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The Necessity of Relay Selection

Erdem Koyuncu, and Hamid JafarkhaRellow, IEEE

Abstract

We determine necessary conditions on the structure of siyerbar rate (SER) optimal quantizers
for limited feedback beamforming in wireless networks wethe transmitter-receiver pair ariti parallel
amplify-and-forward relays. We call a quantizer codebosiall” if its cardinality is less tharR, and
“large” otherwise. A “d-codebook” depends on the power ¢@ists and can be optimized accordingly,
while an “i-codebook” remains fixed. It was previously shotirat any i-codebook that contains the
single-relay selection (SRS) codebook achieves the fudirdity order,R. We prove the following:

Every full-diversity i-codebook contains the SRS codehaoid thus is necessarily large. In general,
as the power constraints grow to infinity, the limit of an ol large d-codebook contains an SRS
codebook, provided that it exists. For small codebooksntlagimal diversity is equal to the codebook
cardinality. Every diversity-optimal small i-codebookas orthogonal multiple-relay selection (OMRS)
codebook. Moreover, the limit of an optimal small d-codebgan OMRS codebook.

We observe that SRS is nothing but a special case of OMRS ftehmwks with cardinality equal to
R. As a result, we call OMRS as “the universal necessary comdifor codebook optimality. Finally,
we confirm our analytical findings through simulations.

Index Terms

Wireless relay networks, relay selection, diversity, gizen optimality.

. INTRODUCTION

HE availability of channel state information (CSI) can ghgaffect the performance and reliability
T of amplify-and-forward (AF) cooperative relay networksithVavailable CSI, each relay can adap-
tively adjust its transmit power and transmit phase. Thisvoek beamforming scheme has been shown to
achieve maximal diversity and array gains [1]-[3]. In castr without any CSI at the relays, distributed
space-time coding schemes can also achieve maximal dywesi they also incur an unbounded array
gain loss compared to network beamforming [4], [5].

For networks with parallel relays, the optimal beamformidicy requires one or two real numbers to
be broadcasted from the receiver to the relays. A more palaissumption is that there is only partial
CSI at the relays. For such networks, it has been shown tlahteeming with quantized instantaneous
CSI can achieve not only the maximal diversity gain but alseegy high array gain with only a few
feedback bits [3], [6].

A special case of quantized feedback for relay networksnglsirelay selection (SRS) [7]-[13], which
uses|log, R| feedback bits per channel state for a network withelays. It allows only one of the relays
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to cooperate given a constant fading block. This simple tization scheme has been shown to achieve
full-diversity for a very broad class of network topologig3, [14], [15], and even under suboptimal
selection criteria [13].

In this work, we consider a network with one transmittereieer pair andR parallel AF relays. We
assume that there is no direct link between the transmittérttze receiver. The transmitter and the relays
have their own short-term power constraints. We assumethieateceiver has full CSlI, while each relay
knows only the magnitude of its own receiving channel and Bdsts of partial CSIl. The feedback bits
are conveyed from the receiver to the relays via error-fiee delay-free feedback channels, and they
represent a quantized beamforming vector. Our performarezsure is the symbol error rate (SER).

A well-known performance measure that is closely relate8ER is diversity. We define the diversity
measure for our network model as follows: @tandP;, i = 1,..., R represent the transmitter and relay
power constraints, respectively. We allow these power tcaimés to vary linearly with a common power
constraintP as P, £ p,P, i = 0,..., R, wherep, are fixed positive real numbers that are independent
of P. Then, asP — oo, the SER converges taP~¢, wherea andd represent tharray gain and the
diversity gain respectively. Since there afeindependently fading paths between the transmitter and the
receiver, the maximal spatial diversity of our networkAs which we call the full-diversity order.

The set of all2” quantized beamforming vectors is the quantizer codebookchrity of exposition,
we classify the codebooks under two criteria, one of whichardinality: We call a codebook “small”
if its cardinality is less than the number of relays, and d&drotherwise. We shall see later on that it
is necessary to use a large codebook in order to achievdifi@itsity, and correspondingly, the diversity
provided by a small codebook is strictly less th&n

The other criterion that we use is the codebooks’ dependencthe transmitter and relay power
constraints, the motivation of which we now explain. In gahewe can optimize the codebook with
respect to the power constraints, as demonstrated in [3]c&llesuch power-dependent codebooks as
“d-codebooks”. Note that, an optimal codebook given someguaonstraints will lose its optimality as
soon as any of the constraints are changed. Then, in ordehteve the best performance for any choice
of constraints, the receiver and the relays need to storessilgp large number of optimal codebooks. A
more practical approach might be to consider a power-inu#get codebook (i-codebook). In this case,
a single codebook is used for all possible constraints withgurpose of achieving high diversity and
array gains.

The main contributions of this paper can be summarized dswis! First, we show that every full-
diversity i-codebook necessarily contains the SRS codebde obtain an analogous result for power-
dependent codebooks: A3 — oo, the limit of an optimal large d-codebook contains an SRSebodk,
provided that it exists. Both results show that full-diverscodebooks should incorporate the SRS
codebook structure, and are necessarily large.

For small codebooks, we show that the maximal achievablersity is equal to the cardinality of
the codebook. We would like to note that, even though thisltés well-known for the case of limited
feedback beamforming in multiple-input single-output @) systems [16]—-[19], its proof requires a
completely different approach in our case.

Having determined the best achievable diversity of smallet@moks, we show that any optimal small



i-codebook is an “orthogonal multiple-relay selection’MBS) codebook, meaning that it consists of
multiple-relay selection vectors that are pairwise ortirog). We also show that the limit of an optimal
small d-codebook is an OMRS codebook. Both results dematesthe necessity of OMRS for the
optimality of small codebooks. We believe that OMRS is alssufficient condition for optimality, but
rather surprisingly, a formal proof seems difficult and witit be considered in this paper.

Finally, we observe that SRS is just a special case of OMRS&ddebooks with cardinality equal to
R. As a result, OMRS becomes the universal necessary comddrooptimality.

Our results in this paper is in contrast to limited feedbaekrhforming in MISO systems, in which
any set of linearly independent beamformers guaranteemaddiversity [19], and the performance of
a codebook is invariant under unitary transformations-8]. In that sense, this paper also shows that
the vast literature on limited feedback beamforming fompod-point systems is not directly applicable
to cooperative networks, and we need new methods of analysis

The rest of the paper is organized as follows: In Section #,imroduce our system model, feedback
and data transmission schemes, and problem definition. dticBdll, we present a fundamental lemma
that we frequently use in our proofs. In Sections IV and V, waesour main results on the necessity of
SRS for large codebooks, and the necessity of OMRS for srodtblmooks, respectively. The numerical
results are provided in Section VI. Finally, in Section Mlle draw our main conclusions. Some technical
proofs are provided in the appendices.

Notation: || - || indicates the infinite-normC, R, and N represent the sets of complex numbers,
real numbers, and natural numbers, respectively. #a C, |z| indicates the absolute value. For a
random variableX, fx(-) andFx(-) represent the probability density function (PDF) and thexalative
distribution function (CDF), respectivelg\ (0, 02) represents a zero-mean complex Gaussian random
variable with variance"2—2 per complex dimensionE[X] is the expected value oK. For any setsA
and B, A — B is the set of elements ind, but not inB. A C B meansA is a subset of3. AN B
and A U B are the intersection and the union df and B, respectively.|A| is the cardinality ofA,
At 2z .2 >0,z € A}, and A" = {(ay,...,a,)|a1,...,a, € A}, r € NT is the cartesian power.
Finally, 0 is the empty setQ)(-) represents the Gaussian tail functidif;) is the gamma functioripg(-)
is the natural logarithm, andnh(-) is the hyperbolic sine.

[I. NETWORK MODEL AND PROBLEM STATEMENT
A. System Model

The block diagram of the system is shown in Fig. 1. We have ayraktwork with a transmitter-
receiver pair and? parallel relays. Leff, andg, denote the channel from the transmitter to ttie relay,
and from therth relay to the receiver, respectively. Also, let= (f1,91,..., fr,gr) denote the channel
state of the entire network. We assume that the entrids axfe independent anfj. ~ CN(O,O'J%T), G ~
CN(0,02),7=1,...,R.

Only the short-term power constraint is considered: Foryesgmbol transmission, the average power
levels used at the transmitter and thih relay are no larger tha®, and P,, respectively. LetP; =
p;P,i=0,..., R, whereco > p; > 0. In other words, we allow the power constraints of the trattem
and the relays to vary linearly wit?. In addition, P is the only network parameter that we allow to
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Fig. 1. System Block Diagram

vary. All the remaining parameters (the channel variamgesr, , » = 1,..., R and the power constraint
scalersp,, r = 0,..., R) can be arbitrary, but we assume that they are fixed positwvistants that do
not depend orP.

We assume a quasi-static channel model, in which the chaaaktations vary independently from
one channel state to another, while within each state thmaire constant. Also, we assume that the
receiver knows the channel state of the entire netwhrlkand therth relay knows|f,|. Each relay has
also B bits of partial CSI provided by receiver feedback.

B. Feedback Transmission Scheme

For anyP € R* and a finite number of feedback bify the feedback transmission scheme operates as
follows: For each frame, the channel realizatiois quantized by a quantiz&?p(h) = DECp(ENCp(h))
defined by the encoder and decoder mappiENsy : C2% — 7, andDECp : Z — Dp. In this definition,

Dp represents the quantizer codebook for power lé¥eandZ = {1,...,25} denotes the index set for
the codebook elements. We assume throughout the paperattiab@oks for different power levels have
the same cardinality, i.dDp| = 25, VP.

The encoding operation is performed at the receiver, andfébdback bits represent the encoder
output. Each relay uses the decoder to find the correspowditepook element. Each codebook element
corresponds to a quantized beamforming vector. To summanig have a collectiol? £ {Qp : P ¢
R*} of quantizers. For a give® € R*, we use the quantize®p that provides the beamforming vector
Qp(h) = x for somex € Dp.

Let D represent the mapping that maps a power lévéd its corresponding codebodkpy. With some
abuse of language, we call the set-valued rfap power-dependent codebo(kcodebook) in the sense
that for a givenP, the codebookDp is employed and can be optimized accordingly. Even though an



optimal d-codebook can provide the best possible perfocman anyP, its accommodation requires the
receiver and the relays to store a large number of codebdoksore practical approach might be to use
a power-independent codebo@kcodebook)C as a special case of d-codebooks with = C, VP. We
will have more to say on the practicality of i-codebooks faia.

C. Data Transmission Scheme

We use a two-step AF protocol [2], [3]. In the first step, thensmitter selects a symbslfrom a
constellationS, where|S| < oo, and sends/FPys. We normalizes as E[|s|?] = 1. Thus, the average
power used at the transmitter i3. During the first step, there is no reception at the recelvet,the
rth relay receives

tr:frs\/F0+77ra (1)

wheren, ~ CN(0,1).

Suppose tha@p(h) = x, for somex € Dp. Then, the relays use the beamforming vestdo adjust
their transmit power and transmit phase. During the sectey, she transmitters remain silent, but the
rth relay transmits

Uy = Try/ Prir, (2)
where
s P,
r — Ty - 3
P 1+ |fr|2P0 ( )

The average power used at thi relay can be calculated to he.|? P.. We require0 < |z,.| <1 as a
result of the short term power constraint. The channel stapendent normalization factgss ensure that
the instantaneous transmit power of each relay remainsnaitdpower constraint with high probability.

Also, note that within the restriction df < |z,| < 1, p, is the maximal normalization factor that we
can use. In other words, if a factpf satisfiesp!! > p, for someh, then it violates the short term power
constraint. Still, one can employ another factarwith p.. < p., Vh (e.g.p. = P./(1 + |f.[?P)). We
shall see later in Section Ill that a different choice of tlegmalization factor does not change the main
results of this paper.

After the two steps of transmission, the received signahatreceiver can be expressed as:

R R
Yy = Zwr\/ﬁfrgr\/ P03+Zwrgr\/p_r77r+7707 (4)

r=1 r=1
whereny ~ CN(0,1) is the noise at the receiver. We assume that the nejses= 0, ..., R and the

channels are all independent. It follows that the receivi®R $ given by

2
Py ‘Zle xrfrgr\/ﬁ

1+ Zf:l ’wr’2’gr‘2pr .
Since we have assumed that the power constraint sgalare fixed, the received SNR depends only on
P (indicated by a subscript), the beamforming vectoand the channel state

SNRp(x,h) £ (5)



In this work, our performance measure is the SER, and we prese results only for the case when
S = {+1, —1} is a binary constellation. Then, the SER achieved by the tigearQp at power levelP
can be expressed as

SERP(QP) =S Eh[Q\/QSNRP(QP(h),h)]. (6)

We would like to note that our results can be extended to arite foonstellationS.
Using (6), the diversity achieved by the collectich of quantizers is given by

. log SERp(Qp)

d2) £ lim —————"/, 7
) e log P 0
Since there aré independently fading paths between the transmitter ancettesver, the maximal spatial
diversity of our network model iR. In other words, for any?, d(2) < R. A more formal proof of

this argument can be found in [15, Theorem 1].

D. Problem Statement

Let |D| represent the common cardinality of each codel®gkIn other words|D| = |Dp| = 28, VP.
We are interested in the structure of the optimal quantittertsminimize the SER subject t®| = 25.
The following proposition from [3] determines the optimalantizers given a fixed codebook.

Proposition 1. Given a fixed d-codebodR (i.e., for any P, the codeboolDp is fixed), the collection
of optimal quantizers that minimize the SER is givengjy = {QEDP : P e Rt}, where
b p,(h) £ arg max SNRp(x,h), P € RT. (8)

xEDp

In particular, given a fixed i-codeboak, the collection of optimal quantizers is given 8% = {Q?,c :
P € R"}, where
pc(h) = arg max SNRp(x,h), P € RT. 9)

In other words, for d-codebooks, given any power leelnd any fixed codebodRp for P, the optimal
guantizer encoder chooses the beamforming vector thatmiwes the SNR af’. The interpretation of
Proposition 1 for an i-codeboak is analogous.

We would like to note that in practicéDp| < oo, and thusarg maxxep, SNRp(x,h) in (8) will
always exist for anyh and P. In order to be able to handle codebooks withy| = oo, we shall further
assume throughout the paper tiap is compact for allP. Similarly, we assume that all i-codebooks
are compact without explicit specification.

The main motivation for our introduction of i-codebooks whs claim that they are more practical
than d-codebooks: One does not need to store different coétsbior different power levels. On the
other hand, (9) shows us that even if we use an i-codeboolgubatizer encoder will always depend
on P. In that sense, one might argue that i-codebooks are as détigabhas d-codebooks since a large
number of quantizer encoders need to be stored anyway.rfaely, for i-codebooks, we can observe
from (9) that the optimal encoder is a simple algebraic fiamcof P. Therefore, we do not actually need
to store the entire set of encoders. In order for a similarasibn to hold for d-codebooks though, one
needs a simple function that can map any power level to iteesponding optimal codebook. Finding



such a function is an open problem. We thus present our sefultoth d-codebooks and i-codebooks,
due to the potential optimality of the former and the praaiig of the latter.

We shall use the optimal encoder in Proposition 1 for theakste paper. Then, the codebook uniquely
determines the performance of the system, and we(§2} = d(2;,) for a d-codeboolD, and similarly,
ac) £ d(2¢) for an i-codeboolC. Any optimal codebook should obey the following propositivom

3],

Proposition 2. If D is an optimal d-codebook, thehp C X, VP, whereX = {x : x € CF, ||x||oc = 1}.
In particular, if C is an optimal i-codebook, thet C X'

In other words, at least one component of every beamform@agov in the codebook should have unit
norm. Unless otherwise specified, we shall assume that alctidebooks in the rest of this paper are
optimal in the sense of Proposition 2.

One simple, yet effective structured i-codebook is the SB&book, given byCss(8) £ {e.(6,) :
r=1,...,R}, where@ = [0, --- 6], ande,.(0,) = [ e.1(8,) --- err(6,) ] With e,4(6,) =
e/ r=qande,,(0,) =0, r # q. As an example, both

Cors (0)={[0 0 1),[0 1 0},[1 0 0]} (10)

and

Cas (15 5 %)) ={leF 0 0L[0 j 0L[0 0 &%} (12)

are SRS codebooks for a network withrelays, whered represents the all-zero vector.
Even though there are infinitely many possible SRS codebgien anyR, all of them provide the
same SER at any giveR. This follows immediately from

Proposition 3. For any beamforming vectat and channel staté, we have
SNRp(x,h) = SNRp(e’?x, h), V6 € R. (12)

Proof: The proof is straightforward once we use the definitiorsifp(x, h) in (5). [ |

Let Gsrs = {Csrs(0) : 6 € R} represent the collection of all possible SRS codebooksalt shown
in [3, Theorem 1] that an¢sgs € %srs achieves the full-diversity ordeR. Our first goal is to show that,
in order to achieve diversitR, it is not only sufficient but also necessary to use SRS. To teerprecise,
it is necessary to include the SRS vectors to the quantizéelmaok to achieve full-diversity. Since there
are R SRS vectors, any full-diversity codebook has thus cariinat leastR, and is necessarily large.

Clearly, we cannot choose the codebook cardinality freelgua will; given B feedback bits, we are
restricted to a codebook with cardinali#. As a result, one needs to use at lefisk, R] bits of
feedback to accommodate a large codebook and achieveivalisdy.

A low-rate application might require the number of feedbaits to be less tharlog, R]. In this
case, we are restricted to using small codebooks and fegksity is no longer achievable. Optimality
conditions for small codebooks are more complicated thanadihmes for large codebooks and will be
discussed later on.

All of our results on the necessity of relay selection will based on a fundamental lemma that
provides a lower bound on the SER of a given i-codebook. Wedlice this lemma in the next section



together with some example applications. We discuss thesség of SRS for full-diversity immediately
afterwards.

1. LOWERBOUNDS ON THEPERFORMANCE OFI-CODEBOOKS

We frequently use the following lemma to prove the main rssial this paper. The proof of the lemma
can be found in Appendix A.

Lemma 1. For any i-codeboolC, not necessarily witl? C X, let
Z(C)E2{R:RC{l,...,RyandV¥x €C, Ir € R, z, # 0} (13)

be a collection of index sets. Then, there are constants¥, Cy, C1 < oo that are independent aP
andC s.t. forall P > ¥y and R € Z(C),

SER(Qhc) = GHE(C. R oxb (516 ) 1 (14)

whereé(C, R) = infyec max,er ||
Moreover, (14) holds for any relay normalization factdr < p,., Vr.

Since all of our main results will be based on the lower bound#), and a different relay normalization
factor will not improve this lower bound as stated in the leawe fix p,. to be our relay normalization
factor for the rest of the paper.

Before we discuss the consequences of Lemma 1 regardingtiessity of relay selection, let us first
present a motivating example application. As an immediatelary to Lemma 1, the following theorem
provides an upper bound on the diversity provided by anyefioérdinality i-codebook.

Theorem 1. For any i-codeboolC with |C| < oo, d(C) < min{|R|: R € Z(C)}.

Proof: Since (14) holds for anyR € Z(C), we choose the seR’ in Z(C) with the smallest
cardinality (if the number of such sets is more than one, we c@ose any of them). By definition,
£(C,R') is a positive constant that is independentzafit follows from Lemma 1 thaSERp(Qp ) >
Col€(C, RN]P/? exp(—C1/£(C, R'))P~ IR VP > W,. Thus,C provides at most a diversity ¢R/|. ®

The rest of this section is devoted to some example appitsidf this theorem.

Example 1. For a network with3 relays, let

G={[0 1 1]}, (15)
C={[0 1 1],[1 0 1]}, (16)
Cs={[0 1 1],[1 0 1],[1 1 0]} (17)

Let us first find an upper bound on the diversity provided®y Using the definition in (13), we have
Z(C1) = {{2},{3},{1,2},{2,3},{1,3},{1,2,3}}. Then, according to Theorem 4(C;) < 1 since
min{[R[: R € Z(C1)} = min{[{2}[, {3}|, {1, 2}[, {2, 3}[, {1, 3}], {1,2,3}[} (18)
=min{1,1,2,2,2,3} (19)
=1. (20)



Similarly, d4(C2) < 1 since Z(C2) = {{3}.{1,2},{2,3},{1,3},{1,2,3}} and thusmin{|R| : R €
Z(C2)} = 1. On the other hand, the “best” that we can say about the diyetCs is thatd(Cs) < 2
sinceZ(Cs) = {{1,2},{2,3},{1,3},{1,2,3}} with min{|R|: R € Z(C3)} = 2. O

Example 2. None of the codebook§;,C, andCs in Example 1 can achieve the maximal diversity
order 3. Now, suppose that a finite-cardinality i-codebo@k achieves diversity3. Then, we should
have{1,2},{1,3},{2,3} ¢ Z(C4) (otherwise, if e.g.{1,2} € #(C4), then according to Theorem 1,
d(C4) < 2). Now, since{1,2} ¢ Z(C4), by the definition ofZ(-) in (13), 3x = [x; z2 23] € C4 S.t.
lz1| = |z2| = 0. Also, as a result of Proposition 2z3| = 1, and thus36; € R s.t. 23 = e/%. In
other words,x = e3(f3) is an SRS vector. Similarly, using the conditions tfat3} ¢ #(C,) and
{2,3} ¢ #(C4), we can show thaBlfdy € R, ex(f2) € C4 and 30, € R, e1(61) € C4, respectively.
Therefore, only if3Csgs € Gers S.t.Csps C C4, We can havel(C4) = 3. But, we also know from [3] that
VCsrs € %ess, If Csgs C C4, We haved(C4) = 3. Hence, for a network witl3 relays, a finite-cardinality
i-codebook can achieve diversiyif and only if it contains an SRS codebook. In Section IV, we shall
generalize this result to networks with any number of relligs employ codebooks with possibly infinite
cardinality. O

Example 3 (Comparison with MISO Systems)One of the most surprising conclusions that we can draw
from Theorem 1 is that, unlike a MISO system, in a relay nekw(} the performance of a codebook can
significantly vary under unitary transformations, and i existence of linearly independent codebook
vectors do not guarantee maximal diversity. We have dematestthe latter phenomenon by codebooks
Co andCs in Example 1. Despite the fact thés andCs consist of2 and3 linearly independent codebook
vectors, respectively, we hawCy) < 1 andd(Cs) < 2.

We now demonstrate the former phenomenon. For that purpetse; U = {xU : x € C} denote the
transformation of the codeboakby a unitary matrixU.

In this example, we consider networks with a sum-power caimgt” on relays. For such networks,
therth relay transmits with powdr:,.|? P given a beamforming vector, and we requirer:1 |z, 2P <
P = ||x|| < 1. The sum-power constraint on relays makes sure thétisf a feasible codebook, then
for any unitary matrixU, the codebook - U is also feasible.

Let us now consider the transformations of the codeligk(0) in (10) by the unitary matrices

5 50 NS 1-3j —V2+5V2
U=|-% % 0 ’andU?:Z —3—j 1—j V24i5v2 . (21)
0 0 V24HiV2 V242 242

Note that the codeboolGs(0) - U; andCsps(0) - U, consist of the rows olU; and Us, respectively.
For limited feedback MISO systems with independent andtidalfy distributed transmitter-to-receiver

channels [16]-[18], the performance of a quantizer codeli®anvariant under unitary transformations.

Moreover, even in the case of arbitrary channel variantesdiversity of a codebook is preserved under

unitary transformations. On the other hand, for our examplgvork, the application of Theorem 1 yields

d(Csps(0) - U;) < 2, andd(Csps(0) - Ua) < 1, whereasi(Csps(0)) = 3. In general, unles¥ is diagonal,

it can be shown thad(Csps(0) - U) < 2. Therefore, in relay networks, even the diversity perfanoeof
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a codebook is not preserved under unitary transformatidhis unexpected behavior can be attributed
to the non-linear nature of the distortion function as waelitiae noise amplification at the relays. O

IV. THE NECESSITY OFSRS

With Lemma 1 at hand, we can now introduce our results on tleegsity of relay selection. In
this section in particular, we determine the structure dfnog@l quantizers that achieve the full-diversity
order, R. First, we consider the power-independent i-codebookd, slrow that every i-codebook that
achieves full-diversity necessarily contains the SRS bodk. We then focus on d-codebooks that can
be optimized with respect to the power leve] and show that an optimal large d-codebook contains an
SRS codebook asymptotically &5 grows to infinity.

A. The Necessity of SRS - I-Codebooks

In Example 2 in Section Ill, we showed that an i-codebook fareawork with 3 relays can achieve
full-diversity if and only if it contains an SRS codebook. élfollowing theorem generalizes this result
to networks with any number of relays that employ codebooikls possibly infinite cardinality.

Theorem 2. For any i-codeboolC, d(C) = R if and only if 3Csps € Gsgs S-t.Csps C C.

Proof: The “if” part was proved in [3]. Here, we prove the “only if” gaby contradiction. Suppose
there is a compact i-codebodkwith d(C) = R andVCss € %srs, Csgs IS Not a subset of. The latter
condition implies tha#ir € {1,..., R}, V0,, e.(0,) ¢ C (as otherwiseyr € {1,..., R}, 39,, e, (¥,) € C
and thuCsgs([01 - - - Ug]) C C). In other wordsC does not contain the vector(s) that selectsritherelay.

Let 75 = {e.(#) : € R}. Note thatT7s is the product of the closure of the unit disk by the all-zero
vector of dimension? — 1. Since all the factor sets are compédgt,is compact.
We now show that

Jde>0,Vt € To, Vx €C, [|x — t]| > €. (22)

Let (x',t') = argming t)yecx7; X — tl|. The minimum will always exist ag x 7 is compact and
f(x,t) = ||x — t]| is continuous. Moreover, sinaén 7z = ), we havex’ ¢ T, and thug|x’ — t'|| > 0.
Therefore, we can pick e.g.= 1[|x’ — t'[| > 0, and (22) will hold.

According to (22), for anyk € C, we have

R
2 — P+ |zg* > €, VO e R, (23)

q=1

q#r
Also, sincex € X, it follows that 3’ € R, |z = 1. If +/ = r, we choosed’ = Zz,.. Then,

(23)= >,z [zg|? > € = maxgy, |z4* > (R —1)"'e%. Otherwise, ifr’ # r, then3q # r, |z,| =
1 = maxgz, |7-)? = 1. In either casemax,., |z4|* > €y, whereey = min{1, (R — 1)~ €?} > 0.
Now, leti = {1,..., R} — {r}. Clearly,U/ € #Z(C). Moreover,£(C,U) = infxec max,z, |z4* > €o.
Using Lemma 1SERp(Q}) > Coed/? exp(—Cy Jeo) P~MI WP > W, Therefored(C) < || = R — 1,
which contradicts the assumption thHC) = R. This concludes the proof. [ |
Therefore, an i-codebook can achieve divergityf and only if it contains an SRS codebook.
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B. The Necessity of SRS - D-Codebooks

Let us now consider the necessity of SRS for power-deperdlentdebooks. In this paper, we are
interested in the asymptotic structure of optimal d-coadis@sP grows to infinity. As we have mentioned
in Section II-C, we can interpret any d-codebd@las a set-valued map that maps the power |&el R+
to the codebookdp ¢ X ¢ CE. Therefore, we use the well-established limit definitioos $et-valued
maps [22] to characterize the asymptotic structure (or ithé)lof any d-codebook.

Definition 1 (See, e.g. [22, Definition 1.4.6] et D be a d-codebook. For any andx € C%, let
d £ mi - 24
p(x) = min |x —y]| (24)

as the distance o to Dp. The minimum in (24) always exists sinbg is compact for allP.
We now define
limsup Dp = {x e Cl : liminfdp(x) = 0} (25)
P—oo P—oo

as the upper limit ofDp as P — oo, and
liminf Dp = {x e CR: lim dp(x) = O} (26)
P—oo P—oo

as the lower limit ofDp as P — oo. The upper and lower limits always exist for any given

If liminfp_,oo Dp = limsupp_,.. Dp = L, i.e. if the upper and lower limits agree, we say that the
d-codebook converges i and writelimp_,., Dp = L.

We also use the shorthand notatitim inf D £ liminfp_., Dp, limsupD £ limsupp_,.. Dp, and
similarly, im D £ limp_,, Dp.

Given Theorem 2, we expect intuitively that the limit of amjlfdiversity d-codebookD contains an
SRS codebook provided thhin D exists. The following theorem, whose proof can be found ipéymdix
B, verifies this intuition:

Theorem 3. The following arguments hold for any d-codebd@kwith d(D) = R.

1) There areR distinct beamforming vectoss,. p, r = 1,..., R in Dp s.t. for all P > U3,
- Cs
& pql* < o P Vge{l,...,R} —{r},r=1,...,R, (27)

wheree, p, represents theith component o&, p, and 0 < ¥3,(C3 < oo are constants that are
independent o and D.
2) If lim D exists,
a) If |D| = R, ICsps € Gsps S-t.Csps = lim D.
b) If |D| > R, 3Csps € Gsps S-t.Ceps C lim D.
3) If lim D does not existiCsps € Gsrs S-t. Csps C limsup D.
Since we can achieve full-diversity using the SRS scheme S&R-optimal large d-codebook should

achieve full-diversity as well. In that sense, the necgssanditions that we have stated in Theorem 3
hold for optimal large d-codebooks as well.
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Also note that the rate of convergence indicated in (27) lg amecessary condition. In other words,
a sequence of codebooks satisfying (27) do not necessaniyde maximal diversity. We conjecture that
a necessary and sufficient rate of convergencg isstead of@ stated in the theorem.

In Theorem 3, we have also taken into account codebooks thgtfail to converge. This is not a
limitation of the analysis that has been carried out: Tha&rst® optimal d-codebooks that do not converge
as we demonstrate by the following proposition:

Proposition 4. For any R and B < oo, there exists an optimal d-codeboBkwith |D| = 28 that does
not converge.

Proof: We prove the proposition for the trivial cage= 1 and give a sketch of the proof fdt > 1.
For R = 1, the received SNR is given by

1 *1f1*]91 P Po Py
RGO = T APR + PP @8
Hence, at anyP, it is sufficient to use a single beamforming “vectd#] with |x| = 1 to achieve the
best SER performance; it is needless to use a codebook witinaéty greater thari. As an example,
a d-codebookD with Dp = {[1]}, VP is SER-optimal.

Let us now define another d-codebobk as D, = {[—1]} if n < P < n+ 1 for some nonnegative
integern, andD’, = {[1]}, otherwise. Note thaD’ provides the same SER performanceasOn the
other hand, it is straightforward to show tHatn sup D’ = {[1], [-1]}, andliminf D’ = ), and hence
lim D’ does not exist.

In general, for anyR and a finite B, we can synthesize a non-convergent optimal d-codebookfout
a convergent optimal d-codebod@k as follows: Ifn < P < n + 1 for some nonnegative integer, we
replace a beamforming vectarc Dp by ¢//x for somed € R, and otherwise, leave it unchanged. As
a result of Proposition 3, the new d-codebook provides tineesperformance a®, and is thus optimal.
However, it fails to have a limit due to the artificial phaseibiations that we have introduced. ®

In this section, we have shown by Theorems 2 and 3 that onesrtedédclude all the SRS vectors to
the quantizer codebook to achieve full-diversity. Thisuiegs the accommodation of a large codebook,
or equivalently, at leagtiog, R] bits of feedback. On the other hand, the design constraimgistrequire
that the number of available feedback bits is less tHag, R]|, in which case we are restricted to using
small codebooks and full-diversity is no longer achievallar goal in the next section is to determine
the optimal codebook structure for such low feedback rafgieadions.

V. SMALL CODEBOOKS AND THENECESSITY OFOMRS

In this section, we first determine the maximal achievableity with small codebooks. Then, we
find the optimal small codebook structure that can achieveime diversity. We show that a diversity-
optimal small i-codebook should contain multiple-relajes&on vectors that are pairwise orthogonal, i.e.
it should be an OMRS codebook. We also demonstrate the ngceS©OMRS for small d-codebooks.
Finally, we observe that SRS is actually a special case of GNtR codebooks with cardinality equal
to R. Therefore, OMRS becomes the universal necessary comddiocodebook optimality.
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A. Diversity Limitations of Small Codebooks

The following theorem shows that the maximal diversity pded by any small codebook is equal to
the cardinality of the codebook.

Theorem 4. For any d-codeboolD, d(D) < min{R, |D|}.

Proof: Let us first prove the theorem for an i-codebabkFor anyx € X, let .(x) € {1,..., R}
be any index withz, )| = 1. Note that as a result of Proposition2x) always exists whenever is a
member of a quantizer codebook.
Now let 7; = {¢(x) : x € C}. Note that|7;| < min{R,|C|}, T1 € Z(C), and&(C,T;) = 1. Using
Lemma 1 VP > ¥, we have

SERP(Q}%C) > C4P_|72| (29)
>, P~ min{R,\CH’ (30)

whereCy £ Cyexp(—Cy). Thus,d(C) < min{R,|C|}, concluding the proof for i-codebooks.

One way to deal with the complications that arise from the greglependency of d-codebooks is to
define a lower bound that treats each codebbgkp € R as an i-codebook. At a giveR, we can
calculate the SERs of alb,, o € R™. The infimum of these SERs then gives us a lower bound on the
performance ofD at P. With this observationy P > ¥, we have

’ D,:pERT »Te
> inf ¢y p~RIDH (32)
D,:0eERT
= O P~ min{R D]} (33)
where (32) follows from (30). This concludes the proof. [ |

There are structured small codebooks that can achieve teesdy upper bound in Theorem 4. As
an example, for an i-codebodKg(d,0) = {e;(0;), i = 1,...,d} that containsd < R SRS vectors,
d(Cérs(d,0)) = d, V@, as shown in [3]. In other words, an “incomplete” SRS schemeyhich the
selection of only a subset of the relays is considered, chieae maximal diversity. What is left is thus
to determine the structure of a general diversity-optinmaalé codebook. Unlike large codebooks where
SRS is the only way to achieve maximal diversity, we show m fillowing that for small codebooks,
a more general OMRS structure can potentially provide makihiversity.

B. OMRS

The necessity of SRS for large codebooks “generalizes@m#étessity of OMRS for small codebooks.
Let us first describe what we mean by OMRS in a more formal manne

Definition 2 (OMRS) An i-codeboolC is an OMRS codebook if and only if eithgll = 1, or Vx,y €
C,y #x, Zle |z,||y-| = 0. OMRS is the scheme induced by an OMRS codebook.
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In other words, an OMRS codebook contains multiple-reldgci®n vectors that are pairwise orthog-
onall As an exampleCs = {[0100.8],[0 01 0],[1 00 0]} is an OMRS codebook.

By definition, the cardinality of an OMRS codebook cannot berenthanR?. An OMRS codebook
that has cardinality equal t& should be familiar: it is an SRS codebook.

C. The Necessity of OMRS - I-Codebooks

Now let us demonstrate the necessity of OMRS for i-codebdgykthe following theorem:
Theorem 5. A diversity-optimal i-codebook with |C| < R is an OMRS codebook.

Proof: The cas€lC| = 1 is trivial. We prove the other cases by contradiction. Septhat there
exists a non-OMRS i-codeboak with 1 < |C| < R andd(C) = |C|. SinceC is not an OMRS3x,y €
C,y #x,3re{l,...,R}, |x,| #0, |yr| #0. Now, letTs = {r}U{(z) : z € C — {x,y}}, where.(z)
is any index that satisfigs, )| = 1. Note thaf| 75| < [C| -1, T5 € Z(C), and{(C, T5) = min{|z.|, |y,|}.
Applying Lemma 1, we have(C) < |C| — 1. This contradicts the assumption thHC) = |C]|. [ |

In other words, an i-codeboak with |C| < R achieves diversityC| only if it is an OMRS codebook.
In particular, if |C| = R, d(C) = R if and only if C is an OMRS codebook, in which case it is also an
SRS codebook. Unlike the necessity and sufficiency of SR¥afge codebooks, we can only show the
necessity of OMRS for small codebooks. We leave the suffigiexs a conjecture:

Conjecture 1. If a small i-codeboolC is an OMRS codebook(C) = [C|.

D. The Necessity of OMRS - D-Codebooks

Let us now generalize our result on the necessity of OMRS -faydiebooks to d-codebooks by the
following theorem. Its proof can be found in Appendix C.

Theorem 6. Let &'(c) denote the collection of all possible OMRS codebooks witdicality c. The
following arguments hold for any optimal d-codebd®kwith 1 < |D| < R.
1) There are constant8 < Cg, ¥4 < oo that are independent aP and D s.t. for all P > Uy,
R

Cs
< . 34
Jnax Iwrllyrl_logp (34)
xzy =1

2) If im D exists, 30 € 0(|D|) s.t. O =lim D.
3) If lim D does not existiO € O(|D|) s.t. O C limsupD.

Therefore, any two distinct beamforming vectors in an optird-codebookD with |D| < R are
asymptotically orthogonal, and thd3 converges asymptotically to an OMRS codebook. In particula
for codebooks with cardinality equal t, Theorem 6 provides the same arguments as Theorem 3. This
follows from our previous observation that an OMRS codebaitk cardinality equal toR is also an
SRS codebook.

INote that this orthogonality condition is not the same as‘tiseial” orthogonality condition for complex vectors witespect
to the Hermitian inner product.



15

From all the results that we have obtained up to now, we canlada that OMRS is a universal nec-
essary condition in the sense that for any SER-optimal ésodkD, there exists) € & (min{R, |D|})
s.t. O C limsupD. In other words, as® grows to infinity, the upper limit of every optimal codebook
should contain an OMRS codebook with the largest possibidirtality.

VI. NUMERICAL RESULTS

In this section, we provide numerical evidence regardirgvalidity of our analytical results. For all
the figures, the horizontal and the vertical axes repreBernd the SER, respectively.

A. Diversity Bounds for Finite-Cardinality 1-Codebooks

In Fig. 2, we show the simulation results with i-codebooksd8-relay network with power constraints
po = 1, p1 = 0.5, p» = p3 = 2, and channel variancesj%1 = 1.2, aj%z = 0.8, aj%s =1, agl = 1.5,
032 = 1.7, 033 = 0.7. The codebooksg;, C2, and(C3 are as defined in (15), (16), and (17), respectively.
O = {[100], [0 —0.8 1]} is an OMRS codebook, ants represents an arbitrary SRS codebook.
Csrs - Uy and Cgps - U, represent the transformations of an arbitrary SRS codelbyothe unitary
matricesU; and U, in (21), respectively. Note that all SRS codebooks provite game SER at any
given P, as we have discussed in Section II-D and as shown by Prapogt Similarly, given any

unitary matrixU, all the codebook€sgs - U, Csrs € Gsrs provide the same SER at any givéh

100

1071 NN

10_6 1 1 1 1 J

Fig. 2. SERs with Different I-Codebooks.
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We can observe from Fig. 2 thatC,) < 1, d(C2) < 1, andd(C3) < 2, verifying Theorem 1. Moreover,
both codebooks seem to actually achieve their diversityndeuictated by the theorem. This suggests
that Theorem 1 also provides an accurate estimate on thesityvef any finite cardinality codebook.
Also, O, yields second order diversity as we have conjectured,Gagdprovides full-diversity.

We have analytically shown earlier in Example 3 that unlikESO system, in a relay network,
(i) the performance of a codebook can significantly vary wnaitary transformations, and (ii) the
existence of linearly independent codebook vectors do natantee maximal diversity. Regarding the
latter phenomenon, Fig. 2 demonstrates that even th6ughdCs consist of2 and3 linearly independent
codebook vectors, respectively, we hai(€,) < 1 andd(Cs3) < 2. For the former phenomenon, despite
the fact thatd(Csgs) = 3, we haved(Csgs - Uz) < 1 andd(Csps - Up) < 2, as we can infer from Fig.
2. Hence, in relay networks, even the diversity provided byodebook is not preserved under unitary
transformations.

As a final remark for this set of simulations, we would like tote that we have chosen the power
constraint scalers and channel variances in a random maonas to demonstrate the validity of our
results in “asymmetric” scenarios. We have obtained smnéaults for other (including identical) choices
of these parameters.

B. The Necessity of SRS

Let us now demonstrate the validity of Theorems 2 and 3 fortevarl with R = 2. We assume that
the power constraint scalers and the channel variancesafidghwork are equal to unity. In this set of
simulations, we use a special type of codebook that we defighat follows: For any) < e < 1, let

Cle,r) 2 {x:xe X, |z,)? > e} (35)
In Fig. 3, we show the SERs for o@rrelay network with i—codebookg(e,r), e=1, %, %, r=1,2,
Csrs, X, and the d—codebool@r £ 5(@,7”), r = 1,2. Note that, as a result of our choice of the

network parameters, the SER wiflfe, 1) is the same as the SER witl{¢, 2) at any givenP. Similarly,
the SER withD; is the same as the SER wifh, at any givenP.

We first demonstrate the validity of Theorem 2. Sided € Z(C(e,)), and¢(C(e,r), {r}) = ¢, by
Lemma 1,5(5, r) provides at most a diversity dffor any fixede > 0. This is precisely what we observe
in Fig. 3. In general, we expect a similar behavior for anyegiv > 0. Thus, if we use an i-codeboak

with eitherC C C(e, 1) or C C C(e, 2) for somee > 0, C will not be able to provide diversity more than

L. In other words, ifC C |J.,C(¢,1) or C C U~ C(e,2), thend(C) < 1. Hence, ifC* is an i-codebook
that achieves diversitg, thendej, e; € C* s.t.

el ¢ [U Cle, 1)] =N [een] =Nxex:lnP<e={xeX:|ln=0}, (@6
>0 >0 >0
ande} € {x € X : |z2| = 0}, whereC® £ X — C. Note thate} ande} are SRS vectors. Therefore,df
achieves full diversity, it should contain an SRS codebddiis verifies Theorem 2.

The verification of Theorem 3 is analogous: 22t denote an optimal d-codebook, aagl 2 sup{e :

Dy C C(e,1) or Dy C C(e,2)}. SinceD* is an optimal d-codebook, it achieves full-diversity. Thus



17

P (dB)

Fig. 3. Anillustration of the validity of Theorems 2 and 3 f&r= 2.

using the same arguments in the previous paragrgph;> 0 as P — oo. On the other hand, by the
definition of ep, we have3x} , € Dy s.t.|z} p,[> < €p + ¢, p, r = 1,2, wheree], , > 0 can be chosen
arbitrarily. Let us choose]. , = ep, 7 = 1,2. Then, we havéz} ,, [> < 2ep, r = 1,2. This shows the
existence of two beamforming vectors®y,, namelyx; , andx; p, that converges to two distinct SRS
vectors asP — oo. This verifies the limit arguments in Theorem 3.

Theorem 3 also provides an estimate on how dasthould decay. The performance of the d-codebooks
D, and D, in Fig. 3 demonstrate that the decay should be no slower }ﬂ@n and thus verifies the
theorem. On the other hand, since both codebooks do notderawiaximal diversity, the estimate of
Theorem 3 might be rather loose.

C. The Necessity of OMRS

We now demonstrate the validity of Theorems 5 and 6 for a nd&twoth R = 3. We assume that
the power constraint scalers and the channel variancesafigtwork are equal to unity. Our goal is to
determine the structure of optimal codebooks that havaraity equal to2 and thus provide a diversity
of 2. For that purpose, similar to what we have done in SectiolBVWe use the special i-codebook
C(e,r) as defined in (35).

In Fig. 4, we show the SERs for og+relay network with i-codebooks(e, 7), e = 1, 1, &, r=1,2,3,

Csrs, X, and the d-codebookB, £ 5(@,7&), r = 1,2,3. As a result of our choice of the network
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parameters, for a given the SERs witlC (¢, 1), C(¢,2) andC(e, 3) are the same at any givéh Similarly,
the SERs withD;, D; andDs are the same at any givep.

1072 PN

SER

1,012,013 NG NN
——C(},1),C(%,2), C(L,3) :
—%— Dy, Dy, Dy

106+ +C~(%,1)7 5(%3)7 5(%/3)
—*— Csrs B

—~ X

107 ' '
0 5 10 15 20 25

P (dB)

Fig. 4. An illustration of the validity of Theorems 5 and 6 f&r= 3.

We first demonstrate the validity of Theorem 2. We can obséom Fig. 3 thatC(e, ) provides at
most a diversity ofl for any fixede > 0. In general, we expect a similar behavior for any given 0.
Thus, if we use an i-codeboak with C c C(e, r) for somer € {1,2,3} ande > 0, thend(C) < 1.
As a result, using the same arguments in Section VI-B}({f*) = 2, thenJy, € C* s.t.y: € {y €
X : |yl = 0}, r = 1,2,3. In other words, for any- € {1, 2,3}, there exists a beamforming vector in
C* = {x7,x3%} with a vanishing-th component. Therefor@jiz1 |z3,||z5,| = 0, which means thaf* is
an OMRS codebook. This verifies Theorem 5.

In order to verify Theorem 6, leb* with D}, = {x] p, x5 p}, P € R and|D*| = 2 denote an optimal
small d-codebook, andp = sup{e : Ir € {1,2,3} s.t. D} C C(e,r)}. SinceD* is optimal, it achieves
second order diversity. Using the same arguments in theiqueparagraph¢p — 0 as P — co. On
the other hand3yy , € Dy s.t. |yfp,| < V2ep, 7 = 1,2,3, by the definition ofep. As a result,

S|y, plles, pl < Gep, VP € R, and Y0, [a7, pll73, p| = 0 @s P — co. In other words, the
two beamforming vectors i}, should become asymptotically orthogonal. Finally, thefqrenance of
the codebook@r, r =1,2,3 in Fig. 4 demonstrate thatp should decay no slower tha@é—P. These

verify Theorem 6.
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VIlI. CONCLUSIONS

We have determined some necessary structural propertisyrobol error rate optimal quantizers
for limited feedback beamforming in wireless networks wathsingle transmitter-receiver pair ari¢l
parallel amplify-and-forward relays. We have shown that power-independent codebook (i-codebook)
necessarily contains an orthogonal multiple-relay seledfOMRS) codebook with the largest possible
cardinality. In particular, if the cardinality of the cod®dk is no less tharR, an i-codebook achieves
maximal diversity if and only if it contains the single-rglaelection (SRS) codebook. We have obtained
similar results for the general case of power-dependergtooks (d-codebooks): An optimal d-codebook
should contain an OMRS codebook with the largest possibldircality, asymptotically as the transmitter
powers grow to infinity.

APPENDIXA
PROOF OFLEMMA 1

Note thatR # (), since if R = () thenx = 0, Vx € C, contradicting Proposition 2.
Using (5), for any set of indice® # () and relay normalization factorg. < p,, Vr, the SNR with
any beamforming vectax € C, can be upper bounded by

R
RPO Zrzl ‘xrfrgryzp;ﬂ

SNRp(x,h) < (37)
1+ Zf 1 ’wrgryzp;”
RPO Zr 1 ‘xrfrgr’ Pr (38)
1 + Zr 1 ’wrgr’ Pr
RZT |z |? \frlng\grlzPr
— 1 1+|fr‘ Py , (39)

1+, e

where the first and the second inequalities follow from tgklinequality, and the fact thaf. < p,., Vr,
respectively. The proof of the lemma f& = 1 is now straightforward. IR = 1, we havelz;| = 1, Vx €
C, and thus{(C,R) = 1 for anyC and R (indeed the only availabl® will be R = {1}). Using (39),
we haveSNRp(x,h) < % < |f1|*Py. Since this final upper bound is the SNR of a fading
channel with single transmitter and receiver antennas,ave $ER p ( 7370) > C,P~! for some constant
0 < C7 < oo independent of.

For R > 2, we shall further boun@NRp(x, h). For the numerator of (39), we have

Z ENE ’fr\2p0’9r\2p Z | fr > Polg,|* P>
L+ |fr2Po 1+ |f[2Po

=R Pmax{agragr2|g7«| pr} < R max{pfagr}P max Z,. (40)
T T r

<RZ]9T P, <R2max\gr] P,

whereZ, £ o 2|g,|%. Note thatZ, ~ I'(1,1). Now, for the denominator of (39),

Z |$7"| |97"|2P Z |33r| |97"| P, maX|:U |2m1n |97"|2P7"
1+ /2R = 1+ fPR = T L+ PR

P max, |z, |? min o2 YPmin, Z,
2 max |:L'7«|2 mlnreR |gr| r > T ’ r’ r{pr g,\} r Hr ' (41)
T

max,er (1 + [ fr[2Fo) ~ max{1, pp max, O'J%T} (1 +P> cr O';f’frp)
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Now letV £ YZ with Y £ £ + 3 o °|f,|* and Z £ 2&Z: Using (41) and (40) in the final

min,. Z,.

upper bound in (39), and then taking the supremum over aBiplesx € C, we have
SNRp(Qpc(h), h) < CsPV, (42)

whereCs = [¢(C,R)]~1Cy is a finite constant witlf(C, R) is as defined in the statement of the lemma,
andCy £ R? max{1, po max, O'J%T} maxr{pwcr;}/minr{pra;}. Note that sinc&y > 1 and¢(C,R) < 1,
we haveCg > 1.

Now, substituting (42) to (6), we have

SERp(Qp) > / Q(/2C50P) f(v)dv. (43)

In the following, we find a lower bound on the PDF Bf= Y Z. SinceY is the sum ofR independent
I'(1,1) random variables and a constaikut it follows a “shifted” gamma distribution:

. IR|—1
fY(y):We (v-%) <y—§> v Y =

Now, let us evaluatg;(z). Note that forz < 1, Fz(z) = 0, and thusfz(z) =0, z < 1. Forz > 1, the
CDF of Z can be expressed d5,(z) = P(FE) where E is the event thainax, Z, < zmin, Z,, with
Z, £ |g,|*. Moreover,E is the union ofR(R—1) disjoint eventst;;, i # 4, i, € {1,..., R}, whereE;
is the event tha¥; = min Z,, Z; = max Z,, Z; € [0,00), Z; € (Zi,22;), Zy € (Zi, Z;), k # i, k # j.2
Since Z, are identically distributed, and ead}); has the same probability, far> 1, we have

oo Tz

R(R—1 // / / Ty Zledw,dydx (45)

R—2 1ntegrals

(44)

=

= R(R-1) / / e Y (e™® — e V) 2dyda (46)
R(R—1) / o yz< > yre Ve (FB=27) qyd g (47)
0

_ = (R-2) (D)(-1)

_(R_l)rzo< r >R+(z—1)(1—|—r) (48)
o0 R—2

— (z=1)(R-1) / s (R+-D) z; (R; 2) (—1)7e g (49)
/6 z(R+(z—1)) e—x(z—l))R—2dx (50)
=22, —1)(R-1 /e e Gippf-2 [@] dzx (51)

0

2\We ignore the events that have zero probability, e.g. thetevatmax Z, = min Z,
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(52)

T =
where (47) follows from the binomial expansion of the tefen® — e=¥)%~2 in (46). In order to obtain
(49), we have rewritten the denominator of the fraction iB)(¢#h integral form by using the identity
[emerda = 1 a > 0. Also, (50) is a result of the fact thaf " (~1)"4" = (1 — B)%! for
0 < B <1, and (52) follows from [20, Eq. 3.541.1]. In order to derig3) from (52), we have used
the identity'(1 + x) = 2'(z), = € R, which impliesD(R + -£;) = (R — 1+ Z)I(R -1+ ) =
15+ Era+ By,
We can now find the PDF of using (53). We have

f2(2) = S Pa(2) 4
I’ 8T R
_Hfz_ll(r+z—i)2%{r:1 <T+Z—1>} (3)
_ —I'(R) "9 rR R
_Hf;f<r+z—i>2;5{”z—l}g<q+ﬂ> (56)

q#r
R | R IS+ )
TR R =G ot K (57)
R—-1 R -1

_ I'(R+1) T;l(r + Z__Rl) .

(z =12 IL5 (r+ 5
_ TR+ SENR

r=1 + z—1 - (59)
(z— 1[5 (R+ )
_(R-DI(R+1) (2~ 1)R—2‘ (60)

RE P2i
Now, we find a lower bound on the PDF df = Y Z. It can be shown [21] that the PDF &f is given
by fv(v) = [ fz(z)fy (%) |71Idw' Substituting the PDF oY in (44), and the lower bound in (60) on
the PDF ofZ, we have
vP

(R—DIT(R+1) [(v 1\® _ o (z—1)E2
A () 1/<5_ﬁ> S e

i () () )

(R—DI(R+1) (oP—1\FHRIZ o ke
= T RED(|R|) vP © v (1 + w)RHR]
0

dw, (63)

where we have applied a change of variables= ”fg__;) to obtain (62), and (63) follows from the

facts thatexp(—1£5) = exp(—viizp) 2 exp(—0), and () = ()
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The integral in (63) is non-zero and finite fér > 2. Thus,

vP — 1\R+IRI-3
fv(v) > Cm( "z ) e voRI=1 (64)
for some constanm < (' < oc.
Combining (43), (64), and using the fact tHatz) > #ﬁ exp(—%z), we have
SER > — U — —————e "3 0d 65
p( P,c) = o v e P 1 —1—208vPe v (65)
_ Cipe 7y /e—w(chr;) wittRI= /Gy 4 w) (66)
/PRI (1 +w)E22C5w + 1 + 2Cy
0
Cioy/Cge™ ! 7 —2Csw, R+|R|—3 1_R
> e~ w (14 w)z""dw, (67)
1+ 2C; PWM/
( 8)VT /

where the equality follows from a change of variables= vP — 1. The second inequality follows from
Cs > 1, and the assumption tha& > 1. Now let us find a lower bound for the integral in (67), i.e.
2 [CewP (14 w) Ydw, wherea = 2Cs, 8 = R+ [R| — 3, andy = R — 3. Note thata, v > 0
ands > 0. We have

1 00
I= /e‘a“’wﬁ(l +w) Tdw + /e‘o‘“’wﬁ(l +w) Tdw (68)
0 1
1 00
> e_a2_7/w5dw+2_7/6_aww5_7dw (69)
0 1

e 2277 7
> 277 [ emowyy A 70
2173 + /e w dw (70)

1

e 277 7
> 2= —aw ,—w(B+7) 71
2173 + /e e dw (72)

1

—ag—y  9—7Ye—(aty+h)
=€ 4= (72)

1+4 at+y+0

91—y p—(a+7+8)
> ¢ (73)

l+a+y+p

Substituting the values af, 5 and~ to (73), and combining with (67), we have
C Cre—1-Cs 2§—R —(2Cs+2R+|R|-1)
SERp(Qpc) > oV 8t = ° - (74)
’ (14 2Cs)y/mPRl 2C5 + 2R+ |R| — 3
SinceCs > 1, and2R + |R| — % >0 forall R>2andl < |R| < R, we have
C Cre—1-Cs 2§—R —(2Cs+2R+R-1)

SERp(Qpc) > —v % ‘ (75)

3Cs/TPIRl Cs(2R+ [R| - 3)
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Finally, using the fact tha2 R + |R| —% < 3R on the denominator of the second fraction in (75), we can
show that (14) holds for ani with constant&’y = min{C+, C1oCy /2 23/2~F exp(—3R+3)/(9R/7)}

andC = 3Cy that are independent @f and P. This concludes the proof.

APPENDIX B
PROOF OFTHEOREM 3

We carry out the proof in two parts: First we prove (27), anehtthe limit arguments in the statement
of the theorem.

A. Proof of (27)
For notational convenience, |6t £ SERp( ppy)- Also, let.7 = {{1,... R} —{r},r =1,..., R}.

Using Lemma 1, we have
> =T 5
PITI+3 10gz P

2C
VP >V, VT € 7, {5(Dp,T)> L = Jp
log P

This, using logical transposition, is equivalent to
Co(2C4)3 204

VP > W,V I9p < —————2 D < . 77

> wvre 7 fop < SO0 - — (007 < 2 77)

~ G2C)E yp > 1, it follows from (77) that

Co(2C1)3

s = 9P < oy
20,2 2

iﬁﬁ!c:amjmbg} (78)

Sincedp < ——=
P" 2 ]og2 P
\V/PZ\P7,\V/TG<7, {19P§ 1 3
PR3 log: P

[V

where ¥, £ max{1, ¥,}. It was shown in [3] that
VCsrs € Gsrs, SERp(QP cy) < Cy P, vP > W, (79)
where0 < C11,V¥g < oo are constants that are independenttofThis upper bound on the SER with

Csrs holds for any optimal codebook of cardinality at ledtThus,
Ip < CuP~ R VP > Ty, (80)

Moreover, there exists a constank ¥y < oo that is independent oP s.t.

oppi < ST yp sy, (81)
PE=31ogz P
Combining (80) and (81), we have
(82)

204)3
pg DT up s (W, By},
Pl=31og2 P
Letting ¥1p 2 max{V¥;, ¥g, ¥y}, and noting that the left hand side of the implication in (@®gs not

depend orR, we have
Co(201)3 204
> < ——27 = > < .
VP > Wy, ¥9p < PR_% 10g§ Iz VP > Wy, VT € 7, f('Dp,T) Slog P (83)
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According to (82), the left hand side of (83) is true. But (&3glf is true. We thus have
2C
VPZ\IJILVTG<7> g(DP7T)S : )
log P
where ¥y; = max{\lfm,exp(%)}. Note that we have also further restricted the power leves we
consider by choosing > exp(¥) so that 2% < 0.6.
Now, consider a fixedl1o > ¥q;. According to (84),

(84)

2C4

vre{l,...,R}, 36, € Dy,,, Vg € {1,..., R} — {r}, [€4)* < log P

+ €, (85)

wheree > 0 can be arbitrary and,, represents thgth component ok,.. Let us choose = locglp. Note
that, with this choice of, any |¢,,|? in (85) satisfiege,,|? < 0.9 < 1.

We now show by contradiction thai; # e; whenever: # j. Suppose thag; = e; with i # j.
Then, |&;-]> < 1, Vr, which contradicts the optimality oDy, due to Proposition 2. Therefore, for
any U1 > Wy, there should beR distinct vectorse,, » = 1,..., R in Dy,, with the rth satisfying
[€rq)? < %, Vg € {1,..., R} — {r}. This concludes the proof of (27).

B. Proof of the Limit Arguments

We can now prove the limit arguments in the statement of teerdm using (27).

Let & = {x € X : |z1| = 1} represent the set of all SRS vectors that selects the fiey.rElrst, we
show thatde € £ s.t.e € limsupp_,, Dp.

Using (27), we have

VP > U3, Jde € & s.t.dp(e) = ynel”}i le—yl| <le—ei < %, (86)
and thereforeminees dp(e) < /25 It follows that
A g de(e) =0 o0

Now, lete% = mineee dp(e), andes;, n € N be a sequence of beamforming vectors. Siefce &, ¥n
and & is compact, by the Bolzano-Weierstrass theorem, the sequgnn» € N contains a subsequence
ey, i € N with lim; , e}, = e* for somee* € €.

Note that for anyy € C%, ||y —e*|| < |y — en,|| + |[e* — ey, | by triangle inequality. It follows

that min}’eDni ”y - e*” < minyEDni {Hy — el + ”e* — €n, } = minyEDni ’y —€n,|| + He* - enw”
Rearranging the terms, we hawg, (e*) — d,, (ey,.) < |le* —e}, ||, Vi € N, and thus
liminf (dy, (€*) — dy,(e};,)) < liminf ||e* — e}, | (88)
11— 00 1— 00
=0. (89)

The equality follows from the fact thaim; , e}, = e*.
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We now have

lilgninf dp(e*) —limsupdp(ep) = liminf dp(e*) + liminf (—dp(ep)) (90)
—00 P—oo P—oo P—oo
< liminf (dp(e*) — dp(ep)) (91)
P—oo
< liminf (dy, (€*) — dy, (%)) | (92)
1— 00
<0, (93)

where (91) follows since
lim inf f(2) + lim inf g(2) <liminf (f(2) +g(2)), (94)

for any functionsf andg. For (92), we have used the fact that the lower limit of a segaes less than
the lower limit of any of its subsequences. For (93), we hasedu(89).
Now, sincelim infp_,, dp(e*) —limsupp_,,, dp(e}) < 0 as shown in the derivation above, we have
liminf dp(e*) < limsupdp(ep) = limsupmindp(e) = 0, (95)
P—oo P—oo P—oo €€&
where the last equality follows from (87). Therefolen infp_, dp(e*) < 0. On the other hand, obvi-
ously we havdim infp_, ., dp(e*) > 0. Combining the two inequalities yieldén infp_, ., dp(e*) = 0.
This shows the existence of an SRS veator £ (namelye*) that selects the first relay and satisfies
liminfp_,o dp(e) = 0, or equivalentlye € limsupp_, ., Dp. We can similarly show the existence of the
remainingR—1 SRS vectors in the upper limit @. ThereforeACsgs € Gsrs S-t.Csps C limsupp_, . Dp.
What is left is to show that ifD| = R, andlimp_,., Dp exists, we havelCig € Gaps S.t. Cips =
limp_, Dp. We have shown thalyy C limsupp_, o Dp. If limp_, o Dp exists, thedimsupp_, .  Dp =
limp_, o, Dp, and thu€zs C limp_, o Dp with |limp_,, Dp| > R. To complete the proof, it is therefore
sufficient to show thatlimp_,~ Dp| < R.
The following lemma shows that whdimp_,., Dp exists, its cardinality cannot be more thgn|,
and thus concludes the proof of the theorem.

Lemma 2. For any d-codeboolD with |D| < oo, if limp_,, Dp exists, therlimp_,, Dp| < |D].

Proof: Let £ = limp_,o Dp. Suppose thatl| > [D| + 1. Then,3x;, ..., Xpj41 € £, with Vi, j €
{1,...,|D|+1}, x; # xj <=1 # j. SinceL = liminfp_,.o Dp as well, we have/i € {1,...,|D|+1},
limp_; o mingep, ||y —x;|| = 0 by the definition oflim inf p_, Dp. This implies that/i € {1,...,|D|+
1}, Ve >0, 3P, > 0 s.t.VP > P; ., minycp, ||y — x;|| < e. Letting P. = max; P; ., we have

¥e>0,3P>0SLYP > P, Vie {l,...,[D|+ 1}, min [ly - xif| <e. (96)
yeDp
Now, let
= min X; — X, 97
et oy o
i#j
sete = /4, and consider a fixed > Fj/,. Also, lety; = argminyep, ||y —xill, i =1,...,|D| + 1.

Since|Dp,| = |D|, yx = yr £ ¥ for somek # £. Note that, as a result of (96) and the definitionyof
we have||y — x| < 6/4 and ||y — x| < §/4.
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However, by triangle inequalityxy — x,|| < ||xx — ¥|| + [|x¢ — ¥|| < §/4 + §/4 = §/2, and this
contradicts (97). Therefore, the cardinality 6fcannot be more thafD|, concluding the proof. ]

APPENDIXC
PROOF OFTHEOREM 6

Similar to what has been done in the proof of Theorem 3, weyacaut the proof in two parts: First
we prove (34), and then the limit arguments in the statemetiteotheorem.

A. Proof of (34)

Let .7 represent the collection of all subsets{df..., R} with cardinality no greater thajD| — 1.
Then, using the same ideas as in the proof of Theorem 3, we have

012
< =
VP > W3, VT € 7, &(Dp,T) < Tog P’ (98)

for constantd) < Cqo, ¥13 < oo independent ofP. Let us set the constants in the statement of the
theorem asCs = RCy2 and Vg = V3. We now prove (34) by contradiction. Suppose that (34) is

false. Then3Vyy > ¥4 = V43, Ix,y € C, x # vy, Zle |z [|yr| > ﬁgg. This implies thatdr €

{1,..., R}, |2|lyr| > (&%. Hence, either we havie,| > (15%)"/ or [y,| > (153)"/2.

Now, let 76 = {r} U {u(z) : z € Dy,, — {x,y}}, where.(z) is any index that satisfieg,,| = 1.

Since[7s| < [D| -1, Ts € 7. Also, eithermaxer; [z > &% or maxer; [y:]*> > =23 More-

over,Vz € Dy, — {x,y}, maxer; |2/|> = 1 by the construction offs. Therefore,&(Dy,,,Ts) =

infxep, , maxier; || > IOCng_ But, this contradicts (98), and thus concludes the prodf3dj.

B. Proof of the Limit Arguments

We can now prove the limit arguments in the statement of teerém using (34).

Let O = {o1,...,0/p|} represent an OMRS codebook given a beamforming codeboaknetity
1 <|D| < R. For any OMRS codeboo®, we define its “vectorized” versionec(O) £ [o; - - - ojp|| as
an alternative representation fo. Also, letO £ |, vec(O) represent the collection of all vectorized
OMRS codebooks.

We now need the following lemma to proceed:

Lemma 3. For any Dp that satisfies (34)30 € O s.t. min o o —y| < CoV/ HIDL

log P
Proof: Let Dp = {x1,...,xp|}. For convenience, we rewrite the condition in (34) as
R
max Tir|lxin| <0, 99
iJE{l,...,|D}Z;’ ’N“H jr’ < ( )
ih =
where§ = 106;6]3. Now, (99) implies that for alli,j € {1,...,|D|} with i # j we have|z;||z;.| <

5, ¥r € {1,...,R}. Then, given anyr € {1,..., R}, either|z;| < V/§, Vi € {1,...,|D|}, or there
exists only one index: € {1,...,|D|} s.t. |z .| > V6, and|z;.| < V0, Vi € {1,...,|D|} — {i}.
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Let us now define the functioff : C — C with f(z) = = if |z| > v/, and f(z) = 0, otherwise.

Now, leto;, = f(zi),i=1,...,|D|, r=1,..., R. As a result of the properties ¢f andz;,., not only
o € O is an OMRS codebook, but also,

R |D|
i vl = mi |2
yml% lo—y|| = min J Z Z |0ir — Yir] (100)

€Dp yeDy \ o3 =
R |D|
S Z Z ’02'7“ - xir’2 (101)
r=1i=1
R
<[ ID|#? (102)
r=1
=/ R|D|¢, (103)
and this concludes the proof. [ |
In other words, ifD is an optimal d-codebook, for alP sufficiently large, we can find an OMRS
codebooko € O s.t.o is as close asc“loi &;ﬁm to Dp. We thus have
P 3 ot Iy = ol =0 (109

We now prove thab is a compact set so that we can replace the infimum in (104) bynarnem.
Lemma 4. O is compact.

Proof: It is sufficient to show thap is bounded and closed. Sin€ec X!Pl and xX?! is bounded,
9 is bounded. We prove thabd is also closed by showing that it can be expressed as the wfian
finite number of closed sets. First, we need the followingrdlédins:

« LetV representthe set of all vectdrsy; - -- ap| B Bropp| | that satisfy the following:

1) ai, ..., qp|; B, ---, Br—|p| are positive integers.
2) 1 §041,...704‘D| SR
3) Vi,je{l,....,|D|}, s # aj & i # j.
4) 1< Br,..-, Br—p| < |DI.
Note that|V| = R(R —1)--- (R — |D| + 1)|D|#~IPI,

o LetDISK = {z € C: ||z|| <1} andCIRC = {z € C: ||z|| = 1} represent the unit disk and the unit
circle, respectively.

o« Givenv=[o; --- «ap f1 -+ Br_yp ] €V, letX, represent the collection of all vector-
ized codebook§ x; --- xip]=[x11 -+ TR -+ x| - Tp,r | With the follow-
ing properties:

1) Vie{1,...,|D|}, @i, € CIRC, Vj € {1,...,|D|} — {i}, zjo, = 0.
2) Vie{l,...,R—|D|}, x4, € DISC,Vj € {1,...,R — |D|} — {5}, zj5, = 0, wherey; <
- < Yp—yp| satisty {y1,...,vp—p|} ={1,..., R} —{a1,...,qp|}.

According to these properties, for any givere V, X, can be expressed as a finite cartesian product

of the closed setBISC, CIRC and{0}. Hence,X, is closed for anyw.
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It is straightforward to show that, is a set of OMRS codebooks for any givenc V, and thus
o€ Uyep Xy = o € 0. Eachv € V actually corresponds to a particular OMRS structure. As an
example, forR =2 and|D|=1,letw=[1 3 1 1 |. ThenX,, is the union of all OMRS codebooks
of structure[ z1; z12 0 214 0 0 x93 0 ], wherexyy, x93 € CIRC andxi, 14 € DISC.

We now show the converse, i.e. € O = o € [J,, X,. Consider some ¢ O. We shall
constructav=[ oy --- op B --- Br_p | €V sit.o€ Xy. Sinceo is an optimal codebook,
by Proposition 2, at least one component of every beamf@méttor ino has unit norm, and thus we
choose they; in such a way thato;,,| = 1, or equivalently,0;,, € CIRC. Also, sinceo is an OMRS
codebook, we have;,, = 0, Vj # i by definition. This satisfies the first property in the defomtiof
Xy.

Now, letyy < --- < yg_p| satisfy {y1,...,vr—p|} = {1,..., R} —{a1,...,qp}. For any given
~;, there are two possibilities:

1) z;,, =0,Vje{l,...,|D|}. In this case we can pick arny< j; < |D|.

2) Sinceo is an OMRS codebook, there is at most one non-zgro, j = 1,...,|D|. Suppose that

zj~, # 0. Then, we sep; = j'.

This satisfies the second property in the definitionXqf. Therefore, for the particulans and3s we

have chosemnp € X, and thus in generad € 9 — o € Uvev X+. Combining this with the fact that

0<c UyepXv = o€ O, we haveD = [, Xy. Hence© is the union of a finite number of closed

sets. Therefore, it is closed, and this concludes the proof. [ |
Hence, we can rewrite (104) as

Plgf)nC><J 1(()1:&1(191 mln Hy —o| =0. (105)

Note that this equality has the same form as (87). Using thetesame steps as in Appendix B, we can
show that

Jo* € O s.t. liminf min [y — o*|| = 0. (106)
P—oo yG'D\IZD\
Now, we have
0 = liminf IHlIl Hy — o (107)
P—oo yEDp
D]
>
ligninf v, \/5 Z ly: — of| (108)
1 |
= liminf min --- min — o 109
A /|D| P—oo y1€Dp Y\D\EDP Z Hyl H ( )
1 D]
= —— liminf min |ly; — of| (110)
\/|D| P—oo P y:€Dp

D]

> \/1_thmf IHlIl lly: — o], (1112)

where (108) follows from Holder’s inequality. For (111)evihave used (94).



Finally, using (111)vi € {1,...,|D
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}, we haveliminfp_, minyep, ||y — of|| = 0, or equivalently

o € limsupp_,. Dp. This shows the existence of an OMRS codebd@k ¢ ¢(|D]) s.t. O* C
limsupp_, ., Dp. If the limit exists, according to Lemma 2)* = limp_,, Dp, concluding the proof.
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