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ABSTRACT OF THE DISSERTATION 
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 Many economic variables are observed to be highly persistent (Nelson and 

Plosser (1982)).  In hypothesis testing, the nearly integrated regressor may cause a 

huge size distortion.  The first chapter examines this problem in the predictive 

regression setting.  We show how the rejection of hypothesis test is caused in the 

presence of a highly persistent regressor, by using four typical empirical settings 
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including predicting stock returns.  The rejections may not indicate predictability or 

rejection of the model.   

The second chapter considers cointegration when the regressor has a near 

but not exact unit root.  Elliott (1998) pointed out that when the data is not exactly 

integrated, the test statistics will be severely biased.  We examine the relevance of 

this explanation in four empirical settings.  We will show that the rejection of the 

test in the presence of a near unit root variable is a common problem.  We also 

consider alternative procedures. 

The third chapter examines alternative testing procedures in the predictive 

regression setting.  One is a variable-addition method by Toda and Yamamoto 

(1995).  Others are Supbound t-test,  Bonferroni t-test, and Bonferroni Q-test.  In 

terms of power, Bonferroni Q-test outperforms. 
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Chapter 1 

Hypothesis Testing in the Predictive Regression 
with Nearly Integrated Variables: Some Empirical 

Evidence 
 

Abstract 
Many economic variables are observed to be highly persistent (Nelson and Plosser 

(1982)).  In hypothesis testing, the nearly integrated regressor may cause substantial size 
distortion under the conventional standard normality assumption.  By using four typical 
empirical settings including predictability of stock returns, we explain how rejection of the 
hypothesis test is caused by the presence of a near unit root in the regressor.  The rejection 
may not necessarily indicate predictability or rejection of the model. 
 

1.1 Introduction 

The objective of this paper is to examine hypothesis testing in the predictive 

regression model when the regressor has a near unit root.  We typically compute 

the t-statistic or F-statistic to test significance of predictability and make a decision 

with conventional critical values.  However, there is not always agreement about 

whether the regressor is stationary.  Examples are forward premium in testing 

forward market unbiasedness (Engel (1996)) or dividend price ratio for testing 

stock return predictability (Elliott and Stock (1994)).  If the regressor has a near or 

an exact unit root, the standard normality assumption will not be applicable and use 

of conventional critical values may lead to an over rejection problem in this setting.  

The rejection of the null hypothesis of no predictability may not indicate 

predictability, but instead be due to size distortion caused by the presence of a near 

unit root. 

 1
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 It is plausible to consider the influence of a near unit root on hypothesis 

testing.  As shown by Nelson and Plosser (1982), many macro and finance 

variables do not reject the existence of a unit root in a typical unit root test.  This 

result indicates that the largest root of many variables are near unity, although 

possibly unity.  In the permanent income hypothesis context, Mankiw and Shapiro 

(1985) pointed out that the hypothesis is rejected because the regressor (income) 

has a unit root.  Elliott and Stock (1994) showed that when the largest root of the 

regressor is near one, the asymptotic distribution of the t-statistic is a mixture of the 

standard normal and the Dickey-Fuller distributions, depending on the magnitude 

of the largest root and the nonzero long run correlation between the innovation of 

the regressor and the error of the predictive regression equation.  Use of standard 

normality assumption in this situation will cause a substantial size distortion. 

 The main purpose of this paper is to apply the idea of Elliott and Stock 

(1994), explaining that the rejection of the hypothesis in the typical empirical 

setting is due to size distortion caused by the presence of a near unit root.  The 

paper is organized as follows.  Section 2 shows that typical empirical tests can be 

considered in a unified econometric model.  Section 3 examines how we estimate 

the largest root and long run correlations, which may cause the size distortion in 

hypothesis testing.  In section 4, we apply the idea of Elliott and Stock (1994) to 

four empirical settings; predictability of stock returns, the forward market 

unbiasedness, the term structure of interest rates, and the permanent income 
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hypothesis.  We estimate the confidence interval for the largest root and long run 

correlation, and try to show that the rejection of the hypothesis in the literature may 

be due to the presence of a near unit root, and may not necessarily indicate 

rejection of the expectation model.  Section 5 concludes. 

1.1 A Unifying Econometric Model 

The model is 

(1) 1t x tx uμ= +  

(2) 1 2t y ty x tuμ β −= + +   

where 1 1(1 ) ( ) t tL a L uρ ε− = , is a order polynomial in the lag 

operator,

( )a L thk

2( ) tL u 2tϕ ε=  and ( )1 2,t t tε ε ε= with '
t tE ε ε⎡ ⎤ = Σ⎣ ⎦ .  We have factored out 

the root ρ in the dynamics of the covariate tx  and identify this root as the largest 

root in the polynomial.  In each regression the variables are univariate.  We could 

include time trends (and we would typically expect at least a constant in each 

regression).  

 We wish to test the hypothesis : 0oH β = versus the alternative hypothesis 

: 0aH β ≠ . 

 A large number of applied problems can be and/or have been related 

directly to the model (1) and (2).  First, in finance a great deal of attention has been 

given to the possibility that stock market returns are predictable.  In the context of 

(2) we have ty being stock returns from period t-1 to t and 1tx − is any predictor 
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known at the time one must undertake the investment to earn the returns ty .  

Examples of predictors include dividend price ratio, earnings to price ratios, 

interest rates or spreads.  In many cases the t-statistic testing the null hypothesis is 

significant using the conventional critical values assuming that the t statistic has an 

asymptotic standard normal distribution.  Fama and French (1988) reject the 

hypothesis of no predictability of returns using the dividend price ratio as a 

predictor for a number of periods.  Campbell and Shiller (1988) and Hodrick 

(1992) also present similar results. 

 The model of (1) and (2) also well describes the regression run at the heart 

of the ‘forward market unbiasedness’ puzzle.  Typically such a regression regresses 

the change in the spot exchange rate from time t-1 to t on the forward premium, 

defined as the forward exchange rate at time t-1 for a contract deliverable at time t 

less the spot rate at time t-1 (which through covered interest parity is simply the 

difference between the interest rates of the two currencies for a contract set at time 

t-1 and deliverable at time t).  The uncovered interest parity hypothesis, a linchpin 

of the monetary theory of the exchange rate that suggests that exchange rates are 

determined in the international capital markets through no arbitrage requirement 

that links interest rates and exchange rates suggests that for such a regression the 

coefficient on the regressor should be equal to one.  This fits the format of the 

model in (1) and (2) by noting that the t statistic testing that the regression 

coefficient is equal to one is numerically identical to the t statistic testing the 
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coefficient equal to zero in (2) where we use ty equal to the spot exchange rate at 

time t less the forward rate at time t-1.  The regression coefficient in this regression 

is then 1bβ = − where b is the expected unity coefficient.  This regression has 

generated a huge literature, primarily because conventional critical values indicate 

that the hypothesis that =1 cannot only be rejected but that typically it is 

negative

b

1

 As noted the literature on this regression and finding is huge.  Froot and 

Thaler (1990) give a review and document the ‘negative ’ findings of a large 

number of papers.  Recent work includes Bekaert and Hodrick (1993), who look for 

a number of different issues like measurement errors as a source of bias.  See book 

Hodrick (1987) for extensive survey. 

b

 The third area that fits this regression is the term structure of the interest 

rate theory.  The expectations hypothesis of the term structure says that an N-period 

(N>1) bond yield is the average of expected future one-period bond yield.  If a 

yield curve is upward sloping (that is, an N-period bond yield is currently higher 

than one-period bond yield), then one-period bond yield is expected to rise.  In the 

predictive regression setting, this hypothesis is tested by regressing a change in a 

long-period yield from t to t+1 on a yield spread between long- and one-period 

yields at t.  The hypothetical β  is one.  A typical empirical study finds β is not 

                                                 
1 A second reason this negative coefficient is considered damning is that it is erroneously believed 
in the literature that this means that the forward actually on average gets direction wrong, suggested 
that when the forward predicts a depreciation then there is on average an appreciation.  This is not 
true and is a misunderstanding of linear regression that permeates the international literature. 
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only significantly different from one, but systematically negative.  The expectations 

hypothesis does not seem to hold in data.  Campbell and Shiller (1991) argued that 

the existence of time-varying risk premia makes the expectations hypothesis fail in 

data.  Lanne (2000) has another explanation.  Lanne claimed that because the yield 

spread is highly persistent, the conventional statistical inference method leads to a 

wrong conclusion.   

 The permanent income theory of consumption has been tested using 

regressions along the lines of the model in (1) and (2).  In many variants of this 

theory the change in consumption should react only to surprises, and hence should 

be orthogonal to information dated at the time consumption decisions are made.  

Thus in this case ty is the change in consumption expenditure from time t-1 to t and 

1tx − is any information that should have been taken into account at time t-1 in 

making the consumption decision.  Hall (1978) employed income as the predictor.  

Flavin (1981)  found the change in consumption is very sensitive to the income.  

On the other hand, Mankiw and Shapiro (1985) examined the possibility that 

because the disposable income is nearly random walk, we tend to reject the null 

hypothesis that a change in consumption is a martingale difference sequence (that 

is, 0β = ). 

 A common feature of all of these regressions is that the choice of the period 

for the test appears to matter for the result.  The indication is that the point estimate 

for β  seems to vary more than one would expect if it had a sampling distribution 
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that were well approximated by the usual asymptotic normal distribution that arises 

from using standard ‘stationary’ distribution theory. 

 A second common feature of each of these regressions is that in each case 

the regressor that causes the rejections of economic theory, tx , tends to be quite 

persistent.  By this we mean that observations that are quite far apart temporally are 

still correlated.  We capture this feature of the model by writing the model for the 

regressor as being an autoregression.  In addition, we factor out the largest root of 

this autoregression , ρ , as this will be important econometrically.  It has been 

notice before that for each of these problems, accounting for a suitable model for 

the deterministic part of the model, that this parameter is large enough that it is 

typically difficult to distinguish it from one empirically, i.e. unit root tests of the 

hypothesis that the tx  regressor has a unit root typically fail to reject this 

hypothesis.  For each of these variables confidence intervals are ‘wide’, meaning 

that roots that are far from one from an economic point of view also cannot be 

rejected.  Indeed, for many of these covariates it would be difficult economically to 

suggest that the regressor has a unit root.  A unit root in the forward premium 

would suggest that the forward rate and the spot rate become arbitrarily far apart 

over time, suggesting a model where interest rates between countries become 

infinitely different.  In the term structure model the interest rate level itself would 

be drifting off to infinity or collapsing to zero (permanently). 
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If the covariates tx  are persistent, then this affects the sampling distribution 

of the estimates for β  and the corresponding hypothesis tests on this parameter.  

For roots ρ and roots of ( )A L relatively small this results in a bias of order 

 in the coefficient estimator.  The failure of unit root tests to distinguish 1(pO T − )

ρ from one empirically suggests that better approximations to the sampling 

distributions may arise when we consider modeling the covariate for asymptotic 

approximation purposes as being integrated or near integrated (so that ρ  is near to 

or equal to one).  Indeed, most tests for a unit root have very good power against 

local alternatives for which the typical  bias is relevant.  Since these tests 

typically do not reject then regions of the parameter 

1(pO T − )

ρ  in a local neighbourhood of 

one seem to be the relevant ones.  We will examine in this paper the extent to 

which this feature of the models is responsible for the rejections in the literature. 

Assume also that  is serially correlate and has spectral density at 

frequency zero 

tu

1/ 2 1/ 2
11 11 22

1/ 2 1/ 2
11 22 22

ϖ δϖ ϖ
δϖ ϖ ϖ
⎛ ⎞

Ω = ⎜ ⎟
⎝ ⎠

 

The nuisance parameter δ  can be interpreted as the zero frequency correlation 

between the shocks driving the quasi difference of tx  (i.e. ( )1 tL xρ− ) and the 

regression function (i.e. ( )1t ty xβ −− ). 
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The t statistic testing the null hypothesis can be shown to have the 

distribution under the null equal to  

( )1/ 22( ) 1DFt tμβ δ γ δ⇒ + − z  

where ( )DFt μ γ  is the distribution (under the null of γ =0 or the local alternative if 

γ >0) of the well known Dickey and Fuller (1979) test of a unit root in an 

autoregression that includes a constant and is a standard normal distribution 

asymptotically independent of the Dickey and Fuller distribution.  This distribution 

is the sum of a nonstandard distribution and a standard normal, as such it is 

nonstandard.  The two parts of the distribution are independent.  There are a 

number of situations where the usual asymptotic normal critical values will give 

correct inference. 

z

First, it follows from Phillips (1987) that as γ → ∞  then ( )DFt μ γ  tends to a 

standard normal distribution.  Since this distribution is independent of , then the 

sum of the two pieces becomes better and better approximated by a standard 

normal distribution as 

z

γ  gets further from zero.  But such alternatives are those for 

which unit root tests have a very good power, i.e. they are situations where ρ  is far 

enough from one and the sample size is large enough that we would reject the unit 

root easily and thus not relevant to the examples listed above.  Instead, precisely 

because unit root tests have difficulty distinguishing ρ  from one, we expect that 

( )DFt μ γ  is such that it is closer to its null distribution than a standard normal 
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distribution.  Hence the distribution given above is likely to be a better 

approximating distribution for the t statistic testing 0β = . 

Alternatively, if 0δ = , i.e. if there is no contemporaneous correlation 

between the forecast error and the innovation to next periods forecast, then standard 

inference (comparing the t statistic to a normal curve for an asymptotic 

approximation) appropriate since the nonstandard piece disappears. 

In general, however, the t statistic here is not centered on zero and is 

skewed.  For positive δ , we have that the statistic is centered below zero and is 

skewed to the left.  This is precisely a consequence of the skewness and centering 

of the ( )DFt μ γ  part of the asymptotic distribution.  The converse hold for δ <0.  To 

accurately test the hypothesis of lack of unbiasedness in this framework, one 

requires a distribution that depends on the nuisance parameter δ  and mixes the 

Dickey and Fuller distribution with a standard normal. 

Thus tests with integrated or near integrated regressors are problematic.  

Failure to realize the impacts of these correlations on the hypothesis test (i.e. 

proceeding as if the t statistics had asymptotic normal distributions or that the F 

statistics have asymptotic chi-square distributions) results in overrejection.  Further, 

there is no simple method for constructing the alternate distributions, especially 

when there is uncertainty over whether or not there is a unit root in the regressor 

(see Cavanagh et al. (1995). 

1.2 Nuisance Parameters 



 11

The asymptotic inference shows that there are two interesting nuisance 

parameters that arise when we are conducting inference in this situation.  One is the 

true value for the largest root in tx , ρ .  The other is the spectral correlation δ . 

1.2.1 Largest Root in the Regressor 

Typical asymptotic theory with 1ρ < suggests that with a large enough 

sample the asymptotic inference based on the standard normal distribution will 

provide a good approximation to the limiting distribution for β .  Whilst this is true, 

there is a region of values for ρ  near one where for any sample size the normal 

approximation fails to provide a useful approximation to the sampling distribution.  

Above it was discussed that the relevant region is where ρ is local to one, in the 

sense of having γ  fixed where ( 1T )γ ρ= − .  Notice that for a fixed sample size T 

(which is the case for any application), then there is a one to one correspondence 

between values for ρ  and γ .  It will be in this sense that we refer to these 

interchangeably, even though strictly speaking γ  is not a parameter of the model 

(whereas ρ  is) but is a device used to indicate relevant asymptotic approximating 

distributions for pairs of ρ  and T.  

An indication of how to examine the relevance of the influence that the 

persistence in the covariate on the hypothesis test rejections found in practice then 

becomes in part what reasonable values for γ  (i.e. ρ  given sample size) accord 

with the data.  We can of course estimate ρ , simple estimators such as OLS 
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provide a consistent estimate.  The largest root can be estimated by running the 

OLS regression 

(3) 
*

1 1( )xt t tx bx a L x 1tμ ε− −Δ = + + Δ +  

where (1 ) (1)x aμ ρ= − , (1 ) (1)b aρ= −  and  has elements *( )a L *
1

k
ii i j

a a
= +

= −∑  

and ( )1( ) 1 (1 ) ( )a L L L b Lρ−= − − .  Notice that the estimator for the largest root is 

not the coefficient on 1tx −  in this regression, but can be recovered from the 

regression.  This gives some idea of the effect, in the sense that we will have an 

estimator ( 1Tγ ρ= − ) .  However this estimator has a random distribution that is 

not centered on γ  and is strongly biased and skewed.  Indeed, if one were to treat 

γ  as a parameter to be estimated then no consistent estimator is available2.  The 

bias is toward greater values, so relying on estimates will give some idea of the size 

of the problem however will on average underestimate it.  

An alternative approach would be to place a confidence interval on the 

value for ρ .  Given the sample size we can for shorthand purposes refer to this as a 

confidence interval on γ .  Since the estimator ρ  does not have a standard 

asymptotic normal distribution, then computing such confidence intervals does not 

amount to adding and subtracting a proportion of the estimated standard error of the 

estimator (Stock (1991)).  Instead, returning to first principles in confidence 

                                                 
2 It makes little sense to consider γ  as a parameter of the model, as noted earlier it is just a 
shorthand method of indexing the pair ρ ,T .  Claims of estimateability of this parameter usually 
amount to situations where this parameter is no longer the local object of interest. 
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interval construction, a valid confidence interval can be constructed by collecting 

the set of values for ρ  that cannot be rejected in a hypothesis test.  This method is 

equivalent to ‘inverting’ a test for a unit root.  Stock (1991) first provided such a 

method through the inversion of the ADF test for a unit root.  Since the properties 

of the confidence interval are directly linked to the properties of the test used in the 

inversion, i.e. shorter confidence intervals can be related to the inversion of higher 

power tests, Elliott and Stock (2001) provided methods that enable construction of 

confidence intervals based on inverting asymptotically efficient tests for a unit root.  

They show that confidence intervals based on inverting the  test for a unit root 

provide near optimal confidence intervals provided the initial condition (i.e. value 

for 

TP

tx  after removing deterministics) is asymptotically small. 

We will in the empirical work examine confidence intervals based on both 

of these methods for obtaining a confidence interval for ρ . 

1.2.2 Frequency Zero Correlation 

Unlike the root parameter, the spectral correlation is in principle 

consistently estimable, even without knowledge of ρ .  A wide array of estimators 

are available, however they can be split up into two approaches: the sums of 

variances approach and the autoregressive approximation approach.  In both of 

these approaches the method is to first estimate the simple regression models in 

equations (1) and (2) ignoring any extra serial correlation and then to construct the 
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OLS residuals from these regressions.  Denote these estimated residuals as 

 for . 1 2,t tu u u⎡ ⎤= ⎣ ⎦t

⎤⎦

2,...,t T=

The first of these, sums of variances approach, arises naturally out of the 

definition of the zero frequency and included popular methods such as the Newey 

and West (1987) estimator.  We have definitionally that 

( )
j

j
∞

=−∞

Ω = Γ∑  

where  (so is just the variance covariance matrix at each lag and 

lead).  The sums of covariances approach then would use 

( ) t t jj E u u +⎡Γ = ⎣

'1
| | 1

( ) T
t t jt j

j T u u−
+= +

Γ = ∑  

to estimate Ω .  Two practical problems arise, the various solutions to which 

account for the wide variety of estimators of this matrix. 

First, we have only T  observations, so cannot possibly compute the 

variance covariance matrices outside of this range.  Even then, when j is large 

compared to T  we would have few observations for estimating variance covariance 

matrix and so the estimates will be very poor.  This means that we have to choose a 

‘cutoff’ point and only compute the covariances up to some largest value for j  , 

say maxj .  Different methods for choosing maxj , called the ‘window,’ result in 

different estimators.  Estimators would then be  

max

max

'1

| | 1

j T

t t j
j j t j

T u u−
+

=− = +

Ω = ∑ ∑  
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The second problem is that we know that Ω  is a positive definite matrix (as 

it is the long run version of a variance covariance matrix).  However estimates 

formed this way need not be positive definite estimate (
'1

| | 1
(0) T

t tt j
T u−

= +
Γ = ∑ u ) for 

the covariances (any other choice for j ) we do not.  If we had the true (instead of 

estimated) covariances they would add up to a positive definite matrix.  But the 

estimated ones, especially poorly estimated covariances, which become worse as j  

gets far from 0 as we have less observation can be so error ridden as to outweigh 

the variance covariance and result in a negative definite.  The response to this, 

borrowed from the frequency domain estimation literature (of which this is really 

just a special case), is to put weights (less than one, so downweight) on the 

covariances so that they are smaller.  The estimator is then of the form 

max

max

1

| | 1

j T

t t jj
j j t j

w T u u−
+

=− = +

Ω = ∑ ∑  

where usually .  Different weights result in different estimators.  The Newey 

and West (1987) have a Bartlett kernel (weight), and Andrews (1991) examined 

various estimators with different choices of the weights and also the window sizes. 

0 1w =

Autoregressive approximations take a different approach, based on the 

results of Berk (1974).  In the case of stationary , the Wold representation 

theorem states that there is a moving average representation 

tu

( )t tu C L ε=  where 

.  The theoretical relationship of interest here is that  where '
t tE ε ε⎡ ⎤ = Σ⎣ ⎦

'(1) (1)C CΣ
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0
(1) ii

C ∞

=
=∑ C

t

.  In practice, it is much easier to note that for invertible moving 

averages that this implies that we have a vector autoregression ( ) tA L u ε=  which 

can be inverted so 1( )t tu A L ε−=  and so '1 1(1) (1)A A− −ΣΩ = .  In this sense a  two 

step approach to estimation ca be considered.  First run a vector autoregression on 

the estimated residuals, i.e. run *
1( )t tu A L u tε−= +  and save the estimates iA , tε . 

We then have the estimator 

max max
1 1

* *'1

1 1 1

k kT

i it t
i t i

I A T I Aε ε
'− −

−

= = =

⎛ ⎞ ⎛ ⎞⎛ ⎞
Ω = − −⎜ ⎟ ⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠ ⎝ ⎠
∑ ∑ ∑  

In principle here we should have an infinite number of , but these too are 

impossible to compute with T observations.  Here as above we need to choose a 

‘window’ .  Here the window is just the lag order in the VAR run on the 

estimated residuals.  There is no need for weights as the formula is a quadratic, 

which must be positive definite by construction. 

iA

maxk

There are also hybrid approaches.  It should be clear that when we choose 

that we are using a fixed length autoregression to approximate what is 

potentially an infinite MA process.  This is not unreasonable, intuitively and 

theoretically.  Since for a fixed lag length will be infinite order, it is 

reasonable.  Also, Berk (1974) shows that indeed under a number of assumptions 

such an approach will approximate well (i.e. provide a consistent estimate).  But it 

would be very inefficient if the true process for the serial correlation in the 

maxk

1( ) ( )A L C L− =
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residuals was a short MA process (as we approximate by an infinite order one).  On 

the other hand, we see that if the serial correlation in the residuals is well 

approximated by a short AR process, then the autoregressive approach is likely to 

work well as it is close to the truth.  Could a method work well both ways?  If we 

combine the methods-first ‘refilter’ using the AR approach and then apply the sums 

of covariances approach, we might get the best of both worlds.  This is the 

approach of Andrews and Monahan (1992), who use and AR(1) model to prefilter. 

In practice there are many problems with all of the approaches, so we will just 

try the major two ways of going about the problem. 

1.3 Empirical Results 

Now we apply the above ideas to the data.  The model to be considered 

consists of equations (1) and (2).  We analyze whether the rejection of the test on 

the predictability is due to a near unit root in the regressor 1tx − .  We examine four 

empirical examples:  predicting stock returns, the forward market unbiasedness, the 

expectations hypothesis of the term structure, and the permanent income hypothesis.  

The description of the data sets is found in Appendix. 

We estimate a 95% confidence interval for the largest root ρ in 1tx −  using 

the table given by Stock (1991).  The lag length in the equation (3) is decided based 

on the SIC.  The local-to-unity parameterγ  is estimated as ( )1T ρ − .  Although this 

estimatedγ  is not a consistent estimator, it might still give an idea about a 



 18

deviation of the largest root from unity.  We estimate β  in the predictive regression 

model by OLS.  The long-run (zero frequency) correlation δ  between  and  

is estimated with an autoregressive approximation (AR hereafter) and a non-

parametric approximation of Newey-West (1987) (NW hereafter). 

1tu 2tu

1.3.1 Predicting Stock Returns 

Testing predictability of stock returns is a popular research area in empirical 

finance.  Numerous works have investigated whether stock returns can be predicted 

by financial variables such as dividend-price ratio or earnings-price ratio.  In 

equation (2), ty  is stock return during time t and 1tx −  is the level or log of the 

dividend-price ratio at the end of time t-1.  Under the null hypothesis, β  is zero (no 

predictability).  As presented in Table 1, predictability (that is, β  is significantly 

larger than one) is often found in previous empirical studies.  For example, Fama 

and French (1988) tested predictability of stock returns with the level of dividend-

price ratio.  They found that as the forecasting stock return horizon increases, the 

evidence of predictability becomes stronger and 2R goes up as well.  Other 

empirical work includes Campbell and Hodrick (1988), Hodrick (1992), 

Stambaugh (1999), and others.  The results are similar.  Actually this finding of 

β >0 may not necessarily indicate the predictability of stock returns, but test 

statistics of β  may be biased because the dividend-price ratio is highly persistent.  

This possibility has been already examined by Stambaugh (1999), Torous, 
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Valkanov, and Yan (2005), and Campbell and Yogo (2006).  For example, by 

correcting the bias due to nearly integrated dividend-price ratio, Torous et al. 

(2005) found no predictability in long-horizon stock returns. 

By estimating nuisance parameters, we can also show that the highly 

persistent dividend-price ratio is causing the test statistics of β  to be biased 

positively.  The entire data period is from 1927:01 to 2000:12.  We also have the 

three subsamples: 1927:01-1951:12, 1952:01-2000:12, and 1977:01-2000:12.  It is 

conventional that the sample is split into two around the 1950’s.  We take another 

subsample 1977-2000 so that we can examine the very recent period.  In our study, 

1tx −  is the level of dividend price ratio as in Fama and French (1988) or Stambaugh 

(1999) and ty  is the stock return of one period ahead (where ‘period’ is one-month 

or one-year).  The computed stock returns are not overlapping for monthly returns 

or annual returns3

Table 2 reports our estimation results.  
'
sβ  are all larger than zero, as found 

in previous empirical studies.  If the t statistics are positively biased due to 

persistent dividend-price ratio, the signs of 'sδ should be negative.  We estimated 

'sδ by AR and NW approximations.  Indeed, they are all systematically negative.  

Additionally, from our 95% confidence intervals for ρ , we not only can tell the 

                                                 
3 In order to increase the sample size, it is common in empirical study to overlap stock returns (see 
Fama and French (1988)).  For example, annual returns are computed as follows.  If the first 
observation of the annual return is one from Jan 1951 to Jan 1952, then, the next observation is from 
Feb 1951 to Feb 1952.  So, the data overlaps from Feb 1951 to Jan 1952.  We avoided this 
overlapping. 
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dividend-price ratio is highly persistent, but also the t-statistics are positively 

biased because the dividend-price ratio is nearly integrated.  Most of the 95% 

confidence intervals include unity, which indicates that the dividend-price ratio is 

nearly integrated.  Furthermore, as the confidence interval becomes narrower 

around one, the t-statistic becomes even further away from zero.  The 95% 

confidence interval is narrowest for the subsample: 1952:01-2000:12, and for this 

subsample, the t-statistic is the largest.  Therefore, it is clear that we tend to find 

predictability (that is, positive
'
sβ ) because the dividend-price ratio is highly 

persistent and the test statistics tend to be positively biased. 

1.3.2 Forward Market Unbiasedness 

The forward market unbiasedness states that forward exchange rate is an 

unbiased predictor of future spot rate conditional on the current information.  If 

expectation is rational, then the following should hold 

( )1 1t t t t t ts s E s s 1ε+ + +− = − +  

where  is the log of the spot rate and  is the expectation conditional on 

information at time t.  Define the foreign exchange risk premium as 

ts tE

( )1t t tf E s +− , 

where tf  is the log of the forward rate.  Under risk neutrality, the risk premium is 

zero, which implies that the forward rate is an unbiased predictor of the spot rate at 

time t+1 conditional on all market information being available at time t. 

Typically the hypothesis is tested with the following model 
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(4) 1 2( )t t y t t ts s f s 1μ β ε+ +− = + − +  

 Under the null hypothesis, yμ  is zero and β  is one.  That is, we are testing 

whether the forward premium is equal to the future change of the spot rate.  

Furthermore, the covered interest parity is $ foreign
t t t tf i i s= − +  where is a domestic 

interest rate and 

$
ti

foreign
ti  is a foreign interest rate.  With an open international bond 

market, the difference between the forward rate and the spot rate is related to the 

difference in interest rates for the two currencies.  Interest rate differential should 

be able to explain the forward premium.  Hence the above model tells us that if 

foreign
ti  is higher than  and we invest in the foreign bond, the foreign currency will 

eventually be depreciated against our domestic currency and we will not make a 

profit by investing in 

$
ti

foreign
ti . 

In empirical studies, the null hypothesis of 1β =  is systematically rejected 

(Table 3).  
'
sβ  are not only smaller than one, but tend to be negative and the t-

statistics are significant.  Various explanations have been offered (Engel (1996) for 

an extensive survey).  For example, Fama (1984) found negative 
'
sβ  in monthly 

data and explained that negative 
'
sβ  come from the negative correlation between 

the risk premium and the prediction error of the future spot rate.  Bekaert and 

Hodrick (1993) investigated whether the rejections of the hypothesis are due to 

sampling errors.  However, they found 
'
sβ  even further away from unity after 
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fixing the sampling errors.  Another explanation is a ‘peso problem.’  When the 

expected depreciation within a period is greater than average (that is, t tf s−  is 

greater than average) but the actual appreciation 1ts + ts−  is greater than average, 

'
sβ  can be negative. 

This ‘forward market unbiasedness puzzle’ could be explained by the 

highly persistent forward premium.  Indeed, the forward premium need not be 

stationary.  The efficient market hypothesis says that future spot rate  and 

forward rate 

1ts +

tf  will be cointegrated, which implies that tf  and   could move 

together closely.  It is well known that both forward rate and spot rate are (nearly) 

integrated.  In finite sample, it is possible that they diverge away temporally, that is, 

the forward premium can be also (nearly) integrated.  Although there is a view that 

forward premium is stationary (see Engel (1996)), empirical studies often found 

forward premium need not be stationary.  For example, Crowder (1994) found 

forward premiums are nonstationary.  Baille and Bollerslev (1994) concluded that 

forward premium is fractionally integrated.  Thus, there is a possibility that the test 

is often rejected due to the (nearly) nonstationary regressor. 

ts

We claim that because forward premium t tf s−  can be persistent, the t-

statistics of β  are systematically negative and significant.  We examined three 

currencies: the British pound, the Japanese yen, and the Deutschemark (hereafter, 

GBP, JPY, and DEM respectively).  The entire sample periods are 1976:01-
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2002:11, 1978:07-2002:11, and 1976:01-1998:11 for GBP, JPY and DEM 

respectively.  For each currency, we also examined two subsamples, which are split 

at 1989:12.  Table 5 presents our estimation results. 
'
sβ  are estimated by OLS.  

Mostly 
'
sβ  are negative, and the t statistics are significant.  The results match those 

in the previous empirical studies.  If the forward market unbiasedness is rejected 

due to nearly integrated forward premium, the sign of δ  should be positive.  

Indeed our 'sδ  are mostly positive.  For the second subsample of GBP, δ  is 

exceptionally negative by both AR and NW.  But for this subsample, β  is 

exceptaionally only slightly smaller than one.  Therefore, t-statistics seem to be 

negatively biased due to highly persistent forward premium.  Although the 95% 

confidence interval for ρ  does not necessarily include unity, it indicates forward 

premium is highly persistent except for the subsamples of JPY, of which 

confidence intervals were not available.  Therefore, overall the forward market 

unbiasedness puzzle seems to be due to the nearly integrated forward premium. 

1.3.3 Term Structure of Interest Rates 

The expectations hypothesis of term structure says that the yield spread is 

the optimal forecaster of the changes in the long-bond yield over the life of the 

short bond, that is,  

( )1 1
1

1
1

n n
t t t t tr r E r r

n
−
+

⎛ ⎞ n⎡ ⎤− = −⎜ ⎟ ⎣ ⎦−⎝ ⎠
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where  is the yield of an n - maturity bond at time t ( >1, so  is a long rate) 

and (

n
tr n n

tr

)1n
t tr r−  is the yield spread (see Campbell, Lo, and Mackinlay (1997)).  When 

the yield spread is high, the long rate is expected to rise.  We test the expectations 

hypothesis with regression, 

(5) ( )1 1
1 2

1
1

n n n
t t y t t tr r r r

n 1μ β ε−
+ +

⎛ ⎞− = + − +⎜ ⎟−⎝ ⎠
 

Rational expectations imply that β  is one under the null hypothesis.  In 

empirical studies, the estimated 
'
sβ  tend to be negative and significantly different 

from one.  (see the results from Campbell and Shiller (1991) in our Table 5), which 

contradicts the expectations hypothesis. 

For relatively long maturity bond yields, we have some evidence that the 

test statistics are negatively biased due to a highly persistent yield spread.  Table 6 

reports our estimation results.  The entire sample period is from 1952:01 to 1991:01.  

We also estimated for two subsamples: 1952:01-1979:09 and 1979:10-1991:01.  

The first subsample is the period during which the Fed was targeting the Federal 

funds rate, and the second one is the period during which the Fed stopped targeting.  

Our 
'
sβ  are mostly negative, and the t-statistics are systematically negative.  Our 

results match the previous empirical findings.  If the t-statistics tend to be 

negatively biased because yield spreads are highly persistent, the signs of 

'sδ should be positive.  We have positive 'sδ for the yield spreads with relatively 
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longer maturity bonds,  for .  Additionally, the 95 % confidence intervals 

for the largest root indicate that the yield spreads are relatively persistent for  of 

, though those intervals do not include unity.  Therefore, we have some 

weak evidence for relatively long maturity bond yields that the test statistics are 

negatively biased because the yield spreads are highly persistent.  Actually our 

observation that yield spreads tend to be stationary, makes sense, because the 

expectations hypothesis assures that  and  are cointegrated, that is,  is 

stationary.  There may be some other factors that shift the t-statistics negatively. 

n
tr 9n ≥

n
tr

24n ≥

n
tr

1
tr

1n
tr r− t

1.3.4 Permanent Income Hypothesis 

The permanent income hypothesis under rational expectations implies that a 

lag in consumption over more than one period has no predictability for current 

consumption and that current consumption is unrelated to any lagged economic 

variables.  In other words, one-period lagged consumption is the optimal forecaster 

for current consumption.  Hence the difference in consumption  is a 

martingale difference sequence with respect to information at time t-1, or 

consumption follows a random walk.  The results of the test in empirical research 

are mixed.  For example Hall (1978) tested no predictability for future consumption 

with income and stock prices.  He found no forecasting power in disposable income.  

On the other hand, Flavin (1981) and Bernanke (1987) argued that consumption is 

excessively sensitive to disposable income.  Mankiw and Shapiro (1985) (Table 10) 

1t tc c −−
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examined the hypothesis that changes in consumption are not forecastable using 

detrended data, 

(6) 1 1t t y tc c y 2tμ β ε− −− = + +  

where 1ty −  is disposable income.  They argued that because disposable income is a 

random walk or close to a random walk, the hypothesis that 0β =  is wrongly 

rejected.  Their Monte Carlo study showed that if income is an exactly random 

walk, the rejection rate of the null hypothesis will be as high as 61%, using the 

conventional 5% critical value of 1.96.  Our study supports this finding by Mankiw 

and Shapiro (1985).  It seems that t-statistics are systematically negatively biased 

because disposable income is nearly integrated. 

Table 8 reports our estimation results.  Our entire sample period is 1947:II-

2002:IV, and the two subsamples are 1947:II-1979:I and 1979:II-2002:IV.  We 

took the subsample 1947:II-1979:I because the oversesitiveness of consumption 

was heavily discussed for this sample period.  Out t-statistics are all negative, as 

found in the previous studies.  If the t-statistics are negatively biased due to highly 

persistent disposable income, 'sδ are expected to be positive.  Indeed, they are all 

positive.  Furthermore, the 95% confidence intervals for the largest root all include 

unity, which indicates that disposable income is nearly integrated.  Therefore, it is 

clear that the highly persistent regressor (disposable income) causes the t-statistics 

to be negatively biased. 

1.4 Conclusion 
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We applied the idea of Elliott and Stock (1994) to the four empirical 

settings.  Except for the term structure example, it is clear that the highly persistent 

regressor is causing the test statistic to be biased.  Since many economic data are 

observed to be highly persistent, this size distortion problem may be found in other 

empirical studies.  In order to make a correct statistical inference, we need 

alternative testing procedures which take into account the presence of a near unit 

root in the regressor.  Several testing procedures have been already proposed.  For 

example, Toda and Yamamoto (1995), and Campbell and Yogo (2006) offer testing 

procedures based on Bonferroni’s inequality.  Jansson and Moreira (2006) have a 

test based on the idea of sufficient statistics.  We will examine the performance of 

those procedures later. 

Another problem would be how we define a data being ‘highly persistent.’  

If a confidence interval for the largest root of a regressor includes unity, it is 

obvious that the regressor is highly persistent.  However, even if the confidence 

interval does not include unity, there is a case in which a highly persistent regressor 

seems to cause a size distortion.  Probably we need offer some criteria to decide 

whether the data is highly persistent. 

Acknowledgement: I am grateful to Professor Graham Elliott for his guidance and 

helpful comments 
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Table 1.1: Predicting Stock Returns: Previous Research 
Model 1: Fama and French(1988) tested r(t, t+T) = a + bY(t) +e(t, t+T), where Y(t) = D(t)/P(t).  The 
hypothesis is b = 0.  r(t, t+T) is the continuously compounded return from t to t+T.  T= monthly(M), 
quarterly(Q), one to four years.  D(t) is the dividend per share for the time period from t-1 to t.  P(t) 
the stock price at the end of the year covered by D(t). N is the number of observations.  t(b) is the 
test-statistic for b. 
Model 2: Regress : log( + ) – log( ), the realized log gross return from the beginning of 

time t to the beginning of time t+1(annual return) on : the log of dividend price ratio, - , 
ty 1+tP tD tP

1−tx 1−td tp
Model 3: First-order VAR whose elements are the continuously compounded monthly real stock 
returns, : , the corresponding annualized dividends yields,  and relative T-bill 

rates, .Coefficients  above are for on . 
ty )ln( tR tx tt PD /

trb )ln( tR tt PD /
Model 4: OLS estimator of β , in the regression, ttyt xy 21 εβμ ++= −  It is assumed that the 

regressor, x(dividend yield) follows the AR(1) process, ttt vxx ++= −1ρϑ  

 

Ref Model Return β t-stat Data  
Sample Period  Horizon     
Fama French (1988) 1    CRSP NYSE 
1927-1986  1 0.21 1.4 Value Weighted 
  12 2.47 1.27   
1927-1956  1 0.17 0.69   
  12 1.5 0.46   
1957-1986  1 0.68 2.66   
  12 9.32 3.02   
1941-1986  1 0.36 2.59   
  12 5.09 2.88   
Campbell and Shiller (1988)      
1871-1986 2 1 0.129 2.263 Cowles/S&P500 
1926-1986  1 0.157 1.770 CRSP NYSE VW 
       
Hodrick (1992) 3    CRSP NYSE VW 
1927-1987  1 3.941 1.203   
1952-1987  1 5.243 2.024   
1927-1951  1 5.515 1.009   
       
Stambaugh (1999) 4    CRSP NYSE VW 
1927-1996  1 0.21 1.5   
1927-1951  1 0.21 0.778   
1952-1996  1 0.44 2.2   
1977-1996  1 0.19 0.633   
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Table 1.2: Predicting Stock Returns  
 

 

T Lag γ 95%  CI for ρ Correlation, δ β tβ
     AR NW (S.E)  
Monthly Return        
Dividend not reinvested       
1927:05-2000:12        
884 4 -20.98 (0.967 1.001) -0.823 -0.865 0.130 1.056 
1927:02-1951:12      (0.123)  
299 1 -25.49 (0.877 0.978) -0770 -0.891 0.209 0.759 
1952:01-2000:12      (0.275)  
588 0 -0.721 (0.978 1.006) -0.940 -0.941 0.393 2.364 
1977:01-2000:12      (0.166)  
288 0 -2.167 (0.982 1.016) -0.935 -0.918 0.306 1.503 
     (0.204)  
Dividend reinvested       
1928:03-2000:12        
874 14 -17.73 (0.977 1.003) -0.646 -0.799 0.108 1.151 
1927:05-1951:12      (0.094)  
296 4 -20.82 (0.904 1.002) -0.094 -0.877 0.145 0.562 
1952:01-2000:12      (0.258)  
588 14 -5.51 (0.988 1.007) -0.689 -0.736 0.121 1.456 
1977:01-2000:12      (0.083)  
288 9 -2.298 (0.987 1.016) -0.744 -0.666 0.096 1.015 
      (0.095)  
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Table 1.2: Predicting Stock Returns (continued) 
 

 

T Lag γ 95%  CI for ρ Correlation, δ β tβ
     AR NW (S.E)  
Annual Return (non-overlapping)      
Dividend not reinvested       
1927-2000        
74 0 -16.89 (0.682 1.023) -0.561 -0.656 1.341 0.881 
1927-1951      (1.522)  
25 0 -15.75 (-0.292 0.871) -0.702 -0.699 1.399 0.402 
1952-2000      (3.482)  
49 0 -4.772 (0.916 1.060) -0.795 -0.880 5.245 2.666 
1977-2000      (1.967)  
24 0 1.361 (1.027 1.213) -0.768 -0.745 2.658 1.380 
     (1.926)  
Dividend reinvested       
1927-2000        
74 0 -19.50 (0.588 0.986) -0.497 -0.578 1.414 1.184 
1927-1951      (1.195)  
25 0 -15.34 (-0.235 0.939) -0.682 -0.732 0.172 0.052 
1952-2000      (3.290)  
49 0 -7.993 (0.815 1.047) -0.694 -0.667 2.216 2.074 
1977-2000      (1.069)  
24 0 -1.952 (0.820 1.192) -0.768 -0.362 1.180 1.233 
       (0.957)  
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Table 1.3: Forward Market Unbiasedness Previous Research 
Model 1: 11 )( ++ +−+=− ttttt sfss εβα  

where is the log of spot rate at time t, and  is the log of one-month forward rate.  The null 
hypothesis is β is one. 

ts tf

Model 2:  

1/)(/)( ++−+=− ttttttt uSSFSSF βα  

where  and  are one-month forward and spot exchange rates, respectively, and are expressed 
as dollars per unit of foreign currency.  The null hypothesis is that β is zero. 

tF tS

Model 3: The first order VAR  with elements of  the change of  logarithmic spot rate and is the log 
of  the four-week forward rate less the spot rate for GBP, JPY, and DEM. 
 

 

Ref Model Currency β tβ Data  
Sample Period       
Fama (1984) 1    Harris Bank 
Aug 31, 73-Dec 10, 82 GBP -0.9 -2.415   
  JPY -0.29 -2.616   
  DEM -1.32 -2.190   
Aug 31, 73-Apr 7, 78 GBP 0.02 -0.942   
  JPY 0.31 -2.071   
  DEM -2.60 -3.072   
May 5, 78-Dec 10, 82 GBP -2.83 -3.723   
  JPY -1.84 -2.525   
  DEM -0.04 -0.933   
Bekaert et al. (1993) 1    Harris Bank 
1975-1989  GBP -1.878 -3.460   
  JPY -1.884 -3.629   
  DEM -2.894 -3.770   
Backus et al. (1992) 2    Harris Bank 
1974:07-1990:04  GBP -2.306 -3.462   
  JPY -1.753 -3.119   
  DEM -3.434 -4.173   
Bekaert (1995) 3    Citicorp Database 
1975:01:01-1991:07:19 GBP -0.991 -4.793   
  JPY -0.426 -4.287   
  DEM -0.070 -2.302   
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Table 1.4:   Forward Market Unbiasedness   

 

Currency  γ 95% CI for ρ Correlation, δ β tβ
T Lag    AR NW (S.E)  
GBP         
1976:01-2002:11        
323 0 -29.425 (- 0.965) 0.271 0.249 -1.676 -3.858 
1976:01-1989:12      (0.694)  
168 0 -19.839 (0.815 0.990) 0.656 0.117 -2.559 -3.997 
1990:01-2002:11      (0.890)  
155 0 -3.795 (0.925 1.024) -0.125 -0.452 0.503 -0.430 
       (1.155)  
JPY         
1978:07-2002:11        
293 1 -26.076 (- 0.974) 0.227 0.129 -2.623 -4.319 
1978:07-1989:12      (0.839)  
138 1 N/A ( - -       ) 0.328 -0.199 -3.530 -3.790 
1990:01-2002:11      (1.195)  
155 2 N/A (- -       ) 0.484 0.202 -1.934 -2.317 
       (1.266)  
DEM         
1976:10-1998:11        
266 9 -11.506 (0.929 1.010) 0.141 0.122 -0.688 -2.289 
1976:02-1989:12      (0.738)  
167 1 -51.207 ( - 0.851) 0.245 -0.113 -4.055 -3.347 
1990:01-1998:11      (1.511)  
107 2 -0.780 (0.968 1.044) 0.179 0.088 0.069 -0.786 
       (1.185)  
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Table 1.5: Term Structure of Interest Rates  Previous Research 
ttyt xy 21 εβμ ++= −  

The null hypothesis is β =1 

ty :( ) , :predicted change, . (m=1) )()( n
t

mn
mt RR −−

+ tx ]))[/(( )()( m
t

n
t RRmnm −−

where  and  are the end-of-quarter long-term (ten-year) and short-term(three-month) bond 
equivalent yields in percent.   

tR tr

*The data is the McCulloch monthly  term structure data(1990), which is pure discount (zero 
coupon) bond yields for U.S. government securities over the period 1946:12-1987:2.  The sample 
used is 1952:1-1987:2.  Maturities are 0, 1, 2, 3, 4, 5, 6, and 9 months, and 1, 2, 3, 4, 5, and 10 years.  
The data are continuously compounded yields to maturity. 
 

Ref   Maturity Sample Period 
Data month 1952-1987 1952-1978 1979-1987 
 n β t-stat β t-stat β t-stat 
Campbell and Shiller (1991)  (S.E)  (S.E)  (S.E)  
McCulloch(1990)*  2 0.002 -4.193 -0.267 -8.391 0.347 -1.909 
    (0.238)  (0.151)  (0.342)  
   3 -0.176 -3.249 -0.471 -6.596 0.167 -1.444 
    (0.362)  (0.223)  (0.577)  
   4 -0.437 -3.064 -0.509 -5.332 -0.287 -0.957 
    (0.469)  (0.283)  (1.345)  
   6 -1.029 -3.778 -0.537 -4.521 -1.345 -2.600 
    (0.537)  (0.34)  (0.902)  
   9 -1.219 -3.711 -0.394 -3.044 -1.826 -2.651 
    (0.598)  (0.458)  (1.066)  
   12 -1.381 -3.486 -0.672 -2.796 -1.778 -2.246 
    (0.683)  (0.598)  (1.273)  
   24 -1.815 -2.446 -1.031 -2.060 -2.218 -1.568 
    (1.151)  (0.986)  (2.052)  
   36 -2.239 -2.243 -1.21 -1.862 -2.791 -1.559 
    (1.444)  (1.187)  (2.431)  
   48 -2.665 -2.243 -1.272 -1.713 -3.468 -1.646 
    (1.634)  (1.326)  (2.714)  
   60 -3.099 -2.344 -1.483 -1.722 -4.052 -1.746 
    (1.749)  (1.442)  (2.894)  
   120 -5.024 -2.601 -2.263 -1.746 -6.83 -2.051 
    (2.316)  (1.869)  (3.817)  
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Table 1.6: Term Structure of Interest Rate 
Maturity γ 95%  CI for ρ Correlation, δ β  tβ
T Lag    AR NW (S.E)  
2m         
1952:01-1991:01        
469 11 -21.794 (0.943 1.002) -0.683 -0.293 0.003 -7.491 
1952:01-1979:09      (0.133)  
333 0 -235.366 (  - -   ) -0.913 -0.204 -0.240 -7.225 
1979:10-1991:01      (0.172)  
136 0 -108.979 (  - -   ) -0.125 -0.403 0.365 -2.536 
3m       (0.250)  
1952:01-1991:01        
469 11 -24.846 (0.937 1.001) -0.789 -0.133 -0.145 -6.393 
1952:01-1979:09      (0.179)  
333 1 -152.793 (  - -   ) -0.998 0.094 -0.478 -6.241 
1979:10-1991:01      (0.237)  
136 2 -151.392 (  - -   ) -0.760 -0.228 0.212 -2.327 
4m       (0.339)  
1952:01-1991:01        
469 1 -165.906 (  - -   ) -0.193 -0.090 -0.345 -5.954 
1952:01-1979:09      (0.226)  
333 1 -121.687 (  - -   ) -0.777 0.191 -0.560 -5.436 
1979:10-1991:01      (0.287)  
136 2 -74.918 (  - -   ) -0.358 -0.229 -0.112 -2.568 
6m       (0.434)  
1952:01-1991:01        
469 1 -130.775 (  - -   ) 0.027 0.026 -0.835 -6.103 
1952:01-1979:09      (0.301)  
333 1 -91.287 (  - -   ) 0.359 0.307 -0.605 -4.577 
1979:10-1991:01      (0.351)  
136 2 -72.702 (  - 0.779) -0.193 -0.126 -0.863 -3.134 
9m       (0.594)  
1952:01-1991:01        
469 1 -117.294 (  -   -    ) 0.135 0.098 -1.227 -5.506 
1952:01-1979:09      (0.404)  
333 1 -80.722 (  -   -    ) 0.851 0.399 -0.823 -3.994 
1979:10-1991:01      (0.456)  
136 0 -57.546 (  -   -    ) 0.181 -0.067 -1.337 -2.872 
12m       (0.814)  
1952:01-1991:01        
469 1 -98.166 (  -   -    ) -0.047 0.061 -1.435 -5.168 
1952:01-1979:09      (0.471)  
333 1 -69.596 (  -   -    ) 0.316 0.387 -1.113 -3.807 
1979:10-1991:01      (0.555)  
136 2 -52.545 (  -   -    ) 0.132 -0.116 -1.411 -2.581 
       (0.934)  
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Table 1.6: Term Structure of Interest Rate (continued) 
Maturity γ 95%  CI for ρ Correlation, δ β  tβ
T Lag    AR NW (S.E)  
24m         
1952:01-1991:01        
469 11 -64.473 (  - 0.922) -0.113 -0.017 -1.448 -3.778 
1952:01-1979:09      (0.648)  
333 0 -26.809 (0.896 0.985) 0.862 0.244 -1.418 -3.150 
1979:10-1991:01      (0.768)  
136 0 -33.122 (  - 0.876) 0.163 -0.158 -1.253 -0.964 
36m       (1.300)  
1952:01-1991:01        
469 11 -55.323 (  - 0.937) -0.155 -0.069 -1.890 -3.773 
1952:01-1979:09      (0.766)  
333 1 -27.911 (0.890 0.981) 0.570 0.146 -1.792 -3.067 
1979:10-1991:01      (0.910)  
136 2 -27.554 (  - 0.914) 0.115 -0.180 -1.726 -1.790 
48m       (1.523)  
1952:01-1991:01        
469 1 -68.179 (  - 0.943) -0.394 -0.100 -2.262 -3.731 
1952:01-1979:09      (0.874)  
333 1 -22.893 (0.910 0.998) -0.872 0.064 -1.962 -2.933 
1979:10-1991:01      (1.010)  
136 2 -25.525 (   -   0.926) 0.375 -0.186 -2.222 -1.827 
60m       (1.764)  
1952:01-1991:01        
469 1 -49.424 (  - 0.947) -0.409 -0.114 -2.618 -3.762 
1952:01-1979:09      (0.962)  
333 1 -20.219 (0.920 1.003) -0.893 0.004 -2.135 -2.852 
1979:10-1991:01      (1.099)  
136 2 -23.968 (  - 0.937) 0.324 -0.181 -2.697 -1.899 
120m       (1.946)  
1952:01-1991:01        
469 1 -53.217 (  - 0.936) -0.420 -0.109 -4.226 -3.826 
1952:01-1979:09      (1.366)  
333 1 -16.851 (0.935 1.006) -0.901 -0.076 -3.167 -2.832 
1979:10-1991:01      (1.472)  
136 0 -20.862 (0.736  0.956) 0.215 -0.141 -4.666 -2.000 
       (2.834)  
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Table 1.7: Permanent Income Hypothesis: Previous research  
a Monte Carlo study by Mankiw and Shapiro (1985) 

Yt is generated by ttt YY ερφ ++= −1  and  by tC ))(
1

( ttt HW
r

rC +
+

= .  Then 

tttt YCC νπμ ++=− −− 11  and ttt YY ερδ ++= −1  are estimated on detrended data.  Each 
sample is 100 periods long.  Distribution is based on 1000 replications.  The rejection rate for the 
null is π=0 is based on five percent critical value, 1.96.  The π corresponds our β. 
 

 Ref model                       Median Estimate  of   
  True ρ ρ π  t-stat rejection 

rate(%) 
Monte Carlo Trial from Mankiw and Shapiro (1985)    
 1 1.0 0.91 -0.09  -2.21 61 
  0.995 0.91 -0.06  -2.10 54 
  0.99 0.91 -0.05  -1.96 50 
  0.98 0.91 -0.03  -1.77 42 
  0.95 0.88 -0.01  -1.37 28 
  0.90 0.85 -0.01  -0.99 17 
  0.80 0.75   0.00  -0.72 12 
  0.50 0.47   0.00  -0.36   7 
  0.00 -0.02   0.00  -0.16   5 
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Table 1.8a:   Permanent Income Hypothesis (Levels of consumption and 

income) 

T Lag γ 95%  CI for ρ Correlation, δ β tβ
    AR NW (S.E)  
1947:II-2002:IV        
223 0 -8.502 (0.932 1.020) 0.836 0.656 -0.0056 -1.495 
       (0.0037)  
        
1947:II-1979:I        
128 0 -3.460 (0.951 1.038) 0.983 0.691 -0.0066 -1.219 
       (0.0054)  
        
1979:II-2002:IV        
95 0 -7.344 (0.891 1.050) 0.787 0.649 -0.010 -1.372 
       (0.0075)  

 
 
Table 1.8b:   Permanent Income Hypothesis (logarithms of consumption and 
income) 
T Lag γ 95%  CI for ρ Correlation, δ β tβ
    AR NW (S.E)  
1947:II-2002:IV        
223 0 -6.025 (0.960 1.021) 0.941 0.651 -0.015 -1.243 
       (0.012)  
1947:II-1979:I        
128 0 -8.868 (0.875 1.034) 0.776 0.620 -0.030 -1.230 
       (0.024)  
         
1979:II-2002:IV        
95 0 -7.300 (0.880 1.049) 0.939 0.645 -0.032 -1.228 
       (0.026)  
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A.1   Chapter 1 Data Sets 
 
A.1.1   Predicting Stock Returns 
Data: our data is the value-weighted NYSE monthly returns with and without 
dividend from 1926 to 2001 provided by CRSP.  We constructed the monthly series 
of stock price and dividend, and computed continuously compounded stock returns.  
When dividend was reinvested, the one-month risk-free rate provided by CRSP was 
used for calculation of the return on the investment. 
 
A.1. 2   Forward Market Unbiasedness 
Data: We tested the forward market unbiasedness for three currencies; the British 
pound (GBP), the Japanese yen (JPY), and the Deutschemarke (DEM).  The entire 
periods are 1976:01-2002:12, 1978:6-2002:12, and 1976:01-1998:12 for GBP, JPY, 
and DEM, respectively.  We also tested two subintervals for each currency because 
it is known that the hypothesis is often rejected in the 70’s and 80’s (Baille and 
Bollerslev (2000)).  The data set is obtained from Datastream.  The data are the 
spot rates and one-month forward rates.  The rates are closing middle rates 
provided by WM/Reuters.  The exchange rates based on USD are calculated from 
the GBP-based exchange rates.  Because the data set covers the longest time span.  
The codes of the obtained rates can be provided.  The original data was the price of 
foreign currencies for one unit of GBP. 
 
A.1.3   Term Structure of Interest Rates 
Data: The data for this study is of the zero-coupon yield curve.  The data is from 
McCulloch and Kwon (1993), which mostly is the same as McCulloch (1990) used 
by Campbell and Shiller (1991).  The monthly data from McCulloch and Kwon 
(1993) is extended to 1991:2.  The entire sample period is 1952:1-1991:1 after 
processing for analysis and the two subsamples are 1952:1-1979:9 and 1979:10-
1991:1.  The division into two subsamples is based on the changes in interest rate 
targeting behavior by the Federal Reserve Bank.  In the first part, the interest rate 
was targeted, while for the latter, the Fed stopped targeting.  The short-term bond 
yield is always one-month rate and the long bond yields are with maturities of 2, 3, 
4, 6, 9 months and 1,2,3,4,5, and 10 years.  Due to lack of data,  is replaced 
with  for . 

1
1

n
tr
−
+

1
n

tr + 9n ≥
 
A.1.4   Permanent Income Hypothesis 
Data: Our data is from NIPA (National Income and Product Accounts).  
Consumption is of non-durable goods, income is disposable personal income.  The 
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data are seasonally adjusted and per capita measured in 1996 dollars.  The original 
data is from 1947:I to 2002:IV, quarterly. 
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Chapter 2 

Inference on Cointegrating Vector with Nearly 
Integrated Variables: Some Empirical Evidence 

 
 

Abstract 
This paper examines hypothesis testing on the cointegrating vector in the presence 

of nearly integrated variables.  An economic theory such as the rational expectations theory 
is often tested in a cointegration framework, although variables may not have an exact unit 
root.  Elliott (1998) pointed out that if variables do not have an exact unit root, the size 
distortion can be subsationally large.  This paper examines the relevance of this 
explanation in four different empirical settings; the present value model in the stock market, 
the forward market unbiased ness, the expectations hypothesis of the term structure, and 
the permanent income hypothesis.  We will show that rejection of the hypothesis test is 
empirically a common problem.  We will also examine alternative testing procedures to 
make a correct inference. 
 
 

2.1   Introduction 

This paper considers hypothesis testing on the cointegrating vector in the 

presence of nearly, but not exactly, integrated variables.  Cointegration will be a 

useful framework to test an economic theory, if variables are integrated of order 1, 

denoted as (1)I , i.e., if they have a unit root.  The concept of cointegration is 

precisely defined by Engle and Granger (1987).  Two or more economic variables 

being individually integrated but a certain linear combination of those variable 

being stationary, those variables are referred to as being ‘cointegrated.’  Suppose 

each element of a vector, ty , is integrated of order one, and a linear combination  

of the vector, 'tz tyα= , is stationary, denoted as (0)I , then, ty  is said to be 
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cointegrated with the cointegrating vectorα .  Testing an economic theory in a 

cointegration framework, a researcher is often interested in testing the hypothesis 

of the cointegrating vector.  If the theory holds, the variables will be cointegrated 

with the cointegrating vector, ( .  A variety of methods to estimate a 

cointegrating vector have been developed: Johansen (1988, 1991), Phillips and 

Hansen (1991), Saikkonen (1991, 1992), and Stock and Watson (1993). 

)'1,1

Many economic variables are observed to be highly persistent.  Granger 

(1966) estimated the typical power spectral shape of a macroecnomic variable.  

Most of its power is found around zero frequency, which indicates that a typical 

economic variable has a unit root, or near unit root.  By conducting unit root tests, 

Nelson and Plosser (1982) argued that many economic time series have unit roots.  

Before testing economic theory in a cointegration framework, it must first be 

assumed that variables have an exact unit root.  A question that arises is how one 

can determine a variable has an exact unit root.  In practice, a researcher would 

undertake a unit root test.  If the null hypothesis of unit root is not rejected, one 

assumes that the variable is integrated of order one.  However, even if a unit root 

test does not reject the null hypothesis of unit root, the variable may not necessarily 

have an exact unit root, but may have a near unit root.  In addition, it is often 

theoretically difficult to assume that an economic variable has an exact unit root 

(see Christiano and Eichenbaum (1990)).  For example, interest rates are not 

supposed to have a unit root because they do not go below zero.  Nevertheless, a 
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linear relationship between long and short maturity yields (yield spread) is 

attempted to test in a cointegration framework and the cointegrating vector is also a 

researcher’s concern (Hall et a. (1992)).  A cointegration framework is used even 

when variables do not have exact unit roots. 

Elliott (1998) pointed out that if variable are nearly, but not exactly 

integrated, the test statistic for the cointegrating vector will have a bias.  Even a 

slight deviation from a unit root can cause a large size distortion.  The rejection of 

the hypothesis may not imply failure of the economic theory.  Rather, the rejection 

may be simply due to a size distortion caused by nearly but not exactly integrated 

variables.  The main objective of this paper is to examine the relevance of the 

explanation the rejection of the hypothesis testing on the cointegrating vector is 

simply due to nearly (but not exactly) integrated variables.  If the explanation is 

plausible in an empirical setting, possibly the rejection is not a matter of an 

individual economic theory.  Rather, it will be the issue that we can treat with as a 

unified econometric problem  This paper will provide the empirical findings that 

the rejection of hypothesis tests is a common problem in the presence of nearly 

integrated variables.  We will also examine alternative procedures for a correct 

inference; one is application of stationarity tests proposed by Wright (2000), and 

the other is Bonferroni;s inequality in a VAR-based approach by Saikkonen (1992). 

The paper is organized as follows; Section 2 presents the model and 

discusses the bias in the test statistic analytically and quantitatively.  Section 3 
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examines the estimation methods for two parameters, the largest root and frequency 

zero correlation, both of which are necessary to show the relevance of the 

explanation that nearly integrated variables cause a size distortion.  Section 4 

provides empirical applications.  We will undertake the hypothesis testing on the 

cointegrating vector and also estimate the two parameters in four different 

empirical settings, and will explain that the presence of nearly integrated variables 

are seemingly causing the rejection of the tests.  The four empirical examples are 

linear rational expectations models including the present value model, the forward 

market unbiasedness, the expectations hypothesis of the term structure, and the 

permanent income hypothesis.  Section 5 considers alternative procedures for a 

correct inference.  Section 6 concludes. 

2.2 Testing Cointegrating Vector in the Presence of 
a Near Unit Root 

 

This section presents the model and examines the limit distribution of test 

statistic of the cointegrating vector when variable have a near unit root by devising 

local-to-asymptotic theory developed by Bobkoski (1983), Cavanagh (1985), and 

Chan and Wei (1987). 

2.2.1 The Model 

Following Elliott (1998), we consider the model 

(1) *
1 1 1 1t t ty d Ay u− 1t= + +  
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(2) 2 2 1t t t 2ty d y u= +Γ +  

where , d I ,1,...t T= *
1 1t( )t AL d= − 1 1t td G z1 2 2 2t td G z= , =  are deterministic terms, 

1ty  is an  vector,1 1n × 2ty  is an 2 1n ×  vector, ( ) t tL u εΦ = , 
'' '

1 2,t t tε ε ε⎡ ⎤= ⎣ ⎦  is an 1n×  

vector of martingale difference sequence errors ( 1n n n2= + ) with  and 

finite fourth moments, and 

'( )t tE ε ε = Σ

( )LΦ  is a lag polynomial of known order with all roots 

outside the unit circle.  2π  times spectral density of  at frequency zero is 

'  where 

tu

1 1(1) (1)− −Ω = Φ ΣΦ (1) ii
Φ = Φ∑ .   and  are deterministic terms and 

two cases are considered; ( )

1tz 2tz

i 1 0tz =  and 2 1tz = , and a constant is included in each 

equation in the regression and ( )ii 1 1tz = or 0 and [ ]'2 1,tz = t , and a constant and 

time trend are included in the regression.  The first equation is the process of 1ty .  

The second equation is the cointegrating equation with the cointegrating vector, Γ .  

Our interest is estimation of and hypothesis testing on the cointegrating vector, Γ , 

when elements of 1ty  have a near unit root. 

Since our concern is the area where the largest root of a variable is 

approximately unity, we employ local-to-unity asymptotic approximations1, 

, where C  is an ( )T A I C− = 1n n1×  matrix with zeros on the offdiagonals and 

potentially nonzero on the diagonal.  If 0C = , then all variables in 1ty  have unit 

                                                 
t

1 In a simple univariate case of 1t tx xρ ε−= + , the local-to-unity asymptotic theory 

reparameterizes ρ as 1 /c Tρ = + , where is called a local-to-unity parameter and T is the 

sample size.  When 

c

tx  has a near unit root, is small and negative for a fixed finite T . c



 49

roots.  If an element on the diagonal is negative, then the corresponding element of 

vector 1ty  is mean reverting. 

2.2.2 Test Statistic in the Presence of a Near Unit Root 

Elliott (1998) examined the robustness of test on a cointegrating vector 

when variables may not have exact unit roots.  He pointed out that even if the 

largest root slightly deviates from unity, test statistics of a cointegrating vector can 

be severely biased.  His Monte Carlo study quantitatively showed that the size 

distortion will be extremely large when variables are not exactly (1)I .  The 

analytical results are derived for the Saikkonen (1992)’s estimate of the 

cointegrating vector, which is asymptotically equivalent to full information 

maximum likelihood for the normalized model. Thus, results are applicable to the 

Johansen (1988, 1991) and Ahn and Reinsel (1990) methods.  As shown in Elliott 

(1995), the results are also applicable to the fully modified estimator by Phillips 

and Hansen (1990), and the DOLS method (Saikkonen (1991), Phillips and Loretan 

(1991), Stock and Watson (1993)) in a bivariate case. 

The limit distribution of the Wald test statistic of Γ  is a mixture of a usual 

chi-square distribution and a bias term, which depends on  andΩ .  To see the 

problem more clearly, consider a simple bivariate case where 

C

1 2 1n n= = , the bias 

term of the Wald test statistic includes 
( ) ( )( )

2 2 2

21
d
c

C Jδ
δ− ∫ , where 12

11 22

δ Ω
=

Ω Ω
 is a 
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zero frequency correlation, and  is a detrended Ornestein-Uhlenbeck process 

with 

d
cJ

( ) ( )1
d
c cdJ CJ d dWλ λ λ= +  and ( )1W λ  is a standard 1 1n ×  Brownian motion.  

If δ is zero, there will be no bias but there is also no reason to consider a 

cointegration.  Cointegrating relationship implies that residuals should have 

nonzero correlations.  If | | 1δ → , the bias will go to infinity, that is, the size of the 

test will go to one.  This implies that non zero correlation leads to researchers to 

commit much larger Type I error than expected in the presence of near unit root 

variables. 

The Monte Carlo study quantitatively showed how large the size distortion  

can be in a bivariate case in a large sample.  With the nominal size of 5%, if 

0.5δ ≤  and , the size is only around 10%.  However, if 5c = − 10c = − , the size is 

20% when δ is around 0.5 and the size is as large as 50% whenδ is around 0.7.  

The size is surprisingly large due to a slight deviation from unity and non zero 

correlation. 

In the bivariate case, the bias will depend on the local-to-unity parameter  

and the zero frequency correlation 

c

δ .  In order to examine the plausibility of this 

explanation in empirical work, it is necessary to estimate the largest root and the 

correlation from the data.  If ρ is not exactly one and δ is nonzero, we may explain 

that the rejection of the hypothesis testing on the cointegrating vector may not 

necessarily indicate rejection of the economic theory implied by the specified 

cointegrating vector, but rather, simply due to near but not exact unit root variables. 
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2.3 Nuisance Parameters 

In order to examine whether near unit root variables are causing the 

rejection of the test in empirical work, we need to estimate the largest root of 1ty  

and zero frequency correlation between  and .  In this section, we discuss 

estimation methods for the two parameters in a simple bivariate setting. 

1tu 2tu

2.3.1 Largest Root 

To study the influence of persistence of the regressor 1ty , upon making 

inference on cointegrating vectors, we use local-to-unity asymptotic theory, with 

which the largest root of the regressor, ρ is reparameterized as 1 /c Tρ = + , where 

is a local-to-unity parameter.  The relevant region is where c ρ is local to one, in 

the sense of having c  fixed where ( 1c T )ρ= − .  Notice that for a fixed sample size 

 (which is the case for any application), then there is a one to one correspondence 

between values for 

T

ρ and .  It will be in this sense that we refer to these 

interchangeably, even though strictly speaking  is not a parameter of the model 

(whereas 

c

c

ρ is) but is a device used to indicate relevant asymptotic approximating 

distributions for pairs of ρ and T .  However, the estimator of c  has a random 
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distribution that is not centered on c and is strongly biased and skewed2.  If one 

were to treat as a parameter to be estimated then no consistent estimator is 

available.  Because the bias is toward greater values, relying on estimates will give 

some idea of the size of the problem, however, will on average underestimate it. 

c

An alternative approach would be to place a confidence interval on the value for ρ .  

Given the sample size we can for shorthand purposes refer to this as a confidence 

interval on .  Since the estimatorc ρ  does not have a standard asymptotic normal 

distribution, then computing such confidence intervals does not amount to adding 

and subtracting a proportion of the estimated standard error of the estimator (Stock 

(1991)).  Instead, returning to first principles in confidence interval construction, a 

valid confidence interval can be constructed by collecting the set of values for  

that cannot be rejected in a hypothesis test that 

c

0c c= .  Stock (1991) first provided 

such a method through the inversion of the ADF test for a unit root of a first- or 

higher order autoregressive process.  Consider a higher-order autoregressive model 

(3) t yy vtμ= +  

                                                 
2 Note that if is independent and identically distributed, then, as T , 1tu →∞

( ) ( )

( ){ }

1

0
1 2

0

( 1)
c

c

J r dW r
c T c

J r dr
ρ= − ⇒ +

⎡ ⎤
⎢ ⎥⎣ ⎦

∫
∫

, where ( )cJ r is Ornstein-Uhlenbeck process with 

, 0 1( ) ( ) ( )c cdJ r cJ r dr dW r= + r≤ ≤  and is a standard Brownian motion.  See 

Phillips (1987) for detailed discussion.  Furthermore, 

( )W r

( )( ) pO Tρ ρ− =  if 1 /c Tρ = + , then 

.  Hence is not consistently estimable. ( )1pc c O− = c
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(4) ( ) ta L v tε=  and ( ) ( )(1 )a L b L Lρ= −  

where 
0

( ) k i
ii

b L b L
=

=∑ ,  and 0 1b = L is the lag operator; (1) 0b ≠ is assumed, and 

tε is a martingale difference sequence with a finite fourth moment.  ρ is the largest 

autoregressive root factored out from and may equal to or close to one.  

Local-to-unity asymptotic theory is applied as 

( )a L

1 /c Tρ = + .  Then the ADF 

regression is 

(5) *
1 1

1

( (1) 1)
k

t y t j t j
j

y y tyμ α α− − −
=

Δ = + − + Δ +∑ ε  

where 
(1) y

y

cb
T
μ

μ = − , ( )( )1( ) 1L L a Lα −= − ,so (1)(1) 1 cb
T

α = + , and *

1

k

j i
i j

α α
= +

= −∑ .  

The ADF t-test is a test statistic testing the null hypothesis that (1) 1 0α − = . 

As shown in Stock (1991), the ADF t-statistic depends on the local-to-unity 

parameter c  and continuous in c , while the sample size is fixed.  A confidence set 

for can be constructed based on the ADF test statistics and a confidence interval 

for the largest root 

c

ρ can be computed with the confidence set of c and the sample 

size T ,  Recall that a 100(1 )%α− confidence set for , c ( )1,...,S y Ty is a set-valued 

function of the data with the property that ( )1Pr ,..., 1Tc S y y α∈ = −⎡ ⎤⎣ ⎦ for all values 

of .  If c ( )0A cα is the asymptotic acceptance region for a level α test of the null 

hypothesis of , then the 100c c= 0(1 )%α− confidence set for based on the ADF c
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test statistic, τ is ( ) ( ){ }0:S c A cατ τ= ∈ .  Because τ is a scalar, a 

100(1 )%α− closed confidence set can be constructed as ( ) { }; ;:
l ul uS c f fα ατ τ= ≤ ≤ , 

where ; llf α and ; uuf α are the lower and upper lα and 1 uα− percentiles of τ as 

function of , and c l uα α α+ = .  If ; ( )
llf cα and ; ( )

uuf cα are strictly monotone 

increasing in , such that c ( ) { }1 1
; ;: ( ) ( )

ll uS c f fα αu
τ τ τ τ− −= ≤ ≤ .  We can construct a 

confidence interval with 1
2l uα α= = α .  Using the confidence interval for , we 

can construct a confidence interval for 

c

ρ . 

Because the ADF test has low power, the confidence set of c based on the 

ADF test statistics tends to have a wide confidence interval.  Since the properties of 

the confidence interval are directly linked to the properties of the test used in the 

inversion, i.e. shorter confidence intervals can be related to the inversion of higher 

power tests, Elliott and Stock (2001) provided methods that enable construction of 

confidence intervals based on inverting asymptotically efficient tests for a unit root, 

which is suggested by Elliott et al. (1996).  Elliott and Stock (2001) show that 

confidence intervals based on inverting the  test for a unit root provide near 

optimal confidence intervals provided the initial condition (i.e. value for 

TP

tx  after 

removing deterministics) is asymptotically small. 

We will in the empirical work examine confidence intervals based on both 

of these methods for obtaining a confidence interval for ρ . 
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2.3.2 Frequency Zero Correlation 

If the long-run correlation (frequency zero correlation) is nonzero, the 

estimated cointegrating vector will be biased when the largest root is not exactly 

one.  In order to examine whether the estimated cointegrating vector is biased, the 

estimator of the long run correlation is also necessary.  A variety of consistent 

estimators is available.  They can be categorized into two approaches: the sum of 

autocovariances approach (nonparametric approach) and the autoregressive 

approximation approach (parametric approach).  In both of these approaches the 

method is to first estimate the simple regression models in equations (1) and (2) 

ignoring any extra serial correlation and then to construct the OLS residuals from 

these regressions.  Denote these estimated residuals as 1 2,t tu u u t⎡ ⎤= ⎣ ⎦  for . 2,...,t T=

The first of these, sums of variances approach, arises naturally out of the 

definition of the zero frequency and included popular methods such as the Newey 

and West (1987) estimator.  We define the j-th lag autocovariance matrix as 

.  The asymptotic covariance between and , Ω , is the 

infinite sum of autocovariance matrices, which is equivalent to 

( ) t t jj E u u +⎡Γ = ⎣ ⎤⎦ 1tu 2tu

2π times spectral 

density at frequency zero. (see for a univariate case, Theorem 8.3.1 in Anderson 

(1971)). 

(6)  ( )
j

j
∞

=−∞

Ω = Γ∑
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  The sums of covariances approach then would use 
'1

| | 1
( ) T

t t jt j
j T u u−

+= +
Γ = ∑  to 

estimate .  Two practical problems arise, the various solutions to which account 

for the wide variety of estimators of this matrix. 

Ω

First, we have only T  observations, so cannot possibly compute the 

variance covariance matrices outside of this range.  Even then, when j is large 

compared to T  we would have few observations for estimating variance covariance 

matrix and so the estimates will be very poor.  This means that we have to choose a 

‘cutoff’ point and only compute the covariances up to some largest value for j  , 

say maxj .  Different methods for choosing maxj , called the ‘window,’ result in 

different estimators.  Estimators would then be  

(7)
max

max

'1

| | 1

j T

t t j
j j t j

T u u−
+

=− = +

Ω = ∑ ∑  

The second problem is that we know that Ω  is a positive definite matrix (as 

it is the long run version of a variance covariance matrix).  However estimates 

formed this way need not be positive definite estimate (
'1

| | 1
(0) T

t tt j
T u−

= +
Γ = ∑ u ) for 

the covariances (any other choice for j ) we do not.  If we had the true (instead of 

estimated) covariances they would add up to a positive definite matrix.  But the 

estimated ones, especially poorly estimated covariances, which become worse as j  

gets far from 0 as we have less observation can be so error ridden as to outweigh 

the variance covariance and result in a negative definite.  The response to this, 
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borrowed from the frequency domain estimation literature (of which this is really 

just a special case), is to put weights (less than one, so downweight) on the 

covariances so that they are smaller.  The estimator is then of the form 

(8)
max

max

1

| | 1

j T

t t jj
j j t j

w T u u−
+

=− = +

Ω = ∑ ∑  

where usually .  Different weights result in different estimators.  The Newey 

and West (1987) have a Bartlett kernel (weight), and Andrews (1991) examined 

various estimators with different choices of the weights and also the window sizes. 

0 1w =

Autoregressive approximations take a different approach, based on the 

results of Berk (1974).  In the case of stationary , the Wold representation 

theorem states that there is a moving average representation 

tu

( )t tu C L ε=  where 

.  The theoretical relationship of interest here is that  where 

.  In practice, it is much easier to note that for invertible moving 

averages that this implies that we have a vector autoregression 

'
t tE ε ε⎡ ⎤ = Σ⎣ ⎦

'(1) (1)C CΣ

0
(1) ii

C ∞

=
=∑ C

t( ) tA L u ε=  which 

can be inverted so 1( )t tu A L ε−=  and so '1 1(1) (1)A A− −ΣΩ = .  In this sense a  two 

step approach to estimation ca be considered.  First run a vector autoregression on 

the estimated residuals, i.e. run *
1( )t tu A L u tε−= +  and save the estimates iA , tε .  

We then have the estimator 

(9)
max max

1 1
* *'1

1 1 1

k kT

i it t
i t i

I A T I Aε ε
'− −

−

= = =

⎛ ⎞ ⎛ ⎞⎛ ⎞
Ω = − −⎜ ⎟ ⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠ ⎝ ⎠
∑ ∑ ∑  
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In principle here we should have an infinite number of , but these too are 

impossible to compute with T observations.  Here as above we need to choose a 

‘window’ .  Here the window is just the lag order in the VAR run on the 

estimated residuals.  There is no need for weights as the formula is a quadratic, 

which must be positive definite by construction. 

iA

maxk

There are also hybrid approaches.  It should be clear that when we choose 

that we are using a fixed length autoregression to approximate what is 

potentially an infinite MA process.  This is not unreasonable, intuitively and 

theoretically.  Since for a fixed lag length will be infinite order, it is 

reasonable.  Also, Berk (1974) shows that indeed under a number of assumptions 

such an approach will approximate well (i.e. provide a consistent estimate).  But it 

would be very inefficient if the true process for the serial correlation in the 

residuals was a short MA process (as we approximate by an infinite order one).  On 

the other hand, we see that if the serial correlation in the residuals is well 

approximated by a short AR process, then the autoregressive approach is likely to 

work well as it is close to the truth.  Could a method work well both ways?  If we 

combine the methods-first ‘refilter’ using the AR approach and then apply the sums 

of covariances approach, we might get the best of both worlds.  This is the 

approach of Andrews and Monahan (1992), who use and AR(1) model to prefilter. 

maxk

1( ) ( )A L C L− =

In practice there are many problems with all of the approaches, so we will 

just try the major two ways of going about the problem. 
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2.4 Empirical Studies 

Now we apply the above ideas to the data.  The model to be considered 

consists of equations (1) and (2).  We examine whether the rejection of the test on 

the cointegrating vector is due to a near unit root in 1ty  (the rgressor in the 

cointegrating equation (2)).  We examine four empirical examples:  the present 

value model in the stock market, the forward market unbiasedness, the expectations 

hypothesis of term structure, and the permanent income hypothesis.  The 

description of the data sets is found in Appendix. 

We estimate a 95 % confidence interval for the largest root ρ in 1ty using 

the table given by Stock (1991).  The lag length for the augmented Dickey-Fuller 

regression is decided based on the SIC in the VAR of .  The local-to-unity 

parameter c is estimated as 

'
1 2( , )t ty y

( 1T ρ )− .  Although this estimated is not a consistent 

estimator, it might still give an idea about a deviation of the largest root from unity.  

The cointegrating vector, 

c

(1, )β− is obtained by three estimation methods: the Stock 

and Watson (1993) dynamic OLS (DOLS hereafter), Johansen (1988, 1991), and 

Saikkonen (1992) procedures.  We test the hypothesis that oβ β= under the 

standard normal assumption as the second stage test.  The long-run (zero 

frequency) correlation δ between and  is estimated with an autoregressive 

approximation (AR hereafter) and non-parametric approximation of Newey-West 

1tu 2tu
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(1987) (NW hereafter).  We estimate δ by imposing the hypothetical cointegrating 

vector in the equation (2), because it is known that the power in testing 

cointegration will be substantially lost if the estimated cointegrating vector is 

imposed (Elliott, Jansson, and Pesavento (2005)).  We do not want to estimate 

δ from possibly falsified cointegrating equation. 

2.4.1 Present Value Model in the Stock Market 

The present value model in the stock market says that a stock price today is 

the expectation of the present value of all future dividends.  The present value 

model for the stock price and dividend then can be written 

( )1
1

i
t t t k t ik

i

P E m D
∞

+ +=
=

⎡ ⎤= ⎢ ⎥⎣ ⎦
∑ ∏  

where  is the stock price,  is the dividend, and is the stochastic discount 

factor at time t.  After dividing both sides of above by , the present value model 

can be expressed as the difference of logs of the stock price and dividend; 

tP tD tm

tD

( )0
1 1 1

011
j

t t t t j t j
i

p d E g rκ κ
κ

∞

+ + + +
=

⎡ ⎤− = + −⎢ ⎥− ⎣ ⎦
∑  

where tp and are the logs of  and , is the continuous dividend growth 

rate, is the log of total return (see Campbell and Shiller (1988), or Bansal and 

td tP tD tg

tr
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Lundblad (2002))3.  The stock price and the dividend are often assumed to be (1)I  

(for example, Mankiw, Romer, and Shapiro (1985, 1991), or Cochrane (1992, 

1994)), and unit root tests fail to reject the null of unit root in empirical study 

(Campbell and Shiller (1988), Timmermann (1995)).  If the present value model 

holds, the logs of stock price and dividend are cointegrated with the cointegrating 

vector (1, ) (1, 1)oβ− = − 4.  In empirical studies, the estimated 
'
sβ  are significantly 

larger than one.  We claim that 1β >  is because the largest root of the dividend is 

close to but not exactly one. 

Testing the present value model with logs of stock price and dividend was 

first proposed by Campbell and Shiller (1988).  The typical empirical finding is 

against the present value model.  The (log of) stock price is far too volatile relative 

to dividend for the present value model to hold (this is the ‘excess volatility 

puzzle’).  Barsky and Delong (1993) estimated β  as 1.61, and the associated t-

statistic was significant in the positive direction.  Gonzalo, Lee, and Yang (2004) 

found that, by the Johansen test, the estimated reciprocal of our β  is around 0.6, 

and the estimated cointegrating vector is significantly different from (1,-1).  Barsky 

                                                 
3 1

1
1 exp( )i id p

κ =
+ −

, 0 1 1log( ) (1 )( )i id pκ κ κ= − − − − , where id pi− is the mean of 

logs of dividend yield. 
4 Levels of stock price and dividend are also tested in a cointegration framework (Campbell and 
Shiller (1987), for example).  In this case, the cointegrating vector is a function of discount factor, 
the value of which is not specified by the model.  Since our concern is the hypothesis testing on the 
cointegrating vector, cointegration between stock price and dividend in levels is beyond the scope of 
this paper. 
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and DeLong (1993) and Bansal and Lundblad (2002) explained that this high 

volatility of stock prices is due to nonstationarity or near nonstationarity of 

dividend growth rate.  On the other hand, Timmermann (1995) showed by Monte 

Carlo experiment that the logs of stock price and dividend fail to be cointegrated 

because the rate of return is highly persistent and not because the return is highly 

volatile. 

Table 1 presents our empirical results of the logs of stock price and 

dividend.  The full sample period is 1928:01-2001:12.  Three subintervals are 

1928:01-1951:12, 1952:01-2001:12, and 1977:01-2001:12.  It is conventional that 

the sample is split in the 1950’s.  We also took another subsample 1977-2001 so 

that we can obtain the estimation results for the very recent period.  Our 
'
sβ are 

similar to those in the previous empirical studies.  Table1a. reports our 

cointegrating coefficients 
'
sβ estimated by DOLS, Johansen (1988), and Saikkonen 

(1992) procedures, and their t-statistics.  Except for the subsample 1928-1951, 
'
sβ  

are all significantly larger than one at the usual 5% significance level. 

If 
'
sβ are significantly different from one due to the presence of a near unit 

root in dividends, the signs of 
'
sδ are supposed to be negative.  Table 1b presents 

'
sδ  and the 95% confidence intervals for the largest root ρ .  For the recent two 

subsamples 1952-2001 and 1977-2001, 
'
sδ are all negative.  Therefore, for the two 

subsamples after 1952, it is clear that the tests on the cointegrating vector tend to be 
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rejected because dividends do not have an exact unit root.  Indeed the 95% 

confidence intervals for these two subsamples show that 
'
sρ are all between 0.969 

and 1.014.  Therefore it is likely that 'sρ are not exactly one. 

For the entire sample, we have contradictory results.  Although β  is larger 

than one and t-statistic is significant, 
'
sδ are positive.  Actually, the 95% 

confidence interval for ρ is very narrow, between 0.991 and 1.005.  Based on these 

results, it is difficult to say that the rejection of the test is due to the near unit root 

regressor.  For the subsample 1928-1951, the signs of t-statistics are different 

depending on the estimation methods.  Also, the signs of 
'
sδ are different between 

AR and NW methods.  The 95 % confidence interval is the widest for this 

subsample, implying that ρ is possibly different from one.  The t-statistics could be 

biased due to the near unit root.  However, it is inconclusive for this subsample. 

2.4.2 Forward Market Unbiasedness 

The forward market unbiasedness in the foreign exchange market states that 

if agents are risk neutral and use all available information rationally, then, the 

forward exchange rate is an unbiased predictor of the future spot rate.  The logs of 

forward rate and spot rate are often believed to have unit roots (Meese and 

Singleton (1982)).  Assuming the log of one-period ahead spot rate  and the log 1ts +
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of one-period forward rate tf  are both (1)I , then if the efficient market hypothesis 

holds, and1ts + tf are cointegrated with the cointegrating vector, (1, ) (1, 1)oβ− = − . 

We typically test 

1 2t ts f tuα β+ = + +  

under the null hypothesis, 1β = .  In empirical studies 
'
sβ vary depending on the 

estimation methods as well as the sampling period.  However, it is possible to 

explain that 
'
sβ are biased due to the presence of  a near unit root in tf . 

A great deal of research has been done for estimating a cointegrating vector 

as well as testing cointegration for the forward rate unbiasedness hypothesis since 

Hakkio and Rush (1989).  Results are conflicting not only in cointegration tests, but 

also in testing cointegrating vectors (for an extensive survey, see Engel (1996)).  A 

common finding is that as long as the data is from the mid 70’s to the late 80’s, 
'
sβ  

are slightly less than one (Hakkio and Rush (1989), Barnhart and Szakmary (1991), 

Evans and Lewis (1995)).  However, if the data is extended to the 90’s 
'
sβ can be 

larger than one (Mark et al. (1997)).  More importantly, the results of the 

hypothesis test seemingly vary depending on the estimation methods.  Evans and 

Lewis (1995) estimated 
'
sβ  by OLS for the British pound, the Deutschemark, and 

the Japanese yen, finding that they are all less than one.  And the null hypothesis of 

1β =  was rejected for the Deutschemark and the Japanese yen.  Mark et al (1997) 
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applied the DOLS (dynamic OLS) for the British pound, French franc, and 

Japanese yen for the data from January 1976 to August 1992 and found β  is larger 

than one for yen and significantly different from one. 

Typical explanation for the rejection of the hypothesis test is that the risk 

premium in  is nonstationary (Engel (1996)), or there is a peso problem.  For 

example, assuming constant risk premium, Evans and Lewis (1995) explained the 

rejection is due to a peso problem, that is, serial correlation in  induces bias in

2tu

2tu β . 

Table 2 presents our estimation results.  Currencies are the British pound 

(GBP), the Japanese yen (JPY), and the Deutschemark (DEM).  The data sets are 

1976:01-2002:11 for GBP, 1978:07-2002:11 for JPY, and 1976:10-1998:11 (DEM).  

We have two subsamples for each currency.  The first subsample ends at 1989:12 

and the second subsample starts at 1990:01.  Figure 1 plots the time series of tf  

and in GBP.  It is obvious that ts tf  and are moving very closely together.  This 

is also the case with JPY and DEM.  Our estimation results are very similar to 

previous empirical studies.  Table 2a  reports 

ts

'
sβ  estimated by DOLS, Johansen 

(1988), and Saikkonen (1992) procedures, and their t-statistics.  As found in 

previous empirical studies, our 
'
sβ  can be smaller than or larger than one, 

depending on estimation methods as well as sampling periods. 

We have 'sδ in Table 2b.  They are all positive.  Especially 'sδ by AR are 

almost one.  If t-statistic is biased due to a near unit root in tf , then it should be 



 66

negatively biased.  The 95% confidence interval for the largest root ρ is relatively 

wide for all currencies.  Even the narrowest confidence interval, which is for the 

JPY first subsample, is between 0.983 and 1.035.  Therefore, ρ is highly likely 

different from one in all currencies.  For JPY, it is clear that the t-statistics are 

shifting negatively as ρ deviates further away from unity.  JPY has the widest 

confidence interval for ρ  in the second subsample and for the subsample, β  

becomes less than one from all three estimation methods.  On the other hand, for 

the other two currencies: GBP and DEM, 
'
sβ  are not necessarily less than one for 

the second subsamples, where the confidence intervals are widest.  However, it 

might be important to notice that 
'
sβ  from all three procedures becomes furthest 

away from one (though not always negatively) for the second subsample when the 

95 % confidence interval becomes widest.  As mentioned above, tf  and are 

moving very closely together for all currencies.  Because of this close relationship, 

we have the sampling error, that is, 

ts

'
sβ  are sometimes estimated as slightly larger 

than one.  Hence the rejection of the null 1β =  is probably because the largest root 

in tf  deviates from one. 

2.4.3 Expectations Hypothesis of Term Structure 
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The expectations hypothesis of the term structure states that an n-period 

yield,  is the average of the expected future one-period yields plus risk premium 

; 

n
tr

( ),L n t

( )1
1

1

1 ,
n

n
t t t j

j
r E r L n

n + −
=

⎡ ⎤= +⎣ ⎦∑ t  

Under the pure version of the expectations hypothesis, the risk premium is 

zero, while under the other versions of the hypothesis, the risk premium is constant 

over time. 

Rearranging the above equation; 

( )1 1

1

1 ( ) ,
n

n
t t t t j

j
r r n j E r L n t

n +
=

⎡ ⎤− = − Δ +⎣ ⎦∑  

Assuming yields to maturities are (1)I processes, a change in the one-period 

yield is stationary.  Therefore the LHS, a spread between n-period yield and one-

period yield, is stationary, implying the yields  and are cointegrated with the 

cointegrating vector (

n
tr

1
tr

1, ) (1, 1)oβ− = − . 

The expectations hypothesis of the term structure is originally tested in a 

bivariate setting, that is, the spread between the long term and the short term yields 

was tested individually.  The sample is often divided into two monetary policy 

regimes: the period before October 1979, during which the Federal Reserve had an 

interest rate target; the period of October 1979 and later during which the Fed 

ceased targeting (the new operating procedure) and it gradually abandoned the 
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procedure.  In empirical studies, 
'
sβ vary depending on the sample period as well 

as the maturities of bonds.  The 
'
sβ tend to be significantly smaller than one for the 

relatively long maturity bond yields especially for the sample period during which 

the Fed ceased targeting the Federal funds rate.  For that sample period, it is 

possible to explain that  a near but not exact unit root causes test statistics to  be 

biased. 

Engle and Granger (1987) used monthly yields to 20 year treasury bond as 

the long rate and the one-month treasury bill as the short rate for 1952-1982.  Based 

on the Darbin and Watson test statistic, they found that the spread between the long 

rate and the short rate is not cointegrated.  Their cointegrating regression of the 

long rate on the short rate gives β  as 0.785, though the test statistic was not 

provided.  Campbell and Shiller (1987) also tested cointegration in a bivariate 

setting, finding a supporting result for the expectations hypothesis. 

Later, research was extended to a multivariate model in order to test the 

entire yield curve simultaneously; in practice, for a set of k-yields, conditional on 

the existence of k-1 cointegration relationship, the null hypothesis is that k-1 

linearly independent yield spreads consist of a basis for the cointegration space.  

Hall, Anderson, and Granger (1992) found that while the hypothesis that yield 

spreads form a basis of cointegrating vector tends to be accepted in a bivariate case, 

it tends to be rejected in a multivariate case.  They concluded that yields are still 

cointegrated, but the cointegrating vector is not (1,-1).  She (1992), Lanne (2000), 
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and Clarida, Sarno, Taylor, and Valente (2004) have similar results.  Clarida et al. 

(2004) estimated the reciprocals of our ' sβ , for spreads between spot one-week 

yield and 4-, 13-, 26-, 52-week yields, which are between 0.991 and 1.061 for the 

sample period 1982-2000.  In terms of our defined β , they found 1β <  for 

relatively long maturity bond yields. 

One explanation for the rejection of the tests is that an exogenous shock 

such as monetary policy regime shifts cause risk premium to be highly volatile, but 

the expectations hypothesis is not a failure (Hall et al. (1992), Shea (1992)).  Lanne 

(2000) has another explanation that cointegration tests lack robustness in the 

presence of near unit root variables.  Lanne also found that the null hypothesis that 

spreads are cointegrating tends to be more often rejected in the higher dimensional 

systems.  Running a simulation, Lanne showed that the actual size and power seem 

to increase as the dimension of the system increases in the finite sample when 

yields do not have an exact unit root. 

Our estimated 
'
sβ  in the bivariate systems are similar to those in the 

previous studies.  We tested the entire sample period 1952:01-1991:02 and the two 

subintervals 1952:01-1979:09 and 1979:10-1991:02.  Table 3a reports 
'
sβ  by 

DOLS, Johansen (1988), and Saikkonen (1992) procedures, and the corresponding 

t-statistics for the selected maturity bonds.  For the relatively short maturity bonds, 

we tend to find 
'
sβ significantly larger than one.  For the relatively long maturity 
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bonds, we tend to find 
'
sβ  smaller than one for all the subsamples.  Furthermore, 

not only
'
sβ and t-statistics are shifting negatively as the maturity of bond gets 

longer, but t-statistics tend to be smallest for the second subsample, during which 

the Fed ceased targeting.  This phenomenon is most obvious in estimates by DOLS. 

Table 3b presents 'sδ , 95% confidence intervals for ρ , and the extensive 

'
sβ by DOLS and t-statistics.  Our 'sδ are all positive.  Therefore, at least for the 

second subsample period, it is possible that the t-statistics are negatively biased 

because of a near unit root.  Indeed the 95% confidence interval for ρ of the 

regressor, one-month bond yield becomes very wide for the second subinterval 

1979-1991, indicating that ρ is between 0.866 and 1.02. ρ seems highly likely to 

deviate from one for this sample period.  Actually the 95% confidence intervals for 

the second subsample period are widest for any maturity bond yields.  The different 

values of  
'
sβ  between the first and second subsamples may be related to the 

changes in the monetary policy regimes.  It is known that the Federal funds rate 

was highly volatile during the targeting period (Meulendyke(1989)).  This high 

volatility probably makes ρ very close to one during this sample period.  However, 

it is theoretically difficult to believe that interest rates have an exact unit root (Shea 

(1992), Lanne (2000)).  Interest rates are usually bounded below by zero and are 

supposed to move within some range.  Therefore, after the Fed stopped targeting, 

ρ seems to have deviated further away from unity. 
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2.4.4 Permanent Income Hypothesis 

The interpretation by Flavin (1981) of the permanent income hypothesis 

(the PIH) is that consumption is determined by permanent income, not by current 

income; consumption equals permanent income which consists of the infinite 

horizon annuity value of the sum of human wealth and non-human wealth (Stock 

and West (1988)).  Flavin (1981) showed that the change in consumption equals the 

unpredictable change in the annuity value of labor income, which is associated with 

Hall (1978)’s famous conclusion that consumption follows a random walk.  

Permanent income also is a random walk (Flavin (1981)).  Following the derivation 

by Stock and West (1988), saving, which is the difference between total disposable 

income (permanent income) and consumption, can be expressed as; 

( )
1

1 jd l
t t t t

j
y c E r y

∞
−

j+
=

− = − + Δ∑  

where is the total disposable income,  is consumption, is expectations 

conditional on the consumer’s information set at time t, is the constant real 

interest rate, and  is labor income and is assumed to be exogenous (Flavin 

(1981))

d
ty tc tE

r

l
ty

5  The equation says that, under the PIH, the current saving equals the 

expected present value of future declines in labor income; people save for a rainy 

day (Campbell (1987)).  If  has a unit root (Nelson and Plosser (1982), Mankiw l
ty

                                                 
5 Campbell (1987) defines of savings as /d

t tY C γ− ,where γ  is the proportionality factor and is 
equal to or less than one, since, in his interpretation of the PIH, consumption is proportional to 
permanent income. 
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and Shapiro (1985)), , the lagged difference, is stationary.  Although and  

are assumed to have a unit root, 

l
tyΔ d

ty tc

d
ty ct−  is stationary, that is, and are 

cointegrated with the cointegrating vector 

d
ty tc

( , 1) (1, 1)β − = − .  A common empirical 

finding is that β  is significantly smaller than one.  This is so called excess 

smoothness of consumption (Campbell and Deaton (1989)).  This smoothness of 

consumption can be explained by the presence of a near but not exact unit root in 

. d
ty

By running cointegration regression, Engle and Granger (1987) estimated 

the cointegrating coefficient of disposable income as 0.23.  Campbell (1987) 

regressed disposable income on consumption and found the estimated coefficient 

which is a reciprocal of our defined β  is between 1.04 and 1.6 (i.e. estimated 
'
sβ  

are less than one), finding only weak evidence that supports the PIH. 

Table 4a reports 
'
sβ  estimated by DOLS, Johansen (1988), and Saikkonen 

(1992) methods.  Our 
'
sβ  match the previous studies.  We estimated ' sβ  for the 

entire sample period 1947:I-2002:IV, and the two subsample periods 1947:I-1979:I 

and 1979:I-2002:IV.  We split the data at 1979:I because an extensive research was 

done for the first subsample period.  We used the logs of consumption on non-

durable goods and disposable personal income.  Our estimated β  is the coefficient 

on income.  We found 
'
sβ  are all less than one and mostly rejected the null of 
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β =1.  If β <1 because  do not have an exact unit root, the signs of d
ty 'sδ  are 

expected to be positive.  Table 4b presents the estimation results.  Indeed 'sδ  are 

all positive by both AR and NW.  Also the 95% confidence intervals for ρ  are 

relatively wide for all the samples.  Even for the narrowest interval, which is for the 

entire sample period indicates that ρ can be between 0.955 and 1.018.  For the two 

subsample periods, the confidence intervals are between 0.86 and 1.04.  Thus, ρ is 

likely different from unity for all the sample periods.  Therefore, it is clear that we 

tend to find 
'
sβ  significantly smaller than one due to the presence of a near but not 

exact unit root. 

2.5 Alternative Procedures 

This section considers valid inference methods on cointegrating vectors in 

the presence of near unit root variables.  A possible alternative valid test is to have 

a correct size through handling correlation δ and local-to-unity parameter .  A 

difficulty is that, although 

c

δ can be consistently estimated from 2π times the 

spectral density function at frequency zero, we cannot consistently estimate .  

Ideally, alternative testing procedures should be independent of . 

c

c

We compare two alternative procedures.  One is an inference method based 

on stationarity tests, and the other one uses the Bonferroni’s inequality in a VAR 

approach by Saikkonen (1992).  We will discuss the two procedures and compare 

their performances in terms of size and power in finite samples. 
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2.5.1 Inference Based on Stationarity Tests 

Wright (2000) proposed an inference method which is free of nuisance 

parameters under the null hypothesis.  The method is based on the stationarity tests 

proposed by Nyblom (1989) and Kwitkowski, Phillpis, Schmidt, and Shin (1992).  

The stationarity tests are unit root tests, testing the null hypothesis of stationarity 

against the alternative hypothesis of unit root.  The test statistics are the locally 

most powerful invariant (LMPI) tests, which are independent of nuisance prameters. 

Wright (2000) applied this test for testing the null hypothesis that a linear 

combination of variables 2 2t t ou y y1tβ= −  is stationary.  Hence, this approach is 

actually testing the joint null hypothesis of oβ β=  and cointegration.  The test 

statistic is a Lagrange multiplier (LM) test, denoted as (.)L .  In a simple form 

without deterministic terms, the statistic is ( )2 21
21 1

( ) /T
o t

L Tβ ξ σ−
=

= ∑ , where 

2 1t o ty yξ β= −  and 
2
2σ  is a consistent estimator of zero frequency variance of , 2tu

2
2σ .6  Under the null hypothesis, 1( )oL β  has the limiting chi-square distribution 

with degree of freedom one, and is free of nuisance parameters.  Under the 

                                                 
6 In practice Wright (2000) recommends to choose the minimum one as 

2
2σ between 

( )2
2κσ β and ( )2

2 oσ β , that is 
2
2σ =min ( ) ( )( )2 2

2 2, oκσ β σ β , where κ is some constant, 

typically 15, and ( )2
2 .σ  is the estimated zero frequency variance imposing the estimated β  or the 

hypothetical oβ  
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alternative of /o b Tβ β= + , 1( )L β  is a functional of a diffusion process, 

depending on  and c δ  (Stock (1997)). 

Because the test is free of nuisance parameters under the null, we can 

expect this test will control size effectively.  On the other hand, because this 

method is testing the joint null hypothesis of oβ β=  and stationarity of a linear 

combination, it will lose power for testing oβ β= , if variables are stationary.  Thus 

we cannot expect high power for testing the cointegrating vector when  is less 

than zero. 

c

2.5.2 Bonferroni Test  

The Bonferroni test uses bound of the test statistic of oβ β=  conditioned on 

the information on ρ .  In order to have the test evaluated over a confidence interval 

of ρ , Bonferroni’s inequality can be applied.  The famous Bonferroni’s inequality 

is  

( ) ( ) ( )( )1 2 1 2Pr 1 Pr Prc cA A A∩ ≥ − + A  

 In our case, event  is that c  is outside of a confidence region and event 

 is that 

1A

2A β  is outside of a confidence region.  Let ( )1Pr A 1η=  and ( )2 2Pr A η= .  

Let ( )1cC η  denote 1100(1 )%η− confidence region for c  and let ( )| 2cCβ η denote a 

2100(1 )%η−  confidence region forβ , which depend on .  Then, a confidence 

region for

c

β  which is independent of can be constructed as  c
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( ) ( ) ( )
1 | 2c

B
cc CC Cβ βηη η∈= ∪  

By Bonferroni’s inequality, the confidence region ( )BCβ η  has confidence 

level of at least 100(1 )%η−  where 1 2η η η= + . 

Bonferroni’s inequality was already applied to handle near unit root 

variables in a predictive regression setting.  Cavanagh, Elliott, and Stock (1995) 

first suggested this procedure for the one-period ahead predictive regression.  Other 

applications in predictive regressions are found in Campbell and Yogo (2006), 

Valkanov (2003), and Torous, Valkanov, and Yan (2004).  By using Bonferroni’s 

procedure, we estimate β  in a VAR approach by Saikkonen (1992)  and compute 

the Wald statistic. 

The asymptotic confidence region independent of c  can be obtained by the 

method as follows.  First, asymptotically valid confidence intervals for  can be 

constructed using the Dickey-Fuller t-statistics of 

c

ρ , tρ , as in Stock (1991), which 

provides an equal-tailed confidence interval of the form ( ) (1 1l uc c c )η η≤ ≤ .  Given 

the upper and lower limits of this confidence interval, the confidence region 

( )BCβ η  can be obtained.  We denote 

( )
( ) ( )1 1

1 2 , ,1, max
l u

B
u Wc c c

d d
β c ηη η

η η −≤ ≤
=  
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where ( 1 2,B
ud )η η  is the upper bound of the 100(1 )η− th percentile of distribution 

of Wald statistics evaluated over the confidence interval of ρ , Wβ  is the Wald 

statistic for testing oβ β= .  The asymptotic actual size of Bonferroni test is  

( ) ( )1 2 1 2Pr , , ,B
u BW d S cβ η η η⎡ ⎤> →⎣ ⎦ η  

where, by Bonferroni’s inequality, ( )1 2 1 2, ,BS c η η η η≤ + .  Note that due to 

correlation between the first stage test and second stage test, the confidence interval 

can be quite conservative.  Hence, we need to adjust the size.  If the desired size is 

2η , then choose 1η  and 2η  so that ( ) 21 2, ,BS c η η η= . 

2.5.3 Size and Power in Finite Samples 

We evaluate the performance of the two alternative procedures.  Size and 

power of test of oβ β=  in finite sample are reported.  The sample sizes are T=100, 

150, 300, 500.  Table 5 presents sizes for three procedures in finite samples as a 

function of true value of  and c δ  with the nominal size 10%.  Three procedures 

are Saikkonen, Wright, and Bonferroni-Saikkonen.  Saikkonen is the rejection rates 

when the cointegrating vector is estimated by Saikkonen (1992) without any 

treatment, , where  is the 902
0.9Pr (1)Wβ χ⎡ ⎤>⎣ ⎦

2
0.9 (1)χ th percentile of chi-square 

distribution with degree of freedom one.  Wright is the rejection rates computed 

with the method by Wright (2000), 2
1 0.9Pr ( ) (1)oL β χ⎡ ⎤>⎣ ⎦ .  Bonferroni-Saikkonen is 

the rejection rates computed as ,0.9Pr B
uW dβ⎡ ⎤>⎣ ⎦ , where  is the 90,0.9

B
ud th percentile 
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of the actual distribution of Wald statistics conditional on the confidence interval of 

ρ .  Saikkonen tells us how large the size distortion can be when variables do not 

have exact unit roots.  For example, when T=100 and δ =0.7, the actual size can be 

as high as 44% for nominal size 10%.  Typical estimation methods totally lack 

robustness when the assumption of an exact unit root is violated.  Wright handles 

the size well.  Although the size stays above 10% in all cases, it is stable over any 

values of  and c δ .  Bonferroni-Saikkonen also controls size well, although the 

size tends to be conservative.  As the sample size becomes large, the size becomes 

relatively stable around 10%. 

Next, we evaluate local alternative power of Wright and Bonferroni-

Saikkonen.  Figure 2 presents local power of 10% level of test of oβ β=  against 

/o b Tβ β= +  for  between -20 and 20, =0, -5, -10, and b c δ =0, 0.5.  Because the 

results are similar, only the power for T=100 presented.  The results for T=150, 300, 

500 are available upon request.  For c=0, Wright and Bonferroni-Saikkonen both 

work well for bothδ =0 and 0.5.  However, once  becomes nonzero, Wright 

immediately loses its power.  Because Wright’s approach is testing the joint null 

hypothesis of 

c

oβ β=  and stationarity of a linear combination (cointegration), this 

procedure does not have much power to test oβ β=  when variables are not unit 

root processes.  Although power of Bonferroni-Saikkonen still somehow depends 

on , this method does not lose the power as fast as Wright does.  If we are not 

sure about whether variables have an exact unit root (which is almost always the 

c
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case) and are interested in testing the null of oβ β= , Bonferroni-Saikkonen method 

will probably be chosen, although not optimal.  While Wright’s method is 

independent of parameters c and δ , under the null hypothesis, it heavily depends 

on  under the alternatives. c

2.6 Conclusion 

We examined whether rejection of hypothesis testing on a cointegrating 

vector is due to the violation of the assumption that variables have an exact unit 

root.  Although variables are assumed to have an exact unit root in a cointegration 

framework, we are rarely sure that variables are exactly integrated.  We estimated 

the cointegrating vector ( )1, β− , the 95% confidence interval for the largest root, 

and the frequency zero correlations in four empirical settings.  Overall, the 

rejection of the tests seems to be explained by the presence of nearly, but not 

exactly integrated variables.  This is especially clear for the present value model in 

the stock market and permanent income hypothesis examples.  On the other hand, 

for the forward market unbiasedness and relatively short maturity yields in the 

expectations hypothesis, we often found contradictory results; the signs of t-

statisics  tend to be the same as those of 'sδ .  However, we observed the tendency 

that t-statistic deviates further away from zero when the confidence interval for the 

largest root ρ  becomes wider in the forward market unbiasedness example and for 

the relatively long maturity bond yields in the expectations hypothesis example.  
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Therefore, based on the study in four empirical examples, it seems that the rejection 

of the test is a common problem in the presence of near unit root variables. 

We also considered two alternative procedures.  Although the method based 

on stationarity tests controls size pretty well, power for testing on cointegrating 

vectors is low when 1ty  has a near unit root.  On the other hand, while Bonferroni’s 

size tends to be conservative, its power is much higher than stationarity test 

approach.  When we are not sure of an exact unit root and want to test on 

cointegrating vectors, Bonferroni’s procedure would be a better procedure, 

although not optimal. 

For further research, another inference method proposed by Jansson and 

Moreira (2006) should also be considered.  The method uses the idea of sufficient 

statistics which are independent of nuisance parameters.  The alternative 

procedures should be applied to empirical examples.  Besides empiricl examples 

studied in this paper, application to a model of household consumption which was 

recently proposed by Flavin and Nakagawa (2005) will also be considered. 

Acknowledgement: I am grateful to Professor Graham Elliott for his guidance and 

helpful comments. 
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Present Value Model in the Stock Market
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Figure 2.1a: Time Series Plots of Empirical Examples      
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EH of Term Structure
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EH of Term Structure (1-60 month)
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Figure 2.1b: Time Series Plots of Empirical Examples 
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Permanent Income Hypothesis
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Figure 2.1c: Time Series Plots of Empirical Examples 
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T=100, c=0, delta=0

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

-20 -15 -10 -5 0 5 10 15 20

b

P
ow

er

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1

T=100, c=-5, delta=0

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

-20 -15 -10 -5 0 5 10 15 20

b

Po
w

er

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1

T=100, c= -10, delta=0

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

-20 -15 -10 -5 0 5 10 15 20

b

P
ow

er

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1

 
Figure 2.2a:  Local Power of 10% level of test of β=βo against β=βo+b/T. 
The sample size T=100 delta=0.  Solid line is Saikkonen-Bonferroni.  Dashes are 
Wright. 
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T=100, c=0, delta=0.5
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Figure 2.2b:  Local Power of 10% level of test of β=βo against β=βo+b/T. 
The sample size T=100 delta=0.5.  Solid line is Saikkonen-Bonferroni.  Dashes are 
Wright. 
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Table 2.1a: The Present Value Model in the Stock Market.  Estimated 
cointegrating coefficient β’s, standard errors, and t-statistics from DOLS, Johansen 
(1988), and Saikkonen (1992). 
 
  DOLS  Johansen  Saikkonen  
  β t-stat β t-stat β t-stat 
  (S.E)  (S.E)  (S.E)  
1927:12-2001:12 1.616 2.735 1.808 4.594 1.801 3.067 
  (0.225)  (0.176)  (0.261)  
        
1927:12-1951:12 0.560 -1.424 1.533 1.627 0.909 -0.205 
  (0.309)  (0.327)  (0.441)  
        
1952:01-2001:12 2.074 1.259 3.955 3.213 2.996 2.220 
  (0.852)  (0.920)  (0.899)  
        
1977:01-2001:12 3.910 2.446 5.358 4.333 5.5562 3.393 
  (1.190)  (1.006)  (1.345)  
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Table 2.1b:  Present Value Model in the Stock Market: Estimation of 
parameters and t-statistics for the cointegrating vector, β 
T  c 95% CI for ρ Correlation, δ β t-stat 
Lag     AR NW (S.E) for β 
Logs of Price and Dividend       
1927:12-2001:12        
889  -3.882 (0.991 1.005) 0.930 0.102 1.616 2.735 
4       (0.225)  
1927:12-1951:12        
289  -16.09 (0.916 1.006) 0.129 -0.105 0.560 -1.424 
4       (0.309)  
1952:01-2001:12        
600  -3.234 (0.974 1.005) -0.061 -0.144 2.074 1.259 
4       (0.852)  
1977:01-2001:12        
300  -2.344 (0.969 1.014) -0.226 -0.226 3.910 2.446 
1       (1.190)  
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Table 2.2a: Forward Market Unbiasedness.  Estimated cointegrating coefficient 
β’s,  standard errors, and t-statistics by DOLS, Johansen (1988), and Saikkonen 
(1992). 
  DOLS  Johansen  Saikkonen  
  β t-stat β t-stat β t-stat 
  (S.E)  (S.E)  (S.E)  
GBP        
1976:01-2002:11 0.999 -0.031 1.002 0.550 1.000 0.008 
  (0.003)  (0.004)  (0.015)  
1976:01-1989:12 0.997 -1.064 0.990 -0.241 0.998 -0.111 
  (0.003)  (0.004)  (0.021)  
1990:1-2002:11 1.018 1.938 1.030 3.788 1.023 0.838 
  (0.009)  (0.008)  (0.028)  
JPY        
1978:07-2002:11 1.001 0.732 1.001 0.805 1.002 0.200 
  (0.001)  (0.002)  (0.008)  
1978:07-1989:12 1.000 0.226 1.001 0.244 1.001 0.061 
  (0.002)  (0.002)  (0.020)  
1990:01-2002:11 0.991 -0.807 0.963 -3.958 0.983 -0.807 
  (0.011)  (0.009)  (0.021)  
DEM        
1976:10-1998:11 1.006 1.564 1.008 2.091 1.010 0.848 
  (0.004)  (0.004)  (0.012)  
1976:10-1989:12 0.999 -0.923 0.999 -0.651 0.999 -0.015 
  (0.002)  (0.002)  (0.022)  
1990:01-1998:11 0.996 -0.075 5.738 2.266 1.026 0.614 
  (0.052)  (2.091)  (0.042)  
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Table 2.2b: Forward Market Unbiasedness:  
Estimation of parameters  and t-statistics for the cointegrating vector, β 

 

Currency c 95% CI for ρ δ β t-stat 
T Lag     AR NW (S.E)  
GBP          
1976:01-2002:11        
323 2 -10.421 (0.940 1.008) 0.964 0.534 0.999 -0.031 
1976:01-1989:12      (0.003)  
168 2 -3.983 (0.945 1.025) 0.999 0.544 0.997 -1.064 
1990:01-2002:11      (0.003)  
155 2 -13.825 (0.858 1.012) 0.951 0.511 1.018 1.938 
       (0.009)  
JPY         
1978:07-2002:11        
294 2 -2.023 (0.981 1.015) 0.981 0.550 1.001 0.732 
1978:07-1989:12      (0.001)  
139 2 -0.793 (0.983 1.035  ) 0.995 0.537 1.000 0.226 
1990:01-2002:11      (0.002)  
155 2 -7.637 (0.897 1.020  ) 0.982 0.561 0.991 -0.807 
       (0.011)  
DEM         
1976:10-1998:11        
276 2 -4.169 (0.963 1.014) 0.949 0.536 1.006 1.564 
1976:10-1989:12      (0.004)  
168 2 -2.238 (0.970 1.027) 0.999 0.551 0.999 -0.923 
1990:01-1998:1      (0.002)  
108 2 -12.239 (0.814 1.022) 0.399 0.515 0.996 -0.075 
       (0.051)  
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Table 2.3a:  The Expectations Hypothesis of the Term Structure: The estimated 
β’s, standard errors and t-statistics by DOLS, Johansen (1988), and Saikkonen (1992) for 
selected maturity bond yields. 

  DOLS  Johansen  Saikkonen  
  β t-stat β t-stat β t-stat 
  (S.E)  (S.E)  (S.E)  
1-6m        
1952:01-1991:01 1.039 2.875 1.046 3.228 1.045 3.257 
  (0.014)  (0.014)  (0.014)  
1952:01-1979:09 1.031 1.437 1.360 2.347 1.027 1.170 
  (0.022)  (0.015)  (0.023)  
1979:10-1991:01 1.015 0.410 1.055 1.306 1.041 1.103 
  (0.038)  (0.042)  (0.037)  
1-12m       
1952:01-1991:01 1.031 1.299 1.047 1.965 1.045 1.853 
  (0.024)  (0.024)  (0.024)  
1952:01-1979:09 1.012 0.330 1.005 0.146 1.005 0.152 
  (0.036)  (0.031)  (0.034)  
1979:10-1991:01 0.963 -0.566 1.039 0.591 1.007 0.106 
  (0.065)  (0.066)  (0.063)  
1-24m       
1952:01-1991:01 1.006 0.143 1.056 1.372 1.047 1.070 
  (0.045)  (0.040)  (0.044)  
1952:01-1979:09 0.954 -0.661 0.941 -0.983 0.943 -0.926 
  (0.070)  (0.060)  (0.062)  
1979:10-1991:01 0.880 -1.118 1.037 0.383 0.965 -0.355 
  (0.107)  (0.097)  (0.098)  
1-48m       
1952:01-1991:01 0.974 -0.381 1.068 1.238 1.055 0.842 
  (0.069)  (0.055)  (0.066)  
1952:01-1979:09 0.897 -0.960 0.902 -1.037 0.907 -1.034 
  (0.108)  (0.094)  (0.090)  
1979:10-1991:01 0.793 -1.402 1.061 0.483 0.958 -0.336 
  (0.148)  (0.126)  (0.125)  
1-60m       
1952:01-1991:01 0.964 -0.462 1.072 1.241 1.060 0.823 
  (0.077)  (0.058)  (0.072)  
1952:01-1979:09 0.880 -0.981 0.899 -0.967 0.905 -0.947 
  (0.122)  (0.105)  (0.100)  
1979:10-1991:01 0.765 -1.457 0.942 -0.457 0.963 -0.276 
  (0.162)  (0.127)  (0.135)  
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Table 2.3b: Term Structure of Interest Rates:  
Estimation of parameters and t-statistics for the cointegrating coefficient, β 
 
Sample Period c 95%  CI for ρ δ β t-stat 
T Lag    AR NW (S.E)  
1m        
1952:01-1991:01 -11.748 (0.956 1.005)     
470 2        
1952:01-1979:09 -1.463 (0.993 1.014)     
333 2        
1979:10-1991:01 -11.371 (0.866 1.020)     
137 2        
         
2m        
1952:01-1991:01 -9.118 (0.963 1.006) 0.320 0.289 1.021 4.722 
470 1      (0.005)  
1952:01-1979:09 -2.513 ( 0.989 1.014 ) 0.474 0.051 1.007 4.722 
333 1      (0.006)  
1979:10-1991:01 -6.895 ( 0.907 1.027 ) 0.474 0.427 1.013 1.018 
137 1      (0.013)  
         
3m        
1952:01-1991:01 -10.690 (0.959 1.005) 0.308 0.227 1.030 4.441 
470 2      (0.007)  
1952:01-1979:09 -2.405 ( 0.989 1.014 ) 0.515 0.073 1.012 1.161 
333 1      (0.010)  
1979:10-1991:01 -6.436 ( 0.913 1.027 ) 0.185 0.313 1.015 0.778 
137 1      (0.019)  
         
4m        
1952:01-1991:01 -10.536 (0.959 1.006 ) 0.287 0.207 1.033 3.692 
470 2      (0.009)  
1952:01-1979:09 -2.129 (0.990 1.014 ) 0.560 0.091 1.019 1.314 
333 1      (0.014)  
1979:10-1991:01 -10.097 ( 0.879 1.022 ) 0.109 0.249 1.015 0.563 
137 2      (0.026)  
         
6m        
1952:01-1991:01 -11.144 ( 0.958 1.005 ) 0.391 0.203 1.039 2.875 
470 2      (0.014)  
1952:01-1979:09 -1.877 ( 0.991 1.014 ) 0.402 0.109 1.031 1.437 
333 1      (0.022)  
1979:10-1991:01 -10.073 (0.880 1.022) 0.099 0.205 1.015 0.410 
137 2      (0.038)  
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Table 2.3b: Term Structure of Interest Rates (continued) 

 

Sample Period c 95%  CI for ρ δ β t-stat 
T Lag    AR NW (S.E)  
9m        
1952:01-1991:01 -11.166 ( 0.957 1.005  ) 0.385 0.227 1.037 2.045 
470 2      (0.018)  
1952:01-1979:09 -3.324 ( 0.985 1.014  ) 0.530 0.107 1.029 1.007 
333 2      (0.028)  
1979:10-1991:01 -10.038 ( 0.881 1.022   ) 0.148 0.240 0.996 -0.077 
137 2      (0.052)  
        
12m        
1952:01-1991:01 -10.461 ( 0.959 1.006 ) 0.307 0.179 1.031 1.299 
470 2      (0.024)  
1952:01-1979:09 -3.369 ( 0.985 1.014 ) 0.646 0.086 1.012 0.330 
333 2      (0.036)  
1979:10-1991:01 -9.635 (0.885 1.022  ) 0.114 0.186 0.963 -0.566 
137 2      (0.065)  
         
24m        
1952:01-1991:01 -8.417 (0.965 1.006) 0.166 0.130 1.006 0.143 
470 2      (0.045)  
1952:01-1979:09 -2.798 (0.986 1.014) 0.678 0.025 0.954 -0.661 
333 2      (0.070)  
1979:10-1991:01 -8.776 (0.894 1.024) 0.678 0.185 0.880 -1.118 
137 2      (0.107)  
         
36m        
1952:01-1991:01 -6.827 (0.969 1.007) 0.103 0.115 0.999 -0.016 
470 2      (0.054)  
1952:01-1979:09 -2.177 (0.987 1.014) 0.674 0.013 0.921 -0.874 
333 2      (0.090)  
1979:10-1991:01 -7.370 (0.908 1.027) 0.265 0.013 0.823 -1.329 
137 2      (0.133)  
         
48m        
1952:01-1991:01 -5.920 (0.972 1.008) 0.099 0.177 0.974 -0.381 
470 2      (0.069)  
1952:01-1979:09 -1.745 (0.989 1.014) 0.627 0.079 0.897 -0.960 
333 2      (0.108)  
1979:10-1991:01 -6.621 (0.916 1.028) 0.340 0.233 0.793 -1.402 
137 2      (0.148)  
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Table 2.3b: Term Structure of Interest Rates (continued) 

 

Sample Period c 95%  CI for ρ δ β t-stat 
T Lag    AR NW (S.E)  
60m        
1952:01-1991:01 -5.210 (0.974 1.008) 0.099 0.171 0.964 -0.462 
470 2      (0.077)  
1952:01-1979:09 -1.414 (0.990 1.014) 0.549 0.079 0.880 -0.981 
333 2      (0.122)  
1979:10-1991:01 -4.213 (0.940 1.031) 0.367 0.224 0.765 -1.457 
137 1      (0.162)  
         
120m        
1952:01-1991:01 -3.679 (0.979 1.009) 0.134 0.175 0.936 -0.653 
470 2      (0.099)  
1952:01-1979:09 -0.625 (0.995 1.014) -0.001 0.086 0.849 -0.943 
333 1      (0.161)  
1979:10-1991:01 -3.501 (0.947 1.032) 0.430 0.221 0.661 -1.825 
137 1      (0.186)  
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Table 2.4a:  The Permanent Income Hypothesis:  The Estimated β’s, standard 
errors, and t-statistics by DOLS, Johansen (1988), and Saikkonen (1992). 
  DOLS  Johansen  Saikkonen  
  β t-stat β t-stat β t-stat 
  (S.E)  (S.E)  (S.E)  
1947:I-2002:IV 0.633 -5.206 0.043 -5.467 0.747 -3.244 
  (0.070)  (0.040)  (0.078)  
1947:I-1979:I 0.576 -30.519 0.755 -3.056 0.586 -24.876 
  (0.014)  (0.080)  (0.017)  
1979:II-2002:IV 0.885 -1.568 1.001 0.002 0.954 -0.987 
  (0.074)  (0.320)  (0.047)  
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Table 2.4b: Permanent Income Hypothesis:  Estimation of parameters and t-
statistics for cointegrating vector, β 
 
T Lag c 95%CI for ρ δ  β t-stat 
     AR NW (S.E)  
Logs of Consumption and Income      
1947:I-2002:IV        
224 2 -5.419 (0.955 1.018) 0.627 0.023 0.633 -5.206 
       (0.070)  
1947:I-1979:I        
129 2 -7.728 (0.889 1.027) 0.349 0.084 0.576 -30.519 
       (0.014)  
1979:II-2002:IV        
95 1 -7.300 (0.859 1.037) 0.487 0.275 0.885 -1.568 
       (0.074)  
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Table 2.5: Alternative Procedures.  Rejection rates of test of β= βo in the finite 
sample with nominal size 10% 
  Saikkonen  Wright  Bonferroni-Saikkonen 
             

δ  0 0.5 0.7  0  0.5 0.7  0  0.5 0.7 
c             

             
T=100            

0  0.120 0.052 0.036  0.164 0.158 0.152  0.088 0.062 0.104 
-5  0.126 0.164 0.200  0.126 0.156 0.168  0.056 0.078 0.116 

-10  0.128 0.274 0.440  0.148 0.136 0.152  0.074 0.068 0.124 
-20  0.138 0.492 0.752  0.168 0.144 0.132  0.102 0.090 0.146 

             
T=150            

0  0.086 0.106 0.040  0.158 0.146 0.144  0.100 0.074 0.082 
-5  0.100 0.168 0.202  0.116 0.142 0.140  0.088 0.096 0.110 

-10  0.112 0.226 0.406  0.158 0.138 0.128  0.052 0.104 0.126 
-20  0.098 0.456 0.754  0.164 0.158 0.140  0.088 0.076 0.074 

             
T=300            

0  0.118 0.066 0.038  0.132 0.148 0.154  0.102 0.106 0.108 
-5  0.106 0.144 0.186  0.138 0.122 0.126  0.100 0.114 0.112 

-10  0.118 0.222 0.404  0.152 0.138 0.146  0.100 0.096 0.084 
-20  0.110 0.420 0.704  0.164 0.144 0.110  0.082 0.082 0.102 

             
T=500            

0  0.116 0.070 0.028  0.146 0.146 0.184  0.112 0.072 0.124 
-5  0.094 0.160 0.176  0.140 0.168 0.142  0.086 0.120 0.076 

-10  0.112 0.248 0.430  0.160 0.144 0.154  0.096 0.104 0.100 
-20  0.078 0.446 0.724  0.142 0.162 0.142  0.092 0.094 0.104 
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A.2   Chapter 2 Data Sets 
 
A.2.1   The Present Value Model in the Stock Market 
The original data is from the CRSP value-weighted NYSE portfolio from 1927:1 to 
2001:12, in which monthly stock return, , return on dividend,  and return 

without dividend are provided 

total
tr

i
tr

o
tr ( )total i o

t t tr r r= + .  We constructed the series of real 
stock price and real dividend as follows.  The nominal stock price is computed as 
investing 100 in this portfolio at the end of 1926:12 and multiplying by  
every month to have a stock price at the end of month, t.  We divided them by the 
Consumper Price Index with 1982-1984 price level=100 to obtain real stock 
price .  We computed the first nominal monthly dividend by multiplying 100 by 
return on dividend of 1927:1.  We compute monthly nominal dividend as 

(1 )o
tr+

tP
i

tr 1tD −  
times .  After dividing the nominal dividend by the same CPI, we annualized the 
dividend by summing monthly real dividend for time t-11 to t to avoid 
seasonality of dividend.  For the logs of stock price and dividend

i
tr

tD

tp and , we 
simply took the natural logs of  and . 

td

tP tD
 
A.2. 2   Forward Market Unbiasedness 
The data sets are of  three currencies; the British pound (GBP), the Japanese yen 
(JPY), and the Deutschemarke (DEM).  The entire periods are 1976:01-2002:12, 
1978:6-2002:12, and 1976:01-1998:12 for GBP, JPY, and DEM, respectively.  We 
also tested two subintervals for each currency because it is known that the 
hypothesis is often rejected in the 70’s and 80’s (Baille and Bollerslev (2000)).  
The data set is obtained from Datastream.  The data are the spot rates and one-
month forward rates.  The rates are closing middle rates provided by WM/Reuters.  
The exchange rates based on USD are calculated from the GBP-based exchange 
rates.  Because the data set covers the longest time span.  The codes of the obtained 
rates can be provided.  The original data was the price of foreign currencies for one 
unit of GBP.  We followed Bekaert and Hodrick (2001) for this data formation. 
 
A.2.3   Term Structure of Interest Rates 
The data for this study is of the zero-coupon yield curve.  The data is from 
McCulloch and Kwon (1993), which mostly is the same as McCulloch (1990) used 
by Campbell and Shiller (1991).  The monthly data from McCulloch and Kwon 
(1993) is extended to 1991:2.  The entire sample period is 1952:1-1991:1 after 
processing for analysis and the two subsamples are 1952:1-1979:9 and 1979:10-
1991:1.  The division into two subsamples is based on the changes in interest rate 
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targeting behavior by the Federal Reserve Bank.  In the first part, the interest rate 
was targeted, while for the latter, the Fed stopped targeting.  The short-term bond 
yield is always one-month rate and the long bond yields are with maturities of 2, 3, 
4, 6, 9 months and 1,2,3,4,5, and 10 years.   
 
A.2.4   Permanent Income Hypothesis 
Data: Our data is from NIPA (National Income and Product Accounts).  
Consumption is of non-durable goods, income is disposable personal income.  The 
data are seasonally adjusted and per capita measured in 1996 dollars.  The original 
data is from 1947:I to 2002:IV, quarterly. 
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Chapter 3 

Alternative Testing Procedures for Predictive 
Regression When the Regressor is Highly 
Persistent:  Comparison of Power  
 

Abstract 
This paper examines alternative inference procedures in the presence of a nearly 

integrated regressor in a predictive regression setting.  We compare the power of four 
procedures.  One is the variable addition method by Toda and Yamamoto (1995).  The 
other three are the Sup-bound test and Bonferroni t-test from Cavanagh, Elliott and Stock 
(1995), and the Bonferroni Q-test recently developed by Campbell and Yogo (2006).  The 
variable addition method augments the regressor so that the coefficient of interest has the 
asymptotic normal distribution.  However, asymptotically it does not have power because 
it does not test the full null hypothesis.  The Bonferroni Q-test, which is supposed to be 
more efficient than the Bonferroni t-test, seems outperform. 
 
 

3.1 Introduction 

This chapter considers statistical inference methods in a predictive 

regression setting.  An empirical example is testing predictability of stock returns.  

It is known that if the regressor is highly persistent the test statistics will not 

converge to the usual standard normal or 2χ distribution (see Elliott and Stock 

(1994) or Cavangh, Elliott and Stock (1995)).  Hence we mistakenly tend to find 

predictability.  Consider a simple model; 

(1) t xx tμ ν= +  

(2) 1 2t y ty x tμ β ε−= + +  
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where 1(1 ) ( ) t tL b Lρ ν ε− = , ρ  is the largest root, ( ) 1b L = , '
1 2[ , ]

t t tε ε ε=  is , . .i i d

2
' 1 1 2

2
1 2 2

[ ]
ttE

σ δσ σ
ε ε

δσ σ σ
⎡ ⎤

= ⎢
⎣ ⎦

1,...,t T⎥ , = , and 4[ ]
it

E ε < ∞ .  We often test the null 

hypothesis β =0 (no predictability).  When the regressor is highly persistent, the test 

statistics of β will not have the usual asymptotic distributions, which tends toward 

rejecting the null hypothesis (i.e., we tend to find predictability). 

In order to deal with the situation in which the regressor is near unit root, 

we use the local alternative asymptotic theory (Phillips (1987), Chan and Wei 

(1987)).  We reparameterize the largest root as 1 /Tρ γ= + .   If 0γ = ,  the regressor 

is a unit root process.  We are interested in the region 0γ ≤ . 

In order to reduce the tendency to wrongly reject the null hypothesis, 

various tests have been proposed.  Cavanagh et al. (1995) considered methods for 

computing valid critical values.  Toda and Yamamoto (1995) proposed augmenting 

the regressor so that the test statistic has the asymptotic normal distribution.  This 

paper examines the performance of those proposed tests:  variable addition of Toda 

and Yamamoto (1995), the Supbound and Bonferroni t-tests of Cavanagh et al. 

(1995), and the Bonferroni Q-test of Campbell and Yogo (2006).  We compare the 

performance of alternative procedures in terms of power in finite samples.  This 

paper is organized as follows.  The second section discusses each alternative 

procedure.  The third section compares the local alternative power of these tests.  

The fourth section concludes. 
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3.2 Inference Methods 

There are a number of approaches to undertaking inference problems 

having nearly integrated regressors.  A common approach is simply to assume that 

the root is unity in the hope that results are robust to this approximation.  This 

approach then suggests using cointegration methods to arrive at a valid inference.  

The basic problem is that this is invalid unless one is sure there is a unit root in the 

regressor. 

3.2.1 Variable Addition 

One proposed method involves adding lags of the regressor, and testing a 

subset of the regressors (Toda and Yamamoto (1995)).  Consider, for example, the 

orthogonality regression 

(3) 1t y ty x tμ β η−= + +  

where 1tx − has an exact or near unit root (and is univariate).  Suppose our primary 

interest is to test the null hypothesis of β=0.  The method involves augmenting this 

regression with 2tx − , giving us the regression 

(4) 1 1 2 2t y t ty b x b x tμ η− −= + + +  

where the model of interest is the special case that imposes 1b β=  and .  The 

‘trick’ is to ignore the second part of the joint hypothesis here and simply test the 

first part, i.e. .  That this is not the full null hypothesis should be obvious.  

The property that is to be exploited is that this t-test is asymptotically normal and 

2 0b =

0 1:H b = 0

 



 109

hence standard critical values can be used.  The reason for this follows from 

rewriting the model as 

(5) 1 1 2 1 2( )t y t ty b x b b x tμ η− −= + Δ + + +  

and using (and extension) of the results in Sims et al. (1990).  In that paper they 

show that if one can rearrange the regression so as to write a coefficient of interest 

on a stationary variable then it has a t-statistic that has the usual asymptotic 

standard normal distribution with the convergence rate of .  That is what we 

have done here.  However, there is a problem.  As shown above, we are not testing 

the full hypothesis.  The joint test would not have a standard normal distribution  

(or the usual 

1/ 2T

2χ distribution) as it involves a parameter on an I (1) covariate.  What 

is lost?  The test does not have power against β nonzero, i.e. there is no power in 

the direction we were trying to test in the first place!  This method is testing the 

null hypothesis NOT for the joint distribution, but for the marginal distribution of 

1tx −Δ  by ignoring the restriction of the coefficient on 2tx − .  Thus this method is not 

useful in practice. 

The individual test of 1b β=  has no power in the direction of 1b β≠ .  Now 

consider testing the usual joint hypothesis of 1 2 0b b= =   (here we set β=0 for 

simplicity).  If  the regressor, tx , is stationary, the F-statistic of this test will have a 

chi-square distribution with degree of freedom two divided by two, because we 

have two restrictions  and 1 0b = 2 0b = .  However, when tx  has a near unit or exact 
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unit root, the asymptotic distribution of the statistic will be a combination of the 

usual chi-square distribution and bias1.  Using conventional critical values of chi-

square distribution may lead to a wrong conclusion for the hypothesis testing. 

3.2.2 Bounds 

Another possible way to make a correct inference is to devise a valid test 

for a mixture of the standard normal and the Dickey Fuller distributions.  The test 

of 0β β=  tends to be overly rejected under standard normal assumption when the 

regressor is highly persistent.  In other words, when a local-to-unity parameter, γ , 

is zero or negative (since we are focusing on a slowly mean-reverting case) and the 

correlation, δ , is nonzero, the test of 0β β=  has a size distortion under the 

conventional standard normal assumption.  A possible alternative valid test is to 

have a correct size through handling correlation δ  and a nuisance parameterγ .  A 

difficulty is that, although δ is consistently estimable from 2π  times the spectral 

density function at frequency zero, we cannot consistently estimate a local-to-unity 

parameter,γ .  Ideally, an alternative testing procedure should be independent of γ . 

                                                 

1 
[ ]22 2

2 2
1 2

0

(1) 1(2) 1 (1)
2 2 4 ( )

W
F

W r dr

χ δ δ χ
⎧ ⎫⎛ ⎞−⎛ ⎞⎪ ⎪⎜ ⎟⎬⎟=> + −⎨⎜ ⎟⎜⎜ ⎟⎝ ⎠⎪ ⎪⎝ ⎠⎭⎩ ∫

2 (2)χ, where is a chi-square with 

degree of freedom two, δ is a zero frequency correlation, is a functional of standard 
Brownian motion.  Hence, unless 

( )W r
δ is zero, the F-statistic will be biased. 
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Cavanagh et al. (1995) propose three alternative valid tests that are 

asymptotically independent of the nuisance parameter.  They are the Supbound, 

Bonferroni, and Scheffe tests.  We review the first two. 

3.2.2.1   Sup-Bound Intervals 

A simple asymptotically valid test can be constructed by using the extrema 

of critical values of tβ over (asymptotically) any value of γ .  First, let 

( ),d dηη denote the extrema of critical values with the level η , 

( ) ( , , , ,, inf supt td d d d
β β

ηη γ η γ ηγ γ

⎞= ⎟
⎠

 

We can construct a conservative test of 0β β=  with asymptotic level at 

most η  by rejecting if ( )1 / 2/ 2 ,t d d ηηβ −∉ .  A conservative confidence interval with 

the confidence level at least 100(1 )%η−  can be constructed by inverting the 

acceptance region as  

{ }1 / 2 / 2: ( )d SE d SEη η ( )β β β β β−− ≤ ≤ − β  

where ( )SE β  is the standard error for β . 

The actual size of the test of 0β β=  with a level of η  is 

( ) ( )1 / 2/ 2Pr , ,st d d Sηηβ γ η−⎡ ⎤∉ =⎣ ⎦  

and the resulting actual size, ( ),sS γ η  is at most the level of η , that is, 

( ),sS γ η η≤ .  For a fixed level of η , each value of γ  produces a set of / 2η  and 

 



 112

1 / 2η−  quantiles,   of ( )/ 2 1 / 2,d dη η− tβ .  Then, the critical values of tβ  are set as 

( )1 / 2/ 2 ,d d ηη − .  By using the critical values, the actual size ( ),sS γ η is computed as 

( ) (1 / 2/ 2Pr , ,st d d Sηηβ )γ η−⎡ ⎤∉ =⎣ ⎦  for any value ofγ .  And ( )sup ,sS
γ

γ η  is at most η  

by construction.  The resulting confidence interval tends to be conservative.  In 

order to adjust the size, we search the original fixed level of η , say, 'η so that 

( )sup ,sS
γ

γ η is η , and the resulting actual size, 'η will be at least η .  Note that the 

size adjusted sup-bound test depends on δ , while it is independent of γ  

asymptotically.  In the numerical work, the upper and lower bounds are computed 

by Monte Carlo with T=1000 and 1000 replications over the grid of 40 0γ− ≤ ≤ . 

3.2.2.2   Bonferroni t-test 

The sup-bound test does not use sample information on ρ .  If the test of 

0β β= is set up conditional on the information about ρ , the test is potentially more 

powerful.  In order to have the test evaluated over a confidence interval of ρ , one 

can apply Bonferroni’s inequality; 

( ) ( ) ( )1 2 1 2Pr 1 (Pr Pr )c cA A A∩ ≥ − + A  

In our case, event  is that 1A ρ  is outside of a confidence region and event 

is that 2A β  is outside of a confidence region.  Let ( )1Pr A 1η=  and ( )2 2Pr A η= .  

Let ( )1Cγ η  denote the 1100(1 )%η−  confidence region for γ  and let ( )| 2Cβ γ η  
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denote 2100(1 )%η−  confidence region for β , which depends onγ .  Then, a 

confidence region for β  which is independent of γ  can be constructed as 

( ) ( ) ( )
1 | 2

B
CC C
γβ βγ η γη η∈= ∪  

By Bonferroni’s inequality, the confidence region ( )BCβ η has confidence 

level of at least100(1 )%η− , where 1 2η η η= + . 

This confidence region, which is independent ofγ , can be obtained by the 

method as follows.  First asymptotically valid confidence intervals forγ  can be 

constructed using the Dickey-Fuller t-statistics of ρ , tρ as in Stock (1991), which 

provides an equal-tailed confidence interval of the form, ( ) (1 1l u )γ η γ γ η≤ ≤ .  

Given the upper and lower limits of this confidence interval, the confidence region 

( )BCβ η , which is independent of the local to unity parameter, can be obtained.  Let 

us denote 

( ) ( ))( ( ) ( ) ( ) ( )1 1 1 1
1 2 1 2 , , / 2 , ,1 / 2, , , min max

l u l u

B B
l u t td d d d

β βγ η γ ηγ η γ γ η γ η γ γ η
η η η η −≤ ≤ ≤ ≤

⎞⎛= ⎜ ⎟
⎝ ⎠

 

The asymptotic actual size of the Bonferroni test is 

( ) ( ))( ( )1 2 1 2 1 2Pr , , , , ,B B
l u Bt d d Sβ η η η η γ η⎡ ⎤∉ →⎣ ⎦ η  

where, by Bonferroni’s inequality, ( )1 2 1 2, ,BS γ η η η η≤ + . 
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For a numerical work in the finite sample, the first stage distributions of 

tρ are constructed over the interval of 40 0γ− ≤ ≤ 2 with the sample size T=1000 

and 1000 replications.  For each of the first stage distributions, the equally-tailed 

confidence interval with some level is constructed and, with the values of ρ within 

the confidence interval, the second stage  distribution of tβ is constructed.  For each 

distribution of tβ , the bound is computed.  Eventually the extrema of the bounds is 

obtained.  Note that due to correlation between the first stage and second stage tests, 

the confidence interval can be quite conservative.  The targeted size can be 

achieved by the same procedure as the size adjusted sup-bound test.  If the desired 

size is 2η , then choose 1η and 2η so that ( ) 21 2, ,BS γ η η η= .  And note that the 

bound by Bonferroni’s test is also a function of δ . 

3.2.2.3   Bonferroni Q-test 

Potentially, the Bonferroni Q-test of Campbell and Yogo (2006) will be 

more powerful than Bonferroni t-test above.  The confidence interval of ρ is 

constructed based on DF-GLS test of Elliott, Rothenberg, and Stock (1996), which 

is more powerful than the Dickey-Fuller (1979) test, and as a result produces a 

narrower confidence interval of ρ.  Then, by the idea of Bonferroni’s inequality, a 

valid confidence interval for β is obtained.  They use the test statistic called ‘Q-

statistic’ instead of the conventional t-statistic.  The Q-test is derived from the 

                                                 
2 In the finite sample, there is one to one correspondence between γ and ρ . 
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UMP (uniformly most powerful) test of β conditioning that ρ (that is, γ) is known.  

The problem is that γ is not consistently estimable.  Campbell and Yogo (2006) 

used the Bonferroni’s method so that the powerful Q-test does not depend on the 

nuisance parameter. 

The Q-test is computed as follows; from equations (1) and (2), compute 

statistics, 
22

1 1 1

1
2

T

tT
σ ε

=
=

− ∑ , 
22

2 1 2

1
2

T

tT
σ ε

=
=

− ∑ , 12 21 1

1
2

T
tt tT

σ ε ε
=

=
− ∑ . 

Then run regression in the equation (2), but by ( )12
12

1
t ty x xσ ρ

σ
−− − t  instead 

of ty , obtaining the coefficient on 1tx − , β  .  The Q-test is computed as
( )

o

se
β β

β
− . 

The numerical work is done in the same way as Bonferroni t-test.  

3.3 Local Alternative Power 

We compare the performance of the tests in terms of local alternative power 

in finite samples.  We specify the local alternative hypothesis as /o g Tβ β= +  for 

the null hypothesis of oβ β= .  If the proposed test is good, the power will approach 

one as soon as β  deviates from oβ (i.e. g  becomes nonzero).  Following the model 

of (1) and (2), we generate data with the true value of 0oβ = .  We have the sample 

sizes T=100 and 500, with 1000 replications for each. 
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The local power is the probability ]Pr : | /o o oreject H g Tβ β β β⎡ = = +⎣ .  

For any combination of ρ =0.900, 0.950, 0.990 and δ =0.3, 0.7, we compute the 

local power for as follows. 20 20g− ≤ ≤

i) Variable Addition 

We test the null hypothesis 1 ob β= for the equation, 

1 1 2 2 2t y t ty b x b x tμ ε− −= + + + . 

We reject the null hypothesis if 1

1

1.645
( )

b
se b

β−
> , with conventional 10% 

decision rule.  The power is the probability ]1 1Pr : | /o o oreject H b b g Tβ β⎡ = = +⎣ . 

ii) Sup-bound and Bonferroni 

We test the null hypothesis oβ β=  for the equation 1 2t y ty x tμ β ε−= + + .  

We reject the null hypothesis if the test statistic, 
( )se

β β
β
−  is larger than the valid 

upper bound or smaller than the valid lower bound computed as described in the 

previous section.  The local alternative power is the probability 

]Pr : | /o o oreject H g Tβ β β β⎡ = = +⎣ . 

The local alternative power of the three procedures above is plotted in 

Figure 1.  For T=100, 500, ρ =0.900, 0.950, 0.990 and δ =0.3, 0.7, we compute the 

power of the local alternative hypothesis /o g Tβ + for 20 20g− ≤ ≤ .  In terms of 

local to unity parameter, γ =-1, -5, -10 for T=100 and γ =-5, -25, -50 for T=500.  
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As we predicted, the power of the variable addition method is substantially lower 

than Supbound or Bonferroni in all cases, since the full null hypothesis is not tested 

in the variable addition method.  There is no significant difference between 

Supbound and Bonferroni.  As ρ becomes further away from unity, the power of 

Supbound and Bonferroni is lost, especially for T=500.  If we extend the range of 

that, we evaluated for valid bounds, the power of Supbound and Bonferroni may be 

improved.  The most remarkable thing is that as T increases, the power of variable 

addition is substantially lost; the power for T=500 is less than half of T=100.  On 

the other hand, power of Supbound and Bonferroni is not much affected by the 

sample size.  The large power loss in the variable addition method is possibly 

because the method is not testing the full null hypothesis.  In this method, the t-

statistic converges to the usual normal distribution with the rate of , while in 

Supbound and Bonferroni tests, the test statistics converge to a mixture of normal 

and Dickey-Fuller at the rate of T.  Thus, the power of variable addition becomes 

even lower in the large sample size.  For higher correlation (

1/ 2T

δ =0.7), Bonferroni Q-

test outperforms Bonferroni t-test in the negative direction.  Because we have 

positive correlations, the test statistics tend to be negatively biased.  This 

dominance of Q-test becomes more clear in the large sample size (T=500).  Also, 

as γ  becomes further and further away from zero, Q-test dominates t-test, while all 

the tests lose power as γ  becomes further negative. 
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3.4 Conclusion 

This paper examined several alternative procedures to handle the highly 

persistent regressors in a predictive regression setting.  The variable addition 

method is the simplest and easy to implement, but its power is substantially lower 

than the other methods, especially in large sample sizes.  However, none of those 

methods is optimal. 

More recently, other procedures have been developed.  Torous, Valkanov, 

and Yan (2004) extended the Bonferroni test of Cavanagh et al. (1995) to a longer 

horizon.  Janson and Moreira (2006) developed a new testing procedure with a 

conditional likelihood ratio test by using the idea of sufficient statistics. 
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Figure 3.1a: Local alternative power T=100 delta=0.3 
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Figure 3.1b: Local alternative power T=100, delta=0.7 
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Figure 3.1c: Local alternative power T=500, delta=0.3. 
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Figure 3.1d: Local alternative power T=500, delta=0.7 
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