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FUNDAMENTAL LIMITS ON SQUID TECHNOLOGY 

John Clarke 

Department of Physics 
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and 
Materials and Molecular Research Division 
Lawrence.Berkeley Laboratory 
Berkeley, California 94720 

I. INTRODUCTION 

LBL-14972 

In the last few years, the flux noise energy of the de Super..,. 
.. congucting Quantum Interference Device;(SQUID) (Jaklevic et al., 

1964) has been lowered by about four orders of magnitude. The most 
sensitive SQUID yet made is close to the ·limits set by fundamental 
quantum processes. The-purpose of this article is to review these 
developments, and, in particular, to discuss at some length the 
limiting quantum processes in both single junctions and SQUIDs. 

The article begins with a very brief review of flux quantiza
tion and the Josephson effects (Josephson, 1962) which includes a 
discussion of the resistively shunted junction (RSJ) in the presence 
of thermal noise. Section III outlines the theory of quantum noise 
in a single resistively shunted junction, and describes experiments 
to test the theory. Section IV is concerned with the de SQUID, and 
starts out with a generai overview of its properties and operation. -
This is followed by discussions of thermal and quantum noise, in
cluding both theory and experiment. The next section describes the 
use of a SQUID as an amplifier, and, in particular, the quantum 
noise limit. The importance of magnetic coupling is outlined. The 
following section deals with the subject of 1/f noise, and the re
strictions that it places on the design of SQUIDs for low frequency 
applications. Section IV concludes with a brief discussion of two 
potential applications of quantum-limited SQUID amplifiers. Section 
V contains a summary. 
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In this article, we shall focus rather narrowly on the intrinsic 
noise properties of SQUIDs, and not address at all.the role of the 
flux-locked loop that imposes limitations on such important parame
ters as slewing rate, frequency response, and dynamic range. We shall 
also ignore the problem of long term drift in SQUIDs, which is a 
little-understood problem of considerable importance in certain ap
plications such as gradiometers. 

II. SUPERCONDUCTIVITY AND THE JOSEPHSON EFFECT 

According to the microscopic theory of Bardeen, Cooper, and 
Schrieffer (1957), the zero resistance of superconductors arises 
from the existence of Cooper pairs of electrons. These pairs are 
in a macroscopic quantum state that can be described by a single 
wave function '¥ (~, t) = I'¥(~, t) I eH <1, t), where <1> (~, t) is th~ phase. 
In a closed loop of superconductor, the requirement that 'P(r,t) be 
single-valued leads to the concept of flux quantization (London, 
1951): The magnetic flux contained inthe loop can take only the 
values 

where 

~ = n~ · (n = 0, 1, 2 ... ) , 
0 

~ = h/2e =< 2.07 x lo-15 '.Vb 
0 

is the flux quantum. 

(2.1) 

(2.2) 

The Josephson effect (Josephson, 1962) involves the tunneling 
of Cooper pairs through an insulating barrier separating two super
conductors. The supercurrent, Is, flows through the barrier accord
ing to Josephson's current-phase relation 

I = I sino, 
s 0 

(2. 3) 

where o = <1> 1 - <1> 2 is the difference between the phases ~ 1 and· ~;:·--;·f 
the two superconductors. The critical current of the junction, that 
is, the maximum supercurrent it can sustain,_ is I

0
• For currents 

less than I 0 , the phase difference is time independent, and the volt
age across the junction is zero. On the other hand, when the applied 
current exceeds I 0 , there is a non-zero voltage, V, across the junc
tion, and <1> evolves with time according to Josephson's voltage-fre
quency relation 

5 = w = 2eV/h = 2~V/~ . (2.4) 
0 

(5 = do/dt, where t is time.) Thus, the supercurrent oscillates at 
a frequency v = w/2~. 
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The current-voltage (I - V) characteristic of a Josephson tun
nel junction is, in general, hysteretic, a property that is most 
undesirable for SQUIDs. The hysteresis can be eliminated by shunting 
the junction with an appropriate conductance (McCumber, 1968; 
Stewart, 1968). Hence, it 1s useful to review the properties of the 
resistively shunted junction (RSJ) model at this point. 

The model, shown in Fig. 1, consists of a tunneling element with 
critical current I 0 in·parallel with the self-capacitance of the 
junction, C, and shunted with an external resistance, R. A current 
noise source IN(t) is associated with R, and the applied current is 
I. The equation of motion is 

V/R +I sino + cV = I+ L_(t). (2.5) o · -N 

Neglecting the noise term for the moment and setting V = h8/2e, we 
obtain 

where 
tp 

I - I sino 
0 

u = 0 (Io +I coso). - 27T 0 

2e au 
-1186' (2. 6) 

(2. 7) 

The potential, U, is that of a "tilted washboard", and Eq. (2.6) 
describes the motion of a ball moving on the washboard. The term 
hC/2e represents the mass of the particle, while h/2eR represents 
the damping. Figure 2(a) shows the particle in the free-running 
mode I > I 0 • 

It is. sometime convenient to' rewrite Eq. (2.6) in the dimension
less form 

.. . 
Sec + o = i - sino, (2. 8) 

I 

R c 

Fig. 1. Resistively shunted junction model. 

3 



u 
(a) 

u 

--. 
' 

(b) 

',.&:L __ .. .. 
' ' ....... _ ...... 

' ' ' 

Fig. 2. The washboard model.: (a) particle running down noise-free 
potential for the case I > I 0 ; (b) the case I < I 0 in the 
presence of noise -- solid curve represents the mean poten
tial, dashed curve represents instantaneous potential.due 
to fluctuation. 

where Sc = 2ni0R2C/~0 , i = I/I0 , and time is in units of ~0 /2ni0R. 
We can now consider two limiting cases. When Sc ~ 1 (heavy mass) 
the I - V characteristic is hysteretic. As one increases the cur
rent from zero, the tilt increases until at i = I 0 (in the noise
free case) the ball rolls out .. of its initial potential minimum and 
starts to roll down. the washboard. If one now reduces the current 
to below I 0 , the kinetic energy of the ball is sufficient to carry 
it over successive potential maxima: Thus, the junction remains·at 
a non-zero voltage. One must reduce I to a value (depending on Be) 
below I 0 to induce a transition to the zero voltage state. This 
mechanism is.the source of hysteresis. On the other hand, in the 
overdamped limit Be~ 1, ~he term in 6 in Eq. (2.8) is relatively 
small. When one increases I to above I 0 and then reduces it to just 
below I 0 , the damping is sufficient to bring the particle to rest, 
so that the junction immediately returns to zero voltage. Thus, 
there is no hysteresis. The cross-over from hysteretic to non-hys
teretic behavior occurs at Be - 1, the exact value depending on the 
level of noise. For the case C = 0, Eq~ (2.6) can be solved exactly 
for the average voltage V: 

1 

v = R(r2 - r2 )~. <e = o) (2.9) 
0 c 

The washboard model enables us to understand the influence of 
noise on the junction. We rewrite Eq. (2.5) as 

(2.10) 

this is an example of a Langevin equation. In the thermal noise 
limit, the Nyquist noise current has the spectral density 

(2.11) 

It is evident that IN(t) causes the tilt in the washboard to fluctu-
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ate with time. This fluctuation has two effects on the junction. 
First, when I is less then I

0
, from time to time fluctuations cause 

the ball to roll out of one potential minimum into the next. For 
the underdamped junction, this proces·s induces a series of voltage 
pulses randomly spaced in time. Thus, the time average of the volt
age is non-zero even though I < I 0 , and the I - V characteristic is 
"noise rounded" (Ambegaokar and Halperin, 1969). The second effect 
of the noise is to induce a voltage noise when the junction is biased 
with a fixed current. In the limit 13c ~ 1, for I > I 0 , and when the 
frequency, Vm, at which the noise is measure~ is much less than the 
Josephson frequency, VJ, the spectral density of the vol~age noise 

___ is.:lLikharev and. Semenov, 1972; Vystavk.in et al., 1974) · . 

. .. {13 ~ 1 l c 
I > I 

vm ~ v~ 
(2.12) 

In Eq. (2 .12) , Rn = ClV I di is the dynamic resistance. The two terms 
on the right hand side of Eq. (2.12) are illustrated in Fig. 3. The 
first term, (4kBT/R)Rfi, represents Nyquist current noise generated 
at the measurement frequency vm flowing through a dynamic resistance 
Rn to produce a voltage noise. The second term, ~(I 0 /I) 2 (4kBT/R)Rn, 
represents Nyquist noise at frequencies VJ ± vm mixed down to the 
measurement frequency by the Josephson oscillations. The factor 
~(I0/I) 2 is the mixing coefficient, which vanishes for sufficiently 
large bias currents. The mixing coefficients for noise near harmon
ics of the Josephson frequency, 2vJ, 3vJ .•. ·, are negligible in the 
limit vm!v J ~ 1. 

-
This concludes our introductory review of the Josephson effect. 

We now turn to a discussion of quantum noise in a single junction . 

... -•-- .... / ..... / ___ ..,_ ', 
4k T ,_·,- .... , ' 

8 ~ ft ...•.••...••..•....••••.... ::. ... :.· ...... ··•·· .•....•.•....................• 
Fr-

]I 

Fig. 3. Schematic representation of the terms in Eq. (2.12): The 
Nyquist noise generated in the resistor at vm contributes 
at vm; that generated at vJ ± Vm is mixed down to vm; the 
mixing coefficients for the noise generated near 2vJ and 
higher harmonics are negligible for vm/v J ~ 1. · 
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III. QUANTUM NOISE IN SINGLE -JUNCTIONS 

A. Theory 

Quantum effects become important when hvJ ~ kBT, because Eq. 
(2.11), the Nyquist formula, then breaks down. Koch et al. (1980) 
suggested that quantum effects could be taken into account by re
taining Eq. (2.10), but using for the spectral density of IN(t) the 
Callen-Welten (1951) formula 

SI (v) = 4~v [ehv/k~T - 1 + ~] = ~~v coth (z~T) • (3.1) 

Equation (3.1) has the limiting forms 

1
4kBT/R (hv ~ kBT) 

S (v) + -
I - 2hv /R. (hv > kBT)-

(3.2) 

(3.3) 

In the case of Eq. (3.3), the noise arises from zero point fluctua
tions. When Eq. (3.1) describes the noise current in- Eq. (2.10), the 
latter is an example of a quantum Langevin equation. 

Following the procedure of Likharev and Semenov ,(1972), Koch 
et al. showed that in the limits 8c ~ 1, I > I 0 , and vm ~ vJ, the 
spectral density of the voltage noise for a current biased junction 
is 

S (v ) = -- + 3_ _2_ coth ~ R_2 • [
4kBT 2 V ( I )

2 
( V )] 

v m R R I - kBT -1) 
(3. 4) 

Euqation (3.4) is illustrated in Fig. 4. It has been assumed that 

,.,. ..... ~---- ······ 
/ ... ,_ .. ···· 

/ .,. ---·--........ --, 
I ,. ..... ···· , .. 

f- ~~-.. ··········--·-······ 

....... ··········· .. 

2hv 
Fr.~·· 
...... ·· 

Fig. 4. Schematic representation of the terms in Eq. (3.4). The 
Nyquist noise generated in the __ resistor at vm contrlbutes 
at vm; the noise (including the contribution from the zero 
point term) generated at vJ ± vm is mixed down to vm; mixing 
coefficients for the noise generated near 2vJ and higher 
harmonics are negligible' for vm/v J ~ 1. 
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hvm ~kBT so that the first term on the right hand side is 
thermal limit. Even though SI(v) increases with frequency 
frequencies, the contribution from noise near 2VJ, 3vJ .•. 
order (vri/'VJ) 2 , and hence negligible in the limit vm ~vJ. 
limit eV = hvJ/2 ~kBT, we can set coth. (eV/kBT) = kBT/eV, 
(3.4) reverts to Eq. (2.12). 

in the 
at high 
is of 

In the 
and Eq. 

It is of interest to consider the conditions under which quantum 
corrections may be observable. Clearly,. we require eV ~ kBT; how
ever, this condition is not sufficient because if one simply in
creases eV/kBT by increasing the bias current, the mixing coefficient 
will become very small, and the second term on the right hand side of 
Eq. (3.4) will be negligible compared with the first. To ensure that 
the second term is both in the quantum limit '(eV /kBT ~ 1) and larger 
than the first term, we require eV ~kBT(I/I0) 2 • With the aid of Eq. 
(2.9), it is easy to show that this condition is satisfied for some 

. intermediate range of voltages provided 

K = ei
0

R/kBT ~ 1. (3.5) 

In the extreme quantum limit, Eq. (3.4) reduces to 
. 2 

S (v ) = 2eV (Io) R2 
v m R I ~l)' 

(3.6) 

and the noise arises solely from zero point fluctuations mixed down 
from near the Josephson frequency • 

. Figure 5 shows Sv<vm)/4kBTR vs I/I0 • For K = 0.1, the curve is 
almost identical with that predicted by the Likharev-Semenov result, 
Eq. (2.12). AsK is increased, the spectral density of the noise at 
intermediate currents progressively increases: This is the region in 
which quantum effects are observable. At high currents, all the 
curves tend asymptotically to unity, since the mixing coefficient 
tends to zero. ·At low current·s, as I + I 0 the curves also tend to 
the value predicted by Eq. (2.12). Notice, however, that the appar
ent divergence of the noise in this limit arise~ from the neglect of 
noise rounding· in the theory, which implies that Rn +co as I + I 0 • 

In reality, noise rounding ensures that Rn remains finite so that as 
the current is ·lowered towards I 0 , the noise goes through a maximum 
and then decreases. · 

We c_onclud,e this section with some comments on the validity of 
the quantum Langevin equation. First, we note that although we have 
put in quantum corrections to the noise in Eq. (2.10), the terms in 
q, remain firmly classical; thus,,. the . treatment is "semi-classical". 

· It is well known that such a treatment is correct for a simple har
monic oscillator (for example, Louisell, 1973), but one must use cau
tion in assuming that it is valid for any non-linear equation. 

Another prediction of the quantum Langevin equation is "quantum 
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Fig. 5. Calculated low frequency spectral density of the voltage 
noise across a single resistively shunted junction vs. bias 
current for 5 values of K = ei0 R/kBT and with Be ~ 1 (Koch 
et al. , 1980). 

noise rounding". Thus, even at T = 0, for I < I 0 zero point fluctua
tions induce fluctuations in the tilt of the washboard, thereby en
abling the particle to roll from one potential minimum to the next •. 
By analogy with the _thermal case, one might call this process "quan
tum activation". However, there has recently been much interest in 
an alternative process by which the junction may decay out of the 
zero ·voltage state, namely 11macroscopic quantum tunneling'' (MQT) 
(for example, Ivanchenko and ~il'berman, 1968; Leggett, 1978; Caldeira 
and Leggett, 1981, ·1982; Amgegaokar et al., 1982; Voss and Webb, 1981~ 
198la, Jackel et al., 1981). In this approach, one allows for the 
fact that the· "particle" must actually be described by a quantum me
chanical wave packet with anon-zero width, so that the particle can 
tunnel between potential wells .. when I < I 0 • Thus, as the bias cur
rent is increased· from zero, the junction will make a transition out 
of the zero voltage state before I reaches the ~:ritical current. If 
the junction is overdamped, this process will produce rounding of the 
I - V_ characteristic at low voltages. Caldeira and Leggett (1981, 
1982) have shown that the tunneling probability decreases exponen
tially from the WKB value as the damping of the junction is ~ncreased 
from zero (i.e. as Be ·is reduced from infinity). The increase in 
damping causes the wave packet to narrow, thereby.decreasing the tun
neling probability. In the limit where the tunneling probability is 
small, and where the damping is·not too large, the quantum Langevin 
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equation predicts a substantially higher escape rate than MQT (Koch, 
1981; Voss and Webb, 198la). Furthermore, ·for relatively underdamped 
junctions, Voss and Webb (1981) found experimentally that the proba
bility of decay out of the zero voltage state appears to be much 
lower than that predicted by Caldeira and Leggett. Thus, in this 
limit, the activation rate predicted by the_quantum Langevin equation 
is in serious disagreement with the experimental data. This discrep
ancy is hardly surprising: In the limit in which quantum mechanical 
broadening of the wave packet is substantial, the picture of a point 
particle moving on a· washboard cannot be correct. Nevertheless, the 
quantum Langevin approach may still be appropriate for overdamped 
junctions CSc < 1). when I is .not too much less than I 0 , so that the 
probability of transitions from the zero voltage state is relatively 
high. It is clear that a more detailed investigation of the rela
tionship between macroscopic quantum tunneling and quantum activation 
in the region I ~ 10 is required. In this context, Schmid (1982) has 
shown that the qugntum Langevin approach should be valid for R ~ 
h/4e2 ~ 103n. One would also like to have a·clear-cut criterion for 
the limit in which one can.neglect ·the quantum mechanical broadening 
of the wave packet. 

.. 
For the remainder of this article we shall b~ concerned only. 

with the limit I >··1 0 in which the junction is free running, and MQT 
in irrelevant. Thus, our next task is to investigate the validity of 
Eq. (3.4) experimentally. 

B. Experiment 

Experiments to observe quantum corrections to the noise in re
sistively shunted junctions have been carried out by Koch et al. 
(198la, 1982). To observe quantum noise effects, one· requires june-. 1 

tions with K ~ 1. Writing K = (e/kBT)(Sc~ojl/2~c)~, where jl is the 
critical current density and c is the capacitance per unit area, we. 
see that junctions with high critical current densities are necessary 
to observe these effects in the li~uid He 4 temperature range. At 
4.2K, with Sc = 0.2,.j1 = 104A em- and c = 0.04pF ].lm-2 we find K ~ 
1.1. This is a convenient value of K, since, as the temperature is 
lowered to·near lK, K increases so that quantum effects become domin-
ant. 

Koch et al. fabricated Pbin-In20 3-Pb tunnel junctions, resis- .... 
tively shunted with CuAi films, on glass substrates using the photo
lithographic lift-off techniques described by workers at IBM (Greiner 
et al., 1980). The configuration is shown in Fig. 6. First, a 10 
].lm-wide Cu (0-3 wt.% Ai) film 40 to 100 .nm thick was deposited, fol
lowed by a 10 ].lm-wide, 250 nm-thick Pb (20 wt.% In) film at right 
angles to the CuAi strip. After another resist patterning, ~a SiO ox
ide layer, 100 nm thick, was deposited and two windows were opened by 
lifting off the SiO to expose the Pbln and CuAi filiDs. After pat- . · 
terning the resist for the upper electrode, the exposed metal· sur~ 
faces were cleaned by rf sputter-etching in Ar, the In203 oxide was 
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Cu-Al Shunt 

Pbln Base 
Electrode 

Fig. 6. Configuration of resistively shunted tunnel junction used 
in quantum noise me-asurements (Koch et al., 1982). 

grown thermally in a low pressure of oxygen, and the 400 nm-thick Pb 
counter-electrode was deposited and lifted off. A final protective 
layer of SiO. was then evaporated. The diameter of th_e junction was 
about 2.5 ~m, and the critica~ current ranged from 0.1 to 2 mA (0.2 
to 4 x 104 A cm-2 ) at 4.2K, depending on the oxidation parameters. 
The capacitance of the junction was estimated to be 0. 5 pF. The re
sistive shunt was about 5 ~m long and ranged in resistance from 0.05 
to 0. 7n, depending on the · thickness and composition of the CuAL The 
Pb counterelectrode formed a ground plane for the shunt, reducing its 
inductance, Ls, to about 0.2 pH. Leads were attached to the junc
tions with pressed In pellets. Junctions fabricated with these tech
niques omitting the resistive shunts displayed excellent ·tunneling 
characteristics with little excess current. at voltages below the sum 
of the gaps. 

The apparatus for measuring the noise is shown schematica~y 
in Fig. 7. The junction was connected across two cooled LC-resonant 
tank circuits, either of which could be coupled to_a low-noise pre;... 
amplifier. By connecting together the tank circuit leads at the top 
of the cryostat a third, intermediate frequency could be obtained; 

I 
r-

c 

-------------, 
--::.~C -.+ 

Lt2 

I 
I L------------------J 

Preamplifier 

Fig. 7. Schematic of apparatus for measuring noise across a junc
tion; the components enclosed in the dashed line are im
mersed in liquid helium (Koch- et al., 1982). 
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the three resonant frequencies were 183 kHz, 106 kHz, and 70 kHz. 
The output from the preamplifier was mixed down to frequencies be
low 500 Hz, and the spectral density was then measured with a. com
puter~ The junction was enclosed in a superconducting can, and the 
cryostat·was surrounded by a mu-metal shield. The cryostat, bias 
supply and preamplifier were enclosed in a shielded room. The gain 
of the preamplifier-mixer-computer chain was calibrated frequently 
against the Nyquist noise in a resistor (Rc) at room temperature. 
The accuracy of the gain was estimated to be ± 2%. 

The spectral density of the voltage noise ~reduced b~ the junc
tion across the tank circuit was Q2 Sv(vm) = ~Lt[Sv(vm)/Rn], where· 
Lt is the inductance. Thus the quantity 

Sv(vm) 
4

kBT 2ev(io)
2 

. (eV) ·{Be~ 1 J --- = -- + --. - coth -- I > I R? · R R I . kBT ..-.;:: o 
_l) Vm ~ VJ 

(3. 7) 

can be measured without knowing the Q of the tank circuit. In fact, 
there is a considerable advantage in comparing Eq. (3. 7) r'ather than 
Eq. (3.4) with experiment. Real junctions may deviate from the sim
ple RSJ model with Be = 0 because the capacitance of junction, and, .• 
in some cases, the inductance of the shunt are non-negligible. Com
puter simulations, however indicate that the major effect of the 
deviations is to modify Rn·, leaving the current noise terms on the 
right hand side of Eq. (3.7) relatively unchanged (Voss, 1Q81; Koch, 
1981). Thus, for a real junction, the.measured value of S~(vm) may 
differ significantly from Eq. (3.4) while Sv(vm)/R~ is in good agree-
ment with Eq. (3. 7). · 

It was necessary to consider the following squrces of error: 

(i) The contributions of the measured voltage and current noises
of the preamplifier were subtracted.· The errors introduced in the 
spectral density of the junction noise ranged fro~ about 5% at 4.2K 
to 15% at 1. 6K. 

(ii) Losses in the tank circuit (for ex~ple, due to the pre
sence of stray resistance) were important only at the intermediate 
frequency. In this case, parts of the leads were at room tempera
ture. The error after this noise cont~ibution had been subtracted 
was 5%. 

(iii) From the measurements at .the three frequencies it was 
found that some junctions had a small 1/f noise component. The spec
tral density of this voltage noise was proportionalto (oV/ai0 ) 2 , 
suggesting that the noise arose from fluctuations in the cr£tical 
current (Clarke and Hawkins, 1976). The error introduced after the 
1/f noise was subtracted was no more than 3%. 

(iv) The noise measurements were made at voltages well below the 
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sum of the gaps of the superconductors. The small noise contribu
tion from the quasiparticle cur~ent.in this region was at most 1% 
of the current noise from the shunt resistor 7 and was neglected~ 

(v) The power dissipation in the resistive shunt raised its 
temperature above.the bath temperature at higher bias voltages. 
The heat~ng effect was determined as a function of temperature by 
reducing the critical current to zero with a magnetic field and mea
suring the Nyquist noise of the shunt for various bias currents. 
For the junction described in this article; the heating was signifi
cant only at high voltages (V ~kBT/e) where the term coth(eV/kBT) 
in Eq. (3. 7) is nearly independent of temperature. Thus, it was 
sufficient to correct only the term 4kBT/R.in Eq. (347) by subtract
ing 4kB6T/R from the.measured noise, where b.T is the temperature 
rise. The error was no more than 3% • 

. (vi) Considerable care was taken to shield the experiment from 
extraneous noise sources, such as 60 Hz pick-up, radio and television 
stations, and interference from nearbycomputers and lasers. To 
demonstrate that this shielding was sufficient, it was shown that the 
noise measured in resistors· in the range 1.5-to 4.2K was within 3% of· 
the predicted value. Furthermore, as we shall see, measurements on 
junctions in the. classical limit eV ~'k.BT were in excellent agreement 
with theory, and showed the.correct temperature dependence. 

We turn now to a discussion of the experimental results. We· 
shall confine our.discussion to a single junction: Results from 
other junctions can be found in the paper by Koch et al. (1982). 
The relevant parameters are listed in the caption to Fig. 8; in ad
dition, there was an induc,tance associated with the shunt resistor 

V(mVl 

-··· 

Fig. 8. I and Rn vs. V for resistively shunted junction at 4.2K with 
I

0 
= 0.5lmA, ·R = 0.70n (at lOO~V --· R was somewhat voltage

dependent), C = 0.5pF, Sc = 0.38, and K = 0.99 (Koch et al., 
1982). 

• 
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of about 0.2pH. 

Figure 8 shows I and Rn vs. V at 4.2K for this junction. There 
is a small dip in Rn at 800~V that is probably due to a self-reson
ance of the junction capacitance and shunt inductance, and some fine 
structure around.200~V of unknown origin. However, as mentioned 
earlier, small ·deviations in Rn. from the prediction of the RSJ model 
are not expected to affect Sv(-vm)/R~. In-Fig. 9 we plot measured _ 
values of Sv(-vm)/R~ vs. voltage (open circles) after the preamplifier 
noise has been subtracted. The solid circles are .the noise after the 
1/f noise subtraction and the heating correction have been_made. At 
low voltages the correction is entirely due to '1/f noise,.while at 
high voltages, the correction is largely due to heating. The solid 
line through the solid circles is the prediction of Eq. (3.7) using 
the measured values of R, I 0 , I, V,.and T. The upper dashed line is 
the predicted.noise in the absence of zero point fluctuations, that 
is 

S' (-v ) 
v m 4

kBT 4ev (Io)
2 

1 
= -R- + R T exp(2eV/kBT) - 1 • 

. . 

(3. 8) 

The triangles in Fig •. 9 rep+esent the measured mixed-down noise, 
which was computed by subtracting 4kBT/R from the solid circles·. 
The solid line through the t'riangles is the mixed-:-down noise pre
dicted by Eq. (3. 7), (2eV/R) (I0 /I) 2 coth(eV/kBT), while the lower 
dashed line is the mixed-down noise predicted by Eq. (3.8) in the 
absence. of zero point fluctuations, (4eV/R)(I0 /I) 2 [exp(2eV/kBT)-lr1• 

~ 10~--~--~--~--~----r---~--~---r--~--~ 
;::;... 
<r 

(\J 
(\J 

Q -
4.2 K 

o~~--~--~~~~~_.--~--~--~~ 
0 0.2 0.4 0.6 0.8 1.0 i 

V(mV) j 

Fig. 9. SV(vm)/R~ vs. V at 4.2K for junct_ion shown in Fig. 8. The 
open circle-s shc:>w. the total measured noise across the j unc
tion; solid circles beiow show the noise remaining after 
correction for 1/f noise and heating. Upper solid~and dash
ed lines are predictions of Eqs. (3.7) and (3.8). Solid 
triangles are measured mixed-down noise, lower solid and 
dashed lines are mixed-down noise predicted by Eqs. (3.7) 
and (3.8) (Koch et al., 1982). 
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It is evident that both the total measured noise across the junction 
and the measured mixed-down noise are in excellent agreement with the 

.theory that includes a contribution from th~ mixed-down zero point 
fluctuations, and are substantially higher than the predictions -of a 
theory that does not include this contribution. 

Figure .10 shows the temperature dependence of the noise for 
twelve bias voltages ranging from 50 ~V to 550 ~V. The temperature 
T = 2eV/kB is indicated for the six lowest voltages; mixed-down noise 
at temperatures well above 2eV/kB is in the-classical limit, while 
that at temperatures well below 2eV/kB is in the quantum-limit. Tqe 
mixed-down noise at_the six highest voltages is in the quantum limit 
at all temperatures measured. For all twelve voltages, the total· 
junction noise is in good agreement with the predictions of Eq. (3.7), 
and substantially greater than the predictions of Eq. (3.8). (The 

Fig. 10. 
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. 2 
&v<vm)/Rn vs. T for junction at 12 bias voltages. Notation 
is as for Fig. 9. Arrows indicate 2eV = kBT (Koch et al., 
1982). 
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discrepancy for 300 ~V probably ·arises from the structure shown in 
Fig. 8.) The mixed-down noise at 350 ~V and above is independent of 
temperature, and in excellent agreement with the value of Eq. (3.6), 
Sv(O)/R~ = (2eV/R)(I0 /I) 2 • As the voltage is lowered the mixed-down 
noise becomes increasingly temperature dependent, and remains·in good 
agreement with. the predicti-ons of Eq. (3.7). At 50 ~V, the mixed
down noise is. in·the classical limit for the whole temperature ran~e, 
and proportional to T, as expected. This temperature dependence de
monstrates that the contribution of any extraneous noise was negli
gible. 

We can extract from our data the measured spectral density of 
the current noise ·s1 (v) generated by the shunt resistance R at the 
Josephson frequency v = 2eV/h. We divide each value of the mixed
down noise by the mixing coefficient (I0 /I) 2-/2, a procedure that con
verts the mixed-down noise in Eq. (3.7) into Eq. (3.1). The results 
are plotted in Fig. 11 for two temperatures.· The solid lines are the 
corresponding predictions of Eq. (3.1) using measured values of v = 
2eV/h, R, and T •. The slight increase of the data above the theory at 
the highest voltages .may reflect the presence of a resonance on the 
I-V characteristic. The agreement between the data and the predic-

• 4.2 K 
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N 
:I: 
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-~ 
1-f ' ' (/) ' ' ' .......... ' .... \ 
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1010 1011 1012 

Zl (Hz) 

Fig. 11. Measured spectral density of current noise in shunt resist-
. or of junction at 4. 2K (solid circles) and 1. 6K (open cir
cles). Solid lines are prediction of Eq. (3.1), while 
dashed lines are (4hv/R)[exp(hv/kBT)- l]-1 (Koch et al., 
1982). 
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tions is rather good, bearing in mind that no fitting parameters are 
used. By contrast, the dashed lines represent the theoretical pre
diction in the absence of the zero point term, (4hv/R)[exp(hv/kBT) 
- 1]-1 , and fall far below the data at the higher frequencies. The 
existence of zero point fluctuations in the measured spectral density 
of the current noise is rather convincingly demonstrated. 

In experiments on other junctions Koch e_t al. (1982) found that 
the noise in a junction at a fixed temperature exhibited the correct 
dependence on K = ei0~/kBT when I 0 was changed by means of a magnetic 
field. Furthermore, they studied one junction in which the shunt in
ductance was anomalously large, and the dynamic resistance showed 
substantial structure at voltages for which the Josephson frequency 
was a subharmonic of the LC-resonant frequency. The measured noise, 
however, was in good agreement with a computer prediction in which 
these resonances were included. Because of the higher non-lineari
ties of this junction, the mixing coefficients for noise at harmonics 
of the Josephson frequency (2vJ, 3VJ · ••• ) are no longer negligible,· 
and it is necessary to include these contributions in the computer 
simulation. 

In concluding this section, it should be emphasized again that 
only measured parameters were used in comparing the data with theory 
in Figs. 9 to 11; there were no fitting parameters. Thus, the quan
tum Langevin· equation accurately predicts the limiting voltage noise 
in a current-biased resistively shunted junction for Be < 1 and I > 
I 0 • The noise arises from zero point fluctuations mixed down from 
near the Josephson frequency. At the moment, there are no measure
ments of the noise in the noise rounded region I < I 0 .-_-·.quantum ef
fects are quite negligible in this regionfor the junctions studied· 
in the He4 temperature range. ~ 

Finally, the fact that zero point fluctuations can be observed 
at frequencies as high as 500. GHz (Fig. 11) implies that a Josephson 
mixer using its self-oscillations as the local oscillator is an ideal 
quantum-limited device at these frequencies. Unfortunately, a mixer 
in this mode is of limited practical use because the frequency of the 
oscillator has a rather·large linewidth induced by the voltage fluc
tuations. Likharev and Semenov (1972) have shown that the rms line
width, ~vJ, is ~elated to the spectral density of the low frequency 
voltage noise by ~vJ = 7rSy(vm)/~~. Using the quantum limited expres
sion for Sy(vm), Eq. (3.6), we find ~VJ = 2e7rV(I0/I)2 (R~/R)/~~. With 
the aid of Eq. (2.9), we can write this in the form ~vJ = 2e7rR3IS/ 
~sv. I:aking R = Hl, I 0 = lmA, and V =· lmV, we find ~v J :::::: 250 HHz for 
a frequency of 500 GHz, a linewidth that is undesirably large for 
many applications. 
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IV. DC SQUIDS 

A. Introduction 

The principal objective of this section on SQUIDs is to apply 
the ideas of quantum noise developed in Sec. III to the de SQUID, and 
then to compare these results with experiment. Before becoming in
volved in the quantum limited case. however, it is convenient first 
to outline the general principles of the de SQUID, and to discuss the 
thermal noise limit. 

The de SQUID consists of two Josephson junctions connected in 
parallel on a superconducting loop of inductance L as shown in Fig. 
12(a). We assume that the junctions are identical and overdamped 
(Be ·< 1) so that the I-V characteristic is non-hysteretic. When the 
flux, ~' threading the SQUID loop is changed, the critical current 
and hence the I-V characteristic oscillate with period ~0 , as indi
cated in Fig. 12(b). If the SQUID is biased with a current greater 
than the ma.Ximum critical current, the voltage across the SQUID is 
periodic in the flux, as shown in Fig. 12(c.). Thus: the SQUID is 
simply a flux-to-voltage transducer' with a .. transfer function v~ = . 
(3V/3~)I that is a maximum near (2n + 1)~0 /4. In most applications, 
at least for low frequency measurements, the SQUID is operated in a 
flux-locked loop. An oscillating flux is applied to the SQUID and 
the resul~ing voltage across the SQUID is amplified by a cooled LC:
resonant circuit or transformer and then by a low noise amplifier. 
The signal from the amplifier is lock-in detected, and the output 
from the lock-in is .fed. back into a coil coupled to the SQUID. Thus, 
feedback maintains a·constant flux in the SQUID, and the dynamic 
range can be as h:i,gh as 10 3 ~0 or more. Details of flux modulation 
schemes have appeared elsewhere (Clarke et al., 1976; Clarke, 1977, 
1980). 

The simplest characterization of the sensitivity of a SQUID is 
in terms of its equivalent flux noise, which has a spectral density 

. ~ 

R 

(a) (b) 

Fig. 12. (a) Configuration of de SQUID; (b) current-voltage (I-V) 
characteristic with ~ = n~0 and (n + ~)~0 , where n is an 
integer; (c) V vs. ~ at constant bias current. 
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(4 .1) 

In Eq. (4.1), Sv(f) is the spectral density of the voltage noise 
across the SQUID. However, in order to compare SQUIDs with different 
inductances, it is more useful to define a flux noise energy per unit 
bandwidth 

e: (f) 
-·-= 
1Hz 

ScfJ(f) 

2L 
(4.2} 

As we shall see later, e:/lHz is not a complete specification of the 
SQUID noise sources; however, it is a convenient measure for compar
ing different devices. 

The first de SQUID for which detailed noise measurements were 
made and compared with theory was the cylindrical device shown in 
Fig. 13(a) (Clarke et al., 1976). The spectral density of the equiv
alent flux noise measured in a flux-locked loop is shown in Fig. 13 
(b). The noise is nearly white at frequenices above 2 x l0-2 Hz; be
low this frequency the noise scales approximately as 1/f. The roll
off at higher frequencies is due to a low-pass filter in the measure
ment circuit. In the white noise region, the equivalent flux noise 
is approximately 3.5 x l0-5 cJJ

0 
Hz-~; with an area of 7 mm2 , tpis cor

responds to a magnetic field sensitivity of about l0-1 4 THz-~. The 
corresponding noise energy, with an estimated SQUID inductance of 1 
nH, is about 3 x lo-30 JHz-1. 

(a) 

- 1 
;o~~----~----,-----~----~ 

·· .. ·. -. ... 
•"'"'- • e••.•-"' 

'1012 ~...--____ ,__ __ ~---.L...-----' 
10-4, 10-2 102 

FREQUENCY (Hz) 

(b) 

... --- : 

Fig. 13. (a) Configuration of cylindrical de SQUID; (b) spectral 
density of ~QUID flux noise, ScfJ(f), for typical cylindri
cal SQUID (Clarke et al., 1976). 

18 



.. 

In the next section we compare these results with theoretical 
predictions, and see how subsequent devices have been fabricated with 
greatly improved noise energies •. 

B. Thermal Noise in the de SQUID 

A model for noise calculations in the de SQUID is shown in Fig. 
14. The current in the SQUID loop is J(t). There are two indepen
dent noise currents, IN1 (t) and IN2(t), associated with the two shunt 
resistors. The phase differences across the two tunnel junctions, 
o 1 and 02, obey the following equations (Tesche and Clarke, 1977; Ko~h 
et al. , 1981) 

and 

he ·· h • I . 
2e 82 + 2eR 82 = 2 + J - Iosino2 + IN2 • 

(4.3) 

(4.4) 

(4.5) 

(4.6) 

Equation (4.3) relates the voltage to the average rate of change of 
phase, Eq. (4.4) relates the circulating current to 81- o2 and.to 
the applied flux $, while Eqs. (4.5) and (4.6) are two Langevin equa
tions coupled via J ~ :resche and Clark~· (1977) ·solved the equations 
in the limit C = 0 with r = 21TkBT/I0 $ 0 = 0.05 and with a spectral 
density 4kBT/R·for IN1 and IN2· They computed V41 and s41 vs. I for . 
different values of applied flux and for various values of 8 = 2LI0 / 

41 0 • As in the case of the single junction, the noise was computed , 
for frequencies much less than the Josephson frequency, and was found 
to have a white power spectrum in this region. To optimize the 
SQUID, they assumed the maximum value ()~ Be was unity'· thereby. deter-

-. .. ._-

I 

I 

Fig. 14. Model for noise calculations in the de SQUID. 
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IV F. The main emphasis has been to reduce the inductance, and, 
particularly, the capacitance of the SQUIDs by means of photo~ 
lithography or electron beam lithography. The performance of a 
selection of devices is summarized in Fig. 15, where the measured 

-30 
10 

lo-34 lo-33 to·32 to-3' to·30 

16 k8T(LC)It2= 9 k8TL/R (JH£1) 

Fig. 15. Measured values of e:/lHz vs. 16kBT(LC)~ =9kBTL/Rfor anum
ber of de SQUIDs involving thin film tunnel junctions (ex
cept f). The SQUIDS referred to are: 
a Clarke et al., 1976. (4. 2K) 
b Koch and Clarke, 1979 (4.2K) 
c Voss et al., 1980 (4.2K, 1.6K) 
d Ketchen and Voss,l979 (4.2K, 1.8K) 
e Voss et al., 1981 (4.2K, 1.5K) 
f Voss et aL, l981 (4.2K) - nanobridge 
g Cromar and Carelli,l981 (4.2K) 
h Cromar and Carelli,l981 (4.2K) 
i Ketchen and Jaycox,l982 (4 .. 2K, 1.5K) 
j Carelli and Foglietti,l982 (4.2K) 

·k Van Harlingen et al., 1982 (4.2K, 1.4K) - 1/f noise sub
tracted 

i Martinis and Clarke,l982 (4.2K) 
m De Waal et al., 1981 (4.2K) 
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1 
values of e:/lHz are plotted against 16kBT(LC)~ = 9kBTL/R. No dis-
tinction has been made among devices that were operated in a flux
locked loop and those that were operated as small-signal amplifiers 
with no feedback. It should also be noted that in some cases the 
value of r was considerably less than 0.05, so that Eq. (4.10) can
not be expected to hold exactly. Nevertheless, although there is a 
general scatter of the results, it is evident that the measured noise 
energies follow the predicted values rather well. 

It is also apparent that the performance of the most sensitive 
devices approaches e:/lHz - l0-34JHz-l or h. One might expect quantum 
effects to be important in this range, and the following section is 
devoted to a discussion of quantum noise in SQUIDs. 

C. Quantum Noise in the de SQUID: Theory 

Koch et al. (1981) have extended their calculations on quantum 
noise in single junctions to the case of the de SQUID. They again 
solved Eqs. (4.3) to (4.6) on a computer, this time retaining the 
terms inC and using Eq. (3.1), SI(v) = (2hv/R)coth(hv/2kBT), for 
the spectral density of the noise currents. The computed values of 
V~, Sv, and e:/lHz at frequencies much less than. VJ for a particular 
SQUID with low values of L and C are- show in Fig. 16 (a) , (b) and 
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Fig. 16. Values of av;a~, 5v, e:/lHz, SJ, SvJ, and n(s) vs. ~/~0 com
puted· at frequencies much less than the Josephson frequency 
for a SQUID at T = 0 with Kf :: 2e2R/h = 0.02, B = 1, 1/I0 = 
1.63, and for Be= 0.25, 0.5, and 1 (Koch et al., 1981). 
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(c). The optimum value of ~/1Hz is 

e: /1Hz ~ h, (4.11) 

and is determined by zero point fluctuations. It cannot be empha
sized too strongly, however, that there is no exact minimum value 
of ~/1Hz determined by quantum mechanics, and that the values com
puted for SQUIDs with different parameters are likely to be scattered 
around h rather than exactly equal to h. 

Koch et al. (1981) extended their calculations to non-zero tem
peratures, and· found that ~/1Hz increased to about 3h at 4.2K for 
the parameters given in the caption of Fig. 16. 

D. Quantum Noise in the de SQUID: Experiment 

To my knowledge, there have been three types of SQUIDs with·· 
noise energie~ within a factor of six of h (Cromar and Carelli, 1981; 
Voss et al., 1981; Van Harlingen et al., 1982). We briefly describe 
the most-sensitive, that of Van Harlingen et al. (1982). The con
figuration of their SQUID is shown in Fig. 17 (inset), and is very 
similar to that of Cromar and Carelli .(1981). Two Pb (20 wt.% In) 
- In203 - Pb tunnel ju:nctions with a riominal di,ameter of 2 ~m and a 
separation of 30 lim were defined by lifting off windows in a SiO in
sulating laye~. Two additional windows determined the length of a 
10 ~m-wide CuAi shunt resistance for each junction. The capacitance 
of each junction was estimated to be about 0. 3pF, while the SQUID • 
loop had an inductance of about 2pH. Flux was applied to the SQUID 

30 

20 9lunt 
window 

~ 
N 
::c 

' w 
10 

I 

• a lS a 

0 
I 

Junction 

! t 
~ 

! 
§ ~ 

!:! 

2 
T (K) 

! 

2 

3 

! 

2 

• 112 
6 149 
0 202 

Fig. 17. Measured optimized values of ~/1Hz vs. Tat three frequenc
ies for most sensitive SQUID of Van Harlingen et al. 
(1982). Inset shows configuration of SQUID. 
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by means of a current along the counter electrode. 

The spectral density of the voltage noise, Sv(f), was measured 
using the apparatus shown in Fig. 7. Values of V~ were measured by 
applying a 1kHz-flux to the SQUID with an amplitude of typically 10-4 

~0 , and measuring the voltage across the. SQUID with a lock-in detec
tor. At each temperature, the flux noise S~(f) = Sv(f)/V~ was mea
sured with the flux near (2n + 1)~0 /4 and with V~ maximized with re
spect to the bias current. The optimized values of £/1Hz vs. T for 
the most sensitive SQUID are shown in Fig. 17 for three measurement 
frequencies. At each frequency, the noise energy is roughly linear 
in the temperature. The best measured value of £/1Hz at 1.4K and 
202kHz was 3.2h ± 0.2h, corresponding to an equivalent flux noise of 
(1. 7 ± 0 .1) X ro-s~oHz-~. Clear],y' there is a substantial frequency
dependent contribution to the noise. From measurements at the three 
frequencies, it was found that the spectral density of the total 
noise could be expressed as the sum of a white noise component and 
a 1/f noise component. The values of these components are listed in 
Table I. Unfortunately, the rather large relative magnitudes of the 
1/f noise give rise to substantial error bars on the estimates of the 
white noise, and make it impossible to determine whether or not the 
noise tends to an asymptote·at the lowest tempe~atures. The lowest 
extrapolated white noise energy (at 1.4KJ was (0~8 ± 0.7)h •. The best 
estimates of the white noise energy at 4.2K and 1.4K have been plot
ted in Fig. 15. · Given the substantial errors, the measured values of 
the white noise energy are in reasonable agreement with the predic
tions (Koch et al. ~ 1981): For a SQUID with L ~ 2pH, C ~ 0. 3pF, Be ~ 
1, and B ~ 1, we expect £/1Hz to ·be about 3h at 4.2K, decreasing to 
a little more than h at lK. 

From the measurements, one can conclude that it is possible to 
operate SQUIDs with white noise energies approaching h, but the 
theory has clearly_!lo~ b~~?.- ~ested as rigorously_as -~n ~he. case of 

Table I. Performance of Ultra Low~Noise SQUIDa (at 4.2K, 
L = 1.9 pH, c ~ !J.·J pF, ! 0 = o·~ss. mA, R ~ 1.3n, 
8 = 1.0, Be ~ 0.9) 

T v~ Rn e:/lHz e:/lHz e:/lHz 

202kHz white 1/f (100kHz) 

(K) (m.V/~o) (n) (h) (h) {h) 

4.2 6.8 4.7 14.4 3.6 ± 3.0 21.6 ± 4.7 

2.8 9.4 6.4 8.6 2.8 ± 1.8 11.6 ± 2.8 

1.8 12.5 8.9 4.5 1.5 ± 1.0 6.0 ± 1.5 

1.4 .13. 9 11.1 3.2 -· 0.8 ± 0.7 4.8 ± 1.0·. 

~an Harlingen et al., 1982. 
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the single junctions reported in Sec. III. More accurate measure
ments with this type of SQUID would necessitate higher frequencies to 
avoid the errors introduced by subtracting the 1/f noise. Further
more, the type of SQUID described here is of very low inductance so 
that it is difficult t~ couple it efficiently to an input coil of, 
say, 0.1 - 1 ~H as is often required in typical applications. Other 
SQUIDs that have achieved noise energies below 20h suffer from the 
same disadvantage. A discussion of techniques for coupling to planar 
SUQIDs appears in Sec. IV F. 

E. SQUID Amplifiers 

Within the reasonably near future, it is likely that SQUIDs will 
be fabricated in which the white flux noise is determined by zero 
point fluctuations. However, it does not automatically follow that 
such a SQUID can be used as an a~plifier in which the measurement of 
a signal applied to the input i~ ~uantum noise limite~~---~e purpose 
of this section is to discuss the design of such amplifiers, and to 
show that quantum limited performance should in fact, be possihle if 
the input circuit is optimized appropriately. 

When a SQUID is inductively coupled to an input circuit, the 
current noise circulating in the SQUID loop inevitably induces a 
voltage noise in this circuit. This additional noise·source implies 
that e:/lHz is not a complete specification of the SQUID noise, as 
mentioned in Sec. IV A. The current noise has a spectral density, 
SJ(f), that has been calculated by Tesche and Clarke (1979) in the 
thermal l~it, and by Koch et al. (1981) in the quantum limit. The 
current noise is partially correlated with the voltage noise across 
the SQUID, some of which arises from. the flux noise generated by the 
current noise. The resulting cross spectral density,SvJ(f), must 
also be taken into account. The matter is further complicated be
cause the calculated values of V~, 5v, SJ, and ~J ·are for a bare. 
SQUID, whereas the values for a SQUID coupled to an input circuit 
will be modified by the presence of that circuit. Unfortunately, 
corrections for this effect are by no means straightforward. At the 
signal frequency (~vJ) the model of an inductance c9~pled to the. 
SQUID is an excellent approximation, but at the Josephson frequency . 
(at least a few GHz) the model breaks down because of the presence 
of stray capacitance between the coil and the SQUID, and between the * . turns of the coil. To my knowledge, there has not yet been a suc-
cessful attempt to take these capacitances into acount in model cal
culations. For the present purpose, we shall assume that the coupl
ing between the coil and the SQUID is weak, so that we· can use para
meters computed for the bare SQUID. The calculations follow those 

* ·Hilbert and Clarke (1982) have found.that for a planar SQUID tightly 
coupled to a thin film spiral coil (Ketchen and Jaycox, 1982) the 
frequency response extends to about 200MHz; see Sec. IV H. 
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Fig. 18. Schematic of de SQUID coupled to a tuned input circuit; 
Vi and V0 are the input and output voltages. 

* of Clarke et al. (1979) and Koch et al. (1981). · 

We consider only the case of the.tuned amplifier shown in Fig. 
18. Here,,Li is the inductance coupled to the SQUID, with mutual 
inductance Mi, Ci and Rf are the series capacitance and resistance, 
and Vi and V0 are the input and output voltages. The total impedance 
of the input circuit is 

w2M2 
Z. ~ R. + wL. + _!_C + -

2
. i (4.12) 

l. l. l. w • ' 
l. s 

where Zs is the SQUID impedance which consists of a resistive and 
inductive component in parall~l (Koch, 1982). Since Hf = a 2LLi, and 
a 2 is small, we shall neglect the term w2Mf/Zs for low signal fre
quencies, w. !he current noise, JN(t), in the SQUID induces a volt
age source-MiJN in the.input circuit_that generate$ a cur!'ent -MijN/ 
Zi and hence a flux -MfJN/Zi in the SQUID. Thus, the total voltage 
noise at the output of the SQUID ist 

vN(t) = vN(t) - MfjNv~/zi. (4.13) 

Computing the spectral densities from Eq. (4.13) we find the spectral 
density of the noise at the SQUID ouput: · 

4 2 2 2 .. 
Miw SJ(f)V~ 2Miw~J(f)V<P(wLi- 1/wC.) 

S' (f) = S (f) + · . 1
· (4."14) 

v . v jz.j2 lz.l2 
l. l. 

*Koch (1982) and Tesche ·(1982} have each calculated the modifications 
to the SQUID parameters assuming that the simple model of a capaci
tance-free inductance coupled to a SQUID is correct. Koch demon
strates explicitly that his results reduce to those given here in the 
weak-coupling limit. · 
tin Clarke et al. (1~79), the sign of the term MfjNv <P/Zi was- incor
rectly given as positive: This error was pointed out by Koch (1982). 
Fortunately, this error does not affect the results for the tuned 
amplifier described here. 
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The corresponding mean square signal is given by 

and the signal-to-noise ratio in a bandwidth B is 

<V2>/S'(f)B. 
0 v 

(4.15) 

(4.16) 

In the thermal limit, we .introduce a noise temperature, TN, by set~ 
ting <V~>/S~(f)B = 1 with <Vt> = 4kBTNRiB• · 

One can then optimize.the noise temperature with respect to Ci 
and ~, to find 

T(opt) = (1rf/k V )(S S - SV2J)\ (4.17) 
N B <I> v J 

We note that T~opt) scaies with .frequency, and otherwise depends only 
on the SQUID parameters. Also, T~opt) is independent of a 2 (although 
the optimum values of Ri and Ci are not), implying that tight coupl
ing between the input circuit and the SQUID is not essential for op
timum noise performance. 

A comment on the relationship between T~opt)_ and e/lHz in the 
thermal limit is in order. In their simulation for an optimized 
SQUID with f = 0.05, Tesche and Clarke (1977, 1979) found Sv ~ 16 
kBTR, SJ ~ llkBT/R, and Sv.J ~ 12kBT. Inserting these values into 
Eq. (4.17), one finds T~0P{) ~18fT/V<t>, or, with Eqs.·(4.7) and 
(4.9), T*opt) ~ (2fe/1Hz)/kB. Thus, although it is true that e/lHz 
does not completely specify the noise sources in the SQUID, neverthe-· 
less, to the extent that one has·faith in the computer model, it is 
clear that as one improves e/lHz one produces a corresponding im-
provement in T*opt). · · 

We turn now to a consideration of the noise temperature in the 
quantum limit. The values of Sy(f), SJ(f), and SvJ(f) vs. flux for 
an optimized SQUID at T = 0 are shown in Fig. 16(b), (d), and (e) 
(Koch et al.; 1981). These spectral densities are computed at fre
quencies much below the Josephson frequency, where the noise is 
white. Since the classical definition of TN no. longer holds, it is 
convenient to rewrite Eq. (4.17) in terms of <Vt>· We then define 
the quantity nCs)hf = <V{>/4~B as the mean photon power per unit 
bandwidth in the imput circuit due to SQUID noise. The quantity 
nCs) is the mean number of photons induced in the input circuit by 
the SQUID.* We thus find 

(4.18) 

*The quantity nCs) is identical to the quantity A ("added noise num
ber") used subsequently by Caves (1982). 

27 



The variation. of n (s) with flux according to Eq. (4.18) is shown in 
Fig. 16(f). The"minimum value (Koch et al., 198l) is 

n (s) ~ ~. (T = 0) (4.19) 

The approximate equality arises from uncertainties in the computa- . 
tions. The minimum value for any linear phase preserving amplifier 
is exactly ~- Inspection of Eq. (4.18) reveals that the establish
ment of a lower limit on n(s) ·does not impose a lower limit on Sv or, 
consequently, on E/lHz. Thus, the exact value of Sv (and E/lHz) when 
n(s) = ~may depend on the parameters of the SQUID, so that there is 
no precise lower limit on t/lHz. Nevertheless, it is believed that 
the values of E/lHz for a quantum limited ·sQUID are in the vicinity 
of li. 

Equation (4.19) can be reWritten as a noise temperature (Louis
ell et al., 1961) by adding the zero point energy in the resistance 
Rj_, hf/2 , to tJte contribution from the SQUID, hf/2·, to find a total 
energy hf. ·One then equates hf to the available noise energy avail
able from~ in the quantum limit, hf/[exp(hf/kBT)- 1], to obtain 
the result 

TN = hf/kBin2. (4.20) 

Thus, Eqs. (4.3) to (4.6) using Eq. (3.1) for the noise driving 
term predict that a SQUID at T = 0 weakly coupted to a tuned input 
circuit also at T = 0 should behave as an tideal quantum-limited amp
lifier. As yet, no practical SQUID amplifier has come within orders 
of magnitude of this limit. At a temperature of lK, n(sJ will in
crease to about2 for the SQUID discussed here (Koch et al.,. 1981); 
more important, the noise in the input circuit will be very much in 
the thermal limit except at unrealistically high frequencies. Two 
ways in which the quantum limit may perhaps be achieved are discussed 
in Sec. IV H. 

F. Coupling to SQUIDs 

Although the efficiency with which an input circuit is coupled 
to a SQUID does not affect the noise temperature for a tuned circuit, 
this is not the case for the untuned input circuit. Furthermore, 
even for the tuned case? very small values of a 2 may lead to unrea
sonable values of R.JoptJ (Clarke et al., 1979). Thus, from a prac
tical standpoint, it .,is usually necessary to achieve values of a 2 

that are not too small. 

For the cylindrical SQUID [Fig. 13(a)], one could achieve val-· 
.ues of a 2 of about O.S.simply by winding a solenoid around the SQUID. 
The advent of the planar SQUID, however, a configuration that is vir
tually mandatory if one is to use lithography, has made good coupling 
a more subtle problem. This difficulty has been overcome by Jaycox 
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and Ketchen (1981) who used a spiral coil deposited over the body of 
the SQUID, and by Cromar and Carelli (1981) and Carelli and Foglietti 
(1982) who used a SQUID with many large-inductance loops in parallel. 
We briefly describe the former device. 

The essential idea (Jaycox and Ketchen, 1981; Ketchen and Jay
cox, 1982) is shown in Fig. 19. The SQUID loop is square, and the 
width of the film, w, is somewhat greater 'than the width of the hole, 
d. In the limit w ~ d, the loop-inductance is given by L(loop) = 
1.25 ~ 0d. The superconducting input coil is deposited as a spiral 
overlaying the SQUID loop, and separated from it by an insulating 
layer. Jaycox and Ketchen give the following expressions for the 
inductances and a 2 : 

and 

L = L(loop) + L., 
J 

M. = n(L- L.), 
1 . J 

L. = n 2 (L - L. ) + L 
1 J s' 

a 2 = (1- LJ/L)[l + L /n2 (L- L.)]- 1 , 
s J . 

(4.21) 

(4.22) 

(4.23) 

(4.24) 

where Lj is the parasitic inductance associated with the junctions, 
n is the number of turns in the input coil, and Ls is the stripline 
inductance of the coil. Among several versions of this SQUID, Ket
chen and Jaycox (1982) tested one with measured values of d ~ 50 ~m, 
n =50, L ~ 90pH, Li·~ 190 nH, and a 2 = 0.86. These values were in 
excellent agreement with the predictions of Eqs. (4.21) to (4.24). 
Using a second SQUID .to detect the voltage, ~hey found a noise energy 

Fig. 19. · Planar SQUID with spiral input coil (only 2 turns are 
shown) and quarter-tum modulation coil (Ketchen and Jay
cox, 1982). 
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referred to the input coil, S~/2a. 2L, of about 120h at 4.2K. ·At l.SK, 
S<ll/2a.2L decreased to about SOh, the lowest noise energy referred to 
an input coil yet reported, although it was not obtained in a flux
locked configuration. Martinis and Clarke (1982) ·have fabricated a 
series of planar Nb-NbOx-Pb SQUIDs using an adaption of the configur
ation of Ketchen and Jaycox, and have achieved noise energies of about 
200h at 4.2K in a flux-locked loop. 

G. Flicker (1/f) Noise in SQUIDs . 

No discussion of the noise limitations of SQUIDs can be complete 
without some reference to the question of 1/f noise. As is evident 
from Figs. 13(b) and 17, the spectral density of the flux noise at 
low frequencies scales as 1/f; all SQUIDs on which careful measure
ments have been made show similar behavior. 

The 1/f noise in single resistively shunted Josephson junctions 
arises from fluctuations in the critical current which in turn are -
believed to arise from temperature fluctuations (Clarke and Hawkins, 
1976). However, while the present model predicts the noise level in 
large area(- 104].lm2 ) junctions ,quite well; the 1/f noise in the
small area (- 6 ].lm2 ) junctions studied by Koch et al. (1982) is sub
stantially lower than that predicted by the model. This observation 
does not necessarily invalidate the temperature fluctuation model 
altogether, but certainly suggests that it is incomplete. Given the 
level of 1/f noise in single junctions, one then can estimate the 
noise that would be generated in a SQUID. In the simplest models 
(Clarke et al., 1976; Ketchen and Tsui, 1980), one simply assumes 
that the spectral density of the flux noise is 2L2 Sr

0
(f), where 

SI (f) is the spectral density of the critical current fluctuations 
in°each·junction, which contribute independently. (One also assumes 
that the SQUID is flux modulated, so that the 1/f voltage noise does 
not contribute.) Detailed computer models (Koch et al., 1982a; 
Tesche, 1982a) produce· more exact n\Jlllerical coefficients linking_ the 
critical current noise to the flux noise. The essential conclusion 
from these models. is that the 1/f noise observed in ttinnel j~nction 
SQUIDs is much greater than that predicted from the critical current 
fluctuation model; in the case of the cylindrical SQUID by two orders 
of magnitude. Thus, it appears unlikely that critical current fluc
tuations are the dominant source of 1/f noise. In fact, Koch et al. 
(1982a) used two different schemes in which the bias current and flux 
were modulated to demonstrate explicitly that the predominant source 
of 1/f noise could. be regarded as a flux noise. At present, the 
origin of this noise is not known. 

-Koch et al. (1982a) examined the 1/f flux noise in 5 d£fferent · 
types of tunnel junction SQUIDs made at Berkeley with inductances and 
capacitances that each ranged over 3 orders of magnitude, and areas 
that ranged over almost six orders of magnitude. They found that the 
spectral density of the 1/f flux noise at 4.2K was remarkably consis-
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tent, varying from [(0.·4 to 3) x lo- 10 /f]~~Hz- 1 , with an average of 
about (lo- 10 /f)~~Hz- 1 • The 1/f noise in the SQUID of Ketchen and 
Jaycox (1982) at 4.2K was about (3 x lo- 10 /f)~~Hz- 1 , while that of 
Carelli and Foglietti (1982) was lower than any of these values, 
about (lo- 1 1/f)~~Hz-1. 

It is important to note that the lack of dependence of the 1/f 
flux noise on the SQUID parameters gives a quite different criterion 
for optimizing the noise energy at low frequencies compared with that 
derived on the assumptions that the noise arises from critical cur
rent fluctuations and that the temperature fluctuation model is valid 
(Ketchen, 1981; Ketchen and Tsui, 1981). As an example, suppose that 
we have a SQUID that is quantum limited in the white noise region, 
and we require the 1/f "knee frequency" (at which the white and 1/f 
noise energies are equal) to be as low as possible give~ that s$/f 
remains constant at (lo-1 0 /f) ill~Hz- 1 • Now e:l/f /1Hz = s~lf/2L = [2 x 

lo-31/(L/lnH)f]JHz-1 ~ 2000h/(L/lnH)f. Equating this result to the 
white noise energy, h, we find a knee freq~ency of 2kHz/(L/lnH). 
Thus, one should make L as large as possible, consistent with the 
requirement that the thermal or quantum flux fluctuations must not 
be so large as to destroy the periodicity of the SQUID. Thus, to 
obtain a knee frequency of lk.Hz (for example, for a gravity wave an
tenna, see Sec. IV H), onemust choose L ~ 2nH. Unhappily, for the 
SQUID to be quantum noise limited in the white noise region at lK, 
this choice of L requires a junction capacitance of no greater than 
lo-1>F [from Eq. (4.10)]. This value is likely to present a signifi
cant challenge, since it implies a junction area of less than 1/400 
~m2 • Of course, this discussion assumes that the 1/f noise arises 
from flux noise rather than critical current fluctuations even for 
such tiny junctions, and should be regarded with some suspicion until 
appropriate measurements can be made. Nevertheless, the.argument il
lustrates the importan'ce of establishing an appropriate model for 1/f 
noise, even if it is entirely empirical. 

The problem of 1/f noise in SQUIDs remains an outstanding one. 
It now appears that "flux noise" is responsible for the predominant 
contribution, at least ~n a ·certain family of devices involving thin 
film tunnel junctions, but a good deal of light has yet to be shed 
on the origin of this noise. 

H. Applications of Quantum-Limited SQUID Amplifiers 

It should be realized that at the low signal frequencies at 
which SQUIDs are usually operated, the optimized noise temperature 
in the thermal limit, T*opt), is exceedingly small. For example, if 
we take R/L = 20 ~V (corresponding to a frequency of 101°Hz):, T = 4K, 
and f = 100Hz, we ,find T~opt) ~.18fT/Vi~~ ~0.75 ~K. Thus, the thermal 
noise power in the input resistor overwhelms the SQUID noise by more 
than 6 orders of magnitude, implying that the SQUID noise is totally 
negligible·even for very badly matched input circuits, and rendering 
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any discussion of the quantum limit redundant. In order to have any 
chance of.observing quantum limited performance one clearly requires 
kBT ~ hf. If T = lK, we require f ~ 25GHz, a frequency that is well 
above the capability of any presently-designed input circuit. On the 
other hand, if one were to cool the input circuit to 10 mK, one would 
reduce the minimum required frequency to about 250 MHz. Hilbert and 

· Clarke (1982) have operated SQUIDs with a configuration similar to 
that of Ketchen and Jaycox (1982) at signal frequencies of up to 200 
mHz, and it seems likely that this frequency range can be extended
perhaps to about lGHz. Although this type of SQUID is far from the 
quantum limit of 4.2K, it would be relatively close at 10 mK if the 
noise decreases as predicted by Eq. (4.10). Thus it may be possible 
to achieve quantum limited amplifiers in a dilution refrigerator for 
signal frequencies of a few hundred megahertz. 

A second very exotic potential application of quantum limited 
de SQUIDs is as the transducer for gravity wave antennas. A number 
of groups around the world are designing antennas consisting of mas-

·sive cylindrical bars cooled to liquid He4 temperatures. A gravity 
wave excites a longitudinal oscillation in the bar, and one means of 
detecting the motion is with a SQUID amplifier. For example, the de
tector at Stanford (Baughn et al., 1977), which has been operational 
for some .years, consists of a 4800kg A1 bar cooled to 2K and with a 
mechanical Q of order 106 at a resonant frequency of Va = 840Hz. A 
transducer is attached to one end of the bar, and consists of a su
perconducting niobium diaphragm with two superconducting pancake coils 
facing its two sides. The coils carry a persistant supercurrent and 
are connected in parallel with the input coil of a SQUID. The dia
phragm is a high-Q mechanical resonator the motion of which modulates 
the inductance of the two pick-up coils. The current fed to the 
SQUID is proportional to the displacement of the diaphragm from its 
equilibrium position. 

In order to achieve the quantum limit in the detector, at first 
sight one might expect that the experiment should be cooled to tem
peratures below 840(h/kB)K ~ 40 nK! Fortunately, however, one can 
take advantage of the very high Q of the system together with the 
relatively short length of the gravity wave signal~ •s- 1 ms, to 
achieve the quantum limit, at least in principle, in a detector that 
is at a realizable temperature (Giffard, 1976). The decay time of 
the antenna is very long, on the order of Q/va- 10 3s. Thus, one is 
required to detect a short pulse, of length 's' on a background that 
is changing very slowly with time• It can be shown that under these 
circumstances, the effective antenna temperature is 

T-r 

Teff ...... Q/~ ' (4.25) 
a 

about 10-6 T--for the values given above. Thus;- if the bar is cooled 
to 10 mK in a dilution refrigerator, Teff - 10 nK, and the bar is 
quantum limited. Needless to say, the achievement of this goal will 
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require a very dedicated effort, including the development of a suit
able quantum limited SQUID. 

V. CONCLUDING SUMMARY 

In this chapter, I have tried to show how one can introduce 
quantum noise effects into overdamped resistively shunted Josephson 
junctions. The central idea is to replace the classical current 
noise term in the resistor with the quantum term which has a spectral 
density (2hv/R)coth(hv/2kBT). The equation of motion, however, re
mains the classical description of a particle moving on a tilted 
washboard [Eq. (2.10)]. This so-called quantum Langevin equation can 

. be solved exactly for the case f3c ~ 1 and for I > I 0 ; at T = 0 it 
predicts that the.voltage noise at low frequencies, Vm ~ VJ, has a 
spectral density (2eV/R)(I0 /I) 2, and arises from zero point fluctua
tions near the Josephson frequency, vJ, mixed down to the measurement 
frequency, vm. Measurements on junctions designed to exhibit sub
stantial quantum corrections to the noise in the He 4 temperature 
range were in excellent agreement with the theory. (Figs. 9 and 10). 
In particular, it was demonstrated that the noise driving term did 
indeed have a spectral density (2hv/R)coth(hv/2kBT) (Fig. 11). These 
results indicate rather strongly that the quantum Langevin equation 
is a valid description of a resistively shunted junction in the free 
running mode I > I 0 • The measurements also demonstrate that the Jo
sephson junction operated as a self-mixer is an ideal quantum-limited 
device at frequencies up to SOOGHz. The formalism developed in Sec. 
III A could also be extended fairly readily to calculate the effects 
of quantum noise in a Josephson mixer with an external local oscilla
tor. 

The quantum Langevin equation fails for underdamped junctions 
biased well below the critical current. In this regime, quantum me
chanical broadening of the wave packet describing the "particle" be
comes important, and the picture of a point particle moving on a 
tilted washboard is no longer valid. Instead, cine should use the 
macroscopic quantum tunneling description. However, the quantum 
Langevin equation may still be appropriate for overdamped junctions 
biased just below the critical current, and may give an accurate des
cription of quantum noise rounding of the I - V characteristic. A 
clarification of the relationship between the quantum Langevin equa
tion and MQT in this regime is very much needed. 

The theory of de SQUIDs in the thermal limit (Sec. V B) predicts 
£/1Hz ~ 16kBT(LC)~. A large variety of SQUIDs are in reason~ble 
agreement with this formula, as shown in Fig. 15. The quantum Lange
vin-approach has also been-extended to the-dc SQUID (Sec. IV C), but, 

--unfortunately, only computer solutions are possible. For an opti
mized SQUID at T = 0, the theory predicts E/lHz ~h. It was empha
sized that although the noise energy per Hz is a convenient measure 
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with which to compare SQUIDs, it is not a complete description of the 
noise in SQUIDs, and there is no exact fundamental lower limit on its 
value. The best practical SQUID had a noise energy of about 3h at 
L4K; much of this was 1/f noise, and the extrapolated value of the 
white noise was (0.8 ± 0.7)h. It should be remarked that it is more 
difficult to observe quantum noise in a SQUID than in a single junc
tion using the same junction technologies. The SQUID imposes a fur
ther constraint, namely that it must be operated at a relatively low 
voltage where V~ is a maximum. Thus, one must achieve a higher value 
of K = ei R/kBT (for example, by operating at a lower temperature) 
than woul~ be-necessary to observe quantum effects in a single junction. 

Section IV E described the coupling of a SQUID to a tuned input 
circuit to make an amplifier. In this situation, the current noise 
in the SQUID, which is partially correlated with the voltage noise 
across the SQUID and which induces a voltage noise into the input 
circuit, must be taken into account. For weak coupling between the 
SQUID and the input circuit and for a·signal frequency, f, much less 
than vJ, the theory predicts that the optimized amplifier at T = 0 
should have a noise temperature TN ~hf/kBln2. Alternatively, one 
can say that the SQUID induces an average energy of hf/2 into the in
put circuit. 

Although quantum limited amplifiers do not in principle require 
very efficient coupling between the SQUID and the input circuit [Eq. 
(4.17)], in practice it is undesirable for the coupling to become 
too weak. At least two efficient coupling schemes for planar SQUIDs 
have been described in the literature (Sec. IV F), and it would ap
pear that this problem is largely solved. 

The problem of 1/f noise in SQUIDs at low frequencies is peren
nial (Sec. IV G). At least for SQUIDs based on tunnel junctions (as 
opposed to artificial ·barriers, microbridges, or point contacts), it 
now appears that the 1/f noise does not arise predominantly from cri
tical current fluctuations, but from some unkno/£ source of "flux 
noise". The magnitude of the 1/f flux_noise, s$ fi is remarkably con
stant (say, within one order .of magnitude of (lo- 0 /f)~~Hz-1 ) for a 
wide range of SQUID inductance, capacitance, .and area. To the extent 
that this conclusion holds true, it implies that to obtain the lowest 
possible noise energy at low frequencies one must make the SQUID in
ductance as large as possible. 

What are likely future developments? To incorporate a SQUID 
into an amplifier capable of making a quantum limited measurement is 
not going to be easy. In my opinion, it will be necessary first to 
go to low temperatures, to make the ratio of signal frequency to tem
perature as large as possible. Next 7 one must either operate at high 
frequencies, so that hf/kBT > 1, or look for short pulses with high Q 
circuits, as is the case for gravity wave detectors (Sec. IV G). In 
either case the problems are formidable. Needless to say, the possi-
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bility of observing gravity waves is an extremely exciting one, and 
likely to stimulate strenuous efforts to build quantum limited detec
tors in the coming years. 
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