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Differential cross sections for the excitation of the o+ (1.75-MeV), 2+ (2.18-MeV), 5- (2.32-MeV), 4+
(3.08-MeV), · 6+ (3.45-MeV), 8+ (3.60-MeV), and the 2+ (3.31-MeV) levels in 90Zr by 40-MeV pr~tons
have been measured between 15' and 115'. The data are compared with the results of distorted-wave
(DWA) collective-model calculations and DW A microscopic-model calculations. Both macroscopic and
microscopic treatments of core polarization are considered. Effects from noncentral components in the
projectile-target interaction have been investigated and an imaginary central compon~nt has been
included in this interaction in the cases where a completely microscopic model is used for the target
nucleus. A coupled-channels calculation has been performed in order to investigate multiple excitation
contributions to the cross section for the o+ (I. 75-Mev) state.

I. INTRODUCTION

In recent years the 90 Zr(p,p'} 90 Zr* reaction has
been a favorite subject for physicists working on
the microscopic model for inelastic proton scattering.1-3 The main reason for this is the substantial range of multipolarities available in the
transitions from the ground state of this nucleus
to its first excited o+, 2+, 4+, 5-, 6+, and 8+
states, whose wave functions consist mainly of
two protons distributed in the 2p 112 - and 1g912 shell model orbitals. The present paper reports
on a new experimental study of th·is nucleus
carried out with 40-MeV incident protons. Differential cross sections have been measured for
the excitation of the six states named above, as
well as for the excitation of the state at 3.31 MeV.
These data, combined with the results of earlier
experiments at 12.7, 2 18.8/ and 61.2 MeV/ give .
a reasonably complete picture of the energy dependence of the cross sections from 10-60 MeV.
The angular distribution for the L = 0 transition,
however, had previously been measured only at the
comparatively low energy of 12.7 MeV. 2 Thus the
present measurement significantly extends our
knowledge-of this monopole transition and can
provide an additional test for various aspects of
the reaction theory.
The microscopic model for inelastic proton
scattering has undergone considerable development in recent years. It is now fairly well estab7

lished that cross sections can be understood in
calculations with "realistic interactions," 4- 9 provided that "knock-on" exchange contributions are
included and reasonable target wave functions are
used. Most calculations have previously considered only· the real central components of the
projectile-target interaction. However, recent
studies have pointed out that the shapes of differential cross sections can be improved by including an imaginary component in the interaction1o. 11 and also that the two-body spin-orbit
force may be important for transitions of high
multi polarity .12
In the case of 90 Zr, reasonable target wave
functions require consideration of core polarization effects. 2•3 This can 'be done using macroscopic13. 14 or microscopic 7 • 1s. 16 models for the core.
In the first model the contributions from core
polarization arJ described in terms of a single
parameter which can be treated phenomenologically or determined from other data such as effective
charges when they are available. In the second
model, core-excited admixtures in the valence
wave functions are estimated perturbatively using
"realistic" coupling interactions. It is interesting
to note that inelastic scattering is one of the few
methods by which the effect of core polarization
in transitions of high multipolarity can be. studied.
The data from the present experiment have been
analyzed using both the collective model and the
microscopic model. The deformation parameters
1981
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obtained from the collective-model analysis have
been compared with those from earlier experiments.1-3 In the microscopic-model analysis,
both macroscopic and microscopic treatments of
the core have been considered and the effect of
the imaginary and spin-orbit components inthe
projectile-target interaction have been investigated.
II. EXPERIMENT

The data were obtained using a 40-MeV pr'oton
·beam from the Michigan State University sectorfocused cyclotron. The 90 Zr target was a rolled,
2.0-mg/cm2 self-supporting foil of 96% isotopic
enrichment. The scattered protons were analyzed
with an Enge split-pole spectrograph (using an
acceptance aperture of 2 ") and ~ecorded on Kodak
NTB 25- tJ.m emulsions. Stainless-steel absorbers
were used in front of the plates to stop other par.ticles of greater stopping power than protons. Because of the interest in both the weakly excited o+
state at 1.75 MeV and the 2+, 4+, .6+, 8+ multiplet,
three exposures of various duration were taken at
each scattering angle. The runs were normalized
to the integrated charg~ collected in the Faraday
cup. Checks for target nonuniformity effects were
made by using a Si(Li) monitor counter placed at
90° to the beam which detected the elastically scattered protons. The resolution obtained was 20 keV
full width at half maximum (FWHM).
The emulsions were scanned in those regions
where the excited states of interest could be
counted on one of the three exposures. The longest exposure was used primarily for counting the
8+ (3.60-MeV) and o+ (1.75-MeV) states; in the
latter case the cross section dropped to 0.1 tJ.b/sr.
Because of its small cross section, only the use
of emulsion plates allowed us to observe the o+
state. With a conventional Si(Li) detector in a
scattering chamber, the tail of the elastic peak
from slit scattering and from reactions within
the detector washes out the o+ peak. With a Si
position-sensitive detector or wir~ proportional
counter used in a spectrograph, the signal for
the lightly ionizing protons is too close to the
noise level for the state to be observed. Also,
good resolution of the spectrograph system was
necessary, since low-lying states in other Zr
isotopes present in the target (0.5 to 0.9%) appeared as strongly excited as the o+ state.·
The energy level diagram of 90 Zr .is shown in
Fig. 1, as taken from Ref. 3 and Lederer, Hollander, and Perlman. 17 Differential cross sections were obtained in this experiment in 5o steps
for scattering angles from 15 to 115° for the o+
(1.75-), 2+ (2.18-), 4+ (3.08-), 6+ (3.45-), 8+
(3.60-), 5- (2.32-), and 2+ (3.31-MeV) states.

Even for the short exposures it was impossible
to count the tracks in the peak for the 3- state, so
that state is not included in our analysis.
III. ANALYSIS
A. General

The cross sections for all the levels considered
in this experiment were calculated in the distortedwave approximation (DWA). In addition the cross
section for the first excited o+ state was calculated
in a coupled-channels approximation. For both
types of calculations, the optical-model parameters were taken from Table II .of Fricke e t al. 18
This set of parameters represents the best fit to
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both polarization and cross-section data for the
elastic scattering of protons by 90 Zr at a bombarding energy of 40 MeV.
Detailed descriptions of the formalisms for both
distorted-wave and coupled-channel calculations
are given elsewhere .8 • 19• 20 Only those features
of the two method.s which are particularly relevant
(. ; to the present analysis will be discussed.

•

B. Collective-Model Analysis

Although the primary motivation for this experiment was to learn about the microscopic
structure of the low-lying levels of 90 Zr and the
associated reaction mechanism for exciting these
states, it is interesting to see how well a simple
(one-parameter) vibrational-collective model describes these presumed "shell-model" transitions
in the DWA. In this model the low-lying states
are taken to be single-phonon states relative to
the 90 Zr ground state. The resulting form factor
is essentially a deformation parameter (/3L) times
the radial derivative of the optical potential:. Unless stated otherwise, both the real and imaginary
(but not the spin-orbit) parts of the optical potential are assuming to undergo vibrations characterized by the same deformation parameter. Coulomb excitation is included for the quadrupole
'transitions.

1.

Lowest 2+, 4\ 6+, 8+, and

10°

...

2.

6~ 3.45 MeV

10"1

10-2

•'

-ro0

•••

ro·'

~
.§.

.0

"

.

3.60 MeV

I

Ep

II

ro·'

..

L........c...,._,_.......t~..__._~....._,...._j ro· 2 L......,._.--"=-......,.:-'-::.,_..,~~.....J
20 40 60 80 100 120

Bc.m. (deg)

I

(MeV)

Ex

20 40 60 80 100 120

I

State at 3. 31 MeV

TABLE I. Deformation parameters ([3L ).
I

ro·3

J'

States

As shown in Fig. 3 the excitation of this state
is described reasonably well by an angular momentum transfer of L = 2. As seen in Table I the
energy dependence of the required {3 L is unusually
large for L =2. As already pointed out, 3 the spin
transfer (S) can be either 0 or 1 for the inelastic
scattering of spin-~ particles, so that J of this
level is only restricted to be 1+, 2+, or 3+. How-
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Figure 2 shows a comparison between the experimental cross sections and the results predicted by the· collective model. With the possible
exception of the 8+ state, the shapes of the experimental angular distriblltions are in reasonable if
not good agreement with the predictions of this
simple model. The extent to which this model explains the energy dependence of the observed
cross sections is indicated in Table I which shows
a comparison of the deformation parameters obtained at proton bombarding energies of 12.7,
·
18.8, 40.0, and 61.2 MeV. The values at 12.7,
18.8, and 61.2 MeV are from Refs. 2, 1, and 3,
respectively. The {3L extracted at 40 and 61.2 MeV
are quite consistent. The {3L at the lower energies
tend to be larger than those at the higher energies
particularly for the large L transfers. This may
reflect the fact that the macroscopic collective
model incompietely accounts for exchange effects
in inelastic scattering which are known4 - 9 to be
most important for large L transfers and for low
bombarding energies. Another possible explanation for these discrepancies might be multiple excitation processes.
While the collective model is thought to be in- ·
appropriate for the description of the excitation
of these levels, its success ,in describing the angular distributions cannot be denied. Even for
these states, {3L at least serves as a useful parameter describing the excitation of these levels.

90zdp. p'l9oz,
E0 • 40 MeV
COLLECTIVE MODEL
10' 1

1983

FIG. 2. Collective-model fits to the excitation of the
lowest _2+' 4+' 6+' 8+' and 5- levels at a proton bombarding energy (Ep) of 40.0 MeV.
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ever, Bingham, Halbert, and Bassel21 have seen
this state in an (a, a') experiment on 90 Zr at Ea.
= 65 MeV and find {3 2 = 0.035 which is consistent
with the value obtained here. Although a particles
can also excite states of unnatural parity/ 2 the
mechanisms by which they do so are different
than those for protons (no 1'. 2 force for example). Consequently, a spin assignment of 2+
for this state seems most likely.

a a

3.

Excited

o+

State at 1. 75 MeV

Although the vibrational model indicates that a
breathing mode is the most appropriate description for the excitation of collective monopole
states, the collective-model calculation reported
here uses the same form factor as for the L *0
transfers. This amounts to ignoring volume conservaiion.2 Since there is reason2 to believe this
is not a simple breathing mode anyway, this form
factor is used mainly for comparison with the
other multipoles. Figure 4 shows a comparison
of this' calculation with experiment. The fit is
poor except for the first peak which is well described. The monopole deformation parameter
({3 0 ) is found to be 0.004. The corresponding {3 0
at-12.7-MeV proton bombarding energy2 is 0.03.

This strong energy dependence will be discussed
in Sec. III C 1. Also shown in Fig. 4 is a calculation assuming an L = S = 1 excitation, using the
same form factor, which is clea,rly out of phase
with the first maximum. Although such unnaturalparity excitations require an extension of the usual
collective model, they arise in a natural way22· 23
when velocity-dependent forces are present. This
result is particularly interesting in light of the recently found importance 24 of two-step processes
in the excitation of this state by tritons25 in which
the L =S =1 amplitudes give rise to an angular distribution in better agreement with experiment than
that predicted by L =0. These processes are not
expected to be important in proton scattering since
the dominant intermediate states are believed24 to
arise from the projectile picking up one of the valence protons.
C. Shell-Model Analysis

In a shell-model or microscopic description of
inelastic scattering, the form factor 4- 9 for the
direct amplitude is obtained by folding the projectile-bound-nucleon interaction into the relevant
shell-model transition density. Exchange amplitudes require the off-diagonal elements, p(r, r'),

zr (p,p') 90 zr

9o2 r <p,p .,so2r

Ep = 40 MeV
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FIG. 3. Collective-model fit to the excitation of the ·
state at 3.31 MeV, Ep =40.0 MeV.
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FIG. 4. L = 0 and L 1 collective-model fits to the
excitation of the o+ state at 1.75 MeV, Ep=40.0 MeV.
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of the transition density when an interaction of
finite range is used. To construct these transition
densities the wave functions for both the ground·
and excited states were taken to have the general
form
(1}

•) Here </Jo denotes a relatively simple shell-model
state obtained, for example, from single-particle
energy and single-nucleon transfer 6 considerations or from a theoretical calculation. 15</J represents a "dressing" of </Jo due to core polarization7• 13 - 16 which is treated here in perturbation
theory. For all of the even-parity states. considered, </Jo was taken to be a pure proton configuration described by

1985

Gogny, Pires, and de Tourreil30 (GPT). The
triplet-odd part of the tensor force '}'aS taken to
be -0.30 times the strength of a triplet-even tensor31 whiCh fits the small momentum components
of the corresponding part of the truncated HJ po. tential. This triplet-odd tensor force is also
roughly equivalent to that used by GPT.
The knock-on exchange terms arising from the
valence contributions were calculated explicitly
for the central part of the interaction. When the
noncentral parts of the force were included, the
knock-on exchange terms associated with the tensor force were calculated explicitly; the exchange
terms for the more compli,cated spin-orbit interaction were included approximately 12 by doubling
the corresponding direct term. Core polarization

1</J() =15Jo Go I(2p1/2)2, J+) + bJ I(1g9/2)2, J+) ·
(2)
90zr(p, p' l 90zr

For the ground state a0 and b 0 were taken to be
0.8 and 0.6, respectively; for the second (v state
a0 =-0.6, b0 =+0.8; for the other even-parity
states considered, aJ =0, b J =1. 0. For the 5state at 2.32 MeV, </Jo was assumed to consist of
two protons occupying the 2p 112 and 1gs 12 orbitals.
That part of the scattering attributed entirely to
</Jo is termed the va,lence contribution; the remainder is called the core contribution.

Ep~

40 MeV

MICROSCOPIC MODEL

6', 3.45 MeV

v.c

...

-----T-"·
V,L~6

/

\

1. MACROSCOPIC TREATMENT
OF THE CORE

(i

In this section, a vibrational collective model 13
is used to represent the effects of core polarization. In particular 15</J is obtained 13 by coupling
simple shell-model states of the valence nucleons
to excitations of the core. The strength of the resulting core amplitudes are measured by the parameter AL = YL(k) as defined in Ref. 13. The AL
were adjusted empirically until the core plus
valence amplitudes together yielded the experimental cross section. No core·polarization of
the S= 1 type 13 was included.
_ The central part of the interaction between the
valence protons and the projectile was taken to
be the bare Gaussian potential of Blatt and Jackson27 shown by Wong and Wong2 8 to give matrix
elements similar to those obtained from the longrange part of the Ramada-Johnston (HJ) potential.8'29 A more complete ,correspondence with
the HJ potential could be obtained by multiplying
this Gaussian by -0.85. This was not done. The
tensor and spin-orbit components of the nucleonnucleon force have been included for the L = 6 and
8 transitions. The triplet-odd part of the two-body
spin-orbit (TBSO} force was taken to be that of

'

"'
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--~·r"··.:"

I0-3

/

4', 3.08 MeV
10· 1

V•C

~t,,

'r':\
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V,L•8,

I

\

!-.
10°

\

L~4/'--..,

V
10'3

'

5~

\

2.32 MeV

10· 1
I
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V•C

20 40 60 80 100 120

Bc.m. (degl

FIG, 5. Shell-model fits to the excitation of the lowest
2+, 4+, 6+, s+, and 5- states including macroscopic core
polarization, V(C) denotes the valence (core) contribution and V + C denotes the coherent sum.
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exchange effects of the type described by Love 32
were not included.
The shell-model orbitals were obtained by binding a proton in a Woods-Saxon well of radius R
=1.2A 113 fm, diffuseness a=0.7 fm, and a spinorbit coupling 25 times the Thomas term. The
1g912 (2p 112 ) proton was assumed bound by 5.68(6.6)
MeV. Nonlocality corrections were not included.
Lowest 2+, 4+, ' 6+, 8+, and

s-

7

9ozr (p,p'l
Ep

= 40 MeV

States

·Figure 5 shows a comparison between the experimental and calculated cross sections for these
five states. The calculations in Fig. 5 include
neither the noncentral components of the force
nor the S = 1 amplitudes arising from knock-on
exchange. The omission of these terms has been
showna. 12 to be relatively unimportant for the two
states of lowest spin; for the 5-, 6+, and 8+ states
these terms were deleted to facilitate comparison
with the results of Ref. 3. As found in earlier
wor~· 3 the core contributions dominate. the transitions and, moreover, are instrumental in obtaining angular distributions with shapes similar
to the experimental data,
The core coupling strengths AL extracted from
this analysis are given in Table IT along with the
values determined at 61 MeV. The effective
charges implied by these strengthsa, 13 when the
core coupling is assumed to come from proton and
neutron excitations in the ratio Z to N are also
shown. The consistency of the AL for the two different energies is not surprising, since core
polarization effects dominate these transitions
and the vibrational collective model alone give
rise to a reasonably consistent set of {3 L. As
pointed out in Ref. 3, the A2 and A5 obtained are
in reasonable agreement with the values required
to explain the corresponding values of the experimental B(E2) and B(E5).
Since previous calculations 12 have indicated the
importance of both the noncentral parts of the
force (particularly the spin-orbit part) and the
S = 1 amplitudes arising from knock-on exchange
for excitation of the high-spin states, calculations
were made including these terms in the valence

a·,

3.60 MeV

lo- 40~--~--~~~~--~--~~~~--~
20 . 40
60
80
100
120
140

.

Bc.m.
FIG. 6. Shell-model fits to the excitation of the 6+ and
8+ states including both core-polarization and the noncentral parts of the two-body interaction.
·

,.i

part of the transition amplitudes for the excitation of the 6+ and 8+ states, Figure 6 shows a
comparison between these calculations and the
experimental data, as well as a decomposition of

TABLE II. Core-coupling parameters (AL). The number 61.2 denotes the result for 61.2-MeV protons from Refs. 3
and 12. The numbers in parentheses correspond to including both S =1 central force terms and the nortcentral parts of
the force.
State

2+

4+

·6+

3,08
4.
0.092
0.103
2.18

3.45
6
0.056 (0.050)
0,056 (0.056)
1.68 (1.61)

5-

8+

"I

Eex (MeV)

L
AL
AL (61.2)
eeff /e

2.18
2
0.166
0.166
2.93

3.60
8
0.043 (0.038)
0.048 (0.036)
1.42 (!.37)

I

2.32
5
0.051
0_.051
1.67

I}
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the cross sections into their S = 0 and S = 1 parts.
Although spin-orbit distortion is present in the
optical potential, interference effects between the
S = 0 and S = 1 amplitudes are small 12. so that the
corresponding cross sections were added. The
quality of the fits to the experimental data is not
substantially altered by including these spin-dependent terms. There may be some slight im•' provement. As seen in Table II the values of both
As and A 8 required are reduced by roughly 10%
when the spin-dependent terms are included .. The
corresponding reduction in As for 61.2-MeV protons was' undetectable, while A 8 was reduced by
25%. A large part of this discrepancy can be
attributed to ambiguities in normalizing the calculated cross sections which only roughly fit the
data.
It should be noted that core- polarization effects
tend to quench nuclear excitations of the S = 1
type. 7• 13· 1s However, Sin Fig. 6 denotes spin
transfer to the projectile rather than to the nu ..
cleus. For the tensor artd central parts of the
force these two spin-transfers must be equal 12 so
that a more complete treatment of core polarization would likely reduce the S = 1 contributions
arising from these terms. For the TBSO force,
however, only S = 0 nuclear excitations give rise
to amplitudes with a projectile spin transfer of
unity (S= 1). As a result, the S= 1 type amplitudes
may in fact be underestimated. In addition the
S = 0 amplitude from the spin-orbit force which is
out of phase with the S = 0 amplitude from the central force might be reduced, since it arises from
S= 1 nuclear excitations.

1987

just as for the transitions to the 6+ and s+ states.
The results are shown in Fig. 7. No core-polarization effects were included, with the result that
the calculated cross section is 5 times as large
as the experimental one, and the shape of the
cross section is rather poorly described. By
comparison, the calculated cross section for a
proton bombarding energy of 12.7 MeV is much
smaller than experiment. 8 The shape of the angular distribution is poorly reproduced at that energy
also.
The transition to this excited o+ state is particularly sensitive to the noncentral parts of the force,
partly due to the fact there is a cancellation12 between the p 112 2 and g 912 2 parts of the S = 0 form factor for the central force, while there is cqnstructive12 interference between these same parts for
an S = 1 transfer to the nucleus. Including the TBSO
interaction reduces the S = 0 cross section by a factor of 3. The noncentral components of the force
enhance the- S = 1 cross section by roughly a factor
of 20. Coulomb excitation was included in the direct, S = 0 amplitude and reduced that part of the
integrated cross section by 20%.
Cleatly there is a serious discrepancy between
the microscopic approach used here and the experimental data. In light of the simplicity of the

.,..,.--~,,
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o+ State at 1. 75 MeV
The most striking feature of the excitation of
this state is its strong dependence on the proton
bombarding energy. The peak cross section of
this state decreases by roughly 2 orders of magnitude in going from a proton bombarding energy
of 12.7 to 40 MeV. Consequently, at a proton
bombarding energy of 40 MeV, the peak cross
section for this o+ state is only as large as that
for the weakly excited s+ state at 3.6 MeV of excitation. By comparison, the peak cross section
for exciting the first 2+ state, for example, increases as the energy increases (at least up to
61.2 MeV). Such a pronounced energy dependence
for the excitation of the o+ state strongly suggests
a multiple-excitation mechanism at least at the
lower bombarding energy.
With the above ideas in mind, distorted-wave
calculations were performed for the 40-MeV data.
The central, spin-orbit, and tensor components
of the nucleon-nucleon interaction were included -
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FIG. 7. Shell-model fit to the excitation of the o+ state
at 1. 75 MeV including noncentral two-body forces but no
monopole core polarization as described in the text.
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assumed wave functions and the strong energy
dependence of the observed cross section, it appears pointless to pursue this model further without investigating the importance of multistep processes.
. Multiple Excitation

Previous calculations33 of the effects of multiple
excitation suggested that this mechanism was unimportant. However, in those calculations corepolarization and exchange effects were ignored
except insofar as an effective interaction of
strength 200 MeV and range 1 fm was used. Using
such a strong interaction is tantamount to assuming that core-polarization and exchange effects
are equally important for transitions of all multipolarities. There is now evidence that while quadrupole transitions are enhanced, core-pOlarization
effects quench 34 the monopole matrix element connecting the first and second o+ levels in 90 Zr.
Consequently, it is of interest to reexamine the
role of multiple excitation when realistic interactions are used and the effects of core polarization and exchange are treated explicitly.
To investigate the effects of multiple excitation,
a modified version of the coupled-channels program of Tamura20 was used. Only a simple coupling was assumed. In particular, a coupled-channels calculation was made in which the ground
state, first excited 2+ state, and first excited o+
(0;) state were included. A more satisfactory calculation would include coupling to the strong 3state at 2.75 MeV of excitation. However, little
is known about the magnitude of the o;- 3; matrix element.
Since excitation of the first 2+ state was found
to be dominated by core polarization, a pure collective-model form factor was used for the o;- 2;
and 2; -o; couplings. 20 The matrix element for
the o;- 2; transition was taken to be (0.8/0.6)
times that for the
2: transition which is consistent with the 1g9/22 admixtures in the two o+
states. 26 Monopole core- polarization contributions were not included and Coulomb excitation and
all spin-dependent two-body forces were neglected.
Figure 8 shows a comparison between the coupled-channels calculations .and the data. The direct (D) form factor was obtained using the same
central interaction and shell-model wave functions
as in the distorted-wave calculations except that
it was multiplied by 1.4 to 'roughly account for exchange. The curve labeled D was obtained by setting the coupling between the o; and 2: states to
zero, while the curve labeled M had the coupling
between the
and o; states set to zero. The
curve labeled M + D includes all couplings. Both
multiple (M') and direct proc~sses separately pre-

diet cross sections too large by a factor of 2.
Together the cross section (/'v1 +D) is too large by
a factor of 5. The shape of M, however, is in
reasonable agreement with the experimental angular distribution. Both D and M + D cross sections are in much poorer agreement with the data .
To see what effect multiple excitation has on
the energy dependence of the cross section, similar calculations were performed at a proton born- \
barding energy of 12.7 MeV. At this lower energy
the cross section due to multiple excitation is
considerably larger ·than that due to direct excitation and alone accounts for about 60% of the observed cross section. This is especially true
for iic.m. ~ 110 o where the multiple excitation cross
section is roughly an order of magnitude greater
than the direct. Moreover, the shape of the
multiple-excitation cross section looks much more
like experiment than does the direct term alone.
Since the multiple cross section is too large by a
factor of 2 at 40 MeV, the energy dependence of
the multiple term alone is correct to within a factor of 3. Inclusion of the direct term worsens
agreement with experiment which may not be surprising in view of the uncertainties associated

90zr(p, p'), Ep = 40 MeV

o•,

1.75 MeV

o:-

o:

7

FIG. 8. A comparison of a coupled-channels calculation with the experimental cross section for the excitation of the o+ state at 1. 75 MeV. D, M, and M + D denote the direct, multiple, and multiple-plus-direct (coherent sum) cross sections, respectively.
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with core-polarization effects of the monopole
type, as well as the sensitivity of this transition
to the weak parts of the two-body force. Nevertheless, the important role of. multipole excitation
seems well established.
A coupled-channels calculation was also performed in which the 4+ level at 3.08 MeV was included in addition to the o;' 2;' and o; states.
\) Excitation of the o; and 2; levels were only slightly altered. Multiple excitation for the 4 + state is
relatively ;nuch less important than for the o;
state; the multiple cross section for the 4+ level
being roughly an order of magnitude smaller than
experiment. However, the multiple process is
of roughly the same importance as in the valence
term alone. Except for the o; level (and possibly
the level at 3.31 MeV) the relatively weak energy
dependence of the cross sections for the other levels suggests that multiple excitation is not important for those transitions.
2. MICROSCOPIC TREATMENT
OF THE CORE·

')

Completely microscopic wave functions are
available for the low-lying states in 90Zr .7 • 35
These differ from the wave functions used in the
previous section of this paper in that olj! is made
up of many 3p-1h admixtures as compared to a
single admixture obtained by coupling the valence
nucleons to an "effective" macroscopic core phonon. The 3p-1h admixtures have been estimated
using first-order perturbation theory. All contributing 3p-1h configurations with energies up to
2/fw in the case of positive-parity transitions and
1/fw in the case of negative-parity transitions have
been included. Harmonic-oscillator radial wave
functions with lfw =9.1 MeV have been used in the
calculations and the energy denominators have
been taken from the Nilsson chart at zero deformation.
Two coupling interactions have been considered.
The first is the long range part of the KallioKolltveit potential (KK). 36 This is an s-state,
central interaction which is a good approximation
to the strong, even central components of the
bound state reaction matrix derived from the HJ
potential. s, 29 • 37 The second is a renormalized
force consisting of the KK interaction plus additional P 0 , P 2 , P 4 , P 6 , and P 8 multipole-multipole
components whose strengths have been fixed to
match the corresponding components of the G3 p-Ih
matrix elements calculated by Kuo 38 for the lowlying configurations in 90 Zr. The main purpose
for introducing this renormalized coupling interaction is to include some estimate of the effect of
interactions between the core particles. These
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are quite important, at least for transitions of
low multipolarity, as can be seen from the large
contributions to quadrupole effective charges obtained by summing Tamm-Dancoff-approximation
(TDA) and random-phase-approximation (RPA)
graphs to all orders. 38 Use of the renormalized
force defined above is roughly equivalent to treating the effect of core interactions in lowest order
as represented by the second-order TDA graph
of Siegal and Zamick. 39 Although these calculations for 90 Zr 7 • 35 are no doubt oversimplified to
some degree, the resulting wave functions are
expected to display the major features of the effects of core polarization.
Some idea of the properties of these wave functions can be obtained by examining the nuclear
transition densities for definite orbital, spin, and
total angular momentum transfer (LSJ) which are
defined by

F;sJ(r)=(tll~ o(rr~2 r 1 )TLsAi)lli).

(3)

In this equation q (=p or n) is a charge index and
the sum on i rubs over the protons or neutrons of
the target accordingly, TLsJ is the spin-angle
tensor defined in Ref. 1 and ( I I ) is a reduced
matrix element. 40 It is convenient to divide F;sJ
into valence and core parts and introduce the parameters
.

jFLsJ(r)rL+2dr

Pc

A;sJ =

'

J

(4)

FLsJ(r)rL+2dr

Pv

(5)

which provide a measure of the contributions
from core polarization. Observe that 1 + )..;oJ is
simply the effective charge. Correspondingly,
the factor which gives the enhancement of an inelastic proton scattering cross section, i.e.,
aLSJ =(E;sJ)2a;sJ,

is given roughly by
E;sJ=1+A;sJ +O!sA;sJ'

(6)

where a 5 = V~n/V~P is the ratio of the p-n and p-p
force strengths. This formula, which is valid
only for central projectile-target interactions and
normal L transfers [~1T =(-1)LJ, was first suggested by Atkinson and Madsen. 4 In deriving the
result, shape differences amongst FPc• FPv• and
Fn and between V~P and V~n are ignored and it is
assumed that the "knock-on" exchange amplitudes
are in phase with the corresponding direct ampli-
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tudes- all of which are true to a good approximation.
The parameters obtained with the two sets of
wave functions from Ref. 7 and 35 are summarized
in Table III. Only transitions from the ground
state to the first excited 2+, 4 +, 6+, 8+, and 5states have been considered. Experimental effective charges have been included where available
and experimental enhancement factors are also
shown. These have been obtained by dividing the
40-MeV collective-model integrated cross sections
of Sec. IIIB 1 by the corresponding integrated
cross sections for the valence transitions calculated with the long- range part of the HJ force
with exchange. 41 Contributions to the valence
cross sections from exchange with non-normal
L transfers [t.7T *(-1)L] have not been included
even though they are appreciable for the transitions to th~ higher-spin states. 8 The reason is
that these S= 1 contributions will not be enhanced
as a result of core polarization (the normal transfer, S =} contribution to the cross section for the
5- state is reduced) and thus they will not be important in the final cross sections.
For the S =0 multipoles, in the case when interactions between the core particles are neglected, it is seen that the valence protons of 90 Zr
polarize the core neutrons to a much greater extent than they do the core protons. This is due
largely to the fact that ~n is about 2.8 times
larger than ~p· For the same reason the scattered proton is about 2.8 times more sensitive to
neutron admixtures than to proton admixtures;
therefore, even though rather .small polarization
charges (oeJ =)I.'£ 0 J) are predicted, the corresponding factors for proton scattering transitions
(oE~oJ = € ;oJ- 1) are quite large. The values of
o€ ;oJloeJ range from 10 to 20. The muitipole
dependence of these two factors are indicated by

the ratios oe2 loe8 and o~02 lo€~08 which are about
5 and 2.5, respectively.
The effect of core interactions is to create correlations between the core particles so that proton and neutron admixtures are not simply proportional to the strengths of the corresponding components of the valence-core interaction. u· is
known from TDA and RPA calculations for closedshell nuclei42 that the effect of ·the residual parti- ·\, ·
cle-hole interaction is to push the isoscalar
component of the normal-parity' particle-hole
strength down in energy and to push the isovector component up in energy- these effects being
·most pronounced for the lower multipoles. This
then explains the results of the calculations with
the renormalized KK force (RKK) which give core
transition densities with larger isoscalar cqmponents ()I.'£ 0 J + )1.~ 0 J), and isovector components
()I.'£ 0 J - )1.~ 0 J) which are reduced in magnitude relative to the results obtained with the KK force.
Correspondingly oeJ and 0€'£ 0 J both. become larger)
oeJ .more SO than OE'£ 0 J, SO that the values Of
oE'£ 0 J loeJ are reduced to the range 5-10. In addition the multipole dependence of oeJ and oE'£ 0 J are
increased. Specifically oe 2 I oe 8 R! 10 and 0€~ I
02

oE!os R!4,

The theoretical value of e~rr (RKK) falls within
the experimental limits. However, the corresponding value of ~02 is larger than the experimental
value. The theoretical values of €'£ 0 J for the other
transitions fall off too fast with increasing multipolarity when compared to the experimental values. It will be seen shortly that the central imagi. , nary and the spin-orbit components in the projectile-target interaction might explain this discrepancy. ·The theoretiCal value of e~rr (RKK) falls
within the experimental limits. The inclusion of
·a P 5 component in the coupling interaction. would
increase this value somewhat.

TABLE. III, Parameters for,· transition densities from

2+ (202)
4+ (404)
s+ (so6)
8+. (808)
5- (505) c
(515)

ALSJ
J>

0.41
0.26
0.14
0.08
0.28
-0.25

~icroscopic

Renormalized

KK

Transition
J (LSJ)
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ALSJ
n

e~f

1.34
1,06
0,84
0.60
0.74
0.05

1.41
1.26
1.14
1.08
1.28

LSJ a

Ep

5.10
4.18
3,45
2.73
3.32
0.74

xLSJ
J>

1.55
0.69
0.30
0.16
0.35
-0.24

ALSJ
n

e~f

2.11
1.37
0.95
0.61
0.79
0.06

2.55
1.69
1.30
1.16
1.35

wave functions.

KK
dsJa
J>

8,35
5.46
3.91
2.84
3.52
-0.75

Experiment
J b
eeff

ELSJ
J>

2.3-3.2

6.83
5.96
4.86
4.63
4.56

1.33-1.55

a It has been assumed that a 0 = 2. 75 and a 1 = -0.20 which are typical of the interactions being considered.
See Ref. 3 for origins of data. The Woods-Saxon radial wave functions described in Sec. III C 1 and the harmonicoscillator radial wave ·functions with liw = 9.1 MeV give reasonably consistent values of ( r 2) and ( r 5), The spread of
values for e~ff is a result of discrepancies between different experimental measurements while the spread of values
for e~ff represents the probable uncertainty in ( r 5) (Ref. 11).
c E ~05 was determined from the S =0 valence cross section calculated with exchange treated approximately (Refs. 6, 7,
and 43).
b
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It is interesting that the values of e~rr(RKK) are
in all cases smaller than those of Table II which
have been extracted from the proton scattering
data using the macr~scopic model for the core. .
This is due in part, at least for the transitions
of higher multipolarity, to the fact that the macroscopic model results were interpreted under the
, ) assumption that the contributions from neutron
~ and proton core excitations are in the ratio N to
Z, while the microscopic calculations predict
much weaker correlations between the core neutrons and protons. Data are available to test this
point only in the case of the J= 5 transition where.
the effective charge from Table II is a bit too
large. In addition the two models appear to differ
in regard to an important geometrical aspect.
This can be seen for the J= 2 transition where the
microscopic calculation yields a slightly smaller
value of e~rr even though it overestimates the experimental (p, p ') cross section. The microscopic
result is symptomatic of transition densities which
peak at too small a radius and have too large a
peak magnitude. In other words the proton transition density obtained in this calculation might
be too large even though the effective charge predicted appears to be reasonable. The microscopic
results could be brought into agreement with the
macroscopic results by decreasing the magnitude
of the transition densities and· moving them to a
larger radius. This point should be checked
against experimental electron scattering data as
it might have important consequences in the interpretation of all effective charge calculations.

,.
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9oz, + P
. E~ = 40MeV
---HJ
-HJ+lm

0•-2.18 MeV

L•2
e:p= 7.26

0 •- 3.45MeV

..,
....
..,b

Cl

L•6
E"p" 3,63

Lowest 2+, 4+, 6+, s+, and s- States

0 =-3.59 MeV

L• 8

t1

. I

Differential cross sections have been calculated
for these five transitions using the wave functions
obtained with the renormalized KK force. The
projectile-target interaction was taken to be the
long-range part of the HJ potential8 • 29• 37 and
"knock-on" exchange contributions were included
using a zero-range approximation developed elsewhere. s. 7• 43 The approximate results for normal
L transfers were checked against the exact results for the valence transitions 41 and it was found
that the errors introduced by this approximation
were at most about 20%. Non-normal L transfers
are automatically excluded by the approximation.
The results are shown as dashed curves in Fig.
9. The cross sections for the valence transitions
have not been shown, since they are quite similar
to those shown in Fig. 5. Also, it should be noted
that the values of E shown in this figure have been
determined by comparison with the theoretical
cross sections with and without core polarization,
and not by using the approximate equation (6).

E"p=2.75

0 •·2.32 MeV

L•5
<p •3.28

0
Bc.m. (deg)

FIG. 9. Results of completely microscopic calculations
for the lowest 2+' 4+' 6+' a+' and 5- states in 90 Zr for
Ep =40 MeV. The solid curves include a central imaginary component in the projectile-target interaction. The
theoretical cross sections for the L =2 transition have
been reduced by a factor of 2 to allow better comparison
with the data.
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From the figure it is seen that the magnitude of
the theoretical cross sections are in agreement
with the experimental cross sections within about
a factor of 2.5. This has already been inferred
from the discussion of the transition densities.
The shapes of the theoretical cross sections are
not particularly good, however.
In an effort to see if this situation could be improved, a central imaginary component was included in the projectile-target interaction as prescribed by the "frivolous" model of Satchler . 10
In these calculations the ground-state density for
90
Zr was assumed to have a Woods-Saxon shape
with half-way radius 4.85 fm and diffuseness 0.568
fm. These parameters have been taken from elastic electron scattering data on 88Sr and 89Y .44 In
addition it was assumed that the p-p and p-n components of the imaginary interaction have the same
shape and that their strengths .are in the same
ratio as the volume integrals of the long-range
part of the HJ potential8• 2 9, 37 ; i.e., the p-n component is 2.58 times stronger than the p-p component. Satchler 10 did not need this assumption as
he considered only T=O transitions in the N=Z
nucleus. The motivation for the assumption made
here comes from the impulse approximation where
it is known that the imaginary part of the free t
matrix roughly follows the strength of the real
part in the 20- to 60-MeV energy region. 7 Additional information on this point might be obtained
by looking at the (N- Z)/A dependence of the optical potential.
The results obtained with this imaginary component included are shown as solid curves in Fig. 9.
The improvement both in shape and magnitude
is quite dramatic. The integrated cross sections
for the 2+, 4 +, 6+, 8 +, and 5- transitions have
been. increased by 1.29, 1.44, 1.68, 2.29, and
1.68, respectively, by including the imaginary
component. The contributions from the imaginary
component of the projectile-target interaction
grow larger with increasing multipole because
the imaginary component is assumed to have zero
range, 10 while the real component has finite range.
These calculations then must be considered upper
limits on the effect of the imaginary component
as the introduction of any finite-range dependence
will reduce its effect for the higher multi polarities.

tude. The calculations have been performed with
the computer code DWBA 70 45 which allows the
treatment of real interactions with central (S),
tensor (T), and spin-orbit (LS) components and
an exact treatment of "knock-on" exchange. This
program is restricted to total angular momentum
transfer J,;; 7, so theoretical cross sections have
been calculated only for the excitation of the 2 +,
4+, and 6+ states. Additional restrictions in this
program are that Yukawa radial forms must be
used for the central and spin-orbit parts of the
interaction and r 2 x Yukawa radial forms must be
used for the tensor part of the interaction. The
precise form of the interaction used in these calculations is given in the Appendix.
The cross section for the 2+ excitation was un. affected by including the noncentral components
in the projectile-target interaction, while the

Noncentral Contributions

Bc.m. (deg)

Completely microscopic calculations with tensor and spin-orbit components included in the
projectile-target interaction have also been made.
In these calculations the effect of the noncentral
components of the interaction are included in both
the valence and core parts of the transition ampli-

7

FIG. 10. Results of completely microscopic calculations for the s+ level in 90 zr for Ep =40 MeV with central
(S), tensor (T), and spin-orbit (LS) components included
in the projectile-target interaction. The upper graph
shows results obtained with the RKK wave functions,
and the lower graph shows results obtained with the reduced core admixtures.
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cross section for the 4 + excitation was increased
only by about 20% with no significant change in
shape. In the case of the 6+ excitation the peak
magnitude of the cross section was increased by
about 50% and the peak 'was pushed out about 9 °,
· • The results for the latter are shown in the upper
part of Fig. 10. Valence and valance-plus-core
cross sections obtained with and without the tensor and spin-orbit. parts of the interaction are
shown. There are two main points to be made
concerning these results. The first is that the
spin-orbit force is quite important in exciting
target protons and fairly weak in exciting target
neutrons. This can be seen by comparing the dif,
ference between the V(S) and V(S + T + LS) cross ·
sections which involve only excitation of the valence protons with the difference between the V
+ C(S) and V + C(S + T + LS) cross sections which
involve neutron excitations as welf as proton
excitations. The second point is that the spinorbit force gives rise to cross sections which
peak at larger angles than do the cross sections
arising from the central (Re + Im) parts of .the
force. Combining these two points it is concluded
that in (p,p') transitions where the spin-orbit
force is important, proton and neutron excitations
are characterized by different shape contributions
to the core section.
Although it was not possible to include the central imaginary part of the interaction in these calculations, its effect has been estimated by adding
the difference between the Re and Re + Im results
for the 6+ excitation from Fig. 9 to the V
+ C(S+ T+ LS) result in Fig. 10 which gives the
curve labeled V + C(S + T + LS + Im). This would
be strictly correct if there was no interference
between S =0 amplitudes from the central and
spin-orbit parts of the force. Since there is in
fact some destructive interference 12 the result
is only an upper limit.
The agreement between theory and experiment
for the 6+ excitation has been worseued by including the noncentral components iil the projectiletarget interaction. The resulting theoretical cross
section is too large between 40 and 100°. One can
conclude that the strength of the spin-orbit force
has been overestimated in these calculations.
. This can only be tested by additional cal~ulations
for other transitions. If one accepts the strength
of the spin-orbit force then the discrepancy can
be removed by decreasing the core contributions
to the cross section. The lower part of Fig. 10
shows the result obtained by excluding core admixtures from the wave functions so as to decrease A.~ 06 and A.~06 by 80 and 20%, respectively.
The result shows acceptable agreement with experiment. It is interesting that Bertsch46 has in-

C:'
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dicated that a spili-orbit component in the valencecore coupling interaction will tend to reduce the
estimates of core admixtures made with central
forces alone as is the case for the· wave functions
used here. 7• 35 Finally, it is noted that the spinorbit force assumed here favors A.~06 /A.! 06 > N/Z
as predicted by the microscopic wave functions.
An increase in A.~06 relative to A.~06 would introduce
too much backward-angle cross section. This is
further evidence that the values of e.cr given in
Table II may be too large for the higher multipoles.
Wave functions are also available for the transition to the first excited o+ state in 90 Zr. 7• 35 In
a previous calculation7 it was found that the core
admixtures in these wave functions enhanced the
valence transition. In view of the recent evidence
concerning the quenching of the monopole matrix
element for this transition34 and the importance
of multiple excitation, it did not seem reasonable
to pursue further calculations with these wave
functions.
IV. CONCLUSION

The deformation parameters for the first 2+, 4 +,
6+, a+, and 5- excitations in 90Zr obtained in the
present experiment at 40 MeV are quite consistent
with those obtained in previous experiments at
18.8 and 61.2 MeV I. 3 with the possible exception
of the value for {3 8 extracted from the 18.8-MeV
data. Deformation parameters from the 12.7-MeV
data are consistently higher .than those obtained at
the other energies. The value of {3 0 obtained at
12.7 MeV for the excitation of the first excited o+
state in 90Zr is 10 times larger than the value obtained in the present experiment. Multiple excita-.
tion of this state through the first 2+ state is found
to be important, but the calculation made here
does not explain the experimental data completely.
Microscopic model.calculations have been made
for the first 2+, 4+, 6+, 8+, and 5- states using
a phenomenological macroscopic treatment of core
polarization, as well as a perturbative microscopic
treatment of core polarization. The core coupling
constants deduced from the data using the macroscopic treatment of the core were found to be consistent with those obtained from a previous analysis of the 61.2-MeV data. 3 The results of the theoretical calculations using the microscopic treatment of the core were found to be in quite good
agreement with the experimental data. The main
points about these calculations are that they involve no free parameters and that the interaction ·.
between the valence nucleons· and the core is consistent with the real part of the projectile-target
interaction.
The inclusion of an imaginary central component
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in the projectile-target interaction was found to
be important in improving the shape of the theoretical cross sections obtained in the completely
microscopic calculations. The addition of a spinorbit component in the projectile-target interaction led to an increase in the magnitude of the
theoretical cross sections in the case of the 6+
and a+ excitations, i.e., smaller core-polarization
contributions are required to reproduce the data
if this component of the interaction is included.
In addition it was noted that the presence of the
spin-orbit interaction might_ provide some indication, or limits, on the ratio of proton to neutron excitations which contribute to transitions
which require large angular momentum transfer.
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APPENDIX
In the microscopic calculations made with the
code DWBA 70 the projectile-target .interaction
was taken to be of the form
lpq =

~.<r pq) + v;. (r pq)a p • a.+ vJ.(rp.)s pq

(A1)

where q=p or n,
V~0 (rp.) = V~.Y(rP•• u8 } ,
VJ.(rp 0 ) = VJ.rp. 2 Y(rp 0 , ut},

(A2)
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