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Abstract

Reinforcement Learning for Mean Field Games and Mean Field Control problems
by

Andrea Angiuli

In this manuscript, we develop reinforcement learning theory and algorithms for
differential games with large number of homogenous players, focusing on applications in
finance/economics.

Stochastic differential games are notorious for their tractability barrier in computing
Nash equilibria (social optima) in the competitive (resp. cooperative) framework. Our
work aims to overcome this limitation by merging mean field theory, reinforcement learning
and multi-scale stochastic approximation.

In recent years, the question of learning in MFG and MFC has garnered interest, both
as a way to compute solutions and as a way to model how large populations of learners
converge to an equilibrium. Of particular interest is the setting where the agents do not
know the model, which leads to the development of reinforcement learning (RL) methods.

After reviewing the literature on this topic, we introduce a new definition of asymptotic
mean field games and mean field control problems which naturally connects with the RL
framework. We unify these problems through a two-timescale approach and develop a
Q-learning based solving scheme in the case of finite spaces. Our first proposed algorithm
learns either the MFG or the MFC solution depending on the choice of parameters. To
illustrate this method, we apply it to an infinite horizon linear quadratic example. We
discuss convergence results based on stochastic approximation theory.

This approach is extended to the case of the interaction through the distribution of

the controls of the population and finite horizon. The second algorithm is tested on two

1X



examples from economic/finance: a mean field problem of accumulated consumption with
HARA utility function, and a trader’s optimal liquidation problem. The heterogeneity of
the chosen examples shows the flexibility of our approach.

We conclude by presenting our on-going work on solving problems in continuous
spaces. We present our Unified 3-scale Actor Critic algorithm based on three learning
rules. The first two refer to the optimal strategy (the actor) and the value function (the
critic). An additional learning rule is adopted to target the distribution of the population

at equilibrium. This method is tested on two examples of the infinite horizon case.
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Chapter 1

Introduction

Dynamic games with many players are pervasive in today’s highly connected world. In
many models the agents are indistinguishable since they have the same dynamics and
cost functions. Moreover, the interactions are often anonymous since each player is
influenced only by the empirical distribution of all the agents. However, such games
become intractable when the number of agents becomes very large. Mean field games
have been introduced independently by Lasry and Lions [55], and Huang, Malhamé
and Caines [52] to tackle such situations by passing to the limit and considering games
with an infinite number of players interacting through the population distribution. The
solution of the limiting problem represents an approximation of the N— player game and

“ master equation”, a partial differential equation

their connection is formalized by the
stated on the space of probability measures (see Cardaliaguet et al. [19] for further
details). Although the standard formulation of MFG focuses on finding Nash equilibria,
social optima arising in a cooperative setting have also been studied under the term of
mean field control by Bensoussan et al. [I1] or control of McKean-Vlasov dynamics by

Lasry and Lions [55]. Equilibria or social optima in such games can be characterized in a

tractable way through forward-backward systems of partial differential equations (PDE)

1



Introduction Chapter 1

or stochastic differential equations (SDE) [24], 55].

In this work, we propose algorithms to solve mean field problems using ideas from
Reinforcement Learning (RL). Reinforcement learning (RL) is a branch of machine
learning (ML) which studies the interactions of an agent within an environment in order
to maximize a reward signal. Applications of RL in economics and finance have recently
attracted a lot of interest, see e.g. [32]. However, since our problems involve mean-field
interactions, the population distribution requires a special treatment. In our setup, the
agent is feeding an action to the environment which produces the next state and a reward
(or cost). The environment also updates in an automatic way (without decision) the
distributions of states and controls (see the diagram in Figure [.1)). The environment can
be viewed as a “black box” or as a “simulator” depending on the problem, but, in any case,
it generates the new state if the dynamics is unknown and the reward if not computable
by the agent. It is also interesting to note that even in cases where the dynamics and
the reward structure are known but complicated, then our algorithms can be viewed as
a numerical method for computing the optimal strategy for the corresponding MFG or
MFC problems.

Since the introduction of MFG theory, several numerical methods have been proposed,
see e.g. [2, 56] and the references therein. In our paper [8], we detail two methods based
on the probabilistic approach and apply them to five benchmark problems. Both are based
on a Picard scheme; importantly, we combine each of them with a generic continuation
method that permits to extend the time horizon (or equivalently the coupling strength
between the two equations) for which the Picard iteration converges.

Recently, several methods to solve MFGs based on machine learning tools have been
proposed relying either on the probabilistic approach [36] 27, 38| [62] or the analytical
approach [3, 28, [69, 18, 59, 56]. They combine neural network approximations and

stochastic optimization techniques to solve McKean-Vlasov control problems, mean field
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FBSDE or mean field PDE systems; see Carmona and Lauriere [22] for a recent survey
and applications to finance. These methods are based on the knowledge of the model,
but the question of learning solutions to MFG and MFC without full knowledge of the
model have also attracted a surge of interest.

As far as learning methods for mean field problems are concerned, most works focus
either on MFG or on MFC. Yang et al. [77] use a mean field approximation in the context
of multi-agent reinforcement learning (MARL) to reduce the computational cost. Yang et
al. [76] use inverse reinforcement learning to learn the dynamics of a mean field game
on a graph. To approximate stationary MFG solutions, Guo et al. [47] use fixed point
iterations on the distribution combined with Q-learning to learn the best response at
each iteration. Anahtarci et al. [5] combine this kind of learning scheme together with
an entropic regularization. Convergence of an actor-critic method for linear-quadratic
MFG has been studied in [37]. Model-free learning for finite horizon MFG has been
studied by Mishra et al. in [63] using a backward scheme. Fictitious play without or with
reinforcement learning has been studied respectively in [20] [49] and [34] [67, [75], or online
mirror descent [48, 65]. These iterative methods have been proved to converge under
a monotonicity condition which is weaker than the strict contraction property used to
ensure convergence of fixed point iterations. They can be extended to continuous space
problems using deep reinforcement learning as e.g. in [66]. A two timescale approach to
solve MFG with finite state and action spaces has been proposed in [61], [70].

To learn MFC optima, Mahajan and Subramanian [70] design a gradient based
algorithm. Model-free policy gradient method has been proved to converge for linear-
quadratic problems in [29] [72], whereas Q-learning for a “lifted” Markov decision process
on the space of distributions has been studied in 30}, 44} 46]. Optimality conditions and
propagation of chaos type result for mean field Markov decision processes are studied by

Motte and Pham in [64].
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In [6], we proposed a unified two timescale Q-learning algorithm to solve both MFG
and MFC problems in an infinite horizon stationary regime. The key idea is to iteratively
update estimates of the distribution and the Q-function with different learning rates.
Suitably choosing these learning rates enables the algorithm to learn the solution of
the MFG or the one of the MFC. A slow updating of the distribution of the state
leads to the Nash equilibrium of the competitive MFG and the algorithm learns the
corresponding optimal strategy. A rapid updating of the distribution leads to learning
of the optimal control of the corresponding cooperative MFC. Moreover, in contrast
with other approaches, our algorithm does not require the environment to output the
population distribution which means that a single agent can learn the solution of mean
field problems.

In [7], we extended this algorithm in two directions: finite horizon setting, and
“extended” mean field problems which involve the distribution of controls as well. That
demonstrates the flexibility of our two timescale algorithm and broadens the range of
applications.

In the on-going work [9], we merge our solving paradigm with deep reinforcement
learning to solve mean field problems in continuous state and action spaces. The proposed
Unified 3-scale Mean Field Actor Critic algorithm (U3-MF-AC) inherits two learning
rules from the classical Actor Critic approach studied in [I7]. They refer respectively to
the optimal strategy (the actor) and the value function (the critic). Additionally, the
distribution of the population at equilibrium is learned at a different schedule. The choice
of the three scales is crucial in defining the convergence of this method to the solution of
a MFG or MFC problem.

The rest of the dissertation is organized as follows. In Chapter [2], we introduce the
framework of classical Reinforcement Learning. The definition of a Markov Decision

Process (MDP) is recalled together with the Q—learning algorithm, one of the most
4



Introduction Chapter 1

popular model free approach to solve it. In Chapter [3, we propose a new definition of
infinite horizon mean field problems in discrete time and space: the Asymptotic MFG and
MFC problems. Comparison with classical (non-asymptotic) and stationary formulations
are also made. In Chapters [4] and [5] we discuss our results from [6] and [7]. We present
how we connected reinforcement learning and mean field problems through a multi-scale
stochastic viewpoint. We illustrate our algorithms on a general linear quadratic model
and two examples from economics: a mean field accumulation problem in Section [5.4
and an optimal execution problem for a mean field of traders in Section In Chapter
[6, we show our current direction of research through some preliminary results on deep

reinforcement learning for mean field games. We then conclude in Chapter [7]



Chapter 2

Reinforcement Learning

A Markov Decision Process (MDP) formalizes the sequential making decision problem of
an agent interacting with an environment. At each discrete time n, given a state space
X and an action space A, the agent observes the state of the environment X, € X and
chooses an action A, € A. Due to the agent’s action, the environment evolves to a state
Xni1 € X and assigns a reward 7,41 = (X, A,). The goal of the agent is to find the
optimal strategy m which assigns to each state of the environment the optimal action in
order to maximize the aggregate discounted rewards.

RL aims to solve MDPs without assuming any (or partial) knowledge of the dynamics
of the environment and the reward structure. In orther to do that, RL algorithms are
based on trials and errors. A complete overview on the evolution of this field is given in

7.

2.1 Learning the optimal action value function

The Q-learning method was introduced in [73] to solve a discrete time MDP with

finite state and action spaces. It is based on the evaluation of the optimal action-value
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table, @*(z, a), which represents the maximum expected aggregate discounted rewards

when starting in state x and choosing the first action a, i.e.

Q*(x,a) = max Q™ (z, a)

™

™

=max E | (X, Ag) + Z Y ( X, m(Xn)) | Xo = x, Ap = a] , (2.1)

n=1
where v € (0,1) is a discounting factor, and X, 1 = b(X,,n(X,)). The maximum is
taken over strategies (or policies) 7, which are functions of the state taking values in
the action space A. Intuitively, the @Q* function quantifies the optimal reward-to-go
of an agent starting at z, using action a for the first step and then acting optimally
afterwards. In other words, the value of Q*(x,a) is the reward of using a when in state
x, plus the maximal reward possible after that, i.e. the reward induced by using the
optimal control. Since the state’s dynamics b (and sometimes the reward function r) are
unknown to the agent, the algorithm is characterized by the trade-off between exploration
of the environment and exploitation of the current available information. This is typically
accomplished by the implementation of an e-greedy policy. The greedy action which
maximizes the immediate reward is chosen with probability 1 — € and a random action

otherwise, i.e.

ae€Unif(A), with probability e,
(a) = f(A) p y 22)

a* = argmax,.4 Q*(z,a), with probability 1 —e.

Note that this is the randomized policy which will be used in the algorithm presented in
Chapter , but as the optimal strategies will turn out to be deterministic (as € goes to
zero over learning episodes), in the following, we present the problems and the @-learning
approach only using deterministic policies called controls and denoted by « instead of 7

(see [64] for additional details on randomized policies).
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The state value function with respect to a deterministic control function « is given by

Viz)=E [Z Y (X, (X)) ‘XU = x] .

One of the main advantages of computing the optimal action-value function instead of
the optimal state value function is that from the former, one can directly recover the
optimal control, given by arg max, Q*(x,a). This is particularly important in order to
design model-free method.

Q-learning [73] is one of the most popular model-free methods in RL for discrete time,
discrete and finite state/action spaces. In order to introduce the algorithm, we review
some of the classical results relative to the value function V' and the corresponding action

value function Q.

Lemma 1 Let a: X — A be a deterministic policy. The state value function V< : X — R

can be derived from the action state value function Q® : X x A — R as

Vo(z) = Q°(x. ala)). (2.3)

Vz)=E Z V' (X, oz(Xn))‘Xo = :17]

= E | r(Xo, Ao) + ) fy"r(Xn,a(Xn))‘Xo,Ao — a(Xo)] — Q(z,a(x))

n=1

Lemma 2 (Bellman equation Q) The action state value function Q* : X x A — R

satisfies the Bellman equation given by

Q%(x,a) = r(z,a) + VE [QO‘(Xl,a(Xl))|X0 =x, Ay = a] (2.4)
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Proof:
a0
Q%(z,a) =E !r(Xo,Ao) + Z ’y"r(Xn,@(Xn))‘Xo =x,A =a
n=1
[
Cr(z,a) +1E |E Z fy”’lr(Xn,a(Xn))‘Xo =ux, Ay = a,X1] Xo=1x,A4p = a]
| n=1
= _
Cr(z,a) +E | E Z 7"_17’(Xmoz(Xn))‘X1] ‘XG =z,A =a
| n=1 .
=r(z,a) +~E _Va(Xl)‘XO =u1x,A) = a]
B (2, 0) + VE[Q (X1, (X)) Xo = #, Ag = a],
where T'P and M P stands for tower and Markov property respectively. [ |

Proposition 1 (Policy improvement) Let oy : X — A and ag : X — A be two determin-

istic policies such that

Va(z) < Q" (x, aa(x)),

Vee X.

(2.5)

Then, the policy ay must be as good or better than the policy a, that is

Proof:

Ver(z) < V2 (x),
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k
<E [Z V(X 02( X)) + AV (X )| Xo = 2, Ag = Oég(l’)]

n=0

By taking the limit £ — oo follows

Ve (z) <E [Z 'y”T(Xn,QQ(Xn))‘XO — x| = V()

Corollary 1 The optimal value function V* : X — R can be derived by Q* : X x A — R

as

V¥(x) = max Q*(x,a), zeX. (2.6)

Proof: Let a be a deterministic policy and Q% its corresponding action value function.

The policy «; derived by Q¢ as

ap(r) = argmax Q%(z,a), VYVreX

satisfies

Q%(z,a1(z)) = maxQ%(x,a) = V*(z), Vrelk.

Then, it follows by the the policy improvement theorem that

Va(z) = V¥x), VrelX.
10
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The improvement step can be repeated only a finite number of times given that A and
A are finite, discrete spaces, i.e. 3N > 0 such that a*(x) = ay(z) = argmax, Q*¥ (z, a)
and

mng*(x) =Q"(z,a*(x)) = V*(x), VrelX,

where Q*, V* corresponds to the value functions with respect to a*. Might o* be still
sub-optimal? No, according to the Optimality Theorem from Bellman and Dreyfus, [10].

Theorem 1 (Bellman equation Q*) The optimal action value function @Q* : X x A — R

satisfies the Bellman equation given by
Q*(z,a) =r(z,a) +vE [max@ (Xy,d }XO =x, Ay = a] (2.7)
Proof:

Q*(,a) =Fr(z,) + 1E [Q*(X1,a"(X1))| Xo = @, Ay = ]
Dy (z,a) + VE [V *(Xl)‘XO =z, Ay = a

2 (x, a)~|—’y]E[maXQ (X1,d ‘Xo—x Ao—a]

|
The function @Q* is the unique solution of equation (2.7)) which is of the type Q* = G(Q*)

for a function G : RI**MI — R satisfying

1G(Q) = G(Q )] < YIQ = Q'fl-

In particular, the sequence Q"™ = G(Q") for n = 0 converges to Q* at exponential rate
( see [15], Chapter 10.3 for more details).

In the stochastic approximation version of equation ([2.7)), the conditional expectation

11
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is replaced by the evaluation at the random variable X and it is weighted with a small

learning rate f3,, i.e.

Qni1(z,a) = Qn(z,a) + Bulx, a,(x,a) [7’(:1:, a) + 7 max Q(Xpi1,d") — Qu(x, a)] (2.8)

Equation ([2.8)) represents the update rule of the Q-learning algorithm. Its convergence

can be analyzed by studying the limiting O.D.E.

q(t) = A1) (G(a()) — q(?)) (2.9)

where A(t) is a diagonal matrix with a probability vector along its diagonal. Under
suitable assumptions, the O.D.E. and the corresponding sequence (Q,),>0 converge
to @*. In particular, a requirement necessary for convergence is that each pair (z,a)
has a positive probability to be visited, e.g. applying an e—greedy policy. Algorithm

describes the practical implementation of Q-learning.

12
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Algorithm 1 Q-learning
Require: X = {zg,...,xx-1} : finite state space,

A ={ap,...,a-1} : finite action space,
€ : parameter related to the e—greedy policy,
(Bn)n=0: learning rates schedule,
tolg : break rule tolerance.
1: Initialization: Q°(z,a) = 0 for all (z,a) e X x A
2: for stepn=1,2,... do
3:  Observe state X,, provided by the environment
4:  Choose action A, using the e-greedy policy derived from @, (X, ")
Observe reward 7,1 = r(X,, A,) and next state X,,.; provided by the envi-
ronment
5. Update Q:
Quir(2,0) = Qul2,0) + Bulya(Xy An)[Faer + Y MaX0ea Qu(Xoi1, @) — Qu(, )]
6: end for
7 if |Qn — Qn_1] < tolg then
8:  break
9: end if

10: return Q*

In the next chapters, we will discuss the results presented in our works [6] and [7].
In particular, we will show how the Q-learning algorithm [1| can be redesigned as a

two-timescale stochastic approximation scheme able to solve mean field problems.

13



Chapter 3

Mean field Games and Mean Field

Control problems

Mean field games are the result of the application of mean field techniques from physics
into game theory. The mean field interaction is introduced to describe the behavior of a
large number N of indistinguishable players with symmetric interactions. The complexity
of the system would be intractable if we were to describe all the pairwise interactions. A
solution to this problem is given by describing the interactions of each player ¢ with the
empirical distribution of the other players. As the number of players increases, the impact
of each of them on the empirical distribution decreases. By the principle of propagation
of chaos (law of large numbers) each player becomes asymptotically independent from
the others and its interaction is with its own distribution making the statistical structure
of the system simpler. Two types of mean field problems can be distinguished between
a mean field game and a mean field control depending on the goal the agents try to
achieve. The aim of a mean field game is to find an equivalent of a Nash equilibrium in a
non-cooperative N-player game when the number of players becomes large. On the other
hand, a mean field control problem analyzes the social optimum in a cooperative game

14
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within a large population. In this case, all the agents follow the same strategy provided
by a central planner. Since the seminal works [55], and [52, [51], the research in mean field
game theory attracted a huge interest. We refer to the extensive works [24], and [12] for
further details.

We start by presenting three formulations of MFG and MFC problems: non-asymptotic,
asymptotic, and stationary. All these problems are on an infinite horizon and for the
sake of consistency with the RL literature, we present them in a discrete time and space
framework. We will however resort to continuous time and space models in Chapter
in order to obtain simple benchmarks. Note that, as customary in the MFG literature,
without loss of generality, we minimize a cost instead of maximizing a reward.

Let X and A be finite sets corresponding to states and actions. We denote by Al?!
the simplex in dimension |X|, which we identify with the space of probability measures
on X. Let p: X x A x Al*l — Al¥l be a transition kernel. We will sometimes view it as

a function:
P XX Ax AW 0,1, (2,4 a,1) — p(e/|,a, ),

which will be interpreted as the probability, at any given time step, to jump to state x’
when starting from state x and using action a and when the population distribution is .

Let f: X x A x A*l - R be a running cost function. We interpret f(z,a, ) as the
one-step cost, at any given time step, incurred to a representative agent who is at state x
and uses action a while the population distribution is . For a random variable X, we
denote its law by £(X). We will focus on feedback controls, i.e., functions of the state of

the agent and possibly of time.

15
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3.1 Non-asymptotic formulations

In the usual formulation for time-dependent MFG and MFC, the interactions between
the players are through the distribution of states at the current time. More precisely, in a
MFG, one typically looks for (&, f1) where & : N x X — A and ft = (fin)ns0 € (AXHN

a flow of probability distributions on X', such that the following two conditions hold:
1. Optimality of the best response map: & is the minimizer of
a— JMa Z VX, an(XR), i) |
where a,(+) :== a(n,-) and the process X*# follows the dynamics given by:
Xt~ 0 (1X0, (X0, fin)
with initial distribution X" ~ pq;
2. Fixed point condition: fi, = L(X%#) for every n > 0.

In a MFC problem, the goal is to find a* such that the following condition holds: «o*

is the minimizer of
— M a Z VX on(X3), LX)
where the process X¢ follows the dynamics:
p (X5 an(X3), L(XT))

with initial distribution X§ ~ 9. Note that p is the same transition probability function
as for the MFG above but we plug the law £(X) of X instead of a given distribution

fin. In other words, the MFC problem is of McKean-Vlasov (MKV) type.

16
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We will sometimes use the notation p* = pu®" for the optimal distribution in the
MFC. Note that the objective function in the MFC setting can be written in terms of the

objective function in the MFG as:
JMFC(Q) _ JMFG(a; p,a),
where p2 = L(X) for all n > 0. However, in general,
JMFC(Q*) _ JMFG(Q*;“*) £ JMFG(@,[:L)

In these two problems, the equilibrium control & or the optimal control o usually
depend on time due to the dependence of p and f on the mean field flow, which evolves
with time.

Although these are the usual formulations of MFG and MFC problems, in order to
draw connections with reinforcement learning more directly, we turn our attention to
formulations in which the control is independent of time. That is naturally the case in
some applications, and, roughly speaking, it is also in the spirit of an individual player
trying to optimally join a crowd of players already in the long-time asymptotic equilibrium.

This will be made more precise in the following section.

3.2 Asymptotic formulations

We consider the following MFG problem: Find (&, 1) where & : X — A and i € Al*],

such that the following two conditions hold:

1. & is the minimizer of

+00
o TG 0z i) =B | 39" F(X7, (X0, 1) |

n=0

where the process X" follows the transitions:

Xpty ~ o (1X0, a(X07), )
17
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with initial distribution X5 ~ o;

We stress that in this problem the control is a function of the state only and does
not depend on time, as p and f depend only on the limiting distribution but not on time.
Intuitively, this problem corresponds to the situation in which an infinitesimal player
wants to join a crowd of players who are already in the asymptotic regime (as time goes
to infinity). This stationary distribution is a Nash equilibrium if the new player joining
the crowd has no interest in deviating from this asymptotic behavior.

We also consider the following MFC problem: Find o* such that the following condition

holds: a* is the minimizer of
+00
e JMEC () = E | 3" a(X7), 1) |
n=0
where the process X follows the transitions
Xo ~p (XS, (X)), 1)

with initial distribution X§ ~ po, and with the notation p® = lim,,, 1, L£(X7).

We will sometimes use the shorthand notation p* = " for the optimal distribution
in the MFC setting. Here too, the control is independent of time, and p and f depend
only on the limiting distribution. Intuitively, this problem can be viewed as the one posed
to a central planner who wants to find the optimal stationary distribution such that the
cost for the society is minimal when a new agent joins the crowd.

Note that in this formulation again, the objective function in the MFC setting can be

written in terms of the objective function in the MFG as:

JAMFC(O() _ JAMFG(O{;MOC)7

with the notation p® = lim,_, ;4 £(X2).
18
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Remark 1 Although the AMFG and AMFC problems in this section are defined using
an initial distribution po for the state process, one expects that under suitable conditions,
ergodicity in particular, the optimal controls & and o* are independent of this initial

distribution.

3.3 Stationary formulations

Another formulation with controls independent of time consists in looking at the
situation in which the new agent joining the crowd starts with a position drawn according
to the ergodic distribution of the equilibrium control or the optimal control. This type of
problems has been considered e.g. in [47], [70], and can be described as follows.

The stationary MFG problem is to find (&, i) where & : X — A and i € A*| such

that the following two conditions hold:

1. & is the minimizer of
JSMF'G Z ’7 Xa,,u o Xa,/,L) ﬂ)
where the process X%# follows the SDE

Xol ~ p (1X27, el X, i)
and starts with distribution X' T

2. The process X%# admits /i as invariant distribution (so i = £(X®*#) for all n > 0).

The key difference with the Asymptotic MFG formulation is that here the process
starts with the invariant distribution fi. The control is a function of the state only and

does not depend of time, and p and f depend only on this stationary distribution.
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The stationary MFC problem is defined as follows: Find a* such that the following

condition holds: a* is the minimizer of
+00
a e T (a) =B | Y "X a(X2), 1) |
n=0
where the process X follows the MKV dynamics
X§+1 ~P <'|Xga O‘(ch:)v :ua) )

with initial distribution X§ ~ u®, and such that p® is the invariant distribution of X
(assuming it exists).
To conclude, let us mention that there is yet another formulation, in which the solution

is stationary but depends on the initial distribution, see [12, Chapter 7].

3.4 Connecting the three formulations

MFG’ OAéAMFG

Denoting by & , and &°MFG the MFG equilibrium strategies respectively

in the non-asymptotic, asymptotic, and stationary formulations, we expect

aMFC () — @AMEC (1), Va, as  n— +ow,

(3.1)
@AMFG(m) ZdSMFG(CC), Vo,

Similarly denoting by a*MFC o*AMFC and o*SMFC the MFC optimal controls re-

spectively in the non-asymptotic, asymptotic, and stationary formulations, we expect

*MFC(m) N &*AMFC(x)

. , YV, as n — +00,

) (3.2)

Oé*AMFC($) _ &*SMFC(m)’ Vo,

In fact, we have the following result.
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Theorem 2 Consider the set of admissible controls to be defined as the set of controls o
such that the process (X2)n=o is an irreducible and aperiodic Markov process on the finite
space X. If a solution for the asymptotic MFG (resp. MFC) exists, then it is equal to the

solution of the corresponding stationary MFG (resp. MFC) and vice versa.

Proof: Let us consider the pair (M4 gAMEG) golution of an asymptotic MFG.
The optimal control &4M¥¢ is an optimizer over the set of admissible controls such that

the process (X%),>0 is an irreducible Markov process and admits a limiting distribution
which is then the unique invariant distribution using the control &4"¥&_ Note that the
control &*MF& doesn’t depend on the initial distribution py and consequently gAMF¢
doesn’t either. Therefore, (GAMEC AMES) js the solution of the AMFG starting from

AAMEG wwhich is the corresponding stationary MFG problem. Thus, we deduce the desired

AMFG _

relation & &SMFG A similar argument for MFC problems applies and shows that

QFAMFC _ (#SMFC m

Remark 2 In terms of practical applications, the asymptotic formulation (AMFG and
AMFC) seems to be the most appropriate, and if one is interested in the optimal controls,
Theorem [d shows that solving the asymptotic games also gives the solutions to the corre-
sponding stationary games. Additionally, (3.1) and indicate that it also gives the
long time solutions to the corresponding time-dependent games. Developing QQ-learning

algorithms for solving time-dependent finite horizon games is addressed in Chapter |3,

3.5 A Linear Quadratic Example

In this section, we provide explicit solutions for MFG, AMFG, SMFG, MFC, AMFC,
and SMFC, in the case of continuous time, continuous space Linear-Quadratic stochastic
differential games. We verify that (3.1)) and (3.2), and therefore, Theorem [2| are satisfied
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in that case as well. In Section [4.3] discrete approximations of these games will also serve
as benchmarks for our algorithm described in Chapter [4

Let (2, F,F = (F;)i=0, P) be a filtered probability space, where the filtration supports a
1-dimensional Brownian motion W = (W});>0 and an initial condition g € L*(Q, Fo, P;R).
We consider the following model, in which the mean-field interactions are through the

first moment. The running cost and the drift are defined as follows

1
f('r? o, /L) - 50&2 +a (:C - CQm)Q +c3 (.CL' - 04)2 + C5m27 b(l’, a, ,U/) =, (33)

where m = SR xp(r)dz. Here the parameters ¢z, ¢y € R and ¢, 3, ¢5 € Ry are constant
such that ¢; + ¢3 — ¢jco # 0. In this model the drift is simply the control, while the
running cost can be understood as follows: the first term is a quadratic cost for controlling
the diffusion, which penalizes high velocity, the second term incorporates mean field
interactions and encourages the agents to be close to com (if ¢; = 1, this has a mean-
reverting effect), the third term creates an incentive for each agent to be close to the target
position ¢4, and the fourth term penalizes the population when its mean m is far away
from zero. We thus obtain a complex combination of various effects, which can be balanced
depending on the choice of parameters. A control « is admissible if the infinitesimal
generator of the corresponding process has spectral gap implying exponentially ergodicity.

To conclude we assume constant volatility o.

3.5.1 Solution for non-asymptotic MFG

We present the solution for the following MFG problem
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1. Fix m = (my);=0 < R and solve the stochastic control problem:

min J" (o)

Q0
= minE [J e PLF(XE, ay, mt)dt] =

o 0

=minE [

+00 1
f e Pt <§ozt2 o (X2 —comy) + s (XX —cy)® + c5mf) dt] :
0

subject to
dX7 = oudt + odWy,

X((]l ~ M-

2. Find the fixed point, v = (1M;)¢>0, such that E [Xté‘] = my for all t > 0.

This problem can be solved by two equivalent approaches: PDE and FBSDEs. Both
approaches start by solving the problem defined by a finite horizon 7'. Then, the solution
to the infinite horizon problem is obtained by taking the limit 7" goes to infinity. Let

VmT’T(t, x) be the optimal value function for the finite horizon problem conditioned on
X() =, ie.
. T
V™oLt ) = inf J™(a) = inf E lf e_ﬂsf(Xf‘,as,msT)ds‘X{f‘ = a:] :
o [0 t
v (T, 5) = 0.
where m” = {m]}o<i<7 = R. Let’s consider the following ansatz with its derivatives
V() = T3 (6)a” + TT (e + T (1),
V™ T (t,x) =TT ()2 + T ()2 + TT (1), 5
o, V™ T (t,x) = 2T8 () + TT (1),

OV T (8, 1) = 2T (1).
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Then, the HJB equation for the value function reads:

o™ T — BU™NT L inf{ ANV 4 f(z,a,mT))

1 1
zathTI — 6VmT7T + inf {a&meT’T + EJQ@IVT”T’T + §a2 +cy(x — cam™)?

+c3(x — 04)2 + c5(mT)2}
2 1 1 2
:é’thT’T — /BVmT’T — é’meT’T + 5028MV"‘T’T + §6meT’T +c1(x — cam™T)?
+ cg(x — cg)? + cs(m”)?

1 2 1
:&thT’T — BVmT’T — §§$VmT’T + §U2§x$VmT’T +cy(x — cam®)? 4 cz(x — cy)?

+cs(m™)? =0,

where in the third line we evaluated the infimum at @7 = —V™"T. The following ODEs

system is obtained by replacing the ansatz and its derivatives in the HJB equation:

-

Fg — 2(Fg)2 — Bl“g +c +c3 = 0, Fg(T) = 07
F,iF = (27 + B + 2cicom™ + 2¢3¢4, (1) =0,

fg = ArE + %(FITV — o T — e3¢4? — (1622 + ¢5)(mT)?, rir) =o,

m? = —2I'TmT —TT, mT(0) = E[uo] = mo,

(3.5)

\

where the last equation is obtained by considering the expectation of X after replacing

ol = =0, V™' T — —(TT2 + TT). The first equation is a Riccati equation. In particular,

- - 2 c1+c
the solution I']’ converges to I'y = p +\/W

as T goes to infinity. The second and

fourth ODEs are coupled and they can be written in matrix notation as

mT —orf -1 m? 0 m”(0) mo
= + , = : (3.6)
F? 20162 QFg + B F{ 20304 F{(T) 0
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We start by solving the homogeneous equation, i.e.
m? m? —2r? -1 m? mT(0) mo
rr I 2cico 2T 4+ 8 I 'T(T) 0

We introduce the propagator P7, i.e.

m? m? (0
=p © : (3.8)
It I(0)
mT
By deriving and expressing the initial conditions in terms of the inverse of PT
rf
mT
and , we obtain
rf
m?T . [mT(0 : m?
= PtT W = PtT(PtT)_l . (3.9)
I I (0) I

By comparing the last system with (3.7)), we obtain

Pf = K['P]
(3.10)
P =1,
where I, is the identity matrix in dimension 2. The solution is given by P = elo K¥ds .—
ekt In particular, the exponent is equal to
¢ —2('TT(s)ds —t gl d
Lf:stpo ol 4) - . (3.11)
0 2c1cot 2 S(t) I'T(s)ds + Bt by al

We evaluate the exponential PT(t) = e* by using the Taylor’s expansion and diagonalizing

the matrix LI. The eigenvalues/eigenvectors of LI are given by

atT + g’f + \/(CL? — g?>2 + 4btdt fUT . dt T . dt

2 Lt T | it T T
)‘l,t — i )‘2,1& — i

)\F{\Zt =
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P, is obtained by

pi(1,1) pf(1,2)

pl =
pi(2,1) py(2.2)
k
A, 0
. o 0 )‘gt -1
— oL _— N 7/
—eft =), {UlT,t ”2T,t] el l”lT,t U2T,t]
k=0 '
0 k
DI _
=50 (80!
k=0
)\T
et
=5/ (5)~
0 e
_ 1
(A3, — M)
) i, — gF) + de2e (g — AT) d3(e*ee — M)
T T T T
A= gD O3 = gl )M =) die (A, — gf) + dee™ (g — AT)
(3.13)
h{
In order to solve the non homogeneous case, we introduce an extra term , Le.
hy
m? h¥
-prl (3.14)
T h3
mT
By deriving , we obtain
Iy
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m? ) h¥ h¥ ht ht
—pT | |+ PT | | =KkTPT | [+ P
I hy hy hy hy
ml ht
o R R - R (3.15)
It hy
By comparing (3.6 with (3.15]), we obtain
ht 0 1 pl(2,2 —p; (1,2 0
L= = o7 +@2) eL2) (3.16)
hy 2¢404 i -pi (2,1)  p/(1,1) 2¢3¢4
By integration we obtain
t T 1.2
R (t) = nT(0) — 20304J P - )d&
0 ’PS | 3.17
"pi(1,1) (347
hl(t) = hI(0) + 20304L S’Pg:’ ds,

where h1(0) = mo and h1(0) = T'T(0).
We use the terminal condition T (T") = 0 to obtain an evaluation of hZ(0) = T'7(0) in

terms of P} and my, i.e.

T1(T) = pr(2, 1) (T) + p1(2,2)h; (T) = 0,

r1(0) =

1,2
I'’(T) = ph(2,1) ( my — 2cscy pSU(DT” )ds)
0 s
1 (3.18)
+ph(2,2) < 0) + 2¢3¢4 ps(;)ds>=o,
o |PT]
)( J pi(1,2) ) JTPT(LU
mo — 2¢3¢4 5 ds | — 2c3ey 5 ds.
pT(2’2) o |P]] o |PT]

In order to evaluate the limit of T'7(0) as T goes to infinity, we analyze the different terms

separately. First, we evaluate the following limit:

1 .
lim —J I (s)ds = lim 'y (1) = 'y, s €[0,7], (3.19)

T—oo T 0 T—o0
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—B+A/B2+8(ci+c3) .

where we applied the mean value integral theorem and [y = 1 is the limit

of the solution of the Riccati equation obtained previously, i.e. [y = limy_o I'l(s). We

recall that

4 (7 ’
/\%ﬂ7 )\IT = \/(ag — g%)Q + 4b%:dT = T\/(ff Fg(S)dS + 5) — 8c1c9 > 0

0

which goes to infinity as 7' goes to o0 when the term under square root is well defined.

We observe that

¢
g = lim g/ = lim QJ I'7(s)ds = —2D'5t = gt,

a; == lim a! = lim ZJ 7 (s )ds—l—ﬂt=2f‘2t+ﬁt,

Gy + G + A/ (ar — §:)2 + 4byd,

/\1\2t = hm )\1\2t

2
ﬁ i \/(4f2 + 6)2 — 86102
=1 9 = t>\1\2,
~ . T 1
Pt = hm Pt = —F= ="
T—0 diy( Aot — A1)
dteil’%j\g,t — gt) + dtej‘“ (gt — 5\1’13) df(ej‘“ — 6:\1”5)
X
(Ate = 0) (Ao — Ge) (€Mt —e2t)  dye?2t (Mg — i) + dee (G — A1)

(3.20)
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To evaluate I'1(0) = limg_o I'7(0), we study the limit of the remaining terms:

T T
_p§(2, 1) ~ lim (A{T - 9%)()‘ng - 9%)(6/\” — e’\lvT)
o pr(2:2) T dpeter (AL — gF) + dpein (gF — M)

. 1
= lim
T—0 dr T T + dr T AT
M r—97)(1—e Moot (A p—g7)(1—e 2T 7LT)
=—(A—9)
= — (A1 +2I),
3.21
), (T e o &2
lim ds = lim ——ds
T Jo ’PL"’T| T Jo ()\gs _)\{s)<€)\1’s+>\2’s>
1 1 1
T M\ A
AR ro L Ao =0 r 9 — A
%EIOIOJ;) ’PT| ds B %EEO 0 GAZS—H\%’S o )‘gs Afs e ng )\{s ds
A2 —yg g—N
= + :
Aa(A2 = A1) A(A2 = Ap)
Finally, the value of fl(()) is given by
. 3¢
['1(0) = =(A — g)mo — 2%- (3.22)
2
Given I';(0), we evaluate the limit as T goes to oo of ([3.17), i.e.
t T
1 T _ o : ps (17 2)
hq(t) = %13010 hi (t) = mg — 2c3¢y Tlgrgo L TP d
_ ) . 2 _ 1 - =
MO N ()\26 NN TN
t T
— T — lim (17 ps(L,1)
ho(t) = %E}goh (t) = TIE%O <F1 (0) + 20304J0 P ds
- e3¢y [ Aa—yg ey, YN —tA
—1,(0) +2 1—e )+ L 21(1 et
(0 2720 (220 e A oy
(3.23)
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We can conclude that

my = lim m]
T—o0

= pe(1, 1)hy () + pe(1,2)ha(t)

C3Cq 1 1 > C3Cq 1 1
- ) - = 149 B4 [ %
<m°+ o — M ()\1 )\2>)6 M VSV W &

= pe(2, 1)hy () + pe(2,2)ha(t)

Aa—g M-y
_ — et 49 C3C4 2 _ '
e e T U

(3.24)

Finally, the third ODE in (3.5) can be solved by plugging in the solution of the
previous ones and integrating. Since our interest is into the evolution of the mean and

the control function, we omit these calculations, but we recall that:

~ :*6+\/ﬁ2+8(61+63)

Gy = —(Doz +T1(1), Ty ; : (3.25)
and we observe that
. - - - 4eyel csealy
| = —(Toz+Ty), I'=-— = ) 3.26
oy (T2 ) ! A2 2(cq + ¢35 — c109) ( )

3.5.2 Solution for Asymptotic MFG

The asymptotic version of the problem presented above is given by:

1. Fix m € R and solve the stochastic control problem:
0
min J™ () = minE [J e PLF(XE, ay, m)dt}

o 0

© 1
-~ [ J " (§a§ e (X~ eym)? 4 es (X2 — ) + C5m2) dt] |

o 0

subject to:  dX[ = oudt + odW,, X ~ po.

2. Find the fixed point, m, such that m = lim; ,, , E [Xf‘m]
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Let V™(z) be the optimal value function given m € R and conditioned on Xy = z, i.e.
V™(z) =inf J™* ()
+00 1 ) ) ) )
:ing {fo e Pt (iat + o1 (X —cam)” + 3 (X —ca)” + csm > ‘X(?‘ = x] .
We consider the following ansatz with its derivatives with respect to x:
Vm(l‘) = FQI‘2 + Fll' + Fo,
Vm(fL‘) = QFQLL' + Fl,

V™(z) = 2.

Let’s consider the HJB equation

V™ (x) — igf{AXVm@) + f(z,a,m)}

. 1 .. 1
=pV™(x) — inf {aV(a:) + 502Vm(x) + 5042 +c1(z — com)? + c3(r — cg)® + c5m2}

=pV"™(x) — {_(Vm>2(95) + %UQVm(iU) + %(Vm)Q(:L‘) +c1(x — cam)® + c3(z — ¢4)?

+C5m2}
=0V™(x) + %(Vm)2(:c) — %CTZVm(JY) —cy(x —cam)? — c3(x — ¢4)* — esm? =0,

where in the third line we evaluated the infimum at &(z) = —V™(z). Replacing the

ansatz and its derivatives in the HJB equation, it follows that

(BI‘Q +2T% —¢; — Cg) 2 + (BT + 209 + 2c1com + 2c3¢4)x

1
+ BFO + _F% — UQFQ — (01022 + 05)m2 — 03042 =0.

2
An easy computation gives the values
—ﬁ + \/52 + 8(61 + 03)
FQ = 4 )
Lo _20102m + 2c3cq
! B+20,
r csm? + ¢z’ + c1c9’m? + 02Ty — %F%
0= :
g
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By plugging the control &(x) = —(2I%x 4+ T'y) into the dynamics of X, and taking the

expected value, we obtain an ODE for m;

mt = —(2F2mt + Pl) (327)

The solution of (3.27) is used to derive m as follows

. . Fl Fl 9Tt Fl 2C1€2m + 20304
— 1 = lim ——- L) e - L
me= e = o, b <m0 * FQ) ¢ T,  20%(B +20%)
(3.28)
C3Cq

m f—

FQ(B + 2F2) — C1C2
To summarize, we derived that &(z) = —(20x + ') with [y = 'y and Iy = I

obtained in (3.26]). In other words, we have checked that
lim aMFY(z) = aMFC (1),  Va,

t—00

that is the first part of (3.1)) for this LQ MFG.

3.5.3 Solution for stationary MFG

The only difference with the derivation above in the case of asymptotic MFG is that
my should be a constant which, from (3.27)), should satisfy 2I'ym + I'; = 0. Therefore, m
takes the same value as in (3.28)), and we deduce

&SMFG(m) _ dAMFG@;,)’ Vl‘,

that is the second part of (3.1)) for this LQ MFG.

32



Mean field Games and Mean Field Control problems Chapter 3

3.5.4 Solution for non-asymptotic MFC

We present the solution for the following non-asymptotic MFC problem

min J(a) =minE [JOO e PA(XE B [Xto‘])dt]

e o4 0

+0
1
=minE lj e Pt (—af + o (X — GE[XA])? 4 e (X2 — ¢y)

a 0 2
+oE[XP)%) dt]
subject to:

dX = audt + odWy,  X§ ~ po.

Note that here the mean E[X{] of the population changes instantaneously when a
changes.

This problem can be solved by two equivalent approaches: PDE and FBSDEs. Both
approaches start by solving the problem defined by a finite horizon T'. Then, the solution
to the infinite horizon problem is obtained by taking the limit for 7" goes to infinity.
Let VT (¢, z) be the optimal value function for the finite horizon problem conditioned on

Xy =2, ie.

(07

T
VI(t,r) = inf J™ " () = inf E lf e_ﬁsf(Xsa,&s,m?)ds‘Xg" = x] . VI(T,x) =0.
@ t
Let’s consider the following ansatz with its derivatives

VIt x)=T3t)2* + T )z + T (), VI(T,2)=0,
VTt x) =TT(W)a? + T () + TL (1),
(3.29)
VI (t,x) =2 )z + TT (1),
0wV (t,2) = 2I'F (1),

Starting by the MFC-HJB equation (4.12) given in [12], we extended it to the asymptotic
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case as follows

H
BVT - V;T - H (t,l‘, M, Oé) - f (;_'u (ta h7 M, _ava) (l‘>,ut<h)dh = 07
R

where m; = § yuu(dy) and o* = —0,V". We have:
H(t,x,p,a) :==inf {A*V + f (t,z,a,p)}

1 1
= igf {aé’xVT + 50263096VT + §a2 +cy(x — camy)? + cs(x — cg)® + c5mt2}

1 1
= —§(§$VT)2 + 502535va +c(x — Cth)2 + c3(x — 04)2 + csmy?,

0H (t, h, p, )
% = @ (cl(h — Cth)2 + c5mt2) (x)
9
op

<01 (h — fR yut(dy)) 2 + ¢ UR yut(dy)> 2) (z)

= —9¢icom (h —cy fR yut(dy))) + 2¢5 fR yhi(dy)

= —2ci109x(h — camy) + 2c5xmy,

0H

J E (t, h, s, —&mVT) (x)pe(h)dh = —2¢qcom(my — camy) + 2¢c5xmy,
R

and finally

gVt — o, vt + %(85)2 - %UQ(%;EVT —c1(x — comy)? — es(x — cq)?

— cymy® + 2c1c0w(my — camy) — 2csxmy = 0.

The following system of ODEs is obtained by replacing the ansatz and its derivatives in

the MFC-HJB:
T — 212 —BrT 4+ ¢ 4¢3 =0, (1) =0,
FlT = (2I'T + BT + (2c109(2 — ¢2) — 2¢5)mT + 2c3¢4, '(T) =0,

I7 = BUF + LIT)? - 0°TF — c3ca® — (cre? + c5)(m])?,  TH(T) =0,

ml = —2I'TmT —TT, m?(0) = E[X&] = my,

(3.30)

\
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where the last equation is obtained by considering the expectation of X after replacing

a*(x) = —0,VT(z) = —(TTx+TT). The first equation is a Riccati equation. In particular,

=B/ +8(c1+ea)

4

the solution I'J" converges to I'} as T' goes to infinity. The second and

fourth ODEs are coupled and they can be written in matrix notation as

mT —217 —-1 m? 0 m”(0) mo
= + y =
F{ (20102(2 — Cg) — 205) 2Fg + B F{ 20304 F{(T) 0
(3.31)

By similar calculations to the non-asymptotic MFG case, the following solutions can
be obtained

C3Cy 1 1 )\ C3Cy 1 1
<m°+ - M ()\1 /\2>>e MRSV SV A

(3.32)
() = lim LY (t) = pf (2, 1)ha(t) + p; (2, 2)ha(t)
A—g M—g
_ — et 19 C3Cy 2 _
mo(g — Ar)e™ + Yo U )
where
g = _2F;7
b= 2(0162(2 — 02) — 05),
a:=20%+ 3, (3.33)
d:= —1,
N OF Y ++/(a—g)? + 4bd tﬁ +4/(4T% + B)? — 8(c1ea(2 — ¢2) — ¢5)
12 = = .

2 2
As in the MFG case, the third ODE in (3.30)) can be solved by plugging in the solution

of the previous ones and integrating. Since our interest is into the evolution of the mean

and the control function, we omit the calculation for this ODE.
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3.5.5 Solution for Asymptotic MFC

The asymptotic version of the problem presented above is given by:

0
min J(a) = inf E [J e PLF(XE, ma)dt]

o 0

+00 1
= infE [f e Pt <§Oét2 +ep (X — com®)? + 3 (X —cr)” + 65(ma)2> dt] ;
« 0

subject to:  dX[* = oudt + odW,, X ~ po,

where m® = lim;_, ., E[X}].
Let V(z) be the optimal value function conditioned on X§ = z, i.e.
V(z) = inf J*(ax)

+0o0 1
_infEr [ [Fen <§a§ For (X — eom®)? 4 oy (X — )’ + C5<ma>2> dt] ,
o 0

where E*[-] = E[-| X§ = z].

We consider the following ansatz with its derivative

V(I) = F21'2 + Fll‘ + F[),
V(iC) = QFQZL’ + Fl,

V(z) = 20,.

Starting by the MFC-HJB equation (4.12) given in [12], we extended it to the asymptotic

case as follows

0H

BV (2) — H (3, 1%, ) — J S (ho V) (@ ) =,
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where m® = { yu®(dy). We have:

H (z,p% ) := iI;f {.AXV(QZ) + f (z, Oé,,LLa)}

. 1 .- 1
= inf {aV(x) + 5(72‘/(1') + 5042 + c1(z — com®)? + c3(z — cs)® + 05(m°‘)2}

1. 1 ..
= —§V(a:)2 + 502‘/(3:) +c(x — CQmC")2 + c3(x — 04)2 + c5(m"‘)2,

OH (h,p* ) 0
oL C op

= ( (o] yﬂa<dy>)2+c5 ([ ym<dy>)2) (x)

= —2ciCo7 (h — ¢ fR yu"‘(dy))> + 2c5 JR yu(dy)

(c1(h — com™)* + ¢5(m®)?) (2)

= —2cic0w(h — cam®) + 2cszm®,

H .
f of <h,pf‘, —V(h)> (x)u®(h)dh = —2cicow(m®™ — com®) + 2cs5em®,
R Ol

and finally the HJB equation becomes:

Lo o 1 oe o2 2
BV (x) + §V(x) — 50 V(z) —c1(x — com®™)® — c3(x — ¢y)

— c5(m™)? + 2c1c01(m™ — com®) — 2cszm® = 0.

A system of ODEs is obtained by replacing the ansatz and its derivatives in the MFC-HJB

and cancelling terms in 22, and x and constant:
(ﬁFQ +2I5 —¢; — 03) 2 + (BT + 209 + 2c1com™(2 — ¢3) + 2¢3¢4 — 2c5m™)

1
+ 5F0 + —F% — 02F2 — (C1622 + 65)(m°‘)2 — 63C42 = 0.

2
An easy computation gives the values
r —54-\/524—8(014-63)
2 = ;
4
T, _ 2c5m®™ — 2c1com® (2 — ¢3) — 2¢304
' B+ 2T, ’
r c5(m®)? + c3cs® + c1e?(m®)? + 0Ty — %F%
0= :

s
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By plugging the control a*(z) = —(2I'sx + I';) into the dynamics of X and taking

the expected value, we obtain an ODE for mg*

The solution of ([3.34) is used to derive m as follows

o . « . F1 F1 —2Tt
m :tlgroémt ztli)rg(—2—r2+(mo+r—2)e )
_ I _  2c5m® — 2c1com™(2 — ¢3) — 2c3¢4 (3.35)
oT, 2T5(f3 + 2Ty) '
C3Cy

N FQ(/B + 2F2) + Cy — 0102(2 — Cg)

We remark that the values of m® and I';(¢) obtained in the non-asymptotic case converge

to m® and I'y respectively as t goes to oo. Therefore, we have obtained that

tlim aMEC () = o*AMEC (1) Y,
—00

that is the first part of (3.2)) for this LQ MFC problem.

3.5.6 Solution for stationary MFC

The only difference with the derivation above in the case of asymptotic MFC is that
ms should be a constant which, from (3.34)), should satisfy 2I'ym® + I'y = 0. Therefore,
m® takes the same value as in (3.35]), and we deduce

O./*SMFG(ZE) _ OZ*AMFG(I‘), Vl‘,

that is the second part of (3.2)) for this LQ MFC problem .
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Chapter 4

Unified Reinforcement Q-Learning
for Asymptotic Mean Field Game

and Control Problems

In this Chapter, we discuss the results presented in our paper [6]. We introduce a new
Reinforcement Learning (RL) algorithm to solve the infinite horizon asymptotic Mean
Field Game (MFG) and Mean Field Control (MFC) problems discussed in Chapter 3.
Our approach can be described as a unified two-timescale Mean Field Q-learning: The
same algorithm can learn either the MFG or the MFC solution by simply tuning the ratio
of two learning parameters.

The design of the algorithm is derived by the new definition of a MKV MDP: the
environment not only receives an action by the agent as in a classical MDP, but also
estimates a distribution of the state in order to take into account the mean field feature
of the problem. Extending the classical Q-learning algorithm to this framework requires
to draw a connection between MFG, MFC, Q-learning and Borkar’s two timescale ap-
proach [I5], [16]. The stochastic approximation of the Q-function presented in Chapter
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is coupled with a stochastic estimation of the population distribution. While this
procedure is sufficient for the MFG case, the MFC framework requires the definition of a
new Q-function, that we called the MKV Q-function (see Definition , together with the
optimal new Bellman equation (see Theorem .

In Section we recast the infinite horizon Asymptotic MFG and MFC problems
introduced in Section as a two-timescale problem of Borkar’s type [15], [16] which
provides convergence results. The algorithm is in discrete time and space and it is
presented in Section [4.2] In Section [4.3] we show numerical results with comparison to
the benchmark case of discrete time and space approximations for continuous time and
space linear-quadratic problems for which we have explicit formulas derived in Section

.0}

4.1 A unified view of learning for MFG and MFC

The definitions of MFG and MFC reveal that the two formulations are very similar
and both involve an optimization and a distribution. This leads to the idea of designing an
iterative procedure which would update the value function and the distribution. However,
in the MFG, the distribution is frozen during the optimization and then a fixed point
condition is enforced, whereas in the MFC problem the distribution is directly linked to
the control, which implies that it should change instantaneously when the control function
is modified. Hence, to compute the solutions using an iterative algorithm, the updates
should be done differently for each problem: intuitively, in a MFG, the value function
should be updated in an inner loop and the distribution in an outer loop, whereas it
should be the converse for MFC. More generally, we can update both functions in turn
but at different rates. Then, to compute the MFG solution, the distribution should be

updated at a lower rate than the value function. For MFC, it should be the converse. In
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the rest of this Chapter, we formalize these ideas.

4.1.1 Action-value function in the classical Q-learning setup

As introduced in Chapter , Q-learning [73] is one of the most popular methods in
RL. Instead of looking at the value function V' as in a PDE approach for optimal control,
this method is based on the action-value function, also called @-function, which takes as
inputs not only a state x but also an action a. Intuitively, in a standard (non mean-field)
MDP, this function quantifies the optimal cost-to-go of an agent starting at z, using
action a for the first step and then acting optimally afterwards. In other words, the value
of (z,a) is the the cost of using a when in state x, plus the minimal cost possible after
that, i.e. the cost induced by using the optimal control; see e.g. [T1, Chapter 3] for more
details. The definition of the optimal @-function, denoted by Q*, is similar to (2.1)), up
to a change of sign since we consider a cost f and a minimization problem instead of a

reward r and a maximisation problem, namely,

Q*(x, mlnE[ZV (X, a( X)) [ Xo=2,4 =a

The equivalent of Theorem [1|is provided by the Bellman equation:

Q*(z,a) = f(z,a —I—’yZ |:1:am1nQ (2',a’), (r,a) e X x A.

r’'eX

Consequently, Corollary |1} is rewritten as:
V*(x) = min Q*(x, a), reX.

By adopting the optimal action-value function, one can directly recover the optimal

control, given by arg min,. 4 Q*(x, a). This allows to design model-free methods.
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4.1.2 Action-value function for Asymptotic MFG

In the context of Asymptotic MFG introduced in Section [3.2] we can view the
problem faced by an infinitesimal agent among the crowd as an MDP parameterized
by the population distribution. Hence, given a population distribution pu, standard RL
techniques can be applied to compute the @-function of an infinitesimal agent against
this given pu.

Then, the optimal Q-function is defined, for a given u, by

@y(w,a) = minE 27 (X, (X)), p) | Xo =2, Ag = a |, (4.1)

where the cost function f(z,a,u) depends on the fixed p as well as the transition
probabilities p(z'|x, a, u). Since p is fixed, as in the classical case, one obtains the the
Bellman equation:

Qi (z,a) = f(z,a,p) +72 2|z, a, p) man (', d), (x,a) e X x A, (4.2)

r’'eX

This function characterizes the optimal cost-to-go for an agent starting at state x,
using action a for the first step, and then acting optimally for the rest of the time
steps, while the population distribution is given by u (for every time step). Note that

min, Q%(z,a) = ming J*M*%(a; 1) in the notation of Section .

4.1.3 Action-value function for Asymptotic MFC

For MFC, it is not obvious how to use the same )-function because, as noticed earlier,
the distribution appearing in the definition of MFC is directly linked to the control and not
fixed a priori. One possibility is to look at MFC as an MDP on the space of distributions
and then to introduce a Q-function which takes a distribution as an input [30, 44 45| [64].

We take a different route and introduce a new modified Q- function as follows. For

an admissible control a(z), we define the MKV- dynamics p(2'|x, a, u®) so that p® is the
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limiting distribution of the associated process (X). We define the control & by

a if o =u,
a(z") = (4.3)

a(z) for 2 # x.

Remark that & depends on z and a which we omit for the sake of a lighter notation.

Definition 1 (New MKV Q-function) The MKV Q-function for the asymptotic MFC
problem discussed in Section[3.4 is given by

Q“(z,a) = f(x,a,pu%) +E 2 Y (X, a(Xy), ) | Xo = x, A = a] : (4.4)

n=1

Note that, compared with the @) ,-function used for MFG, our MFC modified @-function
involves the differences A, f := f(z,a, ) — f(z,a, p) and A,p := p(-|z, a, i) — p(-|z, a, 1)
which play the role of derivatives with respect to the probability distribution in the
classical continuous time and space Mean Field Control problems.

In the following steps, we extend the classical results presented in Chapter 2/ to the
new MKV Q-function . After introducing the new Bellman equation for the MKV
Q-function in Lemma [3] the policy improvement theorem is extended to the new MKV
MDP in Theorem [3| Lemma [d] (Corollary [2) verifies the connections among the (optimal)
MKYV state value function and the corresponing (optimal) state-action value function.

Finally, the new Bellman equation for the optimal MKV Q-function is proved in Theorem

Ml

Lemma 3 (Bellman eq’n for MKV Q function) The function Q% : X x A — R

satisfies the Bellman equation given by

Q%(x,a) = f(x,a,u) +~E [Qa(Xl,a(Xl)) Xo=1x,A = a] , (4.5)
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Proof:
Q*(x,a)="f(x,a,u")
+E [E [Z VT (X (X))
n=1

( ]’Xo—.CEAo—CZ

8

(“Q)}f(:c,a,ud) +E []E [Z Y (X, (X)), 1®) X1] ‘XO =ux, Ay = a]

X1] )XO =x,A0=a]

where TP and MP stand for tower and Markov property respectively. The last step is

Zf(CE, a, H&)

+ 7E [f(Xb ( + ’YE [Z Xma ) ﬂ“a)

=f(z,a,pu®) +~E [Qa(Xl, a(Xy)) ‘ Xo=uz,4 = a] ,

justified by observing that the population distribution u® based on the modification of «

given the pair (z,a(r)) is equal to pu® itself. |

Lemma 4 The state value function V< : X — R is linked to the action-value function

RY: X xA->R by
V¥ (z) = Q%x, ax)). (4.6)

Proof:

M8

V() = fl@,a@), 1) + B | Y 7" (Xns a(Xa), %) | Xo = 2, A = ()

3
Il
—_

18

= f(z,a(z), Nd) + E Y f (X, (X), 1)

Xo =z, A = a(z)

3
Il
it

B (r.a(w)

where we used that the modification of « given the pair (z, a(x)) is equal to « itself and

consequently pu® = u®. |
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Theorem 3 (New Policy improvement for the MKV MDP) Let & be a policy de-

rived by o
a(s), for s # x,
a(s) =
a, for s = .
such that
Q%(z,a(x)) < V(). (4.7)
Then,
Vi) < V*2') Va'e X, (4.8)

Proof: Step 1 Show that V(z) < V().

We observe that

Ve(z) > Q% (z, a(x))

Fla,6(a) 1) + 7E | Q(X1,a(X1)) | Xo = 7, Ao = ()

f(x7d(x),u&) +1E :Va(X1) ‘Xo =z, Ay = d(a:)]

Fla,a(2), 1) +7E [ Q°(X1,6(X1) | Xo = 7. Ay = a(a) |

2 F(w, alx), 1) + AR | f(X1, @(X0), 1%) + 7Q%(Xiy, (X)) ‘XO =z, 4y = 5‘(]")]

k
>E [Z VS (X &(X0), 1) + 1V (X) | Xo = ]
n=0

Considering the limit as £ — oo, it follows that

0¢]

Z V" f (X, a(X0), ,Ud)

n=0

V¥(x) > E Xo=2|=V%ax)

Step 2 Show that V(z') > V¥(2') V' e X\{z}.
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Let define T = min{n : X,, = z}. Then

Vo) =E Z'y (X, a(X ,ua)‘ngx’]

'rz—l
) ny (X, (X, ny (X, (X M“)‘onx’]

nN=Tg

) Tify f( X, a(X,), n%) | X, ]+E[ny (Xy, (X)), u®) onx’]

= T1 + T2
We start analyzing the first term observing that X,, # x and a(X,) = &(X,) for all
n < 7, — 1. Then,

[iv (X, a(X,,), u%) onx']

The analyses of the term T, is based on the tower property (TP), the Markov property

(MP) and Step 1 (Sl) It follows that
YR |E [Z Y (X, (X)), p®) =1, ~--7X7z] ‘onx']
<M:P>E Y E [ Z YT (X, (X)), 1) Xm] ‘Xo = x’]
|
|

Combining the analyses of 77 and 75, it follows that

_E[rvece,)

(81)

E[y=Ve(x,,)
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Corollary 2 Let V* : X — R be the optimal state value function defined as V*(x) =
min, V*(z). Then,
V*(x) = min min Q%(x, a), (4.9)

Remark 3 The optimal value function V*(z) = min, Q*(x, a) is equal to JAMEC(a*) in

the notation of Section .

Proof: Let X = {x1,...,2,} and A = {ay, ..., a,} be the state and action spaces.

Step 1 Let o be an initial policy and define o' as follows
arg min, Q" (z,a), if v = x4,

ap(x), 0.W.

Then,

0

Q' (z1, 0 (21)) < V' (21) B v'(2) <V(2), Va

Step 2 Consider a? defined as follows

-

arg min, Q"‘l(x, a), if x = 2o,
o?(z) = 4
ay (), 0.W.
>
arg min, Q* (z,a), if x = 29,
= { arg min, QO‘O(I, a), if v = x4,
ap(x), 0.W.

\

Then,

1

Q" (2, a2 (22)) < V' (21) Vel () < VO (2) < VU (2), Va
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Step n Consider a” defined as follows

argming, Q" (z, a), if v =,

a(z) =
an_1(z), 0.W.
:argminQakil(x,a), ife=ua fork=1,...,n,
Then,
Q" (2, 0™ () S VO (2) Vel(z) <V (@) < VO (2), Ya

Step IN Since the state and action spaces are finite, the policy can be improved only a

finite number of times. In other words, 4N > 0 such that
oV (z) = argmin Q*" (z,a), Vre X
and
vel(z) = Q%" (z,aN (2) = min Q" (z,a), Vze X.

Can oV be still suboptimal? No, by extending Bellman and Dreyfus’s Optimality Theorem
(1962), [10]. ]

Theorem 4 (New Bellman equation for the optimal MKV Q-function) The op-
timal Q*(x,a) = min, Q*(z, a) satisfies the Bellman equation

Q*(x,a) = f(x,a,0*) +~ Z 2|z, a, i* mian*(a:’,a'), (r,a) e X x A, (4.10)

r'eX
where the optimal control o* is given by o*(x) = argmin, Q*(z, a), the modification &*(x)

is based on the pair (z,a) and i* := p®*
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Proof:

RHS = f(z,a,p%) + VE man (X4, d ‘XO =1x,A) = a]

f(x,a,ud) +1E V*(Xl)‘Xo =ux,Ay = a]

IE]

Flx,a, 1) +4E QY (X, o (X)) ‘ Xo=1z,4 = a]
LY (@,0) = Q*(x.0),
where the last step is due to what shown in the proof of equation (4.9)), i.e. the same

policy a* optimizes V¢ and Q. [ |

4.1.4 Unification through a two timescale approach

The goal is now to design a learning procedure which can approximate, for either
MFG or MFC, not only @ but also the corresponding p. For MFG, the usual fixed point
iterations are on the distribution and at each iteration, the best response against this
distribution (which can be deduced from the corresponding ) table) is computed. For
MFC, the iterations are on the control (here again, it can be deduced from the @) table)
and the distribution corresponding to this control is computed at each iteration. Instead
of completely freezing the distribution (resp. the control) in the first case (resp. the
second case), we can imagine that letting it evolve at a slow rate would still lead to the
same limit. In other words, the definitions of MFG and MFC seem to lie at the two
opposite sides of a spectrum.

Based on this viewpoint, we consider the following iterative procedure, where both
variables (@) and ) are updated at each iteration but with different rates. Starting from

an initial guess (Qo, o) € RIF*MI 5 AI¥l " define iteratively for k = 0,1,. . .:

frer = pi + P P(Qu, i) (4.11a)

Qs = Qr + PET (Qry i) (4.11Db)
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where
P(Q,p)(x) = (uP?")(x) — u(x),  ze€X,

T(Q, p)(w,a) = f(z,a,p) + 7 2y p('|2, 0, p) ming Q(z',d') = Q(x, a), (z,a) € X x A,

and

PQ,M(Q:VT,) = p(x']x,arg;nin@(x,a),u), (:U'PQ’H)(:C) = ZM(JJO)PQ’“(%J)’

Zo

P%# is the transition matrix when the population distribution is ;1 and the agent uses
the optimal control according to ). The learning rates p) and pg are assumed to
satisfy usual Robbins-Monro type conditions, namely: >, p = >, pg = 400 and
S lokl? = 2 o717 < oo,

If pf < pg, the approximate ()-function evolves faster, while it is the converse if
Pl > pg. This suggests that these two regimes should converge to different limit points.
These ideas have been studied by Borkar [15, [16] in connection with reinforcement learning
methods under the name of two timescales approach. More precisely, from Borkar [16]
Chapter 6, Theorem 2], we expect to have the following two situations. We assume that
the operators 7 and P are Lipschitz continuous, which, as explained in Section can
be obtained from the Lipschitz continuity of f and p in the model, as well as a slight

modification of P to regularize the minimizer.

e Two timescale approach for MFG.

If p‘k‘/pg — 0 as k — +o0, the system (4.11a)—(4.11b]) tracks the ODE system
i = P(Q, pue),

: 1
Qi = ET(Qth)a
where p/ pg is thought of being of order € « 1. We consider, for any fixed pu, the

ODE

Qt = %T(Qt; M)a
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and we assume it has a globally asymptotically stable equilibrium @,,. In particular,
T(Qu, ) = 0, meaning by that @, is the value function of an infinitesimal
agent facing the crowd distribution . We further assume that @, is Lipschitz
continuous with respect to u. Convergence to (), can be obtained following standard
arguments for Q-learning (see, e.g., [16, Section 10.3]) and the Lipschitz continuity
of (), can be guaranteed through Lipschitz continuity of f,p and the minimizer

in (4.1). Then the first ODE becomes

/lt = P(Qut? Nt)

Assuming it has a globally asymptotically stable equilibrium g, this distribution

satisfies
P(QHO@?MO@) = 0

This condition implies that p. and the associated control function given by

é(z) = argmin, Q... (v, a) form a Nash equilibrium. From [16, Chapter 6, Theorem

2], the system (4.11a)—(4.11b)) with discrete time updates also converges to this

Nash equilibrium when p¥/p? — 0 as k — +oo.

e Two timescale approach for MFC.

If pg/pg — 0 as k — +0o0, the system (4.11a))—(4.11Db)) tracks the ODE system
) 1
Mt = EP(Qt7Mt>7

Qt = T(Qt7 lut)v
where pg /pl is thought of being of order € « 1. We consider, for any fixed @, the

ODE
. 1
Mt = E,P(Qmut)a
and we assume it has a globally asymptotically stable equilibrium pg. In particular,

P(Q, o) = 0, meaning that g is the asymptotic distribution of a population in
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which every agent uses the control a(z) = argmin, Q(x,a). We further assume that

g is Lipschitz continuous with respect to ). Then the second ODE becomes

Qt(w7 a) = T(Qt(x> a)v ﬁQz)v

where [ig, is defined by (4.3)) at (z, a) for a(-) = argmin,, Q¢(-, a’). This is consistent
with the update of @ and what the algorithm proposed in Section [£.2] does. Assuming

this ODE has a globally asymptotically stable equilibrium @), this ()-table satisfies

T (Qw, fig.,) = 0.

This last condition means that ), = Q* satisfies the MFC Bellman equation
(4.10), and that the control o*(x) = argmin, Q(z, a) is an MFC optimum for the
asymptotic formulation and the induced optimal distribution is ug,,. From [16]

Chapter 6, Theorem 2], the system (4.11al)—(4.11b)) with discrete time updates also

converges to this social optimum when pg /P — 0 as k — +oo.

4.1.5 Stochastic approximation

The above (deterministic) algorithm relies on the operators P, T which, in many
practical situations are not known, for instance because the agent does not know for
sure the dynamics or the reward function. In such situations, the agent can only rely on
random samples (more details are provided in the next section). The algorithm can be
modified to account for such stochastic approximations. Indeed, let us assume that, for
any @, , x, a, the agent can know the value f(z,a, ) and can sample a realization of the

random variable

Xyap ~ 0|z a ).
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Then, she can compute the realization of the following random variables %Q%:w and

Poea taking values respectively in R and Al¥:

%,uwva = f(l’, a, :u) lenQ( T,a,M0 (l/) - Q(l’, CL)7

and

Pouwa(t”) = Lixy,  =amy — p(2"), V" e X.

Observe that

BlTaynal = 2ple/ ko) [ 010 + 1min Q' ) = Q)| = T(Qui(,0),
(4.14)

and

E[Pguea@”)] = Y p(@'|z, a, 1) (L—ony — pl(a")) = p(a”|z,a, 1) — p(a”).

If the starting point x comes from a random variable X ~ p and if a is chosen to be
an optimal action at X according to a given table @, i.e., a € argmin 4 Q(X, ), then we

obtain
]E[PQ w,X,arg min, Q( Xa Z ,u Z |.I‘ arg IIllHQ(l’ CL) ) (1{x’=:c”} - /L(ZL’”))
N ( o g min Qo). ) = ("))

= (P9 (2") — p(a")

— PQ m)(="). (4.15)

We can thus replace the deterministic updates (4.11al m 4.11Db)) by the following stochas-
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tic ones, starting from some initial Qg, po: for £k =0,1,...,
. o
= ur(@) + PP (Qn, i) () + PH(z),  VoeX
3 QkJrl(x? a) = Qk(xa (l) + pg,\f—Qk,uk,:p,a (416b)
= Qk—i_pgT(kauk)(x?a) —|—Tk(§lj’a>7 V(QI,CL) e X x A?
\ Xk ~ Mk,

where we introduced the notation:

Pk($) = pl]: (ﬁQk,uk,Xk,argmina Qk(Xk,a)(I) - P(Qka Mk)(x>>7 VJJ,

and
Tk<x7 CL) = Pg (%k,uk,x,a - T(le Nk)(xv CL)) ) V(I, CL),

with X}, sampled from . Note that T* and P* are martingales by the above remarks,
see —. Hence under suitable conditions, we expect convergence to hold by
classical stochastic approximation results [16].

However, the procedure f is synchronous (it updates all the coefficients
of the Q-table and the distribution at each iteration k) and it requires having access to
a generative model, i.e., to a simulator which can provide samples of transitions drawn
according to p(-|x, a, ) for arbitrary state x. In the next section, we propose a procedure
which works even with a more restricted setting, which uses episodes: In each episode,
the learner is constrained to follow the trajectory sampled by the environment without

choosing arbitrarily its state.

54



Unified Reinforcement Q-Learning for Asymptotic Mean Field Game and Control Problems
Chapter 4

4.1.6 Lipschitz property of the 2 scale operators
Generic setting

We modify the original operators using the softmin operator on RM!| defined as:

—2;

e

Z]‘ e

soft-min(z) = ( ) e AHI ze R
i=1,...,|A|

Intuitively, it gives a probability distribution on the indices ¢ = 1,...,|A| which has

higher values on indices whose corresponding values are closer to be a minimum. In

particular, the elements of min{i = 1,...,[A] : z; = argmin, z;} have equal weight and

this weight is the largest among (ﬁ) . We recall that the function soft-min is
i—

e ),
,,,,, Al
Lipschitz continuous for the 2-norm. Denoting by L, its Lipschitz constant, it means that

| soft-min(z) — soft-min(2’)[2 < L[z — 2|2, z, 2 e R,

Moreover, since |.A| is finite, all the norms on Rl are equivalent so there exists a positive

constant ¢y, such that
| soft-min(z) — soft-min(z") oo < Lsc2.00]|2 — 2||o, z, 2 e RHI.

To alleviate the notation, we will write Q() := (Q(z, a))aea for any Q € RIF>*MAI e
also introduce a more general version p of the transition kernel p, which can take as an
input a probability over actions instead of a single action: for z, 2’ € X, v e AM e Al

p(a'|z, v, p) = Z v(a)p(z'|x, a, p).

Intuitively, this is the probability for a agent at x to move to 2’ when the population
distribution is u and the agent picks a random action following the distribution v.

We now consider the following iterative procedure, which is a slight modification
of (4.11a)—(4.11b). Here again, both variables (Q and p) are updated at each iteration
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but with different rates. Starting from an initial guess (Qo, o) € RIF*MI x Al* - define

iteratively for k = 0,1,...:

Hk+1 = Mg + PZLE(Qk, L), (4.17a)

Qi1 = Qr + pgT(Qk, L), (4.17b)

where
T(Q,u)(z,a) = f(z,a,p) +v D p(@ |z, a,p) ming Q(a',a") — Q(x,a), (x,a) e X x A,
P(Q, p)(x) = (uP")(x) — p(x),  weX,

with

P (x,a') = p(a'|z,soft-min Q(z), u),  and  (uP¥)(x) = ) plao) P (xo, ),

o

is the transition matrix when the population distribution is p and the agent uses an

approximately optimal randomized control according to the soft-min of Q.

Lemma 5 Assume that f is Lipschitz continuous with respect to . and that p is Lipschitz

continuous with respect to v and p. Then

e the operator T is Lipschitz continuous w.r.t. p (with a Lipschitz constant possibly

depending on |Q|«), and Lipschitz continuous in Q (uniformly in p);
e the operator P is Lipschitz continuous in both variables.

If p is independent of u, then both T and P are Lipschitz continuous.

Proof: Let us denote by L, and L; the Lipschitz constants of p and f respectively.
Let (Q, p), (@', i) € RI¥*MAL 5 AT We first consider 7. We have

IT(Q ) = T(Q 1) <7 ) max p(a'[z, a, p) |min Q(a', a') — min @'(z', )| + Q@ = &',

<(+D)]Q-l,-
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Moreover,
HT(Qvﬂ) - T(Q,M/)”oo < |f(x,a,,u) - f($’a> ﬂl)’
+ ), o'l a, 1) = pla'|z, 0, 1f)| | min Q(a’, o)
< (Ly + 7Ly Qo) X1 — 1o,

where L; and L, are respectively the Lipschitz constants of f and p with respect to p. If

p is independent of u, we obtain

I7(Q 1) = T(Q, 1) |0 < Ll = 1o

We then show that the operator P is Lipschitz continuous. We have

IP(Q. 1) —P(Q, 1) |0

< HMBQ’” - MIBQ’”IHOO + HN - M/Hoo

<

Z (Q(-|x, soft-min Q(x), pu)u(x) — p(-|z, soft-min Q(x), //)//(x))

T

0

+ = 1o

For the first term, we note that, for every x € X,

| (ol soft-min Q(z). p)(x) — p( | soft-min Q(a). p)u'(2)) |

< H (B("x’ soft-min Q(x), p) — p(:|z, soft-min Q(z), u’))u(m)H

+ o Je, soft-min Q(a), 1) () — /(@) |

0

0

< (Lp + 1) =1l

where we used the fact that discrete probability measures are non-negative and bounded

by 1.
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Moreover, we have

IP(Q. 1) = P(Q, 1) oo < (P = PUH) |

< Z Ip(-|z, soft-min Q(x), u) — p(-|x, soft-min Q' (), 1)«
< Z L,| soft-min Q(x) — soft-min Q' ()|«

< ’X‘ Ly Lg ¢y 1Q — Q/Hom

which concludes the proof. [ |

Application to a discrete model for the LQ problem

Recall that the continuous linear-quadratic model we consider is defined by .
Here, we propose a finite space MDP which approximates the dynamics of a typical
agent in this continuous L) model. We consider that the action space is given by
A={ay = —1l,a1 = =1+ A,...,any, = 1 — A ,an, = 1} and the state space by
X={oo=a.—2,21 =0, —2—A,...,&ny_1 =2c+2— A xN, = T, + 2}, where z. is
the center of the state space. The step size for the discretization of the spaces X and A
is given by A = /At = 1071,

Consider the transition probability:
p(z, 2’ a,p) =P(Z7 > e [/ — A /2,2" + A /2])

:(I)a:+a,o2At(x/ + A/2) - ¢)$+a,a2At(l‘/ - A/2)7

where Z ~ N (z + a,0%At) and @, , .24 is the cumulative distribution function of the

N (z + a,0%At) distribution. Moreover, consider that the one-step cost function is given
by f(z,a, ) At with

fz,a,pn) = %a2+cl (x — ¢ Zu(f)) +c3(r — 04)2+65 <Z u(&)) , b(x,a,p) = a,

ges ¢es
For simplicity, we write i1 = 3. ().
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Lemma 6 In this model, f is Lipschitz continuous with respect to j and p is Lipschitz

continuous with respect to v and p

Proof:

We start with f. For the p component, we have:

F (a0 = flwa, )] < el = en)? = @ = et ] + (@) - (7]
< e = ) - 2+ (i = o)) + el = ) + )
< emax [z (7' = 1)

< cmax |z Y (1 (@) = p(x))

zeS

< cmax |z]o |S] |1 = pleo,
zeS

where ¢ > 0 is a constant depending only on the parameters of the model and whose
value may change from line to line.

Then we consider p. It is independent of  in this model. For the action component,
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we have:

‘E(xw%'/a v, ,U) —]2(1’,.1'/, I/nu)‘

3 v(a) <<1>x+a702m(a;/ +A2) = Dygoeni(a’ — A /2))

a

— Z I/’(Cl/) (CDI_,_a/,UzAt(xl + A/Q) — @x_,_a/ﬂzAt(xl — A/Q))‘

D W) Puraorar(t’ + A J2) = V(@) @yrap2ni(z’ + A 2))

a

_l’_

D (M) aae’ = A./2)) = V(@) sripraile’ - A./2>)‘

a

P (va) - v/ (@)e T

a

dy

JZ‘/-"-AA/Q 1
B Joo oV 2r At

P (va) — v/ (@)e T

a

dy

x’—A,/Q 1
_|_ e —
f—oo gy 2w At

< |y =V,

where c¢ is a constant depending only on the model (and in particular on the state space,

the action space and At).

4.2 Reinforcement Learning Algorithm

As recalled in Chapter [2] RL studies the algorithms to solve a Markov decision process
(MDP) based on trials and errors. An MDP can be described through the interactions
of an agent with an environment. At each time n, the agent observes its current state
X,, € X and chooses an action A, € A. Due to the agent’s action, the environment
provides the new state of the agent X, and incurs a cost f, 1. The goal of the agent
is to find an optimal strategy (or policy) 7* which assigns to each state an action in
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order to minimize the aggregated discounted costs. The idea is then to design methods
which allow the agent to learn (an approximation of) 7* by making repeated use of the
environment’s outputs but without knowing how the environment produces the new state
and the associated cost. A detailed overview of this field can be found in [71] (although
RL methods are often presented with reward maximization objectives, we consider cost
minimization problems for the sake of consistency with the MFG literature).

As presented in Section [4.1.1] the optimal strategy can be derived from the optimal
action-value function. However Q* is a priori unknown. In order to learn Q* by trials
and errors, an approximate version () of the table Q* is constructed through an iterative
procedure. At each step, an action is taken, which leads to a cost and to a new state. On
the one hand, it is interesting to act efficiently in order to avoid high costs, and on the
other hand it is important to improve the quality of the table ) by trying actions and
states which have not been visited many times so far. This is the so-called exploitation—
exploration trade-off. The trade-off between exploration of the unknown environment and
exploitation of the currently available information can be taken care of by an e-greedy
policy based on ). The algorithm chooses the action that minimizes the immediate cost

with probability 1 — ¢, and a random action otherwise, as in (2.2)) with an arg min.

4.2.1 U2-MF-QL : Unified Two Timescales Mean Field Q-learning

In order to apply the RL paradigm to mean field problems, the first step consists in
defining the connection between these two frameworks. In a MFG (resp. a MFC) the
goal of a typical agent is to find the pair (&, 1) (resp. (a*, u*)) where & : X — A (resp.
a* : X — A) represents the equilibrium (resp. optimal) strategy which assigns at each
state the equilibrium (resp. optimal) action in order to minimize the aggregated discounted

costs and ji (resp. p*) is the ergodic distribution of the population at equilibrium (resp.
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optimum). The traditional definition of an MDP based on the agent—environment pair
is augmented with the distribution of the population. In this new framework, the agent
corresponds to the representative player of the mean field problem.

We now define the type of environment to which the agent is assumed to have access. A
key difference with prior works on RL for mean field problems is that we do not assume that
agent can witness the evolution of the population’s distribution. Instead, the environment
estimates the distribution of the population by exploiting the symmetry property of the
problem. Indeed, when the system is at equilibrium the law of the representative player
matches the distribution of the population. As showed in the diagram of Figure [4.1] at
each time n, the agent observes its current state X, € X and then chooses an action
A, € A. An approximation of the distribution u, is computed by the environment based
on the observed states of the representative player. Provided with the choice of the action
and the estimate of the distribution, the environment generates the new state of the agent

X,4+1 and assigns a cost f,,41.

Agent
Cost State
fn XTL
Y N U Distribution Action
Ap

Cost State i

fn+1 Xn+1

Environment

Figure 4.1: MDP with Mean Field interactions: Interaction of the representative agent
with the environment. When the current state of the representative agent is X,,, given
an action A,, the environment produces an estimate of the distribution p,, the new
state X, 11 and incurs a cost f,41 calculated by starting from the current state of the
environment X,, and using the transition controlled by A, and parameterized by .

The algorithm is designed to solve infinite horizon problems through an online approach,
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i.e. interacting with the environment. The learning procedure is based on splitting
the infinite horizon in successive episodes in order to promote the exploration of the
environment. The first episode is initialized based on the initial distribution of the
representative player. Within a given episode, the agent updates her strategy at each
learning step aiming to optimize the expected aggregated cost based on the current
estimate of the distribution of the population p,. Changes in the representative player’s
strategy have an effect on the population requiring to update pu, accordingly. After an
assigned number of steps T', the episode is terminated. A new episode is initialized based
on the current version of the environment represented by the estimate of the population
obtained at the last time point of the previous episode. One may think at the initialization
step as a change in the choice of the representative player who provides the data flow. As
the number of episodes increases, one expects the distribution of the representative player
to converge to the limiting distribution. Within a given learning step, the environment
computes an estimate of u, based on the current state of the agent X,,, provides the next
state X, 11 and assigns the cost f,,1 given the triple (X, A,, ttn,). In other words, the
environment consists of the dynamics of the agent and the cost structure. The case of our
interest corresponds to the one in which the dynamics of the agent and the cost structure
are unknown. In this way, introducing the RL paradigm is equivalent to define a data
driven approach to solve mean field models which may scale their applicability to real
world problems.

In contrast with standard Q-learning, since in the mean field framework the cost
function also depends on the distribution of the population, the goal here consists in
learning the optimal strategy along with the corresponding ergodic distribution of the
population, i.e. (&, /1) in the MFG setting and (a*, u*) in the MFC setting. Based on
the intuition provided in Sections [4.1.4] related to the two timescale approach,

we propose Algorithm [2l At each step, we update the Q-table at the observed state-
63



Unified Reinforcement Q-Learning for Asymptotic Mean Field Game and Control Problems
Chapter 4

action pair Q(X,, A,). With a different learning rate, the estimate of the distribution
is updated based on the operator § : X — Al which maps the next observed state
X,41 € X to the corresponding one-hot vector measure. To be specific, we identify

the simplex Al*! with the subset {[N(xi)]izo,...,|x|—1 u(zy) € 0,1]and >, p(x;) = 1} of

RI¥!, Then & is the function which associates to each element of X = {0, ... ,$\X|—1}
the corresponding element of the canonical basis (e, ...,ex-1) of RI*l ie., for each
i=0,...,|X| -1, 8(x;) = e;, which is an element of Al*l by the above identification.

In order to learn the limiting distribution of the population through successive learning
episodes, an estimate p,, is computed for each step n; based on the sample X,’fi collected
from episodes k = 1,2,.... This approach attempts to minimize the correlation of the
sampled states. The update rule presented in algorithm [2| allocates more weight on the
most recent samples allowing to forget progressively the initial sample that were obtained
by a distribution far from the limiting one. At convergence, one may expect each p,, to
be an estimate of the limiting distribution.

The algorithm returns both an approximation 4. of the distribution and an approxi-
mation Q" of the Q-function, from which an approximation of the optimal control can be

recovered as x — arg min, , Q*(z, a).
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Algorithm 2 Unified Two Timescales Mean Field Q-learning - Tabular version

Require: T : number of time steps in a learning episode,

>

1%

9:

10:

11:

. Initialization: episode k = 0, Q(z,a) = 0 for all (z,a) € X x A, i = [L

X = {x0,...,xx-1} : finite state space,
A = {ao,...,a4-1} : finite action space,
1o : initial distribution of the representative player,
€ : parameter related to the e—greedy policy,
tol,, tolg : break rule tolerances.
|X|

forn=0,...,T
repeat

Episode k£ =k + 1

Initialization: Sample X} ~ p5~! and set QF = Q%!

forn —0toT —1do

Update pu:
py =t PR (O(X) — )

where §(XF) = [1350 (X5, ..., 1;r|(,2‘71(Xk):|

n

Choose action AF using the e-greedy policy derived from Q*(XF, )

1
e T

(4.18)

Observe cost f,1 = f(XE, A¥ 1F) and state X*_ | provided by the environment

Update Q:

QN (X, Ay) =

= QHXE AR+ 02, s [ + 7 min @ (XA, a)) — QF(XE, AB)] (419)

end for
until §(ps !, pk) < tol, and |QF — QF 1, < tolg

return (u*, Q%)
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a unified approach to solve mean field problems. On the one hand, by choosing the
learning rate for the distribution of the population slower than the one for the Q-table,
we obtain the solution to the MFG problem. Similarly to the scheme presented in Section
[4.1.5] the iterations in @) perceive the quantity p as quasi-static mimicking the freezing of
the flow of measures characteristic in the solving scheme of a MFG. In particular, the
update rule (4.19) of the algorithm represents a stochastic version of the Bellman equation
for the optimal Q-function @7. On the other hand, by choosing the learning rate for
the mean-field term faster than the one for the Q-table, we obtain the solution to the
MFC problem. Indeed, this choice of the parameters guarantees that the distribution
changes instantaneously for each variation of the control function (Q-table) replicating
the structure of the MFC problem. Due to the choice p? << p*, the @ function and the
corresponding control function a(z) = argmin, Q(x,a’) behave as frozen. The update
rule for the distribution is based on the pair (z, a) visited at each time step implying
the learning of p® as described in Section . The quantity pu® is passed as input to
the running cost defining the update rule as a stochastic estimate of the Bellman

equation for the new optimal MKV Q-function given by equation (4.10)).

4.2.2 Application to continuous problems

Although it is presented in a setting with finite state and action spaces, the application
of the algorithm U2-MF-QL can be extended to continuous problems. Such adaptation
requires truncation and discretization procedures to time, state and action spaces which
should be calibrated based on the specific problem.

In practice, the learning episode will correspond to a uniform discretization 7 =
{tn}neqo,..|7|-13 of a time interval [0,7"] with T large enough. The environment will

provide the new state and reward at these discrete times. We assume that 7' is large
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enough to reach the ergodic regime. The continuous state space will be represented as the
disjoint union of equally sized neighbors. Each of them will be identified by its centroid
and it will correspond to a row of the ) table. Likewise, actions will be provided to
the environment in a finite set A = {ag, ..., a4-1} R*, and the distribution g will
be estimated on the set of centroids X = {zg,...,2x-1} C R* identifying u(z;) as the
probability of the neighbor centered in x;. Then Algorithm [2]is ran on those spaces.
We will use the benchmark linear-quadratic models given in continuous time and space
for which we have explicit formulas given in Section [3.5 In that case, we use an Euler
discretization. We do not address here the error of approximation since the purpose of

this comparison with a benchmark is mainly for illustration.

4.3 Numerical experiments

We present the results obtained by applying the U2-MF-QL algorithm to the mean
field problems discussed in Section [3.5] These results show how the algorithm successfully
learns the MFG solution or the MFC solution based on simply tuning the learning rates.
Moreover, this shows that the algorithm manages to solve problems defined on continuous
time and continuous state, action spaces even though it is conceived for discrete problems.
Such applications require to apply truncation and discretization procedures to time, state
and actions which should be calibrated on a problem base.

We consider the problem defined by the choice of parameters: ¢; = 0.25, ¢co = 1.5,
cg = 0.50, ¢4 = 0.6, ¢5 = 5, discount parameter § = 1 and volatility ¢ = 0.3. The
infinite time horizon is truncated at time 7' = 20. The continuous time is discretized
using step At = 1072, Recall that + in the discrete time setting corresponds to e #4* in
the continuous time setting. The action space is given by A = {ag = —1,...,an, = 1}
and the state space by X = {zg = -2 + z,,..., 2N, = 2 + 2.}, where z. is the center
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of the state space. The step size for the discretization of the spaces X and A is given
by A, = v/At = 107", The state space X and the action space A have been chosen
large enough to make sure that the state is within the boundary most of the time. In
practice, this would have to be calibrated in a model-free way through experiments.
In this example, for the numerical experiments, we used the knowledge of the model.
In particular, we choose z. = 0.5 for both examples. Note that if the problem under
consideration is posed on finite spaces, this issue does not occur since the domain is fixed.
The exploitation-exploration trade off is tackled on each episode using an e—greedy policy,
see . In particular, the value of € is fixed to 0.15.

We present the following results for both the MFG and MFC benchmark examples:
1. learning rates analyses;
2. learning of the controls and the ergodic distribution;
3. empirical error analyses;

4. empirical analyses of the stopping criteria.

4.3.1 Learning rates analyses

It is important to observe that even if in the MFC case the choice of p} below does
not satisfy the classical Robbins-Monro summability condition recalled in Section [4.1.4]
the numerical convergence of the algorithm is obtained suggesting that these requirements
may be relaxed in this framework. Failing in satisfying these conditions generates a noisy
approximation of the distribution y in the MFC problem. However, averaging over the
last 10k episodes allows to minimize such noise as showed in the Figures below. Based on

the theoretical results given in [35], we define the learning rates appearing in Algorithm
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as follows:

1 1

Pnra = Ph= o
(L4 #(x, as k0 (1+ k)"

where #|(z, a, k, n)| is the number of times that the algorithm visited state x and performed

(4.20)

action a until episode k and time ¢,,. The exponent w® can take values in (%, 1). The value
of wH is chosen depending on the value of w¥ and the cooperative or non-cooperative
nature of the problem we want to solve. The algorithm is run over 80 x 10 episodes over

the interval [0, T'].

Figures [4.2] [4.3], [4.4], [4.5} comparison of the learning rates. The solution of the

MFG benchmark is reached based on the choice (w?,w*) = (0.55,0.85), such that p* < p%.
As pointed out in section [4.1.4] by satisfying this relation the Q-function evolves faster
than the estimation of the distribution mimicking the solving scheme of a MFG. On the
other hand, the solution of the MFC benchmark can be obtained by opting for the pair
of parameters (w®,w") = (0.65,0.15) such that p* > p@. In figures [4.2] [4.3] [4.4] [4.5] we
suppose that #|(z, a, k, 1)| = k. The x—axis refers to the episode. The y—axis represents

the rate evaluated at episode k.

Q Q
® Dy A Ol ®  Oirc B plirc

0.6 0.8

0.6
Ny

rate(k)

0.2 °
0.2 4
0.1 A'......... °
0.0 ‘AAAAAAAAA::::::::::::22 0.0 .....°°“°‘°0000000000
6 160 260 360 460 560 . 6 160 260 360 460 560
episode k episode k

Figure 4.2: MFG: learning rates over the Figure 4.3: MFC: learning rates over the
first 500 episodes first 500 episodes
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Figure 4.4: MFG: learning rates over Figure 4.5: MFC: learning rates over
80 x 103 episodes 80 x 103 episodes

Figures [4.6] [4.7], 4.8 [4.9F Empirical check of the two timescale conditions.

The U2-MF-QL algorithm is based on an asynchronous QL approach which makes use
of different learning rates for each Q(z,a) based on the number of visits to the relative
state-action pair. An empirical check of the two timescale conditions presented in section
is presented in the following plots. The number of visits to each state depends
on their proximity to the mean of the ergodic distribution. As a proof of concept, the
learning rates for two different states in the MFG and MFC frameworks are analyzed
after 80 x 10? learning epochs. The plots on the left are relative to the state on the left
bound of X', while the plots on the right are relative to the closest state to the theoretical
mean. Each plot shows the value of the learning rates pj and p,?’nma together with the
counter of visits to each pair (x,a). The two timescale conditions are satisfied in each
plot. The number of visits changes from order 10* for the state on the border of X to
order 107 for the closest state to the ergodic mean. The x—axis refers to the action. The
left y—axis represents the learning rate. The right y—axis represents the counter of visits

for each state-action pair.
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Figure 4.9: MFC: comparison learning rates
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4.3.2 Learning of the controls and the ergodic distribution

Figures [4.10], [4.11], [4.12] [4.13] [4.14], [4.15} controls, distributions and value

functions learned by the algorithm. The controls and the distribution learned by the

algorithm are compared with the theoretical solution obtained in Section 3.5 As presented

in Sections |4.1.4] |4.1.5] the control «(z) is obtained as the arg min, Q(z,a). Similarly, the

value function V' (z) can be recovered as min, Q(z,a). The x—axis represents the state

variable x. In Figures [4.10] [A.11] [4.12] [4.13] [4.14] [£.15] the left y—axis relates to the action

a(z). The right y—axis refers to the probability mass u(x). The red (resp. blue) line



Unified Reinforcement Q-Learning for Asymptotic Mean Field Game and Control Problems
Chapter 4

shows the theoretical control function for the MFG (resp. MFC) problem. The black dots
are the controls learned by the algorithm. Note that the peak of the distribution u is not
located at the same point x for MFG and MFC. Note that the peak of the distribution p
is not located at the same point & for MFG and MFC. In Figures [4.10] [4.12] the y—axis
corresponds to the value function V(x). The continuous lines refer to the theoretical
solution. The black dots are the numerical approximation recovered by the ()-function.
We observe that the algorithm converges to different solutions based on the choice of the
pair (w?,w"). On the left, the choice (w?,w*) = (0.55,0.85) produces the approximation
of the solution of the MFG. On the right, the set of parameters (w%,w") = (0.65,0.15)
lets the algorithm learn the solution of the MFC problem. In Figures : the
learned controls and the learned ergodic distribution is averaged over 10 runs. In Figures
: the learned controls and the learned distribution pp is averaged over 10 runs

and the last 10* episodes.

—— MFG m=0.80 —— ergodic distribution —— MFG m=0.80 —— ergodic distribution
—— MFC m=0.05 —%- distribution averaged over 10 runs —— MFC m=0.05 -#- distribution averaged over 10 runs
@® control averaged over 10 runs ®  control averaged over 10 runs
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a(x)
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-1.0 Los
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0.0
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-15 -1.0 -0.5 0.0 0.5 1.0 15
state x

Figure 4.10: MFG: results averaged over 10 Figure 4.11: MFC: results averaged over 10
runs runs
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Figure 4.14: MFG: value function Figure 4.15: MFC: value function

4.3.3 Empirical error analyses

Figures [4.17:; MSE error on the control. A metric used to evaluate the
numerical results consists in the mean squared error (MSE) of the controls learned by
episode k with respect to the theoretical solution presented in Section [3.5] In particular,
this metric considers the states x € X where the ergodic distribution £ is mostly concen-

trated. Let Cpype © X be centered in m s.t. 1(Cprrg) = 0.99, then the mean squared
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error by episode k for run i and its average over all runs are defined as

[Crrc|—1 #runs
- _ 1 ik N A )2 _ .
MSEa(z,k)——| Corc] ;) (o™ (z;) — a(x;))?, MSE4(k) = Trans ; MSE, (4, k).

The x—axis represents the number of episodes used for learning. The y—axis represents
the mean squared error averaged over 10 runs (solid line) and its standard deviation

(shaded region).

—&- error averaged over 10 runs —&- error averaged over 10 runs
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4x107t
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episode k

Figure 4.16: MFG: squared root of MSE, (k) Figure 4.17: MFC: squared root of MSEq (k)

Figures MSE on the ergodic mean. A metric used to evaluate the
numerical results consists in the squared error of the ergodic mean learned by episode
k compared with its theoretical value obtained in Section [3.5 averaged over the total

numbers of runs, i.e.

MSE, (k)

- Hruns

The z—axis represents the number of episodes used for learning. The y—axis represents
the error averaged over 10 runs (solid line) and its standard deviation (shaded region).
For the MFG, the error in the approximation of the ergodic mean reduces both in mean
and standard deviation by increasing the number of episodes. For the MFC case, an
oscillating behavior is observed. The choice of w, = 0.15 in the learning rates defined in

allows to quicker adjustment of the mean by allocating more weights on the most
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recent sample. In this way, the algorithm mimics the nature of the MFC problem at the

expense of a slower and more oscillating convergence.

—*- error averaged over 10 runs —*- error averaged over 10 runs

101 4

MSE (k)

1073 4 1072 4

1074 4

T T T T T T T T
102 103 104 10° 10?2 103 104 10°
episode k episode k

Figure 4.18: MFG: mean sqared error on m  Figure 4.19: MFC: mean sqared error on m

4.3.4 Empirical analyses of the stopping criteria

Figures [4.20], [4.22] [4.21], [4.23} stopping criteria. The goal of the the U2-MF-QL

is to obtain a good approximation of the optimal controls and the ergodic distribution. As
presented in algorithm [2] the stopping criteria is based on the analyses of the progresses in
learning the optimal ) function and the ergodic distibution. The total variation and the
1, I-norm between the start and the end of each episode is evaluated for the distribution

and the Q-table respectively as follows

S(h ™ mh) = D () — i ()], Q% =@ M = D |@F, — Q.

T €X 0,J
The algorithm stops when the increments are not significant anymore based on a threshold
given as input. The value of the threshold depends on the user’s needs and it may be
calibrated by a trial and error approach. The remaining plots show how these quantities
decrease as the number of episodes increase. The x—axis represents the number of episodes

used for learning. The y—axis represents the value of the total variation.
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Chapter 5

Mean Field Reinforcement Learning
for Finite Horizon Problems, with

Applications to Economics

Mean field games with interactions through the controls, sometimes called “extended”,
occur when the dynamics or the cost function of a typical player explicitly depends on
the empirical measure of the controls of the other players, and not just on their respective
states. Such games were first introduced by Gomes et al. [39, 41] and their investigation
quickly garnered interest.

Interaction through the controls’ distribution is particularly relevant in economics
and finance, see e.g. [50} 40} 26, 31, 43, 21] and [23] for a recent survey. Some aspects
of the PDE approach and the probabilistic approach to such games have been treated
respectively in [I3], 14}, 54] and in [26]. As in many fields, linear-quadratic models are
particularly appealing due to their tractability, see e.g. [4], [42] for applications to energy
production.

In Chapter [, we proposed a unified two timescale Q-learning algorithm to solve

7
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both MFG and MFC problems in an infinite horizon stationary regime. The key idea
is to iteratively update estimates of the distribution and the Q-function with different
learning rates. Suitably choosing these learning rates enables the algorithm to learn
the solution of the MFG or the one of the MFC. A slow updating of the distribution
of the state leads to the Nash equilibrium of the competitive MFG and the algorithm
learns the corresponding optimal strategy. A rapid updating of the distribution leads
to learning of the optimal control of the corresponding cooperative MFC. Moreover, in
contrast with other approaches, our algorithm does not require the environment to output
the population distribution which means that a single agent can learn the solution of
mean field problems.

In this Chapter, we present the new approach introduced in our paper [7] to extend this
algorithm in two directions: finite horizon setting, and “extended” mean field problems
which involve the distribution of controls as well. That demonstrates the flexibility of our
two timescale algorithm and broadens the range of applications.

The rest of the Chapter is organized as follows. In Section [5.1], we introduce the
framework of finite horizon mean field games and mean field control problems. In
Section we present the main ideas behind the two timescale approach in this context.
Based on this perspective, we introduce in Section a reinforcement learning algorithm
to solve MFC and MFG problems. We then illustrate this method on two examples: a
mean field accumulation problem in Section [5.4] and an optimal execution problem for a
mean field of traders in Section 5.5
Notation. For a random variable X, £(X) denotes its law. d and k are two positive
integers corresponding respectively to the state and the action dimensions. Unless
otherwise specified, v will be used to denote a state-action distribution, and its first and

second marginals will respectively be denoted by p and 6.
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5.1 Finite horizon mean field problems

In this section, we introduce the framework of mean field games and mean field control
problems on a finite horizon in a discrete time and discrete space framework. For the link

with finite player games, see e.g. [24].

5.1.1 Mean field games

Let X and A be finite sets corresponding to spaces of states and actions respectively.
We denote by Al*l the simplex in dimension |X|, which we identify with the space of
probability measures on X. Al**Al is defined similarly on the product space X x A. The
state follows a random evolution in which X, is determined as a function of the current
state X,,, the action «,,, the state-action population distribution v,, at time n, and some

noise. We introduce the transition probability function:
p(2'|z,a,v), (2,2, a,v) € X x X x A x AX*AL

which gives the probability to jump to state 2 when being at state z and using action a
and when the state-action population distribution is v. For simplicity, we consider the
homogeneous case where this function does not depend on time, which corresponds, in the
continuous formulation, to the case where both b and o are time-independent. Restoring
this time-dependence if needed is a straightforward procedure.

Let f: X x Ax A4 R be a running cost function. We interpret f(z,a,v)
as the one-step cost, at any given time step, incurred to a representative agent who is
at state x and uses action a while the state-action population distribution is v. Let
g: X x A*l - R be the terminal cost function depending on the pair (x, 1), where y is
the first marginal distribution of v corresponding to the state population distribution.

For the sake of simplicity and without loss of generality, we consider the case where the
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function f and ¢ are time-independent.
An extended mean field game equilibrium is defined as a pair (&,7) where & :
{0,...,T} x X > Aand D = (D) neqo,..7) € (AVANTH s a flow of probability distribu-

tions on X x A, such that the following two conditions hold:

1. & is the minimizer of

where o, () := a(n, ) and fir is the first marginal of 27 corresponding to the terminal
state distribution. The process X®” has a given initial distribution o € Al*l and

follows the dynamics

]P)<Xro:-:1 = /|X1?70 =T,0n, = a,Vy = ﬁn) = p('rl|x7a7 ﬁn)

2. Uy = L(XS &,) for all n € {0,...,T — 1}.

5.1.2 Mean field control

In contrast with the MFG problem — which corresponds to a Nash equilibrium, the
mean field control (MFC) problem is an optimization problem. It can be interpreted as
the problem posed to a social planner trying to find the optimal behavior of a population
so as to minimize a social cost (i.e., a cost averaged over the whole population). It is an

optimal control problem for a McKean-Vlasov dynamics: Find o* which minimizes

JMFC Z f an Xa)v n)dt—’_g(XT’:uT) )

where v¢ is a shorthand notation for £(X$,a, (X)) and u$ is its first marginal at

terminal time 7". The process X“ has initial distribution py and dynamics

P(X5 = 2| X5 = 2,00 = a, v, = 1)) = p(@'|w, a, 7).
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The dynamics of X involves the law of this process, hence the terminology McKean-
Vlasov dynamics [60]. To alleviate notation we will sometimes write v* = v** for the law

of the optimally controlled process.

Remark 4 Although the two problems look similar, they in general have different solutions,
i.e., @ # o and U # v*, even when the functions in the cost and the dynamics are the

same, see e.q. [25].

Remark 5 Although the mean field paradigm is the same, the special case where the
interactions are only through the state distribution (i.e., the first marginal of v) has at-
tracted more interest in the literature than the present general setup. However interactions
through the distribution of controls appears in many applications, particularly in economics

and finance as already mentioned in the introduction. See next sections for some examples.

Remark 6 Although the reinforcement learning literature typically focuses on infinite
horizon discounted problems, we focus here on finite horizon problems. This will cause

some numerical difficulties but is crucial for many applications.

5.2 'Two timescale approach

5.2.1 State-value function

In the MFG framework, given a state-action population distribution sequence v =
(Vn)neqo,... 7y and a deterministic policy & = (@ )neqo,... 1}, the state-value function of an

infinitesimal player at a given time step n is
T-1
Ve (o) = B | 3 P (X5),vw) + 9K, )Xo = ] .
n'=n
Note that the JM¥¥¢ and the V functions are related by:

I (@) = Exgmpe [V (Xo)]-
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In the MFC case, since the dynamics is of MKV type, the value function is the value
function of the social planner and it takes the distribution v as input, see e.g. [57, [68] 30,
64}, [441, 133]. However, when the population is already evolving according to the sequence of
distributions v* generated by a control «, the cost-to-go of an infinitesimal agent starting
at position x at time n and using control « too is simply a function of its position and is
given by

T—1
Vo) =B | Y FXS, aw(X5), vi) + g(X5, 1)

n’'=n

X,‘;:a:].

5.2.2 Action-value function

As explained in the previous chapters, the state value function is useful as far as the
value of the game or control problem is concerned. However, it does not provide any
information about the equilibrium or optimal control & or o*. For this reason, one can
introduce the state-action value function, also called Q-function, which takes as inputs
not only a state x but also an action a.

Before moving on to the mean-field setup, let us recall that the definition of the

optimal Q-function for a classical MDP in the finite horizon framework is given by:

-

Q;(‘T’a) =g(:13), (:L“,CL)GXX.A,

T—
\ Q:(JZ,CZ) = minK Z f(Xn’aan/(Xn’)) + g(XT) Xy =124, = a] )

n<T, (z,a)eX x A.

\

Using dynamic programming, it can be shown that (Q%),, is the solution of the Bellman
equation:
Qr(z,a) =g(z),  (v,a)e X x A,

Qi(z,0) = f(z,0) + Y p(ale, @) min Qi (2,0),  n<T, (v,a)eX xA
r'eX ¢
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The corresponding optimal value function (V;¥),, is given by:

V¥(x) = min Q (z, a), n<T, zelX.

n

As mentioned above, one of the main advantages of computing the action-value function
instead of the value function is that from the former, one can directly recover the optimal
control at time n, given by argmin . 4, Q¥ (x,a). This is particularly important in order
to design model-free methods, as we will see in the next section.

The above approach can be adapted to solve MFG by noticing that, when the
population behavior is given, the problem posed to a single representative agent is a
standard MDP. It can thus be tackled using a ()-function which implicitly depends on

the population distribution: given v = (v, )n=o.. 1

-

Q;V(l’,(l) = g(x7UT>v (.CE,(Z) eX x A,
 Qnol,a) = [(2,a,vm)

+ Z 2|z, a, vy, menHu(a:’,a’), n<T, (x,a)eX x A

L zr’'eX

This function characterizes, at each time step n, the optimal cost-to-go for an agent
starting at time n at state x, using action a for the first step, and then acting optimally for
the rest of the time steps, while the population evolution is given by v = (1,),. However,
to find the Nash equilibrium, it is not sufficient to compute the )-function for an arbitrary
sequence of distributions v: we want to find @}, where v* is the population evolution
generated by the optimal control computed from Q.. In the sequel, we will directly aim
at the Q-function Q7. via a two timescale approach.

In the MFC problem the population distribution is not fixed while each player optimizes
because all the agents cooperate to choose a distribution which is optimal from the point
of view of the whole society. As a consequence, the optimization problem can not be

recast as a standard MDP. However we will show below that it is still possible to compute
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the social optimum using a modified Q-function (not involving explicitly the population

distribution). This major difficulty is treated in detail in the context of infinite horizon in

Section

5.2.3 Unification through a two timescale approach

A simple approach to compute the MFG solution is to iteratively update the state-

action value function, (), and the population distribution, v: Starting with an initial

guess v repeat for k = 0,1, ...,

1. Solve the backward equation for Q*+1) = Q%> which characterizes the optimal

state-action value function of a typical player if the population behavior is given by

vk

\

F (2 a) = g, 1), (z,0) € X x A,

QY (x,a) = f(z,a,v) (5.1)
+ Z |z, a, )menH)(m’,a’), n<T, (x,a)eX x A
z'eX

2. Solve the forward equation for p**+1 (resp. v*+1) which characterizes the evolution

of the population state distribution (resp. state-action distribution) if everyone

uses the optimal control « kH)(x) = arg min, Qn

(kH)(x, a) coming from the above

Q-function (assuming this control is uniquely defined for simplicity):

k+1
%*k>=mw, zedX,

V(()k+1)($,a) = ILLO(I')]_a:a(IH—l)(x), (x,a) e X x A,

p D (2 Z pFD (N p (x|, oD (27), kDY 0<n<T, zelX,
z'eX
1/7(111’11)(33, a) = M;k:_ll)(x)]_a:a(k_:—ll)(z), 0<n<T, (zr,a)eX xA.
(5.2)
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Here the evolution of the joint state-action population distribution is simply the product

of the state distribution and a Dirac mass:
y7(1k+1) — Iugwl) ® 50451’““)'

This is because we assumed that the optimal control is given by a deterministic function
from X to A. If we were using randomized control, the Dirac mass would need to be
replaced by the distribution of controls.

To alleviate notation, let us introduce the operators 7 : (AX*ANT+L _ (RIX*AN)T+1

and P : (RIVANTHL _ (AX<ANTHL guch that: (5.1) and (5.2) rewrite
Q(k+1) _ %(V(k))’ V(k+1) _ 7’5(Q(k+1))'

If this iteration procedure converges, we have Q1 — Q) p*k+1) _ () a5 |k — 400

for some Q™) v(®) satisfying
Q) = T (@), V() = P(Q),

which implies that v(*) is the state-action equilibrium distribution of the MFG solution,
and the associated equilibrium control is given by: ol (x) = arg min,, Q) (x,a) for each
n.

However, this procedure fails to converge in many MFG by lack of strict contraction
property. To remedy this issue, a simple twist is to introduce some kind of damping.
Building on this idea, we introduce the following iterative procedure, where (pg )) k>0 and

(p,(,k)) k=0 are two sequences of learning rates:
k k) 52 ~
QU = (1= p)QW + ' T(w), M = (1= p® + pIPQHY).

For the sake of brevity, let us introduce the operators 7 : (RI¥*ANT+1 5 (AXANTHL _,

(]R|XxA|)T+1 and P : (R|XxA|)T+1 % (A|XxA|)T+1 N (A|X><A\)T+1

TQv) =Tw) -Q, PQ,v)=PQ) v
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Then the above iterations can be written as
Q(k+1) _ Q(k) + pg)T(Q(k), y(k)), pEHD — (k) 4 p,(jk)P(Q(kH), y(k)). (5.3)

If pl(,k) < pg), the @Q-function is updated at a faster rate, while it is the converse if
p&k) > pg ). We can thus intuitively guess that these two regimes should converge to
different limits. Similar ideas have been studied by Borkar [I5] [16] in the so-called two
timescales approach. The key insight comes from rewriting the (discrete time) iterations

in continuous time as a pair of ODEs. From [16, Chapter 6, Theorem 2], we expect to

have the following two situations:
o If p(yk) < pg), the system tracks the ODE system
00 — Lrgw oy
€
70 — QW ),

where p(yk) / pg ) is thought of being of order ¢ « 1. Hence, for any fixed 7, the

solution of
QO = -T(Q".7),
€
is expected to converge as € — 0 to a Q” such that 7(Q”,v) = 0. This condition can
be interpreted as the fact that Q” = (Q),—o,. 7 is the state-action value function

of an infinitesimal agent facing the crowd distribution sequence o = (7y,)n—o,.. 1.

Then the second ODE becomes
0 =P ),
which is expected to converge as t — 40 to a v(®) satisfying

P V) =0.

(o0

This condition means that v(*) and the associated control given by d,(z) =

argmin, Q" (x, a) form a Nash equilibrium.
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o If pl) > pg ). the system (5.3) tracks the ODE system

QY = T(QW,1),

S0 _ %p(Q(ﬂ) V),

where p(;) / p(yk) is thought of being of order € « 1. Here, for any fixed Q, the solution
of

0 _ Lpp 0

v = EP(Q, v,

is expected to converge as € — 0 to a @ such that 73((2, I/Q) = 0, meaning that

V@ = (V,? Jn=o,...7 is the distribution evolution of a population in which every agent
uses control &, (z) = argmin, Q,(z,a) at time n. In fact, the definitions of &, and
9 need to be modified to take into account the first action (z,a). The details of

this crucial step for handling MFC were discussed in Section [£.1.3].

Then the first ODE becomes

This condition (in the modified MFC setup) means that the control &,(z) =

arg min,, Q,(fo)(:c,a) is a MFC optimum and the induced optimal distribution is

(20)
N

The above iterative procedure is purely deterministic and allows us to understand
the rationale behind the two timescale approach. However, in practice we rarely have
access to the operators 7 and P. Instead, we will consider that we only have access to

noisy versions and we use intuition from stochastic approximation to design an algorithm.
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Instead of assuming that we know the dynamics or the cost functions, we will simply
assume that the learning agent can interact with an environment from which she can

sample stochastic transitions as discussed in Section

5.3 Reinforcement Learning Algorithm

In this Section we propose an extension of the Unified Two Timescales Mean Field
Q-learning (U2-MF-QL) algorithm discussed in Section to tackle MFG and MFC
problems in the finite horizon framework. After introducing the algorithm, we will discuss
how to adapt the learning rates schedule to the new framework and how to apply the

algorithm to continuous problems.

5.3.1 U2-MF-QL-FH: an extension for the finite horizon frame-

work

The U2-MF-QL algorithm represents a unified approach to solve asymptotic Mean
Field Games and Mean Field Control problems based on the relationship between two
learning rates relative to the update rules of the () table and the distribution of the
population u respectively. Based on the intuition presented in Section a choice of
learning rates (p@, p") such that p@ > p# allows the algorithm to solve a MFG problem.
The estimation of () is updated at a faster pace with respect to the distribution which
behaves as quasi-static mimicking the freezing of the flow of measures characteristic of the
solving scheme discussed in Section On the other hand, learning rates satisfying
p@ < pt allow the algorithm to update instantaneously the control function (Q table)
at any change of the distribution reproducing the MFC framework. Under suitable

assumptions, one may expect the asymptotic problems to be characterized by controls
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that are independent of time. In this case, the learning goals reduce to a control function

valid for every time point and the asymptotic distribution of the states of the population.

The finite horizon framework presented in Sections [5.1.1] and [5.1.2] differs from the

asymptotic case discussed in Chapter 4 in several ways other than the restriction on the
finite time interval [0, T"]. First, the mean field interaction is through the joint distribution
of states and actions of the population rather than the marginal distribution of the states.
Further, both the control rule and the mean field distribution are generally time dependent.
Due to these differences, the 2—dimensional matrix ) in U2-MF-QL is replaced by a
3—dimensional matrix Q = (Qn(",")),—o 7 = (Q( 1)), o in the finite horizon
version of the algorithm (U2-MF-QL-FH). The extra dimension is introduced to learn a
time dependent control function.

The Unified Two Timescales Mean Field Q-learning for Finite Horizon problems (U2-MF-

QL-FH) is designed to solve problems with finite state and action spaces in finite and

discrete time.
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Algorithm 3 Unified Two Timescales Mean Field Q-learning - Finite Horizon

Require: T : number of time steps,

X ={xo,...,2x-1}, A= {ao,...,a4-1} : finite state and action spaces,

1o © initial distribution of the representative player,
e : factor related to the e—greedy policy,
tol,, tolg : break rule tolerances.

1: Initialization: episode k£ = 0

Qk(-,) == Q%(,-,n) =0 for all (z,a)e X x A, forn=0,...,T,

vk = ﬁJIXxA\ for n =0,...,T where Jyy,, is an d x m unit matrix
2: repeat
3: k=k+1

4:  Observe X} ~ pg

5 forn<—0to71 —1do

6: Choose action AF using the e-greedy policy derived from QF~1(Xk .)

7 Update v:

vy = v pR(O(X AT — vy

n

where (X, AF) = (1,.(X}, AF))

re€X,ae A
Observe cost f,,1 = f(XF AF UF) and state X*_ | provided by the environment
8: Update Q,:
. Fl(z,a) + /):?,Z,k;[lg — QL (z,a)] if (XF, AR) = (2,q)
q n(Iﬂ (l) =
Mz, a) 0.W.

where

frr1 +yminges Q51 (XE  d), itn<T
B =

f’n,—i—lv 0.W.

9: end for

10: until |[vf — vE7Y|; < tol, and |QF — Q11 < tolg for all n =0, ...
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The same algorithm can be applied to MFG and MFC problems where the the inter-
action with the population is through the marginal distribution of the states € P(X)
or the law of the controls # € P(A). In these cases the estimation of the flow of

marginal distributions is obtained through the vectors (u,),_o o (resp. (0n),—o 1)

=u,...,

defined on the space X (resp. A). The initialization is given by pl = [ﬁ, ceey ﬁ]
<resp. 00 = [ﬁ ’\}T\D for ,T. The update rule at episode k is given
by k= ph=t + pt(8(X,,) — pr=h) (resp OF = 051 + pl(8(A,) — 0571) where §(X,,) =
[1950 (Xn), .-, Lo ( n)] (resp 0(A,) = [lao(An), e 1a‘A|71(An)]) forn=0,...,T.

5.3.2 Learning rates

The algorithm [3|is based on two stochastic approximation rules for the distribution v
and the 3—dim matrix Q. The design of the learning is discussed widely in the literature,
in a general context by [15] and [16], and with focus in reinforcement learning by [17]
and [35]. Based on experimental evidences, we define the learning rates appearing in

Algorithm [3] as follows:

oo 1 - 1
PO+ T (2, ayn, k) T k)

(5.6)

where #|(x, a,n, k)| is counting the number of visits of the pair (x,a) at a given time step
n until episode k. Differently from the asymptotic version of the algorithm presented in
Section for which each pair (x,a) has a unique counter for all time points, in the
finite horizon formulation a distinct counter #|(z, a,n, k)| is defined for each time point
n. This choice of learning rates allows to update each matrix (),, in an asynchronous way.
The exponent w? can take values in (3, 1]. As presented in Section the pair (W%, w")
is chosen depending on the particular problem to solve. In a competitive framework

(MFG), these parameters have to be searched in the set of values for which the condition
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p@ > p¥ is satisfied at each iteration. On the other hand, a good choice for the cooperative

case (MFC) should satisfy the condition p@ < p.

5.3.3 Application to continuous problems

Although it is presented in a setting with finite state and action spaces, the application
of the algorithm U2-MF-QL-FH can be extended to continuous problems. Such adaptation
requires truncation and discretization procedures to time, state and action spaces which
should be calibrated based on the specific problem.

In practice, a continuous time interval [0,7] would be replaced by a uniform dis-
cretization 7 = {t,}nefo,...ny}. The environment would provide the new state and re-
ward at these discrete times. The continuous state would be projected on a finite set
X = {xo,..., T x-1} C R?. Likewise, actions will be provided to the environment in
a finite set A = {ao,...,qu-1} C R¥, where the projected distribution v would be
estimated. Then Algorithm [3|is ran on those spaces.

In the problems presented in Section [5.5, we will use the benchmark linear-quadratic
models given in continuous time and space for which we present explicit formulas. In that
case, we use an Euler discretization of the dynamics followed by a projection on X. We
do not address here the error of approximation since the purpose of this comparison with

a benchmark is mainly for illustration.

5.4 A mean field accumulation problem

5.4.1 Description of the problem

A further application of mean field theory to economics is given by the mean field

capital accumulation problem by Huang in [50]. In this paper, the author studies an
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extension of the the classical one-agent modeling of optimal stochastic growth to an
infinite population of symmetric agents. We introduce the model following the author’s

presentation.

At discrete time t € Z,, the wealth of the representative agent is represented by a process

X/ 9 characterized by the dynamics

Xl -a < f adf,(a), Wt> ay (5.7)

where a = (a)o<i<7 is the controlled variable denoting the agent’s investment for produc-
tion, G (S adby(a), Wt) is the production function, 6 = (0;)o<i<7 is the mean field term
represented by the law of the investment level of the population, {adf;(a) is its mean, and
W = (W,)o<i<r is a random disturbance. At each time ¢, the control a; can only take
values in [0, X?] so that Supp(6;) < [0, X?], implying that borrowing is not allowed.
The wealth remaining after investment is all consumed, .e. the consumption variable ¢,

is equal to ¢; = X, % _ ;. The model is based on the following assumptions:

(A1) W is a random noise source with support Dy . The initial state X, is a positive

random variable independent of W with mean my;

(A2) The function G : [0,0) x Dy — [0,00) is continuous. If w € Dy is fixed, G(z,w)

is a decreasing function of z;
(A3) EG(0,W) < o0 and EG(z, W) > 0 for each z € [0, «0).

The multiplicative factor G in the dynamics of the wealth process X;* 9 shows the direct
dependence of the wealth on both the individual investment and the population aggregated
investment. Further, assumption (A2) relates to the negative mean field impact explained

as the loss in production efficiency when the aggregated investment increases. An example
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for the function G is given by G(z,w) = %, where (3, 0, 1 are non negative parameters.
Let W be a positive random noise with mean equal to 1. Then Dy, < [0,00) and (A2) -

(A3) are satisfied.

The goal of the agent is to optimize the expected aggregated discounted utility of
consumption given by
T T
J(a,0) =E) pv(e) =E) po(X — ), (5.8)
t=0 t=0
where p € (0,1] is the discount factor. In particular, the author of [50] analyses the case

of a Hyperbolic Absolute Risk Aversion (HARA) utility function defined as
o,0 1 o,0 5
v(e) = v( X7 —ay) = ;<Xt Y —y)?, (5.9)

where vy € (0, 1).

5.4.2 Solution of the MFG

In a competitive game setting, the resulting mean field game problem has solution given
by Theorem 3 of Section 3.2 and Theorem 6 of Section 4 in [50]. Let denote the functions

®(2), ¢(z) and ¥(z) as follows
O(2) = pEGY (2, W), o¢(z) = P(2)71, V(z) =EG(z,W).

Let suppose that the mean field interaction is through (z;);—o

77777

flow of measures @ = (0;);—o

,,,,,

T
VO(t,z) = supE Zpsv(Xf"e — )| X =2

o s=t
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The value function is equal to VO(t,z) = %Dz_lxv, where D; can be obtained using the

recursive formula

¢(Zt)Dt+1

D= —FH———— Dr =1.
1+ ¢(2¢) Di11 g
The optimal control w.r.t. @ is given by
N x N
() = ——F————, t<T—1, ap=0.

T+ P(2¢)Dysr’

The equivalent of the Nash equilibrium in the mean field limit is obtained by solving the

fixed point equation
(Nos - Ara) (20, -+ o5 27-1) = (20, 21-1),

where

)
. l+¢(ZT_ )+“'+(]5(ZT_ )(15(21)
Bo(z0, -5 27-1) = S5t olor 1) 6() O

Ak(ZO, c. ,ZT_l) =

o Itdler—1)++d(er—1)--P(2E+1)
Q= 1+¢>(§Ti1)+---+¢(§£1)...¢>(Z:)l U(zp_1)...W(zg)mg, forl<k<T-2,

AT—1(20, S 7ZT—1) =
. 1 _
= 1+¢(ZT_1)+.“+¢(ZT_1)W¢(ZO)\IJ(ZT,Q) . U(z9)mg, fork=T-—1.

\

Example 5.4.1 A simple example is proposed in Section 3.3 of [20]. Let T be equal to 2

and (zg, z1) be given. The solution is defined by

N ¢(21)0(20) __9=) -
D= 5y v eam) DT vy P2Th
with controls
A o (1+¢(21))$ G (z) = z Qol(x) =
@) = T T otz W T T g T amaiy W =0
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5.4.3 Solution of the MFC

We now turn our attention to the cooperative setting. For this problem, we are not
aware of any explicit solution for the social optimum. Instead, we employ the numerical
method proposed in [27] and use the result as a benchmark. We recall how this method

works in our context. The initial problem is to minimize over a:
T T
J(@) =E) p'v(c) =E) plo(XP — ),
t=0 t=0
subject to: X§* has a fixed distribution and
Xﬁl—l = G(E[Q{t], Wt)Oét, t>0.

This problem is approximated by the following one. We fix an architecture of neural
network with input in R? and output in R. Such neural networks are going to play the
role of the control function, in a Markovian feedback form. The inputs are the time and
space variables, and the output is the value of the control. Then the goal is to minimize
over parameters w of neural networks with this architecture the following function:
N TR ‘ LN T ‘ '
J¥(w) =E [N > ptv(Ci)] =E [N 22 PO = pu(t, X)) |
' i=11=0
subject to: X# i =1,..., N are i.i.d. with fixed distribution and
. 1 X . . .
Xy =G <N Z:lgow(t,th’%),Wt’) 0o (t, X)), t>0,i=1,...,N.
=
Notice that the parameters w are used to compute the XZ’% for every ¢ and every t. The
mean of the control E[«;] is replaced by an empirical average over N samples. For this
problem, an approximate minimizer is computed by running stochastic gradient descent
(SGD for short) or one of its variants. At iteration k, we have a candidate wy for the
parameters of the neural network. We randomly pick initial positions X, := (Xé’%’“ )iz1,..N

and noises W := (W{);—1__ri=1..n. Based on this, we simulate trajectories (X:’%k)m
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and compute the associated cost, namely the term inside the expectation in the definition
of IV (w):

1 N T - iou
Lwws Xo, W) 1= = 3 D p'0(X, 7 — i (1, X77)).
i=1t=0

Using backpropagation, the gradient V,,L(wy; X,, W) of this cost with respect to w is

computed, and it is used to update the parameters. We thus obtain wy,, defined by:
Wit = Wi — M Vo L(wir; Xy, W),

where 7, > 0 is the learning rate used at iteration k. In our implementation for the
numerical results presented below, instead of the plain SGD algorithm we used Adam

optimizer [53].

5.4.4 Numerical results

In this section, numerical results of the application of the U2-MF-QL-FH algorithm
to the mean field capital accumulation problem are presented. The interaction with the
population is through the law of the controls. The algorithm [3| was adapted to this case
as discussed in Section [5.3.11
The problem analyzed is a specific case of the Example [5.4.1} For more details we refer to
[50, Sections 6.3 and 7, Example 18].

The production function is defined as follows

1 C

GEW) =9, 9) = i e T

(5.10)

where W has support Dy = {0.9,1.3} with corresponding probabilities [0.75,0.25], C
is equal to 3, the discount factor p is equal to 0.95 and the parameter v of the utility
function defined in equation is equal to 0.2. The distribution of X' # is uniform in
[0,1].

This problem is characterized by discrete time and continuous state and action spaces. In
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order to apply the U2-MF-QL-FH algorithm, these spaces are truncated and discretized
as discussed in Section [5.3.3, They have been chosen large enough to make sure that
the state is within the boundary most of the time. In practice, this would have to be
calibrated in a model-free way through experiments. In this example, for the numerical
experiments, we used the knowledge of the model.

The action space is given by A = {ag = 0,...,a4-1 = 4} and the state space by
X ={xg=0,...,2)x-1 = 4}. The step size for the discretization of the state and action
spaces is given by 0.05.

The algorithm [3|is adapted to this particular example. Since borrowing is not allowed,
the set of admissible action at state z is given by A(z) = {a € Aifa < z} < A. The
exploitation-exploration trade off is tackled on each episode using an e—greedy policy.
Supposed that the agent is in state x, the algorithm chooses a random action in A(x)
with probability € and the action in A(z) which results optimal based on the current

estimation with probability 1 — €. In our example, the value of epsilon is fixed to 0.15.

The following numerical results show how the U2-MF-QL-FH algorithm is able to learn
an approximation of the control function and the mean field term in the MFG and MFC

cases depending on the choice of the parameters (w®, w?).

Learning of the controls

Figures [5.1], [5.2], [5.3], [5.41/5.5], [5.6} controls learned by the algorithm. The

controls learned by the U2-MF-QL-FH algorithm are compared with the benchmark
solutions. Each plot corresponds to a different time point ¢t € {0,1,2}. The z—axis
represents the state variable z. The y—axis relates to the action ay(z). The blue (resp.

green) markers show the benchmark control function for the MFG (resp. MFC) problem.
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The red markers are the controls learned by the algorithm. The plots show how the
algorithm converges to different solutions based on the choice of the pair (w?,w?). On
the left, the choice (w?,w’) = (0.55,0.85) produces the approximation of the solution of
the MFG. On the right, the set of parameters (w?,w’) = (0.7,0.05) lets the algorithm
learn the solution of the MFC problem. The results presented in the Figures are averaged

over 10 runs.
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Figure 5.1: Learned Controls for MFG Figure 5.2: Learned Controls for MFC

at time 0. at time 0.
0.8 0.8
= MFC A% = MFC AAA
071 A MFG AA‘ 074 A MFG aA
*  U2-MF-QL-FH A *  U2-MF-QL-FH A
0.6 Q R 064 Q a4
AT " At
0.5 K a 0s A ‘.*ﬂ
- 1A _ uA
< 0.4 a4 - < 0.4 A "',I"
5 A g sA
0.3 w - 0.34 w -
0.2 A 0.24 ade
o1 o 0.1 ‘f‘) *
3
0.0 !?t“ * 0.0 *
00 02 04 06 08 10 12 14 00 02 04 06 08 10 12 14

state x state x

Figure 5.3: Learned Controls for MFG Figure 5.4: Learned Controls for MFC
at time 1. at time 1.
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Figure 5.5: Learned Controls for MFG Figure 5.6: Learned Controls for MFC
at time 2. at time 2.

Learning of the mean field

Figures 5.7, 5.8}, |5.9}, |5.10}, |5.11}, [5.12; E[«;] learned by the algorithm. The

estimation of the first moment of the distribution of the controls evolves with respect the
number of learning episodes. The estimated quantity is compared with the benchmarks

presented in Sections [5.4.2] and [5.4.3] Each plot corresponds to a different time point

t € {0,1,2}. The z—axis represents the learning episode k. The y—axis relates to the
estimate of the first moment of the mean field E [Oéﬂ obtained by episode k. The blue
(resp. green) line shows the benchmark solution for the MFG (resp. MFC) problem. The
red dots are the estimates learned by the algorithm. On the left, the algorithm reaches
the solution of the MFG based on the parameters (w?,w?) = (0.55,0.85). On the right,
the values (w?,w?) = (0.7,0.05) allows the algorithm to converge to the solution of the

MFC problem. The results presented in the Figures are averaged over 10 runs.
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5.5 A mean field execution problem

We now consider the Price Impact Model as an example of application to finance
originally studied by Carmona and Lacker in [26], and presented in the book of Carmona
and Delarue [24, Vol I, Sections 1.3.2 and 4.7.1]. This model addresses the question of
optimal execution in the context of high frequency trading when a large group of traders
want to buy or sell shares before a given time horizon T' (e.g., one day). The price of the
stock is influenced by the actions of the traders: if they buy, the price goes up, whereas if
they sell, the price goes down. This effect is stronger if a significant proportion of traders
buy or sell at the same time. Incorporating such a price impact naturally leads to a
problem with mean field interactions through the traders’ actions.

Approaching this problem as a mean field game, the inventory of the representative

trader is modeled by a stochastic process (X;)o<i<7 such that
dXt = Oétdt + Uth, te [O, T],

where oy corresponds to the trading rate and W is a standard Brownian motion. The
noise term odWW; models a random stream of demand that a broker may receive from her
clients. The price of the asset (S;)o<i<r is influenced by the trading strategies of all the

traders through the mean of the law of the controls (0; = L(ay))o<i<r as follows:

dS; = ’y(J adﬁt(a)>dt +oodW?,  tel0,T],
R

where v and o are constants and the Brownian motion W is independent from . The
amount of cash held by the trader at time ¢ is denoted by the process (K})o<i<r. The

dynamic of K is modeled by
dK; = —[ap Sy + colay)]dt,

where the function o — ¢, (@) is a non-negative convex function satisfying c,(0) = 0,

representing the cost for trading at rate . The wealth V; of the trader at time ¢ is defined
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as the sum of the cash held by the trader and the value of the inventory with respect to
the price S;:
‘/; - Kt + XtSt'

Applying the self-financing condition of Black-Scholes’ theory, the changes over time of

the wealth V' are given by the equation:
d‘/;g == th + XtdSt + Stht

= [ — coloy) + ”thJ

R

(5.11)
ad@t(a)]dt + oS, dW, + 0 X, dWP.

We assume that the trader is subject to a running liquidation constraint modeled by a
function cx of the shares they hold, and to a terminal liquidation constraint at maturity

T represented by a scalar function g. Thus, the cost function is defined by:

T
J(a) = E” ex(Xo)dt + g(Xr) = Va .
0
where the terminal wealth V7 is taken into account with a negative sign as the cost

function is to be minimized. From equation (5.11)), it follows that

J(a) = E[LTf(t, Xy, 0;, ap)dt + g(XT)],

where the running cost is defined by

f(t,z,0,a) =co(a) + cx(x) — ’yxf adf(a),

R
for 0 <t<T,zeR% 0eP(A) and a € A = R. We assume that the functions cy and
g are quadratic and that the function ¢, is strongly convex in the sense that its second
derivative is bounded away from 0. See [26] for other technical assumptions. Such a
particular case is known as the Almgren-Chriss linear price impact model. Thus, the
control is chosen to minimize:

T
J(a)=E lj <C—aat2 + C—XXE — ’thJ ad@t(a)) dt + C—QX%] ,
. \ 2 2 e 2
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over a € A. To summarize, the running cost consists of three components. The first
term represents the cost for trading at rate . The second term takes into consideration
the running liquidation constraint in order to penalize unwanted inventories. The third
term defines the actual price impact. Finally, the terminal cost represents the terminal

liquidation constraint.

5.5.1 The MFG trader problem

Referring to Section [5.1.1} the MFG problem is solved by first solving a standard
stochastic control problem where the flow of distribution of control is given and then,
solving a fixed point problem ensuring that this flow of distribution is identical to the
flow of distributions of the optimal control. We adopt here the FBSDE approach where
the backward variable represents the derivative of the value function. In other words, the

optimal control is obtained by minimizing the Hamiltonian

H(z,a,0,y) = (%aon + %(:172 — vxf ad@(a)) + ay, (5.12)
R
to obtain

1
& = ——Y,, (5.13)

where (X,Y) solves the FBSDE system obtained via the Pontryagin approach:
1
dXt = ——}/;dt + O-th, XO ~ o
Cao

dy, = — <CxXt + lE[Y}]) dt + ZdWy,  Yr = cgXr.
c

(01

(5.14)

Solution of the MFG problem

The solution of the mean field game case is discussed in details in [24, Vol I, Sections
1.3.2 and 4.7.1]. In a nutshell, one takes expectation in (5.14]) to obtain a system of

forward-backward ODEs for the mean of X; denoted by Z; and the mean of Y; denoted
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by 4;. This system is solved using the ansatz ¢, = 7:2; + X¢. The coefficient function 7,

satisfies a Riccati equation which admits the solution:

~ _C«(e(cﬁ—&*)(T—t) —1)— Cg(5+e(6+—6*)(T—t) — )
e = (6-e0 )T — §+) — ¢, B(e® )T _ 1)’

for t € [0,T], where B = 1/c,, C = cx,0* = —D++/R, with D = —v/(2¢,), R = D*+BC
and Zo = E[X,]|. Additionally, we found y; = 0, and

_ _ _(tasg
Ty = Toe doea®,

The FBSDE system ([5.14)) is solved by replacing E[Y;] with the explicit expression
for y; = 7;&y + X, and using the ansatz Y; = 7,.X; + x;. One finds the following explicit

formulas for the coefficient functions n; and x;:

CaN/Cx/Ca — Cg — (Carn/Cx/Ca + C4)
—Ca/ Cx/Ca
Car/Cx/Ca — Cg + (Can/Cx/Ca + C4)

m =

62’\/ cx/ca(T—t)

62« /ex [ca(T—t)
Xe = (M — 1) Zs.

Finally, the optimal control (5.13) is given by &; = &(t, X;) where

Gt 7) = —— (e + (7 — )T (5.15)

Co

5.5.2 The MFC trader problem

In the case of mean field control (i.e., control of McKean-Vlasov dynamics), following [T,
Theorem 3.2] and [58], Section 5.3.2], we find that the optimal control is given by

af = - (v —1E[X)]), (5.16)

«

which differs from the equilibrium control (5.13|) from the MFG solution because the
optimality condition in the MFC case involves the derivative of the Hamiltonian ([5.12))

with respect to the distribution of controls. More precisely, we have

0= 0QH(X,5, g, Ht, }/;) + ]E [agH(Xt, dt, ét, ﬁ)(@t)] = Co0 + }/:f — "}/]E[Xt]
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Then, the corresponding FBSDE system becomes
1
dXt = —— (K — ’}/E[Xt]) dt + O'th, XO ~ o
Ca
(5.17)

2
Y, = — <cXXt + LE[YV;] - lE[&]) di+ 2 dWi, - Yr = g X,
Ca

(67

As a consequence, the two FBSDE systems (5.14]) and (5.17)) respectively for MFG and
MFC differ.

Solution of the MFC problem

The approach to obtain the solution of the MFC problem is similar to what was
presented in Section for the MFG, but taking into consideration the extra terms
due to the derivative of the Hamiltonian with respect to the distribution of controls.

First, taking expectation in , one obtains the following system of forward-

backward ODEs:
1

Ca

Ty = (?jt - ”fot) ) ‘1_:0 = o,

2 (5.18)
L R -
Yy = — | CxT¢ + —Yp — C—-Tt y  Yr = CgTp.

Using the ansatz 7, = ¢;Z; + 1, we deduce that the coefficient functions ¢, and v, must

satisfy
2 —

. 1
Gi+ 21— —Gtex— . dr=c,

' 10‘ o o (5.19)
Py + C_W — o)y =0, Yp=0.

From the second equation we get ¢, = 0 for all ¢ € [0, T, and solving the Riccati equation

for ¢, we obtain:

- 1 (cy + Rey)ereTDe=et) —cy(c; + Re,)

= —= 5.20
¢ R (ca + Rey)eT=D(ez=e1) — (¢ + Re,) (5.20)

where ¢y, = —edxve=db 3‘12’41’ are the roots of ¢ + ac + b = 0, with a = 2yR, b = R(v*R — cx),

and R = 1/c,.
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Using 9, = ¢4, in the first equation of (5.18)), we obtain a first-order linear equation

for z; which admits the solution
Ty = Toe o (o Pads=t) (5.21)

The solution of the McKean-Vlasov FBSDE system (5.17)) is obtained using the ansatz
Y: = ¢ Xy + ;. Observe that the drift terms in the equations for Y; in the systems (5.14)
and (5.17)) have the same linear component —cy X;. Due to this similarity, the slope

coefficient functions 7, and ¢; are identical;

n = ¢, forall tel0,T].

However, the function ¢, = (¢; — ¢;)7; differs from x; in the MFG case due to the new

formulations of ¢, and Z, given in (5.20) and (5.21)). Finally, the optimal control (5.16) is
given by of = o*(t, X;) where

a*(t,x) = —Ci (¢e + (¢ — b — 7)) - (5.22)

5.5.3 Numerical results

In this section, numerical results of the application of the U2-MF-QL-FH algorithm to

the trader problem are discussed. As in the case of the mean field capital accumulation
problem, the interaction with the population is through the law of the controls. The
algorithm 3| is adapted to this case as discussed in Section |5.3.1}
We consider the problem defined by the choice of parameters: ¢, =1, ¢, = 2, v = 1.75,
and ¢, = 0.3. The time horizon is equal to T' = 1. The distribution of the inventory
process at initial time X3, is Gaussian with mean 0.5 and standard deviation 0.3. The
volatility of the process X; is given by o = 0.5.

This problem is characterized by continuous time and continuous state and action spaces.
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In order to solve this problem using the U2-MF-QL-FH algorithm, truncation and
discretization techniques together with a projector operator are applied. The time interval
[0, 7] is uniformly discretized as 7 = {t¢,...,tn, = T} with At = 1/16. The state and
action spaces are truncated and discretized as discussed in Section [5.3.3] The truncation
parameters are chosen large enough to make sure that the state is within the boundary
most of the time. This may induce a different truncation in the MFG and the MFC
version of each problem.

In the MFG (resp. MFC), the action space is given by A = {ag = —=2.5,...,aj4-1 =
1} (resp. A = {ap = —0.25,...,a/4-1 = 5}) and the state space by X = {z, =
—1.5,...,&jx-1 = 1.75} (resp. X = {xo = —0.75,...,2x)-1 = 4}). The step size for
the discretization of the spaces A, and X is given by A, = A, = /At = 1/4. The
exploitation-exploration trade off is tackled on each episode using an e—greedy policy.
Suppose the agent is in state x, the algorithm picks the action that is optimal based on
the current estimates with probability 1 — € and a random action in A with probability e.

In particular, the value of € is fixed to 0.1.

The following numerical results show how the U2-MF-QL-FH algorithm is able to learn
an approximation of the control function and the mean field term in the MFG and MFC

cases depending on the choice of the parameters (w®, w?).

Learning of the controls

Figures [5.13} [5.14}, |5.15} [5.17],[5.18; controls learned by the algorithm. The

controls learned by the U2-MF-QL-FH algorithm are compared with the theoretical
solutions. Each plot corresponds to a different time point ¢ € {0,0.5,1}. The layout is the
same applied for the mean field capital accumulation problem in Section |5.4.4, On the left,

the choice (w?,w’) = (0.55,0.85) produces the approximation of the solution of the MFG.
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On the right, the values of the parameters (w?,w’) = (0.65,0.15) lets the algorithm to
approach the solution of the MFC problem. The accuracy of the approximation is better
at initial times and degrades towards the final horizon showing an higher complexity of
the tuning of the algorithm to this problem. The results presented in the Figures are

averaged over 10 runs.

— MFG —— MFC * RL — MFG — MFC * RL

alt, x)

Figure 5.13: Learned Controls for MFG Figure 5.14: Learned Controls for MFC
at time 0. at time 0.

— MFG — MFC * RL — MFG — MFC * RL

alt, x)

_3 0.0 -6

Figure 5.15: Learned Controls for MFG Figure 5.16: Learned Controls for MFC
at time 7/16. at time 7/16.
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Figure 5.17: Learned Controls for MFG Figure 5.18: Learned Controls for MFC
at time 15/16. at time 15/16.

Learning of the mean field

Figures [5.19} [5.20, [5.21}, [5.22] |5.23], [5.24: [E[6,;] learned by the algorithm.

The estimation of the first moment of the distribution of the controls evolves with respect
to the number of learning episodes. Each plot corresponds to a different time point
t € {0,0.5,1}. The layout is the same described in Section On the left, the solution
of the MFG is obtained choosing (w%, w?) = (0.55,0.85). On the right, the MFC solution
is approached by the set of parameters (w?,w’) = (0.65,0.15). The results presented in

the Figures are averaged over 10 runs.

—= RL —— MFC —— MFG —= RL —— MFC —— MFG
4 4
3 34
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Figure 5.19: Learned control’s mean Figure 5.20: Learned control’s mean
for MFG at time 0. for MFC at time 0.
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Figure 5.21: Learned control’s mean
for MFG at time 7/16.
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Figure 5.23: Learned control’s mean
for MFG at time 15/16.
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Figure 5.22: Learned control’s mean
for MFC at time 7/16.
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Figure 5.24: Learned control’s mean
for MFC at time 15/16.



Chapter 6

Deep Reinforcement Learning for
Mean Field Games and Mean Field
Control Problems with Continuous

Space

In the previous chapters, we discuss a Q-learning based solving scheme for mean field
problems in the case of finite spaces. We show how this method can be adapted to solve
some of the continuous problems arising from real world applications. However, this
extension requires a calibration of the algorithm tailored on the specific problem which
may not be trivial. In order to avoid this challenging step, we are working on an approach
which is designed specifically for problems defined on continuous spaces. Algorithms to
solve classical MDPs with continuous spaces have been extensively studied (we refer to
Chapter 7 of [74] for an exhaustive overview).

In our on-going work [9], we propose a Unified three-scale Mean Field Actor-Critic

(U3-MF-AC) algorithm able to solve mean field games and mean field control problems in
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the same fashion as our Q-learning method.

We start presenting the classical Actor-Critic (AC) approach following the presentation
given in [74]. We introduce our new AC based algorithm to tackle mean field problems.
We conclude by showing numerical results on the asymptotic linear quadratic problem
discussed in Section and an infinite horizon variation of the capital accumulation

problem discussed in Section [5.4]

6.1 Actor-Critic

Actor critic algorithms are popular model free methods in RL to solve classical MDPs
in case of continuous spaces. This approach is characterized by two main parts: the actor,
corresponding to the policy followed by the agent, and the critic, represented by the value
function and acting as an evaluation of the actor. Even if the optimal policy is expected
to be deterministic, the critic is a randomized strategy in order to allow exploration
of the unknown environment. As more knowledge of the environment is collected and
the algorithm converges to the solution of the MDP, the variance of the policy vanishes
defining a deterministic policy.

In order to handle continuous spaces, the actor and the critic are approximated by
parametric functions (e.g. neural networks). Let 7y : SxAx W — [0, 1] be a representation
of a randomized policy within the parameter space ¥ < RPv. Let V¥ : S x © — R be
the corresponding evaluation of the value function within the parameter space © < RPe.
Diagram shows how actor critic algorithms are able to solve an MDP without any

knowledge of the environment.
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Actor

State Critic
Xt” Value Action
X function TD error
tht1 Stn A,“

t Cost
fe,

Environment

Figure 6.1: Diagram inspired from [71]

At each learning episode k and step t,,, the agent picks an action based on the strategy
Ty (the actor) and her state X[ . Due to this action, the environment generates a cost

fF and a new state X .
tn tn+1

The pair ( ft’i , Xt’i . .) acts as input of the Temporal Difference
(TD) error defined for a given choice of parameters 6 € © as follows

o (0) = fr, + V™ (X},

b)) = Vo (X)),

where the first evaluation of the value function is considered independent of the parameter
0 explaining why the subscript is omitted. The TD error is derived from the Bellman
equation of the value function in the same fashion as the update rule for the @ function
discussed in Section Learning of the value function is obtained by minimizing the
squared TD error through a stochastic gradient-descent step. The resulting update rule is
given by

/ 1

0 =0~ 5o, Vo (51,(0))" = 0+ pi[,, 3% () YV XL,

where p,‘;tn represents the learning weight at episode k and step t,,.

The solution of the classical MDP is represented by the optimal policy 7* for which
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the corresponding value function is minimal. Consequently, the update rule for the policy

parameters 7, is obtained by a stochastic gradient-descent step on the quantity V;rw, ie.

wl =+ p?;thwVew (th)7

where py , defines the learning weight.

Intuitively, one may expect that the knowledge of the model is required to evaluate the
gradient V, V™ (X} ) given that the transitional probabilities depend on 7. However,
the Policy Gradient Theorem shows that this quantity is independent of the dynamics
of the model allowing to design model free approaches (see [74] for more details). The

resulting update rule for the classical actor critic algorithm is given by

W =+ P} 0, (0) Vi log myp(Xs,, Ay,).

The actor-critic algorithm has been cast as a two-scale stochastic approximation
procedure by Borkar and Konda in [I7]. The learning weights of the critic p*" are chosen
larger than the corresponding rates of the actor p™. Intuitively, this situation is equivalent
to having two nested loops. At each step of the outer loop (slower) corresponds a choice
of a policy and several steps of the inner loop (faster) in which the corresponding value
function is estimated. Once the estimation procedure is completed, its value is passed to
the outer loop and a new policy is chosen based on it. Due to the stochastic gradient
descent step, the new policy is such that the corresponding value function is not greater
in value. Theoretically, the procedure completes when the gradient reaches value zero. In
practice, the algorithm stops when the change of the value function is lower than a given

tolerance.
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6.2 U3-MF-AC: Unified Three Timescales Mean Field
Actor Critic

In order to solve asymptotic mean field problems, we propose algorithm [ a new AC
based method which is derived as a three-scale stochastic approximation procedure. The
actor and the critic are approximated by two Neural Networks (NNs). The two learning
rules introduced above are combined with an extra update rule which allows the learning
of the distribution of the population. The current version is tailored to problems in which
the interaction is through the first moment of the limiting distribution.

In the same fashion of algorithm [2| an estimate of the first moment of the limiting
distribution of the population is computed through successive learning episodes. At
each step t,, an estimate mfn is updated based on a sample Xt’i collected from episodes
k= 1,2,.... One may expect each m; to converge to an approximation of the first

moment of the limiting distribution. The update rule is given by
my, = my '+ (X —my),

where p}* corresponds to the learning weight.
We show through our preliminary results how a different choice of the learning rates p™
allows the algorithm to solve a MFG or a MFC problem representing a unified approach

to mean field problems in continuous spaces.
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Algorithm 4 U3-MF-AC: Unified Three-scale Mean Field Actor-Critic
Require: X = R, A = R : state and action spaces, toly, tol, tol,,: break rule tolerances,

T={tg=0,...,¢7-1 = T} with t; < t;41 : time discretization where 7" >> 0,

PV, 0™, (P)k=0 learning rates for the critic, actor and mean field term respectively.
1: Initialization: Create two NNs within the parameter sets © < R”e and ¥ < RPv :

Critic Vi + & — R, approximation of the value function given 65 € ©,

Actor Ty + X — P(A), approximation of the optimal policy given ¢ € U,

Mean field first moment m} =0 forn=0,...,|7| — 1 and episode k = 0.

2: repeat

@

Update episode index k = k + 1; Observe XZE provided by the environment

4: forn<—0to|r|—1do

5: Sample action A} from m(X])

6: Observe: cost ff = f(X[, A} ,mf ), state Xf  provided by the environment
7 Compute: TD error: 6F = fF + YWo W (XF ) — VH?E (XF)

8: Update Critic : 0, = 0F + pV(SZ‘;Vng'””L (XF)

9: Update Actor : ¢F | = % + p76EV , log my (X[ | A} )

10: Update Mean Field : m; = =my '+ pr(XE —mf )

11: end for

12: until VQV;,:M (an)‘ < toly, |V ylogmys (Xf, AF )| < tolr and |[mf " —mk|s < tol,,

The extension of this procedure to problems depending on the full distribution is a
work in progress. An approach under investigation consists to choose a parameterization

for the distribution and calibrate it based on the data flow.
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6.3 Numerical experiments

In this section, we present some preliminary numerical results obtained by applying the
U3-MF-AC algorithm to two examples: the linear quadratic model discussed in Section
and an infinite horizon version of the capital accumulation problem presented in Section
.4 In both cases, the actor is designed as a Gaussian exploration policy. In particular,
the state of the model is given as input to a feed-forward NN with an hidden layer of 64
nodes and Exponential Linear Unit (ELU) as activation function. The network returns
two outputs: one representing the mean of the Gaussian policy and the other which is
passed to a softmax operator. The resulting value corresponds to the standard deviation
of the policy. On the other hand, the value function is defined as a feed-forward NN with
an hidden layer of 128 nodes and ELU activation function. The learning rates for the
actor and critic are fixed to the values p™ = 5 x 1075 and p¥ = 107°. The stochastic
gradient descent steps are executed using the Adam optimizer [53]. The learning rate

1

for the mean field term is defined as p}' = TR where w is chosen depending on the

problem.

6.3.1 A linear quadratic example

In Section we presented the solution of a linear quadratic model in its asymptotic
MFG and MFC versions. In Section [£.3] we showed how the U2-MF-QL algorithm is able
to solve both problems depending on the choice of the learning rates. Since the example
is defined in continuous spaces, the algorithm requires a calibration based on truncation
and discretization techniques presented in Section In general this procedure should
be performed based on a trial and error approach which may not be trivial.

In this section, we show the results obtained by applying the U3-MF-AC algorithm to

this example for the choice of parameters ¢; = 0.25, ¢o = 1.5, ¢3 = 0.5, ¢4 = 0.6, discount
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parameter 5 = 1 and volatility ¢ = 0.3. The infinite horizon is truncated at time T = 20.
The continuous time is discretized using step A, = 1072,

In Figures 6.3}, [6.4] [6.5], we show how the U3-MF-AC algorithm is able to learn the
optimal control function and the first moment of the limiting distribution in the MFG and
MFC frameworks fixing the parameter in the learning rates of the mean field term equals

to wM¥

¢ = 0.7 and WMFY = 0.05 respectively. Indeed, a slow update of this term mimics
the solving scheme of a MFG. On the other hand, a fast update allows the distribution to
evolve accordingly to the policy aligning the algorithm to the MFC framework. Differently
from the U2-MF-QL approach, this method does not require any calibration representing

a simplified and flexible approach to solve mean field problems with continuous spaces.

Control function Control function

1.5 — MFG 15 — MFG
1.09 — RL 1.04 — RL
0.5 1 0.54

0.0 4 0.0+

a(x)
a(x)

—0.5 -0.51

-1.01 -1.01

-1.51 -1.51

—2.0 -2.01

T T T T T T T T T T T T T T T T
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Figure 6.2: MFG: results after 15k learning Figure 6.3: MFC: results after 15k learning
episodes episodes
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Figure 6.4: MFG: learning evolution of my Figure 6.5: MFC: learning evolution of my
through 15k episodes through 15k episodes

6.3.2 A mean field accumulation problem

In this section, we show the results obtained by applying the U3-MF-AC to an infinite
horizon version of the mean field accumulation problem from [50] discussed in Section

The time horizon is equal to T' = oo. The remaining parameters are fixed as follows:
discount factor p = 0.95, utility factor v = 0.2, constant C' = 2, and the noise W has
support Dy = {0.9, 1.3} and corresponding probabilities {0.75,0.25}.

In Figures[6.6| and 6.7, we show how the algorithm is able to learn the control function
and the first moment of the learning distribution given the parameter of the limiting
rate for the mean field term equals to w = 0.85. We train it using 35 x 10% episodes
of 100 steps. Differently from the previous example, this problem is not of the linear
quadratic family, the noise is multiplicative and the admissible control set is not static
but changes depending on the state of the model. These differences show the flexibility of

the algorithm to different kinds of problem.
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These preliminary results encourage a deeper investigation of this procedure. In

particular, we are working on extensions able to deal with the full distribution of the

population and finite horizon problems together with a theoretical analyses of this method.
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Chapter 7

Conclusions

In this manuscript, we presented our contribution to the field of differential games by
proposing a data driven solving approach. Our method is derived by merging mean field
theory, reinforcement learning and multi scale stochastic approximation.

In order to achieve this goal, we propose in [6] a new definition of asymptotic mean
field games and mean field control problems which facilitates a connection with the
reinforcement learning framework. We unify the two problems through a two timescale
perspective and present a Q-learning based solving scheme. In order to obtain this method,
we introduce a new Bellman equation for a modified Q-function that is tailored to the
MFC framework. The algorithm is tested on an infinite horizon linear quadratic example.

This approach is extended in [7] to the case of interaction through the distribution of
controls and finite horizon. We have illustrated the second algorithm with two examples:
an optimal investment problem with HARA utility function, and an optimal liquidation
problem. Differently from the others, the first problem is not of the linear quadratic
family, presents multiplicative noise and is characterized by a dynamic admissible control
set. These core differences show the flexibility of our approach.

The main ingredients of these algorithms are the learning rates for the Q-matrix
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and for the distribution of the states (controls) of the population. Their relative decay
with respect to the number of episodes is the key quantity to stir the algorithm towards
learning the optimal controls for MFG or MFC problem. Roughly speaking, updating the
Q-matrix faster (resp. slower) than the distribution of states (controls) leads to the MFG
(resp. MFC) solution. Convergence follows by applying Borkar’s results as shown in [6] in
the case of infinite horizon problems. Choosing these rates in an optimal way remains the
main challenge in specific applications. In particular, we expect that allowing these rates
to depend on the time steps could lead to improved results. This aspect is left for future
investigations.

The algorithms presented here are the context of finite space via the Q-matrix even
though the proposed examples are originally in continuous space and then discretized.
Dealing directly with a continuous space is the topic of the ongoing work on deep
reinforcement learning for mean filed problems [9].

The area of reinforcement learning for mean field problems is extremely rich with a
huge potential for applications in various disciplines. It is in its infancy, and we hope that
the results and explanations presented here will be helpful to newcomers interested in

this direction of research.
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