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ABSTRACT

We study the propagator in a model theory with
confinement and atfempi to show that, when summed to
all orders, the propagator is free of singulafities -
in the finite momentum plane. We fina that Bethe-Sal-
peter ladder-like diagrams alone are insufficient to
exhibit this béhavior. However, in a nonrelativistic
approximation in the crossed channel, confinement is

obtained and all poles disappear.

I. INTRODUCTION

Because quarks have not been seen (or if they have they must
still be strongly bound), physicists have been interested in field
theories with confined particles for some time. If particles are’
permanently confined, they cannot appear as asymptotic étates.
Therefore, no singularities at energies equal to théir mass should
appedr in the S-matrix. One manifestation of this should be in the
behavior of the propagator for the confined particle. A1l singular-
ities at energies equal to its mass should vanish.1 Thus, for example,
the pole thét appears in the propagator in the lowest order of per-
turbation theory must somehow be cancelled by higher order corrections.

Also because of the confinement, we would expect that for large space-

like separations, the propagator should fall off very rapidly. If

‘where A =1" + 1A

the propagator falls off as rne—mr’ then in momentum space there will
be a singularity at p2'='m2. This can be .seen by deforming the
r integral of the Fourier transform into the upper half plane. Thus
if we want all p plane singularities absent, we mﬁst demand a large
|§| behavior that falls off faster than e for all m. This behavio:
is in fact sufficient.6(

We start by considering the theory with an electromagnetic

field Au interacting with a scalar Higgs particle ¢ and a spin-3

monopole Y. The Hamiltonian is

2 .
(B 4 ) - 15,612 + €242 |02

X -

ST

. ’ 2
+ (3 - te Ai)¢|2 - uPlel + Al
+ 37+ (-if - gB - m)y

T Ay - E=1§T+1§g,

and we have used the formalism of Schwinger.2 It can be shown that
the mohopoles in this theory are confined.3

Because of technical reasons,3 however, it is hard to obtain
meaningful results with this {heory as it stands. We therefore
repiace the photon and the Higgs particle with an effective potential,

which we choose to be linear by analogy with the vortex solutions

of Nielsen and Oelson.4 Our lagrangian is now

X o= Paad - w0 + A% [ oy 2051 - Flecs, - b))

where J%(x) = Pxn w(x).
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The fact that the theory.is nonrenormalizable should not matter, since

the confinement in our theory is a large distance or infrared effect.
. Ordinarily, we could look at the 1afge |§| behavior of the

propagator in any spacelike direction. However, since we now have

a nonlocal interaction, we must confine ourselves to the t =0

directioﬁ. Thus in the considerations that follow we shall examine

the propagator integrated over D,.

II. Bethe-Salpeter equation

The approximation to the propagator we shall use is the
set of ladder-like diagrams in Fig. la, where we have written the
nonlocal four-point interaction as two two-point interactions con-
nected by a dashed line. The Bethe-Salpeter equation satisfied

.by these graphs y(p) is then

. AT \
wWp) = — s 1L ldp(sxz (- 5)°- )
P-m+ie P - m+ie (2")4 m ((p P)2+€ )3/Yo¢(P

XYO —-——l . (1)
25 - m+ 1€

The quantity in the brackets in the above equation is the Fourier
transform of our potential Azlilé(t) . Letting G&(p) = (¢ - m + ig)

x P(p)(¥ - m+ ie ), we get

o) = #-ms [ L2 (gm? BB Loz ),
(2m)* (5-7 )% + €2y
x Yo—!—l— G(P')—,——l————Yo .

P -m+ i pl-m+ ie

-l

It is now clear that G(p) must be of the form G(p) = Y P, * H(p)
where H(p) now depends only on the 3-vector p. We then can do the

18 integral to obtain

1]
i id3p 81T2(p p)-3e

HDP) = -y+p-m-7F X
“ ] (eny G-V +eY/
L 12a - D wm) , _Hp)
(F°+n)? (B +nd) -y
_(F B emnOHB O e | (2)

—T5 5
(3 +m /2
We now write H{(p) in the form
H(p) = Jl(ﬁ) + Yon(ﬁ) +Y D J3(5) + Yo? D J4(5) ,

where the J's are numbers, not matrices. We have not included
terms with Y5 because they do not appear in lowest order and
they are not generated in higher»orders. After substitution of
Eq. 3 into 2, we can separateély equate the coefficients of the

different <y's. This leads to

3 1
I.(p) = m+ L | LB [ _gm? (p- P)-BE L
' 2 (an) (5-7 )%+ £2) <
x m 5 %(31(5)) - mIz(3))
5% ) (;-) )3}2 (4a)
I(p) = 0 ' )
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We can at this point set J4(5) = 0, since it does not appear in

lowest order, and from Eq. 44 each succeeding term is zero. Equation
4a and c remain. We do not know how to solve them. However, we can
show that no solution exists such that the singularity of the propaga-
tor at the mass of the monopole has disappeared. Since we are
interested in large spacelike separations, we can set t = 0 and con-

sider

o, Up) = J(dP m“P + H(p)) =5 Te

dp
2

(o]

o (B m)vp, + 3y(3) + ¥+ B I (B)NH + m) =

(3° -m° +1ie)

' [ - -2 2
S AR 5)3 > [Jl(p) -m J(B) + %2 (3° +m )]

+my - 5 [J1<5> - IE) - 2 (3 - mz)] )

In doing the P, integral, we have ignored a tefm, formally infinite,

but odd in Py In order for the result in Eq. 5 to be regular at

52 = -m2, we must have both.

1 2)]!

: -~ _ _ _ Py
- J (p) + B (P +
. |7,(3) - m 2 z
I 3 52 )
and -

1 = - 1 ,=2 2
Zgg—:—;§;§7§ {JI(P) -nm J3(P) - E’(P +m )}

regular. However, this is impossible because their difference is
singular. Therefore, if a solution exists at all, it contains a
singularity at the mass of the monopole. Thus we have failed to
exhibit confinement. We believe that this is due to ouf inclusion of
ladder diagrams with pair production (Fig. 2b), but not the corres-
ponding crossed diagram (Fig. 2c). These diagrams also contribute

to the'binding "forces" on the monopoles and should be important.
Unfortunately, we know of no way to correétly take them into account.
However, in the nonrelativistic approximation in the crossed channel
(Fig. 1h).there is no pair creation, dnd the types of diag?ams repre-
sented by both Figs. 2b and ¢ afe absent (remember we have an
instantaneous interaction) and‘only those of Fig. 2a remain.

Thus we might hope to obtain confinement in this approximation}

and we examine this possibility next.



IIT. Non-relativistic Approximation

Starting with our Bethe-Salpeter Eq. 1, we can do the po

integration on the right hand side. Defining

¢'(f>)=[ ap°¥(p)

Hy2 = Y(Y *D+m)

B, - Yo(-; « D +m)
we have

(2% - H(DW(p)2° - B(B)) = vp°+¥ - B

+ i_éf%'- <-8m2 (p- 13_',)2'3223 )¢(1‘> . (6)
(2m) ((p-p)+€)
We can now treat the 4 x 4 matrix w(p) as a wave function in the pro-
duct space of two spinor particles. We proceed according to the
method of Salpete}5.for treating instantaneous interactions and make
the following definitions
a  Eg(P)+H(P)

2E,(D)

k>

where Ea(ﬁ) = (52 + mz)%

and similarly for particle b. In addition we define

v,.(p) = AXEW(pIAE)

v, (0) = REWENE), ete.

-8-
Then We arrive at
F,, (o0, (5) = AXEI(pIE)
F+_(p).w+_( p) = AP P)A?(f)), ete., (7)
where F,_(p) = (p° - E(P) + ie)p® - E () + ie) R
F,.(p) = (7 - E(p) *+ ie)(p° + B (D) - 1e), ete. ) |

and T(p) is the right hand side of Eq. 6. We now divide each of
Eq. 7 by the appropriate F(p) and integrate over po using

/m

[ o

dp (po+ a + ie)-l (po +b * ie:)-l +2mi (b - a)-l

-C0
rw
Ioa® (p°+arie) i+ i)t = 0
I
I ap® p° (p° - a + ie:)_l(p0 -b+ iE)-l = -7l
00

J(— dpo p° (p° + a - ie)_l(po -b + ie)—l = i : - b
-0 y

This leads to

~

(B3 + BEE) = KD[55) - BBy, +oni(T + F - m)

3 U B ,
18 (gm? =P ) -3 Ny 5w (5) -
f(zn)4 < G-prP-e2) ] T

<

pa

~(E(5) + B, (5))e,_(5) - Ai(ﬁ)[ni(Ea(i) - E (P, *+ 2(Y « $ - m) -

(Equation continued on the next page)
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(2r) (3
-0,,(B) = MBI, (D)0 —o _(5) = mirBw R(5) .
Since in our case, E, - E =0, we have
(H(B) - B (B)) o(B) = (AXBMAB) - A%(H)
x K2(5)) [2ni(v pom o[ 190 (en2GoB)- ¢(pﬂ
(21)° (p-0)°+ e ),/

(8)

where for convenience we have written the b operators on the
left, even though they really should appear on the right. Eq. 8
looks different than the corresponding equation in Salpeter's5
article. This is due to the fact that our ¢(p) is a wave function
for a particle and antiparticle, whereas his is for two particles.
To remedy this we mulfiply by the charge conjugation operator C

on the right to obtain

~(H,(3) + BT(3)) 0%(B) = (A3(BM3 NB) - 2B "(5)) x

3 \
x[zni(; 5 -mc -[dKB (em? (p- P)53€ 3\45"(5 )]
J (am) )+€ )

where ¢%(D) = ¢(P)C. In the nonrelativistic 1limit the !factor
]

involving the A's equals one, and all the homogeneous terms in

¢ reduce to the SchrSdinger Hamiltonian operator acting on the

"large" part of the wave function ¢,.(P). In coordinate space we

then have

-10-

HEWOE) = 2mi(<af - 7 - k) o (9)

- 1 L AR
where Hs(x) = -5 + A7) x]

For X # 0, the right hand side in Eq. 9 equals zero. The problem
becomes simply that of finding the large X behavior of the Schrddin-
ger wave function with energy E = 0. (Boundary conditions at the
origin, which quantize the allowed energies, do not apply here).

The angular part of the equation can be separated out in-the standard
way for a central potential. We are then left with the radial equa-
tion

,
<L2 - 2m\°r - M)(x‘Rﬁ(r}\; = 0.

dr r

For large r, we can ignore the angular momentum term compared to
the potential. Rescaling r, we arrive at the Airy differential
equation. The solution has the asymptotiec form

N exp( - —;-;/Zm)\jzl r3/2)

2(2mA2)l/12 ) r3/2

R(r) = T ai((em®)r) 222,

" where, as usual, we have discarded the exponentially increasing

solution. This showé that our wave function, and consequently the
propagator, falls off much faster than the free propagator. In fact,
since it falls off faster than e ™% for any m, all singularities

in momentum space must be absent6 and we have finally exhibited

confinement.
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Figure Captions

1. ILadder diagrams in physical and crossed chamnels.

2. Diagrams neglected in various approximations.
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