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ABSTRACT OF THE DISSERTATION

Analyticity and Acausality of Nonlocal Quantum Field Theory

by

Paokuan Chin
Doctor of Philosophy in Physics
University of California, Los Angeles, 2022

Professor Terry Tomboulis, Chair

In this dissertation, we study nonlocal quantum field theories obtained by delocalizing the
fields in the interaction terms of some local Lagrangian. The delocalization kernels in momen-
tum space are exponentials of entire functions, thus no additional mass poles are introduced,
but they ensure UV finiteness of loop integrals of Feynman diagrams. The transition ma-
trix is defined in the Euclidean regime, followed by analytic continuation of the external
momenta. Because of the delocalization kernels, manipulations valid in local theories are
prohibited in the nonlocal theories, including Wick rotation and dispersion relation. We
study the analyticity structure of the transition matrix of such theories at the perturbative
level, using the Landau equations. The result shows that singularities that occur in local
theories are also present in the nonlocal theories, except for singularities of the second type.
The Cutkosky rule is then derived using Cutkosky’s original argument, and the unitarity
condition follows as an application of the rule. We then quantify the acausality present
in such nonlocal theories using the Bogoliubov causality condition (BCC). First we study
the acausality of the effective propagator, which is shown to be exponentially suppressed
for large space-time separation. Mellin transform is introduced to help find the asymptotic
behavior of acausality. Next we prove that in local theories, for each diagram, the BCC
equation amounts to a chain of retarded propagator between two vertices; while in nonlocal

theories, the chain consists of Ag, which is the retarded propagator delocalized by the non-
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local kernel and is therefore no longer causal. The acausal amplitudes are then integrated
over wave packets to make experimental predictions. We show that for a nonlocality scale
of order Plank’s length, the acausality will be experimentally immeasurable. Along the way,
by extending the BCC to unitarity equations, we show that the theory defined directly in
Minkowksi space is not unitary. This reaffirms that the theory has to be defined in the

Euclidean regime and then analytically continued.
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CHAPTER 1

Introduction

Nonlocal interaction vertices occur in a variety of nonlocal field theory models and in string
field theory. A local field theory with some minimal resolution length ¢ also gives rise to
a nonlocal field theory, using wavelet decomposition [3]. In this dissertation we study the
analyticity properties of amplitudes and the extent of acausality in theories possessing such

interactions.

In contrast to the finite order polynomial momenta dependence of local interactions, non-
local interactions are described by nonpolynomial functions of the momenta. Such vertices
must satisfy certain constraints to ensure sensible physical properties. Given such vertices,
amplitudes can then be constructed that are well-defined as integrals along certain loop in-
tegration contours and in a certain regime of external momenta - this typically means the
Euclidean regime. The object then is to analytically continue beyond that regime in the
space of the external invariants, i.e., the various scalar products or, equivalently, invariant
energy and momentum transfer variables (Mandelstam variables) formed out of the external
momenta. The analytical structure of amplitudes as a function of the external invariants
viewed as complex variables is, of course, a well-studied subject in local field theory [4]. We

will examine this analytical structure in the case of nonlocal interactions.

In axiomatic field theory, causality is considered an essential requirement, but it is often
replaced by analyticity because it is easier to work with [5]. Though we will show that the
nonlocal theories considered here have the same analytic structure as the local theories, the
closing of the contour in the dispersion relation is prohibited by the nonlocal vertices. Indeed

causality is violated, as one would expect because the theory is nonlocal. Theories that are



acausal are not necessarily sick. In [6], it is shown that even classical electrodynamics imply
acausal effects when considering the self-force of a charged particle. The macroscopic world
is observed to be causal. To be consistent, the acausality predicted by a theory must be
microscopic. Current collider experiments are at TeV scales, so the predicted acausal effects
must be at scales much higher than that. To quantify acausality, we employ the Bogoliubov

causality condition [7].

The content of the dissertation is as follows. In chapter 2 we introduce the class of
nonlocal vertices we study. They are constrained by various requirements including analyt-
icity in momentum space, Lorentz invariance and UV finiteness. Requiring UV finiteness, in
particular, implies that such vertices must decrease sufficiently fast (exponentially, or more
generally be functions of rapid decay) in certain directions in complex momentum space.
These directions must include the Euclidean momenta so that loop integrations are well
defined, and the Minkowski direction so that tree amplitudes don’t diverge for large momen-
tum. For nonpolynomial entire functions, however, this necessarily implies exponential (or
fast) growth in other directions in the complex plane, thus, generally preventing the usual

Wick rotation.

The types of vertices considered encompasses those encountered in string field theory
Feynman rules and a wide class of nonlocal field models. We nominally consider such in-
teractions within scalar field theory models but this is no real constraint - the inclusion of
spin only alters vertices and propagator numerators by polynomials which cannot effect the

analyticity structure nor acausality in any essential way.

Well-defined amplitudes are obtained originally in the Euclidean regime and are then to
be analytically continued in the complex space of external invariants. It is important to note
in this context that they satisfy the property of hermitian analyticity relating the matrix
elements of the transfer matrix 7" to those of its hermitian conjugate 7". This holds in the

case of the nonlocal vertices considered here just as it does in the local case (section 2.1).

Since Wick rotation is prohibited, many manipulations that are valid in local theories are

invalid in nonlocal theories. To avoid confusion, in section 2.2, we start from defining the



theory and discuss how various common mathematical objects, such as correlation functions,
are obtained from the definition, if the objects can be defined at all. Finally, some other

possible nonlocal vertices and their feasibility are discussed in 2.3.

Parametric representations of amplitudes with local vertices are obtained by introducing
Feynman or Schwinger parameters and integrating out the loop momenta. In the case of
nonlocal vertices such explicit momenta integration after introduction of Feynman parame-
ters is generally not possible. For a class of exponential vertices, however, such integration is
possible after the introduction of (generalized) Schwinger parameters. This we do in section
3.1. This generalizes the parametric representation of the local theory which appears as the
zero delocalization scale limit. We also give the correspondingly generalized topological rules

for computing the Symanzik polynomials of the parametric representation.

The basic tool for analyzing the singularity structure of amplitudes are the Landau equa-
tions [8]. They locate the surfaces (algebraic varieties) in the complex space of external
invariants on which singularities may reside. We obtain the Landau equations for the ampli-
tudes in the momentum representation and in the parametric representation (section 3.2),
with which one may proceed to examine the possible singularity structure. The central theme
for us here is that any arguments or derivations that rely solely on ‘local’ deformations of
momenta or parametric contours, i.e., deformations in the finite complex plane, apply in the
nonlocal case just as they do in the local case. The parametric representation is particularly
illuminating in this respect as it makes it apparent that the (appropriate) nonlocal vertices
serve as UV regulators but do not modify the local structure. As a result, the Landau
equations (section 3.2.1) reveal the rich analyticity structure of amplitudes familiar from
local field theory: normal and anomalous thresholds as well as other singularities such as
anodes, crunodes and Landau surface cusps. Some of the latter may, for appropriate range
of the masses, appear as complex singularities even on the physical sheet. Singularities of
the ‘second type’ [4] need special consideration for reasons explained below. This can be

properly done through the parametric representation.

The amplitude discontinuities in going around singularities in the space of invariants are



given by the general Cutkosky rule [9]. There are several ways of arriving at cutting rules in
local field theory. For the nonlocal theories under consideration here, however, only deriva-
tions involving local use of Cauchy’s theorem are possible. The original Cutkosky argument
does in fact fulfill this requirement, and we adopt it to present circumstances to derive the
general rule in chapter 4. This general rule applies to the discontinuity corresponding to any
given solution of the Landau equations, i.e., to ‘cuts’ across any subset of internal lines of a
given graph. Its particular application to normal threshold discontinuities gives the unitarity

condition (optical theorem) as discussed there.

A first look of acausality is studied in chapter 5. The class of nonlocal vertices considered
here are factorizable (c.f 2.6), and thus we may view the Feynman rules as having ordinary
vertices and effective propagators (5.1), which are ordinary propagators with factors of the
nonlocal kernel. We will show that the effective propagator has the same asymptotic behavior
as ordinary propagator in position space. The difference between those two will be the
acausal part, but that is exponentially decaying in |z?|/¢?, where / is the scale of nonlocality.
This is done in detail for a particular class of nonlocal kernel. To generalize, we introduce
the Mellin transform method for finding asymptotic expansions. This is done in 5.1 and
a self-contained derivation is included. Along the way we will also show that the nonlocal
vertex is also exponentially decaying in |z?|/¢?>. The physical meaning is that though the
interaction vertices are not point-like, the space-time point of the interacting fields must be
within scale ¢. A result of the Mellin transform method applied to Fourier Transforms of
Lorentz invariant functions is stated in proposition 5.1.1 and will be used in later chapter as

well.

In section 6.1, we introduce the Bogoliubov Causality condition (BCC) as the basis for
detecting acausality. The condition on S-matrix is given by (6.1). Roughly speaking, it
means perturbing the coupling at spacetime point x5 should not affect the dynamics at x; if
T is in the future light-cone of x;. Perturbatively, it amounts to demanding that the sum of
certain cut diagrams should be zero when x; precedes x5, as shown in (6.11). In local theory,

this sum equals the same diagram but with a chain of retarded propagators from vertex x5 to



vertex 1, which satisfies the causality condition. For tree amplitudes in nonlocal theory, the
sum (6.11) becomes a chain of Ay from x5 to 1. Ag (c.f. (6.7)) is similar to the ordinary
retarded propagator Ag, but with the nonlocal factor attached, which prevents the closing of
the contour at infinity when Fourier transforming it to position space. Thus Ag has support
for both positive and negative time, unlike the ordinary Ag, and so (6.1) does not vanish.
All this is derived in section 6.2 by induction. In section 6.3, we then calculate the physical
measurement of the acausality of this chain of Ag, by associating the incoming and outgoing
particles with wave packets. For most experiments, the acausality will be exponentially
suppressed in z%/¢%, where z? is the separation zy — z;. However, for experiments that are
carefully arranged so that all space-time points are null-separated (within the error of the
nonlocality scale), we show that the acausality is at least polynomially suppressed in ¢/L,
where L is the size of the wave packets of the external particles. Though not like exponential
suppression, the nonlocality scale may be as short as the Planck length, so suppression in

powers of ¢/L is still negligibly small.

In section 6.4, we apply the BCC analysis to loop diagrams. First we analyze it for the
”Minkowski-defined” amplitudes, which are directly written in Minkowski momentum. (In
contrast, the correct theory is first written in Euclidean momentum and then analytically
continued to Minkowski momentum. See 2.2 for details of why they are different.) We
point out that the Minkowski-defined theory is not UV-finite and not unitary, but its loop
amplitudes are easier to manipulate. For this theory, we prove that the sum (6.11) is equal
to diagrams in which there is always a chain of Ag from zs to 1, plus diagrams that include
closed loops of Ag. The former is acausal but is suppressed like in the tree case; The latter
is zero if the theory was local but also suppressed in the nonlocal theory. The derivation is
done in 6.4.1 for 1-loop diagrams and in 6.4.3 for all loops. The derivation is inductive and
involves repeated application of (6.8) and (6.9), which are derived from local deformation
of integration contours. The derivation can be straightforwardly applied to local theories,

which are indeed causal.

In section 6.5, we look at the difference between the Minkowski-defined theory and the



correct theory. This is shown to be suppressed for large space-time separation. Since the
causality violation of the the ”Minkowski-defined” theory is suppressed, the causality viola-

tion of the correct theory is also suppressed.

Unitarity is closely related to BCC. The sum of (6.1) and (6.2) gives (6.13), which is the
unitarity condition. In terms of sums of cut diagrams, it is the L.H.S. of (6.14). In section
6.4.1 and 6.4.3, we also look at how the Minkowski-defined theory violates unitarity. The
sum (6.14) is equal to diagrams that have closed loops of Ag. Fortunately, the violation of
unitarity is precisely the difference between the Minkowski-defined and the correct theory, as

shown in section 6.4.2. We’ve therefore once again shown that the correct theory is unitary.

There has been some related recent work on theories with nonlocal interactions of the
type considered here. In [10] the discontinuity due to pinching of contours responsible for
normal thresholds is computed in theories with nonlocal interactions by a careful analysis
of the difference T'— T and shown to be given by the Cutkosky rule. In [11] some general
arguments anticipating some of the results in the present paper are given but the main focus
is on the classical initial value problem with some partial consideration of the corresponding

quantum causality problem.



CHAPTER 2

Defining the Theory

We consider a scalar field ¢ with Lagrangian of the general form
1 " 1 5,
£x) = 50,003 0(x) — sm?$(x) = 3 Valeie]. 2.)

The interactions V(™ at spacetime point = are taken to be functionals of the fields ¢ of the

general form

An ~n
Va([z;0]) = m/ddyl"'ddyn VO (@, g1, yn) 6yr) - - D (Yn) - (22)
All couplings A, are real. The case of local interactions, including derivative interactions,

e.g., $*0,¢0"¢, corresponds to
i=1

where P ({(’%}) is a polynomial in the d,, derivatives; the trivial (constant) polynomial being
the non-derivative ¢™ interaction. In general, the vertices V™ are generalized functions

defined as the Fourier transforms of appropriate functions:

> (n) Ak A%k ) il (= )+ (2—yn)]
V (maylf" 7yn): (27T)d (zﬂ)dv (kla"' akn)e . (24)

We require that the momentum-space vertices V™ (ky, - - | k) are entire functions of all their
arguments.! Thus, they possess no singularities anywhere in the complex k;-planes (except
at the point at infinity). Local interactions then comprise the subclass in which these entire

functions are polynomials. Nonlocal interactions result from non-polynomial entire V(™’s,

More specifically, entire functions of order > 1/2.



which will be restricted by imposing further requirements, in particular, Lorentz invariance
and perturbative UV finiteness. In all cases reality of the vertices (2.2) implies the complex

conjugation property?
V(n)( e kY = V(")(—k:l,--- ,—kn)* . (2.5)

The class of vertices given by

n

VO (ky, k) = [ F(K]), (2.6)

i=1
where F(z) is entire, is of particular interest. This form of factorized vertices arises naturally
as local interactions of delocalized fields. A delocalized field ¢(z) is a functional ® of the

field ¢ with dependence on the spacetime point x and generally represented by

Dz; ]
= / d'yF(z,y)¢(y). (2.7)

o(x)

Here we take F' to be a generalized function defined as the FT of an entire function F(z):

. o d%k ,
Fla) = 3 an 60w =) = [ g P2y e (28)
n=0

If now in a local scalar field potential
V(9(@) =) Vale()) 2 0 (2.9)

one replaces ¢(z) with the delocalized field ¢(z) one arrives at (2.1) with vertices (2.6).
Vertices of the type (2.6) posses convenient properties while incorporating all the main
features of nonlocal interactions. They occur in string field theory and have been used in

previous investigations of model nonlocal field theories [11-14].

To ensure UV finiteness we require that each V(™ vanishes exponentially® when one or

more k;’s go to infinity in certain directions in complex momentum space. Specifically, the

2This arises from the correspondence 9/9z, — —ik,,.

3More generally, as functions of rapid decay.



vertices are required to vanish in this manner along the Euclidean directions. These may
be specified as usual by taking purely imaginary time components: k? = z'l%,?, with —oo <
kY < 00, and real space components ki = ki, with —oo < ki < o0, and j = 1,...,(d — 1),
r =1,...,n. From the theory of entire functions (cf., e.g., [15]) we know that this necessarily

implies that V(™ will diverge (exponentially) as k;’s go to infinity in other directions. This

precludes the usual Wick rotation between Fuclidean and Minkowski space.

Counsider the function

F(k?*) = exp[(*k?], (2.10)

where ¢ is some given scale. This indeed vanishes exponentially in the Euclidean direc-
tions k? = _[251:—01) l%ﬁ] as any k, — 0o, thus rendering loop integrals UV finite. For real
Minkowski momenta, however, it vanishes exponentially only for spacelike momenta, while
diverging exponentially for timelike momenta. This is unacceptable as it implies unphysical
behavior in any process involving timelike exchange, e.g., in s-channel 2-to-2 scattering al-
ready at tree level. In complicated theories with several types of interactions, like string field
theory, such unphysical behavior may be cancelled among the contributions from different
vertices. For the model field theories (2.1) considered here we simply exclude such unphysical

behavior by requiring that
F(k?) = exp[~P(k?)] (2.11)

where P(k?) is an even degree polynomial in k? with real coefficients and positive highest
coefficient. The minimal choice is then

1

463 (k*)2. (2.12)

1
P(k?) = —§£§k2 -

It is natural to take the coefficients proportional to some common scale: ¢; = ¢;¢, i = 1,2,
where £ is the basic nonlocality scale characterizing the model. (2.12) guarantees that the
vertices asymptotically vanish exponentially inside cones around both the Euclidean and
Minkowski directions. They diverge then exponentially in cones along the adjoining direc-
tions. The same holds, generally with more cone sectors, for (2.11) with higher even degree

P. For general vertices V™ that do not necessarily factorize as in (2.6) we again take the



form (2.11) with even polynomials in variables k& that now stand for linear combinations
of the momenta on different legs of the vertex. In all cases, one may, furthermore, include
polynomials multiplying the nonlocal exp[—P(k?)] factors. Such more general vertices en-
compass the various types of vertices one encounters in string field theory (cf. [10]) and a
wide class of nonlocal field theories. Apart from some technical complications, however,
these further elaborations, do not, in any essential way, alter the basic analyticity structure

features already present in the simpler models.

We mention in passing that entire functions of the type considered above can be precisely
characterized within the Gelfand-Shilov theory of generalized functions. Specifically, they
and their FT are naturally treated within the theory of W spaces [16]. We will not, however,

need to make use of this framework for the purposes of this thesis.

2.1 The Feynman Amplitude

The kinetic energy term in (2.1), being of the standard local form, gives the usual scalar

propagator. The Feynman rules for (2.1) are then:
7

propagator for each internal line of momentum k; and for each n-pronged

(k2 —m? + ie)
An : : :
vertex a factor: —i—'V(”)(lﬁ, -+« k,) with momentum conservation at each vertex. Since
n!
the vertices factorize as in (2.6), an equilvalent Feynman rule would be: a factor of
iF?(k?
—(). (2.13)
k? —m? + ie

for each internal line and a factor of —i% for each n-pronged vertex. We will refer to (2.13)

as the effective propagagtor.

We have so far considered a single scalar field, but one can straightforwardly extend (2.1)
to multiple scalar fields including interactions between them of the same type (2.2). This
allows one to consider different masses in the various propagators and external lines without
altering the basic structure of the general L-loop graph (cf. (2.16) below) in any other way.

This enhanced generality is very useful in discussing analyticity properties of amplitudes.

10



Consider a generic L-loop connected graph G with V' vertices and [ internal lines. One
has L = I —V 4+ 1. Let P, denote the total external momentum flowing into the r-th vertex,
r=1,...,V. All external momenta are taken to be incoming. By definition, P, = 0 if all

lines incident on the r-th vertex are internal. By overall momentum conservation we then

have
1%
Y pP=0. (2.14)
r=1
The internal momenta are labeled ¢;, j = 1,...,1. Each g; is then a linear combination of
the loop momenta I, k =1,--- , L, and the external momenta P,.

In the expression for the graph computed according to the above Feynman rules there is
a factor of i from each propagator and (—i) from each vertex. The corresponding transfer
matrix 7' element (to the process described by graph G) is obtained by multiplying by an
overall factor of ¢ times a total momentum conservation delta-function. Here the transfer
matrix 7' is defined from the S matrix by S = I —iT. Collecting the various factors of i

I-V+1 _

gives % L. Hence, we have

v

To = Acd(3_ P). (2.15)

i=1
where the invariant amplitude Ag is given by

I

Al{z)) = C /Hyz e | LV N

Here C(G) denotes the product of the various coupling and graph combinatorial factors,

and ¢; is the momentum flowing through line j. C denotes the loop momenta integration
contours whose exact shape will be described below. The amplitude is a function of the
various Lorentz invariants z, constructed from the external momenta P,. For parity invariant
interactions these may be taken to be the set of all scalar products P, - P,, including P?. An
alternative common choice is that of total energy and all sub-energies, momentum transfers
and cross-energies z;.. = (P + P + Py + - - - )2. The Mandelstam s, ¢, u variables in 2-to-2

scattering is a familiar example. In general there are more invariants that can be formed

11



than independent variables among them. It is best for symmetry reasons to consider the

amplitude as a function of all the invariants subject to relations among them.?

The amplitudes is only well-defined in ”FEuclidean” momentum space and can then be
analytically continued to Minkowski space. In Euclidean space, the external momentum have
imaginary zeroth component, P’ = iF,, where E, € R, and the contour C of the zeroth
component of loop momentum runs along the imaginary axis, denoted as C. (We retain the
Minkowski signature while taking inner products.) The invariants z,, as well as the qf-’s of
the propagators are then non-positive. These constrains the invariants {z,} to a subset of
the full space. The amplitude is well-defined since no poles in the propagators are crossed

and the loop integral is absolutely convergent due to the vanishing properties of the V ("s)’s,

To access the full z, space, the P? are (simultaneously) Wick-rotated to reals P? = iE, —
E, through the first or third quadrant, while keeping the endpoints of the ¥ contours fixed
at +i00, since the vertices V diverge if any [9 passes through certain cones at infinity. As P?
rotates, singularities of the integrand of (2.16) moves in the [ plane and the contour needs
to be deformed from C; — C to avoid them. Such deformation is always possible while P?
is not real, but fails when P? approach certain real values, which gives rise to the singularity

of Ag(z). This is discussed in the next section.

As an explicit example (for full detail see [10]), we consider the bubble diagram as shown

in Fig. 2.1. With the sum of incoming momentum defined as p = p; + ps, the amplitude is

P=p m>( - \\>/
~_ ) \

Figure 2.1: The bubble diagramm.

Ac(p®) = _C(G)/ (gﬂl; ;55@,32 (1;_((;5)2—?)7’32 : (2.17)

4Note that in d dimensions any set of (d + 1) or more vectors is linearly dependent. For an amplitude
in d spacetime dimensions with F external legs and E > d, after imposing momentum conservation (2.14)
and setting all E external legs on-shell, there are 3[2(d — 1)E — d(d + 1)] independent variables. E.g., in 4
dimensions with E' = 4, there are 2 independent invariants, which can be any two among s,t,u with one

relation between the three.
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The theory is first defined with p° = iE, £ € R, and the k° integration contour Cj is

shown in Fig2.2(a). The singularities of the integrand are when the denominator of (2.17)

vanishes, which are kg = £vk2+m?2 p® £ 1/(k — p)2 + m?, away from the contour. As

p° rotates to real values, the singularity p° — \/ (k — p)? +m? may approach the contour

(assuming £ > 0), which is deformed to C' to avoid it, as shown in Fig. 2.2(b). If for some

particular choice of p, the singularity p° — \/(k — p)2 + m?2 coincides vk2 + m?2, then the
contour cannot e deformed away. This gives rise to a singularity of Ag(p?). The phenomenon

will be discussed in general in chapter 3.

AP \ﬁ 4 \ﬁ

X <

X
X

(a) (b)

Figure 2.2: The singularities and integration contour in the £° plane for the bubble amplitude
when: (a) the zeroth component of the external momentum is purely imaginary, and (b) the

external momentum rotates to real values. The contour is deformed from C; to C'

The relation between the matrix elements of 7' and T is of basic importance. If T}
is the T-matrix element between an initial state ¢ and a final state f, one has T;{i = 15.
We have the following result. Let the amplitude for T}; be given by (2.16) with contour
deformations C1 — C' as described above allowed. Then the amplitude for TTi is obtained
by complex conjugating all external momenta and all masses (for real masses this means
(m? —i€) — (m? +ie)) and changing the contour to CT. The contour CT is obtained from C

by first complex conjugating C' — C* and then restoring the original orientation. Note, in
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particular, that C’IT =(.

This statement, which is easy to deduce by simple manipulations from (2.16), was proven
in perturbation theory in local field theory in [17]° and the proof in the presence of nonlocal
vertices, already given in [10], is essentially the same. It is the statement of the fundamental
property of hermitian analyticity [4], [17]. It will be invoked in sections 3.2.2 and chapter 4.
Here we only remark that it shows T%; and T}i to be different values of the same analytic
function. In this manner the behavior of scattering amplitudes is related to the singularity

structure of a single analytic function of several complex variables Ag({z,}).

2.2 Relation between Euclidean and Minkowskian Theory

It will be helpful for what follows to first spell-out some facts concerning the relation of
theories defined in Euclidean versus Minkowski space with respect to local versus nonlo-
cal interactions, since some of these matters appear to have caused some confusion in the

literature.

First recall some basic features of local quantum field theory. In local QFT a mathe-
matically well-defined formulation at the nonperturbative level is provided by a convergent
Euclidean path integral. Even within weak coupling perturbation theory amplitudes are
given in terms of well-defined Feynman integrals strictly speaking only in Euclidean space -
in Minkowski space the presence of the light cone renders such integrals ill-defined. Thus,
e.g., rigorous power counting and bounds can only be obtained in Euclidean space. The n-
point correlation functions of Euclidean fields, i.e., the Schwinger functions S(z1,...,x,) =
<<;5(x1) . <;5(xn)> (after truncation of external legs) give, via Fourier transform, the Eu-
clidean amplitudes A®)(z,), z. < 0. The physical amplitude, denoted as A({z.}), 2. € R,
is obtained by the analytic continuation of A®) through the upper half planes of {z,}.
Then the FT of A({z}) yield the position space n-point functions, which, modulo external

leg truncations, represent the time-ordered correlations 7(z1, ..., x,) of Minkowski operator

5Tt holds also in the presence of fermions and complex couplings provided the Lagrangian is hermitian.
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fields ¢.

On the other hand, analytically continuing the Schwinger functions S(xy,...,z,) to
Minkowski coordinate space yields the Wightman functions W(xy,...,z,). Given these
functions, and a number of assumptions (on properties of W, existence of a vacuum, etc),
one may then introduce operator fields ngﬁ(:U), a Hilbert space H and a Hamiltonian H, whose
positivity follows from Reflection Positivity (positive transfer matrix) of the Euclidean the-
ory. This is the content of the reconstruction theorems [18] that have been obtained at least

for simple low-dimensional theories.® This general scheme in local QFT is depicted in the

diagram:
Minkowski Euclidean
Wiz, ..., x,) —a.c.—  S(xy,...,z,)
o(x), H, H
! FT
T(T1,...,Tp)
I FT l
A({z}) —a.c.— AP ({z,1) (2.18)

The possibility of Wick rotation of integration contours in Feynman integrals implies
that, at least formally, the theory can be defined directly in Minkowski space, as done in ele-
mentary presentations of local QFT. The time-ordered correlation functions and amplitudes
in perturbation theory defined directly in Minkowski space coincide with those obtained via

analytic continuation from Euclidean space as described just above. This is not generally the

6No such constructions exist in four dimensions and certainly not for gauge theories, where the only
gauge-invariant correlations are nonlocal (loops). The nonperturbative lattice Euclidean formulation is the
only available for attempts at rigorous constructions of gauge theories.

15



case in the presence of nonlocal interactions. Since the nonlocal interaction vertices given
by entire functions must necessarily diverge along certain directions in complex momentum
space, that precludes the possibility of closing contours at infinity and preforming Wick

rotations. The corresponding relation diagram for nonlocal theories then is as follows:

Minkowski Euclidean
Wi(xy, -+ x,)? —a.c.«— S(x1,...,2,)
A(zy, ..., ) FT
| Fr
A({z}) —a.c. — AP ({z,}) (2.19)

A(xq,...,z,) is not the time-ordered correlation function of the field operators, which
is undefined. It is simply the Fourier transform of A(z,), which can be understood as the
(perfect but impossible) localization of incoming and outgoing particles using wavepackets.
If, on the other hand, one analytically continues the Schwinger functions in position space
from the Euclidean to Minkowski regime, the resulting would-be Wightman functions show in
general singular unbounded behavior. Take for example, the amplitude of some 2-2 s-channel
scattering, and let the nonlocal factor be F' = e ?"/2" . The corresponding Schwinger function
is

d4p e—p4€4 —ipxT
S(.T) = /R4 WW@ p (220)

where * = x5 — x;. To analytically continue this to the Wightman function, one rotates

2% — 2%, but the contours of p need not and cannot be rotated simultaneously due to
the vanishing and diverging properties of F' at certain directions at infinity. The would-be

Wightman function is then

dp e |
W (@0, x) = §(ia, x) = / Pl pripx (2.21)

4 (2m)% p? +m?

which grows exponentially in x°.
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Some attempts have been made to deal with this by extending the local theory Wightman
axioms constructive approach with smearing by appropriate test function spaces, but no

satisfactory scheme has emerged along these lines.”

The following question now arises concerning the last line in (2.19). Given some nonlocal
theory Lagrangian we may always apply the corresponding Feynman rules written directly in
Minkowski space to formally define amplitudes in perturbation theory directly in Minkowski
space. (Assume, in particular, that we have vertices as in (2.6) with convergent behavior in
cones both around the Euclidean and Minkowski axes, so that no extra issues with asymptotic
behavior arise.) We may then construct an amplitude A ({z,}) from these Minkowski space
Feynman rules. Does this amplitude coincide with A({z,}) obtained by analytic continuation

from Euclidean space? As already alluded to, in general it will not:
AM(L21) # A({z}) « a.c. — AP ({z)) . (2.22)

The exception, where the equality does hold in (2.22), are tree-level amplitudes, where no
loop integration contours are involved. For amplitudes involving loops, however, as noted
above, (time component) integration contours must be pinned at +ico, since Wick rotations
are not possible; and this results in the inequality in (2.22). This has several implications.
One very important one is that, as we will show, the theory defined directly in Minkowski
space is not even unitary. Some numerical evidence and arguments from the one-loop bubble
diagram for this were presented in [19]. The amplitudes A, on the other hand, defined via
the Euclidean continuation are known to be unitary [10,19]. In section 6.5, we will estimate

the size of the discrepancies implied by the inequality in (2.22).

"To illustrate the difficulties, we only note here that, for example, no usual notion of a Hamiltonian can be
defined for nonlocal interactions, since no notion of evolution from data on a single time slice is possible. The
only physical possibility is to define an effective Hamiltonian by smearing or averaging over time intervals
longer than the nonlocal scale ¢ [11] aiming to regain, for appropriate rapidly-decaying vertices, the local
theory as the effective theory at longer distances.
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2.3 Other nonlocal kernels

In this thesis, we focus on nonlocal kernels of the type (2.11) with P being an even degree
polynomial with positive highest coefficient. In this section we point out some other kernels
that are also factorizable(c.f.(2.6)), and how they differ qualitatively from the one considered
in this thesis. A particular variation that is not qualitatively different is P being exponential,
e.g. P(k*) = ¥ — 1. P is entire and the kernel exp|—P] decays faster than any power of
1/k in Euclidean and Minkwoski directions. All the features with polynomial P is also there

for exponential P.

2.3.1 Kernels that can be Wick-rotated

Here we consider kernels of the form (2.11), but P is such that the kernels decay with
large momentum in the Minkowski and Euclidean direction and also along every direction

in between. Mathematically, that means
P(se”) - 00 as s—o00 and 6 €0, (2.23)

Since the kernel decays in the upper half plane of s, Wick rotation is possible. An example

of such kernel would be

F(s) =exp [—(s*")], p< i . (2.24)

Note this is not an entire function and we have to choose a Riemann sheet for which the

theory is defined. The choice is given by the condition (2.23).

For theories with this type of kernels, loop amplitudes are UV-finite, and the zeroth
component of the loop momentum need not be pinched at +ioco, since Wick rotation is
possible. For this reason, the scheme (2.18) is also valid like in local theories. Wightman
functions can be defined and these theories fall under Jaffe’s class of strictly-localizable

fields [20].

In section 5.1, we'll see that for such theories, the delocalized vertex ((2.8)) and the

acausal part of the effective propagator (5.8) decay polynomially in ¢?/z? for large z2. In
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contrast, those in theories where the kernels have polynomial P decay exponentially. In
addition, the branch cuts of P may introduce extra complication in computing 77 when we

discuss unitarity. For these reasons, we do not consider this type of kernel.

2.3.2 Kernels with polynomial decay

In this part we introduce kernels that are exponentials of entire functions, but they de-
cay polynomially for large momentum along the Euclidean and Minkowski directions. An

example would be
F(k?) = e 1)

2 (2.25)
H(k2) — /Op(k : 1_—de ,

w

where P is some even degree polynomial with P(0) = 0; and {(w) is an entire function that’s
real on the real axis, ((0) = 1, and ((w) — 0 as w — oco. A kernel approaches a constant

as k? — 0 and decays as ﬁ for large space-like and time-like momentum. An explicit

P
example would be P = k* and ¢(w) = e™*. The kernel is thus

F(k?*) = exp[-T(0,k*) — v — In k"], (2.26)

where I'(s,z) is the incomplete gamma function and 7 is the Euler’s constant. While the
kernel falls off as ~ 1/k* for large |k?|, it grows exponentially for k? along the imaginary
axis. Thus for amplitudes, the zeroth component of the loop momentum is also fixed to be
at +ioco. The delocalized vertex (i.e. 2.8) and the acausal part of the effective propagator

(5.8) decay exponentially, which we will prove ini section 5.1.4.

2.3.3 Kernels with compact support

In (2.8), F'(x,y) represents the extent of smearing of the delocalized field ¢(z). For kernels
of the type (2.11), although the delocalized field is centered at one point and has an expo-

nentially decaying tail, it has infinite support. Here we discuss kernels that have compact
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support (in the Euclidean space, where the theory is defined). An example would be

~ 2

Flay) = 00—~ y) (227)

where O is the Heaviside step function, ||-|| is the Euclidean norm, and ¢ would be the nonlocal
scale. It is well-known that the Fourier transform of any function of compact support goes

to 0 as the argument tends to infinity along the real direction, i.e.,
F(k) = / d*z F(0, z)e*e (2.28)

% goes to 0 as k? — +oo. (The inner products here are under Euclidean signature.) This
feature is desired as it will render loop integrals UV finite. Another feature is that, by the
Paley-Weiner Theorem [21], since F/(0,x) is compact, F(k) is an entire function. To go to
Minkowski space, we simply let k° be purely imaginary. Unfortunately, it turns out that the
kernel will grow exponentially for large time-like k%, i.e. as k° — Zioco. This is unphysical

since the s-channel 2-to-2 scattering amplitude will also grow unboundedly.

To prove that, we first state the Paley-Weiner Theorem.

Theorem 1 (Paley-Weiner) If and only if an entire F(k) on C", for all k € C", satisfies

F(k) < O(1 + [k|)Nettmkl (2.29)

for some constants C, N, ¢, then F (k) is the Fourier transform of some compact distribution

F(z) supported in a ball {z||z| < ¢}.

By rotational symmetry (Lorentz symmetry in Minkowski space), we can always choose Imk
to be nonzero for only the Oth component. Then if F(k) < e“™*| for sufficiently large k°
for all ¢ > 0, the inequality in the theorem is satisfied for arbitrarily small ¢ > 0, meaning
the inverse Fourier transform F(z) is compact within an arbitrarily small ball. This is a

contradiction, so F(k) must be ~ eM™*’l as k0 — +ioco for some ¢ > 0.

8In this subsection we abuse the notation and denote F(k), instead of F'(k?), as the Fourier transform of

F(x,y).

20



As a concrete example, consider the kernel (2.27). It can be worked out that, in 4d, the

kernel in Euclidean momentum space is

8

F(k) = H/fH—zfQJQ(HkW) : (2.30)

where J is the Bessel function of the first kind. If we rotate ||k||* to negative values, we get

F(k) = —%12(\/@) : (2.31)

where k? is now iin Minkowski signature and I is the Modified Bessel function of the first

kind. Indeed F(k) grows linearly with exp[v/k2].

Because of the unphysical behavior at extremely high momentum, we do not consider
this type of kernel in this thesis. However, if for some applications, such as lattice theory,

one does not look at energy scale close to or above 1/¢, then the kernel is sensible.
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CHAPTER 3
Analyticity

In this chapter, we study the analytic structure of the S-matrix amplitude perturbatively.
We first introduce the parametric representation of Feynman amplitude, which turns out
useful for our study. We then briefly introduce the Landau equations and then apply them

to the amplitudes.

3.1 Parametric Representation

The use of Feynman or Schwinger parameters has been a very useful tool in investigating
the analytic structure of amplitudes. Expressing the product of propagators in (2.16) by the

introduction of Feynman parameters the amplitude may be written in the form

A({z)) = C / 1% / N va wP). (1)

where
v(a,l, P) Z a;(q (3.2)

This ‘mixed’ form (3.1), involving 1ntegrat10ns over both loop momenta and Feynman param-
eters, has proved convenient for arriving at the Landau equations (cf. below) and discussing

analyticity properties.

In the case of local vertices, where all V") factors are polynomials in the momenta, it
is possible to carry out the integrations over the loop momenta in (3.1) explicitly result-
ing in the well-known Feynman parameter representation. In the case of nonlocal vertices
carrying out the loop momenta integrations in (3.1) in closed form is, in general, no longer

possible. For vertices of exponential type, however, it is natural to use Schwinger, rather
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than Feynman, parameters. For a class of vertices considered above, in particular, the use of
Schwinger parameters allows the loop integrations to be carried out explicitly resulting into
a pure parametric representation. In the case of local vertices the Schwinger and Feynman

parametric forms lead to equivalent expressions.

To obtain the parametric form of (2.16) by use of Schwinger parameters we proceed as

follows. Let ¢ denotes the V' x I incidence matrix given by :

1 if g; leaves vertex r
eri =4 —1 if ¢; enters vertex r (3.3)

0 if ¢; not incident on vertex r

Momentum conservation at each vertex then implies

I
PT - Zg”j% =0. (34)
j=1

Noting that for fixed line j only two of the elements of € are non-vanishing and of opposite

sign, one obtains
1%
D eyl =0. (3.5)
r=1

(3.5) implies that the rank of € for a connected graph is V' — 1. Conservation of the external
momenta (2.14) then follows from (3.4) by summing over the vertex index r and using (3.5),

which is in fact a necessary and sufficient condition for the compatibility of the system (3.4).

Recall that the amplitude is defined in Euclidean space. (See the second paragraph after
(2.16).) We denote P° = iP?% and 19 = il% where P? and [0 are reals, and z, = —2,,
Z, > 0. Furthermore, use of the incidence matrix allows us to take the I internal momenta
¢; (rather than singling out L independent loop momenta) as integration variables subject

to the constraint (3.4). Thus, with vertices of type (2.6), we can write (2.16) in the form:

Ac(—{z}) <2w>d6<d>(2ﬁr)
— m/ H d? Qk ﬁ 622 ﬁ omr)44(d (}—i%q}), (3.6)

r=1




with all momenta now being Euclidean. We introduce Schwinger parameters o, 2 = 1,--- | I,

for each of the propagator factors in (3.6) using the following well-known identity,

1 o0 X
= / e~ @™ gy (3.7)
¢ +m? 0
For the particular vertex factor of type (2.12), we also introduce parameters 3;,i =1,--- , 1,

to rewrite the vertex factors as

F@)P = e
_ /OO dﬁ e—f%(jz—iﬂfqu—%ﬁ2

o V2T

e % & _0252_g2 A2—i6€2 "2+i,8—162
= 5 dp e~ (P —BF BB +iB—38° (3.8)
v _

o0

The last line in (3.8) is obtained by displacing the integration contour in the complex -plane
from the real axis to (—oo — 4,400 — ). We also write the delta functions in (3.6) in their

exponential integral representation. Thus,

ﬁ % ﬁ(?ﬂ dgld < ZETJQJ>

= Gy o
_ <%) / Hddxs/ Hd&’“/ Hdﬁl exp Z( a;( qj + ms ))
—00 g1 0 k=1 =1 J=1

I 1% I
1 .

cexp [ ) —€2+€2+i€2i}2+ii——3> exp | =i | Y 2 (Pr = el
P i1< G 2 20i)q p 25 p £ ( 2 Gi)
(3.9)

Inserting (3.9) in (3.6) the gy-integrations may be straightforwardly performed. To next

carry out the x,-integrations perform first a shift of integration variables:
Ts = Ys + Ty for s=1,---,(V-1). (3.10)

This, as it is easily seen, has the effect that, by (3.5), xy couples only to the external momenta
P,. Integration over x, then gives a delta function factor (2)%@ (3" P,) enforcing overall

momentum conservation. The (V' — 1) remaining y, integrations can then be carried out.
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The final result assumes the form:

Aalt=h) =) (5 ) : I(ﬁ)wi—n“ I I e | [[as =2 [A‘](fﬁ ol

k=1 =1
(3.11)
Here we introduced the notation
w; = o + 0% +il3 B j=1,---,1, (3.12)
with
=041, (3.13)

Then, in (3.11):
I
Afw) = (H wj> det d(w) (3.14)
j=1
where d(w) is the (V — 1) x (V — 1) matrix, of rank (V' — 1), given by

1
dw)s =Y el = (). (3.15)

In (3.15) (") denotes the incidence matrix with the V-th row deleted. Finally, J(a, 8; P) in

(3.11) is given by

I I
1
J(a, B; P) = Q(w; P) — aim?—ii—— 2»2, 3.16
(6)@();( 6)2;5 (3.16)
where Q(w; P) denotes the quadratic form:
V-1
Q(w; P) =Y PBd ' (w),P,. (3.17)
r,s=1

(3.11) is written in terms of Minkowski scalar products for general (complex) momenta
P, but was derived above in the Euclidean regime, i.e., for momenta P, related by P° = i P?

and thus P, - P, = —PT . ]33, Zr = —2Z,.

For a given diagram G, A(w) and Q(w; P) may be computed directly from their defi-
nitions (3.14) and (3.17), respectively. Alternatively, the expressions for them can be con-

veniently obtained from the topology of the graph. To give a precise statement of these
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topological prescriptions we need a few basic graph theory notions. Consider the Feynman
diagram G as a graph defined by V vertices and I edges (the internal lines).! A tree in G
is a subgraph that contains no loops (circuits, in common graph theory terminology). The
number of vertices Vi and edges I of tree T' are related by Vi = Iy + 1. A spanning tree T’
in GG is a subgraph that is a tree and contains all the vertices of G, i.e., Vp = V. Note that
then I — Iz = L. The complement T* of a spanning tree 7" in G is called a co-tree (or the
‘chord set’ corresponding to 7). Thus, Ip- = I — Iy = L. A 2-tree T is a spanning tree
with one edge removed. Removing one edge of a spanning tree leaves two vertex-disjoint
connected subgraphs 7. f) making up the 2-tree: T(? = Tf) uUT®. Note that, from its

definition, a 2-tree contains all the vertices of G and that one of the subgraphs Tf) may be

an isolated vertex.? The compliment of a 2-tree in G is the corresponding 2-co-tree T2,

We can now give a precise statement of the topological rules for obtaining A(w) and

Q(w; P). The determinant of the matrix d(w) defined in (3.15) is given by

detd(w) = Hwi (3.18)

TCG ieT °

It follows from (3.14) that

Aw) =" [ w- (3.19)

TCG ieT™

As seen from (3.19) A(w) is a homogeneous polynomial in the w;’s of degree L. Q(w; P) is

then obtained from

A(w) Q(w; P) = Z 2p@) H w; . (3.20)

TG i€T ()
The variables zp@) denote the square of the sum of the momenta P entering either of Tf):
2 2

o= Y, P =D P . (3.21)

reT® reT®

!External lines of G are irrelevant for the graph-theoretic considerations here.

2More generally, an n-tree 7™ is a spanning tree with (n — 1) edges removed. Thus a spanning tree is a
1-tree. An n-tree contains all vertices of G and consists of n connected components.
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The r.h.s. of (3.20) is a homogeneous polynomial in the w;’s of degree L+1. Thus Q(w; P) is
given by the ratio of two polynomials and is homogeneous of degree 1. The relation (3.18) is

well-known from the theory of circuits. The proof of (3.20), following [22], is more involved.?

Furthermore, one has the important fact that
|A(w)| #0, for 2#0 (3.22)

for all a; >0, —o0 < f3; < co. We prove (3.22) in Appendix A.

The local case is obtained by setting ¢; = {5 = 0:

Ld/2 o I ox 0. 0:
At = @) (1) o | Lo p[AJ(;)’d?;P 1 g

4mr
Rescaling a; — pa; in (3.23) and integrating over p € (0,00) gives the same result that
is obtained from (3.1), with V; = 1 vertex factors, by integrating over the loop momenta.
Explicitly, the result is given by (3.45) below with s = 0 and py = 0 (so only the £k = 0
term survives on the r.h.s. of (3.45)). These manipulations are valid provided (3.23) and the
local (3.1) version are UV convergent, which will be the case for (I — L) > 0. Otherwise,
as it well known, there is UV divergence from the «; = 0 Schwinger parameter integration
endpoint where A(a) = 0, as evident from (3.19) with w; = «a;. In the local case then,
(3.22) can be violated. This divergence can be regulated by cutting off the low end of the
Schwinger parameter integration range. We now see explicitly from the representation (3.11)
that this is precisely what the nonlocal vertices accomplish: they render (3.11) UV finite by
the introduction of the nonlocality scale . This effects the shift a; — a; + 12, cf. (3.12), thus
ensuring (3.22) (cf. Appendix A). Otherwise, the analyticity structure of the amplitude in
the finite complex plane remains unaffected as it is seen by examining the Landau equations

for it, which we do next.

3The quantities A(a) and A(a)Q(a, P) are known as Symanzik polynomials. Here they are generalized
to complex parameters w.
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3.2 Landau equations and singularity structure

Let us briefly recall the general procedure whose application leads to the Landau equations.
Consider a function I(z) of a set of complex variables z = {2}, r = 1,2,..., given by an

integral representation
I(2) :/ dw f(w, z) (3.24)
c

for some contour C' in the space of the complex integration variables w = {w,}, s = 1,2,...,
and some domain R in z-space for which the integral (3.24) is well-defined. One may then
extend the definition of I(z) outside R by analytic continuation. A general method for
doing this goes back to [23], and was elaborated in the physics literature in [24], [25]; for a
mathematically more rigorous homology-based approach see [26]. The integrand in (3.24)
may have singularities at w = w;(2), i = 1,2,..., which depend on z. For z in the region R,
the singularities should be away from the contour C' to ensure that the integral converges.
As z moves outside of R, the singularities move in the complex w-space and may approach
C, which may then need to be deformed to avoid them. The contour deformation cease to
be possible either if two or more of these singularities pinch the contour or if a singularity
hits the fixed boundary of C'. A general formulation encompassing these possibilities is given
as follows [24], [25]. Let the location of singularities of the integrand be given by a set of
equations S;(w, z) = 0,7 =1,2,...,n; and let the boundaries of the contour be specified by
another set 5']- =0,7 =1,2,...,m. Introduce corresponding parameters \;, ¢ = 1,...,n,
and S\j, j =1,...,m. The critical hypersurfaces on which the singularities of (z) are located

are then specified by the solutions of the following conditions [24], [25]:

(1)
AiSi(w,z) =0, i=1,2,...,n; (3.25)

(i)
NSi(w,2) =0,  j=1,2,...,m; (3.26)
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(iii)
a%(Z)\,-Si(w z) 25\ S;(w, 2 > =0 for each k . (3.27)
k X
i J

The nice feature of the method is that one has only to examine the integrand for its singular-
ities in complex space and apply these conditions. Working out their implications, however,

can be highly nontrivial.

Application of conditions (i) - (iii) to the Feynman integral representation of an amplitude
A({z.}) gives the Landau equations [8], also [27]. Depending on which form of the Feynman

integral one uses these equations are given in different equivalent forms.

3.2.1 The Landau equations for the amplitudes

The first form of the Landau equations is obtained from the representation (2.16) in which
there are no integration boundaries. With all vertex factors V() given by entire functions,
the only singularities in the integrand can only come from the denominators: S; = (¢Z —m?).

)

Hence, application of (3.25) gives

(@2 —m?) =0, each 7 , (3.28)

ie.,
either ¢’ =m?, or \=0 for each 7, (3.29)
where i = 1,..., I enumerates the internal lines. From (3.27) and noting that each internal

momentum ¢; is a linear combination of the loop momenta and the external momenta one

obtains
> Xgi=0,  foreach k. (3.30)
1€C

In (3.30) the sum runs around the loop Cy, where k = 1,- - - | L enumerates a set {Cy,--- ,CL}

of L independent loops in the graph.

(3.29) and (3.30) are the Landau equations for the graph G (in what is often referred to
as the first representation). The important point for us here is that they are independent of

the form of the vertices as long, of course, as the vertices are entire functions: polynomials
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in the local case and transcendental functions (such as (2.11)) in the nonlocal case. In either
case, they, being entire, introduce no other singular points in the integrand and thus lead to
the same form (3.29) and (3.30) of the Landau equations. Strictly speaking we have so far
considered only the finite complex plane. In the extended complex plane singularities may
occur at the point at infinity, which then require special consideration. These are in fact the

so-called singularities of the second type. We will return to them below.

According to (3.29) and (3.30) singularities arise from configurations where either an
internal line is on shell or the corresponding parameter A; = 0. For a given graph the
solution with all \; # 0 gives its leading singularity. Those with some of the A\; = 0 are the
non-leading (or lower order) singularities. A non-leading singularity is the leading singularity
of the corresponding so-called reduced graph, i.e., the graph obtained from the given graph

by contracting each internal line with \; = 0 to a point.

One may alternatively use the ‘mixed’ form (3.1). To discuss analyticity properties
using the representation (3.1) first note that the a-integration can be extended to 400 since
the delta-function enforces ;; < 1. We then multiply (3.1) by 1 = fooo dpe~? and rescale

a; — «;/p. Carrying out the p integration (3.1) is recast in the form

Ac({z}) =

dlk / J 104])6 Csmsen) 1
V) ({q, P 3.31
/CI k— 1 a7Q7 P)]I H { }) ( )

With entire vertices there is now only one singularity surface S = 9 («, ¢, P), and boundary
surfaces S; = «;. Straight application of conditions (i) - (iii) then gives a set of equations

which are easily reduced to

ai(@—m?) = 0, eachi=1,---,1 (3.32)
Zaiqi = 0, each j=1,--- L, | (3.33)
ieCj

These are again the Landau equations (3.28) and (3.30) (with the relabeling \; = ;). For

future reference we note that (3.32) - (3.33) can also be expressed as:

%

= d 2=
Yv=0, an o

=0 each j (3.34)
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and

— =0 eachi. (3.35)

The parametric form of the Landau equations, after having performed the momentum
integrations, is obtained from (3.11). Let (; = £ +if3;, with 8; = £343;, so that w; = a; + ,
0Q(w
and also Q ;. ;(w) = W%)Wg Now,

Q(w) :Q@HZQQZ + Z@@ / ds / dt Q ii(c +C) | (3.36)

i,7=1
Since Q(w) is a homogeneous function of degree 1, Q) ; and @ ;; are homogeneous of degree 0
and —1, respectively. To examine the large [ regime, consider the rescaling §; — pf;. From

(3.36) one has

Qla++ip) = ZQZQ +22222@/ ds/ dt Q 4 O‘*‘@ﬂw)

7,j=1

+ itB)| . (3.37)

o ii@@ Zﬁz@/ s [ Qi
=1

i,7=1

Hence, Q(w) grows at most linearly with p, plus O(1) and O(1/p) corrections. The large
3 behavior of J(a, 8; P) is then always controlled by the —3(3", 37) term, thus resulting in
convergent behavior for g; — +oo.
On the other hand, from (3.36), under o; — pa; one has
Qo+ ) = pQ(a) + Zcz z Z G / ds / HQula+1c/p)  (339)
zy 1
and, hence, for p — oo:
I

J(a, 8; P) =p |Q(c; P) — Zaimf + Const. + O(%) (3.39)
i=1

For large a; then convergence requires that

S=Q(a; P)— Zaim? (3.40)



satisfies S < 0. This is the case for Euclidean momenta, and «; > 0, for which the parametric

representation was derived. This identifies S = 0 as a singularity surface.

Note that the region of both a and g simultaneously large, i.e., oy — pay, B; — pBi,

p — 00, gives nothing new - it is equivalent to the large § regime.

We may in fact single out the contribution of non-vanishing a parameters in (3.11)
explicitly by inserting a delta function in the integrand. Omitting numerical factors this
contribution is given by

[ = oof[dak/ Hd@/ dpd(p Zal

=1

1 d 1
Wexp Q(w; P) — Z(azm —if3;) —526 ., (3.41)

=1
with po > 0. The delta function constraints one or more «; parameters to be nonzero, the
actual value of py being irrelevant for this purpose. Rescaling oy; — pay;, using (3.38) together

with
2+ il
P
P

and expanding in powers of 1/p, one obtains a series of integrals over p of the form

Alpa + P +il3p) = p"Ala + ——25), (3.42)

s I
e 1
PO p i=1

with integer s > 0. Carrying out the p integration for Euclidean momenta, for which

Q(a; P) <0, ie., S <0, and with?

d
qEI—§L—S, (3.44)
one obtains:
q—1
: I'(q) o6
_ S(a; P 0 .
I, —ePoS@P) H [ S(a a0 for ¢>0; (3.45)

4Even d is assumed so ¢ is integer.
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I, = — Ei(poS(a; P)), for ¢=0; (3.46)

1=V (e P B P))
s = —S(a; i Q;
T(lq[ + 1) P
poS(@:P) [=LVk kT g (0 PYIF
+ < 7l (=1 [=5 (e >]k‘ : for ¢<0, (3.47)
pdt = al(lal = 1)---(lg] = F)
where
0 k
Ei(z) = 7 + In(£2) + Y % 220 (3.48)
k=1 ’

is the exponential integral function with v denoting Euler’s constant. As seen directly from
(3.45), (3.46) then, upon continuation S = 0 is indeed the singularity surface. I is regular

for sufficiently large s as evident from (3.47).

Note that the s = 0 contribution is the exact result for the local theory obtained by
setting ¢ = {, = 0, i.e., yire) = 1, in the Schwinger parametric representation (3.11).
As pointed out right after (3.23) this is identical to the result obtained by carrying out
the momentum integrations in the Feynman parameter representation (3.1), provided the
integral is UV convergent; otherwise it will have to be UV regulated. In the nonlocal case
the transcendental entire vertices automatically provide such regularization, whereas the

singularity structure defined by the S surface remains intact.

Applying the conditions (i) - (iii), with, again, a; = 0 defining the contour boundaries,

we now have:®

S(a,P) = 0 (3.49)
Nia; = 0 (3.50)
0 .
o ()\S + ; )\kozk> — 0, eachi. (3.51)
Hence, either 5\, =0 and 905/0a; =0, or a; = 0. But
I
S = ;ai% : (3.52)

®We disregard the trivial A = 0 case in the AS(a, P) = 0 equation.
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since S is homogeneous of degree one in the «;. Thus one concludes that

either: a; =0 (3.53)
or: gj@ =0, each . (3.54)

In either case then (3.49) is automatically satisfied. For many purposes the parametric
form of the Landau equations (3.53) - (3.54) turns out to be the most convenient form for

analyzing the analyticity properties of amplitudes.

The parametric form of the Landau equations (3.53) - (3.54) is equivalent to that given
by (3.34) - (3.35). This is shown in the Appendix B. Note that this implies that the former
are in fact of general validity even though they were obtained within the vertex subclass

used in deriving the parametric representation.

3.2.2 Singularity structure

Eliminating the A or a parameters from the Landau equations one obtains the equations
for the Landau surfaces (algebraic varieties) in the multi-dimensional space of the external
invariants z.. This can be done by forming the inner product of (3.30), or, equivalently,
(3.33), with ¢; giving a set of simultaneous equations for the A, or, respectively, «, param-
eters. The condition for non-trivial solution of this set gives the Landau surface equations.
Equivalently, they may be derived from the condition for non-trivial solution of the system
of equations given by (3.54). In this manner the equations for the leading Landau surface
¥.(2,) may be given in the form

detY =0, (3.55)

where Y'(z,) is a matrix with entries depending on the external momenta invariants z.. The
lower order surfaces ¥;;...(2,), corresponding to solutions with a subset of the a;’s (resp., A’s)

equal to zero, are then given by the vanishing of the appropriate minors of Y.

Thus, for example, for the basic square box diagram in Fig. 3.1(a), with external masses
M;, internal masses m; and external legs on shell, there are two independent invariants, the

familiar s and t Mandelstam variables. Proceeding as indicated above one straightforwardly
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BRI DT .

(a) (b) (c) (d)

Figure 3.1: (a) The one-loop box graph; (b) one of the once-reduced graphs of (a) containing
the anomalous thresholds; (c) one of the twice-reduced graphs of (a) containing the normal

thresholds; (d) the acnode graph. Black circles denote nonlocal vertices.

finds the leading singularity Landau surface ¥ given by (3.55), where

qg—mi—mi
Yij(z) = = , iF#j Yu=1. (3.56)

2m,-mj

Here z;; = (3°,-;; Pr)?* denotes the square of the sum of the external momenta entering
between lines ¢ and j. Thus, z13 = (P, + Py)? = t, 204 = (P1 + P)? = s, whereas z;; =
Zj; = Pj2 = Mj2 for adjacent i and j with ¢ < 7 in cyclic order clockwise around the
graph. The invariants formed by the squares of the external momenta have been set on shell;
considering them as variables amounts then to continuation in the dependence on the external
masses. The surfaces for the subleading singularities are found from the corresponding
reduced graphs. Setting one a parameter to zero gives the triangle graphs in Fig. 3.1(b),
whose leading singularities are the ‘anomalous’ thresholds. Each of their Landau surfaces
Y, 1 =1,2,3,4, may be obtained from the corresponding reduced graph and, as easily seen,
is given by
detYT[i,i] =0, (3.57)
where Y'[i,i] denotes the submatrix of Y obtained by deleting the i-th row and i-th column
of Y; i.e., ¥; is given by the vanishing of the (7, 7)-minor of Y.
Similarly, solutions with two «a parameters equal to zero correspond to Landau surfaces
>j given by
det Y[ij,ij] =0, (3.58)

where Y[ij,ij] denotes the submatrix obtained by deleting the i-th and j-th rows and the
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i-th and j-th columns of Y. In the case of the square graph these are the leading singularities
of the reduced graphs in Fig. 3.1(c), which include the usual normal thresholds, and (3.58)

results, respectively, in:

s = (mg £ my)?, and t = (my £ms)?. (3.59)

Landau surfaces generally have rather intricate structure with multiple components in
the multi-dimensional space of the external invariants. This is true even for the simplest
diagrams, such as the square graph and the reduced triangle graphs in Fig. 3.1(b)® given by
(3.56). Such examples have been extensively studied, cf. [4] for a review. One typically starts
with the solution for the real section of the surface in the complex space of the invariants,
e.g., the intersection of ¥ with the real (s, t) plane in the example of the box diagram above;
this section will, in general, consists of several components. The complex parts attached
to the real sections are then determined by the searchline technique [28]. This can be a
rather laborious procedure. Having determined the shape of the surfaces on which potential
singularities lie, there remains the nontrivial task of determining which parts are actually
singular on which Riemann sheet. In the present context, however, the main point, once
more, is that the resulting local singularity structure is not affected by replacing polynomial
by transcendental entire vertices, since, as we saw, except for providing UV regularization,

this leaves the Landau equations unaffected.

It will be useful for our discussion to recall here some aspects of this singularity structure.
Despite the generally complicated form of the Landau surfaces some general features are
present that are crucial for the structure of physical amplitudes. The physical sheet is

2

defined by attaching a small imaginary part —ie to each internal mass m; and integrating

over undistorted integration contours in (3.1) or, equivalently, (3.11). Now, from (3.20),

Im S(a, P) = ( > Imzpe [] et (Zai)e. (3.60)

Olatel ieT(2)*

6The triangle may of course be viewed in its own right as a form factor depending on general complex
z; = P?, i.e., a 6-dimensional space.

36



For real positive a’s (undistorted contours), this does not vanish for Im z, > 0. The same, of
course, holds for the imaginary part of the extremized form (3.2) (w.r.t. the loop momenta)
which equals S, see Appendix B. Hence, one may continue through this region of complex
z. space without the potential singularity S = 0 or v» = 0 in the integrands forcing a
distortion of the contour. The physical amplitude is obtained in the limit Im 2z, — 0*. This
defines the direction of approach to the subspace of real z,. in which one may encounter
singularities. We know, however, that there is a region R in real z, subspace, which includes
Euclidean momenta, where S # 0. The boundaries of this region will be determined by
those parts of the real sections of the Landau surfaces X, 3J;, 3;;, . . . that correspond to real,
positive a solutions of the Landau equations. The common situation is that the normal
thresholds provide the boundaries of this analyticity region R; at the boundary provided by
the first threshold for two particle intermediate state the amplitude acquires a cut, followed
by additional cuts at the onset of three and higher intermediate states. This is the familiar
singularity structure expected from unitarity. The general situation, however, can be rather
more complicated due to the existence of the anomalous thresholds and other, nastier types of
singularities. These, upon continuation in the z,, may move to replace the normal thresholds

as boundaries.

The 1-loop box diagram of Fig. 3.1(a) provides an instructive example. One has

S(a;s,t) =

041062]\/[22 —+ 061044M12 + alOégt + Qo S + OéQOéng? + a3a4M42 _ i a-mQ (3 61)
=1

o1+ Qg + g + Oy ¢

One chooses the external masses to be stable against decay into pairs of the internal masses,

" one can show that S < 0 for

i.e., My < mq + my, etc. Then for sufficiently small masses
s < (mg +my)? and t < (my + m3)?. Thus the boundaries of the region R in this case are
given by the normal threshold surfaces i3, 394. This, however, changes drastically as the
masses are increased [29]. As the external masses are increased one of the triangle surfaces,

say Yo, moves to collide with the normal threshold surface s, and then separate. As a

"More precisely, for masses such that none of the ¥; surfaces corresponds to a solution of the non-leading
triangle Landau equations with real positive a. The effect of subsequent increases in the masses violating
this condition successively for each ¥; is described in the main text.
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result the boundary of R now consists of ;3 and ¥y and an anomalous threshold singularity
appears on the physical sheet. Increasing the external masses further another ; moves up
to and then away from >3 and the region R is now bounded by two anomalous threshold
surfaces ¥;. Further increases of the masses leads to collision of the ¥;’s with the leading
surface . The R boundary is now formed by part of ¥ and the ¥; and this is accompanied
by the onset of complex singularities on the physical sheet [29]. This disturbing appearance
of physical sheet complex singularities originates here in the movement of the anomalous

thresholds as function of the masses.

Unfortunately, this is not the only known mechanism by which complex singularities
can appear on the physical sheet. Investigation of the 2-loop box diagram shown in Fig.
3.1(d), the infamous acnode graph, reveals a new phenomenon [30], [31]. In addition to the
continuous parts of the real section of surface X, as some external mass is increased beyond
a certain value isolated points, known as acnodes, appear on the real (s,¢) plane. There are
singular complex pieces of the surface, of complicated shape, intersecting the real plane only
through these acnodes. The acnodes move as the masses are further increased till they meet
the continuous part of the real surface section creating a crunode (self-intersection point) as
well as cusps in Y. The physical interpretation of such physical sheet complex singularities

and their effect on physical amplitudes remains obscure.® [30]

Whatever the boundaries of the real region R of analyticity may be, its existence has
some important consequences. Analytic continuation in z,.-space out of R along a path P
to some point z, is related to that along the complex-conjugate path P* to point 2! by
complex conjugation. Thus, any distortion of integration contours made necessary during
the continuation along P implies the complex-conjugate distortion along P*. If, therefore,
analyticity can be proven in one region, it is guaranteed to hold also in the complex conjugate
region. Furthermore, a path out of R with Im z, > 0 to an endpoint with Im z, = €*, i.e.,

on the physical sheet, and the complex conjugate path to the conjugate point relate the

8Their appearance is what prevents the general validity of the Mandelstam representation in the case of
local (polynomial) vertices
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amplitude for the transfer matrix 7" to that for 77 by continuation of the same analytic
function. This is the content of the hermitian analyticity property of section 2.1 above. The
introduction of nonlocal entire function vertices does not in any way interfere with these

fundamental properties.

The existence of the real analyticity region R, in fact, generally implies extension to
a larger region of analyticity [32]. First note that since S < 0 with undistorted contours
for z, € R, S cannot vanish if one continues to complex z, such that Rez,. € R. Thus the
amplitude is analytic in a tube in the complex z,-space whose real section is R. Furthermore,
given a fixed point 20 € R, consider the line in complex z,-space given by z.(¢() = 2% + \.C
with complex variable ¢ and given numbers \, defining its direction. Now, since by (3.20)

S is linear in z,, for points on the line one has
S(a;¢) = S(a; 2)) + T(a) ¢, (3.62)

where 7 is a function of only the a. For a’s real and positive, i.e., on the undistorted

contours, one then has
Re S(a;¢) = S(a; 22) + T(a)Re( , ImS(a;¢) =T (a)Im( . (3.63)

It follows from this that S(a;(¢) cannot vanish when Im{ # 0. Indeed, for it to vanish
Im S = 0, implying that 7 = 0; and Re S = 0, implying then that S(«;z?) = 0, which is
not true, since 20 € R. Hence, the amplitude is analytic for all ¢ such that Im ¢ # 0 and
all real values of ¢ = z such that that z.(x) € R. Thus, if, for example, the boundaries of
R are given by the normal thresholds, the amplitude is analytic in the entire ( plane except

for the normal threshold cuts along the real axis.

The result is independent of the type, polynomial or nonlocal entire functions, of the
vertices. It immediately allows one to obtain single-variable dispersion relations provided
contours in complex z,-space can be closed at infinity.” This, modulo possible subtractions,

is possible for polynomial interactions, but clearly not for nonlocal interactions. So, even

9For example, for 2-to-2 scattering, where z, = (s,t), one can choose the line through the region R in the
above argument such that one obtains, say, a dispersion relation in s at fixed ¢.
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though the singularity structure is the same in the finite complex z,.-space, the different
behavior at the point at infinity in the nonlocal case does not allow one to use the above
result to write such dispersion relations in any obvious way. For both classes of vertices,
however, one may, of course, employ Cauchy’s theorem by closing contours in the finite

plane, as in fact is done in arriving at the Cutkosky discontinuity rule (cf. below).

Finally, there is the matter of the so-called second-type singularities [33], [9]. As originally
discovered in the representation (2.16) with conventional polynomial interactions, these are
singularities that appear to correspond to pinches of the loop integration contours at infinity.
To make such discussions mathematically more well defined one has to make change of
variables to convert these to finite points. A better discussion, which, most importantly for
us here, can be equally well applied to nonlocal entire as well polynomial vertices, is given
in the parametric representation. Second-type singularities can then be defined as solutions
to the Landau equations (3.53) - (3.54), or, equivalently, (3.34) - (3.35), which additionally
satisfy A(a) = 0. Now we proved (see Appendix A) that A(«) # 0 for all a; > 0. (In the local
case, this holds only for a; > 0.) In fact, A(a) could vanish only for some o; < —£2 due to
the explicit UV regularization provided by the nonlocal vertices. Second-type singularities
occur then due to pinches with distorted contours of negative a. In all known examples
these negative « values imply that the singularity is not on the physical sheet. The general
situation regarding the Riemann sheet properties of second-type singularities, however, is an

open question.
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CHAPTER 4

Cutkosky discontinuity rule

Consider the amplitude (2.16) and let {z,.} = {20} denote a singularity given by a solution
of the Landau equation with I, lines on-shell and (I — I..) of the « parameters equal to zero.
The Cutkosky rule provides a general formula for the discontinuity from going around the
singularity 2°.

Let L. be the number of independent loops in the reduced diagram obtained by contract-
ing the (I — 1.) lines with zero a. We can label lines and choose the loop momenta so that
the reduced graph has internal line momenta ¢;, i = 1,..., I. and they depend only on the
loop momenta [; with j = 1,...,L.. Let us label loop momenta components by [;, = I
with A assuming dL. values, and define the I, x dL. Jacobian matrix

_0¢?

Jig = di
AT oIy

(4.1)

Assume that I, < dL. and that the rank of J equals I..! Then, following [9], one may
introduce a change of variables replacing the loop momenta /4 on the contour Cf, i.e., Eu-
clidean loop momenta, by the set {4, where & = ¢? = —¢?, i = 1,..., I, and additional
variables £, = x4, a =1, ..., (dL. — I.). The new variables may be visualized geometrically
in d-dimensional Euclidean space as the construction of a simplex whose base is the polygon,
closed by momentum conservation, formed by the vector diagram of the external momenta
vectors. The rest of the oriented edges represent the I. internal momenta vectors. The sim-
plex on top of this base is built in such configuration of edges that momentum conservation

is obeyed at each vertex of the reduced diagram. The variables {; = ¢? then represent the

IThe argument may be extended to cases where these assumptions are violated, but there is no need to
consider such cases in this paper.
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squared lengths of the edges and the set x, represent the additional ‘angle’ variables needed
to completely specify, for given ¢?, the allowed distortion/orientation degrees of freedom of
the simplex in the dL.dimensional space. It may be that this latter set can be chosen in
more than one way. This construction is always possible in FEuclidean space showing that,

under the above assumptions, this is a well-defined change of variables in (2.16).

The experts will recognize this as the first step in the construction of the so-called dual
diagram for the graphical solution of the Landau equations.> Were one to additionally impose
the Landau equations they would result into further relations between the edges that will, in
general, not be possible to satisfy in Euclidean space and thus require complex or Minkowski
vectors. This, of course, reflects the occurrence of singularities outside the original region of
definition of the integral, which are encountered upon continuation in the external invariants.

In terms of the new variables (2.16) assumes the form

(dL—1I.)

)t (Lo c
AG({Zr}):C<G)( (12>7T)dL / dqz/ H an/Hdl |J|

We choose to express (4.2) in terms of ¢? rather than ¢? = —¢? since we eventually want

HV(”S ({a*x. 1, P}). (4.2)

qk

to consider complex ¢? contour deformations as the external invariants move out of the
Euclidean region - cf. remark in the previous paragraph. Also, the masses m? are normally
real with small negative imaginary parts, but, more generally, may be allowed to assume any
complex values. The limits of integration a;, b; are determined by the extrema of ¢? w.r.t.
the reduced graph loop momenta for fixed ¢, k < i, i.e., by extremizing

o(1,7) = ¢ + Y war (4.3)

k<i

w.r.t. tol; (1 <[; < L.) and Langrange multipliers 7. Note that one may always choose to
label internal lines with ¢; = I; for i = 1,--- L., so that for these lines one simply has §2 = [2
and, hence, (a;,b;) = (—00,0). (We necessarily have 1 < L. < I.). Subsequent a;, b; limits,

however, will generally depend on the preceding ¢?’s and the z,’s.

2 Also introduced in [8]. See [4] for references and examples.
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Figure 4.1: (a) Original position of singularities with undistorted contour in ¢* plane; (b)
singularity movement as z — 2 pinching the contour; (c) equivalent contour consisting of

regular and a singular (circle) contribution.

Now write (4.2) in the form

Aol{zr)) = K [ dad s e, (1.4

where K = C(G) (—1)Fetle)jll=Le) /(27)4L The integrand IM(¢?) is the result of having
integrated over all variables in (4.2) except ¢i and singling out the g¢i-propagator factor
explicitly - any corresponding ¢3-dependent vertex factors (cf. structures as in (2.6)) have
been lumped in the definition of IV (¢?). Note that, by the remark above, one can always

have a; = —o0, by = 0.

By assumption, as z — 2% (4.2) has a singularity involving all I.. lines of the reduced

graph being on-shell. The only way that this can happen in (4.4) then is if the pole at
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¢} = m? is pinched by a singularity in IV(¢?) as z — 2° (Fig. 4.1(b)). The distorted

contour may be moved through the pole and split into two pieces: one on which the integral
is regular and a small circle around the pole (Fig. 4.1(c)). The integral over the former,
being regular, will not contribute to the discontinuity. The latter will be pinched and is the

one that is singular. By the residue theorem it is given by

ba
K (—2mi) 10 (1) = I (~2ri) / i 19(m2, ¢2), (4.5)

az (q% - m%)

where 1) (g2, ¢2) is the result of having integrated over all variables in (4.2) except ¢? and
¢3 and after singling out the ¢3- and g3-propagator factors explicitly - (and , again, having

lumped any corresponding vertex factors in 1) (¢?, ¢2)).

The same argument can now be applied to 1®(m?, ¢2). Iterating the argument (I, — 1)
times, the singular part is found to be given by the expression

br,
K (—2mi)dD / A2 ————
ar, ‘ (q%C - mi)

1Y (i, m3, - miy_), 7). (4.6)
The limits of integration are here given by the extrema of (4.3) with ¢ = I.. In this case,
however, as it is easily seen,® the extremizing equations are identical to the Landau equations
(3.32) and (3.33) for the leading singularity of the reduced graph, i.e., by assumption, the
singularity 2°. Hence, in (4.6) the singularity is the result not of contour pinching but of
an endpoint singularity: either b;, or a;, moves toward qi = mi as z — 2° thus giving rise

to an endpoint singularity. The discontinuity from going around the endpoint singularity in

(4.6) is then obtained as depicted in Fig. 4.2 and given by
Ag({z}) = K(=2mi)e10) (2, - m? ). (4.7)
There are several remarks to be made concerning (4.7).

1. The above derivation, which harks back to the original Cutkosky argument, is well

suited for extension in the presence of nonlocal vertices of the general type introduced in

3By rescaling of the a’s one may always set one of them equal to one. The Lagrange multipliers v are
here the parameters «.
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: &
(a) (b)

Figure 4.2: Difference (circular contour) between continuing: (a) above and (b) below end-

point singularity.

section 2. The change of variables is well-defines in Euclidean space and the subsequent
argument involves only local deformations of contours, i.e., in the finite complex plane,
as the external invariants z, are continued. This is in contrast to other ways of arriving
at cutting-rules such as employing [34] the Feynman [35] or tree-loop theorems [36],
which involve closing contours at infinity; or space-time techniques such as the largest-

time equation [37] which are not suited to handle nonlocal interactions.

2. The usual case is that of real masses with small negative imaginary parts, m? — ie,
corresponding to physical region (real momenta) singularities. In fact the figures above
are drawn depicting this type of relative positioning of contours and singularities. In
particular, all signs from evaluation of residues confirm to this situation. In this case

then, reverting to the original variables (4.7) may be expressed in the form:

Ada({z})
Ul 15 . 2 TT 1 TToms
/CH H —2mi)o*t (g2 —m?) ] mHVs I({q, P}). (4.8)
k= 1 J=1 i=l.+1 " v os=1

This is the Cutkosky discontinuity rule as usually stated. The contours C' in (4.8) are
specified as follows. The integration over loop momenta that circulate in the reduced
graph may be taken over Minkowski space since the delta functions set these internal
lines on-shell - they correspond to the little circular contours in figures 4.2, 4.3. The

loop integrations in the parts of the graph that would be contracted in the reduced
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graph must be along Cf, i.e., Euclidean directions. The momenta external to these
parts, which are either external lines or reduced graph internal lines, are then to be

continued to Minkowski space. This pertains to point 4. below.

3. In the case of singularities at complex momenta (4.8) should be viewed merely as a
mnemonic device for (4.7) since the delta functions in (4.7) are not immediately defined
for complex arguments. The signs of some of the (27i) factors in (4.7) may need to
change in this general situation. As we saw above such singularities may in certain
circumstances occur even on the physical sheet. Explicit evaluation of the discontinuity

in these cases may not be easy in practice.

4. A given singularity in the amplitude A for a given process is shared by all contributing
Feynman graphs that can be contracted to the corresponding reduced graph. Each
graph contributes to the discontinuity according to (4.8) so that the sum gives the

complete discontinuity in the form

dl
A{z}) =" / de —2mi)6" (¢ — m3 HA q, P (4.9)
c

k= 1

where V is the number of vertices in the reduced graph, and the A;’s are the amplitudes

represented by the blobs in the examples in Fig. 4.3. The following issue may now arise.

Figure 4.3: Examples of eq. (4.9) for discontinuities involving: (a) three (anomalous thresh-

old); and (b) four Cutkosky cuts (on-shell lines).
(4.9) gives the discontinuity obtained by going around the singularity z° in question,
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which is the leading singularity of the reduced graph. In doing so, however, it is not
immediately clear what Riemann sheet each A; may end up on; this will depend on
whether or not one is simultaneously going around some singularity in A;. To decide

this requires a separate analysis in each particular case.

As a particular application consider the normal threshold singularity in a given channel
s. It is specified as the Landau equations solution for the leading singularity of the (set of)
reduced graph(s) such that a cut through the internal lines separates the graph(s) into two

pieces along the direction of the given channel. Application of (4.9) then gives an expression

for the discontinuity across this singularity. Noting that i'<(—i)/c = i(=Ve*1) = —j since here
L] / L]
§0AG LAY = e [T YT

Figure 4.4: Discontinuity across normal threshold given by eq. (4.10). Energy flows from
unshaded to shaded side of cut (on-shell) lines. Feynman rules on shaded side are those for

T

Ve =12, (4.9) gives (figure 4.4):

AA(s, — —i /C ‘”’“ = [Agn] H(—Qﬂ)(5+(q]2-—m?) Api. (4.10)

k= 1

In (4.10) we placed the outgoing Ay, ‘blob’ in square brackets to indicate that, as pointed
out above, the general Cutkosky rule does not a-priori specify its sheet placement (ie pre-
scription). The total discontinuity in s for the amplitude Ay; between states i and f is
given by summing over all possible intermediate state discontinuities (4.10) for the channel
in question:

Agi(s +ie,{2}) — Api(s —ie {21}) = > AA(s,{2}). (4.11)
So far we have simply applied the Cutkosky rule to the normal threshold discontinuity across

a given channel s. This discontinuity is, of course, known to be related to the optical theorem.
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We may arrive at this connection by the following indirect argument. The lLh.s. of (4.11)
represents the difference between the amplitude where the real section in the space of the
invariants is approached from above and that where it is approached from below. For the
normal threshold singularity under consideration only the invariant s is discontinuous by
definition. The property of hermitian analyticity (chapter 3) applied to all the contributing

reduced graphs implies then

Agils +ie, {2}) = Apls — e {=1}) = An(s, {20)) = Af(s, {20)) . (412)

Complex conjugating (4.12) shows that the only consistent choice for the factor in square
brackets in (4.10) is [Af,] = A}n, which results in the familiar form of the optical theorem.
Note, however, that this is not a first principles derivation of unitarity. What the argument
actually shows is that the normal threshold discontinuity as given by the Cutkosky rule
combined with the hermitian analyticity of the contributing reduced graphs gives a statement
of a form consistent with the optical theorem. Nonetheless, this type of indirect consistency
argument invoking hermitian analyticity can be very useful. Thus, for example, specializing
to the case of only 2-particle intermediate states it can be extended to conclude that these

normal thresholds singularities can only be two-sheeted [38].*

To reiterate, for us the important point here is that, having obtained the general Cutkosky
rule in the presence of nonlocal interactions, any of its various applications carry through as

long as only local contour deformations are involved in the argument.

4n-particle normal threshold singularities with n > 3 are conjectured to be infinite-sheeted but no general
argument is apparently known, cf. [4]
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CHAPTER 5

Acausality of the Effective Propagator

In the following chapters we switch gears and study the extent of causality violation in
nonlocal theories. We start by considering the simplest situation of free propagation of a
particle between two general sources in the nonlocal theory. We envision this in the context of
the general situation of production, scattering and detection of particles. Thus, a source may
represent a nonlocal interaction vertex within the microscopic interaction region emitting a
particle that is then propagating toward a detector acting as the absorbing source (sink);
or an external source vertex producing an incoming particle traveling toward an interaction
region, where it connects to a nonlocal vertex. We want to estimate the magnitude of
any noncausal effects between such well separated sources. The nonlocal theory (2.1) has
ordinary propagators A(z) and nonlocal vertices, which we take to be of the form (2.6).
Thus, lumping the nonlocal vertex kernels with the propagator factor, propagation between

two nonlocal sources is described by the effective propagator:

l

A(p) = Fp?) , (5.1)

p? —m? + e
where F(p*) = F?(p?). Henceforth, We conveniently normalize F' so that F(m?) = 1. The

effective propagator may be written in position space as:
Az) = F(-O)A(x) . (5.2)

We are then interested in the large 2% behavior of A(z).

Now, it is a textbook result that the ordinary propagator A(z) has the explicit expression
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d4p Z —ipx

20 = [ G .
= 5 + 02— O (/5 + (%) — T |

4m 8mVa? 42/ —x?

where H® is the Hankel function of the second kind and K is the modified Bessel function

Ky(mv—2a2) ,

of the second kind. The leading asymptotic behavior of (5.3) for large |2?| is:

1 —imVz2—3T 2
Ve a0

m 1 —m+/|z?| 2
«/—32ﬂ3—|x2|3/4e <0

Alz) ~ (5.4)

Using (5.3) in (5.2) one sees that nonlocality results from the action of F(—[J) on the
delta and theta functions. Were F a polynomial, the result would be still local, modifying
only the 22 = 0 as discussed in [11]. Nonpolynomial F, however, results in nonlocal smearing
of these distributions and possible acausal tails. To examine the asymptotic behavior of the

effective propagator A(z) we introduce Schwinger parameters and write

A = [ ot R 55

v = (2m)4 p?2 — m? + ie b€ '
. / d4p /OO dOé ..F( Q)eia(pQ—mQ-Fie)e—ipm (5 6)
— ) ent P ' '

This allows use of stationary phase approximation to obtain the leading behavior in its

asymptotic expansion. The computation is given in Appendix C. The result for large 22 > 0

A [ m 1 —imVzZ—i3%
A(l’) ~ %W}"(m%e 4 (57)

Since F(m?) = 1 by the normalization, comparing with (5.4), we see that the leading

is:

asymptotic behavior of the effective propagator for large timelike separations, z? > 0, is
the same as for the ordinary propagator A(x). For spacelike 2%, the computation is more
involved, because the saddle point is now in the complex hyperplane of p and «, and the
contour needs to be carefully deformed to pass through the saddle point. We will simply

assert here that the same result holds true for large space-like #? as well. This is in any
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case implied by the general results on asymptotic expansions obtained in section 5.1. We
thus conclude that the ordinary propagator A(x) and the effective propagator A(x) of the

nonlocal theory, given by (5.5), have the same leading asymptotic behavior for large |x?|.

Any acausal effects must then reside in the non-leading contributions of the asymptotic
expansion of A(x). The ordinary propagator A(z) is causal, so we define the ‘acausal part’

of the effective propagator by
Ag(z) = A(z) — Al) (5.8)

- | G e - 1) (5.9)

2m)4 p?2 —m? + e

Note that, by our leading behavior result, A,.(z) indeed includes only non-leading asymp-
totic terms.! In the next section we obtain a general result on the asymptotic behavior of
general kernels, in particular kernels of the general type (2.11), which allows us to deter-
mine the asymptotic behavior A,.(z). It is instructive, however, to obtain the asymptotic
behavior of A,.(z) by direct explicit computation for the special case of the prototype kernel
F(p?) = e '@ =m")_ Using the identity

1
ot mhe / e 65(7p4+m4)e4<_p4 i m4)€4 : (5.10)
0

(5.9) becomes

d'p —£(pt—mhyet 2 2\ —ipz
(27r)46 P (p* +m*)e 7. (5.11)

1
Age(z) = —i€4/
0

One can then compute the momentum integral in (5.11) by the method of steepest descents.

See e.g. [39] for a detailed explanation of the method. The detailed steps are in Appendix

D. For 2% > 0, the leading asymptotic behavior of (5.11) is

1/3 1/3
y / 2 etmte! 1 3( at / 3V3 [ ot / LT
Age ~ i —= cos | — | =—— —
8723 (dz2gteoy B 0 |72 | 25660 2\ 256¢01 6

(512)

'We will in fact show using BCC in section 6.1 that the difference (5.9) constitutes precisely the acausal
part of A.
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1/3

To do the remaining ¢ integral, we perform a change of variable ¢ = £7/° and apply Laplace’s

method. The result is

2/3 2/3
“ 2m2+/322] 2 \ 16 2\ 1602 ' '

An analogous derivation holds for space-like 22, giving the same (5.13), which is expressed in
|22| for this reason. One sees that, indeed, the acausal part A,.(z) of A(x) is exponentially
suppressed for large separation and decays faster than its leading, causal part, which it has
in common with A(x). Note that (5.13) does not depend on the mass. Indeed one can show
that with the same nonlocal kernel, the massless effective propagtor, which we will denote by

D(a:), has the same acausal asymptotic behavior. In fact, D has been worked out in closed

LU4 .T4

Its acausal part D,.(x), which is (5.14) minus the ordinary massless propagator D(z), has

form in terms of the MeijerG functions ( [13,40]):

~ —1 7 0,—11
D(z) = +3 21’ Gly'g (0’07 R

A a?

indeed (5.13) as its leading asymptotic behavior.
We have also carried out numerical calculation as a check. We first split (5.5) into the
pole part and the principal value part of the p® integral:
A(x) = Ipy + Tpoe. (5.15)

At the pole, the nonlocal factor is F(m?) = 1, so I, contributes to A(z) as it would
to A(z). It is also the real part of the ordinary as well as the effective propagators, i.e
Loie = Re(A(x)) = Re(A(z)). the principal value part, which is purely imaginary, one can

integrate out the angular integrals of p, as detailed in Appendix E, and get

Ipy(z® > 0) = WPV /0 N dp p? [%pingiﬁ (p\/ﬁ) + 4?:2 K, (p\/ﬁ)] ,

Z’ o
Ipy(2? < 0) = ————PV dp p*
S T= e

QWJ:(_]:;H (p\/\iﬁ_2|> + 4pg:£p22K1 (p |x21)]

P+
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— Analytic

Figure 5.1: The acausal part of a particular effective propagator. The analytic expression
of its asymptotic (5.13) is compared to numerical evaluation using (5.16), and indeed they

agree well for large z%. The parameters are set to m =1 and £ = 1/2.

The integral is numerically well behaved without any divergence or oscillatory ambiguity,
thanks to the exponential decay of F for large p?. Since Ipy is the imaginary part of the
effective propagator, from (5.9) one finds A,. = Ipy — ImA, where A is given in (5.3). We
numerically evaluated A,. and compared it to (5.13), as shown in Fig. 5.1 for large timelike

separation. One sees that they indeed match well for |z?| > (2.

5.1 Asymptotic Behavior for General Kernel

For a generic nonlocal kernal of type (2.11) and the text following that, we shall argue that
the delocalized vertex (2.8) and the acausal part of a propagator (5.8) decays faster than
any power of ¢2/x?. We’ll do so first for the vertex and then use the trick analogous to (5.10)
for the propagator. We'll introduce Mellin transform and use that for asymptotic expansion.
A detailed presentation of the method can be found in [39], but we reproduce below a
self-contained introduction to the techniques that we’ll need. Because we are studying the

Fourier transform of Lorentz invariant functions, the integrals we will be studying is of the

form (E.3) and (E.5).
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5.1.1 Asymptotic Expansion Using Mellin Transform

We wish to find the asymptotic expansion of integrals of the form

I(\) = /OOO h(Ap) f(p)dp (5.18)

as A becomes large. The Mellin transformation is defined as

Milh; z] = /000 h(p)p*'dz. (5.19)

The associated fundamental strip is the area in the complex z plane in which the above
integral converges. Outside the strip, M[h; z| is defined by analytic continuation. In general,
M{h; z] is analytic in the fundamental strip and meromorphic outside. The Parseval formula
for Mellin transform states that, if the fundamental strips of M|h; z] and M|f;1— z| overlap,
then

1 c+1i00

) = —/ dz N2 Mh; ) M[f: 1 — 2], (5.20)

2w i
where c is any real number in the overlap of the fundamental strips. For the exact conditions
for which the Parseval formula holds, see [39]. (It will be satisfied in our application.) The
asymptotic expansion for large A can then be obtained by shifting the vertical contour to
the right, from Rez = ¢ to Rez = R for some R, picking up residues along the way.

IN) ~ = > ResA“M[h;z]M[f;1— 2] (5.21)

R>Rez>c

In the above asymptotic expansion, the terms in the summation come from the residues,

while the vertical contour at Rez = R contributes O(A™), provided that it converges. In

order for the above procedure to work, R must be such that
Mh;x +wyM[f;1 —ax —iy] - 0 as |yl — oo, (5.22)

for all ¢ < < R and that

/OodyM[h;R+iy]M[f;1—R—iy] < 00 . (5.23)

—00

If R can be made arbitrarily large, then the sum in (5.21) is over all Rez > c.
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5.1.2 Asymptotic of (Minkowski) Fourier Transform

The integral of interest is (E.3), reproduced here for convenience,
1 o
A(x? > 0) = \/—_2/ dp p? |:27TA(p2)Yi (pv x2> — 4A(—p*) K, (pv xz)} . (5.24)
= Jo

It is the Fourier transform of some Lorenz invariant function A(p?) to position space with
time-like 2. (We've dropped the inessential 1/(27)3). The large parameter here is A =
Vz2. Technically the large parameter should be dimensionless, but it can be achieved by a
simple rescaling of p. For now we will pretend that we’ve already rescaled p such that A is

dimensionless. Following the form of (5.18), let

hi(p) = 2mp*Yi(p)

(5.25)
ha(p) = 4p"Kq(p).
The Mellin transforms of hy, hy are 2 [41]

1 1
My= Mk 2] = 226in p (253 p (221 0 L oo (5.26)

2 2 2 2

_ viop (213 z+1

My = Mlhy, ) =270 (=) T (5= ), Rez>-1 (5.27)

with their fundamental strips stated on the right. (5.26) can be straightforwardly continued
to Rez > —% as a holomorphic function. On the other hand, A(4p?) is so far general, but the
locations of the poles of its Mellin Transform are determined solely by the small p? behavior
of A(#p?), which could be different as p? approach 0 from the left or right. (The p? — oo
behavior also creates poles, but they are to the left of the fundamental strip of M[A;1 — z],
which is not relevant in the asymptotic expansion.) Suppose that A(p?) has the following

asymptotic expansion

L) = AP ~ ) ap™ (5.28)

2In (5.18), the argument of h(Ap) is scaled by the large parameter; while in (5.24), only Y; and K; have
arguments scaled by A. This is easily resolved by including a factor 1/A? to (5.24), so that now both hy, ho
have arguments scaled by A
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fa(p) = A(=p") ~ D bap™ . (5.29)

as p> — 07. The fundamental strip of M[f;;1 — 2] is then Rez < ry + 1 and has poles at
z = r, + 1 with residues —a,,. Similarly, the fundamental strip of M|[fs,1— 2] is Rez < so+1
and has poles at z = s,, + 1 with residues —b,,. If rg, sg > —2, then the fundamental strips of
Mihi2; 2] and M[fi2;1— 2] overlap, respectively. Given the poles and residues of the Mellin
transforms, one now has sufficient information to write down the asymptotic expansion using

(5.21), and that is

12\ wr [ Tn
A(N) ~ — Z n (X) oS 71—‘ (5 + 2) r (E + 1)

b 2\ " (oo (4
+;n§ 3 >+ S5 +1).

The number of terms in the expansion depends on the R for which (5.22) and (5.23) are

(5.30)

satisfied. (5.26) is O(|y|/**3/21) as |y| — oo for # > —1, where z = x + iy and [-] is the
ceiling function. So M|fi; 1 — z] needs to decay fast enough in y for (5.22) and (5.23) to hold.
In particular, if and only if for any fixed x, M|f;; 1 — z| decays faster than any power of 1/y,
then the asymptotic expansion (5.30) is true for all n, which is desired for out application.
This puts some constraint on A(p?), which we will discuss in the next section. On the other
hand, (5.27) is already exponentially decaying for large y, so if M|[fy; 1 — z] decays as fast as
M]|f1;1 = z] in y, then (5.22) and (5.23) are automatically satisfied.

5.1.3 Asymptotic for Nonlocal Kernel and the Acausal Part of the Propagator

For nonlocal theories, we find the following theorem particularly suitable.

Theorem 2 Let f(p) be n times continuously differentiable on (0,00). Suppose f(p) has the

following asymptotic expansion as p — 0:

fp) ~ Y amp™ . (5.31)
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and the asymptotic expansion of the derivatives fU)(p) is obtained by differentiating the above
term by term. Furthermore, suppose that for all x > —rqg and for ¢ =0,1,2,...,n,

<pdip)quf(p) (5.32)

vanishes as p — oo. Then for all x
M[f;2] = O(y|™) as |y| — oo (5.33)

where z = x +iy. In particular, if the above holds true for all n, then M|[f;z] decays faster

than any power of 1/y for large y.

The proof of this theorem is in [39]. As an example, consider the nonlocal kernel

p4n €4n

i (5.34)

flp) = e~y (=1

It satisfies the conditions of the theorem and one would expect its Mellin transform to decay

faster than any power of 1/y for large y. Indeed, its Mellin transform is explicitly

1 3 z
Mlf:z] = 02T = 5.35
= 30r (5) (5.35)
which decays exponentially for large y for all . It is not hard to see that any nonlocal kernel
of the type (2.11) will satisfy the conditions of the theorem. Therefore, for the Fourier

transform of a nonlocal kernel, there are infinite terms in the asymptotic expansion (5.30).

In addition to the condition of the above theorem, we further assume that A(p?) is
infinitely differentiable with respect to p? around p? = 0. This means that A(p*) has the
same asymptotic expansion as p?> — 07 and p? — 07, and that the asymptotic expansions
are in even powers of p. Explicitly, fi2 as defined in (5.28), (5.29) now become

o0

fl (p) ~ Z anp2n
=0 (5.36)

o0

falp) ~ ) (=1)"anp™

n=0
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The Mellin transforms M|[f; ;1 — 2] have fundamental strips Re(z) < 1 3, which overlaps
with those of Mhy; 2], as noted in (5.26), (5.27). Thus one may use (5.30) and get

% <_)4+2n ap cos(nm)T (2 4+ n) T (1 +n)

>
+Z% (_> (=T @+ )T (14 n) (5.37)

n=0

1
~o< N), VN € N.
1/x2

The first and second line cancels exactly, thus meaning that A(z?) decays faster than any

power of 1/z%. For large spacelike separation, since (E.5) and (E.3) have similar forms, the

exact same argument goes through. We summarize our result in the following proposition.

Proposition 5.1.1 If a function A(p?) is locally integrable on p* € (0, 00) and p* € (—o0,0),
satisfies the conditions of theorem 2 (for alln), and is infinitely differentiable around p? = 0,

then the asymptotic behavior of its Fourier transform decays faster than any power of 1/x?.

Arbitrary delocalized vertex (2.8), with kernels of the form (2.11), satisfies all the condi-
tions in Proposition 5.1.1. Thus it decays faster than any power of ¢?/z%. Next we study the
large separation behavior of the acausal part of a effective propagator, which can be written
in the form (5.9). we use the same trick as in (5.10). By assumption, we write F(p?) = eP@)

4 where P is some entire function, and let

P_q- /01 4 exp (€P) P. (5.38)

Using (E.3), we can write the acausal part of the nonlocal propagator, for timelike separation,

31f the first few a,,’s are zero, the fundamental strip covers even more ground.

4This definition differs from 2.11 by a factor of —2, which can be easily acounted for.
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as

Age(z® > 0) Pv d/ d
( = oV ¢ [ dpp®

)
|: egp p )7) efp(_pQ)P(_p2

D)y () ol JP

— m? p? + m?

(5.39)

(27?)3)\€2PV/ df/ dp p*

p2 — 202 p2 + m2/2

Ky (pA) |

where in the second equality, we've rescaled p — p/¢ and defined P(p2(%) = P(p?) and
A = V/22/¢, which is dimensionless and will be taken to be large.

We now check that the conditions of proposition 1 are satisfied. A(p?) = ]%. It is
locally integrable on (0, 00) because the only possible pole from the denominator p? —m?¢? is
canceled by P(m2(2) = 0. The function is infinitely differentiable on p € (0, 00) and satisfies
the conditions of theorem 1 because e¢” is exponentially decaying for large p. And finally,
A(p?) is infinitely differentiable around p? = 0. That these conditions are met means that for
fixed &, the Fourier transform decays faster than any power of 1/\. Then, for the asymptotic

behavior of A,., one has to integrate over &, but that doesn’t change the nature of rapid

decay of the asymptotic behavior. We will argue the last point in more detail below.

Before the final step of (5.37), where one cancels the two asymptotic series, we will first
integrate over £. The a,’s are obtained from Taylor expanding A(p?) around p? = 0. Clearly
& appears in positive powers in a,,. Integrating over £ doesn’t produce any singularity in each
term in the asymptotic series. Thus the two summations still cancel after the £ integration,

and A, decays faster than any power of 1/A\? = (2 /22,

For massless nonlocal propagators, the same argument goes through as well. In fact, we
see from the explicit example in the previous section that the leading acausal part is the

same for massless and massive propagators.

For kernels described in section 2.3.1, the small s expansion (5.28) and (5.29) do not have
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the form (5.36). With the example (2.24), f; includes a term —(pf)**, while the same order
term in fy is —e™™(pl)*. Their contributions do not cancel in (5.30), and so the asymptotic
behavior is some power in ¢?/x?. For other examples of how this Mellin transform method
can be applied to ordinary propagators and amplitudes, see appendix F. There will also
be cases where the conditions in Proposition 5.1.1 are not all satisfied and we discuss the

consequences thereof.

5.1.4 Kernels with polynomial decay

We now turn to kernels described in section that are exponentials of entire functions, but
which decay polynomially for large momentum, as described in section 2.3.2. Though F(p?)
is infinitely differentiable around p? = 0, the result from the last sections doesn’t apply
directly, because a condition in Theorem 2 no longer holds. There is no —rg such that for
all z > —rg, p*F(p*) — 0 for large p. We will find another way to show that this type of

kernel also has a similar result as Theorem 2.

Assume that a particular kernel of this type decays as 1/p? for large [p?|. Since it is
entire it is infinitely differentiable. Further assume that for small p?, it has the following
asymptotic expansion,

F o~ Z amp™™, (5.40)
m=0

where ag # 0 since the kernel approaches some constant for small p; and assume that for
large p, it has the following asymptotic expansion,
F ~ Z bp 2", (5.41)
m=B/2
and that the asymptotic of the derivatives of F is the derivative of the above series term
by term. Given the large p and small p behavior, the fundamental strip of M[F;z] is in
0 < Rez < B. It vanishes as y — 0 in this strip (z = = + iy). To do asymptotic expansion,

we want to know how fast it goes to zero for all z < B.
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Consider f, = F — s, for some positive integer k, where

k—1
sp=e? Z amp™™ (5.42)

m=0
and 6 = 2k + 1. Given this decomposition, the Mellin transform can also be decomposed as
MIF;z) = M[fx; 2] + M[sg; 2] . (5.43)

M sg; z] can be computed explicitly to be

k—1
Msy; 2 %’” <Z+am) . (5.44)

=0

M

3

which vanishes exponentially as |y| — oo for all . On the other hand, because of the choice
of &, fr. ~ O(p*) for small p. The fundamental strip of M|[f; 2] is in —2k < z < B. In this

strip, the Mellin transform is
M| fy;x +iy) = / Fe(p)p™'p" dp
00 1 d ,
_ T 'Ly _ - X Zyd
|7 = [T ()
d
Pa

:].V_:<—1>j (%)p( )(fk<p>pr)°° G4)

Jj=

(1)~ (%)N/Om%y (%%) (fk(p)p””> dp ,

for some N. Given the asymptotic series (5.40) and (5.41), and given s, we see that all the

0

_l_

boundary terms in the third line vanishes when —2k < x < B. The remaining integral can

(—1) (%)N / Z [(p%)N (fk<p>pw)] e dg (5.46)

p:eq

be written as

Because F is the exponential of an entire function and has the asymptotic expansions (5.40)
and (5.41), the term inside the bracket is in L(—oo < ¢ < 00), and by Riemann-Lebesque,
the integral is of o(1). Therefore M|fy; x +iy] = o(1/y") as |y| — oo for —2k < z < B. But
the choice of N and k is arbitrary, so M|[f; x +iy| decays faster than any power of 1/y for all
x < B. Combining this result with (5.43) and (5.44), we get that M[F;1 — z] decays faster
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than any power of 1/y for x > 1 — B. This is a similar result as Theorem 2 (except not for
all ), and we can apply the same technique as that in the last section. We conclude that
for the kernel considered in this section, the delocalized vertex (2.8) and the acausal part of

the nonlocal propagator (5.8) decay faster than any power of (/2.
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CHAPTER 6

Amplitudes and causality

6.1 Bogoliubov Causality Condition

A general statement of the requirement of causality in quantum field theory is provided by
the BCC [7]. It formulates the notion of causality as the requirement that variations in
the strength of the coupling g at some spacetime point x5 do not affect the dynamics at a
spacetime point x; if x1 < x9, i.e., x5 is in the future lightcone of x1, or if the two points
are separated by a spacelike distance. This requirement is then expressed in terms of the
S-matrix operator (evolution operator) in the form [7]:

0 f 05 = if x x
59(5[]2) (S 5g<x1)> =0 f 1 <Xy . (61)

This may be written in the equivalent form

+

dg(z2) \ 0g(1

T
since iS’ = —STﬁ as implied by the unitarity condition STS = 1. The BCC is a

og(x) 0g(x)

general formulation of the causality condition in QFT. The usual ‘microcausality condition’,

i.e., that of the commutativity of field operators at spacelike separations, is implied by the

BCC and thus can be obtained from it [34], [37].

The BCC formulates the condition of causality in terms of amplitudes. Expanded in
perturbation theory it can be expressed in terms of graphs. In local theories (6.1) can in
fact be derived within perturbation theory from Veltman’s largest time equation [42], [37],
or, in momentum space, from tree-loop duality [34]. These derivations do not carry through

in the presence of nonlocal vertices.
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Violation of the condition in a theory will result in a nonvanishing r.h.s. in (6.1). Such a
nonzero r.h.s. provides a direct estimate of the extent of the violation. The physically rele-
vant question then is how large the violation is at distances long compared to the nonlocality

scale /.

(6.1) has a diagrammatic representation as sum over diagrams with Cutkosky cuts [37].
Another representation of amplitudes in terms of retarded and advanced propagators, suit-
able for exhibiting causal relations, has been obtained in [43] from the Hamiltonian operator
formalism. Such derivations, however, like the ones based on the largest time equation or
tree-loop duality, are not applicable in the presence of nonlocal vertices. In this paper we
will derive a representation in terms of (non-local extensions of) ‘retarded” and ‘advanced’
propagators by direct diagrammatic analysis, which holds in the nonlocal as well as the local
theory. In the nonlocal case one obtains (6.1) or (6.2) but with a nonvanishing r.h.s., which,

of course, vanishes in the local limit.

As discussed in section 2.2, beyond tree level, amplitudes A (p) computed directly in
Minkowski space do not generally coincide with the amplitude A(p), which is the correct
one and obtained by analytic continuation in the external momenta {p;} from the Euclidean
amplitude A®)(p), cf. (2.22). For brevity, in the following we will often refer to the A
as the ‘Minkowski-defined’ amplitudes or theory and to the A as the ‘Euclidean-defined’

amplitudes or theory.

Consider a general diagram with N vertices. To discuss causality properties one can
straightforwardly Fourier transforms A (p) to obtain the position space n-point amplitude

with truncated legs:

AMNM (zy, .. ) = /H ((ﬁgﬁle—imi) (2746 (Sp) AN (p)

:/ H d4ij(w1,...,xN). (6.3)

Jj=n+1

The integrations are over the internal vertices, here labeled j = n+1,..., N. The integrand
7 is simply a product of position-space propagators and vertex factors. If we take the vertices

to be of the type (2.6), which in fact will the basis of our discussion, they can be combined
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with the propagators to form the effective propagators (5.1), so that, assuming, for simplicity,
no extra polynomial derivative interactions, Z is simply a product of A(az:Z —z;) = Aij factors.
This makes working with (6.3) in coordinate space rather more convenient than working with
the FT of the analytically continued A(p). So we first work with (6.3) and then examine

how it differs from the analytically continued amplitudes.

We now define a set of operations on Z that should be familiar to those acquainted with
the approach to unitarity and causality based on Veltman’s largest time equation [37], which
is just (6.1) FT into position space. The presentation, though, is largely self-contained.
Given Z(z1,...,zyN), we introduce new functions denoted by underlining one or more of

their arguments: Z(z1,...,2;,...,2;,...,2x). They are defined by the following rules: (i)

], ..
a factor of Aj; if neither x; nor x; are underlined ; (i) a factor of A;‘j if both z; and z;
are underlined; (iii) a factor of A;rj if x; is but x; is not underlined; (iv) a factor of A;j if
z; is not but x; is underlined; and (v) a factor of (—1) for every underlined vertex.! The

effective propagator Aij is given by (5.5) and the other various propagators in position space

are explicitly given by:

AL = / dp 2ot (p? — m?)ePlri—i) (6.4)
K (2m)4

X d'p  —iF(0?) i,

A¥ = —ip(zi—;) ]
ij / (277')4 p2 2 _ Z-ee ) (6 5)

where the 0% denotes taking the support of either the positive or negative value of p° only.

We will also introduce:

. d'p  iF(p?) ip(wi—a;
Ay = —ip(zi—a;) 6.6
At / (2m)4p2 — m? — ipoee (6:6)

- d*p iF (p?) N
Apii = —ip(@i—a;) 6.7
i / (2m)tp?2 —m? + ipoee (6:7)

Note the relations A4 ;; = Ag i, AL = A7

IThis comes from letting ¢ — —i for the factor of i assigned to each vertex in the Minkowski space
Feynman rules.

65



In the local limit, 7 — 1, (6.6) and (6.7) reduce to the usual advanced and retarded
propagators. In the nonlocal case, however, one no longer can perform the p° integration by
closing the contour at infinity to extract an overall factor of (£ (2 —x9)), and thus A g do
not imply any time ordered propagation. Their only resemblance to their local counterpart

is the locations of poles relative to the contour. By locally deforming the contour around

the poles, one gets the identities:

_A;fj 4 A;j = Ayj —Arj + A;; = ARj - (6.9)
The other important relation for what follows is the decomposition
Ar(z) = Ag(x) + Age(z) . (6.10)

In (6.10) this is the same A,.(z) as in (5.8) because the nonlocal factor only affects the
propagator away from the pole, while A(z) and A a.r(x) differs only at the poles; also, cf.

(5.15) and remark following it.

Now given the set of vertices with associated spacetime {z}, we single out one of them,
say, vertex ¢ and consider the sum: ), Z(xy,...,zx). The summation is over all underlinings
of vertices except for the vertex ¢, indicated by the index ¢ under the sum, which is never
underlined; thus the sum includes a term with no vertices underlined, a term with all vertices
underlined except 7, N — 1 terms with one vertex other than ¢ underlined, and so on. Now
single out a second vertex j and impose the restriction on the time components 29 < x?, or,

more generally, x; < x;. In the local theory, i..e, when A = A, the above sum equals zero:
Z Z(z1,...,xn) =0 if <z, local theory . (6.11)

This is an immediate consequence of the largest time equation [37]. (6.11), when multiplied
by the appropriate wave functions for each external vertex and integrated over all xj, except
the singled out x; and x; vertices, becomes precisely (the single diagram version of) the BCC

equation (6.1).
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Similarly, one may consider the sum over all underlinings with the vertex i kept always

underlined (denoted by i below the summation), and obtain the analogous statement

Z Z(xy, .. xyye.yxy) =0 it <z, local theory , (6.12)
which, after integration over vertices except for x; and z;, gives the equivalent BCC form
(6.2).

Our goal then is to determine how the sum on the Lh.s. of (6.11), or (6.12), which
represents the Lh.s. of the (6.2), deviates from zero when x; < x; in the nonlocal theory.
This will give a measure of any acausal effects in terms of amplitudes. We will obtain a
representation of the sum in terms of A ar and Ay. In the local theory, the representation
is simply obtained by replacing A A,r With Ay p, which makes the causal relationships in the

local theory and the differences in the nonlocal theory transparent.

The BCC equation can also be related to the unitarity condition [37], [34]. Adding (6.1)

and (6.2) one obtains

J J i _
5g(x1) 09 () (s's) =0, (6.13)

Now, the unitarity condition STS = SST = 1 requires that the r.h.s. in (6.13) vanishes
regardless of whether the r.h.s in (6.1) and (6.2) vanish; and the corresponding statement
can then be made in terms of the sum of the Lh.s. of (6.11) and (6.12). Thus, non-vanishing
r.h.s. in (6.13), or

(Z I(:El,...,xN)+Z I(:vl,...,xN)> 20, (6.14)

7

gives us another handle on any unitarity violations.

6.2 Tree Amplitudes

For tree diagrams one has A™) = A. Consider first the simplest case of lowest order tree-

level 2-2 scattering. There are only two vertices connected by an internal propagator. If
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vertex x; is singled out, one has
ZI(Q?l, 1'2) = A12 — A;Z = AR,IZ (615)
1

by (6.8). In the local case AR,H = Apr12 = 0 when z; is not in the future light cone of 3, so
BCC is indeed satisfied. But for the nonlocal A r12 one has the decomposition (6.10). When
1 < 9, the causal part Agr vanishes but A,. does not, which signals violation of causality.
Detecting such a violation, however, say, production at x; before annihilation at x5, in any
realistic experiment requires (z; — z2)* > (. This is the situation studied in section 2.13
with the result that A,. is exponentially small. (The same holds for spacelike separation.)
The case where (z; — z2)? is near the light cone, though x5 still in the future lightcone of z1,
would still be zero in the local theory, but needs to be specially considered in the nonlocal

case; this is done in section 6.3 in generality.

We now consider a general tree graph G with N vertices and for convenience, let vertex
1 be the singled out vertex with associated spacetime z;. Consider a vertex different from 1
and attached to only one internal line. This implies that any other lines attached to it are
external legs (truncated external lines). Labeling this vertex V' and the vertex at the other

end of the internal line by V' — 1, one has the following relation:

D X Bg -1y

(6.16)
In (6.16) and the subsequent diagrammatically represented equations the following graphical
conventions are used. The internal line with the vertex V' is explicitly shown. The rest of the
tree diagram is represented by the striped circle. External legs are not shown. Summation
over all underlinings of all vertices is not explicitly shown (i.e., vertices inside the stripped
circle is implied). For the explicitly depicted vertices, i.e., vertices 1, V', and V' — 1 in (6.16),

the following convention is used. If the vertex is not underlined, it is shown as an unfilled
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circle; if it is underlined it is shown as a filled circle. A vertex explicitly shown as a dot (i.e.,
neither as a filled nor as an unfilled circle) is summed over underlinings. (6.16) is obtained
by a simple application of (6.8). Note that, by the rules above, an underlined (filled circle)
vertex gets a factor of (-1) in the Feynman rules associated with these graphical equations,

which takes care of minus signs such as in (6.8).

Similarly, one obtains

X ZR,(V—1)V

(6.17)

—-1 ~
X Apw-1v

(6.18)

Thus, summing over the underlinings of V, we have reduced the sum to summing over
the underlinings of the remaining N — 2 vertices (z; is always not underlined), while one

propagator with one end attached only to external legs has been replaced by A R7(V,1)V.2

One can now iterate, applying the same argument to the rest of the tree diagram, i.e.,
the striped circle on the r.h.s. of (6.18), with the leg carrying the propagator replaced by Ag

treated as an external leg. In this manner one can recursively reduce the sum to a product

2t is easily verified that it is irrelevant whether momentum flow is assigned from V' to V — 1 or vice versa
in obtaining (6.18).
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involving only Ag, and such that for every vertex it contains a chain of A that connects
that vertex to the vertex x:

Z Ig(LCl,.I'Q, Ce ,.CEN) = H AR,U . (619)

1 i,jEG
i<j

(The vertices are numbered such that if j > i, then the distance from vertex j to 1 is no less
than the distance from ¢ to 1, where distance means the number of edges connecting the two

vertices.) A simple example is given by:

(6.20)

(In (6.20) the arrows carrying the R label indicate chains of Ap connecting vertices along
the course of the arrow by factors of A r,j in the arrow direction.) The representation (6.19)

renders the causality relations transparent.

Choose an arbitrary vertex m with associated position z,,. Let the vertices between
1 and m be labeled 2,3, ....,m — 1. In the local theory the chain of retarded propagators
between z,, and x; in (6.19) forces x1 = xo = ... = Tp_1 > Tp,. When we demand z7 <z,

the r.h.s. of (6.19) vanishes, which is the statement (6.1).

In contrast, in the nonlocal theory Ap has an acausal part. Inserting the decomposition
(6.10) in (6.19) the r.h.s. may be expanded in a series of terms, each a product of Ar and
A, factors, starting with the term with only Ag factors (which vanishes when z; < z,)
and ending with the term with only A,. factors. One then expects some causality violation

and the question is how big it is. This is addressed in section 6.3 below.

If the singled out vertex z is instead kept underlined, the analogous argument now leads

to

Z Ig(gl,l‘g,. cey ,JZN) = — H ARJJ’ . (621)
1

i,jEG
1<j
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instead of (6.19). In (6.21) the sum is over all underlinings of all vertices except x; which is
kept underlined. There is an extra minus sign on the r.h.s. because z; is always underlined.
If one singles out another vertex m with position x,, and demands that z; < z,,, the r.h.s.
vanishes in the local case. This corresponds to the alternative form of the BCC (6.2). Again,

in the nonlocal case the r.h.s. of (6.21) will be non-vanishing but exponentially suppressed.

If one adds (6.19) and (6.21) one obtains

> Tz, 2v) =0, (6.22)

where now the sum is over all underlinings of all vertices. The important point here is that
(6.22) holds equally well in the local as in the nonlocal case. One should note, however,
that in the nonlocal case (6.22) cannot be obtained from application of the largest time
equation. This should be obvious from the fact that the r.h.s. of both (6.19) and (6.21) are
non-vanishing. It is only by deriving the representations (6.19), (6.21) in terms of A that
their sum is found to cancel. (6.22) corresponds to the statement (6.13), which shows that

the tree amplitudes satisfy unitarity.

6.3 Causality violation for Tree Amplitudes

In any scattering experiment, particles are created and detected at sources and detectors,
and one can measure causality violation with respect to these spacetime points. For each
external leg, which represents propagation from a source/detector to the interaction region,

there is a factor of propagator multiplying the S-matrix element.

iF(k?)
6k) = | I e ge | (uokr b e ) (6.23)

We then Fourier transform to position space to get the n-point Green’s function as a function

of the spacetime points of the sources/detectors.
a( )= / 11 g | (6.24)
Y1, Y25 o Yn) = 1 Gy : :
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Since spacetime points, in particular, locations of created/detected particles can be local-
ized only within somee uncertainty, (6.24) must be integrated over wave packets to get the

amplitude:
Ager(x) = / Hd4yifi(yi —x;) | G(y) , (6.25)

where the x;’s are the center of space-time locations of the sources/detectors. The f;(x;)’s
are wave packets centered at zero and, correspondingly, their Fourier transforms are centered

at momentum p;:

o 1 J\y—;\\? —ip(y—z)
f(y—w)—W2L4€ e

f(q) _ eiHQ*PJQLZ

(6.26)
eiq:r:
(6.26) are Gaussian wavepackets of characteristic width L. The ||||2 denotes Euclidean

distance, and so the wave packets are localized in space and time.

To measure the amount of causality violation using BCC for tree diagrams, we apply the
sum of (6.11) for G(y) of (6.25). Since a tree diagram with untruncated external legs is, of
course, still a tree diagram, (6.19) applies, and all the propagators are just replaced by Ag.
The local part of it, where all propagators are Ag, is causal, and the rest is acausal. Thus

the detected acausality, with wavpacket, is

Zoe(z) = / Hd4yifi(yi — ;) <Z G(y) — local part) : (6.27)

Take the simplest example, where a single propagator connects a source to a detector. The
physical question we are asking is, when we vary the coupling constant at the source, can
the detector detect the change in amplitude before that. Using the wavepackets (6.26) and
the results (6.15) and (6.10), we get that the potential violation is

1 _lsi—aall® [lva—=ol?

La) = [ diys e T s (g )

:/ d4(] Z(‘F(qz) B 1)6—‘7“171’2“2L2 —iqT

2m)t ¢ —m? ’

(6.28)

where * = x5 — 1. We always assume the nonlocality scale to be of the order of some

unification or Planck scale and thus L > /. Note also that, for any two spacetime points x;
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and xo, one must have (z; —x2), > L (in the laboratory frame) since, otherwise, one cannot
experimentally resolve the two points. We use Laplace’s method to find the asymptotic

behavior of (6.28) for L/¢ > 1. The extremum of the exponent is found to be located at

R 2 X X
¢’ = <p° — Zﬁ> ,  q= (p + Zﬁ) : (6.29)

L) ~ Gy s s exp [—”ﬂ —z‘px] | (6.30)

q = ¢ given by:

We thus arrive at:

The magnitude of the detected violation is

1
(2m)4L8

(F(¢*) - 1)

[ Zael” ~ @2 —m?

exp [_HIL_!] . (6.31)

In the frame of any experiment at momenta scales much lower than 1/¢, one has p,¢ < 1 and

(/L < 1. Then there are two dimensionless quantities at work here: z2¢2/L* and ||z|” /L2
Suppose x2¢?/L* is small, then |¢*¢?| is small, and F(g*) — 1 is some polynomial in ¢. E.g.,
with F(p?) = e™"¢*~7"" ag the nonlocal kernel, F(¢%) — 1 ~ (m* — p*)¢* and the magnitude

of detected violation would be

—e 7 . (6.32)

This goes at least as (¢/L)%. If furthermore ||z|| /L > 1 but not to the extent that x2¢2/L*
is large, which in fact would be the case in almost any realistic experiment, then (6.31)
shows that the violation is exponentially suppressed. Finally, if 22¢?/L* ~ 1 or larger, then
F(G?) — 1 ~ 1; but since ||z||* > 22 and ||z|| /L > L/¢, (6.31) is exponentially suppressed in
at least L?/¢2.

?|. Even when z? is close

In obtaining (6.31), we have not made any assumption on |z
to null (within order ¢2), the causality violation is still suppressed at least in powers of ¢/L.
Without the wave packet, the causality violation would have blown up as x> — 0. When |z?|
is large, (6.31) still holds as a bound on the causality violation, though the bound could be

improved by replacing the A, of (6.28) with its asymptotic, e.g. (5.13) for the e "¢ kernel.
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Since A,. decays faster than any power of ¢?/x?, after integrating over the wave packet, the

detected acausality also decays faster than any power of (2 /x2.

We now turn to causality violation for general tree diagram. The Y  G(y) of (6.27) is a
product of Ag’s as shown in (6.19). After subtracting out the local (which is causal) part,
there is a sum of terms, each a product of A,.’'s and Ag’s. Let some connected chain of
vertices be labeled x1, xs, ..., x,,, and suppose one wants to detect acausality with respect to
x1 and x,,, i.e. the non-vanishing of (6.19) when x; < x,,. When z,, — x; is time-like, first
consider the terms that contain only products of Ay except for one factor of A,.. The Ag’s
must obey xy > xo > ... = ,,, and only the factor of A,. factor can break this pattern,
say between z; and x4, to allow for non-vanishing (6.19). But this means the argument
(r; — 2i11)? of Ay must be greater than (z,, — x1)% (Fig. 6.1(a)). Thus if (21 — x,,)% > (2,
the causality violation would be exponentially suppressed since A,. is, as discussed in detail
in section 2.13 and 5.1 above. For terms with more factors of A,., basically the factors of Ag
can only connect x; and x,, to points of even larger separation, which are then connected
by factors of A,.. (Fig. 6.1(b)). If the arguments of A,. are not close to light-like (within
(%), one can approximate them by their asymptotic, which is exponentially decaying, and

integrating over the wave packets doesn’t change their exponentially decaying behavior.

There are, however, extreme cases where the z’s are carefully arranged such that all A,.’s
have light-like arguments. For example, m = 3 and both propagators are the acausal part,
and while x3 — x; is time-like, both x5 — 21 and x5 — 25 are light-like. (Fig. 6.1)(c)). One
would expect the order of the detected acausality to be roughly the square of that of a single
propagator, i.e. (6.31). Another example is m — 3, x3 — z; is space-like, and there is one
factor of Ar and one factor of A,.. The Ar connects x; to some x5 in the past of x5 but
such that x3 — xo is light-like. (Fig. 6.1)(d)). Then one would expect the acausality to be
of the same order as (6.31). We shall emphasize that while in principal one can conceive
experiments where all of the A,.’s have close to light-like arguments, this has to be very
fine-tuned since as soon as any separation |(x; — x;41)?| > (2, the probability of detection is

exponential suppressed in (z; — x;41)%/¢?. Nevertheless, we will show that even when such
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fine-tuning can be achieved, the acausality will be at most some power of ¢/L. We will first
consider the graph where all factors are A,.’s, and then consider the graph where there is a
mix of A,.’s and Ag’s. We will apply the result of the former case to the latter by treating

the sub-diagram of just A,.’s and showing that the Ag’s do not enhance the acausality.

xm
X1 Xm
Xm Xm ‘/
/X1 ) X1
(a) (b) (c)

(d)

Figure 6.1: Propagation by a chain of Ag (arrowed segments) and A,. (non-arrowed seg-
ments). (a) - (b): acausal propagation due to one or more A, segments; (c) - (d): carefully
arranged space-time such that all A,. have (nearly) null-like arguments connecting points

with |[(z1 — )% > £2.

Let N be the number of vertices of the tree and n the number of vertices located at the
sources/detectors with spacetime positions x1, s, ...x,, and each with its associated wave
packets. The remaining N —n vertices are internal ones that are to be integrated over. The

contribution to (6.27) from the term where all propagators are the acausal part is

Y = / 11" (Hfa<ya—xa>) ﬂ%(y) : (6.33)

The superscript (N — 1) denotes that there are N — 1 factors of A,.. Suppose the wave
packets are Gaussian with size Lq, Lo, ..., L,. For the sake of calculation, for each internal
vertex, we also include a Gaussian factor, with sizes L,1,..., Ly, which will be taken to

infinity later. The centers of these auxiliary Gaussians are denoted x4, ..., zy, but they
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are just a handle and have no physical meaning. Let the momentum of each wave packet
be p,, which represents the total external momentum flowing into each vertex and > p, =0
by overall momentum conservation. The auxiliary wave packets have p, = 0. A Feynman

graph is entirely described by its incident matrix €;,, as defined in (3.3). (6.33) is then

N N—-1 n
_ 1 Hya Za” *lpa(ya xa) ||ya. IaH
1) — /H Ay H Aue(€iala) H 7T2L4 H . (6.34)
a=1 i=1 a=1 a a=n+l
We rewrite the A, as Fourier integrals and integrate over y;’s to get
d4q ' N Aleagusra]|"22 a
? ——zea-q-xa 214
/H 2 _m2 He swee TT =L . (6.35)
a=1 a=n-+1
Defining the matrix
N
el =Y €ialiea; ,? (6.36)
a=1

we follow Laplace’s method by taking L/¢ large. The extremum of the exponent is located

at

G = — Z [dgv'l]ij €ja (L?lpa + 2Nz, ) ’ (6.37)

a

where 7 is the Minkowski metric and the spacetime index is suppressed. Thus we find the

asymptotic

N . "
I(O) ~ 1 H 7T2L4 H Z(‘F( 2) _ 1)
ac T2N-2 (det dG)2 et a ; 622 —m?2
= . (6.38)

1, . 1. . 1
X exp qu[dc]iqu + 7 Gilde]ia; — > ZHPaH2 L

We then let L, go to infinity for a = n + 1, ..., N. (The factors of infinite L,’s in detdg will
cancel the factors of L, in the numerator). For a general tree graph, there is a graphical rule

for the result, which is

: ~2
I(O) ~ 1 H Z(‘F(ql) - 1) e*Q+iPaxa (639)
ac 7]_271_2 (HZ LZ)Q (@2 ; (LQ _ m2 9

3This is similar to (3.15) but here we summed over the vertex index instead of the propagator index.
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where

P - (zn: %) , (6.40)

a=1 @

lza — zl®
gzz T (6.41)

For ¢;, the graphical rule is, if removing edge 7 separates the graph into two trees .73 and %
and edge 7 points from .7 to %, then

S ptan Y L;Lf" . (6.42)

a€R A€, beT @
a,b<n

The detected violation of causality is suppressed because if all G?/* < 1, then each factor
of F(¢?) — 1 contributes some power of ¢/L, thus the violation is at least polynomially
suppressed in ¢/ L, with higher order diagrams having higher order polynomial suppression.
If some ¢2¢* is not much less than 1, then it must be that some linear combination of
(x4 — xp)/L is comparable to L/¢, which is large by assumption. Then the exponent (6.41)
must be large and (6.39) is exponentially suppressed. Again, we've used no reference of the
spacetime separations of the x’s and so this derivation shows the suppression of acausality

even where there are null separations.

We then turn to terms that have a mix of Ag’s and A,.’s in (6.27). The graph can be
split up into two parts G; and G, where (G consists of the A,. and (G5 consists of the Ag’s.
We will apply the result (6.39) to G; and then show that performing the integrals of G5 will
not change the suppression of the acausality. Let G = (E, V') be the overall graph where £
is the set of edges and V' is the set of vertices. It’s split into G; = (F1, V}) and Gy = (Es, V3)
as described above and while Ey N Ey, = 0, VNV, = V; is nonempty and is the set of vertices
connecting the two graphs. Let G, Gy be described by their respective incident matrices €',
€2, let Vg be the set of vertices with external legs, and let V; be the set of internal vertices,

which are to be integrated over. We will apply the same trick in giving auxiliary Gaussians

to the V7 vertices and then taking their size to infinity. Suppose |Fi| = m, i.e. there are m

7



factors of acausal parts. The contribution to acausality for this mixed term is

ac /Hd4ya HAac mya H AR jbyb

acV i€E JEE?
1 _llya— xa” —Zpa ya—fl'a) _llya—zall® xa”
H T2[A° H e
a€Vg a a=V7g
2 2 4 1.2 _ 02 - 1.0
zGEl -m* (2m)* ki —m? + iek]
a7,QZ + 6 k + pa LZ 1 254
Hexp - ) —i(enqi + €2,k;) H7TL .
acV aeVry

We then find the asymptotic for the ¢ integrals as L/¢ — co. We split €2 = ¢ + €¢” where
¢’ have the information for the vertices only in V5\V; while ¢’ have the information for how
edges in F5 connect to vertices in V. Thus e” k; + p, acts like the set of external momentum
for G; and we can apply the asymptotic (6.39). Let Vig = Vi N Vg with cardinality n and
let Viy =ViNV;.. We get

2
( i ok tpal| Lo 214
Iac / H ) 4 k2 — —Heko H exp | — 1 — i€,k Tq H L
jeEQ aceV\Vy acVi\Vis
1 H Z(f(qAZQ) B ]‘) 6_31+i ZGEVIE PaZa )

a

D 2 _ 2
=2 <Ha€V1E L2) 22 \iep, 7™M
(6.44)

P, and 2 are as defined in (6.40) and (6.41) but restricted to Gy. ¢; is slightly modified to

become
21 Ty — Tp
Z Pa + k]f;/a + ?n Z W . (645)
a€N acJ,be T @b
a,beVig

Indeed the k;’s of the propagators of Gy that are immediately connected to G act as the
external momentum for G;. For the above rule, we’d like to point out a special case when

a particular vertex a connects G; and G, and is connected to only a particular edge ¢ of
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G4. If furthermore, vertex a is to be integrated over, that means its L, and x, should have
no meaning. Since either the set .77 or % has no intersection with Vi, the second sum of
(6.45) is simply 0. ¢; is then just the sum of external momentum and momentum from Gs
that flows into edge ¢. This is expected because an internal vertex just means that there is

momentum conservation at that vertex.

(6.44) is at least polynomially suppressed. In most realistic experiment, (F —1)/(¢*—m?)
is polynomial in ¢/ L, given the size of p, x, and k. As before, if the s are large such that the
second term of (6.45) is large and so that F—1 ~ O(1), then e~? is exponentially suppressed,
which is a stronger suppression. If & is large such that F — 1 ~ O(1), then k ~ 1/¢ but the
exponent in the first line of (6.44) shows that there would be exponential suppression. To
conclude, the acausality of G is at most that of Gy, and the retard propagators of G5 will

not enhance the order of the asymptotic behavior of the acausality.

In conclusion, for a general tree diagram, each term that contributes to acausality will
have at least one factor of the acausal part of the effective propagator. Even when the
space-time are fine-tuned such that the acausal parts have arguments that are light-like, the

acausality will be at most some power of ¢/L.

In [44], it was shown that one could infer the spacetime location of interactions pro-
vided that each interaction vertex is connected to two or more external legs. Basically,
given the spacetime and momentum (with uncertainties) of two particles (or more) at the
sources/detectors, the inferred interaction spacetime is where the two classical trajectories
collide. It was shown in [44] that effectively, the detected amplitude is the same form as
(6.25) but with the understanding that G(y) is now the truncated n-point amplitude and the
fi’s are effective wavepackets centered around the inferred interaction points. Then the same
calculation for causality violation using BCC follows and one arrives at (6.39), with the z’s
now being the inferred interaction spacetime. The causality violation with respect to these
interaction points is expected to be more prominent than when looking at the causality viola-
tion with respect to the spacetime points of the sources/detectors. Specifically, the exponent

(6.41) may be O(1) because the separation of the interaction points are not necessarily much

79



larger than L. Still, the violation is at most polynomial in ¢/ L, and exponentially suppressed

once ||z||* /L? become large.

6.4 Loop amplitudes

As discussed in section 2.2, in theories with nonlocal vertices, Wick rotations of integration
contours are no longer possible, and, hence, at loop level the relation (2.22) holds: amplitudes
AM)(p) do not coincide with A(p). As we find in the following, a major implication of this
is that the amplitudes AM)(p) are actually not unitary, as first argued in [19]. This shows
that the amplitudes A, obtained by continuation of the Euclidean amplitudes and known
to be unitary, do indeed provide the correct definition of the theory in Minkowski space as
discussed in [10], [1], [19]. We will proceed as before by Fourier transforming A®)(p) to
position space by (6.3) and extend the tree level results of section 6.2, first to one loop and
then to multi-loop graphs. These will allow us to estimate the small causality violations and

then discuss the relation between the FEuclidean- and Minkowski-defined theories.

6.4.1 One Loop Amplitudes

Consider a 1-loop graph with N vertices. We consider again the sum over all underlinings
of the integrand Z (cf. 6.3)) of the Minkowski-defined amplitude, with vertex 1 being the

singled out vertex which is kept not underlined. This is represented diagrammatically as:
ZI(ml,xQ, LIN) = : (6.46)
1

Consistent with our previous conventions, the circle represents the loop with all internal lines
(propagators) and all vertices other than 1, as well as all external legs, not explicitly shown.
Summation over all underlinings of all vertices on the circle other than 1 is implied. The

vertex 1 is explicitly shown and is not underlined as indicated by the unfilled little circle.

To evaluate this sum in terms of retarded propagators we first need the following result.

Let Ty be a tree diagram with N vertices consisting of (N — 1) internal lines in a linear
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chain. Any number of external legs may be attached at each vertex. Consider the sum

E ITN 9
1,N

where the summation is over all underlining of the (/N —2) vertices other than vertices 1 and

N, which are kept not underlined. For N = 3, which has just two propagators, we get
> Tr = Dplor — A4
1,3

= <A§2 + AR,32> (A2+1 + AA,21> - A:4T2A2+1
= Ap3lf, + ApAao + ArsaAag
= AR,32AR,21 + AR,32A2_1 + Ag_QAA,m , (6.47)

by use of (6.8). The generalization to any N then, obtained by induction, is:

ZITN = AR,lQ---AR,(NfB)(me AR,(NA)N
1,N

+ AR,12 ‘oo AR,(N—3)(N—2) AR,(N—2)(N—1) A(N_I)N

+ AR,lZ e AR,(Nfs)(Nfz) A(_N_g)(N_2) Ap(n-1)N

+Apiz. o Ap(v_ayv-3) An_syv—2) Daw-2nv-1) Bav-1)n

+ ...
+ A1_2 AA,Qg . AA,(Nfl)N . (648)
We can now apply (6.48) to the sum (6.46) by setting zy = z; i.e., identifying the

location of the first and last vertices in the chain. (Thus a N-vertex tree graph becomes a

(N — 1)-vertex 1-loop graph). Relabeling N as the number of vertex in the loop and noting
that AA,ij = AR,jz’y we get

Zl(xl, To,..IN) =
1

i(i+1)

(6.49)
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with the cyclic convention N + 1 = 1. Each term in the above sum has indeed a chain of

retarded propagator between vertex 1 and every other vertex.

A similar derivation shows that,

{ -0

If we now sum (6.49) and (6.50), i.e., sum over underlinings of vertex 1, we get

ZI(:vl,xz,...,xN)

In the local theory, the r.h.s. of (6.51) would be exactly zero because vertex 1, or any other

i(i+1)

(6.50)

vertex in the loop, has a loop of retarded (or advanced) propagator back to itself. But for
a non-local theory, the acausal part in A A,r contributes, so the r.h.s. is nonzero. This is in
contrast to the tree-level result, i.e., (6.22), and signifies that at loop-level the Minkowski-
defined theory is non-unitary: multiplying by external wave-functions and integrating over
the positions of the vertices in (6.51) except for z; and another picked out vertex z, one
obtains (6.13) but with non-vanishing r.h.s. We show explicitly in the next section that these

unitarity-violating terms are absent in the Euclidean-defined theory.

6.4.2 Unitarity of the Euclidean-defined theory

The r.h.s. of (6.51) exhibits the non-unitary contributions in the Minkowski-defined theory.

The Euclidea-defined theory, on the other hand, is known to be unitary and we now demon-
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strate this explicitly by showing that the difference between the Minkowski- and Euclidean-
defined theories is given precisely by the r.h.s. of (6.51). Consider the bubble graph (Fig.

“ i

P;(;w,,ﬂ ot wpi
% .7, »* >
—wWy wq

Figure 6.2: Contours for the bubble graph: blue for Minkowski-defined theory; green for

Euclidean defined theory. Integration along the red contour gives the difference.

2.1). The generalization to any other one loop diagram is straightforward. The amplitude

is given by

[ di ~“FO)F(p-1)
Alp) = / ) =) (p— 1 — ) (6.52)

The choice of the [-contour C depends on the theory. With real space-like components, the
1° contour C for the Euclidean-defined (green) versus the Minkoski-defined (blue) amplitude
is shown in Fig. 6.2. As easily seen, the difference between these two contours is given by
the the contour shown in red. The graph resulting from having all vertices underlined in the
integrand is given by the same integral as (6.52) except the contours are complex conjugated.
It then gives the corresponding difference between the Minkowski- and Fuclidean-defined
amplitudes by the complex conjugate of the red contours in Fig. 6.2. These two are in
fact the only contributions to the difference between the Minkowski- and Euclidean defined

amplitudes for the quantity appearing on the Lh.s. of (6.13) (the sum of the L.h.s. of
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P — wpy P+ wpy

—wy Wi

Figure 6.3: Integration along contour (red) giving the difference between Minkowski- and

Euclidean-defined amplitude for the L.h.s. of (6.13).

(6.1) and (6.2)). The contributions to the difference from graphs resulting from the other
combinations of underlined vertices cancel for these 1-loop graphs.* The result of adding
these two contributions then is given by integration over the red contour shown in Fig. 6.3.
This is precisely the sum of products of only Ay and products of only Ay, ie., the r.h.s. of
(6.51).

The extension to a general 1-loop diagram, i.e., one with more than two propagators
forming the loop, is straightforward. The difference between the Minkowski- and Euclidean-
defined theory for the quantity given by the Lh.s. of (6.13) is again obtained by adding the
contour in the first and third quadrant, far away from all poles, analogous to the red contour
in Fig. 6.2 to its complex conjugate contour. This sum is again represented by integration
along a contour as in Fig. 6.3 but with generally more poles sandwiched between the two

branches of the contour. This corresponds precisely to the r.h.s. of (6.51).

4This is perhaps more easily seen in the representation [37] of the BCC equation in terms of cut graphs.
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6.4.3 Multi-loop Amplitudes

We now consider multi-loop graphs. Note that general multi-loop amplitudes also include
IPR graphs consisting of several one-loop graphs connected by trees - a case not covered in
the previous section where only a single 1-loop diagram with external trees attached was
treated. We will obtain the direct generalization of the results obtained for trees and 1-loop
graphs. Specifically, we will prove the following two statements for the integrands of the

general multi-loop diagram (6.3) defined directly in Minkowski space:

(i) The sum over all underlinings keeping a singled-out vertex, labeled 7, not underlined
(or underlined) equals a sum of terms, where each term has a chain of Ap from every other
vertex to vertex x1, modulo the possible addition of extra terms, which contain at least one
closed loop formed out of A propagators.

(ii) The sum over all underlinings of all vertices gives a sum of terms, each of which contains

at least one closed loop formed out of the Ap propagators.
The proof of (i) and (ii), which is obtained by induction in the number N of internal
lines in a graph, is given in Appendix C.

The same conclusions, therefore, follow as in the previous sections 6.2, 6.4.1 and in the
exactly same manner. (i) implies that a causality violation, i.e., a non-vanishing r.h.s. of
the BCC equations (6.1) or (6.2). This violation, for separations (z; — x3)? > % between
any two picked out vertices xq, o, is exponentially suppressed by application of the results
in section 5.1. (ii) implies that the nonlocal theory defined directly in Minkowski space has

unitarity violations at loop level.

6.5 Difference between Euclidean-defined and Minkowski-defined

theory

We’ve shown that the causality violation of the Minkowski-defined theory, (6.3), is at least

polynomially suppressed at all orders in perturbation. We now show that the difference
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between Euclidean-defined theory (the correct theory) and the Minkowski-defined theory is
suppressed at large spacetime separation, so any causality violation of the correct theory is
also suppressed. We first work out the explicit example of the bubble graph of a massive
F = Ne """ nonlocal theory. Then make some general arguments towards why the differ-

ence should be suppressed at all loops.

The Euclidean-defined amplitude of the bubble graph (Fig 2.1) is given in (6.52), and the

integration contour is the green curve in Fig. 6.3. Following the steps leading up to (3.11),

we get
N2 o o 1
A®) :Z—/dd/dd—
(S> 647T3£4 o apace . /81 BQ (11]1—’—11)2)2
L ) ) (6.53)
W1 W2 1 2 2

P+ @y At 4l

where w; = a; + i3, and s is negative. We will defer continuing to positive s to later. On
the other hand, the Minkwoski-defined theory also starts with (6.52) but its contour is the

blue curve in Fig. (6.3). Again, using generalized (rotated) Schwinger parameter :

7 oo o g
N B e 6.54
P2 —m? +ie /0 e ’ (6:54)
we get,
N2 [ > sgn(w; + wo)
A(M):Z/dd/dd—
(S) 1677'364 0 Q1a0 . /81 52 (w1+w2)2
) ) (6.55)

W1 W2 s 1 2
Wy + wo 464 464

exp |1

where w = a + . This expression is true for all s. To compare the Euclidean-defined
and Minkowski-defined theory, we rotate & — i« through the first quadrant in (6.53), and
subtract from (6.55). The rotation is justified because the integrand goes to zero at the

infinties of «. The difference is

iN?2 0o oo 1 — SgIl(UJl + w2> j1wa
Agir(s <0) = ——— doid dpid witw
dif(s < 0) 167?364/0 a &2/_00 BrdBa (w1 + wp)? e T
5 5 (6.56)
wiwz 1 2 2

e 1 S
P wy + Wo 404 404
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We shift § — f — « and integrate over a to get

‘ 1 - ey ﬂ _ 202 _ &
Agir(s) = 672 /ﬁl+,82<0 dB1d5y (1 Erf (zm 14 252)> (1 Erf (@m l %2))

T fﬁ 7 P [z'[ff;?s —i(B +ﬁz)m2] :
1 2

(6.57)

Initially, this expression is only defined for s < 0, but it can be continued to s > 0 through

the upper half plane without deforming the contour. When s takes on positive imaginary

value, there would be a singularity if the exponent goes to positive infinity. Since 5; + f3 is

restricted to be negative, as ;1 + 8o — 07, the numerator 513, is also negative, making the

exponent go to negative infinity, which suppresses the integrand. If both g, 55 — —o0, the
B

exponent does go to positive infinity, but the suppression from 1 4 Erf(;z) is more rapid,

ensuring that the integrand still go to 0.

We then Fourier transform this into position space to get

Agip(2*) = ! / dBidps | 1 — Erf (im2€2 - ﬂ) 1 — Frf (im2£2 - &)
8 B1+B2>0 202 202 (6 58)

sgu(frfh) _-(i i)i_- 2
512522 € p[ ? Bl+ﬁ2 4 Z(ﬁl"‘ﬂZ)m

Because of the sgn function, we split the integral into three parts, Agr = A; + Ay + As,

corresponding to the integral domains: 1) 1,52 <0, 2) f; <0, B2 > 0, and 3) 51 > 0, By <
0, respectively. We will find the asymptotic of (6.58) for large time-like x* using stationary
phase. For all the As, the peaks are located at large positive or negative 3, so the 1 — Er f

function can be approximated by its asymptotic.

9o B
1—Erf<zm2€ _2_g2>

2 .
m exp [_fﬁ + ZﬁmQ + m4£4:| B — —

Following the usual procedure, we find the stationary points of the exponent are located at

1/3
A il
ﬁl,zz( 5 ) : (6.60)
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The root in the second quadrant is the one which the integral contour can be deformed and

passed through. Performing the method of stationary phase, we get

2/3
—64N? 2
Adgig ~ Ay~ gx4 exp |- (x ) <§+z§> . (6.61)

202 4 4

For A, and As, the peaks are located outside the integration domain. Thus the leading
contribution to the asymptotic of Ay is that of A; only, and indeed this difference is

exponentially suppressed for large x2 /(2.

In general, Ays(s) for a general graph cannot be written down in integral forms with
simple contours like (6.57) after continuing s through the upper half plane. We will argue
why the difference should decay rapidly for large spacetime separation for all graphs. For

one loop, we've showned that Agf(p) is

Austo) = [ o TT 5 (6:62

where the ¢;’s are appropriate sums of the external momentum and the loop momentum.

The contour of k¥ is two arcs at infinity in the first and third quadrant, like the red curve in
Fig. 6.2. Both arcs are far away from the poles in the k° plane. We will apply Proposition
1 to argue that the Fourier Transform of Ag(p) is suppressed for large 22. To be precise,
previously, p is shorthand for the set of total external momentum flowing into each vertex,
and s the set of external invariants. Now we pick out two vertices, the spacetime of which
will be used to check acausality. We Fourier transform only the total external momentum
flowing into the first vertex, and by momentum conservation, that momentum goes through

the second vertex too. Below we will refer to p as that particular momentum, and s = p?.

When s approach 0 from left or right, that corresponds to, for example, p = 0 and p°
approaching 0 from the imaginary direction and from the real direction. Clearly, Ag;(s)
will be the same as s — 0. And since the poles will not pinch the contour no matter how
p changes (i.e. two poles approaching the same point from different sides of the contour),
Agir(s) is analytic in s. Finally, due to the nonlocal factor, both the Euclidean-defined and

Minkowski-defined amplitude decrease exponentially in |s| for s — £o00, and so must Ag;¢(s).
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Thus the requirements for Proposition 1 are satisfied and the Fourier Transform of Ag;(s)
into position space shows that Agf(xe — z1) decays faster than any power of m Since

the propagator masses are not needed in the above argument, it must be that the decay is

faster than any power of ﬁ

When discussing causality violation, for the sum (6.11) for one loop diagrams, only the
loop diagram differs for Euclidean- and Minkowski- defined theory. The cut diagrams are
the same since they are just tree diagrams integrated over physical intermediate states. The
Minkowski-defined theory has suppressed acausality and since Ag; () is also suppressed, the
acauslity for the Euclidean-defined theory is also suppressed. For higher loops, we speculate

that the same argument applies.
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APPENDIX A

Non-vanishing of the Symanzik polynomial for the

nonlocal theory

In this Appendix we prove (3.22). To this end we use the following known fact. Let A be an
n x n complex matrix, and H(A) = $(A + AT). Then if H(A) is a positive definite matrix,

the following inequality holds:
det H(A) < |det A]. (A.1)

Equality holds iff A = H(A), i.e., A is hermitian. To prove (A.1) write A = H(A) + S(A),
where S(A) = 1(A — AT). Now, the asserted inequality (A.1) is the statement:

1 < |det[H(A) " A]| = | det[I + H(A)"'S(A)]|. (A.2)

But
H(A)™'S(A) = H(A)™V2[H(A)TV2S(A)H(A)"V?]H(A)?,

i.e., H(A)~'S(A) is related by a similarity transformation to the matrix [H (A)~Y/2S(A)H(A)~'/?],
which is anti-hermitian. Hence, it has purely imaginary eigenvalues i\;. But then, since for

any real number A one has [(1+i\)| = (1 4+ A2)/2 > 1,

n

| det[I + H(A)'S(A)]| =[] 11+ M) =1, (A.3)

i=1
which proves (A.1). Note that equality obtains if all A; = 0, i.e., S(A) = 0.

We apply (A.1) to the matrix d(w) given by (3.15). One has

H(d(w))rs = Y et yi(e™)E, (A4)

=1
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where, with ¢ > 0,
o; + 02
;= id >0 Ab
= o s P 4 P2 A9

for all @« > 0, —oo < f5; < 0o. H(d(w)) is manifestly positive definite, since

) = Y | e o (A6)
=1 s=1
for any vector z € CV=1. Applying (A.1) then:
| det d(w)| > 0. (A.7)
It follows that ;
Aw)] = |detd(w)| [ fusl >0, (A8)
i=1

since |w;| = ((a; + 2)* + ﬁéﬁf)lp > 0, all 4.
In the local case, where ¢, = {5 = 0, (A.8) fails at o; = 0. This is the source of UV

divergences. The introduction of nonlocality then through either or both ¢; # 0 regulates all

UV divergences as remarked in the main text.
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APPENDIX B

Equivalence of the Landau equations for the

amplitudes in different forms

We next show the equivalence of the Landau equations (3.34) - (3.35) to their parametric
form (3.53) - (3.54). Let C;, i = 1,--- , L, be a set of independent loops in the Feynman
diagram G. The internal momenta g; may, if need be by a relabeling, be taken to be: ¢; = [},
for j = 1,---, L, whereas each ¢; for j = L +1,---,1 is a linear combination of the loop

momenta [; and the external momenta P, such that the momentum conservation system

(2.14), (3.4) is satisfied.

Introduce the vector I-component K by
; =1, j=1--- L; Kp,=P., r=1,---,(V-1). (B.1)

One can then write

g=RK, or K=Ryg, (B.2)

where the (I x I) matrix R~ is given by

R’i_jlz(sij7 i=1,---,L; j=1,---,1,

Ry =6rj, r=1- (V=1); j=1,- 1T, (B.3)

i.e., it has the structure
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Here, ") denotes the incidence matrix with the V-th row deleted. Then, defining the

quadratic form

I
Q(,P) =) g, (B.5)
and introducing the I x I matrix A: B
Ajj = ;055 (B.6)
one has
Q(l,P) = KTRTARK . (B.7)

Now, given a quadratic form Q(z) = 2T Mz, where M is an invertible matrix, the con-
jugate, or inverse, quadratic form is defined to be Q(z) = 2T M~'z. If z = (y, x), given the
quadratic form Q(z) = Q(y, z) and its inverse Q(y, x), define Q(z) = extry Q(y, z).

The following fact then holds [45]: If Q(x) denotes the inverse of Q(x), one has

Q(z) = 9(0, 7). (B.8)
Hence, Q(z) is given by the inverse of Q(0, z).

Now, from (B.7) and using (B.3), (B.4), a simple computation gives

o(,P) = K'R'A YR 'K

L V-1 9 ! V-1 2
=Y (WY wn) + Y (Y en) (B.9)
i= L r=1 i=L+1 " r=1
Hence,
oy, vl 9
Q(O, P) - - rzpr
Y xer)
_ Pd(a)P. (B.10)
Thus,
Q(P) = Pd*(a)P, (B.11)

i.e., the extremum of (B.5) over the loop momenta equals the quadratic form Q(«; P) in
(3.40). Recalling the definition (3.2) of ¥)(a, [, P) then, it immediately follows that equations
(3.53) - (3.54) are equivalent to (3.34) - (3.35).
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APPENDIX C

Leading asymptotic behavior of the effective

propagator

Recall that the stationary phase method gives the leading behavior of an integral I(\) as:

. 271')” . .
I(\) = / d"x g(2)e™?@) ~ ( Lo)eP0)igsis C.1

assuming there is an extremum x( of ¢ within D. Here sig is the number of positive minus
the number of negative eigenvalues of the Hessian ¢;;. We use the method to evaluate (5.6)

for large x? > 0. . After rescaling @ — Aa and x — Az, (5.6) becomes

A d4p = 2\ _iX(ap?—am?—pzx)
Az) :)\/W/O do F(p?)e | (C.2)

Writing the exponent as Ad(p, «), the gradient of ¢ is (2ap, — z,, p* — m?). Setting this to

zero, we get the stationary point to be
= = . (C.3)

For large positive 2%, the stationary point lies within the integration domain of (C.2). The

Hessian evaluated at the stationary point is

z? n 22,4/ m?
A A m2 ' lpy 2
¢,po¢(pa Cl/) = . : . (04)

QxM/?—; 0

Its determinant is 4224/ T’;—Z and its signature is -3. Using (C.1), one finds

_ 27)5 1 N
A(ZL’) ~ )\\/ ( 7T) 4‘/—_-(m2)6—z)\m\/x76—137r/4 ’ (05)

Noda2y /22 /m?2 (2m)
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which, after rescaling back Az — z, is (5.7).
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APPENDIX D

Explicit asymptotic behavior of the acausal part of a

particular effective propagator

We study the explicit example where F = N e P where N = ¢™"*". The delocalized vertex
1s

-~ d4 4 p4 .

V(z) = / #Ne_p Eemirr (D.1)

By Lorentz invariance, we can set z = (A000) for any time-like z. After a change of variable

to u = p® and v = |p|, we get

V(z) —/ dv/ du g(u, v)e? ™) (D.2)
0 —00

where
g(u,v) = 4—];2112 , (D.3)
P(u,v) = (—(u* = v?)?) £ —idu . (D.4)

By solving 0,¢ = 0,¢ = 0, one finds the saddle points to be v = 0 and u = % (;—ig\)l/g.
However, it is not clear how the integration contour, which is a 2 real-dimensional surface
in a 2 complex-dimensional space, is deformed to pass through the saddle points in the
direction of steepest descent while keeping the contour at infinity fixed. Thus we’ll study
one integration variable at a time, first finding the asymptotic for a fixed v, and then finding

the asymptotic after integrating over v. For fixed v, the saddle points of u are located at

Oy = —4u(u® — v —id=0. (D.5)
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There are three solutions to this equation, namely

1N o 1/3
Gy =e % — <—)\) + 6T 2 (i) + 0%

20 \ ¢ 3 2N
) 120N\ L2 (Y3
=i (F) i (5) o 0.6)
21 22\ 9 (N3
713 = €Z§ﬂ (7) —+ €_z§§£U2 (ﬁ) -+ O(Uﬁ)

To avoid cluttering, the exact form of the solution is replaced with the solution in the limit
v — 0, and because we know that the asymptotic is determined by the integral around
v = 0. For each saddle point 4;, the curves with constant I'm(¢) that passes through the
point are found. In most cases, there will be two such curves for each saddle point, but only
one is along the direction of steepest descent, i.e. Re(¢) peaks at the saddle point along that
curve; the other curve is along the direction of steepest ascent. We denote C; as the steepest

descent curve that passes through u;. For v = 0, the curves are plotted in Fig. D.1.

The qualitative features are essentially the same for small nonzero v. The original contour
of u, which is the real line, can then be deformed to C; UCs. This unambiguously determines
the direction at which the contour passes through the saddle points and we denote the
directions as e™1(") e2(") yespectively. For v = 0, ¢, = —7/6 and 1), = 7/6, which agrees
with the contour in Fig. D.1. By the standard procedure of method of steepest descent, the

integral is asymptotically

% ; f 2 1,0) i N / 21 d2,0) i
V<$> ~ /dvg(ul,v) m€¢( 1’”)6 wl(”)—i-g(m,v) m@tﬁ( 2’0)6¢2(@) s (D?)

where

4/3 21\ /3
o1y, v) = /33 (i) + /3 (%) v? 4+ O(v?)

4/
(D.8)
1/3
A _ion/3e [ A e —in/3 A2 / 2 4
,0(tg,v) =€ 3 o +e 5 v+ O,
. . N
g(ty,v) = g(tg,v) = ﬁzﬂ , (D.9)
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Fa

Figure D.1: Curves of steepest descent (in colors) and ascent (gray) of (D.4) in the complex
u plane with v = 0. The saddle points (D.6) are located at the intersections. The original u

contour of (D.2) can be deformed to C; U Cs.

and

Guu(u,v) = 4(—3u* + v?) 2. (D.10)

For the first term in (D.7), the saddle point is at v = 0 and we rotate v — ¢”™/3v so that the

contour is along the direction of steepest descent. One can show analytically that
o(ty,v) = 1Av, asv — 0. (D.11)

and so the v contour is free to rotate in the upper half plane, justifying our deformation.
We’d like to approximate the integral as a Gaussian around v, but the prefactor g(i;,v) oc v?
vanishes at v = 0. So the integral is really approximated by the second moment of a Gaussian
integral, i.e

> 1
/ dvvie ™ =2 | — . (D.12)
0
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We then find the first term of (D.7) is asymptotically,

N 21 27
1673 \| |uu(t1,0)| V A204

13
R T
872v/3N03 \ 2\

€¢(ﬂ1 ,0) eiwl (0)

el (3)"]

Combining this with the second term of (D.7), which is exactly the complex conjugate of

(D.13), and rewriting A = V22, we get

2/3 2/3
- N 1\ 3 [ a2 3v3 [ a2
V(z) ~— exp |—= L cos i o T (D.14)
972/3 \ a2t 2 \ 1602 2 | 1602 6

We briefly sketch the derivation for large space-like separation. The vertex can be recast to

:/ du/ dv g(u, v)e?™?) | (D.15)
—o0 0

(D.13)

¢ =—(u® — v —idu, (D.16)
1N
9= oyt (D.17)

where A\ = /[22]. (We used v = p® and u = |p| and wrote it such that the integral bound
looks exactly the same as (D.2)) Since the exponent is the same as for time-like separation,
one can readily show that the saddle points are the same as (D.6), and that the asymptotic
is also (D.7). The only difference is that

gl 2,v) = vtz . (D.18)

Then one can perform the approximation of v integral (which is now just a Gaussian instead

of the second moment of Gaussian). The result is

2/3 2/3
- N 1\ Ex 3v3 (2% 7r
V@~ 35 (4|x2|€4) P (16@2 s |5 1wz “g| 0 P19

~ 2/3
For both large space-like and time-like separation, V' (z) decays exponentially in <‘%> :
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The calculation can be easily extended to find the asymptotic behaviour of the acausal
part of the nonlocal propagator. Everything above is the same except, by (5.10) and (5.11),
we replace (4 — £0* everywhere, multiply ¢ in (D.3) by a factor of p* + m? = u? — v + m?,
and integrate over . The additional factor in g means that in (D.7), there’s an additional
factor of 47 in the first term and a factor of @3 to the second term. (—v* + m? is omitted

because they are much smaller.) Explicitly, we get

Lo ggmtet 1 3 x4 3 3V3 x4 V3 T
Age ~ il / d§ exp | —= cos | — + =
o 8m2/3 (4z2c1016)1/® 2 \ 256&04 2\ 256£04 6

(D.20)

The £ integral can be approximated asymptotically using Lapace’s method and the result is

shown in (5.13).
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APPENDIX E

Fourier transform of Lorentz invariant functions

Supppose there’s a Lorentz invariant function in momentum space, A(p?). Its Fourier trans-

form into position space can be done partially by integrating out the angular part. The
integral in question is

At = [ g awe

)4
! N h ’ ] —i(p°z0—|p||z| cos
(QW)B/ dPD/ d|p|/ df |p|? sin O A(p?)e P = ~Ipllzlcosd)
o Jo o

(E.1)

If 22 is time-like, one can Lorentz transform so that = = (t 00 0), where t = v22. One

can then carry out the € integral as followed:

1 (o] o0

Al > 0) =5 [ [ dlpl A7) st
™ Jo 0
1 [o.¢]

=53 dpdn p® sinh®  A(p?) cos (pt coshn)
™ Jo

o0

1
+ 5.3 dpdn p® cosh? n A(—p?) cos (pt sinh )
0

o) d2

1 2 2
=53 ) dpdn A(p*)p (—@ —p > cos (pt cosh n) (E.2)

L[~ o, (.2 @& .
HET=N A dpdn A(—p )p< — 5 | cos (ptsinhn)

_ /0 A [VapV) + YalpVa?)|

(2m)?
+ /OOO (QC?TD)?)A(—pz)Qp‘3 [KO(P\/E) - K2<p\/P)] ,

where Y is the Bessel function of the second kind and K is the modified Bessel function of the
second kind. In the second equality , we did a change of variable p° = pcosh 7, |p| = psinhnp

and p° = psinh7n, |p| = pcoshn, for the time-like and space-like domain, respectively. In
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the fourth equality, one integrate out n to get the Y and K functions, the derivatives of

which are also Y and K functions. Finally, the expression can be simplified by the recursion

relation of the Bessel functions and we arrive at

A(2® > 0) = (27T)+\/ﬁ /000 dp p* {27rA(p2)Y1 (p@) — 4A(—p*) K, (p\/ﬁﬂ )

(E.3)

If the separation is space-like, then one can Lorentz transform to x = (0 r 0 0) where

r =+/—x22. Then
A2 1 Ood 0 Ood |p|A 2\
(7 <0) = 53 p |p| = A(p”) sin(|p|r)
11

/ dpdn p* sinh ) A(p?) sin(pr sinh n)

:—3—
2o r Jo

11 [~
+o57 /0 dpdn p* coshn A(—p?) sin(pr cosh )
11 [~
- _ﬁ;/o dpdnpA(pQ)d% cos(pr sinhn)
_Ll/ood dnp A(— 2)icos( r coshn)
5y ), dpdnp A(=p*) g cos(pr coshy)

One can integrate over the 7 integral and differentiate. The result is

(E4)

A(x* <0) = ;_m /000 dp p* {414(}92)}(1 (p\/—_a,’?) —2rA(—p*)Y; <p\/—_x2>} :

(2m)°
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APPENDIX F

Examples of asymptotic behavior using the Mellin

Transform method

In this appendix, we apply the Mellin Transform method as described in section 5.1 to com-
mon expressions to check consistency and to point out the consequences when the conditions

in section 5.1 are not met.

F.1 Ordinary massive propagator

We first study the asymptotic behavior of the ordinary massive propagator when the sepa-
ration is large and space-like, which as shown in (5.4), should be exponentially suppressed

in Va2, By Lorentz invariance, we can write the propagator A(z) as (E.5) with

p2—m2
—1

(F.1)
= m =
Following the steps in section 5.1.2, we have to check that the conditions (5.22), (5.23) are
satisfied and note that in (E.5), hy(p) of (5.25) is paired with fy(p) instead of fi(p). The

Mellin Transform of f;2(p) can be easily computed to be

Mlfy; 2] = —igm‘z_2 (z + cot %Z) : (F.2)
M| fs; 2] = —ing_Q CSC%Z . (F.3)

The problematic one is M [hy; z], which grows polynomially in y for large y, where z = x +iy.

But M|fs;1 — 2] is exponentially suppressed for large y, so conditions (5.22), (5.23) are
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satisfied, and the asymptotic series (5.30) contains infinite number of terms. Then since fi
and f, are defined from the same function A(p?), (5.36) holds and the cancellation in (5.37)
can happen, which in turn means that A(z) decays faster than any power in 1/2? for large

space-like x, as we have expected.

On the other hand, for large time-like separation, the conditions (5.22), (5.23) are not
satisfied. From (E.3), we see that hy is paired with f;. M/[hy, z] has the problem of polynomial
growth for large y, but M|[f;; 1—z] is only O(1) for large y. Clearly then (5.22) does not hold.
Thus although fi, fo are defined from the same function and (5.36) holds, the asymptotic
series (5.30) is not valid and we cannot conclude that A(z) decays faster than any power of

1/2? for large time-like z. This is consistent with (5.4).

F.2 Bubble graph of massless particles

The second example will be about an amplitude where (5.36) does not hold and therefore
the full cancellation in (5.37) does not happen. Consider the bubble graph amplitude for
massless particles (e.g. Fig 2.1). The amplitude is

-~ d*k 1
Alp”) = —/ o R (F.4)

This amplitude is defined in Euclidean space with strictly negative p? and then continued
into Minkowski space. After introducing the Schwinger parameter into the expression and

appropriately regulating the ultraviolet divergence, we get

: 1
A(s) = — y / daidas 6(1 — oy — az) In 192 s| + Const.
1672 J, a1+ ao (F.5)
1
=162 In(s) 4+ Const.

The constant depends on the regularization scheme and is not important. The amplitude
can be straightforwardly continued to positive s. When we Fourier transform the amplitude
into position space and study the asymptotic behavior for large 22 following the method in

section 5.1, we see that the expansions (5.28) and (5.29) do not satisfy (5.36). Instead, we
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get

filp) = A(p?) = ao — 167 In(p?)
. . (F.6)
fo(p) = A(=p~) = ap + 67 1672 In(p®)

The exact value of ay depends on the regulation scheme and won’t matter. But the difference
in the constant term means that the expansion in (5.30) don’t cancel term by term and the

remaining term is

1

~ )
1674zt

A(x?) (F.7)

where we restored the factor of 1/(27)3 that was omitted in all of section 5.1. To be precise,
one has to do extra work in dealing with the In(p) in f; » because that changes the nature
of the poles of M[h;z]M[f;1 — z], but it turns out that their contributions cancels as well

like in (5.37). See [39] for details on how to deal with log terms.
From ordinary field theory, we know that the Fourier transform of (F.4) is just the
position-space propagator squared, i.e.,

1

A(z?) = D(z)* = Tt

for 2% >0. (F.8)

This agrees with the asymptotic behavior (F.7).
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APPENDIX G

BCC argument for all loop

In this Appendix we prove statements (i) and (ii) of section 6.4.3. Consider a general graph

with N internal lines. We proceed by induction in N.
Consider the case N = 2, i.e., two internal propagators. Keeping vertex 1 not under-

lined (unfilled circle) the possible graphs are shown in Fig. G.1, where, by our graphical

conventions above, any number of external legs can be attached to the vertices. Statement

o 0G

() (b) (c) (d) (e) (f)

Figure G.1: Graphs with two internal propagators; external legs not explicitly shown.

(i) holds for the two tree graphs (a) and (b) and for the one-loop graph (c) by the results
in sections 6.2, 6.4.1 above. Graph (d) gives AHAR,H by the tree argument of section 6.2.
Graph (e) gives ApAgy — AI_QA§2 = ARJQAQQ + AIQ(AR,QQ + AAQQ) by use of the relations
(6.8) - (6.9). So, the first term is a Ap connecting 2 to 1, and the second and third terms
have a one-propagator loop of Ag. Finally, graph (f) is a trivial case of (i), since there is no
other vertex to be connected to x;. The analogous expressions hold when vertex 1 is always
underlined; e.g., graph (e) gives —Ay; Agy+ A% Aly = —AJ (Apas+A s ) — Ag12AS,. Thus
statement (i) holds for all graphs with N = 2.

Consider next the sum over underlinings of all vertices (i.e., including vertex 1) for the
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graphs of Fig. G.1. Statement (ii) holds for graphs (a) -(c) by the results in sections 6.2,
6.4.1. Similarly, graph (d) gives ARJZAH — AR,HA’{l = AR,H(ARJI + AA,H). For graph
(e), adding the expressions in the previous paragraph and using again (6.8) - (6.9) is shown
to give AAJQ(AR,QQ + AAQQ). Finally graph (f) is easily seen to give (AAH + AR,H)AH +
Afl(AA,n + ARH). Thus, since AA,ij = AR,ji, the integrands of graphs (d) - (f) all include

a one-propagator Ag loop. Thus statement (ii) holds for all graphs with N = 2.

Now suppose that statements (i) and (ii) are true for the integrands of all graphs with

N — 1 internal lines. We will show that they then hold true for those with N internal lines.

Consider the sum over all underlinings with singled-out vertex 1 kept not underlined.

Assume first that there are two internal lines attached to it. One then has the relation:

(G.1)

Again, the stripped blob represents the rest of the diagram, external legs are not shown, and
it is assumed that vertex 1 and vertex 2 are connected to the blob as shown. The second
line in (G.1) follows by (6.8). The first term in the second line has a chain of Ag from every
other vertex to vertex 1 by induction. The second term in the second line can be compared

to the following diagram

which also has a chain of Ag from every other vertex to vertex 1 by induction. The vertices
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neighboring vertex 1 have also been labeled explicitly. The second term of the second line
in (G.1) can be obtained from this diagram by simply replacing all the A and A R(A),41 DY
Afz and A R(A),42- Thus, the second term has a chain of Apg from every vertex, other than
1 and 2, to either vertex 1 or 2. This, together with the factor of A r,12 already explicitly

separated in (C.1), means that there is a chain of Ay from every other vertex (including 2)

to vertex 1.

Similarly, if vertex 1 is always underlined, one obtains:

"XAL'XARIZ
7 YT

Using the same comparison of the second term on the r.h.s. to the integrand of the graph
compared obtained from merging vertex 1 and 2, one concludes by the induction hypothesis

that there is a chain of Ay from every other vertex to vertex 1.

Next, consider the sum over underlinings of all vertices (including x1). One gets:

- ' x4 + XZR,12
1b 2 1% 42
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< AY — ~
12 X Ap 12

XAf, + ~
X Ay12

R,12
1y 2
.
’ XAz + XBgo1 ~ X Bp12
1 2 1Yy 2

The first equality in (G.3) is obtained by summing (G.1) and (G.2). The second equality

-
[,
¢}
-
O
N
[N

in obtained as follows. In the first term in the second line in (G.3) one uses the identity
A~ = AT+ A, — Ag: then the A}, part is combined with the first term of the third line to
get the first term of the fourth line. The third equality in (G.3) is obtained by noting that

the three terms in the fifth line combine to give the last term in the sixth line.

In the final equality in (G.3), the first term contains at least one loop of Ag (or A4) by
the induction hypothesis in (ii). The second term contains a chain of Ag from vertex 2 to
vertex 1 by induction in (i). The chain combines with the explicit factor of Ag s to form
a closed loop of Ag propagators. Similarly, the third term has a chain of Ag from 1 to 2
(where now 2 is taken as the singled-out vertex) by induction in (i); this chain, together
with the factor of A R12, then forms a closed loop of Ap propagators. This completes the
inductive proof of (i) and (ii) when vertex 1 is connected by two internal lines in the manner

assumed in (G.1), (G.2).
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It is easily seen that the same argument carries through when vertices 1 and 2 are

connected to the rest of the diagram (blob) by more than one internal line.

The case where vertex 2 is connected only to vertex 1 is a special case of the treatment
of tree graphs above. In particular, summing over the underlinings of 2 results in a factor of
A r12- In the case where the vertex 1 is connected only to vertex 2 and vertex 1 is kept not

underlined, the sum over all other underlinings gives:

9 = 9 + 9
1 2 1o le &2 1¢ e 2
) ’ XAIZ ' ' XZRJZ
z : | (G.4)

The first term in the final equality has a closed loop of Ap propagators by the induction
hypothesis. In the second term the graph contains a chain of Ag from every other vertex to
vertex 2 by the induction hypothesis, which combines with the explicit A r,21 to form a chain

from any other vertex to vertex 1. Similarly, when vertex 1 is kept underlined, one has:

9 ’ XA-{2+’XAR12
: : : : . (G.5)

The sum over all underlinings, obtained by summing (G.4) and (G.5). Using again the
identity A~ = AT + AA — AR and AAJQ = ARm one gets:

1 ! ! . (G.6)
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Note that (G.6) may also be obtained directly by applying the tree level argument of section
6.2 to the sum over underlinings of 1 to get the factor of AR,QI on the r.h.s. Thus, by the
induction hypothesis, the r.h.s. ends up containing a chain of Ag propagators connecting

any other vertex to 1.

This completes the inductive proof of (i) and (ii) for all cases where vertices 1 and 2 are
connected by one internal line. The extension when vertices 1 and 2 are connected by more
than one line is obtained by repeated use of the same type of argument, and, in particular,

systematic use of the identities (6.8), (6.9).
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