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ABSTRACT 

UCRL-10432 

A method for dealing with the nuclear many-body problem is suggested. 

The approach is a refinement of the shell model in which the asymptotic 

boundary conditions are used as constraints in a variational calculation of 

the R-matrix. Since it is the R-·matrix that is calculated, this method should 

provide a de scription of nuclear reactions and decays as well as of nuclear 

bound states. 
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L INTRODUCTION 
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This paper will describe a procedure for making an approximate calcu­

lation of the R-matrix. The suggested procedure is a modification of that 

. used in shell model calculations. The R-matrix is defined in terms of exact 

eigenfunctions of the Hamiltonian of a many-body system which are consistent 

with a specified set of boundary conditions. It is proposed to approximate 

these exact eigenfunctions by finite linear combinations of known functions. 

The coefficients that appear in these linear combinations are treated as 

variational parameters. They are determined by seeking the extrema of the 

expectation value of the Hamiltonian with the boundary conditions as constraints. 

By the method described here it should be possible to calculate the properties 

of nuclear continuum states as well as the discreet states of nuclei. In this 

way shell model techniques can be applied to nuclear reactions and nuclear 

decays as well as to the bound states of nuclei. This method should also 

make possible improvements .in bound ~tate calculations. 

IL THE. R-MATRIX 

Suppose we have a system of N nucleons which has an energy low 

enough so that there are no open three-or-more-body channels. Let us 

denote the channel wave functions for this system by X • Xb• etc. Each a . 

channel wave function will consist of three factors. 

( 1) 

XaB is the wave function describing the internal degrees of freedom of n 

nucleons in a bound state. while X C represents a bound state of the other 
.a 

* Permanent address: Physics Dept., Case Institute of Technology. 

Cleveland 6, Ohio. 
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N -n nucleons. XaP; is a function. of the direction r · of the vector r giving 
a ...a 

·the displacement of the center of mass of group B from the center of mass 

of group G. Finally let us make Xa an eigenfunction of the total angular • 

momentum by appropriately coupfing the orbital angular momentum repre-

sented by x A with the spins of X B and XC 9 and let us make X anti symmetric {,! 
. a . . .a .a a C 

by apply1ng an anhsymmetnzatlon operator to the product X B X · 
a a 

For each channel wave function X we define a channel radius R such a · a 
that when .the magnitude r a of the relative displacement .Ea is greater than 

Ra9 then the nuclear interaction between the .two channel a clusters is 

negligible. Let H be the Hamiltonian for our system of N nucleons .. We 

how define a set of "R-matrix wave functions" :;J;: These functions will be 
~n· 

. exact eigenfunctions of the Hamiltonian .I:,, .·., •. 

.J' :j-

H~ = E 1: n n n 

whicp..sati.sfy the following boundary condition 

0 = { d 
dra 

L -1 
(-a-) 

Ra (xa lin)} . · .·. 
r = R a a 

''. ...... . .. -~ 

-( 3) ' 

r, 

fo,r eCJ.~h.channel. The logarithmic derivatives La will be specified at a latt;r 

stage .()f the discussion. The R-matrix can now be defined in the followin~ 

way: ... 

where 

'~an = 

M = the reduced mass in channel a 
a 

R 
f dT d) ! 
0 '41 n 

(4) 

The normalization integral A -l is evaluated within a region whose boundaries 
n 

are given by · r a~ Ra• rb ~ ~· etc. 

The R-matrix is related to the S-matrix. The S-matrix is descriptive (J 

of the asymptotic form of the solutions of our N -body Schroedinger equation. 

(5) 
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( 6) 

-:./ 
where tfie Ba are constant coeficients and the Sba are the elements of the 

S-matrix.: The U~Z) and U~ 1). are the unit-current radial wave functions 

of the incoming: and outgoing types respectively. The relationship between 

the S-rnatrix ·and R"'-matrix can be shown to be of the form 

uO)(R ) ·. 
6ba-~a(La-g~Z))= Isca ·(z) c _{~c(Lc-g~l))- 6bc}(?} 

c U (R ) · 
a a 

where 
( i} ga_ . = [ r · ~ 1n r . U (i} ( r ) ] 

. a dr a a . a a r = R 

and 
d L = [r · .1n r 

a a dr a 

for all 52 • 
n 

.a 

a a 

In.the work of Wigner and his collaborators the logarithmic derivatives 

L . are chosen to be zero. Then the R-matrix is real and equation ( 7) becomes 
a 

6 + R . (Z} ~ - \ S 
ba ba ga L ca ( 8} 

c 

In the work of Kapur and Peierls the logarithmic derivatives L are chosen 

to be equal to g ( 1}. Then the parameters in the R-matrix bec~me complex 
a 

and dependent on E, but equation ( 7} is considerably simplified. 
U (Z).(R ) . 

S ·· .. :::0 a a {R (g(l) g(Z)) 6 } (9) 
ba u~l}(~) -oa a a. - ba 

The S-matrix has poles on the real axis and in the lqwer half of the 

complex plane (in energy). In the vicinity of one of these poles the S-matrix 

has the form 

- 6 } ab ( 1 0} 

where ra is the partial width for channel a and r = I ra is the total width. 
a 
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r vanishes if channel a is closed. 
a 

Each such pole is ,a.s_sociate,d, with,,a 

stable. or metastable state of the. N -nucleon syste:t;n, 
.. .. : : ~ . . . . . . . and' the width r. is 

inversely proportional to the meanlife of the state.' 

III. CALCULATION OF THE R-MATRIX WAVE FUNCTIONS . 

Suppose 5Pa'• ~(3' • •·• ar.e a set of known, linearly independent, anti-: 

symmetrized, N -nucleon wave functions. We propose to approximate the .. ,. 

R-matrix wave functions .9? with linear combinations of these known 
. . n 

functions. ·. 
' 

~ = \ B n·i 
n L a a 

( 11) 
a ~ 

The coefficients B: are regarded as var.iational parameter~ which are ad­

justed to yield extrema for the expectation value of the l.familtonian. The 

boundary conditions given by equation ( 3) 'I,Vill be constraints on the variatiqn. 

In addition, the normalization and ortb'.ogonalization co:p.dition 

( ~n I ~m) R = 0 n, m 

will also 
1 cd~st'r;iiri the variation. 

( 12) 

To fadlitate the discussion of the procedure for constructing the 

R-rnatrix wave functions.we introduce the following symbols: 

H '= 
a(3 (~a I Hj ~(3) R 

= (In I ~13 ) R 

F 
a a = [ d 

err 
a 

Ma(3 {E) = Ha(3 - E Gaf3 .· 

F: = ( ~ Ga~ B;J* 
In ter,ms of these quantities we have 

L -1 
- ( a 

R a 

(~nIH I ~n) = L B:* Ha(3 .B(3 

for the expeCtation value of the Hamiltonian, 

omn = L B; * Ga(3 B(3 

.a 
R a 

( 13) 

(14) 

(15) 

u 

,, 
·..r 
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for _the, orthonoql?-al.ization condition, 

and· '· ·, 

. ( 16) 

for the boun~<;try conditions. 

To calculate the first or. lowest energy R.:matrix wave function we 

require 

where E
1 

and Da are Lagrange multipliers. 

B 1 . 
lS 

a LM A(El) BAl = \ F *n. 
f3 at-' t-' 4t aa a 

This is solved by inverting the matrix M. 

(1 7) 

The resulting equation for 

( 18) 

(19) 

The Lagrange multipliers D are determined by the equations that re su~t 
-. . a 

from substituti'ng equation (19)into equation {16) 

~b Faa Mn~(E 1 ) F~: Db= I:Nab(E1) Db= 0 (20) 

The solution of this equation is found by diagonalizing the matrix N(E 
1

) for 

. the smallest value of E l that causes det N(E l) = 0. This procedure gives 

us E
1 

and the Da1s to within a multiplicative constant. The normalization of 

the Da us is fixed by the constraint 

I F M :-l(E )"'" G -1 ,o, ,o, 

= M-yo (El) Fo;: D~- D (21) 
f3b a.f3 1 a-y a 

a.f3a 
-yob 

I ~~ 

= Jba Db Da 
ab 

Substituting these Da 8s and E
1 

back into equations ( 11) and ( 19) then gives 

Il. 
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To calculate I
2 

we repeat the entire procedure outlined above except 

that the orthogonality of I
2 

and I
1 

provides an additional constraint. Thus 

the procedure for calculating 2n+ 
1 

would yield the equations 

n 
n+l \ -1 \ >:< \ 1 >:• 1 

Ba =)'Map (En+l) {~FpbDb+ /-;:lF/3 D} ( 22) 

( 23) 

(24) 

\Bn+l,:<G Bn+l=l 
~ a al3 13 · 

(25) 

The equations for ! 
1 

are seen to have the same structure as those for 
n+ 

.2
1 

except that there are n additional Lagrange multipliers to be determined 

in the process of finding :I 
1

. There will, of course, be no more than 
n+ 

N linearly independent I 1 s that can be constructed in this way, where N 
. n 

is the number of ~ 1s used. 

R-matrix will be 

In terms of these R-matrix wave functions the 

=L 
n 

= 

(xal~n)ra=Ra (xbl~n)rb=~ 

. ( E - En) ( ln >!< I In ) 
R 

L 
n,a,(?> (E -E ) 

n 

( 26) 

' 

() 

• 
v 
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, 1 .• IV~ ·CLUSTERING AND THE NUCLEAR SURFACE. 

·At this;point we consider. what choice would be best advised for the. 

N known N -nucleon wave functions ~ to be used in constructing the R-'rria:trix 
a 

wave fu-nctions '·;h-. 'The fir'st thing that C'omes to mind is the use of anti-.. ~n 

symmetrized' products·: of ,single particle orbitals just as is done in the shea 

model. Such.·a· representation has proved itself ·to be very succ-essful in 

des·cribing the nuclear interior. However, the shell model gives a very 

inadequate piCture of the nuclear surface.· There are two reasons for this. 

First of all the harmonic 'Oscillator. wave functions customarily used for shell 

model orbitals fall off too rapidly in.the asymptotic region. Secondly and 

most importantly clustering should oc;:cur at _the nuclear surface where the 

nucleon density is reduced, and these enhanced correlations in the surface 

region cannot be adequately represented by· a sum of a . .few products of single 

particle orbitals.' 

. To. take a shell model wave function and force it to be consistent with 

realisth'::bo11ndary conditions by the procedure suggested in this paper will 

probably not lead to an important improvement and will quite likely result 

in a worse result than the usual shell model calculation. This is just 

because the products of harmonic oscillator single particle orbitals are so 

poorly adpated to describe the nuclear surface. In order to implement the 

approach suggested by this paper it would seem necessary to include in the 

set of wave functions ~ types which contain clustering and also are enhanced 

in the surface region. These types should serve to supplement and not dis­

place the usual shellmodel types. At the very least, one should include 

clustering terms appropriate to each of the channels in which boundary con­

ditions are specified. 

V. DEFINITION OF THE INSIDE REGION 

At various points in this paper symbols of the form (~I U I lJ!) R have 

appeared. These are used to represent matrix elements of the type 

The symbol R is used to show that the integration is limited to the so -called 

inside region: r .< R , rb < R_ , a a -o 
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Now there is a certain ambiguity connected with the definition of the inside 

region, and this ambiguity- is nece s sari! y, pre s.ent in any practical application 

of .R-matrix theory. ·,. . ·. r. l· 

The two -body channel ~ is associated with a particu;lar clustering of 

our N -nucleon system into two groups A and B . The internal states of . 
a a . A A 

these two groups of nucleons are represented by the wave functions X .(£ ) 
B B a 

and x (s ). ra denotes the displacement of the center of mass of .A from 
a - A B 

that of B, while s and s represents .the internal coordinates appropriate 

for clusters A and B. The meaning of equation ( 16) would be clear if we 

could write 

R 
f dT = 
0 

I Ra A B 
dr J d s J d ~ 

0 -a 
' ( 2 7) 

for every channel a. But this cannot be simultaneously true for every channel 

a, b, c, · · ·. However, if the various channel radii "Ra' ~; ~ • • are chosen 

to be sufficiently large and if the wave functions Ia:• lf3' .· · · are wis.ely 

selected, then the integrands .of the integrals will always be negligible in 

the regionvvhere the several definitions of the inside region fail to correspond. 

' 

• 
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