q(3s) — p(0s)q(1s)q(2s)q(3s), p(25)q(0s)q(1s)q(3s)

—p(0s)q(1s)q(2s)q(3s),p(35)q(0s)q(1s)q(2s) — p(0s)q(1s)q(25)q(3s)) (3.39)

has nontrivial kernel.
Thus we have a nonzero homogeneous polynomial r for which (£, (1s)—L,(0s), £,,(2s) —
L,(0s),L,(3s) — L,(0s)) = 0.

Now, we use Lemma 3.22 to find W = (Wy, Wy, W3) #4 Z = (£, Zy, Z3) bounded random

vectors for which Vs > 0 we have

(£u(Ls) = L£,,(05), L,,(25) — L£,,(0s), L,,(35) — L,(0s)) - W
= (L,.(1s) = L,(0s), L,(25) — L,(0s), L,(3s) — L,(0s)) - Z. (3.40)

We then find C' compact such that W,V are both C-valued, and a # 0, b € R? such that
aC+bCT§:={(a,b,c)la+b+c <1 a,b,c>0}. Thisis possible because C' is compact and
T} has nonempty interior. Thus, we may assume that W, Z were Tj-valued to begin with.

We now define U,V via

Uy=1-U; —U; —Us Vo=1—2,—"Zy— Zj

U =W Vi=2

Uy =Wy Vo =2,

Us =W; Vi =2

U = (Uy, Uy, Us, Us), V = (Vo, V1, Va, V3). (3.41)

Thus U #4 V and Vs > 0, we have
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(%(08), EM(18)7 Lu(23)7 ‘CM(SS» U
=q (L£,(0s), L,(15), L,(25),L,(3s)) - V. (3.42)

Definition 3.27. Let uy denote the probability distribution of kKT .

We define oy = Ugpg + Uiy + Uspio + Usps and ay = Vg + Vipy + Voo + Vapus which
are L-valued. Without loss of generality, we assume «; and as are directing measures.

Since T" # 0, we have that all of the u; are distinct, nondegenerate, and therefore
have Laplace transforms with derivatives that are never 0. We aim to show that T} is
homeomorphic to L through the map (a, b, ¢, d) — apug + by + cuo + dps. This is surjective.
Also, it is injective because if there are (a,b,c,d), (a’,V', ¢, d’,) such that apg + buy + cus +

dpg = a'pg + 0y + e + d'us then we may take Laplace transforms to obtain Vs > 0

al,(0s) +bL,(1s) + cL,(2s) + dL,(3s)

= @/ L,(08) + VL, (15) + CLu(25) + d'Lo(35). (3.43)

We may take the derivative of this relation £ times, then take s | 0, then divide by [i—iﬁu] (0).
Again, this operation shows us that (a,b,c,d) = (a/, V', ¢, d’). Continuous bijections between
compact Hausdorff spaces are always homeomorphisms.

Therefore, U #4 V implies that ay #4 e and O # O,. Also, Vs > 0, L, (s) =4 La, ().
This is because the left side is the left side of (3.42) in distribution and the right side is the
right side of (3.42) in distribution. This suffices by Lemma 3.11.

]

In the following example, the answer to the Aldous problem actually is different than
above despite the fact that the arithmetic dependencies among the gy, still remain. We will

use a very transcendental Laplace transform to make the arithmetic dependencies irrelevant.
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Proposition 3.28. Let T be Poisson distributed with parameter X. Let N > 1. Let p be the
distribution of T, and define g, p1, 2, - - ., iy as before. Define L as in Proposition 3.26.

Then L is mixture-restricting.

Proof. We will argue for N = 3, with the general case being similar. Let £(s) = eM¢*~1

denote the Laplace transform of u. We already know that T, is homeomorphic to L
in the natural way. (see the last proof) Therefore, it suffices to show that there can-
not be any U = (Uy, Uy, Uy, Us) #4 V = (Vo, V1, V2, V3) defined on Ty for which Vs >
0, (L(0s), L(1s),L(2s),L(3s)) - U = (L(0s), L(1s), L(2s),L(3s)) - V. We will in fact show
that there is no homogeneous polynomial other than 0 that vanishes on the image of the
curve (L£(0s), L(1s), L(2s), L(3s)) € R* defined for s > 0. Suppose that r # 0 is such a
homogeneous polynomial of degree [, say. Order the set M; of monic monomials of total de-
gree [ in 4 variables by ordering lexicographically on the exponents, with the fourth variable
taking highest priority, then the third, second, then first. This is a total ordering. Write a,,
for the coefficient of any monic monomial w in r. Find the largest monic monomial with a

nonzero coefficient in r. Call this monomial m(z, 1, z2, 3). Then we have

T(ﬂfo,l’l,fﬁg,ﬂ?g) = amm(l'(),l'l,ﬂfg,l':;) + Z anU(ZUO,.Tl,.IQ,I'g) (344)
w<meM;

with a,, # 0.
We have Vs > 0
r(L(0s), L(1s), L(2s),L(3s)) =0 (3.45)

so by the theorem of complex analysis asserting the equality of holomorphic functions defined
on the same connected open domain, agreeing on a set with an accumulation point within this
domain, (3.45) holds also for s < 0. The term of r(L(0s), L(1s), L£(2s), L(3s)) corresponding
to m goes to oo as s — —oo faster than any of the other terms, so the coefficient a,, is 0,

contradiction. ]
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3.2.6 The Normal Case

The normal case is another case of significance to the next section on the continuous time

analog of the present problem.

Lemma 3.29. Let N be the collection of mormal distributions, including the degenerate
ones. For all p € N let M () =mean of p and let V(u) = variance of p. Then the map

(M,V): N — R x[0,00) is a homeomorphism, hence measurable isomorphism.

Proof. This follows from convergence of types. m

Remark 3.30. Let © be a mizing measure supported in N. Since © is then a probability
measure on N, we can view M,V as random variables giving the (random) mean and variance
of an element of N drawn with prior distribution ©. Then the joint distribution of the
corresponding exchangeable sequence X is given by (X;)pieny =a (A+BY2N(0,1);) qseny where
the entire family {N(0,1)1, N(0,1)a,...,(A, B)} is independent (but the notation indicates
A, B are not necessarily independent), (A, B) =4 (M,V), and N'(0,1); is normal with mean

0 and variance 1.

See, for instance, p.29 of [1] regarding this remark.

We highlight in the remark that the distribution of (M, V') is calculated relative to O,
and that it is necessary to use (A, B) instead of (M, V) when we deal with the independent

normals because these normals and (A, B) are constructed on the same probability space.

We already specified that X, Y corresponds to O, ©, and a1, ay via Remark 3.9. For this
subsection, when O1, © are supported on N, we will use (Mj, V}) to indicate (M, V') defined
on the probability space (N, ;) and (M, V5) to indicate (M, V') defined on the probability
space (N, Os).

We have the following transform inversion fact.

Lemma 3.31. Suppose u, v be probability measures on R x [0, 00) such that ¥t,s € R x [0, 00)

we have
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/ e, y) = / e dy (2, ). (3.46)
RX[0,00) RX[0,00)

Then p = v.

Notice that N is not a subset of P™. The author is uncertain if N is mixture-restricting
or not, which seems to rely on a generalization of Muntz’s Theorem (see [8]) which would
include the sequence of points t,, = 1/n in the role of the values of the parameter at which

the Laplace transform is known a priori. However, what is true is the following.

Proposition 3.32. Let ©1, O, supported in N be given. Suppose that Vi, Vs have finite MGF
in some neighborhood around 0, and that ¥Vn > 0, S, =4 T,,. Then © = O,.

Proof. Let (A, B), (A’, B') have the same distributions as (M, V1), (Ma, V3) respectively with
the three random vectors/variables (A, B), (A’, B'),N(0,1) all independent. From S, =4
T,, we learn that Vn > 0, nA + (nB)Y2N(0,1) =4 nA’ + (nB)"/?N(0,1) Computing the

characteristic function of both sides reveals that Vn > 0,f € R

E[eitnA—thB/Q] — E[eitnA’—thB’/Q] (347)
or equivalently Vn > 0, t € R
. t2 a1 t2B'
E[e~ 20 ] = B[~ |. (3.48)

Looking at (3.48) for fixed ¢ and varying n, it follows that the convergence of the MGF in a
neighborhood of 0 is precisely what is needed to be able to use complex analysis to conclude

that for each fixed t, we have that Vs > 0

]E[eitAfsB] _ E[eitA’fsB’] (349)

Particularly, we are using the fact that holomorphic functions defined on a common connected

open domain, agreeing on a set with a limit point in the domain must be equal. Namely,
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this limit point would be s = 0 regardless of which ¢ was fixed. The MGF hypothesis is what

allows s = 0 to be in the (interior of the) domain of these transforms.

Then, by Lemma 3.31 it follows that (A, B) =, (A’, B') so that (M;,V)) =4 (M, V3)
from which it follows by Lemma 3.29 that ©; = ©,.

3.3 Continuous Time Exchangeability Problem

We could view the questions answered in the last section from the perspective of S,,, T;,. These
are mixtures of partial sums of iid sequences. From this point of view, it is natural to consider
mixtures of Lévy Processes, which are the continuous time analog. Recall that a Lévy process
is an independent stationary increments process that is continuous in probability and starts
at 0. We will use the notation S;, T; for mixtures of Lévy processes, after they are defined,

in order to reflect this analogy. In order to aid our discussion, we recall:

Lemma 3.33 (Lévy Khintchine Formula). Let Z = (Z;)1>0 be a Lévy process. Then there
exist unique (3,02 v such that v is a finite measure on R with v({0}) =0, 0> >0, § € R

and Yu € R, t > 0 we have

, 252 . ' 1 2
E[e™#] = exp {iutﬁ _ 20 +t/ (e“‘x -1 e ) R dy(x)} : (3.50)
R

C14a2) a2
Furthermore, every B € R,0% > 0,v a finite measure on R with no atom at 0 corresponds

to a unique (up to distributional equality) Lévy process with characteristic function given by

(3.50).

We would now like to define the notion of a mixture of Lévy processes. For techni-
cal reasons, we downplay the role of exchangeability. For the moment, we also focus on
characteristic functions in order to be able to state the definition before worrying about
measurability concerns associated with generalizing (3.4). Then we will show how the def-

initions we make are directly analogous to those of the previous section. These claims are
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mostly for checking intuition about what a mixture of Lévy Processes should mean, but they
will also be used in Subsection 3.3.2. (They will not be featured as prominently in the next

subsection.)

Given parameters 8 € R, 0? > 0, v finite measure on R with no atom at 0, we will use
the notation ¢z 42,4, +, for the n-variate characteristic function of (Z,,, ..., Z;,) where the
Lévy process Z; is chosen for parameters 3,02, v. We will use M, to denote the collection of
nonnegative finite measures on R that vanish at {0}. From now on, we Will*always implicitly
assume (3,0%,v) € R x [0,00) x M. We will use Lg,z2, := <<Zt)t20) (P) to mean the
pushforward of P (the probability measure on whichever space the process under study is

defined on) via the Lévy process Z = (Z;)¢>0, i.e. the (joint) distribution of the Lévy Process.

Definition 3.34. A mixture of Lévy processes is S = (Si)i>0 such that there exist a
probability measure © on R x [0,00) x M for which the joint characteristic function of S

15 specified by Vn > 1,V0 <t; < --- <t,,uy,...,u, € R we have

E[ei Zgl:l“jstj] = / Opo2wity, ity (Ut .., Up)dO(S, o’ V) (3.51)

Rx[0,00)x M+

We call © the mizing measure.

By using discrete time de Finetti, it follows that in this case © is uniquely determined

by the distribution of S.

In the discrete time case, we were able to obtain a discrete time process (namely S,)

from the mixing measure O. It is reasonable to ask if the same can be done here.

Lemma 3.35. Given a probability measure © on R x [0,00) x My", there is a unique (up
to joint distributional equality) stochastic process S = (Si)i>o for which © is the mizing

measure.

Proof. First we check existence. Restrict to finite dimensional distributions, using (3.51) to
define these finite dimensional distributions. Then check Kolmogorov consistency and use

Kolmogorov extension theorem.
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The uniqueness up to distributional equality is built into the definition of mixture of

Lévy processes. O]

From Lévy continuity, stationarity of increments and the fact that distributional conver-
gence to 0 is the same as in probability convergence to 0, it follows that all mixtures of Lévy

processes are continuous in probability.

We will use the following notation: S = (S;);>0, 17 = (1})i>0 will be the mixture of Lévy
processes, with mixing measures O1,0,. We will have no need for trying to define some

analog of aq, ag in this context.
The set Z of infinitely divisible distributions is closed in P(R), hence measurable.

We regard (3.50) as specifying a bijection between R x [0, 00) x M~ and the collection £
of distributions of Lévy processes ((Xt)t>0) *(IP’) So £ C P(RI>*). ¢ is given the smallest
o algebra so that passage from an element of £ to its marginals is measurable from £ to
T. That is, Vtg > 0, (X;)j5(P) = X; (P) should be measurable. It follows from standard
proofs of (3.50) that the bijection specified by (3.50) is a measurable isomorphism. There is
also a natural measurable isomorphism between £ and Z via ((Xt>t20> *(IP) — X7 (P).

Because P(R) with vague convergence is a Polish space, and Z is closed in P(R), we have
that £ is a standard Borel space. Therefore, our definition of a mixture of Lévy processes is

entirely parallel to the notion of mixture from the last section.

Because of these observations, it is sensible to state and we have proven the following:

Lemma 3.36. S is a mixture of Lévy processes if and only if there exists © a probability

measure on £ for which YA C R product measurable,

P(S € A) = / (A)dO() (3.52)
£
if and only if there exists © a probability measure on R x [0, 00) x My for which YA C RI%>)

product measurable,

P(S e A) = / L2, (A)dO(8, 0%, v). (3.53)

Rx[O,oo)ng'
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In any case, © is unique.

Thus, when speaking of © being a mixing measure or related topics, we will freely use
these identifications. For example, we will allow ourselves to say “mixtures of Brownian
motions”. Also, we will no longer use the notation R x [0, 00) x M;" and will use £ instead.
These identifications needed to be measurable in order for it to be possible to discuss mixtures
using any of the descriptions, reconciling with the intuition that Lévy processes are truly

the same as their Lévy Khintchine parameters and as infinitely divisible distributions.

The interested reader can combine what we have done so far with [9] to see that being a
mixture of Lévy processes is equivalent to being continuous in probability and satisfying a

certain kind of exchangeable increments hypothesis.

Again, we will use a notion of a class being mixture-restricting to abbreviate our discus-

sion.

Definition 3.37. We will say that a measurable subset L of £ is mixture-restricting if

whenever ©1, 04 are concentrated on L and ¥Vt > 0, S; =4 T, we have S =4 T.

3.3.1 The Case of Brownian Motions

Recall that a Brownian motion is a Gaussian Lévy process, and can have drift and can
proceed at any positive rate. (i.e. we only require that the variance at t = 1 is positive.)
We denote the space of Brownian motions by BM C £. BM corresponds to the requirement

that the v component of the Lévy Khintchine formula is 0. We claim that

Proposition 3.38. BM is mizture-restricting.

Proof. Using (3.51) for one value of ¢ at a time, we have Vu € R,t > 0

/ exp{iut — tu’c?/2}dO:(B, 0, 0)
Rx[0,00)x {0}

= / exp{iut — tu®c?/2}dOy(B, 7,0). (3.54)
Rx[0,00)x{0}
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Lemma 3.31 now finishes the proof.

[]

Notice that in the discrete time normal case, we had the last equation only for ¢ = 1/n but
now we have it for all ¢ > 0, which is important in eliminating the need for assumptions about
convergence of MGFs. Because the discrete set of rationally related numbers 1/n, arising via
application of r — 1/r to N in the proof of Proposition 3.32, is replaced with a continuum
in the above proof, this can be thought of as a destruction of the arithmetic structure. As
promised, this is a case in which passage to the continuous time problem implies not only the
additional information of infinite divisibility, but crucially the observations at a continuum

of times rather than only a discrete set.

3.3.2 A Poisson-Flavored Case

All functions of u of the form

exp { /R (e — 1)du(a:)} (3.55)

are characteristic functions of infinitely divisible distributions, as long as u is a finite non-
negative Borel measure. This can be seen by taking a vague limit of sums of independent

Poisson Processes with various rates and jump sizes.

Call LISPP the subset of £ determined by (3.55). (Here LISPP stands for “limits of
independent sums of Poisson Processes.”) We may think of the elements of LISPP as “inde-
pendent integrals” of Poisson Processes, which is a different notion than a mixture of Poisson

Processes and also different from compound Poisson processes. By a calculation, we have

Lemma 3.39. LISPP is measurable in £ because it is actually determined by the conditions

fR 1;?2 dv(zr) < 00,8 = fR gl—cdy(x).

It follows from the description of LISPP above that p is uniquely determined by the

infinitely divisible distribution. Moreover,
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(X1)20(P) € LISPP s i € M, (R) (3.56)

is a measurable isomorphism, which is defined on LISPP. Therefore, we may identify each
element of LISPP with a nonnegative finite measure on R via this correspondence. Also, if
LISPP™ is the subset of LISPP corresponding to u supported in [0, 00) (i.e. we only allow
positive jump size Poisson Processes to enter the independent integral), then LISPP™ is of

course measurable in LISPP.

Since (3.55) specifies the distribution of a nonnegative infinitely divisible distribution for
elements of LISPP™, the Laplace transform can be calculated by analytic continuation: Vpu

finite Borel measure on [0, 00), we have the function

exp { /[O m)(e—w - l)du(x)} (3.57)

of s is the Laplace transform of a member of LISPP', and moreover these are the only

Laplace transforms of members of LISPP™.

We will also refer to LISPPy, LISPP{ to denote the requirement that p be a probability

measure. These are also measurable subsets of LISPP.

If © is concentrated on LISPP, LISPP* LISPP; or LISPP{, then p can be regarded as
a random measure defined on LISPP, LISPP*, LISPP; or LISPP;. We now show how the

last section on the discrete problem can be embedded into the current problem.

Lemma 3.40. Let L be a measurable subset of LISPP). Then L is mizture-restricting if

and only if VO1, 04 concentrated on L, we have

Vs >0, L,,(s) =a L,,(5) (3.58)

implies
@1 —d @2. (359)
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Here, we regard i — p as a map from LISPP] to P([0,00)), and we regard ©1, 0 as giving
the structure of a probability space to LISPP{ in two different ways. We use 1, 12 to mean

random probability measures with the same distribution as p under ©1 and Og respectively.

Therefore, even though there is no ideological connection between the mixing measure
of the last section and the measures u from this section (which are similar to the Lévy

Khintchine measure), at the level of the mathematical formalisms the problems are related.

Proof. Observe first that if S,T are mixtures from L, then Vt > 0, S; =4 T; if and only if

Vit > 0,5 > 0,n >0 we have

(7% — 1)dpui(2)}] = Elexp{nt / (e — )dpa(a))] (3.60)

[0,00)

Efexp{nt /

[0,00)

by using (3.51) for one value of ¢ at a time. Then we know that (3.60) is equivalent to

Vt>0,5s>0,n>0

Efexp{t /[ (€ =1 (x))"] = Blexs [ @ = Ddualay (3.61)

[0,00)

which, by the bounded moment problem is equivalent to V¢ > 0,s > 0

exp{t/[0 )(e’sz — Ddpi(x)} =4 exp{t/ (e7°% — 1)dus(x)}. (3.62)

[0,00)

But this last statement is equivalent to Vi > 0,s > 0

[0,00)

" /[0 T ) = / (= — 1)dpn(2) (3.63)

which is the same as Vs > 0

/ (e — D)y (x) =4 / (5% — 1)dp () (3.64)
[0,00)

[0,00)

and therefore also the same as Vs > 0
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4)700) e dpy () :d/ e~ dpis(z) (3.65)

[0,00)
because i1, 1o are always probability measures.

We have that S =; T if and only if ©; = O,.

]

Remark 3.41. Notice how it did not matter that we made a continuum of observations
because the nonnegativity assumption LISPPT allowed us to use the Laplace transform. Since,
when restricted to real arguments, exponentiation is invertible, we were able to cancel an
exponentiation and then cancel the t. Therefore, a measurable subset of LISPP}, when
viewed as a subset of I, is mixture-restricting if and only if it is mizture-restricting as in
the last section. That is, to tell apart two miztures of LISPP] s, we only need to observe at
natural number times. This manipulation was not available in the BM case because there we
were dealing with complex exponentiation, which also forbids the use of the bounded moment

problem above.

For the next result, VA C P(R) measurable, we use
LISPP(A) := {(Xy);50(P) € LISPP|uu € A} (3.66)

where p is the measure in (3.55) giving the characteristic function of X;. For example,
LISPP Fyg,1 2,3y denotes the collection of Lévy processes that can be written as an independent
sum of of a Poisson Process of rate 0 and jump size xy, one of rate 1 and jump size x;, one
of rate 2 and jump size x5, and one of rate 3 and jump size x3 such that (zq, z1, x2, 3) € T}.
Since we will always use A such that all measures in A are supported in [0, 00), our LISPP(A)

will always be a subset of LISPP] so we will be able to use the above lemma.

The fact that the continuum of observations does not destroy any arithmetic structure
suggests that the situation with LISPP] will be more nuanced than the situation with BM,
where uniqueness of S = (5;);>0 held without further conditions. Indeed, we now know that
the variety of possibilities of mixture-restricting classes is at least as much as that of the

discrete time problem:
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Theorem 3.42. Let A C Pt be measurable, and consist only of compactly supported mea-
sures. Then A is mixzture-restricting (in the only sense that is available, i.e. from the
discrete time problem) iff LISPP(A) is mizture-restricting (in either equivalently the sense

of the present section or the last when LISPP(A) is viewed as a subset of T C P(R)).

Proof. This is a consequence of Lemma 3.40 [

Remark 3.43. The upshot of this theorem is that any set of probability measures that is
maxture-restricting when in the role of the allowed components of the mizture are also mizture-
restricting when in the role of p. One could iterate this. If A is mizture-restricting, then
LISPP(A) is mizture-restricting, then LISPP(LISPP(A)) is mizture-restricting and so on.
After all, thanks to the fact that knowing each S, is enough, as long as we only concern
ourselves with miztures of Lévy processes, there is no difference between the continuous time

and discrete time problems.

Corollary 3.44. Let vy, vo,v3 be probability measures on [0,00). Let C' be the convex hull
of {v1,ve,v3}. Then LISPP(C) is mizture-restricting. Also, if A is a discrete, countable set
of real numbers that is linearly independent over Q then LISPP(F4) is mizture-restricting.

LISPP(F(o1,2,3y) is not mizture-restricting.

Remark 3.45. Of course, most of the other results of the last section could be generalized
just as easily, but they are not as meaningful as the ones listed above in the context of mixtures

of Lévy processes.

Notice the comparison with Remark 3.15, which is a reasonable comparison because we
already saw that in this case knowing all S; is no different than knowing only the S,. In
Remark 3.15 we were concerned with mixtures of Poissons (with jump size 1 and rate \) and
we were mixing over different rates. There, uniqueness of S,, was true, which can also be

deduced from our present machinery by applying Theorem 3.42 to the mixture-restricting

set A = {d,|z € [0,00)}.

In general, uniqueness fails in the present setting for even jump sizes restricted to

{0,1,2,3}, because we allow the rates to vary as long as they add up to 1. Both this
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and Remark 3.15 are different than the situation in Proposition 3.28, where the rate was
fixed, but the jump size was allowed to be 0,1,2, or 3 and we were allowed to take convex

combinations of these distributions before mixing them.

Another different situation occured in the context of Proposition 3.25 applied to Poisson
distributions, where the jump size was fixed at 1, the rate was fixed at A\, but we allowed

independent sums and convex combinations to come in before we take the mixture.

These show that the mixture-restricting property concerns not only the type of distribu-
tions used to build up a class, but also the specifics of how the class is assembled from those

distributions.

3.4 A Class of Uniqueness Problems

From now on we will use

Vs e R, M, (s) = /Resxd,u(x) (3.67)

to mean the MGF (at s € R) of a probability measure p on R. Here, g may be random or
deterministic. We will often make assumptions about finiteness of the MGF, which we will
state as needed. We also use
Vt e R, ¢,(t) = / e du(x) (3.68)
R
to mean the characteristic function (at ¢ € R) of a probability measure  on R. Here, u may

be random or deterministic.

In this section, we will discuss a variety of uniqueness problems regarding determining
the distribution of a random probability measure from limited information. These problems

will all run parallel to classical versions of various uniqueness results.

Definition 3.46. Given a probability measure p defined on R, let py = fR xhdu(z) denote
the moment of order k of u, when it exists. Define € to be the collection of u € P(R) that

obey the Carleman condition that all the moments exist, are finite, and ) >~ I/M;fj = 00
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with the convention that 1/0 = oco. Let M. denote the collection of p € P(R) with finite
MGF in some neighborhood of 0.

Sometimes p will denote a random measure.

We will sometimes make the assumption that the random measure p is uniformly bounded
a priori. This means there exists M > 0 such that p is a.s. supported in [—M, M].

We will use the notation iy, := [ #*dp(x) to indicate the (random) moment of order k
for p, wherever this is defined.

For any of the classes in Definition 3.46 or for P+, we will say u is a member of that class
if this holds a.s. Observe that all of these conditions are measurable. Notice this implies
no uniformity, for instance each sample from p € M., may correspond to a different open
interval about which the MGF is finite.

For now, let us assume that p is deterministic and state the classical uniqueness results

for comparison:

Proposition 3.47. Let ji, v be deterministic probability measures on R. Then p = v provided

any of the following hold:
1. bu =0y
2. pvePtand L,=L,.
3. p,ve My and M, = M,
4. v e € andVk >0, pp = vy

Let S¢, SL, SM denote respectively the collections of functions that arise from some p
as in case (1), (2), (3), with the value 400 possible in case (3). Let SMOM denote the
collection of sequences of real numbers that arise as the moments of some y as in case (4),
which we regard as a function of £ > 0. On each of these spaces of functions, we use the
Borel o algebra generated by the evaluation maps. Then the content of the last theorem is

that 1 — ¢, is a bijection from P(R) to S¢, pn — L, is a bijection from P* to SL, p+— M,
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is a bijection from the M., to SM, and p — (ug)r>o0 is a bijection from € to SMOM.

Observe that all of these maps are measurable isomorphisms. It follows that

Proposition 3.48. Let pu,v be random probability measures. Then p =4 v provided any of

the following hold:

1. (¢u(t))teR =a (¢u(t))rer
2. p,v e Pt and (L£,(5))s>0 =a (Lu(8))s>o0-

3. p,v € Meoo and (M(s))(s))ser =a (My(5))ser (which may be valued oo for some s

and some sample points.)
4. v € € and (ur)k=0 =a (Vi)k=0

To summarize, under suitable conditions, knowing the characteristic function, laplace
transform, MGF, or moments jointly tells us the joint distribution of a random measure. It
is natural to ask what happens when this type of information is only known marginally. (We
call these the marginal problems, as opposed to joint.) Actually, we can already provide
an answer to 2 of these problems. One counterexample that is uniformly bounded will

simultaneously witness the failure of both statements.

Theorem 3.49. There exist j1, v uniformly bounded random measures in Pt such that p #4 v

while yet Vs > 0, L,(s) =4 L,(s) and Vs € R, M,,(s) =4 M, (s).

Proof. By Proposition 3.23, we obtain random variables U,V € T, with U #; V such
that Yy € R, ¢c4(y) - U =4 ¢c4(y) - V. Define random probability measures u, v supported in
{0,1,2,3} via u = Updg+U;614+Usz09+Usdz and v = Vydo+V101+Vad24+V303. Upon calculating
the transforms of these random measures, the fact that Vy € R, ¢4(y)-U =4 c4(y)-V translates

into the fact that the (3") holds, and thus that (2’) does as well. O

It is not difficult to believe that the moment problem will require a different argument to

handle in the marginal case, but it may be surprising that the characteristic function marginal
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problem could not be handled in the above proof. That is because the characteristic function
is a complex valued random variable. Indeed, we have been avoiding this situation partly
because the methods of the last two sections cannot deal with complex valued uniqueness
problems, and partly because we did not have to since the problem had already been solved in
the negative, and special subclasses of interest already were nonnegative anyway. However,
here we arrive at a case where the signed question has not been solved yet, and our methods
with some adjustment will actually be applicable. We will present a proof of nonuniqueness
for the marginal characteristic function case in Subsection 3.4.1. From this proof, it will be
plausible that the arithmetic dependencies of the allowed support set is the culprit, because

it reduces the analysis to one of polynomials, for which we will be able to use Lemma 3.22.

In Subsection 3.4.2 we will present a proof of nonuniqueness in the moment marginal
case, even if the restriction is made to a finite support set, hence to the uniformly bounded
hypothesis. In Subsection 3.4.3, we will show how the relevant arithmetic structure from
Subsection 3.4.2 was multiplicative, and that therefore if the set of allowed values consists
of coprime numbers, then uniqueness of the distribution of a random measure with a given

set, of moments does hold.

We display our results concerning random uniqueness problems in the following table.
We remind the reader that the assumption for the MGF case is finite MGF in a neighbor-
hood around 0 (a.s.), the assumption for Laplace transform is nonnegativity, there are no
assumptions for characteristic function, and the Carleman condition is assumed to hold (a.s.)
for the moment problem. The entries “yes” and “no” refer to whether or not uniqueness

holds. All answers “no” come with a uniformly bounded (pair of) counterexamples.

joint marginal

MGF yes no
Nonnegative Laplace Transform  yes no
Characteristic Function yes no
Moment Problem yes no
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3.4.1 Uniqueness Fails for Characteristic Function Problem

In this subsection, we will use z = x + iy to denote a complex number. We define Vn >
0, Po(z,y) = R(2") and Q,(z,y) = I(2") which are homogeneous polynomials in the two
variables x,y of degree n. By default, our polynomials will be defined on a Euclidean space
R?% where d > 1 is the number of variables of the polynomial. We will make use of the fact

that the dimension of the vector space of degree [, N-variable homogeneous polynomials with

N+I-1

| ) This fact can be derived from recasting the counting problem as

coefficients in R is (
sorting [ balls into N bins, which is equivalent to inserting N — 1 partition barriers between
[ balls arranged in a line. There are thus N + 1 — 1 objects total, all N — 1 partition barriers

are equivalent and all [ balls are equivalent. The total number of ways of arranging these

N—i—l—l) )

objects is ( )

Moving on to the main program of this subsection, we first we need a lemma.

Lemma 3.50. For N,l € N large enough, there exists p, a nonzero degree | homogeneous

polynomial in N variables such that Vs, t,x,y € R we have

p(sPy(z,y) +tQo(x,y),...,sPy_1(z,y) + tQNn_1(z,y)) = 0. (3.69)

Proof. We first note that if some N, satisfies the conditions of the lemma, then all greater
pairs would work as well, so our use of the phrase “large enough” is justified. We now only

need to find one pair N, for which (3.69) holds.

For any [, N, let S; y denote the real vector space of polynomials in s,¢,x,y of degree at
most [N and let T} y denote the real vector space of degree [ homogeneous polynomials in

N (commuting) variables.

Observe that

p(sPo(z,y) + tQo(x,y),...,sPn_1(z,y) + tQNn_1(z,y)) (3.70)
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defines a polynomial (not necessarily homogeneous) of degree at most [N in the 4 variables

s,t,z,y. Define the corresponding evaluation map

P T‘l,N — SZ,N (371)

via

O(p) = p(sPo(z,y) + tQo(x,y),...,sPn_1(z,y) + tQn_1(z,y)). (3.72)

Observe that @ is linear. The dimension of its codomain is Zgo (5% < (IN + 4)% If we

2N—1) .

restrict to [ = N then the dimension of the domain is ( N

Therefore, for N = [ large enough, the kernel of ® is nontrivial.

]

As before, we will construct a precursor to the counterexample by constructing merely
bounded random vectors with the desired property, and then we will adjust them so as to
turn them into random probability vectors. The following can be thought of as the complex
analog of a part of the argument used in the proof of Proposition 3.23. The equality in

distributions are meant for complex-valued random variables.

Lemma 3.51. For N large enough, there exist

U: (Uo,...,UN_l),V: (%7"';VN—1) (373)
bounded random vectors taking values in RN for which Vz € C we have

=z

J

N-1
2U; =4 Z 2V, (3.74)
=0

Il
o

while yet U #4 V

Proof. Take N large enough so that the set
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{(SPO(xay) + tQO(xay)v R SPN71<'T7y) + tQN,1<5U,y)) € ]RN’S?thay € R} (375)

is contained in a projective variety. This is possible by the last lemma. By Lemma 3.22 we

may find U,V bounded random vectors so that Vs, t,z,y we have

(SPO(x>y) + tQO(xay)a s ,SPN,1<.’L',:I/) + tQN71<:U7y)) ’ U

=4 (sPo(z,y) + tQo(x,y),...,sPny_1(z,y) + tQNn_1(z,y)) -V (3.76)

while yet U #4 V.

By the Cramér Wold device, we have that Vz,y € R, the R2-valued random vectors

((PO(xvy)7 s 7PN—1<x7y)) ' U7 (QO(l',y), SR 7QN—1(xay)) : U) (377)

and

((P()(l',y), B PNfl(xay)) ' V? (Qo(xuy)v BRI QN,1($,y)) : V) (378>

have the same distribution. But by real isomorphism of R? with C, this is the same as saying

that

(PO(x7y)7 s 7PN—1<xuy)) . U+i((@0(xvy)7 s 7QN—1<*T - y)) : U)

=d (PO(xvy)7 s 7PN—1(m7y)) ' V+Z((Q0(ZL‘,Z/), s 7QN—1(x7y)) : V) (379)

But by the definition of the P,, @, this is the same as saying Vz € C we have

(2%, 2N U= (..., Y.V (3.80)

as complex-valued random variables. Thus, U and V' have the required properties. ]
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Lemma 3.52. There is N' large enough so that there exist

U =U...;Uv_1) # V' =y, ..., Vy_1), (3.81)
both valued in
N'—1
TN/ = {(xo, ce ,xN/,1)|Vj :0< j < N’ — 1, T > O, Z Ty = 1}, (382)
=0
for which Vz € C
N'—1 N'—1
Y HU=, ) AV (3.83)
=0 =0

Proof. Take N,U,V from the last lemma. Set N’ = N + 1. Notice that (3.74) still holds
if we rescale or translate U,V in the same way. Consider H := {(xq,...,znx_1)|1 > 2o >
-+« > axy_1 > 0}. Since H has nonempty interior, we may take U,V € H without loss of
generality. Then when we define Uy =1=V_,,Uy =0=Vy,and Vj: 0 < j < N, U] =
Uj—1 = U;, V) = Vj_ 1 =V}, observe that U', V' are T+ valued. Furthermore, U’ #4 V'. A

calculation shows that we have Vz € C

(2. AN (U 4+ UN U+ 4+ Uny ., Uy

=d (Zovva_l)(‘/l/++V](77‘/2,++V]<f77vj<f) (384)

From this it follows that

OO+ (2P + 20+ 4 (204 -+ 2N THUY

= OV + 0+ + -+ O+ + 2O (3.85)

By multiplying by (z — 1), using the definition of T+, and adding 1 to both sides, we
obtain Vz € C
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N'—1 N'—1

Y HU =4 ) PV (3.86)
=0

J=0

Thus, U’ and V' have the required properties. H

We use the homeomorphism, hence measurable isomorphism of T with the collection
of probability measures supported in {0,..., N' — 1} given by v — vodg + « -+ + vy_10n7_1

in order to see the following:

Theorem 3.53. For N’ large enough, there are two random probability measures u, v with

distinct distributions which are a.s. supported in {0,..., N' — 1} for which Vt € R, ¢,,(t) =4
Pu(t).

Proof. Obtain U’, V', N’ as in the last lemma, and set y = Ujdy + --- + Up_10n—1 and
v = Voo + -+ Vi_10n—1. Set z = e in (3.83) so that its left side is the random
characteristic function of p and its right side is the random characteristic function of . This

construction has the required properties.

3.4.2 Too Many Multiplicative Relationships Spoils Uniqueness of the Marginal

Moment Problem

Let us see that 4 values is again enough to prove nonuniqueness in the marginal version of

the random moment problem:

Theorem 3.54. There ezist p,v random measures a.s. supported in {1,2,4,8} for which

Vk >0, pr =q vp while yet p #4 v.

Proof. By the identification of T, with the collection of probability measures supported in
{1,2,4,8} (given by v — vyd1 4+ v109 +v204 +v305) we have that it suffices to find two random
probability vectors U = (Uy, Uy, Us, Us), V = (Vy, Vi, Vo, Vi) for which U #,4 V and Vk > 0
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Vk >0, Up # 15 + U 28 4+ Upd® + Us8F =4 Vi + 1F + V128 + 1547 + V3asF. (3.87)

That this suffices is because upon defining p = Uydy + Urds + Usdy + Usds and v = Vjd; +
V102 + Vady + V3dg, which are random probability measures a.s. supported on {1,2,4,8}, we
would have that the left side of (3.87) is u and the right side is vy.

We may write (3.87) as

Vk >0, Uy % 2% 4 U 2% 4+ U,2%% + U323 =, Vg % 29F 4 V2t 1 15220 1 1323% (3.88)

Pick U,V from Lemma 3.23.

3.4.3 How The Right Kind of Arithmetic Independence Can Help

Let aq,...,an_1 be a list of nonzero natural numbers which are pairwise coprime.

Theorem 3.55. If u,v are random probability measures which are a.s. supported in the set

{ag,...,an_1} and Vk >0, ux =4 vy then p =4 v.

Proof. First we consider the homeomorphism between the space of probability measures sup-
ported on {ay, ...,any_1} with Ty = {(z¢,...,2n_1)[Vj: 0<j < N -1, x; > O,Z;.V;Ol rj =
1} given by 0 — (0({ao}),...,0({an-1})). It suffices to show that if U,V are T valued and

VEk > 0 we have

N—

(a)"U; =q
0

—_
—_

(a)"V, (3.8)

J]=

<

then U =; V. Once this is shown, if u, v are a.s. supported on {ay,...,ay_1}, then upon

defining

U= (UO,...,UN1> - (,u({ao}),...,u({aNl})> (3.90)
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and
V= <Vb, . ,VN1> = (V({ao}), ce u({aNl})> (3.91)
we would have that the left side of (3.89) is ux and the right side is vy.

By Lemma 3.22, it suffices to show that {(af,...,a%_,)|k > 0} is not contained in any

projective variety.

Suppose to the contrary that there exists some nonzero homogeneous polynomial p in
N variables of degree [ > 0 for which Vk > 0, p(af,... a% ) = 0. Enumerate (without
repetitions) the monomials {M;}/, of degree [, and write p = ZjK:l bjM; where b; € R. For
each j, 3C; € N such that

Vk >0, Mj(ak,... d%_,) = (C))". (3.92)

Because the M; are distinct, and ao,...,an—1 are all coprime, we find that all the Cj
are distinct. Find j, such that C; is the largest, subject to the constraint that b; # 0.
This is a feasible optimization problem because p # 0. There will be only one optimal
solution because the C; are all distinct, and a solution exists because the list of C; is fi-
nite. Consider limy p(ag, ..., ak_,)/Ck = b;, # 0 for a contradiction with the fact that

Vk >0, p(af, ... ,a?vfl)/C]’?O = 0. This completes the proof.
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CHAPTER 4

Long Range Percolation

Many real life and mathematical situations are modeled by random networks. For example,
it is often stated that any two people are six handshakes apart. We would like to use a
model to assess if this is true. We may model this by assuming that people have friends
who are randomly selected, but more likely to be from their immediate locale than from
halfway across the world. In other words, our model of such a problem could consist of a
random graph, where the vertices represent people, and there is an edge for every friendship,
or handshake. Edges are more likely to occur between nearby points than points separated
by a great distance. The question of whether or not everybody is within six handshakes of
one another, it turns out, depends on how quickly the friendship probability decays with
geographical distance. The following work considers an intermediate rate of decay that does
not quite lead to an upper bound on the number of handshakes between any two people, but

rather a polylogarithmic (in their geographical distance) bound.

Another situation is network theory. Suppose that we have computers communicating to
one another, and sometimes, a signal has to be sent between many intermediate computers
before it reaches its final destination. But some communications are lost (at random) because
of various kinds of failures of components or software. What is the most efficient path that a
signal should travel? An analogous question could be asked for fluids flowing through pipes,

with a probability of blockage.

Let us think of these two case studies as instances of the following abstract setting,
called percolation. Fix a graph (G. Percolation is the study of the connectivity of random

subgraphs of G obtained by keeping all the vertices, and randomly keeping or discarding
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each edge independently from every other edge. Sometimes, a kept edge is referred to as
“open” or “present.” The word “open” refers to the fact that percolation models a fluid
flowing through a random network where edges that are passable to the fluid are “open.”
Specific questions of interest in percolation theory concern the size of clusters, the (random)
notions of distance, and other graph theoretic concepts. For a general survey of percolation,
see [10].

Fix an integer d > 1. We will discuss a discrete problem first and then its continuous
analog. In our case, we are dealing with G being the complete graph (no loops) on the set of
vertices Z?. For edges (z,y) not between nearest neighbors, the probability that it is open
is given by

Pay, ais = min(p/|z —y|*, 1) (4.1)
for some p > 0,s € (d,2d). Unqualified norm and modulus symbols refer to the Euclidean

norm. If z,y are nearest neighbors, then the edge between them is open a.s. We will use

v S (4.2)

and
A = (logy(1/7))7" € (1, 00). (4.3)
We will use Dgis(,y) to mean the graph distance from x € Z? to y € Z¢ restricted to the

subgraph imposed by a sampling from the percolation problem. This is often called the

chemical distance.

The reason for the restriction s € (d,2d) is that if s < d, then there exists a constant
C' such that Vz,y we have Dgi(z,y) < C. If s > 2d, then the problem resembles nearest
neighbor percolation, where the asymptotic behavior of Dgis(z,y) is linear in the underlying
separation. As noted earlier, the selected condition on s, the rate of decay of the probability
an edge is open, is intermediate in that Dgi(x,y) scales polylogarithmically with |« —y|. For

a summary of the cases outside of our selected range of s, see [3].

Sometimes, we will actually deal with a continuum percolation model instead, and then

we eliminate the discrete subscripts. A broad overview of the setup is that edges appear
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randomly between any two z,y € R? according to a Poisson Point Process, and a walker
trying to go from point a to point b seeks the quickest possible path. To travel from z to y
requires |x — y| time if it is done in the Euclidean space, but if it is done via a long range
edge, it requires 1 unit of time. Let us make this more precise in what follows. Let ) be a
Poisson Point Process on {(z,y) € RY x RY||z| > |y|} with intensity measure g dedy. We
think of @ as a random subset of {(z,y) € R? x R?||z| > |y[}. Define P, a random subset
of R? x R?, by the rule (x,y) € P if and only if either (z,y) € Q or (y,z) € Q. We think
of P as a random set of unoriented edges. We chose the set {(z,y) € R? x Rd|]x| > |y|}
because this set, together with its image under the swapping of x and y coordinates, covers
R? x R? except a null set under the intensity measure. We shall refer to P as a symmetrized
Poisson Point Process with intensity measure ﬁdmd(y. For measurability reasons and for

simplicity, we shall assume that any Poisson Point Processes mentioned in the sequel are

exactly countably additive, not just almost surely. We define Vz,y € RY,

D(x,y) = inf n+ f(n,z,y,x1, ..., Tn, Y1, .., Yn 4.4
( y) nZO,xl,...,mn,yl,‘..,yn:(xl,yl),...,(mn,yn)GP{ f( ¥ % 4 )} ( )
where
[0,z y) = |y — | (4.5)
and Vn > 1,
n—1
f(nwrvyaxl)' ey Ty Y1y e e 7yn) = |ZE - :L'1| + |y _yn| + Z |l’j+1 - y]| (46)
j=1

Notice that although there could be infinitely many edges in a finite ball that connect points
that are separated by less than one distance in Euclidean norm, such edges don’t matter
because an optimal path could never use them. We call the reader’s attention to the fact that
the underlying norm implied by the presence of all the nearest neighbor edges in the discrete
case is the [' norm on Z¢, whereas we are using the Euclidean norm in the continuum model
for spherical symmetry. The distribution of D(z,y) is translation and rotation invariant,

and D(z,y) < |z —yl.

Considering the paths allowed by the infimum in the definition of D, it is possible for two

balls that are separated by a considerable distance to have pairs of points where the shortest
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paths between those points each intersect the other ball. Thus, we use a restriction in order
to guarantee independence in that setting. Define a restricted notion of the (continuum)

distance D, given by

Dres(x7y> - ll’lf {n+f(nux7yax1)'"7xn7y17"'7yn)} (47)

n>0,21,...,Zn,Y1,--,yn €B
where the infimum is taken over all paths whose long-distance edges are entirely contained

within the closed ball (all balls are closed here) B of radius 10|z — y| centered at z.

In [2] and [3], Biskup makes use of a path construction algorithm that proceeds down
a binary hierarchy to furnish a path of the desired polylogarithmic asymptotics. Roughly
speaking, given x and y that are to be connected by some path, the gap from = to y can
be considered one gap. At each stage in the algorithm, for each gap from a to b, with
overwhelming likelihood, an edge is found that is close to connecting a to b, but its two
endpoints are slightly different from a and b, consuming the gap from a to b, but leaving
behind two gaps. This algorithm is continued, with each gap leaving behind two smaller
order gaps, until the probability of failure cannot be maintained close to 0. We would like
to refine this strategy in the following lemma, stating it in a form that is more amenable to

moment estimates, which we use in the sequel.

Lemma 4.1. Vo, 8 € (0,1) such that da+ dfB = s, Vo € RY, there is an event Ay ap such
that
Dyes(0, %) <a Diyes(0, Zya|2]”) + Dyy(0, Z; l2)”) + 1+ [2[La, , (4.8)

where on the right side, the entire families D,.s, D.,, together with the two single random
variables Z, . and Z, 5 are independent as a family of four objects. Z,. and Z, 5 have
continuous densities that are nowhere 0. D', D are identically distributed and P(A;qp) <
ke~ k212l with ky and ke depending on «, B,s,d only. In the special case a = v = [ we

have that Z, . =4 Z;w and the common distribution does not depend on x.

Remark 4.2. Often times not all subscripts will be explicitly stated.

The reader should consider that (4.8) is plausible because it effectively says that one

special kind of path among the many possible is the kind of path that is formed by the
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following: take a long edge connecting a small neighborhood of 0 to a small neighborhood
of z. This long edge exists with high probability, similarly to [2] and [3]. On the right side
of (4.8) then, the two distances represent the distances from 0 and z to the endpoints of the
long edge that reside in their neighborhoods. These are analogous to the gaps mentioned
above. The reason there are Z’s in the distances’ arguments is that the endpoints of the

long edge are random.

Proof. The outline of the proof is that we will define an optimization game, a decomposition
of the intensity measure of P, the notion of an admissible path and the error event A,.
Lastly, we will use these to prove the lemma. The idea of an admissible path makes precise

the kind of special path mentioned in the last remark.

First we define the optimization game and its associated random variables. We will have

need for a special norm on RY x R?, defined by
N(a,y) = (j«* + [y ). (4.9)

Let o, 8 € (0,1) be such that da + dB = s. Assume z € R? is large enough so that
both |z|@*1/2 and |z|#*1)/2 are bounded by |z|/100. Consider a symmetrized Poisson Point
process P’ like above P, except P’ has intensity with a constant density p(98|z|/100)7*%. (x
is fixed already.) Among all the present edges in this process P’, we select the edge from
x1 to x5 that minimizes N(z; — 0,29 — ). Notice that reversing z; and z, may change
N(zq — 0,29 — x), so the optimization problem involves, among other things, choosing the
correct orientation. This defines x; and x5 almost surely. Thus, X, , and X, , are defined as
the random variables that take the value z; and x5 arising from this optimization respectively.
The joint density of X; , and X, , as a function of two variables (which we also call z; and
Tg) is

Cflp(98|:L,|/100)—Se—CzlJ(%\%‘|/100)75((|9£?1—0|2d-i-|762—313|2d)ﬁ )2d (4 10)

thanks to our choice of N, for some constants C', Cy that do not depend on z. This shows

that X, and X, , are independent. Notice that the distributions of X; , and X,, — x are
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spherically symmetric because the intensity measure is of constant density. Let us define
Zhwo = X12/]2]* and Zy .5 = (Xo, — x)/]2]P. The two Zs are independent of one another.
Sometimes we will replace the 1 or 2 subscripts with unprimed or primed superscripts re-
spectively. Notice that in the special case of & = + and therefore § = v, we have that the
distribution of the Zs are both the same, and also the same as x varies. In order to see this,
it suffices to show that Z, /.| =4 Z,. Observe that the marginal distribution of X, ,, say, has

density

/C1p(98]z]/100) 2~ (98l21/100) | [ (4.11)

This means that for B Borel, we have

P(Z, € B) = V/C1p(98z|/100)~sC2pO8l2l /100 laa* g (4.12)
|z|7B

Applying the change of variables y = z1/|z|”, we obtain

P(Z, € B) = / /C1p(98]z] /100) s eC2P98I21/100) 2Pyl 119 gy (4.13)
B

After cancellation of some factors, we obtain

P(Z, € B) :/ \/Clp(gg/loo)—56029(98/100)‘5\yIQddy = P(Zx/m € B). (4.14)
B

Observe the |Z|s have finite moment generating functions on the entire real line, and the Zs

have densities that are everywhere nonzero and continuous.

Next we decompose the intensity measure for P into two pieces, which we think of as a
Poisson thinning. Consider a, 8 € (0,1) such that da+ df = s and fixed z,y distant enough
such that |z — y|(H9/2 < |z — y|/100, |z — y| > 1 and |z — y|+F/2 < |z — ¢]/100. Let

14+0)/2 around z

us do a Poisson thinning in B, x B, where B, is the ball of radius |z — y|(
and B, is the ball of radius |z — y|1*#)/2 around y, considering the intensity to be the sum
of p(98|z — y|/100)~* and the rest. (If necessary, change probability spaces to enable this
thinning.) Let us say that an edge that is present in the p(98|x — y|/100)~* sample is red

and the rest are blue. The notions of red edge and blue edge are relative to a choice of x

and y, or often, relative to the choice of 0 and a choice of x.
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Let us call a path z, z1,y1, ..., Zpn, Yn, y admissible for a, f € (0,1) such that da+dp = s
if x and y are sufficiently distant as above, and the path has a red edge from B, to B,, say
this edge goes between x; and y;. We then require that z; is in B, and y; is in B,. We also
require that in the ordered list 1, y1, 22, Y2, . . - Tn, Yn, all elements to the left of z;, inclusive,
are in the ball centered at 2 of radius 10|z — y|1+*)/2 and the rest are in the ball centered
at y of radius 10|z — y\(Hm/ 2. Observe that admissible paths are allowed in the infimum in

the definition of D,.

An g is the event that there are no admissible paths from 0 to x for the given a, 3, or
the condition that |z|**®)/2 > |z|/100 or |z| < 1 or |z|4*+A/2 > |z|/100. All conditions but
the first are deterministic, and those deterministic conditions ensure x is large enough that
all balls mentioned in the above paragraph centered at 0 are disjoint from those centered at
x. The requirements also ensure that the Poisson intensity between the two balls of radii
|2—0|0+)/2 around 0 and |2 —0|+#/2 around x has intensity at least p(98|x—0[/100)*dzdy.
Observe that P(A,) < kje*2l?

‘d+s/2

“=*/2 " This is because the volume of By x B, is proportional

to |x and the intensity measure for P’ is proportional to |z|~*.
With all the setup, we have thus ensured that Vo, € (0,1) such that da + df = s,
Vo € RY,

Dires(0,2) < 14eDres(0, ) + |2]1 4 (4.15)

and

14eDyes(0,2) < 1ac(Dies(0,Y12) + Di(x, Yo o) + 1). (4.16)

where Y] ,, Y5, denotes the pair arising from the optimization game played with the intensity
measure of P’ on By x B, and the intensity measure of P elsewhere. Because the event
A¢ guarantees that this optimization occurs within By x B,, Y1 ,, Y5, can be replaced by

X1 2, Xay, with the qualification that these together with D, and D;

les are independent.

This last independence claim holds because D,.s depends on only edges within By, D, only
depends on edges within B,, and the pair (Y ;, Ys,) depends only on edges of length of order
|z|, which cannot possibly include any edges within By nor within B, due to the conditions in

A€ on x. Therefore, when the two Y's are exchanged for the two X's, which are independent,

62



the coupling of the two X's with the two D,’s is also independent. Writing Z’s instead of

X'’s, we have
Dres(0,2) <g Dyes(0, Zg|w|*) + Dll"es(07 Za,:|’r|6) + 1+ |14, (4.17)

where on the right side, the entire families D, D\, together with the two single random

variables Z, and Z! are independent as a family of four objects. n

Other properties of the above objects that we shall use freely are:

1. The distribution of D,(0,x) depends only on |z| and this distribution is continuous

as a function of |z|.
2. Dies > D.

3. Dres(xay) S |m _y|

and

4. The distribution of D, is translation invariant.

Often times, when one of the arguments of any of the objects D, D, Dgis is 0, only the
other argument is indicated. (e.g. D(z) = D(0,x).) We will often make use of the following

lemma as well.
Lemma 4.3. For h being either D or D, the relations
Ve < 1, h(cx) >4 ch(z) (4.18)

and

Ve > 1, h(cx) <4 ch(z) (4.19)

hold true.

Proof. We consider the case of h = D and prove the first inequality. The rest is left to the

reader. Assume ¢ < 1. Consider a coupling of two continuum percolation processes together,
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where one process P; is according to a symmetrized Poisson Point Process with intensity
measure |YL%d:Udy, and the second process P, simply takes each edge (z,y) occurring in Py
and duplicates it as (czx, cy). Observe that every path from 0 to z in P; corresponds exactly
with a path from 0 to cz in P,. For the moment, let us use D; to mean the distance from
0 to x in P; and Dy to mean the distance from 0 to cx in P,. In both the expressions c¢D;
and D,, paths pay a cost of c¢|a — b| to use the underlying Euclidean space to travel from
point a to b in Py, or ca to c¢b in the corresponding path in P,. However, traversing an edge
costs ¢ for ¢D; and 1 for the corresponding edge in D,. Therefore, cD, <; D,. The intensity

s—2d

measure for P is dominated by the intensity measure for P; by a factor of ¢ > 1. From

this, we deduce that Dy <; D(czx). Putting this together yields the first result for h = D,

and the rest are similar. O

Our program is to prove a lower bound for D, and then a scaling limit result for D,
followed by an upper bound for D, with each of these steps using the last. However, it is

most convenient to state the scaling limit result first:

Theorem 4.4. There is a continuous function ¢ : (1,00) — (0,00) such that ¢(r) = ¢(r7)
holds when r > 1, and for each x € R% nonzero, we have

D yes(r)

o )log(rs ! 20

i probability as r — oo.

Remark 4.5. The reader is cautioned that ¢ does not include r = 1 in its domain.

In [2] and [3], Biskup establishes that

lim P(log(L)*™¢ < Dygis(0, Ley) < log(L)2) =1 (4.21)

L—oo
for each € > 0, where e, is the first standard basis vector for R?. We will improve this to

Theorem 4.6. There are ¢,C' > 0 such that

lim P(clog(L)® < Dgi(0, Ley) < Clog(L)*) = 1. (4.22)

L—oo
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The ' norm of the underlying nearest neighbor connections in the discrete case and
the use of the Euclidean norm in the continuum case may strike the reader as not parallel.
However, the choice of the norms used in the definition of f, and the choice between the
continuum or discrete version of the problem are all immaterial, as Theorem 4.6 is equiva-
lently valid for any choice. The validity of Theorem 4.6 is not affected by the choice of the
Euclidean norm in the definition of either the intensity measure or p,, qis. To see that the
validity of the lower bound is unaffected by a change of the norm, compare to a model with
a higher p if necessary. Similarly for upper bound. Also, in the continuum versions of this
theorem, the validity is unaffected by whether the limit is taken over natural numbers L or

real numbers L. We formalize this below in a lemma and a remark.

Lemma 4.7. There are p,,c > 0, and a coupling of the entire D with the entire Dy, the

latter with edge probabilities min(p, /|x — y|*, 1), such that
C‘Ddis(xv y) < D(.T, y) (42?))

pointwise, for every x,y € Z¢ with |x —y| > 1.

There are p;,C > 0, and a coupling of the entire D with the entire D g5, the latter with

edge probabilities min(p;/|x — y|*, 1), such that
pointwise, for every x,y € Z¢ with |x —y| > 1.

Proof. We prove the first. If a path x, 21, 91,...,%n, Yn,y is given with edges (z;,y;,) all
present in the symmetrized Poisson Process with intensity p/|z — y|®, then we refer to the
(x,21), (Y1,%2), -, (Yn,y) segments as gaps. An analogous definition is also used in discrete
settings. We can assume for this proof, without loss of generality, that continuum gap
traversal is done according to the ! norm. We will assume that in discrete settings, nearest
neighbors are always connected. We describe below how to deal with other edges. From the
continuum process, we split R? into hypercubes of sidelength 1, and decree that two points

are connected for the discrete process if and only if they are the lower left corners of two
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boxes in the grid that are connected by at least one edge in the continuum process of length
at least 1. (edges of length less than 1 are never relevant anyway.) This means that the

discrete process has independent edges with probability

Play=1—¢" Joxpr 2y Ha—yiz1dedy (4.25)

to be open where B and B’ are two distinct hypercubes in the grid that are not nearest neigh-
bors. We call D; the discrete chemical distance for this percolation with edge probabilities

p1. There exists p, such that for all B, B’ we have
1 — e Joxn ez < min(p, /| — y)*, 1) (4.26)

where x and y are the lower left corners of the hypercubes B and B’. We call D, the discrete
chemical distance for the percolation based on edge probabilities p» = min(p,/|z — y|°, 1).
Since p; < po, we have D >; Dy. What remains is to compare D;, which came with a

coupling with D, to D itself.

For every path used in the infimum defining D, there is a corresponding discrete path that
occurs in the infimum defining D;. There is the issue that a gap may be much shorter than 1
unit of distance, but span multiple hypercubes. In any case, each gap can be overestimated
by the discrete distance by no more than d units . If n edges are used, then there are n + 1
gaps. Notice that if n = 0 then the number of gaps is 1 and that gap has length greater than
1, and this consideration leads to the need for an extra factor of 1/(d + 1) in c. If n > 0,
then the number of gaps is no more than double the number of long range edges. Therefore,
this consideration inserts a factor of at most 1/(3(d + 1)) in c¢. Therefore, D > ¢Dy >4 cDy

with ¢ = 1/(3(d + 1)), which completes the proof of the first inequality

For the second inequality, the proof is similar, with the additional following detail when
comparing D to D;. In the continuum distance, there is the need to locally connect two
endpoints of edges in the same hypercube. Thus, the continuum distance might involve paths
that overestimate their discrete counterparts by no more than d per gap. As before, this is

accounted for in the constant C'; whether or not n = 0 where n is the number of gaps. [
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Remark 4.8. Changes of the choice of norms in any of the definitions correspond to at
worst a change in p (if the norm in the intensity density or edge probability is changed) or
a constant multiplier on the chemical distance (if the norm for the underlying short ranged
travel of gaps is changed). Neither type of change affects the existence of upper and lower

bounds.

4.1 The Lower Bound

We will borrow a method from [2] in order to prove the lower bound portion for the discrete

problem. By the above reasoning, the lower bound will also hold for the continuum problem.

This section is copied nearly verbatim from section 3 in [2]. We will actually prove the
lower bound assuming only that p,, ais < plz — y|°. The lower bound is a corollary of the

next theorem

Theorem 4.9. There are constants c1,cs € (0,00) such that, for A :=1/logy(2d/s), x # 0

(:2n1/A s
P(Dgis(0,2) < n) < Cl(e 2] ) ; n > 1. (4.27)
X

We present some lemmas:

Lemma 4.10. Abbreviate By, := B(0, k) for k > 0. [fk >0 and x € Z% with x # 0, then

|x!

P(Dyis(0,7) < k) < p( ZE|B | E|B;_,| (4.28)

=0
Proof. 1f D(0,z) < k, then there exists a (vertex) self-avoiding path from 0 to z such that
at least one edge has length at least |z|/k. If this edge occurs at the j-th step and it goes
from vertex y to vertex z, then we must have D(0,y) < j and D(z,z) < k — j. These
events should actually occur spatially-disjointly. By conditioning on j and (y, z), the van
den Berg-Kesten inequality (or, alternatively, a careful conditioning on the first part of the
path) yields

k
P(Dais(0,2) <k) <> > P(Dais(0,4) < J) pys, ais P(Dais(z,2) <k —j).  (4.29)

J=1  y ze7d
ly—z|>|x|/k
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We can bound py. ais < p(|z|/k)~°. Dropping the condition on |y — z| we can now sum over y

and z to get the right-hand side of (4.28). O

Lemma 4.11. There is an a = a(d,s) > 1 such that all 7 > 1, K > j have the property
that the bound Vx € Z% such that |z|/j > 1, P(Dgs(0,2) < j) < [K/|x|}® implies that

E|B;| < aK".
Proof. Note that |z| > K implies |z|/j > 1. Thus

E[Bj|=> P(Das(0,2) <j) < > 1+ Y ( ) (4.30)

z€Z4 x: |z|<K x: |z|>K

It is easy to check that the first term is bounded by a constant a; = a;(d) times K¢, while
the sum over |z|~% over |z| > K is at most a constant ay = ay(d, s) times K¢ . Putting

these contributions together, the desired claim follows. O]

We need one more lemma.

Lemma 4.12. For each p > £t- and each ¢y > 0 there is C = C(p,co) € (0,00) such that

for each ¢ > ¢ the sequence {K,}n>0 given by

1/A

K(n) = —=(n+1) P (4.31)

1
C

obeys

pY K(G)'Kn—j)'<n K®n)?, n>L (4.32)

5=0
Proof. Without loss of generality, to prove this lemma, we may assume p = 1.

Consider the function v(z) := 2'/2 + (1 — x)"/% and note that the exponentials in

1

1/A 1
2

K(5)K (n — ) combine into exp{cn'/2v(j/n)d}. Note also that v is maximized at x :=

where it equals 2'71/2 = s/d. Let

d:=s—d max v(z) (4.33)

0<z<1/4
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and observe that ¢ > 0. Splitting the sum over j into the part when |j —n/2| < n/4 or not,

and using the symmetry 7 <+ n — j we thus get

ZK VK- <2 Y KG)Km-)'+ Y KG)K(n—j)

jsn/4 jtIn/2—=j|<n/4
<2) O™ S 4.34
2 G e 39

cnl/Bs

—2d €
M S (s ey Ea

j:In/2—jl<n/4

Using that j +1 > (n+1)/8 and n — j + 1 > (n + 1)/8 for all integers j such that

|7 —n/2| <n/4, we now get Vn > 0,

LHS of (432) S 2(7’L + 1)0_2decnl/A + C’ 2d82pd(n + 1)1 2pd cnl/Bs
1 WNE (4.35)
< h(n)n™* [C(n—i—l)p cn }
where
h(n) := C* (8% (n + 1) 4 2(n 4 D) (n + 1), (4.36)

Observe that 1 — 2pd + s + ps < 0 under the assumed condition on p and so the term
multiplying C*~2¢ is bounded uniformly in n for all ¢ > 0. Given ¢y > 0, we can thus choose
C' so small that h(n) < 1 holds for all n > 1 and all ¢ > ¢y. This defines C(p, ¢y) and proves
the claim. O

Remark 4.13. By choosing C' even smaller if necessary, we may arrange for the previous

1—dgq

lemma to be satisfied for the sequence K' given by K'(n) = K(n) ifn > 0, and K'(0) =a~ @

2

where q 1= 57—

and a s as in Lemma 4.11.

Proof of Theorem 4.9. Let p > 28(;;18’ set q := ﬁ and let a = a(d, s) be as in Lemma 4.11.

Pick ¢p > 0 and let C(p, ¢p) be as in the preceding remark. Finally, pick ¢ > ¢y so large that

K(n) = n 4 1)Pecn’" > a?nmax{1, p'/*}, n > 1. 4.37
") = Gy 1) {197} (137
We will show by induction that, for each n > 1, x # 0,
_qK S
P(Dais(0,2) < n) < (a|—’(n)> : (4.38)
x
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Notice that this is trivially true for || < a7?K(n) and so we may thus always suppose that

|z| > a~9K(n) which by (4.37) implies |z| > n.

1—

For convenience, we define K(0) = a~ #*. This way E[By] =1 =a'"%K(0)

To start the induction we note that (4.38) holds for n = 1 as, for x away from the origin,
P(Dgis(0,2) < 1) = pos, ais which is less than or equal to the right-hand side by the bound
a"9K(1) > p/*. So let us now suppose (4.38) holds for all n < m € {1,2,...} and let us
prove it for n := m+1. Notice that as we may assume |z| > (m+1) > jfor j =0,...,m+1,
Lemma 4.11 can be used for E|B;| with K := a %K(j) for all j = 1,...,m + 1. By

Lemma 4.10 and Lemma 4.11 we thus get

[Z] N7 9 a4 = \d ~d
P(Dgis(0,2) <m+1) < (—) q g K Kim+1-— . 4.39
( d ( .T) =m ) >p m+ 1 a < (]) (m ]) ( )

The estimate even includes the j = 0 and j = m + 1 terms in the sum because of the special

definition of K (0).

Invoking Lemma 4.12, the sum can be further bounded with the result

K(m+1)>s.

" (4.40)

P(Ddis(O, l‘) <m+ 1) < a22dq<

Since 2 — 2dq = —sq, we get (4.38) for n := m+ 1. Thus (4.38) holds for all n > 1; choosing
c1:=a"C(p,co)~® and cq := ¢ we then get also (4.27). O

We now prove the lower bound as a corollary.

Corollary 4.14. There is ¢ > 0 such that

Jlim P(c log(L)® < Dgi(0, Ley)) = 1. (4.41)
—00
Proof. For given z, in Theorem 4.9, plug in n = | (log(|z|)/c2)* ] . O

4.2 The Scaling Limit

We will work towards a proof of Theorem 4.4.
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We will prove first and second moment estimates that will be used in the sequel. At first

we will only use (4.8) for a = = 7.

Since Z, = Z does not depend on z (distributionally) and has faster than exponentially

decaying tails, we define the random variable
we=Z[[1Z". (4.42)
j=1
where the Z;, Z are all iid.

Lemma 4.15. The product defining W converges, W is finite, positive almost surely. W
has probability density that is nonzero Lebesgue a.e. If Z and W are independent, then

ZIW | =4 W. (4.43)

This last identity shows why we defined W this way. W is for absorbing copies of Z

obtained from iterating (4.8).

Proof. Observe that P(Z = 0) = 0 since Z has a density. Taking the logarithm of the partial
products defining W and applying the Kolmogorov Three Series Theorem shows that the
product in W converges, and that W € (0, 00). Since Z has continuous probability density
that is nowhere zero, and W is defined as Z multiplied by a random variable that is a.s.
never 0, we see that W has a density as well, and it is nonzero Lebesgue a.e. We can verify

(4.43) with a calculation. O

From (4.8), we derive Vr > 1,

Dres(oa W?") Sd DreS<OJ ‘WPZTPY) + D/

res

(0, W[ Z'7) + 14 7|W|la,, (4.44)

where the joint distribution of the W, Z, Z', D,, D\ is all independent, and also the entire

family of A,, though not necessarily independent of one another, are all independent from W'.

Lemma 4.16. lim, ED,.(0, Wr?" ") /2" exists. Moreover, there exist numbers a, — 0 such
that ED (0, WrY™") /2" + a,, is a decreasing sequence. In particular, ED,.(0, WrY™")/2"

1s bounded uniformly in n and compact sets of r.
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Proof. Taking expectations of (4.44) with 77" replacing r, and then dividing by 2", we
obtain

ED,o(0, W17 /2" < ED,os (0, Wr? ") /2771 4 1/27 4 C/2" (4.45)

where C is a constant bound for the function t — |t|kje 21" Setting a, = S (14
() /2™ gives way to the decreasing property we require. Since ED,(0, Wr) is continuous
and nonnegative, we know that FD,.(0, Wr? ")/2" is bounded uniformly in n and compact

sets of r. O

We define L(r) = lim,, ED,(r?"W)/2" which exists by Lemma 4.16. We now show a

second moment estimate as part of the proof of

Theorem 4.17. Let r > 1. Then for Lebesque a.e. x € R?, the limit
Dyes(r? " 2) /2" — L(r) (4.46)
in probability.
We can use (4.18) and (4.19) to derive

Corollary 4.18. In the above, the same convergence can be claimed in probability for every

x other than 0.
Proof of Theorem 4.17. Square (4.44) to get Vr > 1,
E(Dyes(rW)?) < 2E(Dies(r"W)?) + 2E(E(Dires(r Z|W ) |[W)?) + Fy (4.47)

where for r > 1,

Fo = Fy(r) = 1+ 4E[Dyes (0, 7|W | Z)]
(4.48)
HE((r[W )1, ] + 2E[r[ W14, ] + 4E[lrW [ Z14,,].

We also define for n > 0,
B = F,(r) = B ). (4.49)
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Notice that each term of F}, /2" is bounded uniformly in n and compact sets of r, hence
F,,/2" is bounded uniformly in n and compact sets of 7, so that F}, /4™ is summable uniformly
on compact sets of r > 1. Here, we have used Lemma 4.16, the fact that W is independent
of all random objects, the decay of P(A,), property 3, Cauchy Schwarz on the last term, and
the faster than exponentially decaying tails of Z. We remind the reader that A, = A,
is the event that at least one of the following failure modes occur: there are no admissible
paths from 0 to z for the given a = v, 8 = 7, or |2|1+*/2 > |z|/100 or |z| < 1 or |2|+5/2 >

2] /100.

Now we rewrite the second term using conditional variance, and then subtract suitable

terms on both sides to get Vr > 1

Var(Dyes(rW)) < 2Var(Dyes (r"W)) + 2Var(E(Dies (17 Z|W|7)[W)?)

+ AE(Dyes (1"W))? — E(Dyes(rW))? + Fy (4.50)
Replacing W by Z|W|" in the first two variances above and using that
Var(X) = E(Var(X|Y)) + Var(E(X]Y)) (4.51)
then gives

Var(E(Dyes(rZIW|")[W)) + E(Var (Dres(rZ|W[7)[W))
< 4Var(E(Dres(r" Z|W[7)|W)) + 2E(Var(Dses(r? Z|W|")[W))

+ 4B (D1 (1"W))? — E(Dyos(rW))? + Fy  (4.52)

Denoting
1 “n
A, = 4—nVar(E(DreS(r”’ ZIW|)|W))
1 —n
B, = 4—nE(Var(DreS(7” Z|W|M)|W)) (4.53)
1 n
Cn = ZJ:—’rLE'(DreS(T”y W))2
we then get the inequality
1 F,
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because F,, = F,(r) = Fy(r7""). Tterating shows

1 1 1 — "\ F,
A, +=-B,+C, <Ay + -8B —-E B §
+3 +C, < 0t 3 o + Co 32 e+

I (4.55)
=1

Since all A,,, B,,C,, are all positive and F}, /4™ is summable in n > 0, the sum of Bj, must

remain bounded uniformly in n. We have thus proved:

Lemma 4.19. We have

> E(Var(2 " Dyes(r? " ZIW[)|W)) < o0 (4.56)

We now consider again the independent copies D and Z of the quantities D and Z.
Formula (4.56) then yields

ZE ki Dres(W"Z|W|7)>2]<OO (4.57)

2n
Now pick a compact set U C R?\ {0} with non-empty interior, let ¢ € (0,1) and let us

restrict the expectation to the event {Z|W|" € U} N {e < [W]| < 1/e}. Let |U| denote the
Lebesgue measure of U. From the fact that Z has a continuous nonzero density, it follows
that

F()w| > e

Ul

for some constant ¢ = ¢(U, €) > 0. Using this bound in the above expectation permits us to

Zlw|" € U, e < |w| < 1/e (4.58)

change variables to z := z|w|” and conclude that for X uniform on U, and independent of

all other random objects, we have
Z E ( el ZWT) Dresm"X))?

omn
where we also used that P(e < |[W| < 1/¢) > 0 for € € (0,1). Using Jensen’s inequality, we

e<|W| < 1/6] < 0 (4.59)

can now pass the expectation over D, Z and W inside the square to get

gE (E{Dres(r’Y"Z W) _ Mﬂ < o0 (4.60)

e<|W|<1/e

2n 2n
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By Monotone Convergence Theorem, this implies

Dres(r’yinx> _EB |:Dres<r’ynZ|W"y)
2m 2m

e< |W| < l/e} — 0,a.s. (4.61)
n—oo

with the exceptional set not depending on e.
The above reasoning (namely, the fact that A, + B, + C, is bounded) shows

¢:=sup E((DreS(TV2T;Z|W|7))2> < 00 (4.62)

and so, denoting ¢, := 1 — P(e < |W| < 1/¢), from Cauchy-Schwarz we have

Dies(r? " ZIW|7)
2n

<Veég  (4.63)

(1_Qe)E[ e< |W|<1/e

. E[Dresg‘"vv)}

Since g. — 0 as € | 0, we thus conclude that, a.s. for Lebesgue a.e. x € U, we have

,Y*’Vl ,Y*TL
i PresC? ) E{M}) (4.64)
As this holds for any choice of U as above, the claim follows. O

In the proof of Theorem 4.17, we already provided most of the details for another useful

fact, which we now formalize.

Lemma 4.20. E[(D,es(r7"W))?] /4™ is uniformly bounded in n and compact sets of 7 > 1.
Proof. From the above, we have

— F,
An+Bn+Cn§AO+BO+CO+Z4—,’j. (4.65)
k=1

Ag, By, Cy are all continuous in r, and the series is uniformly convergent on compact sets of
r, hence E[(D,es(r? "W))?]/4" = A,, + B, + C,, is bounded uniformly in n and compact sets
of r. O]

We will need a third moment bound.

Lemma 4.21. E[(D,.,(r"""W))3]/8" is uniformly bounded in n and compact sets of r > 1.
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Proof. By cubing (4.44) and taking conditional expectation on W and then expectation,
using Holder’s inequality on the cross terms on the right side, and using X, to denote
Dies(r? "W), we find that

E[X?] <8E[X} ||+ E,. (4.66)

Here E,,, similar to F,,, is the error term, where any term in it that involves the family A,
is uniformly bounded in r and n, and terms that do not involve the A,’s can only involve
X, up to the second moment, which are bounded uniformly on compact sets of » > 1 by
the previous lemma. Therefore, E,, /4" is uniformly bounded on compact sets of r, much as
F,, /2™ is uniformly bounded on compact sets of . Therefore, E,, /8" is uniformly summable
on compact sets of 7, much as F),/4™ is uniformly summable on compact sets of r. Thus,
D,es(r? W) /2" is an L? bounded family, namely the bound on the third moment can be
taken to be E[X3] + > o, Ey/8". O

For convenience,

Definition 4.22. Fiz r > 1. Any of the x above that admit (4.46) is called o valid multi-

plier for r.

Valid multipliers are never 0.

Theorem 4.17 gives way to limits in probability along the sparse sequences 77 . We now

derive some properties of L(r) in order to generalize to other sequences.
Lemma 4.23. L(r") = L(r)/2, L(r) > 0, and L(r) is continuous.

Proof. We leave the first claim to the reader. L(r) > 0 for every r > 1 because of the lower
bound established in the previous section, and because of property 2. This is the only place
where the lower bound of the last section is used. We move towards a proof of the continuity
of L(r).

Observe that L(r) is a limit of continuous functions, hence Borel measurable, as a function

of r > 1.
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Let o, 8 € (0, 1) be such that o+ = s/d. Define 0 so that (1—60)y = o and (146)y = S.
By (4.8), we have

Dres(07 WT) Sd Dres(07 ’W‘QZWT@T&) + D/

res

(0, WP Ziy57”) + 141 Wy, (4.67)

where the «a, § decorations on Z, Z' indicate that they are for o and 3, thus representing
distributions different from Z and Z’ that we have seen so far in this section, and thus not
interacting with W in the same way. Additionally, the first subscripts arise from the fact
that, without knowing o = ~, the Z and Z’ may depend on Wr, as per equation (4.8).
Here, W is independent from all other random objects appearing. Thus, we still know that
ZWr.as Ziyy 3 have distributions that have the same null sets as the Lebesgue measure on R
Thus, we can take (4.67) with r7 " substituted in for r and divide by 2" and take the limit in
probability as n — oo to conclude that L(r) < L(r®) + L(r?). The coupling across different
n can be done in any way the reader pleases. This is the same as

L(rt=%) + L(’r’HQ)'

L(r) < .

(4.68)

By varying «, 8 among possible choices, or equivalently varying 6 over a sufficiently
small open interval centered around 0, this implies that the function g(r) := L(e") defined
for r > 0 is midpoint convex on sufficiently small open intervals about each point in its
domain of definition. Since L is Borel, so is g. Thus, by [5], which contains the proof that
midpoint convexity implies continuity for real-valued Lebesgue measurable functions on the
real line, we see that g(r) is continuous. Hence L(r) is continuous in 7. O
Lemma 4.24. We have

ED,es(riv)

L0 — 1 (4.69)

as r — oo and the limit in Theorem 4.16 is uniform on compact sets of r > 1.
Proof. Let h,(r) := ED,e(0, Wr7 ") /2" so we know h,, — L(r) uniformly for compact sets

of r, by the previous lemma, Lemma 4.16 and Dini’s Theorem. By applying this to the

compact set [e?,¢], we find that Ve > 0,3ny > 1 such that ¥n > ng,r € [e7,¢e] we have
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|hn(r) — L(r)| < e. This is the same as saying

E Dyes(riV)

)

sup sup
n>no 67—71-&-1 Srge')’_n

<e (4.70)

This is the same as
EDyes(rWW)  L(r)

2n 2n

sup sup
n2ng eyl <pger

<e. (4.71)

Notice that ¢(r) := L(r)/log(r)? is periodic in the sense that L(r) = L(r7) because
72 = 1/2. Therefore ¢(r) is bounded away from both 0 and co. From this, we can conclude
that the L(r)/2" term above is bounded away from both 0 and co as n and r vary over their
allowed domains. Specifically, 1/(2max ¢) < 2"/L(r) < 2/min(¢), so that the bounds have

no dependence on €, r,n. We thus conclude that

EDres W .
sup sup EDws(rW) _ 1‘§ 2¢/ min(¢). (4.72)
n2ng eyl <pgey T L(T)
This is the same as
ED,es(rW) )
_— = 1‘ <2 . 4.73
rZeSVlE£)0+1 L(T) B 6/ mln(gb) ( )
Thus, we have learned that
E D, (rW)
—— =1 4.74
I (4.74)
as r — Q. O

Remark 4.25. Observe that the ¢ defined here has the required continuity and periodicity

properties in the statement of Theorem J.4.

Dini’s Theorem was paramount in establishing convergence of first moments in the con-
tinuum parameter r rather than the discrete parameter n. We proceed to show how the

same tool can be used to deal with the second moments.

Lemma 4.26. We have
—) =0 (4.75)

as r — O0.
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Proof. Fix r > 1. Almost every = (Lebesgue) is a valid multiplier, so W is a valid multiplier
with probability 1. Therefore, Theorem 4.17 with a copy of W that is independent of all

random objects plugged in implies that
Dyes(r” W) /2" — L(r) (4.76)

almost surely.

Let us define Y,, = X,,/2", where X,, was defined in the proof of Lemma 4.21. The L3
bound there implies that Y;? is uniformly integrable and Y,, is uniformly integrable, so the
fact that Y,, — L(r) in probability implies that Var(Y,,) — 0 so that A, + B,, — 0 pointwise
in 7. We would like to extract uniformity in r» on compacts, so r is no longer fixed at this

point.

From the proof of Theorem 4.17, we learn that the sequence A, + B, +C,, —> 1 _, Fy/ 4k
is decreasing, and we already know its limit is L(r)* — Y 77| Fj,/4*, which is continuous in r.
Dini’s Theorem tells us that the convergence is thus uniform on compact sets of r. Because
C,, converges uniformly to L(r)? on compact sets of r and the partial sums of F},/4* converge
uniformly to their limit on compact sets of r, we thus conclude that A, + B,, converges to 0

uniformly on compact sets of 7.

By applying this uniform convergence to the compact set [e?, e] we see that given € > 0,

there exists ng > 0 such that

sup sup Var[D,(r? "W)/2"] < ¢ (4.77)
n>ng e’ <r<e
so that
sup sup Var[Des(rW)/L(r)] < 2(min ¢)'e. (4.78)
n2ng ey <pger T
Thus, D,es(rW)/L(r) has variance converging to 0. O

We now prove Theorem 4.4.

Proof of Theorem 4.4. So far, we know D,e(rW)/L(r) has variances converging to 0 and

expectations converging to 1, so it converges in probability to 1 as r — oo.
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Let z € R? be nonzero, and let ¢ > 0. Find € € (0, |z|) such that ¢; = (1+¢/|z|)(1—-t) < 1
and ¢ = (1 —¢/|z])(1 +t) > 1. We know that as r — oo,

P(Dres(0, Wr)/L(r) < c1|[|W] € [|z],]z] +€) — 0 (4.79)

and

P(Dyes(0,Wr)/L(r) > co||[W] € (|z] — €, |z]] — 0. (4.80)

Observe that |z|/|W]| < 1 in the first of these, and > 1 in the second. Therefore, using (4.18)

and (4.19),
P(Dres(0, 1)/ L(r) < 1 — 1)

< P(De(0, Wr)al /(WIL(r)) < 1~ ]|W| € [la]. 2] +€)) (4.81)

< P(Dyes(0,Wr)/L(r) < clHW] € [|lz],|z] +€) — 0

and
P(Dies(0,27)/L(r) > 1+ 1)
< P(Dies(0,Wr) |2l /(IWIL(r)) > 1+ [|[W] € (Jz| — ¢, [2]]) (4.82)
< P(Dies(0,W7)/L(r) > co|[W] € (2] — €, |z[]) = 0
Together, these imply the required convergence in probability. O

We provide a proof of the upper bound within Theorem 4.6. It suffices to do it for D

instead of Dg;s by Lemma 4.7. In fact, it suffices to do it for D, instead of D.

Proof of Upper Bound: Pick |x| = 11in 4.4. Using the definition of convergence in probability,
we conclude that P(Dyes(0,72)/L(r) > 2) — 0. We have thus proved the upper bound with
C = 2max ¢. m
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CHAPTER 5

Conclusion

This work has explored a sampling of limit theorems in a diverse array of subfields of prob-
ability theory. Often times, limiting objects are easier to understand than the sequences
that approximate them. It is certainly true that stationary distributions, mixing measures,
the continuum version of the long range percolation problem, and the scaling limit of the
long range percolation chemical distances obey this general idea. This dissertation provides

a survey of how limiting objects could be used to better understand probabilistic processes.
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