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Cohomology and L2-Betti numbers for subfactors
and quasi-regular inclusions

BY SORIN POPAEL DIMITRI SHLYAKHTENKCE AND STEFAAN VAESE

Abstract

We introduce L2-Betti numbers, as well as a general homology and cohomology theory
for the standard invariants of subfactors, through the associated quasi-regular symmetric
enveloping inclusion of II; factors. We actually develop a (co)homology theory for arbi-
trary quasi-regular inclusions of von Neumann algebras. For crossed products by countable
groups I, we recover the ordinary (co)homology of T'. For Cartan subalgebras, we recover
Gaboriau’s L2-Betti numbers for the associated equivalence relation. We prove that the
L2-Betti numbers vanish for amenable inclusions. We compute the L?-Betti numbers for
the standard invariants of the Temperley-Lieb-Jones subfactors and for the Fuss-Catalan
subfactors.
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1 Introduction

It has been a longstanding problem to define a suitable (co)homology theory, including the
theory of L2-cohomology and of L?-Betti numbers, for objects encoding “quantum symmetries”
that arise in Jones’s theory of subfactors, [J82]. Such objects include the standard invariant
in Jones subfactor theory (A-lattice or Jones planar algebra), rigid C*-tensor categories as well
as representation categories of compact quantum groups. The main goal of the present paper
is to give a definition of such a (co)homology theory. In fact, our approach gives a unified
way of defining (co)homology for discrete groups, measure preserving discrete groupoids and
equivalence relations as well as such quantum symmetries. In this way, we present a common
approach to L?-Betti numbers, which includes Atiyah-Cheeger-Gromov L?-Betti numbers of
groups, Gaboriau’s L2-Betti numbers for equivalence relations, as well as (new) L2-invariants
such as L2-Betti numbers associated to a Jones subfactor.

The importance of a suitable definition of L?-Betti numbers in the context of quantum symme-
tries is apparent already from the case of discrete groups. Indeed, the theory L2-invariants has
had a wide rage of applications in geometry, topology, geometric group theory, ergodic theory
and von Neumann algebras, see [L02], [P01) [GOI]. They were originally defined by Atiyah [A74]
for I'-coverings p : X — X of compact Riemannian manifolds, in the context of equivariant
index theory, and they were generalized to measurable foliations in [C78]. When X is con-
tractible, these are invariants of the group I'. For general countable groups I', not necessarily
having a nice classifying space, the L?-Betti numbers £ (T') were introduced in [CG85], as
the L(T')-dimension of the usual group homology of ' with coefficients in £2(T'). A remarkable
result of Gaboriau [GOI] shows that these numbers are orbit equivalence invariants, and his
introduction of these invariants in ergodic theory has led to a number of striking advances in
that field.

Key to our approach is the definition of a Hochschild type (co)homology for general quasi-regular
inclusions of von Neumann algebras, which in the irreducible case we show to be equivalent to a
Hochschild type (co)homology of an algebra that we canonically associated to such an inclusion
and call the tube algebra. When computed with L?-coefficients, the resulting cohomology groups
are naturally modules over a semifinite von Neumann algebra and in this way, we obtain the
notion of L2-Betti numbers of a quasi-regular inclusion.

Quasi-regular inclusions of von Neumann algebras T' C S are generalizations of crossed product
inclusions in which S =T x I' is a crossed product by a discrete group I' acting by automor-
phisms of 7', so that the normalizer Ng(T') = {u € U(S) | uT'u* = T’} generates the entire von
Neumann algebra S. For quasi-regular inclusions, .S is generated by finite index T-bimodules.

Let us explain how our construction can be used to yield (co)homology theories and L?-Betti
numbers for subfactors, groups and equivalence relations.

Subfactors. A subfactor N C M gives rise to the group like standard invariant Gy s that
“acts” on M. The corresponding crossed product type inclusion, which will be a crucial tool
for us, is the symmetric enveloping (SE) inclusion T C S defined in [P94al, [P99]. Here, T' =
M ® M®P and S should be thought of as a crossed product of T' by an action of Gy . Indeed,
in the particular case of diagonal subfactors defined by finitely many automorphisms, the
standard invariant encodes the discrete group I' C Aut(M) generated by these automorphisms
as well as the generating set. The corresponding SE-inclusion is then precisely the inclusion
of T = M ® MP°P into the crossed product S = T x I With this example in mind, the
SE-inclusion has been successfully used to define and study several group like properties for
standard invariants of subfactors, including amenability, the Haagerup property, property (T),



etc., see [P94al, [P94bl [PO1, PV14].

Since the inclusion T' C S is quasi-regular, our definition yields a (co)homology theory and the
notion of L?-Betti numbers for the subfactor. Our tube algebra is then up to Morita equivalence
the same as Ocneanu’s tube algebra [093]; in fact, this case was our motivating example for
the general definition of the tube algebra. Since this algebra only depends on the standard
invariant, our (co)homology theory and L2-Betti numbers also depend only on the standard
invariant Gy, 7. Actually, the definition makes sense in other related contexts, including planar
algebras and rigid C*-tensor categories, such as representation categories of compact quantum
groups. In that case, our (co)homology corresponds to quantum group (co)homology for the
quantum double of G. In particular, the L?-Betti numbers should be viewed as the L?-Betti
numbers of this quantum double.

Discrete groups. If in the previous case N C M is the diagonal subfactor defined by a finite
family of automorphisms of N, or more generally for crossed product inclusions T C T'xI" = 5,
with T' a discrete group, our (co)homology of the inclusion 7' C S is equivalent to ordinary
group (co)homology with coefficients in a unitary representation. The L?-Betti numbers are
exactly the Cheeger-Gromov L2-Betti numbers of I'. Our tube algebra in this case becomes
(essentially) the group algebra of T

Measured equivalence relations. Given a probability measure preserving equivalence re-
lation R on a probability measure space (X, ), the associated Cartan subalgebra inclusion
T = L>*(X) C S = L(R) is quasi-regular. Applying our definition, we recover Gaboriau’s
L2-Betti numbers of R, see [GO1], as well as groupoid cohomology with coefficients in a unitary
representation. In fact, this example was one of the original motivations for our definition of
(co)homology for quasi-regular inclusions.

In the last two sections, we compute L?-Betti numbers in several interesting cases and show
that the resulting theory goes well with various approximation properties of the quasi-regular
inclusion. We prove that they vanish for amenable irreducible quasi-regular inclusions, as well
as for the Temperley-Lieb-Jones subfactors/planar algebras. We prove a formula for the L2-
Betti numbers of the free product of quasi-regular inclusions and deduce that the first L2-Betti
number of the Fuss-Catalan subfactors is nonzero, while the others vanish. We also briefly
discuss homology with trivial coefficients. Finally, we prove that for an irreducible quasi-
regular inclusion 7" C S, the Haagerup property is equivalent with the existence of a proper
1-cocycle, while property (T) is equivalent with all 1-cocycles being inner. In particular, for
property (T) inclusions, the first L2-Betti number vanishes.

2 Preliminaries

2.1 Bimodules over tracial von Neumann algebras

We fix a von Neumann algebra T with a normal faithful tracial state 7. When # is a right
Hilbert T-module, we denote by zd,(H) its center valued dimension. In principle, zd,(#)
belongs to the extended positive cone of Z(7T'), but we will only use this notation when # is
finitely generated as a Hilbert T-module. This precisely corresponds to zd, () being a bounded
operator. We similarly use the notation zdy(#) when H is a left Hilbert T-module.

We call a Hilbert T-bimodule #H bifinite if both zdy(#) and zd,(#) are bounded. We call their
support projections the left, resp. right support of H.



Let 21,29 € Z(T) be central projections and « : Z(T')z; — Z(T)z2 a bijective *-isomorphism.
We say that H is an a-T-bimodule if the right support of H equals z1, the left support equals
z9 and

¢a=a(a)¢ forall ae Z(T)z .

Definition 2.1. Let (7, 7) be a von Neumann algebra with a normal faithful tracial state. We
say that a bifinite Hilbert T-bimodule ‘H with right support z; and left support zo is irreducible
if the space Endp_7(#H) of T-bimodular bounded operators equals Z(T")z; represented by its
right action on H, and also equals Z(T')z9 represented by its left action on H.

Note that in the situation of Definition 2.1l there is a unique bijective *-isomorphism « :
Z(T)z1 — Z(T)ze satistying £a = a(a) for all £ € H, a € Z(T)z1, so that H is in particular
an o-T-bimodule.

Whenever p € M,(C) ® T is a projection and ¢ : T — p(M,(C) ® T)p is a normal unital
s-homomorphism, we define the T-bimodule #(v) given by
H(p) = p(C" @ LA(T)) and a-£-b=1(a)éb forall a,beT,¢&cH(Y).

Denote by Tr the non-normalized trace on M,(C) and by Ez the unique trace preserving
conditional expectation of T' onto Z(T'). Then, zd,(H) = (Tr@Ez)(p). Also, the left support
of H(1)) equals the support of the homomorphism v, i.e. the smallest projection z € T with
the property that (1 — z) = 0.

When T is a II; factor and ‘H a Hilbert T-bimodule, then the product d;(H) - d,(#) of the left
and right dimension of H is at least 1. This follows for instance by using the categorical dimen-
sion function on bifinite Hilbert T-bimodules. The non-factorial version of this observation is
provided by the following lemma.

Lemma 2.2. Let o : Z(T)z1 — Z(T)z2 be a bijective x-isomorphism and let H be a bifinite
a-T-bimodule with right support z1 and left support zo. Then,

29 < zdg(H) afzd,(H)) .
Proof. Take unital x-homomorphisms ¢ : T' — p(M,(C) @ T)p and ¢ : T — ¢q(M,(C) ® T)q

such that H = H () and H =2 H(¢) as Hilbert T-bimodules. For any tracial state 77 on T, we
have that (Tr ®7;) 0 ¢ is a trace on T'. Therefore,

(TreEz)oy = (TreEz)oypo Ez .

Since H is an a-T-bimodule, we have 1(a) = (1® a(az1))q for all a € Z(T'). We conclude that
for all x € T, we have that

(Tr ©E2)(b(x)) = (Tr @ Ez)((Ez(2)) = (Tr ©Ez)(a(1 © a(Ez(x)))
— 2d, (H(¥)) a(Ez () = 2dy(H) a(Ez ()

We now use the Connes tensor product H®7 H. Note that H @7 H = H((id®1))). Therefore,
zd,(HerH) = (TreoTreFz)((id ® ¢)(p)) .
Using (21)), it follows that
zd,(H @1 H) = (Tr @Ez)(d((Tr @id)(p))) = zde(H) a((Tr @Ez)(p))

(2.1)

= zd¢(H) a(zd,(H)) .
Since 29 is the left support of H, the T-bimodule L?(Tz3) is a sub-T-bimodule of H &1 H.
Therefore, z3 < zd,(H @7 ﬁ) and the lemma is proved. O



When T is a II; factor, the bifinite Hilbert T-bimodules form a rigid C*-tensor category. In
particular, every bifinite Hilbert T-bimodule decomposes as a direct sum of finitely many
irreducible T-bimodules. We need the following non-factorial version of this fact.

Proposition 2.3. Let (T,7) be a von Neumann algebra with a normal faithful tracial state.
Every bifinite Hilbert T-bimodule is a direct sum of finitely many Hilbert T-bimodules that are
irreducible in the sense of Definition [2]]

Proof. Take a bifinite Hilbert T-bimodule H. Take a positive number £ > 0 such that zdy(#H) <
k1 and zd,(H) < k1. We first prove that H is a, possibly infinite, direct sum of irreducible
Hilbert T-bimodules. Write 1 as H(v) for some normal unital *-homomorphism ¢ : T" —
p(Mp(C) @ T)p. Since zdy(H) < k1, we get that ¢)(T") has finite index as a von Neumann
subalgebra of p(M,,(C) ® T)p equipped with the trace Tr @7. Using e.g. [V07, Lemma A.3],
also

P(Z(T)) =(T) N(T) Cp(T) N p(Mpn(C) @ T)p

has finite index. We identify ¢(T") N p(M,(C) @ T)p = Endp_r(H). Since Z(T) is abelian,
it follows that Endp_p(#H) is of type I and that we can find projections pr € Endp_p(H)
with >, pr = 1 such that for every k, Endr_7(pryH) equals the image of Z(T') by its left
action. By symmetry, we can further decompose and find that H is the orthogonal direct sum
of irreducible Hilbert aj-T-bimodules Hj, C H, where oy, : Z(T')z1 — Z(T)za, are bijective
x-isomorphisms.

Write (Z(T'), 7) = L*°(X, ) for some standard probability space (X, pt). We then view each ay,
as a nonsingular partial automorphism of X, with domain Dy C X and range Ry C X. Define
the set W = Ly Dy, as the disjoint union of the sets Dj. Define the maps m,m : W — X given
by 71 (x) = « and mo(x) = ap(x) when € Dy. The positive measurable function z — |7, (z)]
is equal to >, 21 4. Similarly, the function = — |y ! (z)| equals 3", 2o

Recall that we have chosen x > 0 such that zd,(*) < k1 and zd,(H) < k1. We claim that
>k 21k < k?1. By Lemma 2.2 we get for all k that

215 < zdr(Hay) a;l(zdg(Hak)) <k zd,(Ha,) -

Summing over k, it follows that

Zsz <K Zdr(@’;’-{ak) =k zd,.(H) < K%1.

k k

So, the claim is proved. Similarly, we get that ), 2o < k2 1.

So after removing from X a set of measure zero, both functions x + |77 ! ()] and x +— |7y ' (2)]
are bounded on X. We can thus write W as the disjoint union of finitely many Borel sets
Wi, ..., Wjy such that for each j, both the restriction of 71 to W; and the restriction of w3 to
W; are 1-to-1. Denote by 71 < 21 the projection that corresponds to Dy NW);. Define
rojk = (11 k). For every fixed j, the sets (W; N Dy)y, form a partition of W;. Since both
the restriction of w1 to W; and the restriction of w5 to W; are 1-to-1, the projections (11 ; )k
are orthogonal, as well as the projections (7“2,]-71?) k-

Define the Hilbert T-bimodules Hy,...,H, C H given by

My = P Hrrrjne = D rajats -
k k



By the orthogonality of the projections (rq;x)r, we get that H;ry j, = Hpri k. Similarly,
ro.jkH; = Hiri k. The irreducibility of the H;, implies that all H; are irreducible.

Since the sets Wy, ..., W, form a partition of VW, we get that

nH=EPH,.

j=1
O

If (T, 7) is a von Neumann algebra with a normal faithful tracial state and # is a bifinite Hilbert
T-bimodule, then 7 induces a canonical trace Trj, on End_r(#), i.e. the commutant of the
right T-action on H, as well as a canonical trace Trg_L on Endr_(#H). Both restrict to faithful
traces on Endp_7(H) and these might be different. We denote by Ay the, possibly unbounded,
positive, self-adjoint operator affiliated with Z(Endr_7(H)) such that Tr}, = Trh, (- Ag). The
canonical trace on Endpr_7(H), denoted by Try is then defined as

Try = Tog, (- A3)%) = Tey, (- A% . (2.2)

2.2 Quasi-regular inclusions of von Neumann algebras

Definition 2.4. Let (S,7) be a tracial von Neumann algebra and 7' C S a von Neumann
subalgebra. The quasi-normalizer of T inside S is defined as

QNS(T):{QJES‘Elxl,...,xn,yl,...,ymes such that xTCZT:UZ- and

=1
m
Te Y yT}.
j=1

We say that T C S is quasi-reqular if QNg(T)" = S.

For irreducible subfactors T' C S, the quasi-normalizer is particularly well behaved, as can
be seen from the following lemma. All the results in the lemma can be deduced from [PP84]
Section 1]. For the convenience of the reader, we give a self contained proof.

Lemma 2.5. Let (S,7) be a II; factor and T C S an irreducible subfactor. Denote by E :
S — T the unique trace preserving conditional expectation. Let KK C L?(S) be a finite index
T-subbimodule.

1. There exists a basis (in the sense of [PP8J|]) of KNS as a right T-module: elements
1,-..,Tn € KNS satisfying

prc(x) = Zx,E(m’;x) forall x €S

i=1
where pyc is the orthogonal projection of L*(S) onto K.

2. Similarly, there exists a basis of KNS as a left T-module: elements y1,...,ym € KNS
such that

m

prc(x) = ZE(my;)yj forall ye S .
j=1



3. The space of T-bounded vectors in IC equals KN S.

4. The densely defined linear maps K @7 L?(S) — L*(S) and L*(S) @7 K — L*(S) given
by multiplication are well defined bounded operators.

5. If K is irreducible, the multiplicity of K in L*(S) is bounded above by both d,(K) and
d,(K).

Let (IC;)ier be a mazimal family of inequivalent irreducible finite index T'-bimodules that appear
in L%(S). The map

P((L2(8). ) @ kD) = QN(T) : V@ & 5 V(€) (2.3)

el

is an isomorphism of vector spaces. Here, (L?(S),K;) denotes the space of T-bimodular bounded
operators from K; to L*(S) and K C K; is the subspace of T-bounded vectors. All tensor
products and direct sums are algebraic. Also, by 5, the vector spaces (L*(S),K;) are finite
dimensional.

Proof. To prove 1-5, we may assume that /C is irreducible. Since K is a finite index T-bimodule,
we can choose a T-bimodular unitary operator

V:p(C'® LA(T)) = K,

where the left T-module structure on p(C" ® L?(T)) is given by left multiplication with v(a),
a€Tand: T — p(M,(C)®T)p is a finite index inclusion. Define the elements z; € K given
by z; :== V(p(e; ® 1)). Define V € (C" @ L?(S))p given by

n
V=) Go.
1=1

The T-bimodularity of V' means that aV = Vi(a) for all a € T In particular, V = Vp. Then,
VV* is an element of L!(S) that commutes with 7. So, VV* is a multiple of 1. Therefore,
Ve (C"® S)p and z; € S for all i.

1. View V as a partial isometry from C" ® L?(T) to L?(S) with initial projection p and final
projection px. A direct computation gives that

Vi(z) = Zei ® E(zfx) forall z€85.
i=1
From this, 1 follows immediately.

2. This is analogous to 1.

3. Denote by K C K the space of T-bounded vectors. The inclusion X NS c K is obvious.
On the other hand, K° = V(p(C* ® T')). Since all ; € S, it follows that K° C S.

4. Identifying
p(C"® LA(T)) @1 L*(S) = p(C" @ L*(9)) ,

the multiplication operator K @7 L?(S) — L?(S) is the composition of the unitary operator

V*®1: K a7 LA(S) = p(C"  L3(S))



and the bounded operator p(C" ® L?(S)) — L%(S) given by left multiplication with V.

5. Assume that the T-bimodule p(C" ® L?(T')) appears at least k times in L%(S). We then find,
for:=1,...,k, T-bimodular isometries

Vi p(C" ® L*(T)) — L*(S)
with orthogonal ranges. The corresponding elements V; € (C" ® S)p then satisfy
(id® E)(ViVi) = dijp -
Since V; V¥ belongs to 7" N S = C1, it follows that
ViVi =06;;(Tr@r)(p) 1 =6 ;d-(K) 1.

The elements dr(lC)_l/ 2Y; are thus partial isometries in C* ® S with left support equal to 1
and orthogonal right supports below p. It follows that £ < (Tr ®7)(p) = d,(K). By symmetry,
also k < dg(K).

To prove the remaining statement in the lemma, observe that the map in (23] is injective and

has its range in QNg(7). When x € QNg(T'), define K as the closed linear span of T2T. Then,
K is a finite index T-bimodule and z is a T-bounded vector in K. So, z lies in the range of the

map in (23)). O

2.3 Rank completions

Let (A, 7) be a von Neumann algebra with a normal faithful tracial state and let H be a (purely
algebraic) A-bimodule. In [T06], Section 2|, the following quasi-metric is defined on H. For all
&, n e H, we put

(€] :=inf{r(p) +7(q) | 1 —p)§(1 —¢q) =0} and drank(§,n) :=[§ — 1] .

As explained in [T06, Section 2], the separation/completion of H w.r.t. rank metric dpank is
again an A-bimodule. It is called the rank completion of H.

In the framework of quasi-regular inclusions T" C S, we will use the rank completion w.r.t.
A = Z(T). The following lemma is then of crucial technical importance.

Lemma 2.6. Let (S,7) be a tracial von Neumann algebra, T C S a von Neumann subalgebra
and 8 a x-algebra with T C 8 C QNg(T). Let H be a (purely algebraic) S-bimodule. Consider
the rank metric on H viewed as a Z(T)-bimodule. Both the left and the right module actions
of 8 on H are rank continuous. Hence, the rank completion of H canonically is an S-bimodule.

Proof. Fix x € 8. By symmetry, it suffices to prove that the left action of z on H is a rank
continuous map. Denote by K C L?(S) the Hilbert T-bimodule defined as the closed linear span
of TzT. Since x € QNg4(T"), we see that K is a bifinite Hilbert 7-bimodule. By Proposition 2.3]
we can decompose K as the direct sum of finitely many irreducible T-bimodules Ky, ..., K,.
Each of these IC; is an o;-T-bimodule, where «; is a partial automorphism of Z(T). It follows
that for every projection p € Z(T'), we have

xp = porp where po = ai(p) V-V ay(p). (2.4)

Fix £ > 0. We construct § > 0 such that for every £ € H with [{] < J, we have [z{] < e. Since
the o are normal partial automorphisms, we can take d; > 0 such that for any projection



p € Z(T) with 7(p) < 1, we have 7(a;(p)) < ¢/(2n). Put § = min{o,,e/2}. Take & € H with
[€] < 8. We prove that [z] < e.

Take projections p,q € Z(T) such that 7(p) + 7(¢) < § and (1 — p)§(1 — q) = 0. Define
po = ai(p) V-V ay(p). Since 7(p) < 01, we get that 7(pg) < €/2. From (24)), we get that
xp = porp and thus, (1 — pg)z = (1 — pg)z(1 — p). Therefore,

(1 —=po)zé(1 —q) = (1 —po)z(1 —p)(1—¢q)=0.

Since 7(po) < €/2 and 7(q) < £/2, we conclude that [z€] < e. O

2.4 Rigid C*-tensor categories

Recall that a rigid C*-tensor category is a C*-tensor category that is semisimple, with irre-
ducible tensor unit ¢ € C and with every object a € C having an adjoint & € C that is both a
left and a right dual of a. For basic definitions and results on rigid C*-tensor categories, we
refer to [NT13] Sections 2.1 and 2.2].

For a, 8 € C, the finite dimensional Banach space of morphisms from « to § is denoted by
(B,a). Recall that End(a) = (a, @) is a finite dimensional C*-algebra. We denote the tensor
product of a, 5 € C by juxtaposition af. For every a € C, we choose a standard solution of the
conjugate equations (in the sense of [LR95], see also [NT13| Definition 2.2.12]): s, € (a@,¢)
and t, € (@a,¢e) such that

1)1 ®sq) =1, (s5,01)(1®t,) =1 and t5(1® X)tq = s4(X ®1)s, (2.5)

for all X € End(«). These sq,t, are unique up to unitary equivalence and the functional
Tro(X) =5 (1® X))ty = s (X ®1)s, on End(«) is uniquely determined and tracial. The trace
Tr, is non-normalized: Tr, (1) = d(«), the categorical dimension of a.

We also consider the partial traces
Tr, @id : (af, a) = (8,7) : (Tra id)(S) = (£ © 1)(1 ® 8)(ta ® 1) ,
id® Try @ (Ba,va) = (B,7) : (d@Tre)(S) = (1®@s5)(S®1)(1® sq) -
Note that Trg o(Tr, ®id) = Trag = Trq o(id ® Trg) on (af, af3).

We denote by Irr(C) a set of representatives of all irreducible objects in C. The fusion *-algebra
C[C] of C has Irr(C) as a vector space basis, with

a-f= Z mult(a3,7)y and o =@, (2.6)
~v€Irr(C)

where mult(af,v) denotes the multiplicity of v € Irr(C) in af, i.e. the dimension of the vector
space (af3,7).

Using the categorical trace, all spaces of morphisms (3, «), for a, 8 € C, are finite dimensional
Hilbert spaces with scalar product

(V\W) =Trg(VIW*) = Tro(W*V) for all VW € (B,a) .

We denote by onb(/3,«) any choice of orthonormal basis of the Hilbert space (f,«). When
a € Irr(C) and V,W € (5, a), we have that W*V € (a,a) = C1. Therefore, for all 5 € C, we

have
o) dvvr=1. (2.7)

a€lrr(C) Veonb(8,a)



2.5 Subfactors, their standard invariant and symmetric enveloping algebra

Let N C M be an inclusion of II; factors with finite Jones index, [M : N] < co. Let N C M C
M C --- bethe associated Jones tower and use the convention that My = M, M_1 = N. Recall
that for all n > 0, M,, ;1 is generated by M,, and the Jones projection e, : L?(M,) — L*(M,_1).
The relative commutants A;; = M/ N M;, i < j, form a lattice of multimatrix algebras called
the standard invariant. Together with the projections e,, € A;j, 7 < n < j, they form a A-lattice
in the sense of [P94b], with A = [M : N]~1.

Another axiomatization for the standard invariant of a subfactor is given by Jones [J99]. Indeed,
he showed that the axioms of a A-lattice are equivalent to the existence of a planar algebra
structure on the linear spaces A;;. A key ingredient is the assignment to the isotopy invariance
class of a planar tangle T of a certain multi-linear map Zr between certain tensor products of
these linear spaces. We refer to [J99] for details.

We also consider the C*-tensor category C of all M-bimodules that are isomorphic to a finite
direct sum of M-subbimodules of p;L%(M,)ys for some n. Note that C is a rigid C*-tensor
category.

For every extremal] finite index subfactor N ¢ M , we consider the symmetric enveloping (SE)
algebra S = M K., M°P introduced in [P94a, [P99]. By [P94al [P99], S is the unique tracial von
Neumann algebra generated by commuting copies of M and M°P together with an orthogonal
projection ey that serves as the Jones projection for both N C M and N°P C M°P. Writing
T = M ® M°, we refer to T C S as the SE-inclusion for the subfactor N € M. By [P99],
T C S is irreducible and quasi-regular.

Denote by C the C*-tensor category of M-bimodules generated by N C M as above. By [P99],
we have o
2= @ HaoH) (28)

aclrr(C)

as T-bimodules. Given any C*-tensor category C of finite index M-bimodules having equal left
and right dimension, one can define the SE-inclusion T' C S with T'= M ® M°P and such that
([28) holds; see [LR94], M99] and see also [PV14, Remark 2.7].

3 The tube *x-algebra of an irreducible quasi-regular inclusion

Let N C M be an extremal finite index subfactor with associated SE-inclusion 7" C S (see
Section [Z5]). In [PV14], the representation theory of the standard invariant of N C M was
defined as the class of SE-correspondences, i.e. S-bimodules H that are generated by T-central
vectors. It was shown that this representation theory only depends on the standard invariant.
Denoting by C the tensor category of M-bimodules generated by N C M, the notions of an
admissible state on the fusion x-algebra C[C| (see (2.0)) and an admissible representation of
C|C] were defined in [PV14] and characterized purely in terms of C as a rigid C*-tensor category.
It was proved that there is a canonical bijection between SE-correspondences and admissible
representations of C[C].

In [NY15a], a more categorical point of view on this representation theory was given. For any
rigid C*-tensor category C, the notion of a unitary half braiding on an ind-object of C was defined
(see Section B4 for details). In the case where C is the category of finite index M-bimodules

4This means that the natural anti-isomorphism between M’ N M; and N’ N M is trace preserving. This is
equivalent with all M-subbimodules of L?(M,,) having equal left and right M-dimension.
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generated by an extremal subfactor N C M with associated SE-inclusion T' C S, it was proved
in [NY15a] that there is a canonical bijection between the class of these unitary half-braidings
and the generalized SE-correspondences, i.e. the S-bimodules H that, as a T-bimodule, are a
direct sum of T-bimodules of the form H, ® Hg, o, B € C (recall that T = M ® M°P). In this
picture, one should think of the SE-correspondences as the spherical part of the representation
theory given by all generalized SE-correspondences.

In [GJ15], the representation theory of a rigid C*-tensor category has been developed further
and linked to the tube %-algebra A of Ocneanu [O93]. This *-algebra A, whose construction
is recalled in Section [3.3] below, comes with a family of projections (p;);crr(c) and a canonical
isomorphism p; - A - p. = C[C]. It was proved in [GJ15] that a state w on C[C] is admissible if
and only if w remains positive on A.

The main parts of this section are B.1] and Inspired by Ocneanu’s tube algebra of a tensor
category ([093]) and the above connection between representations of the tube algebra and
SE-correspondences, we define a tube *-algebra A for an arbitrary irreducible quasi-regular
inclusion T' C S of II; factors, see Section 3.1l In the special case where T' C S is an SE-
inclusion, our tube algebra is Morita equivalent with Ocneanu’s, see Proposition

We actually define the tube x-algebra A for an irreducible quasi-regular inclusion 7" C S
together with a choice of tensor category C of finite index T-bimodules containing all finite index
T-subbimodules of L?(S). A canonical choice for C is of course the tensor category generated
by all finite index T-subbimodules of L?(S), but it is convenient to also allow larger choices
of C. In Section [3.2] we construct a canonical bijection between Hilbert space representations
of the tube x-algebra A and Hilbert S-bimodules H that, as a T-bimodule, are a direct sum
of T-bimodules in C. In this way, the x-algebra A exactly encodes the S-bimodules that are
“discrete” as a T-bimodule (i.e. a direct sum of finite index T-subbimodules).

In the second part of this section, we unify and complete the different pictures of the repre-
sentation theory mentioned above. For general rigid C*-tensor categories C, we construct in
Section [B4] a canonical bijection between Hilbert space representations of the tube x-algebra
A of C and unitary half braidings for C in the sense of [NY15a]. When C is a category of
M-bimodules with corresponding SE-inclusion T' C S, we prove in Section B3] that there is a
canonical bijection between generalized SE-correspondences and Hilbert space representations
of the tube x-algebra (see Corollary B.13)). Finally, in Section B35, we explain the relation with
the approach of [JO1], where representations of a planar algebra (i.e. standard invariant of a
subfactor) are viewed as Hilbert space representations of the associated affine category.

3.1 Construction of the tube x-algebra

Let S be a II; factor and T' C S an irreducible quasi-regular subfactor. Given Hilbert T-
bimodules H1, H2, we say that a T-bimodular bounded operator V : Ho — H1 has finite rank
if the closure of V(H2) is a finite index T-bimodule. We denote the vector space of these finite
rank T-bimodular operators as (H1, Ha).

Fix a tensor category C of finite index T-bimodules containing all finite index T-subbimodules
of L%(S). Realize every i € Irr(C) as an irreducible T-bimodule H;. Write § = QNg(T). With
some abuse of notation, we denote for all 7,5 € Irr(C),

(i8,85) := (H; @1 L*(S), L*(S) ®r H;) .

For every finite subset F C Irr(C), denote by ez the orthogonal projection of L?(S) onto the
sum of the T-subbimodules of L?(S) that are equivalent with one of the H;, i € . By Lemma
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2.5 every er has finite rank. Also, a bounded T-bimodular operator V : L%*(S) @7 H; —
H; @7 L?(S) has finite rank if and only if there exists a finite subset F C Irr(C) satisfying
V=V(ere®l) =(1®er)V.

We can then define the tube *-algebra A associated with 7" C S and C. As a vector space, A
is defined as the algebraic direct sum

A= B 8,8)).

i,j€lrr(C)

The product of V € (i8,8k) and W € (k'S,87) is denoted by V - W, belongs to (i8,87) and is
defined as

e leom)(Veol)(leoW)(m*®1). (3.1)
Here, m : S ®7 S — S denotes the multiplication map and m™* is its adjoint w.r.t. the Hilbert
space structures L?(S) @7 L?(S) and L?(S). Since m need not extend to a bounded operator
from L?(S) @1 L2(S) to L*(S), one has to be careful in the interpretation of (ZI)). But
since V' and W are finite rank intertwiners, we can take a finite subset F C Irr(C) such that
W=W(er®l)and V = (1®er)V. By Lemma 23] we have that m(er ® 1) and m(1 ® ex)
are bounded T-bimodular operators from L?(S)®7 L%(S) to L?(S). So, the expression in (3.1])
is a well defined finite rank intertwiner.

The associativity of the product map gives us the associativity of the product on A.

We now define the adjoint operation on A. Denote by § : L*(T) — L%*(S) the inclusion
map. Then denote a = m*0. Again, a need not be a well defined intertwiner from L?(T) to
L*(S)®7 L*(S). But, whenever F C Irr(C) is a finite subset, we have that (er®1)a = (1®ex)a
is well defined and given by

n
(er®@1)a = sz ®x;
i=1

where 1, ...,, is a basis of ex(L?(S)) as a right T-module (see Lemma Z511). One checks
that
(@elleaed=1,

which rigorously speaking only makes sense after multiplying with er for an arbitrary finite

subset F C Irr(C).
The adjoint of V € (i8,87) is denoted by V#, belongs to (j8,8i) and is defined as

ViF=(*eleo)(1eV'el)(1®la).

The fundamental properties of m, a and ¢ can be summarized as:

m(l®@m)=mm®e1l) , (@)(1lem’ ) =m=(1®d)(m" 1) ,

mled)=1=m@0®l) , @o)(I®ae=1=(1®a)(a®1). (3:2)

As above, these formulas only make sense after multiplication with enough projections er,
F C Irr(C) finite.

Using (8.2]), one easily checks that A is a x-algebra. When Irr(C) is infinite, the x-algebra A
is non-unital. But, for every i € Irr(C), the element (1 ® 6)(6* ® 1) € (i8, 8i) is a self-adjoint
projection in A that we denote as p;. Note that (i8,85) = p; - A-pj. So, A always has enough
self-adjoint idempotents.
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When K is a Hilbert T-bimodule that is a direct sum of finite index T-bimodules, then the
algebra (IC, K) of finite rank intertwiners has two natural faithful traces:

Tric(W) = Y (W(&).&) and  Trg(W) =Y (W(ny),m;)

i J

where the ;, resp. 7;, form an orthonormal basis of K as a left, resp. right, T-module. We have
Tri(1) = dg(K) and Tri-(1) = d,.(K). We have Tr! = Tr" if and only if all subbimodules of K
have equal left and right dimension. We denote by Ay the positive, self-adjoint, but generally
unbounded, operator on K such that

() = Trf(Ax-) .

For every finite index intertwiner V' € (K,K’), we have that AxV and VA are equal and
bounded. When K is an irreducible finite index T-bimodule, (K, K) is one-dimensional and Ax
equals the ratio d,(K)/d¢(KC) between the right and left T-dimension of K.

In particular, we consider the positive self-adjoint, but generally unbounded, operator Ag on
L?(S). For every finite subset F C Irr(C), we have that Ager is bounded and given by

AS = Z Aae{a} .

aeF

Since intertwiner spaces have a left and a right trace, we also have a left and a right scalar
product on all our intertwiner spaces, defined as

(VW) = Trie (VIW*) = Teh, (W*V) , (V,W), = Tee(VIW*) = Tel, (W*V)

for all VW € (KC,H).
Finally, note that

T(V)=a*1®@V)a and T (V)=a*(V®@1a forall Ve (8,8). (3.3)

The following lemma implies that every x-representation of A on a pre-Hilbert space is auto-
matically by bounded operators, and that A has a universal enveloping C*-algebra.

Lemma 3.1. For every i € Irr(C) and every finite subset F C Irr(C), we have

> > de(4) W - W# = d (e (L*(5)))* pi - (3.4)

JEI(C) W eonby((18e7)(i8,8))(er@1))

Here, we denote by onby any choice of orthonormal basis w.r.t. the left scalar product. Also
note that the sum in ([34) only has finitely many terms : since F is finite and i is fixed, there
are only finitely many j € Irr(C) for which (1 ® ex)(iS,8j)(er ® 1) is non-zero, and each of
these is a finite dimensional Hilbert space.

Proof. Note that the map

(ex®@1®er)(8i8,5) = (1®@er)(i8,8j)(er®1) : W= (a"®1®1)(1® W)
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is a unitary w.r.t. the left scalar products and that ((a*®1®1)(1@W)) # = (W*®1)(1®lxa).
Therefore, the left hand side of ([B.4]) equals

> > d(j) (@ @1@om) (1@ WW* @ 1)(m*®1®a)
JEr(C)  Weonb((ex®1®er)(8i8,5))
=@ ®1lom(l®er®lRer®1)(m" ®1®a)
= . (e£(I(5)))* (1©0)(F" © 1) = d,(ex(L*(9)))? pi

because m(er ® 1)a = m(1 ® ex)a = d,(ex(L*(9)))d. O

The *-algebra A has the following natural weight 7 : A — C with corresponding von Neumann
algebra completion A” acting on L?(A). In the unimodular case, i.e. when all T-subbimodules
of L?(S) have equal left and right dimension, 7 is a trace and A” is a semifinite von Neumann
algebra.

Proposition 3.2. Let S be a II; factor, T C S an irreducible quasi-regular subfactor and C o
tensor category of finite index T-bimodules containing all finite index T-subbimodules of L*(S).
Define the x-algebra A as above. The linear map

TiASCir(V) = ) Tr((1e)Vu(@E 1))
1€lrr(C)

is a faithful positive functional on A. Denote by L*(A) the completion of A w.r.t. the norm
\Vlle,, = /7(V#-V). Left multiplication extends to a *-representation of A by bounded
operators on L?(A) and 7 extends uniquely to a normal semifinite faithful weight on A" with
modular automorphism group

ol (V)= (1@ AHV  for all V € (i8,87) .
Proof. Take V,W € (i8,87). A direct computation yields
T(V# W) =Teg;(V'W) and (W - V#) = To§;(As @ VW) .

By Lemma 3.1} the representation of A on L?(A) is indeed by bounded operators. The remain-
ing statements follow by standard methods of modular theory. O

The following definition is now a natural one and corresponds exactly to the case where 7 is a
trace.

Definition 3.3. Let S be a II; factor and T C S an irreducible quasi-regular subfactor. We
say that the inclusion 7' C S is unimodular when all T-subbimodules of L?(S) have equal left
and right dimension.

3.2 Representations of the tube x-algebra and Hilbert bimodules

We say that a Hilbert space K is a right Hilbert A-module when we are given a x-anti-
homomorphism from A to B(K). We denote the right action of V€ A on £ € K as £ - V.
We say that K is non-degenerate when K - A has dense linear span in . Note that K is
non-degenerate if and only if the linear span of the subspaces K - p;, i € Irr(C), is dense in K.
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Theorem 3.4. Let S be a I} factor, T C S an irreducible quasi-regular subfactor and C a
tensor category of finite index T-bimodules containing all finite index T-subbimodules of L*(S).
Let A be the associated tube x-algebra. The formulas below provide a natural bijection between

o Hilbert S-bimodules H that, as a T-bimodule, are a direct sum of T-bimodules contained

mn C ;
e non-degenerate right Hilbert A-modules.

Given a Hilbert S-bimodule H that, as a T-bimodule, is a direct sum of T-bimodules contained
in C, define for all i € Irr(C), the space K; := (H,4) and turn K; into a Hilbert space using the
right scalar product (£,n) = Tr} (n*€). Denote my, : SQrHR78 = H : m (2 REQY) = x-& - y.
Then,

EV=mp(lota)1eV(AY*®1)(a1) (3.5)
for all V' € (i8,8j) and § € K; = (H,1), turns the direct sum K = @jcpy(c)Ki into a non-
degenerate right Hilbert A-module.

Given a non-degenerate right Hilbert .A-module K, denote KC; := K - p; for all i € Irr(C) and
define HY as the algebraic direct sum of all K;@HY, i € Irr(C), where HY is the set of T-bounded
vectors in the irreducible T-bimodule #;. The formulas

Copw-z= Y > & & UEe)eUper) ,
j€Irr(C) U€onb,(i8,5)
Cow= > Y &) - (eaUad’ o)t e U u)

j€lrr(C) Ueonby(4,8%)

for all £ € K;,p € HY and z € 8, together with the scalar product
1
d, (1)

turn the Hilbert space completion H of H° into a well defined Hilbert S-bimodule that, as a
T-bimodule, is a direct sum of copies of H;, i € Irr(C), with (H,7) = K;.

(61 ® p1,& @ pg) = 5 (€1, &) (w1, p2)

Proof. Given a Hilbert S-bimodule H and defining K as the algebraic direct sum of the Hilbert
spaces KC; := (H,1), a slightly tedious, but straightforward computation shows that ([3.3]) defines
a x-anti-representation of A on K°. By Lemma [3.I] this anti-representation is by bounded
operators on the Hilbert space completion K of KV and we have found a non-degenerate right
Hilbert A-module K.

Conversely, assume that I is a non-degenerate right Hilbert A-module and define the pre-
Hilbert space H" as above. It is again straightforward but slightly tedious to check that the
formulas ([3.6]) turn H into an 8-bimodule satisfying

(w ey )= (™ p' - y")

for all z,y € § and p, i’ € HY. In order to prove that we can uniquely extend this to a Hilbert
S-bimodule structure on the Hilbert space completion H of HY, it suffices to prove that for all
i,j €Irr(C), €Ky, & €Ky, peHY and pff € 7{]0-, the linear functionals

§=C:xm{(top) z,f@u) and zw— (z-(E@p), @ u)
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extend to normal functionals on S. By symmetry, we only consider the first functional. It
follows from (B.6]) that it is a finite linear combination of functionals of the form

z = (U (p @), 1) (3.7)

with p € HY, i’ € 7—[? and U € (i8, 7). Since u is a bounded vector, we can define the bounded
operator Ly, : L*(S) — H; @1 L*(S) given by L,(z) = p® x for all z € S. It follows that

(U (n® ), 1) = (z, L, ({U(W))) -
Since Ly, (U(n')) € L?(S), the functional in (3.7)) is indeed normal.

By construction, the above correspondence between Hilbert S-bimodules and Hilbert A-modules
is indeed bijective, in the sense of the theorem. O

Given an irreducible quasi-regular inclusion of II; factors 7' C S, we have two natural S-
bimodules: the trivial S-bimodule L?(S) and the family of coarse S-bimodules L?(S) @7 L?(S),
as well as L?(S) @ H @ L?(S) for an arbitrary T-bimodule #H that is a direct sum of finite
index T-bimodules. Through Theorem 3.4, they correspond to the following representations of
the tube algebra. The proof of this lemma is given by a direct computation.

Lemma 3.5. Let T C S be an irreducible quasi-reqular inclusion of Il factors and C a tensor
category of finite index T-bimodules containing all finite index T-subbimodules of L*(S). Denote
by A the associated tube x-algebra.

Under the bijection of Theorem 3.4,

1. the S-bimodule L?*(S) @7 L*(S) corresponds to the right Hilbert A-module L?(p. - A),
where L*(A) is given by Proposition and the right action of W € A on L?(p. - A) is
gwen by right multiplication with o” /Z(W) ;

2. given a T-bimodule H that is a direct sum of T-bimodules in C, the S-bimodule L*(S) @t
H @7 L?(S) corresponds to the right Hilbert A-module Diciirc)(H. 1) ® L3(p; - A) ; in
particular, with H = @;cyy(c) Hi, we find the right Hilbert A-module L*(A) ;

3. the S-bimodule L?(S) corresponds to the right Hilbert A-module defined by completing

&= P (8,i)

1€Irr(C)
w.r.t. the left scalar product on (8,i) and right A-module structure given by
EV=mlom1eEeA*)V)(ax1)
for all & € (8,i) and V € (i8,8j).

Remark 3.6. 1. The right .A-module £ should be considered as the trivial representation
of A. Its adjoint is the left A-module

&= P (48

i€Irr(C)

with left A-module structure given by
Voe=(1oa)((1ea; PV e (1ot 1)(m* @ 1)m'
for all V € (i8,87) and £ € (4,8).
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2. Also this left A-module £ can be completed into a Hilbert A-module by using the left
scalar product on each (i, 8).

3. In Remark B8, we will see that £ and " can also be viewed as the GNS-spaces of A
w.r.t. a canonical state on A.

Corollary 3.7. Let S be a I factor, T C S an irreducible quasi-regular subfactor and C a
tensor category of finite index T-bimodules containing all finite index T-subbimodules of L*(S).
Let A be the associated tube x-algebra. Then [B.8]) below gives a bijection between

e unital, completely positive, trace preserving T-bimodular maps ¢ : S — S ;

o states wy, on A with the property that w,(p:) = 1.

This bijection is given by

we(V) =Tr(poV) forall Ve (8,8) and

3.8
we(V) =0 when V € (i8,8)) withi#e orj#e. (8:8)

Note that for all V € (8,8) and for every T-bimodular linear map ¢ : S — S, we can view poV

as a finite rank T-bimodular map, i.e. as an element of (8,8). We denote by Tr the categorical

trace on (5.,8) given by Tr(-) = T (A5 %) = T (A% ).

Note that whenever ¢ : S — S is a normal, completely positive, T-bimodular map, the irre-
ducibility of 7' C S implies that (1) = Al and 70 ¢ = A7 for some A > 0. It is therefore not
restrictive to only consider unital, trace preserving maps.

Proof. Given a unital, completely positive, trace preserving T-bimodular map ¢ : S — 5,
define the S-bimodule H as the separation/completion of S ® S w.r.t. the scalar product
(x ®y,a®b) = T(zp(yb*)a*). Note that by construction, as a T-bimodule, H is isomorphic
with a direct sum of irreducible T-subbimodules of L?(S)®7 L?(S), which thus belong to C. By
Theorem B.4], we find a *-representation of A on a Hilbert space K and a unit vector &y € K- p.
corresponding to the T-central vector 1 ® 1 € H. Define w, as the vector state on A given by
&o. A direct computation shows that (B.8]) holds.

Conversely, given a state w : A — C with w(p:) = 1, combining the GNS-construction and
Theorem [B.4] we find an S-bimodule ‘H and a T-central unit vector & € H. Denote by ¢ the
unique unital, completely positive, trace preserving T-bimodular map ¢ : S — S satisfying
(- & -y, &) =7(xp(y)) for all z,y € S. A direct computation shows that w, = w. O

Remark 3.8. The trivial and the regular representation of Lemma [3.5] can also be understood
in the context of Corollary B7l The identity map S — S : z +— =z, corresponds to the state
€: A— Cgiven by ¢(V) = Tr(V) for all V € (8,8) and e(V) =0 if V € (i8,8)) with i # ¢
or j # . Performing the GNS-construction with this state e, we obtain the right Hilbert
A-module £" of Lemma Also note that ¢ is a character when restricted to p. - A - p, but
it is not a character on the entire *-algebra A.

The map S — S : z +— 7(x)1 corresponds to the state A — C:V +— 7(p. - V - p.). Performing
the GNS-construction with this state, we obtain the right Hilbert A-module L?(p; - A).
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3.3 Ocneanu’s tube *-algebra of a rigid C*-tensor category

Let C be a rigid C*-tensor category. We recall the construction of Ocneanu’s tube x-algebra,
introduced in [O93] when C has only finitely many irreducible objects. As a vector space, A is
given as the algebraic direct sum

A= EB (i, ) .

i,j,€lrr(C)

So, an element V' € A is given by elements V7 € (i, af), with only finitely many of these
elements being nonzero. Whenever V' € (ia, «j), we also view V' as an element of A living in the
corresponding direct summand. When i,j € Irr(C) and 8 € C is a not necessarily irreducible
object, every V' € (if3, 5j) defines an element in A concretely given by

Vid =0k 00 Y Y dle) (1eUHVU ). (3.9)
a€clrr(C) Uconb(8,a)
Here, we use the same conventions for the orthonormal basis onb(3, ) as in (2.7]).

We then turn A into a x-algebra:

V-W=06r Val)1e®W) ifV e (ia,ak) and W € (K'3,8,7) ;
V=t 21lo)1eV el)(1®1®s,) if Ve (ia,af).
Note that V# € (ja,@i) when V € (ia, aj). To avoid confusion with composition and adjoints
of morphisms, we systematically write the dot and use the symbol # for the operations in A.

The identity morphism 1 € (ig,ei), when viewed as an element of A, is denoted as p;. Note
that the p; are self-adjoint idempotents and that

pi-A-pi= P (e, i)

a€clrr(C)

as vector spaces.

~

Identifying o € Irr(C) with the identity map 1 € (eq, ae), we get an isomorphism p; - A - p. =
C[C], where C|C] is the fusion -algebra of C (see (2.6])).

The co-unit € : A — C is the unital *-homomorphism given by €(p;) = 0 for all i # ¢ and
€(a) = d(a) for all a € Irr(C) viewed as the identity map 1 € (ea, ae).

The following lemma ensures purely algebraically that there is a universal C*-norm on A, a
fact that was proved already in [GJ15]. The proof is identical to the proof of Lemma 311

Lemma 3.9. For alli € Irr(C) and o € C, we have that

S S G WewE = dap: -

j€lrr(C) Weonb(io,of)

For every x-representation m of A as linear operators on a pre-Hilbert space H, we have that
lm(W)|I < d(@)||V]|| for all i,5 € Irx(C), « € C, V € (ia,0f). Here, ||V|| denotes the operator
norm of V € (ia, aj).

As in Proposition B.2] we have a natural trace on the tube x-algebra A with corresponding von
Neumann algebra completion A”.
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Proposition 3.10. The map

TEASCir(V) = Y (V)

i€lrr(C)
is a positive faithful trace on A : 7(V-W) =17(W - V) and 7(V# - V) > 0 for all V,IW € A
with T(V# - V) =0 if and only if V =0.

Denote by L*(A) the completion of A w.r.t. the norm |V|j2, = /T(V# - V). For every V € A,
left multiplication as well as right multiplication with V extend to bounded operators on L*(A).

Denote by A" the von Neumann algebra generated by the left action of A on L*(A). Then T
uniquely extends to a mormal semifinite faithful trace on A”.

Proof. A direct computation gives for all 4, j,, 8 € Irr(C) and V' € (icv, vj), W € (i3, 3j) that

1 1
V-W#) =654 —— Trin(VIW* d T(W#.V) =054 —— Traj(W*V).
"V WH) =850 g TraVIW) and r(WF V) = g0 g Trog (W)
It follows that 7 is a trace. The remaining statements follow from Lemma 3.9 O

Remark 3.11. Given i, j,« € Irr(C), we have considered (ia, a;j) as a Hilbert space using the
scalar product (V, W) = Tr;o(VIW*). Now, we can also view (icr,vj) as a subspace of A and
thus, of L2(A). Then, the scalar product is scaled with the factor d(a).

When using the notation onb(ic, oj), we always refer to an orthonormal basis for the first
mentioned scalar product. This is the most convenient, since we also use such orthonormal
bases on arbitrary spaces of morphisms (3,v) with 3,v € C.

Assume now that M is a II; factor and that C is a tensor category of finite index M-bimodules
having equal left and right dimension. Consider the SE-inclusion T' C S defined in Section
We then have two tube x-algebras: Ocneanu’s tube algebra of the tensor category C that we
recalled above and the tube algebra of the quasi-regular inclusion T' C S defined in Section [3.11
We prove that both tube algebras are naturally strongly Morita equivalent.

Proposition 3.12. Let M be a II; factor and C a tensor category of finite index M -bimodules
having equal left and right dimension. PutT = M ® M°P and let Cy be the tensor category of T-
bimodules generated by a® 3, o, B € C. The formula BI0) below defines a Morita equivalence
between Ocneanu’s tube x-algebra associated with C (as defined in this section) and the tube
x-algebra associated with the quasi-reqular SE-inclusion T C S and Cy (as defined in Section

D).
Proof. Note that for every rigid C*-tensor category and every set of objects O C C, we can

define the x-algebra
“4(9 = @ @ (iOé, Oé])

1,j€0  a€lrr(C)

in exactly the same way as we defined the tube *x-algebra A in the beginning of this section.
By construction, we have

Ao = @ (Ki®pi-A-p; © Kj)

i,j€lrr(C)
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where K; is the vector space given as the algebraic direct sum K; = @, (k,7). So, when O
is large enough in the sense that for every i € Irr(C), there exists a k € O with (k,4) # {0}, we
get that Ap is strongly Morita equivalent with A.

Returning to the context of Proposition B12, we put O = {Ba | o, 3 € Irr(C) }. We denote
by A; the tube x-algebra associated with the quasi-regular inclusion SE-inclusion 7' C S and
C1. Note that Irr(C;) = {a ® B | a, 8 € Irr(C)}. The construction of the SE-inclusion 7' C S
comes with canonical intertwiners §, € (8,7 ®7) for every n € Irr(C), see [PV14, Remark 2.7].

Let oz,o/,ﬁ_,ﬁ’,n,n’ € Irr(C). Whenever V' € (an,n'a’) and W € (ﬂn,n’ﬁ’)ﬂhe tensor product
of V and W defines a morphism ¢(V, W), in the category C1, from (7' @ 7/)(a/ @ §') to (a ®
B)(n ®7). There is a unique *-isomorphism ¥ : A; — Ap given by

V((1@6)0(V,W)(6p®1)) =1 V)(1*®sh @) (1 W ®1%)(tg 1°) (3.10)

for all oz,o/,ﬁ,ﬁln,n’ € Iir(C), V e (an,n'a’) and W € (Bn,n'B"). Note that the right hand
side belongs to (San,nf’a’) and thus defines an element in Ap.

It is straightforward to check that W is indeed a x-isomorphism. O

Still assume that M is a II; factor and that C is a tensor category of finite index M-bimodules
having equal left and right dimension, with associated SE-inclusion T' C S. Recall from the
first two paragraphs of Section B the notion of a generalized SE-correspondence. Combining
Proposition and Theorem [3.4] we thus obtain the following result.

Corollary 3.13. Let M be a I} factor and C a tensor category of finite index M -bimodules
having equal left and right dimension. There is a natural bijection between generalized SE-
correspondences of the SE-inclusion T C S and non-degenerate x-representations of the tube

x-algebra A of C.

3.4 Representations of the tube x-algebra and unitary half braidings

Given a II; factor M and a tensor category C of finite index M-bimodules having equal left
and right dimension, we have seen in Section B.3] two equivalent ways to express the associated
representation theory: as generalized SE-correspondences for the SE-inclusion T' C S and as
representations of the tube x-algebra A of C.

In [NY15a], it was proved that there is a natural bijection between generalized SE-correspon-
dences and wnitary half braidings on ind-objects for C. Formally, an ind-object X € ind-C
is a possibly infinite direct sum of objects in C. Then, ind-C is again a C*-tensor category
and we refer to [NY15a, Section 1.2] for a rigorous definition. Following [NY15a], a unitary
half braiding o on an ind-object X € ind-C is a family of unitary morphisms o, € (Xa, aX)
satisfying

e naturality, meaning that (1® V)o, =0g(V ®1) for all V € (8, ) ;
e 0. =1id;
e multiplicativity, meaning that o, = (0o ® 1)(1 ® 0p).

Let o be a unitary half braiding on the ind-object X € ind-C. Since C is a category of finite
index M-bimodules, we can realize ind-C as the category of Hilbert M-bimodules H that can
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be written as a direct sum of M-bimodules belonging to C. For every o € C, we have the
M-bimodular unitary operator

O  Hoa QO X = X 0 He -

Since L?(S) is the direct sum of the T-bimodules Hy ® Hy, o € Irr(C), we find a unitary
operator
Y L2(S) @ X — X @ L2(S)

by composing

LS ouX= P HaouX)0Ha 2% @ (X @nHo) @Ha =X @0 LA(S) .
a€lrr(C) a€lrr(C)

Define H = L?(S) ®a X and note that H is a left Hilbert S-module. Defining

§-x=3"((X6) z) , (3.11)

we also have a right Hilbert S-module structure on H. In [NY15a], it is proved that these left
and right actions commute and that H is a generalized SE-correspondence. Moreover, it is
proved in [NY15a] that all generalized SE-correspondences arise canonically in this way from
a unitary half braiding on an ind-object.

In combination with Corollary B.13] there is thus also a natural bijection between non-degenerate
Hilbert space representations of the tube *-algebra A and unitary half braidings on ind-C. Both
the tube x-algebra A and the notion of a unitary half braiding are defined without referring to
the realization of C as a category of finite index M-bimodules. It is therefore not surprising that
we can as follows construct this bijection in an abstract context of rigid C*-tensor categories.

Proposition 3.14. Let C be a rigid C*-tensor category and denote by A the associated tube *-
algebra. The following defines a natural bijection between unitary half braidings on ind-objects
for C and non-degenerate right Hilbert A-modules K.

e Given a unitary half braiding o on X € ind-C, define the Hilbert spaces K; = (X, 1),
i € Irr(C) and define K as the orthogonal direct sum of all IC;, © € Irr(C). The formula

-V =(Try®id) (0, (@ 1)V)  forall £ € K;,V € (i, a),i,j,a € Irr(C)  (3.12)
turns KC into a non-degenerate right Hilbert A-module satisfying K; = K - p;.

e Given a non-degenerate right Hilbert A-module K, write K; = K- p; for all i € Irr(C) and
define the ind-object X € ind-C such that (X,i) = IC; for alli € Irr(C). There is a unique
unitary haolf braiding o on X satisfying

Troj(1®n*)og((@1)V) = (& V.n) (3.13)
for alli,j,a € Irr(C), £ € ki, n € K, S € (ia, ovf).

Proof. Let o be a unitary half braiding on X € ind-C. Define the pre-Hilbert space K" as
the algebraic direct sum of the Hilbert spaces KC;, ¢ € Irr(C). Consider the bilinear map
K% x A — K° given by (BI2). The multiplicativity of o, i.e. o435 = (04 ® 1)(1 ® 03), implies
that (6-V) - W =¢-(V-W) forall ¢ € K, VW € A.
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Since 050 = (0 @ 1)(1 ® 04), we get 1 @ty = (05 @ 1)(1 ® 04)(te ® 1) and thus,
0a=(5, 01211 1)(1®1xt,) .

It follows that (€ -V,n) = (£,n-V#) for all {,n € K, V € A.

By Lemma [3.9] this x-anti-representation of .4 on K is necessarily by bounded operators. So,
we can pass to the completion and have found the non-degenerate right Hilbert A-module K.

Conversely, assume that we are given a non-degenerate right Hilbert A-module K. Define the
ind-object X € ind-C such that (X,i) = K; for all i € Irr(C). Define X; as the sub-object of
X given as the direct sum of all sub-objects equivalent with i. For all fixed i, j, « € Irr(C) and
every fixed V' € (i, aj), we have that (£,n) — (£-V,n) is a bounded sesquilinear form on
KCi x Kj. So we have uniquely defined bounded morphisms o, ;; € (X;o, aX;) satisfying

Traj (1@ n")og,;;(§®1)S) = (- 5,n)

for all £ € KC;, n € Kj, S € (i, o).

For fixed «, j € Irr(C), there are only finitely many ¢ € Irr(C) for which (ic, aj) # {0}. So, for
fixed , j € Irr(C), there are only finitely many i € Irr(C) for which o4 ;; # 0. Similarly, for fixed
a,i € Irr(C), there are only finitely many j € Irr(C) for which o445 # 0. Define oo = (04,i5)ij
as an infinite matrix indexed by Irr(C). We uniquely define o, for arbitrary objects a € C such
that naturality holds. By the finiteness properties, all these infinite matrices can be multiplied.

The multiplicativity of the right A-action on /C translates to oo = (0o ® 1)(1 ® 0g). We then
also get that 1 ® t, = (0g ® 1)(1 ® 04)(ta ® 1) and thus,

1=0a(101®s)(1R0,@1)(ta ®1®1) .
The property that (¢ -V,n) = (£,n- V#) translates to
e =1®10s)(1®Rc,®1)(t,®1®1)

and we find that ogo%

1.
From the formula oz, = (05 ® 1)(1 ® 04), we also get that t; ® 1 = (1®t})(ca ®1)(1 ® 04)
and thus,

1=101t)(1Rca®1)(sa®1®1) 04,

meaning that 1 = o}0,. Altogether, it follows that for every a € C, the infinite matrix o,
actually defines a unitary morphism o, € (Xa,aX). So we have found the required unitary
half braiding ¢ on X. O

3.5 The tube algebra and the affine category of a planar algebra

Jones introduced the affine category associated to a subfactor inclusion (this notion is related
to his annular category [JO1]). Let us briefly recall its construction. Let P = (P,;JE) be a planar
algebra which can be viewed as the quotient of a universal planar algebra [J99] by a set of
relations R. Given a tangle T in the universal planar algebra, one can separate its strings into
three groups and draw it on the sphere with two disks labeled “left” and “right” removed (in
the drawing the sphere is identified with the plane to which we add a point at infinity):
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Here thick lines stand for the indicated number of parallel strings. The symbols  mark a
preferred interval on each of the two disks, corresponding to region bounding both the preferred
portion of the leftmost disk and % as well as the region where the topmost string of 7" connects to
the rightmost disk. Such drawings make sense both for shaded planar algebras (the kind coming
from subfactor theory) as well as the unshaded planar algebras. We will mainly concentrate
on the shaded case in this paper, although it is worth pointing out that our constructions work
unaltered in the unshaded case as well. In the shaded case, the additional data on the picture is
the shading (not shown) so that each string lies at the boundary of a shaded and an unshaded
region. The shading of the picture is completely determined once we specify the shading of one
of the regions (e.g., the region marked by *). In this case the shading of the region containing
the left-most T is the same as the shading of the region containing x, while the shading of the
rightmost region containing { is either the same or opposite, depending on whether k is even
or not. Alternatively, we can fix the shading of each the two regions containing the symbols }
(note that this also fixes the parity of k).

Because the drawing is on the sphere, we can equally well draw it as

(3.14)

which is more customary (in the latter picture the inner disk is often called the “input disk”
and the outer disk, the “output disk”).

One considers the linear span of such diagrams (taken up to isotopy that fixes the boundaries
of the annulus) and then takes a quotient by an appropriate subspace which ensures that any
relation R still holds when drawn in any open simply connected region inside the annulus. The
resulting quotient is denoted by A(P) and is called the affine category (or affine algebroid)
associated to P. We will sometimes write A when P is understood.

Note that A(P) is bi-graded by the numbers of strings going to the left and right disks as well
as the choices of shading of the two regions marked by 7.

This linear space has a natural multiplication x -y given by drawing the tangles for x and y as
in (.14 and then gluing y into the input disk of z in a way that matches the regions marked by
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T (the multiplication is defined to be zero unless the the output disk of y has the same number
of string boundary points as the input disk of z and compatible shading). There is also an
involution # given by an orientation-reversing diffeomorphism of the sphere that switches the
two removed disks.

By [C12 Proposition 5.6] and [GJ15, Proposition 3.5], the algebra A(P) is naturally Morita
equivalent to the algebra A of Section

For future purposes we point out that the algebra A has a natural subalgebra B consisting of

sums of elements of the form
T & T
o o

i.e., ones that have no strings looping around the right disk. This subalgebra is also bi-graded
according to the shading of input and output disks and the number of input/output strings.

Also for future purposes we would like to present a graphical picture for the tensor product
A ®p A as well as the higher tensor powers A g ® --- @5 A. To do so, we consider the space
X}, which is the two-sphere S? with k points r1, ..., 7 as well as two disks removed; these disks
are labeled “left” and “right”. We then consider once again a planar algebra P as a quotient of
the universal planar algebra by a set of relations R. This time, we consider the space A given
by the linear span of isotopy classes of elements of the universal planar algebra drawn on X
modulo the linear span of relations from R which are taken to hold true in any open simply
connected region in Xj. In the example below, T € P% (itj+2r-+25) gives rise to an element in

.AQZ

(3.15)

We endow the space A with an A-bimodule structure as follows. The left multiplication action
is given by gluing an element of x € A drawn as in (8.14]) into the left disk of an element £ € Ay,
(with & = 0 if the number of string boundary points on the outer disk of x is different from
the number of boundary points on the left disk of A). The right action (of the opposite algebra
A°P) is given by gluing an element of A into the right disk, with a similar requirement of
equality of numbers of boundary points.

Note that by isotoping strings as illustrated below

(3.16)
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and viewing the inside of the dashed region as another planar algebra element, 7", obtained by
adding N to the bottom of T, one can always draw an element of A}, in the form of (B.I5]).

Alternatively, using the fact that the picture is drawn on the sphere, any element can be viewed
as linear combination of elements of the form

(3.17)

Lemma 3.15. Ay is isomorphic to the k-fold tensor product A Qg -+ Qg A.

Proof. The proof is by induction on k; the case k = 1 is clear. Assuming the isomorphism to
hold for k, we note that there is map from A ®¢ Ay to Ags1 given by:

(3.18)

It is clear that this map is surjective, since every element of the form ([B.I7]) can be clearly
obtained in its image.

We claim that the map is injective. To see this, consider the construction of the tangle (3.17):
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and let us analyze the effect of removing the dashed line in the figure above. The removal of
this line permits us to apply any isotopy or a relation from R in some open simply connected
region that intersects the dashed line (drawn in green on the picture). We may now move this
region along the dashed circle until it is in between T and S, deforming the strings going in
and out of the green region in the process (in a way similar to (8.I6])). But this means that by
possibly modifying T and S we may assume that the relation precisely amounts to identifying
Ta® S with T'® aS for a € B. O

4 Cohomology of quasi-regular inclusions of von Neumann
algebras

Throughout this section, we fix a tracial von Neumann algebra (S,7) with von Neumann
subalgebra T C S.

Definition 4.1. Whenever H is a Hilbert S-bimodule and 7' C § C QNg(7') is an intermediate
x-algebra, we define the cohomology H"(T C 8,H) as the n-th cohomology of the complex

5 5
c' Lot 5L

where C? = HS = the space of T-central vectors in the rank completion H¢ of H as a Z(T)-
bimodule,

C™ = the space of T-bimodular maps from 8 @7 --- @7 8 to H¢ and
—_———

n factors
n+1

§:0" = CMig = Z(—l)iéi is given by
1=0
(oc)(zo @ -+ @ an) =20 - (21 ® - @ 2n) ,
(i) (T ®  Qap) =clrg® - Qi 12, Q-+ Qxy) for i=1,...,n and
(610)(@0 ® - ® ) = (20 ® - ® ) - T .

Remark 4.2. 1. Note that the maps dg and d,,+1 are well defined because by Lemma [2.6] the
rank completion H€ is an 8-bimodule. In the definition of C™, we denote by &7 the algebraic
relative tensor product.

2. When T is a factor, and in particular when 77N S = C1, the rank completion over Z(7T') in
Definition [{.Jldisappears. However, as we will see below, when T' C S is a Cartan subalgebra,
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it is crucial to take the rank completion in order to recover the usual cohomology theory of
the underlying equivalence relation.

3. We denote Z™(T C 8§,H) = Ker(§ : C™ — C™*!) and BY(T C §,H) = Im(5 : C"~ 1 — C™).
Note that Z'(T' C 8,H) precisely is the space of T-bimodular derivations from 8 to H¢, i.e.
the space of T-bimodular maps ¢ : § — H satisfying c(zy) = zc(y) + c(x)y for all z,y € 8.

4. The cohomology H™(T C 8,H) only ‘sees’ the part of H that, as a Hilbert T-bimodule,
is a direct sum of Hilbert T-bimodules that appear as subbimodules of some tensor power
L?(S) @7 --- @7 L?(S). Indeed, replacing H by this T-subbimodule, the cochain spaces C™
do not change.

We define the L?-cohomology of T C 8§ as the cohomology with values in the following “uni-
versal” coarse S-bimodule (relative to T') :

Hieg = (L*(S) @1 L*(S)) @ (L*(S) ®r L*(S) ®r L*(S)) @ -+

= L%(S)®r H@r L*(S) with H = L*T)® L*(S) ® (L*(S) @1 L*(S)) @ --- . (4.1

At first sight, it may sound more natural to consider L?(S)®7 L?(S) as the coarse S-bimodule,
but then we do not have a Fell absorption principle and, as seen in Lemma B.5], we miss part
of the regular representation from the point of view of the tube algebra.

We define M(T C S) as the von Neumann algebra Endg_g(Heg). We have the following
natural normal semifinite faithful weight © on M(T C S) : whenever H; is a bifinite Hilbert
T-bimodule and W : H; — H is a T-bimodular isometry with p = WW?* we define the
T-bimodular isometry V : Hi — Hyeg given by V(§) = 1® € ® 1 and put

w(lepez(lep®l)) =Try, (V2V) foral e M(T CS), (4.2)

where Try, is the canonical trace on Endp_7(H1) (see [2.2)).

Note that Endg_g(L?(S) @7 L?(S)) is a corner of M(T C S) and that the restriction of u to
this corner is the vector state given by the vector 1 ® 1.

Definition 4.3. Let T C 8§ C QNg(T) be an intermediate *-algebra. We define the L2-
cohomology of T C 8 as H™(T' C 8, Hreg)-

Note that H"(T C 8,Hyeg) canonically is an M(T" C S)-module. In the unimodular case, i.e.
when p is a trace on M(T C S), we define

57(12) (T - 8) = dimM(TCS) Hn(T C S,Hreg) .

Here, we use Liick’s dimension function for arbitrary modules over a von Neumann algebra
with a semifinite trace, see [L02, Section 6.1] and [KPV13| Section A.4].

We are mainly interested in the following two types of quasi-regular von Neumann algebra in-
clusions T' C S : Cartan subalgebras and quasi-regular irreducible subfactors. We prove below
that for a Cartan subalgebra A C M of a tracial von Neumann algebra and 8§ = span N (A),
the cohomology theory in Definition 4.1l amounts to the usual cohomology theory for the under-
lying equivalence relation R (and, in particular, forgets to scalar 2-cocycle on R that is given
by A C M). In that case, unimodularity is automatic, M(A C M) is an infinite amplification
of L(R), and ¢’ (A C 8) equals the n-th L2-Betti number of R in the sense of Gaboriau, [GO1].

When T C S is an irreducible quasi-regular subfactor, we interpret the cohomology theory
in Definition 1] as a natural Hochschild type cohomology for the associated tube x-algebra.
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We prove that the unimodularity assumption is equivalent to the requirement that every T-
subbimodule of L?(S) has equal left and right dimension, i.e. that 7" C S is unimodular in the
sense of Definition B.3]

5 Cohomology of Cartan subalgebras

Fix a tracial von Neumann algebra (M,7) with separable predual and Cartan subalgebra
L>(X) C M. Denote by R the associated countable probability measure preserving (pmp)
equivalence relation on (X, p).

By [FM75], we know that M is canonically isomorphic with Lqo(R), where Q : R®) — T is a
scalar 2-cocycle on R. Here, R® = {(z,y,2) € X x X x X | (z,y) € R and (y,2) € R}. We
similarly define R, and by convention, R(®Y) = X. Recall that all R(™ are equipped with a
natural o-finite measure given by integration over (X, u) of the counting measure through the
projection 7 : RM™ — X : (zq,...,2,) — Zo.

A wunitary representation of R consists of a measurable field of Hilbert spaces (K;)zex and
a measurable family of unitary operators U(x,y) : K, — K, for all (z,y) € R such that
Ulz,y)U(y, 2z) = Uz, 2) for a.e. (z,y,2) € R?. Put A = L>°(X). The integration of the field
(Ks)zex yields the Hilbert A-module K given by the L2?-sections of the field. Denote by [R]
the full group of R. For every a € [R], define the unitary operator U(«) on K given by

(U(a)é)(z) = U(z,a ' () é(a(z)) forall E€K,zeX.
Define the Hilbert space H = L?(M) ®4 K. The formulae
r-(E@n)-av=x€av @ U(ay)*n forall € M, € L*(M),n € K,a € A,v € Ny (A) (5.1)

turn H into a Hilbert M-bimodule. Here, a, is the element of [R] defined by v € Ny (A).

Note that the vectors 1 ® £ € H are all A-central. Therefore, H is generated, as a Hilbert M-
bimodule, by A-central vectors. Conversely, it is easy to check that every Hilbert M-bimodule
generated by A-central vectors arises in this way.

Given a unitary representation U of R on K, the cohomology H™(R,K) is defined as follows.

Define the field (ICg(Cn) )zer(m given by ICg([;n) = Kx(z)- Denote by C" the set of measurable sections
of this field, identifying two sections when they coincide a.e. Then, H"(R,K) is defined as the
cohomology of the complex

4 4
o0 Lot Sl
where

n+1
§:C"— C"M 5= (~1)'6; and
=0
(605)($0,...,,In+1) :U(xo?xl)g(xl"",xn) )
(0:6) (0, -y Tnt1) = &(T0y ooy iy ooy Tpg1) for i=1,...,n+1.

The regular representation is given by Ky® = (?(orbit(z)) with U(z,y) being the identity
identification between orbit(x) and orbit(y) when (z,y) € R. The L?-cohomology of R is thus
given by the cohomology of the complex

0 § 1 §
Creg — Creg —
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where Cfg, consists of the measurable functions ¢ : R+ _ C with the property that for a.e.

y € R™ we have

Yo )P <o

x€orbit(n(z))

and
n+1 ‘
(55)(%2107 LU 7yn+1) == Z(_l)jg(xay07 LU 7@}7 e 7yn+1) .
j=0
We can then turn Cf, into a left L(R)-module by defining

(auy, - &) (x,y) = a(:v)&(gpfl(x),y) forall a € A,p € [R],€ € C'ffag, (z,y) € RM+1)

To define b - € for an arbitrary element b € L(R), note that L>(R("*1) is a Hilbert L(R)-
L®°(R™)-bimodule. We can view C%, as the rank completion of L?(R"*1) viewed as a right

reg

L>®(R™)-module. This rank completion canonically stays a left L(R)-module.

We can then define the L?-Betti numbers of the equivalence relation R as
B2 (R) := dimpgy H" (R, K™®) .

It follows from [KPV13, Proposition 3.1] that this definition coincides with Gaboriau’s definition
of L2-Betti numbers, [G01].

Proposition 5.1. Let (M,7) be a tracial von Neumann algebra with separable predual and
Cartan subalgebra A C M. Denote by R the associated countable pmp equivalence relation.
Denote 8 = span Npr(A).

For every unitary representation of R on K, consider the associated M -bimodule H given by
(BI). We then have a natural isomorphism
H"(ACS8,H) = H"(R,K) .

We also have a natural isomorphism between M(A C M) and an infinite amplification of L(R),
as well as the equality
BP(AC8) =BP(R) forall neN.

Proof. Denote by C™ the space of measurable sections of the field (ICg(Cn)) zer(m as above. The
map 1 — 1 ® i is a unitary operator between K and the space of A-central vectors in H. This
map extends to a linear bijection between C¥ and the space of A-central vectors in H¢. Next,
for every v € Njs(A), the map 6, : n — v ® 7 is a unitary operator between K and the space
of vectors & € H satisfying aé = {ay(a) for all a € A, where oy, (a) = vav*. Again, 6, extends
to a linear bijection, still denoted by @, between C° and the space of vectors ¢ € HC satisfying
aé = Eay(a) for all a € A.

We can then define the linear bijection
C" — Morg_A(S®4 -+ ®48,H)
given by & — c¢ where, for all vy, ..., v, € Ny (4),
(01 - 8 0) = Bog, (5> U (s Qg (2))E(@op o (), o, (@),2)) -

These maps define an isomorphism between the bar complexes defining H"(R,K) and H"(A C
8,H), so that these cohomology spaces are isomorphic.
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Since A C M is regular, the coarse M-bimodule H,e defined in (4.I) is isomorphic with
an infinite amplification of L?(M) @4 L?(M). We have the following canonical isomorphism
U L(R) = Endpy—p(L*(M) ®4 L2(M)). For every  in the full group of the equivalence
relation R, we have a unitary element u, € L(R) and we can choose v € Nys(A) such that
a, = . We define (V(u,))(z®y) = 2v* ®vy. Note that the definition of ¥(u,) is independent
of the choice of v. We also define (¥(a))(z ® y) = za ® y = x ® ay for all a € A. Together,
we have found a trace preserving isomorphism ¥ : L(R) — Endy;_ s (L2(M) @4 L?(M)). So,
we also have a canonical trace preserving isomorphism between M(A C M) and an infinite
amplification of L(R). In particular, we find that 85 (A C 8) = £ (R) for all n > 0. O

6 Homology of irreducible quasi-regular inclusions

Throughout this section, we fix a II; factor S with separable predual and an irreducible quasi-
regular subfactor T C S. We put 8 = QNg(7'). For any T-bimodule K, we denote by Kr the
subspace of T-central vectors.

Definition 6.1. For any Hilbert S-bimodule H, we define H,(T C 8,H) as the homology of
the complex

-—)CQ—>01—>CQ

where Cy = Hp, and

Cc, = (7—[ RTS8 X - R S)T with 0:C,, - Cp_1:0 = Z(—l)i(?i given by
—_———

n factors =0

DRI Qry) =6 1 RX2Q - Qxy
(9@(§®$1®®xn):£®xl®x1xz+l®®xn for 7/:1,,7’1/—1 ’

Here pr denotes the orthogonal projection onto the subspace of T-central vectors. In Remark
6.2] we explain why 0 is well defined and satisfies 9% = 0.

Remark 6.2. 1. The boundary maps 0; are well defined for the following reasons. Write
8n =8 ®7 --- ®r 8 for the n-fold algebraic relative tensor product. For 0 < i < n — 1,
the maps 0; are first defined as T-bimodular maps from H Q7 8,, to H @71 8,1 and then
restricted to the T-central vectors. For i = n, it follows from Lemma below that for
all £ € H and all z4,...,z, € 8, the element pr(z, - { ® 1 ® -+ ® z,—1) belongs to
H @7 8p—1. Since pr(a-n—mn-a) =0 for all a € T and all n € H @7 8,,—1, we conclude
that 0, is a well defined map from H ®7 §,, to (H &7 8,—1)7 and we restrict this map to
(H @7 8p)7.

2. There are two ways to see that 0> = 0. First, it would be more natural to consider as
chain spaces the cyclic relative tensor products (H @1 8,,)/T, defined as the quotient of
H @7 8, by the subspace generated by a- £ Rz —€éQx-a,a €T, £ € H, x € §,,. Defined
as such, the chain spaces are however too large. Defining #° C H as the “algebraic part”
of H consisting of all T-bounded vectors ¢ for which the closed linear span of T¢T is a
finite index T-bimodule, it follows from [H98] (based on [FH80, [P97al) that the inclusion
map

(H @7 8)r — (H @71 8,)/T
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from the space of T-central vectors to the cyclic relative tensor product is indeed an
isomorphism. In this way, we find an isomorphism between the complex (C),) and the
natural bar complex (H° ®7 8,,)/T. In particular, 9 = 0.

Secondly, the formula
(E@a1® @y, 0) = (€ claf @ D))

defines a non-degenerate sesquilinear pairing between (H @7 8,)r and Morp_1 (8, H).
Under this duality pairing, the complex (C,,) is dual to the complex (C™) in Definition
A1 In particular, 0% = 0.

Also note that we find in this way a natural sesquilinear pairing between the homology
H,(T C 8,H) and the cohomology H™(T' C 8,H) defined in @Il This pairing can be
degenerate, see Propositions and

3. As in Remark [4.2] note that the homology H, (T C 8,H) only sees the part of H that, as
a Hilbert T-bimodule, is a direct sum of Hilbert T-subbimodules of some tensor power
L2(S)@r --- @7 L%(S).

Lemma 6.3. The natural map V : H @7 8 @1 -+ @7 8 — H @7 L*(S) @7 -+ @1 L*(S) is
injective and the orthogonal projection onto the T-central vectors leaves the image of V' globally
mvariant.

Proof. By Lemma 2.5 we can write 8 as an increasing union of T-subbimodules of the form
K? =KnNS, where K C L?(S) is a finite index T-subbimodule. Since for such a K, the natural
map

HerK'@r @7 K> H@rK@r - ®r K

is bijective, the lemma follows immediately. O

The L2-Betti numbers of a quasi-regular inclusion were defined in Definition B3] using coho-
mology with values in the S-bimodule H,cs (see ([@I))). We now show that, in the case of an
irreducible quasi-regular inclusion, they can as well be computed using homology.

Proposition 6.4. Let S be a I} factor with separable predual and T' C S an irreducible quasi-
reqular subfactor. Put 8 = QNg(T'). The natural weight pn on M(T C S) defined in ([E2) is a
trace if and only if T C S is unimodular in the sense of Definition[3.3. In that case,

BT € 8) = dimpy(pegy Hn(T C 8, Heg) -

Proof. Write Hyeg = L*(S) @7 H @1 L*(S) as in (&I)). Denote by C the tensor category of
finite index T-bimodules generated by L?(S). Let A be the associated tube *-algebra, with
von Neumann algebra A” given by Proposition From Lemma B.5, we get that M(T C S)
is isomorphic with the von Neumann algebra

Mi= @ (DB A pBGH)) -

i,j€lrr(C)

In Proposition B2l we introduced the weight 7 on A”. Replacing in the definition of 7, the
left trace Trf by the categorical trace Tr;, we also have the weight 71 on A”. The isomorphism
M(T C S) sends the weight p to the amplification of the weight 7 to a weight on M. Noting
that 11 is a trace iff 7 is a trace iff T' C S is unimodular, we conclude that p is a trace ifft T' C S
is unimodular. In that case, also 7 = 7.
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For the rest of the proof, assume that 7" C S is unimodular. Note that all irreducible T-
bimodules in C appear in H. Choosing one copy of each, we define H; = ®i61rr(0) ‘H; and put
Hieg = L*(S) @ H1 @7 L*(S). We have a canonical weight preserving identification between
Ends_g(H.,) and A”. Under this identification,

reg

BT C 8) = dimar H™(T C 8, Hyeg) -
Denote by C", resp. C,,, the bar complexes defining H"™(T' C 8, Hyeg), resp. Hy(T C 8, Hjeg)-
Write A := A”. Both C™ and C,, are A-modules.

For every finite subset F C Irr(F), define 87 := ex(8) and denote by 8% the n-fold relative
tensor product 8 @7 --- @7 8x. We also define C'% as the space of T-bimodular maps from 8’
to Hyeg, and we define C7 as the space of T-central vectors in Hyeg @7 8% Note that for every
finite set F C Irr(F), C'* and C; are Hilbert A-modules. Choosing an increasing sequence of
finite subsets Fj, C Irr(F) with | J, Fi, = Irr(F), we can view C,, as the algebraic direct limit of
the Hilbert A-modules C;* and we can view C™ as the inverse limit of the Hilbert A-modules
C% -

For every n and every finite subset F C Irr(C), consider the finite subset 7" C Irr(C) of all

a € Irr(C) such that @ is contained in an n-fold tensor product of elements of F. Because
(Mg, 1) = L2(A - p;), it follows that, as an A-module,

OF = @ (A p) @ (i}he)
i€eF™
Since 7 is a trace on A and 7(p;) < oo, every L?(A - p;) is an A-module of finite A-dimension.
Every (i8%,¢) is finite dimensional and we conclude that all C; have finite A-dimension.
The adjoint of C; is C% and this duality is compatible with the (co)boundary maps (see
Remark [6.2]). The conclusion

dima H, (T C 8, H.e,) = dima H™(T C 8, H.,)

reg reg

now follows from the approximation formulae for the A-dimensions of direct and inverse limits
(see [CG8SH, [LO2], and see also [KPV13l Section A.3] for a self-contained treatment that is
directly applicable here).

Amplifying from Hy., t0 Hreg, we get that
B(T € 8) = dimg HY(T C 8, Hyoy) = dimg Ho (T C 8, Hyep) = dimpgres) Hn(T C 8, Hieg) -

O

We end this section with the following expected result on the 0’th (co)homology.

Proposition 6.5. Let S be a II; factor with separable predual and T C S an irreducible quasi-
regular subfactor. Put 8 = QNg(T). For any Hilbert S-bimodule H, the following holds.

1. HY(T c 8,H) = 0 if and only if 0 is the only S-central vector in H.

2. Ho(T C 8§, H) = 0 if and only if Hr admits no sequence &, of approximately S-central
unit vectors (meaning that lim,, ||z&, — &zl =0 for all x € S).
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Proof. From Definition 1] we get that H%(T C §,H) equals the space of S-central vectors in
‘H, so that 1 follows.

Denote by C the tensor category generated by the finite index T-subbimodules of L?(S). To
prove 2, note that the absence of approximately S-central unit vectors in Hr is equivalent with
the existence of a finite subset G C § satisfying

€l < lag — x|l forall € € Hy . (6.1)

zeg

For every finite subset F C Irr(C), we write Sr := er(8). Note that Morr_7(8£,H) is a
Hilbert space and dr : Hr — Morr_7(8x,H) : (0£8)(x) = € — £z is a bounded operator. As
in Remark [6.2] the adjoint 0% can be identified with the restriction of the boundary operator
0: (H®71 8)r — Hr to the Hilbert space (H @1 Sx)r.

With this notation, the existence of a finite subset G C 8 satisfying (6.I)) is equivalent with the
existence of a finite subset F C Irr(C) and an £ > 0 such that ||| < |[0=(£)|| for all £ € Hr.
By the open mapping theorem and the above description of 6%, this is equivalent with the
existence of a finite subset F C Irr(C) such that O((H ®7 Sx)r) = Hr. By the Baire category
theorem, this is equivalent with O((H ®7 8)r) = Hr, i.e. with Ho(T C 8,H) = 0. O

7 A Hochschild type (co)homology of the tube x-algebra

7.1 (Co)homology of irreducible quasi-regular inclusions

Fix an irreducible quasi-regular inclusion of II; factors T' C S together with a tensor category
C of finite index T-bimodules containing all finite index T-subbimodules of L?(S). Put § =
QNg(T'). Denote by A the associated tube x-algebra.

In Theorem B.4] we constructed a bijection between non-degenerate right Hilbert A-modules K
and Hilbert S-bimodules H that, as a T-bimodule, are a direct sum of T-bimodules contained
in C. In Definitions 1] and 6., we defined the (co)homology spaces H™(T C 8,H) and
H,(T C 8,H). The following is the main result of this section, identifying this (co)homology
theory with purely algebraic (co)homology for the tube algebra A.

For this, we make use of the trivial left and right .A-modules £ and £° defined in Lemma
and Remark Whenever K is a right Hilbert A-module, we define K as the linear span of
the Hilbert subspaces K - p;, i € Irr(C).

Theorem 7.1. Let H be the Hilbert S-bimodule that corresponds to the right Hilbert A-module
IC through Theorem 3.4, There are natural isomorphisms

H,(T C 8,1) = Tor,(K°, €% and H™(T C 8,H) = Ext’y{(",KP) .

Theorem [Z1] says the following. Whenever --- — L; — Lo — £¢ — 0 is a resolution of £¢ by
projective left A-modules Ly, we can compute H, (T C 8,H) as the homology of

oo K@ Ly » K24 Ly .

Whenever --- — Ry — Ry — & — 0 is a resolution of £" by projective right A-modules Ry,
we can compute H™(T C 8,H) as the cohomology of

Hom 4 (R, K°) — Hom 4(Ry,K°) — - --

33



Proof of Theorem [7.1 We construct a concrete resolution --- — A{ — A§ — £° — 0 of the
left A-module £¢ and then identify the complex --- — K° ® 4 A{ — K° ® 4 A§ with the bar
complex in Definition Next, we construct a concrete resolution --- — A7 = A5 — &" — 0
of the right A-module £ and identify Hom 4 (A}, K°) — Hom4(A7,K%) — .- with the bar
complex in Definition 411

For every n > 0, define A% as the algebraic direct sum
A— @D s
1€Irr(C)

where 8% denotes the k-fold relative tensor product 8 @7 - - -®@78. Turn AfL into a left A-module
by
V-W=01ome1") (V1" e W)m* (7.1)

for all V € (i8,87) and W € (j8"*1,8). Note that A§ = A - p..

More generally, we have the isomorphism of left .A-modules

P Ape@iste A VW= (Vel)leW). (7.2)
1€lrr(C)

It follows that every .Afl, n > 0, is a projective left A-module.
One checks that the map

9: AL =L o(V) = (1@a) (1@ Ay )V @ 1)m* (7.3)

for all V € (i8,8) is a left A-module map. For all n > 1, we also define the left A-module maps

9: AL AL 0= (=D,
k=0

where 95(V) = (1" @m @ 1" 1"F)V when 0<k<n-—-1, 74)
and 9,(V) = (1" @ ¢*)(1"" ® A5 *)V @ )
for all V € (i8"*1,8).
In this way, we find a complex --- — A{ — A§ — £ — 0. The maps
v: & = A and v AL — AL (7.5)

given by v(V) = (1® § ® 1"*1)V provide a homotopy for this complex, so that we have found
a projective resolution of the left A-module E°.

Assume now that X is a non-degenerate right Hilbert A-module with corresponding Hilbert
S-bimodule H as in Theorem B4l Consider the bar complex C,, defining H,, (T C 8,H) as in
Definition By definition, C,, consists of the T-central vectors in H ®7 8™ and this gives the
natural isomorphism

Cn= @ (H,i)®(i8"¢).
i€Irr(C)
Recall from Theorem B4l that (H,i) = K - p;. In combination with (Z.2)), we thus find the
isomorphism
Cn @ K-pie(i8"e) =K' 4 AL
1€Irr(C)
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A lengthy, but straightforward computation gives that this is actually an isomorphism between
the complexes (Cp,)n>0 and (K° ® 4 A)n>0. So, we have found the isomorphism

H, (T c 8,H) = Tor; (K°, &) .

Dualizing everything, we find as follows the resolution - -- — A} — Afj — £" — 0 of the right
A-module E". Define for n > 0,
A= @ s

1€Irr(C)

with right A-module structure
V-IW=>1"am)(Vel)(1eW)m"®1)

for all V € (8"*1,8i) and W € (i8,8;). Note that A, = p. - A. In general, we have the
isomorphism of right A-modules

P S iyep - As A VoW - (VoW , (7.6)
i€lrr(C)
so that every AJ ., n > 0, is a projective right .A-module.
The map defined as
0: A= E :0(V)=m(1oA*V)(a@1)
for all V' € (8, 8i) is a right .A-module map. Together with the right .4-module maps

Qi A, = A, 0= Z ko,

where 9y(V) = (a* ® 1")(1 ® (A”Q R 1MV)(m* ®1) |
and 9p(V)=(1F1@me1" "V forall 1<k<n ,

we find the resolution - -- — A7 — Aj = &" — 0.

Finally, consider the bar complex C" defining H"(T C 8,H) as in Definition dJl By def-
inition, C™ consists of all T-bimodular linear maps from 8" to H. Using (Z.6]), we identify
Hom 4 (A7, K°) with the direct product

Homu (A5, K%) = [ £((8"4),K-p:)

i€lrr(C)

of all spaces of linear maps from (8",4) to K - p;. Using the identification I - p; = (H,1i), we
then find the isomorphism
T :C" — Homy (A", K°) |

where for ¢ € C™, ¥(c) is defined as the collection of linear maps from (8",4) to K - p; given by
U(c)(V) = coV, which indeed makes sense because ¢ is a T-bimodular map from 8" to ‘H and
thus, co V is an intertwiner from ¢ € Irr(C) to H.

It is again straightforward, though a bit tedious, to check that W is an isomorphism of the
complexes (C™),>¢ and (Hom 4 (A%, K%)),>0. The conclusion

H™(T C 8, H) = Ext™(£",K°)

follows. O
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Using Proposition[3.12] we obtain as a special case, the following isomorphisms for the (co)homo-
logy of an SE-inclusion.

Corollary 7.2. Let M be a I} factor and C a tensor category of finite index M -bimodules
having equal left and right dimension. Denote by T C S the associated SE-inclusion and let A
be the tube x-algebra of the tensor category C, together with its co-unit € : A — C.

Whenever H is the generalized SE-correspondence associated with the non-degenerate right
Hilbert A-module KC through Corollary [313, we have the natural isomorphisms
H,(T C 8,H) = Tor;(K°,C) and H™(T C 8,H)= Ext’{(C,K°) ,

where we view C as a left or right A-module using the co-unit €.

7.2 (Co)homology and L?*-Betti numbers for rigid C*-tensor categories

The representation theory of a rigid C*-tensor category C can be equivalently expressed by
unitary half braidings or Hilbert space representations of the tube x-algebra A, see Section 3.4

By Corollary [T.2] the natural (co)homology theory for C is precisely the Hochschild (co)homo-
logy of A w.r.t. the augmentation ¢ : A — C. Given a right Hilbert A-module I, these are
given by Tor;*(K°,C) and Ext”(C,K?). We thus define

BY(C) = dim gn Tor (L*(A)°, C) = dim g Ext’y (C, L*(A)°) ,

where L2(A)? is the linear span of all L%(A - p;), i € Irr(C).

Defining the subalgebra B C A given by B = span{p; | ¢ € Irr(C)}, the bar resolution for the
A-module C is

o0y >0 —>Cyp—C with C, = AR A R A - p.e (7'7)
D e ——

n factors
and 9 : Cp, — Cy—1 given by 9 = "1 (—1)*9, where

(V@ V) =V® Vi - Vi1 ®---@V, for 0<k<n-1 and

Also, when C is realized as a category of finite index M-bimodules having equal left and right
dimension, we put 7' = M ® M°P and we consider the SE-inclusion T C S as in Section
Combining Proposition and Theorem [T, we get natural isomorphisms between the
(co)homology of T'C S and the (co)homology of C. In particular, we get that

BI(C)=p2 (T C8).

To a finite index subfactor N C M with Jones tower N C M C M; C ---, we associate the
rigid C*-tensor category Cpr—ps of finite index M-bimodules generated by the M-M-bimodule
L?(My). We similarly have the category Cy_ny of finite index N-N-bimodules generated by
the N-N-bimodule L?(M). In Proposition [.4] we prove that Cy_y and Cps_ps have the same
L?-Betti numbers. The reason for this is that Cps_ s and Cy_n are Morita equivalent and that
this Morita equivalence induces a strong Morita equivalence between their tube algebras.
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Definition 7.3 ([MOI), Section 4]). The rigid C*-tensor categories C; and Cy are called Morita
equivalent if there exist nonzero C*-categories C15 and Co; with finite dimensional morphism
spaces and with tensor functors C; ® C13 — Cy2, C12®Co1 — (11, etc., and with a duality functor
C12 — Co satisfying exactly the same properties as a rigid C*-tensor category.

For a finite index subfactor N C M, the tensor categories C; = Cy_ny and Co = Cyp_pr
are Morita equivalent by considering the categories Ci5 = Cny_js and Co; = Cpy—n of N-M-
bimodules, resp. M-N-bimodules, that are direct sums of subbimodules of some L?(M,,).

Given a Morita equivalence between C; and Cs, there is a strong Morita equivalence between
the tube x-algebras A; and As. This result was obtained in [NY15b, Section 3| using the
notion of (-systems in a tensor category. We provide the following more direct approach. For
all i € Irr(Cy) and j € Irr(Cq), define the vector spaces

pi - Az pj = @ (i, o) and  pF- Ao -p; = @ (Jov, o) .

aclrr(Ci2) a€lrr(Car)

The obvious product and adjoint operations are defined in the same way as for the tube -
algebra of a rigid C*-tensor category. In this way, we obtain the x-algebra

A App
= . 7.8
A <A21 ,42) (7.8)

Similar formulas as in Lemma B.9]still hold : for every a € Irr(C12), @ € Irr(Cy) and j € Irr(Ca),
we have

Yoo > Al wwF =dp ,

kelrr(C2) Weonb (ia,ak)

> o dk) WHE-W =d(a)p]

kelrr(C1) Weonb(ka,ay)

It follows that the A;-As-bimodule A;5 is a strong Morita equivalence, in the sense that the
product maps (inside .A) are isomorphisms

Ao @4, Ao1 2 A1 and A9 @4, A2 2 Ay .

Proposition 7.4. If the rigid C*-tensor categories C1 and Co are Morita equivalent, then
2(C1) = BT (Ca) for all n € N.

Proof. Write M, = A}. The *-algebra A in (Z.8) has a natural semifinite trace 7 and we find
the imprimitivity Ma-M;-bimodule L?(Ay;) : the left My action and the right M; action on
L?(As1) are each other’s commutant.

Given a projective resolution (L) of the trivial A;-module C, the L?-Betti numbers 85 (Cy)
are computed as the M;-dimension of the homology of the complex (L?(A1) ® 4, Ly )n>0, and
thus also as the Mo-dimension of the homology of the complex (LQ(Azl)O ®A4, Ln)n>0-

Since the left As-modules Az ® 4, Ly, form a projective resolution of the As-module Ag; ® 4, C,
and since the latter is isomorphic with the trivial As-module, the L2-Betti numbers 35 (Ca)
can be computed as the Ms-dimension of the homology of the complex

(LQ(AQ)O ®.A2 AZl ®.A1 Ln)nZO .

Since L?(A2)? ®.4, Ao =2 L?(A2)°, it follows that 85 (C1) = B (C2) for all n € N, O

37



7.3 A graphical interpretation of the bar complex associated to the affine
category A.

In this section, we give a diagrammatic description of the homology of the tensor category C
generated by a finite index subfactor N C M. Denote by P the associated standard invariant
interpreted as a Jones planar algebra. As we explained above, the resulting homology theory
depends only on Ocneanu’s tube algebra, which itself has a diagrammatic description purely in
terms of the planar algebra P, see Section Thus given a planar algebra we can right away
associate to it a homology theory, which we now describe explicitly.

Let P be a planar algebra, which we take to be represented as a quotient of the universal planar
algebra U modulo a set of relations R. For each k = 0,1,2,... we will denote by A = Ak(P)
the quotient space

Us /R,

where Uy, is the linear span of all elements of U (labeled planar networks) drawn on a two-
sphere S? with the ordered collection of k + 2 disks g, ..., 7,1 removed. We require that the
disks 71,...,7x+1 are not connected to any strings of the diagram while ry may be connected
to some number of strings of the diagram. Here Ry is the subspace of relations generated by
all isotopies as well as those relations obtained by insisting that each relation from R holds in
any contractible disk in S?\ {rg,...,7%41}. For shaded planar algebras (as considered in this
paper), we require that the diagram be shaded so that each string is at the boundary between
a shaded and an unshaded region. Note that this shading is specified once we make a choice
of shading of two regions: the region marked by * in the figure below (i.e., the shading of the
distinguished interval of z) as well as the shading of the region surrounding the point r; (this
shading is actually determined by the parity of the total number of strings of x). We shall

denote by A,(Cp ) ¢ Ay the subspace spanned by diagrams having exactly p strings connected to
the interior disk 79 (note that p has to be even).

In what follows, the disk r¢ plays a different role than r; for j > 1. To facilitate drawing
pictures, we will always identify S\ {ro, ..., s41} with R?\ {ro,...,7} by shrinking r; to
the point at infinity and shrinking r9,--- , 711 to points. We draw an example of an element
of Ap:

1o

(where, once again r; is the point at infinity). The particular placement of the points ry, ..., rg41
is in principle irrelevant since the whole picture is drawn up to isotopy; however this particular
ordering will be useful later in identifying a certain differential complex with a tensor product.

Our convention is that the upper-left corner of = is always the marked boundary segment of x.
For ease of drawing we denote by thick lines zero or more parallel strings. We will frequently
omit the labels for the points r1,...,754+1.

It is not hard to see that, using the same isotopy as in (3.16]) we can redraw any element in the
spanning set for A to have the form
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O n<®»

We note that by Lemma B.I5] Ay is exactly the tensor product A ®s --- @3 A®@zA. o (the
—_——

k
last tensor factor accounts for the fact that we do not permit any strings from x to the point

Tk41). We denote by d; the map from A, — Aj_; defined on the spanning set by asso-

ciating to a diagram in A drawn on S? \ {ro,...,7k+1} the same diagram but drawn on
S2\{ro,...,7js7j42,...,Tk41} (these k + 1 points are ordered as written). In particular, dy is
given by

a | (22D ([ =D

where we have drawn the strings of x that pass between the point r; and the point at infinity
= ri+1 in blue for emphasis.

It is not hard to see that Z;L:O(—l)j d; corresponds precisely to the differential on the bar
complex for the tube algebra as in (T.7).

8 Vanishing of L2-Betti numbers for amenable quasi-regular
inclusions

Given a tracial von Neumann algebra (S, 7) with von Neumann subalgebra T' C S, there are
several notions of amenability, which for a crossed product inclusion T C T x I' all coincide
with the amenability of the group I'. In [P86), Definition 3.2.1], the amenability of S relative to
T was defined as the trivial S-bimodule L?(S) being weakly contained in the relative coarse S-
bimodule L?(S)®7 L?(S), meaning that there exists a sequence of vectors &, € L%(S)®7 L?(S)
such that lim,, ||z&, — x| = 0 and lim, (x€,,§,) = 7(z) for all z € S.

When T C S is an irreducible quasi-regular subfactor, the above weak containment does not
exactly correspond to weak containment of tube algebra representations, where the natural
requirement is that the vectors &, can be chosen T-central. So for our purposes, the following
relative amenability notion is more natural, and we prove in Proposition that it indeed has
the expected properties.

Definition 8.1. Let S be a II; factor with irreducible quasi-regular subfactor T" C S. The
inclusion T' C S is called amenable if there exists a net of unital, trace preserving, completely
positive, T-bimodular maps ¢; : S — S such that lim; ||¢;(x) — z||2 = 0 for all z € S and such
that ¢; has finite rank for every fixed i, in the sense that the closure of ¢;(S) is a finite index
T-subbimodule of L2(S).
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Proposition 8.2. Let T C S be an irreducible quasi-regular inclusion of Il factors. Let C be
the tensor category generated by the finite index T-subbimodules of L?(S). Denote by A the
associated tube x-algebra. Also denote 8 = QNg(T).

The following statements are equivalent.

1. The inclusion T C S is amenable in the sense of Definition [81.
2. There exzists a net of T-central, approvimately S-central unit vectors in L*(S) @r L?(S).

3. The trivial representation of A on E" is weakly contained in the reqular representation of

A on L?(p. - A).
4. There exists a net & € (8,8) = p. - A - pe satisfying
€ill2o,r =1 for alli, and Um ||V - & — Tr(V)&ille,r =0 for all V € p. - A-pe

where we use the notation |V ||2,r := /T(V# - V).

When S has separable predual, these statements are moreover equivalent with the non vanishing

Of Ho(T C S,L2(S) QT L2(S))

Proof. The proposition follows immediately from Corollary B.7 and Remark B.8] and by tak-
ing the adjoint to prove the equivalence of 3 and 4. The final statement then follows from
Proposition O

The goal of this section is to prove that 85 (T C S) = 0 for all n > 1 whenever T C S is
amenable. We can however only prove this under a possibly stronger, but natural amenability
condition on the inclusion T' C S, formulated as a Fglner condition. As we prove in Lemma 810l
at the end of this section, this Fglner property is equivalent with amenability as in Definition [R.1]
for several families of quasi-regular inclusions, including all SE-inclusions of extremal subfactors,
all crossed product inclusions and all inclusions of the form N XA C N x I where A < T'is an
almost normal subgroup.

Before defining the Fglner property of an arbitrary irreducible quasi-regular inclusion, consider
the SE-inclusion 7" C S of an extremal subfactor N C M with standard invariant Gy as. In
[P93], the standard invariant Gy js is called amenable if the weighted principal graph (I'n s, ¥)
satisfies a Fglner condition as a weighted graph. In [P94a] and [P99, Theorem 5.3], it is proved
that this Fglner condition is equivalent with the amenability of S relative to T', and also with
the Kesten type condition |[I'yas]|> = [M : N]. Note that this last property is also used to
define amenability of an abstract rigid C*-tensor category. Reformulating the Fglner property
for the weighted principal graph directly in terms of the SE-inclusion 7" C S, we define as
follows the Fglner property for an arbitrary irreducible quasi-regular inclusion.

So, fix an irreducible quasi-regular inclusion of II; factors T C S. Denote by C the tensor
category generated by the finite index T-subbimodules of L?(S), and write § = QN¢(T). For
every a € Irr(C), we denote by e, € (8,8) the orthogonal projection of L%(S) onto the span
of the T-subbimodules of L?(S) that are isomorphic with a. We write 8, := e4(8). Given a
finite symmetric subset G C Irr(C), we turn Irr(C) into a locally finite graph by putting an edge
between a, 3 € Irr(C) if there exists a v € G such that eg(8,8,) is nonzer(ﬁ%, For every finite

SEquivalently, we put an edge between o and 3 iff T(858¢8a) # {0}. Taking the complex conjugate, the latter
is equivalent with 7(8a8583) # {0}. So, for a symmetric subset G C Irr(C), we obtain a symmetric condition in

a, f.
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subset F C Irr(C), we then denote by dg(F) the boundary of F in this graph, which we define
as the union of the inner and outer boundary of F. By definition, dg(F) consists of all « € F
that are connected by an edge to some § ¢ F, and of all & ¢ F that are connected to some
B € F. We define the measure p on Irr(C) by u({a}) = Tr"(e,) for every a € Irr(C).

Definition 8.3. An irreducible quasi-regular inclusion of II; factors T' C S is said to have the
Folner property if the following holds: for every finite subset G C Irr(C) and every ¢ > 0, there
exists a finite subset F C Irr(C) such that

p(0G(F)) < eplF) .

In Lemma BI0, we prove that the Fglner property implies amenability in the sense of Defi-
nition B and that the converse holds for large classes of quasi-regular inclusions. We do not
know whether the converse holds in general.

We now turn to L?-Betti numbers. So, we assume that S has separable predual and that the
inclusion 7' C S is unimodular, i.e. that all T-subbimodules of L?(S) have equal left and right
dimension, so that the L?-Betti numbers 35 (T C S) are well defined.

Theorem 8.4. If T C S satisfies the Folner property, then B (T € S) =0 for all n > 1.

In combination with Lemma RI0 and Remark RI1] below, we then get the following.

Corollary 8.5. For every amenable rigid C*-tensor category C, we have that 35 (C) = 0 for
alln > 1.

Before proving Theorem R4l we introduce the following notation and prove a general vanishing
lemma, for L2-Betti numbers.

Definition 8.6. Let (M, 7) be a von Neumann algebra with a normal semifinite faithful trace
7 and let A C M be a dense *-subalgebra contained in the domain of 7.

For every V € M,, »(C) ® A, viewed as an operator from L?(M)®" to L?(M)®™ given by left
multiplication, we define

BA(V) = dimp (Ker V N (Ker VN AP |

Note that @ (V) = 0 iff Ker V N A% is dense in Ker V.
The proof of the following lemma is basically identical to the end of the proof of [L02, Theorem
6.37].

Lemma 8.7. Let T C S be an irreducible quasi-regular inclusion that is unimodular. Let A be
the tube x-algebra as above. If B (V) = 0 for every i € Irr(C) and every V' € My, 1(C)®@p;-A-p;,
then B (T € S) =0 for allmn > 1.

Proof. Write M := A" and M; = p;- M-p; for every i € Irr(C). We first prove that 3 (V) =0
for all V€ M, (C) ® A. For this, it suffices to prove that for all ¢ € Irr(C), we have that
Ker VN (A -p;)®" is dense in Ker V N L2(A - p;)®*.

Take &€ € L2(A - p;)®F with V& = 0. Since the image of the multiplication map

A-pi ® L*pi- A-p) — L*(A-p)
pi-A-p;
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is a dense right M;-submodule, we can take a projection ¢ € M; that is arbitrarily close to 1
such that
Eq=W-n with We M,y (C)®A p; , ne L*(M)%.

Since V&g = 0, it follows that 1 belongs to the kernel of
U:=W#*.V#.V.WeM,;(C)op; - A p;.

Because we assumed that S (U) = 0, we can take a sequence 7, € KerU N (p; - A - p;)®
such that ||n —n.|l2 = 0. Since KerU = Ker(V - W), it follows that W - 7, is a sequence in
Ker V N (A - p;)®* that converges to £¢. Since ¢ is arbitrarily close to 1, we have proved that
Ker VN (A -p;)®" is dense in Ker V N L2(A - p;)®*.

We now prove that B (T € S) = 0 for all n > 1. Up to taking adjoints, it follows from
Theorem [.]] that we can choose an exact sequence --- — Ly — Lo — £&" — 0 of right A-
modules in which every L, is isomorphic with a direct sum of right .A-modules of the form
pi - A, i € Irr(C) and such that 85 (T C S) is computed as the M-dimension of the homology
of

= L1 @4 0L} (A) = Lo @4 0L*(A) ,

where gL?(A) is the linear span of all L?(p; - A), i € Irr(C).

To prove the lemma, it thus suffices to prove that whenever
S g
L2 — L1 — LQ

is a sequence of right A-modules such that Kerg = Im f and such that both L; and Ly are
isomorphic with a direct sum of p;- A, i € Irr(C), then the induced sequence of right M-modules
given by

Lo EN Ly N Lo where L, = L, @4 0L%(A) ,

satisfies

Write Ly as the union of an increasing sequence 9f A-submodules R;, C L; such that each Ry
is the direct sum of finitely many p; - A. Write Ry = Ry ®4 0L%*(A). Then Kerg/Im f is the
union of the increasing sequence of M-submodules

Kerﬁﬂﬁk (8.1)
Im f N Ry

It thus suffices to prove that for every k, the M-module in (81]) has M-dimension zero.

Fix k and write Ry = @?leij - A. Then R; = @?:1 LQ(pZ-]. - A). The restriction of g to Ry
can be viewed as left multiplication by some V' € M,, ,(C) ® A. Then also the restriction of

g to Ek is given by left multiplication with the same element V. Since Ker g = Im f, we have
Ker g N Ry, C Im f N R. Since @ (V) = 0, the M-module

Kergn Ry,
Kerg N Ry,

has M-dimension zero. The M-module in (81]) is a quotient of this and hence also has M-
dimension zero. O
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We now prove Theorem B4 by showing that the assumptions of Lemma 87 hold for inclusions
with the Fglner property. The proof follows the same lines as the proof of the same result for
discrete groups, see [CG85] and [L02, Theorem 6.37].

Theorem 8.8. Let S be a I} factor with separable predual and T C S an irreducible quasi-
reqular subfactor. Assume that the inclusion T C S is unimodular and satisfies the Fgolner
property. Let A be the tube x-algebra as above. For everyV € My, ,(C)® A, we have 5 (V) =
0.

To prove Theorem B8, we need some notation and a lemma. For every finite subset F C
Irr(C), we denote by Pr the orthogonal projection of L?(.A) onto the closed linear span of
all subspaces (1 ® er)(i8,8j)(er ® 1), 7,7 € Irr(C). We write 87 = ex(8) and abbreviate
(1 ®er)(i8,8j)(er @ 1) = (i87,87j). For every finite subset Z C Irr(C), we also denote
PT = Y ;c7 Pi» Which is a projection in A. We let A act by left multiplication operators on
L?(A). Then, the projections pzr and Pr commute and their product pzPr is a finite rank
projection. Finally, denote by D the (possibly unbounded) positive self-adjoint operator on
L?(A) given by multiplication with dy(j) on (i8, 87).

Lemma 8.9. Assume that T C S is unimodular. For every finite subset F C Irr(C) and for
every V€ A, acting by left multiplication on L*(A), we have

Te(VPrD) = u(F)Pr(V), (8:2)
where Tr denotes the operator trace on B(L*(A)).

Note that for every V' € A, there exists a finite set Z C Irr(C) such that V' =V - pz. Therefore,
V PrD is a finite rank operator and its trace is well defined. Denoting by A” the von Neumann
algebra generated by A acting by left multiplication on L?(A), we get by continuity that (8.2])
holds (and is meaningful) for all V' € pz - A” - pz and all finite subsets Z C Irr(C).

Proof of Lemma[89. Since T' C S is unimodular, we have that Ag = 1 and 7 is a trace on A.
Fix a finite subset Z C Irr(C) such that V' =V - pz. Since the left scalar product on (i8,8j)
coincides with the scalar product on (i8,8j) given by viewing it as a subspace of L?(A), we
have

Te(VPeD) = ) > de(j) (V- W, W)

iGI,jGIrr(C) WGOnbg(iS]:,S]:j)
Using that 7 is a trace and using Lemma 3.1l we get that
Tr(VPFD) = Y > do(f) T(V-WWH#) = w(F* D r(Veps) = (F)*r(V) .
1€Z,5€lrr(C) Weonby (i8 7,8 £5) 1€T

O
We can now prove Theorem B8]

Proof of Theorem [8.8. Take a finite subset Z C Irr(C) such that V' € M,,,,(C) ® A-pz. Then,
Ker(V) is the direct sum of ((1 — pz) - L?(A))®" and the kernel of the restriction of V' to
L?(pz-A)®™. It thus suffices to prove that Ker(V)N (pz-A)®" is dense in Ker(V)NL?(pz-A)®".

Define g, resp. p, as the orthogonal projection of L?(pz-A)®" onto Ker(V)N L?(pz-A)®", resp.
onto the closure of Ker(V) N (pr - A)®". We have p < ¢ and we must prove that p = q. Note

43



that p and ¢ are projections in M, (C) ® pz - A” - pr acting by left multiplication. We prove
that (Tr®7)(¢ — p) = 0.

Take a large enough finite subset G C Irr(C) such that all matrix entries of V' € M, ,(C) ® A
belong to the linear span of (i8g,8gj) with i € Irr(C), j € Z. Choose G symmetrically, i.e.
G = G. Choose € > 0. Because T' C S has the Fglner property, we can take a non empty finite
subset F C Irr(C) such that p(9g(F)) < ep(F).

Write 7/ = 9g(F). Using the same notations Pr, pz and D to denote their n-fold direct sum
as operators on L?(A)®", we claim that if ¢ € L?(pz - A)®" belongs to Ker(V) and satisfies
Pr:(€) = 0, then Pr (&) belongs to Ker(V) N (pz - A)®™. To prove this claim, we first show that
Pr(¢) € (pz - A)®". This follows because Pr(£) = Prpz(€) and because Prpr is a finite rank
projection with image in (pz - A)®".

The definition of F' = 0g(F) implies that
erm(eg®1) =erm(eg®erur) and meg®emz) =ermleger 7).

Since for every W € (i8,85) C L?(A), we have that Pr(W) = (1 ® ex)W (er ® 1), it follows
that whenever ¢ € L?(A)®" and Pz (¢) = 0, we have that

Pr(V-&) = Pr(V - Prop/(§)) = Pr(V - PRm(§) =V - Prm(§) =V - Pr(§) .
So, if moreover ¢ € Ker(V), then also Pr(§) belongs to Ker(V') and the claim is proved.

The claim means that the range projection of Pr(q A (1 — P#/)) is smaller than p. Therefore,
(¢g—p)Pr(¢ A (1 — Pr) =0 and, in particular,

Tr(D(q — p)Pr(g A (1 = Prr))) = 0. (83)

Denote by w the polar part of ¢Pz and note that ww* = ¢ — (¢ A (1 — Px)). It thus follows
from (83) that

Tr(D(q — p)Prq) = Tr(D(q — p) Pruww”) .
Since both ¢ and Pz commute with D, the same holds for w and we get that
Tr(D(q — p)Prq) = Tr(Dw*(q — p) Prw) .
Since w*w < pz Pz, it follows that
| Tr(D(q — p)Prq)| < [|[DpzPr |1 [w*(q — p)Prw|| < | DpzPr|[1,1x - (8.4)

Taking into account that all our operators act on the n-fold direct sum L?(A)®" and that by
unimodularity, dg(i) = d,.(¢) = d(i) for all 7 € C, we have

HDpIP]:’Hl,Tr =n Z d(j) dlm(ZS]:/,S]:/])

1€Z,5€lrr(C)

=n Y d(j) mult(j,S%iSs)
1€Z,5€lrr(C)

=32 d() d(8)* = n d(T) u(F)? < n d(T) e u(F)? |
ieT

where d(Z) := ;.7 d(i).
In combination with (84]) and the observation that D and ¢ commute, we get that

| Te((q — p)PrD)| < n d(T) e u(F)>* .
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Using Lemma [8.9] we conclude that
(Tr@7)(g—p) < n d(T)e*.
Since € > 0 is arbitrary, it follows that ¢ — p = 0. ]

We finally prove that in many interesting cases, amenability and strong amenability are actually
equivalent conditions.

Lemma 8.10. Let T C S be an irreducible, quasi-reqular inclusion of Il factors. If T C S
has the Fglner property, then T' C S is amenable in the sense of Definition [l

The converse holds under the extra assumptions that every irreducible T-subbimodule of L?(S)
appears with multiplicity one and that there exists a § > 0 such that for all a, 8,7 € Irr(C),

either eg m(ey @ eq)m* =0 or egm(e, ®eq)m™ >deg.

Here, e, denotes the projection of L?(S) onto the T-subbimodule equivalent with c.

The above extra assumptions are satisfied for all SE-inclusions, as well as all inclusions of the
form N x A C N x T given by an almost normal subgroup A < T and an outer action of I on
a Il factor N.

Proof. First assume that 7' C S has the Fglner property. Take a net of finite subsets F; C Irr(C)
such that p(9g(F;))/u(F;) tends to zero for every finite subset G C Irr(C). For every finite
subset 7 C Irr(C), define as before the element er := ) rey in (8,8) = p. - A - p.. Define

& = M(}"i)*lﬁe;iAé/z. By construction, ||&l2- = 1 for all i. We claim that for every
V e (8,8), we have
Hm(V'- &, &) = Te(V)

Once this claim is proved, the amenability of T' C S follows from Proposition 82l Fix V' € (8§, 8).
Take a finite subset G C Irr(C) such that V = egV. Write F, = F; \ 0g(F;). Since

1(9g(F4))

— 0,
1(Fi)

_ 1/2
& — n(F) "V em A2 I3, <

it suffices to prove that

. 1 1/2 1/2
lim Vler A7), er. A =Tr(V).

Since m(eg ® ex) = ex;m(eg ® ex) and since the co-unit is a character on p. - A - p., we get
for every i that

(V- (erAg?) er, 0% = Tif (er A% m(V © ez Ay %)m*)
= Tlrg(m(VAé/2 ® exAg)m’”)
= T (VAY?) T () = Te(V) u(F)) -

7

Dividing by u(F;) and taking the limit over ¢, the claim follows. So, T' C S is amenable.

Conversely, assume that T' C S is an amenable inclusion and that the extra conditions in the
lemma are satisfied. Fix a finite, symmetric subset G C Irr(C). We prove that there exists a
sequence of finite subsets F,, C Irr(C) such that p(dg(Fn))/p(Fn) — 0.
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By Proposition 8.2 we find a net of vectors & € p. - A - p. such that ||&|l2,- = 1 for all ¢ and

hm IV & —Te (V)] =0 forall Vep.-A-p.. (8.5)

Since the irreducible T-subbimodules of L?(S) appear with multiplicity one, (8,8) is the linear
span of the elements e,. Define the finitely supported functions 7; : Irr(C) — C such that
1
é—z "72( )

= ————cy .

aclrr(C) Trg(ea)

Since (e, - €q,e5) = Tré(egm(e, ® eq)m*) and e?f = ey, the infinite matrix

T — Z Tr(egm(ey @ eq)m*)
/37a - g Z
veg /Tri(es) Tri(ea)

is symmetric. By (83), we have that lim; |79 (n;) — Tr(eg)n;|l2 = 0, where || - |2 is computed
w.r.t. the counting measure on Irr(C). Writing v, = v/p(a) = /Tt" (eq), we get that

Tyt (eam(eg ® eg)m*)
TS Vg = d, ( 1/2
ae;r(c “ 046%0) de(a)/? de(B)1/?2

= > AY? 4(B)? Trf(eam(eg ® eg)m”)

a€lrr(C)

= Z de(8)~Y2 A 1/2 (eam(A§/26g®eg)m*)
a€lrr(C)

= do(B) 2 AP Tet (m(AgPeg @ eg)m*)
:dm)*/mw ' (Ag%eg) Tr'(eg) = Tr(eg) vs -

So, the formal equality 79(v) = Tr(eg)v holds.
Whenever «, 5 € Irr(C) and Tﬁg o 7 0, it follows from our assumptions that

79 > s de(B)
o =7 Jde(a)

In that case, we find in particular a v € G such that the bimodule £ is contained in v ® «.
Then also « is contained in 7 ® 3 and we conclude that dy(a) < Tr(eg) dy(8). We conclude
that all non zero entries of Tg are bounded from below by &/ Trf(eg). Also note that dg(F,)
is the boundary of F,, in the graph structure on Irr(C) in which «, 8 are connected by an edge
if and only if Tg > 0. So, it follows from [P97bl Corollary 2.1] that there exists a sequence
of non empty finite subsets F,, C Irr(C) such that u(9g(Fy,))/uw(Fn) — 0. So, T' C S has the
Fglner property.

Next consider the case of SE-inclusions. So we are given a I1; factor M and a tensor category C;
of finite index M-bimodules having equal left and right dimension. We write T'= M ® M°P and
we have the SE-inclusion 7' C S. By construction, for all o € Irr(Cy), we have a T-bimodular
map

o Ha @ He — L*(S)
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satisfying 6%6, = d(a)~! 1 and &35 = 0 if a # 8. Also,

mo(by®da) = D Y. dB) o (Vel).

BEIrr(C1) Ve€onb(B,va)

Note that also the T-bimodules contained in L?(S) have equal left and right dimension. We
denote by eq € (8,8) the minimal projection corresponding to the irreducible T-bimodule
Ho @ He- So, eq = d(a)d40%. A direct computation then gives

egm(ey @ eq)m™ = mult(f, y (chl(aﬁ)) d(v) d(a) e .

This expression is non zero if and only if 8 is contained in v ® a. In that case, we have
d(B) < d(vy) d(a) and it follows that egm(ey ® eq)m* > egs.

Finally consider an almost normal subgroup A < I' and an outer action of I" on a II; factor
N. Put T=Nx A and S = N xTI. For every double coset v € A\I'/A, denote by H(y) the
| - ||2-closed linear span of {zu, | x € N,g € v}. Each H(y) is an irreducible T-subbimodule
of L?(S) and these T-subbimodules are mutually inequivalent. Fix a, 3,7 € A\I'/A. Take
ai,--..,a € a such that « is the disjoint union of the cosets Aa;. Then, the map

U:H(y) @CF = H(y) @7 Hia) : UE @ e;) = € @ ug,

is unitary. Write W = m o U and note that W({ ® e;) = {ug,. For all x € N and g € T', we
have that
W*(zug) = Z Tuguy, & e; .
i,ga;tey

Thus, writing 8 = AbA for some b € I', we get that
es m(ey @ eq)m* = egWW* = #{i | ba;* € v} e5
which is either 0 or at least eg. U

Remark 8.11. 1. When T C S is the SE-inclusion of a tensor category C; of finite index
M-bimodules having equal left and right dimension, then the amenability of the inclusion
T C S is equivalent with the amenability of C; as a rigid C*-tensor category. This follows
immediately from Proposition and the identification between p. - A - p. and the fusion
algebra of Cj.

2. When A < I' is an almost normal subgroup and I' ~ N is an outer action on the IIy
factor IV, then the amenability of the inclusion of T'= N x A inside S = N x I is equiv-
alent with the amenability of the Schlichting completion G, which is the locally compact
group defined as the closure of T" inside the permutation group of I'/A equipped with the
topology of pointwise convergence. Indeed, the closure of A inside G is a compact open
subgroup of G and there is a natural identification of K\G/K with A\I'/A. Condition 4
in Proposition then becomes the existence of a net of unit vectors & € L?(K\G/K)
such that viewing &; as vectors in L%(G), we have lim;(\,&;, &) = 1 for every g € G. This
last condition is equivalent with the amenability of G.
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9 Computations

9.1 The 0’th L?2-Betti number

Proposition 9.1. Let T C S be an irreducible, quasi-regular, unimodular inclusion of I
factors. Then, BSP(T C S) =[S : T]L.

Proof. Let C be the tensor category of finite index T-bimodules generated by L?(S). Denote
by A the tube *-algebra and write M = A”. Using the resolution in the proof of Theorem [7.1],
we get that 562) (T C S) equals the M-dimension of the left M-module Ky, where Ky is defined
as the orthogonal complement in L?(A - p.) of the image of the map

P (8%8) = L* (A p.): Vi (leamV —(1elea)(Vel)m".
1€lrr(C)

Define g. € Z(M) as the central support of p.. Then, L?(A-p.) = q. - L>(A - p.) and thus,
Ko = g - Ko. So, writing M. := p. - M - p., it follows from [KPV13, Lemma A.15] that
dimpg Ko = dimpy, (p- - Ko). Note that p. - Ko equals the orthogonal complement in L?(M.) of
the image of the map

(82,8) = L* (M) : V= mV —(1®@a")(V®1)m*.
For every W € (8,8) and V € (82,8), we have that
(W, Q@a)(Vel)m’) = (mWe1),V).

Note that L?(M.) is the completion of (8,8) with respect to the scalar product (V,W) =
Tr(VW*) and thus, L?(M.) can be viewed as the space of bounded T-bimodular operators
V . L?(S) — L?(S) with the property that Tr(VV*) < co. Then W € p. - K if and only if we
have
Wm(leer) =m(l®er)(W®1)

for every finite subset F C Irr(C), and where the equality holds as bounded T-bimodular
operators from L?(S) @ L?(S) to L?(S). Composing with § ® 1, where 6 : L2(T) — L?(S) is
the inclusion map as before, we find that

Wer=m(l®er)(Woix1l).

Since W is a T-bimodular map from L?(T) to L?(S), it must be a multiple of §. We conclude
that
Wej: = T(W) er

for all finite subsets F C Irr(C). This means that p, - KCp consists of the multiples of the identity
operator on L2(S). If [S : T = oo, also Tr(1) = oo and it follows that p. - Ko = {0}. Then also

(T C S)=0. If[S : T] < 0o, we write z. = [S : T]~'1 and we get that z. is a minimal central
projection in M, projecting onto p. - K. So in that case, ﬁ((f) (TcS)=7(z)=[S:T]7t. O

Corollary 9.2. IfC is a rigid C*-tensor category, we have B{”(C) = <Zaelrr(C) d(a)Q)

Corollary 9.3. Let T C S be an irreducible, unimodular inclusion of Il factors with finite
index. Then,

(T CcS)=[S:T)]" and BP2(T CS)=0 forall n>1.
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Proof. By Theorem [T1], we compute 35 (T C S) by tensoring an exact sequence of A-modules
with L?(p. - A)°®4- . In the finite index case, L?(p.-A)° = p. - A and the sequence stays exact.
So, BP(T © S) =0 for all n > 1, while 562) (T C S) was computed in Proposition O

9.2 The L2-Betti numbers of free products

Proposition 9.4. Let T'C 51 and T C Sa be irreducible, quasi-reqular, unimodular inclusions
of I factors. Define S as the amalgamated free product S = Sy Sy w.r.t. the trace preserving
conditional expectations. Assume that T C S is still irreducible and that the inclusions are non-
trivial: S; #T. Then,

0 (T cS)=0,

(T C8)=BP(T CS1)+ BT CSy)+1—(BP(T CSy)+B5(T CS)) and
BT C S)=BP(T C S1)+BP(T CSy) forall n>2.

Denote by C; the tensor category of finite index T-bimodules generated by 7" C S;. If C; and
C, are free, in the sense that every alternating tensor product of T-bimodules in Irr(Cy) \ {¢}
and Irr(Ca) \ {e} stays irreducible, then 7' C Sy *7 So is automatically irreducible.

Corollary 9.5. If a rigid C*-tensor category C is the free product of non trivial full tensor
subcategories C1 and Ca, then

(2)

0 (C) 0 )
BI(C) = BI(C1) + B (C2) + 1= (B (C1) + B (C2))  and
BE(C) = BY(C1) + BL(Co)  for all n>2.

Proof of Proposition [9.7). Let C be the tensor category of finite index T-bimodules generated
by T'C S. Write 8§ = QNg(T') and 8, = QNg, (T') for k = 1,2. Denote by A the associated
tube *-algebra. Consider the left A-module £ as in Remark To compute 55 (T C S), we
will construct a specific resolution of £¢. Define the A-module map 0 : A - p. — £ given by
([Z3). For k =1,2 and n > 1, consider the n-fold relative tensor product 8} = 8, @7 --- @7 8,

define
A= B (issy,s)
1€Irr(C)
and turn A* into a left A-module as in (ZI). We have the left .A-module isomorphisms

P Ape@sie A Vew »(Vel)(laW)
i€lrr(Cy)

so that every A is a projective left .A-module. The same formulas as in (Z4)) yield A-module
maps
O:AY > A-p. and 9:AF — AF_ | forall n>2.

Taking direct sums, we find the complex
s Mo A s Ao A Al A2 5 A p. 5 ESD. (9.1)

We claim that the complex in (@) is exact. The exactness at the position Al @ A2 for
n > 2 follows by using the same homotopy as in (Z.5)). The exactness at the position A} @& A?
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follows in the same way, once we prove that (V) = (W) for V € A}l and W € A? implies
that (V) = (W) = 0. To prove this statement, define 8] as the linear span of T and all
alternating products of 8¢ © T and 89 & T that end with S5 &T. Note that the multiplication
map defines a unitary 7-bimodular operator L?(8}) @r L?(81) — L?(8). We similarly define
8,. In this way, we identify (i8,8) with (i8]81,8) and with (i8,82,8). Viewing (i8/,8) as a
subspace of (8, 8) by the inclusion 8] C 8 and using the multiplication maps my, : S®78; — 8,
we define the linear maps

Di:A-p.—Ap.: Vs (2@a)(Vel)m! foral Ve (i88,8) ,
Dy:A-p.—=A-p.: Vs (120a)(Vel)ms foral Ve (i885,8) .

Note that for every V € (i8,8), we have Di(V) € (i8],8). We also have D;(V) = V for all
V e (i8],8). Analogous statements hold for Ds.

Using the embedding (8}, 8) C (i8,8) as the homotopy, we get that
A S Ap. 8 A

is exact.

Writing 87 = 8 © T, we have that 8 is the linear span of 71" and all alternating products in
8y and 85. When e.g. V € (i87858%,8), then D;(V) belongs to (i8783,8), and Dy(D1(V))
belongs to (i89,8), so that D1(D2(D1(V))) belongs to (i,8) and equals d(V'), where we viewed
(2,8) C (48,8) through the identification of W and (1 ® §)W. All further (DyD;)"(V) with
n > 2 equal (V). In general, for all V' € A - p, the sequences (D;D2)"(V) and (D2D1)"(V)
become constantly equal to 9(V') for n large enough.

So, defining for all n > 1, the maps

St A-pe = A-pe: Su(V) = Di(V) = Do(Di(V) + -+ + Di((D2D1)" (V) — (D2D1)"(V)
Tw:A-pe— A-pe: Tn(V) = DQ(V) — Dl(DQ(V)) + -+ DQ((DlDz)n_l(V)) — (Dng)n(V)

also the sequences S, (V') and T,,(V) become constant for n large enough, and we denote this
‘limit’ as S(V'), resp. T(V). When V' € (i8/8%,8), we have T,,(V) = V—=5,,_1(V)— (D1 D2)"(V),
so that S(V)+T(V) =V — 9(V). The same formula holds when V' € (i8,83,8) and when
V € (i,8). So, we get that

SV)+T(V)=V —-0(V) forall VeAd p..

We are now ready to prove the exactness of (II) at the position Al @ A%. Assume that
OV)=0(W) for Ve Al and W € A% Since A5 — A¥ — A p. is exact, it suffices to prove
that 9(V)) = 0. We have that D;(9(V)) = 0. But also Dy(9(W)) = 0 and thus, D2(9(V)) = 0.
Both together imply that S(9(V)) =0 =T(9(V)), so that (V) = 9(a(V)) = 0.

Finally, we have to prove that (9.1]) is exact at the position A-p.. Take V € A-p. with (V') = 0.
Then, V = S(V) + T(V). It suffices to prove that S(V) € 9(A?%) and that T(V) € 9(A}). For
this, it suffices to prove that Dy(S(V')) = 0 and D1(T(V)) = 0. Since Da(W — Dy(W)) = 0 for
all W € A - p., the definition of S immediately implies that Dy(S(V)) = 0. Similarly, we get
that D1(T'(V)) = 0.

So, we have proved that (@) is a resolution of £ by projective left A-modules. Write M = A".
By Theorem [T1] the L?-Betti numbers of 7 C S can thus be computed as the M-dimension
of the homology of the complex

- BloB: s BloB - Bl oB - LA p.),
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where
Bi= D LA -p)@8S}.e)
1€Irr(Cy)

and the boundary maps are the natural extensions of the boundary maps in (@1]). Denote by
Ay the tube x-algebra of T C Sy and Cy. Write My = A}. By Theorem [} the L?-Betti
numbers of 7' C S are computed as the Mj-dimension of the homology of the complex

s L = L5 - £ — L (p. - Ay pe)

where
Lh= @ L(Ar-pi) @ (8]e)
1€Irr(Cy)

and the boundary maps are as above.

For k = 1,2, define the projection g € M given by ¢ = Zielrr(ck) p;. For any chain com-
plex (Lp)n>0 of Mi-modules, the My-dimension of the homology of (Ly)n>0 equals the M-
dimension of the homology of the complex (M- qr @, Ln)n>0. Since for every i € Irr(Cy,), the
multiplication map M - qx @ pmq, L?(Ag - pi) — L*(A-p;) is a dimension isomorphism, it follows
that 8 (T C Si) can be computed as the M-dimension of the homology of (B),>o.

We then immediately get that
BT C S)=BP(T CS1)+BP(T CSy) forall n>2.
We also get that
(T c 8)=pP(T C 8y) + BP(T C Sy) + dima (O(B]) NO(BY)) . (9.2)

Since both Sy # T', we get that all alternating products of 87 and 85 define nonzero orthogonal
T-subbimodules of L?(S). Therefore, T C S has infinite index and 5(2) (TcS)=0

For k = 1,2, define the projection 2z € p. - A - p. given by z, = 0 if [Sg : T] = oo and
otherwise given as [Sy : T]~! times the projection of L?(S) onto L?(Sy) viewed as an element
inp.-A-p. =(8,8). Write M, = p. - M - p.. Exactly as in the proof of Proposition Q.1 we
get that

dim (9(By) NO(BY)) = dimag. (p- - O(Bi) N pe - I(BY))
=1 — dimp, (pe - O(AD " +pe - I(ADT) =1 —7(21 V 22)
=1—(7(z1) +7(22) = 7(21 A 22)) .
Since T' C S has infinite index, we have z; A zo0 = 0 and we conclude that
dimpa(O(B]) NOBE)) =1 —[Sy : T] 7 =[S, T] ' =1 - BT € S1) — BP(T C Ss) .
Together with (9.2]), we have found the required formula for 5{2) (T S). O

9.3 The L?-Betti numbers of tensor products

Proposition 9.6. If 7 C Sy and Ty C Sy are irreducible, quasi-regular, unimodular inclusions
of 11 factors, then

BA(MET, C 5 ®S,) = ZW (Ty € S1) B2 (T C S5) .

If C1 and Cy are rigid C*-tensor categories, we have a similar formula for B3 (C1 x C3).

51



Proof. The tube algebra A of T' C S is canonically isomorphic with the algebraic tensor product
A1 ® As of the tube algebras Ay of T, C Si. Also the trivial left A-module £ is the tensor
product £ ® & of the trivial left Aji-modules &.. Given resolutions (Lfl) of & by projective
left Ag-modules, we build the bicomplex of A-modules (L} ® L2)),, m. The total complex

n

L,=PLi® L)
k=0

is a resolution of £ by projective left A-modules. The computation of 5 (T C S) can then be
done exactly as in the proof of [K09, Theorem 2.1]. O

9.4 The L?-Betti numbers of the Temperley-Lieb-Jones subfactors

Definition 9.7. For every extremal finite index subfactor N C M, we define ﬁs(i)b SN CM):=
(T  S) where T C S is the SE-inclusion of N C M.

The following proposition implies in particular that '85(121)1) (N C M) only depends on the stan-
dard invariant of the subfactor N C M.

Proposition 9.8. Let N C M be an extremal finite index subfactor with tunnel/tower (My)kez.
Let Cyy be the category of finite index M -bimodules generated by N C M.

1. We have B (N € M) = B (Cur). More generally, whenever My, C P C M, for

sub,n

some k < m, we have B} (N C M) = B (Cp) where Cp is the category of finite index

sub,n

P-bimodules generated by L*(M,), n > m.

2. We have B2, (N ¢ M) = 8% (P C Q) whenever M, C P C My C M,, C Q C M,

sub,n sub,n

with a <k <m <b.

Proof. These are immediate consequences of the discussion in Section and the stability of
L?-Betti numbers under Morita equivalence in Proposition [74] O

We prove the following result. Recall that a subfactor N C M is called Temperley-Lieb-Jones
(TLJ) if the relative commutants M, N My, in the Jones tower N C M C M; C --- are as
small as possible, i.e. generated by the Jones projections e,, k < n < m.

Theorem 9.9. 1. Let N C M be a TLJ subfactor. Then, B2, (N C M) =0 for alln > 1.

sub,n

2. Let N C M be a Fuss-Catalan subfactor in the sense of [B.J95]. Then B2, (N C M) >0

and all other L?-Betti numbers vanish.

Fuss-Catalan subfactors arise as the free composition of two TLJ subfactors (see [BJ95]). So,

the exact value of 8% (N C M) can be computed using Proposition

Proof. 1. Let C be the tensor category of finite index M-bimodules generated by N C M.
Denote by A its tube *-algebra, with corresponding von Neumann algebra M = A”. In [GJ15,
Section 5.2], it is proved that for every ¢ € Irr(C), the von Neumann algebra p; - M - p; is diffuse
abelian and the subalgebra p; - A - p; is essentially a polynomial algebra. In particular, every
nonzero element of p; - A - p; defines an injective operator in p; - M - p;. Combining Lemma @.10]
below and Lemma BT, we conclude that 35 (C) = 0 for all n > 1.
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2. By definition, a Fuss-Catalan subfactor N C M is the free composition of TLJ subfactors
N CPadP C M. Le¢e NC M C My C --- be the Jones tower. Define Cp as the
category of finite index P-bimodules generated by L?(M,), n > 0. By definition, Cp is the free
product of the categories of P-bimodules C; and Co generated by resp. N C P and P C M.
By Proposition @8, we have 82 (N ¢ M) = 37 (Cp) for all n > 0. From 1, we know that

sub,n
(2) (Cy) =0forall k=1,2 and n > 1. Since Cp is the free product of C; and Cs, the conclusion
follows from Proposition O

In the proof of Theorem[9.9] we needed the following lemma, using the notation of Definition

Lemma 9.10. Let (X,pu) be a standard probability space and D C L*°(X,u) a dense -
subalgebra with the property that every a € D\ {0} satisfies a(x) # 0 for a.e. x € X. Then for
every V € My, »(C) ® D, we have that 3 (V) = 0.

Proof. View V as a measurable function X — M, ,(C) with the property that the components
x +— V(x);; belong to D for all i, j. Denote by K the closure of Ker V ND®" inside L*(X, u)®".
We have to prove that K = Ker V.

For all subsets I C {1,...,m}and J C {1,...,n} with |I| = |J|, we denote by V' (z)r,s the I x.J
minor of the matrix V (), i.e. the determinant of the matrix given by the I-rows and J-columns
of V(z). Define k € {0,...,n} as the largest integer for which there exist such subsets I and J
with |I| = |J| = k and with « — V(x) ; being nonzero on a non negligible set of x € X. Since
x +— V(x)r,7 belongs to D, we then get that V(x)r, s # 0 for a.e. € X, while V(z)p 5 =0
for a.e. x € X and all subsets I',J" with |I'| = |J/| > k. After removing from X a set of
measure zero and after reordering the indices, we may assume that with I = J = {1,... k},
we have V(z); s # 0 for all z € X, and V(z)p » = 0 for all z € X and all subsets I', J* with
|\I'| = |J'| > k.

We define for all » = k£ + 1,...,n, the elements &, € D®" given by

(=1)V (@) ngpopy i 1<i<k,
(@) = (=D V ()1, if j=r,
0 if je{k+1,...,n}\{r}.
For every x € X, the matrix V(z) has rank r and the vectors &,.(z) € C", r =k +1,...,n,
form a basis for Ker V' (z).
Fix n € Ker V. Then, for a.e. x € X, we have that

(@)= Y V(@) i), &) . (9:3)

r=k+1

Fix ¢ > 0. Take a measurable subset Xy C X such that p(X \ Xo) < ¢ and such that
both z — V(m);}] and = — n(z), are bounded on Xy. Denote by 1x, the projection in
L*>(X, u) that corresponds to Xo. Then (@.3]) implies that 7 - 1x, belongs to the linear span of
(Ker VND®") . L>®°(X). Thus, n- 1x, € K. Since € > 0 is arbitrary, we conclude that n € K.
So we have proved that K = Ker V. O

9.5 Homology with trivial coefficients

The following result generalizes the statement that homology of finite groups with trivial coef-
ficients vanishes.
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Proposition 9.11. Let T C S be a finite index inclusion. Then H,(T C S, L*(S)) =0 for all
n > 1, while Ho(T C S, L*(S)) = C.

Proof. By Remark [6.2] the differential complex in Definition 6.1l computing H,,(T C S, L?(S))
consists of cyclic tensor products, which are exactly the higher relative commutants 7" N S

associated to the Jones tower T C S C S; C ---. The differential of this complex is then
precisely the one considered in [J98 Section 6] and it follows from [J98] that the complex is
acyclic. n

Remark 9.12. Let T' C S be an irreducible quasi-regular inclusion of II; factors. Write
8§ = QNg4(T). By Remark [6.212, the homology H,,(T C S, L?(S)) can be computed by the bar
complex (Cy,)n>0 given by the (n + 1)-fold cyclic tensor products C,, = 8"*1/T of § relative to
T. Defining the shift 7: C), = C, : T7(20®- - Qxp) = T, QT - - Tp—1, One can also define the
cyclic chain complex (C))n>o given by O = Cy, /{&—(=1)"7(€) | € € Cp}. The cyclic homology
of T C S can then be defined as the homology of (C}),>0. Similarly, one defines the cyclic
cohomology of T C S. Again, when T" C S has finite index, cyclic homology trivializes (see
[J98|, Corollary 6.3]), but for other quasi-regular inclusions like the SE-inclusion of a subfactor
of infinite depth, one obtains a potentially interesting cyclic (co)homology theory.

Using the methods of Theorem [I.1] the cyclic homology of T' C S can be identified with a cyclic
homology theory for the tube x-algebra A associated with T" C S and the tensor category C
generated by the finite index T-subbimodules of L?(S). In particular, one can define in this
way a cyclic homology theory for rigid C*-tensor categories.

Let P be a planar algebra. Consider the space C viewed as a module over the tube algebra
associated to P by using the augmentation map. The homology with coefficients in this module
is then computed by the differential complex described as follows. The space Cj is the linear
span of diagrams drawn on the sphere with points 754 1,...,71 = 0o removed:

The differential 0y : €, — Cr_1 is again given by Zfzo(—l)j d; where d; sends a diagram drawn
on 5%\ {r1,...,rk41} to the diagram drawn on S%\ {r1,...,r;,7j4+2,...,7k+1}. In particular,
we have that dy is given by

where we have colored the strings of x that pass between the point r; and the point at infinity
= ri+1 in blue for emphasis.

In the case of the TLJ planar algebra, the space Cj, is linearly spanned by all possible topological
arrangements of non-intersecting circles surrounding k points in the plane (which is identified
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with the sphere with a point at infinity removed). Furthermore, the interiors of the circles are
shaded in an alternating fashion, so that each circle lies at the boundary between a shaded an
unshaded region. The shading of the entire picture is completely determined by whether the
region near the point at infinity is shaded or not, and we refer to this as the shading of the
picture. Thus, for example

Co =C, C; = span{oy : k > 0}, Cz = span{og, @ a,b,¢ > 0}

where

n=P. o= OO} (9.4)

(the letters indicate numbers of parallel strings). Here we are abusing notation and are using
the same symbol and picture not specifying the shading at infinity. These elements are linearly
independent in the case that the parameter § is generic (i.e., 6 > 2). For § < 2 there are
relations between these elements. In particular, in that case G is the linear span of o} for
0 < k < d for some fixed d (depending on § < 2).

Proposition 9.13. We have Ho(TLJ(0)) = C, while H;(TLJ(5)) = H2(TLJ(6)) = 0.

Before proving Proposition [@0.13] it is worth noting that if § > 2, the fusion algebra associated
to the TLJ planar algebra is isomorphic to the algebra of single-variable polynomials R = CJt]
with the augmentation given by € : p — p(d). One can easily check that the map ¢ — ¢'(9)
is a nontrivial linear function on the space of Hochschild 1-cycles for (R, «) and descends to a
nonzero functional on HH; (R, C). This homology group is therefore nonzero (it is in fact equal

to C).

So, the TLJ planar algebra provides an example where the homology of a tensor category /planar
algebra is different from the homology of the associated fusion algebra.

Proof. Using the notation (9.4]), we have
810’k =0 and 320’275) = 5a0,b+c - 5b0'a+c + 500'a+b,

where the shading of all of the terms on the right hand side of the equation is the same as
that of the element on the left, except that the shading of the last term is reversed if ¢ is odd.
So, Ho(TLJ(6)) = C. We also get that dyo0; = 0"01 — 004 + 0qy1 50 that o4q1 (with either
shading) is homologous to a linear combination of o, and o;. Applying this inductively shows
that any oy (with either shading) is homologous to an element of the linear span of oy and og
(both with the opposite shading). On the other hand, 8206,0 = 01 — 01 + dog which shows that
oo (with either shading) is homologous to zero. Finally, 820871 = 01 — 0oy + o1 which shows
that 207 (with either shading) is homologous to doy and thus to zero. So, we have proved that
H,{(TLJ(6)) = 0.

We further compute

03 ( O” OD O > = 8%y, — 8'op .+ 600, — 05
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where the shading of all terms on the right is the same as that of the term on the left, except

that the shading of o7, , is reversed when c is odd.

We will use the notation z ~ y to indicate that * — y € image d3. Thus:
Oop ™~ 5“086 - 5b027c + 5603711.

a,

(with same or reversed shading depending on the parity of ¢).

Next, consider

. _ 0 b _0 c 1 l+c
9| 9 @ O = Opype— 00,40 00,6 — %0

0 b0 el 0 b 0 1 0
~ Opyle—00..+0 [Ub,l_(s Uo,l+500,b]

0 b I+¢ 0
- [Ub,l—l—c = 0700, 14c 10 +CO'O,b} :

(9.5)

where the shading of all of the terms is the same as that of the term on the left hand side,
except that the shading of the first occurrence of 08 p is reversed according to the parity of [

and the shading of its second occurrence is reversed according to the parity of [ + c.

Thus
0 b _0 0 ¢ 0 0o 0 .
Opt,c — 0 0l ~ Op e — 60 + span{og g, 00, : a,b > 0}.

(with all possible shadings of the right hand side). Taking [ = 1 we get:

agﬂ,c ~ 5%?70 + agcﬂ — 00,1 + span{ag,o, 087b ta,b>0}.
Applying this recursively shows that

c 0 0 0 .
Tab ™ span{al,a,abp,aoﬁ ta,b,c >0}

(with all possible shadings).
Setting ¢ = 0 in (9.6]) gives
agﬂ,o ~ 5ba?7c + span{ago, 087b ta,b >0},

Thus
0 0 0o 0 .
01~ Opp10+ span{aap, Oop @b > 0}.

Using (@.0) with a = ¢ = 0 we get that
00 ~ Tho — 07000 + 00,
so that ‘719,0 ~ 5%870. Using (9.9) and (9.8) we deduce that
0(1)76 ~ span{ogo, 08’,) ta,b >0},

which together with (@3] implies that

span{a%a, 0270, 0876 ta,b,c >0} ~ span{ogo, 08’,) ta,b >0} ~ span{ag’a ta >0}
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Combining this with (@.7]) we obtain that any o§, is equivalent modulo the image of 05 to an
element of span{a&a :a > 0} (with all possible shadings).

Assume now that that z € ker . Then we may assume that z (up to the image of 03) is of
the form ) aa087a (with various shadings).

If 6 > 2 then {o(, : @ > 0} and {0, : a > 0} are both linearly independent sets (with either
shading). Using

Hhad, = 20, — %0

(with same shadings on both sides) we deduce

2 Zaaaa — (Z 0oy = Oz =0

which implies that o, = 0 for all @ and so z ~ 0. We have proved that Hy(TLJ(6)) = 0.

If § < 2 we already know that Ha(TLJ(9)) vanishes because TLJ(J) is finite-depth; however,
there is a short independent argument. Indeed, there exists an integer k so that {087(1 :0<a<
k} and {0, : 0 < a < k} are both linearly independent sets and moreover span{a&a :0<a<

k} = span{ag’a :a > 0}. Thus we may assume that z = 22:0 aaag,a and using the formula
for 0oz we conclude again that a, = 0 for 0 < a < k and that z ~ 0. O

We do not know if H,(TLJ(4)) = 0 for all values of 6 but suspect that this is the case. In
general, it would be very interesting to construct a resolution (of finite length?) for TLJ(J)
that allows to prove at the same time that H,(TLJ(5)) = 0 for all n > 1 and 85 (TLJ(8)) = 0
for all n > 0.

9.6 One-cohomology characterizations of property (T), the Haagerup prop-
erty and amenability

We recall the following definitions from [P86] [P0O1].

Definition 9.14. Let S be a II; factor and T' C S a quasi-regular irreducible subfactor.

1. [P86), Definition 4.1.3] S has property (T) relative to T if the following holds: when-
ever ¢; : S — S is a net of normal T-bimodular completely positive maps satisfying
lim; ||@;(x) — z||]2 = 0 for every = € S, then limi(supx,”mngl lpi(x) — :U||2) =0.

2. [P0, Definition 2.1] S has the Haagerup property relative to T' if there exists a net of
normal 7-bimodular completely positive maps ¢; : S — S such that lim; ||¢;(z) —z||2 = 0
for every = € S and such that for every ¢, the map ¢; : S — S belongs to the compact
ideal space J((S,er)) (see [P0OI] Section 1.3.3] and Lemma below).

Whenever T' C S is a quasi-regular irreducible subfactor, we denote by C the tensor category of
finite index T-bimodules generated by L?(S). As before, for every subset F C Irr(C), we denote
by e the orthogonal projection of L?(S) onto the closed linear span of all T-subbimodules of
L?(S) that are isomorphic with a T-bimodule contained in F.

Definition 9.15. Let S be a Il; factor and T' C S a quasi-regular irreducible subfactor. Denote
8 = QNg(T). A 1-cocycle for T C S is a T-bimodular derivation ¢ : 8 — H from § to a Hilbert
S-bimodule H. Such a 1-cocycle is said to be
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1. inner if there exists a T-central vector £ € H such that ¢(x) = 2§ — &x for all z € §

2. approximately inner if there exists a net of T-central vectors &; € H such that lim; ||c(x) —
(& —&x)||=0forall z € § ;

3. bounded if ¢ extends to a bounded operator from L2(S) to H ;

4. proper if for every k > 0, there exists a finite subset F C Irr(C) such that ||c(x)| > &||z||2
for all z € (1 — ex)(8).

The following is the main result of this section and provides a one-cohomology characterization
of property (T), the Haagerup property and amenability. These characterizations are well
known in the group case : the first is analogous to the Delorme-Guichardet theorem (see e.g.
[BHVO0S, Theorem 2.12.4]) ; for the second one, see [CCT01, Theorem 2.1.1] ; for the last one,
see [G80, Chapter III, Corollary 2.4].

Theorem 9.16. Let S be a I} factor with separable predual and T C S a quasi-regular irre-
ducible subfactor. Denote 8 = QNg(T).

1. S has property (T) relative to T if and only if for every Hilbert S-bimodule H, every
1-cocycle ¢ : § — H is inner.

2. S has the Haagerup property relative to T if and only if there exists a proper 1-cocycle
c:8 — H into some Hilbert S-bimodule H.

3. S is amenable relative to T' (see Definition [81]) and [S : T] = oo if and only if there
exists an approzimately inner, but non inner 1-cocycle ¢ : § — L?(S) @1 L*(S).

The following is an immediate consequence of Theorem [0.16]1.

Corollary 9.17. Let S be a II; factor and T C S a unimodular quasi-reqular irreducible
subfactor. If S has property (T) relative to T, then B (T C S) = 0.

Before proving Theorem [0.16], we need a few technical lemmas.

Lemma 9.18. Let S be a I} factor and T C S a quasi-regular irreducible subfactor. Denote
8§ =QNg(T). A 1-cocycle ¢ : 8§ — H is bounded if and only if it is inner.

Proof. When £ € Hrp, the normal functional S — C : z — (2€,§) is T-central and hence a
multiple of the trace 7. Therefore, ||z&|| = ||z||2 ||£]| = ||{z| for all £ € Hp and = € S. Tt follows
in particular that every inner 1-cocycle is bounded.

Conversely, if ¢ : § — H is a bounded 1-cocycle, which we extend to ¢ : L?(S) — H, we define
¢ as the center of the closed convex hull K of {u*c(u) | u € U(S)}. Since v*Kv = K for all
v € U(T), it follows that v*&v = £ for all v € U(T), so that £ is T-central. When v € U(S), the
map 1 — v*nv + v*e(v) is an isometry that globally preserves K. Therefore v*év + v*c(v) = &

for all v € U(S), so that ¢(z) =z — €z for all x € S. O
Lemma 9.19. Let S be a II} factor and T C S a quasi-regular irreducible subfactor. Let
i + S — S be a net of normal T-bimodular completely positive maps. If p; — id in || - |2
uniformly on {x € S| ||z|| < 1}, then p; — id in || - ||2 uniformly on {x € S| ||z||2 < 1}.
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Proof. 1t suffices to prove the following statement: if € > 0 and ¢ : S — S is a normal unital
T-bimodular completely positive map satisfying ||o(u) — ulls < €2/8 for all u € U(S), then
lp(x) — z||2 < g||z||2 for all € S. To prove this statement, construct the Hilbert S-bimodule
‘H with T-central unit vector £ € Hp satisfying (z€y,§) = 7(xp(y)) for all z,y € S. By our
assumption, |[u*éu —¢|| < /2 for all u € U(S). Averaging, it follows that ||Ps(§) — & < /2,
where Pg denotes the orthogonal projection of H onto the S-central vectors in H.

As in the proof of Lemma 018 ||zn|| = ||z||2 ||n]] = ||nz|| for all n € Hy and = € S. Therefore,

2§ = &xl| = [l2(§ = Ps(§)) — (€ = Ps(&))x[| < e[zl

for all x € S. But then we get, for all z,y € S that

7(y* (p(z) — )| = [z — €, y&)| < e lll2 [lyll2 -
Therefore, [|¢(z) — z||2 < el|z||2 for all z € S. O

Lemma 9.20. Let S be a II} factor and T C S a quasi-regular irreducible subfactor. Let
p: S8 — S be a normal completely positive T-bimodular map. Then ¢ belongs to the compact
ideal space J((S,er)) (i.e. the norm closed linear span of all finite projections in the semifinite
factor (S,er)) if and only if for every € > 0, there exists a finite subset F C Irr(C) such that
le@)l> < ellels for all z € (1 - ex)L2(S).

Proof. We denote by R,, the bounded operator on L?(S) defined by R,(z) = ¢(z) for all z € S.
Note that R, € T N (S,er). First assume that R, € J((S,er)) and choose ¢ > 0. Define
the spectral projection g := 1 ;)(|Ry|). Denoting by Tr" the canonical semifinite trace on
(S,er), we have Tr"(¢.) < oo. Since ¢- € T N (S, er), it follows that the range of ¢. is a
T-subbimodule of L?(S) of finite right dimension. So we can take a finite subset F C Irr(C)
such that ¢. < er. Whenever z € (1 —ez)L?(5), we get g-(x) = 0 and thus, ||o(z)]|2 < &]|z]|2.

To prove the converse, assume that ¢ > 0 and that F C Irr(C) is a finite subset such that
lp(z)|l2 < €]zl for all z € (1 —ex)L?(S). Then |[Ry, — Ryer|| < e. By Lemma 2515, we have
that er € J((S,er)), so that R, lies at distance less than ¢ from J((S,er)). O

Lemma 9.21. Let S be a I} factor with separable predual and T C S a quasi-reqular ir-
reducible subfactor. Denote § = QNg(T'). Let ¢, : S — S be a sequence of unital normal
T-bimodular completely positive maps satisfying lim, ||on(z) — x|l2 = 0 for every x € S. Con-
struct the associated Hilbert S-bimodules H,, with T-central unit vectors &, € (Hy)r satisfying

(x€ny, &n) = T(xon(y)) for all z,y € S.

1. After passage to a subsequence, ¢ : 8 = H = @, Hn : * — Bp(x€y — &nx) is a well
defined 1-cocycle.

2. If v, does not converge to the identity uniformly on the unit ball of S, the choice in 1
can be made so that c is not inner.

3. If each py belongs to the compact ideal space J({S,er)), the 1-cocycle c is proper.

Proof. Denote by C the tensor category of finite index T-bimodules generated by L?(S). Write
Irr(C) = U,, Fn where F,, C Irr(C) is an increasing sequence of finite subsets. Define §,, =
er,(8) and note that 8 = J,, 8. After passage to a subsequence, we may assume that ||z&, —
Enlla < 27|zl for all z € §,, and all n > 0. So, for every x € 8, the sequence (||z&, — &nx||)n
is square summable and ¢(z) is a well defined vector in H.
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To prove 2, it suffices to show that if ¢ is inner, then ¢,, converges to the identity uniformly on
the unit ball of S. So, assume that c¢(x) = zn — nx for all z € §, where n = ®,,1,, is a T-central
vector. It follows that z&, — £,x = xn, — npx for all x € § and all n > 0. For all z,y € §, we
get that

Ty (n(@) — ) = (€a® — TEn, ¥) = (T — 210, Y)
and we conclude that ||p,(z) — z|l2 < 2|l ||z]]2. Since limy, [|n,|| = 0, it follows that ¢,

converges to the identity uniformly on the unit ball of S.

Finally assume that all ¢, belong to J((S,er)). By Lemma [0.20] we can take finite subsets
Fn C Irr(C) such that [|@,(x)|2 < ||z||2/2 for all x € (1 —eg,)(S). Since

l26n — Enzl® = 2(|l2]3 — Re (" pn())) ,

we get that ||2&, — &z > |23 for all z € (1—ex,)(S). Defining the finite sets G, = Up_; F,
it follows that ||c(x)||? > n|z||3 for all x € (1 — eg,)(8). So, ¢ is proper. O

We are now ready to prove Theorem [9.16]

Proof of Theorem[9.10. 1. Assume that S has property (T) relative to 7" and let ¢ : § — H
be a l-cocycle. We have to prove that c is inner. Replacing # by H @ H and ¢ by ¢ ® ¢,
we may assume that c is real : there exists an anti-unitary involution J : H — H satisfying
J(zly) = y*J(§)ax* for all z,y € S, § € H and c(z*) = J(c(x)) for all x € 8. For the
following reason, c is automatically a closable map from § C L?(S) to H. When H, C H is
an irreducible finite index T-subbimodule and P, : H — H, is the orthogonal projection, it
follows from Lemma that P, o ¢ is a multiple of a co-isometry. Therefore, H, belongs to
the domain of ¢*. When £ € H is orthogonal to all finite index T-subbimodules of H, then &
also belongs to the domain of ¢* with ¢*(§) = 0. So, ¢* is indeed densely defined.

By [S88, Corollary 3.5], we then find a continuous 1-parameter family of unital normal 7-
bimodular completely positive maps ¢ : S — S, t > 0, given by ¢;(x) = exp(—tc*c)(z), where
we view c*c as a positive, self-adjoint, densely defined operator on L?(S) so that exp(—tc*c) is
a positive, self-adjoint contraction for every ¢ > 0. Since S has property (T) relative to T and
using Lemma [@.19, we get that lim; ¢ |1 — exp(—tc*c)|| = 0 in the operator norm of B(L?(9)).
This means that c*c is a bounded operator on L?(S). By Lemma (.18 ¢ is an inner 1-cocycle.

Conversely assume that S does not have property (T) relative to T'. Take a sequence of unital
normal 7T-bimodular completely positive maps ¢, : S — S that converge to the identity in
| - |2 pointwise, but not uniformly on the unit ball of S. The construction of Lemma
gives a non inner 1-cocycle.

2. If S has the Haagerup property relative to T, then the construction in Lemma [@.21] provides
a proper l-cocycle. Conversely, when ¢ : § — H is a proper l-cocycle, we define, as in the
beginning of the proof of 1, the 1-parameter family of unital normal T-bimodular completely
positive maps ¢ : S — S, t > 0, given by ¢¢(z) = exp(—tc*c)(x). Using Lemma[0.20] it follows
that each ¢, t > 0, belongs to the compact ideal space J((S,er)). For every z € S, we have
that lim¢ ¢ ||¢e(z) — z|]2 = 0. So, S has the Haagerup property relative to 7.

3. If [S : T|] < oo, every l-cocycle ¢ : S — H is bounded and thus inner by Lemma
Indeed, whenever H, C L?(S) is an irreducible T-subbimodule, the restriction of ¢ to H, NS
must be a multiple of an isometry. Since L2(S) is the direct sum of finitely many irreducible
T-subbimodules, it follows that ¢ extends to a bounded operator from L?(S) to H.
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By Proposition B2] S is nonamenable relative to T if and only if there exists a finite subset
G C 8 such that
€l <D llag — &af| for all & €My .

zeg

So if S is nonamenable relative to T', every 1-cocycle ¢ : § — H that is approximately inner
must be inner.

Finally assume that [S : T] = oo and that S is amenable relative to 7. We prove that
there exists an approximately inner, but non inner, 1-cocycle ¢ : 8§ — H. Equip the space
Morp_7(8,H) with the topology of pointwise norm convergence. Since 8 admits a countable
basis as a T-module, Morp_7(8,H) is a Fréchet space. Consider the continuous linear map
0 : Hr — Morp_7(8,H) given by (9¢)(x) = xz€ — &z for all x € 8. Since [S : T| = oo, the
map 0 is injective. Since S is amenable relative to T, there exists a sequence of unit vectors
&k € Hr such that 9, — 0. So the open mapping theorem implies that 9(Hr) is not closed in
Morr_7(8,H). Any ¢ € Morr_r(8,H) that lies in the closure of 9(H7) but does not belong
to O(Hr) is an approximately inner, but non inner 1-cocycle. ]
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