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ABSTRACT OF THE DISSERTATION

Transformed L; Function, Sparse Optimization Algorithms and Applications
By
Shuai Zhang
Doctor of Philosophy in Mathematics
University of California, Irvine, 2017

Professor Jack Xin, Chair

A non-convex sparsity promoting penalty function, the transformed [; (TL1), is studied in
optimization problems with its applications in compressed sensing (CS) and matrix com-
pletion. The TL1 penalty interpolates [y and [; norms through a nonnegative parameter
a€ (0,+00), similar to [, with pe (0,1]. TL1 is known in the statistics literature to enjoy

three desired properties: unbiasedness, sparsity and Lipschitz continuity.

For compressed sensing problems, a RIP condition for TL1 exact recovery is proposed and
proved. Next, difference of convex algorithms for TL1 (DCATL1) are presented in com-
puting TL1-regularized constrained and unconstrained problems. For the unconstrained
problem, we prove convergence of DCALT1 to a stationary point satisfying the first order
optimality condition. In numerical experiments, we identify the optimal value a=1, and
compare DCATL1 with other CS algorithms. An explicit fixed point representation is also
developed for the TL1 regularized minimization problem. The TL1 thresholding functions
are in closed form for all parameter values. The TL1 threshold values differ in subcritical
(supercritical) parameter regime where the TL1 threshold functions are continuous (discon-
tinuous) similar to soft-thresholding (half-thresholding) functions. We propose TL1 iterative
thresholding algorithms and compare them with hard and half thresholding algorithms in

CS test problems.



The TS1 penalty, as a matrix quasi-norm defined on its singular values, interpolates the
rank and the nuclear norm through a nonnegative parameter a € (0,+00). We consider
the unconstrained TS1 regularized low-rank matrix recovery problem and develop a fixed
point representation for its global minimizer. The TS1 thresholding functions are in closed
analytical form for all parameter values. We propose TS1 iterative thresholding algorithms

and compare them with some state-of-the-art algorithms on matrix completion test problems.
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Chapter 1

Introduction

1.1 Compressed Sensing

Compressed sensing [7, 21] has generated enormous interest and research activities in math-
ematics, statistics, signal processing, imaging and information sciences, among numerous
other areas. One of the basic problems is to reconstruct a sparse signal under a few linear
measurements (linear constraints) far less than the dimension of the ambient space of the
signal. Consider a sparse signal € RY, an M x N sensing matrix A and an observation
yERM, M < N, such that: y= Az +e¢€, where € is an N-dimensional observation error. If x
is sparse enough, it can be reconstructed exactly in the noise-free case and in stable manner
in the noisy case provided that the sensing matrix A satisfies certain incoherence or the

restricted isometry property (RIP) [7, 21].

The direct approach is [y optimization, including constrained formulation:

i t. y=A 1.1
zrg%{levHxHO,s y=Axz, (1.1)



and the unconstrained [y regularized optimization:
min { ||y — Az|[3+Allz[lo} (1.2)
rER

with positive regularization parameter A. Since minimizing [y norm is NP-hard [48], many
viable alternatives are available. Greedy methods (matching pursuit [45], othogonal match-
ing pursuits (OMP) [60], and regularized OMP (ROMP) [49]) work well if the dimension N
is not too large. For the unconstrained problem (1.2), the penalty decomposition method
[41] replaces the term A||z||o by pk ||z — 2]|3+ ||z, and minimizes over (z,z) for a diverging

sequence pi. The variable z allows the iterative hard thresholding procedure.

The relaxation approach is to replace [y norm ||z||¢ by a continuous sparsity promoting
penalty functions P(x). Convex relaxation uniquely selects P(-) as the [; norm ||z|[;. The
resulting problems are known as basis pursuit (LASSO in the over-determined regime [59]).
The [y algorithms include [;-magic [7], Bregman and split Bregman methods [31, 67] and
yalll [65]. Theoretically, Candes and Tao introduced RIP condition and used it to establish
the equivalent and unique global solution to [y minimization via [; relaxation among other

stable recovery results [10, 8, 7].

There are also many choices of P(-) for non-convex relaxation. One is the [, norm (p€ (0,1))
with Iy equivalence under RIP [13]. The [;/, norm is representative of this class of functions,
with the reweighted least squares and half-thresholding algorithms for computation [36,
64, 63]. Near the RIP regime, l1/» penalty tends to have higher success rate of sparse
reconstruction than ;. However, it is not as good as [; if the sensing matrix is far away
from RIP [40, 66] as we shall see later as well. In the highly non-RIP (coherent) regime,
it is recently found that the difference of [; and I norm minimization gives the best sparse
recovery results [66, 40]. It is therefore of both theoretical and practical interest to find a

non-convex penalty that is consistently better than [; and always ranks among the top in



sparse recovery whether the sensing matrix satisfies RIP or not.

In the statistics literature of variable selection, Fan and Li [24] advocated for classes of
penalty functions with three desired properties: unbiasedness, sparsity and continuity.
To help identify such a penalty function denoted by p(-), Fan and Lv [43] proposed the

following condition for characterizing unbiasedness and sparsity promoting properties.

Condition 1. The penalty function p(-) satisfies:

(1) p(t) is increasing and concave in t € [0,00);
(i1) p'(t) is continuous with p'(0+) € (0,00);

(111) if p(t) depends on a positive parameter X, then p'(t;\) is increasing in A € (0,00) and

p'(0+) is independent of \.

It follows that p'(t) is positive and decreasing, and p’(0+) is the upper bound of p/(t). It is
shown in [24] that penalties satisfying CONDITION 1 and limy_, p (£) =0 enjoy both un-
biasedness and sparsity. Though continuity does not generally hold for this class of penalty
functions, a special one parameter family of functions, the so called transformed [; func-
tions (TL1) p,(t), where

(a+1)[t|
a+|t] '

Pa (t) =

with a € (0,+00), satisfies all three desired properties [24].

We shall study the minimization of TL1 functions for CS problems, in terms of theory,
algorithms and computation. We proposed two classes of algorithms of TL1, which are

difference of convex functions algorithm and thresholding algorithm.



1.2 Matrix Completion

Matrix rank minimization problems arise in many applications such as collaborative filter-
ing in recommender systems [5, 33|, minimum order system and low-dimensional Euclidean
embedding in control theory [27, 28], network localization [34], and others [56]. The mathe-

matical problem is:

min rank(X) s.t. X€L, (2.3)

XeRmxn
where L is a convex set. In this paper, we are interested in methods for solving the affine
rank minimization problem (ARMP)

min rank(X) s.t. /(X)=0b, (2.4)

X€§R7YL><TL
where X is the decision variable, and the linear transformation .o : R™*" — R? and vector
beRP are given. The matrix completion problem

min rank(X) s.t. X;,;=M,;, (i,7)€Q (2.5)
XeRmxn

is a special case of (2.4), where X and M are both m x n matrices and €2 is a subset of index

pairs (4,7).

The optimization problems above are known to be NP-hard. Many alternative penalties
have been utilized as proxies for finding low rank solutions in both the constrained and
unconstrained settings:

min F(X) st. (X)=0b (2.6)

XeRmxn



and

1
in —|o(X)=b|2+\F(X). 2.
in_ o[le/ (X) b3+ AF(X) (2.7)

The penalty function F(-) is in terms of singular values of matrix X, typically F(X)=
Z f(o;), where o; is the i-th largest singular value of X arranged in descending order. The
Szchatten p-norm (nuclear norm at p=1) results when f(z)=a?, p€[0,1]. At p=0 (p=2),
F' is the rank (Frobenius norm). Recovering rank under suitable conditions for p € (0,1] has
been extensively studied in theories and algorithms [3, 9, 5, 35, 36, 42, 44, 47, 62]. Non-
convex penalty based methods have shown better performance on hard problems [36, 47].
There is also a novel method to solve the constrained problem (2.6), from the perspective of

gauge dual [29, 30].

Recently, a class of ¢; based non-convex penalty, the transformed ¢; (TL1), has been found
effective and robust for compressed sensing problems [71, 72]. TL1 interpolates ¢y and ¢,
similar to ¢, quasi-norm (p€(0,1)). In the entire range of interpolation parameter, TL1
enjoys closed form iterative thresholding function, which is available for £, only at some
specific values, like p=0,1,1/2,2/3, see [1, 12, 17, 64]. This feature allows TL1 to perform
fast and robust sparse minimization in a much wider range than [, quasi-norm. Moreover,

the TL1 penalty boasts unbiasedness and Lipschitz continuity besides sparsity [24, 43].

It is the goal of this paper to extend TL1 penalty to TS1 (transformed Schatten-1) for rank

minimization and compare it with state of the art methods in the literature.



Chapter 2

Compressed Sensing

Iterative thresholding (IT) algorithms merit our attention in high dimensional settings due
to their simplicity, speed and low computational costs. In compressed sensing (CS) problems
[7, 21] under [, sparsity penalty (pe€ [0,1]), the corresponding thresholding functions are in
closed form when p=0, %,%,1. The [; algorithm is known as soft-thresholding [16, 20], and
the [y algorithm hard-thresholding [1, 2]. IT algorithms only involve scalar thresholding and
matrix multiplication. We note that the linearized Bregman algorithm [67, 68] is similar
for solving the constrained [; minimization (basis pursuit) problem. Recently, half and %—

thesholding algorithms have been actively studied [12, 64] as non-convex alternatives to

improve on [y (convex relaxation) and [y algorithms.

However, the non-convex [, penalties (p € (0,1)) are non-Lipschitz. There are also some Lip-
schitz continuous non-convex sparse penalties, including the difference of [; and l; norms
(DL12) [23, 66, 40], and the transformed /; (TL1) [72]. When applied to CS problems, the
difference of convex function algorithms (DCA) of DL12 are found to perform the best for
highly coherent sensing matrices. In contrast, the DCAs of TL1 are the most robust (con-

sistently ranked in the top among existing algorithms) for coherent and incoherent sensing
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Figure 2.1: Level lines of TL1 with different parameters: a=100 (figure b), a=1 (figure c),
a=0.01 (figure d). For large parameter ‘a’, the graph looks almost the same as [; (figure a).
While for small value of ‘a’, it tends to the axis.

matrices alike.

The TL1 penalty is a one parameter family of bilinear transformations composed with the
absolute value function. The TL1 parameter, denoted by letter ‘a’, plays a similar role as
p for [, penalty. If ‘a’ is small (large), TL1 behaves like Iy (I1). If ‘@’ is near 1, TL1 is
similar to l,/,. However, a strikingly different phenomenon is that the TL1 thresholding
function is in closed form for all values of parameter ‘a’. Moreover, we found subcritical and
supercritical parameter regimes of TL1 thresholding functions with thresholds expressed in
different formulas. The subcritical TL1 thresholding functions are continuous, similar to the
soft-thresholding (a.k.a. shrink) function of /; (Lasso). The supercritical TL1 thresholding

functions have jump discontinuities, similar to ;5 or ly/3.

Several common non-convex penalties in statistics are SCAD [24], MCP [70], log penalty



[46, 11], and capped Iy [74]. We refer to Mazumder, Friedman and Hastie’s paper [46] for an

overview. They appeared in the univariate regularization problem
1 2
min{ i(x—y) +AP(x) },

and produced closed form thresholding formulas. TL1 is a smooth version of capped [ [74].
SCAD and MCP, corresponding to quadratic spline functions with one and two knots, have
continuous thresholding functions. Log penalty and capped [; have discontinuous threshold
functions. The TL1 thresholding function is unique in that it can be either continuous
or discontinuous depending on parameters ‘a’ and A. Also similar to SCAD, TL1 satisfies
unbiasedness, sparsity and continuity conditions, which are desirable properties for variable

selection [43, 24].

In this chapter, we propose recovery theories and I'T algorithms for TL1 regularized mini-

mization with evaluation on CS test problems.
The TL1 penalty function p,(z) [43] is defined as

(a+1)|x]

Pa(x)zma (0.1)

where the parameter a € (0,4-00). It interpolates the [y and [; norms as

lim po(2) = X {20} and (}E{)lopa(w): |z|.

a—0t

In Fig. (2.1), we compare level lines of I; and TL1 with different parameter ‘a’. With the
adjustment of parameter 'a’, the TL1 can approximate both l/; and [y well. The TL1 function
is Lipschitz continuous and satisfies Condition 1, thus enjoying the unbiasedness, sparsity

and continuity properties [43].



Let us define TL1 regularization term P,(-) as

Pu2)= 3" palay), 0.2)

In the following, we consider the constrained TL1 minimization model

min f(z)= min P,(x) s.t. Az=y, (0.3)

rERN zeRN

and the unconstrained TL1-regularized model

1
min f(xz)= mgi%n §||A:v—y||g+)\Pa(x). (0.4)
zeRN

zeRN

2.1 TL1 RIP and Stable Recovery

Lemma 2.1.1. For a>0, any x; and x; in R, the following inequalities hold:
|zl + |
palli+a;]) < pallzil +1251) < pallail) + pallz]) < 2pa(—5—5). (1.5)

Proof. Let us prove these inequalities one by one, starting from the left.

1.) According to Condition 1, we know that p,(|t|) is increasing in the variable |¢|. By

triangle inequality |z; +x;| <|x;|+ |z;|, we have:

pal|zi+2;]) < pallzil + |25]).



(a+ D]z | (a+1)|z;l
a+ |x;| a+ |z,
a(a+1)(lzi| + |z +2[wiz | /a)
a(a+ x|+ x|+ |ziz;|/a)
(a+1)(|zi| + || + |ziz;/a)
(a+|zi| + |z |+ |ziz;|/a)

pa(|2i]) + pa(lz;]) =

= pal|zil ;] + [2izs| /a)

> palli| + ;).

3.) By concavity of the function p,(-) ,

pa(lxil)ﬂ;pa(ml) < e <Ixi|42rlfﬁjl)_

]

Remark 2.1.1. It follows from Lemma 2.1.1 that the triangular inequality holds for the
function p(x) = pa(|]) : p(zi+x;) = pa(lzi+2;]) < pallzi]) + pallz;]) = p(2:) + p(2;).
Also we have: p(x) >0, and p(x) =0<x=0. Our penalty function p acts almost like a norm.

However, it lacks absolute scalability, or p(cx)#|c|p(x) in general. The next lemma further

analyses this inequality.

Lemma 2.1.2.

eaty—  Sleloalel) 11> .
> [elpalle]) if |e] < 1.

10



Proof.

(a+1)[ef|«|
a+|c||z]

pallcz]) =

a+|x|
= [c|pa(|7])

a+lcx|

So if |¢| <1, the factor “HL > 1 Then p,(|ex|) > |¢|pa(|z|). Similarly when |¢|> 1, we have

a+|cx|

pa(lcz]) < clpa(lz]). =

2.1.1 RIP Condition for Constrained Model

For the constrained TL1 model (0.3), we present a theory on sparse recovery based on RIP
8]. Suppose (Y is a sparsest solution for /[y minimization s.t. ASY =1y, while another vector

[ is defined as

B=arg rg@i%n {P.(x)| Ax=y}. (1.7)

We addressed the question whether the two vectors 8 and 3° are equal to each other. That is

to say, under what condition we can recover the sparsest solution 3° via solving the relaxation

problem (0.3).

For an M x N matrix A and set T'C {1,..., N}, let A7 be the matrix consisting of the column
a; of A for j €T'. Similarly for vector x, 7 is a sub-vector, consisting of components indexed

from the set T

Definition 2.1.1. ( Restricted Isometry Constant) For each number s, define the s-restricted
isometry constant of matriz A as the smallest number d5 such that for all subset T with |T| <s

and all x € Ry, the inequality

(1=, ll=[13 < [ Azall3 < (1+0,) 2[5

11



holds.

For a fixed y, the under-determined linear system has infinitely many solutions. Let z be
one solution of Az =y. It does not need to be the ly or p, minimizer. If P,(x)> 1, we scale

y by the positive scalar C' as:
x
ycz%; ro=G (1.8)

Now z¢ is a solution to the modified problem: Azc=yc. When C' becomes larger, the
number P,(z¢) is smaller and tends to 0 in the limit C'— oco. Thus, we can find a constant

C' >1, such that P,(xz¢) <1. That is to say, for scaled vector z¢, we always have: P,(z¢) <1.

Since the penalty p,(t) is increasing in positive variable ¢, we have the inequality:

Fa(zo) < [T|pa(lzc]oo)
= |Tpa(2%)

It Dl
aC+ ||

Y

where |T'| is the cardinality of the support set of vector z. For P,(z¢)<1, it suffices to

impose:
T|(a+1)|2|e
aC+|rle  —
or:
o>l i — 1. (1.9)
a

Let 8° be the Iy minimizer for the constrained [y optimization problem (1.1) with support set

12



T. Due to the scale-invariance of ly, 32 (defined similarly as above) is a global [y minimizer

for the modified problem:
min ||z, s.t. yo=Ax. (1.10)

with the same support set T

Then for the modified p, optimization:
min P,(x), s.t. yo=Ax, (1.11)

we have the following RIP condition.

Theorem 2.1.1. (TLI Ezact Sparse Recovery) For a given sensing matriz A, B is the
minimizer of (1.10), with C satisfying (1.9). T is the support set of B, with cardinality |T|.

Suppose there is a number R>|T|, b= (GLH)Q%, such that

5R+b5R+|T|<b_1> (112)
then the minimizer B¢ for (1.11) is unique and equal to the minimizer B2 in (1.10).

Proof. The proof generally follows the lines of arguments in [8] and [13], while using special
properties of the penalty function p,.

For simplicity, we denote 3¢ by 3 and 32 by /3°.

Let e=/—°, and we want to prove that the vector e=0. It is clear that, eze = 37, since

T is the support set of 3°. By the triangular inequality of p,, we have:

Pa(ﬂo) _Pa<€T) :Pa<60) _Pa(_eT) Spa(BT>‘
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Then

Pa(ﬁo) _Pa(eT)+Pa(€TC) < Pa(BT)"i‘Pa(ﬁTc)

It follows that:

Po(Bre) = Pu(ere) < Puler). (1.13)

Now let us arrange the components at 7° in the order of decreasing magnitude of |e| and
partition into L parts: T°=T,UT,U...UTy, where each T; has R elements (except possibly
Ty, with less). Also denote T'=T, and Ty =T UT;. Since Ae=A(S—3°)=0, it follows that

0= [|Ae]s

L
= HAT016T01 + Z%ATjeTj H2
J:

. (1.14)
> HAT016T01 ||2 - Z2HATJ'6TJ‘ ||2
‘]:

L
>/ 1=0rrllen, |2 —vV1+6r 22 ez, |2
‘7:

At the next step, we derive two inequalities between the [, norm and function P,, in order

to use the inequality (1.13). Since

14



we have:

Falery) = 2 pa(leil)

1€Ty

< (1+Dlenls
< @A+ DVIT] llezy 12
< L+ DVITT llery lla-

(1.15)

Now we estimate the [y norm of er; from above in terms of F,. It follows from 3 being the

minimizer of the problem (1.11) and the definition of z¢ (1.8) that

Pa(ﬁTC) Spa(ﬁ) Spa('rC) S 1.

For each i € T¢, pu(5;) < P,(Bre) <1. Also since
(@Dl _,

a+|8 ~
& (a+1)[8i] <a+ B (1.16)

SALES!
we have

(a+1)[8i] :
el =18 < ————=p.(|5; for every 1 €T°.
les| =154l PR pa(|Bi)

It is known that function p,(t) is increasing for non-negative variable ¢t >0, and

lei| <l|ex| for YieT; and ¥V keT;_,

15



;where j=2,3,...,L. Thus we will have

leil < palles]) < Paler;_,)/R

Py(er;_,) (1.17)

i=1 R1/2

Finally, plug (1.15) and (1.17) into inequality (1.14) to get:

a

1
0 Z \/1—5|T|+pra(€j“)—\/1+(5RWP(1(€T)
(1.18)
> Rl/Q <\/1 OR+|T| +1V|T +5R)

| R
Derived from the given RIP condition (1.12), factor \/1—5R+|T‘% m—\/l—l—éR is
a

strictly positive, hence P,(er)=0, and ep=0. Also by inequality (1.13), ere =0. We have
proved that Bc=32%. The equivalence of (1.11) and (1.10) holds. If there is another vector
{3 is the optimal solution of (1.11), we can prove that it is also equal to 82, using the same

procedure. Hence (¢ is unique.

Remark 2.1.2. In Theorem 2.1.1, if we choose R=3|T|, RIP condition (1.12) is

2 2

0 3——0 <3—
37|+ (a+1)2 AT (a+1)2

This inequality will approach o3|+ 3047 <2 as parameter a goes to +oo, which is the RIP

condition proposed in [8]. Similarly, it can be proved as [8], that if matriz A€ R™™ is

16



sampled from i.i.d univariate Gaussian distribution, RIP condition (1.12) will be satisfied

7]

with overwhelming probability for large enough a and small ratio .
Next, we prove that TL1 recovery is stable under noisy measurements, i.e.,

min FP,(8), s.t. |lye—AB|2<T. (1.19)

Theorem 2.1.2. (Stable Recovery Theory)

Under the same RIP condition in theorem 2.1.1, the solution g for optimization (1.19)

satisfies

15— Bell < Dr,

for some constant D depending only on the RIP condition.

Proof. Set n=Ap —yc. In the proof, we use three related notations listed below for clarity:

(i) B¢ = optimal solution for the noisy constrained problem (1.19);
(ii) Pc = optimal solution for the noiseless constrained problem (1.11);
(iii) B2 = optimal solution for the Iy problem (1.10).

Let T be the support set of 8, i.e., T =supp(B2), and vector e= % — 2. Following the

proof of Theorem 2.1.1, we obtain:

L L

Pa(eTj) Pa(eTC)
leeleleZ RI2 ~  Ri2
j=2 j=1

17



and

a
ety |le > ———==PFa(er).
=y

Further, due to the inequality P,(%.)= P,(er<) < P,(er) and inequality (1.14), we get

a | R
where 05:\/1—5R+|T‘m m—\/l—‘—éR.

By the initial assumption on the size of observation noise, we have

[Aella = 11456 = ABe 2 =Inll2 <, (1.20)

TRl/Q

so we have: P,(er) <
Cs

On the other hand, we know that P,(5¢) <1 and f¢ is in the feasible set of the noisy problem
(1.19). Thus we have the inequality: P,(5%) < Pu(8c) <1. By (1.16), Bz, <1 for each i. So,

we have

186,41 < pa(|BE.4)- (1.21)

It follows that

||€||2 < ||€T||2+||€Tc||2= ||€T||2+||58,Tc 2

| Arer|2
T ) B e
= m ||ﬁC,T 1
| Arer||s | Arer||
N2TerV2 | Py (B2 pe) = 22212 4 P (e
S isay T HelPere) =" A= Faler)

T

<
T V1-0dg

+Pa(eT) SDT

18



where constant number D depends on 6 and dz4 7. The second inequality uses the definition

of RIP, while the first inequality in the last row comes from (1.20). O

2.1.2 Sparsity of Local Minimizer

We study properties of local minimizers of both the constrained problem (0.3) and the
unconstrained model (0.4). As in [, and /;_» minimization [66, 40], a local minimizer of
TL1 minimization extracts linearly independent columns from the sensing matrix A, with
no requirement for A to satisfy RIP. Reversely, we state additional conditions on A for a
stationary point to be a local minimizer besides the linear independence of the corresponding

column vectors.

Theorem 2.1.3. (Local minimizer of constrained model)

Suppose x* is a local minimizer of the constrained problem (0.3) and T* = supp(xz*), then

Ars is of full column rank, i.e. columns of Ap« are linearly independent.

Proof. Here we argue by contradiction. Suppose that the column vectors of Ar. are not
linearly independent, then there exists non-zero vector v € ker(A), such that supp(v) CT™.

For any neighbourhood of z*, N(x*,r), we can scale v so that:

lv||o <min{r; |zf|,i€T".} (1.22)

Next we define:
§=a"~+v;

S=a"—w,

so both & and &, € #(x*,r), and x*:%(& +&3). On the other hand, from supp(v) CT™,
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we have that supp(&1),supp(&) CT*. Moreover, due to the inequality (1.22), vectors z*, 1,
and z are located in the same orthant, i.e. sign(x})=sign(& ;)= sign(&,), for any index
i. It means that 1|& |+ 3|&|=3|6 +&|. Since the penalty function P,(¢) is strictly concave

for non-negative variable t,

3Pa(&1) +5Pu(&2) = 3 Pu(&]) + 5 Pa((E))
< Pa(zl61+ 51&0) = Pa(5l6 + &) = Pu ().

So for any fixed r, we can find two vectors & and & in the neighbourhood #(z*,r), such
that min{P, (&), Pa(&2)} <2P.(&) + 3 Pa(&) < Pu(z*). Both vectors are in the feasible set
of the constrained problem (0.3), in contradiction with the assumption that z* is a local

minimizer. ]

The same property also holds for the local minimizers of unconstrained model (0.4), because
a local minimizer of the unconstrained problem is also a local minimizer for a constrained

optimization model [8, 66]. We skip the details and state the result below.

Theorem 2.1.4. (Local minimizer of unconstrained model)

Suppose z* is a local minimizer of the unconstrained problem (0.4) and T* = supp(x*), then

columns of Ap« are linearly independent.

Remark 2.1.3. From the two theorems above, we conclude the following facts:

(i) For any local minimizer of (0.3) or (0.4), e.g. x*, the sparsity of x* is at most rank(A);

(i) The number of local minimizers is finite, for both problem (0.3) and (0.4).

In [43], the authors studied sufficient conditions of a strict local minimizer for minimizing any
penalty functions satisfying Condition 1. Here we specialize and simplify it for our concave

TL1 function p,.
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For a convex function h(-), the subdifferential Oh(z) at x € domh is the closed convex set:

Oh(x):={yeRY :h(2) > h(z)+{(z—x,y), YzeR"}, (1.23)

which generalizes the derivative in the sense that h is differentiable at x if and only if Oh(x)

is a singleton or {Vh(x)}.

The TL1 penalty function p,(-) can be written as a difference of two convex functions:

~ (a+1)[t
pa(t) = G—Hﬂ
a+1)|t a+1)|t a+1)|t
:(+a)||_ ( +a)||_(a‘:_|i|||) (1.24)
_(a+1)[t|  (a+1)t?
a ala+1t])

Thus we can define the general derivative of function P,(-), as the difference of two convex

derivatives,

aPa(az) a+1

Ol = 9pa(2), (1.25)

where O||z||; is the subdifferential of ||z||; and

N
a+1 (a+1) |a:z\2
Pa(t) = ——llz[ = P Z (1.26)

— a(a+|z)

which is differentiable. As we know, 0||z||; ={sgn(x;) }i=1... N, where

77777

sign(t), if ,
sgn(t) = gt 170 (1.27)

[—1,1], otherwise.

Definition 2.1.2. (Mazimum concavity and local concavity of the penalty function)
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For a penalty function p, we define its maximum concavity as:

k(p)= sup —M (1.28)

t1,t2€(0,00),t1<t2 lo—t

and its local concavity of p at a point b= (by,by,...,bg)t € R with ||bllo= R as:

(ta)—p' (¢
k(p;b) = lim max sup —M. (1.29)
eD0H1<G<Ry, 1o ((bj|—e,|bj|+e) b <to lo—1

In [43], Lv and Fan proposed a set of sufficient conditions for the (strict) local minimizer of

(0.4).

Condition 2. For vector € RN, X >0 with the support set T = supp(B):

(i) Matriz Q= AL Ar is non-singular, i.e. matriz Ar is column independent;

(it) For vector z=3A'(y—AB), |zre

oo <,0;(0+) = CLT—H;'

(iii) Vector fr satisfies the stationary point equation: fr=Q 'ALy—AQ '0P,(8r). Here

Br are all non-zero, so OP,(3) is well-defined and determined.

(1v) Amin(Q) > AK(pa; Br), where Apin(+) denotes the smallest eigenvalues of a given sym-

metric matrix.

Since T' is the support set of vector g, function p,(t) is twice differentiable at each element

B;, Vj€T. Thus we can explicitly write the formula of x(p,;/5r), which is equal to

#(pa; Br) ZIyeaTX{—pZ(ﬁj)}
2a(a+1)

=max-———5.
i€l (a+]6;])?
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It is convenient to define

2 1

Here we present the theory and give a simplified proof to illustrate (i)-(iv) in Condition 2.

Theorem 2.1.5. If a vector B €RY satisfies all four requirements in Condition 2, then [ is
a local minimizer of problem (0.4).
Furthermore, if the inequality of (iv) in Condition 2 is strict, then the vector [ is a strict

local minimizer.

Proof. Let us define a subspace of RY as: S={xeRN|rr- =0} and denote the optimal

objective function as

N
U(x) =27 Az =yl + APulx) =27 [ Az =[5+ XD pala;).

j=1

First, the objective function ¢(-) is convex in ball area A(3,ro)NS, where ry is a posi-
tive number (the radius) and ro < S, defined as (1.30). This is because in convex area
PB(B,10) NS, function £(x) is twice differentiable and also its Hessian matrix of second partial

derivatives is positive semidefinite due to Condition 1, (iv) of Condition 2, and the definition

of ’%(pa;ﬂT)'

By equation (iii) in Condition 2, Sy is a local minimizer of ¢(-) in S. Next, we show that
the sparse vector 3 is indeed a local minimizer of £(x) in RY. Because of the inequality (ii)

in Condition 2, there exists a d € (0,00) and a positive number r <4, such that

oo < Pa(8) < o (0),

[[w (@)
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for any vector z € #(8,r1) and w(z) =3 A'(y— Az). We can further shrink r; if necessary so

that r <rg, and then Z(5,r1) C AB(5,ro).

VB € B(B,r1), and define [y as the projection of 3; onto set S. Then each related element
pairs from f; and f, sits at the same side of 1-dimensional x-axis, where 0F,(x) is well

defined for x lying between (; and 5. Thus we have

U(Br) =L(Ba2) +7"L(Bo) (1 — fa),

where [ lies on the line segment joining £, and [s.

Furthermore, it is easy to derive these facts

(B1—PB2)r=0, BoeRB(B,r1) and sign(fore)=sign(Bire).
Thus if vector 5, ¢ S,

g(&) _6(52) :ag(ﬁo)Tc *51,Tﬂ
=—AMNA AL (y— ABo) Brre + A Y P;(ﬁo,j)ﬁl,j

jETe

> = Ao (O)1Brrelli +A X pa(|Boi])] Bl

jET®

> — A, (8)[| Bi,re |1+ AP (8) | 817

1=0,
where * stands for vector cross product and we also used the fact for j €T, |5y ;| <9.

Since fy is a projection on S and it belongs to the ball Z(5,r1) C %A(5,r0), we will have

(P> (B2 24(B),  if i ¢S,
LB = (B), if p1 €.

(1.31)
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The (iv) in Condition 2 is only used in the first part of the proof. If we has the strict
inequality Apnin(Q) > Ak(pg; Br), then fr is a strict local minimizer in S, as the function £(-)
is strictly convex in the intersection %(5,ry) NS and the first inequality of (1.31). Further,

the same proof shows that f is a strict local minimizer in RV.

2.2 DCATL1

DC (Difference of Convex functions) Programming and DCA (DC Algorithms) was intro-
duced in 1985 by Pham Dinh Tao, and extensively developed by Le Thi Hoai An and
Pham Dinh Tao to become a useful tool for non-convex optimization ([52, 37| and refer-

ences therein).

A standard DC program is of the form

a=inf{f(z)=g(x)—h(x):z€R"} (Pac),

where ¢, h are lower semicontinuous proper convex functions on ”. Here f is called a DC

function, while g —h is a DC decomposition of f.

The DCA is an iterative method and generates a sequence {*}. For example, at the current
point 2! of iteration, function h(z) is approximated by its affine minorization h;(z), defined

by

hi(z)=h(z")+(z—2' "), o' €oh(zh).
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Then the original model is converted to solve a convex program in the form:

inf{g(z) —hy(x):x € R} < inf{g(x) — (z,y") : 2 € R},

where the optimal solution is denoted as z!*!.

2.2.1 Algorithm for Unconstrained Model — DCATL1

For the following unconstrained optimization problem (0.4):

. 1 9
min f(z)= min o[| Az —y[l; +APa(z),

zeRN

we propose a DC decomposition scheme f(x)=g(z)—h(x), where

(a+1)

]l

1
g(x) = =|| Az —yl|2 +c||z||2+ A
< (z) =5l l2+cllzl2 (2.32)

h(z) = Apa(x) +cf|zI3.

Here function ¢,(z) is defined in equation (1.26). Thus function h(z) is differentiable.
Additional factor c||z||3 with hyperparameter c is used to improve the convexity of these two

functions, and will be used in the convergence theorem.

Algorithm 1: DCA for unconstrained transformed /1 penalty minimization
Define:  eyyter >0

Initialize: 2°=0,n=0
while |2 — 2" > €,yter dO

V" =0h(z™) = N0p,(z™) + 2ca™
a+1
D oy — ()

2"+t —arg min {3} Az —y -+ clal*+
then n+1—n

end while
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At each step, we need to solve a strongly convex [;-regularized sub-problem, which is:
. a+1
71 = arg min {514z —y 1+ e+ M ol — (r,0m))

KARTMTNE

(2.33)

=arg mgi%%{%a:t(AtA%—Qc[)x— (z, 0"+ Aly) + A
Te

We now employ the Alternating Direction Method of Multipliers (ADMM). After introduc-

tion a new variable z, the sub-problem is recast as:

1
min { sa'(A'A+2cl)z — (z, 0"+ Aly) +)\(a+ )||z||1}
z,z€RN a (234)

st.x—2z=0.

Define the augmented Lagrangian function as:

(a+1)

1
L($,27u):§$t(AtA+201)C(]— <x’vn+Aty> +A ||Z||1+g||x_z||§+ut(m_z>’

where u is the Lagrange multiplier, and 0 >0 is a penalty parameter. The ADMM consists

of three iterations:

k+1

2" = argmin  L(z, 2% u");
X

A = grgmin  L(z** z,ub);
z

UL = b 4§D — k),

The first two steps have closed-form solutions and are described in Algorithm 2, where

shink(.,.) is a soft-thresholding operator given by:

shrink(z,r); = sgn(z;) max{|x;| —r,0}.
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Algorithm 2: ADMM for subproblem (2.33)

Initial guess: 2°, 20, u® and iterative index k=0

while not converged do
b= (AP A+ 2T+ 61)H(Aly — v + 028 — uF)
= shrink( oFH kBN
WP = b § (R —
then k+1—k

end while

2.2.2 Convergence Theory for Unconstrained DCATL1

We present a convergence theory for the Algorithm 1 (DCATL1). We prove that the se-

quence {f(z")} is decreasing and convergent, while the sequence {z"} is bounded under

some requirement on \. Its sub-limit vector z* is a stationary point satisfying the first order

optimality condition. Our proof is based on the convergent theory of DCA for [; — 5 penalty

function [66] besides the general results [54, 55].

Definition 2.2.1. (Modulus of strong convezity) For a convez function f(z) , the modulus

of strong convezity of f on RY, denoted as m(f), is defined by

m(f) ::sup{p>0:f—g||.||g is conver on RV}

Let us recall a useful inequality from Proposition A.1 in [55] concerning the sequence f(z").

Lemma 2.2.1. Suppose that f(z)=g(x)—h(z) is a D.C. decomposition, and the sequence

{z"} is generated by (2.33), then

Fa)— farty > ML)

[l —2"5.
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Here is the convergence theory for our unconstrained Algorithm 1 — DCATL1. The objective

function is : f(z)=3||Az—y||3+ AP.().

Theorem 2.2.1. The sequences {x"} and {f(x™)} in Algorithm 1 satisfy:

1. Sequence {f(z")} is decreasing and convergent.

ly1l3 (2}

at1) o0 1 15 bounded.

2. ||zt =23 =0 as n—o00. If A>

3. Any subsequential limit vector x* of {x"} satisfies the first order optimality condition:

0€ AT(Ax* —y) + AOP,(z%), (2.35)

implying that x* is a stationary point of (0.4).

Proof. 1. By the definition of g(x) and h(z) in equation (2.32), it is easy to see that:

By Lemma 2.2.1, we have:

n ni1y < M(g)+m(h)
f@m) = fa™h) > —=F5——

> 2cf|z™ = "3,

[l —am3

So the sequence {f(z")} is decreasing and non-negative, thus convergent.

2. Tt follows from the convergence of {f(z")} that:

f@@™)— ")

2c

|zt — a3 < —0, as n—o0.
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If y=0, since the initial vector z° =0, and the sequence {f(z")} is decreasing, we have

f(z™)=0,¥n>1. So 2" =0, and the boundedness holds.

Consider non-zero vector y. Then
n 1 n 2 n 0 1 2
F@®) =5l Ax" —yla + APu(a") < f(27) = 5 llyllz,

So AP,(2) < 3[lyl13, implying 20,2 ) < ly3, or:

2A(a+1)||2"™]| 0

<|lyll?.
2
Soif A= 2o
2(a+1)

o<l
= Dt D) - ol

|z

Thus the sequence {z"}>; is bounded.

. Let {z™} be a subsequence of {z"} which converges to z*. So the optimality condition

at the ng-th step of Algorithm 1 is expressed as:

0e AT (Az™ —y)+2c(z™ — ™)
A2 |1 — Adepa (2™

Since [|z" !

of [66], we have that for sufficiently large index ny,

I|z™ [y S O]z

30

(2.36)

—2"||2— 0 as n— oo and ™ converges to z*, as shown in Proposition 3.1



Letting ng — 0o in (2.36), we have

a+1

0€ A™(Ax" —y)+ M

)0z [s = ADpa ().

By the definition of OP,(z) at (1.25), we have 0 € AT (Ax* —y)+ \OP,(z*).

]

Remark 2.2.1. The above theorem says that the sub-sequence limit x* is a stationary point

for (0.4). Let T* = supp(x*), there exists vector w € OP,(x*), s.t.

0= A"(Az* —y)+ \w
= O:At*A*JJ**— +)\U)*
T( T+Tp 1/) T (2.37)
= 0= Quh. — AL.y+ I wr-

=z = Q 1ALy — AQ  wys.

So (iii) of Condition 2 is automatically satisfied by x*. If (i), (ii) and (iv) are also satisfied,

the limit point x* is a local minimizer of (0.4).

2.2.3 Algorithm for Constrained Model

Here we also give a DCA scheme to solve the constrained problem (0.3)

min P,(z) s.t. Ax=y.

zeRN
=
Coa+1
min

zeRN

2]y = pal@) s.t. Ar=y.
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We can rewrite the above optimization as

. a+1
mit ——|z]l +x(2) {as=y) — pa(@) = 9(2) —h(2), (2.38)
a+1 . .
where g(z)= |lz|l1 + X(2){az=y} is a polyhedral convex function [54].
a

Choose vector z=0p, (), then the convex sub-problem is:

Coa+1
min
zeRN  a

|x]|1 — (z,2) s.t. Ax=y. (2.39)

To solve (2.39), we introduce two Lagrange multipliers u,v and define an augmented La-

grangian:
a+1 ) )
Lg(x,w,u,v):THle—zt:c—irut(x—w)+'Ut(A$—y)+§H:c—wH2+iHAx—yHQ,
where 6 >0. ADMM finds a saddle point (z*,w*,u*,v*), such that:

Ls(z",w* u,v) < Lsg(x*, w*, u*,v*) < Ls(z,w,u*,0*)  Vr,w,u,v

by alternately minimizing Ls with respect to x, minimizing with respect to y and updating

the dual variables u and v. The saddle point x* will be a solution to (2.39). The overall
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algorithm for solving the constrained TL1 is described in Algorithm (3).

Algorithm 3: DCA method for constrained TL1 minimization
Define €outer > 0, €inner > 0. Initialize 2° =0 and outer loop index n=0

while ||2™ — 2" || > €uter do
z=0pq(z")
Initialization of inner loop: 29 =w’=2", v*=0 and u°=0.
Set inner index j=0.
while |27, — 27| > €nmer do
el = (APA S T) (w4 Aty 4 2w
wl = shrink( altt+ % oty
wth =l + 627 —w?)

VIt =07 + §(AxTT —y)

end while

"=zl and n=n+1.

end while

According to DC decomposition scheme (2.38), Algorithm 3 is a polyhedral DC program.
Similar convergence theorem as the unconstrained model in last section can be proved.
Furthermore, due to property of polyhedral DC programs, this constrained DCA also has a
finite convergence. It means that if the inner subproblem (2.39) is exactly solved, {z"}, the

sequence generated by this iterative DC algorithm, has finite subsequential limit points [54].

2.2.4 Numerical Experiments

In this section, we use two classes of randomly generated matrices to illustrate the effective-
ness of our Algorithms: DCATL1 (difference convex algorithm for transformed [; penalty)
and its constrained version. We compare them separately with several state-of-the-art solvers

on recovering sparse vectors:
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e unconstrained algorithms:

(i) Reweighted Iy, [36];
(ii) DCA [;_5 algorithm [66, 40];

(iii) CELO [57]
e constrained algorithms:

(i) Bregman algorithm [67];
(i) Yalll;

(iii) Lp—RLS [14].

All our tests were performed on a Lenovo desktop with 16 GB of RAM and Intel Core pro-
cessor ¢7—4770 with CPU at 3.40GH z x 8 under 64-bit Ubuntu system.

The two classes of random matrices are:

1) Gaussian matrix.

2) Over-sampled DCT with factor F.

We did not use prior information of the true sparsity of the original signal x*. Also, for all
the tests, the computation is initialized with zero vectors. In fact, the DCATLI1 does not
guarantee a global minimum in general, due to nonconvexity of the problem. Indeed we
observe that DCATL1 with random starts often gets stuck at local minima especially when
the matrix A is ill-conditioned (e.g. A has a large condition number or is highly coherent).
In the numerical experiments, by setting x¢o=0, we find that DCATL1 usually produces a
global minimizer. The intuition behind our choice is that by using zero vector as initial guess,

the first step of our algorithm reduces to solving an unconstrained weighted [; problem. So
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Figure 2.2: Numerical tests on parameter a with M =64, N =256 by the unconstrained
DCATL1 method.

basically we are minimizing TL1 on the basis of [, which possibly explains why minimization
of TL1 initialized by x0=0 always outperforms [;.

()

Choice of Parameter: ‘a

In DCATLI1, parameter a is also very important. When a tends to zero, the penalty function
approaches the [y norm. If a goes to +o00, objective function will be more convex and act
like the [; optimization. So choosing a better a will improve the effectiveness and success

rate for our algorithm.

We tested DCATLI1 on recovering sparse vectors with different parameter a, varying among
{0.1 0.3 1 2 10}. In this test, A is a 64 x 256 random matrix generated by normal Gaussian
distribution. The true vector z* is also a randomly generated sparse vector with sparsity &
in the set {8 10 12 ... 32}. Here the regularization parameter A\ was set to be 107 for all

tests. Although the best A\ should be dependent in general, we considered the noiseless case
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and A=107° is small enough to approximately enforce Axr = Ax*. For each a, we sampled

100 times with different A and x*. The recovered vector x, is accepted and recorded as one

_ *
success if the relative error: ”mﬁﬁm”? <1073,

Fig. 2.8 shows the success rate using DCATL1 over 100 independent trials for various
parameter a and sparsity k. From the figure, we see that DCATL1 with a=1 is the best
among all tested values. Also numerical results for a=0.3 and a=2 (near 1), are better
than those with 0.1 and 10. This is because the objective function is more non-convex at
a smaller a and thus more difficult to solve. On the other hand, iterations are more likely
to stop at a local #; minima far from ¢, solution if a is too large. Thus in all the following

tests, we set the parameter a=1.

2.2.5 Numerical Experiment for Unconstrained Algorithm

Gaussian matrix

We use NV (0,X), the multi-variable normal distribution to generate Gaussian matrix A. Here
covariance matrix is ¥ = {(1 —7)* x(=j) + 7}, where the value of ‘v’ varies from 0 to 0.8. In
theory, the larger the r is, the more difficult it is to recover true sparse vector. For matrix
A, the row number and column number are set to be M =64 and N =1024. The sparsity k

varies among {5 7 9 .. 25}.

We compare four algorithms in terms of success rate. Denote x, as a reconstructed solution
by a certain algorithm. We consider one algorithm to be successful, if the relative error of

x, to the truth solution z is less that 0.001, i.e., ”ZIT:;\Ixn < 1l.e—3. In order to improve success

rates for all compared algorithms, we set tolerance parameter to be smaller or maximum
cycle number to be higher inside each algorithm. As a result, it takes a long time to run one

realization using all algorithms separately.
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Figure 2.3: Numerical tests for unconstrained algorithms under Gaussian generated matrices:
M = 64 , N = 1024 with different coherence r.

The success rate of each algorithm is plotted in Figure 2.9 with parameter r from the set:
{0 0.2 0.6 0.8}. For all cases, DCATL1 and reweighted [; 5 algorithms (IRucLg-v) per-

formed almost the same and both were much better than the other two, while the CELO has

the lowest success rate.

Over-sampled DCT

The over-sampled DCT matrices A [26] [40] are:

A=ay,...,an] € RM*N
Ly 2mel=1)
VM F

and w is a random vector, drawn uniformly from (0,1).

where a;= ), j=1,...,N, (2.40)
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Such matrices appear as the real part of the complex discrete Fourier matrices in spectral
estimation [26] An important property is their high coherence: for a 100 x 1000 matrix with
F'=10, the coherence is 0.9981, while the coherence of the same size matrix with F' =20, is

typically 0.9999.

The sparse recovery under such matrices is possible only if the non-zero elements of solution
x are sufficiently separated. This phenomenon is characterized as minimum separation in
[4], and this minimum length is referred as the Rayleigh length (RL). The value of RL for
matrix A is equal to the factor F. It is closely related to the coherence in the sense that
larger F' corresponds to larger coherence of a matrix. We find empirically that at least 2RL
is necessary to ensure optimal sparse recovery with spikes further apart for more coherent

matrices.

Under the assumption of sparse signal with 2RL separated spikes, we compare those four
algorithms in terms of success rate. Denote x, as a reconstructed solution by a certain

algorithm. We consider one algorithm successful, if the relative error of z, to the truth

llzr —2|]
ll=ll

solution z is less that 0.001, i.e., < 0.001. The success rate is averaged over 50 random

realizations.

Fig. 2.4 shows success rates for those algorithms with increasing factor F' from 2 to 20. The
sensing matrix is of size 100 x 1500. It is interesting to see that along with the increasing of
value F', DCA of [; — [, algorithm performs better and better, especially after F'>10, and it
has the highest success rate among all. Meanwhile, reweighted [, 5 is better for low coherent
matrices. When F'>10, it is almost impossible for it to recover sparse solution for the high
coherent matrix. Our DCATL1, however, is more robust and consistently performed near
the top, sometimes even the best. So it is a valuable choice for solving sparse optimization

problems where coherence of sensing matrix is unknown.

We further look at the success rates of DCATL1 with different combinations of sparsity and
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Table 2.1: The success rates (%) of DCATLI for different combination of sparsity and
minimum separation lengths.

sparsity ) § 11 14 17 20
1RL 100 100 95 70 22 O
2RL 100 100 98 74 19 5
3RL 100 100 97 71 19 3
4RL 100 100 100 71 20 1
5RL 100 100 96 70 28 1
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Figure 2.4: Numerical test for unconstrained algorithms under over-sampled DCT matrices:
M =100, N =1500 with different F', and peaks of solutions separated by 2RL =2F.

separation lengths for the over-sampled DCT matrix A. The rates are recorded in Table

2.1, which shows that when the separation is above with the minimum length, the sparsity

relative to M plays more important role in determining the success rates of recovery.

2.2.6 Numerical Experiment for Constrained Algorithm

For constrained algorithms, we performed similar numerical experiments. An algorithm is

considered successful if the relative error of the numerical result x, from the ground truth x

is less than 0.001, or

|l

[l

39

<0.001. We did 50 trials to compute average success rates for



‘B : —e— Bregman
—-DCATLT —e -DCATLY
~——Lp_RLS

—==yaill

——Lp_RLS
—=-yailt

5 7 9 M 13 15 1 19 21 2 2!

sparsity k
r=0.8
s 1 - T T T T T
—e—Bregman
08 —e—Bregman| | o8l —e -DCATL1
—e -DCATL1 ——Lp_RLS
os| ——Lp_RLS | | 08l —==yaill

—==yaill

A CRNEE . A R S A A
sparsity k sparsity k

Figure 2.5: Comparison of constrained algorithms for 64 x 1024 Gaussian random matrices
with different coherence parameter r. The data points are averaged over 50 trials.

all the numerical experiments as for the unconstrained algorithms.

Gaussian Random Matrices

We fix parameters (M, N)=(64,1024), while covariance parameter r is varied from 0 to 0.8.
Comparison is with the reweighted [, /5 and two [; algorithms (Bregman and yalll). In Fig.
(2.5), we see that Lp— RLS is the best among the four algorthms with DCATLI1 trailing

not much behind.
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Figure 2.6: Comparison of success rates of constrained algorithms for the over-sampled DCT

random matrices: (M, N)=(100,1500) with different F' values, peak separation by 2RL =2F.

Over-sampled DCT

We fix (M,N)=(100,1500), and vary parameter F' from 2 to 20, so the coherence of there
matrices has a wider range and almost reaches 1 at the high end. In Fig. (2.6), when
Fis small, say F'=2,4, Lp— RLS still performs the best, similar to the case of Gaussian
matrices. However, with increasing F', the success rates for Lp— RLS declines quickly, worse
than the Bregman [; algorithm at F'=6,10. The performance for DCATLI is very stable

and maintains a high level consistently even at the very high end of coherence (F' =20).

2.3 Thresholding TL1

The thresholding theories and algorithms for [y quasi-norm (hard-thresholding) [1, 2] and [
norm (soft-thresholding) [16, 20] are well-known and widely tested. Recently, the closed form
thresholding representation theories and algorithms for I, (p=1/2,2/3) regularized problems

are proposed [12, 64] based on Cardano’s root formula of cubic polynomials. However, these
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algorithms are limited to few specific values of parameter p. Here for TL1 regularization
problem, we derive the closed form representation of optimal solution, under any positive

value of parameter a.

2.3.1 Thresholding Representation and Closed-Form Solutions
Let us consider the unconstrained TL1 regularization model (0.4):
1 9
min | Az — y|3+ AP.(x),
for which the first order optimality condition is:

0=AT(Az—y)+\-VP,(z). (3.41)

a+1)SGN (x;)
(a+|x;])?
valued signum function with SGN(0) € [—1,1], instead of a single fixed value. In this paper,

Here VP,(z)=(0ps(x1),...,0pa(xN)), and Opy(z;) = il . SGN(-) is the set-

we will use sgn(-) to represent the standard signum function with sgn(0) =0. From equation

(3.41), it is easy to get

v+ pAT (y— Az) =2+ MV P, (). (3.42)

We can rewrite the above equation, via introducing two operators

Rapa(z) = [T+ AV P,(-)] (), (3.43)

B, () = o+ pAT (y— Ax).
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From equation (3.42), we will get a representation equation for optimal solution z:
r=Ry,q(B,(2)). (3.44)

We will prove that the operator R, , is diagonal under some requirements for parameters
A, i and a. Before that, a closed form expression of proximal operator at scalar TL1 p,(+)
will be given and proved at following subsection. This optimal solution expression will be

used to prove the threshold representation theorem for model (0.4).

Proximal Point Operator for TL1

Like [53], we introduce proximal operator prozy,, : 8t — R for univariate TL1 (p,) regulariza-

tion problem,

/1
proxa, (y) = argmin (5(3/ —z)*+ Apa(y)) :

Proximal operator of a convex function usually intends to solve a small convex regulariza-
tion problem, which often admits closed-form formula or an efficient specialized numerical
methods. However, for non-convex functions, like [, with p€ (0.1), their related proximal
operators do not have closed form solutions in general. There are many iterative algorithms
to approximate optimal solution. But they need more computing time and sometimes only
converge to local optimal or stationary point. In this subsection, we prove that for TL1

function, there indeed exists a closed-formed formula for its optimal solution.
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For the convenience of our following theorems, we want to introduce three parameters:

(

Aa(a+1))Y3—a

. 3
t1zm(

q ty=xatl (3.45)

ti=+/2Ma+1)—3.

\

It can be checked that inequality ¢7 <t; <t} holds. The equality is realized if A= 2(;111)

(Appendix A).

Lemma 2.3.1. For different values of scalar variable x, the roots of the following two cubic

polynomials in y satisfy properties:
1. If x> 1t7, there are 3 distinct real roots of the cubic polynomial:
yla+y)® —z(a+y)*+ra(a+1)=0.
Furthermore, the largest Toot yo is given by yo=gx(x), where

g,\(a:)zsgn(x){g(a+|x\)cos(w)—2§a+%} (3.46)

with ¢(x)=arccos(1— %), and |gx(x)| <|z|.

2. If x <—t7, there are also 3 distinct real roots of cubic polynomial:
yla—y)* —z(a—y)* = Aa(a+1)=0.

Furthermore, the smallest root denoted by yo, is given by yo=gr(x).

44



Proof. 1.) First, we consider the roots of cubic equation:

y(a+y)® —z(a+y)®+rala+1) =0, when > ¢},

We apply variable substitution n=y+a in the above equation, then it becomes
7’ = (a+z)n* +a(a+1) =0,

whose discriminant is:
A=Xa+1)al4(a+z)*-27\(a+1)al.

Since z >t* and A >0, there are three distinct real roots for this cubic equation.

Next, we change variables as n=t+%+%=y+a. The relation between y and ¢ is:

o 2 T . . . . . .
y=t—5'+%. In terms of ¢, the cubic polynomial is turned into a depressed cubic as:
t*+pt+q=0,

where p=—(a+x)?/3, and g=Aa(a+1) —2(a+x)3/27. The three roots in trigonomet-

ric form are:

to= 252 cos(i/3)
t1=2(a+z) cos(p/3+7/3) (3.47)
ts=—2(a+x)cos(r/3—¢/3)

_ 2alat),
2(a+z)3

where ¢ =arccos(1

Then t5 <0, and tg>t; >t,. By the relation y=t— 23“ + %, the three roots in variable
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z

y are: y; =t; — %"“ +%, for i=1,2,3. From these formula, we know that:

Yo > Y1 > Y2.

Also it is easy to check that yo <z and y, <0, and the largest root yo=gx(z), when

x>t

Next, we discuss the roots of the cubic equation:
(a—y)?y—z(a—y)*—Aa(a+1)=0, when z < —t}.

. o . a _ 2 . . .
Here we set: n=a—y, and t=n+%—%. So y=—t+5+ 3. By a similar analysis as
in part (1), there are 3 distinct roots for polynomial equation: yy<y; <y, with the

smallest solution

2 T 2a
yoz—g(a—x) cos(gp/3)+§—l-

?7

27ha(a+1)

where ¢ =arccos(1 — SaaE

). So we proved that the smallest solution is yo = gx(x),

when z < —t7.

Next let us define the function f) ,(-):R—R,

Fre(w) = =2+ Mpay). (3.45)

S0 0fxa(y) =y — g \ U DSEN W),

(a+]y))?

Theorem 2.3.1. The optimal solution yi(x)=argmin f) ,(y) is a threshold function with
y
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threshold value t :

i} 0, lz| <t
yi(z)= (3.49)
g)\<x)7 |ZL’| >1

where gx(-) is defined in (3.46). The threshold parameter t depends on regularization param-

eter A,

CAf A< 5725 (sub-critical),

2(a+1
1
t=tp =220

a

2. A\> 5

a+1) (super-critical),

t=t]= 2)\(a—|—1)—%,

where parameters t5 and t§ are defined in formula (3.45).

Proof. In the following proof, we represent y}(z) as y* for simplicity. We split the value of

x into 3 cases: =0, x>0 and x <0, then prove our conclusion case by case.

1.) x=0.

In this case, optimization objective function is f) .(y) :%gﬁ—i—)\pa(y). Here the two
factors —y and Ap,(|y|) are both increasing for y >0, and decreasing for y <0. Thus

£(0) is the unique minimizer for function f) .(y). So

y* =0, when x=0.

2.) z>0.

Since 3(y—x)* and Ap,(y) are both decreasing for y <0, our optimal solution will only

be obtained at nonnegative values. Thus it just needs to consider all positive stationary
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points for function f,(y) and also point 0.

When y >0, we have:

/ +1

and

" ala+1
fA,x<y>=1—2AW.

Since f;\/z(y) is increasing, f:\"m(O) :2)\(‘%1) determines the convexity for the function
f(y). In the following proof, we further discuss the value of y* by two conditions:
2

a? a
)\Sm and )\>m.

a2
2].) )\S m

So we have ig%f;(y):f:\l(0+):1—2)\(‘%1)20, which means function f,(y) is
y
(a+1)

increasing for y >0, with minimum value f,(0) =M —p=15 —2.

i) When 0<z <t, f:\x(y) is always positive, thus the optimal value y* =0.

it) When x > t3, f:\x(y) is first negative then positive. Also x >3 >t]. The unique

positive stationary point y* of fy.(y) satisfies equation: f(y*) =0, which implies

yla+y)? —z(a+y)’+rala+1)=0. (3.50)

According to Lemma 2.3.1, the optimal value y* =yy =g\ ().

Above all, the value for y* is :

0, 0<x<t3;
Y= (3.51)

g,\(l‘), J,’>t§
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2.2)

under the condition A <5 +1)'

A> A

2(a+1)
In this case, due to the sign of f; (), we know that function f;\x(y) is decreasing
at first then switches to be increasing at the domain [0,00). Its minimum obtained

at point 7= (2\a(a+1))*? —a and

1@ = 505 (Ma+ D) —a—z =1, —a.

Thus f(y) >tt —z, for y>0.

i) When 0 <z <tj, function f\(y) is always increasing. Thus optimal value y*=0.
i1) When t5 <z, f,(04) <0. So function fy(y) is decreasing first, then increasing.
There is only one positive stationary point, which is also the optimal solution.
Using Lemma 2.3.1, we know that y* = g,(x).

iii) When ¢} <x <t5, f,(0+)>0. Thus function fy(y) is first increasing, then
decreasing and finally increasing, which implies that there are two positive sta-
tionary points and the larger one is a local minima. Using Lemma 2.3.1 again,
the local minimize point will be yo=gx(x), the largest root of equation (3.50).

But we still need to compare f\(0) and fy(yo) to distinguish the global optimal

y*. Since o — =0, which implies A a:;o) (x_yo)a(awo), we have
a+1
Fr(o) = £2(0) =308 —yor + A 00
=yo(syo— T+ ;H
( wtn) (3.52)
=1 <2y0—l‘+ (z— yo)(a+y0))

=y (2 —3) =1 (@ —gx(x))/a—1/2)

It can be proved that parameter ¢3 is the unique root of ¢ —gy(t) — § =0 in [t],t3]
(see Appendix B). For t] <t <t3, t—gx\(t) —§ >0; for t§ <t <t3, t —ga(t) — § <0.

So in the third case: t] <z <t if t] <z <ti y*=0;if x>}, y* =yo=gx(2).
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Finally we know that under the condition A > 2(;’—;) :

0, 0<az<t3;
Y= (3.53)

gx(x), x> 13,

3.) z<0.

Notice that

inf foe(y)=inf fie(—y) =inf o (y—[a]))’ + puly),
Y Y Y

so y*(x)=—y*(—x), which implies that the formula obtained when x>0 above, can

extend to the case: x <0 by odd symmetry. Formula (3.49) holds.

Summarizing results from all cases, the proof is complete.

2.3.2 Optimal Point Representation for Regularized TL1

Next, we will show that the optimal solution of the TL1 regularized problem (0.4) can be
expressed by a thresholding function. Let us introduce two auxiliary objective functions.

For any given positive parameters ), z and vector z € RY, define:

Crw) = 3lly — Awl3+ APy (@)
Culz,2)=p{Cr(@) — §[| Az — Az} + Hll— 2|3

(3.54)

The first function Cy(x) comes from the objective of TL1 regularization problem (0.4).

Starting from this subsection till the end of this paper, we substitute parameter A in threshold
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value t7 with the product of A and p, which are

(
.
tr= 22/3(/\,ua(a—|—1))1/3—
£y = Ap sl (3.55)
2A\p(a+1) —3.
Lemma 2.3.2. Ifa*= (x5, - ,2%)7 is a minimizer of C,(x,2) with fived parameters {u,a,\,z},
then there exists a positive number t=t51 {)\ §z<§+1)}+t I{Au>2(a+1) such that: for i=
17 . 7N7
x; =0, when abs(|B,(z)];) <t;
([Bu(2)]:) (3.56)

23 =g ([Bu(2))), when abs([B,()],) > 1.

Here the function gy,(-) is same as (3.46) with parameter A in place of X there. B,(z)=
2+ puAT (y— Az) RN, as in (3.43).

Proof. The second auxiliary objective function can be rewritten as

Cu(,2) = gllw—[(1 — pAT A)z+ pATy||[5 + AP (2)

+aullyl3+ 311213 — 3ul Az3 = 51(1 = pAT A)z+ nATy |3

N N (3.57)
= 52(% - [Bu(z)]i)zﬂ”\#;ﬂa(%)
+aullyll3+ 51213 — sl Azl3 — 51 (1 — pAT A)z+ nATy|3,
which implies that
r° = argxrgg}v(? (x,2)
. . (3.58)
— arg min {4 0~ B+ M )|
zeRN | 7i=1 i=1
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Since each component x; is decoupled, the above minimum can be calculated by minimizing
with respect to each x; individually. For the component-wise minimization, the objective

function is :

F(ei2) = 5 (i~ [Bu(2]0)? + M) (3.59)

Then by Theorem (2.3.1), the proof of our Lemma is complete.

Based on Lemma 2.3.2, we have the following representation theorem.

Theorem 2.3.2. If z* = (z},23,....x5)T is a TL1 reqularized solution of (0.4) with a and

A being positive constants, and 0 < <||A||~2, then letting tztél{/\u< o2 }+t§1{)\#> 2 1

2(a+1) 2(a+1)

the optimal solution satisfies

. Ir([Byu(™)i), i [[Bu(z™)]i| > (3.60)

0, others.
Proof. The condition 0 < p < ||A]|~? implies

Cou(,2%) = p{3lly — Az|3+ AP(2) }
+3{—pllAx — Az*|3+ o — 23}
> 1{5lly— Az|3+APu(2)}

> C’u(az*,x*),

(3.61)

for any z € Y. So it shows that z* is a minimizer of C,(z,2*) as long as z* is a TL1 solution

of (0.4). In view of Lemma (2.3.2), we finish the proof.
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2.3.3 TL1 Thresholding Algorithms

In this section, we propose 3 iterative thresholding algorithms for regularized TL1 optimiza-

tion problem (0.4), based on Theorem 2.3.2.

We want to introduce a thresholding operator Gy, q(-): R— R as

0, if |w| <t;
G,\ma(w) = (31)
Gp(w), if |Jw|>t.

and expand it to vector space RY,

Gapa(®) = (Grpa(T1), -, Gapa(zn)) -

According to Theorem 2.3.2, optimal solution of model (0.4) satisfies representation equation

r=Gyq(Bu(z)). (3.2)

Fixed Point Iterative Algorithm — DFA

A natural idea is to develop an iterative algorithm based on the above fixed point represen-
tation directly, with fixed values for parameters: A\, u and a. We call it direct fixed point

iterative algorithm (DFA), for which the iterative scheme is

2" = Gpa(a” + pAT (y = Az")) = G Bula™)), (3.3)
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at (n+1)-th step. Recall that the thresholding parameter ¢ is:

th =t if A<,
)2 K= a+1),u (3.4)

2 pu(a+1)—5, if A> 2(a+1)u
In DFA, we have 2 tuning parameters: product term Ay and TL1 parameter a, which are
fixed and can be determined by cross-validation based on different categories of matrix A.

Two adaptive iterative thresholding (IT) algorithms will be introduced later.

Remark 2.3.1. In TL1 proximal thresholding operator Gy, the threshold value t varies

with other parameters:

2(a+1) 2(a+1)

t= t2 {A < }+t [{)\#>

Since t >t5= /2 \u(a+1) =5, the larger the X, the larger the threshold value t, and therefore

the sparser the solution from the thresholding algorithm.

It is interesting to compare the TL1 thresholding function with the hard/soft thresholding
function of ly/l; regularization, and the half thresholding function of [,/ regularization.

These three functions ([2, 16, 64]) are:

x, |x 1/2
Hyo(z)=1 o= @) (3.5)

0, otherwise

Ho () = r—sgn(x)\, |z|>A (36)

0, otherwise
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Figure 2.7: Soft/half (top left/right), TL1 (sub/super critical, lower left/right) thresholding
functions at A=1/2.

and

Fanapa(@), 2] > U2 (20)2/8
Hhapl)= (3.7)

0, otherwise

Njw

where f1/2(2) =2z (14 cos(% — 2®,(z))) and ®,(z) =arccos( (%)_

o[>

).

In Fig. 2.7, we plot the closed-form thresholding formulas (3.49) for A < and A > 3 ) respec-

tively. We observe and prove that when A < 5=, the TL1 threshold function is continuous

T

(Appendix C), same as soft-thresholding function. While if A > 7%=, the TL1 thresholding

)
function has a jump discontinuity at threshold, similar to half—thresholding function. For
different threshold scheme, it is believed that continuous formula is more stable, while dis-

continuous formula separates nonzero and trivial coefficients more efficiently and sometimes

converges faster [46].
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Convergence Theory for DFA

We establish the convergence theory for direct fixed point iterative algorithm, similar to
(69, 64, 72]. Recall in (3.54), we introduced two functions C)(x) (the objective function in

TL1 regularization), and C),(z,z). They will appear in the proof of:

Theorem 2.3.3. Let {z"} be the sequence generated by the iteration scheme (3.3) under the
condition ||A||*<1/pu. Then:

1) {z"} is a minimizing sequence of the function Cy(x). If the initial vector x°=0 and

A> B ihe sequence {z"} is bounded
2at1)’ q :
2) {x"} is asymptotically reqular, i.e. lim ||z" ™! —z™|| =0.
n—o0
3) Any limit point * of {x"} is a stationary point satisfying equation (3.2), that is x* =
Gpa(Bu(z®)).

Proof. 1) From the proof of Lemma (2.3.2), we can see that

Co(z" 2") =minC,(z,2").

By the definition of function C)(z) and C),(z,2) (3.54), we have the following equation:

1 1 1
Cr@ )= |Cula.a7) = S =} 4 5 Aa™ — Ar

Further since ||A|*<1/p,

Ca(a™) <o {Cula™,2™) = 5lla" ! —a"|[3} + 5] A"+t — Az 13
=Cx(@") +5(1 A" —aM)|f = 4 [l2" ! = 2"|3) (3-8)

<Cx(z")
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So we know that sequence {C)(2™)} is decreasing monotonically.

llyll2
2(a+1)’

In DFA, if we set trivial initial vector ' =0 and parameter \ satisfying A\ > we

show that {z"} is bounded. Since {C\(z")} is decreasing,
Cx(2™) < C\(2°), for any n.

So we have AP, (z") < C\(2°). As ||z"|« be the largest entry in absolute value of vector
2", A\pa (|2 o) < Cx(2%). Due to the definition of p,, it is easy to check that the above

inequality is equivalent to
(Ma+1)=Cr(2%) ) [|#"]lo < aCir(z?).

In order to bound {z"}, we need the condition A>Cy(z°)/(a+1). Especially when x°

is zero, one sufficient condition for {z"} to be bounded is

ly[I*

A .
“3a+1)

Since || A]|? <1/, we denote e =1 — pu||AJ|? > 0. Then we have the inequality p||A(z" ! —

2™)]|3 < (1—¢)||z™ ™ —2™||?, which can be rewritten as

1
ot g < - = At - 3

In the above inequality, we sum the index n from 1 to N and find:

N N N
2 [l —an < ¢ 2 |l — a2 -2 2 A a3
n= n=

<t i 2(Cx(2") = Cx(a™))
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where the last second inequality comes from (3.8) above . Thus the infinite sum of

sequence ||z"T! —x™||? is convergent, which implies that

lim [|2" ™ —2"| =0.
n—oo

Denote Ly, (z,x) = 3|z — Bu(z)|* + AuP,(z) and

Dy, (x)=Ly,(x,x)— mzinLA,M(z,x).

By its definition and the proof of Lemma 2.3.2 (especially (3.58)), we have D, ,(z)>0

and
D, ,(x) =0 if and only if x satisfies (3.2).

Assume that z* is a limit point of {2"} and a subsequence of 2™ (still denoted the same)

+1

converges to it. Because of DFA iterative scheme (3.3), we have "' =argmin, L, ,(z,2"),

which implies that

Dy (x™) =Ly, (x",2™) — Ly (2" 2™)

AP (") = Pula™1)) = Ll — a2+ (A (Az” — y) 2" — 2
Thus we know

AP, (x™) — AP, (z")

— in"H —a||*+ iD,\#(x”) + (A (Az" —y),x™ — 2" ),
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from which we get

Ca(@") = Ca(@"™H1) = APy (2") = APy(a" 1) + 3| Az" —y||* — 5| Az —y|°
=gl =2t P4 L Dau(a”) — 5 Al — a3

> o Dau(@) 4505 = AP 27 — 212

1
I

So 0< D, ,(2") < p(Cx(2™) — Cx(z"*1)). Also we know from part (1) of this theorem
that {C\(z™)} converges, so lim D, ,(z™)=0. Thus as the limit point of the sequence
n—o0

a™, the point z* satisfies equation (3.2).

Semi-Adaptive Thresholding Algorithm — TL1IT-s1

In the following 2 subsections, we present two adaptive parameter TL1 algorithms. We begin
with formulating an optimality condition on the regularization parameter A\, which serves as

the basis for parameter selection and updating in the semi-adaptive algorithm.

Let us consider the so called k-sparsity problem for (0.4). The solution is k-sparse by prior
knowledge or estimation. For any p, denote B, (z)=z+puA”T(b— Az) and |B,(x)| is the
vector from taking absolute value of each entry of B,(x). Suppose that z* is the TL1
solution, and without loss of generality, |B,(z*)|; > |B,(z*)|2>...>|B,(2*)|n. Then, the

following inequalities hold:

|Bu(z")]i >t & ie{1,2,...,k},

|Bu(z")|;<teje{k+1,k+2,. . N},

where ¢ is our threshold value.
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Recall that t5 <t <t3. So

B, (x%)|p>t>1t5=1/2 \u(a+1)— %
B 22 6=/ 2Ap(a 1) 510

[Bu(a") s <t < t5= M2,

It follows that

p Bk (@ 2B, )
pla+1) 8(a+1)u

or A* € [Ar, Ae].

Algorithm 4: TL1 Thresholding Algorithm — TL1IT-s1

Initialize: 2°; o= (”A”2) and a;

while not converged do

p=po; 2":=Byu(a") =a"+pAT (y— Az");
B N ({10

Cp(a+1) P S(at+p

if A\ <54 “’ _ then

A= Xf, t—)\,u“;rl;

for i = 1:length(x)
if [2"(i)| > ¢, then 2™ (i) = gy (2"(0));
if |2"(4)| <t, then 2"t (i)=0.

else

A=AE b=/ 2ha(at1)—2

for i = 1:length(x)
if [2™(4)] >t, then "1 (i) = gy, (2"(0));
if |2"(4)| <t, then 2" (i)=0.

end
n—n+1;
end

The above estimate helps to set optimal regularization parameter. A choice of \* is

)\1, if )\1 Tl), then M\* < m t*t2,

(3.11)

Ao, if A >5-2%—~, then \*> =1=13.

AatDn +1> ) o +1)u
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In practice, we approximate z* by =" in (3.11), so

\ OB (@208,
p(a+1) 8(a+1)p

) 2 —

)

at each iteration step. So we have an adaptive iterative algorithm without pre-setting the
regularization parameter A. Also the TL1 parameter a is still free (to be selected), thus this
algorithm is overall semi-adaptive, which is named TL1IT-s1 for short and summarized in

Algorithm 1.

Adaptive Thresholding Algorithm — TL1IT-s2

a2

For TL1IT-s1 algorithm, at each iteration step, it is required to compare A, and ICESIITR

Here instead, we vary TL1 parameter ‘a’ and choose a=a, in each iteration, such that the

inequality A, < 52— holds.

The thresholding scheme is now simplified to just one threshold parameter ¢ =tj. Putting

2

A= 2(;1—1)/1 at critical value, the parameter a is expressed as:

a= A+ (Ap)?+2Ap. (3.12)

The threshold value is:

i +1 A J(Op)2+2)
1=y =apt A VW (3.13)

Let x* be the TL1 optimal solution. Then we have the following inequalities:

B,(x")|; >t < 1€{1,2,....k},
B {1,2,...%) .

|B,(z)|; <t < je{k+1,k+2,..,N}.
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So, for parameter A\, we have:

1 2|Bu(7*) 544 < <l 2| By, (")} '
p1+2[By(z*) ke~ T p142|By(a*) [k

Once the value of A is determined, the parameter a is given by (2.27).

In the iterative method, we approximate the optimal solution x* by z". The resulting
parameter selection is:
1 2|Bun(5€*)|z+1

i 14+2| By, (29) [k (3.15)

n

In this algorithm (TL1IT-s2 for short), only parameter u is fixed and u € (0,||Al|72). The

summary is below (Algorithm 2).

Algorithm 5: Adaptive TL1 Thresholding Algorithm — TL1IT-s2

Initialize: 2°, jup=;

while not converged do
p=po; z"=a"+puAl(y—Az");
:l 2|Zl?+1|2 .

MlJF2|Z/?+1|7

ap = /\nH_’_ V (/\nu)z +2)\n ;
= Anpt + vV Qnp)?+2 0 p |
2

2 Y
for i = 1:length(x)
if [2™(7)] > ¢, then 2" (i) = g»,u(2"(2));
if |2(4)| <t, then 2™ (i)=0.
n—n+1;
end

An
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2.3.4 Numerical Experiments

In this section, we carried out a series of numerical experiments to demonstrate the per-
formance of the TL1 thresholding algorithm: semi-adaptive TL1IT-s1. All the experiments
here are conducted by applying our algorithm to sparse signal recovery in compressed sens-
ing. Two classes of randomly generated sensing matrices are used to compare our algorithms
with the state-of-the-art iterative non-convex thresholding solvers: Hard-thresholding [1],
Half-thresholding [64]. Here all these thresholding algorithms need a sparsity estimation
to accelerate convergence. Also the Hard Thresholding algorithm (AIHT) in [1] has an ad-
ditional double over-relaxation step for significant speedup in convergence. In the following
run time comparison of the three algorithms, AIHT is clearly the most efficient under the

uncorrelated Gaussian sensing matrix.

We also tested on the adaptive scheme: TL1IT-s2. However, its performance is always no
better than TL1IT-s1, and so its results are not shown here. We suggest to use TL1IT-s1 first
in CS applications. That TL1IT-s2 is not as competitive as TL1IT-s1 may be attributed to
its limited thresholding scheme. Utilizing double thresholding schemes is helpful for TL1IT.
We noticed in our computations that at the beginning of iterations, the A,’s cross the critical

value 57 frequently. Later on, they tend to stay on one side, depending on the sensing

_a?
a+1)p

matrix A. However, the sub-critical threshold is used for all A’s in TL1IT-s2.

Here we compare only the non-convex iterative thresholding methods, and did not include
the soft-thresholding algorithm. The two classes of random matrices are:

1) Gaussian matrices.

2) Over-sampled discrete cosine transform (DCT) matrices with factor F.

All our tests were performed on a Lenovo desktop: 16 GB of RAM and Intel Core processor
17—4770 with CPU at 3.40GH z x 8 under 64-bit Ubuntu system.
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The TL1 thresholding algorithms do not guarantee a global minimum in general, due to
nonconvexity. Indeed we observed that TL1 thresholding with random starts may get stuck
at local minima especially when the matrix A is ill-conditioned (e.g. A has a large condition

0 is important for thresholding algo-

number or is highly coherent). A good initial vector z
rithms. In our numerical experiments, instead of having 2° =0 or random, we apply YALL1
(an alternating direction /1 method, [65]) a number of times, e.g. 20 times, to produce a
better initial guess x°. This procedure is similar to algorithm DCATL1 [72] initiated at zero
vector so that the first step of DCATL1 reduces to solving an unconstrained [; regularized
problem. For all these iterative algorithms, we implement a unified stopping criterion as

—”xnﬁn_uxn” <1078 or maximum iteration step equal to 3000.
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Figure 2.8: Sparse recovery success rates for selection of parameter a with 128 x 512 Gaussian
random matrices and TL1IT-s1 method.

Optimal Parameter Testing for TL1IT-s1

In TL1IT-s1, the parameter ‘a’ is still free. When ‘a’ tends to zero, the penalty function
approaches the [y norm. We tested TL1IT-s1 on sparse vector recovery with different ‘a’ val-
ues, varying among {0.001, 0.01, 0.1, 1, 100 }. In this test, matrix A is a 128 x 512 random
matrix, generated by multivariate normal distribution ~N(0,X). Here the covariance ma-
trix X = {1(i:j) +0.2 x 1(i¢j)}i,j. The true sparse vector z* is also randomly generated under

Gaussian distribution, with sparsity & from the set {8, 10, 12, ---, 32}.
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For each value of ‘a’, we conducted 100 test runs with different samples of A and ground

truth vector x*. The recovery is successful if the relative error: ler=2lla <902,

Figure (2.8) shows the success rate vs. sparsity using TL1IT-s1 over 100 independent trials
for various parameter a and sparsity k. We see that the algorithm with a =1 is the best among

all tested parameter values. Thus in the subsequent computation, we set the parameter a=1.

0.99
[[AlI%*

The parameter =

2.3.5 Signal Recovery without Noise

Gaussian Sensing Matrix

The sensing matrix A is drawn from A(0,X), the multi-variable normal distribution with
covariance matrix ¥ ={(1—r)1;—;) +7};;, where r ranges from 0 to 0.8. The larger param-
eter r is, the more difficult it is to recover the sparse ground truth vector. The matrix A is

128 x 512, and the sparsity k varies among {5, 8, 11,---, 35}.

We compare the three IT algorithms in terms of success rate averaged over 50 random trials.
A success is recorded if the relative error of recovery is less than 0.001. The success rate of

each algorithm is plotted in Figure 2.9 with parameter r from the set: {0, 0.1, 0.2, 0.3}.

We see that all three algorithms can accurately recover the signal when r and sparsity k are
both small. However, the success rates decline, along with the increase of r and sparsity k.
At r=0, the TL1IT-s1 scheme recovers almost all testing signals from different sparsity. Half
thresholding algorithm maintains nearly the same high success rates with a slight decrease
when k£ >26. At r=0.3, TL1IT-s1 leads the half thresholding algorithm with a small margin.
In all cases, TL1IT-s1 outperforms the other two, while the half thresholding algorithm is

the second.
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Figure 2.9: Sparse recovery algorithm comparison for 128 x 512 Gaussian sensing matrices
without measurement noise at covariance parameter »=0,0.1,0.2,0.3.

sparsity 5) 8 11 14 17 20

TL1IT-s1 0.031 0.054 0.047 0.055 0.063 0.059
Hard 0.003 0.003 0.005 0.006 0.007 0.007
Half 0.019 0.017 0.017 0.023 0.020 0.025

Table 2.2: Time efficiency (in sec) comparison for 3 algorithms under Gaussian matrices.

Comparison of time efficiency under (GGaussian measurements

One interesting question is about the time efficiency for different thresholding algorithms. As
seen from Figure 2.9, almost all the 3 algorithms, under Gaussian matrices with covariance
parameter =0 and sparsity k=5,---,20, achieve 100 % success recovery. So we measured
the average convergent time over 20 random tests in the above situation (see Table 1), where

all the parameters are tuned to obtain relative errors around 107°.

From the table, we know that Hard Thresholding algorithm costs the least time among
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all three. So under this uncorrelated normal distribution measurement, Hard Thresholding
algorithm is the most efficient, with Half Thresholding algorithm the second. Though TL1IT-
s1 has the lowest relative error in recovery, it takes more time. One reason is that TL1IT-s1
iterations go between two thresholding schemes, which makes it more adaptive to data for a

higher computational cost.

Over-sampled DCT Sensing Matrix

The over-sampled DCT matrices [26, 40] are:

A=lay,...,an] € RM*N
1 2nw(j—1)

\/MCOS( 7

and w is a random vector, drawn uniformly from (0,1).

), j=1,..N, (3.1)

where a; =

Such matrices appear as the real part of the complex discrete Fourier matrices in spectral
estimation and super-resolution problems [4, 26]. An important property is their high coher-
ence measured by the maximum of absolute value of cosine of the angles between each pair
of column vectors of A. For a 100 x 1000 over-sampled DCT matrix at F'= 10, the coherence

is about 0.9981, while at F'=20 the coherence of the same size matrix is typically 0.9999.

The sparse recovery under such matrices is possible only if the non-zero elements of solution
x are sufficiently separated. This phenomenon is characterized as minimum separation in
[4], with minimum length referred as the Rayleigh length (RL). The value of RL for matrix
A is equal to the factor F. It is closely related to the coherence in the sense that larger
F' corresponds to larger coherence of a matrix. We find empirically that at least 2RL is
necessary to ensure optimal sparse recovery with spikes further apart for more coherent

matrices.

Under the assumption of sparse signal with 2R L separated spikes, we compare the four non-
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Figure 2.10: Algorithm comparison for 100 x 1500 over-sampled DCT random matrices with-
out noise at different factor F.

convex IT algorithms in terms of success rate. The sensing matrix A is of size 100 x 1500.
A success is recorded if the relative recovery error is less than 0.001. The success rate is

averaged over 50 random realizations.

Figure 2.10 shows success rates for the four algorithms with increasing factor F' from 2 to
8. Along with the increasing F', the success rates for the algorithms decrease, though at
different rates of decline. In all plots, TL1IT-s1 is the best with the highest success rates.
At F'=2, both half thresholding and hard thresholding successfully recover signal in the
regime of small sparsity k. However when F' becomes larger, the half thresholding algorithm

deteriorates sharply. Especially at F' =38, it lies almost flat.
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Figure 2.11: Algorithm comparison in success rates for 128 x 512 Gaussian sensing matrices
with additive noise at different coherence 7.

2.3.6 Signal Recovery in Noise

Let us consider recovering signal in noise based on the model y= Ax+e¢, where € is drawn
from independent Gaussian € € A'(0,0%) with 0 =0.01. The non-zero entries of sparse vector
x are drawn from N(0,4). In order to recover signal with certain accuracy, the error € can

not be too large. So in our test runs, we also limit the noise amplitude as |¢|o <0.01.

Gaussian Sensing Matrix

Here we use the same method in Part B to obtain Gaussian matrix A. Parameter r and
sparsity k are in the same set {0, 0.2, 0.4, 0.5} and {5, 8, 11, ..., 35}. Due to the presence
of noise, it becomes harder to accurately recover the original signal . So we tune down the

. . L —
requirement for a success to relative error % <1072
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Figure 2.12: Algorithm comparison for over-sampled DCT matrices with additive noise:
M =100, N=1500 at F'=2,4,6,8.

The numerical results are shown in Figure 2.11. In this experiment, TL1IT-s1 again has the
best performance, with half thresholding algorithm the second. At r=0, TL1IT-s1 scheme
is robust and recovers signals successfully in almost all runs, which is the same case under

both noisy and noiseless conditions.

Over-sampled DCT Sensing Matrix

Fig.2.12 shows results of three algorithms under the over-sampled DCT sensing matrices.
Relative error of 0.01 or under qualifies for a success. In this case, TL1IT-s1 is also the
best numerical method, same as in the noise free tests. It degrades most slowly under high

coherence sensing matrices (F'=6,8).

70
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Figure 2.13: Robustness tests (mean square error vs. sparsity) for TL1IT-s1 thresholding
algorithm under Gaussian sensing matrices: r=0,N =512 and number of measurements
M =260,270,280. The real sparsity is fixed as k= 130.

2.3.7 Robustness under Sparsity Estimation

In the previous numerical experiments, the sparsity of the problem is known and used in
all thresholding algorithms. However, in many applications, the sparsity of problem may be

hard to know exactly. Instead, one may only have a rough estimate of the sparsity.

How is the performance of the TL1IT-s1 when the exact sparsity k is replaced by a rough
estimate 7 Here we perform simulations to verify the robustness of TL1IT-s1 algorithm
with respect to sparsity estimation. Different from previous examples, Figure 2.13 shows
mean square error (MSE), instead of relative I error. The sensing matrix A is generated
from Gaussian distribution with »=0. Number of columns, M varies over several values,
while the number of rows, N, is fixed at 512. In each experiment, we change the sparsity
estimation for the algorithm from 60 to 240. The real sparsity is k=130. This way, we test
the robustness of the TL1IT algorithms under both underestimation and overestimation of

sparsity.

In Figure 2.13, we see that TL1IT-s1 scheme is robust with respect to sparsity estimation,
especially for sparsity over-estimation. In other words, TL1IT scheme can withstand the

estimation error if given enough measurements.
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Comparison under Gaussian Comparison under DCT
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Figure 2.14: TL1 algorithms comparison. Y-axis is success rate from 20 random tests with
accepted relative error 1073, X-axis is sparsity value k. Left: 128 x 512 Gaussian sensing ma-
trices with sparsity £=25,---,35. Right: 100 x 1500 Gaussian sensing matrices with sparsity
k=6,---,26.

2.3.8 Comparison among TL1 Algorithms

We have proposed three TL1 thresholding algorithms: DFA with fixed parameters, semi-
adaptive algorithm — TL1IT-s1 and adaptive algorithm — TL1IT-s2. Also in [72], we pre-
sented a TL1 difference of convex function algorithm — DCATL1. Here we compare all four
TL1 algorithms, under both Gaussian and Over-sampled DCT sensing matrices. For the
fixed parameter DFA, we tested two thresholding schemes: DFA-sl for continuous thresh-
olding scheme under Ay <a?/2(a+1), and DFA-s2 for discontinuous thresholding scheme

under Ay >a?/2(a+1).

In the comparison experiments, we chose Gaussian matrices with covariance parameter r =0
and Over-sampled DCT matrices with F'=2. The results are showed in Figure 2.14. Under
Gaussian sensing matrices, DCATL1 and TL1IT-s1 achieved 100 % success rate to recover
ground truth sparse vector, while TL1IT-s2 failed sometimes when sparsity is higher than 28.
Also it is interesting to notice that DFA-s2 with discontinuous thresholding scheme behaved
better than DFA-s1, the continuous thresholding scheme. For over-sampled DCT sensing
tests, DCATLI is clearly the best among all TL1 algorithms, with TL1IT-s1 the second.

Also the performance of TL1IT-s2 declined sharply under this test, which is consistent with
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our previous numerical experiments for thresholding algorithms. Due to this fact, we only

showed TL1IT-s1 in the plots for comparison with hard and half thresholding algorithms.

The two adaptive TL1 thresholding algorithms are far ahead of 2 DFA algorithms, which
shows the advantages of adaptivity. Although DCATL1 out-performed all TL1 thresholding
algorithms in the above tests, it requires two nested iterations, and an inverse matrix op-
eration, which is costly for a large size sensing matrix. So for large scale CS applications,

thresholding algorithms will have their advantages, including parallel implementations.
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Chapter 3

Matrix Completion

This chapter is organized as follows. In section 3.1, we present the transformed Schatten-1
function (TS1), the T'S1 regularized minimization problems, and a derivation of thresholding
representation of the global minimum. In section 3.2, we propose two thresholding algorithms
(T'S1-s1 and TS1-s2) based on a fixed point equation of the global minimum. In section
3.4, we compare TS1 algorithms with some state-of-the-art algorithms through numerical

experiments in low rank matrix recovery and image inpainting.

Notation

Here we set the notations for this chapter. Two kinds of inner products are used in the

following sections, one is between matrices and the other is a bilinear operation for vectors:

(z,y)=>_wy; for vectors z,y;

(2

(X)Y)=tr(YTX)= >_X;;Y;; for matrices X,Y.
ij

Assume matrix X € R™*™ has r positive singular values o1 > 05> ... >0, > 0. Let us introduce
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some common matrix norms or quasi—norms as,

T
Nuclear norm: || X||.=>oy;
i=1

T

Schatten p quasi-norm: || X||,= (3 o?)¥/?, for p€(0,1);
1

1=

Frobenius norm: ||X||F:(Zai2)%. Also ||X||%’:<X7X>:ZX12,]"

=1

k
Ky Fan k-norm: ||X||pr=">_0;, for 1 <k <r;
=1

)

Induced L? norm: || X||L2 :Hn\llax | X vl =01
vllo=1

Define function vec(-) to unfold one matrix columnwise into a vector. So it is clear that

|vec(X)|l2=||X ||, where the left hand side norm is vector’s ¢3 norm.

Define the shrinkage identity k& matrix I} € R™*" as following,

I3(i,i) =1, the first k diagonal elements;

(0.1)
I3(i,7) =0, others.
Operator try(+) is defined as the first k partial trace of a matrix,
k
(X)) =) Xy (0.2)
i=1

The following matrix functions will be used in the proof of next section, and we want to

write them out first here for reference:

CA(X) =53]l (X) = b]I3 4+ AT (X);
Cau(X, Z) = p{ CA(X) =3l (X) = (2)|3 } +35]1X = Z]% 03)
= pAT(X) + 8 1IblI3 = 517 (2)|13 — (o (X),b— o (Z)) + 5| X = Z||%;

Bu(Z)=Z+pt*(b— o (Z)).
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3.1 TS1 minimization and thresholding representation

First, let us introduce Transformed Schatten-1 penalty function(TS1) based on the singular

values of a matrix:

rank(X)
T(X)= 3 palor). (1.4)

=1

where p,(-) is a linear-to-linear rational function with parameter a € (0,00) [71, 72],

(a+1)|x|

o(|2|) = —F.
palle) =~

With the change of parameter a, TL1 interpolates ly and [; norms:

lim p,(z) = I{z20}, aETmpa(w) = |zl.

a—0t

In Fig.2.1, level lines of TL1 on the plane are shown at small and large values of parameter

a, resembling those of 1 (at a=100), l;,2 (at a=1), and [, (at a=0.01).

We shall focus on TS1 regularized problem

.1 9
i {1/ (X) — b3+ AT(X), (L6)

where the linear transform &7 : 1*" — R? can be determined by p given matrices A,,..., 4, €

R<n that is, o (X) = ((A1, X), ..., (A, X))
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3.1.1 TS1 thresholding representation theory

Here we assume m <n. For a matrix X € R™*" with rank equal to r, its singular values

vector 0 =(01,...,0,,) is arranged as
0120922 .20,>0=0,31=...=0p.

The singular value decomposition (SVD) is X =UDVT, where U = (U, ;) mxm and V = (Vi ;) nxn

are unitary matrices, with D= Diag(o) € R™*"™ diagonal.

In [25], Ky Fan proved the dominance theorem and derive the following Ky Fan k-norm

inequality.

Lemma 3.1.1. (Ky Fan k-norm inequality) For a matriz X € R™™ with SVD: X =U DV,

where diagonal elements of D are arranged in decreasing order, we have:
(X,I7) < (D, I{),

that is, tr(X) <tr(D)=|X||rx, Vk=1,2,...,m. The inequalities become equalities if and

only if X =D. Here matriz I} and operator try(-) are defined in section 3.

Here we give another proof of this inequality without using dominance theorem is available,

making the paper self-contained.

Proof. Since X =UDiag(c)V7T, the (j,k)-th entry of matrix X is X, = 0yU;;Vi..
i=1

Thus, we have

tr (X) = > Xj= :

=1 =l=l (1.7)
O-in,iV’,i = Z aiw(k),

K3
j=1 i=

g;

=

nex

k k m

.
~

<

=
—_
—_
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where the weight w ) for the singular value o; is defined as:

k
= UjiVia, i=1,2,...m. (1.8)
j=1
Notice that,
k
k . .
[0l <D UVl SN G IV i)l <1, (1.9)
j=1

where U(:,7) and V (:,9) are the i-th column vectors for U and V. Also for weights {wgk)},

Z\w |<ZZ\UJ1HV !—ZZWMHVM
i j=ti= (1.10)
< ; 1T )2 1V ()2 < F,

where U(7,:) and V (j,:) are the j-th row vectors for U and V, respectively.

All the m weights are bounded by 1, with absolute sum at most £k <m. Note that o;’s are

in decreasing order. By equation (1.7), we have, for all k=1,2,...;m,

i (X <Za,|w |<Zoz—trk ) =1 X1| -

Next, we prove the second part of the lemma — equality condition, by mathematical in-
duction. Suppose that for a given matrix X, tr (X)=try(D), V k=1,...,m. Here, it is
convenient to define X; =0,U; V", where V; (U;) is the i-th column vector of V' (U). Then

matrix X can be decomposed as the sum of r rank-1 matrices, X =) X,.
i=1

When k=1, according to tri(X)=tri(D) and the proof above, we know that

()—1 andw Y=o forv=2,....m.
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By the definition of weights wgk) in (1.8), we have wgl) =U;1Vi1=1. Since U and V are

both unitary matrices, we have:
Up=Vig==x1; Uy;=U;;=V;=V;1=0for j#1

Then vectors U; (V1) is the first standard basis vector in space R™ (R"). The matrix

X, =0,U V! is diagonal

(%51
0
X, =
0
- - mXn
For any index i, 1 <i<k—1, suppose that
Uii=Vii=%x1, U,;=U;;=V,;=V,;=0 for any index j #1. (1.11)

Then matrix X; =o0;U;V,", with 1 <i<k—1, is diagonal and can be expressed as

Xi = o; — (Z—th I'OW)

- - mXn

Under those conditions, let us consider the case with index i=k. Clearly, we have tr(X)=

tre(D). Similarly as before, thanks to the formula (1.7) and inequalities (1.9) and (1.10), it
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is true that

w® =1 for 1=1,...,k; and wgk) =0 for i > k.

i

k
Furthermore, by definition (1.8), w,(f) = U; Vi =UkiVir=1. Thisis because U, =V}, =
j=1
0 for index j <k, by the assumption (1.11) . Thus vectors Uy and V}, are also standard basis

vectors with the k-th entry to be +1. Then

Xy =0 Uy Vi = o +— (k-th row)

- - mXn

Finally, we prove that all matrices {X;};—1 ..., are diagonal. So the original matrix X =) _ X;

i=1

is equal to the diagonal matrix D. The other direction is obvious. We finish the proof. [

Theorem 3.1.1. Consider matrix Y € R™*"™ that admits a singular value decomposition of
the form: Y =UDiag(c)VT, where 0 =(01,...,0,,). Then the unique global minimizer of
min 1| X —Y||Z24+AT(X) is:

XeRmxn

X* =Gu(Y) = UDiag(gaa(0))V7, (1.12)

where gxq(-) is defined in (3.46) and applied entrywise to o.

Proof. First due to the unitary invariance property of Frobenius norm and Y = UDiag(c)V 7,
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we have
1 1
5||X — Y2+ A\T(X) = 5||UTXV—Diag(a)||2F+AT(UTXV).

So

X* =argming || X - Y3+ AT(X)
Xe%mxn

(1.13)
:U{argmin%HX—Dz’ag(U)H%—l—/\T(X)}VT.

XeRmxn

Next we want to show:

argmin 3| X — Diag(o) /% + AT'(X)
Xegmn (1.14)

= argmin{DéRmxn is diagonal} % HD - Dlag(a> H%’ + )\T(D)

For any X € R™*"_ suppose it admits SVD: X =U, Diag(c,)V,. Denote

D, =Diag(c,) and D, =Diag(o).

m
We can rewrite diagonal matrix D, as D, =) Vo;If, where Vo, =0, — 0,41 >0fori=1,2,...,m—
i

m
1, and Vo, =0,,. So simply, Y Vo;=0,. Note that the shrinkage identity ¢ matrix I is
i=k

defined in section 3. So:

(X, Dy) =(X,YVo[}) =Y (X, Voi})

()

<Y ADy,Vol?)=(Dy,D,),

3

=

where we used Lemma 3.1.1 for the inequality. The equality holds if and only if X =D,.

81



Thus we have

IX = Dy|[5 = X117+ [ Dy I — 2(X, Dy)
> 1D l% + (| Dyl = 2(Da, Dy) = |1 Do = Dy |-

Also due to T(X)=T(D,),
1 2 1 2
L |X = Dy 34 AT(X) = 21D, = D, [+ AT(D,).

Only when X =D, is a diagonal matrix, the above will become equality. So we proved

equation (1.14).

Denote a diagonal matrix D € R™*" as D = Diag(d). Then:

m

1 : 1
310~ Ding(o)l + 3T (D) =3~ {511 -l + Aoull) }

=1

By Theorem 2.3.1, we have gy ,(0;) :argmdin{ tld—o3l[34+ Apa(|d]) }>0. It follows that

argmin{DE?RmX"and D is diagonal} %HD - Dlag(g) ||%' +A T(‘D)

=argmin 1||X — Diag(o) %+ A T(X) (1.15)
Xe%mxn

=Diag(gx4(0)).

In view of (1.13), the matrix X*=UDiag(gr.(c))V7T is a global minimizer, which will be

denoted as G ,(Y).

Let X, be another optimal solution for the problem . glninl}m%HX —Y||%+MT(X) and denote
X;=UTX,V. Then X; will be an optimal solution of argmin%||X—Diag(a)||%+)\T(X).
Based on the above proof and Theorem 2.3.1, we have féejeDiag(g,\,a(J)). Since U and V
are unitary, X; =U )/(\1VT = X*. We proved that the matrix G ,(Y) is the unique optimal

solution for the optimization problem. The proof is complete. O
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Lemma 3.1.2. For any fixed A>0, >0 and matriv Z € R™", let X°=G),q(Bu(Z)),

then X* is the unique global minimizer of the problem Xmin Cru(X,Z), where the matriz
€

FmXn

function Cy ,(X,Z) is defined in (0.3) of section 3.

Proof. First, we will rewrite the formula of C) ,(X,Z). Note that o/ (X) and &/ (Z) are
vectors in space R?. Thus in the formula of C) ,(X,Z), there exist norms and inner products

for both matrices and vectors. By definition,

Cru(X, Z) = 5|1 X% = (X, 2) + 5| 2[5+ AT (X) + 5§ [1DII3
—u( (X),b—(2)) =51 (2)]I3

= glIXNE+ 31 Z1%+ 511013 - £ .27 (2)13

(1.16)
HAuT(X)—( X, Z+pd*(b— A (Z)) )
= 31X =Bu(Z)|[F + ApT(X)
=51 Bu(D)E+311Z1%+ S 1IblI3 - 5l (Z)]113
Thus if we fix matrix Z,
argminC), ,(X,Z) =argmini|| X — B,(Z)||% + AT (X) (1.17)
XeRmxn XeRmxn
Then by Theorem 3.1.1, X* is the unique global minimizer. O

Theorem 3.1.2. For fired parameters, \>0 and 0 < p< || ||5%. If X* is a global minimizer

for problem C\(X), then X* is the unique global minimizer for problem ng}ain Ch (X, X7).
Xe m X n
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Proof.

O (X, X) = p{5]l7/ (X) = b5+ AT(X) }
5 {IX = X7 |f — pll o (X) — o (X) 3}

(1.18)
> p{ 5l (X) = bl3+AT(X) } =uCi(X)
> pCy\(X*)=C) W (X, X)
The first inequality is due to the fact:
.7 (X) — o (X*)||3 =[] Avec(X) — Avec(X™)][3
<A [lvee(X = X")|3 (1.19)

<l 3 IX = X~%

From the above inequalities, we know that X* is an optimal solution for min C) ,(X,X¥).

Xemmxn

The uniqueness of X* follows from Lemma 3.1.2.

By the above Theorems and Lemmas, if X* is a global minimizer of C\(X), it is also the
unique global minimizer of Cy,(X,Z) with Z=X*, which has the closed form solution

formula. Thus we arrive at the following fixed point equation for this global minimizer X*:

X" = Cua(Bu(X7)). (1.20)

Suppose the SVD for matrix B, (X*) is UDiag(o;) V7, then

X*=UDiag(grualop)) VT,

which means that the singular values of X* satisfy o =g,q(03,), for i=1,...m.
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3.2 TS1 thresholding algorithms

Next we will utilize the fixed point equation (1.20) to derive two thresholding algorithms
for T'S1 regularized problem (1.6). As in [71, 72|, from the equation X* =G\, (B, (X")) =
UDiag(gau.a(c))VT, we will replace the optimal matrix X* with X* on the left and X*~! on

the right at the k-th step of iteration as:

X = G B(XF1))
—_ kal Dlag (g/\,u,a(akil)) Vlcfl,T’

(2.21)

where unitary matrices U VA1 and singular values {o*~'} come from the SVD decom-

position of matrix B,(X*~1). Operator gy, .(-) is defined in (3.46), and

0, if jw| <t;
Dra(w) = (2.22)
hou(w), if [w| > ¢.

Recall that the thresholding parameter ¢ is:

th= A\t if A< 5
f— 2 K= +1),u (2.23)

20 u(a+1) =5, i A> 5ot +1)

With an initial matrix X°, we obtain an iterative algorithm, called TS1 iterative thresholding
(IT) algorithm. It is the basic TS1 iterative scheme. Later, two adaptive and more efficient

IT algorithms (TS1-s1 and TS1-s2) will be introduced.
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3.2.1 Semi-Adaptive Thresholding Algorithm — TS1-s1

We begin with formulating an optimal condition for regularization parameter A, which serves

as the basis for the parameter selection and updating in this semi-adaptive algorithm.

Suppose the optimal solution matrix X has rank r, by prior knowledge or estimation. Here,
we still assume m <n. For any y, denote B, (X)=X+uA?(b— /(X)) and {0;}", are the

m non-negative singular values for B, (X).

Suppose that X* is the optimal solution matrix of (1.6), and the singular values of matrix
B, (X*) are denoted as of >03>...>0}. Then by the fixed equation (1.20), the following

inequalities hold:

of>t<ie{l,2,..r},

(2.24)
o<t je{r+1,r+2,...,m},
where ¢ is our threshold value. Recall that t5 <t <t?5. So
of>t>th=+/2 \ula+1)—4% (2.25)

07 ST =AuttL,

a

It follows that

* *\2
MEM S)\SMEM
pla+1) 8(a+1)p

or A* €[\, A\

The above estimate helps to set optimal regularization parameter. A choice of \* is

(I) When A\, < , set A*=Aq.

+1)

Then we will have \* < and thus thresholding value t =t3;

= 2(a+1)p +1)
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(II) When A; > 3 set A* = Ao.

+1> )

Then \* > . Thus we choose thresholding value ¢t =t3.

+1)

In practice, we approximate B, (X*) by B,(X") in the above formula, that is, the i-th

*

singular value o

* is approximated by o}' at the n-th iteration step. Thus, we have A, =

n 20™ 2
C(w:fll)’ and Ay, = —(g(—i__i_a{)) . We choose optimal parameter A at the n-th step as
wla a H
2
= A, if Ap < 2(a+1)u (2.26)
>\2,n7 lf )‘1771 > -

2(a+1),u'

This way, we obtain an adaptive iterative algorithm without pre-setting the regularization
parameter \. The TL1 parameter a is still free and needs to be selected beforehand. Thus

the algorithm is overall semi-adaptive, called TS1-s1 for short and summarized in Algorithm

6.

Algorithm 6: TS1-s1 thresholding algorithm
Initialize: Given X and parameter p and a.

while NOT converged do
1. Y"=B,(X")=X"—pua* (< (X") =),
and compute SVD of Y™ as Y =U Diag(a) V7 ;
2. Determine the value for A, by (2.26),
then obtain the thresholding value ¢,, by (2.23);
3. X" = Gy, pa(Y™) = UDiag(ga,a(0)) V7
Then, n—n+1.

end while
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3.2.2 Adaptive Thresholding Algorithm — TS1-s2

Different from TS1-s1 where the parameter ‘a’ needs to be determined manually, here at
each iterative step, we choose a=a, such that equality A\, = ﬁ holds. The threshold

value ¢ is given by a single formula with t =t =13.

Putting A= 2((13——21)11 at critical value, the parameter a is expressed as:

a= A+ (A)? 42 . (2.27)
The threshold value is:

+1 Ap A/ (Ap)?+2X
t:AuaT:—“JFW. (2.28)

2

Let X* be the TL1 optimal solution and ¢* be the singular values for matrix B,,(X*). Then

we have the following inequalities:

or >t e ie{l,2,..,r}, (2.29)

o<t je{r+1,r+2,...,m}.
So, for parameter \, we have:

2 * 2
(ar+l) <\<
14207, ~ ~ 1420

Once the value of A is determined, the parameter a is given by (2.27).

In the iterative method, we approximate the optimal solution X* by X" and further use

B, (X"™)’s singular values {o}'}; to replace those of B,,(X*). The resulting parameter selection
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1s:

_ 2(0?-5-1)2 )
11207, (2.30)

n

In this algorithm (TS1-s2 for short), only parameter u is fixed, satisfying inequality u€

(0,]|A]|7?). Its algorithm is summarized in Algorithm 7.

Algorithm 7: TS1-s2 thresholding algorithm
Initialize: Given X and parameter p.

while NOT converged do
1. Y"=X"—pa/*(o/(X™)—b), and compute SVD of Y™ as Y =U Diag(c) V7 ;

2. Determine the values for \* and a" by (2.30),

then update threshold value t" = \"p <t
3. X" =Gnppan (V") = UDiag(ganpa(0)) V7
Then n—n+1.

end while

3.3 Numerical experiments

In this section, we present numerical experiments to illustrate the effectiveness of our Al-
gorithms: semi-adaptive TS1-s1 and adaptive TS1-s2, compared with several state-of-art

solvers on matrix completion problems . The comparison solvers include:

e LMaFit [62],
e FPCA [44],

e sIRLs-q [47],

ITS1 matlab codes can be downloaded from https://github.com/zsivine/TS1-algorithms
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e TRucLg-M [36],

e LRGeomCG [61]

The code LMAFit solves a low-rank factorization model, instead of computing SVD which
usually takes a big chunk of computation time. Also part of its codes is written in C, same
as LRGeomCG. So once this method converges, it is the fastest method among all com-
parisons. All others codes are implemented under Matlab environment and involve SVD
approximated by fast Monte Carlo algorithms [18, 19]. FPCA is a nuclear norm minimiza-
tion code, while sIRLs-q and IRucLg-M are iterative reweighted least square algorithms for
Schatten-q quasi-norm optimizations. LRGeomCG algorithm explores matrix completion
based on Riemannian optimization. It tries to minimize the least-square distance on the
sampling set over the Riemannian manifold of fixed-rank matrices. When the rank informa-
tion is known or well approximated, this method is efficient and accurate, as shown in these
experiments below, especially for standard Gaussian matrices. But a drawback of LRGe-
omCG is that the rank of the manifold is fixed. Basically, it is hard for it to handle unknown

rank cases.

In our TSI algorithms, MC SVD algorithm [19] is implemented at each iteration step, same as
FPCA. We also tried another fast SVD approximation algorithms, but MC SVD is the most
suitable one, satisfying both speed and accuracy requirements in one iterative algorithm.
All our tests were performed on a Lenovo desktop: 16 GB of RAM and Intel@ Core Quad

processor ¢7-4770 with CPU at 3.40GHz under 64-bit Ubuntu system.

We tested and compared these solvers on low rank matrix completion problems under various
conditions, including multivariate Gaussian, uniform and y? distributions. We also tested

the algorithms on grayscale image recovery from partial observations (image inpainting).
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3.3.1 Implementation details

In the following series of tests, we generated random matrices

M = MM € Ry,

where matrices My and Mg are in spaces R™*" and R™*" respectively.

By setting parameter r to be small, we obtain a low rank matrix M with rank at most
r. After this step, we uniformly random-sampled a subset w with p entries from M. The

following quantities help to quantify the difficulty of a recovery problem.

e SR (Sampling ratio): SR = p/mn.

e FR (Freedom ratio): FR = r(m-+n—r)/p, which is the freedom of rank r matrix
divided by the number of measurement. According to [44] , if FR >1, there are

infinite number of matrices with rank r and the given entries.

e 7, (Maximum rank with which the matrix can be recovered):

m+n—+/(m+n)2—4p
2

| (floor function),

Tm =

which is defined as the largest rank such that FR <1.

The TS1 thresholding algorithms do not guarantee a global minimum in general, similar
to non-convex schemes in 1-dimensional compressed sensing problems. Indeed we observe
that TS1 thresholding with random starts may get stuck at local minima especially when
parameter FR (freedom ratio) is high or the matrix completion is difficult. A good initial
matrix X is important for thresholding algorithms. In our numerical experiments, instead

of choosing X" =0 or random, we set X° equal to matrix M whose elements are as observed
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on §) and zero elsewhere.
The stopping criterion is

HXn-i-l _XnHF
<tol
max{[| X" ||F, 1}

where X! and X" are numerical results from two contiguous iterative steps, and tol is a
moderately small number. In all these following experiments, we fix tol = 10~¢ with maximum

iteration steps 1000.

We also use the relative error

[ Xopt = M|

B (3:31)

rel.err =

to estimate the closeness of X,,; to M, where X, is the "optimal” solution produced by all

numerical algorithms.

Rank estimation

For thresholding algorithms, rank r is the most important parameter, especially for our
TS1 methods, where thresholding value t is determined based on r. If the true rank r is
unknown, we adopt the rank decreasing estimation method (also called maximum eigengap
method) as in [36, 62], thereby extending both T'S1-s1 and T'S1-s2 schemes to work with an
overestimated initial rank parameter K. In the following tests, unless otherwise specified, we
set K =|1.57]. The idea behind this estimation method is as follows. Suppose that at step
n, our current matrix is X. The eigenvalues of X7 X are arranged with descending order and

A > Aint1 = oo > A1 >0 is the 7,,;,-th through K + 1-th eigenvalues of XTX, where

Tmin —

Tmin 18 manually specified minimum rank estimate. Then we compute the quotient sequence
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/\i:)\i/)\i—‘rl, i:Tmin,...7K. Let
K = argmin \;,
TminSiSK

the corresponding index for maximal element of {)TZ} If the eigenvalue gap indicator

T=Ag (K —Tmin+1)/Y X >10,
i£K
we adjust our rank estimator from K to K. During numerical simulations, we did this
adjustment only once for each problem. In most cases, this estimation adjustment is quite

satisfactory and the adjusted estimate is very close to the true rank r.

Choice of a: optimal parameter testing for TS1-s1.

A major difference between TS1-s1 and TS1-s2 is the choice of parameter a, which influences
the behaviour of penalty function p,(-) of TS1. When ’a’ tends to zero, the function T'(X)

approaches the rank.

We tested TS1-s1 on small size low rank matrix completion with different ‘a’ values, varying
among {0.1,0.5,1,10,100}, for both known rank scheme and the scheme with rank estimation.
In these tests, M = MM} is a 100 x 100 random matrix, where M}, and My are generated

under i.i.d standard normal distribution. The rank r of M varies from 10 to 22.

For each value of ‘a’, we conducted 50 independent tests with different M and sample index
set w. We declared M to be recovered successfully if the relative error (3.31) was less than
5x 1073, The test results for known rank scheme and rank estimation scheme are both
shown in Figure 3.1. The success rate curves of rank estimation scheme are not as clustered
as those of known rank scheme. In order to clearly identify the optimal parameter 'a’, we
ignored the curve of a=0.1 in the right figure as it is always below all others. The vertical

red dotted line there indicates the position where FR =0.6.
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Figure 3.1: Optimal parameter test for semi-adaptive method: TS1-s1

It is interesting to see that for known rank scheme, parameter a=1 is the optimal strategy,
which coincides with the optimal parameter setting in [71]. It is observed that when we use
thresholding algorithm under transformed L1 (TL1) or transformed Schatten-1 (TS1) quasi
norm, it is usually optimal to set a=1 with given information of sparsity or rank. However,
for the scheme with rank estimation, it is more complicated. Based on our tests, if FR < 0.6,
it is better to set a > 100 to reach good performance. On the other hand, if FR > 0.6, a=10

is nearly the optimal choice. So for all the following tests, when we apply TS1-s1 with rank

estimation, the parameter a is set to be

1000, if FR<0.6:

a=

10, if FR>0.6.

In applications where FR is not available, we suggest to use a =10, since its performance is
also acceptable if FR <0.6.

94



3.3.2 Completion of Random Matrices

The ground truth matrix M is generated as the matrix product of two low rank matrices M,
and Mpg. Their dimensions are m xr and n X r respectively, with » << min(m,n). In these
following experiments, except clearly stated, M; and Mg are generated with multivariate

normal distribution N (u,Y), with p=1 and

E={(1—=cov)* =+ cov},xr

determined by parameter cov. Thus matrix M = MM} has rank at most r.

It is known that success recovery is related to FR. The higher FR is, the harder it is to
recover the original low rank matrix. In the first batch of tests, we varied rank r and fixed
all other parameters, i.e. matrix size (m,n), sampling rate (sr). Thus FR was changing

along with rank.

It is observed that the performance of TS1-s1 and TS1-s2 are very different, due to adopt-
ing single or double thresholds. TS1-s2 uses only one (smooth) thresholding scheme with
changing parameter a. It converges faster than TS1-s1 when the rank is known, see subsec-
tion 3.3.2. On the other hand, TS1-s1 utilizes two (smooth and discontinuous) thresholding
schemes, and is more robust in case of overestimated rank. TS1-s1 outperforms TS1-s2 when
rank estimation is used in lieu of the true rank value, see subsection 3.3.2. IRucL-q method
is found to be very robust for varied covariance and rank estimation, yet it underperforms
TS1 methods at high FR, even with more computing time. Though TS1 methods rely on
the same rank estimation method as IRucL-q, IRuclL-q achieves the best results in the ab-
sence of true rank value. A possible reason is that in IRuclL-q iterations, the singular values
of matrix X are computed more accurately. In TS1, singular values are computed by fast
Monte Carlo method at every iteration. Due to random sampling of Monte Carlo method,

there are more errors especially at the beginning stage of iteration. The resulting matrices
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X™ may cause less accurate rank estimation.

Matrix completion with known rank

In this subsection, we implemented all six algorithms under the condition that true rank
value is given. They are TS1-s1, TS1-s2, sIRLS-q, IRucL-q, LMaFit and LRGeomCG. We

skipped FPCA since rank is always adaptively estimated there.

Gaussian matrices with different ranks

In these tests, matrix M = M; M}, was generated under uncorrelated normal distribution
with ©=1. We conducted tests both on low dimensional matrices with m=mn=100 (Table
3.1) and high dimensional matrices with m=n=1000 (Table 3.2). Tests on non-square

matrices with m #n show similar results.

In Table 3.1, rank r varies from 5 to 18, while FR increases from 0.2437 up to 0.8190. For
lower rank (less than 15), LMaFit is the best algorithm with low relative errors and fast
convergence speed. Part of the reason is that this method does not involve SVD (singular

value decomposition) operations during iteration.

LRGeomCG approaches the performance of LMaFit when r» <10. However, as FR values
are above 0.7, it became hard for LMakFit to find truth low rank matrix M. Its performance
is not as good as stated in paper [61] with possible reason that we generate M with mean
w equal to 1, instead of 0 in [61]. We also tested LRGeomCG with g =0 where it has very

small relative error and also fast convergence rate.

It is also noticed that in Table 3.1, the two T'S1 algorithms performed very well and remained

stable for different FR values. At similar order of accuracy, the TL1s are faster than IRucL-q.
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Table 3.1: Comparison of TS1-s1, TS1-s2, sIRLS-q, IRucL-q, LMaFit and LRGeomCG on
recovery of uncorrelated multivariate Gaussian matrices at known rank, m=n=100, SR
=0.4, with stopping criterion tol =107°.

Problem TS1-s1 TS1-s2 sIRLS-q* |
rank FR rel.err  time | rel.err time | relerr time
5 0.2437 | 1.89¢-05 0.11 | 7.58e-07 0.13 | 7.09¢-06 0.80
6 0.2910 | 7.13e-06  0.14 | 7.37e-07 0.15 | 8.59¢-06 1.01
7 0.3377 | 1.39e-05 0.15 | 6.34e-07 0.17 | 8.14e-06 1.09
8 0.3840 | 2.04e-05 0.16 | 7.70e-07 0.20 | 1.31e-05 1.43
9 0.4298 | 2.08¢-05 0.23 | 9.97e-07 0.25 | 2.02e-05 1.88
10 0.4750 | 3.26e-05 0.33 | 1.11e-06 0.34 | 1.93e-02 4.49
14  0.6510 | 1.10e-05 0.53 | 1.03e-05 0.52 — —
15  0.6937 | 1.05e-05 0.66 | 9.88¢-06 0.64 — —
16 0.7360 | 3.86e-05 0.91 | 1.79¢-05 0.87 — —
17 0.7778 | 1.50e-04 1.03 | 7.10e-05 1.00 — —
18 0.8190 | 5.63e-04 1.00 | 4.15e-04 1.00 — —

Problem IRucL-q LMakFit LRGeomCG
rank FR rel.err time rel.err  time | rel.err time
5 0.2437 | 7.86e-06 1.82 | 1.96e-06 0.02 | 1.03e-06 0.03
6 0.2910 | 1.14e-05 2.15 | 2.18e-06 0.02 | 1.22¢-06 0.04
7 0.3377 | 1.28e-05 2.24 | 2.27e-06 0.03 | 1.37e-06 0.05
8 0.3840 | 3.03e-05 2.33 | 2.67e-06 0.03 | 1.66e-06 0.06
9 0.4298 | 1.68e-04 2.38 | 3.21e-06 0.05 | 1.88e-06 0.07
10 0.4750 | 3.21e-04 2.49 | 3.54e-06 0.08 | 1.87e-06 0.08
14 0.6510 | 3.80e-05 7.25 | 5.74e-06 0.21 | 3.20e-02 0.34
15 0.6937 | 5.28¢-05 9.29 | 5.87e-02 0.33 | 3.49e-02 0.47
16 0.7360 | 7.57e-05 12.34 | 1.44e-01 0.34 | 1.91e-01  0.99
17 0.7778 | 9.40e-05 15.31 | 3.80e-01 0.39 | 5.73e-01 0.71
18  0.8190 | 1.49e-04 22.27 | 4.43e-01 0.40 | 9.17e-01 0.94

* Notes: 1. The sIRLS-q iterations did not converge when rank > 14 and FR >0.65. Comparison
is skipped over this range. Results for rank (11,12,13) are skipped as they differ little from rank 14.
Similar rank samplings occur in Tables 4.(2-3), 4.(5-6).

2. Matrix M is generated from multivariate normal distribution with mean p =1, instead of 0.
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Table 3.2: Numerical experiments on recovery of uncorrelated multivariate Gaussian matrices
at known rank, m=n=1000, SR =0.3.

Problem TS1-s1 TS1-s2 sIRLS-q |
rank FR rel.err time rel.err  time | rel.err time
50  0.3250 | 5.95e-06  8.06 | 5.88e¢-06 6.95 | 4.85e¢-06 45.20
70 0.4503 | 6.94e-06 13.37 | 6.78e-06 11.95 | 2.46e-02 128.65
90 0.5730 | 7.83e-06 22.13 | 7.77e-06 18.81 | 9.86e-02 206.32
110 0.6930 | 1.23e-04 29.91 | 3.47e-05 29.50 | 2.27e-01 282.84

Problem IRucL-q LMakFit LRGeomCG
rank FR rel.err time rel.err  time | rel.err time
50  0.3250 | 9.55e-06 485.30 | 1.74e-06 6.04 | 1.11e-06  8.31
70 0.4503 | 3.77e-05 606.95 | 3.54e-02 23.20 | 1.50e-06 20.87
90 0.5730 | 4.16e-04 623.37 | 1.60e-01 24.94 | 2.13e-06 52.77
110 0.6930 | 2.41e-03 640.66 | 2.45e-01 29.19 | 3.22e-06 112.30

For large size matrices (m=n=1000), rank r is varied from 50 to 110, see table 3.2. The
sIRLS-q and LMaFit only worked for lower FR. IRucL-q can still produce satisfactory results
with relative error around 1073, but its iterations took longer time. In [36], it was carried out
by high speed-performance CPU with many cores. Here we used an ordinary processor with
only 4 cores and 8 threads. It is believed that with a better machine, IRuclL-q will be much
faster, since parallel computing is embedded in its codes. As seen in the table, LRGeomCG
is always convergent and achieves almost same accuracy with TS1-s1 and TS1-s2. However,

its computation time grows fast with increasing rank.

A little difference between the two TS1 algorithms begins to emerge when the matrix size
is large. Although when rank is given, they all performed better than other schemes, adap-
tive TS1-s2 is a little faster than semi-adaptive TS1-s1. It is believed by choosing optimal
parameter a, TS1-s1 will be improved. The parameter «a is related to matrix M, i.e. how it
is generated, its inner structure, and dimension. In TS1-s2, the value of parameter a does

not need to be manually determined.
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Table 3.3: Numerical experiments on multivariate Gaussian matrices with varying covariance
at known rank, m=n=100, SR =0.4.

Problem TS1-s1 TS1-s2 sIRLS-q |
rank cor | rel.err time | rel.err time | rel.err time
5 0.5 | 6.44e-06 0.17 | 5.74e-07 0.12 | 3.35e-02 3.75
0.6 | 7.28¢-06 0.28 | 7.15e-07 0.13 | 1.34e-01 5.58
0.7 | 3.32e-02 0.58 | 7.65e-07 0.17 | 2.15e-01 6.16
0.4 | 7.55e-06 0.34 | 7.96e-07 0.21 | 1.43e-01 6.47
0.5 | 9.84e-03 0.51 | 6.14e-06 0.19 | 2.68e-01 6.19
0.6 | 3.01e-02 0.81 | 7.71e-06 0.23 | 2.95e-01 6.26
8 0.7 | 6.86e-02 0.86 | 7.16e-06 0.50 | 3.33e-01 6.80
Problem [RuclL-q LMakFit LRGeomCG

rank cor | relerr time | rel.err time | rel.err  time
5 0.5 | 8.21e-06 1.86 | 2.48¢-02 0.07 | 1.12e-06 0.06
0.6 | 8.76e-06 1.85 | 4.48¢-02 0.15 | 6.98e-02 0.09
0.7 | 1.37e-05 1.71 | 1.10e-01 0.27 | 1.22e-01 0.11
0.4 | 1.92e-05 2.50 | 1.98e-02 0.18 | 5.42¢-02 0.17
0.5 | 1.38¢-05 2.54 | 1.21e-01 0.25 | 1.17e-01 0.17
0.6 | 1.40e-05 2.51 | 1.85e-01 0.27 | 1.83e-01 0.23
0.7 | 1.10e-05 2.35 | 2.44e-01 0.25 | 2.21e-01 0.29

Co| Co| Co| Ut Ot

Co| Co| Co| Co| Ut| Ut

Gaussian Matrices with Different Covariance

In this subsection, the rank r, the sampling rate, and the freedom ratio FR are fixed. We

varied parameter cov to generate covariance matrices of multivariate normal distribution.

In Table 3.3, we chose two rank values, r=>5 and r=8. It is harder to recover the original
matrix M when it is more coherent. IRucL-q does better in this regime. Its mean computing
time and relative errors are less influenced by the changing cov. Results on large size matrices
are shown in Table 3.4. TS1-s2 scheme is much better than T'S1-s1, both in relative error and

computing time. In small size matrix experiments, TS1-s2 is the best among comparisons.

In Table 3.4, we fixed rank =30 with cov among {0.1,...,0.7}. TS1-s2 is still satisfactory
both in accuracy and speed for low covariance (i.e cov <0.6). However, for cov > 0.7, relative
errors increased from 107% to around 1074. It is also observed that IRucL-q algorithm is

very stable and robust under covariance change.
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Table 3.4: Numerical experiments on multivariate Gaussian matrices with varying covariance
at known rank, m=n=1000, SR =0.4.

Problem TS1-s1 TS1-s2 sIRLS-q |
rank cor | rel.err time rel.err  time | rel.err  time
30 0.1]3.07e-06 9.71 | 3.07e-06 3.98 | 4.36e-07 13.80
30 0.2 ]290e-06 11.07 |2.94e-06 3.92 | 1.28e-05 33.89
30 0.3 ]5.54e-03 26.64 | 3.02¢-06 4.13 | 6.65e-02 46.02
30  0.4]1.19e-02 2858 | 3.08e-06 4.31 | 1.08e-01 50.95
30  0.5]4.76e-02 34.25 | 2.89e-06 5.89 | 1.50e-01 52.64
30 0.6 |6.89e-02 35.69 | 2.89e-06 10.28 | 1.89e-01 55.70
30 0.7 ]8.01e-02 33.92 | 6.99¢-04 20.09 | 2.03e-01 51.03
Problem [RucL-q LMakFit LRGeomCG
rank cor | rel.err time relerr  time | rel.err  time
30  0.1]3.13e-06 222.90 | 1.19e-06 1.83 | 6.77e-07 4.88
30 0.2 ]3.16e-06 221.34 | 1.14e-06 3.16 | 5.68e-07 8.84
30 0.3 ]3.05e-06 218.57 | 1.21e-06 6.93 | 5.45e-03 15.45
30 0.4 3.29-06 214.52 | 2.06e-02 14.72 | 4.82e-02 19.15
30 0.5 3.12e-06 209.05 | 6.45e-02 17.34 | 8.41e-02 20.99
30 0.6 | 3.30e-06 207.94 | 9.09e-02 18.38 | 1.42e-01 21.81
30 0.7 3.15e-06 210.06 | 1.15e-01 16.37 | 1.67e-01 21.63

Matrices from other distributions

We also compare algorithms with other distributions, including (0,1) uniform distribution
and Chi-square distribution with k = 1 (degree of freedom). All other parameters are
same as Table 3.1. The results are displayed at Table 3.5 (uniform distribution) and Table
3.6 (Chi-square distribution). Only partial numerical results are showed here with rank r=
7,8,9,10,14,15. From these two tables, two T'S1 algorithms have satisfying relative errors and
stable performance, same as IRuccl-q. For these two non-Gaussian distributions, it becomes
harder to successfully recover low rank matrix for LMaFit and LRGeomCG, especially when

rank r > 10.
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Table 3.5: Comparison with random matrices generated from (0,1) uniform distribution.
Rank r is given and m=n =100, SR =0.4, with stopping criterion tol =1075.

Problem TS1-s1 TS1-s2 sIRLS-q* |
rank FR rel.err  time rel.err  time | rel.err  time
7 0.3377 | 5.67e-06 0.16 | 5.30e-06 0.14 | 7.30e-06 1.85
8 0.3840 | 6.73e-06  0.18 | 6.46e-06 0.15 | 1.96e-02 3.78
9 0.4298 | 9.13e-06 0.24 | 8.42¢-06 0.20 — —
10 0.4750 | 7.62e-06 0.27 | 7.12¢-06 0.20 — —
14  0.6510 | 2.23e-05 0.59 | 9.24e-06 0.44 — —
15 0.6937 | 2.34e-05 0.81 | 1.12e-05 0.58

Problem IRucL-q LMakFit LRGeomCG
rank FR rel.err  time | rel.err time | relerr  time
7 0.3377 | 9.55e-06  5.00 | 1.98e-06 0.05 | 1.48¢-06 0.08
8 0.3840 | 1.08¢-05 4.86 | 2.41e-06 0.06 | 1.58e-06 0.10
9 0.4298 | 1.57e-05 6.48 | 2.26e-02 0.13 | 2.01e-06 0.14
10 0.4750 | 1.80e-05 7.09 | 7.28e-03 0.11 | 2.09¢-06 0.13
14 0.6510 | 3.75e-05 13.15 | 1.66e-01 0.18 | 1.24e-01 0.44
15 0.6937 | 5.58e-05 17.14 | 2.18¢-01 0.16 | 1.71e-01 0.76

Table 3.6: Comparison with random matrices generated from Chi-square distribution with
k=1 (degree of freedom). Rank r is given and m =n =100, SR =0.4, with stopping criterion
tol =107,

Problem TS1-s1 TS1-s2 sIRLS-q* |
rank FR rel.err  time rel.err  time | rel.err  time
7 0.3377 | 9.09e-06 0.23 | 8.56e-06 0.20 | 1.82e-05 1.84
8 0.3840 | 1.06e-05 0.27 | 8.31e-06 0.22 | 1.69e-02 2.59
9 0.4298 | 9.90e-06 0.30 | 8.79¢-06 0.25 — —
10 0.4750 | 9.52e-06 0.33 | 8.64e-06 0.28 — —
14  0.6510 | 1.48e-05 0.64 | 1.20e-05 0.58 — —
15 0.6937 | 2.23e-05  0.83 | 1.32e-05 0.73 — —
Problem IRucL-q LMakFit LRGeomCG
rank FR rel.err time rel.err  time | rel.err  time
7 0.3377 | 1.26e-05 5.65 | 3.08¢-06 0.04 | 1.80e-06 0.05
8 0.3840 | 1.70e-05 7.15 | 3.29¢-06 0.04 | 2.19¢-06 0.06
9 0.4298 | 2.21e-05 8.33 | 3.75e-06 0.08 | 6.83e-03 0.11
10 0.4750 | 2.23e-05 8.56 | 4.25e-06 0.09 | 5.93e-02 0.14
14 0.6510 | 5.50e-05 14.69 | 1.44e-01 0.15 | 1.46e-01 0.34
15 0.6937 | 6.61e-05 17.75 | 2.54e-01 0.15 | 3.03e-01 0.57
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Table 3.7: Numerical experiments for low rank matrix completion algorithms under rank
estimation. True matrices are uncorrelated multivariate Gaussian, m=n=100, SR =0.4.

Problem

TS1-s1

TS1-s2

FPCA

IRucL-q

LMakFit

rank FR

rel.err time

rel.err time

rel.err time

rel.err time

rel.err time

10

0.4750

7.46e-06 0.31

2.43e-03 0.38

2.26e-01 0.91

1.84e-05 3.41

2.64e-01 0.01

11

0.5198

1.04e-05 0.35

1.15e-02 0.52

2.23e-01 0.88

2.15e-05 4.09

2.48e-01 0.01

12

0.5640

9.94e-06 0.44

7.62e-03 0.54

2.28e-01 0.92

2.51e-05 4.46

2.44e-01 0.01

13

0.6078

3.71e-02 0.80

5.71e-03 0.68

2.25e-01 0.84

3.35e-05 5.61

2.24e-01 0.02

14

0.6510

7.02e-03 0.82

1.03e-03 0.65

2.23e-01 0.88

3.97e-05 6.41

2.19¢-01 0.01

15

0.6937

4.96e-03 0.95

2.88e-03 0.92

2.18e-01 0.88

4.82e-05 7.86

2.12e-01 0.02

Matrix completion with rank estimation

We conducted numerical experiments on rank estimation schemes. The initial rank esti-
mation is given as 1.5r, which is a commonly used overestimate. FPCA [44] is included
for comparison, while LRGeomCG and sIRLS-q are excluded. FPCA is a fast and robust

iterative algorithm based on nuclear norm regularization.

We considered two classes of matrices: uncorrelated Gaussian matrices with changing rank;
correlated Gaussian matrices with fixed rank (r=>5,10). The results are shown in Table
3.7 and Table 3.8. It is interesting that under rank estimation, the semi-adaptive TS1-sl
fared much better than TS1-s2. In low rank and low covariance cases, TS1-sl is the best
in terms of accuracy and computing time among comparisons. However, in the regime of
high covariance and rank, it became harder for TS1 methods to perform efficient recovery.
[RucL-q did the best, being both stable and robust. In the most difficult case, at rank =15
and FR approximately equal to 0.7, IRuclL-q can still obtain an accurate result with relative

error around 1075,
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Table 3.8: Numerical experiments on low rank matrix completion algorithms under rank
estimation. True matrices are multivariate Gaussian with different covariance, m =n =100,

and SR =0.4.

Problem

TS1-s1

TS1-s2

FPCA

IRuclL-q

LMakFit

rank cor

rel.err time

rel.err time

rel.err time

rel.err time

rel.err time

5 0.5

5.49e-06 0.20

6.77e-02 0.86

1.61e-05 0.12

7.50e-06 2.07

1.24e-01 0.01

5 0.6

5.45e-06 0.20

7.74e-02 0.91

1.69e-05 0.11

6.93e-06 1.76

9.12e-02 0.01

5 0.7

2.25e-06 0.25

1.04e-01 1.33

1.53e-05 0.12

4.71e-04 2.06

6.60e-02 0.01

10 0.5

1.10e-05 0.65

1.17e-01 1.14

1.21e-01 0.97

1.76e-05 3.35

9.66e-02 0.01

10 0.6

1.61e-02 0.76

1.32e-01 1.04

1.02e-01 0.86

2.72e-05 4.26

7.33e-02 0.01

10 0.7

9.14e-02 0.91

1.55e-01 0.93

9.11e-02 0.82

7.12e-04 4.59

5.06e-02 0.01

3.3.3 Image inpainting

As in [36, 62|, we conducted grayscale image inpainting experiments to recover low rank
images from partial observations, and compare with IRcul.-q and LMaFit algorithms. The
‘boat’ image (see Figure 3.2) is used to produce ground truth as in [36] with rank equal to 40
and at 512 x 512 resolution. Different levels of noisy disturbances are added to the original

image M, by the formula

Mol

lellr

M=M,+o

’

where the matrix ¢ is a standard Gaussian.

Here we only applied scheme TS1-s2. For IRucL-q, we followed the setting in [36] by choosing
a=0.9 and A=10"%0. Both fixed rank ( LMaFit-fix ) and increased rank (LMaFit-inc)
schemes are implemented for LMaFit. We took fixed rank r =40 for TS1-s2, LMaF'it-fix and

IRucL-q.

Computational results are in Table 3.9 with sampling ratios varying among {0.3,0.4,0.5} and
noise strength ¢ in {0.01,0.05,0.10,0.15,0.20,0.25}. The performance for each algorithm is

measured in CPU time, PSNR (peak-signal noise ratio), and MSE (mean squared error).
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TS1-s2

Original image

Sample image with noise

LMaFit-inc

Figure 3.2: Image inpainting experiments with SR=0.3,0 =0.15.

Here we focus more on PSNR values and placed the top 2 in bold for each experiment. We
observed that IRucL-q and TS1-s2 fared about the same. Either one is better than LMakFit

In most cases.

104



Table 3.9: Numerical experiments on boat image inpainting with algorithms TS1, IRcul.-q

and LMaFit under different sampling ratio and noise levels.

Problem

TS1-s2

IRucL-q

LMakFit-inc

LMaFit-fix

SR o

Time PSNR MSE

Time PSNR MSE

Time PSNR MSE

Time PSNR MSE

0.3 0.01
0.3 0.05
0.3 0.10
0.3 0.15
0.3 0.20
0.3 0.25

27.2344.21 3.79¢-5
27.81 30.55 8.82¢-4
29.21 24.89 3.24e-3
26.3722.57 5.54e-3
26.7520.89 8.14e-3
26.9219.60 1.10e-2

85.97 43.28 4.70e-5
58.2529.551.11e-3
24.26 24.99 3.17e-3
27.6122.745.33e-3
24.4521.05 7.85e-3
23.7519.75 1.06e-2

5.70 32.80 5.25e-4
6.00 29.10 1.23e-3
5.59 19.74 1.06e-2
0.46 16.64 2.17e-2
5.95 14.68 3.41e-2
2.52 12.91 5.12e-2

2.17
2.81
5.74
4.84
3.52
1.85

45.02 3.15e-5
29.28 1.18e-3
18.52 1.41e-2
15.98 2.52e-2
14.03 3.95e-2
12.73 5.33e-2

0.4 0.01
0.4 0.05
0.4 0.10
0.4 0.15
0.4 0.20
0.4 0.25

26.29 44.30 3.71e-5
26.0530.58 8.75¢e-4
26.08 24.74 3.35¢-3
26.34 22.57 5.53e-3
29.04 20.89 8.15e-3
28.8419.56 1.11e-2

80.19 43.25 4.74e-5
63.20 29.39 1.15¢-3
32.58 24.86 3.27¢-3
26.30 22.72 5.35e-3
20.7321.08 7.81e-3
20.4819.68 1.08e-2

6.53 44.84 3.28e-5
4.62 29.09 1.23e-3
6.44 19.97 1.01e-2
2.52 16.78 2.10e-2
5.44 14.47 3.58e-2
5.70 12.79 5.26e-2

2.93
3.12
8.00
2.86
2.25
2.35

45.02 3.15e-5
27.91 1.62e-3
19.19 1.21e-2
16.21 2.40e-2
14.43 3.61e-2
12.57 5.54e-2

0.5 0.01
0.5 0.05
0.5 0.10
0.5 0.15
0.5 0.20
0.5 0.25

27.76 44.26 3.75e-5
27.89 30.54 8.82¢-4
29.56 24.80 3.31e-3
26.21 22.59 5.51e-3
28.0120.89 8.14e-3
29.8619.52 1.12¢-2

82.42 43.30 4.67e-5
64.19 29.47 1.13e-3
30.50 24.94 3.21e-3
24.2422.745.32¢-3
22.5121.07 7.82¢-3
18.3219.71 1.07e-2

5.04 34.50 3.55e-4
5.81 28.63 1.37e-3
2.78 19.92 1.02e-2
2.71 16.73 2.12e-2
4.44 15.67 2.71e-2
5.54 12.62 5.48e-2

2.79
2.79
3.54
2.67
2.42
3.24

45.01 3.15e-5
29.62 1.09e-3
19.09 1.23e-2
16.32 2.33e-2
14.38 3.65e-2
12.74 5.32e-2
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Chapter 4

Conclusion

A non-convex sparsity promoting penalty function, the transformed {; (TL1), is studied for
optimization problems with its applications in compressed sensing (CS) and matrix comple-
tion. Exact recovery theory with RIP condition, as well as some local minima properties are
proposed and proved. For compressed sensing problems, several TL1 algorithms are devel-
oped, including difference of convex functions and thresholding algorithms. They are tested
with state-of-the-art methods, and show their advantages. TL1 is also expanded as a ma-
trix quasi-norm, T'S1, which is applied to solve matrix completion problems. A fixed point
representation theory is proposed for the constrained matrix optimization. TS1 iterative
thresholding algorithms are developed and compared with some state-of-the-art algorithms
on matrix completion test problems. In the future, I will research and test acceleration

methods to speed up DCATL1 algorithm.
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