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ABSTRACT OF THE DISSERTATION

Toward Gromov-Witten Invariants for Relatively Coherent Logarithmic Schemes

by

Michael Paul Kasa

Doctor of Philosophy in Mathematics

University of California, San Diego, 2015

Professor Dragos Oprea, Chair

A theory of logarithmic Gromov-Witten invariants has been developed by Gross-

Siebert for logarithmically smooth targets [GS13] and by Abramovich-Chen for Deligne-

Faltings pairs [AC14]. We begin to extend these theories to the setting of relatively

coherent targets; such a theory is needed for application to the Gross-Siebert program

[Gro10]. We describe the conjecturally-algebraic stack of stable log maps to relatively

coherent targets, and we give an analogue of basicness which selects a substack of stable

maps with minimal log structures. We present two example calculations which apply our

theory to classical curve counting problems. Finally, we give an algorithm for resolv-

ing a relatively coherent log scheme of the type appearing in the Gross-Siebert program

[GS10] to a fine log scheme via toric blowups.
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Chapter 1

Introduction

The Gross-Siebert program lies in the field of mirror symmetry; see [Gro10] for

an excellent introduction. The roots of mirror symmetry can be traced back to the 1980s,

when string theorists made a surprising observation about Calabi-Yau threefolds. They

noticed a symmetry with regards to a numerical invariant called the Hodge numbers: if

a certain Calabi-Yau threefold had Hodge numbers (h1,1, h1,2), there was also a Calabi-

Yau threefold with Hodge numbers (h2,1, h1,1). Moreover, in some simple cases a deeper

level of symmetry was discovered: Gromov-Witten invariants on a Calabi-Yau X , called

the A-side, could be calculated via period integrals on its mirror X̂ , called the B-side.

In 1996, Strominger, Yau, and Zaslow conjectured that there was a geometric basis for

this symmetry: if X and X̂ are Calabi-Yau 3-folds forming a mirror pair, then they have

special Lagrangian fibrations over a common base B such that the fibers of X are dual

to the fibers of X̂ [SYZ96].

The SYZ conjecture was the inspiration for the Gross-Siebert program, which

uses tropical geometry as an intermediate between the A-side and the B-side. The fun-

damental object in the program is the conjectured base B; for Gross and Siebert, B is a

combinatorial object called a tropical manifold. By equipping B with a little more data,

we obtain families

X, X̂ → Spec k[[t]]

such that the fiber of X (resp. X̂) over the generic point of Spec k[[t]] is isomorphic to

X (resp. X̂) and the fibers of X and X̂ over the closed point of Spec k[[t]] are singular,

1
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but geometrically simpler. We call these singular fibers of X and X̂ the central fibers,

and we denote them by X0 and X̂0, respectively. For example, we can construct such a

family X for the quintic threefold; its central fiber X0 is the union of five copies of P3.

This example will be discussed in detail in Chapter 4.

Our main focus is to understand the Gromov-Witten invariants on the A-side.

Now, Gromov-Witten theory is a topic in enumerative geometry. Relative Gromov-

Witten invariants give virtual counts of stable maps to X which satisfy certain condi-

tions; for example, one may wish to count the curves in X which meet a divisor D ⊂ X

with some specified order of tangency. On the other hand, there is a notion of tropical

curves in the tropical manifold B. Our aim is to show that the Gromov-Witten invariants

obtained by giving virtual counts of tropical curves in B coincide with the virtual counts

of stable maps to X .

To establish this correspondence, we look at the central fiber X0 of X; because

this scheme is singular, we do not expect ordinary Gromov-Witten theory to help us.

However, we are rescued by some additional information on X0, called a log structure.

Equipping a scheme with a log structure can make it better-behaved; for example, a sin-

gular scheme Y can become “log smooth” when equipped with the proper log structure.

Precisely, a log structure on Y is a sheaf of monoids MY together with a map to the

structure sheaf OY . This map contains information relating to the deformation theory of

Y .

In many ways, Gromov-Witten theory is more natural in the category of log ge-

ometry than in the ordinary category of schemes. For example, the domain of a stable

map in ordinary Gromov-Witten theory is a marked pre-stable curve; we recover these

curves in the log setting simply as log smooth curves. If a log structure on X is suf-

ficiently rich with regard to a divisor D ⊂ X , then the tangency information of a log

stable map with D is encoded in the morphism of the log structures. Moreover, a mor-

phism of log structures can remember this tangency information in families of maps

even if the family degenerates to a curve mapping entirely into D; hence, logarithmic

Gromov-Witten theories do not involve bubbling off the target spaces.

So our hope is that we can use logarithmic Gromov-Witten theory onX0 as an in-

termediate between the ordinary Gromov-Witten theory on X and the tropical Gromov-
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Witten theory on B. Now, theories of logarithmic Gromov-Witten invariants have been

developed by Gross-Siebert for fine and saturated logarithmic targets and Abramovich-

Chen for Deligne-Faltings pairs. However, neither theory applies to the type of loga-

rithmic structure on X0, called a relatively coherent log structure. As such, a theory of

relatively coherent Gromov-Witten theory is crucial to the Gross-Siebert program.

Now, relatively coherent log schemes are a generalization of fine log schemes,

to which Gross and Siebert’s log Gromov-Witten theory applies. More precisely, if X is

a relatively coherent log scheme, then étale locally on X we can find fine log structures

M̃X such that the sheaf of monoidsMX on X is a sheaf of faces of M̃X .

What is the meaningful difference between fine log schemes and relatively co-

herent log schemes? Given a scheme X with a divisor D ⊂ X , one can construct a log

structure on X . If D is a normal crossings divisor, then the resulting log structure will

be fine. This fine log structure contains rich information about the irreducible compo-

nents of D. For example, if a log curve C maps to X , then the map of log structures

will determine the order of tangency with which C meets each component of D. On the

other hand, we obtain relatively coherent log structures from divisors D ⊂ X containing

singularities in X . For example, take X = V (xy− tw) ⊂ A4 with D = V (t) ⊂ X , which

is singular at {x = y = t = w = 0}; this relatively coherent log scheme is our fundamental

example and will be used throughout this thesis. The log structure on X only fails to

be fine at the singular point 0 ∈ X ; at this point, the relatively coherent log structure

is missing information contained in the fine log structure. Indeed, the tangency of a

curve C mapping into X with the divisor D fails to be determined by the morphism of

log structures. For this reason, the development of Gromov-Witten theory for relatively

coherent targets is more technically challenging than for fine targets.

Another challenge in dealing with relatively coherent targets is that we do not

fix the data of an ambient fine log structure. Indeed, consider the relatively coherent

log scheme X = V (xy− tw) ⊂ A4 as above, whose log structure is given by the divisor

V (t). Now, if we were instead to take the log structure with respect to the toric boundary

∂X of X , the resulting log structure would be fine; of course, the toric boundary ∂X is

V (t)∪V (w), which has four irreducible components:

{x = t = 0}, {y = t = 0}, {x = w = 0}, {y = w = 0}.
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Hence, we can think of the relatively coherent log structure on X as missing the in-

formation about the components {x = w = 0} and {y = w = 0}. Because the positions

of these components depends on our choice of local isomorphism with V (xy− tw), we

have no information about when a point in X might lie in the support of the missing log

structure from {x = w = 0} and {y = w = 0}.

We use the existence of the local fine log structures to define our stable maps to

relatively coherent targets. Indeed, we say that f : C→ X is a stable map if it admits a

witness, which is a local fine enhancement f̃ : C̃ → X̃ such that f̃ is a stable map to a

fine log scheme. However, we only remember the data of the enhancement f̃ up to the

uncertainty of the fine log structure discussed above. We show that the category of these

stable maps is a stack, and we show that it is algebraic modulo an extension of the work

of Olsson in [Ols03].

Important to Gross and Siebert is the notion of basicness, which selects minimal

log structures on the stable maps. This minimality is a necessary aspect of log Gromov-

Witten theory: without insisting on minimal log structures, our curve counts would

never be finite. In the relatively coherent setting, we introduce a related condition called

pseudo-basicness, which also selects a minimal log structure on our stable maps. We

distinguish it from ordinary basicness because it is not an open condition.

We apply these ideas to the classical problems of counting lines and conics in

the quintic threefold; as we discussed, there is a degeneration X of the quintic threefold

to a union of five copies of P3. This degeneration is equipped with a natural relatively

coherent log structure, so we can count lines or conics by counting log stable maps in the

central fiber. We give a complete count of the lines in the quintic threefold, recovering

the classical value of 2875. We also give a complete classification of the conics in the

quintic threefold; we leave it as future work to actually count these conics and verify the

classical value of 609,250.

Finally, Gross and Siebert classify the relatively coherent log schemes appearing

in their program in [GS10] by describing local models Y . We provide an algorithm for

blowing up such a local model along its central fiber so that the resulting log scheme Ỹ

is fine. Such blowups give us another way to analyze stable maps. Indeed, a stable map

to the central fiber of Y should locally deform to the generic fiber of Y . Because Ỹ is
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obtained by blowing up only the central fiber of Y , the generic fiber of Ỹ is isomorphic

to the generic fiber of Y . Hence, a stable map to the central fiber of Y locally gives us

stable maps in the generic fiber of Ỹ . By using stable reduction, we can take the limit of

these stable maps in the generic fiber of Ỹ to obtain stable maps in the central fiber of Ỹ .

In this sense, there is a local correspondence between stable maps in the central fibers

of Y and Ỹ . Because Ỹ is a fine log scheme, we understand the stable maps to its central

fiber by the logarithmic Gromov-Witten theory of Gross and Siebert.

1.1 Organization of the thesis

In Chapter 2, we recall the fundamentals of logarithmic geometry. We pay spe-

cial attention to the class of relatively coherent log schemes, and we describe a subcate-

gory of these relatively coherent log schemes with nice morphisms.

In Chapter 3, we recall ordinary Gromov-Witten theory and the logarithmic ver-

sion of Gross and Siebert. We define the stack of stable maps to relatively coherent log

schemes, and we provide an outline of a proof of its algebraicity. We describe the notion

of pseudo-basic stable maps related to the basicness condition of [GS13], and we show

that it selects a minimal log structure on the domain. We end this chapter with sev-

eral examples and a discussion of the relationship between pseudo-basicness, tropical

geometry, and deformation theory.

In Chapter 4, we recall the local models of the relatively coherent log schemes

arising in the Gross-Siebert program. Moreover, we provide an algorithm for a toric

blowup these local models such that the log structure on the blowup is fine; in particular,

the logarithmic Gromov-Witten theory of Gross-Siebert applies to the blowups. We

conclude by applying our work to the classical problem of counting the lines and conics

in the quintic threefold.

1.2 Notation and conventions

Throughout, we assume that all monoids are commutative and have a unit. We

also assume that all fields k have characteristic 0.
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We assume that our log structuresMX exist in the étale topology. If X is a log

scheme, we denote its underlying scheme as X and its log structure as αX :MX →OX ,

where OX is the structure sheaf of X . We denote the ghost sheaf of X by MX . If

f : X → Y is a morphism of log schemes, we let f denote the underlying morphism of

ordinary schemes.

If N is a lattice, we use the subscript NR to denote NR := N ⊗ZR.



Chapter 2

Logarithmic geometry

Log schemes, as first suggested by Illusie and Fontaine and later developed by

K. Kato [Kat89], are ordinary schemes equipped with some extra data called a log struc-

ture. This extra structure can make the underlying schemes better-behaved. For exam-

ple, there is a notion of log smoothness; a log scheme can be log smooth even if the

underlying scheme is singular. These log smooth schemes enjoy the logarithmic ver-

sions of the properties enjoyed by ordinary smooth schemes, such as a locally free sheaf

of (log) differentials [Gro10]. For this reason, the study of log geometry is a search

for “hidden smoothness” [ACG+10]. K. Kato calls log structures a poudre magique, a

magic powder, making a singular scheme smooth [Gro10].

The original applications of log geometry were to number theory [Kat89]. Re-

cently, however, log schemes have garnered attention in the field of mirror symmetry, in

part because they arise naturally in the Gross-Siebert program [GS10].

In this chapter, we begin with a brief introduction to log geometry. We quickly

specialize our attention to two classes of log schemes: fine log schemes, which are well-

behaved and well-understood; and relatively coherent log schemes, which generalize

fine log schemes. We conclude by describing a subcategory of relatively coherent log

schemes with well-behaved morphisms; we use these nice morphisms to define our

stable maps in Chapter 3.

7
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2.1 An introduction to logarithmic geometry

We begin with the basic definitions. Except where otherwise noted, these defini-

tions are found in [Kat89].

Definition 2.1. A pre-log scheme X is a scheme X together with a sheaf of monoidsMX

and a homomorphism of sheaves of monoids αX :MX →OX , where OX is the structure

sheaf of X viewed as a sheaf of monoids under multiplication. We call the data of the

sheafMX and the homomorphism αX a pre-log structure. We call a pre-log structure a

log structure if the map

αX : α−1
X (O×X )→O×X

is an isomorphism. If a pre-log scheme is equipped with a log structure, we call it a log

scheme.

A morphism of pre-log schemes f : X → Y is a pair of maps ( f , f #), where

i) f : X → Y is a morphism of schemes, and

ii) f # : f −1MY →MX is a homomorphism of sheaves of monoids

such that the diagram

f −1MY
f #
//

f −1αY
��

MX

αX

��
f −1OY f ∗

// OX

commutes. A morphism of log schemes is a morphism of pre-log schemes.

We will continue to use the notational convention that if X is a log scheme, then

X denotes the underlying ordinary scheme. We now list some fundamental examples of

log schemes.

Example 2.2. (1) Let X be any scheme. The trivial log structure on X is given simply

by the sheaf of monoidsMX = O
×
X together with the natural inclusion map

αX : O×X →OX .

If X is a log scheme equipped with the trivial log structure, then we say X is a trivial

log scheme.
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(2) Let X be a scheme with a divisor D ⊂ X , and let j : X \D→ X denote inclusion.

We define the divisorial log structure with respect to D by taking

MX = j∗
(
O×X\D

)
∩OX

where αX is the natural inclusion map. We can think of the divisorial log structure

as remembering the regular functions on X which are allowed to vanish only along

D.

(3) Suppose that X is a toric variety. We obtain a toric log scheme X by equipping X

with the divisorial log structure with respect to the toric boundary ∂X .

Note that there is a natural functor taking pre-log structures to log structures.

Definition 2.3. Let X be a pre-log scheme with pre-log structure

αX :MX →OX .

We letM+X denote the sheaf of monoids

M+X :=
(
MX ⊕O

×
X

) /
K ,

where K is the sheaf of monoids locally generated by pairs of the form (m, αX (m)−1)

for m ∈ α−1
X (O×X ). We define

α+X :M+X →OX

as the map (m, f ) 7→ f · αX (m). Then α+X defines the log structure associated to the

pre-log structure αX . If X+ is the log scheme obtained by equipping X with this new

log structure, then we say that X+ is the log scheme associated to the pre-log scheme X .

Equivalently, we could takeM+X as the pushout of the diagram

α−1
X (O×X ) //

αX

��

O×X

MX

where α+X :M+X →OX is the map induced by the universal property of pushouts.
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This construction allows us to specify a log structure by giving a possibly simpler

pre-log structure. Moreover, this construction allows us to pull back log structures along

scheme maps.

Definition 2.4. 1. Suppose that Y is a log scheme and that f : X → Y is a morphism

of schemes. We obtain a log structure f ∗MY on X called the log structure pulled

back from Y along f by taking the log structure associated to the pre-log structure

f −1MY
αY
→ f −1OY

f ∗

→OX .

2. Suppose that f : X → Y is a morphism of log schemes. We say that f is strict if

the induced map f # : f ∗MY →MX is an isomorphism.

We can distill combinatorial data from a log structure by looking at its ghost

sheaf; this definition is found in [Gro10].

Definition 2.5. Given a log structure αX :MX → OX on a scheme X , its ghost sheaf,

written asMX , is defined by the short exact sequence

1→O×X
α−1
X
→ MX →MX → 0.

Note that we write the kernel of the first map as 1 because multiplication is the

monoid operation on O×X . On the other hand, we write the elements ofMX additively,

so we denote its identity element by 0.

We now illustrate the information contained in ghost sheaves through the fol-

lowing examples.

Example 2.6. (1) For a trivial log scheme X , the ghost sheafMX is the constant sheaf

on the monoid 0.

(2) Let X denote the schemeA2 = Spec k[x, y] equipped with the divisorial log structure

with respect to V (xy) ⊂ A2. We now describe the ghost sheaf MX of this log

structure by computing its stalk at various points p ∈ A2.

(a) Suppose p < V (xy). Near p, this log structure is trivial, so we know that the

ghost sheaf is trivial as well; that is, (MX )p = 0.
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(b) Suppose p ∈ V (x) away from the origin. Then the sections of MX near p are

all of the form ϕxm, where ϕ is an invertible function near p and m ≥ 0. Hence,

the ghost sheaf at p is given by (MX )p = N; the map fromMX is given by

ϕxn 7→ n.

(c) The same analysis holds for p ∈ V (y) away from the origin, so (MX )p = N,

where the generator corresponds to the function y.

(d) At the origin, the sections of MX locally have the form ϕxmyn, where ϕ is

invertible near the origin and m,n ≥ 0. In this case, (MX )p = N
2, where one

copy of N corresponds to x and the other corresponds to y.

(3) More generally, suppose that X is a log scheme equipped with the divisorial log

structure with respect to a divisor D ⊂ X . Then the ghost sheaf for this log structure

is supported exactly on D. Moreover, if X is normal and locally Noetherian, then

the stalk of the ghost sheaf at a point p is a submonoid of Nr (p), where r (p) is the

number of irreducible components of D passing through the point p ∈ X , as shown

in [Gro10].

Finally, we introduce the notion of log derivations. Let π : X → S be a map of

log schemes, and let E be a sheaf of OX modules. We give the presentation in [Gro10];

a dual formulation can be found in [Kat89].

Definition 2.7. A log derivation of X over S with values in E is a pair (D,Dlog), where

• the map D : OX → E is an ordinary derivation of X over S with values in E; and

• the map Dlog :Mgp
X → E is a homomorphism of sheaves of abelian groups

such that Dlog◦ π# = 0 and the relation

D(αX (m)) = αX (m) ·Dlog(m)

holds for all m ∈MX .

We write the sheaf of log derivations of X over S with values in OX as ΘX/S.
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Frequently, a log derivation is determined by its underlying ordinary derivation.

We record the following lemma, proved in [Gro10], as we will use it in the following

section.

Lemma 2.8. Let π : X → S be a morphism of log schemes such that there is a dense

open set U ⊆ X on which π is strict, and let E be a sheaf of OX -modules which has no

section supported on X \U. Then the map

(D,Dlog) 7→ D

from the set of log derivations on X with values in E to the set of ordinary derivations

on X with values in E is an injection.

This lemma is especially useful in calculating ΘX/S, as OX has no sections sup-

ported in codimension 1.

A historical note in [Gro10] explains that logarithmic geometry owes its name to

the study of log derivations. For example, when X is equipped with a log structure cor-

responding to a normal crossings divisor D ⊂ X , the sheaf of log differentials coincides

with the sheaf of (ordinary) differentials with logarithmic poles along D, introducing

the term “logarithmic” to the subject.

2.2 Fine log schemes and log smoothness

Having established some of the basic language of log geometry, we now restrict

our attention to better behaved classes of log schemes, including those which are fine

and log smooth. These definitions can again be found in [Kat89].

We begin this section by introducing coherent log schemes. These log schemes

are well-behaved because locally their log structures are controlled by special objects

called charts, which we define below.

Definition 2.9. Let X be a log scheme. A chart for the log structure on X is a monoid

P together with a map

σ : P→OX
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such that the log structure associated to this pre-log structure agrees with the log struc-

ture already on X . Here, P denotes the constant sheaf of the monoid P on X . A log

scheme whose log structure locally admits charts is called coherent.

If X is coherent, then we only expect charts to exist étale locally; in particular,

we do not expect to find a global chart on X generating the entire log structure.

By imposing additional requirements on the monoids P appearing in the charts

of coherent log schemes, we obtain more refined subcategories.

Definition 2.10. (a) Let P be a monoid. We let Pgp denote its associated Grothendieck

group. More explicitly, Pgp is the group generated by the symbols (x− y) for x, y ∈ P

with addition given by

(x− y)+ (x′− y′) = ((x+ x′)− (y+ y′))

modulo the following equivalence relation: (x− y) is equivalent to (x′− y′) if there

exists an element z ∈ P such that x+ y′+ z = x′+ y+ z.

(b) A monoid P is integral if it obeys the cancellation rule. More explicitly, P is integral

if the equality x+ z = y+ z holds for x, y, z ∈ P only if x = y. Equivalently, a monoid

P is integral if the natural map P→ Pgp given by p 7→ (p−0) is injective.

(c) A coherent log scheme X is called fine if its local charts σ : P→OX can be chosen

so that the monoids P are integral and finitely generated.

(d) A monoid P is called saturated if the following condition holds: we have n · x ∈ P

for some x ∈ Pgp and some n > 0 only if x ∈ P as well.

(e) A fine log scheme X is called fine saturated if the stalk of the ghost sheaf (MX )p is

saturated at every point p ∈ X .

One of the key properties of fine log schemes is that it is easy to compute the

ghost sheaf. Suppose that X is a log scheme with a chart αX : P→ OX . We recall from

Section 2.1 that the log structure on X is then given by the sheaf(
P⊕O×X

) /
K ,
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where K is locally generated by elements of the form (m, α−1
X (m)) for m ∈ α−1

X (O×X ).

At a point p ∈ X , the stalk of the ghost sheaf is given by P/Fp, where Fp is the face

of P whose associated functions under αX are invertible at p. By face, we mean the

following.

Definition 2.11. Let P be a monoid. We say that a submonoid F ⊂ P is a face of P if

F satisfies the following property: two elements x, y ∈ P satisfy x+ y ∈ F only if x ∈ F

and y ∈ F.

From the above discussion, we can deduce that maps between stalks of the ghost

sheaf take a special form.

Lemma 2.12. Suppose that X is a fine log scheme with points x, η ∈ X such that x is in

the closure of η. Then there is a quotient map

χx,η :MX,x →MX,η .

We call the map χx,η a generization map.

By quotient map, we mean the following.

Definition 2.13. Let h : P→Q be a monoid homomorphism. We say that h is a quotient

map if the relation h(p) = h(p′) holds for elements p, p′ ∈ P only if there is an element

k ∈ ker(h)gp such that p+ k = p′.

For example, the standard projection maps pri :N2→N are quotient maps, while

the map

h : N2→ N, (m,n) 7→ (m+ n)

is not a quotient map.

Proof of Lemma 2.12. Suppose that there is a chart in a neighborhood of x given by the

monoid P. Then our observation above gives us that

MX,x = P/Fx

and

MX,η = P/Fη .
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Because x is in the closure of η, if αX (p) is invertible in a neighborhood of x for some

p ∈ P, then αX (p) is automatically invertible in a neighborhood of η; in other words,

Fx ⊆ Fη . The map χx,η is then the natural projection map

P/Fx → P/Fη .

Note that this map is a quotient map; its kernel is the image of Fη in P/Fx . �

We note that we have already seen examples of fine log schemes.

Example 2.14. Let X be a toric log scheme. Then on any affine open patch Spec k[P],

we have a chart for the log structure given by the natural map P→ k[P]. Hence, X is a

fine log scheme.

As we alluded in the introduction, a key idea in log geometry is the notion of

“log smoothness.” Like ordinary smoothness, it is defined by an infinitesimal lifting

criterion.

Definition 2.15. Consider commutative diagrams of the form

T ′ s //

i
��

X

f
��

T t
// Y

such that i is strict and T ′ is defined by an ideal I in T such that I2 = 0. We say that f is

log smooth if for any such diagram, there exists étale locally a map g : T → X fitting in

the diagram

T ′ s //

i
��

X

f
��

T t
//

g
>>

Y

such that f ◦g = t and g ◦ i = s.

By the following theorem of K. Kato [Kat89], log smoothness can be checked

on charts.
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Theorem 2.16. A morphism f : X → Y of fine log schemes is log smooth if étale locally

it fits in a commutative diagram

X //

f
��

Spec Z[P]

��
Y // Spec Z[Q]

with horizontal maps inducing charts for X and Y satisfying the following properties:

i. the map

X → Y ×Spec Z[Q] Spec Z[P]

is a smooth morphism of ordinary schemes; and

ii. Q → P induces a map g : Qgp → Pgp such that ker(g) and the torsion part of

coker(g) are finite groups with invertible orders on X .

Again we emphasize that a morphism f : X → Y can be log smooth even if the

underlying map of schemes f : X→Y is not (classically) smooth. For example, suppose

that Y is a point Spec k with trivial log structure and that X is an affine toric log scheme

X = Spec k[P] over Spec k. In the notation of the above theorem, Y = Spec k and Q = 0.

We note the isomorphisms of ordinary schemes

Y ×Spec Z[Q] Spec Z[P] � Spec k ×Spec Z Spec Z[P]

� Spec k[P]

� X

and conclude by Theorem 2.16 that any toric log scheme is log smooth over the trivial

log point. In particular, X need not be classically smooth over Spec k. Moreover, in this

example we can compute the sheaf of log derivations ΘX/Spec k . Using Lemma 2.8, we

know that ΘX/Spec k will be a subsheaf the ordinary sheaf ΘX/Spec k ; indeed, in [Gro10]

we see that

ΘX/Spec k = OX ⊗Z N

where N = HomZ(Pgp,Z). In particular, we note that ΘX/Spec k is locally free, as ex-

pected.
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2.3 Relatively coherent log schemes

Our main interest in this thesis is the study of relatively coherent log schemes.

Relatively coherent log schemes were first introduced by Ogus [NO10], and they gener-

alize fine log schemes.

Definition 2.17. 1. Let X be a log scheme with log structure αX :MX → OX . We

say that αX is a relatively coherent log structure if étale locally there exists a fine

log structure α̃X : M̃X → OX on X together with an inclusion of sheaves of faces

ι :MX →M̃X such that the diagram

MX
αX //

ι
��

OX

M̃X

α̃X

==

commutes. We say that M̃X realizesMX as a relatively coherent log scheme.

2. Let X be a relatively coherent log scheme. We say that c : U → X is a coherent

chart if U is a fine log scheme, c : U → X is an étale map, and

c# : c−1MX →MU

is an inclusion of faces.

Just as with fine log schemes, we have a notion of charts for relatively coherent

log schemes.

Definition 2.18. A chart for a relatively coherent log scheme X is a monoid P, a face

F ⊆ P, and a map σ : P→ OX such that on any open set U ⊆ X ,MX (U) is the face of

M̃X (U) generated by the image of F; that is, MX (U) is the smallest face of M̃X (U)

containing the image of F. Here, M̃X is the fine log structure generated by the chart σ.

We write this data as the tuple (F ⊂ P,σ).

Note that we use the word “chart” in two different ways in Definition 2.17 and

Definition 2.18. To avoid confusion, we always refer to the former as a “coherent chart,”

and we always give the tuple (F ⊂ P,σ) with the latter.
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We are motivated to study relatively coherent log schemes in part because they

occur naturally. For example, consider an ordinary family of schemes π : Y → A1. We

can obtain a log scheme Y by equipping Y with the divisorial log structure with respect

to the divisor π−1(0). In many cases, Y will be relatively coherent. Indeed, as we will see

in Section 4.1, all of the relatively coherent log schemes appearing in the Gross-Siebert

program have this form. We now investigate a recurring example of this form.

Example 2.19. Consider the scheme

X = Spec k[x, y, t,w]/(xy− tw).

Note that there is a natural map π : X → A1 given by the function t. Let X be the

log scheme formed by equipping X with the divisorial log structure associated to the

divisor V (t) = π−1(0). Let p denote the singular point {x = y = t = w = 0} of X . In a

neighborhood of p, any regular function whose vanishing is contained in V (t) must have

the form ϕtn for some n ≥ 0. Hence, the stalk of the ghost sheafMX at p isN, generated

by the function t.

On the other hand, let us compute the stalk of the ghost sheaf at the generic point

η of the line {x = y = t = 0}. Indeed, because w is generically invertible along this line,

we see that the vanishing of both x and y imply the vanishing of t. Hence, the stalk

of the ghost sheaf at η is N2, generated by the functions x and y. See Figure 2.1 for a

sketch of the ghost sheaf on X .

In particular, the generization map from p to η is a map

N→ N2.

Note that this map cannot be surjective; in fact, it is the diagonal map. In light of Lemma

2.12, we conclude that this log scheme is not fine.

To see that X is in fact relatively coherent, we need to produce a fine log structure

M̃X on X which realizesMX as a relatively coherent log structure. Indeed, we take M̃X

as the divisorial log structure obtained from the full toric boundary ∂X .

Note that if X is a relatively coherent log scheme with log structureMX , we do

not include the fine log sheaf M̃X as part of the data; hence, the ambiguity about the

fine log sheaf is an intrinsic aspect of this subject.
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Figure 2.1: The ghost sheaf on the central fiber of the relatively coherent log scheme

from Example 2.19.

Let us consider this ambiguity in more detail. For example, suppose that we have

a fine log structure M̃X which locally realizes X as a relatively coherent log scheme.

Suppose that this log structure is given by the chart α : P→ OX . Then we can obtain

a new log structure realizing X as a relatively coherent log scheme from the modified

chart α′ : P⊕ P′→OX , where

(p, p′) 7→



α(p), p′ = 0,

0, otherwise.

This example is quite simple: we are simply adding some extra superfluous log structure

to M̃X . However, more sophisticated behavior can occur, as in the following example.

Example 2.20. Let X be the relatively coherent log scheme from Example 2.19. Let P

be the monoid

P := 〈x,y, t,w〉/(x+y = t+w),

so X = Spec k[P]. For any pair of values ε, δ ∈ k, we obtain coherent charts X̃ε,δ → X ,

where the log structure on X̃ε,δ is induced by the chart P→OX given by

x 7→ x+ εt, y 7→ y+ δt, t 7→ t, w 7→ w+ δx+ ε y+ εδt.



20

In this case, we are modifying the fine log structure by moving the extra pieces of this

log structure which are missing from the relatively coherent log structure on X .

We now introduce a new category of relatively coherent log schemes with wit-

ness data. Morally, we want to take relatively coherent log schemes X together with

coherent charts Ũ → X up to equivalence.

Definition 2.21. The equivalence relation between coherent charts Ũ → X is the one

generated by the following two relations.

1. We say c : U → X is equivalent to c′ : U′→ X if c factors through c′; that is, we

have a strict morphism φ : U →U′ of fine log schemes making the diagram

U

φ
��

c // X

U′
c′

>>

commute.

2. We say c : U → X is equivalent to c′ : U′→ X if there is a trivial log scheme T

with points t0, t1 ∈T and a coherent chart c̃ : Ũ→ (X ×T ) such that c is isomorphic

to the pullback of c̃ along the map X × {t0} → X ×T and c′ is isomorphic to

the pullback of c̃ along the map X × {t1} → X ×T ; that is, both squares in the

commutative diagram

U

&&

c
��

U′

xx
c′
��

X � X × {t0}

&&

Ũ

c̃
��

X × {t1} � X

xx
X ×T

are Cartesian.

Now suppose that X and Y are relatively coherent log schemes with specified

equivalence classes of coherent charts. A morphism between these objects will be a

morphism of log schemes f : X → Y together with a morphism g : U → V making the
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diagram

U
g //

��

V

��
X

f
// Y

commute, where U → X and V → Y are coherent charts chosen from the equivalence

classes on X and Y respectively. Again, we only want to consider the morphism g up to

equivalence.

Definition 2.22. The equivalence relation between morphisms of coherent charts g :

U → V and g′ : U′→ V ′ of coherent charts as above is generated by the following two

relations.

1. We say g : U → V is equivalent to g′ : U′ → V ′ if there are strict morphisms

φ : U′→U and θ : V ′→ V of fine log schemes such that the diagram

U′
g′ //

φ
��

V ′

θ
��

U
g //

��

V

��
X

f
// Y ;

commutes.

2. We say g : U → V is equivalent to g′ : U′→ V ′ if there is a trivial log scheme T

with points t0, t1 ∈ T together with coherent charts Ũ → X ×T and Ṽ → Y ×T and

a morphism g̃ : Ũ → Ṽ of fine log schemes fitting in a commutative diagram

Ũ
g̃ //

��

Ṽ

��
X ×T

f×id
// Y ×T
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such that g fits in the commutative diagram

U
g //

��

%%

V

%%

��

Ũ
g̃ //

��

Ṽ

��

X × {t0} f
//

%%

Y × {t0}

%%
X ×T

f×id
// Y ×T

whose left and right squares are Cartesian, and g′ fits in the commutative diagram

U′
g′ //

��

%%

V ′

%%

��

Ũ
g̃ //

��

Ṽ

��

X × {t1} f
//

%%

Y × {t1}

%%
X ×T

f×id
// Y ×T

whose left and right squares are Cartesian

We call this category the category of relatively coherent log schemes with wit-

ness data.

Definition 2.23. The category of relatively coherent log schemes with witness data is

the category with the following objects and morphisms.

1. The objects of this category are pairs (X,w) where X is a relatively coherent log

scheme, and w is an equivalence class of local charts.

2. A morphism from (X1,w1) to (X2,w2) is a pair ( f , [g]), where f is a morphism

f : X1→ X2 of log schemes and [g] is an equivalence class of morphisms g : U1→

U2 of coherent charts, where U1 ∈ w1 and U2 ∈ w2.
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We should view the category of relatively coherent log schemes with witness

data as a subcategory of the category of relatively coherent log schemes with the usual

morphisms of log schemes. Indeed, our new category only admits log morphisms locally

factoring through an ambient fine log structure. This notion of morphism is crucial to

our definition of stable maps to relatively coherent targets, as we will discuss in Section

3.3.

We conclude this section by describing the intuition behind our choice of equiv-

alence. Suppose that X is a relatively coherent log scheme, and suppose that U and U′

are coherent charts for X . We want to say that U is equivalent to U′ if we can deform U

to U′ via a deformation which fixes X . We should interpret Ũ in the second relation of

Definition 2.21 as a homotopy giving such a deformation; indeed, the restriction of Ũ to

the fiber over X × {t0} is U the restriction of Ũ to the fiber over X × {t1} is U′.

Similarly, we can think of the second relation in Definition 2.22 as another ho-

motopy. Let f : X → Y be a morphism of relatively coherent log schemes. Suppose that

we have morphisms of charts g : U → V and g′ : U′→ V ′ over f . We want to say that

g is equivalent to g′ if we can deform g to g′ via a deformation which fixes f . Indeed,

the morphism g̃ : Ũ → Ṽ is such a deformation, because it restricts to g over {t0} and g′

over {t1}.



Chapter 3

Log stable maps

In this chapter, we work to extend the ideas of logarithmic Gromov-Witten the-

ory, described for fine saturated targets in [GS13] and for Deligne-Faltings pairs in

[AC14], to the relatively coherent setting. We begin this chapter by briefly recalling the

more classical situation of ordinary stable maps and ordinary Gromov-Witten theory.

We then recall the extension of this work to the world of log smooth targets described in

[GS13]. We extend this definition to apply to relatively coherent targets. Crucial is our

use of witnesses, which are tools relating stable maps with relatively coherent targets to

the ambient fine log structures. We show that these stable maps to relatively coherent

targets form a stack; moreover, we show that this stack is algebraic modulo an extension

of the work of Olsson in [Ols03]. We describe a condition on our stable maps called

pseudo-basicness, which selects a minimal log structure on our stable maps. Finally, we

end this chapter with a discussion relating pseudo-basicness to tropical geometry and

deformation theory, and we include several examples.

3.1 Ordinary stable maps and Gromov-Witten theory

Gromov-Witten theory is a branch of enumerative geometry. This field is dedi-

cated to counting geometric objects, such as the number of plane conics passing through

5 fixed points. More precisely, Gromov-Witten invariants give a virtual count of stable

maps with given tangency conditions. Though well-known, we recall the basics here

to establish a parallel with our treatment of log Gromov-Witten theory. We follow the

24
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exposition in [Gro10].

We begin by defining stable curves.

Definition 3.1. A reduced proper nodal curve C with n marked points x1, . . .,xn is said

to be an ordinary stable curve, or just a stable curve, if there are only finitely many

automorphisms of C preserving the marked points xi.

We call a point on C special if it is either a marked point or a node. This finite-

ness condition is equivalent to saying that each component of genus 0 has at least three

special points, and each component of genus 1 has at least one special point. Stable

curves are the fundamental objects in this field. Deligne and Mumford show that the

collection of stable curves is particularly well-behaved, forming what is now known as

a smooth Deligne-Mumford stack [DM69].

The objects counted in Gromov-Witten theory are maps of these stable curves.

Definition 3.2. Let C be a reduced nodal curve with marked points x1, . . .,xn together

with a map

(C,x1, . . .,xn)
f
→ X .

We say that f is a stable map if f has a finite automorphism group.

An automorphism of f is an automorphism Φ : C→ C such that

C

Φ
��

f // X

C
f

??

commutes and Φ(xi) = xi for all i.

Again, this stability condition reduces to checking that every contracted com-

ponent of genus 0 has at least three special points and every contracted component of

genus 1 has at least one special point.

By fixing some discrete data, such as the pushforward β ∈ H2(X,Z) of the fun-

damental class of C, the genus g and number of marked points n, these stable maps form

a proper Deligne-Mumford stackMg,n(X, β) [BM96]. We note that the properness of

this stack is equivalent to saying that we can take the limit of a family of stable curves.
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At this point in the story, we encounter a major problem. From deformation

theory, we can compute the expected dimension of Mg,n(X, β); however, the actual

dimension might be higher than the expected dimension. In order to obtain our virtual

counts of curves, we need to overcome this discrepancy. This problem was solved by

Behrend-Fantechi [BF97] and Li-Tian [LT98] using a virtual fundamental class

[Mg,n(X, β)]vir ∈ H2d (Mg,n(X ),Q),

where d is the expected dimension.

For any stable map (C,x1, . . .,xn)
f
→ X , we have the evaluation maps evi which

acts by evi ( f ) = f (xi). Given elements α1, . . ., αn ∈ H∗(X,Q), we define

〈α1, . . ., αn〉g, β =

∫
[Mg,n (X, β)]vir

(ev1× · · · × evn)∗(α1× · · · ×αn) ∈ Q.

We call this number a Gromov-Witten invariant. Morally, Gromov-Witten invariants

should be thought of as counting the stable curves intersecting the Poincaré duals of the

classes α1, . . ., αn.

Remembering the example at the beginning of this section, we let X = P2 and

we let [`] ∈ H2(X ) be the class of a line. Let [pt] ∈ H∗(X ) be Poincaré dual to a point.

Then the number of conics passing through five points is given by

〈[pt], [pt], [pt], [pt], [pt]〉0,2[`] = 1.

3.2 Log stable maps to fine saturated targets

Gross and Siebert extended Gromov-Witten theory to logarithmic geometry in

the case where the target scheme is fine saturated. We recall their construction of log

stable maps [GS13] in this section.

The domain of a stable log map is a pre-stable marked log smooth curve, as

defined below.

Definition 3.3. A pre-stable marked log smooth curve is a log smooth morphism of fine

saturated log schemes π : C→W with sections xi : W → C, i = 1, . . .,n of π such that

1. π : C→W is a proper and integral morphism;
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2. every geometric fiber of π is a reduced and connected curve;

3. each section xi is disjoint from the other sections and from the singular locus; and

4. away from the critical locus of π, we have

MC = π
−1

(
MW

)
⊕

⊕
i

(xi)∗N.

Recall the characterization of log smoothness from Theorem 2.16. A theorem

of F. Kato [Kat00] shows that these pre-stable marked log smooth curves are closely

related to the proper nodal curves appearing in the world of ordinary Gromov-Witten

theory.

Theorem 3.4. Let π : C → W be a smooth and integral morphism of fine saturated

log schemes satisfying conditions (1) and (2) of Definition 3.3. Assume moreover that

W = Spec A, where (A,m) is a strictly Henselian local ring. Let σ : Q→ A be a chart

for the log structure on W , where Q is the stalk of the ghost sheaf ofMW at the closed

point. Then étale locally, C is isomorphic to one of the following:

1. V = Spec A[z], with log structure induced from the chart

Q→OV, q 7→ σ(q);

2. V = Spec A[z], with log structure induced from the chart

Q ⊕N→OV, (q,n) 7→ znσ(q);

or,

3. V = Spec A[z,w]/(zw− t), for some element t ∈m. To determine the log structure

in this case, we let ∆ :N→N2 be the diagonal map and let ρ :N→Q be the map

determined by some nonzero element ρ(1) ∈ Q. Let Q ⊕NN2 denote the pushout

of these two maps. The log structure on V is induced from the chart

Q ⊕NN2→OV, (q, (m,n)) 7→ zmwnσ(q).

Indeed, the types of points on C described in Theorem 3.4 correspond to types

of points on the proper nodal curves appearing in ordinary Gromov-Witten theory.
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1. Open sets of the first type have log structure coming entirely from the base W .

These neighborhoods correspond to ordinary smooth points in ordinary Gromov-

Witten theory.

2. Open sets of the second type have a bigger log structure: beyond the log structure

coming from the base W , there is an extra section with support along V (z). These

neighborhoods correspond to marked points in ordinary Gromov-Witten theory.

We should think of V (z) as the image of one of the sections xi of π.

3. Open sets of the third type correspond to nodes in ordinary Gromov-Witten theory.

Log stable maps are simply maps from pre-stable marked log smooth curves to

a fine saturated targets.

Definition 3.5. Let X be a fine saturated log scheme over a base log scheme S. A log

stable map to X is a pre-stable marked log smooth curve (C/W,xi) together with a map

f : C→ X fitting in a commutative diagram

C
f //

π
��

X

��
W //

xi

HH

S

of fine log schemes such that the underlying scheme map f is stable. We denote this

data by (C/W, f ).

A morphism of log stable maps from (C′/W ′, f ′) to (C/W, f ) is a Cartesian

diagram

C′
φ //

π′

��

C

π
��

W ′
θ
//W

with θ : W ′→W strict such that φ and θ commute with the maps to X , the maps to S,

and the marked points xi,x′i.

By the definition of morphisms, it is clear that the category of log stable maps is

fibered in groupoids over S. In fact, this category is an Artin stack [GS13]. We will say

more about these stack properties in Section 3.3.3.
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3.3 Log stable maps to relatively coherent targets

We now define log stable maps in the case where X is allowed to be a relatively

coherent log scheme; recall, we introduced relatively coherent log schemes in Section

2.3. As we will discuss, our approach is to use maps which locally can be extended to

morphisms of fine log schemes.

Our first task is to appropriately modify the notion of pre-stable marked log

smooth curves, introduced in Definition 3.3, to the category of relatively coherent log

schemes. We use the following definition as it preserves the description by local charts

from Theorem 3.4.

Definition 3.6. A pre-stable marked relatively log smooth curve is a morphism π : C→

W of relatively coherent log schemes with sections xi : W →C, i = 1, . . .,n of π such that

for each coherent chart c : W̃ →W , the curve (π̃ : C×W W̃ → W̃, x̃i) obtained by pulling

back π along c : W̃ →W is a pre-stable marked log smooth curve.

In particular, we require that C ×W W̃ be fine. Note that the marked points

x̃i : W̃ → C×W W̃ are induced by the universal property of fiber products from the com-

mutative diagram

W̃
xi◦c

%%

id

��

x̃i
##

C×W W̃ //

π̃
��

C

π

��
W̃ c

//W

xi

UU

We denote these data by (C/W,xi).

Note that this definition ensures that all of the non-coherent behavior on C comes

from the base W .

Example 3.7. Consider the scheme W = A1, and consider the inclusion map sending

W to the line {x = y = t = 0} ⊂ X , where X is the relatively coherent log scheme from

Example 2.19. Let W be the relatively coherent log scheme obtained by pulling back

the log structure from X .
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Now let D be a trivial log scheme whose underlying scheme is a proper smooth

curve. Then if we define C = D×W and let π : C→W be projection, the pair (C/W ) is

a pre-stable relatively log smooth curve.

3.3.1 Motivation

In this section, we describe the motivation for our definition of stable maps to

relatively coherent targets.

Discussion 3.8. At this point, we have generalized our domain curves (C/W,xi). It

would be natural to define a stable log map to a relatively coherent log scheme X as

simply a map f : C→ X fitting in a commutative diagram

C
f //

π
��

X

��
W //

xi

HH

S.

However, this class of maps is too large. Indeed, Gromov-Witten theory should be

deformation-invariant, and so our stable maps should have a good deformation theory.

Without additional restrictions, many maps of the above form are locally rigid. For

example, consider the map f in Example 3.9; we show that this map is rigid where it

meets the non-coherent point.

How do we know which maps to allow? In some simple cases, our understanding

is aided by the existence of closely-related fine log schemes, which we call crutches. For

example, suppose that X is a relatively coherent log scheme mapping to A1 by

p : X → A1.

Suppose moreover that the log structure on X is induced by the divisor p−1(0), which

we call the central fiber of X . From our previous discussion, there should be a local

correspondence between stable log maps to the central fiber of X and ordinary stable

maps to the generic fiber of X .

Now suppose that there is a fine log scheme X̃ also fibering over A1 by

p̃ : X̃ → A1
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such that X̃ is isomorphic to X away from the central fiber. Indeed, this situation is fairly

common: Section 4.1.1 describes how to obtain such a pair X̃ → X , where X is a local

model of a relatively coherent log scheme appearing in the Gross-Siebert program, as

described in Section 4.1. In this case, X̃ → X is obtained by blowing up X in its central

fiber.

From the above discussion, it is clear that the stable maps to the central fiber of X

should correspond to the stable maps to the central fiber of X̃ , at least locally. Moreover,

we know which maps are allowed to the central fiber of X̃ by the Gromov-Witten theory

of Gross and Siebert.

Before proceeding, we offer the following warning: a stable map f : C → X

to the central fiber of X which lifts to a crutch f̃ : C̃ → X̃ does not necessarily locally

deform to the smooth fiber of X , as seen in the following example.

Example 3.9. Let X be the ordinary double point

X = Spec k[x, y, t,w]/(xy− tw)

with relatively coherent log structure given by the divisor V (t) from Example 2.19.

Let C be a curve with two components C1 and C2 meeting at a node q. Suppose that

C1 maps into the plane {x = t = 0} such that its image is a curve tangent to the line

L = {x = y = t = 0} to order d at the singular point for d > 2. Suppose moreover that C2

maps to the plane {y = t = 0} such that its image is a line meeting L transversally at the

singular point. Of course, q must map to the singular point of X . This map is sketched

in Figure 3.1.

We obtain a crutch X̃ → X by blowing up the plane {y = t = 0} ⊂ X at the origin.

The resulting log scheme X̃ is fine because p̃−1(0) ⊂ X̃ is a normal crossings divisor.

We obtain C̃ by replacing q ∈ C by a proper component CE . Then there is a stable map

f̃ : C̃ → X̃ fitting in the above diagram: we map C1 and C2 to the proper transform of

their images, respectively, and we map the new component CE to the exceptional curve

E in X̃ . Since p̃−1(0) ⊂ X̃1 is a normal crossings divisor, we obtain a map of log schemes

so long as CE and C1 meet the proper transform of the line {x = y = t = 0} with the same

order of tangency [ACGSnt]. So, if we allow CE → E to be a degree d cover, totally
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Figure 3.1: Sketch of the stable map f from Example 3.9.

ramified where it meets the proper transform of the line {x = y = t = 0}, then we have a

map of log schemes C̃→ X̃ as desired. This map is sketched in Figure 3.2.

Now it just remains to show that f does not deform locally to the smooth fiber

of X . We do so by showing that there is another crutch X̃ ′→ X such that f cannot lift

to X̃ ′. Indeed, this finishes our proof: if f were to deform locally to the generic fiber

of X , then it would give us a family of maps to the generic fiber of X̃ ′, yielding a stable

map to the central fiber of X̃ ′ by stable reduction.

Let X̃ ′ be the log scheme obtained by blowing up the plane {x = t = 0} ⊂ X at the

origin; as before, X̃ ′ is a fine log scheme isomorphic to X away from the central fiber.

We claim that there is no augmentation C̃′ of C obtained by adding marked points or

proper components with a map f̃ ′ : C̃′→ X̃ ′ which fits in a diagram

C̃′
f̃ ′ //

��

X̃ ′

��
C

f
// X .

Indeed, suppose such a map f̃ ′ did exist. Then f̃ ′ maps C1 to a curve in the proper
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Figure 3.2: Sketch of the stable map f̃ : C̃→ X̃ from Example 3.9.

transform of {x = t = 0} tangent to the proper transform of the line {x = y = t = 0} with

order d − 1, and f̃ ′ maps C2 to a curve in the proper transform of the plane {y = t = 0}

transverse to the proper transform of the line {x = y = t = 0}. However, such a map

cannot exist at the level of fine log schemes. Indeed, (p̃′)−1(0) ⊂ X̃ ′ is a normal crossings

divisor, and so the images of C1 and C2 should meet the proper transform of the line

{x = y = t = 0} with the same order of tangency by Theorem 6.0.5 in [ACGSnt]. Since

d > 2, we have that d−1 , 1, and so no such map can exist.

Note that if we took d = 2 in the above example, the map f does in fact smooth.

3.3.2 Main definition

We are now ready to give our definition of stable maps to relatively coherent

targets. As we recalled in Discussion 3.8, we want our stable maps to X to give a

deformation-invariant Gromov-Witten theory. By the work of Gross and Siebert [GS13],

we know that log stable maps to fine targets already have a good deformation theory.

For this reason, we choose to require our stable maps to have local extensions to fine log
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schemes; recall the category of relatively coherent log schemes with witness data from

Definition 2.23.

Definition 3.10. Let X be a relatively coherent log scheme. We say that a stable map

with relatively coherent target is given by the following data:

(1) a pre-stable relatively log smooth marked curve (C/W,xi);

(2) a pair of log maps f : C→ X and W → S fitting in a commutative diagram

C
f //

π
��

X

��
W //

xi

II

S;

(3) étale locally on C and W , diagrams

C′
f ′ //

π′

��   

X̃

��
W ′

!!

C
f //

π
��

X

��
W //

xi

II

S

where C′→ C, X̃ → X , and W ′→W are coherent charts; and,

(4) for every diagram as in (3), log schemes W̃ and C̃ with a map π̃ : C̃→ W̃ and sections

x̃i, ỹ j of π̃ fitting in commutative diagrams

C̃ //

π̃
��

C′

π′

��
W̃

x̃i ,̃y j

II

//W ′

satisfying the following conditions:

(a) the map π̃ : C̃→ W̃ is log smooth;

(b) the sections x̃i commute with the sections xi;

(c) the scheme maps C̃→C and W̃ →W are proper and surjective with connected

fibers; and,
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(d) the induced map f̃ : C̃→ X̃ is stable on proper components of C̃.

We use the notation (C̃/W̃, f̃ ) to refer to the data in (4), and we call this data a local

witness. We only remember the coherent charts and the maps between them up to the

equivalences in Definition 2.21 and Definition 2.22. We say that two local witnesses

(C̃1/W̃1, f̃1) and (C̃2/W̃2, f̃2) are equivalent if the diagrams relating C′1/W
′
1 to C′2/W

′
2

over C/W can be extended to diagrams relating (C̃1/W̃1) to (C̃2/W̃2) over C/W . We

write this data as (C/W, f ,Ω), where Ω gives the equivalence classes of the local wit-

nesses.

A morphism of stable log maps from (C1/W1, f1,Ω1) to (C2/W2, f2,Ω2) is a

Cartesian diagram of log schemes

C1 //

��

C2

��
W1 //W2

commuting with the marked points and with the maps to X and S such that W1→W2 is

strict and the pullback of the local data in Ω2 along W1→W2 is equivalent to the local

data in Ω1 in the sense of Definitions 2.21 and 2.22.

Let us now explore more closely the equivalence relations from Definitions 2.21

and 2.22.

Example 3.11. Suppose that we have a relatively coherent log scheme X with a map

p : X → A1 such that the log structure on X is trivial away from p−1(0). Moreover,

suppose that we have coherent charts X̃ → X which have nontrivial log structures away

from the fiber over 0. For example, one can consider the relatively coherent log scheme

X with coherent charts X̃ε,δ from Example 2.20.

Now suppose that we have a family f : C→ X over A1 which we want to extend

to a stable log map. The extension of f to X̃ requires in part that we add marked points

to C where it meets the new log structure on X̃ away from the central fiber. Now if

we have an equivalent coherent chart X̃ ′ such that the new log structure away from the

central fiber is in a different location, then an extension of f to X̃ ′ will require marked

points in different locations. The equivalence of X̃ and X̃ ′ means that we should allow
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the corresponding marked points in our local witnesses to move similarly along C̃. For

the sake of concreteness, we return to our above example. The coherent chart X̃ε,δ has

log structure supported away from {t = 0} on {w+ δx + ε y + εδt = 0}, which of course

moves with our choice of (ε, δ). A local witness to X̃ε,δ will have a curve C̃ whose

marked points also move with (ε, δ).

We now give a more complicated example of this equivalence.

Example 3.12. Suppose that X is a relatively coherent log scheme as in Example 3.11

such that the log structure is trivial away from the central fiber. Now suppose that X̃

and X̃ ′ are equivalent coherent charts for X such that the central fiber contains new

log structure. For example, the coherent charts X̃ε,δ from Example 2.20 have new log

structure in the central fiber on the lines {x = t = w+ ε y = 0} and {y = t = w+ δx = 0}.

Now suppose that f : C → X is a map from a curve to the central fiber of X .

Suppose that we want to lift f to a stable map; in particular, we need a local witness

f̃ . Then it can happen that C may fall entirely into the new log structure on X̃ , but it

may not for X̃ ′. The equivalence of these coherent charts means that we should consider

these two possibilities as being equivalent.

We now explore this example in more detail for the coherent charts X̃ε,δ as above.

Indeed, suppose that C is a curve mapping to the line {x = t = w = 0} in X . Then C lies

in the support of the new log structure of X̃ε,δ if and only if ε = 0. Now, we should view

a witness where C maps into this extra log structure as being equivalent to a witness

where C does not. This equivalence can be seen in the following homotopy: let T = A1

be a trivial log scheme with coordinate ε , and let

C×T → X̃ε,0

be defined by the map C → X . Note that we need to enhance the log structure on C at

ε = 0 in order to get a log map.

We will give another extended example of this equivalence in our discussion of

basicness in Section 3.5.2.
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3.3.3 Algebraicity

In this section, we show that our stable maps to relatively coherent targets form a

stack. We also give a proof that this stack is algebraic, modulo an extension of Olsson’s

work [Ols03].

Throughout this section, let X be a relatively coherent log scheme, and let

M rc(X ) denote the category of stable log maps to X . Note that there is a functor

M rc(X )→ Sch(S)

given by (C/W, f ,Ω) 7→W .

Lemma 3.13. The category M rc(X ) is fibered in groupoids over Sch(S).

Proof. We verify conditions (i) and (ii) from Definition 2.1 in [LMB00].

For condition (i), we need to show that if we have a morphism of schemes W 1→

W 2 and a stable log map (C2/W2, f2,Ω2), then there is a stable log map (C1/W1, f1,Ω1)

with a morphism (C1/W1, f1,Ω1)→ (C2/W2, f2,Ω2). This condition is obviously satis-

fied: define W1→W2 by the Cartesian diagram

W1 //

��

W2

��
W 1

//W 2

and define (C1/W1, f1,Ω1) by pulling back (C2/W2, f2,Ω2) along this morphism.

For condition (ii), we need to show that if we have a commutative diagram of

schemes

W 3
//

��

W 1

W 2

>>

and a diagram of log stable maps

(C3/W3, f3,Ω3) // (C1/W1, f1,Ω1)

(C2/W2, f2,Ω2),

55
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then there is a unique morphism (C3/W3, f3,Ω3) → (C2/W2, f2,Ω2) making the above

diagram commute. Again, this follows easily from the fact that morphisms of log stable

maps are given by Cartesian diagrams over strict log morphisms. �

Our next step is to show that the category M rc(X ) forms a stack.

Lemma 3.14. The category M rc(X ) is a stack.

Proof. We verify conditions (i) and (ii) from Definition 3.1 in [LMB00].

For condition (i), we have to verify the following: if a1 := (C1/W1, f1,Ω1) and

a2 := (C2/W2, f2,Ω2) are stable log maps with W :=W 1 =W 2, then the presheaf

(V →W ) 7→ Hom(a1,V,a2,V )

is in fact a sheaf, where ai,V denotes the pullback of ai to V along V →W .

This condition amounts to checking the gluing axiom. Suppose that we have an

étale cover c : W̃ →W . Moreover, suppose we have a morphism ψ̃ : c∗a1→ c∗a2 which

agrees on overlaps, by which we mean the following. Let πi : W̃ ×W W̃ → W̃ be the two

projection maps. We say that ψ̃ agrees on overlaps if the two lifts

π∗i ψ̃ : (c ◦ πi)∗a1→ (c ◦ πi)∗a2

of ψ̃ agree. Then the gluing axiom requires that we have a unique map ψ : a1→ a2 such

that ψ̃ is the lift of ψ; we call ψ the gluing of ψ̃.

First we must glue the map ψ̃ at the underlying level of schemes. As in [GS13],

we use faithfully flat descent from [Gro71], VIII, Theorem 5.2. Then it remains to glue

the morphism of log structures. However, log structures and the morphisms between

them are only ever defined locally. As such, there is nothing further to check.

For condition (ii), we have to check that if (ϕi : V i →W ) is an étale open cover,

each descent data (ai, fi j ) relative to this cover is effective. By descent data, we mean

that each ai is a stable log map over the scheme V i, and each fi j is an isomorphism

fi j : (ai |V ji)→ (a j |V ji),

where V ji = V j ×W V i; moreover, we require that the maps fi j satisfy the cocycle condi-

tion:

( f ki |V k ji) = ( f k j |V k ji) ◦ ( f ji |V k ji),
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where V k ji = V k ×U V j ×U V i. This descent data is said to be effective if there is a stable

map a over W with isomorphisms

fi : (a |V i)→ ai

commuting with the fi j .

Whereas condition (i) was concerned with gluing morphisms, condition (ii) is

concerned with gluing objects. We begin by gluing the underlying schemes, which can

be done because the category of ordinary pre-stable curves M is itself a stack. Again,

because log structures are only defined locally, we obtain the object a over W as above.

By using condition (i), we can glue the morphisms fi j to obtain the fi, completing the

proof. �

Now we aim to show that M rc(X ) is an algebraic stack. We give an outline of a

proof, stating conjectures where needed. We follow the approach in [GS13] in the case

of log smooth targets.

Our first step is to show that the category M rc of pre-stable relatively log smooth

curves over S is an algebraic stack. Indeed, we follow the argument in Appendix A of

[GS13], where we see that the category M ordinary pre-stable curves over S is algebraic

and locally of finite type over S. Moreover, by the work of F. Kato in [Kat00], ordinary

pre-stable curves can be equipped with a canonical log structure. This fact gives us a

map

M→LogS,

where LogS denotes the stack of fine log schemes over S. By the work of Olsson in

[Ols03], this stack is algebraic and locally of finite type over S.

Note that in the fine case, we can write the stack of pre-stable marked log smooth

curves M as the fiber product

M = Log•→•S ×LogS M,

where Log•→•S is the category whose objects are ordinary schemes W → S with two

fine log structuresMW,1,MW,2 and a morphismMW,1→MW,2 over S; Olsson showed

that this category is an algebraic stack [Ols03]. The morphism Log•→•S →LogS is the
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forgetful morphism (
MW,1→MW,2

)
7→MW,1.

To emulate this approach in the relatively coherent setting, we need a relatively

coherent analogue of Olsson’s stack Log•→•S .

Conjecture 3.15. Let Log•→•,rc
S be the category of log morphisms over S whose objects

are 4-tuples (W,MW,1,MW,2, ϕ), where W is a scheme over S, MW,1 and MW,2 are

relatively coherent log structures on W , and ϕ :MW,1 →MW,2 is a morphism of log

structures over S.

Then Log•→•,rc
S is an algebraic stack.

Discussion 3.16. We note that there are some potential problems with Conjecture 3.15.

Indeed, in the fine case, Olsson uses the algebraic stack LogS to construct the algebraic

stack Log•→•S . One might hope that the first step in the proof of Conjecture 3.15 would

be to show that the correspond stack Logrc
S of relatively coherent log schemes over S is

algebraic.

However, we can show that Logrc
S is not algebraic in general! If it were alge-

braic, Definition 4.1 of [LMB00] tells us that the diagonal map

∆ : Logrc
S →Logrc

S ×S Logrc
S

would be representable, separated, and quasi-compact. Remark 4.1.2(i) of [LMB00]

explains this condition further: if we have a log scheme X → S, then the sheaf

Isom(X,X )

is represented by an algebraic space I over X . This representability condition means

that an automorphism of a log map Y → X is the same as a diagram

Y

��

// I

��
X .

Now let us consider the specific example where X is the ordinary double point of

Example 2.19, and Y is a log point with log structure pulled back from X . If Y maps to a
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coordinate plane in the central fiber, say {x = t = 0}, away from the line {x = y = t = 0},

then Y will be the standard log point. An automorphism of the standard log point is

given by the map

N⊕ k×→ N⊕ k×, (n, f ) 7→ (n, f · ϕ(n)),

and so these automorphisms are parametrized by ϕ(1) ∈ k×. Similarly, if Y maps to

the line {x = y = t = 0} away from the singular point, its ghost sheaf is given by N2;

similarly, its automorphisms are parametrized by (k×)2. Hence, we know that the fiber

of I → X is 2-dimensional over the line {x = y = t = 0}, but it is only 1-dimensional

over the singular point. Because the fibers of a family of scheme maps cannot drop in

dimension, we know that I cannot be an algebraic space.

How can we hope to overcome this obstacle? One possibility is that we could

modify the definition of Logrc
S to include some extra information preventing the fibers

from dropping in dimension as above.

Another possibility is that we ignore the algebraicity of Logrc
S altogether. In-

deed, our Gromov-Witten invariants will give virtual counts of stable maps with min-

imal log structures; this minimality condition is called basicness, and we introduce it

in Section 3.4. It is our eventual goal to show the subcategory of basic stable maps is

algebraic. Gross and Siebert use the algebraicity of the stack of stable maps to prove

the algebraicity of the stack of basic stable maps, as basicness is an open condition in

the fine case. However, even if we had the algebraicity of the stack of stable maps to

relatively coherent targets, we would still need to modify the proof in [GS13]: Propo-

sition 3.35 shows that our pseudo-basicness from Section 3.4 is not an open condition.

We note that it is possible that the stack of pseudo-basic stable maps is algebraic, even if

Logrc
S is not. Indeed, in the fine setting, automorphisms of basic stable maps are espe-

cially well-behaved: Proposition 1.25 of [GS13] shows that there are no automorphisms

of a basic stable map whose underlying scheme map is the identity.

For the remainder of this section, we assume Conjecture 3.15. We construct the

fiber product

Log•→•,rc
S ×LogS M.

Note that we only need to allow MW,2 to be relatively coherent in the definition of

Log•→•,rc
S ; indeed,MW,1 corresponds to a basic log structure, which are automatically
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fine. An object of this category is a scheme W over S together with a basic pre-stable

log curve (C/W ) and a morphism of log structures M′
W →MW , where M′

W is rela-

tively coherent. From the definition of pre-stable marked relatively-log smooth curves

in Definition 3.6, it is clear that this fiber product is isomorphic to the category M rc of

pre-stable marked relatively-log smooth curves.

Proposition 3.17. Assuming Conjecture 3.15, the category M rc is algebraic.

Once we have the algebraic stack M rc, our next goal is to prove the following

representability statement. We let M(X ) denote the stack of ordinary stable maps to X .

It is well-known that this stack is algebraic [BM96].

Proposition 3.18. The stack morphism M rc(X )→M rc×M(X ) is representable. This

morphism is induced by the map

(C/W, f ,Ω) 7→
(
(C/W ), (C/W, f )

)
.

Note in particular that the stack morphism M rc(X ) →M rc is faithful, as a

morphism of log stable maps is just given by a morphism on the associated pre-stable

marked relatively log smooth curves.

Indeed, Proposition 3.18 gives us our main result.

Theorem 3.19. The stack M rc(X ) is algebraic.

Proof. By Proposition 4.5 (ii) in [LMB00], the representability of the morphism in

Proposition 3.18 together with the algebraicity of M rc ×M(X ) gives the algebraicity

of M rc(X ). Note that this result of course relies on Conjecture 3.15. �

The content of Proposition 3.18 is the following: if we have a scheme W together

with a morphism W →M rc ×M(X ), then the fiber product

W ×(M rc×M(X )) M rc(X )

is an algebraic space. Note that we are implicitly replacing W with its associated stack

where necessary. Let us inspect this fiber product more closely. The morphism W →

M rc×M(X ) gives us a pair ((C/W ), f ), where (C/W ) is a pre-stable marked relatively

log smooth curve and f is a map of schemes making (C/W, f ) an ordinary stable map.
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We now compute the data of a map V → W ×(M rc×M(X )) M rc(X ). The map

V → W →M rc ×M(X ) is given by pulling back the data defining the map from W

to V ; this gives us the pair ((CV/V ), f
V

). The map V →M rc(X ) gives us a stable log

map (C′V/V
′, f ′,Ω). The fact that these data fit in a fibered diagram tells us that (C′V/V

′)

is isomorphic to (CV/V ) and f ′ agrees with f
V
. Hence, the new data contributed by

the map from M rc(X ) is the extension of f to a stable map of relatively coherent log

schemes (CV/V ) → (X/S). So we can take W ×(M rc×M(X )) M rc(X ) over V to be the

category whose objects are morphisms of log structures

f −1(MX )V → (MC)V

together with morphisms of local coherent charts

f −1(M̃X )V → (M̃C)V

fitting into the commutative diagrams

f −1(MX )V

��

// (MC)V

��

f −1(M̃X )V // (M̃C)V .

As usual, we only want to remember the data of the morphism of coherent charts up to

equivalence. Here, the subscript V means that we pull back the log structures from C/W

along the map V →W .

As in [GS13], we now turn to a slightly more general situation. Suppose that π :

Y →W is a proper morphism of ordinary schemes, and suppose that we have relatively

coherent log structuresM1,M2 on Y . Let

rcLMorY/W (M1,M2) : (Sch/W )→ (Sets)

be the functor defined on objects by sending a scheme V over W to the set of morphisms

of log structures

ϕ : (M1)V → (M2)V

together with local morphisms of coherent charts

ϕ̃ : (M̃1)V → (M̃2)V
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on YV commuting with ϕ.Our aim then is to show the following, from which Proposition

3.18 follows.

Proposition 3.20. rcLMorY/W (M1,M2) is represented by an algebraic space.

Again, we aim to follow the approach in [GS13]. The biggest change occurs

when we translate Lemma 2.12. Before we begin, we recall the following definition.

Definition 3.21. Let M be a fine sheaf on a scheme Y and let A ⊂ |Y | be a set of

geometric points. We say that a geometric point x ∈ |Y | has property (Agen) with respect

toM if there exists a finite sequence of geometric points y1, z1, . . ., yr, zr ∈ |Y | such that

• y1 ∈ A and zr = x;

• yi ∈ {zi}
− for i = 1, . . .,r; and

• yi ∈ {zi−1}
− such thatM yi →M zi−1 is an isomorphism for i = 2, . . .,r .

The usefulness of the property (Agen) is that if M is a fine log structure and

we have a monoid homomorphism ϕ : P→M x for every point x ∈ A, then we have a

monoid homomorphism ϕ : P→M y for any point y with property (Agen). Note that the

set of geometric points with property (Agen) is open.

Now we begin to translate Lemma 2.12 from [GS13].

Lemma 3.22. Suppose that Y = W and that we have fixed surjective coherent charts

ci : Ũi → Yi, where Yi is the relatively coherent log scheme given by equipping Y with

Mi. Suppose we have an étale map d : Ũ2 → Ũ1. Suppose moreover that we have a

closed set A ⊂ Y such that every geometric point of Ũi has property (Agen) with respect

toMŨi
. Let ϕA : d−1(MŨ1

)A→ (MŨ2
)A.

Then the functor

rcLMorϕA

Y (Ũ2,Ũ1) : (Y ′→ Y ) 7→



(ϕ : Y ′2 → Y ′1 ), (d : Ũ′2→ Ũ′1) compatible

with ϕA such that ϕ◦ c2 = c1 ◦ d




is represented by a scheme rcLMorϕA

Y (Ũ2,Ũ1) of finite type and affine over Y ; here, Ũ′i
denotes the fiber product Ũ′i = Y ′i ×Yi Ũi .
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Proof. This result follows directly from [GS13] Lemma 2.12, since the map d of fine

log schemes completely determines the relatively coherent map ϕ. Note that ϕ maps

into the relatively coherent log structure on Y1 because this fact can be checked at the

level of stalks of ghost sheaves. �

Now the problem is to incorporate the notion of equivalence. Recall from Defi-

nition 2.22 that the equivalence of morphisms of charts is generated by two fundamental

relations. We now consider them separately.

We begin by considering the first type of equivalence. Suppose that we have

charts ci : Ũi→ Yi with an étale map d : Ũ2→ Ũ1 as in Lemma 3.22. Suppose moreover

that we have another pair of surjective charts c′i : Ũ′i →Yi with an étale map d′ : Ũ
′

2→ Ũ
′

1

and strict morphisms φi : Ũ′i → Ũi such that c′i ◦ φi = ci and d ◦ φ
2
= φ

1
◦ d′. Note that a

map

ϕA : d−1(MŨ1
)A→ (MŨ2

)A

determines a map

ϕ′A : (d′)−1(MŨ ′1
)A→ (MŨ ′2

)A

because the maps φi are strict and étale. Now note that there is a natural transformation

rcLMorϕA

Y (Ũ2,Ũ1)→ rcLMorϕ
′
A

Y (Ũ′2,Ũ
′
1)

given by the assignation

((ϕ : Y2→ Y1), (d : Ũ2→ Ũ1)) 7→ ((ϕ : Y2→ Y1), (d′ : Ũ′2→ Ũ′1))

where d′ is obtained by pulling back d along c1. By Lemma 3.22, this natural transfor-

mation induces a morphism of schemes.

Lemma 3.23. In the above situation, there is a morphism of schemes

rcLMorϕA

Y (Ũ2,Ũ1)→ rcLMorϕ
′
A

Y (Ũ′2,Ũ
′
1).

Now, we consider the second relation from Definition 2.22. Let Ũi and Ũ′i be

surjective coherent charts as above. Recall that we say d,d′ are equivalent in this sense
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if each is given as a pullback of a diagram

Ṽ2
d̃ //

cV ,2
��

Ṽ1

cV ,1
��

Y2×T // Y1×T

along strict inclusion maps Yi × {ti} → Yi ×T , where T is a trivial log scheme. As in the

first case, the existence of these diagrams give us natural transformations

rcLMorϕA

Y×T (Ṽ2, Ṽ1) //

((

rcLMorϕA

Y (Ũ2,Ũ1)

rcLMorϕ
′
A

Y ′ (Ũ′2,Ũ
′
1)

which induce morphisms of schemes by Lemma 3.22.

Lemma 3.24. In the above situation, there are morphisms of schemes

rcLMorϕA

Y×T (Ṽ2, Ṽ1) //

((

rcLMorϕA

Y (Ũ2,Ũ1)

rcLMorϕ
′
A

Y ′ (Ũ′2,Ũ
′
1).

Now consider the functor

rcLMor[ϕA]
Y (Y2,Y1) : (Y ′→ Y ) 7→




(ϕ : Y ′2 → Y ′1 ), [(d : Ũ′2→ Ũ′1)]

compatible with ϕA and ϕ




where Ũi→Yi are coherent charts, Ũ′i denotes the fiber product Ũ′i =Y ′i ×Y Ũi, and braces

[] denote equivalence. Here, we mean that a function ϕA : d−1(MŨ1
)A → (MŨ1

)A is

equivalent to ϕ′A : d−1(M
′

Ũ1
)A→ (M

′

Ũ1
)A if these maps can be extended to equivalent

morphisms of coherent charts. For fixed coherent charts, this functor is represented

by a scheme as in Lemma 3.22. Moreover, the equivalence of different morphisms of

charts [d] gives morphisms between these representing schemes, as in Lemma 3.23 and

Lemma 3.24. Now our philosophy is that we can find a scheme representing the func-

tor rcLMor[ϕA]
Y (Y2,Y1) by gluing together the representing schemes with fixed coherent

charts along the morphisms induced by the equivalence relation.
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Conjecture 3.25. The functor rcLMor[ϕA]
Y (Y2,Y1) is represented by the scheme

rcLMor[ϕA]
Y

obtained as the colimit of of the system of schemes rcLMorϕA

Y×T (Ṽ2, Ṽ1) with morphisms

given by Lemma 3.23 and Lemma 3.24. Moreover, rcLMor[ϕA]
Y is quasi-projective.

Conjecture 3.25 gives the relatively coherent analogue of Lemma 2.12 from

[GS13]. Assuming Conjecture 3.25, it is easy to follow the rest of their outline to prove

Proposition 3.20. Next, we extend Conjecture 3.25 to the case where Y ,W .

Lemma 3.26. Let Y →W be a projective, separated morphism of ordinary schemes. Let

w→W be a geometric point such that any geometric point of Y has property (Agen) for

A = Yw with respect to any coherent charts overM1 orM2. Then for an equivalence

class [ϕA] of homomorphisms ϕA : (M̃1)w→ (M̃2)w, the functor

rcLMor[ϕA]
Y/W : (V →W ) 7→




(
ϕ : (M1)V → (M2)V, [ϕ̃ : (M̃1)V → (M̃2)V ]

)
such that ϕ̃ is compatible with ϕ and ϕA




is represented by a scheme rcLMor[ϕA]
Y/W .

Proof. From Conjecture 3.25, this functor is isomorphic to the functor of sections∏
Y/W

(
rcLMor[ϕA]

Y

/
Y
)
,

which is represented by an open subscheme of the Hilbert scheme Hilb
rcLMor[ϕA]

Y

/
W

by

[Gro60]. �

We are now finally in a position to prove Proposition 3.20 given Lemma 3.26.

We follow the proof of Proposition 2.9 in [GS13].

Proof of Proposition 3.20. To prove that rcLMorY/W (M1,M2) is represented by an al-

gebraic space, we check the condition listed in [Knu71], Chapter II, Definition 1.1,b.

For w→W a geometric point, we let U be a neighborhood of w in W such that every

geometric point in YU has property (Agen) for A = Yw with respect to any fine log struc-

ture M̃i . Then for any [ϕw], we know from Lemma 3.26 that rcLMor[ϕw ]
YU/U

is represented

by a scheme.
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We claim that the functor⋃
[ϕw ]

rcLMor[ϕw ]
YU/U

→ rcLMorY/W (M1,M2)

is schematic and an étale surjection, which means that for any scheme V with a mor-

phism V → rcLMorY/W (M1,M2), then the fiber product

V ×rcLMorY /W (M1,M2)

⋃
[ϕw ]

rcLMor[ϕw ]
YU/U

is represented by a scheme such that the projection to V is an étale surjection.

Now we compute this fiber product for a single rcLMor[ϕw ]
YU/U

. Note that the map

V → rcLMorY/W (M1,M2) defines a morphism of log structures ϕ : (M1)V → (M2)V

together with a morphism of fine log structures ϕ̃ : (M̃1)V → (M̃2)V up to equivalence.

Then a morphism from a scheme T to this fiber product

ψ : T → V ×rcLMorY /W (M1,M2) rcLMor[ϕw ]
YU/U

consists of a scheme morphism T → V and a morphism of log structures ϕT : (M1)T →

(M2)T with local witness data [ϕ̃T : (M̃1)T → (M̃2)T ] obtained by pulling back a mor-

phism ϕU : (M1)U → (M2)U with local witness data [ϕ̃U : (M̃1)U → (M̃2)U] such that

ϕT and ϕ̃T agree with the pullbacks of ϕ and ϕ̃ along the morphism T → V . Hence, the

data of this functor is really just contained in the commutative diagram of schemes

T //

��

V

��
U //W .

In particular, this functor is equivalent to the open subset U ×W V . By taking the disjoint

union of these schemes for the different [ϕw], we have the desired scheme representing

the fiber product above. Note that the projection map to V is étale because U →W is as

well. �

3.4 Notes on basicness

Recall that our motivation for defining log stable maps in the previous section

was to develop a theory of Gromov-Witten invariants for relatively coherent targets.
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However, at it currently stands, our category of log stable maps is too big for this appli-

cation. Indeed, suppose that we have some stable log map (C/W, f ,Ω). We can obtain

a new stable log map by adding extra log structure to our domain curve C. For example,

we have a new stable map (C′/W ′, f ′,Ω′), where C = C′ and MC ′ =MC ⊕ P for any

monoid P. Here f = f ′ and ( f ′)# = ι◦ f #, where ι :MC →MC ′ is inclusion. If we ever

want our curve counts to be finite, we need to restrict the log structures appearing on C.

Of course, this problem is not unique to the case of relatively coherent targets.

Gross and Siebert overcome this problem for fine saturated targets by restricting their

attention a special subcategory of stable log maps, which they call basic stable log maps

[GS13] . These maps are chosen so that the log structure on C is minimal with respect

to the underlying map f and the log structure on X . In the case where X is a point with

trivial log structure, the basic log structure of Gross and Siebert reduces to the basic log

structure described by F. Kato for ordinary pre-stable log curves [Kat00].

Let us describe the approach by Gross and Siebert in more detail. Consider the

log stable map (C/W,xi, f ) to a fine saturated target X . At each point w ∈ W , they

calculate what is called the basic monoid, which depends on f and the ghost sheaf of

X . IfMW,w agrees with the basic monoid, then the log stable map is said to be basic at

w. The Gromov-Witten invariants in the log smooth setting give virtual counts of these

basic stable maps. We now recall their construction of the basic monoid.

Definition 3.27. Suppose we are given a log stable map (C/W,xi, f ) to X , where X is

a fine saturated log scheme and W is a point. Let Px denote the stalk Px := f −1(MX )x

for any point x ∈ C. For each node q ∈ C, we let uq : Pq→ Z denote combinatorial data

about the log structure on X as in Discussion 3.38, and we let χq,ηi : Pq → Pηi denote

the generization maps for i = 1,2. Then the basic monoid is the saturation of the quotient

Q :=

ι
*.
,

∏
η∈C

Pη ×
∏
q∈C

N
+/
-

/
R



sat

where ι denotes inclusion of
∏

η∈C Pη ×
∏

q∈CN into its Grothendieck group and R is

the saturated subgroup generated by elements of the form

aq(m) = ((. . ., χq,η1 (m), . . .,−χq,η2 (m), . . .), (. . .,uq(m), . . .))

for all nodes q ∈ C and elements m ∈ Pq; here, all unspecified entries of aq(m) are zero.
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The basic stable maps of Gross and Siebert satisfy the universal property that

any stable map (C/W,xi, f ) is the pullback of a basic stable map (Cb/W b,xb
i , f b) along

a map W → W b which is the identity at the underlying level of schemes [GS13]. In

particular, if W is a point and QW =MW , then there is a morphism from the basic

monoid Q to QW inducing the above map.

We now aim to emulate this approach in the relatively coherent setting. To do

so, we need to set up some notation. For any local witness (C̃/W̃, f̃ ) with W̃ a point,

let Q(C̃/W̃, f̃ ) denote its basic monoid as in Definition 3.27. Moreover, for any open set

V ⊂ C, we define the monoid

Qpre(V ) :=
∏
η∈V

Pη ×
∏
q∈V

N

where again Pη := f −1(MX )η . Note that Qpre(V ) only depends on the underlying map

f : C→ X and the relatively coherent log structure on X . Finally, we introduce essential

nodes.

Definition 3.28. Suppose that we have a local witness (C̃/W̃, f̃ ) as above. Let q̃ ∈ C̃ be

a node mapping to the node q ∈ C. Let C1 and C2 be the two components of C meeting

at q. We say that q̃ is an essential node over q if there is a sequence C′0, . . .,C
′
n of unique

components of C̃ meeting in a sequence of unique nodes q′1, . . .,q
′
n such that C′0 → C1

and C′n→ C2 are étale and there is an integer k with q̃ = q′k .

See Figure 3.3 for a example of an essential node.

Lemma 3.29. Suppose that we have a local witness (C̃/W̃, f̃ ) as above; in particular,

assume that W̃ is a point. Suppose that the image of C̃ in C is the open set V . Then there

is a canonical map

h(C̃/W̃, f̃ ) : Qpre(V )→Q(C̃/W̃, f̃ ) .

Proof. This map is induced from a map∏
η∈V

Pη ×
∏
q∈V

N→
∏
η∈C̃

P̃η ×
∏
q∈C̃

N.

If {η̃}− ⊂ C̃ is the proper transform of {η}− ⊂ V , then we map

Pη ↪→ P̃η̃ ↪→
∏
η∈C̃

P̃η ×
∏
q∈C̃

N
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Figure 3.3: Illustration of an essential node.

where the first map is inclusion of faces, and the second map is inclusion of the factor

P̃η̃ .

We define the map on the copy of N corresponding to a node q by

N
∆
→ Nr ↪→

∏
η∈C̃

P̃η ×
∏
q∈C̃

N

where ∆ denotes the diagonal map and Nr consists of the copies of N corresponding

to the essential nodes q̃ ∈ C̃ over q. The second map is again inclusion of the factors

Nr . �

We define our new basic monoid by gluing together local pieces.

Definition 3.30. Fix the data of a map f : C→ X as above, and also fix an equivalence

class Ω of witnesses. Then the small basic monoid on V is defined by

Qsmall(V ) :=
⋂

(C̃/W̃, f̃ )∈ΩV

(
hgp

(C̃/W̃, f̃ )

)−1 (
Q(C̃/W̃, f̃ )

)
⊂ (Qpre(V ))gp/KV

where ΩV is subset of witnesses (C̃/W̃, f̃ ) in Ω such that the image of C̃ in C is V , and

KV :=
⋂

(C̃/W̃, f̃ )∈ΩV

ker
(
hgp

(C̃/W̃, f̃ )

)
.
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Dually, Qsmall(V ) can be described as follows. The canonical maps h(C̃/W̃, f̃ )

induce dual maps Q∨
(C̃/W̃, f̃ )

→ (Qpre(V ))∨. Then Qsmall(V ) is dual to the cone generated

by ⋃
(C̃/W̃, f̃ )∈ΩV

im Q∨
(C̃/W̃, f̃ )

⊂ (Qpre(V ))∨.

Now we show the patching condition.

Lemma 3.31. If V ′ ⊂ V ⊂ C, then there is a natural map Qsmall(V ′)→Qsmall(V ).

Proof. Clearly, we have an inclusion map Qpre(V ′) → Qpre(V ) which extends to an

inclusion of their associated groups.

First, we need to show that anything in KV ′ maps to KV under this inclusion.

Suppose we have a witness (C̃/W̃, f̃ ) onto V . Then we obtain a witness onto V ′ by

restriction: (C̃ |V ′,W̃, f̃ |V ′). From the commutativity of the diagram

Qpre(V ′) //

h(C̃ |V /W̃ , f̃ |V )
��

Qpre(V )

h(C̃/W̃ , f̃ )
��

Q(C̃ |V /W̃, f̃ |V )
// Q(C̃/W̃, f̃ )

we conclude that

ker
(
hgp

(C̃ |V /W̃, f̃ |V )

)
⊂ ker

(
hgp

(C̃/W̃, f̃ )

)
.

Hence, we conclude that KV ′ ⊂ KV .

Finally, we note that the commutativity of the above diagram tells us that any

element x of Qpre(V ′)gp mapping to an element of Q(C̃ |V /W̃, f̃ |V ) satisfies that property

that the image of x in Qpre(V )gp will map to an element of Q(C̃/W̃, f̃ ). Hence, we can

conclude that the inclusion map Qpre(V ′)→Qpre(V ) extends to a map

Qsmall(V ′)→Qsmall(V ).

�

Definition 3.32. Fix the data of a map f : C → X and an equivalence class Ω of wit-

nesses. Then the small basic monoid

Qsmall := colimV Qsmall(V )
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is defined as the colimit, or direct limit, over all the Qsmall(V ). Let iV : Qsmall(V ) →

Qsmall be the natural map to the colimit.

We say that a stable map (C/W, f ,Ω) is pseudo-basic at w ∈W if

MW,w =Qsmall.

We now show the monoids Qsmall help us select stable maps which are, in a

sense, minimal with respect to the equivalence class Ω of witnesses.

Proposition 3.33. Suppose that (C/W, f ,Ω) is a stable map with W a point. Then

(C/W, f ) is the pullback of a map (Cb/W b, f b) along W →W b which is the identity at

the underlying level of schemes, whereMWb =Qsmall; that is, (Cb/W b, f b,Ω) is pseudo-

basic.

Proof. Let Q =MW . We will construct a monoid homomorphism Qsmall → Q. Using

this morphism, we define W b by equipping W with the log structureMWb obtained by

the pullback diagram

MW =Q MWb =Qsmalloo

MW

OO

MWb .oo

OO

Moreover, we will show that this map induces a mapMCb →MC commuting with the

map from f −1MX . We then take the pullbackMCb of the diagram

f −1MX //

{{

��

f −1MX

zz

��

MC //MC

MCb
//

OO

MCb

OO

which gives our log structure on Cb. This construction automatically gives a morphism

Cb→ X .

So we begin by constructing a map h : Qsmall→Q. The fact that we have a map

(C/W, f ) at the level of relatively coherent log schemes gives us a map

f −1MX →MC .
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At a generic point η ∈ C, we have a map Pη →Q, as (MC)η =Q by the structure of pre-

stable marked relatively log smooth curves. Moreover, recall that for each node q ∈ C,

the ghost sheaf of the log structure is given by the monoid Q ⊕NN2; in particular, we

have a map ρq : N→Q for each node q. Thus there is a canonical map hpre : Qpre→Q.

For any open set V ⊂ C, we obtain a canonical map

hpre(V ) : Qpre(V )→Q

by precomposing hpre with the inclusion map Qpre(V )→Qpre.

We will construct our map Qsmall to Q using the universal property of colimits.

So we first want to show that the maps hpre(V ) descend to a maps h(V ) : Qsmall(V )→Q.

We now claim that for any local witness (C̃/W̃, f̃ ) ∈ΩV , we have a commutative

diagram

Qpre(V ) //

hpre(V )
��

Qsmall(V ) //

h(V )
yy

Q(C̃/W̃, f̃ )

��

Q ι // Q̃

where

• Q̃ =MW̃ ;

• ι : Q→ Q̃ is an inclusion of faces; and

• Q(C̃/W̃, f̃ )→ Q̃ is induced by the universal property of Q(C̃/W̃, f̃ ), as in the discussion

following Definition 3.27.

Indeed, we have to check commutativity of the outside diagram. Now, we know that this

diagram commutes on the factors Pη in Qpre(V ) by the commutativity of the diagrams

C̃

��

// X̃

��
C // X .

To see that it commutes on the factors of N in Qpre(V ) corresponding to a node q,

consider the diagram

C̃ //

��

C

��
W̃ //W
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whose commutativity tells us that we have the relation∑
q̃

ρq̃ = ρq,

where the sum is taken over all the essential nodes over q. This relation implies the

commutativity of the main diagram on the copies of N corresponding to nodes q.

Now we want to show the existence of the dotted arrow h(V ). We first show that

there is a map ⋂
(C̃/W̃, f̃ )∈ΩV

(
hgp

(C̃/W̃, f̃ )

)−1 (
Q(C̃/W̃, f̃ )

)
→Q;

note that this is simply Qsmall(V ) before taking a quotient by KV . Indeed, the domain

is contained inside a single (hgp
(C̃/W̃, f̃ )

)−1(Q(C̃/W̃, f̃ )), whose image lies in Q̃. Hence, this

monoid must map under hpre(V )gp to a submonoid of Qgp mapping to Q̃ under ιgp. Be-

cause ι is an inclusion of faces, however, we know that (ιgp)−1(Q̃) =Q. Thus hpre(V )gp

maps (hgp
(C̃/W̃, f̃ )

)−1(Q(C̃/W̃, f̃ )) to Q, so in particular

hpre(V )gp :
⋂

(C̃/W̃, f̃ )∈ΩV

(
hgp

(C̃/W̃, f̃ )

)−1 (
Q(C̃/W̃, f̃ )

)
→Q.

Finally, to show the existence of the dotted arrow, we must show that two elements of⋂
(C̃/W̃, f̃ )∈ΩV

(hgp
(C̃/W̃, f̃ )

)−1(Q(C̃/W̃, f̃ )) identified by taking the quotient by KV are identi-

fied in Q. Now it is clear that the images of x and y should agree in Q̃. However,

because ι is an inclusion, any elements in
⋂

(C̃/W̃, f̃ )∈ΩV
(hgp

(C̃/W̃, f̃ )
)−1(Q(C̃/W̃, f̃ )) which are

identified in Q̃ must already be identified under the dotted arrow. Thus, we have shown

the existence of the map h(V ) : Qsmall(V )→Q.

Finally, we obtain a map h : Qsmall→Q from the maps h(V ) using the universal

property of colimits.

Our next task is to show that there is a log structure on Cb fitting in the above

commutative diagram. Note that at the level of ghost sheaves, the ghost sheaf on Cb

is largely determined by the monoid Qsmall, since Cb/W b is a pre-stable relatively-log

smooth curve. To completely determine the ghost sheaf on Cb, we need to specify maps

ρsmall
q :N→Qsmall for every node q ∈C. To do so, we pick an open set V ⊂ C containing

q. We define a map N→Qsmall(V ) using the composition

N ↪→Qpre(V )→Qsmall(V )
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where the first arrow is inclusion of the factor of N corresponding to q. We then de-

fine the map ρsmall
q : N → Qsmall by composing the above map with the natural map

Qsmall(V )→Qsmall.

At this point, the ghost sheaf of the log structure on Cb is determined. We just

have to show that the map f −1MX →MC factors through MXb . We will do so by

checking the three types of points on Cb.

1. At a smooth point η of Cb, we have to show that there is a commutative diagram

Pη //

""

Qsmall

h
��

Q.

As before, let V ⊂ X be an open set containing η. Then there is a map Pη →

Qsmall(V ). The map Pη →Qsmall is given by composing this map with the natural

map Qsmall(V )→ Qsmall. Then it is clear that the above diagram commutes using

the universal property of colimits.

2. At a marked point p of Cb, we have to show that there is a commutative diagram

Pp //

$$

Qsmall ⊕N

(h,id)
��

Q ⊕N.

This diagram exists by the calculation on smooth points.

3. At a node q of Cb, we have to show that there is a commutative diagram

Pq //

%%

Qsmall ⊕NN
2

(h,id)
��

Q ⊕NN2.

Recall that we can identify Qsmall ⊕N N
2 with the submonoid of Qsmall ×Qsmall

consisting of pairs (p,q) which differ by an integer multiple of ρsmall
q . We can

similarly identify Q ⊕NN2 with a submonoid of Q ×Q. So it suffices to find a
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diagram

Pq //

&&

Qsmall×Qsmall

��
Q×Q

factoring through these submonoids. Now we know that this diagram exists by ap-

plying the calculation on smooth points component-wise after applying the gener-

ization maps Pq→ Pη1 . Moreover, we know that Pq→ Q×Q factors through the

appropriate submonoid because (C/W, f ) is a stable map.

So it suffices to show that the map Pq → Qsmall ×Qsmall factors through the ap-

propriate submonoid. Let V ⊂ C be an open neighborhood of q which admits a

witness. For any witness (C̃/W̃, f̃ ), we have that

Pq→Q(C̃/W̃, f̃ ) ×Q(C̃/W̃, f̃ )

factors through the submonoid

{
(p,q) ∈ Q(C̃/W̃, f̃ ) ×Q(C̃/W̃, f̃ ) | p− q ∈ Zρ(C̃/W̃, f̃ )

}
;

indeed, this factorization follows because Q(C̃/W̃, f̃ ) is a quotient by R in Defini-

tion 3.27. Because this relation holds for every witness, it also holds for Pq →

Qsmall(V ) ×Qsmall(V ) by definition of the equivalence on Qsmall(V ). Finally, it

holds for Pq → Qsmall ×Qsmall by composing with the natural map Qsmall(V ) ×

Qsmall(V )→Qsmall×Qsmall.

�

Frequently, the moduli space of pseudo-basic maps is fine. However, as we see

in the following example, it it sometimes only relatively coherent.

Example 3.34. Let X = Spec k[x, y, t,w]/(xy−tw) have relatively coherent log structure

given by the divisor V (t) as in Example 2.19. Let W = A1 map to the line {x = y =

t = 0} ⊂ X, and give W the relatively coherent log structure pulled back from X . Let

C =W ×D, where D is a trivial log scheme with underlying scheme a curve of genus

g ≥ 2. Define a map C→ X by the composition f : C→W → X . Note that this map is
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stable at the underlying level of schemes; even though each curve D is contracted to a

point, we have stability because of the high genus.

We make this map into a stable log map by noting that we have witnesses ob-

tained by adding an extra vertical piece of log structure to the fiber mapping to the

singular point in X .

We now calculate the basic monoid at points on W . Indeed, at p ∈W , the fiber of

C over p has just one component isomorphic to D; let η(p) be its generic point. Hence,

the monoid Qpre here is just given by

Qpre = Pη(p) = f −1(MX )η(p),

which is N for p = 0 and N2 otherwise. Because our witnesses do not introduce any new

components, our witnesses also have no nodes. In particular, we do not have to take the

quotient in Definition 3.27, so it is easy to see that the basic monoid of the witness is

N2 for p , 0 and P for p = 0, where P is the monoid coming from the full divisorial

log structure on X . Moreover, the map at p = 0 is an inclusion of faces, and the map

at p , 0 is the identity. Hence, we conclude that Qsmall = N for p = 0 and Qsmall = N
2

for p , 0. This pseudo-basic log structure on W is exactly the relatively coherent log

structure pulled back from the line {x = y = t = 0}.

Now I address our choice of language: why do we include the “pseudo” in

“pseudo-basic log curves?” The answer is that the basicness described in [GS13] is

an open condition; as we will see shortly, the pseudo-basicness condition which we

have described is not. Indeed, the fact that basicness is an open condition is important

in [GS13]. This openness implies that the stack of basic stable log curves is in fact an

open substack of all stable log curves. Hence, to see that basic stable log maps form an

Artin stack, it suffices to check that all stable log maps form an Artin stack.

It is our belief, then, that the true analogue of basicness in this setting must also

depend on some yet-undiscovered condition on the equivalence class of fine log struc-

tures allowed on the base; for this reason, we only call our condition pseudo-basicness.

Proposition 3.35. Pseudo-basicness is not an open condition.

Proof. Consider again the log scheme X = Spec k[x, y, t,w]/(xy − tw) with relatively

coherent log structure given by the divisor V (t), as in Example 2.19.
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Let W be the log scheme whose underlying scheme isA1 with log structure given

by the chart

N→OW, n 7→



1 if n = 0,

0 otherwise.

Let D be a trivial log scheme whose underlying scheme is a curve of genus g ≥ 2, and

let C =W ×D.

Map C→ X by the composition C→W → X , where the first map is projection

and the second map is inclusion of the line {x = y = t = 0}. The map of log structures at

the level of ghost sheaves is determined by a map ϕrc : N2→ N.

We make this map into a stable map by considering witnesses which enhance the

log structure on X at the singular point, and which enhance W and C at 0 and the fiber

over 0, respectively. More precisely, let

P = 〈x,y, t,w〉/(x+y = t+w);

X̃ will have P as the new stalk of the ghost sheaf at the singular point. Moreover, W̃ is

obtained by equipping W with a marked point at 0 and C̃ is obtained by pulling back

the log structure on W̃ . Here, the map of log structures at the level of ghost sheaves is

determined by a map ϕcoh : P→ N2 such that

P
ϕcoh //

��

N2

��
N2

ϕrc
// N

commutes, where the vertical maps are generization. For example, we could have that

ϕrc :N2→N is the summation map (a,b) 7→ a+b and ϕcoh : P→N2 is the map satisfying

ϕcoh(x) = (1,1), ϕcoh(y) = (1,1), ϕcoh(t) = (2,0), ϕcoh(w) = (0,2).

Note that this map is pseudo-basic at 0 ∈W because the log structure on C in the

fiber over 0 agrees with the log structure pulled back from X . However, away from 0,

the map is not basic, as Qsmall should be N2 at these points as we computed in Example

3.34 �
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As we mentioned above, we hope to develop a more refined definition for basic

stable curves such that basicness is an open condition. One such condition could be that

the coherent charts on W give something relating to the coherent basic monoid. Notice

that the example in Proposition 3.35 in particular violates this principal. The coherent

log structure at 0 ∈ W̃ is N2, whereas the coherent basic monoid should be P.

3.5 Connection to tropical geometry

In this section, we introduce tropical lines and explain their connection to stable

log maps. We also explain how these ideas relate to the small basic monoid Qsmall from

the previous section, and we illustrate this connection with two examples.

3.5.1 Tropical curves and stable maps over the standard log point

Tropical geometry deals with piecewise linear functions in real vector spaces.

We begin immediately with the definition of parametrized tropical curves. Let Γ be a

connected graph with vertices Γ
[0]

and edges Γ
[1]

. We let Γ
[0]
∞ be the set of univalent

vertices; that is, the vertices with only one edge. Let Γ = Γ\Γ
[0]
∞ , so Γ is a graph together

with non-compact flags corresponding to edges of Γ meeting univalent vertices; we let

Γ
[1]
∞ denote the set of these flags. Finally, we wish to assign a non-negative integer weight

w(Ei) for each edge Ei ∈ Γ
[1]. The following definitions can be found in [Gro10].

Definition 3.36. A parametrized tropical curve is a graph Γ as above with a weight

function w : Γ[1]→N together with a continuous map h : Γ→Rn satisfying the following

properties.

1. If E ∈ Γ[1] and w(E) = 0, then h|E is a constant map; otherwise, h|E is a proper

embedding of E to a line of rational slope in Rn.

2. Balancing condition. For a vertex V ∈ Γ[0], let E1, . . .,E` ∈ Γ[1] be the edges ad-

jacent to V . For each edge Ei, let mi ∈ R
n denote the primitive outward-pointing

vector along h(E). Then the balancing condition is the relation∑̀
i=1

w(Ei)mi = 0.
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Now, there is a strong connection between tropical curves and stable maps over

the standard log point. We assume in this section that X is log smooth.

Definition 3.37. The standard log point is a point Spec k equipped with the log structure

coming from the chart N→ k given by

n 7→



1, if n = 0;

0, otherwise.

Discussion 3.38. Suppose now that we fix the underlying scheme map (C/W, f ) of a

stable log map to X , where W = Spec k and X is log smooth. We wish to classify the

possible extensions of (C/W, f ) to (C/W, f ), where W is the standard log point. For

ease of notation, let Px := f −1(MX )x for any point x ∈ C.

An extension of (C/W, f ) to a stable map (C/W, f ) gives us the following data.

1. At any generic point η ∈ C, we have a map

Vη : Pη → N.

2. At any marked point p ∈ C, we have a map

(Vη,up) : Pp→ N⊕N,

where η is the generic point in C satisfying p ∈ {η}−, and up : Pp→N is a monoid

homomorphism.

3. At any node q ∈ C, we have a map

Pq→ N⊕NN
2

where the fiber product on the right is defined by the homomorphisms N
eq
→N and

N
∆
→ N2. We recall that this fiber product is canonically identified with

N⊕NN
2 � {(a,b) ∈ N2 | a− b ∈ eqZ} ⊂ N

2.
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Then the map Pq→ N⊕NN
2 fits in the commutative diagram

Pη1

Vη1 // N

Pq

χ1
>>

χ2   

// N⊕NN
2

;;

##

// N2

pr1

OO

pr2

��
Pη2 Vη2

// N

where χi is generization. Note that the commutativity of this diagram requires that

(Vη1 ◦ χ1)(m)− (Vη2 ◦ χ2)(m) is a multiple of eq. Thus, we also have specified the

data of a homomorphism uq : Pq→ Z, defined by the equation

(Vη1 ◦ χ1)(m)− (Vη2 ◦ χ2)(m) = uq(m)eq.

These data specified by a log stable map over the standard log point determine a

tropical curve in the case whereM
gp
X is globally generated; by globally generated, we

mean that any germ ofM
gp
X at any point can be extended to a global section. The tropical

curves determined in this way are more general than those presented in Definition 3.36.

Indeed, we replace the balancing condition with a more complicated version found in

[GS13]; however, if a component is contracted, we recover the same balancing condition

as before. Moreover, we allow edges with positive weight to be contracted to a point.

This tropical curve is described as follows. We let Γ be the graph with the fol-

lowing data:

• a vertex Vη for each generic point η ∈ C;

• a compact edge Eq for each node q ∈ C such that if {η1}
− and {η2}

− are the com-

ponents of C meeting at q, then Eq joins the vertices Vη1 and Vη2; and,

• a non-compact flag Ep for each marked point p ∈ C such that if p ∈ {η}−, then Ep

meets Vη .

We map the graph Γ to the vector space

NR := Hom(M
gp
X ,Z) ⊗ZR
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as follows. The surjective restriction maps Γ(X,M
gp
X )→ Pη dually induce injections

P∨η →
(
Γ(X,M

gp
X )

)∨
.

Using an abuse of notation, we map the vertex Vη to the point in NR determined by

Vη ∈ P∨η under the above inclusion. We map the edge Eq to the edge joining Vη1 and Vη2 .

Finally, we map the non-compact edge Ep to the ray

Vη +R≥0up

where p ∈ {η}−. Importantly, this construction satisfies the following condition: for ev-

ery node q connecting the components {η1}
− and {η2}

−, we have

Vη1 −Vη2 = equq.

From this relation, we can deduce that the moduli space of generalized tropical curves

obtained from this construction is given by




(
(Vη )η, (eq)q

)
∈

⊕
η

P∨η ⊕
⊕

q

N

�������
Vq,η1 −Vq,η2 = equq for each node q ∈ C




for fixed choices of up and uq.

It was this strong relationship between stable log maps over the standard log

point and tropical curves which led Gross and Siebert to their understanding of the basic

monoid. Indeed, from the universal property of basic stable maps, a stable map over the

standard log point should be determined by a map

Qbasic→ N,

where Qbasic is the basic monoid. From the above equivalence of stable maps and tropi-

cal curves, we can conclude that Qbasic should be dual to the moduli space above.

3.5.2 Interpretation in the relatively coherent setting

We look for similar inspiration in the relatively coherent setting. Consider a

stable map (C/W, f ,Ω) over the standard log point, and let us replace C by an open

subset admitting a witness globally. Then the small basic monoid is a quotient of∏
η∈C

Pη ×
∏
q∈C

N,
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so for any map Qsmall → N we again obtain maps Pη → N for each η ∈ C and N
eq
→ N

for each q ∈ C. Now because the generization maps for relatively coherent log schemes

are not surjective in general, we do not have a nice ambient space as before to construct

tropical curves. So how can we interpret these maps tropically?

Suppose we have a global witness (C̃/W̃, f̃ ) where W̃ is the standard log point.

Then we know that for every generic point η ∈ C, the diagram

Pη //

��

P̃η

��
N

commutes, where the left arrow is determined by (C/W, f ) and the right arrow is deter-

mined by (C̃/W̃, f̃ ). Moreover, for every node q ∈ C, we have a commutative diagram

N
∆ //

eq   

Nr∑
eqi

��
N

where Nr has a copy of N for each essential node q̃ ∈ C̃ over q. Thus, the map Pη → N

gives some information about the location of a vertex in the tropical curve for the wit-

ness, and the map N
eq
→ N gives the sum of the integral lengths of the edges correspond-

ing to the essential nodes over q. Moreover, this residual data was our inspiration for

our definition of Qsmall; indeed, it is the minimal object which captures all of this data

for the different witnesses (C̃/W̃, f̃ ) over the standard log point.

We end this section with two examples illustrating what different phenomena

can occur. Both examples will have target X, the ordinary double point of Example

2.19. We will use the following toric description of X . Let σ be the cone in R3 over the

convex hull of the points

〈0,1,0〉, 〈1,1,0〉, 〈0,0,1〉, 〈1,0,1〉.

Let P = σ∨∩Z3 have generators

x = 〈1,0,0〉, y = 〈−1,1,1〉, t = 〈0,1,0〉, w = 〈0,0,1〉.

Of course, we have the usual relation x+y = t+w. The tropical curves described in the

previous subsection will live in the ambient cone σ.
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Example 3.39. Let C be a curve with two components C1 and C2. Let f map C1 to the

plane {y = t = 0} such that the image of C1 meets the line L = {x = y = t = 0} transversely

at the singular point. Let C2 map to the plane {x = t = 0} and meet the line L tangent to

order two at the singular point. See Figure 3.4 for a sketch of f .

Figure 3.4: Sketch of the stable map f from Example 3.39.

We now consider which witnesses over the standard log point (C̃/W̃, f̃ ) lift f .

Suppose that C1 does not lie entirely in the support of the new log structure on X .

Because C2 is tangent to L, C2 cannot fall into the new log structure on X . Then C1 and

C2 only meet the new log structure at the origin. Because we are not allowed to have

marked point coinciding with nodes, our witnesses necessarily replace q with proper

components.

Suppose C̃ has three components: C̃1 = C1, C̃2 = C2, and C̃E , where C̃E is the

new proper component. Let q1 be the node connecting C̃1 and C̃E , and let q2 be the node

connecting C̃E and C̃2. Then the underlying scheme map determines the vectors

uq1 = 〈−1,0,−1〉, uq2 = 〈1,0,−1〉.

Because C̃E is contracted, it must satisfy the ordinary balancing condition. It is easy to

see that it will have two additional marked points, both with up = 〈0,0,1〉.
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Another witness (C̃′/W̃ ′, f̃ ′) over the standard log point can be obtained by let-

ting C̃E degenerate into a union of two components C̃E,1 and C̃E,2 joined by the node qE .

By stability, we know that each component C̃E,i must get one of the marked points. The

balancing condition tells us that uqE = 〈−1,0,0〉. A sketch of these witnesses is found in

Figure 3.5.

Figure 3.5: Sketch of the witnesses from Example 3.39. The left column shows sketches

of the domain curves, and the right column shows sketches of the tropical curves.

The top row corresponds to the witness (C̃/W̃, f̃ ), and the bottom row corresponds to

(C̃′/W̃ ′, f̃ ′).

Now we can obtain (C̃/W̃, f̃ ) from (C̃′/W̃ ′, f̃ ′) by smoothing the node qE . This

smoothing gives us a diagram relating these witnesses as in Definition 3.10. Hence, we

know that these witnesses belong to the same equivalence class of witnesses Ω.

We now calculate the basic monoid for this map dually. Note that

Qpre = NC1 ×NC2 ×Nq.

Consider the image in (Qpre)∨ of Q∨
(C̃/W̃, f̃ )

, as in the discussion following Definition

3.30. The image of this map corresponds to the maps (C/W, f ) which lift to the wit-

ness (C̃/W̃, f̃ ). Now, the moduli space of the tropical curves associated to (C̃/W̃, f̃ ) is
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one-dimensional; indeed, this is apparent from Figure 3.5, as the first tropical curve is

entirely determined by the value n. It is then easy to see that the image of Q∨
(C̃/W̃, f̃ )

in

(Qpre)∨ is a ray.

Now we consider the image of Q∨
(C̃ ′/W̃ ′, f̃ ′)

in (Qpre)∨. Again, it is clear form Fig-

ure 3.5 that the moduli space of associated tropical curves is two-dimensional, as we can

vary the length of the horizontal edge while keeping the choice of n fixed. However, the

image of this moduli space in (Qpre)∨ is one-dimensional by the calculation in Lemma

3.40; indeed, we obtain the same ray as we did for Q∨
(C̃/W̃, f̃ )

.

Because Qsmall is dual to the cone over these images in (Qpre)∨, we can conclude

that Qsmall � N.

It is our philosophy that Qsmall is related to the deformation theory of our stable

map. Now, because we are just working locally, the actual deformation space will be

infinite-dimensional. The space we obtain should be viewed as the deformation space

modulo deformations which do not affect how our curve interacts with the log structure.

Because Qsmall � N, we expect the deformation space of this curve in the above sense to

be given by Spec k[N] � A1. We can view these deformations as smoothings of f away

from the central fiber.

This picture of the deformation space matches our intuition. We do not expect

any nontrivial deformations of f within the central fiber; indeed, because the C1 and C2

meet L with different orders of tangency, we cannot deform this point of intersection

away from the singular point. Moreover, we do not expect any nodal deformations of f

to the general fiber of X , as none of the witnesses have free nodes; that is, nodes with

uq = 0.

We now check the combinatorial assertion in the previous example.

Lemma 3.40. If the locations of the vertices associated to C̃i are fixed, then so is the

total length of the edges associated to q1,q2, and qE .

Proof. Because C̃1 maps to {y = t = 0}, we know that the vertex VC̃1
maps to the ray over

〈0,1,0〉. Similarly, VC̃2
maps to the ray over 〈1,1,0〉. Let the images of these vertices be

the points 〈0,B,0〉 and 〈A, A,0〉. If L1, LE, L2 are the lengths of the edges corresponding
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to q1,qE,q2, respectively, then we have the equality

〈A, A,0〉− 〈0,B,0〉 = L1〈−1,0,−1〉+ LE〈−1,0,0〉+ L2〈−1,0,1〉

= 〈−L1− LE − L2, 0, −L1+ L2〉,

so in particular A = B and L1+ LE + L2 = A. See Figure 3.6 for a sketch of this tropical

curve.

Figure 3.6: Tropical curve for Lemma 3.40

�

Example 3.41. We now consider what happens locally when two lines meet at the non-

coherent point of the ordinary double point. Let C/W be a log smooth curve with two

components C1, C2 meeting at a node q which map to the planes {y = t = 0} and {x = t =

0} in X , respectively, such that they meet the line L transversely at the singular point.

See Figure 3.7 for a sketch of this map.

We consider four different local witnesses over the standard log point.

1. The simplest witness (C̃/W̃, f̃ ) is the one where C̃ is obtained by replacing q by a

proper component C̃E . Then C̃ has three components: C̃1 = C1, C̃2 = C2, and C̃E .

Assume that neither C1 nor C2 maps completely into new log structure on X ; by
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Figure 3.7: Sketch of the stable map f from Example 3.41.

new log structure, we mean the choice of {w = 0} as in Example 2.20. Let q1 be

the node joining C̃1 and C̃E , and let q2 be the node joining C̃E and C̃2. Now the

underlying scheme map determines the values of the uqi :

uq1 = 〈−1,0,−1〉, uq2 = 〈0,0,1〉.

Because the component C̃E is contracted, it will satisfy the ordinary balancing

condition. Hence, we must equip it with two marked point p1 and p2 with

up1 = 〈1,0,1〉, up2 = 〈0,0,1〉.

To keep from carrying too much excessive notation, we will refer to this data

simply by w0.

2. We can obtain a new witness (C̃/W̃, f̃ ) by replacing C̃E in w0 with its degeneration

into two components C̃E,1 and C̃E,2 joined by a node qE . Let p1 move to C̃E,2 and

let p2 move to C̃E,1. Then the balancing condition tells us that uqE = 〈−1,0,0〉. We

refer to this witness by w1.
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3. Alternatively, we can modify w1 to obtain a new witness simply by letting p1 lie

on the component C̃E,1 and p2 on C̃E,2. In this case, uqE = 〈0,0,0〉. We refer to this

witness by w2.

4. Finally, we can blow up a point on C̃E in w0; let C̃′E be the new exceptional

component. In this case, both marked points p1, p2 lie on C̃′E . If qE,E ′ is the node

connecting C̃E and C̃′E , then uqE,E ′ = 〈1,2,0〉. We refer to this witness as w3.

See Figure 3.8 for a sketch of these witnesses and their tropical curves. Note that

these four witnesses all fit in a single family; indeed, we obtain w0 by smoothing qE in

w1, by smoothing qE in w2, or by contracting C̃′E of w3. Hence, all of these witnesses

lie in the same equivalence class, as in Example 3.39.

Now we aim to compute Qsmall. We begin by noting

Qpre = Nη1 ×Nη2 ×Nq.

For each witness wi, we can compute the basic monoid Qwi . Then Qsmall is dual to

the union of the images of Q∨wi
in (Qpre)∨. We now calculate these images, referring

throughout to Figure 3.8.

1. The cone (w0)∨ is one-dimensional, as the choice of n determines the lengths of

the two nodes; each node has length n. Hence, the image of (w0)∨ in (Qpre)∨ is

the ray passing through (1,1,2).

2. The cone (w1)∨ is two-dimensional, as the length of the horizontal edge can vary

with n fixed. For a fixed n, the sum of the lengths of the edges is at a minimum

when the diagonal edges are contracted and the horizontal edge has length n, and

the sum is at a maximum when the horizontal edge is contracted and each diagonal

edge has length n. Hence, the image of (w1)∨ in (Qpre)∨ is is the cone with rays

(1,1,2) and (1,1,1).

3. The cone (w2)∨ is two-dimensional. Indeed, there is an edge with uqE = 〈0,0,0〉,

so the length of this edge is completely arbitrary. On the other hand, a choice of n

determines that the diagonal edges each have length n. Hence, the image of (w2)∨

in (Qpre)∨ is the cone with rays (1,1,2) and (0,0,1).



71

4. The cone (w3)∨ is two-dimensional. However, the node qE,E ′ is not an essential

node, so its length is not seen in (Qpre)∨. The image of (w2)∨ in (Qpre)∨ is just

the ray through (1,1,2).

Now the union of these images is the cone with rays (1,1,1) and (0,0,1); in

particular, we can conclude that the basic monoid is

Qsmall � N
2.

How can we understand this example in terms of a deformation space as in Ex-

ample 3.39? Primarily, we see that the deformation space for this log stable map should

be Spec k[N2] �A2. Because the images of both components C1,C2 are transverse to the

line L at the singularity, we do expect this curve to be able to deform within the central

fiber away from the singular point. Moreover, we have a witness w2 with a free node,

so we also expect to be able to deform f to a nodal curve mapping to the general fiber

of X . Hence our intuition agrees with the moduli space A2 with divisorial log structure

given by the union of the two coordinate axes: one corresponding to deformations of C

within the central fiber, and the other corresponding to nodal deformations.

Note moreover that the images of Q∨wi
give a subdivision of the basic monoid

N2. This subdivision induced a toric blowup Y → A2, and each image of Q∨wi
specifies

an affine open patch of Y . These open patches of Y tell us how each witness wi is

allowed to deform. For example, the images of Q∨w0
and Q∨w3

are exactly the new ray

in our subdivision. Hence, we only expect these witnesses to have a 1-dimensional

deformation space, given by smoothing away from the central fiber.

On the other hand, the image of (w1)∨ in (Qpre)∨ is a cone including the ray

(1,1,1), indicating that w1 can also deform in the central fiber by moving away from

the singular point. Similarly, the image of (w2)∨ in (Qpre)∨ is a cone including the ray

(0,0,1), indicating that w2 has a nodal deformation to the smooth fiber of X . See Figure

3.9 for a sketch of Y .
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Figure 3.8: Sketch of the witnesses from Example 3.41. The left column shows sketches

of the domain curves, and the right column shows sketches of the tropical curves. The

rows correspond to w0,w1,w2, and w3, respectively.
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Figure 3.9: Sketch of the blown up deformation space Y from Example 3.41.



Chapter 4

Application: the Gross-Siebert

program

Recall our discussion of the Gross-Siebert program in Chapter 1. From a tropical

manifold B and some additional combinatorial data, one can construct dual fibrations

X, X̂ → k[[t]] such that the smooth fibers of these degenerations correspond to the two

elements of a mirror pair.

Moreover, there should be a correspondence between the tropical Gromov-Witten

invariants on B and the ordinary Gromov-Witten invariants on the smooth fiber X of

X. The aim of our work in Chapter 3 is to move toward a Gromov-Witten theory

for relatively-coherent targets. Once such a theory is established, we expect that the

Gromov-Witten invariants for the tropical manifold B, the relatively coherent log scheme

X0, and the ordinary scheme X should all coincide.

We begin this chapter by giving local models for the relatively coherent degen-

erations X → k[[t]]. We give an algorithm for blowing up the central fiber of X to

obtain a crutch X̃ for X; that is, we obtain a fine log scheme X̃ with a map X̃ → X

which is an isomorphism away from the central fiber. We conclude by describing two

examples where we obtain classical curve counts for the quintic threefold by counting

pseudo-basic log stable maps to the relatively coherent central fiber X0 of a particular

degeneration X.

74
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4.1 Local models

Gross and Siebert give local models for the relatively coherent log schemes ap-

pearing in their program in [GS10]. We recall these local models Y here with a view to

Section 4.1.1, where we will give an algorithm for constructing a resolution Ỹ →Y such

that Ỹ is a fine log scheme and Ỹ → Y gives a blowup of the central fiber of Y .

Indeed, such a resolution gives us a new way to think about stable log maps to

Y . There should be a local correspondence between stable maps to the central fiber of

Y and the generic fiber of Y . Because the generic fibers of Y and Ỹ are isomorphic, we

have established a correspondence between stable maps to the central fiber of Ỹ , which

we understand, and stable maps to the central fiber of Y .

We begin by fixing our notation. Let M′ be a lattice with dual lattice N′. Let

M = M′ ⊕ Zq+1 with dual lattice N . For ease of notation, we write a subscript R on a

lattice to indicate the tensor product of the lattice with the real numbers. We let e0, . . ., eq

denote the standard basis of Zq+1, and we let e∗0, . . ., e
∗
q denote the dual basis. Fix a

convex lattice polytope τ ⊆ M′R such that dimτ = dim M′R. Let Σ̂τ ⊆ N ′R denote the

normal fan of τ. Finally we fix integral piecewise linear functions ψ̂1, . . ., ψ̂q on Σ̂τ. Let

∆1, . . .,∆q ⊆ M′R denote the Newton polytopes of ψ̂1, . . ., ψ̂q, respectively.

Recall that the Newton polytope ∆ of a convex piecewise linear function ψ sat-

isfies the relation

ψ(n) = − inf {〈n,m〉 | m ∈ ∆} .

For ease of notation, we write ∆0 = τ, and we let ψ̂0 be a function whose Newton poly-

tope is ∆0.

Definition 4.1. Suppose we have fixed the data M,N, τ, ψ̂1, . . ., ψ̂q as above. Let P ⊆ N

be the monoid

P =



n+
q∑

i=0

aie∗i

������
n ∈ N ′, ai ≥ ψ̂i (n) for 0 ≤ i ≤ q



.

Let Y := Spec k[P], and note that there is a map π : Y → A1 = Spec k[N] given by the

map

N→ P, 1 7→ e∗0.
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Then the log scheme Y obtained by equipping Y with the divisorial log structure associ-

ated to the divisor X := π−1(0) is called a local model of the Gross-Siebert program.

In other words, any relatively coherent log scheme arising in the Gross-Siebert

program is locally isomorphic to a local model of the Gross-Siebert program.

Note that Definition 4.1 gives the cone description of Y . We could equivalently

give the fan description as follows. The monoid P is the intersection P = K∨∩N , where

K is the cone in MR over the convex hull

Conv(S) := Conv*
,

q⋃
i=0

(∆i × {ei})+
-
,

where S is the set of vertices of Conv
(⋃q

i=0 (∆i × {ei})
)
. Sometimes we will only want

to consider the vertices of S corresponding to the generic fiber of π : Y →A1, which we

write as Sg:

Conv(Sg) := Conv*
,

q⋃
i=1

(∆i × {ei})+
-
.

Indeed, if Conv(Sg) is a standard simplex, then we can conclude that the generic fiber of

π is nonsingular, as seen in [GS10]. Moreover, the assumption that Conv(Sg) is a stan-

dard simplex tells us that the stalks the sheafMỸ/MY are in fact free monoids, where

Ỹ denotes Y equipped with its full toric log structure. This condition was considered by

Nakayama and Ogus in [NO10].

4.1.1 Resolution of local models

Suppose we are given a local model of the Gross-Siebert program π : Y → A1

as in Definition 4.1. We now describe an algorithm for obtaining a fine log scheme Ỹ

together with maps π̃ : Ỹ → A1 and p : Ỹ → Y fitting in a commutative diagram

Ỹ
p //

π̃ ��

Y

π
��
A1

such that p : Ỹ → Y is a blowup of the central fiber, and Ỹ has divisorial log structure

given by the central fiber of π̃. This algorithm only applies in the case where Conv(Sg)

is a standard simplex.
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We begin with an example to give a flavor of the algorithm.

Example 4.2. Recall the relatively coherent log scheme

Y = Spec k[x, y, t,w]/(xy− tw)

from Example 2.19, with relatively coherent log structure given by the divisor V (t).

Using the notation of Section 4.1, Y is the toric variety corresponding to the cone over

the square

Conv(S) := Conv (([0,1]× {e0}) ∪ ([0,1]× {e1})) ⊂ R×R2

where t = e∗0.

We blow up Y by subdividing this cone. We subdivide Conv(S) with line seg-

ments connecting the opposite corners; in particular, we join (0,1,0) to (1,0,1) and

(1,1,0) to (0,0,1). Because this subdivision does not further subdivide Conv(Sg) =

([0,1]× {e1}), we can conclude that we are only blowing up something in the central

fiber. This particular choice of subdivision gives a nonsingular variety Ỹ together with

a map p : Ỹ → Y . We obtain the map π̃ := π ◦ p. Let Ỹ denote Ỹ equipped with the

divisorial log structure associated to the divisor π̃−1(0). Because the three components

of π̃−1(0) are normal crossings, we can conclude that Ỹ is a fine log scheme. See Figure

4.1 for a sketch.

Figure 4.1: The central fiber of the map p : Ỹ → Y from Example 4.2.

Equivalently, we can obtain Ỹ → Y by first blowing up the origin in one of the

planes of the central fiber of Y , and then blowing up the exceptional line.
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We now give our algorithm for blowing up Y . As in Example 4.2, the blowup is

toric, induced by a subdivision of S. Moreover, the subdivision does not affect Conv(Sg),

so only the central fiber is blown up. Our blowup is determined by a choice of #Sg

special vectors, as we now explain.

Definition 4.3. For a vertex v ∈ Sg, a vector nv ∈ N which satisfies the following prop-

erties is called a special vector for v:

(1) 〈nv,v〉 = 1;

(2) 〈nv,w〉 = 0 for any other vertex w ∈ Sg; and,

(3) maxw∈τ×{e0}〈nv,w〉 ≤ 0.

For each v, there is at least one special vector. Indeed, because Conv(Sg) is a

standard simplex, it is easy to find a vector satisfying properties (1) and (2) in Definition

4.3. Moreover, any vector satisfying (1) and (2) can be made to satisfy (3) by adding an

appropriate multiple of e∗0.

Given a choice of special vectors {nv }v∈Sg , we are ready to give our blowup: Ỹ

is the blowup resulting from the subdivision of K by adding new walls K ∩ n⊥v for each

vertex v ∈ Sg. Before we can prove that the resulting log scheme Ỹ is fine, we need to

prove the following two lemmas.

Lemma 4.4. Let X be a toric variety associated to the cone C(T ) over the convex hull

of points in the set T . Write T as the disjoint union T = Tc ∪Tg. Moreover, assume that

for each point v ∈ Tg, there is exactly one codimension-1 face Fv of C(T ) which does

not contain v such that the primitive normal n′v of Fv satisfies 〈n′v,v〉 = 1. Then X is

isomorphic to Y ×A#Tg, where Y is a toric variety.

Moreover, if we equip X with the divisorial log structure associated to the divisor

corresponding to the points in Tc, then X a fine log scheme. In this case, the divisor is

∂Y ×A#Tg .

Proof. We claim that

C(T )∨∩N �
(
C(T )∨∩ v⊥

)
⊕N
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is an isomorphism given by

φ 7→ (φ−〈φ,v〉n′v, φ(v))

with inverse

(ψ,a) 7→ (ψ+ a · n′v).

The first statement of the lemma then follows from induction on #Tg.

The second statement follows from the first. Once we have that X � Y ×A#Tg ,

then it is clear that the points in Tc correspond to the divisor ∂Y ×A#Tg . We also note

that if Y is the log scheme obtained by equipping Y with the divisorial log structure

associated to ∂Y , then Y is fine. Finally, X is simply the fiber product of log schemes

X = Y ×A#Tg,

where A#Tg is a trivial log scheme. Sine the category of fine log schemes is closed under

fiber product, we conclude that X is fine. �

Lemma 4.5. Let F be a codimension-1 face of K which does not contain some vertex

v ∈ Sg. Then F is separated from v by n⊥v ∩K .

Proof. By definition of K , F must be the cone over the convex hull of a (not necessarily

codimension-1) face of Conv(Sg) and a (not necessarily codimension-1) face of τ×{e0}.

Because nv is non-positive on both the face of Conv(Sg) not containing v and on τ×{e0},

we conclude that nv is non-positive on all of F by linearity. Because 〈nv,v〉 = 1 > 0, we

have the result. �

We can now prove our main result.

Proposition 4.6. Let π : Y → A1 be a local model of the Gross-Siebert program, as in

Section 4.1. Suppose that Conv(Sg) is a standard simplex. Suppose moreover that we

have chosen special vectors nv for each vertex v ∈ Sg.

We obtain a blowup p : Ỹ → Y such that Ỹ is a fine log scheme by subdividing

the cone K along the hyperplanes n⊥v for each vertex v ∈ Sg, where Ỹ is equipped with

the divisorial log structure associated to the divisor (π ◦ p)−1(0).
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Proof. The generic fiber of the map π corresponds to (e∗0)⊥ ⊂ K , which is just the cone

over Conv(Sg). We note that each of the new hyperplanes intersect Conv(Sg) in a face

of Conv(Sg). Hence, Conv(Sg) is not further subdivided; in particular, only the central

fiber is affected by the blowup.

We check that Ỹ is fine locally. Let σ be a cell of the subdivided version of

K . We want to show the corresponding affine log scheme is fine by Lemma 4.4. To

apply the lemma, we need to show that for each vertex v ∈ Sg in σ, there is exactly one

face Fv of σ which does not contain v, and that its primitive normal vector n′v satisfies

〈n′v,v〉 = 1.

We note that every wall of the form n⊥w ∩K contains v except for n⊥v ∩K , which

has primitive normal nv satisfying 〈nv,v〉 = 1. So it suffices to show that σ contains no

other faces of K which do not contain v. However, this is exactly the content of Lemma

4.5. Hence Lemma 4.4 implies that Ỹ is a fine log scheme. �

Even better, our blown up scheme Ỹ is reduced.

Proposition 4.7. Let Ỹ → Y be a blowup as in Proposition 4.6. Then Ỹ is a reduced

scheme.

Proof. We have to show that the primitive generator ρr for each new ray r in the subdi-

vided version of K satisfies
〈
e∗0, ρr

〉
= 1.

First, suppose that r is contained in no proper face of K . Then r is the inter-

section of every n⊥v for all v ∈ Sg. Because the vertices of Sg form a standard sim-

plex, we can perform an integral change of coordinates to assume that the vertices of

Sg are exactly the points {e1, e2, . . ., eq} where e0 is fixed and {e0, e1, . . ., eq} is a ba-

sis of MR. Let ρr map to the point (a0,a1, . . .,aq) under this transformation. Then

we see that nei = e∗i − (ai/a0)e∗0. For this vector to be integral, we need a0 |ai. Thus,

ρr = (a0,a0λ1,a0λ2, . . .,a0λq) for some integers λ1, . . ., λq. Because ρr is primitive, we

have that a0 = 1. Hence, we see that
〈
e∗0, ρr

〉
= 1.

Now suppose r is contained in a proper face of K . Let F be the smallest face of

K containing r . Let v1, . . .,vs ∈ Sg ∩ F be the vertices of Sg in F. Suppose that s > 1.

Then r is the intersection of F and n⊥v1
, . . .,n⊥vr . If we instead only consider the restriction

to F, we can repeat the above argument.
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Finally, consider the case where r is contained in a face F of K such that the

only vertex of Sg ∩ F is v. Then by dimension counting, we see that r is given by

n⊥v ∩F, where F is the cone over the convex hull of v and a vertex p ∈ ∆0× {e0}. Write

ρr = αp+ βv. Then we compute 〈nv, αp+ βv〉 = α〈nv, p〉+ β = 0, which implies that

ρr = αp−α〈nv, p〉v. Because ρr is primitive, we have that α = 1. Hence,
〈
e∗0, ρr

〉
= 1. �

It is important to note that the ambiguity of our choice of special vectors nv

was somewhat disappointing. Indeed, we had hoped that there might be a canonical

blowup p : Ỹ → Y giving us a bigger fine log scheme. The existence of such a blowup Ỹ

might allow us to bypass the use of local witnesses in the definition of log stable maps.

While there do seem to be natural choices for special vectors in some cases outlined in

Discussion 4.8, canonical choices do not exist generally.

Discussion 4.8. Suppose that we have a local model of the Gross-Siebert program which

satisfies the condition that
q∑

i=1

dim∆i = dim∆0;

in particular, this condition is satisfied for the ordinary double point of Example 2.19.

Then there is a canonical choice of nv obtained requiring that

max
w∈τ×{e0}

〈nv,w〉 = 0.

Example 4.9. We now give an example of a local model with no canonical choice of

blowup. Let ∆0 be the hexagon

∆0 := Conv( (0,0), (0,1), (1,2), (2,1), (2,0), (1,−1) )

and let ∆1 be the line segment

∆1 := Conv( (0,0), (0,1) ).

Let Y be the local model corresponding to this choice of ∆0 and ∆1. Then Y has no

canonical choice of special vectors. Indeed, let v = (0,0) × {e1}. Then we have special

vectors

〈1,−1,−2,1〉 and 〈−1,−1,0,1〉

for v, each satisfying that nv evaluates to 0 on a codimension-1 face of ∆0 × {e0}. In

particular, v has no canonical choice of special vector.



82

4.1.2 Connection to special derivations

Let Y be a local model of the Gross-Siebert program as found in Section 4.1.

We now explain a connection between the algorithm discussed in Section 4.1.1 and the

sheaf of log derivations ΘY,Spec k . We begin by citing a result from [GS10] describing

the global sections of ΘY,Spec k .

Proposition 4.10. The set of global sections Γ(Y,ΘY,Spec k ) splits into Pgp-homogeneous

pieces ⊕
p∈Pgp

zp(ΘY,Spec k )p

where

(ΘY,Spec k )p =




M ⊗Z k, if p ∈ P,

Zv ⊗Z k, if there exists v ∈ Sg with 〈v, p〉 = −1

such that 〈v′, p〉 ≥ 0 for all v′ ∈ S, v′ , v,

0 otherwise.

We write an element m ∈ (ΘY,Spec k )p as ∂m. Note that zp∂m acts on the monomial zq by

zq 7→ 〈m,q〉zp+q.

We call the derivations of the second type in Proposition 4.10 the special deriva-

tions.

As the name suggests, there is a relationship between special derivations as

above and the special vectors nv as in Proposition 4.6. Indeed, a special vector nv is

exactly the combinatorial data defining a special derivation z−nv∂v. Because a blowup

Ỹ → Y is determined by a choice of #Sg special vectors, a blowup also specifies #Sg

special derivations.

This connection is important morally for the following reason. By exponentiat-

ing a special derivation, we obtain an automorphism of Y . In a few cases, such as in

the situation of Discussion 4.8, one can obtain a group action on Y by choosing these

automorphisms carefully.

Example 4.11. Consider again the ordinary double point Y whose toric description is

contained in Example 4.2. Using this toric description, we note that

z(1,0,−1)∂(0,0,1) = (x/w)∂(0,0,1) and z(−1,1,0)∂(1,0,1) = (y/w)∂(1,0,1)
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are both special derivations. We can then compute a third derivation

∂(1,1,1)

which commutes with the two special derivations. They act by

(x/w)∂(0,0,1) x = 0 (y/w)∂(1,0,1) x = t ∂(1,1,1) x = x

(x/w)∂(0,0,1)y = t (y/w)∂(1,0,1)y = 0 ∂(1,1,1)y = y

(x/w)∂(0,0,1)t = 0 (y/w)∂(1,0,1)t = x ∂(1,1,1)t = t

(x/w)∂(0,0,1)w = y (y/w)∂(1,0,1)w = 0 ∂(1,1,1)w = w.

It is then easy to calculate the automorphisms e(x/w)∂(0,0,1) , e(y/w)∂(1,0,1) , and e∂(1,1,1) :

e(x/w)∂(0,0,1) (x, y, t,w) = (x, y+ δt, t,w+ δx),

e(y/w)∂(1,0,1) (x, y, t,w) = (x+ εt, y, t,w+ ε y),

e∂(1,1,1) (x, y, t,w) = (λx, λy, λt, λw).

Hence we have an action of A2 ×Gm on Y . Note that these automorphisms are exactly

the ones which relate the different fine log structures in Example 2.20.

Now, one might hope to construct these group actions in general. However, this

connection between special derivations and special vectors shows that the construction

of a canonical group action on the local models of the Gross-Siebert program is equiv-

alent to the construction of a canonical fine blowup of the local models of the Gross-

Siebert program. Indeed, as we showed in Example 4.9, no such canonical choice exists.

4.2 Lines in the quintic threefold

We now give an explicit example of a classical enumeration problem that can be

solved using our log geometry framework. Let

X = { f5t − x0x1x2x3x4 = 0} ⊂ A1
t ×P

4
x0,x1,x2,x3,x4

denote a degeneration of the quintic threefold to a reducible central fiber, where f5 is

a general quintic equation in the variables xi. We give X the relatively coherent log
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structure associated to the divisor V (t): this log scheme is fine except where {t = f5 =

xi = x j = 0} for i , j.

It is our general philosophy that counting ordinary lines in the generic fiber,

isomorphic to the quintic threefold, should be the same as counting lines in the central

fiber, viewed as a relatively coherent log scheme. Of course, it is well-known classically

that there are 2,875 lines in the quintic threefold. The calculation of this result via

similar techniques has been part of the folklore of this subject since the 1980s; it was

presented rigorously in [Nis11].

Let us explore X more closely. The central fiber X0 is the union of five compo-

nents, each isomorphic to P3. For simplicity, consider {x0 = 0}. The non-coherent locus

Z where the log structure is not fine is given by { f5 = 0} ∩ {x0 = xi = 0} for i ≥ 1; that

is, Z is cut out along the coordinate planes in P3 by quintic equations.

A line in the central fiber is a pseudo-basic stable map (C/W, f ,Ω) where f is

an isomorphism of C to a line in X0. Our witnesses in Ω are obtained by adding marked

points to C and by replacing nodes by proper components where necessary.

Now we know that if X has log structure given by normal crossings divisors Di,

then any log curve meeting an intersection Di ∩D j will be balanced; that is, there will

be a component of the curve in Di and a component in D j , and they will meet Di ∩D j

with the same order of tangency [ACGSnt]. A similar balancing condition holds for

triple intersections Di ∩D j ∩Dk . Away from the non-coherent locus Z , the central fiber

X0 is normal crossings. Because we are only looking for lines in this calculation, any

line must be contained in only one component {xi = 0} of X0. We first show that there

are no lines whose images are contained entirely in a coordinate plane {xi = x j = 0}.

Lemma 4.12. Any line entirely contained in a coordinate plane does not admit a witness

for a general choice of f5.

Proof. Let L be the image of the line in the coordinate plane {x0 = x1 = 0} � P2, say. We

first claim that L must intersect the boundary lines of P2 along the non-coherent locus

Z .

Indeed, suppose L meets a boundary line along its relative interior at a point

away from Z . Then étale locally, we can describe this neighborhood as {xyz = t}×A1 �

A3 ×A1 with divisorial log structure corresponding to V (t) ×A1. Suppose that L is
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contained in the plane {x = y = t = 0}. Then at the point where it meets {z = 0}, we need

to record this tangency data with a marked point or a node with up or uq satisfying

z 7→ ez > 0, t 7→ 0.

Because xyz = t, we conclude that either x or y maps to a negative number. Because

up corresponding to a marked point always maps to N, we conclude that we must have

a node. However, we claim that balancing condition requires that we will have an un-

contracted component in {z = t = 0}, which contradicts that the image of L has only

one component. Indeed, we can describe the map {xyz = t}
t
→ A1 as a map of toric

varieties. The fan of {xyz = t} will map to the fan of A1, which is the ray R≥0. If we

take the fiber of this map over some nonzero point in the ray, we obtain a compact poly-

hedron. This polyhedron is the ambient space for the tropical curve associated to our

line. As uq maps into the interior of this compact polyhedron, we can conclude that

this curve has an additional uncontracted component. Indeed, vertices corresponding to

contracted components satisfy the ordinary balancing condition from Definition 3.36.

However, the vertices on the boundary of this compact polyhedron cannot satisfy the

ordinary balancing condition, and so these components must be uncontracted.

Now suppose L meets the intersection of two boundary lines. Then étale locally,

we can describe X as {xyzα = t} with divisorial log structure corresponding to V (t).

Then if L is not contained in {α = t = 0}, then we know that we record the tangency data

between L and {α = t = 0} with a marked point or node whose up or uq satisfies

α 7→ eα > 0, t 7→ 0.

By the same balancing condition arguments as before, we conclude that no such witness

can exist.

Hence, we have shown that if L is contained in a coordinate plane, it only meets

the boundary lines of the coordinate plane along Z . By Bézout’s theorem, there are

five such points on each boundary line. In particular, an allowable line in a coordinate

plane is one which passes through three specified points. Of course, this information

overdetermines the line, and for a general choice of f5 no such lines will exist. �

Hence, we know that our lines are contained in a {xi = 0} � P3 but not in any
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of its coordinate planes; moreover, the line must intersect the coordinate planes in the

non-coherent locus Z .

Now there are two types of lines which we must consider:

1. lines that only meet the coordinate planes in Z ⊂ P3 along their relative interiors,

which we call lines of type 1; and

2. lines that meet deeper strata, which we call lines of type 2.

In other words, lines of type 1 do not meet any lines of intersection between coordinate

planes, while lines of type 2 do meet at least one such line of intersection.

Lemma 4.13. Lines of type 1 admit witnesses.

Proof. Indeed, in a neighborhood of the point where a line L meets Z , we can describe

X étale locally as X ×A1, where X is the ordinary double point described in Example

2.19; let 0 ∈ X denote the singular point. In this neighborhood, L meets the singular line

{0} ×A1 transversely. To obtain a witness for this map, we simply add a marked point p

where L meets the singular line.

We can describe the required marked point as follows. Recall that we can express

X as the toric variety X = Spec k[P], where

P = 〈x,y, t,w〉/(x+y = t+w).

Suppose that L lies in the plane {y = t = 0}. Then our marked point p has up determined

by the maps

up(x) = up(w) = 1, up(y) = up(t) = 0,

corresponding to a transverse intersection of L with the planes {y = w = 0} and {x = t =

0}. �

However, we do not allow lines of type 2.

Lemma 4.14. Lines of type 2 do not admit witnesses for a general choice of f5.

Proof. Lines of type 2 intersect { f5 = 0} along the intersection of two planes, say {x1 =

x2 = 0}. Locally, we can describe X as {xyz = tw} ⊂ X, where we have essentially
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replaced f5 by w; again, the log structure is generated by V (t). We note that {xyz = tw}

is a local model of the Gross-Siebert program; it can be expressed with the data q = 1

and

∆0 = ∆1 = Conv ( (0,0), (1,0), (0,1) )

as in Section 4.1. Indeed, this local model is isomorphic to the toric variety obtained

from the fan K , where K is the cone over

S = Conv*
,

1⋃
i=0

({ei} ×∆i)+
-
.

Alternatively, we can say that X is étale locally isomorphic to the scheme Spec k[P′],

where

P′ = 〈x,y,z, t,w〉/(x+y+ z = t+w).

Now let L be a line meeting the singularity of X. Suppose that L maps into the

component {x = t = 0}. As the tangent plane to {x = w = 0} is fixed at the singularity,

we should assume that for a generic choice of f , L will meet {x = w = 0} transversely.

Moreover, L will meet {y = t = 0} and {z = t = 0} transversely.

If a witness were to exist, then we would record this tangency data by a marked

point p or a node q with up or uq satisfying

y 7→ 1, z 7→ 1, w 7→ 1, t 7→ 0.

Since x+ y+ z = t+w, we can conclude that x 7→ −1; because up should map to N,

we must have a node here. As we had before, the map from this local model to A1 is

induced by the map of fans

K → R≥0

given by projecting to the coordinate e0. Now a fiber of this map over a nonzero point

in R≥0 will be non-compact; however, because the map uq : Pq → Z does not factor

through N ⊂ Z, we conclude that this vector cannot be extended to a non-compact ray in

the fiber. In particular, we must have another vector on the boundary; that is, we are re-

quired to have an addition uncontracted component. This extra uncontracted component

contradicts that we are looking for lines. �
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Now that we know which lines are allowed, we simply have to count them. The

Grassmannian of lines in P3 is isomorphic to a nonsingular quadric in P5. Our allowed

lines will intersect each coordinate plane in P3 along the planar quintic cut out by f5.

Hence, each planar quintic imposes a restriction on our space of lines equivalent to

intersecting our quadric with a degree-5 hypersurface; we have four such hypersurfaces.

Hence, the number of lines in this P3 of types 1 and 2 is

2 ·54 = 1250.

However, we must exclude the lines of type 2. The Grassmannian of lines in P3 passing

through a given point is isomorphic to a plane. Because f5 is a quintic, { f5 = 0} meets

these deeper strata in five points along each line of intersection, giving us 5 ·6 = 30 such

points. Moreover, a line passing through one of these 30 points must then meet the other

two quintics, giving us a total of

5 ·6 ·52 = 750

lines of type 2 to remove. However, this calculation counts the lines of type 2 inter-

secting two deeper strata twice; these lines each meet two of the 5 · 6 = 30 bad points.

Now if such a line L meets a point in {x1 = x2 = 0}, then it will meet another point in

{x3 = x4 = 0}; to count these lines, we notice that there are 3 pairs of intersections of

coordinate planes, and there are 5 bad points in each intersection. Hence we must add

back in

3 ·52 = 75

lines.

Putting these together, we see that {x0 = 0} has

2 ·54− (5 ·6 ·52−3 ·52) = 575

lines. Remembering now that there are five irreducible components of the central fiber

of X, we conclude that there are

575 ·5 = 2875

lines in the quintic threefold, as desired.
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4.3 Conics in the quintic threefold

Now, we aim to count the conics in the quintic threefold using the approach of

Section 4.2. As before, we will describe the conics in X0 which have witnesses. We

leave the actual counting of these conics as a future exercise; of course, we expect to

recover the usual 609,250 [Kat86]. This section is organized by the different types of

conics we expect to see. Throughout, let C be the domain curve, and let f (C) be its

image, a conic, in X0.

4.3.1 C irreducible, f (C) an irreducible conic

First, suppose that C is irreducible and that f (C) is an irreducible conic. Then

of course we know that such a conic maps to a single component in the central fiber, say

{x0 = 0} � P3.

We first argue that there are no conics with witnesses contained entirely a coor-

dinate plane of {x0 = 0}.

Lemma 4.15. Let C be irreducible such that f (C) is an irreducible conic contained

entirely in the coordinate plane {x0 = x1 = 0}. Then f will not have a witness for a

general choice of f5.

Proof. Because we want f (C) to be an irreducible conic, we know that f (C) cannot be

entirely contained in a boundary line of the coordinate plane. We just need to check the

case when f (C) passes through the relative interior of {x0 = x1 = 0}.

As in Lemma 4.12, f (C) can only meet the boundary lines of the coordinate

plane at points in Z . Because f (C) is a conic, we know that it will meet each boundary

line twice, up to multiplicity. Again, recall that there are only 5 points of Z on each line.

Since the coordinate plane has three boundary lines, f (C) is a conic passing through six

chosen points. Of course, such a conic is overdetermined, and we do not expect one to

exist for a general choice of f5. �

Hence, we know that f (C) passes through the relatively interior of {x0 = 0} and

only meets the coordinate planes {x0 = xi = 0} along the non-coherent locus Z as in

Section 4.2. Moreover, whenever f (C) meets Z and the coordinate planes transversally,
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we are in exactly the same situation as Section 4.2. Thus, we know that f (C) can meet

Z transversally in a coordinate plane {x0 = xi = 0}, but not in a deeper stratum.

So the only new cases we have to check are when f (C) is tangent to Z or one of

the coordinate planes. There are six possibilities:

1. f (C) meets Z at a point in the relative interior of a coordinate plane, say {x0 =

x1 = 0}, such that f (C) is tangent to the plane, but transverse to Z;

2. f (C) meets Z at a point in the relative interior of a coordinate plane, say {x0 =

x1 = 0}, such that f (C) is tangent to both the plane and Z;

3. f (C) meets Z along a boundary line, say {x0 = x1 = x2 = 0}, such that f (C) is

tangent to the tangent plane of Z at the singularity, but transverse to the two planes

{x0 = x1 = 0} and {x0 = x2 = 0};

4. f (C) meets Z along a boundary line, say {x0 = x1 = x2 = 0}, such that f (C) is

tangent to one of the planes, say {x0 = x1 = 0}, but is transverse to the other plane

and the tangent plane of Z at the singularity;

5. f (C) meets Z along a boundary line, say {x0 = x1 = x2 = 0}, such that f (C) is

tangent to both coordinate planes but is transverse to the tangent plane of Z at the

singularity; or

6. f (C) meets Z along a boundary line, say {x0 = x1 = x2 = 0}, such that f (C) is

tangent to both the tangent plane of Z at the singularity and the coordinate plane

{x0 = x1 = 0}, but is transverse to the coordinate plane {x0 = x2 = 0}.

We treat these six cases in the following lemmas.

Lemma 4.16. Suppose that f (C) meets Z at a point in the relative interior of a coordi-

nate plane, say {x0 = x1 = 0}, such that f (C) is tangent to the plane, but transverse to

Z . Then this map does not admit a witness.

Proof. In this case,X is locally isomorphic to X ×A1, where X is the relatively coherent

log scheme of Example 2.19. Let 0 ∈ X be the singular point. The f (C) lies in one

component of the central fiber, say {x = t = 0}, and is tangent to {x = y = t = 0}, but not

along the line {0} ×A1.
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Now, a witness for this curve would have a marked point p or a node q recording

this tangency data. We can describe X as the toric variety Spec k[P] as in the proof of

Lemma 4.13. As f (C) is transverse to {w = t = x = 0} and tangent to {x = y = t = 0}

with order two, the tangency data up or uq satisfies

w 7→ 1, t 7→ 0, y 7→ 2.

However, there is no such map up : P → N, because these requirements imply that x

maps to a negative number. Moreover, there cannot be a node, because the balancing

condition will require that we add another uncontracted irreducible component, as in the

proof of Lemma 4.14. Hence, a witness cannot exist. �

We now consider the second case.

Lemma 4.17. Suppose that f (C) meets Z at a point in the relative interior of a coordi-

nate plane, say {x0 = x1 = 0}, such that f (C) is tangent to the plane and to Z . This map

does admit a witness.

Proof. As in Lemma 4.16, we can describe X locally as Spec k[P]×A1 with log struc-

ture given by the divisor V (t) ×A1. Here, f (C) is tangent to both {w = t = x = 0} and

{x = y = t = 0} to order two. Hence we can simply add a marked point p with up given

by

x 7→ 0, y 7→ 2, t 7→ 0 w 7→ 2.

�

Now we consider the third case.

Lemma 4.18. Suppose that f (C) meets Z along a boundary line, say {x0 = x1 = x2 = 0},

such that f (C) is tangent to the tangent plane of Z at the singularity, but transverse to

the two planes {x0 = x1 = 0} and {x0 = x2 = 0}. Then f has a witness.

Proof. In this case, X is locally isomorphic to Spec k[P′] = {xyz − tw = 0} ⊂ A5 as in

the proof of Lemma 4.14 with relatively coherent log structure given by the divisor V (t).

The curve f (C) lies in one of the components of the central fiber, say {x = t = 0}. Then

f (C) is transverse to {y = t = 0} and {z = t = 0}, and it is tangent to {w = x = 0} to order
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two. To obtain a witness, we simply add a marked point p with tangency data up given

by

up(x) = 1, up(y) = 1, up(z) = 0, up(t) = 0, up(w) = 2.

Alternatively, consider the family of maps A1×A1
t → {xyz− tw = 0} given by

(ζ, t) 7→ (ζ, ζ, t, t, ζ2).

Clearly away from the central fiber, this map lifts to a map of fine log. Indeed, the log

structure away from the central fiber is only supported on {w = 0}, so we only need to

add an appropriate marked point where our curve meets this extra support; that is, along

{ζ = 0}. We then use stable reduction to obtain a log map into the central fiber. �

We consider the final three case jointly.

Lemma 4.19. Suppose that f (C) satisfies one of the following conditions:

1. the conic f (C) meets Z along a boundary line, say {x0 = x1 = x2 = 0}, such that

f (C) is tangent to one of the planes, say {x0 = x1 = 0}, but is transverse to the

other plane and the tangent plane of Z at the singularity;

2. the conic f (C) meets Z along a boundary line, say {x0 = x1 = x2 = 0}, such that

f (C) is tangent to both coordinate planes but is transverse to the tangent plane of

Z at the singularity; or

3. the conic f (C) meets Z along a boundary line, say {x0 = x1 = x2 = 0}, such that

f (C) is tangent to both the tangent plane of Z at the singularity and the coordinate

plane {x0 = x1 = 0}, but is transverse to the coordinate plane {x0 = x2 = 0}.

Then f does not admit a witness.

Proof. As in Lemma 4.18, X is locally isomorphic to Spec k[P′] = {xyz− tw = 0} ⊂ A5.

Say that the curve f (C) lies in the component {x = t = 0}. We now move case-by-case,

describing the tangency information for f (C) and the conditions on the marked point p

or node q required to encode this information.
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1. In the first case, f (C) is tangent to {x = y = t = 0} to order two, but meets {x =

z = t = 0} and {x = w = t = 0} transversally. This tangency information is encoded

by up or uq satisfying

y 7→ 2, z 7→ 1, t 7→ 0, w 7→ 1.

2. In the second case, f (C) is tangent to both {x = y = t = 0} and {x = z = t = 0} to

order two, but meet s{x = w = t = 0} transversally. This tangency information is

encoded by up or uq satisfying

y 7→ 2, z 7→ 2, t 7→ 0, w 7→ 1.

3. In the third case, f (C) is tangent to both the plane {x = y = t = 0} and {x = w = t =

0} to order two, but meets the plane {x = z = t = 0} transversally. This tangency

information is encoded by up or uq satisfying

y 7→ 2, z 7→ 1, t 7→ 0, w 7→ 2.

In any of these cases, we note that we are forced to map x to a negative number, as

x+ y+ z = t+w. Hence, we cannot have a marked point encoding this tangency data.

Moreover, if we have a node, then the balancing condition requires that we add a new

irreducible component as in the proof of Lemma 4.14. Hence, a witness does not exist

for any of these conics. �

Thus we can summarize the results of this subsection in the following proposi-

tion.

Proposition 4.20. Let C be irreducible, and let f (C) be an irreducible conic in the

quintic threefoldX such that f (C) passes through the relative interior of the irreducible

component {xi = 0} � P3. Then f admits a witness if and only if every point of intersec-

tion between f (C) and the coordinate planes of {xi = 0} satisfies one of the following

conditions:

1. the conic f (C) meets a coordinate plane transversally at a point in Z in its relative

interior;
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2. The conic f (C) is tangent to a coordinate plane at a point in Z in its relative

interior to order two such that f (C) is tangent to Z as well; or

3. the conic f (C) meets a line of intersection between two coordinate planes at a

point in Z such that f (C) meets each coordinate plane transversally but is tangent

to Z to order two.

4.3.2 C reducible, f (C) reducible

Now, suppose that C is a reducible curve with two components C1 and C2, and

that f maps these components to distinct lines f (C1) and f (C2).

We first show that neither line f (Ci) can map to a boundary line of X0.

Lemma 4.21. Suppose f (C1) maps to a boundary line of X0, say {x0 = x1 = x2 = 0}.

Then f does not admit a witness.

Proof. Indeed, f (C1) will meet the two coherent points {x0 = x1 = x2 = x3 = 0} and

{x0 = x1 = x2 = x4 = 0}. Moreover, the balancing condition at these points will require

that we have additional uncontracted components in {x3 = 0} and {x4 = 0}. Since we

only have one other line, the balancing condition is violated for at least one of these

points as in Lemma 4.12. �

We separate the remainder of this section into two cases, depending on whether

f (C1) and f (C2) map to different components of X0.

C1 and C2 map to different components of X0

We now discuss the following possible cases for f (C1) and f (C2) mapping to

different components of X0.

1. We can have that f (C1) and f (C2) both map to coordinate planes not belonging

to a common irreducible component; in this case, these lines necessarily intersect

in a 0-dimensional stratum.

2. We can have that one of the lines f (C1) and f (C2) maps to the relative interior

of an irreducible component {xi = 0} of X0, while the other maps to a coordinate
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plane {x j = xk = 0} of a different component; in this case, the two lines will meet

along the boundary line {xi = x j = xk = 0}. We must individually consider when

this point of intersection falls at a point in Z , at some other point in the relative

interior of the line, and at a boundary point.

3. We can have that both lines pass through the relative interiors of different irre-

ducible components {xi = 0} and {x j = 0}. These lines can intersect along the

relative interior of the coordinate plane {xi = x j = 0}, along one of its boundary

lines, or along one of its boundary points. We must furthermore consider whether

or not the intersection occurs along a point in Z .

First suppose that f (C1) and f (C2) map to coordinate planes not belonging to a

common irreducible component. Let us say that f (C1) lies in {x0 = x1 = 0} and f (C2)

lies in {x2 = x3 = 0}. Then these lines meet at the coherent point {x0 = x1 = x2 = x3 = 0}.

Locally near this point, X is isomorphic to A4 with divisorial log structure given by

union of the coordinate planes. The intersection of these two lines is balanced, and

so this map extends to a map of log schemes. Of course, f (C1) must meet the line

{x0 = x1 = x4 = 0} at a point in Z , and f (C2) must meet the line {x2 = x3 = x4 = 0} at a

point in Z .

Lemma 4.22. Suppose that f (C) is a line contained in a coordinate plane {x0 = x1 = 0}

of X0 which meets the boundary line {x0 = x1 = x2 = 0} at a point in Z . Then this map

locally has a witness.

Proof. Locally X is isomorphic to Spec k[P′] = {xyz = tw} as in Lemma 4.14. Let us

say that the line f (C) is contained in {x = y = t = 0}. Then we know that this line meets

{x = y = z = t = 0} and {x = y = t = w = 0} transversally. Hence, we can record this

tangency data with a marked point p with up satisfying

x 7→ 0, y 7→ 0, z 7→ 1, t 7→ 0, w 7→ 1.

�

Now suppose that f (C1) passes through the relative interior of {x0 = 0} but f (C2)

is contained in a coordinate plane {x1 = x2 = 0}. Then these lines must intersect in the
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line {x0 = x1 = x2 = 0} away from the coherent points {x0 = x1 = x2 = xi = 0} because

the balancing condition would require a component in {xi = 0}. However, if these lines

intersect along the relative interior of the line {x0 = x1 = x2 = 0} at a coherent point,

then we still have a problem with the balancing condition: by Lemma 4.23 below, the

map on C1 would have to be a double cover. Hence, we can conclude that these lines

must meet along the line {x0 = x1 = x2 = 0} at a point in Z . However, we require that

f (C2) meets all three boundary lines in points along Z . Because Z only intersects each

boundary line in five points, we are looking for lines passing through three fixed points.

For a general choice of f5, there will be no such lines.

Lemma 4.23. Suppose that f (C1) maps to the relative interior of {x0 = 0} and f (C2)

maps to the plane {x1 = x2 = 0}. Then this curve does not admit a fine witness.

Proof. Étale locally, X is isomorphic to {t = xyz} ×A1 ⊂ A4 ×A1 with log structure

given by the divisor V (t). Say C1 maps to the relative interior of {x = t = 0} and C2

maps to the plane {y = z = t = 0}. Then the node q satisfies

uq(y) = uq(z) = 1, uq(t) = 0.

Because xyz = t, we can conclude that uq(x) = 2; in particular, f must be a double cover

of f (C1). �

Next we consider the case where C1 and C2 pass through the relative interiors of

different components in the central fiber, say {x0 = 0} and {x1 = 0} respectively. There

are three ways that these lines could meet:

1. along the relative interior of the coordinate plane {x0 = x1 = 0};

2. along a boundary line {x0 = x1 = x2 = 0}; or

3. at a corner {x0 = x1 = x2 = x3 = 0}.

We will consider these cases separately.

Suppose first that f (C1) and f (C2) intersect along the relative interior of the

plane {x0 = x1 = 0}. Because there are lines in both components {x0 = 0} and {x1 = 0},

they are allowed to intersect at a coherent point; that is, a point outside of Z . Of course,
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every other point of intersection between a line f (Ci) and a coordinate plane will still

have to be along the locus Z away from the line of intersection between two coordinate

planes, as in Section 4.2.

Now suppose that C1 and C2 meet along a boundary line {x0 = x1 = x2 = 0}. If

these lines met at a coherent point, then the balancing condition would require that there

be a third uncontracted component mapping to {x2 = 0}, which cannot happen. Hence,

we assume that C1 and C2 meet at a point of Z .

Lemma 4.24. Let C1 map to a line in {x0 = 0} and C2 map to a line in {x1 = 0} which

meet along the line {x0 = x1 = x2 = 0} at a point in Z . Then this curve admits a fine

witness.

Proof. At such a point, X is étale locally isomorphic to Spec k[P′] = {xyz = tw} as in

the proof of Lemma 4.14. Suppose that C1 maps to {x = t = 0} and that C2 maps to {y =

t = 0}. Then C1 meets the planes {x = w = 0}, {y = t = 0}, and {z = t = 0} transversally,

while C1 meets the planes {y = w = 0}, {x = t = 0}, and {z = t = 0} transversally.

Now, our witness will blow up our domain curve at the node q. Let q1 and q2

denote the two new nodes. The tangency data above will be recorded by

uq1 (x) = −1, uq2 (x) = 1,

uq1 (y) = 1, uq2 (y) = −1,

uq1 (z) = 1, uq2 (z) = 1,

uq1 (t) = 0, uq2 (t) = 0,

uq1 (w) = 0, uq2 (w) = 0.

We obtain stability and balancing by adding one new marked point p to the exceptional

divisor with

up = uq1 +uq2 .

�

Finally, suppose that f (C1) meets f (C2) at a corner {x0 = x1 = x2 = x3 = 0}. This

point is necessarily coherent. As such, this map does not admit a witness, because the

balancing condition would require additional uncontracted components, as in the proof

of Lemma 4.12.
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C1 and C2 map to the same component of X0

We discuss the possibilities for when C1 and C2 map to the same component of

X0, say {x0 = 0}.

1. We can have that f (C1) and f (C2) each pass through the relative interior of {x0 =

0}. We must consider separately the cases of when these lines intersect in the

relative interior of {x0 = 0}; in a coordinate plane, either along Z or away from Z;

in a boundary line, either along Z or away from Z; and in a boundary point.

2. We can have that f (C1) passes through the relative interior of {x0 = 0}, while

f (C1) is contained in a coordinate plane. These lines can intersect either along

the coordinate plane, either along Z or away from Z; in a boundary line, either

along Z or away from Z; or in a boundary point.

3. We can have that f (C1) and f (C2) map to the same coordinate plane. These lines

will either meet in the interior of the plane, either at a point in Z or away from

Z; along a boundary line, either at a point in Z or away from Z; or at a boundary

point.

4. Finally, we can have that f (C1) and f (C2) map to different coordinate planes.

These lines will meet in a boundary line, either along Z or at a point away from

Z , or at a boundary point.

We begin with the case that f (C1) and f (C2) both pass through the relative

interior of {x0 = 0}. Suppose that these lines also intersect in the relative interior of

{x0 = 0}. Then each line f (Ci) must satisfy the conditions of Section 4.2. However,

there are only finitely-many such lines; moreover, for a generic choice of f5, we expect

the points of intersection to be along a coordinate plane. Hence, we do not expect conics

of this form to contribute to our count.

Now suppose that f (C1) and f (C2) are lines meeting in a coordinate plane,

possibly along deeper strata. It is clear from the balancing condition that these lines

must meet at a point in Z . So there are two cases: either these lines meet at a point

in Z in the relative interior of a coordinate plane, or they meet at a point in Z along a

boundary line. We now show that in either case, f will not have a witness.
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Lemma 4.25. Let C be a nodal curve with components C1 and C2. Suppose that f (C1)

and f (C2) are lines passing through the relative interior of the same irreducible com-

ponent {x0 = 0} � P3 meeting in the relative interior of a coordinate plane at a point in

Z . Then this map does not admit a witness.

Proof. In this case, locally X looks like Y = {xy − tw = 0} ×C as in Lemma 4.14 with

log structure given by the divisor V (t), where C1 and C2 map to distinct lines in one

component, say {x = t = 0}.

We argue that this map does not admit a local witness by showing that there is a

fine log scheme Ỹ with a map Ỹ → Y which is an isomorphism on the smooth fiber such

that there is no lift of f to Ỹ . Indeed, such a lift should exist by the discussion in the

beginning of Section 4.1.

Let X denote the relatively coherent log scheme {xy− tw = 0} with log structure

given by the divisor V (t) from Example 2.19. We have a blowup X̃ → X as above by

blowing up the origin in one of the planes, say {x = t = 0}. This blowup is the one from

Example 3.9. We refer to its exceptional divisor as E.

Now, let Ỹ = X̃ ×A1, whereA1 is a trivial log scheme. Then Ỹ →Y is a resolution

as above. Moreover, we can choose Y so that the two lines f (C1) and f (C2) map to

different points in E ×A1. To connect these lines in Ỹ , we need to blow up C. The

new component, or components, of C will be proper, and will map onto their closed

image in Ỹ . We conclude that the image of these new components will meet the proper

transform of the line {0}×A1. As Ỹ is fine and f (C) lies entirely in the proper transform

of {x = t = 0}, we know that f will fail to be balanced wherever the image of the new

components meet the line {0} ×A1.

�

We now check the other case.

Lemma 4.26. Let C be a nodal curve with components C1 and C2. Suppose that f (C1)

and f (C2) are lines passing through the relative interior of the same irreducible com-

ponent {x0 = 0} � P3 meeting along a boundary line at a point in Z . Then this map does

not admit a witness.
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Proof. In this case, X locally looks like Spec k[P′] = {xyz− tw = 0} as in the proof of

Lemma 4.14. Let us say that these lines map to the component {x = t = 0}. Then in

the local model, each line intersects the planes {x = w = 0}, {y = t = 0}, and {z = t = 0}

transversely. To record this tangency data, we to blow up C to obtain nodes q1 and q2

on C1 and C2 respectively. The tangency data would be recorded by vectors uq1 = −uq2

such that

uq2 (x) = 1, uq2 (y) = 1, uq2 (z) = −1, uq2 (t) = 0, uq2 (w) = 1.

Because these uqi do not map to N, we conclude as in Lemma 4.14 that the balancing

condition requires that we add another uncontracted component, which is impossible.

�

Now suppose that f (C1) is a line passing through the relative interior of {x0 =

0} and f (C2) is a line in the coordinate plane {x0 = x1 = 0}. If these lines intersect

in the relative interior of the coordinate plane {x0 = x1 = 0}, then the line f (C2) is

overdetermined as in Lemma 4.12 because it is required to meet each boundary line

along Z . Hence, it just remains to check the case where f (C1) meets f (C2) away from

Z along a boundary line. However, it is clear that at any of these coherent points, f will

not be balanced. Hence, no conics of this type contribute to our count.

Finally, suppose that f (C1) is a line in the plane {x0 = x1 = 0} and that f (C2) is a

line in the plane {x0 = x2 = 0}. We know from the previous cases that these curves must

intersect along the relative interior of {x0 = x1 = x2 = 0}; indeed, the boundary points

{x0 = x1 = x2 = xi = 0} are coherent, and this map is not balanced by a component in

{xi = 0}. Generically these lines will meet at a coherent point; that is, a point away

from Z . Then locally X is isomorphic to {t = xyz} ×A1 with log structure induced by

the divisor V (t) ×A1. Let C1 maps to the line {x = y = t = 0} and C2 map to the line

{x = z = t = 0}. Then this map does have a witness; indeed, we can view it as the limit

of the family {αβ = t} → {t = xyz} via

(α, β) 7→ (α, β,α β),

where the coordinates on {t = xyz} are simply x, y, and z.

We summarize the results of this subsection in the following proposition.
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Proposition 4.27. Let C be reducible with components C1 and C2, and let f (C) be a

reducible conic. Then f admits a witness if and only if f takes one of the following

forms:

1. the line f (C1) lies in the coordinate plane {xi = x j = 0} and the line f (C2) lies

in the coordinate plane {xk = x` = 0} meeting at the point {xi = x j = xk = x` = 0}

such that f (C1) and f (C2) meet the other boundary lines at points in Z;

2. the lines f (C1) and f (C2) pass through the relative interiors of {xi = 0} and {x j =

0} respectively, meeting along the relative interior of {xi = x j = 0} such that f (C1)

and f (C2) meet the other coordinate planes along their relative interiors at points

in Z;

3. the lines f (C1) and f (C2) pass through the relative interiors of {xi = 0} and {x j =

0} respectively, meeting along the line {xi = x j = xk = 0} at a point in Z such that

f (C1) and f (C2) meet the other coordinate planes along their relative interiors

at points in Z; or

4. the lines f (C1) and f (C2) are contained in the coordinate planes {xi = x j = 0}

and {xi = xk = 0} respectively meeting at a point in the relative interior of the line

{xi = x j = xk = 0} such that f (C1) and f (C2) meet the other boundary lines at

points in Z .

4.3.3 C is reducible or irreducible, f (C) is a line

Finally, consider the case where f is a double cover of a line L in X0.

We first argue that L does not lie entirely in a coordinate plane. Suppose that L

does lie entirely in a coordinate plane. Then L cannot meet a boundary line in a coherent

point; indeed, our argument using the balancing condition in Section 4.2 still holds even

in the presence of ramification. Recall that Z meets the boundary lines in only finitely-

many points. Hence generally there will not be any lines meeting the boundary lines

only along Z .

Now suppose L passes through the relative interior of the component {xi = 0} �

P3. Of course, the balancing condition requires that L meet any coordinate plane of
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{xi = 0} along Z .

Let us first consider the case where C is irreducible. At any point where f is not

ramified, we are in exactly the same situation as Section 4.2. Hence, we only need to

consider what happens where the map f is ramified. The presence of ramification in the

interior of {xi = 0} causes no additional difficulty; indeed, there is no tangency data to

consider.

Suppose that our map f is ramified at a point mapping to Z . Suppose first that

this ramification point is in the relative interior of a coordinate plane of {xi = 0}. Then

locally we are in the same situation as Lemma 4.13. Since our map is ramified to order

two, the marked point p in our witness recording this tangency data will have up exactly

twice the value appearing in the proof of Lemma 4.13. Hence, this curve does in fact

have a witness.

Now if the ramification point is along the intersection of two coordinate planes,

we are locally in the same situation as Lemma 4.14. The marked point or node we need

to record the tangency data will have up or uq twice the value that appears in the proof

of 4.14. By the same argument as before, the fact that this vector does not map to N

requires that we will have an additional unwanted uncontracted component.

Now let us consider the case where C itself is reducible. Let q ∈ C be the node

joining the two components in C. Away from the image of q, we are in exactly the same

situation as Section 4.2, so we only need to investigate how the presence of the node

affects the existence of a witness. Just as before, if q maps to the interior of {xi = 0}, we

have no additional difficulty in finding a witness, as there is no extra tangency data to

consider.

If q maps to a point meeting Z along the relative interior of a coordinate plane

{xi = 0}, then we are in the same situation as the first part of the proof of Lemma 4.25.

As opposed to the situation in Lemma 4.25, we do obtain a witness; the major difference

is that the two lines f (C1) and f (C2) will always meet E×A1 in the same point. Indeed,

we obtain a witness by blowing up C and adding a suitable marked point as in Lemma

4.24.

Finally, if q maps to a point meeting Z along the line of intersection of two

coordinate planes, then we are in the same situation as the second part of the the proof
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of Lemma 4.26. Our tangency data here is exactly the same as it was in Lemma 4.26, so

the combinatorics prevent us from constructing a witness.

We summarize all of these arguments in the following proposition.

Proposition 4.28. Suppose that f : C → X0 is a double cover of a line L, where C is

either irreducible or nodal with two components. This map has a witness if and only if

L is a line of type 1, as defined in Section 4.2.
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