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ABSTRACT OF THE DISSERTATION

Geometry, stability and response in lattice quantum Hall systems

by

David Bauer

Doctor of Philosophy in Physics

University of California, Los Angeles, 2018

Professor Rahul Roy, Chair

Integer and fractional quantum Hall phases are prototypical examples of topologically

ordered phases of matter. A standard setting for studying these phases is in continuum

two-dimensional electron fluids with broken time-reversal symmetry, where the single

particle bands are familiar Landau levels. In this thesis, we explore aspects of quantum

Hall fluids in the presence of periodic lattice potential.

We focusmostly on theperturbative, Harper-Hofstadter regimeof lowmagnetic flux

density, where the single-particle bands are effectively mixtures of Landau levels. We

study the stability of strongly-correlated fractional quantum Hall fluids in relation to

the geometry of single-particle Chern bands in tight-binding models. We first treat the

case of the Hofstadter model and show the convergence of the geometry of Hofstadter

bands to that of Landau levels in the limit of small flux density. We then introduce

and study a new series of tight-binding models which do not necessarily converge to

Landau levels but still host fractional phases. In each case, we observe correlations

between band geometry and many-body gaps consistent with the “geometric stability

hypothesis.”

Finally, we give a perturbative calculation of the current response of Chern bands

to inhomogeneous electric fields. In continuum quantum Hall fluids with galilean

symmetry, the O(q2) contribution to this response is related to the Hall viscosity, which

measures the linear response to variations in spatial geometry in time-reversal odd
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two-dimensional fluids.
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For my dad.

But in the dynamic space of the living Rocket, the double integral has a

different meaning. To integrate here is to operate on a rate of change so

that time falls away: change is stilled....“Meters per second” will integrate

to “meters.” The moving vehicle is frozen, in space, to become architecture,

and timeless. It was never launched. It will never fall.

— Gravity’s Rainbow
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CHAPTER 1

Introduction

1.1 Overview

In this thesis, we study quantum Hall fluids in the presence of a periodic lattice,

mostly in the continuum limit where the effects of this lattice are perturbative. We

are motivated by a variety of theoretical and experimental developments in the study

of quantum Hall phases. These include the discovery in numerical simulations and

experiments of fractional Chern insulators, which are topologically ordered phases

that form in the presence of strong lattice effects. As we will discuss, the Hilbert

space geometry of Chern insulator bands appears to play a role in the stability of

fractional many-body phases in these bands. Additionally, recent work on the role of

emergent geometrical degrees of freedom in fractional quantumHall liquids motivates

work on quantum Hall phases in settings beyond continuum Landau levels. In the

following section of this Introduction, we will review some relevant aspects of theory

of the continuum quantumHall effect. We then discuss aspects of lattice quantumHall

phases and articulate the geometric stability hypothesis for fractional Chern insulators

that we consider throughout in this thesis. At the end of the Introduction, we outline

the contents of the succeeding chapters.

1.2 The quantum Hall effect

ThequantumHall effects are remarkable examples of systems that displayquantumme-

chanical behavior on a macroscopic scale, the most well known manifestation of which

1



is the robust quantization of the dissipationless, transverse conductivity to integral or

rationalmultiples of e2/h – the integer and fractional quantumHall effects, respectively.

The QH effects take place in two-dimensional systems of bosons or fermions in the ab-

sence of time-reversal symmetry, where the consituent particles form incompressible

fluids with a finite excitation gap stable against any local perturbations. The robustness

both of this incompressibility and of the quantization of the EM current response are

consequences of the microsopic topological order of the constituent particles. Topologi-

cally ordered phases are quantum phases of matter that are not captured by the Landau

paradigm of spontaneously broken symmetries. Instead, these phases correspond to

patterns of long-range quantum entanglement, and in two dimensions are classified by

the properties of their pointlike topological excitations.

The typical, idealized setting for the QHE considers interacting, charged particles

in two dimensions in the presence of a uniform magnetic field. In this setting time-

reversal symmetry is broken, charge is conserved, and one has full galilean invariance.

In the rest of this section, we will discuss some of the formalism of the QHE, starting

with the single-particle Landau levels occupied by particles in the continuum QHE.

We demonstrate the IQHE from linear current response of particles in these bands to

static electric fields, then discuss some features of the many-body ground states of the

FQHE. We will be particularly interested in the single-mode approximation approach

to studying the spectrum of collective excitations above these many-body phases.

The literature on the quantum Hall effects is vast, and we will provide only a

superficial review of some relevant aspects here. For more thorough introductions

to the QHE, we refer the reader to some of the many pedagogical resources on the

topic. The book by Yoshioka [1] is an excellent and relatively elementary introduction

to the physics of QHE. The collection of reprints edited by Stone [2] contains many

of the essential references on the QHE along with insightful introductory remarks by

the editor accompanying each chapter. Treatments of the QHE from a field-theoretic

perspective appear in the books of Fradkin [3] andWen [4]Anpedagogical introduction

to non-abelian FQHstates and of the relation of topological quasiparticles to topological

2



quantum field theory is [5]. The conformal field theory approach to QH phases is

reviewed in [6].

1.2.1 Landau levels

When treating quantum Hall effects in the continuum 2DEG approximation, the mi-

crosopic particles occupy Landau levels. Since the main issue we will address in this

thesis is two what extent one can extend the theory of QH phases beyond the Landau

level setting, we start by first discussing some properties of Landau levels. In particular,

we will see that the Landau hamiltonain carries an infinite algebra of symmetries, a fact

that is related to the decomposition of the problem into cyclotron and guiding-center

coordinates that holds in both the classical and quantum versions of the problem.

Complementary introductions to the algebra of Landau levels appear in [7] and [8].

We start from the Landau hamiltonian HL for a free particle of mass m in two spatial

dimensions in the presence of a uniform magnetic flux density B � εab∂aAb .1 In terms

of the canonical momentum operators πa � pa − eAa(r), the Landau hamiltonian is

HL �
1

2m

(
π2

x + π
2
y

)
.

Although generically HL depends on all components of both position and momentum,

the particular form of this dependence lets us simplify the problem by making the

decomposition

ra � Ra + Ra � Ra − `2εabπb/~.

We call R the cyclotron coordinates and R the guiding-center coordinates. With the

guiding-center coordinates defined this way, we have commutation relations

[Ra , Rb] � i`2εab , [πa , πb] � i
~2

`2 εab , [Ra , πb] � 0.

That is, the cyclotron and guiding-center operators form two independent Heisenberg

algebras. Classically, this corresponds to decomposition of 4-dimensional phase space

1Einstein summation is in effect, and we will not keep track of index placement.
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into two independent copies of the plane R2. It is convenient to quantize this theory

by Fock quantization. We choose creation and annihilation operators that are complex

linear combinations of the coordinates on each phase space and that satisfy[
a(π), a†(π)

]
� 1,

[
b(R), b†(R)

]
� 1.

For concreteness, we exhibit a standard choice of such operators for the cyclotron space,

a �
`√
2~

(
πx + iπy

)
, a† �

`√
2~

(
πx − iπy

)
for which we have

πx �
~√
2`

(
a + a†

)
, πy � −i

~√
2`

(
a − a†

)
.

In terms of a, a†, the Landau hamiltonian is

HL �
~ωc

2
(
a†a + aa†

)
� ~ωc

(
a†a +

1
2

)
In this representation, the Hilbert space is spanned by states

|n ,m〉 � 1√
n!m!

(
a†

)n (
b†

)m |0, 0〉

where the vacuum state |0, 0〉 obeys

a |0, 0〉 � b |0, 0〉 � 0.

Importantly, the choices of a and b we have made are not unique. The creation and

annihilation operators are the quantum versions of complex coordinates z, z on each

phase space. Different decompositions of the plane into such holomorphic and anti-

holomorphic coordinates correspond to different choices of linear complex structure J

on classical phase space. [9] Since we want this choice to respect the hamiltonian me-

chanics of the problem – to be compatible with the symplectic structure on phase space,

in jargon – our choice of J is constrained. In particular, any such choice corresponds

to a choice of flat Riemannian metric g on the plane. Haldane [10–12] has emphasized
4



the role this choice of complex structure/metric plays in the QHE, especially in settings

without all the symmetries of Landau levels.

Another implicit choice we have made is the constant 1
2 appearing in HL. Observe

that we could just as well have normal ordered, taking H � ~ωc a†a, and recovered

the same physics up to a constant shift in the energy spectrum. With the choice

E0 � ~ωc/2, the representation of the Heisenberg algebra we obtain is doubly-valued

– it is a projective representation [9] – because under 2π phase rotations generated by

HL the eigenstates pick up a minus sign:

e−i(a†a+ 1
2)2π |n〉 � e−i2πn−iπ |n〉 � − |n〉 .

Although we could eliminate this multivaluedness by choosing H to be normally or-

deredwithE0 � 0, the ordering a†a+aa† is the only choice thatmakes this representation

extend to a representation of the sl(2,R) algebra that acts on the cyclotron space. We

observe that the operators

Λ+ �
a†2

2
, Λ− �

a2

2
, Λ0 � a†a +

1
2

obey the sl(2,R) commutation relations [13]

[Λ0,Λ−] � Λ−, [Λ0,Λ+] � −Λ+, [Λ−,Λ+] � Λ0.

We can interpret the U(1) ' SO(2) ⊂ SL(2,R) transformation generated by HL � ~ωcΛ0

as a two-dimension rotation. In other words, the Landau hamiltonian is proportional

to the cyclotron-space angular momentum operator, but only if we make the choice

E0 � ~ωc/2. This is a non-generic feature of the Landau hamiltonian; later, we will

consider systems in which the single-particle hamiltonian contains terms higher-order

in πa , in which case H no longer acts as the generator of rotations nor has rotational

symmetry.

Since the Landau hamiltonian depends only on the cyclotron operators, and since

[Ra , πb] � 0, the guiding-center operators Ra are symmetries of the Landau hamil-

tonian, and they generate guiding-center translations. In fact, since any product of
5



guiding-center operators will also commute with HL, the Landau level hamiltonian

carries an infinite algebra of symmetries generated by guiding-center operators. Sub-

algebras of this algebra include the Heisenberg algebra and the sl(2,R) algebra of

area-preserving linear transformations on the guiding-center coordinates. Later in

this section, we will introduce the projected density operators ρ(q) that make up the

Girvin-MacDonald-Platzmann or W∞ algebra, a particular algebra of area-preserving

maps of two-dimensional quantum phase space which we discuss further in §1.2.5.

This algebra gives the set of guiding-center (or magnetic translation) symmetries of the

Landau hamiltonian [8]; in particular it contains the Heisenberg and sl(2,R) algebras

of guiding-center coordinates as subalgebras.

1.2.2 EM response of Landau levels, Hall conductivity, band geometry

The linear response ofQHfluids – for example, to perturbative variations in electromag-

netic fields or spatial geometry – are some of their most important phenomenological

properties. To make the above algebraic formalism of Landau levels more concrete, we

will apply the formalism of linear response to Landau levels to obtain the topologically-

quantized Hall conductivity. This calculation also sets the stage for Chapter 4, wherein

we present a perturbative calculation of the linear response to non-uniform electric

fields. This latter calculation may also be performed within linear response yielding an

equivalent result. We will take as our starting point for the linear response calculation

the Kubo formula. For more details on linear response theory and the Kubo formula,

we refer the reader to [14] and [15].

We calculate the contribution to the Hall conductivity from a single particle in the

lowest Landau level |0〉 by applying the Kubo formula in the form

σx y(ω→ 0) � i~
Atot

∑
n,0

〈0|Iy |n〉 〈n |Ix |0〉 − 〈0|Ix |n〉 〈n |Iy |0〉
(En − E0)2

,

where |n〉 � ∑
m |n ,m〉. The EM current operator has components

Ia �
ie
~
[HL, ra].
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Expanding the commutators [HL, ra] and using the fact that we are taking matrix

elements in eigenstates of HL, we have

σx y � i
e2

A0~

∑
n,0

(
〈0|x |n〉〈n |y |0〉 − 〈0|y |n〉〈n |x |0〉

)
(1.1)

Notably, the energy denominator has disappeared – evidently the conductivity de-

pends on the eigenstates but not on their energies. We further note that since we may

decompose ra � Ra +Ra and, since the guiding-center position operators Ra do not mix

Landau levels, only the cyclotron operators contribute to thematrix elements appearing

in our expression for σx y . We may therefore compute σx y using the cyclotron creation

and annihilation operators,

σx y �
e2`2

2A0~

∑
n,0

[
〈0|

(
a − a†

)
|n〉〈n |

(
a + a†

)
|0〉 − 〈0|

(
a + a†

)
|n〉〈n |

(
a − a†

)
|0〉

]
�

e2

Ns h

where we have used the fact that the degeneracy of a Landau level for a system of area

A0 is Ns � A0/(2π`2). This is the contribution to the Hall conductivity per particle. For

Np particles, we find

σx y �
Np

Ns

e2

h
� ν

e2

h
.

As we have presented it, this result holds for a filled Landau level, ν � 1. From similar

calculations, we can show that the Hall conductivity per Landau level is the same for

every Landau level, so in fact this formula holds for any integer ν.

Returning to consider our expression for σx y , we note that we can rewrite it in the

form

σx y � i
e2

A0~
Tr

(
PxQ yP − P yQxP

)
� 2 e2

A0~
Im

[
Tr

(
PxQ yP

) ]
where P � |0〉〈0| projects onto the lowest Landau level and Q � 1 − P is the orthogonal

projector. We now introduce the quantum geometric tensor [16, 17]

〈Gab〉 � Tr (PraQrbP) .
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This is a Hermitian metric tensor real and imaginary parts〈
gab

〉
� Re (Gab) �

1
2
Tr (PraQrbP + PrbQraP)

〈Fab〉 � Im (Gab) �
1
2i
Tr (PraQrbP − PrbQraP) .

The tensor Fab , when traced over the space of cyclotron degrees of freedom, is the

familiar Berry curvature [18] measuring adiabatic transport on the degenerate space

of Landau level states. The full trace, as appears in the formula for σx y gives the

Chern number C. The relationship between the Berry curvature, Chern number and

the Hall conductivity is well-known and originates with [19]. Our expression for the

Berry curvature appears slightly differently from the usual presentation in which one

introduces eigenstates ofmagnetic translations andassociatedmagnetic Bloch functions

uk on themagnetic Brillouin zone torus[20]. The usual picture has the advantage that it

makes more transparent the relationship between the Chern number, the zeroes of the

Bloch functions, and thewinding of theU(1) bundle over the BZ torus, at the expense of

introducing local coordinates and local sections. Berry phase effects are ubiquitous in

condensed matter physics, and some experimental consequences of these are reviewed

in [21].

The real part of the geometric tensor, which we will call the quantum metric or

Fubini-Study metric is less familiar than the Berry curvature. In general, the Fubini-

Study metric is the Riemannian metric on complex projective space; given projectors

that map from a parameter space into Hilbert space – e.g., the magnetic Brillouin zone

with Bloch states labelled by k – we can pull back the Fubini-Study metric to obtain

a metric on parameter space. In our case, we have projectors defined on the space

of states within a Landau level connected by guiding-center translations generated by

R. Like the Berry curvature, the Fubini-Study metric has measurable experimental

consequences, and for Bloch bands can be detected in current noise measurements [22].

The Fubini-Study metric has a statistical interpretation related to Fisher information of

probability distributions corresponding to quantum states. [23]
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1.2.3 Interactions and trial states

The integer quantum Hall effect can be essentially understand as a single-particle phe-

nomenon, and as such is amenable to study by single-particle band theory. Although an

essential ingredient of the fractional quantum Hall effect is the fractional filling of such

bands, the FQH cannot be understood in band theory alone. Interactions between par-

ticles also play a crucial role in forming the long-range entanglement structure of FQH

fluids. In this section, we will discuss the interaction hamiltonian and the correspond-

ing many-body ground state. In §1.2.5, we will try to understand collective excitations

above the ground state. We will focus on the case of a two-body density-density re-

pulsion between particles. In studying paired FQH states like the Moore-Read state

[24], it is common to employ three-body interactions. Indeed, onemay consider p-body

interactions, which stabilize more general FQH states. [25, 26]

Working in Fourier space, a general two-body density-density interaction is

V �

∫
d2q
(2π)2 v(q)ρ†(q)ρ(q)

where the many-particle density operators

ρ(q) �
∑

i

exp (iq · ri) .

It is typical to treat the problem in the absence of Landau level mixing and so project

the interaction to a single Landau level – often but not necessarily the lowest. Then the

relevant interaction hamiltonian is

Hint � PVP �

∫
d2q
(2π)2 v(q)ρ(−q)ρ(q)

in terms of the projected density operators

ρ(q) �
∑

i

P exp (iq · ri)P.

Importantly, Landau level projection eliminates the cyclotron degrees of freedom. Ob-

serve that we can write the projected density operators as

ρ(q) �
∑

i

e iq·Ri

9



and the interaction hamiltonian as

Hint �

∫
d2q
(2π)2 v(q)

∑
i< j

e iq·(Ri−R j).

After Landau level projection, the many-particle Hilbert space is spanned by states

|m1, . . . ,mN〉 �
∑
σ

s(σ)β(b†1)
σ(m1) · · · (b†N)

σ(mN ) |0〉

where the sum is over permutations, β � 1 for fermions, and β � 0 for bosons. The

vacuum state |0〉 � |0, . . . , 0〉. In Bargmann-Fock representation, states in the Hilbert

space are functions f (z1, ..., zN)with b†i acting as zi that are antisymmetric for fermions

and symmetric for bosons.

A standard description of the ground state of this hamiltonian, originally due to

Laughlin, is as a trial state orwavefunction. [27] Laughlin’s original goalwas to describe

the ground states of ν � 1/m fermionic FQH fluids, and he proposed the state��Ψν�1/m
〉
�

∏
i< j

(b†i − b†j )
m |0〉 .

This is a very good approximation to the ground state in the case of the Coulomb

interaction, and in fact is the exact ground state for short-ranged interactions [28]

v(q) �
∑

j

c j q2 j .

For many quantum Hall states, bulk trial wavefunctions can be written as correlators

in a conformal field theory. [6, 24, 29]

1.2.4 Topological order and linear response in quantum Hall fluids

The paradigm of topological order stands with Landau symmetry breaking theory as

one of the organizing principles for understanding the different types of condensed

matter we encounter. Although a complete discussion of topological order lies outside

the scope of this thesis, QH phases are perhaps the most important examples of TO

phases, and we would be remiss to discuss the QHE without placing it in this broader
10



context. Themain goal of this subsection is to show how the linear response coefficients

of a TO phase capture information about the topological quasiparticle content in such

a phase. Since the quasiparticle data classify different TO phases in two dimensions,

these linear response coefficients may be seen as partial order parameters for such

phases.

A topologically ordered or gapped quantum liquid phase is defined by its long-

range entanglement. A quantum phase of matter is long-range entangled if it cannot be

transformed to a product state by a finite sequence or circuit of piecewise local unitary

operators [30]. Although this definition is intuitive and conceptually appealing, it tells

us little about the phenomenology of topological order. In particular, we would like to

know what experimental signatures distinguish different TO phases from one another

or from symmetry-breaking phases.

In general, two-dimensional TO phases are classified by their pointlike topological

excitations or quasiparticles, which are local excitations that cannot be created by apply-

ing local operators. [31, 32] In particular, the datawe need to classify a two-dimensional

TO phase are the fusion coefficients and topological spins of the quasiparticles. The fusion

coefficients type i and j particles is described by the fusion coefficient tensor N k
i j :

i ⊗ j �
⊕

k

N k
i j k

This description of particle fusion is a generalized analogue of Clebsch-Gordan decom-

position, and is related to the operator product expansion or fusion rules for primary

fields in conformal field theory [33].

The other quasiparticle data we need to classify a two-dimensional TO phase are the

topological spins, which are the Berry phases acquired by the many-body state when

the quasiparticles are rotated by 2π relative to the rest of the system, for example by

rotating a local trapping hamiltonian. Under such a rotation, a state containing a type

i quasiparticle acquires a phase

θi � exp (i2πsi) .
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The mutual statistics of quasiparticles – the Berry phases generated by exhcanging

quasiparticles – are then are fullydeterminedby the self-statistics and fusion coefficients

of the quasiparticles.

Although some quasiparticle data can in principle be measured directly, a more

concreteway tomeasure a subset of thisdata is bymeasuring topological linear response

coefficients. To demonstrate this, we will specialize to the case of abelian TO phases,

in which case the quasiparticle types form an abelian group under fusion. All such

phases are single- or multi-layered Laughlin liquids of bosons and fermions and are

classified by specifying a K-matrix K, charge vector q and spin vector l. [34] These

data determine the fusion coefficients and topological spins through abelian anyon

condensation. [35] The K-matrix gives the coefficients for the Chern-Simons term in

the effective hydrodynamic action for our abelian FQH liquid, while the charge and spin

vectors specify the coupling of the liquid to backgroundEMfields and spatial geometry,

respectively. These data determine the topologically-protected filling fraction ν and

mean orbital spin per particle s̄ through

ν � qTK−1q, ν s̄ � qTK−1l.

These quantities determine universal linear response coefficients of the QH fluid,

namely the Hall conductivity σH and and Hall viscosity ηH through

σH �
e2

2π~
ν, ηH �

1
2
~ρ0 s̄

on surfaces of zero scalar curvature. [36] Just as the Hall conductivity meaures the

dissipationless response of QH fluids to perturbative variations in the EM field, the

Hall viscosity measures the dispationless response to perturbative variations in spatial

geometry. We introduce ηH in more detail in Chapter 4.

1.2.5 Collective excitations: single-mode approximation and GMP algebra

The single-mode approximation (SMA) is an approach to understanding the collective,

neutral excitations of quantum Hall fluids, and it provides the theoretical backbone
12



running throughout this thesis. It is therefore worth introducing the SMA in some

detail in this section.

The fundamental idea of the SMA is to obtain a variational upper bound on the

energy of collective density excitations above the ground state of a quantum fluid by

considering a single Fourier mode of the density operator. Specficially, if |Ψ〉 is the

fluid ground state, we consider the excited state

ρ(q) |Ψ〉 � e iq·r |Ψ〉 .

Feynman [37] applied the SMA to the study of collective modes in superfluid helium.

Feynman’s argument employed the variational method to place an upper bound on the

energy of density excitations by calculating

∆(q) �
〈Ψ|ρ(−q)Hintρ(q)|Ψ〉
〈Ψ|ρ−qρq |Ψ〉

�
f (q)
s(q) .

Here f (q) is called the oscillator strength sum, and s(q) is the equal-time structure

factor [38], usually called the static structure factor (SSF) in the literature. Of course,

for the case of a density excitation with definite wavevector q, this upper bound is

saturated. Girvin, MacDonald and Platzman (GMP) introduced the SMA to the study

of QH fluids [39, 40]. Their key innovation was to consider density operators projected

to the lowest Landau level,

ρ(q) � P0e iq·rP0,

yielding projected analogues of the above quantities,

∆(q) �
f (q)
s(q) .

Note that ∆(q) is the mean energy of a short-lived density mode and not the energy of

any excitation in the spectrum of the many-body hamiltonian [41]. It is worth pausing

momentarily to consider theprojected static structure factor s(q), the two-point function

for the projected density operators. In terms of the unprojected SSF s(q), it is

s(q) � s(q) −
(
1 − e−q`2/2

)
13



In [40], GMP show that both f (q) and s(q) vanish as q4 for q → 0, and that this behavior

is a manifestation of the incompressibility of the QH fluid. The projected SSF therefore

takes the form

s(q) � s4(q`)4 + s6(q`)6 + . . . ,

where the coefficients s4 and s6 are known to encode some universal phenomenological

features of the QH fluid. In [10], Haldane obtained an inequality relating s4 to theWen-

Zee shift S, namely

s4 ≥
S − 1

8
.

In fact, this bound has been show to saturate in a range of different FQH trial states.

[42–45] This means that, for phases in which the Haldane bound saturates, the leading-

order behavior of the q → 0 projected SSF is entirely determined by topological data.

Unlike the universal O(k4) term, the O(k6) term may include both universal and non-

universal contributions, with the universal part related to the gravitational anomaly or

edge chiral central charge c of the FQH state. [46]

A further insight GMP made was that the projected density operators obey the

commutation relations.[
ρ(q), ρ(q′)

]
� 2i sin

(
`2

2
q × q′

)
e−q·q′`2/2ρ(q + q′) (1.2)

This algebra of projected density operators is called the GMP algebra, and, as the

algebra of symmetries of the lowest Landau level, it plays an important role in the

physics of FQH fluids. The GMP algebra is a member of a family of algebras called

W∞ algebras. These are quantized versions of the classical w∞ algebras (under Poisson

brackets) of diffeomorphisms on two dimensional phase space [47]. This suggests

that we interpret the W∞ algebras as corresponding to area-preserving maps on two-

dimensional quantum phase space. This matches nicely with the intuitive picture that,

because filled Landau levels are incompressible, symmetries of Landau levels should

be area-preserving; further Landau level symmetries should preserve the “smearing”
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of particles into incompressible droplets effected by Landau level projection. As noted

in [48], another perspective on the W∞ algebra is as a particular realization of SU(N)

in the limit N → ∞. The role of W∞ algebras in the quantum Hall effects has been

studied in multiple works [8, 49, 50]; in particular, FQH states have been obtained as

W1+∞ minimal models. [51, 52]

The W∞ algebra is the N → ∞ limit of the finite WN algebras describing chiral

primary fields with conformal spin s � h − h̄ and 2 ≤ s ≤ N . The W∞ algebra therefore

contains fields of all spins s ≥ 2. In fact, the algebras most relevant to the QH problem

are called W1+∞ algebras (related to quantum area-preserving diffeomorphisms of the

cylinder), and contain fields of conformal spin s ≥ 1. Recent work on the QHE has

taken steps toward understanding the role of higher-spin (s ≥ 3) fields [53, 54], and we

expect this to be an interesting avenue for future research.

1.3 Lattice quantum Hall systems and Chern insulators

This thesis originated from attempts to understand particular lattice models for FQH

phases called fractional Chern insulators (FCIs). In this section, we will briefly review

some literature on lattice QH phases in general before introducing FCIs. In later

sections of this Introduction, we will further elaborate on how attempts to understand

the stability of FCIs by adapting the SMA led to specific work in this thesis.

The QHEwas originally discovered in solid-state, crystalline matter— that is, in the

presence of a periodic potential. Although much of the literature on the QHE makes

the simplifying assumption of continuous translational and rotational invariance, the

role of the periodic lattice potential has been of interest to researchers since at least

the seminal work of TKNN [19]. An analysis of the fractional quantum Hall effect in

the presence of such a lattice potential was carried out by Kol and Read [55]. A major

difference between lattice and continuum is the presence of discrete rather than contin-

uous translation symmetry. For energy bands obtained from tight-bindingmodels, this

reduced symmetry manifests in part in the finite bandwidth of single-particle bands
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in contrast with exactly flat Landau levels. Further motivation for study the FQHE

in lattice systems follows from the discovery that rotating Bose-Einstein condensates

under certain conditions realize the phenomenology of FQH states. [56–59]

In [60], Haldane introduced a tight-binding model on a honeycomb lattice for the

IQHE in which time-reversal symmetry is broken by a magnetic field with zero average

flux through the lattice plaquettes. In contrast with the Hofstadter model, where the

flux per lattice plaquette φ is a tunable parameter that can be made arbitrary small,

there is no such small parameter in the Haldane model. In other words, lattice effects

cannot be neglected, and the single-particle bands cannot be approximated by Landau

levels.

The question of whether such models for the IQHE without Landau levels can be

extended to one for the FQHE – whether there are fractional Chern insulators (FCI)

– naturally follows. One apparent difficulty of such an extension is that the bands

of Chern insulators are not in general dispersionless. However, this diffculty is not

fundamental, and it is possible to construct Chern bands that are approximately flat

through judicious choice of band hamiltonian [61] or by introducing longer-range

hopping amplitudes to our tight-binding model. [62] Notably, one can flatten the

dispersion independently of the Berry curvature, as the latter is a property of the band

projector only. Numerical experiments of interacting particles in a variety of such

flattened Chern bands confirmed signatures of FCI phases do appear in such models.

[63–65]

As with the continuum FQHE, researchers have developed a variety of theoretical

approaches to FCIs2 These include wavefunction descriptions based on Wannier func-

tions [68], projective parton constructions [69] and Bloch functions [70]. Unlike Landau

levels, the Chern bands in fractional Chern insulators may have Chern number |C | > 1

which may host abelian and non-abelian FQH states. [71] FCIs with |C | > 1 have also

been shown to host novel topological nematic phases inwhich lattice rotational symmetry

2See [66] and [67] for more extensive reviews.
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is broken. [72] Lattice dislocations in these phases may lead to twist defects carrying

projective non-abelian statistics. [73]

One of the key questions of FCIs has been to what extent the theory of FQH phases

and FCI phases can be unified. Since much of the traditional technology of QH physics

– Laughlin wavefunctions, Haldane pseudopotentials, hydrodynamic theories, etc. –

relies on a continuum description, one of the challenges of developing a full-fledged

theory of FCIs is to extend this technology to more generic settings. In this thesis, we

take a small step in this direction by studying to how the replacement of Landau levels

with more generic Chern bands affects the stability of the FQH gap and the topological

linear response coefficients. We will be particularly interested in understanding these

properties continuum limit of Chern bands, where we treat these bands as perturbative

mixtures of Landau levels. Our line of attack for addressing the stability question

will be via the SMA applied to Chern bands, where the quantum geometry of band

projectors plays a key role. We discuss this approach in §1.3.1 below.

Wemention some other recent approaches to lattice QHphases that suggest promis-

ing directions for future research but are not of direct relevance to this thesis. A Chern-

Simons theory of the FQH in the presence of a lattice potential was studied by Kol

and Read [55], but their approach started from a continuum description to which a

continuous periodic potential was added. However, recent progress has been made

on a Chern-Simons theory that is “native” to the lattice – i.e., formulated locally on

the lattice without appealing to a continuum description. [74, 75] Another approach

to understanding lattice QH phases employs the conformal field theory description of

FQH phases, in which bulk trial wavefunctions correspond to correlation functions in

the edge CFT. This connection has been exploited to define lattice spin wavefunctions

for topological spin liquid phases [76], which have been shown to be equivalent to FQH

wavefunctions. [77]. This approach is particularly interesting because of a recently-

developed correspondencebetween such lattice spinwavefunctions andquantumstates

defined by neural networks with restricted Boltzmann machine architecture. [78]

The traditional setting for experimentally realizing thequantumHall effects are solid
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state systems such as SiMOSFETs and heterostructures of GaAs-AlGaAs or InGaAs-InP

in which electrons behave as a two-dimensional electron gas (2DEG) [79, 80]. Although

these materials are crystalline solids without translational invariance, the use of a

continuum 2DEG description is well-justified by large separation between the length

scales that control this approximation. The relevant length scales are the lattice constant

a and the magnetic length `. For GaAs, a � 5.6533Å [81], and a typical experimental

value for the magnetic field B � 15 T gives ` � 1007Å. As we have noted, recent

experimental interest has focused on realizations of the QHE outside of the 2DEG

regime where this ratio of length scales cannot be treated as a small parameter. Two

such experimental settings are bilayer graphene heterstructures and optical lattices of

ultracold atoms.

The case of bilayer graphene heterostructures is of particular interest as the first and

as yet only setting in which signatures of non-Landau level FCIs have been observed

[82]. In such heterostructures, the hexagonal structures of the bilayer graphene (BLG)

and surrounding layers of boron nitride (BN) are rotationally offset by a small angle

of ∼ 1◦. This near-alignment of lattice structures leads to an effective “Moiré” lattice

pattern with periodicity aMoiré ≈ 100Å, much larger than the O(1Å) lattice constants

of graphene or GaAs.

Another exciting experimental setting for QH phases in which lattice effects are

important is that of cold atomic gases in optical lattices [83]. In contrast the the van

der Waals heterostructures described above, which have time reversal symmetry bro-

ken by external applied magnetic fields, these systems of neutral fermionic or bosonic

atoms rely on artificial magnetic or gauge fields simulated by periodic driving [83].

Examples of single-particle, topological band hamiltonians that have been realized in

such settings are the Haldane honeycomb Chern insulator [84] and the square-lattice

Harper-Hofstadter model [85–87].
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1.3.1 Stability of FCIs: SMA and geometry

In §1.2.5 above, we introduced the SMA approach to the stability of FQH fluids. Moti-

vated by the question of stability of fractional Chern insulator phases, recent work has

studied the effects on the GMP algebra of projecting to a generic Chern band instead

of a Landau level. [66, 88, 89]. In this case, the GMP algebra does not necessarily close.

Instead, one observes that closure of the GMP algebra depends on a set of conditions

on the Berry curvature and Fubini-Study metric. The extension of the GMP algebra to

Chern bands is central to this thesis, and in this section we will review the connection

between the GMP algebra and the geometry of Chern bands.

We consider density operators with Fourier components

ρq � Pe iq·rP,

where now P projects onto an arbitrary Chern band. We observe that, expanding the

commutation relation to lowest order in q,[
ρ̄q, ρ̄q′

]
� −qa q′b[PraP, PrbP] + O(q3)

� −iεab qa q′bP
∑

k
B(k)Pk + O(q3).

If the Berry curvature is uniform, B(k) � B0 then the relation[
ρ̄q, ρ̄q′

]
� −iB0εabqa q′bP + O(q3)

reproduces the Landau level relation[
ρ̄q, ρ̄q′

]
� −i`2εabqa q′bPLL + O(q3),

with the magnitude of the Berry curvature B0 replacing the magnetic length `2 as the

unit area. To continue further with this expansion, it will be convenient to define

ra � PraP

and

[ra , rb] � iεabBP.
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Expanding the density commutator to O(q3), we have[
ρ̄q, ρ̄q′

] (3)
�

i
4

(
qa q′bq′c[ra , PrbQrcP + PrcQrbP] − qa qbq′c[rc , PraQrbP + PrbQraP]

)
− 1

2
εab qa q′b(qc + q′c) (rcB + Brc) .

Here we recognize the appearance of the operator

1
2
(PraQrbP + PrbQraP)

corresponding to the Fubini-Study metric gab . The commutators containing this oper-

ator are essentially momentum-space derivatives of g, and they vanish if g is uniform

on the Brillouin zone. The remaining non-zero term then reproduces the O(q3) term in

the GMP relation if the Berry curvature is uniform as well.

Furthermore the Berry curvature and Fubini-Study metric are not independent.

Indeed, one may show [89] that they obey two inequalities:

det g ≥ |B |
2

4

and

tr g ≥ |B |

In general, saturation of the latter inequality – the “trace inequality” implies saturation

of the former “determinant inequality.” For the lowest Landau level, both inequality

saturate. Provided that the Berry curvature and Fubini-Study metric are both uniform,

saturation of one or both inequalities implies closure of the GMP algebra to all orders.

This suggests that the distinction between a Chern band and the lowest Landau level

can be quantified by these band geometric quantities. Furthermore, deviations of these

quantities from their Landau level values should influence the stability of Chern bands.

We call this conclusion the “geometric stability hypothesis.” A significant portion of

this thesis will be devoted to attempts to understand the extent towhich this hypothesis

holds. Previously, the GSH has been studied in the regime of strong lattice effects in

fractional Chern insulator models. [90] We examine the case of weak lattice effects in

Chapters 2 and 3.
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1.4 Overview of this thesis

In Chapter 2, we continue our discussion of the geometric stability of lattice QH phases

by specializing to the case of the Hofstadter model. Extending a recent perturbative

approach to this model, we calculate the Fubini-Study metric and related geometric

quantities in the limit of small flux per plaquette. While k-space fluctuations of these

quantities vanish exponentially as φ→ 0, some BZ-averaged quantities vanish polyno-

mially. We calculate the gaps of FQH phases numerically by exact diagonalization and

observe correlations between BZ-averaged geometric quantities and the FQH gap.

In Chapter 3, we continue our discussion of the stability of FQH phases in tight-

binding lattice models with non-zero magnetic flux. We show that, in the perturbative

limit of φ→ 0, the single-particle hamiltonian of such models will generically recover

theLandauhamiltonian to lowest order. We then construct tight-bindingmodels thatdo

not reproduce this generic asymptotic behavior. This allowsus to further probe theGSH

by allowing us to vary band geometry at fixed φ in constrast to the Hofstadter model.

We numerically calculate FQH gaps in a particular non-Landau tight-binding model

and study their dependence on band geometry for various forms of the interaction.

In Chapter 4, we present a calculation in perturbation theory of the response of

Landau levels and of perturbative Chern bands to spatially inhomogeneous (finite q,

in Fourier space) electromagnetic fields. In [91], it was shown that the O(q2) term

in the off-diagonal conductivity is related to the Hall viscosity ηH in QH fluids with

galilean symmetry. We introduce the Hall viscosity in more detail and comment on

this relationshipbetweenviscosity and conductivity. However the relationshipbetween

the electromagnetic response in lattice systems, which lack galilean symmetry, and the

continuum Hall viscosity is unclear.
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CHAPTER 2

Quantum geometric stability in the Hofstadter model

Parts of this chapter are adapted from the publication

D. Bauer, T. S. Jackson, and Rahul Roy,Quantum geometry and the stability of the fractional

quantum Hall effect in the Hofstadter model, Phys. Rev. B 93, 235133 (2016)

:::

In the preceding chapter, we introduced the formalism of the single-mode approxi-

mation and GMP algebra for Chern bands, as well as the geometric stability hypothesis

that stability of many-body FQH states is related to single-particle band geometry via

the GMP algebra. In this chapter, study this hypothesis in the particular case of theHof-

stadter model, a tight-bindingmodel for electrons in a magnetic field that we introduce

below. Many properties of theHofstadtermodel are analytically tractable, and, because

it admits a controlled perturbative expansion, it is a useful setting for understanding

lattice quantum Hall phases, especially in the continuum limit. The main results of

this chapter are analytical and numerical calculations of the geometry of Hofstadter

bands and numerical evidence from exact diagonalization that geometric quantities are

correlated with the stability of FQH phases in the Hofstadter model.

2.1 Preliminary discussion

2.1.1 Geometry of Chern bands from Bloch functions

So far we have treated Chern band geometry from a somewhat abstract, algebraic point

of view. In this chapter, we will find it convenient to employ local Bloch eigenfunctions
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over the magnetic Brillouin zone torus. In this subsection, we introduce the notation

of the Bloch function approach to band geometry. In momentum space, we write

the band Hamiltonian of a lattice model as H(k) � ∑N
n�1 En(k)|k, n〉〈k, n |, where n �

1, . . . ,N indexes the bands. A band is parameterized by its Bloch function un(k), an

N-component vector in terms of which |k, n〉 � ∑N
b�1 un

b (k)|k, b〉, where |k, b〉 is the

Fourier transform of the bth basis orbital. For the following, we will consider a single

band and supress the band index for clarity. Topologically non-trivial bands Chern

bands are indicated by nonzero values of the corresponding topological invariant,

which for two-dimensional systems with broken time-reversal symmetry is the first

Chern number

c1 � ABZ〈B〉/2π, (2.1)

where ABZ is the area of the Brillouin zone (BZ), 〈· · · 〉 denotes the average over the

BZ, normalized so 〈1〉 � 1. The Berry curvature B [18] of the band in terms of Bloch

functions is

B(k) � −i
N∑

b�1

(
∂u∗b
∂kx

∂ub

∂ky
−
∂u∗b
∂ky

∂ub

∂kx

)
. (2.2)

One may additionally define the “quantum metric” on the BZ by introducing the

Fubini-Study metric [16] on the band Hilbert space and using ub(k) to pull it back to

the BZ, yielding

gi j(k) �
1
2

N∑
b�1

[(
∂u∗b
∂ki

∂ub

∂k j
+
∂u∗b
∂k j

∂ub

∂ki

)
(2.3)

−
N∑

c�1

(
∂u∗b
∂ki

ubu∗c
∂uc

∂k j
+
∂u∗b
∂k j

ubu∗c
∂uc

∂ki

)]
.

We emphasize that, despite their mathematical origin, the curvature and metric are

quite natural physical quantities: observable effects of Berry curvature are reviewed

in [21], and the quantum metric is experimentally accessible through current noise

measurements. [22]

In this chapter, we study three geometric conditions for the stability of FCIs involving

B and g that were introduced in the previous chapter, andwhich were first proposed in
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[89], following arguments in [66, 88]. These are that the Berry curvature (2.2) is constant

over the BZ, the components of the quantum metric (2.3) are constant over the BZ, and

the determinant inequality1

D(k) ≡ det g(k) − B(k)2
4
≥ 0 (2.4)

vanishes everywhere. In [89] a similar inequality involving the trace of the metric

T(k) ≡ tr g(k) − |B(k)| ≥ 0 (2.5)

was proved, and it was shown that T(k) � 0 automatically implies D(k) � 0.

As discussed previously, these three conditions are sufficient to guarantee that the

set of band-projected density operators in an FCI is closed under commutation, and

obeys a generalization of the Girvin-MacDonald-Platzman algebra [40] arising in the

continuum FQHE. Density-density interactions are essential to the stability of any FQH

phase, so the more accurately the algebra is reproduced, the more stable FQH-like

phases should be: we refer to this as the “geometric stability hypothesis.”

The validity of the band geometry hypothesis has been tested for a variety of FQH-

like phases appearing in several different FCI models in [90]. We take a different

approach in the present work: we consider a sequence of lattice models (the Hofstadter

model at φ � 1/N , defined below) which converges to continuum FQHE physics as

N →∞, which lets us quantitatively investigate how the stability of FQH states depends

on band geometry in a way that was not possible in Ref. [90].

2.1.2 Hofstadter model in the limit of small flux per plaquette

The quantum dynamics of an electron on a two-dimensional square lattice in the pres-

ence of a transverse magnetic field was first studied by Harper [92], and its self-similar

band structure was further elucidated by Azbel [93]. With these caveats, for brevity we

1We will abusively use the name “determinant inequality” both for the inequality itself and for the
quantity D(k) that vanishes when the inequality is saturated, and similarly for the trace inequality.
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refer to the following tight-binding Hamiltonian as the Hofstadter model [94]:

H � −t
∑
〈i j〉

[
c†i c j exp

(
2πi

∫ r j

ri

A · d`
)
+ h.c.

]
, (2.6)

with i , j indexing sites on a square lattice with lattice constant a. The particular

prescription for including the magnetic field in this problem, the “Peierls substitution”

is discussed and justified in the context of Chern-Simons theory in [95]. In the Landau

gauge, A � Bx y and all eigenstates have trivial y dependence ψ(x � na , y) � e iky yψn ,

with the remaining x dependence obeying the discrete Harper equation

ψn+1 + ψn−1 + 2 cos
(
2πφn − ky

)
ψn � εψn , (2.7)

where ε is the energy in units of t and φ is the magnetic flux per lattice cell in units of

the flux quantum φ0 � h/e. For rational φ � P/Q, (2.7) is invariant under n → n + Q

and one may apply Bloch’s theorem over the enlarged magnetic unit cell consisting of

Q × 1 lattice plaquettes.

In Ref. [96], the Hofstadter model was studied perturbatively for φ near rational

values. We recall some results relevant to the case of interest here, φ � 1/N : the

N → ∞ limit of the Hofstadter model is the continuum Landau level (LL) problem in

a precise sense. We first recall that in the Landau gauge, states in the LL problem are

spanned by two commuting free boson algebras generated by a , a†, b , b†, where the first

pair act as ladder operators for the LLs and the second pair raise and lower momentum

within a LL. A major result of Ref. [96] is that Hofstadter bands |ñ〉 may be written as

superpositions of LLs |m〉 by a unitary change of basis. Writing this change of basis as

|ñ〉 � ∑
m U†nm |m〉, the unitary U† is given for large N by

U† � exp
[(

1
96
π
N

+
1

128
π2

N2 +
37

6912
π3

N3

) (
a†4 − a4)

+

(
1

320
π2

N2 +
7

1152
π3

N3

) (
a†5a − a†a5)

+
7

6912
π3

N3
(
a†6a2 − a†2a6) − 11

215040
π3

N3
(
a†8 − a8)

+ O
(
N−4) ] . (2.8)
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2.1.3 WKB Hofstadter wavefunctions

In this sectionwe recall details of theHofstadter eigenfunctions in theWKB approxima-

tion [96–98] (not all of which have been published)which are needed for our calculation

in Sec. 2.2.2. In the large-N limit, we may regard the lattice site index n in the Harper

equation (2.7) as a continuous variable x � n/N . Replacing discrete differences by

derivatives, we obtain a second-order differential equation in which permits a WKB

approximation:
1

N2ψ
′′(x) + [(ε + 2) + 2 cos(2πx)]ψ(x) � 0. (2.9)

Here we have set ky � 0, since increasing ky is equivalent to a translation in x in the

Landau gauge.

The classical turning points of (2.9) occur at x � m ± β for integer m and β �

(1/2π) cos−1 (−ε/2 − 1); in the large-N limit β ∼ 1/
√

2πN , so that in the large-N limit

the two first-order turning points at m − β, m + β coincide at the minimum of the

potential to form a single second-order turning point (so that the region corresponding

to the oscillatory WKB solution vanishes). We use a quadratic approximation to the

cosine potential near the turning points and use theWKB solution only in the classically

forbidden region.

We define the Bloch wavefunction piecewise in three regions of the magnetic unit

cell as follows:

uk(x) �


uk,I(x) for 0 ≤ x < αβ

uk,II(x) for αβ ≤ x < 1 − αβ

uk,III(x) for 1 − αβ ≤ x < 1

where

uk,I(x) � Ae−ikx NxU(a , ξ) + Be ikx N(1−x)V(a , ξ),

uk,II(x) � Ce−ikx Nxψ−exp(x) + De ikx N(1−x)ψ+
exp(x),

uk,III(x) � Ae ikx N(1−x)U(a , ξ − ξ(1))

+ Be−ikx NxV (a , ξ − ξ(1)) ,
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for some normalization constants which are independent of x, kx and ky .The first and

third regions are in the vicinity of the second order turning point (integer x), with the

solution given by parabolic cylinder functions U(a , ξ), V(a , ξ) as discussed in Ref. [96],

where a �
N
4π (ε + 4) and ξ(x) � 2

√
πNx are suitably rescaled variables. The second

region is the classically forbidden region, where the solution decays exponentially.

There is no canonical point at which the wavefunctions from different regions should

be matched, which is expressed by a dimensionless free parameter α > 1. Its value

does not change the qualitative nature of our conclusions, and we use the value α � 2.3

adopted in Ref. [96] so that our results are compatible with that work.

The Bloch function in the second region is [98]

uk,II(x) �
e−σ̃N/2
√
N

[
e−ikx Nxψ−exp(x − ky/2π) (2.10)

+e ikx N(1−x)ψ+
exp(x − ky/2π)

]
,

(correcting a misprint in Ref. [96]), where ψ±exp(x) are the WKB solutions to (2.9) in the

classically forbidden region,

ψ±exp(x) �
1√

sinh p̃(x)
exp

[
±N

∫ x

1/2
p̃(y) dy

]
, (2.11)

and for future convenience we have defined

p̃(x) � cosh−1 [−ε/2 − cos(2πx)] . (2.12)

Effects which are nonperturbative in N in (2.10) and what follows are governed by

powers of e−σ̃N , where we define

σ̃ �

∫ 1−β

β
p̃(x)dx ≈ 1.166 − 0.208√

N
− 2.227

N
+ . . . , (2.13)

with the asymptotic value given by 4/π times Catalan’s constant, G ≡ ∑∞
n�0(−1)n/(2n +

1)2. In what follows we only keep contributions of O(e−σ̃N).

Finally, in (2.10) N is the normalization of the entire Bloch function uk. This is

dominated by contributions from the first and third regions, where |uk |2 has itsmaxima
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[98]:
1
N ≈

1
N

√
π
e

1
erf(α) . (2.14)

Contributions from region II enterN at O(N−2), but we’ve found that the coefficient is

numerically negligible at α � 2.3, and we drop it in the rest of the analysis to avoid the

complications involved in attempting to satisfy the self-consistent set of equations that

would result.

Note that in (2.10) the ky dependence has been re-inserted “by hand”, under the

assumption of continuous translational dependence. As a consequence, we cannot

recover any information about fluctuations in the ky direction and must appeal to sym-

metry arguments presented in section 2.2.1 to constrain the full functional dependence

from the kx behavior.

2.1.4 Summary

Our results are grouped into two sections. In Section 2.2, we find analytical expressions

for aspects of the quantum metric of the lowest Hofstadter band in the limit of small

flux per plaquette φ. Considering lattice effects as perturbations of the lowest Landau

level in this limit, we calculate the average of the metric over the Brillouin zone and

the k dependence of fluctuations about this average. We also provide nonperturbative

results, in particular statements about the k dependence of the metric from symmetry

considerations. The results we obtain in Section 2.2 together with similar results for the

Berry curvature found in [96] allow us to describe the behavior of the determinant and

trace inequalities.

In Section 2.3, we study multiple FQH-like states by numerically diagonalizing

many-particle interactions projected to the lowest Hofstadter band and finding the

corresponding many-body spectra. Our main findings are that geometric quantities

can be distinguished by their functional dependence on N in the continuum limit,

vanishing either exponentially or polynomially, and that, in this limit, the latter of

these are correlated with the stability of fractional phases as measured by the size of
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the many-body gap. Our conclusions are given in Sec. 2.4.

2.2 Quantum geometry of the Hofstadter model

2.2.1 Symmetries of the quantum metric

In this section we prove results [Eqs. (2.23) and (2.24)] concerning the symmetry of

the quantum metric of the Hofstadter model over the Brillouin zone. This lemma is

needed in the following section, where we use symmetry properties to infer the full k

dependence of the quantummetric from the kx dependence of theWKBwavefunctions.

The argument below closely parallels that given for the Berry curvature in Appendix B

of Ref. [96], and all of the results are readily verifiable numerically.

We proceed by comparing eigenfunctions for the Hofstadter Hamiltonian written

in two different Landau gauges, A(Y) � Bxŷ and A(X) � −Byx̂. As indicated, in this

section we identify quantities computed in the two different gauges by the superscripts

(Y) and (X), respectively. The Harper equation in the (Y) gauge is

ψ(Y)n+1 + ψ
(Y)
n−1 +

[
2 cos

(
2πφx − ky

)
− ε

]
ψ(Y)n � 0, (2.15)

where ψ(Y)(na , y) � e iky yψ(Y)n . In the (X) gauge, the Harper equation takes the form

ψ(X)n′+1 + ψ
(X)
n′−1 +

[
2 cos

(
2πφy + kx

)
− ε

]
ψ(X)n′ � 0, (2.16)

where instead the x dependence is trivial: ψ(X)(x , n′a) � e ikx xψ(X)n′ . Equation (2.15) is

transformed to (2.16) by the clockwise rotation (x , y) → (−y , x), (kx , ky) → (−ky , kx), so

this also sends eigenfunctions to eigenfunctions. Since the corresponding Bloch func-

tions also transform trivially, this means that the behavior of the curvature and metric

is determined entirely by the transformation properties of the momentum derivatives
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involved in their definition:

g(Y)xx (kx , ky) � g(X)y y (−ky , kx), (2.17)

g(Y)x y (kx , ky) � −g(X)x y (−ky , kx), (2.18)

g(Y)y y (kx , ky) � g(X)xx (−ky , kx), (2.19)

B(Y)(kx , ky) � B(X)(−ky , kx). (2.20)

We observe that if ψ(Y)n is a solution of (2.15) with k � ky , then ψ(Y)n−1 (with the index

n interpreted cyclically modulo N) is also a solution with the same value of ε and

k � ky + 2πφ. Taken together with the periodicity imposed by the magnetic unit cell,

this implies that B(Y) and each component of g(Y) has periodicity 2π/N in both kx and

ky , for any φ of the form M/N . A parallel argument holds for the (X) gauge.

In order to compare thegauges (Y) and (X), we consider a real-spaceunit cell ofN×N

sites, so that each eigenstate in both gauges appearswith an artificial N-fold degeneracy.

Ordinary lattice translations by N sites in the x and y directions commute with each

other and either Hamiltonian, sowemay define V (Y)α (k) as the N-dimensional subspace

spanned by eigenstates corresponding to the band α, with momentum eigenvalues k

now defined in the reduced BZ of size 2π/N ×2π/N . Wemay obtain a basis for V (Y)α (k)

for fixed k by taking the eigenvectors ψ(Y)(kx + 2πm/N, ky) for m � 0, 1, . . . ,N − 1.

The curvature and components of themetric for the subspaceV (Y)α (k)maybedefined

as the sum of the corresponding quantity over all elements of an orthonormal basis for

that space, and it readily follows from the definitions (2.2), (2.3) that this is independent

of the choice of basis (in the literature, this is sometimes referred to as a “gauge

invariance” of the Berry curvature and quantummetric, which should not be confused

with the electromagnetic gauge symmetry under discussion here.) Using the Bloch

functions corresponding to the basis vectors ψ(Y)(kx + 2πm/q , ky), we have

gi j[V (Y)α (k)] � N gα,(Y)i j (kx , ky), (2.21)

B[V (Y)α (k)] � NB(Y)α (kx , ky). (2.22)
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Corresponding statements can be made for the (X) gauge. Now let UYX be the unitary

operatormapping theHamiltonian in the (X)gauge to theHamiltonian in the (Y)gauge.

This sends the subspace V (X)α (k) to V (Y)α (k), so we may use UYX |ψ(X)(k)〉 as a basis for

V (Y)α (k) to find gi j[V (X)α (k)] � gi j[V (Y)α (k)], and likewise for the curvature. Together

with (2.21), (2.22) and the 2π/N × 2π/N periodicity of all quantities in question, this

proves the transformation properties (2.17)–(2.20) apply within the gauge (Y), i.e. with

(X) on the right-hand sides of (2.17)–(2.20) replaced by (Y). In particular,

tr g(kx , ky) � tr g(−ky , kx), (2.23)

det g(kx , ky) � det g(−ky , kx). (2.24)

In the following section, wewill use aWKBanalysis in the (Y) gauge to show that the

leading-order kx dependence of B, gxx and gy y is cos(Nkx). The symmetry (2.23), (2.24)

then constrains the full momentum dependence of B, tr g and det g to be a function of

cos(Nkx) + cos
(
Nky

)
and cos(Nkx) cos

(
Nky

)
. One may proceed to show that, of these

two forms, the curvature depends only on the sum [96]. Oddly, despite having the same

symmetry as B, we have found that tr g and det g depend on both the sum and product

of cosines.

2.2.2 Quantum metric fluctuations

Asexplained above, the bandgeometryhypothesis predicts that the twomost important

factors influencing the stability of the FQHE in a lattice system are fluctuations in the

Berry curvature and quantum metric, as a function of k. The N dependence of the

amplitude of these fluctuations may be computed by using the WKB approximation

to the Bloch wavefunction of the lowest Hofstadter band in the definitions of B and

g [Eqs. (2.2) and (2.3)]. This was done for curvature fluctuations in Ref. [96], but the

results for fluctuations of the quantum metric we present below are new.

Given the Bloch function (2.10), we can take derivatives and calculate the curvature

and metric using Eqs. (2.2) and (2.3), with the inner product over the band index

replaced by an integral over the unit cell and
∑

n → N
∫

dx. To lowest order, the
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parabolic cylinder function solution corresponds to continuumLandau levels, forwhich

the metric and curvature are uniform. We therefore make the assumption that the

leading-order oscillatory contribution to the band geometry comes solely from the

WKB piece of the wavefunction in the second region, which we described in detail in

Sec. 2.1.3.

Contributions from the second term of (2.3) contain two factors of e−σ̃N and are

neglected in our analysis. Differentiation of u±(x − ky/2π) with respect to ky brings

down factors of Np̃(x − ky/2π)/2π, while the terms with oscillatory behavior in kx that

we seek arise only from differentiation of the explicit exponential factors in (2.10) with

respect to kx . As a consequence, if we choose to measure the fluctuations of a quantity

X(kx , ky) via X̃(kx) � X(kx , 0) − X(0, 0), all terms involving |u±(x)|2 cancel at O(e−σ̃N).

We obtain

g̃xx � |A|2N3e−σ̃N I1 cos(Nkx), (2.25)

g̃x y � 0 + O(|A|4N4e−2σ̃N), (2.26)

g̃y y � |A|2N3e−σ̃N I3 cos(Nkx), (2.27)

B̃ � 2|A|2N3e−σ̃N I2 cos(Nkx), (2.28)

where A is given by (2.14), σ̃ is given by (2.13) and the needed integrals are

I1 � 2
∫ 1/2

αβ

x(1 − x)
sinh p̃(x)dx , (2.29)

I2 � 2
∫ 1/2

αβ

p̃(x)
(2π)

dx
sinh p̃(x) , (2.30)

I3 � 2
∫ 1/2

αβ

p̃(x)2
(2π)2

dx
sinh p̃(x) , (2.31)

where we have used the fact that all integrands are even under reflection about x � 1/2

to fold the region of integration. The integrand obtained for gx y is, instead, odd about

x � 1/2 and vanishes: the only contributions to gx y come from terms we neglect at our

level of approximation.
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In Refs. [96, 98], [sinh p̃(x)]−1/2 was approximated by its average value (which is

O(1)) and factored out of all integrations. This is a rather severe approximation, since

[sinh p̃(x)]−1/2 diverges as x → β, where relevant N dependence enters; in fact, under

the change of variables u � sin2(πx)we find

I0 � 2
∫ 1/2

αβ

dx
sinh p̃(x)

∼ − 1
2π

∫ 1

sin2(παβ)
du

d
du

log
[

u

1 −
√

1 − u2

]
,

where the lower limit of integration goes to 0 as πα2/2N . The integrand diverges

as u → 0, and we have I0 ∼ (1/2π) log N . Note that this divergence is irrelevant in

practice, as it is dominated by e−σ̃N wherever it appears.

The other integrands are progressively better behaved as x → β, and their integrals

are all finite as N →∞. Numerical integration at α � 2.3 gives

I1 ≈ 0.114 − 0.251√
N

+
0.068

N
, (2.32)

I2 ≈ 0.125 − 0.292√
N

+
0.063

N
, (2.33)

I3 ≈ 0.0214 − 0.002
N

. (2.34)

We find excellent agreement with the amplitude of the cos(Nkx)+ cos
(
Nky

)
depen-

dence, measured numerically, of each quantity (red points in Fig. 2.1). Unlike the Berry

curvature, the metric components have additional momentum dependence which is

not of this form (see Sec. 2.2.1), but we find that the asymptotic estimates obtained in

this discussion also accurately describe the total RMS fluctuation of gxx and gy y (black

points in Fig. 2.1), despite the fact that, due to the choice of Landaugauge, our analysis is

unable to reconstruct the full momentum dependence of the components of the metric

for large N . In the case of gx y , we simply plot the leading N dependence |A|4N4e−2σ̃N

as a guide to the eye, since we cannot determine the constant of proportionality at the

current level of approximation. Similar remarks hold for fluctuations in D; we find its

N dependence is well described by (1/20)|A|4N5e−σ̃N .
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Figure 2.1: Magnitude of Brillouin zone fluctuations of band-geometric quantities, as

a function of N . Red points correspond to the coefficient of the cos(Nkx) + cos
(
Nky

)
term in the Fourier series expansions of B, g, while black points correspond to the RMS

fluctuation of each quantity found from numerical integration over the BZ. Blue lines

show the approximation given in Eqs. (2.25)–(2.28). Our analysis only predicts the form

of the leading N dependence for g̃x y and D̃, which is shownwith a thin line (the overall

proportionality constant being undetermined.)

2.2.3 BZ-averaged metric components

In this section, we provide details on the perturbative calculation of BZ-averaged band-

geometric quantities. The final condition appearing in the band geometry hypothesis

involves the Brillouin zone average of the determinant (or trace) of the quantummetric,

as opposed to the fluctuations calculated in the previous section. Since this does not

require knowing the k dependence of these quantities, they may be computed more

simply by changing to the Landau level basis using (2.8), rather than by manipulating

the WKB wavefunctions directly.
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Using (2.8), the Hofstadter ground state |̃0〉 � U† |0〉, where |0〉 is the lowest Landau

level, is given in the LL basis |m〉 (m ≥ 0) as

|̃0〉 �
(
1 − 1

768
π2

N2 −
1

512
π3

N3 −
2419
9 · 217

π4

N4 + . . .

)
|0〉

+
√

6
(

1
48
π
N

+
1

64
π2

N2 +
371

9 · 212
π3

N3 + . . .

)
|4〉

+ 12
√

70
(

1
962

π2

N2 + . . .

)
|8〉 + . . . , (2.35)

where we have only written out the terms needed for computing matrix elements to

O(N−4). Note that we are able to work to fourth order despite having only computed

the exponent of U† to third order, because the term with the fewest boson operators

appearing in the exponent of U† is always (a†4 − a4): this is a manifestation of the

rotational symmetry of the continuum being broken by the square lattice. It can be

verified that adding fourth-order corrections to the coefficients in (2.8) do not affect any

of the terms in (2.35), or any of the results below.

We now seek to compute BZ averages of metric components, using

gi j � Re tr
[
P0̃ r̂i

(
1 − P0̃

)
r̂ jP0̃

]
. (2.36)

where P0̃ � |̃0〉〈̃0| projects onto the lowest band of the Hofstadter model, which may

be expressed in terms of LL projectors using (2.35). Though the form of the operator

U† (and hence |̃0〉) was derived in the Landau gauge, the perturbative corrections we

incorporatepreserve thedegeneracyof theLandau levels and therefore are independent

of the choice of gauge at our level of approximation. This point is discussed in more

detail in Sec. VI A of Ref. [96]. The calculation of the averaged metric is easiest to carry

out in the symmetric gauge, where the quantum-mechanical position operators may

be expressed in terms of the LL ladder operators a , a† and angular momentum raising

and lowering operators b†, b as

x̂ �
i√
2
(a − a† − ib − ib†), (2.37)

ŷ �
1√
2
(a + a† + ib − ib†). (2.38)
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In (2.36) these operators appear sandwiched between the ground-state projector and

its complement. This simplifies the problem considerably: because b , b† do not mix

LLs, no term containing them contributes in (2.36), and we may neglect the angular

momentum degree of freedom and work purely in the space of LL indices (as the

notation of (2.35) suggests). Furthermore, because |̃0〉 to O(N−4) only has support on

LLs |0〉, |4〉 and |8〉, terms of the form aa and a†a† vanish as well. The only matrix

element that contributes to (2.36) is

〈̃0|a†a |̃0〉 � 1
96
π2

N2 +
1

64
π3

N3

+
311

9 · 211
π4

N4 + O
(
N−5) . (2.39)

Eq. (2.39) suffices to compute the averages of all elements of gi j as
〈

gxx
〉
�

〈
gy y

〉
�

1/2 + 〈̃0|a†a |̃0〉 and
〈

gx y
〉
� 0 + O(1/N5). Although gxx and gy y do not have the same

k dependence, symmetry requires that their BZ averages be the same.

Because the BZ average of the curvature is always exactly quantized to the Chern

number and all higher moments of all quantities (considered as distributions over

the BZ) vanish to any order in 1/N (due to the fact that our analysis of the WKB

wavefunctions in Sec. 2.2.2 showed that the amplitude of all k dependence falls off

exponentially in N), it follows that

〈T〉 � 2
〈

gxx
〉
− 1

∼ 1
48
π2

N2 +
1
32
π3

N3 +
311

9 · 210
π4

N4 + . . . ; (2.40)

〈D〉 �
〈

gxx
〉2 − 1/4

∼ 1
96
π2

N2 +
1
64
π3

N3 +
313

9 · 211
π4

N4 + . . . . (2.41)

Unlike the momentum-space fluctuations of the metric components and Berry cur-

vature, the trace and determinant inequalities have a much slower asymptotic decay

which is polynomial in 1/N (Fig. 2.2), rather than exponentially small in N . Therefore,

at large N these conditions should be the dominant factors determining the degree

of closure of the projected density operator algebra and, therefore, in predicting the
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stability of FQH-like phases. In practice, the large N regime occurs for N larger than

∼ 15, as can be seen in Fig. 2.2.
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Figure 2.2: Plot of the BZ-averaged value of the trace (2.5) and determinant inequalities

(2.4). Points are obtained from numerically integrated values of 〈T〉 and 〈D〉. The blue

lines are givenbyEqs. (2.40), (2.41). The thinblack lines show thefluctuation amplitudes

T̃, D̃ plotted in the last row of Fig. 2.1 for comparison.

Finally, as an overall check on the consistency of our large-N approximation, one

may eliminate 〈gxx〉 from (2.40), (2.41) to obtain 4〈D〉 − 〈T〉(〈T〉 + 2) � 0; the left-hand

side of this relation is plotted in Fig. 2.3. All neglected terms, namely
〈

gx y
〉
and BZ

fluctuations of terms quadratic in B and g, vanish exponentiallywith the N dependence

expected from the WKB calculation of Sec. 2.2.2.
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Figure 2.3: Plot of the residuals in the implicit relationship between (2.40) and (2.41).

Points are obtained from values of 〈T〉 and 〈D〉 numerically integrated over the BZ. The

blue line is a plot of the predicted N dependence, |A|4N4e−2σ̃N , as a guide to the eye.

2.3 Stability of FQH states

2.3.1 Scaling of many-body gaps

We investigate the degree to which the above band-geometric criteria influence the

stability of an FQH state by adding repulsive interactions and numerically computing

the many-body gap for different values of φ � 1/N . Lowering the flux per plaquette

changes the relative strength of the interaction, since the size of the system (size of the

magnetic unit cell) increases while the number of particles remains constant. In order

to compare gaps at different N , the strength of the interaction potential must be scaled

with N as follows.

In the spirit of the WKB analysis, let ψn , n � 0, . . . ,N be a wavefunction defined on

the lattice and ψ(x) be its large-N continuum approximation, with x � n/N . Under

the (nontrivial) assumption that ψn has extensive support (i.e., proportional to N), it is

normalized by

Ndisc �

N∑
n�0

��ψn
��2 .

Likewise, the normalization factor for ψ(x) is

Ncont �

∫ 1

0
dx

��ψ(x)��2 �

∫ N

0

dn
N

��ψ(n/N)��2 .
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Approximating the RHS as a Riemamnn sum, we find Ncont � (1/N)Ndisc, and hence

the normalized wavefunctions scale as

ψn√
Ndisc

∼
ψ(x)
√
Ncont

�

√
N
Ndisc

ψ(x)

so that ψn ∼
√

Nψ(x).Consideration of the matrix elements of a two-body δ-function

interaction V(x) � V0δ(x) then shows that〈
ψ3, ψ4�� V̂ ��ψ1, ψ2〉

� V0

∫
dx ψ3(x)∗ψ4(x)∗ψ1(x)ψ2(x)

∼ NV0
∑

n

ψ3∗
n ψ

4∗
n ψ

1
nψ

2
n ,

so that the strength of the corresponding discrete on-site interaction should scale as

Vdisc ∼ V0N . Similar considerations show that for the two-body nearest-neighbor

repulsion used to stabilize the fermionic Laughlin state and for the three-body delta-

function interaction stabilizing the Moore-Read state, the leading scaling should be

Vdisc ∼ V0N2. Because the single-particle bandwidth vanishes exponentially fast with

N , the many-body gap should be scaled in the same way, and we define ∆sc � N∆ for

the bosonic Laughlin state and ∆sc � N2∆ for the fermionic Laughlin and Moore-Read

states, where ∆ is the gap obtained with a fixed interaction strength. Similar scaling

arguments can be used to compare FCI models with different numbers of bands [99].

2.3.2 Gauge choice and quasiperiodicity

In order to study the influence of band geometry on FCI phases, we carried out exact

numerical diagonalizationof a repulsive interactionHamiltonianprojected to the lowest

Hofstadter band for Np � 8 particles partially filling the lowest band.

To study a larger number of N values, we chose unit cells of arbitrary rectangular

sizes enclosing a single flux quantum. While this differs from the standard treatment

of the Hofstadter model in the Landau gauge, the two treatments are gauge equvia-

lent. The magnetic translation operators introduced to label the eigenstates of the

Hamiltonian are essentially translations combined with a gauge transformations, or
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“pseudotranslations.” In the standard choice of gauge transformation, the resultant

unit cell corresponding to the symmetry of the Hamiltonian has dimensions q × 1 pla-

quettes for flux per plaquette φ � φ0/q. However, with a different choice of gauge

transformation the unit cell can be any rectangle enclosing a single flux quantum. The

eigenstates of the Hamiltonian are simultaneous eigenstates of the pseudotranslations,

and we call these states, labeled |k, n〉, “pseudo-Bloch states.” We may then define the

dispersion, Berry curvature, and Fubini-Studymetric on themanifold of these k values.

Since the eigenstates |k, n〉 differ from the ordinarily defined magnetic translation

eigenstates only by a gauge transformation, we expect that physical observables should

not be affected by our choice of unit cell sizes provided we make the appropriate

transformations. While the dependence of the Berry curvature and other geometric

quantities onkmayvary from that in the standard treatment, we only study correlations

between pseduo-BZ averaged quantities and many body physics, so our results should

not be affected. Indeed we find numerically that relevant many-body quantities – gaps

above quasi-degenerate ground states and entanglement gaps – agree for rectangular

unit cells of different dimension enclosing one flux quantum.

To study the bosonic Laughlin state at ν � 1/2, we used a lattice of 4×4 unit cells and

a two-body on-site repulsion; for the fermionic Laughlin state at ν � 1/3 we used a 4×6

lattice with a two-body nearest-neighbor repulsion, and for the bosonic Moore-Read

state at ν � 1 we used a 2 × 4 lattice with a three-body on-site repulsion. To maintain

overall isotropy, we used unit cells such that N � m × m up to N � 169 for the bosonic

Laughlin state, N � 3m × 2m up to N � 294 for the fermionic Laughlin state, and

N � 2m × m up to N � 162 for the bosonic Moore-Read state.

2.3.3 Many-body computations

For each system,weverified that themany-bodyground state hadnontrivial topological

order corresponding to the appropriate FQH state via properties of energy and entan-

glement spectra. We required that the many-body spectrum exhibit a quasidegenerate
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ground state, with the gap ∆ to excited states larger than the spread in ground-state

energies. We compute the particle entanglement spectrum by tracing out four particles

from the density matrix formed by an equal superposition of all ground states, and

required that this spectrum be gapped, with the counting of eigenvalues below the gap

in each momentum sector given by the appropriate counting rules [100, 101] for the

corresponding FQH state.

In Fig. 2.4 we plot the scaled gaps as a function of 〈T〉, the Brillouin zone average

of the trace inequality (2.5). We note a clear correlation between an increasing value of

the gap and increasing saturation of the inequality, with the gap continuing to increase

even for values of N for which BZ fluctuations of B and g are negligible (as shown in

Fig. 2.1). Apart from a change in horizontal scale, dependence of the scaled gaps on

〈D〉 is visually identical: comparing (2.40) with (2.41) shows that, in the large-N limit,

〈D〉 ≈ 2〈T〉 up to terms of O(N−4). Fig. 2.5 shows the gap in the particle entanglement

spectrum as a function of 〈T〉, with a correlation similar to that seen in the energy gap.

2.4 Discussion

The Hofstadter model provides an ideal laboratory for studying FCI phenomena: the

existence of a controlled limit in which its spectrum converges to continuum LLs,

which makes the model amenable to perturbative expansion in 1/N and allows a

controlled study of the relationship between band geometry and FQHE physics. In

this chapter, we have shown that there is a natural distinction between effects that are

nonperturbatively small in 1/N , such as the BZ fluctuations of the Berry curvature and

quantum metric, and effects which have a perturbative expansion in 1/N , such as the

trace and determinant conditions. The behavior of the many-body gaps obtained via

exact diagonalization indicates that the latter effects dominate for large N . In the future,

it would be interesting to study models where the role of the determinant inequality

can be isolated.

The Hofstadter model has been realized experimentally in optical lattices of cold
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atoms [102–104] and graphene superlattices [105, 106]. The geometrical criteria for

the stability of Chern bands are readily computable single-particle properties that

act as a meaningful proxy for the many-body gap, and hence may serve as a useful

guide in selecting experimental parameters and couplings which are most favorable

to the existence of a stable FQH state. In this sense, the present work complements

Ref. [99], in which the effects of band geometry on the many-body gap were measured

by varying the couplings of several FCI models. In that study, BZ fluctuations of the

Berry curvature were found to have the largest influence on the gap, with the trace

condition a subdominant factor.

In this chapter we have presented a perturbative treatment of the band geometry of

theHofstadtermodel at φ � 1/N in the limit N →∞, but our analysis may be extended

to the most general case considered in Ref. [96], namely φ � P/Q + M/N with N � M.

Our own single- and many-particle computations suggest that the case φ � M/N is

qualitatively similar to the results discussed above, with all quantities taking values

which interpolate among those obtained at M � 1. Different physics is encountered

when perturbing around nonzero P/Q, since the lowest band now has Chern number

c1 � Q > 1. FCI states in bands with c1 > 1 may be mapped onto multilayer FQH states

[107], albeit with significant distinctions [108–110]. The specific case of the Hofstadter

model (and generalizations) at φ � P/Q has been examined in several previous works

[111–114].

One could also extend our analysis to excited bands of the Hofstadter model, cor-

responding to higher LLs. Finally, obtaining an analytic formula for the quantitative

dependence of the gap (or other many-body observables) on band-geometric parame-

ters remains an important open problem.
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Figure 2.4: Scaled many-body gaps as a function of BZ-averaged trace inequality (2.5)

for FQH-like states at various values of N . Insets show behavior of points at larger

values of N . Error bars reflect the finite accuracy of our diagonalization code. (a).

Laughlin state of Np � 8 bosons at ν � 1/2. (b). Laughlin state of Np � 8 fermions at

ν � 1/3. (c). Moore-Read state of Np � 8 bosons at ν � 1.
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Figure 2.5: Gap in particle entanglement spectrum from tracing out four particles in

ground state density matrix. (a). Laughlin state of Np � 8 bosons at ν � 1/2. (b).

Laughlin state of Np � 8 fermions at ν � 1/3.
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CHAPTER 3

Non-Landau level Chern bands and geometric stability

3.1 Introduction

The incompressible liquid phases of the fractional quantumHall effect (FQHE) serve as

prototypical examples of topologically ordered or gapped quantum liquid phases[1, 3]

in 2+1 dimensions. These phases are characterized by their long-range entanglement

structure, which gives rise to topological quasiparticles and universal, quantized linear

responses. Theoretical models of the quantumHall (QH) fluid – based, for example, on

modelwavefunctions [27] – oftenmake the simplifying assumption that themicroscopic

constitutent particles occupy states in a single Landau level. Some properties of Landau

levels, such as nonzero Chern number [19], are essential for the QHE, but recent work

points to a need to understand the QHE in the case that the single-particle states are

not Landau levels.

Among such work is the observation, due to Haldane, that the FQH fluid carries an

emergent geometrical degree of freedom[11] corresponding to the shape of elementary

composite particles or ‘droplets.’ [115] The geometry of the FQHfluidmanifests in part

through universal contributions to linear responses corresponding to perturbative vari-

ations in geometry, of which the Hall viscosity[10, 42, 116] is an example. In topological

fluids, the Hall viscosity has a universal part proportional to the topological spin of the

fluid[42], which is related to the composite droplet shape.[115] This geometrical degree

of freedommay be obscured by the introduction of non-generic symmetries to the FQH

problem implicitly, via the assumption that the underlying single-particle bands are

Landau levels.
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The study of the FQH beyond Landau levels has also been spurred by the discovery

of fractional Chern insulators (FCI) – time-reversal (TR) symmetry-breaking, fraction-

alized phases observed in the regime of strong lattice effects [66, 117]. In this regime,

the single-particle states reside in Chern bands rather than Landau levels. The addi-

tion of a non-negligible lattice potential introduces additional geometric data that may

break some non-generic symmetries. For example, in the case of a square lattice, SO(2)

rotational invariance in the coordinate plane is explicitly broken to C4 lattice symmetry.

From this point of view, a complete theory of the FQHE formulated as generically as

possible should furnish a theory of FCI phases. Understanding how the lattice potential

of FCIs affects the geometrical responses of their topological fluid states is an active

research subject. [118]

In this chapter, we study the geometry of Chern bands over the magnetic Brillouin

zone (MBZ) parameterizing eigenstates of magnetic translations operators[119]. While

this geometry is distinct from the emergent, many-body geometry of the FQH fluid,

studies of FCIs have described how single-particle geometry influences the stability

of many-body FQH phases through the GMP/w∞ algebra of band-projected density

operators.[40, 66, 88, 89] This connection is substantiated by numerical studies [90,

120] and researchers have employed it to engineer ‘ideally’ stable FCI models [121].

Chern band geometry can also be understood as the lattice analogue of the continuum,

cyclotron-orbit geometry studied in [12].

Experimental signatures of FCIs have been observed in a system of interacting elec-

trons coupled to a superlattice potential generated in a bilayer graphene heterostructure

[122]. The electrons in the superlattice form Harper-Hofstadter bands with non-zero

Chern number. At fractional fillings corresponding to Laughlin states in the conven-

tional FQHE, a gappedphasewith fractionally-quantizedHall conductance is observed.

[122] Other experimental works have identified single-particle Chern bands in the FCI

regime. [102, 104, 123] Chern bands can be realized in periodically-driven quantum or

Floquet systems and their Berry curvature engineered and measured.[124]

In this chapter, we beginwith observation that Harper-Hofstadter [92, 94, 125] tight-
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binding models in the continuum limit of small flux per plaquette generically lead to

a perturbative, mean-field hamiltonian that reproduces the Landau level hamiltonian.

We then exhibit a series of such tight-binding models that do not have Landau levels

as their effective continuum eigenstates and quantify the distinction between these

bands and their Landau-level counterparts using Chern band geometry. These models

provide a new setting for studying Chern band and QHE physics distinct from both

continuum 2DEG and FCI regimes. We use numerical exact diagonalization to study

the effect of interactions in these bands and find numerical signatures of Laughlin

states of bosons and fermions. We study the relationship between the geometry of

these non-Landau bands and the stability of FQH phases of particles occupying these

bands, further extending the “geometric stability hypothesis” for Chern bands[90].

This chapter is organized as follows. We first review some preliminaries about

Landau levels and Chern bands, in particular showing how generic Hofstadter-like

hamiltonian recoversLandau levelswithinperturbation theory in the limitφ→ 0. Then

we show that by extending the Hofstadter model to include additional hopping terms,

we obtain bands that are quantifiably distinct fromLandau levels in the continuum limit

as measured by their band geometry. We exactly diagonalize interactions projected to

these bands, observing gapped, degenerate FQH-like phases, then discuss how the gap

size of these phases depends on the band geometry of the single-particle host bands.

3.2 Preliminary Discussion

3.2.1 Effective Landau levels from weak-field Harper-Hofstadter models

In this section, we consider the weak-field limit φ → 0 of a Harper-Hofstadter tight-

binding hamiltonian, and show that to lowest order in φ, this hamiltonian reproduces

the Landau level hamiltonian

We introduce a uniform background magnetic field B perpendicular to the spatial

extent of the lattice. We choose the value of B to be such that the flux per lattice
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plaquette is φ � Ba2 �
P
Qφ0, where φ0 � 2π~/e is the magnetic flux quantum and P

and Q are relatively prime integers. We will mostly have in mind the case P � 1, in

which the band structure is on conceptually simplest.[] In terms of the magnetic length

and lattice spacing, φ � ~a2/(e`2). For the rest of this chapter, we will work in units in

which ~/e � 1, so that φ � a2/`2 is a dimensionless ratio of length scales.

In thepresenceof themagnetic field, thenaive translationoperatorsdonot transform

correctly under gauge transformations [3], and we must accompany translations by

compensatory gauge transformations. The translation operators with the appropriate

transformation properties are

Ta �

∑
m

e iθa(m)c†m+ea
cm.

where the phases e iθa(m) satisfy

θ1(m) + θ2(m + e1) − θ1(m + e2) − θ2(m) � φ,

The components of T do not commute, but satisfy

TxTy � exp
(
iφ

)
TyTx .

The lattice translation operators Ta are unitary, so we can write them in terms of

hermitian generators Ta � exp [iKa]. The Ka are the lattice analogues of the covariant

momentum operators πa , and we will sometimes call them mometa for brevity. These

operators have the commutator [
Kx , Ky

]
� φ.

The most general tight-binding hamiltonian we can write down has non-zero hop-

ping amplitudes between any two sites of the lattice. However, the non-commutativity

of the Ta leads to an ambiguity in constructing this hamiltonianwhen B , 0. We resolve

this ambiguity by specifying the that the operator for hopping j sites in the x direction

and j sites in the y direction be the symmetric sum T j
xTk

y +Tk
yT j

x , so that our hamiltonian
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is

HTB � −
∑
j,k

t jk

(
T j

xTk
y + Tk

yT j
x

)
+ h.c.

We could also have resolved this ambiguity by a gauge choice, although for now we

maintain gauge symmetry. We note that in our notation, the hopping amplitudes t jk

are always real, and any complex phase factors come from the action of the translation

operators.

Let us look at just the nearest-neighbor (NN) hopping hamiltonian containing only

first powers of the translation operators,

HNN � −t10
(
Tx + T†x

)
− t01

(
Ty + T†y

)
In the C4 symmetric case, t01 � t10, HNN is just the hamiltonian of the usual Hofstadter

model with non-zero amplitude only for NN hoppings. Since Ta � e iKa ,

HNN � −2t10 cos (Kx) − 2t01 cos
(
Ky

)
.

In order to make the dependence on φ explicit, we rescale the Ka operators, defining√
φPa � Ka .

HNN � −2
∞∑

n�0

(−1)nφn

(2n)!
(
t10P2n

x + t01P2n
y

)
� −2 + 2φ

(
t10P2

x + t01P2
y

)
2

+ O(φ2).

Now let t01 � α2t10 � α2t, i.e., t is a common hopping energy scale and α parameterizes

anisotropy in the hopping amplitudes. Then to lowest order in φ, we have a small-φ

effective hamiltonian Heff � tφ
(
P2

x + α
2P2

y

)
. We can rewrite this in terms ofmomentum

operators that satisfy
[
πx , πy

]
� i~eB as

Heff �
1

2m∗

(
π2

x + π
2
y

)
,

showing that our effective hamiltonian is isomorphic to the Landau level hamiltonian

with effective mass m∗ � ~2/(2ta2α). In order to recover all of the physics of Landau
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levels, we also need an analogue of the guiding-center operators that commute with

the hamiltonian but not one another, producing an extensive degeneracy. Here, this

role is filled by the magnetic translation operators, which we define in the following

section. If we consider not just nearest-neighbor but also longer range hopping terms,

the details of the above argument are slightly more complicated, but to lowest order

the hamiltonian is quadratic in the momenta. This gives us an effective mean-field

hamiltonian for the cyclotron degrees of freedom.

�
�

�

�

Figure 3.1: Schematic depiction of Landau-levels as the weak-field limit of Harper-Hof-

stadter bands near the minimum of a periodic potential. As the flux per plaquette is

decreased, the elementary magnetic unit cell – represented by the blue region of the

lattice – must increase in size to enclose the same number of flux quanta. In turn,

the number of states in within each band decreases, and each band comprises states

increasingly close to the minimum of the zero-field dispersion.

Theweak-field/continuum limit is implemented in the k-representation by expand-

ing the band dispersion En(k) near a band minimum. The lowest-order term in such

an expansion will generically be quadratic in k, which essentially follows from our

argument in the previous section. Since the mean electron density ρ0 in QH systems is
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pegged to the magnetic flux density by the filling fraction

ν �
Np

Ns
� Np

Atot
AMUC

the weak-field limit corresponds to the limit of a dilute electron fluid. This leads to a

more conceptual picture, shown in cartoon form in Fig. 3.1 for how decreasing flux

per plaquette leads to continuum limit Landau levels. If we fix the overall system size

and the magnetic flux attached to each guiding-center lattice site (the flux through

each MUC), decreasing flux per plaquette must increase the area of each MUC. We

therefore increase the number of states in the cyclotron Hilbert space, while decreasing

the number of guiding-center states availablewithin each band. The states that live near

the band minimum when there is no magnetic field then redistribute into increasingly

higher bands as φ decreases.

3.3 Non-Landau effective hamiltonians

In this section, we introduce and study a new class of weak-field effective hamiltonians

that cannot be transformed into the Landau hamiltonian at lowest order in φ. To start,

we consider the following tight-binding hamiltonian obtained by adding a next-nearest-

neighbor (NNN) hopping to the Hofstadter model:

HTB � − t1

(
Tx + T†x + Ty + T†y

)
− t2

(
T2

x + T†2x + T2
y + T†2y

)
. (3.1)

For this particular model, we have omitted the NNN hopping diagonally across the

elementary plaquette. Unless explicitly stated, we will assume from here onward that

t1 sets the overall scale of the hamiltonian, and set t1 � 1; the remaining hopping

amplitudes in each expression should then be understood as dimensionless ratios.

As in Section 3.2.1, we write this in terms of the hermitian generators of lattice
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translations,

HTB � − 2
(
cos(Kx) + cos

(
Ky

) )
− 2t2

(
cos(2Kx) + cos

(
2Ky

) )
Replacing the cosine terms by their Taylor expansion, the terms lowest-order in the

momenta are

HTB � − 4 − 4t2 + (1 + 4t2)
(
K2

x + K2
y

)
−

(
1
12

+
4
3

t2

) (
K4

x + K4
y

)
+ . . .

If we make the particular choice of hopping amplitudes t2 � −1/4, then the quadratic

terms vanish exactly, and we are left with an effective hamiltonian that is quartic in the

momenta to lowest order,

Heff � −3 +
1
4

(
K4

x + K4
y

)
. (3.2)

We will refer to this tight-binding model and its effective continuum limit as the

‘zero-quadratic’ model. The negative hopping amplitude necessary to eliminate the

quadratic term can in be realized in optical lattice experiments by periodic shaking of

the lattice[126]. Unlike the Landau level hamiltonian, this hamiltonian does not have

SO(2) rotational symmetry, but it is symmetric under the square lattice point group

D4. We note that the particular quartic momentum operator in (3.2) can be written

K4
x + K4

y �

(
K2

x + K2
y

)2
−

(
K2

xK2
y + K2

yK2
x

)
,

that is, as the square of the Landau-level hamiltonian plus a term that explicitly breaks

the rotational symmetry.

We now consider some details of the model given by Eq. (3.1), in particular its con-

tinuum limit. We plot the energy eigenvalues obtained from the Harper-type equation

for this model as a function of φ – the analogue of the Hofstadter “butterfly” for this

model[94] and display this in Fig. 3.2. In theHofstadtermodel, where the bands appear

approximately linear in φ near φ � 0, the present model has bands that are roughly
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Figure 3.2: Energy eigenvalues of the lattice Harper-Hofstadter hamiltonian (3.1)

with t1 � 1, t2 � −1/4 as a function of magnetic flux per elementary lattice plaquette

φ � P/Q.

quadratic in φ in this region. We compute the Berry curvature and Chern number of

these bands for φ �
1
N and verify that they have Chern number |c1 | � 1.

As in the Landau level problem, we study the spectrumof thismodel by introducing

ladder operators a, a† corresponding to the cyclotron momenta Ka . For example, we

choose the operators

a �
1√
2φ

(
Kx − iKy

)
,

a† �
1√
2φ

(
Kx + iKy

)
,

with inverse map

Kx �

√
φ

2
(
a + a†

)
,

Ky � −i

√
φ

2
(
a − a†

)
.
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We also define the dimensionless operator

h0 �

(
a†a +

1
2

)
.

In terms of these operators,(
K2

x + K2
y

)2
� 4φ2h2

0 ,(
K2

xK2
y + K2

yK2
x

)
� φ2

(
h2

0 −
1
2

(
a4

+ a† 4) − 3
4

)
,

and the effective hamiltonian is

Heff �
φ2

8

[ (
a4

+ a†4
)
+ 6h2

0 +
3
2

]
. (3.3)

We numerically approximate this hamiltonian by working in a basis of number

eiegenstates |n〉 staisfying a†a |n〉 � n |n〉 and truncating to a finite-dimensional sub-

space. This gives estimates for the cyclotron energies and overlaps with the Landau

level states. We find good agreement between this continuum approximation truncated

to n ≤ 1000 and exact numerical energy levels of lattice hamiltonian for small ε. The

first two nonzero overlaps of the ground state
��0̃〉 of the hamiltonian (3.3) with the

Landau level states are
〈
0̃
��0〉 ≈ 0.9991,

〈
0̃
��4〉 ≈ −0.0422. When expressed with ladder

operators, the trace inequality takes the particularly simple form 〈T〉 � 2
〈
a†a

〉
; that

is, 〈T〉 is twice the mean LL occupation number n0. Calculating this in the truncated

Landau level basis, we find 〈T〉 ≈ 0.0143, in good agreement with the value found from

intergrating the lattice T(k) over the MBZ, 〈T〉 ≈ 0.0145.

We also study the spectrum of cyclotron orbits of this hamiltonian semiclassically

by applying the Bohr-Sommerfeld quantization condition that the adiabatic invariants

of the classical hamiltonian be quantized. In our notation, this condition takes the form∮
H�En

Kx dKy � 2πn ,

with the integral taken over a closed curve of constant energy in classical phase space.

From this condition we find

En ∼ n2φ2,
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in agreement bothwith the numerically-obtained, approximate spacing of the cyclotron

levels, and with the quadratic dependence of E on φ observed in the butterfly plot, Fig.

3.2.

We now consider general values of t2. In this case, the effective hamiltonian is

Heff � − 1 + 16t2
12

(
K4

x + K4
y

)
+ (1 + 4t2)

(
K2

x + K2
y

)
, (3.4)

or

Heff � 2φ (1 + 4t2) h0

−φ2 (1 + 16t2)
4

(
h2

0 +

(
a4 + a†4

)
6

+
1
4

)
.

For any value of t2 away from the fine-tuned point t2 � −1/4, we may always choose

φ small enough that the quadratic term dominates and we recover the Landau level

hamiltonian. However, if we consider φ small but fixed, we can make the weight

of the quadratic term small by tuning t2 appropriately. In this regime, we can treat

the quadratic term in the hamiltonian as a perturbation to the quartic term, with

perturbative parameter

ε �
8
φ

(1 + 4t2)
(1 + 16t2)

.

A weak upper bound on the regime in which may treat the quadratic term as a pertur-

bation is given by setting ε < 1 or

− 1
16

> t2 > −
1
4
− 3

32
φ + O(φ2).

In Fig. 3.3, we plot 〈T〉 for the lowest band of this hamiltonian for various values of t2,

including values that interpolate between theHofstadtermodel and our zero-quadratic

model. For large values of φ, this plot shows a clear local minimum, whichwe interpret

to be the point where the weight of h0 and its powers are maximized. As φ decreases,

〈T〉 flattens toward zero for t2 near the Hofstadter regime, in line with asymptotic

vanishing of 〈T〉 in the Hofstadter model described in Chapter 2.
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Figure 3.3: Magnetic Brillouin zone-averaged trace inequality 〈T〉 for the lowest-lying

band of (3.1) as a function of t2 with t1 � 1. For t2 � 0 this is the Hofstadter model,

while t2 � −1/4 gives the fine-tuned zero-quadratic model with effective hamiltonian

(3.2).

By introducing additional hopping amplitudes between non-neighboring sites and

tuning the amplitudes appropriately, wemay eliminate increasingly higher-order terms

in the hamiltonian. We focus on the case in which we add only straight-line hoppings,

as we did for the zero-quadratic model above. For example, we obtain the effective

hamiltonian

Heff � −4
3
+

K6
x + K6

y

15

by choosing t20 � t02 � −2/5 and t30 � t03 � 1/15, and so on, generalizing to the case

H(2n)
eff � K2n

x + K2n
y (3.5)

We find the perturbative, finite-size eigenstates of these effective hamiltonians numer-

ically, and display the trace inequality of their ground states in Fig. (3.4). We find that

the trace inequality is maximum for 2n � 6, and that for larger values of n it decreases

monotonically at least until 2n � 30.
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Figure 3.4: Trace inequality 〈T〉 � 2
〈
a†a

〉
for the ground state band of the hamiltonian

H(2n) � K2n
x + K2n

y . When n � 1, this is the Landau level hamiltonian for which the

lowest-lying band has 〈T〉 � 0 as shown.

3.3.1 Non-perturbative corrections and uniformity of band geometry

In the perturbative treatment we have employed so far, we expand about a band mini-

mum toobtain an effectivemean-fieldhamiltonian. While thismethodgives corrections

to the energy levels due to change in shape of the effective dispersionnear theminimum,

it neglects corrections arising from the discreteness of the lattice. In particular, since

Landau levels have perfectly uniform energy dispersion, Berry curvature, and Fubini-

Study metric, any fluctuations in these must come from non-perturbative corrections.

These non-perturbative corrections arise from tunnelling between band minima, so

intuitively wemay expect them to decay exponentially in width of the potential barrier.

Our current situation is not much different, because the WKB – specifically, phys-

ical optics – approximation can be employed for any order differential or difference

equation. That is, we may use the WKB ansatz

ψ(x) � exp
[

1
φ

(
S0(x) + φS1(x)

) ]
, (3.6)

for any order Harper-type equation with the same constraints on the region of validty

that apply to the physical optics approximation for the usualHarper equation[127]. As a

tractable example of how theWKB solution changeswhenwe encorporate longer-range
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hopping terms in the Harper equation, we consider the difference equation

ψ(x + nφ) + ψ(x − nφ) � cosh q(x)ψ(x)

where we have defined cosh q(x) � −ε−V(x). This equationwould arise if we included

only hopping by n lattice sites in the x direction. Substituting the WKB ansatz and

comparing orders in φ yields solutions

ψ±exp �
1√

sinh
(
q(x)

) exp
(
± 1

nφ

∫ x

ds q(s)
)
.

in the classically-forbidden region. In this simple case, the only effect of the longer-

range hoppings is to modify the argument of the exponential by a factor O(1) in φ.

We expect but do not prove that this is the generic behavior of such solutions. For

each of the cases we consider in this chapter, we observe overall exponential decay

of the amplitudes of fluctuations on the MBZ in numerics. We plot examples of this

exponential decay in Fig. 3.5. For this reason, we neglect non-perturbative fluctuations.
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Figure 3.5: RMS fluctuation σB of Berry curvature B from its average value on theMBZ.

Sincewemeasure deviations of our Chern bands fromLandau levels by band geometric

quantities, and since we treat the Berry curvature and Fubini-Study metric as uniform

on the MBZ, deviations from Landau level behavior are measured predominantly by

the inequalities (??).
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3.3.2 Hamiltonians with no h0 term

That the overlap of the groundstate of the zero-quadratic model with the LLL is large

not surprising, given the large weight of the Landau hamiltonian h0 in (3.2). We might

ask whether it is possible eliminate this term entirely, and what impact this has on the

spectrum. In fact, we can isolate the a4+a†4 term by choosing t01 � t10 � 1, t02 � t20 �
1
8 ,

and t11 � −3
4 , giving

Heff �
3
2
+
φ2

4
(a4

+ a† 4).

This case is distinct from the cases we have considered so far because we are expanding

about a local maximum instead of a minimum in the dispersion. The spectrum of this

hamiltonian is not bounded from below, so we cannot find its ground states. However,

there is a set of degenerate zero-energy states. While we were unable to obtain an

analytical form for the coefficients in the LL basis for the ground state of (3.2), that fact

that the states here have exactly zero energy makes the current problem tractable. We

find that there are four zero-energy states obtained by unitary transformations of |0〉,

|1〉, |2〉, and |3〉, and present an analytical calculation of one of the zero-energy states in

Appendix ??. Although this hamiltonian does not depend on h0, the state
���̃0〉 � U |0〉

maintains a large overlap
〈̃
0
���0〉 ≈ 0.987926 with the Landau level ground state.

3.3.3 Anisotropic models

In the foregoing, we considered only models invariant under C4 symmetry. Of course,

generic models will not maintain this symmetry, so we should consider the effects of

anisotropy. Rather than treating fully generic models, we consider two straightfoward

generalizations of the above models that capture essential features. First, we have

models in which Kx and Ky both enter the effective hamiltonian at the same order to

lowest order in φ, but with different coefficients. The simplest example of such amodel

is the Hofstadter model with different coefficients in the x and y directions,

HTB � α(T1 + T†1 ) +
1
α
(T2 + T†2 ). (3.7)
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with

Heff �
α
2

K2
x +

1
2α

K2
y .

This anisotropic Landau level hamiltonian and its bands have been studied in relation

to nematic quantum Hall phases.

Separately, we also consider the case in which we eliminate terms in the effective

hamiltonian at different orders in φ. That is, we choose the hoppings so that

Heff � h1K2m
x + h2K2n

y .

For example, with t20 � 0 and t02 � −t01/4, we have

Heff � t10

(
−4 + K2

x −
1
12

K4
x

)
+t01

(
−3 +

1
4

K4
y

)
,

or, with t01 � t10 � 1,

Heff � −7 + K2
x −

1
12

K4
x +

1
4

K4
y .

For small φ, the effective hamiltonian will be dominated by the quadratic term, and

we might expect that the problem becomes effectively one-dimensional as φ → 0.

Calculating the Chern number c1 for the lowest band of the lattice model, we find that

|c1 | � 1 even for φ as small as 1/1350.

3.4 Band geometry and stability of FQH states

Numerical evidence consistent with the geometric stability hypothesis has been ob-

served in both FCI [90] and Hofstadter regimes (Chapter 2). However, these studies

leave open questions about the role of geometry in FQH stability. In FCI models, fluc-

tuations in band-geometric densities are generically non-neglible, and are correlated
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Figure 3.6: Magnetic Brillouin zone-averaged trace inequality 〈T〉 for the lowest-lying

band of (3.1) as a function of t2 with t1 � 1.

with saturation of the inequalities. By contrast, in the weak-field limit of the Hofstadter

model, we may neglect fluctuations, but the lack of tunable model parameters means

that we cannot vary the band-geometric inequalities independently from φ. The more

generic tight-binding models we study in this work therefore provide a new regime in

which to study the role of band geometry in the stability of lattice FQH phases. Con-

sidering, for example, the model (3.1), we can set φ to be arbitrarily small and neglect

fluctuations while varying t2 and hence 〈T〉.

The projected interaction of course depends on the form of the interaction coeffi-

cients vq in addition to the projected density operators. While the GSH may indicate

the favorability of single-particle bands for hosting FQH phases, it is really the inter-

play between the interaction vq and the projected density operators that determines

stability. Since the SMA is fundamentally a long-wavelength approach to studying the

behavior of FQH fluids, we expect that its applicability depends on the existence of

effective continuum descriptions of both the interaction and the single-particle bands.

We consider systems of Np � 8 fermions and bosons. For fermions, we use a system

of 6 × 4 unit cells, so that ν � 1/3, each of size 4m × 6m for various integers m. This

ensures that the overall system size is the same in each direction. For bosons, we use a

system of 4 × 4 unit cells of size m × m, and ν � 1/2. For each set of parameter values,
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we verify the presence of an excitation gap above a q-fold quasidegenerate space of

ground states, as expected for a ν � 1/q Laughlin fluid. This provides evidence that

the bands of the tight-binding model may host FQH phases even when the hopping

amplitudes are tuned to eliminate the quadratic term in the Hamiltonian.

We have found that the form of the interaction has a significant effect on the relative

stability of FQH phases in bands with different hopping parameters. Initially, we chose

short-ranged interactions known to stabilize Laughlin fluids of bosons and fermions:

a hard-core repulsion for bosons, and a nearest-neighbor repulsion for fermions. We

plot the gap between the first excited state and q-fold quasidegenerate ground states

for bosons and fermions with these interactions in Fig. 3.7 and Fig. 3.8, respectively.

These two cases produce quite different results in the small flux per plaquette regime.

For the case of hard-core bosons, we observe the largest gap in the Hofstadter model

(t2 � 0) and the smallest gap in the zero-quadratic model (t2 � −1/4), but we observe

the opposite for fermions with nearest-neighbor repulsion.

One possible explanation for this discrepancy is the commensurability between the

shape of the single-particle wavefunctions and that of the interaction potential. The

rotationally-symmetric, onsite interaction we use for bosons might favor FQH phases

in the Hofstadter model, which is effectively rotationally symmetric in the continuum

limit, but the C4-symmetric nearest-neighbor interactionmight favor models having C4

symmetry but not full rotational symmetry in this same limit.

To further explore this, we choose an interaction that depends on the squared

distance between lattice sites, |m−n|2. While such an interaction is not strictly isotropic,

we expect that it is effectively isotropic in the continuum limit. The particular form of

interaction we choose is

vexp
mn � e−|m−n|4 . (3.8)
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The interaction strength is very short-ranged, andwe truncate the interaction to include

up to third-nearest-neighbors; that is, vmn is nonzero only for |m−n | ≤
√

5. For fermions

with this interaction, the observed dependence of the gap on t2 and 〈T〉 agrees well

with the case of bosons with onsite interactions.

We expect from the GSH that the trace inequality should provide the dominant

measure of stability in the φ→ 0 limit. As is apparent from Figs. 3.3 and 3.9, the value

of t2 that minimizes 〈T〉 does not minimize the gap. We do however observe that the

gap in the Hofstadter regime, where 〈T〉 asymptotically vanishes as φ→ 0, dominates

the zero-quadratic regime for which 〈T〉 > 0 asymptotically, in broad agreement with

the GSH.

3.5 Conclusion

In conclusion,wehave constructed tight-bindingmodels basedon theHarper-Hofstadter

model that have non-Landau level flat bands as their eigenstates in the continuum limit.

We have shown that the geometry of these bands is measurably distinct from that of

Landau levels, evenwhen the dispersion, Berry curvature, and Fubini-Studymetric can

be treated as flat. We have diagonalized interactions projected to these bands and found

signatures of a ν � 1/3 Laughlin state. Finally, we have calculated finite-wavevector

electromagnetic responses of these bands to an applied electric field. Our results raise

questions about the geometric stability hypothesis for Chern bands that may merit

further investigation. The GSH posits that the stability of quantum Hall phases can

be inferred from the geometry of the single-particle host bands. However, our numer-

ical results suggest that it is important to consider the geometry of the interparticle

interaction as well that of the bands.

63



3.6 Weak-field effective hamiltonian for Hofstadter model C4 sym-

metric NNN hopping

For completeness, we reproduce here the Hofstadter model with all next-nearest-

neighbor (NNN) hopping terms that respect C4 symmetry, including the hopping

diagonally across a plaquette. The tight-binding hamiltonian is

H0 � − t1
(
Tx + Ty

)
− t2

(
T2

x + T2
y

)
− t3

(
TxTy + TyTx

)
+ h.c.

We can write this in terms of the generators Ka as

H0 � − 2t1
[
cos (Kx) + cos

(
Ky

) ]
− 2t2

[
cos (2Kx) + cos

(
2Ky

) ]
− 4t3 cosh

(
φ

2

)
cos

(
Kx + Ky

)
.

The factor of cosh
(
φ/2

)
is non-universal and results from our ordering prescription.

Expanding to quartic order, we obtain the small-φ effective hamiltonian

Heff � habKaKb + λabcdKaKbKcKd

with coefficients

h11 � h22 � t1 + 4t2 + 2t3,

h12 � 2t3,

and

λ1111 � λ2222 � −1
3

( t1
4
+ 4t2 +

t3
2

)
,

λ1112 � λ1222 � −t3/3,

λ1122 � −t3/2.
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Figure 3.7: Gap between first excited state and 2-fold degenerate ground state for

Np � 8 bosons occupying the ground state band of the tight binding model (3.1) at

filling ν � 1/2. The interaction between bosons is an onsite, density-density repulsion.

We plot the dependence of the gap on the trace inequality 〈T〉 as the NNN hopping

parameter t2 is varied. Each panel shows a different value of flux per plaquette φ: from

left to right we have φ � 1/16, φ � 1/49 and φ � 1/81. For each case, the largest gap is

observed for the ordinary Hofstadter model with t2 � 0.
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Figure 3.8: Gap between first excited state and 3-fold degenerate ground state for

Np � 8 fermions occupying the ground state band of the tight binding model (3.1) at

filling ν � 1/3. The interaction between fermions is nearest neighbor, density-density

repulsion. We plot the dependence of the gap on the trace inequality 〈T〉 as the NNN

hopping parameter t2 is varied. Each panel shows a different value of flux per plaquette

φ: from left to right we have φ � 1/24, φ � 1/54 and φ � 1/96.
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Figure 3.9: Gap between first excited state and 3-fold degenerate ground state for

Np � 8 fermions occupying the ground state band of the tight binding model (3.1)

at filling ν � 1/3. The interaction between fermions is a repulsive density-density

interaction that falls off as e−r4 , as in (3.8). We plot the dependence of the gap on the

trace inequality 〈T〉 as the NNN hopping parameter t2 is varied. Each panel shows a

different value of flux per plaquette φ: from left to right we have φ � 1/24, φ � 1/54

and φ � 1/96. In contrast with the case of nearest-neighbor interactions, for each case

the largest gap is observed for the ordinary Hofstadter model with t2 � 0.
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Figure 3.10: Gap between first excited state and 3-fold degenerate ground state for

Np � 8 fermions occupying the ground state band of the anisotropic tight binding

model (3.7) at filling ν � 1/3. We plot the gap as a function of the anisotropy parameter

α, where the α � 1 is C4 symmetric.
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Figure 3.11: Gap of anisotropic tight binding model (3.7), as in Fig. 3.11, as a function

of 〈T〉.
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CHAPTER 4

Finite-wavevector electromagnetic response in Chern

bands

Parts of this chapter are adapted from the publication

Fenner Harper, David Bauer, T. S. Jackson, Rahul Roy, Finite-wavevector Electromagnetic

Response in Lattice Quantum Hall Systems, arXiv:1807.00970. (2018)

:::

In this chapter, we introduce the Hall viscosity and describe its connection to finite-

wavevector conductivity in quantum Hall fluids with Galilean invariance.

The perturbative response of QH fluids to static, spatially homogeneous electric

fields is a key phenomenological feature of such fluids. This response is measured by

the conductivity tensor σ relating the electric current density J and perturbative electric

field E,

Ja � σabEb . (4.1)

In particular, one is interested in the transverse, or Hall, conductivity σx y , which takes

the universal value

σx y � σH �
νe2

2π~

in quantum Hall fluids at filling fractional ν.

Recent work has show that the perturbative response to spatially inhomogeneous

electric fields also encodes a universal phemonological feature of QH fluids, the Hall
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viscosity. Specifically, if we consider the static, finite-wavevector version of (4.1) above

Ja(q) � σab(q)Eb(q),

then
σx y(q)
σx y(0)

� 1 +

(
ηH

~ρ0
− 1
ν

2π`2

~ωc
B2 ∂

2u(B)
∂B2

)
(q`)2 + O((q`)4) (4.2)

The new results that we present here are a derivation from elementary perturbation

theory of finite-wavevector electromagnetic response in integer quantumHall systems,

and an application of this formula to lattice quantum Hall systems. The calculation

in lattice quantum Hall systems relies on perturbative expansions of the eigenstates

familiar from earlier chapters.

We emphasize that, although we will discuss the Hall visocosity in connection

with the finite-wavevector, perturbative EM response we calculate, it is unclear to us

whether or to what extent the continuum notion of Hall viscosity is meaningful for

lattice systems. Furthermore, the conductivity-viscosity relationship we describe here

fundamentally follows from momentum conservation – as discussed in [128]) – and

so even this relationship is murky in the lattice case. With these caveats in place, we

proceed with a general discussion of Hall viscosity and then present our perturbative

results for EM response of Chern bands. An explicit treatment of the Hall viscosity in

the presence of a lattice appears in [118].

4.1 Hall viscosity in the continuum

In this section, we introduce the basic setting of elastic, linear stress-strain response,

with the goal of defining the viscosity and its antisymmetric, non-dissipative com-

ponent. In two dimensions and in the presence of rotational invariance, the non-

dissipative part of the viscosity tensor reduces to a single independent component, ηH ,

commonly called the Hall viscosity.

We recall from that viscosity is fundamentally the linear relation between the stress

tensor Tab and the strain rate field ∂t uab(x). The strain rate field is related to the
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inhomogeneous velocity field va(x) by

∂uab

∂t
�

1
2

(
∂va(x)
∂xb

+
∂vb(x)
∂xa

)
(4.3)

We now recall a definition of the stress tensor Tab . We will take as fundamental

that the stress tensor is the linear response of the action to perturbative diffeomor-

phisms or coordinate transformations. Since we deal with condensed matter, these

diffeomorphisms should be non-relativistic – that is, we perform local (gauge) Galilei

transformations rather than local Lorentz transformations. The formalism of such non-

relativistic diffeomorphisms was applied to the unitary Fermi gas in [129]. There are

some geometric subtleties in this case to defining the stress tensor that we will elide; a

thorough discussion of how to define the stress tensor in this setting appears in [130].

For our purposes, it will suffice to define the appropriate stress tensor – for us, the

Cauchy stress-mass tensor – in the following way.

Consider an action S defined on a manifold M with metric tensor gab . Suppose we

apply an infinitesimal diffeomorphism xa → xa + ua(x). The variation in the action

under this transformation is

δS �
1
2

∫
M

ddx
√
−|g | Tab∂aub

where |g | � det g. This expression defines T. It is also useful to think of the stress

tensor as the linear response to perturbative, local variations of the metric. [131]

Indeed, we obtain an equivalent expression for T considering the effect of infinitesimal

diffeomorphisms where we perturb about the particular case of a flat spatial metric g.

In this case,

gab → gab − (∂a ub + ∂bua) .

This leads us to identify Tab with the variation of the action with respect to the metric

gab ,

δS �
1
2

∫
M

dd x
√
−|g | Tabδgab
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With the notion of the stress tensor established, we can introduce linear stress

response. Within the range of validity of linear response and under the assumption of

elasticity, the linear response of the stress tensor to the strain field uab and strain rate

field ∂t ua b is

Tab � λabcd ucd + ηabcd∂t ucd .

The tensor λabcd is called the elasticity tensor and ηabcd the viscosity tensor. The stress

tensor as we have defined it is symmetric, and from (4.3) the same is true for the strain

rate field. Hence, the viscosity is symmetric under exchanges within its first two and

last two indices. We can decompose η into terms symmetric and antisymmetric under

exchange of these pairs of indices.

ηabcd � ηS
abcd + η

A
abcd .

As usual in linear response theory, the symmetric part of the response coefficient

describes dissipative response, and the antisymmetric part non-dissipative response.

In two dimensions, the antisymmetric viscosity ηA must take the form [12]

ηA
abcd �

1
2

(
εacη

A
bd + εadη

A
bc + εbcη

A
ad + εbdη

A
ac

)
,

that is, η reduces to two independent components. In systems with rotational invari-

ance, we have ηA
ab � ηHδab .[12] The antisymmetric viscosity therefore reduces to one

independent component ηH , which we will call the Hall viscosity.

4.2 Hall viscosity in quantum Hall fluids

The Hall viscosity of integer quantumHall fluids – that is, of filled Landau levels – was

studied by Levay [132] and by Avron, Seiler and Zograf (ASZ) [116], who named it odd

viscosity. ASZ present a derivation of the Hall viscosity of an IQH fluid on a torus by

adiabatically varying the flat metric on the torus T2. We have seen that the variation of

the action – or equivalently of the hamiltonian – with respect to a flat metric determines
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the stress tensor. In particular we have, following [116], the adiabatic relation

Tab � − 1
V

〈
∂H
∂uab

〉
� − ∂E

∂uab
− Fabcd∂t uc d.

With Fabcd the Berry curvature corresponding to variations in the stress field uab ,

Fabcd � Im
∑

k

∂
∂uab

〈k | ∂
∂ucd

|k〉

for a family of degenerate states indexed by k. We note that in this case the dependence

of the eigenstates |k〉 on uab enters implicitly via the choice of flat metric on the torus.

A flaw in their arguments was later pointed out by Read [42], who presents an

extensive derivation of the Hall viscosity of FQH fluids. Read applies the technology of

the Laughlin plasma mapping [27] – or equivalently of conformal field theory of a free,

massless scalar in two dimensions [33, 42] – to obtain the Hall viscosity for FQH states

that can be represented as conformal blocks. In particular Read obtained the general

formula for such conformal block states

ηH �
1
2
~ρ0s .

where s is the mean orbital spin per particle, which is related to the Wen-Zee shift by

S � 2s and appears in the effective action for abelian FQH phases coupled to spatial

geometry. This calculation of ηH was elaborated on and studied numerically in [38].

The the Hall viscosity for Laughlin fluids was also computed in [133], where it was

called the Lorentz shear modulus.

4.3 Connection between conductivity and Hall viscosity

In [10], Haldane suggested that the Hall viscosity captures the stress response of Hall

fluids to spatially inhomogeneous electric fields. In fact, as shown by Hoyos and

Son [91], the Hall viscosity can be determined from electromagnetic response alone –

that is, from the current response to an inhomogeneous electric field. Several recent

works provide derivations of this fact. Hoyos and Son [91] present both an intuitive
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physical argument and a more rigorous derivation starting from an effective field

theory invariant under non-relativistic diffeomorphisms. Tomake the formalism above

more concrete and to tie our notation to that of [91], we recapitulate their simpler

physical derivation here. Applying an x-directed, inhomogeneous electric field Ex(x),

the response of our Hall fluid is a transverse flow with velocity

vy(x) � −
Ex(x)

B
.

Then from (4.3) the strain rate ∂t ux y �
1
2∂x vy(x). With Hall viscosity ηH , this strain rate

gives a contribution to the stress tensor

Txx(x) � ηH∂t ux y .

The x-dependence of this stress leads to a force per unit volume in the x direction

fx � −∂xTxx(x). Then since f � J × B,

Jy �
fx

B
� − 1

B
∂xTxx(x) � −

ηH

B2 ∂
2
xE(x).

Fourier transforming this equation, we find

Jy(q) �
ηH

B2 q2Ex(q).

This shows the universal, topologically-protected contribution to the finite-q transverse

conductivity. The O(q2) term in the transverse conductivity also acquires a further

correction because the inhomogeneous field induces an inhomogeneous agular velocity

and hence a magnetic moment M dependent on B. This latter correction is non-

universal, but we must nonetheless account for it in relating the Hall viscosity and the

finite-q conductivity. Combining both contributions to the q2 term in σx y , Hoyos and

Son obtained

σx y(q)
σx y(0)

� 1 +

(
ηH

~ρ0
− 1
ν

2π`2

~ωc
B2 ∂

2u(B)
∂B2

)
(q`)2 + O((q`)4). (4.4)

Another derivation and generalization of the relation (4.4) appears in [128], where it

is derived within the framework of linear response and the Kubo formula. Biswas
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[134] carries out a semiclassical derivation by considering the equations of motion

of cyclotron orbits. In the next section, we present a further derivation with some

appealing characteristics. It is fully quantummechanical, rather than semiclassical, but

it nonetheless avoids many of the technical complications of the effective field theory

and linear response derivations. Since it employs elementary perturbation theory,

it is straightforward to extend this derivation to the case of Chern bands defined

perturbatively from Landau levels.

4.4 Current response in IQH fluids from perturbation theory

We now show how one may use elementary perturbation theory to calculate the finite-

wavevector EM response in integer quantum Hall fluids in the continuum. That is, we

find the EM response for Landau levels. In the following section, we will generalize to

lattice Chern band systems. Throughout this section, we will choose units such that

e � ~ � 1, so that `2 � 1/B. We start with our familiar Landau hamiltonian

HL �
1

2m

(
π2

x + π
2
y

)
and, as usual, we define cyclotron creation and annihilation operators a(π), a†(π) such

that

HL � ωc

(
a†a +

1
2

)
.

We introduce an external, perturbative, scalar potential that depends only on the x

coordinate. We make this choice with the goal of calculating the current response in

the y direction and finding the transverse response coefficient. We expand our scalar

potential in a Taylor series about x0 as

V(x) �
∑

cp (x − x0)p .

If we assume that our applied electric field Ex(x) has Fourier expansion that is non-zero

only for a single wavevector q, then

Ex(x) � e iq(x−x0)E(q),
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and the Taylor coefficients of the potential are

cp �
(iq)p−1

p!
E(q).

Let us assume that the scalar potential is weak enough that we may apply perturbation

theory to first order only. Then the perturbative eigenstates of H � HL + V(x) are

|ñ , k〉 � |n , k〉 +
∑
m,n

〈m , k |V(x)|n , k〉
En − Em

|m , k〉 .

We now proceed to calculate the expectation value of the (y-directed) current operator

Iy � −i
[
y ,HL

]
in the perturbed eigenstate |ñ , k〉. This is〈

Iy
〉
�

∑
m,n

〈n , k |Iy |m , k〉
〈m , k |V(x)|n , k〉

En − Em
+ h.c. (4.5)

Conveniently, both Iy and V can be written in terms of the cyclotron Fock operators

only. To see this, let us specialize to the Landau gauge with Ax � 0, Ay � Bx. Then we

have

πx � px , πy � py −
x
`2

and

HL �
p2

x

2m
+

1
2m

(
py −

x
`2

)2

Since
[
py ,HL

]
� 0, we choose the eigenstates |n , k〉 to be eigenstates of py with

py |n , k〉 � k |n , k〉. If we expand V(x) about the Landau gauge orbital guiding-center

position x0 � k`2, then

〈m , k |x − k`2 |n , k〉 � −`2 〈m , k |πy |n , k〉 .

That is,wemayexpress thematrix elements ofV(x) in termsof the cyclotronmomentum

and therefore in terms of the cyclotron ladder operators only,

〈V(x)〉 �
〈∑

p

cp(x − k`2)p
〉

� i
`√
2

〈∑
p

cp
(
a† + a

)p

〉
76



Similarly, we may write the current operator Iy in terms of cyclotron ladder operators

because

Iy � i
[
HL, y

]
�
πy

2m
� −i

1
2m`

(
a† + a

)
With these ladder operator expressions and some algebra, we find the expectation value

of orbital current (4.5) in terms of the potential expansion coefficients〈
Iy

〉
� −c1`

2 − 3c3`
4
(
n +

1
2

)
− 15

2
c5`

6
(
n2

+ n +
1
2

)
+ . . .

We note that
〈
Iy

〉
can be expressed solely in terms of the expectation values of the

operators y and V(x)without calculating the energy denominators. That is, to calculate〈
Iy

〉
weneed only know the band projectors Pn ,k and do not require the band dispersion

En(k).

The above calculation gives the perturbative current response of a single orbital

state, indexed by k, in the n-th LL. Another current response of physical interest is

the spatial current density at the point r0, J(r0). Since this current density is position-

dependent, we should not expect to be able to calculate it solely in terms of band

projectors. We bear out this expectation with a calculation shortly. We further note

that since we are interested in the current density for the entire energy band, we must

sum over the orbital state label k. We calculate J(r0) in perturbation theory by taking

the expectation value

J(r0) �
∑

k

∑
m,n

〈n , k | jy(r0)|m , k〉
〈m , k |V(x)|n , k〉

En − Em
+ h.c. (4.6)

of the symmetrized current density operator

jy(r0) �
1
2

[
Iyδ(r − r0) + δ(r − r0)Iy

]
In (4.6) we sum over distinct band orbitals, but we should take care to expand the

potential about the same point x0 for each orbital. Since we would also like to maintain

the dependence of V(x) on cyclotron operators only – and hence on x − k`2 as opposed
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to x alone – we should expand in the form

V(x) �
∑

cp
[
(x − k`2) − (x0 − k`2)

] p

�

∑
(−1)s

(
r + s

s

)
cr+s(x − k`2)r(x0 − k`2)s

We perform the sum over k in (4.6) by taking the thermodynamic limit and approxi-

mating the sum with an integral. In this limit, we obtain

Jy(r0) �
1

2π`2

∑
r,s

∑
m,n

(−1)s
(
r + s

s

)
cr+s 〈n |Iy xs |m〉 〈m |x

r |n〉
En − Em

+ h.c.

In terms of the potential expansion coefficients and Landau level index n, this is

Jy(r0) � −
1

2π`2

[
c1`

2
+ 9c3`

4
(
n +

1
2

)
+

5
2

c5`
6 (

11 + 30n + 30n2)
+ . . .

]
.

From this expression for the current density, we can extract the finite-q conductivity

σx y(q) �
1

2π

[
1 − 3

2

(
n +

1
2

)
(q`)2 + . . .

]
.

To obtain this expression, we use the fact that V(x) � −∂xE(x), so that

cp �
1
p!
∂
(p−1)
x E

��
x0

with x0 the position of the orbital center.

4.5 Application to lattice quantum Hall systems

The above derivation applies to IQHE fluids in the case where the single-particle bands

are Landau levels. Wewould now like to extend this derivation to the case in which the

single-particle bands are Chern bands that can be obtained perturbatively from Landau

levels. We have seen previously in this thesis that non-perturbative corrections also

play a role, but that they are exponentially supressed. In what follows, we will neglect

these non-perturbative corrections.

To adapt our previous results to the case of Chern bands defined perturbatively

as mixtures of Landau levels, we must consider multiple modifications due to the
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lattice perturbation. First, the states in which we take matrix elements should be the

perturbative eigenstates

|n′, k〉 � U†(a , a†) |n , k〉

of the lattice hamiltonian. Second, the current operator should be computed as the

commutator with the perturbative lattice hamiltonian instead of the Landau hamilto-

nian,

I′y � iH′y � −i
[
y ,U†HLU

]
Finally, we should calculate energy denominators where they appear using the Chern

band energy levels E′n . With these substitutions, we can then calcuate the current per

orbital for Chern band perturbatively as〈
I′yn′

〉
�

∑
m′,n′

〈n′, k |I′y |m′, k〉
〈m′, k |V(x)|n′, k〉

E′n − E′m
+ h.c. (4.7)

The analogous expression for the spatial current density is

J′yn(r0) �
1

2π`2

∑
r,s

(−1)s
(
r + s

r

)
cr+s

∑
m′,n′

〈n′|I′yxs |m′〉 〈m
′|xr |m′〉

E′n − E′m
+ h.c. (4.8)

4.6 Current responses for C4 symmetric Chern bands

We now apply the above expressions for the current respones to the particular case of

a perturbative Chern band with C4 symmetry. For any such Chern band, we can write

the hamiltonian up to quartic order as

HC4 �
1
2

h(1)ab KaKb +
1
4

h(2)abcdKaKbKcKd , (4.9)

where we choose the coefficient tensors h(1) and h(2) to be symmetric. Then h(1) has

three independent components and h(2) five independent components. The condition

for the quartic term to by C4 symmetric is that the off-diagonal elements of h(1) vanish

and that h(1)11 � h(1)22 . For the quartic term to have C4 symmetry, we must have

h(2)1111 � h(2)2222

h(2)1112 � −h(2)1222.
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Then the y-directed current opertor for C4-symmetric models is, to quartic order,

I′y � h(1)11 Ky + h(2)1111K3
y + h(2)1122

(
K2

xKy + KyK2
x
)
+ h(2)1112

[
K3

x −
(
KxK2

y + K2
yKx

)]
.

The eigenstates of the quartic hamiltonian (4.9) are, to lowest nontrivial order in per-

turbation theory,

|n′〉C4 � |n〉 +
1

64`2h(1)11

[(
h(2)1111 − 3h(2)1122 − 4ih(2)1112

)
a4 −

(
h(2)1111 − 3h(2)1122 + 4ih(2)1112

)
a† 4

]
|n〉

With these ingredients, we find the perturbative current per orbital〈
IC4

yn

〉
�

〈
Iyn

〉
− `

4c3
32

(
3h(2)1122 − h(2)1111

h(1)11

)
(2n + 1)

(
n2

+ n + 1
)
+ . . .

Finally, we may compute the spatial current density using the Chern band current

density operator

j′y(r0) �
1
2

[
I′yδ(r − r0) + δ(r − r0)I′y

]
.

We obtain

JC4
yn′(r0) � Jyn(r0) −

3c3
4π

[
(3n2 + 3n + 1)3h(2)1122 + 2h(2)1111

h(1)11

]
.

This gives us the perturbative conductivity to O(q2),

σx y ,n′(q) �
1

2π
− 1

2π

[
3
2

(
n +

1
2

)
+

1
4`2

{ (
3n2 + 3n + 1

)
3h(2)1122 + 2h(2)1111

h(1)11

}] (
q`

)2

4.7 Current responses for non-quadratic Chern bands

Here, we compute the corrections to the Landau level responses for the hamiltonians

H(2n)
� K2n

x + K2n
y .

Writing
��λ(2n)〉 for the eigenstates of this hamiltonian, we obtain the current per orbital〈

Iyλ
〉(2n)

� 2
∑
µ,λ

p

(−1)pcp `
2p 〈

λ
��K2n−1

y

��µ〉 〈
µ
��Kp

y
��λ〉

Eλ − Eµ
+ h.c.
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Figure 4.1: Summary of current per orbital response of the bands of H(2n) to inhomo-

geneous electric potential V(x) � ∑
p cpxp . For each value of n, we plot the numerical

factor multiplying c3 (top) and c5 (bottom) in the current per orbital (4.7). The dotted

lines show the values of these factors for the corresponding Landau levels.

and current density

〈
Jyλ

〉(2n)
�

1
π`2

∑
µ,λ
p ,r

`2p(−1)r c2
p

(
p

p − r

) 〈
λ
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The effect of these corrections amounts to employing the expressions (4.7) and (4.8)

with changes to the numerical factors multiplying each expansion coefficient cp . For

example, in the Landau level case, the numerical factors multiplying c1, c3, and c5 in

Eq. (4.7) are respectively 1, 3/2, and 15/4 for n � 0, and 1, 9/2, 75/4 for n � 1. The

factor multiplying the coefficient c1, which corresponds to the spatially-homogeneous

component of the electric field, does not change from its Landau level value. In Fig.

(4.1), we plot the numerical factors multiplying c3 and c5 in the current per orbital for

some eigenstates |λ〉 of H(2n); we plot the same for the current density in Fig. (4.2).
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Figure 4.2: Summary of current density response of the bands of H(2n) to inhomoge-

neous electric potential V(x) � ∑
p cpxp . For each value of n, we plot the numerical

factor multiplying c3 (top) and c5 (bottom) in the current density (4.8). The dotted lines

show the values of these factors for the corresponding Landau levels.
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