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by red arrows). (b) Dispersion diagram of the propagating modes, with SIPs
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β determines the asymmetry of the unit cell. Besides the coupling to adjacent
unit cells via Port 1, at each left and right sides of the unit cell, there are also
proximity coupling points through Ports 2 and 3, at each side of the unit cell. 15

2.3 Modal dispersion diagram of the lossless and gainless SIP-ASOW. (a) The
real part of the eigenvalue versus angular frequency in the fundamental BZ.
Solid black: modes with purely real k; dashed colors: modes with complex
k (overlapping dashed colors imply two overlapping branches). Three curves
meet at an inflection point, with reciprocal kS and −kS positions. (b) The
imaginary part of k versus angular frequency. At the SIP, the three degenerate
modes have Im(k) = 0. The black curve has Im(k) = 0 also near the SIP
frequency. (c) Alternative representation of the dispersion diagram in the
complex k space. The arrows point in the direction of increasing frequency. (d)
Coalescence parameter σ versus angular frequency. The coalescence parameter
σ vanishes at an SIP. The local minima of σ indicate the presence of RBEs
near the SIP. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

2.4 Magnitude of the SIP lasing threshold |n′′
S,th| of a finite-length SIP-ASOW of

length N . The SIP lasing threshold is fit by n′′
th = −0.016×N−3 + 7× 10−8,

calculated for N ∈ [5, 40]. The inset shows a finite-length ASOW of N unit
cells terminated without any discontinuity on straight waveguides. The cavity
has no mirrors. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
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2.5 Modal dispersion diagram of the SIP-ASOW with a gain of n′′
g = −8× 10−6,

equivalent to αg = 2.82 dB/cm. The black curves represent propagating
modes, with purely real wavenumbers; the dashed, colored curves represent
evanescent modes. The dispersion diagram for the SIP-ASOW without gain is
shown in light grey. (a) Real part of the wavenumber versus angular frequency
in the fundamental BZ. The inset shows the eigenvalue distortion is accentu-
ated at the SIP. (b) The imaginary part of k versus angular frequency. Due to
gain, Im(k) ̸= 0 at all the frequencies, especially around ωS. (c) Alternative
representation of the dispersion diagram in the complex k space. The lack of
mode coalescence due to gain is very clear in this figure, with the three modes
departing from kS at 120◦ from each other as expected from Eq. (2.12). (d)
The coalescence parameter σ versus angular frequency. The non vanishing σ
indicates the SIP does not fully form, but the dip still demonstrates a degree
of exceptional three-mode degeneracy to be exploited for the SIP laser. . . . 33

2.6 The loss values in terms of the imaginary effective refractive index are ex-
tracted from [2], and the FSR values are calculated using Eq. (2.13) with the
structure parameters from the SIP-ASOW. Low radiation losses imply small
FSR, which in turns implies a large spectral density of features like SIP and
RBE frequencies. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

2.7 Comparison between the SIP and RBE ASOW lasers of different lengths,
operating either near the SIP frequency ωS (in blue) or the RBE frequency
ωR (in red), respectively. (a) The RBE quality factor QR (represented by
red dots), fitted by the red curve from the first equation in Eq. (2.14); the
SIP quality factor QS (represented by blue dots) is fitted by the blue curve
following the second equation in Eq. (2.14); and their difference ∆Q ≈ QR−QS

is represented as a dashed, black line. The three curves scale as N−3. (b)
Magnitude of the RBE lasing threshold (represented by red dots), fitted by
the magnitude of the red curve from the first equation in Eq. (2.15); and the
magnitude of the SIP lasing threshold (represented by blue dots), fitted by
the magnitude of the blue curve following the second equation in Eq. (2.15);
and the magnitude of their difference ∆n′′

th = n′′
R,th − n′′

S,th is represented as a
dashed, black line. The three thresholds decrease asN−3. The lasing threshold
associated to the SIP resonance is smaller than the RBE one for an ASOW of
the same length. (c) Magnitude of the lasing threshold versus quality factor
for an RBE -based laser operating near ωR (in black) and for an SIP -based
laser operating near ωS (in blue). Each dot (red and blue) represents a finite-
length ASOW with a given Q provided by some N ∈ [5, 40]. An active ASOW
operating near an SIP has a lower lasing threshold and lower quality factor
than the same ASOW operating near an RBE. . . . . . . . . . . . . . . . . . 35
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2.8 The magnitude of the function |Tf (ω)| in (dB) for the SIP-ASOWwithN = 25
for different values of gain. The SIP and the RBE frequencies are shown as
vertical dashed blue and red lines, respectively. (a) With no gain, resonances
accumulate around ωS. The function |Tf | near the SIP is already higher
than near the RBE. (b) With n′′

g = n′′
S,th, the highest peak occurs at the SIP

resonance frequency. (c) With n′′
g = n′′

R,th, |Tf (ωS,res)| is reduced and the
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4.2 Double grating supporting guided longitudinal modes in the z direction, po-
larized along x. The two oppositely-facing gratings are shifted by a distance
s along z to break mirror symmetry, enabling the occurrence of the DBE that
has a very flat band in the dispersion diagram provided by Eq. (4.2). The
tapering is performed by adding two cells at either end of the structure whose
corrugation height decreases by h/3 consecutively. Termination regions of
length L are added beyond the tapering sections, and their interface is de-
noted by vertical dashed black lines. The double grating supporting only an
RBE used for comparison purposes has mirror symmetry, i.e., s = 0. . . . . . 55
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5.3 (a) Difference between the DBE resonance fr,D and the ideal DBE frequency
fD as a function of the number of unit cells. Black dots show the simulation
data; the red line is the fit from Eq. (5.3). (b) Normalized field intensity pro-
files I1(x)/I1,max along the longitudinal position x/(Nd) for various waveguide
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spective DBE resonances. All normalized profiles collapse onto a single curve,
indicating that the spatial distribution of the field is preserved as N increases.
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normalized by the incident power I0 = 3.86 × 108 (V/m)2, evaluated at the
cavity center x = Nd/2 (orange) and at one-third of the length from the
center x = Nd/3 (blue) as a function of N . Solid lines represent power-law
fittings of the form Ifit(N) = aN b, yielding exponents of b = 3.6 and b = 3.35,
respectively. While these powers are below the expected N4 asymptotic scal-
ing from Eq. (5.1), these results confirm enhanced intensity growth relative
to the N2 trend typical of regular band edge resonances. (d) Loaded quality
factors of the DBE-supporting double grating (represented by black dots and
evaluated at its DBE resonance) varying grating length. The dashed lines of
the same color are the fitting functions that show the asymptotic N5 scaling
of the DBE quality factor QD with waveguide length. . . . . . . . . . . . . . 88
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ik(2)x|2, while the dark-dashed line is the intensity of the evanescent portion

of the field, |A1e
ik(1)x + A3e

ik(3)x|2. All the quantities are normalized with
respect to the value of the maximum peak intensity in the center of the cavity. 93

5.5 (a) Normalized intensity profiles along the longitudinal x axis of a double
grating with N = 330 unit cells at the center of the top waveguide core. The
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f2. (b) Conversion efficiency of the double grating (black dots) cavities of
different lengths computed at their respective DBE resonances. The solid red
line depicts the fitting function that shows the asymptotic N8.32 scaling of the
nonlinear conversion efficiency ηD with waveguide length. The inset denotes
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6.1 Conceptual representation of the APB, the RPB, and the ARPB as their
combination with a phase delay of ψ = ±π/2. The electric field is represented
in blue and the magnetic field in red. The radial components of the fields
are not shown. The bell curve denotes the Gaussian-like parameter f . In the
ARPB with ψ = π/2, the electric field E (blue bell curve) leads in time to
the magnetic field H (red bell curve), and the opposite (lagging) occurs when
ψ = −π/2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

6.2 Schematic representation of propagation and localization of the (a) transverse
E⊥ = Eρρ̂+Eφφ̂, and (b) longitudinal Ez fields of an ARPB with w0 = λ =
400 nm. The Ez field is localized on the axis. The same happens for the
magnetic field, with Hz localized on the axis. . . . . . . . . . . . . . . . . . . 110

6.3 Normalized helicity density ĥ of an ARPB in terms of V̂ and ψ, calculated as
ĥ = hu/ω. (a) Colormap of ĥ for V̂ ∈ [0, 2] and ψ ∈ [−π, π]. The maximum
magnitude for the normalized helicity density occurs for OC-ARPBs that is
VA = ±iVR. (b) The normalized helicity density for V̂ = 1 and ψ ∈ [−π, π].
The maximum values are found for ψ = ±π/2. (c) The normalized helicity
density for ψ = π/2 and V̂ ∈ [0, 2]. The magnitude of the normalized helicity
density reaches unity (ĥ = 1) for V̂ = 1 and ψ = ±π/2, i.e., VA = ±iVR. . . . 129

6.4 Comparison of the energy u and helicity h densities of an OC-ARPB (of 1
mW power) with w0 = λ, w0 = 2λ, and w0 = 5λ. (a) Depicts the energy
density at focus in the transverse plane and (b) shows the energy density on
the beam axis. In both figures, the energy density increases as the ratio w0/λ
decreases. (c) Depicts the components of the normalized helicity density that
stem from the transverse ĥ⊥ and longitudinal ẑ field components of the three
OC-ARPB. Even though the focused ARPB has a higher helicity density, the
region of space where it stems mostly due to the longitudinal field components
remains approximately constant at ρ ≈ 0.225λ. . . . . . . . . . . . . . . . . . 130

6.5 Magnitudes of the (a) azimuthal and (b) longitudinal components of the
Poynting vector S of an OC-ARPB (of 1 mW power at λ = 400 nm) in the
transverse plane at the focus of the beam, i.e., z = 0. The radial component
Sρ has not been plotted since it is practically zero at the focus of the beam.
The azimuthal component Sφ peaks in a small ring close to the beam axis,
since it is associated with the radial and longitudinal fields. The longitudinal
component Sz is the largest of them since it is only associated with the trans-
verse fields, which are significantly larger than the longitudinal components.
Due to azimuthal symmetry and vanishing transverse fields on the beam axis,
the components of the Poynting vector describe an annular ring around it. . 131

6.6 Schematic of a linearly polarized beam traveling through an SWP. (a) An
x-polarized beam is transformed into an RPB. (b) An y-polarized beam is
transformed into an APB. (c) A beam polarized at θ = −π/4, with θ the
angle between the x and y axis, is transformed into the sum of an RPB and
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Exceptional points of degeneracy (EPDs), where multiple eigenmodes of a system coalesce

in both their eigenvalues and eigenvectors, offer a powerful framework for engineering elec-

tromagnetic wave behavior. This dissertation explores the design, analysis, and numerical

validation of integrated photonic structures that operate near EPDs to enable novel and

enhanced functionalities in lasers, slow-light devices, and chiral light–matter interaction.

We first demonstrate that a silicon-based asymmetric serpentine optical waveguide (ASOW)

supports a third-order EPD known as a stationary inflection point (SIP). Using coupled-

mode theory and the transfer matrix method, we derive the SIP conditions and confirm its

existence through full-wave simulations. The SIP regime enables the so-called frozen mode,

characterized by low group velocity and enhanced energy storage, with group delay and

quality factor scaling cubically with the waveguide length.

Building on this platform, we explore lasing near the SIP in active periodic waveguides. We

show that the threshold gain scales inversely with the cube of the cavity length, significantly

reducing the lasing threshold compared to regular band edge lasers, even in the presence of

small losses. Further, we investigate a new class of distributed feedback (DFB) lasers based

on a double-grating structure that supports a fourth-order EPD, the degenerate band edge

xix



(DBE). These degenerate DFB (DDFB) lasers exhibit threshold gain scaling with the inverse

fifth power of the cavity length and enable single-frequency lasing without mirrors.

In a related study, we leverage the degenerate band edge (DBE) condition to enhance second

harmonic generation (SHG) in a double-grating periodic waveguide. By operating the struc-

ture near the DBE at the fundamental frequency and incorporating second-order nonlinear

materials, we achieve strong field enhancement and slow-light effects that significantly boost

the nonlinear conversion efficiency. The high density of states and prolonged interaction

enabled by the DBE condition lead to improved energy transfer to the second harmonic that

is extracted vertically. This work demonstrates the potential of DBE-based photonic struc-

tures for compact and highly efficient frequency conversion in integrated nonlinear optical

devices.

We also investigate structured light beams engineered for optimal chiral interaction. We

investigate and characterize the azimuthally-radially polarized beam (ARPB), which achieves

maximal helicity density for a given energy density through longitudinal field components.

Theoretical analysis and closed-form expressions are presented, followed by experimental

realization using spatial light modulators. We validate that the ARPB’s helicity can be

precisely tuned by a single phase parameter, enabling full control over its chiral behavior.

Altogether, this work highlights the potential of dispersion-engineered waveguides operating

near EPDs for high-performance photonic devices and the construction of structured light

beams, offering new avenues for integrated lasers, slow-light components, nonlinear frequency

conversion devices, and sensing.
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Chapter 1

Introduction

1.1 Motivation of This Work

The advancement of photonic integrated waveguides, delay lines, and solid-state lasers is

central to the development of high-speed telecommunication systems, precision sensing plat-

forms, and efficient nonlinear optical devices. This dissertation proposes a new class of

integrated photonic structures that exploit exceptional points of degeneracy (EPDs) in loss-

less and gainless waveguides to achieve unprecedented performance enhancements. EPDs are

spectral degeneracies where both eigenvalues and eigenvectors coalesce. They enable unique

dispersion engineering capabilities that can result in ultra-slow light propagation, enhanced

field confinement, and strong light–matter interaction [3, 4, 5].

Applications leveraging EPDs have been explored across various fields, including solid-state

oscillators [6, 7, 8], electron-beam-based oscillators and amplifiers [9, 10], compact delay

lines [11], narrowband antennas [12], pulse compressors [13], and high-Q resonators and

lasers [14, 15, 16, 17, 18, 19].

1



Most state-of-the-art designs supporting EPDs in the literature rely on extensive and often

time-consuming geometry optimization. In contrast, this work develops a systematic frame-

work for designing waveguides and optical cavities that support high-order EPDs. New

figures of merit, theoretical tools, and modeling approaches are introduced to identify and

analyze the degeneracy conditions. These EPD-based platforms are then applied to active

devices, such as ultra-low-threshold lasers operating near stationary inflection points and de-

generate band edges, and to nonlinear photonic structures for efficient harmonic generation.

This approach connects fundamental wave physics with practical device implementations

and establishes EPDs as a powerful paradigm for integrated photonic technologies.

1.2 History of Exceptional Points of Degeneracy (EPD)

An exceptional point of degeneracy (EPD) is a point in a system’s parameter space where

both eigenvalues and eigenvectors coalesce simultaneously [20, 21, 22, 23]. The concept of

an exceptional point (EP) was discussed in Kato’s seminal work on perturbation theory

[23]. Unlike traditional degeneracies that refer only to the coincidence of eigenvalues (such

as wavenumbers), EPDs involve the collapse of both eigenvalues and the corresponding

eigenvectors, leading to a stronger form of degeneracy that governs polarization and modal

behavior [24]. Because of this high-order mode mixing, the term ”degeneracy” is added to

”exceptional point” to form EPD.

In non-Hermitian systems, real eigenvalue spectra can still emerge when the system exhibits

parity-time (PT) symmetry [25]. A system is PT symmetric if the combined PT operator

commutes with the Hamiltonian [26, 27], where parity reflects spatial coordinates and time

reversal swaps gain and loss [28]. The point at which the eigenvalues transition from real

to complex, as gain/loss or coupling parameters are varied, marks an EPD. This spectral

transition is often referred to as the PT-symmetry breaking point.
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In optics, PT symmetry is realized when the complex refractive index satisfies n(x) = n∗(x),

where x is a spatial coordinate and ∗ denotes complex conjugation [29, 30, 31, 32]. EPDs also

appear in bifurcation theory as branch points in control parameter space, where multiple

eigenvalue branches merge [33, 34, 35, 36]. These concepts have further been observed in

multilayer waveguiding systems, where EPDs serve as critical points governing wave propa-

gation [37, 38, 39, 40, 41].

The simplest example of an EPD in a waveguide’s modal propagation is a second-order

degeneracy that occurs at the modal cutoff frequency of a uniform waveguide [42]. Second-

order EPDs also appear at the regular band edge (RBE) of lossless periodic waveguides and

photonic crystals [43, 44, 45]. Higher-order EPDs, such as third- and fourth-order degenera-

cies in lossless and gainless waveguides, are of particular interest due to the contributions of

evanescent modes. For instance, a third-order EPD corresponds to a stationary inflection

point (SIP) [5, 46], and a fourth-order EPD is known as a degenerate band edge (DBE) [17, 4].

These points arise in the modal dispersion relation ω(k), and their order m determines the

flatness near the degeneracy, where (ω − ωm) ∝ (k − km)
m [47].

The SIP is of special interest because it supports the so-called frozen mode, a wave with

vanishing group velocity and enhanced field amplitude away from the edges of the waveguide

[3, 4]. Unlike the RBE and DBE, which are adjacent to photonic bandgaps, the SIP exists in a

band without gaps. The SIP and the DBE both supports resonances that are fundamentally

different than those of the RBE due to their hybrid nature involving both propagating and

evanescent modes [48]. Furthermore, the SIP condition is relatively insensitive to small

changes in geometry, making it practical for real-world implementations [49].

Theoretical predictions of SIPs and DBEs have been confirmed in both microwave and op-

tical domains. SIPs have been studied in microwave waveguides [50, 51, 52] and in optical

waveguides [53, 54, 11]. Experimental demonstrations of frozen modes at microwave fre-

quencies have been reported in reciprocal microstrip waveguides [52]. Similarly, DBEs have
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been validated experimentally using periodic metallic waveguides [55], microstrip platforms

[56, 57], and at optical frequencies in Silicon waveguides [58].

Therefore, these two kinds of EPDs (i.e., the SIP and the DBE) have been demonstrated in

systems that are entirely lossless and gainless, particularly through dispersion engineering

in periodic coupled-mode waveguides and photonic crystals [43, 5, 56]. Key works have

introduced EPD designs that realize second-, third-, and fourth-order degeneracies; RBEs,

SIPs, and DBEs, respectively [43, 44, 59, 60, 61, 62, 53, 63, 64, 65]. The combination of

theoretical modeling, symmetry-based design, and experimental validation has brought the

SIP and the DBE from mathematical abstraction into the realm of practical device design.

This dissertation builds upon this body of work by implementing SIPs and DBEs in realistic

photonic waveguides and applying them to conceive new low-threshold lasers and nonlinear

devices with enhanced conversion efficiency. Through this, it contributes to advancing the

understanding and practical use of EPDs in integrated photonics.

1.3 Applications of EPDs at optical frequencies

EPDs at optical frequencies in lossless and gainless waveguides open new avenues for de-

signing devices with extreme electromagnetic responses. One of the primary applications is

in time-delay systems and optical buffers, where the near-zero group velocity near an SIP

enables significant enhancement in group delay and quality factor. This behavior can be

exploited in optical delay lines, resonators, and photonic circuits requiring compact, high-

performance delay elements [3, 4]. The scaling of the group delay with waveguide length near

an EPD far exceeds that of conventional slow-light structures, making EPD-based systems

particularly attractive for integrated photonic timing and sensing applications.
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Another major application is in the development of solid-state lasers with enhanced per-

formance. DBEs have been used to conceive laser cavities with significantly lower lasing

thresholds [66] and possibly higher power efficiencies by tailoring the density of states and

enhancing light–matter interaction [18, 67]. In particular, the degenerate band edge (DBE)

condition has been shown to support single-mode lasing with high power efficiency due to

the anomalously high Q-factor and field enhancement at the degeneracy point [68, 19].

Additionally, we show that the DBE enables a new regime for efficient nonlinear optical

conversion. The field enhancement and slow-light effect near EPDs lead to a significant

increase in the effective interaction length and intensity [5, 66], making them ideal for second

harmonic generation (SHG) and other nonlinear optical processes. The ability to engineer

phase matching and modal overlap near EPDs allows for compact, integrated nonlinear

devices with greatly improved conversion efficiencies.

These unique features make EPDs a powerful design paradigm for a wide range of photonic

components operating at optical frequencies, with promising applications in communications,

sensing, and quantum computing.

1.4 Interplay between optical and molecular chirality

Besides investigating EPDs in photonic integrated circuits, this dissertation also includes

advancements in the field of optical chirality.

The chirality of electromagnetic fields can be quantified through the helicity density, a pseu-

doscalar field property directly connected to the projection of the spin angular momentum

onto the direction of propagation [69]. For monochromatic light, the time-averaged helicity

density h is given by [70, 71]
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h =
1

2ωc
ℑ(E ·H∗), (1.1)

where E and H are the electric and magnetic field phasors, ω is the angular frequency, and

c is the speed of light in vacuum.

Importantly, the magnitude of the helicity density is fundamentally bounded by the local

energy density u of the field as |h| ≤ u/ω [70]. Light fields that reach this upper bound

are said to be optimally chiral (OCL), and they represent the most effective polarization

configuration for maximizing chiral light-matter interactions.

While circularly polarized light (CPL) is the most common example of optimally chiral

light, structured beams offer additional design flexibility. In particular, beams with purely

longitudinal electric and magnetic fields at specific locations can achieve optimal chirality

without relying on circular polarization in the transverse plane [72, 70]. This characteristic

is especially advantageous for probing or manipulating chiral particles along the beam axis,

where conventional CPL would fail.

In this dissertation, we focus on the azimuthally-radially polarized beam (ARPB), a super-

position of an azimuthally polarized beam (APB) and a radially polarized beam (RPB),

which has been shown to exhibit optimal chirality when an appropriate phase shift is in-

troduced between its components [73, 74]. The ARPB is of particular interest because its

transverse fields vanish along the beam axis, where the helicity density stems purely from

its longitudinal fields, enabling highly selective interaction with chiral particles placed along

the beam center.

Furthermore, we experimentally demonstrated the generation of optimally chiral ARPBs

using vectorial beam shaping techniques, achieving precise control over their helicity den-
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sity. By varying a single beam parameter, we showed the ability to continuously tune the

helicity density across its full range of possible values, a feature that holds great potential

for applications in sensing, enantioselective trapping, and nanoscale manipulation of chiral

matter.

1.5 Organization of the Dissertation and Contents

The dissertation is organized into Chapters that involve the theory and applications of dis-

persion engineering in optical devices, plus two additional chapters on the optimally chiral

ARPB.

Chapter 2: In this chapter, we advance the theory of lasers operating near a stationary

inflection point in active periodic optical waveguides. Using the ASOW structure from

previous work [1], we demonstrate that lasing near the SIP leads to a threshold gain that

scales as the inverse cube of the waveguide length. We show this scaling persists even with

small distributed losses, and that lasing near an SIP is preferred over lasing near the closest

RBE. The chapter also analyzes the impact of gain and loss on the dispersion properties and

coalescence of eigenmodes near the SIP, demonstrating the robustness of SIP-induced frozen

modes under practical (imperfect) conditions.

Chapter 3: In this chapter, we present a systematic methodology for designing slow-light

photonic integrated circuits with a frozen mode based on a special kind of EPD of order three,

i.e., the SIP. This is realized through three-way coupled waveguides with lateral gratings op-

erating at telecommunication wavelengths. We provide two designs and analyze sensitivity

to geometric perturbations. We have fabricated a periodic waveguide with integrated tapers

and demonstrate good agreement with full-wave simulations. These findings confirm the fea-

sibility of integrating SIP-based delay functionalities in standard silicon photonic platforms.
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Chapter 4: In this chapter, we advance concepts in lasing in a double grating photonic

structure that operates near an exceptional point of degeneracy (EPD) of fourth order. The

so-called degenerate DFB (DDFB) laser relies on lasing near an exceptional degeneracy in-

volving four different Bloch eigenmodes, known as a degenerate band edge (DBE), to achieve

a robust single-frequency lasing regime. A DDFB photonic cavity operating close to the DBE

frequency is shown to display a large quality factor that scales with the fifth power of the

cavity length. Upon the inclusion of gain, the DDFB cavity displays an exceptionally low

lasing threshold that scales as the inverse of the fifth power of the double grating length,

i.e., αD,th ∝ 1/N5, where N is the number of waveguide unit cells making the mirrorless

cavity. The work proposed here shows a path to single-frequency lasing mode using a mir-

rorless cavity with minimal device footprint. The DDFB laser is very attractive for various

applications including communications, sensing, and spectroscopy.

Chapter 5: In this chapter, an anomalous flat band dispersion provided by a degenerate

band edge (DBE) of optical modes in a double grating structure is used to enhance second

harmonic generation (SHG) extracted vertically. The DBE is a fourth-order exceptional point

of degeneracy (EPD) in a lossless and gainless waveguide, characterized by the coalescence of

four eigenmodes that establish a frozen mode in a cavity. At a DBE resonance, the cavity’s

quality factor scales as Q ∝ N5, where N is the number of gratings’ unit cells. In our

numerical experiments, we observe the peak fundamental-field intensity in the edge-excited

cavity scaling as I1 ∝ N3.6. This leads to a highly efficient SHG process that is radiated

vertically from the cavity without the need for phase matching, with a conversion efficiency

scaling as η ∝ N8.27. The resulting theoretical conversion efficiency per-unit-length squared

is comparable to the literature. These results establish DBE-based waveguides as promising

platforms for miniaturized efficient nonlinear photonic devices.

Chapter 6: In this chapter, we explore the electromagnetic properties of structured light

beams engineered for optimal chiral light–matter interaction. Specifically, we study the
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superposition of azimuthally and radially polarized beams forming an azimuthally-radially

polarized beam (ARPB), which supports purely longitudinal electric and magnetic fields

on its axis. We introduce a concise formalism to describe the ARPB and derive analytical

expressions for its field quantities, including energy, momentum, and helicity densities. We

demonstrate that, under optimal conditions, the ARPB achieves maximal helicity density at

a given energy density, qualifying it as “optimally chiral light.” The beam’s chiral charac-

teristics (which are present in the longitudinal direction as well as in the transverse plane)

enable highly selective probing of the longitudinal chiral polarizability of nanoparticles. We

conclude the chapter by proposing experimental setups for the generation of ARPBs with

tunable chirality and orbital angular momentum.

Chapter 7: In this chapter, done as a collaboration with Dr. Preece and Nico Perez, we

experimentally demonstrate and characterize the structured light beam studied in Chapter

7, the azimuthally-radially polarized beam (ARPB). Using a dual–spatial light modulator

setup, we generate paraxial ARPBs and validate their helicity properties across the trans-

verse plane. We show that the helicity density of the beam can be precisely tuned by

adjusting a single phase parameter, enabling continuous control over the beam’s chirality.

Our findings confirm that optimal chirality (defined by a maximum helicity-to-energy density

ratio) is achieved for specific configurations, and that circular polarization is sufficient but

not necessary for optimal chirality. These results advance the experimental realization of

self-dual and optimally chiral light fields, with strong implications for optical manipulation

and sensing of chiral matter.
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Chapter 2

Lasing at an Stationary Inflection

Point

In this chapter, we demonstrate that lasing can occur near a stationary inflection point

(SIP) in a periodic optical waveguide, leading to a laser with a threshold gain that scales

inversely with the cube of the cavity length. Using coupled-mode theory and transfer matrix

analysis, we show that SIP-based lasers offer significantly lower thresholds and enhanced

field localization compared to lasers operating near regular band edges, even in the presence

of small losses.

2.1 Introduction

An exceptional point of degeneracy (EPD) is a point in a parameter space associated with

the coalescing of the eigenvalues and the eigenvectors of a system, see for example Ref. [75,

76, 77, 78, 79, 80], or [3] where Figotin and Vitebskiy refer to EPDs as stationary points,

without explicitly using the term EPD but providing detailed math and physics aspects. It
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has been shown that EPDs in photonic systems exist when waveguide modes are coupled in

the presence of gain and loss, as in PT-symmetric systems [79, 81, 82, 83, 18, 19]. However,

systems do not need to have loss and gain to exhibit an EPD. In this paper, indeed, we

focus on the stationary inflection point (SIP) formation in periodic lossless and gainless

waveguides [84, 85, 86, 87, 88, 89, 5, 90, 91, 92]. The SIP is an EPD of order three [5, 46]. In

lossless and gainless waveguides, a second, third, and a fourth-order exceptional degeneracy

of Floquet-Bloch eigenmodes are associated with a regular band edge (RBE), an SIP [93, 5],

and a degenerate band edge (DBE) [17] in the frequency-wavenumber dispersion relation of

the waveguide modes, respectively. In the vicinity of an EPD of order m at (km, ωm), the

frequency-wavenumber dispersion relation is approximated as [47, 5]

(ω − ωm) ∝ (k − km)
m, (2.1)

which shows that the higher the order of the EPD, the flatter the dispersion diagram in

its vicinity. For example, an SIP (m = 3) has a flatter dispersion diagram than an RBE

(m = 2). The DBE has a flatness given by m = 4 and it is a degenerate version of the

RBE. In contrast to the SIP, the RBE and the DBE have a bandgap on one side of the RBE

or DBE frequency, therefore the SIP exhibits physical properties that differ from those of

the RBE and DBE. The flatness at the SIP frequency ωS is associated with the inflection

point developed in the dispersion relation of the propagating component of the frozen mode

[48], as is illustrated in Fig. 2.1(b). The flatness at the RBE frequency, however, is due to

the coalescence of two counter-propagating modes. The common slow-wave resonances near

an RBE are fundamentally different than the resonances that couple to the SIP-associated

frozen mode because the SIP is not sided by a bandgap [4] and the frozen mode is composed

also by evanescent waves. Moreover, the SIP condition is not particularly sensitive to the
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(a) (b)

Figure 2.1: (a) SIP laser made of a periodic ASOW; gain is assumed to be distributed
uniformly along the waveguide. The SOI waveguide follows a serpentine path. A unit cell of
length d = 2R is defined within the two oblique dashed lines as in [1]. There are bidirectional
coupling points between adjacent loops (denoted by red arrows). (b) Dispersion diagram of
the propagating modes, with SIPs at ωS.

size and shape of the underlying photonic structure [49]. The frozen mode regime exhibits

exceptional properties including low group velocity, greatly enhanced quality factor and

group delay characterized by a strong scaling with the waveguide length [4].

An enhanced group delay allows for large one-pass amplification compared to conventional

lasers of the same cavity length [68]. This boost has been observed theoretically in lasing

systems operating near an RBE [94] and a DBE [68, 66]. The concept of unidirectional

lasing near SIP in a periodic non-reciprocal multilayered structure was discussed in [89]. A

fundamental problem with the SIP realization in multilayered structures is that it essentially

requires nonreciprocity, which at optical wavelengths is too small to achieve a well-defined

SIP in the Bloch dispersion relation. In other words, the model considered in [89] can be

practically relevant only at microwave frequencies, where the nonreciprocal effects can be

strong enough. By contrast, SIP realization in three-way periodic optical waveguides does

not require the use of magneto-optical materials and can be achieved in perfectly recipro-

cal systems at optical wavelengths. We advance the theory of SIP lasing in a silicon-on-
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insulator (SOI) reciprocal waveguide, namely in the periodic asymmetric serpentine optical

waveguide (ASOW). The ASOW is examined using coupled-mode theory and the transfer

matrix method as was done for the waveguides studied in [95, 5], and therefore our analysis

is restricted to the linear regime. In the future, we aim to expand on the findings presented

in this article by conducting time-domain simulations to provide an insight into mode selec-

tivity and the impact of nonlinear effects in SIP lasers. The principal result of this paper

is that resonances near the SIP frequency experience giant power gain when an active ma-

terial [96] is integrated into the periodic structure. We establish that the lasing threshold

corresponding to these resonances scales as N−3, where N denotes the number of unit cells

in the finite-length waveguide. The presence of distributed losses, such as those resulting

from the roughness or radiation of waveguide bends, naturally leads to an increase in the

lasing threshold. For small distributed losses, however, the inverse cubic scaling of the lasing

threshold with waveguide length remains intact. In fact, we demonstrate that even though

small values of gain and loss distort the dispersion diagram of the modes near the SIP, due

to the exceptional sensitivity of the mode wavenumbers at an EPD [3], the distorted modes

retain similar characteristics as those exhibited by the frozen mode. The SIP condition is

shown to be superior to the RBE condition for enhancing the power gain in cavities with the

same gain medium and length. We observe that the SIP resonance induces a lower lasing

threshold than the RBE resonance, even if the SIP resonance has a lower quality factor.

The paper is organized as follows: in Section 2.2 the ASOW is defined as in [1] and we show

an example of an SIP in ASOW. In Section 2.3 a gain medium is added to the ASOW. The

effect of bending losses and gain-induced mode distortion on laser performance is analyzed

in Section 2.4. In Section 2.5 we study potential lasing in the vicinity of RBEs close to

the SIP and introduce design considerations to prevent it. The results are summarized in

Section 2.6.
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2.2 SIP in ASOW

The ASOW, introduced in [1] as a modification of the symmetric serpentine optical waveguide

in [95], is a SOI periodic asymmetric serpentine optical waveguide depicted in Fig. 2.1(a).

It is composed of small rings of radius R connected at angles α1 and α2, which are defined

at the center of the rings and with respect to the horizontal axis. These rings are also

side-coupled to the adjacent rings. Here, the evanescent coupling between adjacent rings

is considered point-like, bidirectional, and lossless, as traditionally assumed [97, 98]. The

lossless condition ensures κ2 + τ 2 = 1, where κ and τ are the coupling and transmission

coefficients, respectively. The unit cell of the ASOW is defined between two oblique lines

that descend from the top of two adjacent rings at an angle β = α1 − α2. The unit cell

has a length of d = 2R, and it is portrayed in Fig. 2.2. It is convenient to split the unit

cell into three different sections as was done in [1]: Section A, of which there are four per

unit cell, describes a quarter of a circle and adds a phase of ϕA = k0nwπR/2 to the waves

traveling through it. The term k0 = ω/c is the wavenumber in vacuum where ω is the angular

frequency, c is the speed of light in vacuum, and nw is the mode effective refractive index.

Sections B and C describe the arcs connecting the top loops with the bottom loop, at the

left and right sides of the unit cell, at angles α1 and α2 from the horizontal axis, respectively.

They describe the asymmetry of the ASOW through the angle difference β = α1 − α2, and

have an associated phase of ϕB = k0nw2α1R and ϕC = k0nw2α2R. For an SIP to form, three

eigenmodes must collapse on each other (in terms of wavenumber and polarization states,

i.e., eigenvalues and eigenvectors), which requires them to belong to the same irreducible

wavevector symmetry group. A way to do that is by setting β ̸= 0 [1], which breaks the glide

symmetry of the ASOW, though the SIP has been found also in glide symmetric waveguides

[46].

The electromagnetic guided fields are modeled in terms of the forward and backward waves

[1]. Figure 2.2 shows the three ports at both the n − 1 and n sides of the unit cell, and
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Figure 2.2: The n-th unit cell of the ASOW is divided in four Sections A, a quarter of a circle
long; Sections B and C, the arcs connecting the top and bottom loops at the left and right
sides of the unit cell, respectively. The angles α1 and α2 determine the lengths of Sections
B and C (respectively), and their difference β determines the asymmetry of the unit cell.
Besides the coupling to adjacent unit cells via Port 1, at each left and right sides of the unit
cell, there are also proximity coupling points through Ports 2 and 3, at each side of the unit
cell.

the two waves defined at the right side of each port. The state vector ψ(n) with all the six

electric field wave amplitudes is defined as

ψ(n) =

(
E+

1 , E
−
1 , E

+
2 , E

−
2 , E

+
3 , E

−
3

)T

, (2.2)

and its “evolution” from unit cell to cell is given by ψ(n) = Tuψ(n − 1), where Tu is the

transfer matrix of the unit cell, given in [1]. The time convention ejωt is adopted in this

paper. The ASOW is a reciprocal structure; it supports six independent modes (unless an

EPD occurs) that appear in symmetric positions with respect to the center of the Brillouin

zone (BZ) [5]. The unit cell is engineered so the three modes with the same sign of Re(k)
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coalesce at the SIP angular frequency ωS [1]. The occurrence of the SIP (which is an EPD

of order three) is demonstrated by the vanishing of the coalescence parameter σ, whose

concept was introduced in [19] for a DBE (where the authors referred to it as a figure of

merit or hyperdistance), and applied to an SIP in Refs. [46, 1]. In Fig. 2.3 we show the

modal dispersion diagram of an SIP in ASOW, an example which is referred to throughout

the paper as the SIP-ASOW. Its SIP frequency is fS = 193.54 THz and it has structure

parameters: R = 6 µm, α1 = 67.4◦, α2 = 55.6◦ and κ = 0.5. The ASOW is made of

a rectangular waveguide with a width of 450 nm and a height of 220 nm, whose modal

effective refractive index is nw = 2.36 assumed constant in the frequency range of interest

[1, 95].

Figures 2.3(a) and (b) depict the real and the imaginary parts of the wavenumber against

the angular frequency in the fundamental BZ. Solid black lines represent modes with purely

real k whereas dashed colors denote modes with complex k. The propagating modes (black

solid line) in Figures 2.3(a) are the same ones shown also in Fig. 2.1(b). At the SIP angular

frequency ωS, the wavenumbers of the three modes coalesce at the two inflection points in

reciprocal positions with respect to the center of the BZ, and the imaginary part of all modes

vanishes. Figure 2.3(c) shows the dispersion diagram in the complex k space, where the

arrows point in the direction of increasing frequency. The three wavenumbers coalescence is

very clear in this figure, and at each SIP the angles between the curves are 60°. Figure 2.3(d)

shows the coalescence parameter σ, defined as in [1], versus angular frequency. It vanishes

at the SIP frequency, clearly showing the coalescence of three eigenvectors and therefore

indicating the occurrence of an EPD of order three (the SIP). The two local minima indicate

the presence of RBEs at frequencies near the SIP. While the transfer matrix Tu of the unit

cell is non-Hermitian and J-unitary at any frequency (see Refs. [18, 19, 99]), at the SIP

frequency, Tu is similar to a Jordan canonical matrix; it cannot be diagonalized [17, 5]. The

EPD in this paper (the SIP) is found in a lossless and gainless ASOW, demonstrating that

the presence of gain and loss is not necessary to produce an EPD.
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The three descriptors of an SIP in a loaded finite-length ASOW of N unit cells are the

transfer function Tf , the group delay τg, and the quality factor Q. The finite-length ASOW is

shown in Fig. 2.1(a) where the first and last unit cells are terminated on straight waveguides,

without any mirrors and any discontinuity in the waveguide, using Port 1 on either the left

or the right sides of the unit cell shown in Fig. 2.2. However, since each unit cell is defined

with three ports on each side, Ports 2 and 3 on either end of the finite-length ASOW are

terminated without coupling to adjacent cells, as in [1]. The transfer function is defined as

Tf (ω) =
Eout
Einc

=
E+

1 (N)

E+
1 (0)

, (2.3)

where E+
1 (0) is the incident signal and E+

1 (N) is the transmitted wave onto the attached

straight waveguide on the right side of Fig. 2.1(a). The group delay is [68],

τg(ω) = −∂
̸ Tf (ω)

∂ω
(2.4)

where ̸ Tf (ω) is the phase of the transfer function. The quality factor for large N is reliably

approximated by [5]

Q =
1

2
τg(ωS,res)ωS,res, (2.5)

where ωS,res is the resonance frequency closest to the SIP frequency ωS, referred to as the SIP

resonance. For long lossless-gainless periodic waveguides, the asymptotic trend is that Q ∝
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N3 [4, 1]. From Eq. (2.5), the group delay at the SIP resonance also scales asymptotically

as τg(ωS,res) ∝ N3. The concept of transfer function is used later on to determine the lasing

threshold.

2.3 Lasing theory in coupled waveguides with SIP

2.3.1 Steady-state gain medium response

Lasing in the lossless ASOW requires doping it with a gain medium, e.g. Erbium, or with

other methods, such as using quantum wells. We assume that the gain bandwidth of the

active medium includes the SIP frequency of the underlying passive structure. Assuming

the gain is uniformly distributed along the waveguide, the mode complex effective refractive

index is [98]

n = nw − jn′′
g , (2.6)

where the subscript g stands for gain and ′′ indicates the number has an imaginary value.

In the first-order approximation, we neglect the effect of gain on the real part of the mode

effective refractive index within the frequency range of interest. The conversion between

gain modeled as an imaginary part of the mode effective refractive index n′′
g and as the gain

coefficient αg (in units of dB/cm) at an angular frequency ω is n′′
g(ω) = −αg(100/8.686)(c/ω),

where c is the speed of light in m/s. The imaginary part of the mode effective refractive

index is negative for gain, i.e., n′′
g < 0.
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2.3.2 One-pass amplification in ASOW

Waves traveling in an ASOW at a frequency close to ωS experience a high group delay [1],

which increases the effective length of the cavity Leff = cτg [68, 100]. In turn, this increases

the effective power gain coefficient geff = γLeff in active devices, where γ = −2k0n
′′
gf is

the per-unit-length power gain coefficient [98]. The term f is the filling factor of the active

material in the host medium. Therefore, operating the active ASOW at a resonance near ωS

results in an enhanced effective power gain coefficient, which is estimated as

geff ≈ −2ωresn
′′
gτg(ωres)f, (2.7)

and the one-pass effective power gain as

Geff ≈ |Tf (ωres)|2egeff , (2.8)

where the Tf and the τg (used to calculate geff ) belong to the lossless-gainless finite-length

ASOW. This approximation is valid for small values of gain for which the modal properties

of the SIP are not significantly perturbed [68, 101]. Section 2.4.2 provides a more in-depth

discussion on the effects of gain and loss on the distortion of the modes associated with an

SIP by examining its effect on the dispersion diagram and on the coalescence parameter of

the waveguide modes. The effective power gain coefficient geff is rewritten as

geff = −4n′′
gQf, (2.9)
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which shows why high-Q lasers, such as those operating near an SIP [1], require less gain

than lasers with lower Q factors to provide the same output.

2.3.3 SIP lasing threshold scaling

We define the lasing threshold as the minimum gain required to maintain oscillations within

a cavity. In a finite-length waveguide operating at a resonance and with a set gain n′′
g = n′′

th,

the corresponding value of the effective power gain coefficient geff (ωres) is calculated using

Eq. (2.7). Since the geff parameter is the actual gain parameter that determines the system

to start oscillations, when we set this to assume the threshold value, from Eq. (2.9) one

infers that the refractive index gain threshold n′′
th ∝ 1/Q. This relationship indicates a

trend, because this discussion (as the one in the previous section, where Eq. (2.9) is derived)

neglects the fact that the dispersion diagram, hence τg and Q, is affected by the presence of

gain [68, 101].

For asymptotic gainless and lossless periodic waveguides operating near an SIP, Q ∝ N3

[4, 1]. Hence, the SIP lasing threshold, which is calculated at the SIP resonance ωS,res of

an ASOW of finite length, satisfies n′′
S,th ∝ N−3 asymptotically. Figure 2.4 depicts this

trend for the lossless SIP-ASOW, where the SIP lasing threshold is represented by blue

dots. The blue line is the fitting curve n′′
th = −0.016×N−3 + 7 × 10−8, calculated for N ∈

[5, 40]. We calculate the SIP lasing threshold with the approach described in Appendix A.

The inversely proportional relationship between the quality factor and the lasing threshold

in a conventional cavity [102] has been observed having different scaling laws near RBEs

(n′′
th ∝ N−3), DBEs (n′′

th ∝ N−5) in photonic crystals [68] and waveguides [66], and 6DBEs

(n′′
th ∝ N−7) in periodic waveguides [103]. In comparison, here we have demonstrated that

when working near the SIP, the lasing threshold scaling is n′′
th ∝ N−3. Note that cavities

made of waveguides possessing the SIP have no mirrors at their left and right ends; the
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cavity effect is due to the ”structured” degenerate resonance where the energy distribution

vanishes at the cavity edges due to the frozen mode regime, as was shown in [68] for the

DBE and in [104] for the SIP.

2.4 Practical considerations

2.4.1 Distributed losses

We consider distributed losses and analyze their effect on the lasing threshold of an active

ASOW. Radiation losses due to the waveguide bends in the ASOW are modeled as a positive

imaginary part n′′
r of the mode effective refractive index, leading to

n = nw − j
(
n′′
g + n′′

r

)
. (2.10)

Based on the full-wave simulations in Ref. [2], bending losses are estimated as n′′
r = 2.3×10−5

for a waveguide with radius R = 6 µm and n′′
r = 4.7× 10−6 for R = 10 µm. Therefore, the

magnitude of the lasing threshold |n′′
L,th| of the lossy ASOW is

|n′′
L,th| = |n′′

th|+ n′′
r , (2.11)

which shows radiation losses shift the curve shown in Fig. 2.4 upwards. Other distributed

losses can also be modeled as a positive imaginary part of the effective refractive index,

causing a further shift of the lasing threshold. In the following, we will show that the
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considered losses and gain, even though they distort the dispersion diagram, are not large

enough to fundamentally modify the properties of the frozen mode associated to the SIP,

i.e., the coalescence parameter still tends to vanish (Fig. 2.5), which explains why the SIP

lasing threshold still scales asymptotically as a negative cube of the waveguide length.

2.4.2 Gain and loss-induced mode distortion

We discuss the modal dispersion diagram distortion induced by the presence of either gain or

loss in the otherwise lossless-gainless SIP-ASOW. Eigenmodes at an EPD display exceptional

sensitivity when a system parameter is perturbed by a small quantity [3]. The insertion of

gain or loss in the lossless-gainless ASOW perturbs the mode effective refractive index (i.e.,

of the quasi-TE mode in the infinitely long homogeneous straight rectangular waveguide),

by a small quantity ∆n. Therefore, the degenerate wavenumber kS at the SIP frequency

splits into three wavenumbers kq, with q = 1, 2, 3, estimated by a first-order approximation

of the Puiseux fractional power series [3, 5, 76] as

kq(∆n) ≈ kS + a1e
j 2π

3
q(∆n)1/3, (2.12)

where a1 is a constant calculated following the expressions in Ref. [105]. The wavenum-

ber perturbation at and near the SIP frequency, due to gain or loss, is stronger than the

wavenumber perturbation at frequencies away from the SIP. This important phenomenon is

understood by comparing the result in Eq. (2.12) with the conventional Taylor expansion for

the wavenumber perturbation when the frequency is sufficiently far from the SIP, leading to

each of the three wavenumbers (in each direction) kq (with q = 1, 2, 3) at any ω away from

the SIP to be approximated as kq(∆n) ≈ kq,0 + bq(∆n), where bq = ∂kq/∂n is the standard
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coefficient of a Taylor expansion when a perturbation ∆n of the modal refractive index n

(of the homogeneous straight waveguide quasi-TE mode) is applied. Therefore, when we

look at the wavenumber perturbation from the SIP (i.e., when the system operates at the

SIP frequency), one has ∆kSIP = kq − kS ∝ (∆n)1/3. This generates a larger wavenumber

perturbation than ∆kq = kq − kq,0 ∝ (∆n), i.e., when not working at the SIP frequency.

As an example, when |∆n| = 10−3, i.e., we modify the third decimal digit of the effective

refractive index, one has |∆n|1/3 = 10−1 which is much larger than 10−3. Therefore, when in

Eq. (2.10) we consider a small ∆n = ng − nw = −j
(
n′′
g + n′′

r

)
, it is clear that the dispersion

diagram at the SIP is more perturbed than at any other frequency. This is confirmed by the

following simulations.

Figure 2.5 shows the eigenmode perturbation in a SIP-ASOW without loss but with gain

n′′
g = −8 × 10−6, equivalent to αg = 2.82 dB/cm, superimposed on the dispersion diagram

of the same waveguide without gain (thin gray line). Figures 2.5(a) and (b) depict the real

and imaginary parts of the wavenumbers of the modes. The inset shows the details of the

perturbation of the wavenumber due to gain at the SIP. Any wavenumber perturbation is

much less visible at any other frequency. The distortion of the SIP due to the presence of gain

is observed more clearly in Fig. 2.5(c), which shows the dispersion diagram in the complex k

space. The three wavenumbers do not fully coalesce anymore, and they slightly depart from

kS at angles of 120◦ from each other, as shown in Eq. (2.12). Larger gain would cause an

even larger departure from kS. These observations are in agreement with what was discussed

in [101] for an RBE and in [106] for an SIP: adding gain to the lossless-gainless waveguide

deteriorates the degeneracy and its exceptional properties. The extent of the deterioration

of the properties, however, remains unclear. As discussed in [101], the presence of a small

amount of either gain or loss causes a perturbation of the wavenumber (and hence of the

group velocity) of the same magnitude.

Despite having explained why the dispersion diagram experiences the largest perturbation in
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the neighborhood of the SIP, we also show that the EPD-related properties associated to the

SIP are however retained. Indeed, with the amount if gain here considered, we still observe

the coalescence of the three eigenvectors (i.e., polarization states), that fully describe the

degree of the exceptional degeneracy. Indeed, in Fig. 2.5(d) we show that even though the

coalescence parameter σ does not fully vanish at the SIP, it is still significantly smaller than

unity at ωS. Therefore, the SIP feature of three eigenvectors approaching each other is still

present despite the SIP distortion due to gain. Experimental verifications of the existence

of an SIP in non-reciprocal and reciprocal waveguides with small losses were reported in

[87, 46], where the distorted dispersion diagrams were reconstructed, which resemble the

one shown in Fig. 2.5. Despite the distortion, the modes still exhibit properties typically

associated with the frozen mode. Therefore, the SIP condition is relatively resistant to the

presence of small values of loss or gain. For increasingly large values of gain, however, the

group delay at frequencies near the SIP eventually diminishes (because the SIP gracefully

loses its properties), and this effect curbs the effective power gain coefficient geff in Eq. (2.7).

In summary, despite the stronger perturbation of the wavenumbers in proximity of the

SIP frequency compared to other frequencies, the coalescence parameter in Fig. 2.5(d) still

shows that the three eigenvectors are close to each other, demonstrating a good degree of

exceptional degeneracy. On the other hand, larger and larger gain values would strongly

perturb the SIP degeneracy till there is no degeneracy anymore.

2.5 Lasing at SIP versus RBE

It is typical that optical structures capable of supporting an SIP also have RBEs close to

ωS [4, 89, 5, 1, 91, 107, 108]. Tolerances in fabrication might prevent the formation of the

SIP, and the laser would then operate near an RBE. The lossless-gainless ASOW is relatively

robust to fabrication tolerances because it is formed by a single waveguide with a continuous
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curvature slope, as seen in Fig. 2.2, and therefore some changes would only cause a shift

of the SIP frequency. For example, a perturbation in nw is expected to occur uniformly,

so the SIP would still be formed, although at a different frequency. However, some other

perturbations may degrade the quality of the SIP (the coalescence parameter would not

approach zero), and therefore the properties of the frozen mode might be compromised.

In some scenarios, despite the occurrence of an SIP, a laser might emit at the RBE resonance

frequency ωR,res, the closest to the RBE frequency, if it has a lower lasing threshold than

the one associated to the resonance at ωS,res.

To prevent RBE lasing, one potential solution is to increase the frequency difference between

the SIP and RBE. Consequently, we consider the free spectral range (FSR), defined by the

phase accumulated by propagation along the optical length of an ASOW unit cell without

coupling (ie: without the frozen mode). From [95] adapted to the asymmetric case studied

in [1] and here, we have

∆fFSR =
c/nw

2R(π + α1 + α2)
. (2.13)

Therefore, the distance between the SIP and the RBE is increased by decreasing R, which

effectively stretches the dispersion diagram. A smaller loop radius, however, is associated

with higher radiation losses, as shown in Fig. 2.6. As a compromise, we choose R = 6 µm

in the SIP-ASOW example. In the following discussion, we compare the performance of

the SIP-ASOW of different lengths operating either near the SIP or near an RBE (shown

in Fig. 2.3). We choose to consider the RBE at a lower frequency (fR) than the SIP (fS)

because it is the one closest to the SIP (versus the RBE at a higher frequency than the SIP).

The frequency difference between these two EPDs is ∆f = fS − fR = 76.4 GHz.
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Assuming both the SIP and the RBE frequencies fall within the active frequency region of

the gain medium, as would be the case for an Erbium-doped waveguide [109], the system may

start oscillations at the SIP resonance frequency fS,res or at the RBE resonance frequency

fR,res. We denote by n′′
S,th and n′′

R,th the two gain values that would start oscillations at

those two frequencies, respectively. Lasing near the RBE would occur if the RBE lasing

threshold, which is calculated at ωR,res following the method described in Appendix A,

satisfies |n′′
R,th| < |n′′

S,th|. Following the discussion from Section 2.3.3, one would expect lasing

near the RBE if the quality factor near the RBE is larger than near the SIP. Figure 2.7(a)

shows the RBE quality factor QR, calculated using Eq. (2.5) at ωR,res, for different N (in red

dots), and the SIP quality factor QS, calculated at ωS,res (in blue dots). Both quality factors

are calculated at a loaded ASOW, continued on the rectangular waveguides on the left and

right sides without mirrors, as in the inset in Fig. 2.4. We also plot the fitting curves (solid

lines) governed by

QS ≈ aN3 + b,

QR ≈ cN3 + d,

∆Q ≈ QR −QS = (c− a)N3 + (d− b),

(2.14)

with coefficients a = 69.8, b = 5.2 × 104, c = 139.6, and d = 105. As expected, QS and QR

scale asymptotically as N3, when the cavity resonant frequency is near the SIP [4, 1] and

near the RBE [5], respectively. Their difference ∆Q = QR −QS is shown as a dashed black

line, also follows the trend ∆Q ∝ N3 for large N , and for the specific SIP-ASOW under

consideration, QS << QR. This shows that the SIP-associated frozen mode regime in the

current design is not as mismatched to its termination impedances as the cavity associated

with the RBE resonance. The small zig-zag distribution of QS with waveguide length is

discussed in [1].
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Because of the QR ∝ N3 asymptotic scaling, we expect the RBE lasing threshold to also

scale asymptotically as n′′
R,th ∝ N−3. Indeed, that is what we observe. Fig. 2.7(b) shows

|n′′
R,th| in red dots, fitted by the red solid-line curve, and |n′′

S,th| in blue dots, which is fitted

by the blue curve given by

n′′
S,th ≈ eN−3 + f,

n′′
R,th ≈ gN−3 + h,

∆n′′
th = n′′

R,th − n′′
S,th ≈ (g − e)N−3 + (h− f),

(2.15)

with coefficients e = −0.016, f = 7× 10−8, g = −0.02, and h = 6.9× 10−8. The magnitude

of the difference between the lasing thresholds for lasers working at the RBE resonance or

at the SIP resonance, ∆n′′
th = n′′

R,th−n′′
S,th, is depicted as a dashed black line. The difference

in lasing thresholds between the SIP and RBE also scales asymptotically as N−3, resulting

in comparable thresholds for large waveguides. Therefore, to balance the preservation of the

frozen mode properties with the prevention of accidental lasing near an RBE, the waveguide

length should be chosen as a trade-off between achieving a small |n′′
S,th| and a relatively large

∆n′′
th.

Figure 2.7(c) shows the lasing threshold against the quality factor of an SIP-ASOW laser

operating near the RBE (in black) and near the SIP (in blue), where each dot refers to a

finite-length ASOW of N unit cells, with N ∈ [5, 40]. Each ASOW has a higher Q at the

RBE resonance (nearest resonance to the RBE frequency) than that at the SIP resonance

(nearest resonance to the SIP frequency). Therefore, one would a priori expect the RBE

lasing threshold to be lower than the SIP lasing threshold. However, the opposite has

been observed. This discrepancy may be attributed to the impact of the field amplitude

distribution within the underlying passive cavity on the lasing threshold after the inclusion
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of gain in the cavity. Indeed, Figure 2.7(c), which compares the SIP-induced lasing threshold

with the RBE-induced lasing threshold, shows similar curves than those in Figure 16 in [66],

which compares a DBE cavity and an RBE cavity with the same quality factors.The authors

show that the lasing threshold induced by the DBE is lower than that induced by the RBE

because the field amplitude distribution is greater in the DBE cavity. See also a related

discussion in [68] in terms of local density of states distribution within the cavity, for the

DBE and RBE cases. However, in this paper, we examine the lasing threshold in the vicinity

of two EPDs (an SIP and an RBE) in the same cavity. Our numerical experiments reveal

that the SIP-induced lasing threshold is lower than that induced by the RBE, even though

the RBE quality factor is larger.Although additional investigation is necessary to understand

the difference in the field amplitude distribution in SIP and RBE cavities, and its effect on

the lasing threshold, the evidence presented in this paper shows that in an active ASOW,

SIP-induced lasing is preferred over lasing near an RBE.

To further illustrate the threshold difference between lasing near the SIP and the RBE,

Figure 2.8 depicts the magnitude of Tf (in dB) against ω for a finite-length SIP-ASOW

with N = 25 for different values of gain. The vertical blue and red dashed lines depict the

SIP and the RBE frequencies, respectively. In Fig. 2.8(a) the ASOW has no gain, n′′
g = 0.

The magnitude of the Tf function at the SIP resonance is already higher than at the RBE

resonance in the passive ASOW. Then, one would a priori expect the lasing threshold near

the SIP to be lower than near the RBE, as it is indeed the case observed. In Fig. 2.8(b)

the gain is set to the SIP lasing threshold, n′′
g = n′′

S,th, where the |Tf | experiences a local

maximum close to ωS. The peak at the SIP resonance decreases as the gain increases above

its threshold. This effect is explained in detail in Appendix A. In Fig. 2.8(c) the gain is

further increased to the RBE lasing threshold, n′′
g = n′′

R,th, and the maximum of |Tf | occurs

instead near ωR. Further investigation is necessary to determine how the enhanced field

amplitude distribution in passive cavities operating near an EPD affects Tf and the lasing

threshold of the system with gain. In summary, resonances near the SIP frequency require a
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smaller effective power gain coefficient geff to lase than resonances near the RBE frequency.

Therefore, though not shown here, we expect that an SIP-based laser has higher lasing

efficiency, meaning that it emits more output power with less gain than an RBE-based laser.

In all likelihood, the SIP lasing threshold is lower than the RBE lasing threshold due to

a combination of factors, which ultimately arise from the contrast between the exceptional

properties of the SIP-associated frozen mode and those of the standing wave characteristic

of the RBE. Moreover, the threshold difference between lasing near an SIP or an RBE could

be increased by using the two degrees of freedom associated with the two left and right

terminations, which may affect the RBE and SIP resonances differently.

2.6 Conclusion

Lasing conditions in the vicinity of an SIP have been investigated for an ASOW terminated

on a straight waveguide at each end of the ASOW cavity. The ASOW cavity does not need

mirrors to display a high quality factor and low gain threshold. The mode mismatch between

the SIP-ASOW and the straight waveguide is attributed to the frozen mode, i.e., to its three

degenerate modes and the resulting Bloch impedance. By analyzing the degenerate modes

in the periodic ASOW, we have shown that the eigenmode distortion due to the presence of

a net gain or loss is more severe near the SIP frequency than at other frequencies; however,

the properties associated with the three-mode exceptional degeneracy are in part preserved

for relatively small values of gain, which can nevertheless bring the system above threshold.

We have observed that the quality factor of both the SIP resonance and the RBE resonance

scales as a cube of the waveguide length, and the lasing threshold as a negative cube of the

waveguide length. While an SIP cavity displays a lower Q factor than an RBE cavity of

the same gain medium and length, it also displays a lower lasing threshold. Although we

propose that this disparity is caused by the different field distributions in the cavity at the
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two resonances, it has yet to be confirmed. Nonetheless, our research has revealed that SIP

lasing is preferred. While the results here have been shown specifically for the ASOW, the

insights and conclusions outlined in this paper can be readily applied to other periodic optical

waveguides that display an SIP. Further control of the SIP and RBE lasing thresholds could

be exerted by changing the loading at the two ends of the lasing cavity. Future considerations

into SIP lasers shall also focus on mode selectivity, the impact of nonlinear effects, and their

transient response.
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(a) (b)

(c) (d)

Figure 2.3: Modal dispersion diagram of the lossless and gainless SIP-ASOW. (a) The real
part of the eigenvalue versus angular frequency in the fundamental BZ. Solid black: modes
with purely real k; dashed colors: modes with complex k (overlapping dashed colors imply
two overlapping branches). Three curves meet at an inflection point, with reciprocal kS
and −kS positions. (b) The imaginary part of k versus angular frequency. At the SIP, the
three degenerate modes have Im(k) = 0. The black curve has Im(k) = 0 also near the SIP
frequency. (c) Alternative representation of the dispersion diagram in the complex k space.
The arrows point in the direction of increasing frequency. (d) Coalescence parameter σ versus
angular frequency. The coalescence parameter σ vanishes at an SIP. The local minima of σ
indicate the presence of RBEs near the SIP.
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Figure 2.4: Magnitude of the SIP lasing threshold |n′′
S,th| of a finite-length SIP-ASOW of

length N . The SIP lasing threshold is fit by n′′
th = −0.016×N−3 + 7× 10−8, calculated for

N ∈ [5, 40]. The inset shows a finite-length ASOW of N unit cells terminated without any
discontinuity on straight waveguides. The cavity has no mirrors.
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(a) (b)

(c) (d)

Figure 2.5: Modal dispersion diagram of the SIP-ASOWwith a gain of n′′
g = −8×10−6, equiv-

alent to αg = 2.82 dB/cm. The black curves represent propagating modes, with purely real
wavenumbers; the dashed, colored curves represent evanescent modes. The dispersion dia-
gram for the SIP-ASOW without gain is shown in light grey. (a) Real part of the wavenumber
versus angular frequency in the fundamental BZ. The inset shows the eigenvalue distortion
is accentuated at the SIP. (b) The imaginary part of k versus angular frequency. Due to
gain, Im(k) ̸= 0 at all the frequencies, especially around ωS. (c) Alternative representation
of the dispersion diagram in the complex k space. The lack of mode coalescence due to gain
is very clear in this figure, with the three modes departing from kS at 120◦ from each other
as expected from Eq. (2.12). (d) The coalescence parameter σ versus angular frequency.
The non vanishing σ indicates the SIP does not fully form, but the dip still demonstrates a
degree of exceptional three-mode degeneracy to be exploited for the SIP laser.
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Figure 2.6: The loss values in terms of the imaginary effective refractive index are extracted
from [2], and the FSR values are calculated using Eq. (2.13) with the structure parameters
from the SIP-ASOW. Low radiation losses imply small FSR, which in turns implies a large
spectral density of features like SIP and RBE frequencies.
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(a) (b)

(c)

Figure 2.7: Comparison between the SIP and RBE ASOW lasers of different lengths, oper-
ating either near the SIP frequency ωS (in blue) or the RBE frequency ωR (in red), respec-
tively. (a) The RBE quality factor QR (represented by red dots), fitted by the red curve
from the first equation in Eq. (2.14); the SIP quality factor QS (represented by blue dots)
is fitted by the blue curve following the second equation in Eq. (2.14); and their difference
∆Q ≈ QR − QS is represented as a dashed, black line. The three curves scale as N−3. (b)
Magnitude of the RBE lasing threshold (represented by red dots), fitted by the magnitude
of the red curve from the first equation in Eq. (2.15); and the magnitude of the SIP lasing
threshold (represented by blue dots), fitted by the magnitude of the blue curve following the
second equation in Eq. (2.15); and the magnitude of their difference ∆n′′

th = n′′
R,th − n′′

S,th

is represented as a dashed, black line. The three thresholds decrease as N−3. The lasing
threshold associated to the SIP resonance is smaller than the RBE one for an ASOW of the
same length. (c) Magnitude of the lasing threshold versus quality factor for an RBE -based
laser operating near ωR (in black) and for an SIP -based laser operating near ωS (in blue).
Each dot (red and blue) represents a finite-length ASOW with a given Q provided by some
N ∈ [5, 40]. An active ASOW operating near an SIP has a lower lasing threshold and lower
quality factor than the same ASOW operating near an RBE.
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(a) (b)

(c)

Figure 2.8: The magnitude of the function |Tf (ω)| in (dB) for the SIP-ASOW with N = 25
for different values of gain. The SIP and the RBE frequencies are shown as vertical dashed
blue and red lines, respectively. (a) With no gain, resonances accumulate around ωS. The
function |Tf | near the SIP is already higher than near the RBE. (b) With n′′

g = n′′
S,th, the

highest peak occurs at the SIP resonance frequency. (c) With n′′
g = n′′

R,th, |Tf (ωS,res)| is
reduced and the maximum occurs at the RBE resonance ωS,res.

36



Chapter 3

Frozen mode waveguide design

In this chapter, we present a systematic methodology for designing slow-light photonic inte-

grated circuits with a frozen mode based on a special kind of exceptional point of degeneracy

(EPD) of order three named stationary inflection points (SIPs). This is realized through

three-way coupled waveguides with lateral gratings operating at telecommunication wave-

lengths. We provide two designs and analyze sensitivity to geometric perturbations. We have

fabricated a periodic waveguide with integrated tapers and demonstrate good agreement with

full-wave simulations. These findings confirm the feasibility of integrating SIP-based delay

functionalities in standard silicon photonic platforms.

3.1 Introduction

The growth of increasingly precise nanometric fabrication practices leads to the development

of photonic integrated circuits (PICs) wherein integrated optical devices such as waveguides

and resonators are built within a common semiconductor wafer.

Here, we focus on a new design of gainless and lossless PIC waveguides that support an
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exceptional point of degeneracy (EPD) that is a point in the parameter space of a system

where the eigenstates coalesce. Some early studies of guiding systems supporting this kind of

EPDs are Refs. [84, 17, 4], where the authors discuss the physical aspects of the same EPD

studied here using the term ”stationary point” without resorting to the term exceptional

point. In particular, in this paper we focus on the stationary inflection point (SIP) that

is an EPD of order three. EPDs feature in a variety of classical and quantum mechanical

problems [78], most notoriously in the presence of balanced gain and loss (a condition known

as PT-symmetry [79, 81, 18]).

EPDs in periodic photonic devices can be achieved through dispersion engineering without

the need for gain or loss [5]. The concept was earlier explored in Refs. [99, 3, 4, 88, 47] without

using the term ”exceptional point”. Other examples of dispersion diagrams that show a

stationary inflection point are Refs. [110, 111, 95, 112], though not relating it to stationary

points or EPDs. The order of the EPD is given by the number of coalescing eigenmodes,

and it is very important in determining the properties of the finite-length device. Devices

operating near EPDs also display a heightened sensitivity to parameter perturbations, which

is part of the reason why the successful fabrication of high-order EPD-based PICs has been

difficult to achieve. Only a handful of experimental studies exist in optics, as in [113] for the

degenerate band edge and in [114] for the SIP.

One of the most striking properties of the SIP is the coalescence of propagating modes with

evanescent modes, resulting in the formation of a frozen mode characterized by an extremely

low group velocity (vg = ∂ω/∂k) and enhanced field amplitudes away from the cavity’s edge.

At the edges of the device, propagating and evanescent modes interfere destructively, satisfy-

ing the boundary conditions [4] and creating unique field properties and field enhancement.

An EPD of order 2 is a regular band edge (RBE) involving only two counter-propagating

modes which results in a standard standing wave [5]. Higher order EPDs instead involve

evanescent fields as well [99, 3, 5]. The lowest-order EPD to display the frozen mode is known
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as a stationary inflection point (SIP); it is identified as an inflection point in the Bloch mode

dispersion diagram of the waveguide, and it is an EPD of order three [5, 1].

Figure 3.1(a) shows the real branches of the modal dispersion diagram of an SIP-supporting

design and (b) shows its group velocity vg = 2π∂f/∂k against the Bloch wavenumber k near

the SIP. The group velocity reaches a minimum at the SIP wavenumber kS. Though not

shown in Fig. 3.1 because only the propagation branches are shown, there are three modes

coalescing at the SIP when considering also the evanescent modes. The frozen mode associ-

ated with the stationary inflection point that is an EPD of order 3 cannot be generated with

only two counter-propagating modes because evanescent modes are also needed. Therefore,

at least three modes (propagating or evanescent) in each direction, properly coupled, are

needed, as explained in [4, 47, 5, 1].

Operating near an SIP offers advantages over an RBE: it supports the frozen mode while

exhibiting lower sensitivity than higher-order EPDs, and it is not sided by a band gap.

Therefore, even though the SIP displays an asymmetric group velocity dispersion (the group

velocity variation with frequency), signal distortion can be undone as long as the transmission

spectrum of the waveguide is properly characterized. For its unique dispersion, the SIP has

been proposed as a strategy to conceive devices that reach large true time delay [91, 115]. It

is also investigated to conceive new lasing regimes [15, 116, 117, 118], and nonlinear isolators,

because of its unique properties.

We introduce a method for designing periodic PIC waveguides that support an SIP through

dispersion engineering. The resulting structures, referred to as three-way coupled waveg-

uides, consist of either two gratings coupled to a central waveguide (TWG2) or a single

grating side-coupled to two adjacent straight waveguides (TWG1). The SIP arises from the

synchronization of three modes: one propagating and two evanescent, which coalesce into a

frozen mode. To achieve this, we develop and analyze three designs (two TWG1s and one

TWG2), shown respectively in Fig. 3.2(a) and (b), and design their geometries to account for
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realistic waveguide cross-sections and fabrication tolerances, using eigenmode-based analy-

sis. To the best of the authors’ knowledge, SIP waveguides using these PIC compatible

waveguides with lateral gratings have never been shown before. Furthermore, we show that

the proposed structures exhibit some resilience to simulation-mesh quality and waveguide

dimensions. After the waveguide design and tapeout preparation, we measure the transfer

function of fabricated devices. We compare the measured spectral response to the same

structure in simulation and investigate the group delay in simulations.

The paper is organized as follows: The methodology to design SIP-supporting three-way

waveguides is described in Section 3.2. In Section 3.3, we highlight the expected differences

between design and fabrication, leading to a redesign that is more consistent with fabrication

methods. The results are summarized in Section 3.4.

3.2 Process steps to design an SIP

To design an SIP-supporting PIC, the first step is to couple a waveguide with grating to a

straight channel waveguide such that their counter-propagating modes meet near a target

point (kS, fS) in the Brillouin zone, forming a bandgap around fS. A third waveguide with

an optical mode is then positioned adjacent to the coupled pair. As it is brought closer, the

interaction among the three waveguides generates local extrema in the dispersion near fS.

Fine parameter tuning enables the formation of an SIP at the desired location.

Figure 3.3 illustrates the SIP design process using the TWG1 configuration as an example.

Panels (a) and (b) show the individual dispersion diagrams of the (a) grating–straight waveg-

uide pair, and (b) the individual third waveguide, respectively. In (c), the lightly coupled

three-way structure shows local maxima and minima near (kS, fS). In (d), after optimizing

parameters such as waveguide widths and gaps, an SIP is achieved, identified by a stationary
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inflection in the Bloch dispersion diagram with vanishing group velocity at (kS, fS). Similar

dispersion diagrams are shown in [88] depending on the value of a waveguide parameter.

We designed two TWG2 waveguides and one TWG1 waveguide (TWG2A, TWG2B, and

TWG1A) supporting an SIP at fS in the range [192, 195] THz. Table 3.1 summarizes the

parameters for each design. A key figure of merit is the frequency separation ∆fSR between

the SIP and the nearest RBE, which should be large to ensure stable SIP operation in long

waveguides. Generally, ∆fSR improves with smaller unit cell periods d, consistent with

the increase in free spectral range ∆fFSR = c/(nwd) [95]. Previous photonic integrated

waveguides supporting an SIP displayed an estimated ∆fSR (in GHz) of: 344 [91], 60 [5],

31 [1], 80 [116], 306 [119], and 186 [118]. As shown in Table 3.1, the designs presented here

achieve significantly larger ∆fSR than previous SIP designs, such as the ∆fSR = 1000 GHz

of the TWG2RA discussed later on, owing to their small unit cell periods.

Table 3.1: SIP-supporting waveguide designs

Params (nm) TWG2A TWG2B TWG1A
w 310 300 450
w+ 250 250 480
w− 420 325 477
g+ 325 325 200
g− 200 200 291
w+
c 200 200 200

w−
c 380 466 -
t+ 200 200 200
t− 200 200 -
d 350 370 325

fs (THz) 192.28 193.13 192.95
ksd/π 0.983 0.97 0.87

∆fSR (GHz) 540 565 80

Modal dispersion relations were obtained using the full-wave eigenmode solver in CST Studio

Suite based on the finite element method. Phase shifted periodic boundaries were applied

at two virtual cross-sections spaced by one period, d. The transverse boundary conditions

consist of perfect electric conductor (PEC) walls positioned far from the waveguide core,
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with sufficient silicon dioxide cladding to ensure the evanescent fields decay before reaching

the boundaries. Material dispersion is neglected in the frequency range of interest [120]; the

refractive indices of the silicon core nSi = 3.478 and cladding nSiO2 = 1.444 are considered

constant with respect to the frequency.

3.3 Wafer tapeout preparation

Generally, SIP-based devices display a high sensitivity to geometric perturbations, as it

happens in EPD systems in general, [76, 17, 5]. To preserve the frozen mode, the waveguides

are here redesigned to account for fabrication-induced constraints that, even if small, may

disrupt mode coalescence. A key limitation in fabrication is the minimum feature size,

typically around 100 nm.

A common and predictable issue is waveguide cross-section distortion, where fabricated

waveguides taper at the top, resulting in a trapezoidal shape rather than the ideal rect-

angular cross-section assumed earlier in the design process.

The effects of this variation are illustrated in Figure 3.4, which displays the dispersion

diagram for the SIP-TWG2A waveguide with both cross-section types. Introducing a realistic

waveguide sidewall angle (i.e., by decreasing the top dimensions based on tilting all walls

by a few degrees θδ from the 90°) alters the mode profile, resulting in weaker waveguide

coupling. The waveguides are nominally 220 nm wide and the top width is adjusted to

account for the realistic sidewall angle θδ [121]. Due to the resilience of the waveguide

geometry to perturbations, even the TWG2A waveguide with tilted walls still exhibits a

flattened dispersion diagram that results in large group delay. However, the SIP condition is

slightly disrupted and must be restored through fine parameter optimization. This is what

we do next.
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The updated values of the parameters for the redesigns that support an SIP with trapezoidal

cross-sections are shown in Table 3.2. These values refer to the bottom dimensions. The

hyphens in the TWG1RA column serve to show that there is no second grating in this

structure.

Preparing frozen mode PICs for wafer tapeout requires a tolerance analysis to evaluate device

performance after fabrication. While some analytic models treat tolerances as variations in

the effective index [117], we directly study how perturbations affect the Bloch dispersion and

the formation of the SIP.

Table 3.2: Realistic SIP-supporting waveguide designs

Params (nm) TWG2RA TWG2RB TWG1RA
w 310 300 450
w+ 250 250 480
w− 420 325 477
g+ 319 325 200
g− 200 200 305
w+
c 200 200 200

w−
c 340 436 -
t+ 200 200 200
t− 200 200 -
d 355 370 325

fs (THz) 195.755 197.58 194.16
ksd/π 0.867 0.91 0.96

∆fSR (GHz) 1000 664.5 127.6

Fabrication tolerances are generally around 2 − 5 nm [121, 117] which are either added or

subtracted from the nominal geometric parameters. Figure 3.5 shows the dispersion diagram

of the TWG2RB design. The nominal case, in black, and perturbed cases with ∆ = ±10 nm

applied collectively to the waveguide widths w, w+, and w− in blue and red, respectively.

The ∆ perturbation in width leads to the formation of near stationary points in the dis-

persion, known as tilted inflection points (TIPs) [122]. In the example shown in Figure 3.5,

decreasing the parameter values by 10 nm only disrupts the SIP condition slightly. The

resulting red curve exhibits a smooth-TIP, a near-inflection point with low but non-zero
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group velocity. In contrast, increasing the parameter values produces the blue curve, which

shows a local maximum and minimum near the SIP frequency. This configuration corre-

sponds to an alternating-TIP, where the group velocity changes sign in the vicinity of the

SIP frequency. Such features often appear as intermediate stages in the SIP waveguide de-

sign process described in Section 3.2, and in [88] where the authors show the dispersion

variation by fine-tuning a waveguide parameter. Comparable asymmetric responses are ob-

served when varying the corrugation widths, gap sizes, or thicknesses in the TWG2RA (not

shown), and in the TWG2RB and TWG1RA designs. These results confirm the resilience of

the proposed SIP-based waveguides to some geometric perturbations, as even small changes

in waveguide dimensions shift the dispersion notably but the modal dispersions still retain

a shape that exhibits inflection points that lead to large group delay. The response is also

asymmetric with respect to the direction of the variation, as shown by the different behaviors

for ∆ = ±10nm. In summary, we observe the important result that despite perturbations

twice as large as the expected fabrication tolerance (2–5nm), the dispersion still exhibits

a strong curvature and low group velocity near the SIP. This indicates that while precise

fabrication is critical, the SIP regime remains robust under moderate deviations.

In Figure 3.6 we show the redesigned waveguide TWG2RA to exhibit an SIP at fS = 195.755

THz with trapezoidal cross section. We also show the upper and lower branches and their

critical points. In particular, the RBE of the blue branch is 1 THz below the SIP of the

orange branch. This is the waveguide design that is studied in the next section where we

analyze the transfer function and group delay of waveguides with finite length.

3.4 Conclusion

We have introduced a robust design methodology to obtain three-way coupled waveguides

that support an SIP at communication frequencies. The process enables tuning the dis-
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persion diagram to support an SIP at targeted frequencies while accounting for fabrication

limitations, such as non-ideal cross-sections and tolerances.
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(a)

(b)

Figure 3.1: (a) Modal dispersion diagram of the SIP-supporting mode of the TWG2RA
(in blue) and the closest RBE mode (in orange); and (b) group velocity vg against Bloch
wavenumber around the SIP.
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(a)

(b)

(c)

Figure 3.2: Schematic representations: (a) TWG1 waveguide with a central grating side-
coupled to two straight waveguides; (b) TWG2 waveguide made of a central straight waveg-
uide side-coupled to two grating waveguides; (c) top view of the two TWG1 and TWG2
waveguides showing the unit cells.
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(a) (b)

(c) (d)

Figure 3.3: Design steps for creating a stationary inflection point (SIP)-based frozen mode
photonic integrated circuit (PIC) using the TWG1 configuration. (a) Dispersion diagram of
a grating coupled to a straight waveguide, with parameters selected to open a bandgap near
the target point (kS, fS). (b) Dispersion diagram of an isolated straight waveguide showing
a mode near the same target region. (c) Dispersion diagram of the TWG1 configuration,
formed by adding the additional waveguide from (b) to the grating–straight waveguide pair
in (a). The resulting structure produces the blue dispersion curve with a local maximum
and minimum near the target point (kS, fS). (d) Optimized TWG1 dispersion diagram after
adjusting waveguide gap sizes, where a stationary inflection point (SIP) emerges at the target
(kS, fS) location (blue curve).
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Figure 3.4: Dispersion diagram of the SIP-TWG2A waveguide with a rectangular and a
trapezoidal cross section. The trapezoidal geometry alters the mode profile. This slightly
disrupts the SIP condition, which must be restored through fine tuning of the waveguide
parameters.
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Figure 3.5: Dispersion diagram of the TWG2RB design showing the nominal case (black),
and variations with waveguide widths increased (blue) and decreased (red) by ∆ = 10 nm.
The SIP condition is sensitive to these changes, highlighting the importance of designing for
robustness to perturbations.
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Figure 3.6: Dispersion diagram of the SIP-TWG2RA waveguide with a trapezoidal cross
section. The three real-wavenumber modes closest to the SIP mode (orange curve) are also
shown. The closest RBE is 1 THz lower than the SIP.
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Chapter 4

Advancements in Degenerate

Distributed Feedback Lasing

In this chapter, we advance concepts in lasing in a double grating photonic structure that

operates near an exceptional point of degeneracy (EPD) of fourth order. The so-called de-

generate DFB (DDFB) laser relies on lasing near an exceptional degeneracy involving four

different Bloch eigenmodes, known as a degenerate band edge (DBE), to achieve a robust

single-frequency lasing regime. A DDFB photonic cavity operating close to the DBE fre-

quency is shown to display a large quality factor that scales with the fifth power of the

cavity length. Upon the inclusion of gain, the DDFB cavity displays an exceptionally low

lasing threshold that scales as the inverse of the fifth power of the double grating length,

i.e., αD,th ∝ 1/N5, where N is the number of waveguide unit cells making the mirrorless

cavity. The work proposed here shows a path to single-frequency lasing mode using a mir-

rorless cavity with minimal device footprint. The DDFB laser is very attractive for various

applications including communications, sensing, and spectroscopy.
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4.1 Introduction

The ability of lasers to generate coherent, monochromatic light makes them essential for

high-speed data communications, sensing, and other cutting-edge technologies. Distributed

feedback (DFB) lasers are a type of laser diode widely used in these applications due to their

stable single-frequency lasing mode operation and narrow linewidth [123, 124, 125, 126]. The

DFB laser relies on a distributed feedback mechanism along a single-path waveguide, where

the two propagating optical waves are coupled via a longitudinal grating (i.e., a corrugated

structure along the direction of propagation of the guided waves) in the material. While the

DFB mechanism provides a stronger frequency selectivity than conventional Fabry-Perot

cavities, it tends to provide two lasing frequencies which are sensitive to perturbations in the

temperature or in the boundary conditions of the structure. Usually, a defect is included in

the cavity to provide increased stability [127, 128]. The DFB laser also requires introducing

antireflective coatings on the sides of the DFB structure to suppress the Fabry-Perot modes

in the cavity and avoid multi-mode lasing [129]. Furthermore, putting a mirror on one side

of the DFB structure and an antireflective coating on the other side may create an unbal-

anced situation that would cause another frequency shift. Affordable DFB lasers with high

performance are therefore challenging to produce due to the costly and complex fabrication

processes of high-end laser diodes required for single-mode operation [130]. To enhance the

performance of DFB lasers, this work proposes the degenerate DFB (DDFB) laser.

Based on the double grating photonic structure introduced in [131], the DDFB lasing mech-

anism leads to single-frequency lasing mode operation through a degeneracy between four

different Bloch propagating and evanescent eigenmodes (whereas a DFB laser generally uses

two propagating modes in the longitudinal grating). This regime, which is associated with

the formation of a degenerate band edge (DBE) in the Bloch dispersion relation of the waveg-

uide [99, 17, 47, 113, 132, 68, 5, 133], is characterized by vanishing group velocity, enhanced

field amplitude [4], and enhanced local density of states [68]. The DBE is a fourth-order
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Figure 4.1: Schematic realization of the three-dimensional double grating making the mir-
rorless DDFB cavity with length of N unit cells along z and width w. The top part is
truncated in the drawing to better show the three-dimensional structure. Also, N in this
figure is much smaller than N considered in the rest of the paper.

exceptional point of degeneracy (EPD), as demonstrated in [5], that is associated with a very

flat band of the dispersion diagram. EPDs are points in the parameter space of a system

where the eigenvalues and eigenvectors collapse, or coalesce, on each other [76, 78]. EPDs

in photonic systems can exist in the presence of balanced gain and loss, as in PT-symmetric

systems [79, 81], and also in lossless and gainless structures as shown in [99, 17], even though

the authors did not use the term EPD, and in [5, 66].

The DDFB mechanism discussed here is based on an EPD belonging to this latter class,

i.e., a fourth-order EPD in a waveguide without loss and gain called DBE where a very

flat dispersion diagram occurs [5]. When operating near the DBE frequency, the waveguide

displays a large group delay which increases as the fifth power of the waveguide length, in

agreement with the literature [4, 132, 5, 68, 134, 66]. Based on previous theoretical studies

on DBE-based lasing [68, 66], once an active material is included [96], the DDFB photonic

structure exhibits an enhanced interaction between the gain medium and the degenerate
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Figure 4.2: Double grating supporting guided longitudinal modes in the z direction, polarized
along x. The two oppositely-facing gratings are shifted by a distance s along z to break mirror
symmetry, enabling the occurrence of the DBE that has a very flat band in the dispersion
diagram provided by Eq. (4.2). The tapering is performed by adding two cells at either
end of the structure whose corrugation height decreases by h/3 consecutively. Termination
regions of length L are added beyond the tapering sections, and their interface is denoted by
vertical dashed black lines. The double grating supporting only an RBE used for comparison
purposes has mirror symmetry, i.e., s = 0.

mode, which generates oscillations. The active DDFB waveguide displays a remarkably

low lasing threshold that is here demonstrated to scale as the inverse fifth power of the

waveguide length, and that lasing near the DBE frequency is preferred over lasing near the

closest regular band edge in the same cavity. We additionally show that a DFB waveguide

with the same structure and similar dimensions, supporting only a standing wave Bloch-

mode degeneracy at a comparable frequency, exhibits a quality factor scaling as the cube of

waveguide length and a lasing threshold scaling inversely with the cube of the length.

The fundamental concept of leveraging regular band edge effects to enhance lasing efficiency

was analyzed in [94]. A preliminary concept of the DBE laser was published in [66] based

on an ideal coupled mode theory, ideal gain mechanism, and without specifying a realistic

structure at optical frequencies. Here, however, as in [131], we implement the DBE in a

realistic double grating photonic structure, combining the DFB mechanism with the degen-

erate mode. Furthermore, the lasing threshold is obtained using full-wave electromagnetic

simulations. The resulting DDFB lasing cavity does not require the introduction of defects
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within, and it provides a comparatively lower lasing threshold than the DFB cavity. Conse-

quently, a DDFB laser shows promise in low-power optical telecommunication systems. In

summary, the DDFB laser may offer several advantages over traditional DFB lasers due to

the synchronized oscillation of the four degenerate waveguide modes. These advantages in-

clude enhanced light-matter interactions, narrower line width, reduced lasing threshold, and

increased resilience to external perturbations. An analogous concept has been introduced at

radio frequency in [135, 136] and experimentally demonstrated in [137].

This paper is organized as follows: Section 4.2 defines the double grating design, following

the approach outlined in [131]. In Section 4.3, we introduce the design considerations and

parameters for the waveguide to support a DBE in its modal dispersion relation and inves-

tigate its performance without gain. Section 4.4 provides the inverse fifth power scaling of

the lasing threshold with cavity length when gain is introduced in the double grating, and

how the lasing threshold depends on the reflection coefficient at the two cavity terminations.

The performance of a future DDFB laser compared to that of a comparable DFB laser is

discussed throughout the paper. The results are summarized in Section 4.5.

4.2 Double grating distributed feedback waveguide

The DDFB photonic structure advanced here features a double grating configuration where

a standard grating is coupled with another grating. The second grating is obtained after

performing a mirror operation with respect to the x, z plane and a translation s in the z

direction. The waves in each optical grating couple with the waves in the other grating,

forming a coupled double grating structure that supports four modes (when considering

both directions). The translation s breaks mirror symmetry, which would otherwise prevent

the formation of a four-wave degeneracy (the DBE) in two coupled periodic waveguides.

The example of the double grating, shown in Fig. 4.1, is based on silicon-on-insulator (SOI)
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technology, although it can be built with photonic materials (such as SiN, InP, LiNbO3,

GaAs, AlGaAs, etc). In periodic media, Bloch modes with small group velocities display

a strong impedance mismatch with the external waveguide connections [138, 139]. Hence,

the coupling efficiency of light from an external medium into the slow-wave modes in the

cavity is inversely proportional to the group velocity of the Bloch mode [140]. To slightly

mitigate the abrupt discontinuities at the cavity terminations, and also to partially decrease

radiation induced by an abrupt change in waveguide periodicity [141, 142], we taper the last

two unit cells on each side by reducing the corrugation height h by one-third, as shown in

Fig. 4.2. This tapering aims to reduce radiation losses caused by abrupt changes at the edges

of the cavity and potentially improve coupling with external waveguides. The two unit cells

involved in the tapering on each side are henceforth not included in the number of unit cells

N of the finite-length cavity.

Beyond the tapering, the cavity is connected to straight uniform waveguides with the same

thickness t as the rest of the slab. The junction point is denoted by the vertical dashed black

lines in Fig. 4.2, which schematically depicts the double grating configuration with tapers

and terminations.

We show an example of a double grating waveguide with a silicon core with a refractive index

of nSi = 3.45, and a silicon dioxide cladding with a refractive index of nSiO2 = 1.44 [143].

We assume the materials do not exhibit dispersive behavior in the small frequency range of

interest [120], that is, around the DBE frequency fD = 193.27 THz.

We assume that the width w of the coupled gratings is much larger than the wavelength, as

shown in Fig. 4.1 and we assume also that the field is invariant in the in the x direction.

Hence, due to the field invariance in x, to reduce the computational cost we perform quasi

2D simulations using a width w that is much less than the wavelength and two walls of

perfect electric conductor (PEC) boundaries orthogonal to x.
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Our objective is to obtain longitudinal modes that propagate in the z direction and are

polarized in the x direction (using the coordinate system as shown in Figs. 4.1 and 4.2).

The modal dispersion relation of the longitudinal modes in the infinitely-long double grating

structure is obtained by modeling one unit cell of the waveguide in the eigenmode solver

of CST Studio Suite with phase-shift periodic boundary conditions for a unit cell. The

computational domain is terminated by four PEC walls, two orthogonal to the x direction and

two orthogonal to the y direction. Along the y direction, the two PEC walls are sufficiently

far from the double grating to avoid interference with the evanescent field in the cladding of

the longitudinal modes. We verify this by varying the PEC wall distance from the waveguide

core and confirming the results remain consistent. Additionally, we also performed checks

using perfect magnetic conductor (PMC) boundaries instead, orthogonal to the y direction,

obtaining the same result.

4.3 DBE resonance in a DDFB Cavity

The lossless and gainless double grating configuration supporting a DBE at fD (known as

the DDFB waveguide or double grating) is found via a combination of manual and numerical

parameter optimization where the second derivative of the dispersion, d2ω/dk2, of the Bloch

modes at the edge of the Brillouin zone k = π/d is minimized, i.e., |d2ω/dk2|π/d → 0.

Minimizing the magnitude of this derivative ensures the Bloch degeneracy involves all four

modes supported by the double grating shown in Fig. 4.2. Minimizing just the magnitude of

the group velocity |vg| → 0 may result in the formation of an RBE instead. The continuous

lines in Fig. 4.3 show the real-wavenumber branches of the modal dispersion diagram of the

DDFB design with the following parameters (in nm): t = 81, s = 119, d = 335, h = 102,

g = 214, and wc = 92. The solid-orange curve denotes the modes that coalesce at the DBE

frequency fD = 193.27 THz with the typical very flat band edge, whereas the solid-blue curve
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at lower frequencies denotes the modes that coalesce forming a regular band edge (RBE)

that occurs in the same double grating structure. The RBE is a second-order degeneracy

involving only the coalescence of two counter-propagating Bloch modes in the waveguide,

which form a standing wave [99]. Typically, a DFB laser operates in the vicinity of an

RBE (generally referred to only as band edge) [144], whereas the DDFB operates in close

proximity to the DBE. Near the RBE frequency fR, the dispersion diagram is approximated

as [99]

(fR − f) ≈ hR
2π

(k − kR)
2, (4.1)

whereas at frequencies near the DBE, the dispersion diagram is approximated as [99, 17, 88,

113, 133]

(fD − f) ≈ hD
2π

(k − kD)
4, (4.2)

where kR and kD are the wavenumbers at the DBE and the RBE, respectively (in this case,

it is π/d for both cases). The parameters hR and hD indicate the flatness the band edges and

are sometimes called the “flatness parameter”. In this case, the band edge separates a pass

band from a stop band at higher frequencies; therefore, both hR and hD are positive. At

the DBE, dnω/dkn = 0 for n = 1, 2, 3, and d4ω/d4k = −24hD. Though not shown in Fig. 4.3

because only the propagation branches are shown, there are four modes coalescing at the

DBE when considering also the evanescent modes. This can be easily seen by considering

the four quartic roots (k− kD) ≈ [2π(fD − f)/hD]
1/4 as clearly shown in [47, 5, 66, 19, 131].

Above the DBE frequency fD, all four modes are evanescent for the case represented in
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Fig. 4.3.

To compare the performance of DFB and DDFB cavities, we introduce another double-

grating configuration that supports only an RBE (close to the DBE frequency of the DDFB

design), and which is henceforth referred to as the DFB double grating or DFB cavity (shown

on the top right of Fig. 4.3). In this double-grating RBE design we impose mirror symmetry

(by letting s = 0), which prohibits the formation of the DBE, and use the same period

d = 335 nm and comparable waveguide dimensions. The other parameters of the DFB

design are (in nm): t = 80, h = 100, g = 350, and wc = 80. Its real-branch modal dispersion

diagram is shown with the dashed-yellow line in Figure 4.3. At the edge of the Brillouin Zone

k = π/d, the dispersion of the DDFB design (solid lines) displays a much greater flatness

than that relative to a regular DFB design (dashed lines), as seen by comparing the solid

orange curve with the yellow dashed one. The reason for the flatter modal dispersion around

the DBE frequency compared to the RBE frequency in Fig. (4.3) is that the flatness at the

RBE frequency is only due to the coalescence of two modes, whereas the flatness at the DBE

frequency is associated with the two propagating waves and two evanescent waves composing

the four degenerating modes [48].

Next, we consider a double grating cavity made of N unit cells. For the cavity to display the

properties associated with the DBE, a cavity resonance must occur in proximity to the DBE

frequency. We call the resonance closest to the DBE the “DBE resonance” with associated

frequency fr,D, as in [145, 113, 5, 133, 66]. The DBE resonance frequency of the cavity

becomes closer and closer to the DBE frequency when increasing the cavity length, following

the asymptotic law

fr,D ∼ fD − hD
2π

(
π − φ

Nd

)4

, (4.3)
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Figure 4.3: Dispersion diagrams of the longitudinal modes for the DDFB and DFB double
grating designs. The DDFB double grating has two modal branches (orange and blue solid
lines). The branch that includes the four-mode coalescence at the DBE frequency fD =
193.27 THz is depicted as a continuous orange curve. The evanescent modes coalescing
at the middle of the flat-band edge are not shown in the figure. The branch showing the
closest RBE at 189.38 THz is depicted as a continuous blue curve. The dashed yellow
line represents the modal dispersion diagram of the DFB double grating design with mirror
symmetry (i.e., with s = 0) that supports only an RBE at a frequency close to fD, for
comparison purposes. The flatness associated with the DBE (see Eq. (4.2)) is noticeably
greater than those associated with the RBEs in the two designs.
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where ∼ denotes asymptotic equality for large N , as discussed in [113, 68, 134, 5, 133, 66].

The angle φ represents a reflection phase of each propagating mode at the edges of the

cavity, where also the evanescent waves are strongly excited [113]. The smaller the flatness

parameter hD is, the closer the DBE resonance frequency is to the DBE frequency. (Note

that the asymptotic formula reported in [134, 5, 133, 66, 19] should have included also the

term φ). Similarly, for the DFB cavity, the resonance closest to the RBE frequency is known

as the “RBE resonance” with associated frequency fr,R ∼ fR − hR(π/2)/(Nd)
2.

The resulting frozen mode in the DDFB cavity exhibits comparatively larger field amplitude

enhancement and group delay compared to the RBE-associated slow wave resonance [99, 4].

As a result, waveguides operating near the DBE often demonstrate enhanced performance

compared to those operating near an RBE [4, 68, 5, 133].

The existence of the DBE at optical frequencies has been experimentally demonstrated

in silicon photonic waveguides, as reported in Refs.[132, 58]. These works confirmed the

DBE by reconstructing the dispersion diagram and by observing the characteristic quality

factor scaling QD ∼ N5 at the DBE resonance frequencies of cavities made by N unit cells.

Additional experimental evidence of the DBE has been reported at microwave frequencies,

for instance in [134, 19].

The optical properties of the finite-length DFB and DDFB waveguides are obtained using

the FEM solver in CST Studio Suite. In the following simulations, excitation is applied from

the left side of the cavity using the even mode of the waveguides at a distance L from the

corrugations, as shown in Figure 4.2).The amplitude of the excited mode at the input port

is scaled such that the total power carried by that mode equals 1 W.

The quality factors of the lossless and gainless DFB and DDFB cavities are shown in Fig-

ure 4.4 for different numbers of unit cells N . Both quality factors are computed for a loaded

double grating structure with tapering of the corrugations of two additional unit cells on
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Figure 4.4: Comparison between the loaded quality factors of the DDFB (orange dots)
and the DFB (blue dots) cavities (evaluated at their respective resonances) varying grating
length. The dashed lines of the same color are the fitting functions that show the asymptotic
N5 scaling of the DBE quality factor QD with DDFB waveguide length (orange) and the N3

scaling of the RBE quality factor QR with DFB waveguide length (blue). Both devices have
the same period.
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either side and uniform waveguides with thickness t, extended continuously on both sides

(without mirrors) as illustrated in Figure 4.2. The junction point is denoted by the vertical

dashed black lines.

The quality factors are calculated as Q = πfrτg(fr), where fr is the resonance frequency

for either the DDFB (fr,D) or the DFB (fr,R) cavity, and τg(fr) is the group delay at that

frequency calculated as [68, 5]

τg(f) =
1

2π

∂ ̸ S21

∂f
, (4.4)

where ̸ denotes the phase of the transmission S21 from input to output. The transmission is

calculated using two ports, one on each side of the resonator along z. Each electromagnetic

port spans both gratings in the transverse cross section and extends into the cladding to

account for the evanescent fields surrounding the silicon cores. Unless explicitly stated, in

the following simulations, L = 0 between the port location and the beginning of the coupled

gratings.

In Figure 4.4, the orange dots represent the quality factors of the DDFB cavity QD, while

those of the DFB cavity QR are shown as blue dots. The dashed lines of the same color

represent their respective fitting trends; QD ≈ aN5+bN for the DBE, where a = 6.93×10−7

and b = 252.18, and QR ≈ cN3+ d for the DFB, where c = 0.0054 and d = 1.478× 103. The

first term of the QD fitting function dominates when N > 138, whereas that of the QR fitting

function dominates for N > 64, demonstrating that these fittings describe the asymptotic

scaling of the quality factor with waveguide length. The observed N5 and N3 asymptotic

scaling laws are consistent with the literature for both degeneracies [4, 132, 68, 5, 133, 134].

Besides the two completely different scaling laws, we also observe that the quality factor of the
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DDFB cavity is larger than that of the DFB cavity for any N , owing to the exceptional four-

mode degeneracy. This result demonstrates that the DBE-associated frozen mode regime

in the DDFB design experiences greater impedance mismatch at the cavity terminations

compared to the RBE-associated resonance of the DFB design. Consequently, the DDFB

laser is anticipated to achieve lasing with a lower lasing threshold without mirrors and to be

more resilient to perturbations of its terminations than the DFB laser. This strong mismatch

occurs because at the DBE resonance both the coalescing propagating and evanescent modes

together are necessary to satisfy the boundary conditions at the two edges of the cavity. Since

they have almost coincident polarization states because of the four-wave degeneracy [4, 146],

both types of waves have to be large to reconstruct the field at the terminations. This

phenomenon results in having propagating modes with large magnitude causing the field

enhancement at the interior of the cavity, away from the terminations. This DBE-related

phenomenon is substantially different from what happens in conventional uniform Fabry-

Perot cavities or in a DFB cavity where there are no evanescent waves needed to satisfy the

boundary conditions at the terminations.

The quality factors of the DDFB and DFB cavities can be controlled to some degree by re-

sorting to the concept of waveguide impedance. Figure 4.5 depicts the change in the loaded

quality factors of the DDFB (orange dots) and DFB cavities (blue dots) with N = 60 as

a function of the reflectivities Γ of its terminations at their respective DBE and RBE reso-

nances. Only the case with a relatively smallN = 60 is shown here to limit the computational

burden.

For simplicity, and without losing generality, in this paper we refer to the mirror effect at

the two edges of the cavity using the field reflectivity

Γ =
ηt − ηw
ηt + ηw

, (4.5)
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Figure 4.5: Loaded quality factor of the DDFB cavity (orange dots) and of the DFB cavity
(blue dots) for N = 60 unit cells, against waveguide reflectivity Γ at each of the four
terminations. The DDFB cavity does not require waveguide reflectivity at its terminations.
Even with vanishing reflectivity, the DDFB cavity has a Q comparable with that of the DFB
cavity with higher reflectivity. Note that the DDFB cavity is more resilient to perturbations
of its terminations than the DFB cavity.

where ηw and ηt are the wave impedances of the cavity waveguides and outside waveguides

(used as “terminations”), respectively. We approximate ηw ≈
√
µ0/ϵw where ϵw is the

effective permittivity of the even mode of the two straight coupled waveguides inside the

DDFB cavity, without the corrugations. Similarly, ηt ≈
√
µ0/ϵt, where ϵt is the effective

permittivity of the even mode of the two straight coupled waveguides outside the DDFB

cavity, used as termination. We use the εw of the even mode of the coupled waveguides,

although using the odd mode effective permittivity would yield similar results. It is important

to note that this definition of Γ by far does not capture the exact reflectivity at the cavity

terminations, which would require a tensorial treatment of the Bloch impedance (see [147] for

details on Bloch impedance behavior near EPDs), but it provides only a convenient metric

to quantify the additional mirror effect due to the straight waveguide impedance mismatch

at the cavity ends. For instance, Γ = 0 indicates that no straight waveguide impedance
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discontinuity is present, i.e., the cavity is continued with the same waveguides without any

additional mirror effect other than the natural mismatch of the Bloch wave impedance of

the DBE mode due to the double periodic grating. An analogous metric is used to quantify

the mirror effect at the two ends of the DFB cavity made of two parallel gratings with s = 0

(i.e., with mirror symmetry) used for comparison purposes only.

In our simulations, the change in Γ is implemented by modifying the refractive index of

the external waveguides’ core, in the sections with length L = 1.2 µm on each side of the

cavity. For the DDFB cavity, the distance between the last corrugation and the refractive

index discontinuity (shown by two outermost vertical black dashed lines in Figure 4.2) is

approximately 67 nm. For the DFB cavity, the distance is 127 nm. In practice, a distributed

Bragg reflector (DBR) would be used to tailor the reflectivities [125] at the edges of the

cavity, but here we prefer to use a simpler implementation to focus on the physics results

associated with the cavity termination effect rather than on the design of a mirror. Since

the DDFB cavity displays significantly larger quality factors than a DFB cavity of the same

length, as seen in Figure 4.4, to achieve the same quality factor, the DDFB cavity requires

much lower reflectivities than a DFB cavity of the same length. Actually, as visible in the

plot, no reflectivity is needed for the DDFB cavity to have a large Q factor. Indeed, the

quality factor of the DDFB cavity without reflectivity, i.e., with Γ = 0, is comparable with

that of the DFB cavity of the same length with a higher reflectivity, Γ = 0.3. Additionally,

the DDFB cavity is also shown to be more resilient to variations in the reflectivity Γ of its

terminations than the DFB cavity, especially around the mirrorless Γ = 0 case, where QD

varies with Γ and forms a small parabola. One of the major conclusions is that there is a large

reflection at the two DDFB cavity terminations even when the cavity is made mirrorless,

Γ = 0, i.e., when the two chirped waveguides are connected to two straight waveguides with

the same thickness t and material and without corrugations.

The plots in Figure 4.6 show the field at the resonances of the (a) DDFB and (b) DFB cavities
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(a) DDFB cavity

(b) DFB cavity

Figure 4.6: Electric field amplitudes inside the passive (a) DDFB and (b) DFB cavities with
N = 60, evaluated at their respective structured resonances as a function of the loaded Q-
factor of the cavity. The loaded Q-factor is tailored by adjusting the waveguide reflectivities
Γ of the terminations. Each cell denotes the average of the field magnitude in two contiguous
unit cells within a box of vertical length t + 50 nm and horizontal length 2d that includes
the top waveguide. Note that the field amplitude within the DDFB cavity is stronger than
in the DFB cavity, and that such difference grows with increasing N .
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consisting of N = 60 unit cells as a function of the quality factor, which is controlled via

the reflectivity of the cavities’ terminations as shown in Fig. 4.5. The plotted fields in both

figures correspond to those in the top waveguide, including the evanescent fields extending

up to 25 nm above and below the core. The value of each cell in Figure 4.6 is determined as

the average of the field magnitude over a box of total vertical thickness t+ 50 nm, covering

two consecutive unit cells along the z direction (the full extent of the corrugation is not

included within the box). The strong field amplitudes away from the cavity’s edge at the

DBE resonance, especially compared to the field amplitudes at the RBE resonance for the

same quality factor, demonstrate a uniquely ”structured” resonance field that leads to an

enhancement of the local density of states [68]. We observe a tight field confinement inside

the DDFB waveguide at the DBE resonance that is consistent with the results reported in

Ref. [131]. The large relative field magnitude inside the waveguide further confirms the DBE-

associated frozen-mode behavior, especially compared with the fields in the DFB cavity of the

same length and quality factor. The value of field enhancement in a cavity is markedly reliant

on the topology, technology, and length of the optical waveguides (for instance, a different

waveguide supporting the DBE reported in Ref. [133] provides a different field enhancement

than the illustrative case provided here). In essence, the maximum field enhancement in a

cavity with a DBE is generally larger than that of a comparable cavity with an RBE having

the same Q factor, length, and analogous topologies. This is also seen in Ref. [66], and such

an observation can be generalized to other implementations of cavities supporting a DBE

and an RBE. Here we have shown the field enhancement for N = 60, however, the maximum

field intensity in a DDFB cavity is expected to scale as N4 near a DBE as demonstrated in

previous pioneering work on DBE structures [99], whereas the field enhancement in a DFB

cavity should scale as N2. Also the local density of states has been demonstrated to follow

the N4 asymptotic scaling law in [68] in a previous case of a DBE cavity.

These results are important because they demonstrate the superior cavity effect of the DBE-

associated frozen mode compared to that of the RBE-associated standing wave.
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In summary, the DDFB cavity displays a larger quality factor than a DFB cavity of the

same length, displaying a larger scaling power with waveguide length (QD ∼ N5 as opposed

to QR ∼ N3). When the reflectivity of their terminations is tailored, the DDFB cavity

necessitates lower waveguide reflectivities to have a Q of the same value as that of the DFB

cavity. These results have been shown here for N = 60, but the difference in reflectivity to

provide the same Q is even starker for larger N , owing to the N5 and N3 asymptotic scaling

laws at the DBE and RBE resonances. Analogously, the difference between the maximum

field enhancements in the two cavities has been shown only for N = 60 to simplify the

numerical burden, but their difference is even stronger for larger N , owing to the N4 and

N2 asymptotic trends for field enhancement at DBE and RBE resonances, respectively, as

shown in Ref. [99]. Additionally, the quality factor of the DDFB cavity is more resilient

to perturbations of the reflectivity of its terminations than the quality factor of the DFB

cavity.

We have also shown that a DDFB cavity exhibits stronger fields away from the cavity’s

edges compared to a DFB cavity of the same length and quality factor. This happens with

approximately half the reflectivity at the DDFB cavity edges than that of the DFB cavity

when N = 60, with a starker difference expected for larger N .

4.4 DDFB-induced lasing threshold

The goal of this section is to show that the lasing threshold of a DDFB cavity is lower

than that of a DFB cavity and determine the scaling law of the DDFB threshold versus

grating length. To do so, we consider the gain to be uniformly distributed in the waveguide

cladding (i.e., in the bulk) [98, 116]. There are various ways to add gain, including rare-earth

material doping, current injection, and the use of quantum wells [96], which increase the field

amplitude of the waves traveling in the cavity. Current injection is commonly used to add
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gain in DFB lasers [129].

Here, we describe the uniform distribution of gain in the cladding as the imaginary part

−n′′
g of the complex refractive index n = nb − jn′′

g , where nb is the bulk refractive index,

and gain corresponds to n′′
g < 0. Although the used FEM solver (CST Studio Suite) does

not directly support a negative imaginary part of the refractive index, the solver allows for

a complex relative permittivity. Using the procedure described in [148], we introduce gain

to the simulation. The gain region includes the cladding between the two gratings, which

increases the interaction between the waves and the gain medium [129]. The conversion

between the bulk gain coefficient αg (in units of dB/cm) and the gain in terms of the

imaginary part of a refractive index at an angular frequency ω is approximated by n′′
g(ω) ≈

−αg(100/8.686)(c0/ω) where c0 is the speed of light in vacuum. The complex permittivity of

the cladding, ε is written as ε = ε′ − jε′′, so its imaginary part is −ε′′ = Im(n2) = −2nbn
′′
g .

We define the lasing threshold αth as the minimum amount of bulk gain necessary for an

active cavity to start oscillating due to the generation of an instability [96, 125, 66]. Consid-

ering that the DBE quality factor scales asymptotically as QD ∼ N5 for increasingly large

N [4, 132, 68, 5, 134], and that typically αth ∝ 1/Q [102], we anticipate the lasing threshold

calculated at the DBE resonance exhibits an asymptotic scaling with waveguide length such

that αD,th ∼ N−5, consistent with the literature [68, 66].

To determine the lasing threshold of a finite-length DDFB cavity, we gradually increase

the gain while monitoring the cavity field for unstable behavior. This is done by tracking

the poles of the S21 transmission parameter at the DBE resonance, as previously shown

in Appendix A of [103], Appendix B of [149] or in [117] for other kinds of exceptional

degeneracies. To ensure that lasing at a resonance fr,D near the DBE frequency fD = 193.27

THz is preferred over lasing near the closest RBE at 189.38 THz in the same cavity (the

blue curve in Fig. 4.3), we computed the lasing thresholds at the nearest resonances to the

two exceptional points for N = 60 and N = 120 of the same structure. For N = 60, the
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lasing threshold at the DBE resonance (the closest one to the DBE frequency) is αD,th = 505

dB/cm, while that near the RBE resonance (closest to the RBE frequency) is αth = 2390

dB/cm, resulting in a 4.7 times larger value than the DBE one. For N = 120, we have that

αD,th = 40 dB/cm and the threshold at the RBE resonance is αth = 295 dB/cm (that is 7.4

times larger than the DBE one). The lasing thresholds at resonances associated with the

DBE are significantly lower than those associated with the nearest RBE. Therefore, in the

double grating cavity of Fig. 4.2 that supports both the DBE and the RBE, lasing near the

DBE frequency is preferred over lasing at the nearest RBE resonance.

We have just compared the DBE and RBE lasing threshold in the same cavity, assuming

first N = 60 and then N = 120. Now we compare the thresholds in two different cavities

made of two different double gratings: the DDFB one (with s ̸= 0) and the DFB one (with

s = 0). The DDFB cavity supports a DBE at fD, and has threshold αD,th, whereas the

DFB cavity supports an RBE at fR ≈ fD (shown in Fig. 4.3 with a dashed-orange line),

and has threshold αR,th. The two thresholds are shown respectively as orange and blue dots

in Figure 4.7 for different grating lengths N . The DDFB cavity lasing threshold is always

smaller than the DFB one, for any N . The tapering in the cavities is the same as in the

results depicted in Figure 4.4.

To determine the asymptotic scaling laws of the threshold for the two DDFB and DFB cavi-

ties versus grating lengths, we fit the threshold found numerically with two fitting functions,

in orange and blue dashed lines, respectively. For the DDFB cavity, the trend is established

by fitting αD,th(N) with the function

αfitD,th(N) = 1/(aN5 + bN2), (4.6)
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Figure 4.7: Comparison between the lasing thresholds of the DDFB (orange dots) and the
DFB (blue dots) cavities of different lengths computed attheir respective DBE and RBE
resonances. The dashed lines of the same color are the fitting functions that show the
asymptotic N−5 scaling of the DBE lasing threshold αD,th with DDFB waveguide length (in
orange) and the N−3 scaling of the RBE lasing threshold αR,th with DFB waveguide length
(in blue).
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and we calculate the fit over N ∈ (160, 200). The fitting coefficients are calculated as

a = 1.29×10−13 and b = 6.78×10−7. The N−5 term dominates for N > 173. We also verified

that the difference N5 × |αfitD,th−αD,th| approaches a constant value for large N . This result

shows that the lasing threshold follows the expected asymptotic scaling αD,th ∝ 1/(aN5) for

large N .

The trend for the lasing thresholds versus DFB cavity length is established in a similar

manner, leading to the fitting function

αfitR,th(N) = 1/(cN3 + d), (4.7)

with c = 2.85× 10−9 and d = 3× 10−3. Since the N−3 term dominates after N = 101, this

result shows the asymptotic scaling threshold αR,th ∝ 1/(cN3) for large N .

The main implications of these trends are twofold. Primarily, the mirrorless DDFB cavity

displays significantly lower lasing thresholds than a mirrorless DFB cavity of the same length.

For instance, the DDFB and a DFB cavities of N = 60 unit cells without mirrors exhibit

a quality factor of QD = 3451 and QR = 1378, and a lasing threshold of αD,th = 505 and

αR,th = 1099, respectively. The mirrorless DDFB cavity requires less than half the amount

of gain (in dB/cm) to start oscillation of the preferred mode than a mirrorless DFB cavity

of the same length for N = 60. By increasing N to only N = 120, αD,th = 40 dB/cm while

αR,th = 147 dB/cm, and such a difference is increasing further for larger N . Because of the

different asymptotic lasing threshold laws for the DDFB cavity, αD,th ∝ N−5, and the DFB

cavity, αR,th ∝ N−3, the DDFB lasing principle is characterized by a different mechanism

than that of a DFB laser. This suggests possibilities for device miniaturization and reduced

power consumption. Indeed, when the trends are established for large-enough N , the ratio
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Figure 4.8: Comparison between the lasing thresholds of the DDFB (orange dots) and the
DFB (blue dots) cavities with the same length (N = 60) as a function of the reflectivities Γ
at their terminations. The DDFB cavity necessitates much lower reflectivities than the DFB
cavity of the same length to display the same lasing threshold. Additionally, the threshold
of the DDFB cavity is more resilient to variations in its terminations than the DFB cavity.

of the thresholds between the two cavities decreases asymptotically as

αD,th
αR,th

∼ a

c

1

N2
. (4.8)

The anomalous αD,th ∝ N−5 threshold scaling law and the QD ∝ N5 asymptotic scaling of

the quality factor shown in Figure 4.4 are bounded by the presence of defects and fabrication

tolerances [133].

Figure 4.8 depicts the lasing thresholds of the DDFB (orange dots) and the DFB (blue dots)

cavities with the same length N = 60 as a function of Γ as defined in Eq. (4.5). Primarily,

it shows that the lasing threshold of the DDFB cavity is more resilient to changes in its
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terminations than that of the DFB cavity of the same length and quality factor. This trend

is enhanced when the waveguides are long enough so that the asymptotic regimes for the

scaling of the quality factor and lasing threshold at DBE resonances are established.

In summary, we have shown that mirrorless DDFB cavities display much larger quality factors

and much lower lasing thresholds than comparable mirrorless DFB cavities of the same

length. The quality factor and lasing thresholds of the DDFB cavity scale with waveguide

length as the fifth power and inverse fifth power, respectively. In the DFB cavity, they

scale as N3 and N−3 instead. A related discussion in [68] regarding the local density of

states distribution within the cavity for the DBE and RBE cases supports these claims.

Additionally, we have shown that the DDFB cavity displays larger field amplitudes than the

DFB cavity even when their loaded Q factors are the same. The lasing thresholds of both

cavities can be tuned by adjusting the reflectivities at the cavities’ ends. Importantly, the

DDFB cavity has also been shown to be significantly more resilient to perturbations of the

terminations of the lasing cavity, demonstrating its robustness to external effects.

Though not shown here, the resonance frequencies at which the thresholds are calculated are

very close to the DBE resonances fr,D that, by virtue of (4.3), are asymptotically close to the

DBE frequency fD for large N . This means that by increasing the length of the grating, the

oscillation frequency should be stable and close to fD. Furthermore, the lasing frequency

should be resilient to changes in load terminations. Indeed, this phenomenon has been

already demonstrated in different but highly related studies at radio frequency accounting

for nonlinear saturation effects, theoretically and experimentally, in Refs. [135, 136, 137] by

varying the cavity loading.
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4.5 Conclusion

We have advanced the concept of a degenerate distributed feedback (DDFB) lasing scheme for

a cavity that operates in proximity to a DBE that is a special exceptional point of order four

in a lossless and gainless multimode waveguide. The optical DDFB double grating is designed

to have a degeneracy involving four propagating and evanescent optical modes, providing

a degenerate distributed feedback. Consequently, for large N , a DDFB cavity exhibits a

large quality factor, an ultralow lasing threshold, and a large stability to perturbations of its

terminations. Indeed, we have shown that the DDFB cavity exhibits a quality factor that

scales as the fifth power of the double grating length, compared to the third power scaling

of a comparable DFB cavity, and that it supports larger intracavity field amplitudes for the

same length and quality factor.

The four-mode degeneracy responsible for the DDFB lasing mechanism displays an enhanced

interaction with the gain medium, which results in a low lasing threshold that scales as the

inverse fifth power with waveguide length, clearly indicating a different lasing mechanism

than in conventional lasers. Indeed, we have shown that the DBE resonance consistently

has a lower lasing threshold than RBE resonances, indicating that lasing near the four-way

degeneracy is preferred. These features of the DDFB lasing mechanism make the DDFB

laser potentially very attractive for various applications where these features are important,

including long-range spectral communications, sensing, spectroscopy, and more. The degen-

erate double grating structure proposed in this work is very versatile and can be implemented

in various material platforms.
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Chapter 5

DBE-SHG title

In this chapter, An anomalous flat band dispersion provided by a degenerate band edge

(DBE) of optical modes in a double grating structure is used to enhance second harmonic

generation (SHG) extracted vertically. The DBE is a fourth-order exceptional point of

degeneracy (EPD) in a lossless and gainless waveguide, characterized by the coalescence of

four eigenmodes that establish a frozen mode in a cavity. At a DBE resonance, the cavity’s

quality factor scales as Q ∝ N5, where N is the number of gratings’ unit cells. In our

numerical experiments, we observe the peak fundamental-field intensity in the edge-excited

cavity scaling as I1 ∝ N3.6. This leads to a highly efficient SHG process that is radiated

vertically from the cavity without the need for phase matching, with a conversion efficiency

scaling as η ∝ N8.27. The resulting theoretical conversion efficiency per-unit-length squared

is comparable to the literature. These results establish DBE-based waveguides as promising

platforms for miniaturized efficient nonlinear photonic devices.
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5.1 Introduction

The development of efficient nonlinear photonic integrated circuits is essential for advancing

technologies such as quantum information processing, optical signal processing, and ultrafast

lasers [150]. A central example is second harmonic generation (SHG), where two photons

at a fundamental frequency f1 convert into one at f2 = 2f1 [151]. However, SHG efficiency

remains low in typical devices due to weak nonlinear coefficients and poor mode overlap. A

key figure of merit in nonlinear photonics is how the conversion efficiency scales with device

length, since higher-order scaling can enable strong conversion in miniaturized platforms.

Addressing this challenge requires new strategies to enhance field amplitudes in compact

structures.

Researchers have explored photonic crystals and resonant cavities that localize optical fields

[152, 98]. In Ref. [153], the N8 scaling is demonstrated in an ideal periodic stack under

non-phase-matching conditions. However, it relies on the assumption that both f1 and f2

lie exactly at the first resonances of their respective band edges, even though resonances

approach each band edge differently depending on its curvature, making this assumption

impractical in realistic designs.

Recently, BICs have drawn interest for their ability to trap light without radiation losses,

leading to strong field confinement and enhanced nonlinear interactions [154, 155, 156, 157].

However, finite-size effects severely deteriorate the BIC mode in practical applications [158].

Alternative mechanisms that exploit dispersion-engineered properties offer new opportunities

to enhance nonlinear effects.

In this work, we exploit the concept of exceptional points of degeneracy (EPDs) to enhance

the nonlinear SHG efficiency. EPDs are unique points in a system where multiple eigen-

modes coalesce (see for example Ref. [78, 80], or [3, 4] where Figotin and Vitebskiy refer to

EPDs as stationary points). EPDs in photonic systems can exist in gain and loss balanced
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(a)

(b)

Figure 5.1: (a) Schematic of the three-dimensional double-grating waveguide composed of
N unit cells along the x direction and width w in the transverse z direction. The upper
section is partially removed for clarity. A pump wave at the DBE resonance frequency fr,D
enters from the left (in the positive x direction) and generates a second harmonic at 2fr,D,
which radiates vertically (in the y direction). (b) Modal dispersion diagram of the structure
at the fundamental frequency, with the flat band at the Brillouin zone edge indicating the
DBE at fD (black dashed). The bracket shows the resonant frequency fr,D just above the
DBE. The inset shows the dispersion diagram around 2fD (black dashed line). The SHG at
2fr,D would not excite a mode near kd/π = 2.
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Figure 5.2: Double grating supporting guided longitudinal modes in the x direction, polarized
along z (out-of-plane). The two oppositely-facing gratings are shifted by a distance s along
x to break mirror symmetry, enabling the occurrence of the DBE that has a very flat band
in the dispersion diagram provided in the second equation in Eq. (5.2).

systems, such as parity-time symmetric structures [79, 81, 18], or in purely passive systems

through dispersion engineering [3, 5, 119]. The structured resonance mechanism discussed

here is based on an EPD belonging to this latter class, i.e., a fourth-order EPD in a periodic

waveguide without loss and gain [5], known as the degenerate band edge (DBE). At a regular

band edge (RBE), a second-order EPD, two counter-propagating modes merge, leading to a

standing wave with zero group velocity [99]. A DBE occurs when two counter-propagating

and two evanescent modes merge, forming a frozen mode. DBEs at optical frequencies have

been demonstrated in silicon photonic waveguides through dispersion reconstruction and by

observing the scaling QD ∝ N5 in finite-length structures [113, 132]. Further experimental

validations exist at microwave frequencies [134, 19].

When operated near the DBE frequency, a finite-length waveguide exhibits strongly enhanced

field amplitudes away from the cavity edges and a group delay that scales with the fifth power

of the waveguide length [4, 132, 5, 68, 134, 66]. In contrast, the group delay near a regular

band edge (RBE) grows only with the cube of the length. The peak field intensities, defined

as I = |E|2, scale asymptotically with the number of unit cells N as

81



max(IRBE) ∝ N2,

max(IDBE) ∝ N4,

(5.1)

which we aim to exploit to achieve a nonlinear conversion efficiency with a larger than N8

asymptotic scaling, even without exciting Bloch modes at the second harmonic frequency.

To illustrate this effect, we design a periodic waveguide composed of two coupled gratings

that support a DBE at the fundamental frequency. The second harmonic signal is allowed

to radiate vertically out of the structure, following the approach in [159]. This open configu-

ration facilitates practical implementation. Figure 5.1a shows the three-dimensional design:

a waveguide made of N periodic unit cells along the x-axis, with a finite width w in the

transverse y-direction. For clarity, the upper half of the device is shown partially removed to

reveal the full grating geometry. A pump at the DBE resonance frequency fr,D (the closest

resonance to the DBE frequency) is launched from the left in the positive x direction. The

resulting frozen-mode intensity enhancement leads to efficient SHG, with the generated sig-

nal at 2fr,D radiating vertically (in the y direction) out of the waveguide. By leveraging the

frozen mode effect, we achieve high field intensities at the fundamental frequency (I1) deep

inside the cavity that are shown to scale as N3.6, yielding a nonlinear conversion efficiency

that scales as N8.27.

Figure 5.1b shows the real-branch modal dispersion diagram of the structure, where the DBE

appears as a flat region near the Brillouin zone edge at Re(kd/π) = 1. The black dashed

line represents the DBE frequency fD, whereas the bracket highlights the narrow spectral

distance at which the frozen mode resonance fr,D in a finite-length grating occurs just above

the DBE frequency. The inset displays the real part of the modal wavenumbers near the

edge of the second Brillouin zone, confirming the absence of Bloch modes at twice the DBE
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frequency fD (shown as a dashed black line) near kd/π = 2.

Our results highlight the potential of combining EPDs with nonlinear processes to overcome

current limitations in integrated photonic devices. The proposed strategy provides a scalable

and practical solution for enhancing nonlinear interactions, enabling an anomalous scaling

of the frequency conversion efficiency in photonic integrated circuits.

The paper is organized as follows: The AlGaAs-based double-grating design that supports a

DBE at the fundamental frequency is introduced in Section 5.2, and we analyze its perfor-

mance in Section 5.3. Section 5.4 presents the features of the DBE-enhanced SHG process.

The results are summarized in Section 5.5.

5.2 Design of the DBE-supporting double grating

The model structure chosen to show the enhancement of the field and of the nonlinear con-

version efficiency consists of two paired standard gratings, shown in Figure 5.2 and initially

presented in Ref. [160]. The structure is created by applying a mirror operation along the

x, z plane and a longitudinal translation s on a grating. The coupling forms a system that

supports four modes. To obtain a DBE in this structure, its four modes must coalesce with

the same frequency, Bloch wavenumber, and polarization. The translation s disrupts the

mirror symmetry of the device, a necessary condition to obtain coalescence between the four

modes supported by this structure [160]. This waveguide can be designed using any pair of

materials (silicon-on-insulator (SOI) technology, SiN, InP, LiNbO3, GaAs, etc.), yet here we

choose to design it with a core of Al0.2Ga0.8As so it has a gap wavelength around 750 nm (or

400 THz) [161], the target second harmonic wavelength, with nonlinear coefficient d14 = 125

pm/V. Around the fundamental frequency f1 ≈ 193.68 THz, we have a core refractive index

of nc,1 = 3.2837, and nc,2 = 3.5607 at the second harmonic frequency f2 ≈ 387.36 THz [162].
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The cladding is AlGaO with a refractive index of nclad = 1.6 [163]. We account for the

refractive index difference between f1 and f2 in the core, but neglect dispersion within the

narrow frequency ranges of interest around each frequency. The cladding index is assumed

constant over the entire range.

The goal here is to design the double grating so these four modes coalesce into the DBE-

associated frozen mode. This occurs at the DBE frequency fD ≈ 193.679 THz and at the

edge of the first Brillouin Zone, i.e., kDd = π (where d is the unit cell period), leading to

a strong second harmonic nonlinear conversion efficiency η. This occurs because the DBE

displays enhanced intensities in the cavity compared to the RBE (as shown in Eq. (5.1)).

Near these exceptional points, their dispersions are approximated as [113, 68, 134, 5, 133, 66]

(f − fR) ≈ hR
2π
(k − kR)

2,

(f − fD) ≈ hD
2π
(k − kD)

4,

(5.2)

where fD/R and kD/R are the EPD frequencies and the Bloch wavenumbers for the DBE

and RBE cases, respectively. The parameters hR and hD describe the local flatness of the

band edges and are sometimes referred to as ”flatness parameters”. The DBE displays a

much flatter dispersion than the RBE in Figure 5.1b, and its flatness is associated with the

propagating component of the four-way degenerate mode [48]. At the DBE, dnω/dkn = 0

for n = 1, 2, 3, and d4ω/d4k = 24hD. For the case presented in this paper, where the band

gap is below fD, hD¿0. Otherwise, hD < 0. The difference between the DBE resonance

frequency fr,D (the closest resonance to the DBE) and the DBE frequency fD determines

the magnitude of the enhanced field amplitudes in the cavity, the linewidth of the resonance,

its group velocity, and quality factor QD.

The double-grating design that supports a DBE at frequency fD = 193.679 THz is obtained
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via a combination of manual and numerical parameter optimization. The key design metric

is the minimization of the second derivative of the Bloch modes at the edge of the Brillouin

Zone k = π/d, which is the first derivative of the group velocity, vg = dω/dk. Specifically,

the DBE condition is achieved when |d2ω/dk2|k=π/d → 0 which ensures that all four Bloch

modes supported by the double grating become degenerate. In contrast, minimizing only

the group velocity magnitude |vg| → 0 at k = π/d may yield an RBE instead. The value

of the geometric parameters of the double grating was also optimized so that the frequency

difference between the DBE and the nearest RBE is large enough to prevent issues with the

resonances of the finite-length structure.

The double grating shown in Figure 5.2 is modeled in COMSOL Multiphysics, a full-wave

electromagnetic solver based on finite element methods. Our objective is to obtain longitu-

dinal modes that propagate in the x direction and are polarized in the z direction (using

the coordinate system as shown in Fig. 5.1a and 5.2). In a practical implementation, the

width w of the coupled gratings is much larger than the wavelength, i.e., w ≫ λ. To re-

duce computational cost, we perform 2D simulations under the approximation w ≪ λ in

the x-direction, which retains the essential modal physics of the coupled gratings. Perfectly

matched layers (PMLs) are applied in the vertical y-direction, and the cladding thickness is

chosen to ensure field decay before reaching the boundaries. This setup minimizes reflections

and ensures proper absorption of outgoing radiation.

The modal dispersion diagram for the infinitely long double grating is computed by sim-

ulating a single unit cell of the waveguide using the eigenfrequency study in COMSOL

Multiphysics, with periodic boundary conditions. Figure 5.1b shows the resulting purely-

real branch of the dispersion diagram. The optimization algorithm uses gradient descent

methods to minimize the magnitude of the group velocity dispersion at k = π/d and achieve

the formation of the DBE by optimizing six geometric parameters: period d, height h, gap

g, core width wc, thickness t, and shift s. The resulting waveguide’s parameters are (in nm):

85



d = 300, h = 150, g = 120, wc = 184, t = 200, and s = 100. The solid-orange curve denotes

the modes that coalesce at the DBE frequency fD = 193.679 THz, while the solid-blue curve

at lower frequencies denotes the modes that coalesce forming a regular band edge (RBE) at

195.5 THz that also occurs in the same structure.

5.3 Linear response

Next, we consider a finite double-grating cavity made of N unit cells terminated by regular

transmission lines with height h (without mirrors) as illustrated on the sides of Fig 5.2. The

properties of the DBE-associated frozen mode are accessed through the closest Fabry-Pérot

resonance to the DBE frequency, termed the ”DBE resonance” fr,D, as in [113, 5, 133, 66].

Similarly, the closest resonance to an RBE is referred to as the ”RBE resonance” fr,R. These

resonances converge to the corresponding EPD frequencies with increasing N , following the

asymptotic expressions

fr,D ∼ fD + hD
2π

(
π−φ
Nd

)4
,

fr,R ∼ fR + hR
2π

(
π
Nd

)2
,

(5.3)

The scaling of the DBE resonance approaches the DBE frequency with the 1/N4 asymptotic

difference as shown in [113, 68, 134, 5, 133, 66, 19], while the RBE resonances approach the

RBE frequency with the 1/N2 asymptotic difference [164]. The angle φ accounts for the

presence of the evanescent waves in a DBE resonant cavity [99, 113]. (Note that also the

term φ should have been included in [134, 5, 66, 19].) Figure 5.3a confirms this behavior: the

DBE resonances (black dots) approach fD = 193.679 THz following the N−4 scaling trend

of Eq. (5.3). For N > 200, the cavity exhibits the asymptotic frozen mode behavior. The
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small value of hD, normalized by 1/d4 with d = 300 nm, validates the extreme flatness of

the DBE.

The resulting frozen mode exhibits greater field intensity enhancement and group delay

compared to the slow-wave resonance associated with the RBE [4]. As a result, waveguides

operating near the DBE typically outperform those near an RBE. For example, the quality

factor for an RBE increases asymptotically with waveguide length as QR ∝ N3, whereas for a

DBE it scales as QD ∝ N5 [4, 132, 68, 5, 133]. Importantly for this study, the maximum field

intensity enhancement provided by the DBE-associated frozen mode scales as max(I) ∝ N4,

leading to an extraordinary enhancement of the nonlinear polarization excited at the second

harmonic frequency.

The linear properties of the finite-length double grating around the DBE frequency are

evaluated using the FEM solver in COMSOL Multiphysics. The cavity is excited from the

left using the even mode of the input waveguide, launched at a distance L = 1.8 µm from the

start of the grating. The excitation is a two-dimensional mode with unit incident power (1

W/m). Perfectly matched layers (PMLs) are applied in both the vertical (y) and horizontal

(x) directions, with sufficient cladding thickness to absorb outgoing waves before they reach

the simulation boundaries.

Fig. 5.3b displays the normalized fundamental-field intensity envelope I1 in the x direction

across the cavity of length Nd for different values of N . The field intensities are evaluated at

the center of the top waveguide core and at their respective DBE resonances. The collapse of

all normalized curves into a single profile confirms that the normalized intensity distribution

inside the cavity remains nearly unchanged with N . Figure 5.3c displays the field amplitudes

at the center of the cavity (as orange dots) and at one third of the waveguide length from the

center (as blue dots). The solid lines of the same color are the fitting functions I1,fit(N) =

aN b, with a = 4.5×1012, b = 3.6 at the center of the cavity, and a = 2.5×1012, b = 3.36 at a

third of the cavity length (x = Nd/3, fit for N ∈ [240, 300]). Both curves are normalized by
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(a) (b)

(c) (d)

Figure 5.3: (a) Difference between the DBE resonance fr,D and the ideal DBE frequency fD
as a function of the number of unit cells. Black dots show the simulation data; the red line
is the fit from Eq. (5.3). (b) Normalized field intensity profiles I1(x)/I1,max along the longi-
tudinal position x/(Nd) for various waveguide lengths N , evaluated at the center of the top
waveguide core and at their respective DBE resonances. All normalized profiles collapse onto
a single curve, indicating that the spatial distribution of the field is preserved as N increases.
This confirms that increasing the number of unit cells enhances the field amplitude without
altering the shape of the intensity envelope. The intensity peak approaches x = Nd/2 for in-
creasing N . (c) Field intensity values I1(N) normalized by the incident power I0 = 3.86×108

(V/m)2, evaluated at the cavity center x = Nd/2 (orange) and at one-third of the length
from the center x = Nd/3 (blue) as a function of N . Solid lines represent power-law fittings
of the form Ifit(N) = aN b, yielding exponents of b = 3.6 and b = 3.35, respectively. While
these powers are below the expected N4 asymptotic scaling from Eq. (5.1), these results
confirm enhanced intensity growth relative to the N2 trend typical of regular band edge
resonances. (d) Loaded quality factors of the DBE-supporting double grating (represented
by black dots and evaluated at its DBE resonance) varying grating length. The dashed lines
of the same color are the fitting functions that show the asymptotic N5 scaling of the DBE
quality factor QD with waveguide length.
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the incident intensity I0 = 3.86×108 (V/m)2. While these exponents fall short of the idealN4

scaling predicted by Eq.(5.1), they clearly exceed the N2 growth near an RBE, underscoring

the superior confinement provided by the DBE. The deviation from N4 is attributed to the

discretized and practical nature of the structure. Field enhancement also varies with the

waveguide’s geometry, platform, and length. Different DBE-supporting designs such as that

in Ref. [133] exhibit different enhancement factors.

Figure 5.3d shows the quality factor of the cavity at the DBE resonance as a function of the

waveguide length (given by N). The quality factor is computed for a loaded double grating

structure extended continuously on both sides (without mirrors or corrugations) as regular

transmission lines with height h as illustrated on the sides of Fig 5.2. The quality factor

is extracted using the spectral definition Q = fr/BW , where BW is the 3 dB bandwidth

of the transmission peak at resonance frequency fr. This method aligns well with other

techniques, as shown in [165]. The quality factors are depicted as black dots, while the

solid red line represents the fitting function Qfit(N) = aN b, with a = 2.43 × 106 and

b = 4.94 (for N ∈ [200, 300]). This confirms the expected N5 scaling of the DBE-associated

resonance, consistent with prior work [4, 132, 68, 5, 133, 134]. The steep N5 scaling arises

from a strong impedance mismatch at the terminations, driven by destructive interference

between nearly degenerate propagating and evanescent modes at the DBE resonance [4,

146]. This interference necessitates large modal amplitudes to satisfy boundary conditions,

resulting in enhanced field amplitudes deep inside the cavity. In contrast, in RBE-based

structures the evanescent components are negligible and Q ∝ N3. Larger Q also implies

increased robustness of the DBE mode against termination imperfections and improved SHG

performance away from the cavity edges.

In summary, the DBE-supporting double-grating displays a strong scaling of the DBE res-

onance frequencies fr,D, which approach fD with an N -dependent difference that decreases

as N−4, as shown in (5.3). Additionally, we have shown that the double grating displays
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a maximum field intensity I1 at the center of the cavity that scales as N3.6 and a loaded

quality factor that scales as N5 with waveguide length (as opposed to max(I) ∝ N2 and

Q ∝ N3 when operating near an RBE).

5.4 Frozen mode second harmonic generation enhance-

ment

The goal of this section is to demonstrate the extraordinary enhancement of the SHG enabled

by the DBE and its scaling laws with grating length. We assume a second-order nonlinear

polarization density induced at the second harmonic frequency given by

Pz(2f) = −ε0d14√
3
E2
z (f), (5.4)

where d14 = 125 pm/V is the nonlinear coefficient of AlGaAs [166] and Ez is the electric

field at the fundamental frequency f1. The longitudinal modes propagate along the x-

direction and are polarized along z. The crystal is cut along the [111] direction so that the

polarization of the resulting second harmonic field also lies along z. This choice ensures

that any guided Bloch modes at f2, if present, would be efficiently excited. Below, we show

that we have no evidence of guided Bloch mode excitation, confirming non-resonant SHG

excitation. Additional details on the polarization response due to the crystal cut orientation

are provided in Appendix A.

The energy and momentum conservation conditions [151] in a periodic waveguide become
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f2 = f+
1 + f−

1 ,

k2 = k+1 + k−1 , 2k+1 , 2k−1

(5.5)

where the ± superscripts refer to the two counter-propagating photons at the fundamental

frequency. Since SHG occurs at the resonance of the fundamental frequency, f+
1 = f−

1 =

fr,D, and their corresponding wavenumbers are k+1 = π/d + χ and k−1 = π/d − χ, where

χ = (π − φ)/(Nd), as derived from Eqs. (5.2) and (5.3). This implies k2 = 2π/d for all N ,

in addition to k2 = 2π/d + 2χ and k2 = 2π/d − 2χ. For large N , these three wavenumbers

are all close to 2π/d. Importantly, the DBE-associated frozen mode at fr,D is composed of

four waves, rather than the two waves at a resonance near a regular band edge. In fact,

it is the coalescence of those waves into the frozen mode which provides the enhanced field

amplitude away from the cavity’s edges [4, 66].

We now derive approximate expressions for the pump field distribution and the resulting

second-harmonic source in terms of Bloch modes. The pump electric field in the finite

periodic structure can be expressed as a superposition of the four Bloch modes of the corre-

sponding infinite structure: Ez(f) =
∑3

0Ame
ik

(m)
1 x, where the wavenumbers near the DBE

take the form k
(m)
1 = π/d + χeimπ/2. Here, k

(0)
1 = k+1 and k

(2)
1 = k−1 are associated with two

propagating modes, whereas k
(1)
1 and k

(3)
1 are associated with two evanescent modes. More-

over, χ = (π−φ)/(Nd) is the distance of the four eigenmodes from the edge of the Brillouin

zone, and φ accounts for the phase gathered by the propagating modes when reflected at the

two cavity interfaces [113]. The amplitudes Am = Am(x, y) are periodic in x with period d.

To obtain a simplified representation near the DBE, we approximate the Am as constants,

focusing on one of the Floquet harmonics. At the DBE resonance of the finite structure, the

total field is much smaller at the edges of the cavity than in its center, and we know that

this phenomenon is due to the strong excitation of evanescent waves at the two cavity inter-

faces [99]. In other words, the DBE resonance requires that the intensity of the propagating
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portion of the field be approximately equal to the intensity of the evanescent portion of the

field, with the two almost canceling each other at the two interfaces x = 0 and x = Nd. In

addition, the two counter-propagating components should have approximately equal ampli-

tudes and interfere constructively at the center of the cavity. With these prescriptions in

mind, we obtain A1 ≈ −[1 + ei(π−φ)]/[1 + e−(π−φ)]A0, A2 ≈ A0e
i(π−φ), and A3 ≈ A1e

−(π−φ).

It follows that the pump electric field simplifies to an expression that depends on φ and A0,

Ez(f1) = 2A0e
iπx/dei(π−φ)/2

[
sin (χx+ φ/2)+

− sin (φ/2)

cosh
(
π−φ
2

) cosh(χx− π − φ

2

)]
, (5.6)

highlighting the presence of a standing wave formed by the counter-propagating Bloch modes,

with a maximum intensity at x = Nd/2, as well as the presence of an amplitude term

originated by the two evanescent Bloch modes, i.e., the cosh term. We stress that a DBE

resonance is only possible if φ ̸= 0. In fact, for φ = 0, the amplitudes of the evanescent

portion of the field would be equal to zero and the field in Eq. 5.6 would reduce to the

typical shape of an RBE cavity. Instead, setting the single fitting parameter to φ = −0.46π

yields good agreement of the Bloch model with the numerical simulation, as illustrated in

Fig. 5.4. The Bloch decomposition allows the isolation of the contribution of the propagative

and the evanescent components of the field. The intensity of these components is reported

in Fig. 5.4, along with the total field intensity. The evanescent and propagative portions

of the field cancel out at the edges of the cavity, while at the center of the cavity all four

Bloch modes add in phase. It is important to notice that the evanescent modes add a non-

negligible contribution to the overall pump intensity peak at the cavity center. Indeed, the

pump intensity at x = Nd/2 can be written as
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I1,max = 4|A0|2
[
1− sin(φ/2)

cosh(π−φ
2
)

]2
, (5.7)

With φ = −0.46π, the parenthesis in Eq. (5.7) evaluates to ≈ 1.28, which means that the

evanescent portion of the field is providing almost a 30% increase of pump intensity, which

further boosts the nonlinear processes. This enhancement is a hallmark of a DBE cavity. In

an RBE cavity, where φ = 0, only the two propagating Bloch modes interfere constructively

at the cavity center, producing the conventional sin2 intensity profile.

Figure 5.4: Fundamental-field intensity in the cavity at the DBE resonance, for N = 200.
The Bloch model (green dashed curve, retrieved from Eq. (5.6)), shows excellent agreement
with the numerical simulation (blue curve). The red-dashed line is the intensity of the

propagating portion of the field, |A0e
ik(0)x + A2e

ik(2)x|2, while the dark-dashed line is the

intensity of the evanescent portion of the field, |A1e
ik(1)x +A3e

ik(3)x|2. All the quantities are
normalized with respect to the value of the maximum peak intensity in the center of the
cavity.

The z-component of the nonlinear polarization density induced at the second-harmonic fre-

quency,
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Pz(2f1) ∝ 4A2
0 e

i 2π
d
xei(π−φ)

[
sin2 (χx+ φ/2)+

+
sin2 (φ/2)

cosh2
(
π−φ
2

) cosh2

(
χx− π − φ

2

)
+

− 2 sin (φ/2)

cosh
(
π−φ
2

) cosh(χx− π − φ

2

)
sin (χx+ ϕ/2)

]
, (5.8)

reveals: (i) the ability of the structure to emit second-harmonic light in the vertical direction,

due to the fact that the source shows the same phase in each period of the structure; (ii) the

crucial role of the evanescent modes supported by the DBE cavity in shaping and increasing

the overall intensity of the nonlinear source.

As shown in Figure 5.1b, the DBE has a bandgap below fD, so the fundamental frequency

satisfies f1 ≡ fr,D > fD, with f1 → fD only for N → ∞. The dispersion at the second har-

monic, shown in the inset in Figure 5.1b, confirms that no Bloch modes exist near kd = 2π at

f2 ≈ 2fD. Thus, the conditions in Eq. (5.5) are not met, and the nonlinear polarization does

not couple to propagating modes at f2. The observed SHG is therefore entirely attributed

to the non-phase matched nonlinear effect induced by the frozen mode at f1.

Operating the pump at the DBE resonance f1 = fr,D implies a second harmonic frequency

of f2 = 2fr,D, which asymptotically follows

f2 ∼ 2fD +
hD
π

(
π − φ

Nd

)4

, (5.9)

as N increases. Since no guided Bloch modes exist at f2 = 2fr,D, the generated second har-

monic radiates vertically through the top and bottom cladding. Due to the strong impedance

mismatch at the cavity terminations at the DBE resonances (discussed in Section 5.3), the
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second harmonic field is concentrated near the center of the cavity and suppressed at the

terminations, following the I21 pattern in Fig. 5.3b.

Figure 5.5a depicts the normalized field intensity I = |E|2 along the cavity (evaluated at the

middle of the top waveguide core) for a structure with N = 330. The intensity profile I1 at

the fundamental frequency f1 = fr,D (the DBE resonance) is shown as a solid blue curve,

while its squared value I21 is plotted as a solid red curve. The dashed yellow curve represents

the normalized intensity I2 at the second harmonic frequency f2 = 2fr,D. The near-perfect

agreement between I21 and I2 in Figure 5.5a and the results shown in Figure 5.1b are evidence

that the second harmonic field arises mostly from the nonlinear polarization density driven by

the DBE-enhanced fundamental field. Although periodic structures can, in general, enable

the excitation of Bloch modes via field gradient, our results show no significant evidence of

such excitation in this case.

Here, we define the nonlinear conversion efficiency η [167, 168] as

η =
P2

P 2
1

, (5.10)

where P1 is the incident power from the left at the fundamental frequency (the DBE res-

onance) and P2 is the output power at the second harmonic frequency. Since we perform

2D simulations for a structure invariant along z, here, we assume a nominal width of w = 1

µm, as shown in Figure 5.1a and the incident power P1 over that width is expressed in units

of W . As discussed next, P2 is the power extracted vertically, and it has also a unit of W ;

hence the efficiency has units of W−1.

The power radiated vertically at the second harmonic is calculated as
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P2 =

∫ Nd

0

Sy(x) dx, (5.11)

where Sy(x) denotes the vertical component of the time-averaged Poynting vector S = ℜ(E ·

H∗)/2. ℜ is the real part operator, and x is the longitudinal direction as shown in Fig. 5.2.

This integration is done at a distance equal to one period d from the end of the top waveguide

core to allow the field of higher-order harmonics to decay. The P 2
1 normalization ensures η

is independent of the incident power in the undepleted pump approximation [150].

The nonlinear properties of the finite-length double gratings at the DBE resonances are

obtained using the FEM frequency domain solver in COMSOLMultiphysics. The structure is

excited at the N -dependent DBE resonance frequency f1 ≡ fr,D from the left in the positive x

direction, as in the linear studies in Section 5.3, inducing the nonlinear polarization described

in Eq. (5.4). The same boundary conditions used in the linear simulations are applied.

The main result of this paper is the asymptotic scaling of the nonlinear conversion efficiency

η with waveguide length, enabled by the exceptional light-matter interaction between the

DBE-associated frozen mode and the nonlinear medium in the waveguide core. Figure 5.5b

displays η as a function of the number of unit cells N , depicted as black dots. The inset

shows the field at the fundamental frequency excited from the left whereas that at the second

harmonic at f2 ≡ 2fr,D is extracted vertically from the structure. The solid red line represents

the fitting function η = aN b. The parameters have been evaluated as a = 1.12 and b = 8.27,

with a fitting done in the interval N ∈ [200, 300]. This exceptional scaling of the nonlinear

conversion efficiency is striking compared to what has been published in the literature so far.

It is higher than the scaling η ∝ N8 reported in [153], found in a doubly-resonant structure.

The technique reported in [153] was based on exciting an RBE resonance at f1 and having

f2 coincident with an RBE resonance at f2, and despite representing a record high scaling of
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the efficiency with the number of unit cell of the photonic crystal there employed, it requires

a precise condition of double resonance at the two RBEs that is not easy to realize. Indeed,

the study in [153] was based on a multilayered photonic crystal where the double resonance

condition was found assuming zero dispersion of the materials’ parameters.

In our case instead, the scaling is obtained by only choosing f1 corresponding to the DBE

resonance frequency, without requiring the excitation of any Bloch modes at the second

harmonic. The DBE-enhanced strong power scaling arises from the fact that the nonlinear

conversion efficiency is proportional to the square power of the field intensity I1, whose

maximum has been shown to scale with waveguide length as max(I) ∝ N3.6 at the DBE

resonances. Since the integral of the Poynting vector in Eq. (5.11) adds an additional N

contribution to the leaked power, we expect ηD ∝ N8.2, following the law

P2 ∝ N max(I2) ∝ N max(I21 ) (5.12)

Our numerical findings return a leaked second harmonic power that leads to an efficiency that

scales as ηD ∝ N8.27. These minor discrepancies can be attributed to numerical discretization

effects and the difference in the evaluation region: η is computed one period above the

waveguide well into the cladding, whereas the peak field intensity is taken at the center of

the top waveguide core.

The main implications of this trend are that (i) relying on the DBE for nonlinear interac-

tions (rather than on an RBE) allows for a remarkable miniaturization of photonic integrated

nonlinear sources and devices beyond previous estimates, even without phase-matching; (ii)

despite the DBE being a condition that requires precise fabrication, our proposed technique

only requires the tuning of f1 with the resonance frequency of the DBE cavity and no phase
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(a) (b)

Figure 5.5: (a) Normalized intensity profiles along the longitudinal x axis of a double grating
with N = 330 unit cells at the center of the top waveguide core. The solid blue line shows
the intensity I1 at the fundamental frequency f1 = fr,D, while the solid red line represents
its squared value, I21 . The dashed yellow line denotes the normalized intensity I2 at the
second harmonic (f2 = 2fr,D). The near-perfect overlap between I21 and I2 confirms that
the second harmonic field distribution follows the nonlinear polarization generated by the
DBE-enhanced field, and that no guided Bloch modes are substantially excited at f2. (b)
Conversion efficiency of the double grating (black dots) cavities of different lengths computed
at their respective DBE resonances. The solid red line depicts the fitting function that shows
the asymptotic N8.32 scaling of the nonlinear conversion efficiency ηD with waveguide length.
The inset denotes that the field at the fundamental frequency f1 = fr,D is excited from the
left and the field at the second harmonic frequency leaks vertically out of the structure.

matching is required at f2; (iii) in the present double-grating configuration, the generated

second harmonic field primarily radiates vertically through the cladding, while the funda-

mental mode is side-coupled, which may simplify device integration. Note that while the

second harmonic has been shown not to couple to guided Bloch modes, edge-induced effects

could still excite weakly guided or radiative components at f2, though this is not observed

due to the high degree of matching between the shape of I2 with that of I21 .

For the DBE-supporting double grating with N = 300 unit cells (corresponding to a total

length of L = 0.9 µm), we obtain a second harmonic generation efficiency of η = 1.15 (W)−1.

Put differently, the structure converts a 4% of the pump power into vertically emitted second-

harmonic light while operating at an input, peak-power density of 10 MW/cm2, a relatively

low intensity level in the realm of nonlinear optics. Note that we have assumed a width
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Ref. Material Device Length [mm] P1 [W] P2 [W] η = P2/(P
2
1 ) [W

−1] ηnorm = P2/(P
2
1L

2) [W−1cm−2]
[169] AlGaAs WG 5 1.9× 10−3 0.85× 10−6 0.2 0.83
[170] AlGaAs Suspended wire 1000 8× 10−4 3.9× 10−9 0.006 6.1× 10−7

[170] AlGaAs Suspended rib 200 4.0× 10−4 2.7× 10−11 1.68× 10−4 4.22× 10−7

[171] GaAs Waveguide 2.9 5× 10−6 1× 10−9 40 475.62
[172] AlGaAs Waveguide 0.5 68× 10−6 0.12× 10−9 0.026 10.38
[173] AlGaAs Waveguide 2.17 3.3× 10−3 60× 10−6 5.5 117
[167] AlGaAs Nano wire 12.6 155× 10−6 50× 10−12 0.002 0.001
[174] AlGaAs Waveguide 0.5 0.3× 10−3 2.25× 10−6 25 10× 103

This work AlGaAs DBE Double grating 0.09 1× 10−6 1.15× 10−12 1.15 14× 103

Table 5.1: Comparison of SHG efficiency in various experimental AlGaAs and GaAs waveg-
uides.
* To compare the 2D double grating efficiencies, we have assumed a width w = 1 µm.
(N=300)*

w = 1 µm. A comparison with previously reported experimental AlGaAs devices is provided

in Table 5.1. While the resulting efficiency is moderate compared to the highest values

reported in the 7th column in Table 5.1, this comparison does not consider differences in

device length. Here we normalize the SHG efficiency by L2 to remove the dependency on

the interaction length, as in [173, 167, 170]. Then, our structure yields ηnorm = 14 × 103

W−1cm−2, which surpasses all the values in Table 5.1. This result highlights the potential for

extraordinary miniaturization of nonlinear devices operating near a DBE. Additionally, these

results are obtained without optimizing the design for overlap between the fundamental and

second harmonic modes, since no Bloch modes are excited at the second harmonic frequency.

The demonstrated grating design delivers a blueprint for an efficient integrated source of

entangled photons. Frequency-degenerate spontaneous parametric down conversion [175],

which is a reverse process to SHG, allows free-space pumping at λpump = 750 nm to

resonantly generate waveguide-coupled pairs of telecom photons, opening the use of DBEs

in quantum optics and secure communications [176].
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5.5 Conclusion

We have designed and analyzed a nonlinear grating that supports a degenerate band edge

(DBE), a fourth-order exceptional point of degeneracy, as a means to enhance second har-

monic generation (SHG) without phase matching and without exciting any Bloch modes at

the second harmonic frequency. Operating the mirrorless double grating close to the DBE

frequency causes very large field intensities I1 at the DBE resonance, whose maximum scales

as N3.6, close to the expected N4 expected from the literature. Additionally, we have shown

the asymptotic N4.94 quality factor scaling with waveguide length for a large number of unit

cells N up to 300. This behavior is a direct result of the DBE-associated frozen mode regime.

Building on this linear response, we have demonstrated that the resulting field enhancement

leads to efficient second harmonic generation. The second harmonic field, which leaks ver-

tically out of the structure, has been shown to follow the same spatial distribution as the

square of the fundamental field. Our simulations show that the DBE-enhanced nonlinear

conversion efficiency asymptotically scales as η ∝ N8.27 for large N , highlighting the effec-

tiveness of the DBE mechanism in boosting light-matter interactions, even without phase

matching and in the absence of Bloch modes at the second harmonic frequency. Additionally,

when the efficiency is normalized by the square of the waveguide length, the DBE-supporting

double grating displays an efficiency surpassing the state-of-the-art, demonstrating a strong

potential for the miniaturization of integrated photonic nonlinear sources.

These results establish the DBE as a powerful mechanism for compact and efficient nonlin-

ear integrated photonic devices. The structure proposed here is compatible with existing

material platforms and provides a robust, scalable approach for boosting nonlinear effects in

applications ranging from on-chip frequency conversion to quantum photonic systems.
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Appendix A: Crystal cut dependence on the polariza-

tion of the fundamental field and the second harmonic

In an AlGaAs-based waveguide, the relationship between the polarization density vector at

the second harmonic P2f and the electric field at the fundamental frequency Ef depends on

the crystal cut.

For a crystal cut in the [001] direction, with the x axis aligned with that of the waveguide,

the second-order nonlinear susceptibility tensor is
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χ(2) =


0 0 0 d14 0 0

0 0 0 0 d14 0

0 0 0 0 0 d14

 . (5.13)

For a crystal cut in the [111] direction, the susceptibility tensor transforms to

χ(2) =


−d14√

3
−d14√

3
2d14√

3
d14√
6

−d14√
6

0

−d14√
3

2d14√
3

−d14√
3

−d14√
6

−d14√
6

0

2d14√
3

−d14√
3

−d14√
3

0 0 d14√
2

 . (5.14)

From this, the out-of-plane (z-component) polarization density at the second harmonic is

given by

Pz(2f) = ε0d14

(
2√
3
E2
x(f)−

1√
3
E2
y(f)−

1√
3
E2
z (f) +

1√
2
Ex(f)Ey(f)

)
. (5.15)

In the special case where the fundamental field is entirely in the out-of-plane direction, i.e.,

Ef = Ezẑ, the expression simplifies to

Pz(2f) = −ε0d14√
3
E2
z (f). (5.16)

This result is particularly relevant for our waveguide system, as the DBE-associated frozen

mode at the fundamental frequency is a TE mode with E1z ̸= 0, leading to a second-harmonic

TE mode with E2z ̸= 0.
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Chapter 6

The Combination of the Azimuthally-

and Radially-Polarized Beams:

Helicity and Momentum Densities,

Generation and Optimal Chiral Light

In this chapter, we show that the superposition of azimuthally and radially polarized beams

forms an optimally chiral beam (ARPB) with purely longitudinal fields along its axis, achiev-

ing maximum helicity density for a given energy density. We derive closed-form expressions

for its field components and electromagnetic quantities, and show that they hold great po-

tential as probes for molecular chirality.
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6.1 Introduction

Chirality is a geometrical property of objects that are not superimposable to their mirror

images [177]. Chiral molecules, also known as enantiomers, have the same constitution

but follow different chemical processes in a chiral environment [178]. As of 2016, 50% of

FDA-approved drugs have chiral active ingredients [179], where one enantiomer initiates the

desired chemical reaction and the other one acts as an antagonist [180]. Therefore, it is

of supreme importance to develop efficient techniques to probe the chirality of enantiomers

[181, 182, 183] and to separate them [184, 185].

Recently, a lot of interest has emerged in the interaction between chiral particles and chiral

light [186], of which circularly polarized light (CPL) is the most common example [177]. The

optical chirality density is [187, 188]

C =
1

2
(ε0E · ∇ × E + µ0H · ∇ ×H), (6.1)

where µ0 and ε0 are the absolute permeability and permittivity in vacuum, respectively. The

symbols E and H denote the real electric and magnetic fields. The optical chirality density

C is a specific dynamical property of light that is conserved in vacuum. While it does not

directly account for all chiral light-matter interactions [189], C is relevant in interactions

involving the interference between electric and magnetic dipoles exhibited by chiral media

[187, 188].

In this paper, we focus on monochromatic fields with the implicit time dependence e−iωt,

where ω is the angular frequency of light. The time-averaged helicity density h is defined as

[190, 70, 71]
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h =
1

2ωc
ℑ (E ·H∗) , (6.2)

in terms of the electric and magnetic field phasors, E and H, respectively. The symbol c =

1/
√
ε0µ0 is the speed of light in vacuum. We will focus on h because it is more transparently

connected to physical quantities of the field, such as the spin angular momentum density

[191] and photon number [192] than the time-averaged version of the optical chirality density,

C, whose expression is given in Refs. [188, 182, 193] and in the Supplementary Information

of Ref. [70]. In quantum particle physics, the helicity density h is determined by the product

of the spin and momentum densities [69], and in electromagnetism it is a locally-independent

property related to the dual symmetry between the electric and the magnetic field [194]. For

monochromatic fields, the time-averaged helicity and optical chirality densities are related

as C = ω2c−1h [70]. Even though they are both real pseudoscalars, the direction of the field

components they stem from is important in chiral-light matter interactions, as reported in

Ref. [72]. For instance, chiral particles can exhibit an anisotropic chiral polarizability, based

on their dipolar description. See Refs. [72, 195] for details. This results in a distinct chiral

response when the particles are probed by beams with either transversely or longitudinally

polarized fields. Therefore, it is convenient to divide a beam’s scalar helicity density into its

constituents, i.e.,

h = h⊥ + hz, (6.3)

where h⊥ = ℑ (E⊥ ·H∗
⊥) /(2ωc) stems purely from the transverse field components, perpen-

dicular to the beam propagation direction, and hz = ℑ (EzH
∗
z ) /(2ωc), originates from the
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longitudinal components (i.e., along the beam propagation direction).

The chiroptical response of natural chiral systems, however, is very weak [196]. The response

depends on the amount of helicity density of light, as observed in the photoinduced forces

reported in Ref. [197] (although it is not the main result of the paper) and in Ref. [71], as

well as in the dissymmetry factor g in Ref. [187].

The concept of helicity maximization to its upper bound was introduced in Ref. [70], which

showed that the magnitude of the helicity density h of a free-space monochromatic field has

an upper bound, i.e., |h| ≤ u/ω, where u is the energy density of light. As a consequence,

optimally chiral light (OCL) was defined as a local property of free-space monochromatic field

that exhibitsmaximum helicity density at a given energy density. When light is not optimally

chiral, one has |h| < u/ω. Measurement of chirality dipolar polarizability, associated to the

geometrical chirality of a sample nanoparticle, with OCL, yields a dissymmetry factor g that

is determined solely by the sample’s dipolar polarizabilities [70], and not by the electric or

magnetic intensity and energy of the beam’s light. As shown in Ref. [70], circularly polarized

light (CPL) represents a specific case of the broader category known as OCL. CPL exhibits

maximum helicity density at a given energy density, and that is why it has been used so

successfully to detect the chirality of matter. However, the results in Ref. [70] show that

there are countless other examples of structured light that are optimally chiral, and the

special beam studied in this paper is a useful and simple example.

Emerging strategies attempt to maximize chiral light-matter interactions by enhancing the

optical chirality density using dielectric [198, 199, 185, 200] or plasmonic nanostructures

[201, 202, 203]. It is shown in Ref. [204] that the average chirality of the near field of plas-

monic nanostructures cannot be significantly higher than that in freely-propagating plane

waves. These studies so far have only considered nanostructures illuminated with CPL, whose

optical chirality (i.e., helicity) density is caused by purely transverse fields (i.e., h = h⊥),

or with linearly polarized light [205] for enhanced optical rotation measurements. However,
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Gúzman Rosales et al. [206] highlighted the importance of longitudinal field components

in chiral interactions. Indeed, for a dipolar particle with an isotropic chiral polarizability, a

beam with an optical chirality density stemming from transverse fields, such as CPL, can

only reveal its chirality on the transverse plane, which could be mistaken with its dielectric

or magnetic anisotropy as the sample is simultaneously probed in two directions (x and y)

when using CPL [186]. In contrast, a beam with an axial helicity density that originates

from purely longitudinal fields, i.e., h = hz, only probes the particle’s chiral polarizability

along one direction (z). This property is crucial for a few different scenarios: (i) for probing

nanoparticle samples that express a dipolar polarizability of tensorial form with only the zz

component that is chiral; (ii) for particles characterized by an anisotropic dipolar chiral po-

larizability, the actual response depends on the beam’s polarization, and separately probing

the particle with chiral beams featuring purely transverse and longitudinal fields provides

complementary information, as shown in Fig. (6) of Ref. [72]; and (iii) for particles that have

a transverse electric or magnetic anisotropic polarizability that would confuse the chirality

measurements if one uses CPL.

Therefore, it is important to study optimally chiral beams with an optical chirality density

that stems from purely longitudinal fields on their axis, i.e., they have |hz| = u/ω. An

example of this kind of beam is the azimuthally-radially polarized beam (ARPB) [72] that

is a superposition of an azimuthally polarized beam (APB) [207, 208, 209, 210, 211] and a

radially polarized beam (RPB) [212, 213, 214]. In Ref. [215], the authors tightly focus an

achiral beam resulting from the in-phase superposition of an APB and an RPB to excite

a chiral dipole moment in a geometrically achiral nanostructure by carefully adapting the

excitation wavelength to balance the induced electric and the magnetic dipole moments

in the nanostructure. Here, instead, we examine out-of-phase superpositions of these two

beams, which result in chiral ARPBs. The APB, RPB, and ARPB examined in this study

are particular instances of the broader category of spirally polarized beams developed by

Gori in Ref. [216]. We choose to retain the designation of azimuthally-radially polarized
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Figure 6.1: Conceptual representation of the APB, the RPB, and the ARPB as their com-
bination with a phase delay of ψ = ±π/2. The electric field is represented in blue and the
magnetic field in red. The radial components of the fields are not shown. The bell curve
denotes the Gaussian-like parameter f . In the ARPB with ψ = π/2, the electric field E
(blue bell curve) leads in time to the magnetic field H (red bell curve), and the opposite
(lagging) occurs when ψ = −π/2.

beam from previous work [72, 70, 73, 74] because it encapsulates the combination of an APB

and an RPB. This composition results in purely longitudinal electric and magnetic fields on

the beam axis, which are important to build an on-axis helicity density that stems only from

longitudinal field components, i.e., h = hz.

The phase-shift ψ and the ratio of amplitudes V̂ between the APB and the RPB can be tuned

to produce an ARPB with optimal chirality, which we refer to as an optimally chiral ARPB

(OC-ARPB). This occurs when ψ = ±π/2 and V̂ = 1, as initially reported by Hanifeh et

al. in Ref. [70]. Figure 6.1 displays schematic views of an APB, an RPB, and two distinct

configurations of an OC-ARPB. For 0 < ψ < π, the electric field leads the magnetic field,

while the opposite occurs for −π < ψ < 0. The transverse fields of the ARPB vanish on the
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beam axis, where the longitudinal fields persist [72, 70, 73, 74]. This spatial separation is

shown in Figures 6.2(a) and (b), which respectively depict the propagation of the magnitude

of the transverse E⊥ = Eρρ̂+ Eφφ̂ and longitudinal Ez electric fields of the ARPB.

Both the OC-ARPB and CPL are part of the broader category of OCL. However, the key

distinction is that the OC-ARPB exhibits an optical chirality density that originates exclu-

sively from longitudinal fields along the beam axis (i.e., helicity density hz), the chirality

density of CPL completely stems from fields in the transverse-to-z plane (i.e., helicity density

h⊥). Therefore, as discussed in Ref. [72], each beam is suitable for different and complemen-

tary matter-chirality probing. CPL can only probe the transverse chiral polarizability of

particles, however, as mentioned, it also probes the particle’s transverse anisotropy, whereas

the APRB exclusively measures the longitudinal chirality of a sample oriented in the same

direction as the beam. Additionally, the different chirality densities displayed by the ARPB

and CPL affect possible designs of chirality-discriminating optical traps, as discussed in

Ref. [217]. Preliminary theoretical results also show that illuminating dielectric nanospheres

with an OC-ARPB results in almost twice the helicity density enhancement than using a

CP Gaussian beam [70]. Other investigations into beams with a chirality density stemming

from purely longitudinal fields, including Gúzman Rosales et al [206], study the optical chi-

rality of beams with orbital angular momentum (OAM) [206, 218, 219, 220, 221, 222, 223].

Potential applications of the OC-ARPB (and other forms of vector beams with a chirality

density that stems from purely longitudinal fields) include enhancing circular dichroism sig-

nals of nanoparticles [224], improving a magnet-free magnetic circular dichroism [225], and

measuring the spatial features of chirality of nanoparticles at nanoscale [72].

In this paper, we further advance the concept of a chiral ARPB, defined in terms of an

arbitrary relative amplitude V̂ and phase shift ψ between the APB and the RPB, as in

Refs. [70, 73, 226, 74]. We introduce a concise notation for the APB and the RPB in

Section 6.2. The ARPB is described in Section 6.3, and the analytical expressions for its
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(a)

(b)

Figure 6.2: Schematic representation of propagation and localization of the (a) transverse
E⊥ = Eρρ̂ + Eφφ̂, and (b) longitudinal Ez fields of an ARPB with w0 = λ = 400 nm. The
Ez field is localized on the axis. The same happens for the magnetic field, with Hz localized
on the axis.

field quantities are provided in Section 6.4. In Section 6.5, we focus on the OC-ARPB and its

exceptional electric-magnetic symmetry. To support future experimental studies, we discuss

setups that generate an ARPB in Section 6.6. The conclusions are found in Section 6.7.

6.2 Cylindrical polarization basis

A structured beam with a helicity density that ensues from purely longitudinal fields on its

axis is built here by combining two beams that have exclusively longitudinal electric and

magnetic field components on their axis. Therefore, combining the APB and the RPB fits
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this purpose. These beams are obtained as a combination of normalized Laguerre-Gaussian

(LG) beams. This class of beams is generally referred to as spirally polarized beams [216], of

which the APB and the RPB described herein are specific instances. The APB is obtained by

a combination of two circularly polarized LG beams with opposite orbital angular momentum

(OAM) and handedness, i.e.,

EAPB =
i
√
2

2
VA (u1,0 êRH − u−1,0 êLH) e

ikz, (6.4)

where VA is the complex amplitude of the APB, and the circular unitary vectors are êRH =

(x̂− iŷ) /
√
2 for right-circularly polarized light and êLH = (x̂+ iŷ) /

√
2 for left-circularly

polarized light [70]. Thus, in this paper, we restrain our analysis to combinations of LG

beams with u±1,0 (zero axial index and a topological charge l = ±1), [227, 228, 207]

u±1,0 =
2ρ√
πw2

e−(ρ/w)2ζe−2i tan−1(z/zR)e±iφ, (6.5)

where w = w0

√
1 + (z/zR)2 represents the beam radius, and w0 is defined as half the beam

waist parameter at z = 0. The Gouy phase is given by ζ = 1 − iz/zR, and the Rayleigh

range is expressed as zR = πw2
0/λ, where λ is the free-space wavelength. The wavenumber

is k = 2π/λ.

The magnetic field of the RPB, HRPB, has an analogous representation as (6.4) after substi-

tuting the weight VA (with unit of Volts) with VR/η0, where η0 =
√
µ0/ε0, is the characteristic

impedance of free space. To facilitate our analysis of the helicity density of the resulting

ARPB, we have opted to introduce a more concise notation in the cylindrical basis (ρ, φ,
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z). The non-zero field components of the APB are

EAPB
φ = ρ

w2VAf,

HAPB
ρ = − ρ

w2η0
VAf (Aρ + iBρ) ,

HAPB
z = − 2i

kw2η0
VAf (Az + iBz) ,

(6.6)

and those of the RPB

HRPB
φ = ρ

w2η0
VRf,

ERPB
ρ = ρ

w2VRf (Aρ + iBρ) ,

ERPB
z = 2i

kw2VRf (Az + iBz) .

(6.7)

The dimensionless shorthand parameters are

f = 2√
π
e−(ρ/w)2ζe−2i tan−1(z/zR)eikz,

Aρ = 1 + 1
kzR

ρ2−2w2
0

w2 +
(

2zρ
w2kzR

)2

,

Bρ = − 4
w2

1
k2

z
zR

(
1− ρ2

w2

)
,

Az = 1− ρ2

w2 ,

Bz =
z
zR

ρ2

w2 .

(6.8)

While the parameters Aρ, Bρ, Az, and Bz described in Equation (6.8) are real, but the

parameter f is complex and related to the normalized Laguerre-Gaussian (LG) modes as

f = w2

ρ
u±1,0e

∓iφeikz. Further elaboration on this subject can be found in Section A of the

Supporting Information, where we show the APB electric field in different polarization bases.
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Comparing Equations (6.6) and (6.7) shows that the APB and the RPB are electromagnet-

ically dual. When they have the same beam parameters, their fields are related as [74]

EAPB = η0H
RPB

(
VA
VR

)
,

ERPB = −η0HAPB
(
VR
VA

)
.

(6.9)

The APB/RPB only has non-zero longitudinal magnetic/electric field on the axis (ρ = 0).

6.3 The azimuthally-radially polarized beam

The ARPB is formed by adding an APB and an RPB, with a complex amplitude ratio given

by VA/VR = V̂ eiψ. Since the APB and RPB have magnetic and electric longitudinal fields on

their axis, respectively, the ARPB has both electric and magnetic longitudinal fields that can

be properly phase-shifted to generate a helicity density that stems from longitudinal fields,

i.e., hz = ℑ (EzH
∗
z ) /(2ωc). The parameter V̂ monitors the relative magnitudes of the two

beams, while their relative phase shift ψ is referred to as the phase parameter as in Ref. [72].

The combined fields of the ARPB are

EARPB = EAPB + ERPB = fVR
kw2

[
kρ (Aρ + iBρ) ρ̂+ kρV̂ eiψ φ̂+ 2i (Az + iBz) ẑ

]
,

HARPB = HAPB +HRPB = − fVR
kw2η0

[
kρV̂ eiψ (Aρ + iBρ) ρ̂− kρ φ̂+ 2iV̂ eiψ (Az + iBz) ẑ

]
,

(6.10)

which are purely longitudinal on the beam axis. Note that the field components in cylindrical

coordinates do not show an azimuthal dependence. In Ref. [207], the authors demonstrate
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that as w0 of an APB decreases, its longitudinal magnetic field component Hz increases at

a faster rate compared to its transverse fields E⊥ and H⊥. As a result of the APB/RPB

duality shown in Eq. (6.9), this phenomenon is also observed in the longitudinal electric field

component ERPB
z of an RPB. Consequently, the longitudinal fields of the ARPB increase

more rapidly than the transverse fields as w0 decreases. This feature is important when

we calculate the helicity density that stems from exclusively longitudinal fields, i.e., hz, in

Section 6.4.

6.4 ARPB field quantities

We provide the cycle-averaged densities of specific field quantities of the ARPB that play a

critical role in local chiral light-matter interactions [187, 197, 229]. The cycle-averaged energy

density of a monochromatic EM field is u = ε0|E|2/4+µ0|H|2/4 [230], and the cycle-averaged

complex Poynting vector is S = (E×H∗) /2 [231]. Its real part is associated with the linear

momentum density p = ℜ(S)/c2 as in Ref. [231], while the imaginary part is associated with

the reactive energy flux density of the field. The cycle-averaged spin angular momentum

(SAM) density is σ = − ε0
4iω

(E× E∗)− µ0
4iω

(H×H∗), and the cycle-averaged helicity density

is shown in Eq. (6.2). While the energy and SAM densities naturally split into electric and

magnetic field contributions, i.e., u = ue + um and σ = σe + σm, the Poynting vector S

and the helicity density h depend on the interaction between the electric and magnetic fields

of the beam. In this section, our focus is exclusively on the final expressions for the field

quantities of the ARPB. Additional information about the field quantities of the APB, the

RPB, and the ARPB can be found in Section B of the Supporting Information. To make the

field quantities easier to comprehend, we express them as a combination of a normalization

constant (denoted by the subscript 0) and a dimensionless term. The energy density of an

ARPB is
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uARPB = 1
2
u0

(
1 + V̂ 2

) [
(kρ)2

(
1 + A2

ρ +B2
ρ

)
+ 4 (A2

z +B2
z )
]
, (6.11)

where u0 = ε0|f |2
2k2w4 |VR|2. Its value does not depend on ψ. The energy density of an ARPB

describes an annular ring in the transverse plane. The components of the Poynting vector

SARPB of an ARPB are

SARPB
ρ = iS0 [ V̂

2(Az − iBz)− (Az + iBz) ] ,

SARPB
φ = −2S0V̂ (sinψ + i cosψ) (AρAz +BρBz) ,

SARPB
z = 1

2
S0kρ [ V̂

2(Aρ − iBρ) + (Aρ + iBρ) ] .

(6.12)

where S0 =
ρ|f |2
kη0w4 |VR|2 = 2ρωu0. Note that S0 vanishes on the beam axis, while u0 does not.

When V̂ = 1, the longitudinal and radial energy flux density, SARPB
z and SARPB

ρ , are purely

real. Moreover, near its focal plane (z ≈ 0), the radial component of the Poynting vector of

an ARPB with V̂ = 1 is negligible: SARPB
ρ ∝ Bz ≈ 0 W/m2 (see Eq. (6.8)). Therefore, most

of the energy density flows in the z direction and the ratio of active versus reactive energy

flux density in the azimuthal direction depends on the phase parameter ψ. For ψ ̸= 0, π,

which is the case for chiral ARPBs, there is a nonzero azimuthal linear momentum density

pφ = ℜ(Sφ)/c2. While the ARPB is not a conventional vortex beam since it does not have

a phase variation around the axis (usually characterized by eilφ) [232], it exhibits a power

flow around the axis. The reason is because of the out-of-phase combination of an APB and

an RPB, which do not individually exhibit an azimuthal power flow (see Eq. (S5) of the

Supplementary Information, Section B, for further details). Therefore, the azimuthal power

flow necessarily implies the existence of a ψ-dependent orbital angular momentum (OAM)

density in the longitudinal direction [233, 234, 235]. The longitudinal OAM density of a
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field in cylindrical coordinates is calculated as lz = pφρ − σz (see Eq. (S8) and (S9) of the

Supplementary Information, Section B, for more information), which for an ARPB is

lARPB
z = l0V̂ sin(ψ) [2(AρAz +BρBz) + Aρ] , (6.13)

where l0 = − ε0ρ2|f |2
ωw4 |VR|2. The longitudinal OAM density vanishes on the beam axis, where

the fields are purely longitudinal. Despite being composed of two beams, namely, the APB

and the RPB, each with zero longitudinal OAM densities, the ARPB exhibits a non-zero

longitudinal OAM density for ψ ̸= 0. A chiral ARPB carries an lz that reaches a maximum

for ψ = ±π/2, which is the case for OCL as discussed in Section 6.5. Additionally, the

OAM density of an ARPB can be continuously tuned by varying the phase parameter ψ,

in contrast with the discrete azimuthal phase dependence eilφ of LG vortex beams, where

l is the topological charge [194]. As shown later in Section 6.6, the value of ψ is readily

accessible by means of standard optical elements (beam splitters, mirrors, and wave plates),

while varying l generally requires elaborate optical elements, including Q-plates [236], spatial

light modulators (SLMs)[237], spiral phase plates [238], or cylindrical lenses [239, 240].

The components of the SAM density σARPB of the ARPB are

σARPB
ρ = 2σ0V̂ sin(ψ)Bz,

σARPB
φ = −σ0

(
1 + V̂ 2

)
[AρAz +BρBz] ,

σARPB
z = σ0kρV̂ sin(ψ)Aρ,

(6.14)

where σ0 = ε0ρ|f |2
ωkw4 |VR|2 = S0/(ωc) vanishes on axis. While the azimuthal SAM density

σARPB
φ is the sum of the SAM densities of the individual APB and RPB (see Supporting
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Information, Section B), the radial and longitudinal components of the SAM density arise

from the interaction between the two beams and therefore depend on the phase parameter

ψ.

The time-averaged helicity density hARPB of an APRB, defined in Eq. (6.2), is decomposed

based on the field components in cylindrical coordinates as h = ℑ
(
EρH

∗
ρ + EϕH

∗
ϕ + EzH

∗
z

)
/(2ωc),

leading to h = hρ + hϕ + hz with

hρ = h0V̂ sin(ψ)(kρ)2
(
A2
ρ +B2

ρ

)
,

hφ = h0V̂ sin(ψ)(kρ)2,

hz = 4h0V̂ sin(ψ) (A2
z +B2

z ) ,

(6.15)

where h0 = ε0|f |2
2ωk2w4 |VR|2. The normalization parameters of the energy u0 and helicity h0

densities are related as h0 = u0/ω. Note that h0 and u0 do not vanish on the axis, while S0,

σ0, and l0 do vanish there, and that is why there is a special relation between h0 and u0.

Also, hρ and hϕ vanish on the beam axis, whereas the term hz is the only one that does not

vanish there. This means that on the beam’s axis, hz reaches the upper bound of |hz| = u/ω

when ψ = ±π/2. This makes the ARPB a tool to detect the chiral dipolar polarizability

nanoparticles located on its axis. Since only Ez and Hz make the light helicity density on the

beam axis, a detection mechanism based on only these longitudinal field components would

not be sensitive to the nanoparticle electric or magnetic anisotropic polarizability. The total

helicity density of an ARPB is also related to its energy density (shown in Eq. (6.11)) as

hARPB =
uARPB

ω

2V̂

1 + V̂ 2
sin(ψ). (6.16)
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For V̂ = 1, the helicity density is in agreement with the expressions in Eq. (13.28) and (13.29)

of Ref. [74]. For ψ = 0, π, the interaction between the fields of the APB and the RPB is

minimized; the energy u, linear momentum p, SAM σ, longitudinal OAM lz, and helicity

h densities of the resulting ARPB are the sum of those of the APB and the RPB (see

Section B of the Supporting Information for details). Conversely, for ψ = ±π/2, which

corresponds to the OC-ARPB as shown in Section 6.5, the interaction between the APB and

the RPB is maximized. The OC-APRB displays maximum linear momentum, SAM, OAM,

and helicity densities. In essence, the phase parameter ψ mediates the interaction between

the fields of the APB and the RPB. The OAM and helicity densities originate from the out-

of-phase superposition of the APB and the RPB, which is determined by the phase parameter

ψ. Notably, the helicity density of the ARPB does not depend on an explicit topological

charge l, in contrast with what happens with focused LG beams ul,p [222] whose helicity

density depends on l directly. In quantum particle physics, the helicity density is defined as

the projection of the spin density onto the linear momentum density [69]. Employing this

definition yields identical values for h as utilizing the ARPB helicity density expression in

Eq. (6.16).

Moreover, the ARPB displays an exceptional spatial separation between the longitudinal

and transverse fields, which vanish on the beam axis. As a consequence, the energy u, linear

momentum p, SAM σ, longitudinal OAM lz, and helicity h densities describe an annular

ring in the transverse plane. On the z axis, only the contribution of the longitudinal fields

to the energy and helicity densities, shown respectively in Eqs. (6.11) and (6.16), persist.

6.5 Optimally chiral ARPB

It was demonstrated in Ref. [70] that the helicity density of a chiral monochromatic field is

locally bounded by its energy density as
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−u

ω
≤ h ≤ u

ω
. (6.17)

By definition, OCL is a local descriptor that monochromatic structured light reaches the

upper or lower bound of the helicity density. It occurs for fields whose phasors locally satisfy

E = ±iη0H, which is referred to as the optimal chirality condition [70]. This is equivalent

to the condition that the field phasors of OCL must satisfy

∇× E = ±kE,

∇×H = ±kH.
(6.18)

Thus, for OCL, the magnitude of the cycle-averaged optical chirality density C in Eq. (6.1),

reaches its upper bound |C| = ku.

In this paper, we find it convenient to use the normalized (and dimensionless) helicity density

ĥ = hω/u, whose magnitude is bounded by unity, i.e., −1 ≤ ĥ ≤ 1. It is naturally split into

the components that stem from the transverse ĥ⊥ = h⊥ω/u and longitudinal ĥz = hzω/u

field components, with |ĥ⊥ + ĥz| ≤ 1. The normalized helicity density ĥARPB of the ARPB

is reduced to

ĥARPB =
2V̂

1 + V̂ 2
sin(ψ), (6.19)

which does not depend on the parameters of the beam or on the position where the field

is evaluated. This result is confirmed in Figure 6.4(a), which shows the normalized helicity
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density (computed as hω/u and evaluated at an arbitrary position with ρ ≤ 20w0 and

|z| ≤ 10zR) versus V̂ and ψ. The respective maximum and minimum normalized helicity

densities are found for V̂ = 1, ψ = ±π/2 rad. Figure 6.4(b) denotes the vertical cross-section

of Figure 6.4(a) for V̂ = 1, which is identified as the sinusoidal term ĥ = sin(ψ) in Eq. (6.19).

Figure 6.4(c) shows the horizontal cross-section of Figure 6.4(a) for ψ = π/2, described by

ĥ = 2V/(1 + V 2). The ARPB is optimally chiral (ĥ = ±1) when the APB leads or lags the

RPB by a quarter of a period and the beams have amplitudes of the same magnitude, i.e.,

VA = ±iVR, in agreement with what was observed in Ref. [70]. This condition is equivalent to

the optimal chirality condition E = ±iη0H. Indeed, the fields of an ARPB with VA = ±iVR

are

E⊥ = ρ
w2fVR [(Aρ + iBρ) ρ̂± i φ̂] ,

H⊥ = ∓iE⊥/η0,

Ez =
2i
kw2fVR (Az + iBz) ,

Hz = ∓iEz/η0.

(6.20)

Even though the OC-ARPB attains its maximum helicity density on an annular ring around

the beam axis (with the same topology as the energy density u), the relation E = ±iη0H,

and therefore ĥ = ĥ⊥ + ĥz = 1, hold locally everywhere in space. Indeed, an OC-ARPB is

approximately circularly polarized at the beam focus (z = 0, where Bρ = 0) when Aρ ≈ 1,

which occurs for collimated ARPBs, with w0 >> λ. For details, see the Supplementary

Information, Section C. Note that structured light does not need to be circularly polarized

to be optimally chiral. Certainly, the transverse electric field in Eq. (6.20) is elliptically

polarized and still E⊥ and H⊥ constitute optimally chiral light.

As discussed in Section 6.3, when w0 decreases, the relative increase in the magnitude of the

longitudinal fields compared to the transverse fields becomes more pronounced. Therefore,
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focusing an ARPB through a lens increases its energy density, and consequently, the upper

bound of its chirality. Figure 6.4 illustrates this behavior by comparing the energy densities

and the normalized helicity densities of three OC-ARPBs of 1 mW power with w0 = λ,

w0 = 2λ, and w0 = 5λ, where λ = 400 nm. Figures 6.4(a) and (b) show the energy

density u of the three beams, at the focus and on the z axis, respectively. Focusing the

ARPB by decreasing the ratio w0/λ increases the energy density and, consequently, the

helicity density. Figure 6.4(c) displays the components of the normalized helicity densities

caused by the transverse ĥ⊥ and longitudinal ĥz field components. Although the most

focused OC-ARPB has a larger helicity density, the region where it stems mostly from

the longitudinal field components remains roughly the same, at approximately ρ ≈ 0.225λ.

These results indicate that enhancing the chiral light-matter interactions that depend on the

helicity density is achievable by focusing the ARPB. However, in practice, the dominance of

the helicity density caused by the longitudinal field components, i.e., |hz| > |h⊥| is confined

to a small spatial region regardless of the size of the beam. This limitation considerably

constraints the size of the chiral sample to be probed, compared to standard paraxial optics

measurements with CPL. The ARPB offers superior discrimination in chirality measurements

due to its axial chirality density that stems from purely longitudinal fields, which makes a

measurement insensitive to the anisotropic transverse electric or magnetic polarizability of a

chiral particle. However, the limitation on the size of the chiral sample to be probed restricts

the overall strength of the chiral responses.

As a result of the collinearity between the electric and magnetic field phasors, OCL displays

an exceptional electric-magnetic symmetry in its energy and spin densities, i.e., ue = um and

σe = σm [70]. The Poynting vector SOC-ARPB of an OC-ARPB is

SOC-ARPB = S0 [ 2Bzρ̂∓ 2 (AρAz +BρBz) φ̂+ kρAρẑ ] , (6.21)
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which is real-valued globally and, consequently, all the energy flux density contributes to the

linear momentum density; an OC-ARPB has no reactive energy flux density. Moreover, the

Poynting vector of an OC beam is collinear with its SAM density, as demonstrated in the

Supplementary Information of Ref. [70]. For an OC-ARPB, the spin density σOC-ARPB is

σARPB = σ0 [ ± 2Bzρ̂− 2 (AρAz +BρBz) φ̂± kρAρẑ ] . (6.22)

As demonstrated here for the OC-ARPB, although it is easily verified that it applies for all

OCL, S = ±ωcσ. Since the spin density is a real quantity, OCL has a purely real energy flux

density S ∈ ℜ, and therefore a maximized linear momentum density p = ±kσ, which changes

sign for ψ = +π/2 or ψ = −π/2. The normalization constants of the Poynting vector and

the spin density of the ARPB also follow the same relation S0 = ωcσ0. Figure 6.5 displays

the magnitudes of the (a) azimuthal and (b) longitudinal components of the Poynting vector

of an OC-ARPB SOC-ARPB on the transverse plane at the beam focus (z = 0). Its radial

component Sρ is approximately zero near the beam’s focus (see Eq. (6.21), where Bz ≈ 0).

The azimuthal component Sφ has a peak described by a small ring around the beam axis.

This occurs because it is partly associated with the longitudinal fields of the OC-ARPB,

which peak on the beam axis. The longitudinal component of the Poynting vector Sz is

associated with the transverse fields and therefore describes a bigger ring around the beam

axis.

In summary, the OC-ARPB displays the enhanced chirality-probing capabilities character-

istic of OCL, together with an exceptional spatial separation between the longitudinal and

transverse field quantities. Unlike CPL, which only measures the transverse components of

the chiral polarizability of a sample, the ARPB measures exclusively the chirality of the

sample due to its longitudinal chiral polarizability along the beam axis, making it prefer-
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able because chirality measurements in the transverse plane can be mistaken for the sample

electric or magnetic anisotropic polarizability [186, 72]. In the case of a particle with an

anisotropic chiral response (i.e., with anisotropic chiral dipolar polarizability), both mea-

surements are complementary and enable a more comprehensive characterization of the chi-

rality of the sample [72] than standard chirality measurements. Using the ARPB beam as

well as some other beams with an axial chirality density that stems from purely longitudinal

fields, such as those discussed in Refs. [218, 219, 220, 221, 222, 223], eliminates the issues

of the chiral-versus-anisotropy polarizability ambiguity by only measuring the longitudinal

component of the chiral polarizability of a particle located on the beam axis. Recent studies

on the optical chirality density of tightly-focused vortex beams [189, 241] shed light on the

complex interplay between different tunable parameters of the vortex beams, such as the

topological charge l, the degree of polarization, the ellipticity of the paraxial beam prior

to tight-focusing, and the radial index of the vortex beam. In contrast, the ARPB has an

extremely simple expression for the helicity density, which depends in a very straightforward

manner on the tunable parameters of this beam, namely ψ and V̂ , as shown in Eq (6.16)

and in Fig. 6.3. Additionally, the versatility of the ARPB extends to the ability to achieve

optimal chirality, a feature not necessarily shared by other beams with an optical chirality

density that originates from purely longitudinal fields.

6.6 ARPB generation

We show an optical setup that generates an ARPB with arbitrary V̂ and ψ from an arbitrarily

polarized laser source. An option to transform familiar wave polarization types (such as

linear, circular, and elliptical) into vector modes (such as radial or azimuthal) is the use of

an S-waveplate (SWP). The SWP is a combination of half-wave plate (HWP) segments whose

slow axis is changed to maintain an azimuthal angle with respect to a reference axis [242],
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and can produce an APB, an RPB, or a combination of both by selective input polarization

[214]. Its Jones matrix is [243]

HS =

 cosφ sinφ

sinφ − cosφ

 . (6.23)

Table 6.1: SWP relevant input and output pairs. It provides the inputs required to obtain
an RPB, an APB, and an ARPB with V̂ = 1 and arbitrary ψ, respectively. The superscript
T denotes the transpose operator and φ is the azimuthal coordinate.

Jin → Jout = HSJin
(1, 0)T → JRPB = (cos(φ), sin(φ))T

(0, −1)T → JAPB = (− sin(φ), cos(φ))T

1√
2

(
1, −eiψ

)T → JARPB = JRPB + eiψJAPB,

The Jones vectors for relevant input/output pairs are summarized in Table 6.1 and depicted

in Figure 6.6. In particular, Figure 6.6(a) shows that an x-polarized beam becomes an RPB,

and Figure 6.6(b) that a y-polarized beam becomes an APB. Figure 6.6(c) and (d) illustrate

the conversion of linearly polarized beams at angles θ = ∓π/4 with respect to the x axis

into achiral ARPBs with V̂ = 1 and either ψ = 0 or ψ = π, respectively. An ARPB with

arbitrary V̂ and ψ can be obtained by setting a linear polarizer at an angle θ from the x axis

and adding a phase delay equal to ψ on the y-polarized component through a delay arm of

length L, as shown in Figure 6.7. In this arrangement, the amplitude ratio V̂ between the

APB and the RPB is controlled by the angle θ of the linear polarizer relative to the x axis,

which is given by

V̂ = | tan(θ)|. (6.24)
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To obtain V̂ = 1, the linear polarizer must be set to θ = ±π/4, where choosing the minus

sign removes a 180° phase from the resulting APB upon conversion by the SWP. The length

L of the delay arm sets the phase parameter ψ, and the two are related by the equation

kL− tan−1

(
L

zR

)
= ψ, (6.25)

which depends on λ and w0.

An alternative method for introducing the phase delay ψ between the y- and x-polarized

components of a linearly polarized beam relies on using a HWP and a quarter-wave plate

(QWP). The Jones matrix of a HWP at angle θh with respect to the x axis is [244]

HWP(θh) =

 − cos(2θh) − sin(2θh)

− sin(2θh) cos(2θh)

 , (6.26)

and that of a QWP at angle θQ is

QWP(θq) =

 i cos2 θq + sin2 θq (i− 1) cos θq sin θq

(i− 1) cos θq sin θq i sin2 θq + cos2 θq

 . (6.27)

The resulting transformation reads
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Jout = HWP(θh)QWP(θq)Jin. (6.28)

The angle combinations that provide the ψ phase delay depend on the initial and final

position of the polarization on the Poincaré sphere (see Ref. [244] for details). Replacing the

delay arm in Figure 6.7 with the HWP and the QHP, as depicted in Figure 6.8, indicates

that the incident polarization is Jin = (1, 1)T and the final is Jout = (1, eiψ)T . Examples

of angle combinations for the most relevant ψ values for this transformation are shown in

Table 6.2.

Table 6.2: Examples of angle combinations that provide the most relevant phase delay ψ
values for the polarization transformation of a beam with Jin = (1, 1)T into a beam with
Jout = (1, eiψ)T .

ψ (rad) θH (rad) θQ (rad)
0 7π/4 5π/4
π/2 0 0
π 3π/2 5π/4

−π/2 0 −π/2

Using two cascaded HWPs at angles θ1 = δ/2 and θ2 = 0 rotates the polarization by an

angle δ with respect to the input vector [245]. The Jones matrix of the resulting polarization

rotator, i.e., PR(δ) = HWP(δ/2)HWP(0), is

PR(δ) =

 cos δ − sin δ

sin δ cos δ

 . (6.29)

This device can be adapted for a variety of purposes. For example, a radial-to-azimuthal

polarization rotator is obtained by setting δ = π/2, as depicted in Fig. 6.9. The order of

the HWPs is inverted in Ref. [246], which adds a π phase to the resulting APB. Whilst this
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phase difference is not relevant in measurements, it may affect light manipulation. Using the

polarization rotator with δ = π instead changes the handedness of an incident OC-ARPB.

Although the main focus in this section is on generating both configurations of the OC-ARPB

for chirality probing and enantioseparation purposes, the setups depicted in Figure 6.7 and

6.8 can also be used to smoothly adjust the OAM density of the ARPB, either by varying the

length L of the delay arm or the angles of the wave plates, which has practical applications

in conducting OAM-related experiments.

6.7 Conclusion

We have investigated the properties of the ARPB and derived the analytical expressions for

its field quantities. An in-phase superposition of an APB and an RPB results in an achiral

ARPB. An out-of-phase superposition, however, results in a chiral ARPB with larger linear

momentum and spin densities (both in terms of magnitude and number of components) than

those of achiral beams. Moreover, a chiral ARPB carries a longitudinal OAM density despite

having no azimuthal phase dependence, which can be continuously adjusted by varying the

phase delay ψ between the APB and the RPB.

The ARPB can be optimally chiral and exhibits maximum linear momentum, angular mo-

mentum, and helicity densities. We have demonstrated that local circular polarization on

the transverse plane is not a prerequisite for achieving optimal chirality. Indeed, optimal

chirality is not merely a generalization of circularly polarized light; rather, it represents a

broader concept, with CPL and the ARPB being specific subsets. It is particularly significant

that, the transverse fields of the ARPB vanish on the beam axis, and therefore the same

occurs to its linear and angular momentum densities, where only the energy and helicity

densities associated with the longitudinal fields persist. Therefore, on its axis, the ARPB
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has a helicity density that stems solely from the longitudinal Ez and Hz field components.

This feature can be used to probe the chirality of nanoparticles without caring about their

geometrical anisotropy that leads to their electric or magnetic anisotropic polarizability.

We have shown that focusing an ARPB through a lens boosts its longitudinal fields more

than the transverse ones, which results in an enhanced axial chirality density. Therefore,

the ARPB provides a controlled environment that may be used to trap and probe chiral

nanoparticles. Accordingly, the next step would be to calculate the photoinduced forces on

a chiral dipolar particle illuminated by an ARPB with an emphasis on the optimally chiral

configuration, similarly to what was done in Ref. [247] for a tightly-focused APB. To aid

future research experiments, we have also provided the schematics for an optical setup that

generates an ARPB and provided a polarization rotator that changes the handedness of an

OC-ARPB.
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(a) (b)

(c)

Figure 6.3: Normalized helicity density ĥ of an ARPB in terms of V̂ and ψ, calculated as
ĥ = hu/ω. (a) Colormap of ĥ for V̂ ∈ [0, 2] and ψ ∈ [−π, π]. The maximum magnitude
for the normalized helicity density occurs for OC-ARPBs that is VA = ±iVR. (b) The
normalized helicity density for V̂ = 1 and ψ ∈ [−π, π]. The maximum values are found for
ψ = ±π/2. (c) The normalized helicity density for ψ = π/2 and V̂ ∈ [0, 2]. The magnitude
of the normalized helicity density reaches unity (ĥ = 1) for V̂ = 1 and ψ = ±π/2, i.e.,
VA = ±iVR.
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(a) (b)

(c)

Figure 6.4: Comparison of the energy u and helicity h densities of an OC-ARPB (of 1 mW
power) with w0 = λ, w0 = 2λ, and w0 = 5λ. (a) Depicts the energy density at focus in
the transverse plane and (b) shows the energy density on the beam axis. In both figures,
the energy density increases as the ratio w0/λ decreases. (c) Depicts the components of
the normalized helicity density that stem from the transverse ĥ⊥ and longitudinal ẑ field
components of the three OC-ARPB. Even though the focused ARPB has a higher helicity
density, the region of space where it stems mostly due to the longitudinal field components
remains approximately constant at ρ ≈ 0.225λ.
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(a) (b)

Figure 6.5: Magnitudes of the (a) azimuthal and (b) longitudinal components of the Poynting
vector S of an OC-ARPB (of 1 mW power at λ = 400 nm) in the transverse plane at the
focus of the beam, i.e., z = 0. The radial component Sρ has not been plotted since it is
practically zero at the focus of the beam. The azimuthal component Sφ peaks in a small
ring close to the beam axis, since it is associated with the radial and longitudinal fields.
The longitudinal component Sz is the largest of them since it is only associated with the
transverse fields, which are significantly larger than the longitudinal components. Due to
azimuthal symmetry and vanishing transverse fields on the beam axis, the components of
the Poynting vector describe an annular ring around it.
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(a) (b)

(c) (d)

Figure 6.6: Schematic of a linearly polarized beam traveling through an SWP. (a) An x-
polarized beam is transformed into an RPB. (b) An y-polarized beam is transformed into
an APB. (c) A beam polarized at θ = −π/4, with θ the angle between the x and y axis, is
transformed into the sum of an RPB and an APB with the same phase. (d) A beam polarized
at θ = π/4 is transformed into a sum of an RPB and an APB with opposite phases.

Figure 6.7: Optical setup to obtain an ARPB with V̂ = 1 and arbitrary ψ. The beam is
polarized at an angle θ = −π/4 with respect to the x-axis, and the y-component is added a
phase-shift ψ using a delay arm of length L. The resulting beam travels through an SWP,
resulting in the desired ARPB.
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Figure 6.8: Optical setup to obtain an ARPB with V̂ = 1 and arbitrary ψ using a QWP and
a HWP at angles θq and θh, respectively, instead of the delay arm from Figure 6.7. Possible
angle combinations that provide the most relevant ψ values are shown in Table 6.2.

Figure 6.9: Schematic for a radial-to-azimuthal polarization rotator using two HWPs with
an angle difference of θ1 − θ2 = π/4.
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Chapter 7

Experimental Generation of

Optimally Chiral

Azimuthally-Radially Polarized

Beams

In this chapter, we demonstrate the experimental generation and characterization of the

optimally chiral ARPB using vectorial light shaping with dual spatial light modulators.

We verify that the helicity density can be tuned across its full range by varying a single

phase parameter and confirm that optimal chirality occurs even without circular polarization,

validating the theoretical predictions under the paraxial approximation.
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7.1 Introduction

Part of this study was inspired by the work of Prof. Federico Capasso, to whom this special

issue is dedicated. The many topics Prof. Capasso worked on include helicity, chirality of

light and the interaction with chiral matter, most notably in Refs. [223, 206, 189]. Some of

the material of this paper was presented and discussed during the 2024 NanoPlasm Confer-

ence in Cetraro (IT) where Prof. Capasso’s 75th birthday was celebrated.

The study of structured light is important for various applications, including the detection

of chiral nanoparticles [223, 206, 189]. Chirality is a property of objects that are not super-

imposable with their mirror image [177]. Importantly, many biologically relevant molecules

exist in chiral pairs, known as enantiomers [186]. Traditionally, the ”handedness” of circu-

larly polarized light has been associated with the chirality of light, but here we show that

the chirality of light is much more general than the simple concept of handedness. The

chiral nature of electromagnetic fields can be described using helicity density [69, 248, 222].

For monochromatic beams with the implicit time dependence e−iωt, where ω is the angular

frequency of light, the time-average helicity density is [190, 70, 71]

h =
1

2ωc
ℑ(E ·H∗), (7.1)

where E and H represent the electric and magnetic field phasors of light, respectively. The

term c = 1/
√
ε0µ0 is the speed of light in vacuum.

In Ref. [70], it was shown that the magnitude of the helicity density of a monochromatic field,

at a given time-average energy density u = ε0|E|2/4 + µ0|H|2/4 [230], has an upper bound,

i.e., |h| ≤ u/ω always. Light fields that reach the upper bound |h| = u/ω are known as
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optimal chiral light (OCL). Circularly polarized light (CPL) is the most intuitive example of

OCL [186], and the sign of h is related to the handedness of CPL. The same upper bound for

the magnitude of the helicity density was stated in Ref. [249] involving fields whose Fourier

spectrum representation contains only plane waves with one circular polarization. However,

the concepts of helicity density and optimal chirality hold true for any kind of monochromatic

structured light, including cases where the magnetic and electric fields are polarized along

a single (e.g., the beam’s longitudinal) direction, and the concept of handedness cannot be

applied. The necessary and sufficient condition for fields to be locally optimally chiral is

E = ±iη0H, (7.2)

where η0 =
√
µ0/ε0 is the intrinsic impedance of free space [70]. This condition, referred

to as the optimal chirality condition, stipulates that optimally chiral fields are those whose

electric and magnetic field phasors have balanced magnitudes and a quarter-period phase

delay between them. Fields that satisfy this condition also display a remarkable electric-

magnetic symmetry in their energy and spin densities [70]. Under this optimal chirality

condition, one has h = ±µ0|H|2/(2ω) = ±ε0|E|2/(2ω).

The concepts of optimal chirality and self-duality are equivalent for monochromatic beams.

Self-duality refers to fields that are unchanged by the the duality transformation E → B

and B → −E [249, 250]. These fields are eigenvectors of the curl [251], i.e., ∇ × E =

kE. As shown in Ref. [252] without connecting the concepts of optimal chirality and self-

duality, monochromatic fields satisfying the optimal chirality condition from Eq. (7.2) are

eigenvectors of the curl operator, and therefore self-dual fields. Here we use the concept

of optimal chirality instead of self-duality because we focus on the chirality features of the

beam, rather than on the broader electromagnetic symmetries displayed by self-dual beams.
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Figure 7.1: Diagram illustrating the experimental setup used to generate the ARPBs with
variable ψ. A diagonally polarized He-Ne laser is first collimated and expanded by a beam
expander (BE), then aligned by folding mirrors (FM) before vertical and horizontal polariza-
tions are separated by a polarized beam splitter (PBS) onto two twin spatial light modulators
(SLM1 and SLM2). Each SLM dynamically modulates the power and phase of the beam
returning through the PBS. Separate calculated phases are applied to the orthogonally po-
larized beams before recombination at the PBS. The beam is then Fourier filtered (FF),
and focused using a 0.25NA objective (MO 1). Polarization imaging is performed with a
0.85NA objective (MO 2) in the focal plane of the ARPB, which is captured using a Kiralux
Polarization Camera. Updating the ARPB with a new value of ψ simply involves displaying
holograms generated with the modified transverse electric field components on the SLMs.

Additionally, few self-dual fields seem to have been studied experimentally [253].

Optimally chiral structured beams are important because they combine two powerful effects:

vectorially shaped light and maximized chirality density at a given energy density. This com-

bination is advantageous because it allows for the control of enhanced interaction of the beam

with chiral matter. As a result, optimally chiral structured beams open new possibilities for

controlled sensing and manipulation of chiral particles. Moreover, the topology of tailored

beams enables creative designs for chirality-discriminating optical traps [254], which aim at

trapping an enantiomer while repelling its mirror image [255, 256, 257, 184, 71, 223].

The unprecedented control over the amplitude and phase of structured light [230, 258] also

results in an exceptional ability to finely tune the helicity density h of a probing beam.

This precise control allows one to tune the interaction between a chiral particle and an

illuminating field by adjusting h [186] and it leads to a more detailed characterization of

the interactions between the chiral sample and the fields, even beyond the commonly used

137



dipolar approximation (the dipolar photoinduced chiral forces are described in Ref. [197]).

The importance of higher-order multipoles on chiral interactions is investigated in Ref. [259].

Additionally, the control over the helicity density enables rapid changes in its sign (similar to

reversing the ”handedness” of circularly polarized light), facilitating the creation of dynamic

optical potentials [260, 261] for enantioseparation and the experimental investigation of the

chiral effects of higher-order multipoles.

However, the ability to generate optimally chiral structured beams is constrained. One

must design an optical beam that satisfies the optimal chirality condition from Eq. (7.2)

and effectively generate it. Here we implement a previously proposed example of a struc-

tured beam that displays optimal chirality: the azimuthally-radially polarized beam (ARPB)

[72, 226, 70]. The ARPB consists of a phase-shifted combination of an azimuthally polar-

ized beam and a radially polarized beam. It has been theoretically studied in the past, see

Refs. [72, 70, 73, 74], and most comprehensively in Ref. [252]. The optimally chiral ARPB

(OC-ARPB) combines the extraordinary properties of OCL with the spatial separation be-

tween its transverse fields, which vanish on the beam axis, and the longitudinal fields. OCL

is present along the beam axis, solely due to Ez and Hz. Consequently, the ARPB has the

potential to be used for controlled, on-axis separation of enantiomers or for enantiomer de-

tection. The ARPB has also been recently studied in Refs. [215] and [262], without focusing

on the chiral features of the ARPB.

Our work presents an experimental implementation of the ARPB, with a focus on charac-

terizing its chirality and demonstrating its ability to achieve optimal chirality [70, 252]. By

employing advanced vectorial shaping techniques, we have overcome limitations to the field’s

stability and local polarization control to successfully generate a paraxial APRB with precise

manipulation over its features, validating theoretical predictions. Importantly, we show that

the helicity density of the ARPB can be tuned across its full range of possible values by

varying a single beam parameter. While our findings are confined to studying the chirality
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density in the transverse plane, they demonstrate the potential of optimally chiral structured

light for designing enantioseparating optical traps and advancing practical schemes for the

sensing and manipulation of chiral particles. Additionally, we show in Section 7.4 that if

the transverse fields of a beam satisfy the optimal chirality condition from Eq. (7.2), the

longitudinal fields satisfy it as well.

7.2 Methods

7.2.1 Helicity Density

The field phasors of the ARPB are [252]

E = fV
kw2

[
kρ (Aρ + iBρ) ρ̂+ kρV̂ eiψ φ̂+ 2i (Az + iBz) ẑ

]
,

H = − fV
kw2η0

[
kρV̂ eiψ (Aρ + iBρ) ρ̂− kρ φ̂+ 2iV̂ eiψ (Az + iBz) ẑ

]
,

(7.3)

where V is a complex amplitude with units of Volts. The parameters V̂ and ψ represent

the relative amplitude and phase between the electric and magnetic azimuthal components,

respectively, normalized by the characteristic impedance η0. This relationship is expressed

as Eφ/(η0Hφ) = V̂ eiψ. The dimensionless shorthand parameters f, Aρ, Bρ, Az, and Bz are
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f = 2√
π
e−(ρ/w)2ζe−2i tan−1(z/zR)eikz,

Aρ = 1 + 1
kzR

ρ2−2w2
0

w2 +
(

2zρ
w2kzR

)2

,

Bρ = − 4
(kw)2

z
zR

(
1− ρ2

w2

)
,

Az = 1− ρ2

w2 ,

Bz =
z
zR

ρ2

w2 ,

(7.4)

where w is the beam radius, defined as w = w0

√
1 + (z/zR)2, and w0 is defined as half

the beam waist parameter at z = 0. The Gouy phase is ζ = 1 − iz/zR, and the Rayleigh

range is denoted as zR = πw2
0/λ, where λ is the wavelength in free space. The wavenumber

is k = 2π/λ. While f is a complex scalar, the other parameters Aρ, Bρ, Az, and Bz in

Eq. (7.4) are real valued.

Adjusting the phase-shift ψ (referred to as the phase parameter of the ARPB) and the

relative amplitude V̂ enables the creation of an ARPB that meets the optimal chirality

condition described in Eq. (7.2). This specific configuration occurs for ψ = ±π/2 and V̂ = 1

[70, 252]. Note that the OC-ARPB is a structured, monochromatic, and self-dual beam.

Most notably, the ARPB has transverse fields that vanish on the beam axis (ρ = 0), where

the longitudinal fields persist [72, 70, 73, 74]. This spatial separation between the transverse

and longitudinal components of the beam results in vanishing linear and angular momentum

densities on the beam axis [252], where only the energy and helicity densities (u and h

respectively) associated with the longitudinal fields persist. For the ARPB, the time-average

energy and helicity densities across the entire beam are [252]
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u = u0D(1 + V̂ 2)/2,

h = h0DV̂ sinψ,
(7.5)

where

D = (kρ)2
(
1 + A2

ρ +B2
ρ

)
+ 4

(
A2
z +B2

z

)
, (7.6)

and u0 = ε0
2k2w4 |f |2|V |2 and h0 = ε0

2ωk2w4 |f |2|V |2 are normalization constants with units

of energy density (J/m3) and helicity density (Ns/m2), respectively. They are related as

h0 = u0/ω, leading to

h =
u

ω

2V̂

1 + V̂ 2
sinψ. (7.7)

7.2.2 Vectorial Beam Shaping

The paraxial ARPB is produced experimentally using spatial light modulators (SLMs), which

introduce a digitally controlled spatially variable phase shift ϕ(x, y) to an incident optical

field. The pixelated liquid crystal cells in an SLM differentially delay the phase of incident

fields according to the voltage applied over each pixel. The SLM is controlled via a desktop

computer (Dell XPS ). For a calculated scalar field E, the hologram is produced by mapping

the required phase values to voltages applied over the SLM screen. Since these are typically
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Figure 7.2: Hologram generation process at each step for the separate orthogonal polariza-
tion components of an ARPB with ψ =π/2: Ex(left), and Ey(right); (a) calculated phase
and amplitude of ARPB components; (b) conversion of phase to grayscale; (c) addition of
amplitude modulation; (d) addition of a Blazed grating. The final holograms (d) are dis-
played on the orthogonal SLMs to shape the beams immediately followed by recombination
using a polarized beam splitter to create the final complex wave.
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input into the SLM as 8-bit grayscale values, a pre-calibrated a lookup table is used to ensure

a linear phase shift.

To ensure the desired wave function is accurately reproduced by the SLM, each phase we

wish to imprint on a beam must be processed such that the desired phase and amplitude

information are imparted to the beam while filtering unwanted intensity and diffraction

orders. Although amplitude modulation is not directly available with a phase-only SLM,

pseudo-amplitude modulation is possible. Amplitude modulation can be created using a

scattering mask; The inverse amplitude, given by 1−|E|2/max|E|2 , is multiplied by a matrix

of random integers and then applied to the grayscale phase hologram (see Fig. 7.2 (c)). This

modulation redistributes unwanted power into higher spatial frequency components in k-

space (see Ref. [263] for details). It is pertinent to understand that the radially symmetric

intensity profile appears asymmetric in Fig. 7.2 (c); however, this is only a visual artifact

arising from the use of a noncyclical grayscale map that must be used when displaying

holograms on an SLM. The perceived asymmetry is a result of phase differences at the edge

of the range which roll over into the adjacent wavefront appearing high contrast, where

the same difference away from the bounds appears relatively low contrast. Lastly, a blazed

grating is applied (see Fig. 7.2 (d)) to tilt the shaped beam and preferentially directs

power into the first-order diffraction spot [264]. The first order is then Fourier-filtered (FF),

as shown in Figure 7.1, to eliminate non-diffracted light (in the zero order) and unwanted

higher harmonics. Once set up, this holography process may remain static across all datasets

and has a negligible impact on processing time.

Most commonly, SLMs are used to produce scalar waves with a constant polarization direc-

tion. Here, however, we use two SLMs to produce a vectorially shaped beam. The paraxial

ARPB is generated using a twin SLM setup illustrated in Figure 7.1, initially introduced

in Ref. [258] to generate obscured bottle beams. This method uses the twin SLMs to holo-

graphically control the beam’s transverse field components, Ex and Ey, separately.
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Figure 7.3: Calculated phase for the separate orthogonal polarization components of the
ARPB for varying ψ values from −π/2 to π/2: Ex(left), and Ey(right). The color represents
phase and saturation represents the intensity. Comparisons between phase values at a given
point on an orthogonal pair reveal the resulting ellipticity upon combination.
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To create such vectorially shaped beams, we first extract the complex field components of

the corresponding Jones vector

E =

Ex
Ey

 =

|Ex|eiϕx

|Ey|eiϕy

 ,

and then independently convert each component into a hologram. The phases of the Ex

and Ey components of an ARPB with ψ ranging from −π/2 to π/2 are shown in the plots

of Figure 7.3. Phases are processed into a hologram and displayed on two corresponding

orthogonally aligned SLMs, which are aligned to match the polarization of the field compo-

nent they display. The SLMs in this configuration provide control of phase and intensity of

Ex and Ey individually, resulting in control of the local polarization state of the structured

beam. The difference in amplitude modulation on each SLM rotates the orientation angle

of the polarization according to arctan(|Ey|2/|Ex|2), while phase shifting ϕx relative to ϕy

controls the ellipticity of the polarization state. The combination of these methods allows

for local control of phase, amplitude, and polarization of the beam concurrently [265]. It

is notable that to maintain system stability, a fixed optical path length must be preserved

between each SLM. Although relative phase or position changes will not cause interference

between the orthogonal field components, such changes can alter the outgoing polarization

angle and ellipticity. Therefore, the system has been engineered to maximize rigidity.

In this paper, we produce five different paraxial ARPBs (which are assumed to have (Ez = 0)

under the zeroth-order approximation [266]), with unity relative amplitude V̂ = 1 and a

phase parameter ψ ranging from −π/2 to π/2. Generating or updating ARPBs with a

new value of ψ simply involves processing holograms with the appropriate electric field

components for display on the SLMs.
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(a) ψ = −π/2 (b) ψ = −π/4 (c) ψ = 0 (d) ψ = π/4 (e) ψ = π/2

(f) ψ = −π/2 (g) ψ = −π/4 (h) ψ = 0 (i) ψ = π/4 (j) ψ = π/2

Figure 7.4: Predicted (above) and experimental (below) third normalized Stokes parameter
s3 on the transverse plane for ARPBs with ψ = −π/2,−π/4, 0, π/4, π/2 (and unity relative
amplitude V̂ = 1). The first row, (a)-(e), displays theoretical S3 at focus, while the second
row, (f)-(j), presents the experimental results. As indicated by the colorbars on the right
side of the figure, blue denotes a negative s3, while red indicates a positive s3. For the
experimental results, the sign of s3 = ±|s3| has been chosen to better visually represent the
change in the s3 of an ARPB with ψ.

7.2.3 Helicity and Stokes Parameters

For each beam we simultaneously record the intensities I for the horizontal x, vertical y,

diagonal d, and anti-diagonal a polarizations by using a polarization-sensitive camera (Thor-

labs, Kiralux). These polarizations are at 0◦, 90◦, 45◦,−45◦ with respect to the horizontal

x axis, respectively. From the polarized intensity measurements we calculate the Stokes

parameters S0, S1, and S2 [267, 268], i.e.,

S0 = (Ix + Iy) = (Id + Ia) ,

S1 = (Ix − Iy) ,

S2 = (Id − Ia) .

(7.8)
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The intensity is defined herein as the squared of the field amplitudes [269, 270], i.e., I =

|E|2. Here we define the normalized Stokes parameters as si = Si/S0 for i = 1, 2, 3. For

monochromatic beams, they are related as [271]

s21 + s32 + s23 = 1, (7.9)

where S3 = ILCP − IRCP is the difference between the intensity of left-handed and right-

handed CPL, and s3 = S3/S0. Therefore, we can extract the magnitude of the third nor-

malized Stokes parameter |s3| = 1 − s21 − s32 from linear polarization measurements. This

normalized Stokes parameter is directly related to the helicity density of paraxial beams

whose longitudinal fields are neglected (see Appendix A for details)

s3 = hω/u. (7.10)

The concept of optimal chirality states that the magnitude of the helicity density h for any

kind of monochromatic structured light has the upper bound of u/ω, as demonstrated in

Ref. [73]. Therefore, we find it convenient to use the concept of the normalized helicity

density ĥ = hω/u, as in Ref. [252], whose value is bounded by −1 ≤ ĥ ≤ 1. We conclude

that under the paraxial approximation, s3 = ĥ, and that |s3| ≤ 1 is consistent with the

concept of OCL that states that for any structured light |ĥ| ≤ 1.

For the ARPB, the normalized helicity density is
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ĥ =
2V̂

1 + V̂ 2
sinψ, (7.11)

and when we use unity relative amplitude, V̂ = 1, we have ĥ = sinψ. In this work, we

restrict our analysis to paraxial beams with negligible longitudinal fields, for which the

normalized helicity density is equivalent to the third normalized Stokes parameters, ĥ = s3.

In Section 7.3, we will experimentally verify that h = s3 = sinψ for the paraxial ARPB. For

non-paraxial beams, which have a helicity density with a contribution from the non-negligible

longitudinal fields, ĥ ̸= s3.

7.3 Experimental Results

The main result presented herein is the characterization of the magnitude of the third normal-

ized Stokes parameter |s3| of a paraxial ARPB with unity relative amplitude, V̂ = 1, and dif-

ferent values of the phase parameter ψ. The figures in Fig. 7.4 depict the predicted and exper-

imental values of |s3| on the transverse plane for ARPBs with ψ = −π/2,−π/4, 0, π/4, π/2.

The first row, (a)-(e), illustrates the theoretical s3 of an ARPB at focus, while the second

row, (f)-(j), presents its magnitude, |s3|, calculated via experimental results. The colorbars

on the right of the figures illustrate that blue represents a negative s3 value, and red signifies

a positive one. In the experimental data, the sign of s3 is selected to more effectively display

the variation in s3 for an ARPB as ψ changes. The theoretical predictions display an annular

ring around the beam center, with maximum absolute values for ψ = ±π/2, and zero for

ψ = 0. Intermediate values are observed for ARPBs with ψ = ±π/4. The experimental

results align consistently with the theoretical predictions, particularly for ψ = ±π/2 and

ψ = ±π/4. Although we anticipated |s3| to be null across the transverse plane for an ARPB
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with ψ = 0, a residual |s3| is evident in experimental measurements, albeit at much lower

intensities than those at ψ = ±π/4. We speculate that this residue stems from the unwanted

presence of small anisotropic effects within the optical setup shown in Fig. 7.1. These addi-

tional phase shifts between the x and y field components result in non-zero contributions to

the third normalized Stokes parameter s3.

To confirm that the measured residue for the ψ = 0 ARPB does not indicate a real chirality

density in the transverse plane, we add a quarter-wave plate (QWP) with the fast axis on

the horizontal (x) axis before the polarization camera in the setup from Figure 7.1. The

QWP transforms left/right-handed circularly polarized light into anti/diagonally polarized

light. Therefore, in the new analysis, the normalized helicity density of the paraxial ARPB

is proportional to the second normalized Stokes parameter s2 in the imaging plane. This

behavior is depicted in Figure 7.5, which displays the measured s2 after a quarter-wave plate

(QWP) with the fast axis at 0° for an ARPB with ψ = 0. Indeed, it is shown in Figure 7.5

that s2 ≈ 0 on average, and that the residue shown in Fig. 7.4(h) is not indicative of a

non-zero helicity density but rather of small anisotropic effects within the optical setup that

distort the local polarization of the field. This notion is supported by the fact that the

sign of the helicity density of the ARPB is independent of the position (ρ, φ, z) where it is

evaluated, as shown in Eq. (7.7). The measured s2 after the QWP (equivalent to s3 without

it), however, changes with the position where the field is measured. The ideal ARPB has

azimuthal symmetry and the faint residual |s3|, shown as s2 after-QWP in Figure 7.5, does

not display. This suggests the residual helicity is due to sub-wavelength curvature imbalance

between the two SLMs.

Figure 7.6 illustrates the relationship between the normalized helicity density ĥ and the phase

parameter ψ of an ARPB with V̂ = 1. The theoretical values, represented by a black line,

follow the sinusoidal dependence from Eq. (7.11). The calculated values of |ĥ| are obtained

by normalizing the experimental |S3| by their respective S0 (as shown in Fig. 7.4), where the
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Figure 7.5: Second normalized Stokes parameters s2 of an ARPB with V̂ = 1 and ψ = 0
after a QWP, equivalent to s3 without the QWP. On average, s2 ≈ 0, confirming the lack of
chirality of ARPBs with ψ = 0.

values of S0 below a certain threshold are neglected to avoid division by zero outside of the

beam.

The average of the resulting values of |ĥ| is denoted by a blue circle, with vertical blue

lines indicating the standard deviations of the filtered |ĥ| for each value of ψ. In the figures

presented, we depicted the quantity ĥ (and equivalently s3) under the assumption that we

have knowledge of its sign. This assumption is made for illustrative purposes to visually

represent the change in the normalized helicity density of the experimental ARPB with

respect to the value of its phase parameter ψ.

The local polarization of structured light can be visualized using polarization textures where

the angle and ellipticity of the electric field at a point are represented by projecting the

arrows (normalized) pointing from the center of the Poincaré sphere to the direction of the

respective polarization state on the Poincaré sphere. Linear polarization is represented as

arrows fully in the x, y plane, circular polarization as arrows on the z axis (so only a dot is

visible), and elliptical polarization is represented as arrows outside of the x, y plane (projected

arrows are shorter than those representing linear polarization that have full length). These
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Figure 7.6: Normalized helicity density ĥ plotted against phase parameter ψ for an ARPB
with V̂ = 1. The black line shows theoretical values computed from Eq. (7.11), while the
blue circles represent averaged experimental values, and the vertical blue lines indicate their
standard deviations. The sign of the experimental s3 has been included for illustrative
purposes. Varying ψ it is possible to obtain any value of helicity density.

arrows are then plotted at various points in the transverse x, y plane of the beam, revealing

the texture. The polarization textures of the implemented ARPBs are shown in Figure 7.7,

with theoretical predictions on the left and experimental results on the right. The figures

are organized in pairs with the same value of ψ enclosed in bordered boxes, and arranged

vertically in increasing order of ψ, ranging from −π/2 to π/2. We observe that the theoretical

OC-ARPBs with ψ = ±π/2, (shown in the left of Figure 7.7(a) and (e)) exhibit local (left and

right, respectively) circular polarization away from the beam edges. As the phase parameter

ψ approaches zero, these chiral polarizations transition to linear polarizations. The lack of

circularly polarized components for an ARPB with ψ = 0 is proof of its lack of chirality.

Indeed, we see that the degree of circular polarization away from the center and edges of

the beam reaches a maximum for ARPBs with ψ = ±π/2, and a minimum for ψ = 0.

These results reinforce the demonstration of optimally chiral structured light discussed in

relation to Figures 7.4 and 7.6. By comparing the right and left columns in Figure 7.7, we

can appreciate that the experimental results largely agree with the theoretical predictions,
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particularly away from the beam edges, where the experimental polarization textures show

some variability.

Figure 7.7: Theoretical (left) and experimental (right) polarization textures of the transverse
electric fields at the focus of an ARPB varying the phase parameter ψ. The figures are
arranged in order of increasing ψ from −π/2 to π/2. Arrow color represents local position
on the Poincaré sphere according to polarization angle 2Ψ (not to be confused with phase
parameter ψ seen throughout this paper) and ellipticity 2χ. By varying ψ is is possible
to change the handedness of the ARPB’s chirality, seen as the circularly polarized regions
gradually flip from 2χ = −π/4 in (a), to 2χ = π/4 in (e).
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7.4 Relevant properties of OCL

The results presented in the previous sections are important because they have demonstrated

precise control over the helicity density of the ARPB by only tuning the phase parameter

ψ. These investigations were conducted under the paraxial approximation [266]. Since the

ratio w0/λ is significantly larger than unity, the longitudinal fields are effectively smaller

than the transverse ones in most of the transverse focal plane (see Ref. [207] for details).

Furthermore, the measurement setup shown in Fig. 7.1 only distinguishes fields polarized

in the transverse plane. Consequently, the excellent agreement between the theoretical and

experimental normalized helicity densities shown in Section 7.3 further validates the use of

the paraxial approximation and the neglecting of the longitudinal fields of an ARPB with a

large beam waist parameter compared to the wavelength. Here, we expand on this aspect

by showing that any field (it does not need to be a beam) that satisfies the optimal chirality

condition from Eq. (7.2) in the transverse plane, i.e., E⊥ = ±iη0H⊥, is a total OC field.

To establish this, we use Maxwell’s equations to derive the expressions for the longitudinal

fields in terms of the transverse fields:

Hz =
−i
ωµ0

(∇× E⊥) · z,

Ez =
i
ωε0

(∇×H⊥) · z.
(7.12)

Assuming the field exhibits optimal chirality in the transverse plane, i.e., E⊥ = ±iη0H⊥, and

substituting this relationship into Eq. (7.12), it follows that Ez = ±iη0Hz. The longitudinal

fields display the same magnitude ratio and phase shift between the electric and magnetic

fields as the transverse fields. This calculation shows that optimal chirality in the transverse

plane necessarily extends to the longitudinal direction as well.

For an ARPB, all field components display the same phase shift between the electric and
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magnetic fields regardless of whether it is optimally chiral. This is observed by following

Ref. [252], where the helicity density was decomposed into its component contributions as

h = hρ+hφ+hz, where each component is hn = ℑ(EnH∗
n)/(2ωc), for n = ρ, φ, z. Specifically,

for the ARPB we have

hρ = h0(kρ)
2
(
A2
ρ +B2

ρ

)
V̂ sinψ,

hφ = h0(kρ)
2V̂ sinψ,

hz = 4h0 (A
2
z +B2

z ) V̂ sinψ.

(7.13)

The parameters Aρ, Az, Bρ, Bz from Eq. (7.4) and V̂ are real-valued, and therefore the sign

of each helicity density component hn is solely determined by the term sinψ. This means

that for an ARPB, all components hn share the same sign of helicity density, hence they all

contribute constructively to having a specific helicity sign.

Additionally, optimally chiral structured light can be obtained without circular polariza-

tion, as it happens for a focused OC-ARPB [252]. Therefore, circular polarization is not a

necessary condition for three-dimensional light to be optimally chiral.

Here, we further demonstrate that an optimally chiral beam under the paraxial approxima-

tion is necessarily circularly polarized. This latter statement is demonstrated by combining

the optimal chirality condition, E = ±iη0H, with the Faraday equation, leading to

∇× E = ±kE, (7.14)

which is a necessary and sufficient condition to having optimal chiral light [252]. Eq. (7.14)
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shows that optimally chiral light has fields that are eigenvectors of the curl operator [253].

Therefore, monochromatic optimally chiral beams are self-dual [251].

For a three-dimensional field, using cartesian coordinates, i.e., E = Exx̂ + Eyŷ + Ezẑ, we

have

∂Ez

∂y
− ∂Ey

∂z
= ±kEx,

∂Ex

∂z
− ∂Ez

∂x
= ±kEy,

∂Ey

∂x
− ∂Ex

∂y
= ±kEz.

(7.15)

Under the paraxial approximation, ∂
∂z
>> ∂

∂y
, ∂
∂y

[272] (where the authors show the phase

variation along an axis in terms of the wavenumber), and assuming that the field propagates

along z as E ∝ eikz, the equations in Eq. (7.15) are simplified to

−ikEy = ±kEx,

ikEx = ±kEy,

|Ez|/|E⊥| << 1,

(7.16)

implying that the field is circularly polarized, i.e., Ey = ±iEx, wherein the two transverse

components have equal magnitudes and a π/2 phase delay between them. Analogous proof

holds for the transverse magnetic field that is also circularly polarized. For paraxial fields

whose longitudinal fields are negligible compared to the transverse field components (for

intermediate radial distance from the beam axis), the concept of optimally chiral light is

equivalent to that of circular polarization on the focal plane, and only for intermediate radial

distance as discussed for the ARPB in the next section. However, upon the introduction
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of structured light with considerable longitudinal fields, optimal chirality can be obtained

without circular polarization.

7.5 Discussion

The presented results not only provide the first experimental analysis and confirmation of the

realizability of an optimally chiral structured beam, the OC-ARPB, but also contribute to the

limited experimental investigations of self-dual fields. While the primary focus of this paper

is not on self-duality, our work aligns with observations in Ref. [253], where monochromatic

self-dual electromagnetic fields are identified as eigenvectors of the curl operator.

The experiments described in this work demonstrate precise control over the helicity density

of the ARPB via the tuning of the phase parameter ψ, following the relation ĥ = sinψ when

V̂ = 1. Therefore, we have shown that the helicity density of the ARPB can be tuned across

its full range of possible values, namely, −u/ω ≤ h ≤ u/ω, by only varying the single beam

parameter ψ (with V̂ = 1). Modifying other beam parameters, such as w0 and λ, shapes the

topology of the beam instead. For example, reducing the w0/λ ratio leads to higher energy

and helicity densities at the beam focus (z = 0), as shown in Ref. [252].

Additionally, we have been able to verify the local polarization of the paraxial ARPBs on the

transverse plane with the polarization textures shown in Figure 7.7. The paraxial OC-ARPBs

(i.e., when ψ = ±π/2 and V̂ = 1) exhibit the highest degree of local circular polarization.

The experimental results are in agreement with what was discussed after Eq. (20) in Ref. [252]

that paraxial OC-ARPBs are primarily circularly polarized at the beam focal plane z = 0.

The transverse fields of an OC-ARPB are
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E⊥ = ρ
w2fV [(Aρ + iBρ) ρ̂± i φ̂] ,

H⊥ = ∓iE⊥/η0.
(7.17)

Here, we further observe from Eq. (7.4) that for OC-ARPBs with a large waist relative to

the wavelength (w0 ≫ λ) on the focal plane z = 0, one has Aρ ≈ 1 and Bρ = 0, resulting in

circular polarization in the transverse plane. Note that however when ρ ≫ w0, then Aρ is

not close to unity anymore. Therefore we do not have circular polarization at the edges of

the beam, as shown in Figure 7.7 in both theory and experiment.

Additionally, the transverse circular polarization of paraxial OC-ARPB is also lost near the

beam axis. This result is appreciated in Figure 7.7(a), where the local polarization of the

theoretical OC-ARPB becomes elliptical near the beam axis. When ρ≪ w0, the longitudinal

fields cannot be neglected. This occurs when the term Az is no longer much less than kρAρ

at z = 0. Consequently, near the beam axis ĥ ̸= s3, in agreement with the property of

structured OC fields displaying optimal chirality (|ĥ| = 1) without being circularly polarized

(|s3| = 1). This result is consistent with the discussion in Ref. [251] stating that transversely

finite beams which are circularly polarized everywhere in a fixed plane do not exist.

In summary, while circular polarization is a sufficient condition to attain optimal chirality, it

is not a necessary one since a focused OC-ARPB displays optimal chirality without circular

polarization. Even when the OC-ARPB has a large beam waist (w0 ≫ λ), it still displays

optimal chirality without circular polarization near the axis and far away from it.

Our investigation has directly verified the optimal chirality of the paraxial OC-ARPB with

V̂ = 1 and ψ = ±π/2 only in the transverse plane, and at distances that are not near the axis

nor far away from it. Even though our setup, illustrated in Figure 7.1, cannot differentiate

the longitudinal components of light, the OC features of Ez and Hz have been theoretically
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demonstrated by using Maxwell’s equations. The ARPB is expected to show exceptional

promise in the control and manipulation of chiral molecules in the Rayleigh regime, where

the size of the particle is significantly smaller than the beam’s wavelength. This regime is

well characterized in the context of electromagnetic scattering [273]. Subwavelength-sized

particles can be trapped in the region surrounding the beam axis where the longitudinal

fields dominate. In that region, the energy and helicity densities dominate over the linear

and angular momentum densities as discussed in Ref. [252], leading to enhanced control over

the forces exerted on dipolar chiral molecules. The photoinduced forces exerted on chiral

dipolar particles from structured light fields are described in Ref. [197].Since the ARPB offers

promising avenues for precise probing and manipulation of chiral particles, future research

will explore the optical helicity of non-paraxial ARPBs that display strong longitudinal fields

on the beam axis.

7.6 Conclusion

We have successfully generated an ARPB using a versatile optical setup with two SLMs

employing orthogonal polarizations (x and y). By adjusting the phase parameter ψ, we

demonstrated the ability to manipulate the chirality density of the ARPB across its full

range of possible values. Notably, we found that the paraxial ARPB can achieve optimal

chirality for ψ = ±π/2, showcasing the existence of optimally chiral structured light.

While the experiments realized herein are restricted to the transverse plane, we have also

theoretically shown that three-dimensional fields whose transverse components satisfy the op-

timal chirality condition are optimally chiral in all directions. Additionally, we have demon-

strated that circular polarization is a sufficient but not necessary condition for structured

fields to be optimally chiral, and that it is equivalent to the concept of optimal chirality only

under the paraxial approximation and when the longitudinal fields are negligible compared
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to the transverse field components. We found that the local polarization of the OC-ARPB

is circular away from the center or edges of the beam. In those regions, the local circular

polarization is lost even though optimal chirality is maintained.

Additionally, we have shown that monochromatic optimally chiral fields are self-dual since

their electric and magnetic fields are the eigenvectors of the curl operator, leading to maximal

chirality density among other self-dual electromagnetic features. The OC-ARPB generated

in this work represents an example of a structured self-dual monochromatic beam, of which

few have been studied experimentally.

Importantly, the results of this study verify the first practical implementation of an OC

structured beam, of which the OC-ARPB is only a specific example. This new tool pro-

vides unprecedented control over fundamental chiral light-matter interactions, with future

applications of enhanced sensing and manipulation of chiral particles. Given the ubiquity

and importance of chirality in biology, the development of precise tools to characterize and

control chiral molecules is of supreme importance in the field of biophotonics and single-

isomer drug discovery. The ability to dynamically control the helicity density of the ARPB

allows for the innovative design of dynamic, enantioselective optical traps. Considering the

importance of the polarization of the chiral field components on light-matter interactions,

future research might explore chirality of non-paraxial ARPBs on the beam axis, which is

solely attributed to the chiral longitudinal fields.
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