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Abs tract: 

Catastrophe Theory analysis is used to construct a chiral theory 

of pions which leads to a saturating nuclear matter equation of state. This 

is achieved by introducing a vector meson field via the Higqs mechanism. 

The equation of state and the nuclear optical potential is computed. A 

rnetamorDhosis of the nuclear force is sugqested. 

This work was supported by theDirector, Office of Energy Research, 
Division of Nuclear Physics of the Office of High Energy and Nuclear Physics 
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Relativistic quantum field theory approach to the study of nuclear 

matter and finite nuclear structure can account for a large number of data 
1 

in terms of a few phenomenologically determined parameters. 	These parameters 

are adjusted so that relavant nuclear matter properties, such as nuclear 

matter saturation, its compressibility and the effective nucleon mass in the 

media are reasonable ad initio. That is, in the mean field approximation, the 

model is constructed to describe these essential properties reasonably well. 

Clearly, suchan approach must be phenomenolociical in its very nature, since 

quantum corrections, pion contribution, two body correlations are known to be 

important. 

The above mentioned method has dealt rather cavalierly with some essential 

properties of a relativistic field theory. The phenomenological approach yields 

a Lagangian that in fact does not have a lower bound for the energy. The best 

fits are obtained when the scalar meson quartic  self interactions are attractive 

and not repulsive,  as they should be. A related problem is that pions, in the 

linear realization of chiral symmetry, cannot be introduced into the theory 

without spoiling nuclear matter saturation in an essential way. It was shown 
2 	 3 

by A.K.Kerman and L.D. Miller 	and independently by the author 	that the 

usual chiral theory of pions leads to a theory of nuclear matter that does not 

have a saturating normal matter ground stateif the theory is solved in the 

mean field approximation. The reason for this is that the spontaneous breaking 

of chiral symmetry requires the potential functional u(q+*) to have a double 

minimum as a function of the fields. This leads to the well known cusp catas-
4 

trophe. 	The field solutions bifurcate. A typical energy per particle curve 
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is shown in Fig. lb.  The aim of this work is to shown a simple and elegant 

solution to this problem. We will explicitly show that if a isoscalar vector 
5 

field CdJp  is introduced into the theory via the Higgs mechanism 	, these 

bifurcations disappear and a saturating equation of state can be obtained for 

a potential functional having a double minimum. Physically, the Higgs mechanism 

in our case amounts to the statement that the mass of the vector field is not 

static, but dynamically determined. Thus we will construct a chiral theory of 

pions in which 	not only the mass of the nucleon and the scalar meson are 

spontaneously produced, but also the mass of the vector field. 

The bifurcation problem encountered in the linear chiral model is a general 

one, shared by all theories that have a potential functional U() possessing a 

double minimum. To illustrate this, let's consider a model of nuclear matter 

in which the attraction between nuceons is generated by a scalar meson fie1r 

and the repulsion by an isoscalar vector field (L 
	

The Lagranian is 
p 

taken to be 
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The coefficients a = a/g 	5 = b/(mg5 3 ) 	and = c/g5 4 	are chosen 

to yield a potential functional having a double minimum shown inFig.18  The 

values are 	5 =7.71 and E =55.94 	 and C5 =g5  ri, m 	=2.0 

and 	 4.0 	. These values for the parameters will yield a potential 

functional with a double minimum anda saturating nuclear matter state at a 

saturating density of 	 and a bindinci enerciv ner particle of -16MeV. We 

will show that this cannot be a normal nuclear matter state. 

The field equations for infinite symmetric nuclear matter are 

au 
(2a) 

mw0 = gr)V 	 (2b) 

(2c) 

where the source terms 	and 	are given by 

k 
F 	m * 
	 (3a) 

4 f 3 	N 
s 	

(21T)  '3 	
d k 

Vk 
= __  

= _7 kF 	 (3b) 

mN = mN + 9S 	 (3c) 

[1 
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The energy density is 

+) 	 af dk 	+ m 

 

and the pressure is given by 

p = 	•Er; () 

 

We solve the classical field equations numerically. In Fig. lb the 

corresponding energy per particle as a function of density is shown. Indeed 

there is a saturating equation of state at a density of 	/.But it is 

not the normal state of nuclear matter since the equation of state does not 

vanish for vanishing density. The state that should have corresponded to the 

• lowest minimum of U() is not realized, since it bifurcated with the solution 

corresponding to the maximum of U. In general, bifurcation will occur when the 

point 	-'-4 	0 is reached. As was explicitly shown by A.K.Kerman and L.D.Miller, 

this is exactly what happens in the chiral model, where the potential functional * 
is symmetric under the interchange rr—'

IN 

[I 
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A more judicious choice of the potential functionaiwill not evade the 

bifurcation problem. We will just get more complicated bifurcations. In fact, 

the bifuractions will exist even if the potential functional does not  have a 

double minirrurn. For bifurcations to appear it is necessary that the double 

derivative of the U , 	, vanish . The single derivative need •not vanish at 

all. The resolution 	of this problem lies in the observation that the field 

equations Eq.( 2a,2b) are decoupled. That is, the value of the omega field does 

not depend on the value of the sigma field and vice versa. This means that the 

bifurcations are completely determined by U. To avoid the bifurcations, one 

should allow for a coupling between the rrson fields.For example a term like 

is quite adequate. In the language of Catastrophe Theory , this term will place 

the Lagrangian in a different catastrophe class. By an explicit calculation we 

will show that to avoid the cusp catastrophe encountered in the chiral model 

it is sufficient to spontaneously generate the mass of the nucleon, the scalar 

and vector fields all at once. 

We take the chiral Lagrangian to be 

1 A 	2 £ = - 
	 - 	FF 	- 	( 	

+ 22 	2 	2 + 2 )  
ax 

U 

-gs 	+ i.5)p + - 	+ 2 )  

2 	
1 	a 	2 

( with 	 6a)  

..........(6b) 
2 

U <0 
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By shifting to the minimum of the potential 	functional and spontaneously ,  

breaking chiral symmetry we qet 	(settinq 	7t=& 	for convenience) 

=a 	+cT 
0 

.  

£=-(y f +mN )  
Ij 

m*2 	,. 	. . 

+ ig 	-4 	w W 
 

where 

= mN  

=v  

mN = mN + g 	 . (90 

m*.=m. 
V 

. 
V. 

 

m 2  = 2 A 22   
0 0 

and 

J(c) =m22 . (10) 
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The nucleon , the scalar meson and the vector meson acuire a nss given by 

Eq.( 9a-9e 	) The effective mass of the nucleon and the vector meson deDend 

explicitly on the value of the scalar field. They have become density dependent. 

We note that when the effective mass of 'the 'nucleon vanishes, to does the 

effective mass of the e:tor meson. In the Lee-Wick state, the vector field 

becomes Coulomb like. 

The field equations for infinite nuclear matter now become 

U 	2 *2 --g.mw =-a 
T 	 V 	VO 	SS 

*2 
m c = 	 ON 

The source terms 	and S 	remain the same. These equations are to he 

compared with those of Eq.(2) . There are additional terms due to the self-

coupling of the mesonic fields. This is just sufficient, as we will immediately 

show, to avoid the cusp catastrophe. The above field eouations have been studied 
U 	 . 	 6 

by C.-G. Kaliman in a different context. 	He showed tht they lead to an 

asymptotically free equation of state. 

Given the values of the nucleon and vector meson masses rn. 1  and m respec-

tively, there are two additional parameters, g and rnto be determined. The 

value of the vector coupling constant q  is determined by 

m 

.. .. ...... . .............(12) 
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The energy density
. 
e. isnow given.by 	. 	. 

= (9)2(m)2 

p + U(a) + (
2:) fd3k 
	m2 	

(13) 

The values ofg arid m. are chosen so that there is a saturating nuclear matter 

state at a saturating density of fo  =.145/fm3  , with a binding energy of 

-16 MeV/particle. This is achieved by taking g 5=8.35 and m. =650 11eV. In Fig.2a 

we show the energy per particle as a function of density. There are no 

bifurcations. The reason for this can be seen from Fig. 2h, where the nucleon 

effective mass m 	is shown as a function of nuclear matter density. The solu- 

tion, mN=O  is an isolated solution, existing only for vanishing nuclear 

density. The mechanism that caused the bifurcations in the previous calculation 

is now avoided. The isolation of the Lee-Wick solution, rr=m=O  follows 

from the physical fact that Coulomb like solutions cannot be realized in infinite 

nuclear mátter. Theyhave infinite energy density. By allowing the nuclear 

repulsiOn to undergO a metamorphosis, that is, to take on a Cou1mb like nature, 

the normalsOlution is protected from the unwanted bifurcation. This has inte-

resting consequences for finite systems. We know that Coulomb force is realizable 

in finite systems. Thus we expect that there should be a new class of nuclei 

in whose interior the vector repulsion becomes long ranged. 

From Fig.2b we see another interesting aspect of the model. In previous 

relativistic field theory models of nuclear matter, the nucleon effect.ive 

mass vanished for large densities. That is 	 for 	. In the 

present model that is not the case. In fact rc—ofor f-cO. Thus chiral 
N 

symmetry is not restored for asymptotic densities. At normal nuclear density 

$1 
the nucleon effective mass is 	 This is a reasonable value for the 

'Il ) ,4 
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effective mass, leading to a reasonable energy and density dependence of the 

nucleon optical potentia. If we define the optical 	potential to be 

E 	+ m +Ueff 	
(14a) 

where 

2 	2 
Ueff = E - {(E - 
	+ mN - m *2112. 

N ] 
... ...........(14h) 

then in Fig. 3 we show the energy dependence of this 

potential. The dotted lines correspond to the recent many body calculations 

of Friedman and Pandharipande. 7  

The low density behavior of the energy per particle shown in Fig. ?a 

also in good agreement with many body calculations. 8  Since it is this part 

of the equation of state that determines the essential features of the single 

particle properties of nuclear structure, we expect that the present model 

should reproduce the aood predictions made by the relativistic field theory 
1,9 

models for matter distribution in finite nuclei. We must note though that the 

equation of state deviates from a parabolic form very rapidly as the density 

varies from saturation. At saturation, the predicted nuclear matter compressi-

bility is quite large, K=650MeV and becomes about 300MeV at a density of 

.Sucha 

large compressibility is a common feature of 	relativistic field theory 

models that attempt. to be theoreti cal ly acceoth1e in the mean field approxi mati on.  

a 
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We have shown phenomenologically, that to obtain a reasonable compressibility 

(K=210 MeV ) in the mean field approximation one is forced into a model 
11 

where the quartic self-interactions are attractive. This in theory leads to 

a Lagrangian that does not have a lower bound in energy. Phenomenologically 

this is of no great concern, but if a consistent theoretical model is to be 

entertained , the mean fieid approximation cannot be the whole story This 

observation is strengthened by the fact that in our chiral model the determined 

value ofthe pion-nucleon coupling constant is 	8.35 	instead of 

as determined from pion-nucleon scattering. 

The aim of, this work was to show that the bifurcation problem encountered 

in the linear chiral theory of pions can be avoided by introducing the 

field dynamically. This not only ,  eliminated thehifurcations, but allowed 

the vector field to become Coulomb like . Thus the Lee-Wick solution of the 

chiral model will not be realized in infinite nuclear matter. 13 	In the mean 

field approximation, the model predicts a number of reasonable nuclear properties, 

whose significance is valuable phenomenoloically. There will he very important 

corrections to be taken into account though. From chiral theory itself ,  we know 

that the axial coupling constantis not unity but gl.26. Second, the 

nucleon, scalar and vector meson masses were determined only at the tree 

approximation level. There will be significan changes here 	also. Furthermore, 

there will be quantum corrections to the potential functional itself. Thus one 	 V 

of the outstanding problems of relativistic quantum field theory of nuclear 

matter and nuclear structure is to show that the inclusion of these corrections 

will lead to a reasonable theory of pions and reasonable properties of nuclear 

matter and nuclear structure. The suggestion that nuclear forces can undergo 

a metamorphosis must be answered experimentally. 
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Figure Captions 

Fig. la. 	Potential functional U(0) having a double minimum leading to 

bifurcations.of the equation of state. 

Fig. lb 	The binding energy per particle as a function of the Fermi momentum. 

The cusp is clearly visible at kZ 1.5 fm. 

Fig. 2a. 	The binding energy per particle as a function of density for the 

dynanicaT chiral model. Here 	=8.35 and n1.  =650 MeV. 

Fig. 2b. 	Nucleon effective mass as a function of density for the dynamical 

chiral model. Note that m* 	0 implies m*v=O.  The vector field 

becomes long ranged. 

Fig. 3 	The optical potential as a function of incident energy at normal 

nuclear density. FP is the Friedman-Pandharipande results of ref.7 

This work was supported by the Director, Office of Energy Research, 
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