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Two-Color Laser High-Harmonic Generation in Cavitated
Plasma Wakefields

C. B. Schroedera), C. Benedetti, E. Esarey and W. P. Leemans

BELLA Center, Lawrence Berkeley National Laboratory, Berkeley, CA 94720 USA
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Abstract. A method is proposed for producing coherent x-rays via high-harmonic generation using a laser interacting with highly-
stripped ions in cavitated plasma wakefields. Two laser pulses of different colors are employed: a long-wavelength pulse for
cavitation and a short-wavelength pulse for harmonic generation. This method enables efficient laser harmonic generation in the
sub-nm wavelength regime.

INTRODUCTION

Coherent soft x-ray and vacuum ultraviolet light sources are of interest for many applications, and high-harmonic
generation (HHG) is a compact method for producing ultrafast, coherent light in this spectral region (for a review,
see Ref. [1]). In HHG, an ultrashort laser is focused into a gas, generating multiple harmonics of the laser frequency.
Physically, harmonics are generated by bound atomic electrons that tunnel through the effective potential barrier
formed by the atom and laser field, oscillate semi-classically in the laser field gaining momentum, and recombine
with the parent atom, emitting high-energy photons (odd harmonics of the driving laser frequency).

The highest possible photon energy produced by the nonlinear HHG process ~ωmax is predicted by the HHG
cutoff rule [2]

~ωmax ' Ui + 3.17
(
mec2a2/4

)
, (1)

where Ui is the ionization potential of the gas and Up = mec2a2/4 is the laser ponderomotive potential, with ωmax
the maximum frequency of the emitted photon, ~ = h/2π the reduced Plank constant, me the electron mass, and
c the speed of light in vacuum. Here a is the normalized quiver momentum of the electron in the laser field, i.e.,
a2 ' 7.32 × 1019λ2[µm]IL[W/cm2] for a linear polarized laser pulse, with λ = 2πc/ω the laser wavelength and IL the
laser intensity. As indicated by Equation 1, higher photon energy is achieved by increasing the ionization potential
and/or increasing the laser intensity. For this reason noble gases (e.g., He with Ui = 24.6 eV or Ne with Ui = 21.6 eV)
are often employed for HHG.

Increasing the laser intensity, however, results in additional ionization and plasma production. The presence of
free plasma electrons can inhibit HHG via refraction, thereby reducing the laser intensity. Plasma-induced refraction
and defocusing can be prevented by relying on some form of laser pulse guiding, e.g., by propagation of the laser
pulse in a gas-filled hollow waveguide [3]. The plasma electrons also produce a phase velocity mismatch between
the driving laser and the harmonics, resulting in a reduced interaction length. For a broad laser pulse propagating in
an underdense plasma, the phase velocity, normalized to c, is βp = 1 + ω2

p/2ω
2, where ω is the light frequency and

ωp = kpc = (4πnee2/me)1/2 is the plasma frequency with ne the plasma electron density. The phase velocity mismatch
between the fundamental frequency ω1 and the Nh-th harmonic is given by ∆βp = (ω2

p/2ω
2
1)(1 − 1/N2

h ) ≈ (ω2
p/2ω

2
1)

for high-harmonic numbers Nh � 1. The resulting phase slippage is proportional to the plasma density ∆βp ∝ ne. This
slippage effect can severely limit the conversion efficiency between the laser fundamental and the harmonics, since
the effective interaction length is limited to the coherence length Lcoh between the fundamental and the harmonic (i.e.,



the propagation length required for the phase mismatch to reach π):

Lcoh =
2πcω1

ω2
pNh

. (2)

The number of photons will increase quadratically with the coherence length Lcoh. For example, if we consider 10%
ionization of a 1018 cm3 gas with λ1 = 0.8 µm light, 0.5 keV harmonics have a coherence length of only Lcoh = 43 µm.
Overcoming this plasma-induced phase slippage has been a challenge, limiting the extent of coherent x-ray sources
based on HHG.

One approach to achieving higher HHG photon energies is to use using longer wavelength laser pules to increase
the laser intensity (ponderomotive potential) while avoiding plasma production [4]. This method is effective since
Up ∝ a2 ∝ (ELλ1)2, where EL is the laser electric field, and the ionization rate is determined by the laser electric field.
Using a long-wavelength pulse allows a large ponderomotive potential (for higher energy HHG) and a small laser
electric field (for reduced plasma production). HHG using a long-wavelength pulse is challenging since the slippage
is more severe, i.e., making phase matching more difficult, and owing to reduced HHG efficiency [5]. Since the
return time of the electron to the parent atom following ionization is proportional to the laser wavelength treturn ∼ λ1,
i.e., of order a single laser oscillation, longer HHG drive laser wavelength results in increased continuum electron
wave-packet spreading, and reduced probability of electron-atom recollision and high harmonic photon emission. The
efficiency of HHG has been shown to scale as ∝ λ−4

1 [6].
An alternative approach is to use a high-intensity pulse together with highly-stripped ions containing bound

electrons with a large ionization potential. Since the value of Ui for an ion in a high-charge state can be more than
an order of magnitude beyond that of the neutral atom, the cutoff energy, in principle, can be extended by an order
of magnitude by using high-charge state ions. The use of ions for HHG has been limited by the high density of free
plasma electrons that result from preparing the ions in high-charge states.

In Ref. [7] it was proposed to prepare high-charge stage ions by removing free-electrons using the space-charge
force of a dense electron beam (or intense laser pulse). In this paper, we propose to use two laser pulses of different
colors: a long-wavelength pulse to prepare ions with a bound electron in a high-charge state, and free of plasma
electrons, and a short-wavelength pulse for harmonic generation with high efficiency.

This concept is illustrated in Figure 1. Here we consider a long-wavelength pulse propagating in a high-Z gas.
The long-wavelength pulse generates some level ionization (preparing the ions in a state with the remaining bound
electrons having a large ionization potential), expelling the ionized electrons via the large ponderomotive force, form-
ing an electron free cavity, or bubble. A short-wavelength pulse is delayed with respect to the long-wavelength pulse
and co-propagates in the co-moving ion cavity. The short-wavelength pulse has a large electric field and can generate
higher laser harmonics, cf. Equation 1, using the remaining bound electrons, with high efficiency owing to its short
wavelength.

ION CAVITY FORMATION

Tightly focused laser pulses of sufficient intensity can expel plasma electrons, leaving behind a nearly uniform ion
cavity [8–10]. Here we consider an intense laser pulse propagating through a high-Z gas such that the laser ionizes the
gas to some charge state, but not completely stripped of bound electrons, and the transverse laser intensity gradient
ponderomotively expels the ionized electrons from the region of high laser intensity. The laser intensity required for
electron cavitation (also referred to as bubble formation) can be estimated by considering a transverse laser pondero-
motive force sufficiently strong to balance the space-charge force created by the ion cavity ∇φ ∼ ∇γ⊥, where φ is the
space-charge potential of the ion cavity normalized to mec2/e and γ2

⊥ = 1 + a2
0 is the Lorentz factor of the transverse

quiver motion of an electron in a circularly polarized laser pulse. The density perturbation is, via the Poisson equa-
tion, of δn/n0 = n/n0 − 1 = k−2

p ∇
2φ ∼ k−2

p ∇
2
⊥φ. Hence cavitation (δn ∼ n0 to a radius greater than the laser spot size)

requires laser intensities satisfying [10],

a2
0/(1 + a2

0)1/2 >
(
kpw0

)2
/4, (3)

assuming circular polarization (for linear polarization a2
0 → a2

0/2).
The expelled electrons will return to the evacuated channel via the space-charge force provided by the ions.

The electron response time to the space-charge separation will be the nonlinear plasma frequency ωpγ
−1/2
⊥ . Therefore
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FIGURE 1. Simulation of ion cavity formation using a 10 µm CO2 laser pulse (a0 = 1, circularly-polarized, 75 µm spot size,
and 500 fs RMS duration) propagating in a plasma density of n0 = 1015 cm−3. Color scale indicates electron density, n/n0. The
dashed yellow curve is the envelope of the CO2 laser pulse. The white dotted curve represents a delayed 0.4 µm (a1 = 0.05,
linearly-polarized, 75 µm spot size, 50 fs RMS duration), frequency-doubled Ti:Al2O3 pulse for laser harmonic generation.

the short-wavelength HHG-drive pulse should be separated from the long-wavelength pulse for cavity formation by
τsep < γ1/2

⊥ ω−1
p . Note that, since the long-wavelength pulse driving the cavity formation is propagating in plasma, the

short-wavelength HHG drive pulse will slip forward with respect to the long-wavelength pulse. However, for typical
parameters, this slippage distance is much larger than the coherence length and larger than the Rayleigh length ZR of
the focused pulses, Lslip > ZR � Lcoh.

The phase velocity of the HHG-drive laser will be determined by the laser spot size w1 and wavenumber: βp ≈

1 + 2/(w2
1k2

1), which will lead to phase slippage with respect to the harmonics (with phase velocity βp ≈ 1 for Nh �

1). Therefore, larger laser spots should be used to eliminate this geometrical effect. Ion cavities with large radial
dimensions, facilitating large laser spot sizes, can be created in the nonlinear regime. Cavity formation in the nonlinear
regime is also accessible using high-density relativistic electron beams, as discussed in Ref. [7].

HIGH-HARMONIC GENERATION

The spectrum of the emitted HHG radiation can be calculated from the dipole moment responsible for the polarization
current and radiation emission [1]. The dipole moment r(t) = 〈ψ|r|ψ〉, where |ψ〉 is the time-dependent wavefunction
for a single electron, can be expressed as [11]

r(t) ∼
∑

ti

e−iS/~ + c.c., (4)

where the summation is over the ionization times ti that return to the atom at t, and S is the action along the classical
trajectory. For a weakly-relativistic laser field a2 � 1, the action is given by the dipole approximation

S (t, ti) =

∫ t

ti
dt′

{
Ui + mec2 [

q1 − a(t′)
]2 /2

}
, (5)

where

q1(t, ti) =
1

(t − ti)

∫ t

tt
dt′a(t′), (6)

and a(t) = a1 cos(ω1t + ϕ) with ϕ a constant laser phase. Here contributions to order O(a4) as well as space-charge
fields in the ion cavity have been neglected. The transverse space-charge field may be neglected compared to the laser



field if (k1w1)(kp/k1)2 � a1. The longitudinal space-charge force may be neglected if the longitudinal displacement
from the atom is sufficient small k1∆z � α, where α is the fine structure constant. This condition will be satisfied if
(k1L1)(kp/k1)2 � α, where L1/c is the HHG drive laser duration and assuming the HHG drive laser is located near the
center of the ion cavity.

As an example of this concept, consider cavity formation using a short pulse, 10-µm CO2 laser pulse. Progress in
CO2 laser technology has opened the possibility of sub-ps pulse durations that would enable efficient (i.e., resonant,
with duration of order the plasma period) plasma wake field excitation at plasma densities ∼1015 cm−3, and such laser
systems are expected to become available in the next several years [12]. A frequency-doubled Ti:Al2O3 laser, delayed
and co-propagating in the ion cavity, may be considered to drive HHG. For example, a 10 µm CO2 laser pulse, with
laser parameters a0 = 1 (circularly polarized), 75 µm spot size, and 500 fs RMS duration, propagating in Ar gas of
atomic density 1.4× 1014 cm−3 will ionize the gas to Ar7+ yielding a plasma electron density of 1015 cm−3. This long-
wavelength pulse satisfies Equation 3 and will form an electron-free, co-propagating ion cavity (as shown in Figure
1). A linearly-polarized 0.4-µm pulse with a1 = 0.05 propagating in the ion cavity will drive HHG using the bound
electron with Ui = 143.5 eV. Figure 2 shows the HHG spectrum (Fourier transform of the dipole moment |r(ω)|)
calculated using Equation 4–6. Equation 1 predicts the maximum harmonic ωmax/ω1 = 373, with maximum photon
energy of ~ωmax = 1.2 keV.
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FIGURE 2. HHG spectrum generated in an electron free, Ar7+ ion cavity (Ui = 143.5 eV) driven by a 0.4-µm laser pulse with
a1 = 0.05.

SUMMARY AND DISCUSSION

In this paper we have described a method for producing coherent x-rays via high-harmonic generation using an laser
interacting with highly-stripped ions in cavitated plasma wakefields. This method uses two laser pulses of different
colors. A long-wavelength pulse propagating in a high-Z gas generates some level ionization (preparing the ions in
a state with the remaining bound electrons having a large ionization potential) and expels the ionized electrons via
the large ponderomotive force, forming an electron free ion cavity. A short-wavelength pulse is delayed with respect
to the long-wavelength pulse and co-propagates in the co-moving ion cavity. The short-wavelength pulse has a large
electric field and can generate higher laser harmonics, using the remaining bound electrons, with high efficiency. This
method enables efficient laser harmonic generation in the sub-nm regime.

Using this method, the laser intensity may be increased to extend the maximum HHG photon energy, until the
laser drives the electron motion to relativistic velocities. At relativistic laser intensities, the magnetic field of the laser
strongly influences the electron motion via the nonlinear v × B Lorentz force, and this force produces motion of the
electron in the direction of laser propagation. As a result, the electron wave packet will not return to the atom and
hence there will be no recombination and harmonic emission [13].
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Kieffer, P. B. Corkum, and D. M. Villeneuve, Phys. Rev. Lett. 103, p. 073902 (2009).
[6] M. V. Frolov, N. L. Manakov, W.-H. Xiong, L.-Y. Peng, J. Burgdörfer, and A. F. Starace, Phys. Rev. A 92,

p. 023409 (2015).
[7] C. B. Schroeder, E. Esarey, E. Cormier-Michel, and W. P. Leemans, Phys. Plasmas 15, p. 056704 (2008).
[8] P. Mora and T. M. Antonsen, Jr., Phys. Rev. E 53, R2068–R2071 (1996).
[9] A. Pukhov and J. Meyer-ter-Vehn, Appl. Phys. B 74, 355–361 (2002).

[10] E. Esarey, C. B. Schroeder, and W. P. Leemans, Rev. Mod. Phys. 81, p. 1229 (2009).
[11] M. Lewenstein, P. Balcou, M. Y. Ivanov, A. L’Huillier, and P. B. Corkum, Phys. Rev. A 49, 2117–2132

(1994).
[12] I. V. Pogorelsky and I. Ben-Zvi, Plasma Phys. Control. Fusion 56, p. 084017 (2014).
[13] M. W. Walser, C. H. Keitel, A. Scrinzi, and T. Brabec, Phys. Rev. Lett. 85, 5082—5085 (2000).

DISCLAIMER

This document was prepared as an account of work sponsored by the United States Government. While

this document is believed to contain correct information, neither the United States Government nor

any agency thereof, nor the Regents of the University of California, nor any of their employees,

makes any warranty, express or implied, or assumes any legal responsibility for the accuracy,

completeness, or usefulness of any information, apparatus, product, or process disclosed, or

represents that its use would not infringe privately owned rights. Reference herein to any specific

commercial product, process, or service by its trade name, trademark, manufacturer, or otherwise,

does not necessarily constitute or imply its endorsement, recommendation, or favoring by the United

States Government or any agency thereof, or the Regents of the University of California. The views

and opinions of authors expressed herein do not necessarily state or reflect those of the United

States Government or any agency thereof or the Regents of the University of California.




