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ABSTRACT OF THE DISSERTATION

Novel Phases of Quantum Matter; a Case Study of Weyl Semimetals and Transition
Metal Dichalcogenides

by
Robert Donald Dawson

Doctor of Philosophy, Graduate Program in Physics
University of California, Riverside, September 2024
Dr. Vivek Aji, Chairperson

In quantum materials, the interactions between the bulk lattice, free electrons, and
lattice vibrations give rise to interesting phases of matter. In recent years, new materials
have been discovered that have nontrivial topological physics, allowing them to host topo-
logically protected surface states. Much work has been done in exploring whether or not
such materials can be rendered superconducting via the proximity effect. In this work, I
will explore interesting phases of two topological materials: Weyl semimetals and transition
metal dichalcogenides. In the first section, I explore the properties of proximity induced su-
perconductivity within these materials. Using a numerical technique known as the spectral
method, I determine what, if any, types of superconductivity can be induced within these
materials, and whether or not the superconducting state retains their topological proper-
ties. Ultimately, I show that, in the absence of a non-trivial tunneling interaction at the
interface, no interesting superconducting properties can be induced. In the second section,
I will explore the optical absorption properties of semiconducting materials in the presence

of electron-phonon interactions, which typically give rise to phonon side-bands in optical

vi



spectra. I demonstrate how, with an appropriate transformation, an expression for the op-
tical spectra to arbitrary phonon side-band order can be calculated for a general interacting
system. To demonstrate its validity, I fit the model to the measured optical absorption

spectrum of a device consisting of layered transition metal dichalcogenides.
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Chapter 1

Introduction

Discovering, enabling and understanding new states of matter and phenomena are
the fundamental objectives in condensed matter physics. This is theoretically challenging
due to the interplay of a large number of degrees of freedom, inter-particle interactions, and
quantum correlations. Over the last two decades the discovery of topologically nontrivial
materials and phases have opened new frontiers while also adding to the complexity. The
focus of this thesis is on two such materials namely Weyl semimetals and transition metal
dichalogenides. I explore the nature of superconducting states induced by proximity in both
systems and vibronic excitations in the latter. Beginning with the noninteracting system
and adding in interactions, this chapter provides the background, motivation, and roadmap

for the thesis.



1.1 Noninteracting Fermi Gas

We begin with a consideration of a collection of indistinguishable, noninteracting
fermions in three dimensions. Independently, each fermion must satisfy the Schrodinger

equation:

h2

—%VQ\I/(I‘) =e¥(r) (1.1)

Due to the symmetry of the gas, we may invoke periodic boundary conditions over some

effective length scales:

U(r+R;) =Y(r) (1.2)

R; = Lii, ie{z,y, 2} (1.3)

Which yields the wave function and corresponding energy state of a free particle:

1 .
Uy (r) = ——=e'kT 1.4
h2k?
= 1.
= (1.5)

Where V = L,L,L.. According to our boundary conditions, the wave vector k must satisfy:

2mn;
L;

ki = (1.6)

With n; an integer.



In the ground state of the many body system, N fermions must occupy the N
lowest energy states with no two electrons sharing the same state due to the Pauli exclusion
principle. At zero temperature, this yields an expression for the highest occupied momentum

state kp in terms of the electron density n = N/V [1]:

ki
= 1.7
32 (1.7)
The highest occupied energy state, the Fermi Energy, is:
n2k?2
Ep =L 1.8
= (18)

And at finite temperature, the average number of fermions with energy ey is given by the

Fermi function:
-1
f(fk) — [e(Ek—M)/kBT -+ 1] (19)

Where £ = u is the chemical potential at zero temperature.

1.2 Periodic Potential and Band Structure

While the above model serves as a good baseline for understanding the kinetic
properties of free electrons, it is insufficient for modeling electrons confined to a material’s
ionic crystal lattices. The above model neglects not only the electron-electron interactions

(discussed in the next section), but also the effects of the periodic coulomb potential created



by the lattice ions. To understand these effects, we follow Chapters 8 and 9 of Ashcroft and
Mermin [1], beginning with the second derivation of Bloch’s Theorem. We first assume a

periodic lattice potential:
Ur+R)=U(r) (1.10)

Where R is a Bravais lattice vector. Its plane wave expansion must also be periodic in the

lattice, and is thus an expansion of the reciprocal lattice vectors K:

Ur) =) Uxe™~ (1.11)
K

Finally, expanding the electronic wave function as a plane wave:

U(r) =) We*r (1.12)
k

We obtain the eigenvalue equation [1]:

h2
%(k — K)2 — €:| \I’k_K + Z UK’—K\IIk—K’ =0 (113)
Kl

Note that, by definition, Eq.(1.13) must be invariant under translation by a reciprocal lattice
vector k — k 4+ K. Thus, not only are the electronic wave functions periodic in momentum

space, but the energy levels are as well:



\Ijn,k-f—K(r) = \I/n,k(r) (114)

Enk+K = Enk (115)

This has an interesting consequence for the energy levels when the potential is relatively
small compared to the free kinetic energy. Near the reciprocal lattice vectors, the energy
resembles that of a free electron, creating a periodic collection of quadratic energy levels.
However, there is a collection of momenta where these levels cross. At these points, the
lattice potential acts as a perturbation of the free system, splitting the levels into periodic
energy bands. The periodic nature of the energy bands means it is sufficient to determine
the band structure within the First Brillouin Zone, as seen in Fig.1.1, which is known as

the reduced zone scheme.

1.3 Interacting Systems: Superconductivity

While the above theory is sufficient for describing some of the basic electronic
properties of materials, it is still missing many underlying interactions of the many-body
problem. Furthermore, in the early twentieth century, while studying the conductive prop-
erties of materials at low temperatures, dutch physicist Heike Kmerlingh Onnes discovered
that some metals had zero electrical resistance below some critical temperature T,.. At
the time, there was no microscopic theory to explain why the electrical resistance sponta-

neously vanished. This remained the case until 1957, when Bardeen, Cooper, and Schrieffer
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Figure 1.1: Construction of the reduced zone scheme for the lowest three energy bands of a
crystal. (Left) A free electron gas with translational invariance, (Middle) the same system
under the influence of a weak, periodic potential, and (Right) the band structure in the
First Brillouin Zone.

put forth the BCS theory of superconductivity, which attributed the phenomenon to an
attractive electron-electron interaction mediated by lattice vibrations (phonons).

Up until this point, we have written in our systems in first quantization, in which
we solve the quantum mechanical eigenvalue problem for the appropriate single-particle
wave functions and energies. However, in the interacting N-body problem, we would then
be tasked with finding the N-body wave function which, for fermions, would be found from
the Slater determinant. For a macroscopic system, this approach is highly non-trivial, and
instead we will approach the problem through second quantization. In this framework, the
system’s physics is modeled through field operators \Iljl(r) (U,,(r)) which create (annihi-
late) a particle at position r with quantum number(s) n. To satisfy the bosonic/fermionic

statistics, these operators obey the commutation relations:



[\Ijny \I/;rn]n = 5n,m (116)

(W, Uy = (W1, 01 ], =0 (1.17)

Where n = 1 (n = —1) for bosons (fermions) denotes the commutator (anti-commutator).
Furthermore, we define the quantum state in terms of the number of particles occupying
each available state, i.e. for a system with N states, |¥) = |nq, no,...,ny). With a proper
choice of normalization factors, it is easy to show that such a configuration is an eigenstate
of the number operator N; = \IJI\I’Z with eigenvalue n;. Therefore, in this language, the

non-interacting Hamiltonian:

Hy=> enx¥l Uy (1.18)
n,k

is diagonal, and we write the electron-electron Coulomb interaction as:

Hica = S V™ ¥ Wi Vo (119
n,m k k’/,.q

At this point, our theory is composed of three pieces: 1) An electron gas with free kinetic
energy, 2) a periodic, ionic lattice potential that binds the electron gas, giving rise to a
periodic band structure, and 3) a repulsive electron-electron interaction acting as a pertur-
bation to the already solved system. If we were to proceed from here, we would follow the

steps of Hartree and Fock, replacing the repulsive two-particle interaction with an effective



screening potential [1]. However, Bardeen et. al. realized that there was one additional
missing piece: vibrations of the crystal lattice.

In our original model, we treated the ions of the lattice as a static distribution. In
reality, local ions in the lattice are free to oscillate about their equilibrium position. In the
presence of a local electric field (i.e. from a passing electron, or some other source), the ion
is displaced from equilibrium, and its repulsive interaction with the other ions propagates
the displacement through the rest of the lattice as a wave known as the phonon. Bardeen
et. al. argued that, localized distortions would create an effective attractive interaction
between electrons that overpowers the coulomb repulsion [2]. Below a critical temperature,
this interaction leads to a new global minimum in the system’s free energy described by a
collection of paired electrons that have Bose-condensed into a collective ground state. It is
these Cooper pairs move through the lattice without resistance.

The current focus is on exploring unconventional superconductivity. Broadly
speaking, this includes any type of superconductivity that is not explained by the BCS
theory (for instance, cuprates with significantly higher critical temperatures compared to
their BCS counterparts). For our purposes, we will focus on the principle of topological su-
perconductivity, in which the superconducting states can manifest as topologically protected
edge states. Additionally, my work will make use of the proximity effect, wherein a tradi-
tionally non-superconducting material can be rendered superconducting due to proximity

to a superconductor.



1.4 Band Structure and Topology

To understand what ”topologically nontrivial” means, we introduce the concept of
the Berry phase. Here I follow the procedure outlined in Bernevig and Hughes [3], and derive
the Berry phase from an adiabatic evolution of a quantum system in a parameter space k.
I then demonstrate how this phase gives rise to edge states, and the role of symmetry in

determining what type of topological invariants are allowed in a system.

1.4.1 Berry Phase

In systems with translational invariance (such as a crystal lattice), we can model

the system in momentum space k in terms of the Bloch wave functions |¥,,(k)):
H(k) | (k)) = En(k) |Vn(k)) (1.20)

Where H (k) describes the Hamiltonian in momentum space. We will explore the behavior
of this system under an adiabatic perturbation following a path C' in momentum space,
parameterized by k(¢). The adiabatic theorem requires that the initial state remain an
eigenstate of the system [3-6]; assuming we can choose a smooth gauge for the wave function

by writing it as |¥(k(t))) = e~®) |, (k(t))), with 6(¢), the Schrédinger equation gives us:

ih% (W(k(2)) = H(k(t)) [U(k(?))) (1.21)



Thus:

€0, () (k) = O ( ) [0all(0) + ¢ 2O k(o) (122

Removing the common phase factor and applying a normalized inner product, we obtain:

h(fﬁ) = En(k(t)) — i (L k(D)) % (@ k(1)) (1.23)

Which yields the phase:

0(t) = 711/0 dt' B, (k(t')) —i/o dt' (W, (k(t"))| % U, (k(t))) (1.24)

The first term in Eq.(1.24) is the usual dynamical phase; the negative of the second term

is the Berry Phase [3]:

=i [t ()] g ()
=i [ k(9,001 8 9, 00) (1.25)
Defining the Berry connection:
An(k) = (Un(k)| Ok [Vn(k)) (1.26)

10



And noting that it is purely imaginary:

= (U (k)| O [Un(k)) = = (¥n (k)| O [¥n(k))" (1.27)
We can write the Berry Phase as:

= —Im /C dk - A (k) (1.28)

1.4.2 Topological Invariants and Edge States

Suppose now the curve C is closed in momentum space (i.e. k(0) = k(T) for a
period T'). We will assume k is two dimensional, (i.e. k = (kg, k,)), and consider a filled

band. If A, (k) is smooth everywhere along C, we may apply Stokes’ Theorem:

Yy = —Im/dS - (O x Ap(k))

= Im/dS-Fn(k) (1.29)

Where S is the surface bound by C, in this case the Brillouin zone, and F,, (k) = —0k x A, (k)
is the Berry Curvature and is gauge invariant. However, in two dimensions, the Brillouin
zone is a torus with no natural boundary, and thus Eq.(1.28) (and Eq.(1.29)) must vanish.
Therefore, for materials with nontrivial Berry phase, the Berry connection must be singular

at some point(s) {ko} in the Brillouin zone, obstructing the application of Stokes’ theorem.

11



To correct for this, we apply a gauge transformation |¥,,(k)) — e~*®) [T, (k)) within a
region R of each singularity such that A, (k) is non-singular within R [3, 4]. The Berry

connection becomes:
Al (k) = Ay (k) — idkpn (k) (1.30)

The Berry connection is now piece-wise smooth everywhere, and we may apply Stokes’

theorem. Since the only boundary is the (inverse) of region R, we have:

To=—Im ¢ dk-(Af(k)— An(k))
OR

= f{ dK - O (K) (1.31)
OR
Finally, we note that for a closed path, we must have |V, (k(7))) = |¥,(k(0))), thus:

cion(k(T)) _ ,idn(k(0))

= ¢n(K(T)) — ¢n(k(0)) = 27n (1.32)
Which allows us to write the Berry phase as:

Yo = 2rCRH™ (1.33)

12



Where we have defined the band Chern number:

ch™ — 17§ dk - O (K) — 1,/ ds - F, (k) (1.34)
OR BZ

2 27

which is an integer. For a multi-band system, the full Chern number of the bulk system is
given by the sum of the Chern number of each filled band.

The fact that the Berry phase is quantized in units of 27 leads to an interesting
conflict with the adiabatic theorem. In the context of two gapped systems (i.e. no states
with zero energy), the adiabatic theorem would suggest that each system can be smoothly
evolved into the other (more explicitly, the ground states of one gapped system can be adi-
abatically evolved into the ground states of the other). However, a smooth transformation
would be incapable of changing the Chern number (it’s an integer). Thus, at the interface
between two gapped systems with different Chern numbers, the gap must close, giving rise
to topologically protected edge states. This is known as the Bulk Boundary Correspondence
[3, 7], and is the reason why bulk insulators with nontrivial Chern number have conducting

edge states.

1.4.3 Role of Symmetry

The topological invariant described by Eq.(1.34) characterizes the Hall Conduc-
tance, but other invariants, such as the Zy invariant, exist. In general, there is a collection
of topological invariants, and which class of invariants a material belongs to will depend
on the inherent symmetries of the problem. For instance, in the presence of time reversal

symmetry (TRS) ([H,T] = 0, with T the time reversal operator and 72 = —1), we find:
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H W) = E|¥)

— H(T|¥)) =TH|¥) = E(T|¥)) (1.35)

Thus, a state |¥) and its time-reversal partner have the same energy. When 72 = —1

(which is the case for half-integer spin particles) [3], these state are orthogonal:

(UITY) =(T(TY)|TY)
= (T*¥|TV¥)

— (VT (1.36)

Thus (¥|7¥) = 0, and the energy states come in time reversal, orthogonal pairs known as
Kramers’ Pairs. Recalling that, under time reversal, momentum transforms as 7k7 ! =
—k, we can investigate the Berry connection of a state |¥}!) and compare it with its time

reversal partner !\yﬁk}:
(U] O [ W) = (PRI T 10T |95) = — (UR| Ok | WR0) (1.37)
Thus, we must have:

Y 1
(n) = — . = = — . =
Ch 5 /B _ds Fa(k) = 5 /B _ds (O x An(K))

1
_ - : X)) = —COp®
3t ) dS - (O x An(=k)) = —Ch (1.38)
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This result holds even when obstructions of Stokes’ theorem require a local gauge transfor-

mation:

o (k) = =8 [0y (k) = [Ua(—k)) — €79 |05 (—k))

— An(—k) = Aa(—k) +i0k¢n(—k) (1.39)

Summation over all bands gives the Chern number of the bulk system, which is zero. How-

ever, we may now define a new topological invariant called the Zs invariant:
z0 = [% (C’h(”) _ CW))] mod(2) (1.40)

which is simply the parity of the Chern invariant, and is valid when n and n are good
quantum numbers for the system (for instance, in a spin-diagonal system). Such an invariant
is nontrivial for odd parity Chern invariants, which is typically true of systems that break

inversion symmetry (IS).

1.4.4 Spin Orbit Coupling

Consider a three dimensional lattice of bare ions and non-interacting electrons. In
the tight binding model, the kinetic motion of electrons through the lattice is expressed

through a ”hopping interaction” that moves electrons from one ion to its nearest neighbor:

H=—tY (U g Yo+ Ul g We)+he (1.41)

17.773
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where ‘1111.75 (¥y,,s) creates (annihilates) an electron on lattice site r; with spin s, and the
lattice is defined by the lattice vectors R; = aj for je{z,y,z}. In terms of the electronic

momentum, the Hamiltonian is:

Hy =2t cos(k-R;)Pl Wy,
S7k7j

~ ) (ta®K? — 2t) U] Wy (1.42)
s,k

where the last line is the approximate energy near k = 0. This model for the cubic lattice
depicts electronic kinetic energy analogous to the free electron (a spin degenerate, quadratic
function of the electron’s momentum); however, the materials we’re interested in have a
more unique band structure. Consider the band structures in Fig.(1.2). The system on
the left has broken time reversal symmetry generated by interaction of the form ByS,, and
potentially has nontrivial Chern topology. The system on the right has broken inversion
symmetry, leading to an interaction of the form k - S (spin-orbit coupling), and potentially

has nontrivial Zs topology.

1.4.5 Weyl Semimetals

WSM’s are characterized by energy bands of linear dispersion intersecting at a
collection of momenta points known as Weyl nodes [4, 8-10]. They can be classified by
whether they break time reversal symmetry (TRS) or inversion symmetry (IS); to demon-

strate their topological properties, we will focus our attention on those with broken TRS.
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Figure 1.2: Quadratic band structure with (Left) an interaction that breaks time-reversal
symmetry and (Right) a spin-orbit coupling interaction that breaks inversion symmetry.

The general low energy Hamiltonian has the form [9, 10]:

Hy = vo,(s- k) +mo, + bs, + b 0.5, (1.43)

where o; and s; are Pauli matrices in the pseudo-spin orbital and spin degrees of freedom.

In the case of m = b = b’ = 0, the system can instead be written in the block-diagonal form

[9]:

Hy =+vs-k (1.44)

where + corresponds to the chirality of the system. The Berry curvature and Chern number

are then [9]:
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€k

(1.45)

Cf =+1 (1.46)

In other words, the Weyl points at k = 0 act as "magnetic” monopoles of the Berry flux.
We may break TRS by taking b # 0, and obtain a similar expression, but with Weyl nodes
at ky = (0,0,%ko) [9]. The monopoles of opposite chirality are now separated along k.,
and we may treat each instantaneous k. layer between them as an effective 2-D system in
(kz,ky). These layers must each have nonzero Berry flux, and thus have a topologically
protected edge state crossing the chemical potential [9, 10]. However, the opposite is true of
layers not located between the two monopoles, as they have net zero Berry flux. This results
in a pair of topologically protected edge states connecting the Fermi surfaces centered on
the monopoles known as Fermi Arcs [9, 10]. It has been shown that these surface states
can also occur in WSM’s that preserve TRS, but break IS [11].

Despite not having a gapped energy spectrum, WSM’s still contain robust topo-
logical properties, making them an interesting candidate for studies of proximity induced
topological superconductivity. Furthermore, for WSM’s that break TRS, Cooper pairs with
net zero momentum must form a spin triplet pairing [4]. In such a situation, it is possible
to form electron-hole excitations that are their own anti-particle, i.e. a Majorana Fermion
[4]. On the other hand, WSM’s that preserve TRS but break IS are more likely to be
susceptible to the proximity effect of an S-wave superconductor, since the superconductor’s

Cooper pairs are formed from the system’s Kramers’ pairs. Such a WSM can be described
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Figure 1.3: Schematic of the cubic structure of a WSM with broken inversion symmetry.
The system has two sub-lattices: 1) Green and 2) Blue (Hou et. al., 2016).

by a cubic lattice with an underlying sub-lattice, as shown in Fig.(1.3) [12]. The low energy

band structure of such a system is plotted along k, = k, = 0 in Fig.(1.4).

1.4.6 Transition Metal Dichalcogenides

Monolayer transition metal dichalcogenides (TMDC’s) are a class of materials
described by a hexagonal (honeycomb) lattice with an underlying sub-lattice, similar to
Graphene (see Fig. 1.5) [13, 14]. However, unlike Graphene, they possess a strong Ising

spin-orbit coupling (SOC). Their effective low energy Hamiltonian is given by [15-17]:

Hy (k) = at(vkyo, + kyoy) + £ 0, — L Egoe(0, — 1), (1.47)

where v = +1 gives the valley (sub-lattice) degree of freedom of the reciprocal lattice, and

o; are the Pauli matrices in the orbital |1), = }dxz,y2> + iv|dyy), |2) = |d,2) subspace.
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Figure 1.4: Band structure of a WSM with broken inversion symmetry, cut along k, = k, =
0. Spin up states are plotted in blue and spin down states are plotted in red.

The parameters a, t, and Eg give the lattice constant, hopping parameter, and band gap,
respectively. The band structure of the two valleys have opposite spin physics, as shown in
Fig. (1.6)[15].

The valley wave functions have an intrinsic phase winding that yields a valley

dependent Berry Curvature [15]:

(k) = —nv [2(at)2(EG - VSESOC)} [(mk)? + (Bg — VSESOCV] s (1.48)

s
where n = +1 denotes the conduction/valence band. While the presence of TRS yields a
net zero Chern invariant (integration of Eq.(1.48) over the full Brillouin zone gives opposite

Chern numbers for the two valleys), the topological invariant Zy = 1(Ch" — Ch})mod2 is

nontrivial.
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Figure 1.5: Hexagonal lattice structure of a TMDC. The system has two sub-lattices (de-
picted in blue and red). (b) First Brillouin zone of the hexagonal lattice, showing the
two valleys K and K’. (c) Sketch of the conduction and valence bands of the two valleys.
(Mouchliadis et. al., 2021).

S\
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1

Figure 1.6: Conduction and valence bands of a TMDC for both valleys, cut along k, =
0. The two valleys have opposite spin physics, breaking the system’s inversion symmetry
(Sosenko et. al., 2017).
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1.5 Organization of the thesis

This work is organized as follows. In Chapter 1, we explore the effects of proximity
induced superconductivity on Weyl semimetals with broken inversion symmetry and Tran-
sition Metal Dichalcogenides. We begin with a review of BCS theory and how it explains
the proximity effect. We then demonstrate how, by expanding the electronic wave function
in a Fourier basis, we can self consistently calculate the electron-electron correlation func-
tion throughout a device coupling a BCS superconductor to a normal material. Finally, we
apply this technique to the chosen materials, and analyze what correlations, if any, can be
induced by proximity.

In Chapter 2, we turn our attention to the optical properties of a stacked Transition
Metal Dichalcogenide structure. A recent experiment has managed to utilize the principles
of laser spectroscopy and photo-current to measure the inter-layer exciton binding energies
of such a device. The data shows numerous peaks in the absorption spectra near the
expected exciton energies. These phonon side-bands have traditionally appeared in photo-
luminescent spectra, thus we aim to explain their existence in the context of photo-current
absorption. In this chapter, we will derive various features of the Interacting Polaron Model.
We obtain a general expression for the optical absorption coefficient and demonstrate how
fitting it to experimental data can be used to obtain a better estimate of the exciton binding

energy.
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Chapter 2

Proximitized Superconductivity

2.1 Introduction

In 1957, Bardeen, Cooper, and Schrieffer proposed a microscopic description of
superconductivity, wherein electrons experience a net attractive interaction due to coupling
with lattice vibrations (phonons) [2]. In the superconducting phase, these electrons form
Cooper pairs, and the super current can be described by correlations between electrons with
opposite momentum and spin. Later, Pierre de Gennes would show that this theory allows
for an interesting phenomenon near the interface of a BCS superconductor and a normal
material called the Proximity Effect [18, 19]. In this section, we will review the BCS theory
of superconductivity and how it allows normal materials to become superconducting near

an interface with a superconductor.
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2.1.1 BCS Theory of Superconductivity

Bardeen-Cooper-Schrieffer (BCS) superconductivity attributes the superconduct-

ing phenomenon of certain metals to an attractive interaction between two electrons:

H=>"gV U+ > Vw00 0 0 Ty s (2.1)
k,s Kk’

where the spin degenerate, non-interacting band structure is defined to be {x = ex — p, with
u the chemical potential, and we have also assumed the presence of time reversal symmetry
such that {x ¢ = {_k 5. In the superconducting state, the interaction causes two electrons
with opposite momentum and spin to become correlated. We apply the standard mean field

analysis by assuming negligible fluctuations about an average correlation [20-23]:

bk = <\I’—k,¢\Ijk,T> (22)

Defining dx = ¥_g | Wk + — bk and expanding Eq.(2.1), we obtain:

Ul e Ty = (0 + 65 (B + dic)

~ bichie + b W BT+ B B 4 — 26 b (2.3)

where we have discarded the small fluctuation d;0x. We define the gap function:

Ak = — Z Vk,k’ <\I/,k/’i\11k/7T> (24)
k/
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and obtain the BCS Hamiltonian:

Hpos =Y &UL Wies — Y (AL 0+ AL 0 p) + > Agdi (2.5)
ks K K

The interaction strength Vj y+ originates from electronic interactions with lattice vibrations
(phonons). The interaction scatters an electron and its time reversal (Kramer’s) pair from
the Fermi surface via virtual phonon scattering when the energy difference of the involved
states is less than the phonon energy [2]. Thus, the interaction strength is defined to be
Vikxw = W for electronic states with energy &k s, [€xr.s| < Twp, where wp is the Debye
frequency.

It will prove useful to write Eq.(2.5) in the bogoliubov-de gennes (BdG) form:
1 f
Hpos = 5 g U, Hy Uy + By (2.6)
where, in the Nambu basis:

Oy = [Ty, U | 0y, 0]

R (2.7)

the BAG Hamiltonian Hy and constant energy are given by:

Hy = kaOTz — Ak(isy)T+ + Ai(isy)’f_ (2.8)
Eo = (6 + Awby) (2.9)
k
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S; and 7; are the Pauli matrices in the spin and particle/hole subspace, respectively, with

Ty = %(Tz + i7y). We identify a unitary transformation that diagonalizes H pqq:

Ul Hy Uy, = Dy, (2.10)

The columns of Uy are the eigenvectors of Hyx. We define a Bogoliubov transformation

Wy s = Uk sk, st
\Pk73 ul*c,s /Uk,S ’yk75
= (2.11)
ol —Uf - Uks L
—k,3 ks Uk, Yk,
with |uk s|? + |vks|? = 1 and 5 = —s, such that:
el D 2.12
= 5 zk:’)/k kVk ( . )

where 7 = [kt 7k, i]T, and the quasi-particle energy dispersion is given by Fy, =

\/& + |Ak|?. The electron/hole weights satisfy:

26k — Arui + Ajvg =0 (2.13)

Thus:

v _ +1/68 + | Ak)? — & (2.14)

Uk Aik{

The sign in the numerator is assigned to the quasi-particle/quasi-hole wave functions. Under
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the normalization condition |uf |+ |vk|* = 1, and gauge fixing the phase of the gap function

Ax = |Ax|e’®= to the hole weight, we find:

1 ( gk >1/2
BRE Ve T 1 Awf?

ik 1/2
v = & (1 - 5“) (2.16)

&k + A2

With this transformation, the Hamiltonian in Eq.(2.6) becomes:

Hpes =Y By ks + (6 — Bi + Axby) (2.17)
k,s k

where the constant term gives the ground state energy.
We find that, due to the presence of time reversal symmetry, the quasi-particle/hole
weights are symmetric under a k — —k,s — § transformation. Dropping the redundant

subscripts, we find a self consistent equation for the gap function:

Ak = — Z Vk,k’ <(u1*<,'y_k/7¢ — vklyli,7¢)(uf(/’yk/,T + ’l)k/"yT_k/7¢)>
k/

= =D Vit ( <7—k’,wT—kx¢> - <71T<’,T7k’ﬁ> ) (2.18)
kl

Note that this bogoliubov transformation has preserved our commutation relations:

{7k, '711/,51} = ukty { Vi s, \I/L,ysl} — vkvl’il{\I'Ls, Uy s}

= 5k,k/(55’s/(”u,k’2 + "Uk|2) — 5k,k/5578/ (219)
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Thus the the quasi-particle operators obey fermionic statistics:

By
] T _ k
<77k’,¢7_k/’¢> - <’7k'7T7k/’T> = —tanh(QkBT> (2.20)

We also have:

Uk 1E2, - 512(/ . Ay

* /12
Vs = = = 2.21
Uk |uk| Uk’ 2 Aik{, Ek’ 2Ek’ ( )
yielding the self consistent gap function:
Vi A Ey
Ag = ————tanh 2.22
k=2 2B M\ 2kpT (2.22)

k/

From here, one can derive the critical temperature at which the material becomes super-
conducting; however, our interests lie in what happens when the system’s translational

invariance is broken.

2.1.2 Proximity Effect

To illustrate the proximity effect, we consider a basic system: a rectangular box
with a boundary at z = Lp separating two regions along the z-axis, terminating at two
endpoints z = 0 and z = L, as in Fig.(2.1). Both pieces will be given the same metallic
base, with a superconducting interaction added to the left region only. The Hamiltonian

for the non-interacting system is:
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% L I

Figure 2.1: Sketch of (Left) a device consisting of an S-Wave superconductor (SC) in contact
with a WSM (WSM) with the boundary located at Lp, and (Right) a Josephson Junction
architecture with boundaries at B;, and Bp.

o= [ ar Sl (5 + Eo— ) (S0t (2.23)

and the superconducting Hamiltonian is given by:

Hseo = / dr " A(2)(iS,)ss L (x) UL, () + hc. (2.24)

ss’

S; are the Pauli matrices in the spin subspace, with Sy being the identity. The semiconductor
gap is given by 2FEj, the chemical potential is p, and the superconducting gap 2A(z) is

nonzero only for the superconductor. We now Fourier Transform along z and y:

V) = g [ BT (e (2.25)
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Defining mo = h?/2m, we obtain:

ko_ dk/ ik 2 —ik/ Ty
Hy= [ dz [ dr, 2 Z ks (—=moV? + Eo — 1)(S0)ss Ve, o (2)e™ 0

dk .
/ / L/ 22 o(K'* = 02) + By — 1) (So)sw € F VT ()T o(2)

x (27%)6% (kL — K/))

dk
/dz/ L mo kJ_ —82)+E0— )(SO)SS/\I/kL s( )\I’kL,s’(Z)

(2.26)

and:

dk dK/, 4
HSC_/dz/er/ = / E ZA Sy)ssre TGl (o )\Iﬁk,ﬁ,(z)Jrh.c.

ik ,
:/dz/( . / QZA )(iSy) s (218 (ke + KWL ()WL, () +he.

_ / i / él;; ST A8,V (U () + he (2.27)
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Finally, in the Nambu Basis Wy, = ¥k, 4+(2), Yk, |(2), ‘Ilikhi(z), \PT—kL,T(Z)]T? the Hamil-

tonian is given by:

1 dk
=g [ | e e Haaotles, ),

The BAG Hamiltonian is given by:

Hpac(ki,z) = [mo(k? — 82) + Eo — plSors + A(2)(iSy) 74 — A*(2)(iS,) 7

(2.28)

(2.29)

with the Pauli matrices 7; acting in the particle/hole subspace and 74+ = (1/2)(7, £ i7y).

Our goal now would be to solve the BdG equation:

Hpaa(ki, 2)®yx, (2) = Ex, i, (2)

which can be written as the following set of coupled differential equations:

[mo(k3 — 82) + By — u] Wi, 4(2) + AP | (2) = By, Uy, 4(2)
[mo(k3 — 02) + Eo — p] Wi, 4 (2) — A(2) T, 1(2) = By, T, 4 (2)
[ — Eo —mo(k3 — 90T, (2) + A% (2) W, 1(2) = Bk, ¥y | (2)

= Bo—mo(k} = 020!, 1(2) = A" ()W, 4(2) = B, W1y 4(2)
Solving for the terms involving the partial derivative operators:

—02Wy, (2) + M (2)¥y, (2) = Ex, ¥k, (2)
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(2.32)
(2.33)

(2.34)

(2.35)



where M(z) captures the coupled behavior of the differential equations and, for simplicity,

we have set mg = 1. We now consider a solution within a specific region R:

—2WE (2) + ME B (2) = By, Of (2) (2.36)

with the assumption that M (z) is constant (but not necessarily identical) within each region.

We take the Ansatz:

Uik, z) = T (2)u, (2.37)
MR yl}(%J_ = Ellfj_yﬁi_ (238)

yielding the differential equation:
—2fR(2) + el fR(2) = Bx, fR(2) (2.39)

This is analogous to the usual square well potential, with the region dependent eigenvalue
5& replacing the usual V(z) potential.

In principle, Eq.(2.39) can be solved to find the exact form of the wave functions
in each region. In the absence of a gap function, and assuming the two regions are identical,
we would find the usual solution of the infinite square well. However, in the presence of the
gap function, continuity of the electronic wave function across the interface requires that the

electron-hole correlation of the host superconductor ”leaks” into the normal region. This,

in turn, requires the presence of a gap function to be induced in the normal region near
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the SC-N interface. De Gennes showed that the gap function decays exponentially into the

normal system:

A(z) x e Fz=Ln) (2.40)

and satisfies the interface boundary conditions:

A(Lp) _ As(Lp)

= 2.41

v(ierp)V  vs(ep)Vs ( )

Cdal - _ G dAs (2.42)
Vidz|,, Vs de |, ’

Here v (vg) is the density of states of the normal (superconductor) at the Fermi surface,
V (V) is the strength of the pairing potentials, and £ ({g) is the coherence length of the
cooper pair [18, 19]. This phenomenon, which renders a portion of the normal system

superconducting, is known as the proximity effect.

2.2 Methods

The effects of proximitized superconductivity are typically explored in one of two
methods: 1) An assumed intrinsic gap function is inserted into the material’s BAG Hamil-
tonian and evaluated through mean field theory [15, 24-30], and 2) A tunneling model is
constructed to connect the SC layers of a heterostructure to those of the material of interest,
and the resultant gap function is calculated either through exact diagonalization or from

the tunneling self energy [15-17, 25, 31-38]. Mean-field analysis reveals that WSM’s and
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Figure 2.2: Sketch of (red) the gap function and (blue) the correlation function across an
SC-N interface, with the boundary placed at Lg = 0. In general, the gap function is discon-
tinuous across the interface, while the fraction of paired electrons F/v(ep) is continuous.
Both functions decay exponentially into the normal material.

TMDC’s can support intra-valley /intra-nodal spin triplet pairings of the form (Vy (Wi, s)-
However, such analysis can only reveal the possible forms of the induced superconductiv-
ity, and cannot tell you which ones are realized experimentally. The same can be said for
the tunneling approach, as the form of the induced superconductivity will depend on any
assumptions made of the tunneling model. In this section, we will explore a method for ob-
taining a self-consistent calculation of the gap function while making a minimal assumption
of the tunneling model: continuity of the electronic wave function and its derivative across

the SC-N interface.
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2.2.1 The Spectral Method

We now return to Eq.(2.39), writing it in the form:
0 f1(2) = =B F1(2) (243)

where Ej | is the difference between the energy of the system and that of a piece-wise region.
Assuming Ey , >0, and applying the boundary conditions f(0) = 0 for the left region (or,

equivalently, f(L) = 0 for the right), we have:
fE(2) = Asin(kgpz) (2.44)

In the region containing L, we must have:

kr = % neN (2.45)

This suggests that the wave functions in the region containing L can be expanded in the

form:

f(z) = \E > Cpsin(knz) (2.46)

In fact, by invoking continuity of the wave function and its derivative at the interface, and
the uniqueness theorem for linear differential equations, we see that Eq.(2.46) is the general

solution for the full system.
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In general, calculating the energies in Eqs.(2.31-2.34) is still nontrivial, as it re-
quires knowledge of the Fourier coefficients C,,. However, now that we know we can expand
the wave functions in a Fourier basis, we are free to re-cast the piece-wise Hamiltonian in

the same basis [39]:
9 L
(nl Hpac (k) fm) = = / dz sin (k=) Hpac (K 1, 2) sin (o 2) (2.47)
0

This approach, known as the spectral method, converts Eqgs.(2.31-2.34) from a set of coupled
differential equations into a numerical eigenvalue problem, allowing us to obtain the (now
smooth) energy dispersion of the piece-wise system as well as the Fourier coefficients of
the wave functions. The advantage of this approach is that we may now self-consistently
calculate the gap function of the proximitized system without relying on a tunneling model
to mix the two regions.

To illustrate the calculation, we return to our earlier expression for the gap func-
tion, now modified to account for its real space dependence. We assume zero temperature
and an attractive interaction of the form Vi y» = —Vj for non-interacting states within the

Debye window. We obtain:

Ay, (2) = W(z) Z ( Z Zu;(yi?l7¢vgn)kl7Tsin(kz)sin(k¢mz)> (2.48)

k/J_ |£a’kl ‘SEWD m

with « the eigenstate index of the Fourier system. The gap function now has the form:
Ak, (2) = g(2)F(z) (2.49)
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g(z) accounts for the strength of the interaction within the host superconductor and the

pairing amplitude F'(z) is given by:

F(2) =Y > Com(K))sin(knz)sin (k) (2.50)

mk/L

with the Fourier coefficients:

Com(K1) = ) “Z(Q ,¢Ug,)1)kﬁ_ 1 (2.51)

|Ea’kl|§th

We are now equipped to solve for the pairing amplitude self consistently by: (1) Finding
the wave functions of the proximitized Hamiltonian whose elements are given by Eq.(2.47),
and (2) inserting the wave function coefficients into Eq.(A.2). This can, in principle, be
done iteratively; however, the algorithm is computationally expensive, and our simulations
have shown convergent solutions after just one iteration. We therefore limit our analysis to
one loop simulations.

We conclude this section by exploring a limitation of the prescribed technique.

Suppose we were to define two simple, metallic Hamiltonians:

Hj = / dz01(2) {mLPZZ}\II(z)

Hp = / dz¥T(z2) [mRPZQ]\IJ(z) (2.52)

where my, is considered nonzero in the region 0 < z < Lp and mpg is considered nonzero in

the region Lp < z < L. This model describes a spinless particle in a box of length L such
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that it has a different mass on either side of a boundary at Lp. If we were to attempt to

expand this Hamiltonian in our Fourier Basis, we would find the following matrix elements:

2 Lp 9 L
Hym = —mL/ dzsin(kz)(—i0.)*sin(kpyz) — mR/ dzsin(kz)(—i0.)?sin(kyz)
L Jo L Ji,
2 Lp 92 L
= k2 [m[,/ dzsin(kz)sin(kmz) — mR/ dzsz'n(k‘z)sin(k:mz)}
L J L /i,
o k2 (mp —mp) (2.53)

This is not symmetric under an exchange of n <+ m, and the expanded Hamiltonian is not
Hermitian, leading to restrictions on the Bulk models used to generate differential equa-
tions similar to Eq.(2.35). When constructing the Bulk Hamiltonians, coefficients attached
to momentum terms of the axis with broken translational invariance must be continuous
throughout the device. They must either be constant (likely leading to a Fourier basis) or
some continuous function that allows for a set of normalized, orthogonal basis functions to

be chosen.

2.2.2 Metallic Simulations

To demonstrate that the numerical approach faithfully accounts for proximal su-

perconductivity, we consider a metallic Hamiltonian (Eq.(2.23)). We study three cases.

e The parameters of the Hamiltonian are identical on both sides of the interface. This is
the standard model of SC-N junction. In Fig.(2.3b), we recover the smooth evolution
from the SC to the metal without any oscillatory behavior. For a clean superconductor

the coherence length is 0.74£[18, 40] which is quantitatively consistent with the data.
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e To introduce a mismatch at the interface we introduce a relative shift of the bands.
The net effect is to introduce mismatch in velocity and density of states at the chemical
potential. While an oscillatory behavior is beginning to emerge in Fig.(2.3d), a sharp

drop off or an evanescent behavior is not observed.

e To test the effect of inversion breaking, we introduce Eq.(2.55) to the metallic side of
the interface. A sharp change in symmetry across the interface leads to a sharper fall

off and the emergence of oscillatory behavior (see Fig.(2.3f)).

We estimate the decay length of each case by fitting to an exponential decay. For

these simulations, the Cooper pair size £ is approximately 0.01L.
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Figure 2.3: Real component of Fj; for a metallic model and host superconductor (left)
throughout the device and (right) around the interface, where the parameters are varied to
explore the effect of the sharp interface: (a-b) identical on both sides, (c-d) shifted band
with mismatch in Fermi surface, and (e-f) broken inversion symmetry in the metallic side.
All simulations use N = 145 Fourier modes. £ = 0.01L for the parameters of the simulation.
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2.3 Weyl Semimetals

2.3.1 Model

We first consider a device of length L with a boundary at z = Lp separating: (1) A
Metallic Superconductor and (2) A WSM with some broken symmetry, as seen in Fig.(2.4);
for consistency, we will also consider a Josephson-Junction architecture. We begin with a

bulk WSM Hamiltonian [11, 41]:

Hy sy = /d3r Z Z ol (r) [vaszPx — oy Py + (m,P? —m)o, — 1ooSo| ¥yyr (1)

ss’ oo’

(2.54)

Here, !, (Uso) is a creation (annihilation) operator for an electron with spin s =1, | and
orbital/sublattice quantum number ¢ = 1, 2. The momentum operator is given by P = —iﬁ,
i is the chemical potential, and the Pauli matrices o; (.5;) act in the orbital (spin) subspace,
with Sy and og their respective identities. Parity and Time-reversal operators are P = o,
and T' = 15,K where K performs complex conjugation. Of the four possible terms that
break inversion symmetry, but preserve time reversal, two generate nodal rings while the
other two generate Weyl nodes in either the k, — k. or k, — k. plane. Focusing on nodal

phenomena, the term that has Weyl nodes in the k,; — k. plane is given by

H]B = /dsrzzqfla(aax)\ﬂs/gr(r) (2.55)

ss' oo’

41



BL BR

; L !
Figure 2.4: (Left) Device consisting of an S-Wave superconductor (SC) in contact with a

WSM (WSM); the boundary is located at Lp. (Right) A Josephson Junction architecture
with boundaries at By, and Bp.

The distance between the nodes along the k, direction is given by 2a which in principle
can be determined from data on Weyl semi-metals. We treat it as a phenomenological
parameter in our effective model. As discussed previously, for the Fourier basis to be valid,
we require the same degrees of freedom and power of the P, operator throughout the device.

Thus, we write the metallic system in the same basis as:

Hy = / d®r> > i (r) {(mzP2 + En)o2 S0 — po0So| W (r) (2.56)

ss' oo’

where Ej creates a gap between the conduction (o = 1) and valence (0 = 2) bands. Finally,

we add to the metallic model a superconducting piece:

HSC’ = /dsr Z Z(iSy)ss’Aaa’ (r)‘yla(r)‘yl/gl (I‘) + H.c. (2'57)

ss’ oo’

where the gap function A, is given by:

Ayl () = Goor (r) Fror () (2.58)
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and the interaction strength g, (r) is constant within the superconductor, and only nonzero
for 0 = ¢/ = 1. The pairing amplitude is as before, with a modification to include the orbital
quantum number.

We now obtain the BAG Hamiltonian for the above Bulk Model. We define the

Nambu basis:
@i, (2) = [P, 14 Wiy 1 Wiy ot Wiy 20, 00 0ty et et T (2.59)
write our Hamiltonian as:
H= % / dz / A’k Wl (2)Hpac(ki, 2) T, (2)
and obtain the BAG Hamiltonian:

HBdG(kJ_a Z) = O-ZTZ[mZ@(LB - Z)kﬁ_ - mzag + EO(Z)]
+ Tz[v(z)<kx0':v5z - kygy) - m(z)az + O‘(Z)Ux - M]

+ (iSy) A11(2)0 40,7+ — (1Sy) A11(2)o 40,7 (2.60)

where 7; are the Pauli matrices in the particle-hole subspace, 7+ = (7, £i7,)/2, and Ay
is the gap function of the host superconductor. The parameters Ey, m,v, and « have been

replaced with piece-wise functions that are nonzero only within their respective regions.

43



Band Structure

Figure 2.5: Band structure of the proximitized model in the particle subspace. The Debye
window, shown as dashed red lines, is chosen such that there is no overlap between the
Weyl and Metallic subspaces. The parameters used are: N = 145, Ey = 0.05, Ag = 0.1,
wp=03, m,=3, m=2, a=2,v=1,and p=0.71.

With inversion symmetry broken, and the introduction of the orbital quantum

number o, we expect up to four nonzero pairing amplitudes:

1
Fll(Z) = —Q/koL

Fr(z) = —1/d2kl

2

1
Fs(z) = —2/kol

(Vg 1%k, 20) (Vi 20V ke, 11)

(Vo 1%k, 2) — (Ui, 20¥ ke, 1,1)

(Vok, 2%k, 24) + (Ui, 20V k) 21)

(Vo 1%k a0) + (Ui 10V 1)

(2.61)

(2.62)

(2.63)

(2.64)

where Fs and Fr are orbital singlet (spin triplet) and orbital triplet (spin singlet) pairings.
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A cut of the noninteracting band structure in the Fourier basis, cut along k, = 0
in the particle subspace, is shown in Fig.(2.5). With the appropriate choice of parameters
and the Debye window (dashed red), the numerical model faithfully approximates a set of

Weyl and Metallic bands that couple across the interface.

2.3.2 Results
SC-WSM

We begin by exploring the behavior of the induced pairing amplitudes in a device
consisting of one SC-WSM interface with broken inversion symmetry in the WSM. For our
initial parameters, we set the chemical potential and Debye window such that u + wp falls
below the top of the Weyl bands in k, and k, space (i.e. p+ wp < «,my, respectively).
Additionally, the window is adjusted so that it is near the middle of the metallic band (i.e.
i —wp > Ep). The number of modes for this simulation is taken to be N = 145 with
the boundary at Zp = 0.6L, and the maximum values of k, and k, are taken such that
ky® = ket with Hwsn (k7%%,0,0) = p + wp.

Shown in Fig.(2.6a), Fig.(2.6¢c) and Fig.(2.6e) are the pairing channels Fii, Fh,
and Fp. The Fg channel has been omitted since it is several orders of magnitude smaller
than the others. The upper panels cover the entire device while the lower panels focus
on the behavior near the interface. The magnitudes are normalized to Fy = Ag/g11, with
g11 ~ 49 and Fy ~ 6.1 x 1073. The broken inversion symmetry implies that a classification
in terms of singlets and triplets is not appropriate. This is reflected in the finite amplitude

seen in all three pairing channels even though the superconductor is an s-wave spin singlet.
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However, the mismatch in symmetry and band structure across the interface leads to a
significant reduction in amplitude which decays very quickly as one enters the semi-metal.
While the peak and oscillatory behavior near the interface are expected from the finite
number of Fourier nodes and the step like change in Hamiltonian, the significant drop-off
across the interface is a result of disparity between the semi-metallic and metallic behavior
of the low energy electronic states. In sec.2.2.2, we show that, for metallic bands on both
sides, the canonical result of a smooth evolution is recovered.

To better characterize the proximity effect, we analyse the momentum dependence
of the superconducting gap. Fig.(2.6b) shows the form of the pairing amplitude in the middle
of the host SC, whereas Fig.(2.6d) and Fig.(2.6f) show the pairing amplitude on and near
the interface on the WSM side. Notably, the majority of weight remains near the I' point
until one gets well inside the WSM. However, the amplitude has essentially decayed to zero
by that point. This suggests that the confinement of the superconducting pairing to the
interface on the WSM side of the junction is correlated to the degree to which the metallic
electronic states penetrate the WSM. In other words, the wave-functions participating in
the superconductivity at and near the interface inside the WSM resemble those of the host

superconductor.

Superconductor-WSM-Superconductor

While the surface state of the WSM at the interface with the superconductor
is accurately captured above, those at the other end of the device are ignored. Since the

induced superconductivity is localized to the region around the interface, this approximation
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Figure 2.6: (Left) Real component of (a) Fi1/Fy, (c) Fae/Foy, and (e) Fr/Fy throughout the
device (top) and around the boundary (bottom). (b,d,f) Momentum space behavior of | Fi; |
(b) in the center of the host SC, (d) on the interface, and (f) just within the interface on
the WSM side. The Weyl nodes are marked at k, = £a/v, and the edeges of the metallic
(Weyl) debye window are marked at +kj; (+kyw ). The boundary is placed at Lp = 0.6L,
and the parameters used are: N = 145, Ey = 0.05, Ay = 0.1, wp = 0.3, m, = 3, m = 2,
a=2,v=1and p=0.71.
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Figure 2.7: (Left) Real component of (a) Fi1/Fy, (c) Faa/Fy, and (e) Fr/Fy of the two
Josephson-Junction. (Right) Momentum space behavior on the left boundary of (b) Fiy,
(d) Fi2, and (f)Fp. The boundaries are placed at By, = 0.4L and Bgr = 0.6L, and the
parameters used are: N = 145, g = 0.05, Ag = 0.1, wp =03, m, =3, m =2, a = 2,
v=1, p=0.71, g1 = 48.53, and Fy = 6.18 x 1073,
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is expected to be valid. To verify this, we next turn to the behavior of a SC-WSM-SC device.
To better capture the physics, a greater momentum space resolution is implemented.

Plotted in Fig.(2.7a) is the real component of the pairing mode Fj; throughout
the device, as well as its behavior near the boundaries. The results are in agreement with
those in section 2.3.2 where induced superconductivity is predominantly in the Fi; channel
confined to the interface. The behaviors of Fys and Fr are shown in fig.(2.7¢) and Fig.(2.7e).
The latter are finite as expected by the broken inversion symmetry but are much weaker as
compared to the Fj; channel.

The momentum space dependence at the boundary for Fiy, F5o and Fp are shown
in Fig.(2.7b), fig.(2.7d) and Fig.(2.7f) respectively. As in the single interface case the ma-
jority of the weight remains near the I' point in all three channels reflecting the very wek

coupling to the Weyl nodes.

Velocity mismatch across the interface

An important determinant of the coupling across the interface is the mismatch in

the perpendicular velocity between states of the host superconductor (vi¢) and the WSM

z

(v¥). To understand its impact, we vary the Weyl velocity v and adjust « to keep the

Fermi-surfaces separate; all other parameters are fixed. Two limiting values of v are (1) vf,

C

below which the two systems share no states with similar energy and velocity, and (2) v,

above which there are states for which the two systems have the same energy and velocity.
To determine these values, we first note the velocity v, = 0k, F(k) for each system is given

by:
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2m,k,(m. k2 —
o = maks (mak; —m) (2.65)

\/UQ(kx + a/v)? +v2k2 + (m.kZ —m)?

oM = 2m.k, (2.66)

z

M

>, 1N terms

It will prove convenient to write the ratio of these two velocities, R = v}V /v
of the band energy E, the Weyl wave vector magnitude k2, = (k, &+ a/v)? + k;, and the

metallic wave vector magnitude k%, = k2 + k;:

\/E2—v2k12/v \/E2—v2k:‘2,v—|—m

R:
E E— Ey—m.k2,

(2.67)

For kw = ky = k with functions f(k) = /E? — v?k¥, and g(k) = E— Ey—m.k3; Eq.(2.67)

is:

(2.68)

We seek a condition on our parameters that will either forbid or allow R(k, E) = 1. A local

extreme exists at k = 0 which has the value:
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Determining v§ is equivalent to finding v for which the concavity of R(0, E) changes sign:

R'(0) = m:ho  v’ho [290/13 + fo]

90 12 2goh?

[E+m 2m, E?
4 z
Ve E—FEyV 3E+2m ( )

For v < wy, hg is a global minimum, and thus the electronic velocities are never
equal. However, v > v§ is not enough to guarantee equal velocities, as seen in Fig.(2.8). We
denote k2 (kM) to be the root of f(k) (g(k)). When kY < kM the ratio function diverges

before it can reach one; thus, the value v, is obtained when the two roots are equivalent:

. m, E? . |3E+2m
pr— pr— —_— 2-70
WINEZE T "V 2E+om (2.70)

For vj < v < v, it is still possible to have R(k, E) = 1 for some value of k; in practice,

however, this window is quite small and does not guarantee a ratio of one. Given these
expressions, we find the simulation in sections 2.3.2 and 2.3.2 have a Weyl velocity of
v = 0.89v7, which suggests that the states near the chemical potential on the two sides of
the interface have very different velocities.

We can now explore the effects of mismatched v, on induced superconductivity.
Shown in Fig.(2.9) are plots of the energy bands for the BAG equations with k, = 0,
along with the corresponding momentum space distribution of Fj; at the interface, for

v = 0.5v7, v = v, and v = 4.0v;;. The energy band plots have been color weighted by the
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Figure 2.8: Plot of R(k) for (red) v < vf, (green) vj < v < v, and (blue) v > v{ using the
same parameters as our simulations and E' = pt —wp = 0.4. Only v > vj, guarantees a ratio
of one.

average of their wave function over the device. To ensure that the Fermi surfaces of the two
systems remain well separated, we adjust a such that the two band structures still meet
at E = p+ wp. Three distinct band structures are observed: (1) Metallic like bands that
average to the center of the SC at 0.3L (light blue), (2) Weyl like bands that average to
the center of the WSM at 0.8L (light maroon), and (3) Edge states bridging the two band
structures that average to the interface at 0.6L (light brown). We find that, below v, the
pairing function is mostly confined to the host superconductor and does not couple to the
Weyl or Edge states; this is reflected in the form of Fij(ky) as a function of z. As v is
increased to v, the edge states and the pairing function are able to weakly couple to the
Weyl nodes. Finally, at v = 4.0v{, the edge states and pairing functions are more evenly

distributed between the Weyl nodes and v point.
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Figure 2.9: (Left Column) BdG energy bands of the single SC-WSM system for (a) v =
0.5vf, (b)v = v§, and (c)v = 4.0v5. The bands are color weighted by the average of their
wave function over the length of the device. (Right Column) Corresponding momentum
space distribution for Fj; at the interface. The model parameters used are: N = 146,
FEy=0.05A0=0.1,wp =03, m, =2, m=2, u=0.7, g1 =48.9, and Fy = 6.13 x 1073,
with a adjusted based on v.
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Figure 2.10: Least squares fit calculation of (Blue) Decay length and (Purple) Interface
Amplitude as v is increased for (left) Fiq, (middle) Fhe, and (right) Fr. £ = 0.04L for the
chosen parameters of the simulation. As the velocity mismatch becomes smaller, both the
amplitude at the boundary and the coherence length inside the WSM decrease.

To better understand the behavior of the pairing modes as v is increased, we fit
the real component of each mode in real space to extract the penetration depth ¢ and the
paring amplitude at the interface. These values are plotted and compared to the Cooper
pair size £ = 2m kr/(7A¢) and the initial pairing amplitude strength Fp in Fig.(2.10). For
a clean superconductor the coherence length is 0.74¢. As v is increased, and the pairing
amplitudes couple more with the Weyl physics, the amplitude of the pairing modes at the
interface and the decay length decrease. This suggests that the mismatch in band structure
and loss of inversion symmetry are antagonistic to proximal superconductivity. Even when
states with similar velocities and energies exist at the interface the overlap of wave-functions

is not sufficient to induce superconductivity well inside the WSM.
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2.4 Transition Metal Dichalcogenides

2.4.1 Model

We now consider our previous system, but with a Transition Metal Dichalcogenide
(TMDC) replacing the Weyl semimetal. In momentum space, the TMDC has the two

dimensional BdG Hamiltonian [42]:

H(k) = t(vkyoq + kyoy) + $EGo. — $Esoc(0. — 1)S. — pr (2.71)

where o; are the Pauli matrices in the orbital subspace for the in-plane |1), = ‘dxz,y2> +
iv |dgzy) and out-of-plane [2) = |d,2) orbital states, with valley number v = +1. The
momenta k, and k, are measured relative to the TMDC’s K-point denoted by Ky. We seek
to apply the spectral method to simulate tunneling between a metallic superconductor and
a TMDC. To do this, we model the TMDC as a thin film whose in plane x — y physics is

given by Eq.(2.71), with a free particle model along z:

H,(k) = H (k) + mkZo, (2.72)

Additionally, we modify our metallic system by inserting a barrier in the |2) subspace:

HM(k> = (mki)al + (mkzaz + E())O'Z — (Vo — ,LLT)UQ — UM (2.73)

where k| = k;2 + kygy is the momentum perpendicular to the normal of the interface and

o1 and o9 project onto their respective orbital subspace. This model is designed to better
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represent a single band metallic system while still allowing for the Fourier expansion, as
the barrier term forbids electrons in the orbital |2) state from entering the metallic system.

The new BdG Hamiltonian is given by:

Hpac(ki,2) = 7.[o1mO(Lp — 2)k? — 0.md? + 0. Ey(2) — pu(2)]
+ 1 [t(2){v(ky, 2)ky0 + kyoy} + LEG(2)0s — 2(ka, 2) Esoc(0s — 1)S.]

+ (iSy)A11(2)017+ — (Z'Sy)AH(Z)O'le (2.74)

To account for the valley physics, which cannot be replicated in the metallic model, we have
introduced the parameter v(k;,z) = sgn(k;)©(z — Lp). Because of this, there will be a
discontinuity in the physics of the TMDC when its Fermi momentum is near the I" point;
our parameters are chosen to avoid this issue. The correlation functions are the same as

before, and we can proceed as we did with the Weyl semimetal.

2.4.2 Results

We explore the induced pairing functions in both the conduction and valence bands
by adjusting the chemical potential of the TMDC. As was the case for the Weyl Semimetal,
the spin triplet pairing is several orders of magnitude weaker than its counterparts, and will
be ignored in this analysis. Our results from the Weyl Semimetal simulations suggest that
only momentum states near the superconductor’s Debye window will have an induced gap;
we test this by constructing the TMDC model in two regimes: 1) Strong overlap, where
K is such that the Fermi momentum of the TMDC lies within the Debye window of the

superconductor, and 2) Weak overlap, where K puts the Fermi momentum outside the
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<z>

Figure 2.11: Color weighted bands at Ky = 1.8 for (a) conduction bands (ur = 3.0) and
(b) Valence bands (ur = —2.1). Both cases place the TMDC’s Fermi momentum within
the Debye window of the superconductor.

Debye window of the superconductor. For these simulations, all parameters (excluding up
and Kj) are fixed to be: up =2, Ey = 0.1, V5 =30.0, m =2, Ag =0.1, wp = 0.3, t = 3,

FEg = 3.0, and Fg. = 1.0. The boundary is fixed at Lg = 0.80L.

Strong Overlap

We first take Ky = 1.8, with up = 3.0 and ur = —2.1 for the conduction and
valence bands, respectively. A plot of the full band structure, color weighted by average
position within the device, is shown in Fig.(2.11). The simulated band structure captures the
TMDC and superconductor physics with the TMDC’s Fermi momentum placed within the
superconductor’s Debye window. Shown in Fig.(2.12) (Fig.(2.13)) are the induced pairings
of the conduction (valence) bands (left) throughout the device and (right) in momentum

space at the center of the TMDC (z = 0.90L).
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momentum space at the center of the TMDC. The momentum space correlations are only
nonzero near the superconductor’s Debye window.
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Figure 2.14: Color weighted bands at Ky = 2.6 for (a) conduction bands (ur = 3.0) and
(b) Valence bands (ur = —2.1). Both cases place the TMDC’s Fermi momentum outside
the Debye window of the superconductor.

Weak Overlap

We now take Ky = 2.6, with the same chemical potentials. A plot of the full band
structure, color weighted by average position within the device, is shown in Fig.(2.14).
The simulated band structure captures the TMDC and superconductor physics with the
TMDC’s Fermi momentum placedoutside the superconductor’s Debye window.

Shown in Fig.(2.15) are the induced Fii, Fbe, and Fg pairings of the conduction
bands (left) throughout the device and (right) in momentum space at the center of the
TMDC (z = 0.90L). For both strong and weak overlap, only momentum states near the

Debye window of the superconductor have a nonzero pairing.
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2.5 Conclusions

A promising architecture often proposed to realize unconventional, and poten-
tially topological, superconductivity is proximal coupling of an s-wave superconductor to
materials such as WSMs, TMDCs, and other unconventional systems. Theoretical models
providing support to this approach employ tunneling models across the interface where the
parameters are phenomenological inputs. Of interest for experimental implementation are
design principles which inform on an optimal choice of material properties to achieve prox-
imal superconductivity. This study elucidates the effects of proximitized superconductivity
in an architecture without assuming new physics at the interface beyond quantum tunnel-
ing. This is achieved by a numerical calculation of the electronic wave functions and their
correlations by expanding the respective Hamiltonians in a common Fourier basis.

Our simulations show that the degree to which the superconductivity and Weyl
physics couple is dependent on mismatches in electronic velocity normal to the interface.
The two systems are only able to sufficiently couple once the Weyl velocity v reaches some
minimum value v?; however, all three pairing channels show a negative correlation between
the Weyl velocity and their respective decay length and interface amplitude. This suggests
that the induced pairing is unable to penetrate far into the bulk of the WSM. Within
a continuum model, with quantum tunneling across the interface, predominantly surface
superconducting state is induced by proximity. In other words ensuring continuity of wave-
function and probability current at a sharp boundary separating two regions is not enough.
Other treatments implement the same boundary assuming tunneling [43] across the interface

but cannot capture the decay of the amplitude in the superconductor. Additional physics
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involving electronic states near the boundary is needed to induce superconductivity inside
the bulk of the WSM. These can be implemented by adding an interface potential or using
an alternative approach based on transmission/reflection coefficients [44, 45]. Determining
the boundary conditions that allow for efficient proximity effect in Weyl semi-metals is an
interesting next step and beyond the scope of this work.

The momentum space pairings for WSMs reveal higher weight near the I' point
while the edge state is distributed around the Weyl Nodes. The inability of the pairing
amplitude to penetrate into the bulk of the WSM likely stems from a mismatch in the
momentum of their low energy physics. The same result is found for simulations involving
TMDCs, suggesting that the often desired pairings (i.e. those distributed around the Weyl
Nodes or TMDC valleys) require some form of interface scattering in either the momentum

space, electron spin, or both.
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Chapter 3

Phonon Assisted Optical

Absorption

3.1 Introduction

In semiconductors, there is a finite band gap between the valence and conduction
bands that prevents current from flowing freely. Unlike an insulator, however, the gap is
small enough that it is possible to excite electrons from the valence band into the conduc-
tion band by the absorption of a photon of the appropriate length. The excited electron
experiences an attractive Coulomb interaction with the hole left behind in the valence band,
forming a bound state known as an exciton [46]. Finally, after some delay, the electron de-
cays back to the valence band, releasing a photon in a process known as photo-luminescence.
The photo-luminescent spectrum of semiconductors is often used to determine the band gap

(exciton energy) [47]; however, a recent experiment has captured photo-current absorption
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A

=
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Figure 3.1: Layered TMDC structure and a sketch of the observed side-bands in the ab-
sorption photo-current. (Barati et. al., 2022).

data to measure the inter-layer excitation energy of the layered TMDC structure shown in
Fig.(3.1) [48]. Their measurements, shown in Fig. (3.2), depict a collection of absorption
peaks, suggesting that the vibrational states of the system allowed for simultaneous phonon
absorption event(s). They corroborate this by confirming that the side-band energy split-
ting, which is roughly 30 meV, is consistent with density functional theory calculations of
the system’s phonon dispersions (as seen in Fig.(3.4)). Since such phonon side-bands have
historically been explored in the context of photo-luminescence spectra [47, 49-53], our goal
will be to obtain a model that captures this physics in the context of an optical absorption

spectrum.
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Figure 3.2: Absorption photo-current for (a-c) direct momentum (K — K) and (e-g) indi-
rect momentum (I" — K) inter-layer transitions. (Barati et. al., 2022).
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Figure 3.3: (Left) The schematic device and (Right) its predicted vibrational states. (Barati
et. al. Supplementary information, 2022).
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Figure 3.4: Density Functional Theory calculations of the phonon dispersions for the vibra-
tional modes in Fig.(3.3) (Barati et. al. Supplementary information, 2022).
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3.2 Initial Model

We first consider a basic model of interacting electrons, phonons, and photons:

HO = Hel + Hlatt + Hem

= Z 5)\,kPli‘7’li‘ + Z th(Dqu + %) + Z hwq(B(Tqu + %) (3.1)
Ak a q
He o = % ch\ X\I/T )\/ k/\I}A’ k’+q\I/)\k q (3'2)
AN kK q£0
AN
Heppn = Z Z thngk qk(D-q+ Dj;) (3.3)
Ak g
Hepoem = —i Yy FM PR BM (3.4)
ANk

where Pli’é‘/ = \11171{\1/ N,q is a shorthand for the electronic polarization operator, and BZl
(Bq) and DZl (Dq) are creation (annihilation) operators for photons and phonons with
wave vector q, respectively. The parameters €) y, gé, and FM\' represent the electronic
band structure, Frolich Hamiltonian matrix element (scaled by the phonon energy), and
dipole matrix element for vertical transitions, respectively. Additionally, we allow for band
dependence in the coulomb interaction V(f‘ ”\/, which will prove necessary when considering
layered 2-D materials. The operator B is defined to be By for eyx > ey x and Bg for
exk < €x k. There are two approaches to determine the absorption spectrum for such

a system: 1) Obtain the retarded electronic polarization function [54], and 2) Obtain the
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Heisenberg Equation of Motion for the photon occupation number <BTB > For the purposes
of this work, we will only consider the latter, but note that the results are identical. To

that end, require an expression for the general polarization commutator:

v pAN e\ Av
[PEY PN = Sondare POy — Senibioq Pty (3.5)

Using the Heisenberg picture, one can show that the average photon occupation number

obeys [46, 47]:

& (BLBa) = 1 [ {Aa(t)) ~ (Lg(t) ] (3.6)

where Aq(t) (Lqg(t)) describe changes in the photon number due to absorption (emission)

events. Focusing on the absorption term, we define the polarization function:
Y (k) = <Bpljﬁ’> (3.7)
and find:

(Ag(t)) = > > FPIM(K) (3-8)

ex>ey k

To determine the absorption spectrum, we must solve the equation of motion of the polar-
ization function. However, we must be careful with how we determine the average of an
operator (A). Note that, when calculating the equation of motion for the two particle corre-

lation function <B(EBq>, we obtained an expression involving the three particle correlation
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function <B\Il§7k‘lf A’,q>- In general, the equation of motion of an N particle correlation
function requires knowledge of an N + 1 particle correlation function. This leads to a hier-
archy problem that can only be solved by truncating the resulting coupled equations at a
chosen particle number. The solution is to follow the cluster expansion procedure outlined
in Kira and Koch [55], where the N + 1 particle correlation function is written in terms of
its composite correlations. In a zeroth order cluster expansion, we keep terms up to order
N in the equation of motion, and evaluate them with respect to the system’s initial ground
state. Applying the cluster expansion, the polarization function’s equation of motion obeys

the Wannier Equation [46, 47]:
{ihd + (ecx — eox) — BwTIS (K, 1) = {f — i} D Vi IV(K) —iS(k, 1) (3.9)
k/

where e) i is a modified band structure accounting for the Coulomb self-energy, fli\ is the
average electronic occupation number for energy ey x, and S(k,t) = F°¢ <BTB> (fﬁ_q - )
acts as a source term for the excitations. Note that solutions to Eq.(3.9) describe bound
states created by the attractive Coulomb interaction between the excited electron and the
(positively charged) hole left behind in the valence band, as previously mentioned.

While Eq.(3.9) reveals the well established optical properties of a traditional ex-
citon, it notably lacks any contribution from the electron-phonon interactions. This is due
to the prescription of the zeroth order cluster expansion, which allows only terms of the
same particle order as the correlation function. In order to introduce the Nth order phonon
side-band, we would need to take the cluster expansion to Nth order, requiring us to solve

N + 1 coupled differential equations. This is impractical, and we will need to find some
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method to simplify the calculation before we can obtain the desired phonon side-bands.
In the next section we present a model containing the phonon side-bands, and explore its

derivation in subsequent sections.

3.3 Fitting of Data

In the following sections, we will discuss a transformation that allows us to obtain
the phonon side-bands to arbitrary order within the optical absorption spectrum without
needing to take the cluster expansion to the same order. In the simplest case in which
phonons are emitted/absorbed from optical branch v with energy Af2,, we find the absorp-

tion coefficient as a function of the photon frequency w to be:

aw) = ST IFE 3% L, DTy (3.10)

Ec>Ew {WUGZ} n (Elg/ + ZV thQV - hw - En71/)2 + (Ffﬁ:}/)2

In this expression, E'g” represents a modified band gap resulting from corrections due to the
electron-phonon interaction, E,, is the Wannier energy, and I'y,, is the effective exciton

lifetime for transitions between the conduction and valence band. The side-band amplitude

is given by:

! 97" |?
DGV = elov 20 o gme By y 3.11
v ‘ v\ sinh(Bh$, /2) (3.11)

where g = g& — gY is the difference between the electron-phonon matrix elements for the
two bands, and I,,, is the first Bessel Function of imaginary argument. For simplicity, we

will assume only one phonon mode contributes to the optical spectra. Furthermore, since

72



the difference between Wannier energies is typically larger than spectrum bandwidth, we
will restrict the summation over Wannier energies to a single energy, which will be included
within the fitting. Finally, there are three key unknown parameters in the experimental
data: 1) the effective temperature of the system, 2) the zero phonon line, and 3) the
exciton lifetime. For this reason, we fit the data in three distinct ways: 1) all parameters
freely determined by the curve fit algorithm, 2) the exciton energy fixed near the predicted
literature values (~1.3 eV for the K — K transitions [48, 56, 57] and ~0.9 eV for the I' — K
transitions [48, 58]), and 3) temperature fixed to zero kelvin, preventing the model from
considering phonon absorption side-bands.

Shown in FIG.(3.5) are fittings for the i — K transitions for: 1) arbitrary param-
eters, 2) fixed phonon (30 meV) and exciton (1.278 eV) energies, 3) fixed phonon (30 meV)
and exciton (1.313 eV) energies, and 4) fixed temperature (0K). All values have chi-squared
values of approximately 0.12, suggesting that all four fits are in good agreement with the
data. However, the fits with fixed exciton energy have fitting temperatures of 1538 K and
4626 K, respectively, which are significantly higher than the reported cryogenic tempera-
ture of 20 K of the experiment. Fits (1) and (4) are consistent with one another and the
expected cryogenic temperature, but predict an exciton energy of about 0.78 eV.

Shown in FIG.(3.6) are fittings for the I' — K transitions for: 1) arbitrary param-
eters, 2) fixed phonon (30 meV) and exciton (0.94 eV) energies, 3) fixed phonon (30 meV)
and exciton (1.02 eV) energies, and 4) fixed temperature (0K). All three arbitrary temper-
ature plots suggest an ambient temperature of about 456 K, while the 0 K plot suggests a

phonon energy of 50 meV and exciton energy of 0.58 eV.
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Figure 3.5: Fitting of Eq.(3.86) to K — K absorption data from reference [48] for (Left) all
model parameters, (Middle) all model parameters with energy fixed to 1.278 ev and 1.313
ev, respectively, and (Right) all model parameters in the zero temperature limit.
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Figure 3.6: Fitting of Eq.(3.86) to I' — K absorption data from reference [48] for (Left) all
model parameters, (Middle) all model parameters with energy fixed to 0.90 ev and 1.02 ev,
respectively, and (Right) all model parameters in the zero temperature limit.
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3.3.1 Discussion

Let us first examine the fittings that fix the exciton energy to the literature values
of 0.9 eV and 1.3 eV. In both cases, the fittings suggest a phonon temperature well above
that of the cryogenics. While it is possible that some effective temperature was introduced
in the experiment, given that the literature values are themselves estimates based off of
photo-luminescent experiments, we must also explore the possibility that these values are
inaccurate. For this reason, we turn to the 0 K fits, which have the lowest and second
lowest chi-squared values for the I' — k and K — K transitions, respectively. For the K — K
transitions, the fit predicts a zero-phonon line of about 0.78 eV, differing from the literature
value by about 50%. For the I' — K transitions, a zero-phonon line energy of 0.58 eV is
predicted, differing from the literature value by about 43%.

Ultimately, our model serves as an additional method for calculating the exciton
energy. Critically, it accounts for two perturbations of the bare exciton energy (i.e. in the
absence of a phonon bath) by 1) determining the effective polaron band structure due to
the Frolich interactions (Eq.(A.10)), and 2) allowing for an effective Coulomb interaction
that shifts the Wannier energy. Such corrections are crucial for an optical spectrum with
phonon side-bands, since they would be necessary for determining whether or not the side-
bands are from phonon absorption, emission, or some combination of the two. Finally, it
is worth noting that, to simplify the fitting, some key details of the model were omitted.
Due to the complexity of the exact model (see Eq.(3.80), the above fitting assumes a single
vibrational state with flat dispersion and Frolich matrix elements. While the experimental

fits are consistent with the data, a more sophisticated fitting algorithm paired with the
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more detailed model could yield a more precise calculation of the exciton energies.

3.4 Interacting Polaron Model

We now follow Feldtmann et. al. [47] and define a unitary transformation that

casts the system as an effective interacting Polaron model:

T = e:np[ Z ngli‘ ’\q qu} = e:np[ Z Uy q} eV (3.12)

Ak,q Ak,q

where Qq = Dl; — D_gq. The following commutators will prove useful:

[Qq: Qq] = [D} — D_q, D}, — D_g/]

= —[D{,D_g] = [D-q,D},] =0 (3.13)

, pIA ,
[qu, k/ﬂf] —quq[ k— qk’Pk’ﬂ’]

= 93 (Or 0l Poh o — O3 80k—aqq P i) @a (3.14)
! NN A A
[Uli\vq’ Uli\/,q’] - gng {P q’ k/Pk qk[Q(‘D Qq] [Pk—q,k’ K q k/]Qqu }
= gég()\l: (6)\,)\/51(71(/ IPk qk’ 5)\ )\/(5}( q,k’ k’ o k)Qqu (315)

We now obtain the Polaron picture using the Baker-Campbell-Hausdorff (BCH) lemma.

Note that [U, Bq| = 0, leaving the photon operator and He,, unchanged under the transfor-
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mation. To first order, the phonon Hamiltonian transforms as:

U, Higu) = Y hwg [UR 4, D}, Dyl
a Aka

AN
- Z Z hwg gq R qk{[DL’DL’Dq/] - [D*Q’DL’DQ’]}
a Mkq

A
= Z Z hwg ngk qk{ Oq, q'D — bq,—a'Dqr}
qa Akq

= —Ha (3.16)

This eliminates H¢_p;, in the BCH expansion, and reduces the first order expression to
(U, Hei—pn]/2. All higher orders of the BCH expansion for Hjuy can thus be found from

calculating [U, Hej—pp):

U Hapr] = D> (m2)[UR Ukt + 208 P10 Dot

AN kK q,q’
ZZZ (h€y ~ P a1 QaQel
gq/gq k qk+q k—q—q k/%a¥q
k qq’
A NN
+QZZqu’gqhQ NP qxQas P 1o D—o]
AN ko k' q,q

The first term can be cancelled with a momentum transformation k’ = k—q’. The remaining

commutator is found to be:

AA pYN AN NN A NN
[Pl qxQa P Zq w Dol = B g P Qs D—a'] + [P 1o Bio " 11 P—qr Qg
AA A
= —dq, Y quk’ —q' .k’

AN PUPY
+ 5/\/\’(5k’—q’,kpk—q,k' - 5k’,k—qu/—q/,k)D—q’Qq
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which gives:

AX NN
U Hapn] = =23, > ) 909" (M) By sche Lo
AN kK a

—2 Z Z Z gng {Pk’ a.k+q Pli\f\qfq’,k}D*q/Qq

k qqd

The second term is eliminated by the same momentum transformation, yielding:

[U7 Heliph] - _2 Z Z Z g)\ )\/ \Ijl,k—q(dky)\’(sk’—‘rq,k - \IJT)-\/’k/_i_q\Il/\?k)\I]/\/’k/}
AN kk! q
A
= —2 Z th‘gm P —q,k—q
Ak,q
—2 Z Z Z Mg giqgé\l \Il;,k\lll’,k"ll/\’,kurqql)\,qu (3.17)
M kK q

The first term in in Eq.(3.17) couples to the electronic band structure, while the second
term modifies the Coulomb interaction. Finally, we note that when the coefficients in the

Hamiltonian do not depend on the electronic momentum k, the following commutators

vanish:
A NN AN PUPY
[Pk_q’k, Pk,7k,] = 5/\,/\’(5k,k’Pk—q,k/ — 5k’,k—qu/,k) (3.18)
A A Y AN AN
g \I’;’,k/\I/J;\”,k“‘IJA”71<"+<1"1J)\’71<’—Q’] [P e O 0P o = B oo B o

AN PUPY
= 5q/,05A’,/\{5k’,kPk—q,k'—q' - 5k’7q’7qupk/,k
)\/ )\// )\II7A/ )\/,)\ A//,)\/
— 5A//’>\{5k//7kPk, Kk’ +q Pk—q,k’—q’ — 5k/+q/’k_qu,’k Pk”,k’—q’}

)\7)\// AN )\l Al AN )\N,)\
— 5)\/,>\{6k/,kpk7q,k”+q Pk// k’ / (Sk/_q/7k_qu/ k”+q Pk”,k (319)
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Thus [U, Hej—e] = 0 and [U[U, Hej—pp) = 0. The Coulomb interaction remains unchanged,
and the higher order terms in the BCH expansion of Hjq and Hgy_pp, vanish. We are left to
calculate the transformations for H.; and Hgj_.,,. We begin with the band structure terms

at first order:

U Hel ZZZ&\’ k/gq k— qupli\’/,’li\’/]Qq

M kK q

A pAA
= Z {exk — 6/\,k—q}gqpk_q,qu
Ak,q

=) {exk—ark-q}lUiq (3.20)
Ak.q

At second order, we obtain:

[U, [U, He]] ZZZ{@J k' — EXN Kk/— q}[quaU /)

AN kk! q,q

Using Eq.(3.15), this reduces to:

AA >
Z Z Z gng/{(f':)\,k+q’ - 5A,k)Pk a.k+q’ — (Exk-q — Exk—q—q’ ) k a—q’, k}Qqu

A kg d

Defining q” = q + q’, we obtain:

[Ua [Uv HelH - Z Z Z{E/\,k - 25}\,k—q+q’ + EA,qu}gé_q’Qq—q’ Uli\_%k (3.21)
A kaq q
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The form of Eq.(3.21) suggests higher order terms will be of the same form. Using the

matrix product notation (M N )k = Dy, My x, Nk, k, the transformed Hamiltonian is:

fa =323 (O0), | Al

A kq

where Cl’(\,k, = gﬁ,k/Qk_k/ and (€))kk = €xkdk k- First and second order transformations

of Hej—em are similar. We have:

Uil =130 3 5P W 18

X kg NN OK

. AN AN AN AN
= Z Z F2 {94 — 9q YRa Pl kB
WV kg

and:

. BN ’ ” A YU G
[U7 [U) Hel—em“ = —1 Z Z Z Z F/\ A géQq{gé\lf - g();\ll }Qq’ [Pk;q.k’ Pklfq’,k’}B)\ A

A k7q )\/,A// k/7ql

, AN f A A N Y N A N AN AN
=1 Z Z Z F {quq(gq' - gq')Qq’Pk_q,k+qI — Yq Qq(gq' - gq’)Qq,Pk_q—q’7k}B
AN kg o

. AN A AN/ X\ AN AN
=t Z Z Z F {(QQ’ - gq’)(gq—q’ - gq—q’)Qqu—Q’}Pk—q,kB

AYA/ k7q ql
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This allows us to write the interacting polaron picture as:

i —c c A A2 pAA
Hyot = 3 { (@80 A)k e P Palgy 2P } (3.22)
Ak,q ’
Higre = Y 7Qq(DiDg + 3) (3.23)
q
Hepm = hwq(BiBg + %) (3.24)
q
pol pol — 5 Z Z Z V/\ A \II; k /\/ k/gl)\’ k/+q\11)\ k—q (325)
M kK q
Bitcom = 13 P (0C) a0
AN kg

where we have defined Vg N = 174 A 2th(gé)*gé,. Crucially, we see that the EM-field
interaction has been modified and now couples the dipole matrix element with the Frolich
matrix elements.

We further simplify prol by replacing all powers of C with their thermal average,

reducing it to:

Hpol = Z eAakPli\;l;\ (327)
Ak

The energies ey x are found from evaluating the thermal expectation values.
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3.4.1 Photon Emission and Absorption Spectra

Using Eqs.(3.23-3.27), we are now able to write the equation of motion for the

photon number operator <B3;Bq>. Using the Heisenberg picture, we obtain:

[BiBa, H] = =i 353 P (e2700) | Ry (Bl Ba BM]
AV kg

M [ C\—Cys AN
=i 3 Y P (e *) oD ke Bada

ex>ey k,q'

—i 3 SR ( Cr- Cy) oPk o Bhoq0 (3.28)

ex<en k,q’

which can be re-written as:

BlBq =

) Aq(t) = La(?) (3.20)

St| =

where:

S YY) | R Badao (3.30)

ex>eyn k,q' a4,
’ - AN
DD e (ecu C’y) , Bl acBl0a0 (3.31)
ex<ey k,q’ q

describe changes in the photon number due to optical absorption and emission, respectively.
We are primarily concerned with phonon side-bands in the absorption spectrum, and will

thus focus our efforts on Eq.(3.30). By normal ordering the phonon operators, we are able
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to define the polaron polarization function:
AN AN
1375 (k@) = B (1] 317103 1) a0 (3.32)

with (d/\ Wk = (01 —gﬁ:k,)DlLk, and (dr‘f’)\,)kvk/ = (R 1 — 9 1) Di—x. The absorp-

tion spectrum is now given by:

= Y Y ZCA;@’,H“ k,q) (3.33)

ex>eyn k,q

where Cff, is a coefficient accounting for the normal ordering of the phonon operators. We
will assume the interaction gé arises from an optical phonon such that {q = QVq. We can

find the dynamics of the polarization function by once again using the Heisenberg picture:

d_ o _
ih 1 (k q) = (15 (k. q), H] (3.34)

Commutators for ﬁpol and H,,, are:

c,v c,v AN
[Ha7 ( pol Z 6)\’ k’ a ﬁ ) Pk’,k’]
MK/
= (eyk — €ck— q)H (k q) (3.35)
15" (k.q Zhw (k. q), B, By
= holl% (k.q) (3.36)
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For Hjuy, we first note:

> 1dl)a0. DLIDg = b —qlgs — 95)" Doy = (dL,)q0

q’ q’

Assuming:

S 1dE )5 0. DL 1Dy = B,
q/
we find:

> ldE )b DDy Z [(d2,)5 4 (45 ) g0, DY 1Dy
q’ a’,9”

Z{ e g DY Do+ (d2,)5 (ldgr 0, DY} Dy

= Z{ﬁ a0+ (d2,)5 Do}

+1
= (B+1)(d,)50
Thus, by induction:

c,v A
M5k, q), Hign] = Y BQBPY {(d,)3 4o 1(d2,)5, o, DL Dy
qq//

+ DL (A])8 o Der (AT o}

= (8 — a)(R)IL; 5 (k, q) (3.37)
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where, for now, we have assumed the phonon dispersion to be flat; we will discuss how to

generalize to non-flat bands later. The first term of the inter-polaron interaction becomes:

N =

- C,v >\,>\ 1 C,vU
VO Pk q,k’ Pk’,k’ -2 Z )Pk q,k (338)
AN kK Ak

For the second term, we note:

c,v AN PPN AN c,v A c,v WY A
I:Pk_q,kj Pk/7k/+q/Pk//,k/7q/:| Pk/ k//+q [Pk_q7k7 Pk//,klfqul + [Pk_q’kj Pk/7k//+q/:|Pk//7k/7q/
AN A N
= Pk’ K'+q’ (5)\’,1161{” kPk a.k’'—q’ 5>\,c(5k’*q’,k*qpk”,k)

(5)\ v(sk’ kPk q,k"+q’ 5)\’ 5k”+q k— qP )Pk” k' —q’

which reduces the second term to:

)\ 1 A A 1 A A,
Z Z ( q’ v {P / k+q’? P}ifq,k’ } V(: {Pli q+q’ . k'+q’’ Pk/i ) (339)

We replace the commutator and obtain:

A, A
ZZ{V UP’k’Jrq Pk a.k'— ’_Vc; Pk a+a k+q T k} (3.40)
A K.q
)\ 1 ,A v, ,)\1 7A )‘7
N Z Z ( ’ k’ k+q” Plifq,k’fq’] N V:, §[Plifq+q2k’+q" Pk'jl)‘D (341)
X kg

The second term reduces to:

Avl C>\1
>0 (V' B verar Pilaue—art = Vo 3B qrq v k’k})
A K.q
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Which cancels with Eq.(3.38), leaving:

E § T A pc,A A,
[ (k q pol pol B cv )q70{vc PIS q+q’ . k’'+q’ Pk’ﬁ(
A K.
AU A A
— Vo P P ax—o (3.42)

Finally, we evaluate the commutator with ﬁpol,em:

c,v c,v " AN —Cy
0%k, @), Hpot—em] = =i Y FM[BR (L)1) a0, BM Bl (€ 7)

q’,O]
>\ )\/ k/ !

. ! / )\ )\ _ ,
= =i} > P BB B ol 1A ) g0, (€97 ) o]
/\7)\/ k’,q’

c,v SN —Cyy a
+ [BR quo B B s (€= ) o[ J71dE, ) )ao

The absorption spectrum is found from the thermal average 117", (k, q) = (IT);%; (k, q). We

can reduce Eq.(3.42) into two terms:

L2 {f/ < k—q+q/ K+ > <P1?’73<B([di,v]a[dzjv]ﬂ)q,0>

A kg

— Vo (Birar) (P aso—a BUAL A a0) | (3.43)

@) S SV (P e UL TP a0) (P

A kK.

V3" (P BUALIE a0 ) (P e o) } (3.44)
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The first term reduces to:

Z{ S SR AN }ﬁ 5k, q) (3.45)

q/

whereas the second term reduces to:

ZVM AS — fe-ad 115 5(d a) (3.46)

where f{(\ is the Fermi-distribution. The first term consists of contributions from the Polaron

self energy, thus we define:

- AN A
Exk = €\k — § Vi fie
k/

The equation of motion for the polaron correlation function becomes:

{ih g + (Cex—q — Eux) + (@ = B)hwq — hw}I7 " (K, q)

= { - fie q}§j‘f”c 2K, q)
— =i > FMYLBRY B B ol AL a0, (697N ) g )
A)\/ k/ !

c,v A A —Cyy a
 [BR i B B €™ W) o (70 a0} (347)
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We now begin reducing the remaining expectation values in Eq.(3.47). Denoting the phonon

N AN
operator combination as D73 (q'), we have:

. AN c,v AN AN AN (o
—iy > FIBRE G BMBGY 1D 5 (d)
A,)\/ k/7q/

: WY WY : AN AN PG AN WY
= —1 Z Z F {B B[Plii]q,k’ Pklfq’,k/} + [B, B ]Plii]q,kpk/*q/,k/}Da7ﬂ (q/)

A,)\/ k/7q/

which splits into:

. ! Yy A,
—1 Z Z F)H)\ {BTB(ék/_q/7k5)\7vP1((:_q7k, - 5k’,k—q5)\’,cpk/zq/’k)

ex<en k/,q
; AN AN
- [B BT]Pﬁfq,kPk,,q,,k,}Daﬁ (d) (3.48)
and:
—1 Z Z F/\’XBQ(5k’—q’,k6)\,vplii\q7k/ — 5k,,k—q5)\/7CPI?’73q’7k)D()\1:2 (q/) (349)
ex>en k' .’

Taking an expectation value, Eq.(3.48) takes the form:

i (B8) S { E P (R (P2300) = T (R ) (2500) |

q’ EN>Ey ex<éec
. AN c,v PN v
-t Z Z F <Pk—q,kPk’—q’,k’> <Da75(q )>
ex<eyn k',
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Noting:

: AN
<Plii)q,kPk’—q’,k’> - <\Ilj:,k—q(5>\7”5k’—q’,k - \Il;,k/—q/\:[lv’k)qj)\/,k/>

= Oxw0N Ok’ k—qOK ktq fi—q(1 — fi0) (3.50)

where we have ignored the term proportional to ., since we only consider absorption events

for e. > €,. Thus, Eq.(3.48) reduces to:

—iF o= )+ (B'B) (g — )} ((€©"“)qolldl ) (L, )a0) — (3:51)

Eq.(3.49) reduces to:

R { > B <P‘2fqvk+q’> <D§:2(q/)> -2 B <P1?fq—Q’:k> <D222(q/)> }

q’ ex<éwn ENEc

which vanishes for the ground state. The first commutator of Eq.(3.47) has the general

form:

. AN , AN pAN AN
=iy " FMBPE (B P> C [([d )2 dE, 1) g0, ([dS ) (A5 4™ o]
)\7/\/ k’,q’ n,m

(3.52)

We split this expressions’ contributions to the EOM into two pieces: 1) a product of cor-
relations with particle order less than the polarization function, and 2) a product of two
correlations with particle order equal to the polarization function. Due to the form of

Eq.(3.52), terms of the first form must be proportional to F)"’\/(S)\,X = 0. For terms of the
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second form, Eq.(3.52) becomes:

. AN AN , , AN pAN AN
i3 3 S PO (BRW DL (@B B DY)
M K g nm

. ’ ’ X / ’ )\’)\, 7
HIY DD S PO (BRE WD) BY B g D) (359)
AN K ,g nym

The polaron polarization function must be band consistent since our Frohlich matrix el-
ements only scatter electrons within one band, and the displacement momentum of the
exciton must match that of the phonons. Thus, Eq.(3.53) can only be nonzero when

{M N} ={c,v} and ' = q, yielding:
iy Y FeCh, (H;;’f;n(k, Q)T (K q) — T8 (k, @), (K q)) (3.54)
k/ n,m

which is only nonzero for {n,m} # {a, 8} and k’ # k. In general, the first term is a correc-
tion to the Coulomb piece in Eq.(3.46), and the second term contributes to the absorption
spectrum’s broadening. However, their contributions to the full absorption spectrum are of

the form:

iy FUY N CaC, (ﬁf{fin(k, Q)l1g 5 (K a) — T (k, o)TL (K q)) (3.55)
k/

OL,B n,m

Which vanishes.
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In the quasi-static limit, we set (d/ dt)l:[Z’:UB (k,q) = 0 and obtain:

{(Eck—q = ux) + (= B)RQY — hw}TT " (K, @, 1)

= {f — fE g} D Vi I (K ) — iS(k, q,t) (3.56)
k/

where the source term is given by:

Stkia,t) = F*{ fiq(U= )+ (B'B) (fig = £ } (%) qo((dl J*[dE,] ) q0)

(3.57)

The solutions to Eq.(3.56) gives a set of zero width Lorentzian distributions; however, in
practice, these peaks have a finite width owing to the exciton lifetime. Thus, a better

approximation for the time derivative is given by:

d =C,v rC,v
@Haﬁ(k’ q) = _Fa,BHa,ﬁ(kv q)

which yields:

{—ihT a5+ (Foicq — Fute) + (@ — B)lg — A} TIZ (k q, )

= {fi = fcad D VS TIe (K @) — iS(k, q,t) (3.58)
kl

and the excited polaron decay rate I'y g is given by the inverse of the average life time 7, g:
1 2
Lo = (rap) ™ = [FIm(Tap)
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where 3, 5 is the self energy of an electron, which has emitted (absorbed) o (/) phonons,
absorbing and re-emitting a photon. For now, we will focus on solving the quasi-static

solutions to Eq.(3.56), and we will treat the broadening as a fitting parameter.

3.4.2 'Wannier Equation
Derivation in 2-D

We focus our attention on the quasi-static EOM, noting that the Lorentzian broad-
ening can always be added later. The inhomogeneous Eq.(3.56) can be solved by expanding
in the basis of its homogeneous equivalent. To do so, we must make some approximations.

We write the polaron dispersion as:

Exk = €xk — M)

= ﬁl)\kz + ENB\

where 7, and E) are modifications to the original electron effective mass and band shift
caused by the Frohlich interaction and Coulomb self energy. The main assumption here is
that the Coulomb self energy and Frohlich interaction do not change the quadratic dispersion

of the original band structure. We now define the inverse transform of the multi-particle
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correlation function:

_ 1 o
Mg 0aa) = ¢ / dlre™ I (r, q)

Vi

C,V _
Haﬁ(rvq) - (27_[_)d

/ ke IS (k, q)
Thus, inverse transforming Eq.(3.56), we obtain:
{m(—iv —q)® + 1,V — V“ﬁ(r)}ﬁz”ﬁ(r, q) = B35 (v, q) —iS(q,t)Vas'(r)  (3.59)

Where EJ; = (Ee — Ey + (@ — B)hwq — hi(w +iT4 5)). To reduce clutter, we temporarily

drop the unnecessary subscripts and define:

We first solve the homogeneous equation with S(q) = 0. Our goal is to eliminate the first

order gradient operators in Eq.(3.59). We expand the differential terms as:

Me(—iV — Q)1 = m [~ fV2U — 2(V ) - (V) — OV2f + 2iq - [[VE 4+ OV f] + > fT)}

1y VI = m { V2V + 2(V f) - (V) + TV f}
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We seek to eliminate the linear order VI' terms. Thus:

me{=2(V ) - (V¥) + 2iq - fVV} +m{2(Vf)- (V¥)} =0

= (e — M) (V f) = imeqf
yielding:
f=emerdT ey =
. —
Eq.(3.59) is now reduced to:
{mc [ — VAU 4+ U(n2,q%) + Ug° - ‘I’(277c,vq2)] + 1y [VQ\I' — ‘I’nf,vcﬂ - V”’C(r)}‘lf = BV
Combining the first and second terms yields:
{1, 92 - eew)r = (B - a1 = o)t )

where Mc,v = m. — M,. We can absorb the extra energy term into the definition of E{i%

and re-introduce our band and phonon number subscripts to obtain the general solution:

I (e ) = (€097 ) WES(x), ey = e/ Ve
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Where:

~ v.c * Vdéd r c,v c,v
{ — Mo V2 — VVC(r) — 2thvgc(27T)(d)}\IlO;ﬁ(r) = BU%",(r) (3.60)

and FE is the Wannier energy. The solutions for I' are those of the d-dimensional Wannier

wave functions with a Darwin perturbation arising from the Frohlich interaction.

Absorption Spectrum from Wannier Series Expansion

There is a resonance whenever the photon energy allows E;% to equal the Wannier
Energy E,. Following the work of Haug and Koch [46], we write the correlation function

as a linear combination of the solutions to the homogeneous Wannier Equation ¥3," (r)[46]:
) = 3B ()
n

Inserting this into Eq.(3.59), multiplying by [['(r)]*, and integrating over real space, we

obtain:

S, — ) [ ] V) = —iS(a Vv o)

n

Thus:

S(a, t)Va[¥z" (0)]"
B, — B,

(X
bt =

(3.61)
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which gives the momentum space correlation function:

[ i5 t \Ij%vo ' cv —i(k— T
Hci,,g(k§ q) = Z (chz[ E( )] /ddr\pnv (r)e (k—1¢,vQ)

n Q,B o

Recalling that the raw absorption spectrum is given by:

Aw)= DD > CaPFe Y (ks q)
k

Ec>ev a,f 4

and noting:

Z / drF(r)e T = F(r = 0)

k

we obtain:

15 (a, )5 (0)
AW = Sy cnr s et (3.62)

Ec>ev a,f q n

The photon occupation number cane be recast as 0, (B'B) = —(a(w) — e(w)) (BTB), such
that the absorption coefficient a(w) can be defined in terms of the absorption spectrum as
a(w) = —Re{A(w,t)/ (B'B)}. Since S(q,t)  (F&*)* (BTB), the absorption coefficient is

given by:

Dy 5(a, T)| W5 (0)]PI
aw) = CoBlpee § o P 3.63
(w) ZZZ o 1 ;(Egl+(a_ﬁ)hwq—hw—En)2+(Fc’”)2 (363)

ec>en o8 d a,B
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Where Egl = E‘C — EU + My g / MC,U, I’y 3 and the phonon contribution to the absorption

amplitude is given by the thermal average Dgfﬁ(q, T)= <(eC”*CC)_q,O([dl,v]a[dCTw]B)q,O>.

3.5 Generalized Interacting Polaron Model

We now consider a more realistic material, one which contains multiple phonon
branches. Furthermore, we will relax the constraint that the Phonon dispersion is constant.

Our new lattice and Frolich Hamiltonians are:

Higre = > _(h%)(D} 4Duq + 3) (3.64)
V7q
>\ A
Heph =YY (hwrq)9p.qPe i (Pr—a+ Dl g) (3.65)
v,A k,q

With v the phonon branch. We adjust our unitary transformation to account for the new

quantum number:

T = exp [Zzqupqucy} _exp[zzw] =

Av k,q Avok,q

We note the obvious relation between our previous transformation and our current one:

Ul;\7q =y, Uli‘”g . We’ll find this to be a common theme when applying this new transfor-
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mation. For the transformation of Hj,, we find:

v AN v
U, Hiae) = 3 3 S (090) 92 o P i@ DYy o Dt )
v, v,A k,q

- Z ZZ hQV Vq L qk( Ov)(Dv g g, —q "’Dl/,q'éq’,q)

v .q' v,A k,q

A
= = > > (hna) g P s (Dv—a + Do)
v,A k,q

= —Lidel—ph

We also have:

0] = 35 3 S OO R+ 20 R D
AN kK q.q vy

_ZZZ hQV gl/q gV q)(Pk q,k+q’ Pk q— q/k)QyQV

ANk q,q’ v/

3NN TS ()G9 ) P Q4 P ey s Dot ot

AN kK q,q vy

The first term vanishes with a momentum transformation. The commutator in the second

term is:

/\ Y A A A\ XN
[ k— q,kQ K —q’ k’DV',—q’] Pk q, kPk’ q' K [Q;, Dl/’,—q’} + [Pk—q7k’ Pk’—q’,k’] v, ,QV

_ NN
= _5q/77q6V/7VPk qu —q’ K

AN A 4
+ 5A>\’(5k’—q’,kpk_q7k/ - 5k,’k—qpk’—q’,k)qu’QZ
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The second term is eliminated by the same momentum transformation, thus:

U, Hepr] = =2 ) 0 g0 090 ){\D;,k_q((sh/\"sk’+q,k - \11;/7k/+q\p>\,k)\1/>\’,k’}

AN kK v,q

:—22 (Zhwuq|qu| ) k- qk q

Ak,q v

-2 Z Z Z (Z hwl,qu -a9v, q) ‘I/J,r\ k‘I’N YN K +q¥rk—q

AN kk! q

The other Hamiltonians transform as before, and the general interacting polaron model is:

N (D W T

Ak,q

alf )R

Hlatt = Z hwu,q(DzT/,qDV,q + %)

V7q
Hep = hwq(BiBq + §)
q
AN PUPY
pol pol = QZZZV {5q0Pkk a k/+qu’k q}
AN Kk q
—Cy AN ’
Hyor em:_ZZZF)\)\ ( C C,\> P qu,\A
AV kg a0

where we have re-defined C):

A A _ A v
Ci_y = E :Cu,kfk’ = E gu,kfk/Qkfk’
14 14
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and the modified Coulomb potential is now:

Vo = Z vy (3.72)

v

=V =) (2hwig)(904) 90 (3.73)

v

As for the Absorption spectrum, we must be careful in how we define the multi-particle

correlation function. We have:

/ —c,, AN
Ay = > S M <ecA cx>q/ B 1cBada (3.74)

ex>ey k,q'

We define:
(d:r\,)\/)k,k’ = zl/:(gz)/\,k—k’ - gri\,/k—k’)DzT/,kfk’
= z}/:[(dl,)\/)u]k,k/ (3.75)
and obtain:
At) = Z kZ FAY Z{; O (BRY 1) () w113 1 a0 (3.76)
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Unlike before, we must expand the phonon contributions to account for the phonon branch:

« B
(T zz(ndh S )

{va} {vs} q,0

a—1 a+p6—1
Yoo > @ e I @ e (3.77)
{Vavq/a} {Vﬁvqlﬁ} i=0 j:a

where:

Z EZZ Z ;4 =Qi —Qi+1,90 = d; atp =0

’ / ’
{Votvq{:x} vo,qp V1,497 Va—1,94_1

For this general problem, we find it useful to shift these summations to the absorption
spectrum (note that, in our simplified model, we grouped the phonon momenta into one
operator; we will see shortly why we have split them for the general problem). The new

correlation function is:

o+
15" (k,q) = BPY H L)l H co)vy (3.78)

and the absorption spectrum becomes:
AN
=D > Z SNID DD DRI
€>\>E>\/ k »d {VCan} {Vﬁzqﬁ}

There are only four terms in the EOM that must be re-calculated for this new correlation
function: 1) Contributions from the lattice, 2) The coefficient from normal ordering the

phonon operators, 3) The Polaron dispersion, and 4) The spectrum side-band amplitude.
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We also note that the source term is modified to account for the new phonon contribution

of the correlation function. We begin with the lattice contributions:

a—1 a+p—-1
AN
1506, Bl = 5B Y () Tl sdct| T @0 g DL P
v,q’ 1=0 Jj=a
) — a+pB-1
N T
+ BPk—q,k (hew { H A )J vi,d) VCI’} H (d)‘vA/)Vjvq./i
7q =0 j:OC

+B—
Z vj,— Z V“q (k q) (379)

We now see why extracting the momenta is and phonon branch summations from the
correlation function for the most general problem is useful. The commutator would not
have been proportional to the correlation function had we not done so, since each mode
contributes a different factor of hw, q (of course, in the event that each mode has the same,
flat dispersion, we can reduce our correlation function back to the one in the simplified
problem). Phonon operator correlations, such as the normal ordering coefficient and the
side-band amplitudes, are derived in the appendix, sec. A.1. We are now ready to rewrite

the absorption spectrum in the form of Eq.(3.63):

DC’U ( T)‘\IIC’U

« n, « ( ’21—‘&
Z ZZ’FCUF ZZ {a,53\4 {8} {a,8}

{8} {a.8} {812 cv 2
ec>eo a4 oy 7 (Bgq +AE — hw — Ey™7)" + (F{a,5}>

(3.80)

Where we have introduced the notation {c, 8} to represent a configuration of the phonon
branch and momentum of the absorbed and emitted phonons. The modified gap energy

E’;%’B } accounts for both the modified band gap of the polaron band structure as well as an
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associated kinetic energy from the exciton center of mass, and AE;,?’B }

represents the net
energy gained (lost) from net absorption (emission) of phonons, and n denotes the Wannier

energy states. The normal ordering factor C;% has been absorbed into the amplitude piece.

3.5.1 Approximated Fitting Expression

While Eq.(3.80) gives a full description of the relevant physics, it is not practical for
fitting experimental data. In the presence of vibrational modes with arbitrary, momentum
dependent dispersion and matrix elements, the simultaneous requirement of energy and
momentum conservation prevents an accurate fitting. However, for the device in question,
the phonon bandwidth is very small, and we may approximate the phonons as belonging
to a flat band. In this limit, the phonon dispersion and matrix elements are constant (up
to some cutoff momentum qg), and the net phonon energy of ) m, A2, characterizes the
side-bands, where m,, is the net number of phonons emitted from branch v. In this case,

we define the polarization functions:

155, (k) = m"Z o sl )0(dE )0, my > 0 (3.81)
Iy, (k Zczfn raldl S (dE )l my, <0 (3.82)

whose EOM would now have the form:

> [ +vah9 } oy &) =D Sty (k) (3.83)

{m.} {m.}
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where:

g, (k) = [, (k) (3.84)

v

Following the procedure outlined in the Appendix, sec. A.1.3, we find that the contribution

to the amplitude of the phonon-side band from emitting m, phonons from branch v is given

by:

g 1 9o |?
DC,’U — |gu |2(1+2'I’Lu) QWVIBQUIm v .
v =€ c v\ sinh (8RS, /2) (3.85)

Which comes from re-writing the exponential function in Eq.(A.16) in terms of the modified

Bessel Functions of the first kind using the identity:

[e.9]

e%z(t-i—t*l): Z tmIm(Z)

m=—0Q0

and the absorption coefficient becomes:

[I, Dy°T°
a(w) = |Fev)? . 4 — (3.86)
ECZ;U {nge:z} Zn: (BY + 32, muh€y — hw — By )% + (T, )2
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Appendix A

Phonon Assisted Optical
Absorption

A.1 Phonon Operator Correlations

To solve Eq.(3.63), we must obtain expressions for the polaron dispersion €, i, the
phonon contribution to the absorption spectrum Dg’vﬁ(q), and the coefficients Ce. q’JB . We
begin by normal ordering our phonon operators.

A.1.1 Phonon Operator Normal Ordering

We note a consequence of the Baker-Campbell-Hausdorff Lemma, under the as-
sumption that operators A and B commute with their commutator [A, B]:

B = eAePe ~3l4.8] (A.1)

Applying this, we first re-order the operators that yield the coefficients C¢.y af,

A Y A N
Ck,k/ - Ck,k/ = Qkfk/(DlLk/ — Dy ) — 9k—x (DLk/ — Dy x)
)\ >\/ )\ )\/
= (G — gk—k’)Dltfk/ — (9w — 9w )Dw—x
= (d\ )i — (A3 ki

we have:

[ s A3 diere = D (A 3 e (day e aer = (dax i ae(dl 3 e i }

kl/
A N A by
= Z(gkfk” — Gk—x ) (G —xr — gk’—k”)*[Dlt_k//a Dy _yerr]
k//
- Z |98 — 94 POk
= _G)\,A’fsk,k’
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This is an identity, allowing us to use Eq.(A.1) to re-write the exponential in Eq.(3.30):

[eCA—CA/]q’O _ Z (edi"*/)q . (e_dz’y)kl,kg (6 [d; ,\/vdf,y})

ki,ko

_1\8
—e 2GM’§B:(((I,)1()B)(W§,\/] [d5 1) a0

k2,0

which yields the coefficients:

e - Sew —1)7
cof = em2Ce (fﬁ)()ﬁ!) (A.2)

Allowing for multiple phonon branches, we have:

[d)\ o Bl =Y Z{ AN )Y e ()5 x e = L) e el (A5 s lier e

I/ V/ k//
v XS AV N N N
=D 0% — ) 9 s = 930 [DF s Do)
v k!
_ Z A
- ‘gu,q guq| 5k k’
= —G 0k K

where we have simply re-defined G a,x to account for the phonon branches.

A.1.2 Polaron Dispersion
Applying the Baker-Campbell-Hausdorff Lemma, we have:

7 -C C A A A2 pAA
= 3 { (e @6ne™), B h0g)) R}
Ak.q ’

-y [

Ak,g n=0

)\ A
()™ Exliea) — 1Crdqn| By,
The correlations are only nonzero for even powers of n, thus:

i (—1')” (O™, Eixeq) = f: I (I3 Exlicse—a) (A.3)

!
= nl = (2n)!

Since the @ operators commute, so too do the C'y operators, meaning the phonon operators
in Eq.(A.3) are already normal ordered (with respect to C, not Dg). The correlations can
thus be calculated by performing pairwise Wick’s contractions between the C) operators.
Furthermore, since the operators commute, each correlation must yield the same value.
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This means we may write Eq.(A.3) as:

1 n 1 o) & m
nZ:O (2n)! <[(C>\)(2 ), 5A]k,k—q> = Z (2n)! (TE!)(?”) ngl <<[C,\, [Ch, 5>\]]k,k—q>> (A.4)

n=0

From our initial work calculating how the electronic band structure transforms, we already
know what the commutator evaluates to:

[C [Cxs ExTlieie—a = D (Co )k (Ch)qr k—q(Exk—q — 26xq' + Enk) (A.5)

q/
Finally, we note that the two operator Wick’s contractions are given by:
(CO(Cr)a) = 23 (D = D) (Dl = D-q) )
= —0ida <DLD_q + D_kDgl>
— 1R —q(1 + 2110 (A.6)

where ny = [ezp(Bh€) — 1] is the usual Planck distribution. Combining Eq.(A.5) and
Eq.(A.6), we have:

([Cx [Cx Enllkek—a) = =2 _ lgar (1 + 2ngr) (Eak — Ex—q')0q,0 (A7)
q/

Combining this with Eq.(A.4) yields:

(coae) )=y 3 EUE I G S G (A9
kk—q n! (n —m)!(m!)

n=0m=0 Kk’

where we have used the binomial theorem while defining G = > q |grql?(1 + 2nq) and
(GA)ISkI = |glé7k”2(]‘ + an_k/). Thus:

<<€%e“) > = Bage” P Y (€M) eer (A9)
k,k—q ’

kl

Yielding the Polaron dispersion:

erk = G_GA Z (60)‘)k WENK — hQGA (A.10)
k/
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which is consistent with the zero temperature expression Feldtmann et. al derived[47]. If
the model allows for multiple phonon branch, the Wick’s contractions become:

() = ZgA “ga" (D} s = Do s)(D}y g = Dur,q) )

AV
= — Zg ()i’/ < Dl/’,q + DV/’_le,7q>

v,/

1 + 271,/ k)

The momentum dependence of the contractions is unaffected by the presence of the phonon
branch index, and each contraction simply acquires an additional summation over the index.
We re-define:

G)\—Z|guq 1+2nuq)

(Gl xx = Z|guk w2 (1 + 20,1 10)

14

to obtain the same expression for the Polaron dispersion.

A.1.3 Spectrum Side-band Amplitude

To obtain the general spectrum side-band amplitude (i.e. arbitrary phonon branches
and momenta), we will make use of Eq.(3.58). In the general model, it reads:

[fc,v( ) Egvg}]n({jvg}( ) = S{oa7,8}(k7 Q) (A'll)

where E is the net phonon absorption/emission energy of a particular configuration
of absorbed and emitted phonons, and for convenience we have simplified the remaining
terms. Summing over all configurations, we have:

Z Ca’ﬁ [fen(w) — E(;g}] {a, 5}(1{ q) = A?,Cq <(ecvicc)—q,0(eccicv)q,0> (A.12)
B {a,B}

where:
Ay = Pe{ g = 1)+ (B'B) (fiq — )} (A.13)

The R.H.S. of Eq.(A.12) comes from the original definition of S, g (k,q) and Céf;)ﬁ, and
can be seen as the result of calculating contributions to the EOM from H,—ep, without
splitting up the phonon operators into absorption and emission pieces. We now note an
immediate implication of this expression: if the R.H.S. of Eq.(A.12) can be written as a
sum over all configurations of the absorbed and emitted phonons, then we may equate both
series element wise, and we will have obtained the side-band amplitudes. The R.H.S. is
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given by [59]:

i T
<(€C,U_CC)_q7O(€CC_CU)q70> — <6_(dc,v®l_l®dc,v)+(dz—sv®l_l®d£v)>_q Oqo

/et or T ot i T /et r
- dc ’U7d(‘ v dp 1)®dc v+dc v®d(- v - dc ’U’d[‘ v
= (e 3 ({dhdf }>) (e< oS evTievEle ) (e (b dl }>> (A.14)
—q,—q —q,0;q,0 0,0
The anti-commutator is:
l t T 1 c v
(e 2 (Lo} >> — o3 Tualoha=bal?1+2000)
kK’
1 ~ —
= ¢ 3(Cent2Cer) (A.15)

and the middle term is:

- . .
<€<dzv®dc,v+dc,v®d5v>> _ <eGC,v+1eGC,U> (A.16)
9,0

_q707q70

where (C_}c7v)k7k/ => 10w — ggk—k’|2n%k—k' such that G, = Zq(éw)q,g. Expanding
the exponentials into their series form yields:

_ _ 1 _ oA
<6Gc,v+leGCﬂJ>q0 = Z m[(GC,U + 1) (GC,U)B]CLO

o,
1 a—1 a+p—1
=2 o 2 G+ Doy 1T ool (A.17)
aB 7 {a,B8} i=0 j=a
which gives the expected side band amplitude:
1 ~ 1. o-l a+pB-1
) _Gc 'u_*Gc v a o
Dioﬁg}(q, T) = ap 27 (Gew +1)u,.q, H (Geo)ua (A.18)
e i=0 j=a

with Zz qé + Zj (1;' =4q.

A.2 Exact Wannier Equation Solutions in 2-D

In the main text, we treat the Wannier function amplitudes and energies as fitting
parameters. However, for certain systems, it is possible to solve the Wannier equation ex-
actly. Here, we present exact solutions for a layered, two dimensional system with quadratic
dispersion by following chapter 10 of Haugh and Koch [46]. We consider two cases: 1) the
valence and conduction bands are within the same layer, and 2) the bands are separated
by a distance d. We treat the Frohlich term as a Darwin perturbation of the Coulomb
interaction, and ignore it in this derivation. In polar coordinates, our Wannier equation is
given by:
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{—M.o[V2 + p~203] — V() } T (p) = ET(p)

where V% = p19,(pd,), and the Coulomb interaction is left arbitrary. Following Haug and
Koch, we apply separation of variables and obtain:

P

. 1
i V2R + M.} [0*V'(p) + Ep*|R = —665@ = k2 (A.19)

For periodic ®(¢), we obtain the usual solution:
() ~ ™ meZ

with the constant k replaced by the integer m, and for the radial equation:

~ m2
IV BV R() = Rlp) = T R(p)

The Coulomb interaction will be of the form e?f(p). We define the parameters:

2 4
1 4
¢ = — a2:— — e >\2:— €

A= ——— = —, .
aM,., aag M., AM.,E

and make the substitution r = pa:

_ %@(r@r) - 2 F(r/a)| R = —iR(T) ~ ™ R (A.20)

A.2.1 Intra-Layer Coulomb Interaction

If the bands ¢, and e, are part of the same layer in the heterostructure, the
Coulomb interaction is given by:

e
V’U,C p —-
0 () ==
which yields the radial equation:
Lo+ 2 =L ry — o
p OO 4 r2 =

For large r, the radial function must obey:

O?Ro 1
2 _ "R = R ~ o T/2
o2 4 tee 0 = R (T) €
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At the origin, we must have:
—m2Ro(r) =0 = Ry(r) ~ ri™

We make the Ansatz:

Run(r) = e 2y (r), £ = |m

and obtain:
[rO2 + (20 +1—=7)0r + A — £ — ]ym(r) =0 (A.21)
As derived in Haugh and Koch. We employ the Frobenius method and take ~,,(r) =

>, ckr®. Plugging this into Eq.(A.21), we have:

D [k(k+1) + (20 + 1)k + Deppar® + D A+ - F = k)epr® =0
k=1 k=0

yielding the recursion relation:

k(A —t-1
T = R e 1) (ke + 20+ 1)

(A.22)

In order for the radial function to be normalizable, the polynomial 7,,(r) must have finite
order. Thus, there must be some a, such that, for all £ > v, ap = 0. We must have:

A=v+l+i3=n+3

where n is the principle quantum number. The allowed energy levels are given by:

AE 4 M,
E, = -0 3 Ey = €~ = C’; (A23)
(2n+1) 4M.., 4ag
which gives us an expression for a:
2
o= ———-
CLQ(QTL + 1)

A.2.2 Inter-Layer Coulomb Interaction

If the bands &, and e. belong to layers separated by a distance d, Eq.(A.20)
becomes:

1 A 1 m?
PO+ e = g | R =0 (A.24)

where rg = ad. We can manipulate this expression into a form more suitable for the
Frobenius method by taking the transformation y?> = r? + r%. The differential term in
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Eq.(A.24) is now:

1 L (Oy\?3f  [oy( 0 dy of
0o0r=4(5) G o v +1) )5

Noting;:
oy r 00y 7"3
oy — oy or  ry?
we obtain:
2 2
Yy = 1
sorof = (20 os 4 0P 4o
Thus:

2 _ .2
Y= 1 A1 m
K " “>8§+yg<y2+r3)8y+y——2 7 [Bly) =0

For large y, we have:
PRy 1
Oy? 4
And for y = rg, we have:
—m?Ry(r) =0 = Ro(y) ~ (y — o)™
This gives the Ansatz:
Rin(y) = (y — o)™l 0702, (y)
which yields:
y2 Y 2 y Y3 Y Y2 4

(y—7“0)2 Yy—To 4
2, .9 2
y°+ry l 1 A1 l
S IS L S O A.25
y3 (y—ro 2 * 4 2—7“(2) L ( )

We will find it useful to re-write Eq.(A.25) as a function of (y — rg). After applying an
overall factor of y3(y? — r¢) to remove singularities, we find:
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2 A() vy, + 2B(x)y, + C(@)ym =0 (A.26)
where x = y — o and the polynomial factors are:

A(z) = 2 + Brox® + 8rgx + 4r3

B(x) = = + [20 = 5ro + 1]2° + [100rg — 8r§ + 4rola”
+ [160r5 — 4rg + 6rg)a + 45 (1 + 20)

C(z) = (A — € — 3ot + [—1ro + (4 — 50 — 2)]rpa?
+ [=378 + 7o(5A — 8¢ — 3) + £(2¢ — 1)]roz?
+ [~ 173 +ro(2X — 40 — 2) + £(5¢ — 4)]rdx + 3%
Eq. (A.25) is now in Frobenius normal form with a regular singular point at = 0. This
allows us to expand 7, as:

o0

Ym(T) = Z Ck$k+p

k=0

where p is chosen such that ¢g is nonzero for nonzero rg. Matching powers of x, we obtain
the recursion relation:

0=cpafA—£—5—(k+p—4)
+ cx—sl(k+p—3)(k+p—3+4 20— 5rg) +ro(—%ro + 4\ — 50 — 2)]
+ ci—a(ro)[(k+p —2)(5(k +p — 3) + 100 — 8rg +4) — 31§ + ro(5A — 8¢ — 3) + £(2¢ — 1)]
+ep1 (r)[(k +p — 1)(8(k +p — 2) + 160 — 4rg + 6) — 215 + 19(2) — 40 — 2) + £(50 — 4)]
+ e (rg) [4(k + p)* + 86(k + p) + 3] (A.27)

At k = 0, we have:
co(r0)3[4p2 + 80p + 3£2] =0

For ro = 0, this is trivially true for all p and we may take p = 0, which recovers the original
recursion relation given by Eq.(A.22). For nonzero ry, we must have:

p={(-1+3)

The wave function should be non-singular at the origin, thus p = —/¢/2, and the wave
functions are now given by:

R(z) = 2'/2e72/2 f (2)

119



where f(x) is the polynomial:

v+ £+1)

D=

:})\:

Defining the principle quantum number 2n = 2v + £, the energies are now:

—4E, 2

E = =
"T e+ 2 YT a@nt 1)

which are the energies of the Intra-layer problem, but with ¢ restricted to an even integer.
The coefficients satisfy:
0 = cxal2(n—36) = (k— 4)]
+ cx—s[(k + % - 3)(k+ 37[ — 3 —5rg) + ro(—1ro + 2n — 50)]
+ ep—2(ro)[(k — £ —2)(5(k — 3) + 135 — 8rg +4) — 31§ + ro(3(5n — 1) — 8¢ — 3) + £(2¢ — 1)]
(

0 2
+eno1(rg)[(k — 5 — 1)(8(k — 2) + 12 — 4rg + 6) — 41§ + ro(n — 40 — 1) + £(5¢ — 4))]
+en(rg) 4k — £)% + 80(k — §) + 367 (A.28)
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