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ABSTRACT OF THE DISSERTATION

Distributionally Robust Nash Equilibrium Seeking
With Applications to Task Allocation Among Self-Interested Agents

by

Nirabhra Mandal

Doctor of Philosophy in Engineering Sciences (Mechanical Engineering)

University of California San Diego, 2026

Professor Sonia Martinez, Chair

The behaviors of complex systems with interacting decision-making agents are
governed not only by each agent’s selfish response to others’ decisions, but also by unforeseen
environmental uncertainties. As such, analytical characterization of equilibrium behaviors
of such systems must be robust to unknown disturbances. This dissertation explores
stochastic one-shot games, where the agents’ utilities depend not only on the collective
strategy profiles but also on some well-behaved randomness; and a distributionally robust
version of such games. The main focus is on providing conditions under which these

games admit a Nash equilibrium (NE), relating the NE of the games, and coming up
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with distributed algorithms that converge near an NE, when it exists. Another focus of
this dissertation is on applying these algorithms to solve task allocation problems among
self-interested agents in a distributed way.

We first study the game where each decision-maker is agnostic to the random
variable’s underlying distribution, but have access to finitely many i.i.d. samples generated
from it. To hedge against the unknown uncertainty, each agent plays a distributionally
robust game and aims to maximize the worst-case expected utility over a Wasserstein ball
around the sample average distribution. In this setting, we provide conditions under which
the game has a non-empty set of distributionally robust Nash equilibria (DRoNE) and
then characterize the closeness of the DRoNE set to the NE of the associated stochastic
game. We then propose an Inertial, Supported, Better Response, Ascending superGradient
dynamics (ISBRAG) that seeks the DRoNE set. This forms the basis of a distributed
version (d-ISBRAG) where agents estimate others’ strategies by means of a dynamic
consensus subroutine over a directed communication network.

Next, leveraging this algorithm, we propose a novel solution to a task allocation
problem, by which a group of agents assigns a discrete set of tasks in a distributed manner.
In this setting, heterogeneous agents have individual rewards for doing each task; however,
these rewards are only known asymptotically. The assignment problem is formulated by
means of a combinatorial partition game, with no constraints on the number of tasks
per agent. We relax this into a weight game, which together with the former, are shown
to contain the optimal task allocation in the corresponding NE set. We then propose a
distributed, Projected, Best-Response, Ascending Gradient dynamics (d-PBRAG) as a
simplification of d-ISBRAG. This distributed online algorithm can deal with a converging
reward sequence by means of an agreement sub-routine.

Finally, we deploy our algorithms to study a problem of multi-agent exploration
with behaviorally heterogeneous robots. Each robot maps its surroundings using SLAM

and identifies a set of areas of interest (Aols) or frontiers that are the most informative to
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explore next. The robots assess the utility of going to a frontier using Behavioral Entropy
(BE) and then determine which frontier to visit via the d-PBRAG algorithm. We test our
algorithm in simulation, where we explore the effect of sensing radii, sensing accuracy, and
heterogeneity among robotic teams with respect to the time taken to complete exploration
and path traveled.

All together, these contributions address some of the significant challenges in
designing and deployment of distributed algorithms for NE seeking in robust games. In
addition, at the end, we provide robust control properties of a class of stochastic ensemble
systems that consists of families of random variables. We relate the reachability properties
of the stochastic ensemble system with that of the limiting, discrete, linear, time-invariant
(DLTI) system, and provide a method to combine the control inputs from the stochastic
ensemble systems to compute a control input for the DLTT system. We finally characterize

variance of state and control when the data is updated sequentially in a streaming fashion.

xXviil



Chapter 1

Introduction

1.1 Motivation

Complex interacting systems with reward oriented agents are staples of today’s
increasingly interconnected world. As collective strategies deployed by decision-making
agents have far-reaching implications in various fields, e.g. robotics, artificial intelligence,
or operations management; the analytical characterization of their behavior is of the
utmost importance. This can be studied succinctly through the lens of game theory, the
science of strategic decision making. However, an individual’s strategy is shaped not
only by the selfish response to others’ decisions, but also by unforeseen environmental
uncertainties. This motivates us to explore stochastic one-shot games where the agents’
utilities depend not only on the collective strategy profiles but also on some well-behaved
randomness. In particular, we assume that the agents are agnostic to the random variable’s
underlying distribution and instead have access to finitely many i.i.d. samples from this
random variable. The main focus is on proposing and analyzing a distributionally robust
game where the agents are interested in maximizing their worst-case expected utility over
some uncertainty set built using the samples. We are particularly interested in how the
equilibria of such a robust game relate to the equilibria of the underlying stochastic game.

Moreover, once we provide guarantees of existence, we are also interested to producing

algorithms that seek out these equilibria in a distributed way. Such methods are useful in



various problems related to controlling a group of decision making agents towards a class
of desired equilibria.

As an application of such a framework we turn towards the field of task allocation
among self-interested agents. For example, a prototypical coordination problem aims to
find an efficient assignment of a group of agents to a collection of tasks. The tasks can range
from abstract objectives to specific physical jobs, the nature of which may not be known.
The agents may have heterogeneous capabilities, and react to different sets of incentives
that are learned progressively. In the field of robotics, exploring uncertain, hazardous
environments is often handled by such coordination of multiple autonomous robots, with
the goal of improving efficiency, adaptiveness, and robustness to individual failures. To
deal with this, we convert the task assignment problem into a robust non-cooperative game
whose equilibria coincide with the optimal task allocation solution. Further, such teams of
robots might not have individual capabilities for enhanced computation or storage. This
motivates us to propose distributed algorithms that are able to compute the equilibria of
the aforementioned robust game in finite time. As a side consequence, we observe that

having a team of agents with heterogeneous behaviors is beneficial.

1.2 Organization and Contributions

This dissertation studies the application of distributionally robust games towards
solving multi-agent task allocation problems with uncertain rewards. We specifically
deal with situations where the underlying distribution of the uncertainty is unknown,
but we have access to finitely many samples from this well-behaved random variable. In
Part I, we deal solely with Distributionally Robust Games (DRG). We relate their Nash
equilibria (NE) to the NE of the underlying stochastic game, and provide distributed
algorithms to seek these NE when they exist. Part II deals with the applications of the

framework proposed in Part I, prominently towards task allocation among self interested



agents. Chapter 4 proposes a distributed task allocation scheme using a game theoretic
method, and Chapter 5 uses this method to solve multi-robot exploration problems
with heterogeneous robot teams. Finally, in Chapter 6, we provide an application to
ensemble control of DLTT systems, which can be used to steer multi-agent groups randomly
interacting with each other.

We now provide a more detailed overview of each chapter.

Chapter 2 lists our major notations and some preliminary concepts and results
that are used frequently in the later chapters. We begin by introducing concepts from
measure theory, including important definitions and major concentration results. Next,
we provide definitions and results from the literature of input-to-state-stability with
generalized versions that utilize size functions. Then, we briefly mention some non-smooth
analysis techniques for convex functions. We conclude the chapter with basic definitions
from graph theory, which is used to model the communication network for our distributed
algorithms.

Chapter 3 deals with Distributionally Robust Games. Specifically, we study
stochastic one-shot games where agents’ utilities depend on the collective strategy profiles
of other agents as well as on some well-behaved randomness. While each decision-maker
is agnostic to the random variable’s underlying distribution, they have access to finitely
many i.i.d. samples generated from it. We consider two cases: one where samples are
shared; and another, more special one, where samples are individually accessible. To
hedge against the unknown uncertainty, each agent plays a distributionally robust game
and aims to maximize the worst-case expected utility over a Wasserstein ball around
the sample average distribution. In this setting, we provide conditions under which the
game has a non-empty set of distributionally robust Nash equilibria (DRoNE) and then
characterize the closeness of the DRoNE set to the Nash equilibria (NE) of the associated
stochastic game. We then propose an inertial, supported, better response, ascending

supergradient dynamics (ISBRAG) that seeks the DRoNE’s when the distributionally



robust game possesses what we term as amicable supergradients. This forms the basis of a
distributed version (d-ISBRAG) where agents estimate others’ strategies by means of a
dynamic consensus subroutine over a directed communication network. While initially the
distributed algorithm works in the case where agents have individual samples, we later
extend this to the case of shared observations under certain simplifying assumptions. This
involves analyzing a tractable reformulation of the distributionally robust optimization
problem and solving it in a distributed manner to compute the required supergradients.

Chapter 4 specializes the game to find a solution to a task allocation problem,
by which a group of agents assigns a discrete set of tasks in a distributed manner. In
this setting, heterogeneous agents have individual preferences and associated rewards for
doing each task; however, these rewards are only known asymptotically. The assignment
problem is formulated by means of a combinatorial partition game for known rewards,
with no constraints on the number of tasks per agent. We relax this into a weight game,
which together with the former, are shown to contain the optimal task allocation in the
corresponding set of Nash equilibria (NE). We then propose a projected, best-response,
ascending gradient dynamics (PBRAG) that converges to an NE in finite time. This forms
the basis of a distributed on line version that can deal with a converging sequence of
rewards by means of an agreement subroutine.

Chapter 5 uses the previous algorithms to study a problem of multi-agent ex-
ploration with behaviorally heterogeneous robots. Each robot maps its surroundings
using SLAM and identifies a set of areas of interest (Aols) or frontiers that are the most
informative to explore next. The robots assess the utility of going to a frontier using
Behavioral Entropy (BE) and then determine which frontier to visit via a distributed task
assignment scheme. We convert the task assignment problem into a non-cooperative game
and use the distributed algorithm d-PBRAG to converge to the Nash equilibrium, which
we have shown to be the optimal task allocation solution. For unknown utility cases, we

provide robust bounds using approximate rewards. We test our algorithm (which has less



communication cost and fast convergence) in simulation, where we explore the effect of
sensing radii, sensing accuracy, and heterogeneity among robotic teams with respect to
the time taken to complete exploration and path traveled. We observe that having a team
of agents with heterogeneous behaviors is beneficial.

In Chapter 6 we study the control properties of a class of stochastic ensemble
systems that consists of families of random variables. These random variables provide
an increasingly good approximation of an unknown discrete, linear-time invariant (DLTT)
system, and can be obtained by a standard, data-driven procedure. Our first result relates
the reachability properties of the stochastic ensemble system with that of the limiting
DLTT system. We then provide a method to combine the control inputs obtained from
the stochastic ensemble systems to compute a control input for the DLTT system. Later,
we deal with a particular kind of stochastic ensemble system generated from realizing
Bernoulli random variables. For this, we characterize the variance of the computed state
and control. We also do the same for a situation where the data is updated sequentially in
a streaming fashion.

Finally, Chapter 7 summarizes the main contributions of this dissertation. It also

provides a vision for future research that might build on our results.



Chapter 2

Preliminaries

This chapter introduces background material necessary for the development of later
chapters. We begin with standard notations that are used throughout the dissertation.
Specialized notation will be introduced in each chapter if needed. Then we collect concepts
from measure theory that help us deal with providing uncertainty quantifications for
the randomness. Following that, we present definitions and results from the field of
input-to-state stability. This helps us in providing ultimate bounds for the behavior of the
algorithms. Finally, we present basic ideas from non-smooth convex analysis and graph

theory.

2.1 Notation

We begin this chapter with a table of the general notation used throughout the

rest of this work. More specific notation will be defined in individual chapters.

Table 2.1. Notation.

Symbol Description

Spaces and Sets

R Real numbers.
R>0(Rso) Non-negative (positive) real numbers.
Z>0(Z~o) Non-negative (positive) integers.



Table 2.1. Notation (continued).

Symbol Description
R n-dimensional Euclidean space.
Rm>m Set of n x m real matrices.

Set operations

S|

N

S+ S :={s1+ 52|81 €S1,8 € Sa}
S\ S

Vectors and matrices
1

0

I

@)

M

Distances and norms

%1,

Tx

Ix][ :== vx
d(x,8) := infyes ||x — |
B.(z) = {y € X|d(z,y) < ¢}
1]

Misc.

Pr{-}

fog

6]

Cardinality of set S.
n Cartesian product of set S with itself.
Minkowski sum of sets §; and Ss.

Set difference.

Vector with all entries one.
Vector with all entries zero.
Identity matrix.

Zero Matrix.

Moore-Penrose pseudoinverse of M.

p-norm of x € R", with p > 1.

2-norm of x € R™, unless otherwise mentioned.
Distance of vector x to the set S.

e-radius closed ball around x € X.

L*-norm of measurable function f : R — [0, 00).

Probability of an event over a measurable space.
Function composition.

Empty set.




2.2 Measure theory and concentration results

Suppose % is a g-algebra on R™; and let p and v be measures on the measure
space (R™,.Z). Then, v is said to be absolutely continuous w.r.t. p (denoted as v < p)
if 4(S) = 0 implies that v(S) = 0. Suppose that f: R™ — R™ is a measurable function.
Then, the f-pushforward measure of ;1 is a new measure denoted by fyu; and defined as
fiu(S) = u(f1(S)), VS € .Z. Finally, we denote the Dirac delta function at x using dy;
and the multivariate Gaussian distribution with mean x and covariance ¥ as NZ.

Assume that & € R™ is a random variable with an unknown probability distribution,
P*. When P* is supported on = C R™ and Ja > 1 such that E¢p+ [exp(||£]|*)] < oo; we
say that P* is light-tailed. Let M(Z) be the set of all probability distributions Q on =
with bounded first-order and second-order moments. Then, the 1-Wasserstein distance (we
drop the 1 in the sequel for brevity) between two distributions Q1, Qy € M(Z) is defined

as [1]

dw(Q1, Q) = int / € — &]l 7(d€, d) (2.1)

well(Q1,Q2)

where, TI(Qq, Q) is the set of joint probability distributions of &; and & with marginals

Q1 and Qy respectively. Further,
B.(P) := {Q € M(E) | dw(Q,P) < ¢},

is the closed Wasserstein ball of radius ¢ around P € M(Z). Under some conditions, the
aforementioned Wasserstein distance can be written in different equivalent ways, which

become useful later. When Q) is absolutely continuous w.r.t. the Lebesgue measure, the



Monge formulation of optimal transport gives,

n(@. Q) = nf { [ 16 =T Qu(a6) |72 = 2}, (22

where T : R™ — R™ is a measurable function, or deterministic transport map. Finally,

the Kantorovich-Rubinstein description of the Wasserstein distance is,

aw(@. @) =sup { [ FOa0 - [ ro} (2.3

where £ := {f | [f(&) — f(&)| < & — &l], V&,& € E} is the set of all Lipschitz
continuous functions on = with Lipschitz constant 1.

Let {g(k)}gzl C R™ be ii.d. samples generated by a distribution P*. The
following result characterizes the closeness of P* to the sample average distribution
PN .= % Zszl 5§(k)- The result is useful to provide guarantees from distributionally robust

optimization [2].

Theorem 2.2.1. [3/ Suppose 6 € (0,1), and

log(c160—1) 1/ max{m,2} . log(c10~1) .
(gC;N ) Nz gclz '

€= (2.4)

(log(q@l))l/a ZfN < log(c10~1) |
? co 9

ca N

where ¢, , ¢y are positive constants that only depend on a and m. Then, Pr {IP’* €

B.(PV)} >1-6. .

2.3 Size functions and input-to-state stability

We recall that a continuous function o : R>y — R is class-K (i.e. 0 € K) if it
is strictly increasing and o(0) = 0. Further, o is class-K, (i.e. 0 € K) if 0 € K and

o(x) — oo as © — oo. Finally, a continuous function 8 : Rsg X Rsg — Ry is class-KL



(i.e. B € KL)ifVy € Rsg, B(+,y) € K and Vo € Rs, S(z, ) is decreasing with 5(z,y) — 0

as y — oo. The following notion will be used in the stability analysis in the sequel.

Definition 2.3.1. (Size function [4]). A function w : R™ — R is said to be a size function
for the compact subset S C R™ if w is 1) continuous; ii) positive definite with respect to S,
i.e. w(x)=0,if x € S and w(x) > 0, if x ¢ S; and iii) proper, i.e. Vr € R, the sublevel

set {x|w(x) < r} is a compact subset of R". o

Size functions have also been referred to as proper indicators in [5, 6]. For example,
the previously defined distance function d(-,S) is a size function for S. With this, the

following result provides a useful comparison between size functions and class-K, functions.

Lemma 2.3.2. [}/ Suppose wi,ws are size functions for S C R"™. Then there exists

functions 01,09 € Ko such that
o1(wa(x)) < wi(x) < o9(wa(x)), Vx € R". °

The previously discussed concepts are used to recall the notion of input-to-state

stability for a non-linear autonomous system
x(t +1) = f(x(t),u(t)), Vte& Zso; (2.5)

with continuous f : R® x R™ — R™.

Definition 2.3.3. (Input-to-state stability [7]). Suppose w is a size function for S C R".
Then, (2.5) is said to be input-to-state stable (1SS) if there exists f € KL and v € K, such

that ¥xo € R" and V{u(t)}icz., (bounded), the solution {x(t)}cz., satisfies, Vt € Zx,,
w(x(t)) < max {ﬁ(w@co),t), y ( sup ||u<f>||) } . .
T7€[0,t]
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Finally, (2.5) is ISS [6] [4] if and only if there exists a continuous (Lyapunov)

function V : R" — R; 01, 09,03 € K« ; and v € K such that, Vx € R", Vu € R™,

o1(w(x)) < V(x) < o9(w(x)), (2.6a)

V(E(x, u)) = V(x) < —o3(V(x)) +y([[ul]). (2.6b)

2.4 Convex analysis

A set D € R” is said to be convex if for any x,y € D, Ax+[1— Ay € D,V € [0,1].
For a convex set D and a point x € D, NCp(x) := {v e R"|v'(y —x) <0,Vy € D} is
the normal cone at x to the set D.

A function f : D — R with a convex domain D C R" is convex if f(Ax+[1—\]y) <
A(x)+[1 = Af(y), ¥x,y € D, VA € [0,1]. Further, f is concave iff —f is convex. The

concavity of functions can be characterized via supergradients, as defined next.

Definition 2.4.1. (Supergradient of a concave function). Consider the concave function

f defined earlier. Then ¢ € R" is said to be a supergradient of f at x if

fy) < fx)+¢"ly —x],Vy € D. (2.7)

The set of all supergradients of f at x is 0f(x). °

For such a concave function, df(x) is always a closed convex set. Consider a
function f : D; x Dy — R (with D; C R"™ convex) for which f(-,y) is concave, Vy € Ds.
Then, we use Ox[f(X,¥)]|x to denote the set of supergradients of f(-,y) at X € D;. The

equivalent notion for a convex function is referred to as a subgradient.

11



2.5 Graph theory

A directed graph (8], G := (A, E), is a tuple that has the following elements,
a) a set of nodes (here agents A); and
b) a set of arcs £ C A x A between the nodes.

The set N; := {j € A|(j,i) € £} denotes the (in) neighbors of node i € A and N; :=
N; U{i}. A path is an ordered set of non-repeating nodes such that each tuple of adjacent
nodes belongs to £. The graph G is said to be strongly connected if there exists a path
from every node to every other node. The diameter of the graph diam(G) is the length of

the largest possible path between any two nodes.
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Part 1

Distributionally Robust Games
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Chapter 3

Distributionally Robust GGames And
An Algorithm To Seek Their Nash

Equilibria

3.1 Introduction

The design of complex interacting systems via reward-oriented agents is transforming
real-world applications in autonomous systems, critical infrastructure, and mixed human-
robot teams. Strategic settings, where emerging multi-agent behaviors depend on the selfish
actions of its members, can greatly be degraded by unknown environmental uncertainty,
potentially furthering their inherent inefficiencies. With broad and distributed accessibility
to data, it is now possible to construct more powerful agents that exploit new techniques
such as distributionally robust optimization (DRO). Although this can result in more robust
equilibria, the question remains as to how to effectively leverage this framework to design
provably-correct distributed learning algorithms for multi-agent networks. Motivated by
this, we study here the integration of DRO with the game-theoretic framework, and propose

novel learning algorithms that can practically converge to an associated equilibrium.
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3.2 Literature Review

Non-cooperative Game Theory [9, 10|, provides a powerful framework for the
analysis and design of engineered multi-agent systems. Recent applications include multi-
vehicle networks [11, 12|, telecommunication [13] and cyber-physical systems [14]. In
particular, the consideration of self-interested agents allows for the modeling of human
behavior [15, 16], and the evaluation of their impact in socio-technical systems [17]|, which
opens the door to incentive design [18, 19].

In this framework, the concept of Nash equilibria (NE) characterizes those lucrative
equilibrium strategies that rational agents adopt in response to others’ decisions. Thus, a
variety of Nash-seeking algorithms; e.g., [20, 21, 22, 23|, have been developed to learn such
equilibria. Often, these algorithms require strong assumptions on utility functions and
their derivatives. In practice, only imperfect information about other agents’ strategies
is available [23]. While the early work [20] addresses this lack of information by means
of fictitious play [20], this requires a complete communication graph among the agents.
Subsequently, this lack of information has been mostly addressed via consensus [24, 22],
and gossip-based algorithms [25], which borrow ideas from the literature on distributed
optimization [26] and dynamic consensus [27]. When utilities are differentiable, these Nash-
seeking algorithms can be interpreted as passivity-based designs [28] [29], where the gradient
play of agents are corrected using an estimation term. In general, equilibria associated
with games with “convex” utilities over continuous strategy sets can be characterized via
variational inequalities [30, 31|, which has been exploited in the development of Nash-
seeking algorithms [30, 32|. In particular, [30] uses proximal operators as regularization
terms similarly to how [33] use proximal terms for bi-level gradient descent. We refer the
reader to [23] for an extensive list of distributed Nash-seeking algorithms.

Optimization under uncertainty is studied extensively in the field of stochastic

programming [34] and its robust counterpart [35]. However, these setups often require
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knowledge of the underlying probability distribution, or over-approximating bounds on the
support of this distribution. When many samples are available, deterministic optimization
algorithms using sample average approximations [36] provide appropriate results. For
limited samples, distributionally robust optimization (DRO) formulations, where one tries
to maximize the worst-case expected reward over an ambiguity set related to the unknown
data-generating distribution, can provide decisions with a high confidence performance.
These problems have been studied since [37] and, more recently in [38, 2|, and [39].
When dealing with continuous random variables, DRO problems translate in an infinite-
dimensional optimization. As such, [2]| leverages concentration of measure inequalities to
provide tractable finite-dimensional reformulations under certain conditions, and out-of-
sample guarantees. This form of Wasserstein DRO is extended to the case of streaming
samples in [40] and to the case where samples are obtained from a dynamical system under
partial observations [41]. In this chapter, we apply results from DRO over a continuous
sample space with fixed number of samples.

Distributional robust game theory [42, 43, 44] is receiving increasing attention,
with current research differing in their treatment of uncertainty. The work [42] focuses on
discrete random variables, while [43, 44, 45| handle continuous ones. In these studies every
agent is affected by their own uncertainty, and neither account for the effect of limited
observations from shared samples among players in the equilibrium formation. More
recently, [45] produces a tractable reformulation of a distributional robust game for finite
strategy spaces and mixed strategy equilibria. Further, [45] shows that, as the number
of data samples increases to infinity, the distributionally robust equilibria asymptotically
approach those of the stochastic game. However, no out-of-sample guarantees under a
finite number of data points is provided. A similar result is provided in [46] for generalized
Nash games. However, here the uncertainty is used to define chance constraints on the
the feasible set of strategies, which does not directly affect the utilities of the agents.

None of these works aim to solve the robust equilibrium seeking problem in a distributed

16



manner. The work [47] proposes a distributionally robust Nash equilibrium seeking
algorithm. However, it assumes differentiability of the associated utilities to produce a
monotone variational inequality reformulation that facilitates a pseudo-gradient update
towards the Nash equilibria. On a different take, the work in [48] rather assumes that it
is the opponents’ strategies that are generated by an unknown distribution, and study
an associated strategically robust game. Distributionally robust Stackleberg games are
considered in [49], where the authors assume strong Lipschitz assumptions on the utility
functions in order to provide gradient based updates for the leader-follower dynamic game.
In previous work [50], we studied a distributionally robust task allocation game among
self-interested agents. However these results apply for specific utility functions that model

task allocation and that are linear in the random variables.

3.3 Contributions

This chapter considers a distributionally robust game (DRG) among a group of
strategic agents. In this setting, the distributionally robust utilities are in general non-
smooth. Unlike previous works in the literature, agents construct their ambiguity sets
from partially observed samples obtained as the image of an observation function.

Assuming that these measurements can be stacked to define an invertible mapping,
we propose a modification of the ambiguity ball that contains the original distribution
with high confidence. Roughly speaking, this approximation requires that the observation
mapping does not deviate too much from an optimal transport of the unknown distribution
to the empirical one. We then identify conditions that guarantee the existence of NE
for the DRG and the associated stochastic game. These conditions, which are standard
requirements for NE of continuous games, generalize well to DRGs. In particular, the
aforementioned uncertainty bounds allow us to obtain a finite-sample error bound between

the distributionally robust NE (DRoNE) and the NE of the stochastic game. As robust
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utilities may be non-smooth, our DRoNE seeking strategy leverages supergradients and
inertial terms to produce an algorithm (ISBRAG) that replicates monotonicity-like be-
havior for the game. The algorithm is equally useful for seeking NE for any non-smooth
utility game when the game possesses what we term “amicable” supergradients. After
this, we provide ultimate boundedness guarantees to an arbitrarily small region around
the DRoNE set. Moreover, we report a heuristic to tune the algorithm parameters to
attain aforementioned arbitrarily small region to which the algorithm converges to. We
then exploit input-to-state stability properties of dynamic average consensus algorithms
and make ISBRAG distributed by allowing agents to estimate others’ strategies over a
communication network. Finally, to tackle shared observations, we adapt the tractable
reformulation of the distributionally robust optimization into a distributed optimization
problem. This allows agents to compute their supergradients in a fully distributed manner.
As such, d-ISBRAG for shared observations does not require full information from all
agents and can handle the effect of partial observations shared among the group of agents.
We present simulations that support our results.

The rest of the chapter is organized as follows. In Section 3.4, we formalize the
distributionally robust game and state the problems we are interested in addressing. Then
in Section 3.5, we relate the Nash equilibria of the distributionally robust game with
the underlying stochastic game and provide conditions under which the aforementioned
equilibria exist. In Section 3.6, we provide an algorithm that seeks out the Nash equlibria
of the distributionally robust game. This algorithm requires central information from all
agents, so in the next two sections we provide ways to make the algorithm distributed.
Specifically, in Section 3.7 we provide a distributed algorithm under the simplifying
assumption that the agents are able to compute their own strategy updates provided
they have an estimate of other agents’ strategies. In Section 3.8 we provide a distributed
algorithm under the full generality where agents have to estimate their own strategy updates

and other agents’ strategies over a communication network. Finally, we provide simulations
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demonstrating our results in Section 3.9 and conclude the chapter in Section 3.10.

3.4 Problem Formulation

We recall that a strategic form game [10] is a tuple

G = (A, {Si}iea, {Uitica) ,

consisting of a set of players (or agents) A:={1,--- ,n}; a set of strategies s; € S; C R™
(with components s;;) available to each i € A; and a set of utility functions U; : X jeaS; —
R over the strategy profiles of all the agents. We assume that each agent is selfish and
interested in maximizing its own utility. In what follows, s_; denotes the strategy profile
of all players other than i € A. For the sake of brevity, we denote S := X;c4S; the set
of combined strategies, and Vi € A, S_; := Xc4\(i1S; the set of strategy profiles of all
players other than i € A. Moreover, s := [s{,---,s,}]T denotes the stacked vector of all
strategies. A well-known concept that captures the equilibrium behavior of such a group

of agents trying to selfishly maximize their own utility is the Nash equilibrium (NE). Next,

we formally state the definition of an n-NE of a strategic form game.

Definition 3.4.1. (n-Nash equilibrium). A strategy (s¥,s*,) is said to be an n-Nash
equilibrium (with n > 0) of ¢ iff

Ui(sy,s%;) +n > Uysi,s;), Vs, € S5, Vi€ A.

The set of 7-Nash equilibria (7-NE) of ¢ is given by N'E,(9). If n = 0, this set becomes
the set of Nash equilibria (NE), NE(9), of the game. o

In this chapter, we focus on a case where every agent’s utility is affected by
some random variable, which can be caused by noisy measurements or the environment.

Specifically, suppose agent i € A obtains a utility of U;(s;,s_;; ), where £ € Z C R™ is
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a random variable. If the distribution of £ were known (say £ ~ P*), each agent could

maximize their expected utility given as

U (si,8_4) i= Beupe [Ui(si,s_i€)] - (3.1)

)

Here, we assume that P* € M(Z) with = C R™ a compact subset. Moreover we assume
that P* is absolutely continuous w.r.t the Lebesgue measure and P* is light-tailed. This

results into the stochastic game

gS = <A7 {Si}iEA7 {UIS}ZGA> (32)
We make the following assumptions throughout the chapter regarding the utilities and the
strategies of agents.

Standing Assumption 3.4.2. The components of % in (3.2) satisfy the following

properties for each i € A;
1. §; € R™ is non-empty, convex, and compact with diameter D; € Rxo;
2. U, is continuous and U,(s;,s_;; ) is concave in s;, Vs_;, &; and
3. U;(s;i,s_4;€) is Li-Lipschitz in &, V's;,s_;. °

In particular, we will assume that the original distribution P* is unknown to the
agents, yet they will be able to sample from it. However, such samples may correspond to

partial measurements, as we state next.

Assumption 3.4.3. (Shared i.i.d. samples). Fachi € A has access to {hi(g(l)), e ,hl-(g(N))},

a set of observations from {é\(U, , ,EUV)} i.i.d. samples of P*. o

The previous assumption applies to agents endowed with heterogeneous sensors
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and /or computation capabilities. For the sake of brevity, we define
h:= [hfw 7hr—zr]—r’

as the stacked vector of functions that take in the samples as an input and return the stacked
observations of all the agents as an output; i.e. h(g(k)) = [hl(g(k))T, e ,hn(g(k))T]T,
Vk e {l,--- ,N}.

Further, we assume the following on the function h.

Assumption 3.4.4. (Observability). The observation function h : R™ — R™ is invertible

and measurable. °

The previous assumption requires that there exists a sufficiently large number of
agents so that h is invertible. This requirement could be mitigated by means of an observer
when agents are able to obtain a continuous stream of samples by themselves [40] or from
a dynamical system [41]. We leave these considerations for future work.

To deal with the unknown distribution, an ambiguity set centered at the average

sample distribution

~

1 N
N ._
B = 2 b

k=1

is constructed. Recall that dx represents the Dirac delta function at x. The h in the
subscript of I/Esg is used to distinguish that this sample average distribution relies on
observations of the samples. Then, a distributionally robust utility for agent i € A is

defined as

U N(sivsoi) = inf Eeug[Ui(sis_i6)], (3.3)
QeB:, (PN)

where, recall, B, (@{1\’ ) is the Wasserstein ball of radius ¢; centered at @g . Even though
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@ﬁ relies on global information and is common among the agents, ; € R>( is a parameter
that agent ¢ € A can independently choose. The above utility description allows us to

formulate the distributionally robust game,
— —DR
For = (A AS}iea AT Yiea) (3.4)

We refer to the set of NE of %pr, i.e. NE(%pR), as distributionally robust Nash equilibria
or DRoNE.

When uncertainty is individual:
A special case of the previous scenario occurs when the random variable £ ~ P*

affects each agent’s utility in an independent manner. We state this precisely next.

Assumption 3.4.5. (Individual uncertainty). The random variable § ~ P* satisfies, for
each agent i € A;
1. E€EE=2 x---xZ, CR™ can be separated as & = [¢;,--- , &7, with & € Z; C
Rmi;
2. PF=Pi®- - Py, with § ~ P};
3. h; is such that V€ € Z, hy(§) =& € Z; CR™; and

4. Vs €S8, Uis;§) = Ui(s; &), VE € = .
This makes it so that each agent’s uncertainty does not affect another agent in any

way. When this is the case, with a slight abuse of notation, we assume the following.

Assumption 3.4.6. (Individual i.i.d. samples). For each i € A, {51), e ,é}Ni)} are i.4.d.

samples from P}. o

Thus, each agent is capable of individually measuring the uncertainty it is subject
to. Moreover, we allow different N; € Z> for each agent i € A, which means that agents

can now hold different numbers of samples from the original distribution.
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In this special case, each agent can create an ambiguity set by considering the

sample average distribution

N.

N 1
]P’ﬁvl = F Z(Sg(k) .

k=1

<

Then, the distributionally-robust utility for agent i € A can be modified as

U,L-DR(S,L', S,i) = inf Eg,\,@ [Ui(si, S_i; 5)] s (35)
where, B., (@fv ") is the Wasserstein ball of radius ¢; around @ZN *. The above utility description

allows us to reformulate the distributionally robust game as

“YpR = <~A: {Si}ieAa {UiDR}ieA> . (3-6)

Communication protocol:

In order to update its own strategy, an agent will need information about the
strategies and possibly other data of other agents. In this chapter, we assume that the
agents obtain information by communicating with others over a static communication
network G := (A, £) with vertex set A. The arc set £ defines the connections between
agents, with (i, 7) € £ if and only if i € A can send information to j € A. We make the

following assumption regarding the network.

Assumption 3.4.7. (Connectivity). The communication graph G = (A, E) is strongly

connected. °

This allows information from each agent to reach every other agent in the group.
Note that we fix the communication graph to be static to make the notation simpler;
however, the results in the sequel can be extended to time-varying graphs with periodic

strong connectivity.
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Now, we are ready to state the goals of this work.

Problem 3.4.8. Given the aforementioned setup, under the Standing Assumption 3.4.2,
and Assumption 3.4.3, on shared i.i.d. samples, Assumption 3.4.4, on proper observations,

and 3.4.7, on connectivity; provide
1. conditions under which a DRoNE exists;
2. relations between DRoNE and NE of the stochastic game; i.e. % and %pg; and
3. a distributed algorithm that converges to a DRoNE.

Further, discuss these solutions under the special case given by Assumption 3.4.5, on

individual uncertainty, and Assumption 3.4.6, on individual i.i.d. samples. °

We would like to point out that providing a solution for Problem 3.4.8: (3), under
Assumption 3.4.3 is difficult. Due to this, we provide a solution for Problem 3.4.8: (1)
and (2) in the next section, then address Problem 3.4.8: (3) for the special case given by

Assumptions 3.4.5 and 3.4.6, which we adapt later to the more general case in Section 3.8.

3.5 On the Nash Equilibria of the Games

In this section, we deal with Problem 3.4.8: (1), (2), and provide qualitative
properties of the Nash equilibria of the two games; % and ¥pg. In particular, we provide
conditions under which the sets of Nash equilibria are non-empty, and then we relate the
Nash equilibria sets.

First, we show that the distributionally robust utility enjoys helpful properties

under certain assumptions.

Lemma 3.5.1. (Concavity and continuity of distributionally robust utility). Suppose
the Standing Assumptions 3.4.2: (1) and 3.4.2: (2) hold. Then, U?R(~,s,i) is concave

. ‘ —DR . ‘
Vs_; € S_;, for each i € A. Moreover, for each i € A, U, is continuous.
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Proof. First, we show concavity. Fix ani € A and s_; € S_;. From the hypothesis,

the function gg : R™ — R,

9o(x) = Eevq [Ui(x,5-:,€)]
is concave. From the concavity of gg and the defining property of infimum,

—DR
U"Ox+ 1= Ny,s;) = inf Ax 4 [1— A
i (Ax+[1= Ny, s @6512@)9@(}( [1—Ay)

>N inf  go(x)+[1—A] inf go(y)
QeB:, (PY) QeB:, (PY)

— NN (x,5) + (1= AT, (y,54),
for any x,y € R™, and A € [0, 1]. Hence, the first claim.

Next, we prove continuity. To begin, notice that &, = are compact sets and U, is
continuous on § x E. Hence, U, is bounded on & x Z. Then, applying the dominated
convergence theorem [51], for any Q € M(Z), E¢og [U;(s;€)] is continuous in s. Now,
M(Z) is a subset of a reflexive normed vector space. Moreover, B, (PY) C M(Z) is non-
empty, bounded, closed, and convex (by construction). Then, by Tonelli’s theorem [52],
inf@eBgi B Eevg [Ui(si, s_i;ﬁ)] attains its minimum; i.e. Vs € §, 3Qs € M(Z), such that
U? R(s) = E¢q, [Ui(s; €)]. We have used the subscript to show that this Qs can depend
on s.

With this setup, we prove continuity using contradiction. Suppose UiD R is not
continuous at 8§ € §. Then, Ja; > 0, such that Vay > 0, 3s € S with [[s —s|| < ay
and |U?R(/S\) - U?R(s)| > ap. Assume w.l.o.g. that U?R(/s\) > U?R(S> + a;. Then, it is
easy to see from the definition in (3.5) and the prior discussion, that this would imply

that 3Qy, Qs € Be,(PY), such that Eeg, [U;(8;€)] > Eeog, [Ui(s:€)] — a1. Now as Qs €

argming s @n) Eeno [Ui(8;€)], e [Ui(81€)] > Eengg [Ui(8:6)] > Eeno, [Ui(s:6)] — ar.
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This then contradicts the continuity of E¢q, [U;(+;€)]. |
Using this result, we can immediately show that the distributionally robust game

possesses a Nash equilibrium.

Proposition 3.5.2. (Existence of a DRoNE). Suppose that the Standing Assumption 3.4.2
holds. Then, NE(Gor) # @. Further, NE(%s) # @.

Proof. We provide the proof for NE(9pr) # @, as the proof of NE(%s) # @
is analogous. Consider an arbitrary but fixed i € A. From Lemma 3.5.1, U? R(~, s_;) is
concave Vs_; € S_; and U? R is continuous. Moreover, S; is a compact set, Vi € A, which
makes S = X;c4S; also compact. Thus, U? R is continuous, defined on a compact set, and
concave in its first argument Vi € A. The existence claim follows from the application of
Kakutani’s fixed point theorem [10]. [

Note that the Standing Assumptions 3.4.2: (1) and (2) are standard in showing
the existence of Nash equilibria in games [10]. As such, Proposition 3.5.2 extends this to
distributionally robust games in a seamless way.

Now that we have shown that the set of DRoNE’s is non-empty, we are interested
in relating the DRoNE set with the Nash equilibria of the stochastic game. In order to do

this, we first need to extend the result in Theorem 2.2.1 to account for samples based on

observations. For the sake of brevity, we define

N
1
N . § : )

as the density that smoothens out sample point masses using a Gaussian of covariance .
Similarly, denote @g = = chvzl Ng(k). We restrict our observation functions h to be in
the following class.

Definition 3.5.3. (Inferable observations). Consider any matrix sequence {X;}ez., that

satisfies ¥, — O, as | — oo. For each | € Z~ define the set of mappings 7; := {T'| Tﬁ@gl =
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P*}. Suppose h is such that VT € T,

[ le-n@nBag<a | le-Telba.

We call h inferable with inflation C, if llim C=C. °
— 00

The property of Definition 3.5.3 allows us to inflate the Wasserstein ball in The-
orem 2.2.1, and account for the indirect observation of the samples. This leads to the

following result.

Theorem 3.5.4. (Distributionally robust bound for observations). Suppose Assump-
tions 3.4.3, and 3.4.4 hold; and let h be inferable with inflation C. Fiz 6 € (0,1). Then,
Pr{P* ¢ B[CH}&(@Q)} > 1—0, where ¢ is as in (2.4).

Proof.  We use the Monge form of the optimal transport problem in (2.2) to prove
this claim. Recall that PV = + Z,]j:l dgu) and @g =% ZkN 1 N?(k) Suppose % is the

Borel g-algebra on R™. Then, notice that for the smoothened density,

N
~ 1 ~
hyPY = h, {N > N?M} Z Nz, =Py

k=1

Take any sequence {¥;},ez., as in Definition 3.5.3. Then, for any | € Z-,, and any set

F € % we have that
| X
SN >
B )= BN ()= S e € 7]
k=1

with X, ~ N2 Vke {l,---,N}. Thus, hﬁ@l I@ﬁzl-

ROk

Now, consider a particular [ € Z~(. Recall that 7; := {T'| Tﬁ@gl = P*} and define
the set of mappings T, = {f|’fﬁﬁ’\’gzl = P*}. Since h is invertible, for every T' such
that T,PN = P* (i.e. T € 7y) it holds that T/PY = Ty(h~"),PYy = T,PY = P*, for

T=To ™) (ie. T €7,). Similarly, VT € T;, we have T’ € T,.
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Next, define the following operators F : T, — T;, with F(T) = T o (h ') and

G: T, — T, with G(T) = T oh. It is easy to see that F' and G are inverse operators.
With this,

dw(Blls, P) = int [ = T Bz, (40)
1 m

—int [ = (T ()@ B (09)

TeTi Jr

Since hﬂ@gl (d¢) = ﬁf’g s, (d€), using the change of variables for pushforward measures, we

have,

[ le= (o )@ B @)

B / Im(©) = (70 (071) (h(€)) 1 BE, (d€)

o MLGREGIIE

< [ me) - 1B + [ e Ty g

The last inequality comes from triangle inequality and linearity of integrals. Then, because

of Definition 3.5.3,

dw By, P*) = inf 1€ = (Te (b))l P, (d€)

TET R

T TeT

< jnf | [1n6©) - 1B @0 + fle - TOIB @)
<(Ci+iljnt [ =TI @)

= [C + 1] dw(BY, P*).

Now, as | — 00, dw(By,, P*) — dw(PY,P*) and dw(BY,P*) — dw (PN, P*). Thus, since
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C; — C as | — o0, taking the limit as [ — oo of the previous inequality, we get
dw(BY, P*) < [C + 1] dw (PY, P*).

Then, by applying Theorem 2.2.1, the proof is complete. [

Remark 3.5.5. (On sufficient conditions for Theorem 3.5.4). The uncertainty bound
in Theorem 3.5.4 relies on the “inflation” of the original Wasserstein ball in order to
guarantee that the sample average using the observations lies in this larger ball with
similar probability. The existence of this inflation, C' + 1, depends on the observation
function h through Assumption 3.4.4 and Definition 3.5.3. Notice, in fact, that h can
itself be viewed as a transport map. Thus, the assumption roughly captures that, when
h is inferable with inflation C, the effect of the transport defined by h is on average
proportional to the effect of transport under the optimal transport map.

Moreover, notice that when there is no observation function involved, 7.e. when
h(§) = ¢, then this result is equivalent to the original concentration of measure result in

Theorem 2.2.1. This is because, under this condition,

/ € — h(e) | BY (de) = / € — LB (de) = o,
R™ R™

and hence, the inflation parameter is in fact C' = 0. °

Thus, using the uncertainty quantification provided by observations we provide the

following relation between the sets of Nash equilibria.

Theorem 3.5.6. (Every DRoNE is an n-NE of % with certain probability). Suppose
Assumption 3.4.3 holds and that h is inferable with inflation C. Suppose that, for all
i€ A, 0; € (0,1) and g;(N,0;) are chosen according to (2.4). Assume that the strategy

(s¥,s*,) € NE(YGor), where the inf in (3.3) is taken over closed Wasserstein balls of
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radii 5 = [C + 1]e;, i.e. Q € Bs,(PY), Vi € A. Then, with probability at least (1 — )",
(sr,s%;) € NE,(%), where n = 2[C + 1 maxjea€;L;, and 0 = max;c 4 0;.

Proof. Consider an arbitrary but fixed ¢ € A. Since g; is chosen according to (2.4),

then by Theorem 3.5.4, P* € B, (]IADﬁ ) with probability at least 1 — 6;. Thus,

—DR

U, (sf,s,) <U(sts*,), (3.8)

1S —1

with probability at least 1—6;. Now, from the hypothesis we have that (s, s*,) € NE(Zpr).

This gives us,

U?R(S* s*,) > U?R(SZ, ), Vs €S;. (3.9)

17—/ —

Next, consider an arbitrary but fixed s; € §; and let Q € B, (@fv ). Thus, again from
Theorem 3.5.4, dw(PF, Q) < 2&; = 2C ¢;, with probability at least 1 — 6;. Thus, using the

Kantorovich-Rubinstein description of the Wasserstein distance in (2.3), we have,

[1/L[U5 (s0,5%,) — Bevg [Us(si,52:)] |
:H [t R0 - | Ui<si,s*i;£)@(d§>}
<2(C+1]a. (3.10)

with probability at least 1 — #;. Here, the first equality comes from the definitions of the

utilities and the last inequality comes from (2.3), Standing Assumption 3.4.2: (3) and the
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prior discussion. Thus, using (3.10),

US(si,s*y) — Uy (si,8%,)

= Uf(si, s*;,)— inf  Egog [U (si,8%;; 5)}
QeB:, (B)

= sup [US(SZ, ) E§~Q [ (Szv mg)] :|
QeBe, (Bl

<2[C+1]e L. (3.11)

Moreover, notice that the upper bound in independent of the chosen s;. Hence, by

combining (3.8), (3.9), and (3.11),

Vs €8, US(st,st,) > U, (s5,s%,) > U, (si,s%)

> U (si,8%;) = 2[C + el > U (si, 8%,) — n,

with probability at least 1 — 6; > 1 — 6. Here, n and 6 are as defined in the hypothesis.

Rearranging the last equation and further applying it to all agents completes the proof.ll

Remark 3.5.7. (On relaxing the Lipschitz dependence of utility on uncertainty). In
Assumption 3.4.2: (3), we require U,(s;&) to be L;-Lipschitz in £, Vs € S. It is possible
to relax this condition to require a Lipschitz constant /;(s) that depends on the strategy
profile s € §; and obtain the exact same result as in Theorem 3.5.6 with bound n =
2[C + 1] max;e g ses €ili(s). The extra requirement would impose that maxges l;(s) exists

Vi € A; which, in turn, is equivalent to Assumption 3.4.2: (3) to begin with. °

The bounds provided in the previous result take into account the heterogeneity
among the agents in terms of the dependence (through L;) of their utility on the random
variable and the size of their ambiguity sets (due to ¢;). Informally, for each agent i € A,
g; and 6; can be be made smaller as the number of samples N; grows (see [2]). Hence, the

DRoNE becomes a NE of the stochastic game with hight probability as the agents gather
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more samples from the unknown distribution. In this chapter, we skip formal details
regarding this matter, since we keep N; fixed Vi € A.

The previous result can be understood as follows. Suppose that every agent i € A
chooses ¢; independently, then Theorem 3.5.6 quantifies the uncertainty that the DRoNE
belongs to N E(%s) using 6; accordingly. We conclude this section by adapting the previous
result for the special case with Assumptions 3.4.5, and 3.4.6. Here, we can use the ¢, 60
relation in Theorem 2.2.1 directly for the n bound, since there is no effect of observations.

We skip the proof since it follows the exact same arguments as Theorem 3.5.6.

Corollary 3.5.8. (Under individual uncertainty, every DRoNE is an n-NE of % with

certain probability). Suppose Assumptions 3.4.5, and 3.4.6 hold. Suppose Vi € A,

; € (0,1) and ;(N;, 0;) is chosen according to (2.4). Assume that the strategy (sf,s*,) €

NE(%pRr) with Wasserstein ball radii e;. Then with probability at least (1 — 0)™, (s¥,s*;) €

NE, (%), with n = 2maxeae;L; and 0 = max;e40;. [ |

3.6 A Centralized Better Response Supergradient
Ascent Dynamics

In the previous section, we established the existence of a DRoNE and showed
its relation to the NE of the stochastic game. In this section, we provide a centralized
algorithm that allows the agents to learn said DRoNE. We build up to a distributed
solution that addresses Problem 3.4.8: (3) in the next section.

First, recall that Lemma 3.5.1 shows that for each agent ¢ € A, U? R is concave in its
own strategy if the opponents’ strategies are fixed. This means that (due to Definition 2.4.1)
there is a non-empty set of supergradients of i’s utility with respect to its own strategy
(for fixed opponents’ strategies). We assume an additional feature of the distributionally

robust utilities as follows.

Assumption 3.6.1. (Uniformly bounded supergradient). For each i € A, 3B; € Ry

such that Vs € S, ||€;]| < By, V¢, € GX[U?R(X, s_;)]

S;*
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From the definitions of the NE in Definition 3.4.1 and the supergradient in Defi-
nition 2.4.1, it is well known that an alternative characterization of the Nash equilibria
comes in the form of the following variational inequality [31],

s* € NE@pR) <=Vs € S,3¢ € X o, {USR(X, s_i)}
€A

Si

such that (s —s*)'¢ <0.

Hence, inspired by [32|, we define the following Lyapunov function candidate, used for

analysis later.

V(s, o) : = maxx Tp—s'o (3.12a)
:; [gleegcx ¢, —s; qb] (3.12b)

Here, ¢, (like s;) are the components of a variable ¢ (to be defined later) corresponding to
agent i € A. The equality in (3.12b) comes from the fact that max x'¢p =max > x] ¢,

XES e
= Y maxx; ¢,. This is because S = X;c4S; and the decision variables do not affect each

i€EAXES:
other through other constraints. Note that V' is Lipschitz continuous in its arguments
as MaxXyes X ' @ is convex in ¢, S is compact (hence maxycs X' ¢ has uniformly bounded

subgradients), and s' ¢ is bilinear. Moreover, by construction, V (s, @) > 0, Vs, ¢. The

next result bounds the change in maxycsx' ¢ w.r.t. ¢.
Lemma 3.6.2. (On the change of max of linear functions). For an agent i € A, define

i(¢,) := maxx, ¢,, where S; is a compact set with diameter D; € Rs, and let
(2 1 K2

7 7

X (¢,) == argmaxx, ¢; . (3.13)

i
X;€S;
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Then, Y}, ¢; € By, (0), and Vx} € X7 (;),

fi(@3) < fi(#)) +x;T[@7 — &!] + Dill o} — &, ],

for any D; > D;.

Proof. Consider an arbitrary but fixed ¢;, with ||¢;|| < M; and an arbitrary but

fixed xf € X*(¢;). Then f;(¢;) = x: " ¢;. Further, since || - || is non-negative,

x; ', < x1' ) +x; [ — D]+ €| b, — DL,

V¢, € By, (0), for any € € Rsy. Now take an arbitrary but fixed ¢? € By, (0) and let

y: € X (¢p?). Thus, fi(¢?) =y: ' ¢?. Then, using the previous inequality,

vi @} <x; ol +x! @ — ¢)] + €||d7 — o
+yr —x][¢7 — o]+ [yr —x;]" b}

<x;'¢; +x;'[p] — dl] + [€+ Dyl — ;|-

For the last inequality, we rely on the Cauchy-Schwarz inequality, |[yr — xi]" [¢? — ¢}]| <
|y —x:||||¢F — ;i ||, and further used that D; is the diameter of S;. Moreover, by definition
v —xi] ¢l =y ol —x: Tl <0, since yi € S;. Now, since €+ D; > D; is independent
of ¢, ¢7, and x*, the proof is complete. [ |

We are now ready to propose the first part of our algorithm. We allow agents to
update their strategies at every time instant in a better response fashion. To that effect,

with the set defined in (3.13), suppose

(@) € X () - (3.14)
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Notice here that 7} is related to the so-called support function of the convex set S;, which
motivates the name of our algorithm.Now, given {¢(t)}, and using (3.14), agents update

their strategies via

si(t +1) = [1— a silt) + i (i(1), (3.15)

=si(t) + a; [7](@;(t)) — s4(1)], Vie A,

from some initial {s;(0) € S;}ica. In other words, the update of s;(t) is a convex
combination of s;(¢) and 7} (¢;(t)) using the parameter «; € (0, 1), for each i € A. Thus,
7 (¢;(t)) renders S; invariant under (3.15), Vi € A. Before specifying ¢,(t), we bound

)

the change of the Lyapunov function for any choice of bounded ¢(t).

Lemma 3.6.3. (Bound on Lyapunov function difference). Consider the dynamics (3.15)
from an initial condition {s;(0) € S;}ica. Suppose {P(t)}iez., satisfies ||@;(t)]| < M; (for
some M; € Ryg), Vi € A, Vt € Zsq. Take any D; > D;, Vi € A. Then, Vt € Zs, with

a =mingey o; € (0,1), it holds that

V(s(t+ 1), ¢t + 1)) — V(s(t), p(t)) <

S [Pt 1) = 0] T[40+ 1) — i)
icA v
+Diflpi(t +1) — ¢i(t)||} —aV(s(t), (1)) (3.16)

Proof. With a slight abuse of notation, we denote s = s(t), st =s(t+1), ¢ = ¢(¢),

and ¢ = ¢(t + 1). From the definition of V in (3.12) and the dynamics in (3.15), we
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have that

V(S+a¢+) _V(Sa d))
:Z[maxx ¢ — maxx, ¢, —S+T¢)++S qﬁ]

x;€S; x;€S;

= Z [maxx ¢ — maxx, ¢,

x,E 7 ’Le 7

- SiT [d)j - d’J [ - Sz] [¢+ ¢} [Sj - Si}T(ﬁz} .

Then, we can upper bound the time difference in V' as

V(S+7 ¢+) - V<S7 ¢)
<> [mi@0TIer — ¢+ Dillér - &

e A
—s] [¢F — @] — ai[mr(9) —si] [oF — @]
- Qy [7"?@51) - Si]T¢i] .

The first two terms on the right-hand side of the previous inequality come from applying
Lemma 3.6.2; and the last two terms similarly come from replacing (3.15) and rearranging

terms. Then, combining like terms gives,

V(st,6) ~Vis, @)
<3 [imit@) - si"6F - 6]+ Dillé7 -

€A
T

—ai[mi(¢) —si] [#F — b)) — il (8) —si]
<> (0= alimi@) - sl67 - @)

icA

bi

+Dilof — il — aV(s. ).
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For the last inequality, we have used the fact that Y, , [7}(¢;)—s;] T(bi = ica | maxyes, X, @;—

squz’)J = V(s, @), and combined terms from the previous step. Finally, applying (3.15) in

the last inequality completes the proof. [ |
Recall that supergradients are possibly non-unique. Thus, an alternate definition

of the NE [31] is given by

*
S;

S € NE@pr) <=0 € NCs(s]) — 0 [T} (x,57,)|

This motivates us to introduce the following min norm supergradient. First, let 1 (x,y)

be the projection of (x,y) onto x, the first components. Then, define Vi € A,

vi(s) ::HCi(argminH — ¢ +z|? (3.17)
Civz

s.t. ¢; € Ox [U?R(X, Sﬂ;)}

Lze N'Cgi(si)) .

Si

Note that the previous formulation in (3.17) is well defined since || - || is strongly convex
and lower bounded by 0; the set of supergradients is convex and compact; and the normal
cone is a closed convex cone. Hence, (3.17) produces a unique optimizer. Further, we

introduce a proximal term Vi € A, with \; € Ry,

wi(sit) i —)\i[si Csi(t—1)], (3.18)

7

which is the derivative of the (1/);)-strongly concave function —(1/\;)||s; — s;(t — 1)]|?.
This penalizes the deviation of the strategy at time ¢ € Z>( from the previous strategy,
and this penalty depends on the multiplier A\;!. Now, using the definitions in (3.17),

and (3.18), we propose the following choice of ¢;(t) for (3.15), with p; > 0,

b (1) = pivi(s(t)) + wilsi(t), 1) (3.19)
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From here, and under Assumption 3.6.1, it is easy to see that Vi € A, ||¢,(t)|| < wiB; +
D;/ )i, ¥t € Zso. We formally define our algorithm dynamics next and discuss the

particular choice of ¢(¢) in the remark that follows.

Definition 3.6.4. (ISBRAG). The dynamics obtained from the strategy update in (3.15),
using the modified sypergradient vector in (3.19) is referred to as Inertial Supported Better

Response Ascending superGradient dynamics or ISBRAG. °

Remark 3.6.5. (On the choice of ¢,;(t)). From the definitions in (3.17), and (3.18), it is

easy to realize that Vi € A,

1
) /\—i[Sz’(t) —si(t —1)]

1 2
~ ok st - DIP

$u(1) = O[T, (x5 4(1))]

c o, {uiU?R(X, si(1))

si(¢)

This produces the effect of allowing the agents to update their strategies at every time
instant using the knowledge of the supergradient direction (scaled by p;) of their utility,
along with an inertial direction so that they do not deviate from their previous strategies

too much. °

Notice from (3.19) that ISBRAG uses a one time-step delayed state information
to perform the current state update in (3.15). In such a case, it is useful to define an
auxiliary state p;(t) =s;(t — 1), Vi € A, Vt € Z>(. Then, the equilibrium set for ISBRAG

is given by
Seqi={(5,p) €S XS |si=pi € X (vi(s))),Vie A}. (3.20)

Next, we establish V' as a size function (see Definition 2.3.1) for a superset of the DRoNE

set. This will be useful in proving convergence results in the sequel.

Lemma 3.6.6. (V is a size function). Suppose Assumption 3.6.1 holds. Define B :=
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XieABg;(0) and let

1 .
Gi(si i, Gi) = piCi — [si—pil, Vi A; (3.21)

where, Vi € A, s;,p; € S;, and {; € Bg,(0). Define,

Z .= {(s,p,C)ESxSxE‘ (3.22)

Vie A, s; € Xf (;l';i(si,pi, Cz))}

Then, V(s, d)(s,p,C)) as a function of (s,p,€) is a size function for Z. Moreover,

{(S*,S*’ ¢*)

s* € NE@or), C* = vi(s™),Vi € A} cz.

Proof. First recall from (3.12) and the discussion following it that V' is Lipschitz
and; hence, continuous. Moreover, recall that by definition, V'(s,¢) > 0, Vs € S, and ¢.
From (3.18) and (3.19), suppose p € S (with components p; € S;, i € A) describes the

state at the previous time step; then

:(s,p) = pvi(s) — Al[si _pl. VieA.

i

7

Since Vi € A, v;(s) € 0Ok [UPR(X,S_Z»)} }Si, we can consider the evolution of ISBRAG
(Definition 3.6.4) with é in (3.21) in the set S x S x B. Because of the assumption on
the compactness of S;, and Assumption 3.6.1, Vi € A, abz € Bu,B,+0:/2,(0), ¢; € Bp,(0),
s; € §; and p; € §;. Then, using these definitions and with a slight abuse of notation
V(s,p,€) = V(s, q?)), we have that V (s, p, {) is continuous in all its arguments; since (Nﬁ
in (3.21) is continuous in its arguments. For the sake of brevity, define Y := S x S x B,
which is a compact set. Then, V (s, p,{) attains its maximum and minimum on ), and it

is easy to deduce that there is a continuous extension of V' (say ‘7) that is proper. For
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example,

- V(s,p,¢), if(s,p,{) €Y
V(s,p,¢) =

d((s,p,¢),Y) + V(s*,p*,¢") otherwise;

where (s*, p*, (") € argming 5z, [I(8, p.¢) — (s,p, Q).

Now, V(s,p,C) > 0, VY(s,p,{) € Y. Moreover, ‘7(s,p, ¢) = 0iff Vi € A,
Maxy,es, X; @;(55, P, C;) = 87 (55,00, Co), e s, € X7 (dy(si,pir C;)). Further, since
V is continuous, VI € R>o, the l-sublevel set {(s, p.¢) | ‘7(5, p,¢) <[} is a closed subset of
R". Now, by construction, these [-sublevel sets are compact, since V' attains its maximum
in Y. Thus, by Definition 2.3.1, V is a size function for Z. Notice from (3.15) and (3.19)
that the set ) is further invariant under ISBRAG. Thus equivalently, V' is a size function
for Z.

The last claim on subset relationship can be easily verified from (3.17) and the
definition of a NE in Definition 3.4.1. This completes the proof. |

Before providing convergence guarantees for our algorithm, we define a class of

games for which the supergradients play well with the proximal terms.

Definition 3.6.7. (Amicable supergradients). The game %pg (satisfying Standing Assump-
tion 3.4.2) is said to have amicable supergradients if the following holds. Consider an arbi-
trary but fixed i € A. Let (s;,s_;) € S. Then, 3d; € R such that V(s;,5_;) € By, (si,s_),

—DR

3¢ € [0 (x5, . 3¢F € O[T N(x.5-0)]|,, and 3¢2 € 0 [U; " (x,5.)] |, . such

7

that,
¢ =¢ i-s] - (6= [si-s) < alsi sl

for some ¢; € R. This {c; }ic4 is referred to as the factors of amicability of the supergradi-
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ents.

The name amicable is chosen to represent the fact that the supergradients behave
in a “friendly” manner with respect to the proximal term in (3.18). The significance of
the previous definition will come into focus in the proof of the next theorem, where we
will use the factors of concavity {\; ' }ica to offset the factors of amicability {c;}ica and
produce monotonicity-like [32] behavior. In this regard, “amicability” can be seen to extend

monotonicity. Next, we state and prove conditions under which ISBRAG converges.

Theorem 3.6.8. (Convergence of ISBRAG). Suppose Assumption 3.6.1 holds. Moreover,
suppose Gpr has amicable supergradients with factor of amicability {citica. With dpin :=

min;e 4 d;, choose u; € (0,00), Vi € A and

dmin 1 .
; i — : 2
alE(O, mln{D : QH, Vie A (3.23)

Nezt, Vi € A, choose N; € (1,00) and suppose

(

1 1
’ ) . 7 > 07
(miﬁbici Mici) 7o

Ai € (3.24)

1 ‘
( , oo> , otherwise.
L N1

Define the size function w(-) := d(-, NE(Ypr)) as the distance from the NE set of Gpg.

Denote @ := max;c 4y, [ := max;e ;- Finally, let s(t) be a trajectory of the ISBRAG
dynamics in Definition 3.6.4 from the initial condition {s;(0) = s;(—1) € S;}icu. Then,

there exist functions fy € KL, v1 € IC, and a continuous function py : [0,0.5] x Rsg — R>g
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such that

w(s(t)) < max {Bl <w(s(0)),t>, 0%) (Kpl (a,n))} ) (3.25)

where, the constant K depends only on {D;, B;, ¢;, M }iea. Moreover, py is strictly increas-

ing w.r.t. both its arguments and p,(z,y) — 0 as (z,y) — 0.

Proof. First, notice that because of Lemmas 2.3.2 and 3.6.6, there exists functions

01,09 € K4 such that
o1(w(s)) <V (s) < oa(w(s)), VseS. (3.26)

This can be seen from the statement of Lemma 3.6.6 and realizing that the set {(s, ()| Vi €
As; €8, ¢; € O, [U?R(Xi, s_;)]|s; } is invariant under ISBRAG.

Now, to bound the change in V, we first provide an upper bound on [s;(t +
1) —si(t)] [, (t + 1) — ¢,(1)], Vi € A. With a slight abuse of notation, set s; = s;(t),
s =si(t+1), 87 =si(t—1), s =s(t), sTy =s_i(t+1), ¢y = &(t — 1) ¢, = ¢,(1),
and ¢F = ¢,(t +1).

Consider an arbitrary but fixed agent ¢ € A. By the property of supergradients, at

time ¢, we have, Vx € §;,

—DR 1 _ —DR
wl; (x,8-) — 2)\,HX —s; |12 < U (si,54) (3.27)
- 2—>\iHsi sy P+, [x—si] - N Ix — 5|
and at time ¢t + 1, we have, Vx € S,
—DR 1 —DR
pil7 " 57 = k= silP < w0 (5157 (32)
1
— ol sl ol k= st = o - sTI
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Note that the last quadratic terms in both of the previous two equations come from the
strong concavity of the proximal term || - ||? [53]. Substituting x = s} in (3.27), x = s;

i

in (3.28); and combining the inequalities, we get

(o7 — @] [si —si]

< clls? =77 = gl = 7P = gl — sl
1 Y st sl | T s 50)
2)\1 2)\Z i i i i iy O—i
Jﬁ@wn+ﬁ%ﬂﬂwﬁﬁ%ﬂﬁ
Noting that [|s; — s7||2 = ||s7 — sq||2 + 2[s; —si] " [si — s;] + ||si — s7||% and applying

appropriate algebraic simplifications, leads to

&7 — @] '[si i
< Lt =505 — 571 — st —si?

Ai PV
+MWT@ﬁ4—U?@s@+ﬁ?@sy—ﬁﬁ@@m]

. Then

Si

—1

Now, suppose ¢;(si,s_;) € Ok [U?R(X, s_i)” o ¢i(sisT;) € Ok [U?R(x, SJ_FZ)]

using the appropriate definition of the supergradients (see Definition 2.4.1), we modify the
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previous bound on [¢; — ¢Z~]T[Si+ — s as

[oF — &' [s7 — s

1
< 3l s - s ] - lsf sl

T
+ |:CZ (Si, St,) - Cz (S;r7 s—i):| [S:r - Si]
;= sl

T8 [si—si]— —sf —si

Here, for the last equality, we have used the linearity property of inner products. Then,

from Definition 3.6.7,

[pF — ¢t —si] <

1 1

I

Indeed, we can use the inequality in Definition 3.6.7, since we have chosen «o; < dmin/D; to
ensure that the opponents’ strategies remain within the d;-ball around the current strategy
profile. Now, because of (3.24), (—/\% + pic)||si — si]|> < 0. Then, substituting in the

dynamics (3.15) in the previous inequality gives us

Recall that 7! (¢;), 7w (¢p;) € S;. Relying on the Cauchy-Schwarz inequality on the
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previous step and utilizing the fact that D; is the diameter of S;, we conclude that

[oF — @) [t —si] <

O[zz * * — — Dz2
i (D) = silllwi (@) —si | < o= (3.29)

Finally, we provide an upper bound for ||¢; — ¢,||. Quickly, define Vi € A,

B ¢, ifc;>0;

C; =

1, otherwise;

and notice that /\i < Mpic;, Vi € A. Then, using the properties of || - || and the triangle

inequality,

1
187" = il < pillvi™ = vil + THS? —s7|| (3.30)

D; ~

)

Recall that D; > D;, Vi € A. Now, combining (3.16) from Lemma 3.6.3, (3.29), and (3.30),

gives us,
V(s(t+1), (t + 1)) = V(s(t), $(1)) (3:31)
<> 1 ai]aif_f + wAD| ~ aV(s(t), (1)
< —aV(s(t), (1)) + Kp(a, )

where, Vi € A,

D =
K, = max {A— (2B, + Difﬁici)Dl-}, (3.32)

1
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the constant K := max;ec 4 nK;, and the function p; : [0,0.5] X Ry — R is defined as
p(z,y) =z —2*+y. (3.33)

Observe that the last inequality in (3.31) holds since z — x? + 1 is strictly increasing in
[0,0.5] and as such o, —a? +1 < @; — a2 + 1, Vi € A. Moreover, from Lemma 3.6.3,
a > 0. Thus, comparing (3.26) and (3.31) with (2.6a) and (2.6b), we conclude that the
system is ISS with input K p; (E, ﬁ). Then, (3.25) follows immediately from Definition 2.3.3.
Moreover, the properties of p; are immediate from its definition in (3.33). [ |

From the previous result, we see that, given the right choice of parameters, ISBRAG
converges to a region around the DRoNE set. We conclude this section by discussing the

convergence bound in the following remark.

Remark 3.6.9. (On the effect of parameters for ISBRAG). From Theorem 3.6.8, it is
clear that the agents’ choices of {, 11;, A; }ica affect not only the rate of convergence of
ISBRAG (through (), but also the region to which it converges (through ;). This region
can be made arbitrarily small due to the properties of v, and p; in (3.25). From (3.31), it
is easy to see that since v = min;ec 4 o, the rate of convergence depends on the agent that
has the smallest step size. If this decreases, the rate of convergence decreases.

Moreover, « affects the region to which ISBRAG converges as follows. From [54],

we can characterize y; € K from Theorem 3.6.8 as

(Ko@) = ot (e (@) (3:31)

where 9t is any number in (0,1) and o7 comes from (3.26). Thus, using the relation
in (3.33), agent ¢ € A can choose a; and p; arbitrarily small and subsequently make
71 (Kpi (@, ) arbitrarily small.

In light of this, it might be tempting to think that by making pu; arbitrarily small,
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agent ¢ € A diminishes the effect of its supergradient and is dominated by the inertial
term (see Remark 3.6.5). However, due to the constraint in (3.24), reducing p; requires
increasing A; which in turn requires decreasing 1/\; too. Hence the parameters u; and
1/\; work in tandem to counteract the effect of ¢; and preserve supergradient information.

3.7 Distributed DRoNE Seeking

To implement the ISBRAG dynamics, each agent i € A requires knowledge of
s_;(t), the current strategies of all other agents. In this section, we begin to adapt ISBRAG
to a distributed communication network G = (A, £) and solve Problem 3.4.8: (3) under
Assumptions 3.4.5 and 3.4.6 on individual uncertainty. We tackle the problem in its full
generality in Section 3.8.

In order to compensate for the lack of knowledge of others’ strategies, we will allow
the agents to estimate the same through a consensus-like protocol. This will induce an
error (say A;(t)) in the computation of ¢,(t) (specifically in the computation of v;(t)
using (3.17)) for agent ¢ € A, Vt € Z>. Let a(t), with $1(t) components corresponding
to i € A, denote the perturbed version of ¢(t) at time ¢t € Z>,. Then, we update the

dynamics in (3.15) appropriately as, Vi € A,

() = [vi(s() + Ai(t)] + wilsi(1), 1) (3.350)

= ¢,(t) + (1),
7ilt) = w (i) = 77 (¢,()) + A1), (3.35b)
si(t+1) = s;() + a; {a@ . si(t)] (3.35¢)

— s,(t) + v [ﬂ-;‘(@(t)) - si(t)] +aAl).

Here, A(t) is the error in the strategy updates while A;(¢) is the error in the calculation

of supergradients. Note that, if the agents estimate others’ strategies and compute
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&,(1) according to the estimated strategies, then, because of (3.17), v;(s(t)) + As(t) €
8X[U?R(X, s_;)]|s; and hence [|A;(t)]] < 2B;, Vt € Zs,. Moreover, because of (3.13),
and (3.14), m;(t) = 7} (¢;(t)) + Al(t) € S;. Hence, since m}(¢;(t)) € Si, |AL(t)]| < D.
Thus, by properly choosing the {;, i1;};c4 parameters, the effect of the disturbance can

be mitigated accordingly. To show this formally, we first adapt Lemma 3.6.3 to account

for the error induced by estimations.

Lemma 3.7.1. (Bound on Lyapunov function differences in the presence of disturbances).
Consider the dynamics (3.35c) with input sequence {A(t), A'(t)}iez., from an initial
condition {s;(0) € S;}ica. Suppose {P(t)}iez., satisfies |@p;(t)]] < M; (for some M; €
Ryo), Vi € A, Vt € Zso. Take any D; > D;, ¥Yi € A. Denote @ := maX;cq y, i :=

max;e 4 fti. LThen, Vt € Zsg, with o = min;e 4 o,

V(s(t+1),p(t+1)) = V(s(t), p(t)) < (3.36)
S [P st 4+ 1) — s [t + 1) — (1)
icA ’

+ Dilly(t +1) = (O]l | - aV(s. ) + pol@ @) | A (D).
Here, the term ps(@, i) is characterized as

p2(a, ) = I?eaj([Ai — Bjlan+ max AT (3.37)

Further, A; is as in (3.30) and B; is as in Assumption 3.6.1.

Proof. As before, with a slight abuse of notation, we set s = s(t), st =s(t+1),¢p =

~

o), " =p(t+1), p=d(t), ¢ =d(t+1), A=A(t), and A’ = A'(t). Then, from
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the definition of V' in (3.12) and the dynamics in (3.35c), we have that

V(S+7 ¢+) - V(Sa ¢)

= E [maX x; ¢ — maxx, ¢,
‘ X, €S; X, €S;
i€A

sl (67 —¢) = (st - [of — ] - [sF -] 6]
<Y |60l — ¢+ Dillé - &
- SiT[ :r - ¢’J - Qy [77:((/152) - Si] ! [(Ib:r - (75@}

T

- [7"?(&@) - Si:| ¢z:| .

This chain of inequalities follow the same arguments as in the proof of Lemma 3.6.3 with
the help of Lemma 3.6.2 and the dynamics (3.35) (specifically (3.35b) and (3.35¢)). Now,

by appropriately substituting in (3.35b) in the previous inequality, we get

—s [ — &) — a[mi(@) —si] [6F — )]
~ailmi(d) + Al - s o).

Now to upper bound this term, we use similar techniques as in the proof of Lemma 3.6.3.
Specifically, notice that that Y. , [} (¢;) — si}T(bi = V(s,¢). Then by combining
appropriate terms from the previous step, separating out the terms involving A!’s and

further, using Cauchy-Schwarz inequalities we get [—A!] [¢pF — ¢,] < ||A!]|||p) — ¢,]| and
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[— A", < [|AL]l|l¢;]|. Putting all of this together gives us

V(S+a ¢+) - V(Sa d))

<> - allm(@) - s [0 - 6]+ Dillg - ]
€A
+ 3 [1Alg! = il + il Al - avis,é).
icA

Finally, rearranging (3.35¢) in the previous inequality gives us all the terms in (3.36)
except the last term involving [|A’(t)]|. To obtain the latter, we use the upper bounds
from (3.30) and the discussion after (3.19); then, use similar arguments as in the proof of
Theorem 3.6.8. This completes the proof. [ |

Note that from (3.37), the gain p in (3.36) can be made arbitrarily small by
choosing arbitrarily small parameters {a;, u; tica. Thus, po(@, @)||A'(#)| in (3.36) is a
class-KC function of ||A’(t)||. Hence, (3.36) is almost similar to the ISS requirement in (2.6).
We can handle the extra terms like we did in the proof of Theorem 3.6.8 and show practical
convergence when agents need to estimate others’ strategies through some algorithm. We
do this next.

Before proposing the distributed algorithm in full, we provide details about the
dynamic consensus protocol that will be used to this end. In this manuscript, we adopt
the protocol where the agents are allowed to communicate with each other during T € Z~
intermediate rounds to infer other agents’ strategies. As discussed in [27], we employ a

dynamic average consensus algorithm that produces a better tracking response that a
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static consensus counterpart. The specific algorithm we use from [27] is detailed next,

vf(t + 1 ;: 1) = b1bobs Z oy [mf(t + %) — x5 (t + %)] + vf(t + %), (3.38a)
JEN;
w1+ T; 1) = [1 = bubalef (¢ + 7 ) —bros(t+ 7) (3.38D)
— bibs Z ;j [:L‘f(t + %) — 1‘;(t + %)},
JEN;
x$ (t + %) =z (t + %) + u; <t + %) . (3.38¢)

Here, {xf,v§, 2§ }ica are internal variables of the dynamics and by, be,b3 € R are
constants that can be chosen appropriately to ensure that (3.38) asymptotically tracks
[1/n] >",c 4 ui(t) with a small error. This error depends on the aforementioned constants
b1, by, bs, the eigenvalues of the graph Laplacian associated with G, and (most importantly)
an upper bound on |u;(t + [7 + 1]/T) — w;(t + 7/T)|. We refer the reader to [27, Theorem
S2| for details on how to tune the parameters of (3.38) and minimize the error.

Now, in order to make the notations cleaner, we encapsulate the states in (3.38)

into x; := [x§, v, 25| for each agent i € A. This allows us to rewrite (3.38) as

xi (1 + TJTrl> :fi({xj<t+%)}jeM,ui<t+%>>. (3.39)

Observe that (3.39) is a fully distributed algorithm that requires agents to only pass

information between neighbors. Moreover, for the sake of brevity, let I, (x;) denote the x§
component of x;. Now, for agent i € A to approximate s_;, it has to run multiple copies
of (3.39) across the components of s_;. To that end, let s;; € R™ (with components 5;;;)
be agent i’s estimate of s;. We collect this into a stacked vector called s=; for each i € A.
Similarly, let Xﬁj denote the dynamic consensus vector associated with s;;;. Combining all

of this, we present the distributed algorithm that partially solves Problem 3.4.8: (3) next

and discuss it in the remark that follows.
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Definition 3.7.2. (d-ISBRAG). We refer to the following algorithm as Distributed Inertial

Supported Better Response Ascending superGradient dynamics or d-ISBRAG.

si(t+ 1) = si(t) + o [w; (3)1. (1 + %)) - si(t)} , (3.40)

&, (t v %) — 1V (si(t), s:(t + %)) +wi(si(t), 1), (3.40b)

() =t ({7 0) 00
(t ) = ({4 1) ), (3.400)

~ T T
Sijl (t + ?) =11, (Xéj (t + f)) . (3408)

The previous equation holds Vi, j € A, Vt,7 € Z>o. The index | appropriately belongs to

{1,--- ,n;}. The v; in (3.40b) is computed similarly as in (3.17) but with UPR instead of

[ .

(2

Remark 3.7.3. (On d-ISBRAG). From (3.40), it is easy to notice the two time-scale
approach in which d-ISBRAG proceeds. Each agent updates its strategy using (3.40a) at
every t € Z-o; while every agent runs the dynamic consensus protocol using (3.40c)-(3.40e)
for T sub (steps) {t,t + 1/T,--- ,t + [T'— 1]/T'}. Moreover, agent i € A performs the
update in (3.40a) at ¢ + 1 by computing q?bl using the most recent estimate of s_; at
t+ [T —1]/T (compare (3.40a) and (3.40b)).

Recall that s;; is the {*" component of s;. Hence, regarding the consensus update, notice
from (3.40c) and (3.40d) that agent i € A contributes n s;; to x}; and 0 to all other x;,

j € A\ {i}. This in fact ensures that x',(t) asymptotically tracks s;(t), Vi, j € A. o
We conclude this section by providing convergence guarantees for d-ISBRAG.

Theorem 3.7.4. (Convergence of d-ISBRAG). Suppose Assumptions 3.4.5, 3.4.6, 3.4.7,
and 3.6.1 hold. Moreover, suppose ¥pr has amicable supergradients with factor of ami-

cability {c;}iea. With dmin := minge 4 d;, choose p; € (0,00), Vi € A and suppose Vi € A,
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«; satisfies (3.23) and \; satisfies (3.24). Define the size function w(-) := d(-, NE(%pRr))
as the distance from the NE set of Ypr. Denote @ := maxX;c 4 ;, i = MaX;e fbi- Sup-
pose for (3.38), v5(0) = 0, 25(0) € R, Vi € A. Further, let K; be as in (3.32) with
K = max;eanK;; p1 be as in (3.33), and py be as in (3.37). Finally, let s(t) be the solu-
tion to the dynamics in Definition 3.7.2 from initial condition {s;(0) = s;(—1) € S;}ica,
with appropriately chosen parameters by, by, bs, and T.

Then, there exists functions Bs € ICL, o € K such that

w(s(t)) < max {52 (w(s(O)),t), (3.41)

’Yz(Kpl(@,ﬁ) + JPQ(@ﬁ))} ;

where, J is such that maxxes [|x|| < J.

Proof.  The proof follows the exact same arguments as in the proof of Theo-
rem 3.6.8 with help from Lemma 3.7.1 instead of Lemma 3.6.3. For the final bound, notice
from (3.35b) that ||A’|| < J. This completes the proof. |

3.8 When Samples are Shared

In this section, we solve Problem 3.4.8: (3) in its full generality, i.e. under As-
sumption 3.4.3 of shared samples. Now, the agents need to share information over the
communication network G in order to estimate its supergradient directions. This is in
contrast to the setup in Section 3.7, where every agent was capable of computing its
own supergradients as long as it had access to other’s strategies. The next result, which
is a generalization of Danskin’s theorem [55|, gives a particular way of computing the

supergradients for a class of concave functions.

Lemma 3.8.1. (Supergradient of the min of concave functions). Let {f; : D — R},ez,

(where D C R? is a convex set) be a set of concave functions. Define the concave function

23



g:D—Ras

9(x) = min fi(x).

Suppose for x € D, i* € argmin,; fi(x). Then,

Of(x) C dg(x) . (3.42)

Further, let f; be differentiable Vi € T, consider an x € D, and let V f;(x) be the corre-
sponding deriwative. Then, 3J C argmin,.; f;(x), with |J| = d+ 1, such that ¥¢ € dg(x),
¢ =2 ics NiVSfi(x), where \y >0, Vi € J and ) ;. , A\i = 1.

Proof. We first prove the first claim. Let x € D, i* € 7 be as in the hypothesis
and let ¢ € 0f;«(x). Then, Yy € S,

g(y) < foly) < fo )+ ¢y —x] =g(x) + ¢y — x].

Here, the first inequality and the equality comes from the definition of g and the assumption
on i*. The second inequality comes from Definition 2.4.1. This proves (3.42).

Now, for the second part, by property of the supergradients and the hypothesis,
0g(x) = co({V fi(x) }icz), where co(-) represents the convex hull. Then, the second part
follows directly from Carathéodory’s theorem from convex geometry. The proof is now
complete. [ |

Thus, based on Lemma 3.8.1, we argue that, in order to compute this supergradient,
it is necessary to solve the inner optimization problem of the utility definition in (3.3).
This is challenging since the optimization problem in (3.3) is infinite dimensional. In order
to reformulate it into a tractable program, we use the method proposed in [2]. First, we

make the following assumption regarding the effect of the random variable on an agent’s
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utility.

Assumption 3.8.2. (Utility is differentiable in own strategy and convex in the random

variable). For each i € A,
1. Ui(+,8_4;€) is differentiable Vs_;, &, and
2. Ui(s;-) is convex and differentiable Vs.
Moreover, = is convexr and closed. °

Now, it is possible to use the very same arguments as in [2| to show that the utility
defined in (3.3) can be rewritten as the solution of the following finite dimensional convex

program,

N
—DR 1
U5(8) = ymin, 5 DU (sih(E) - ) (3.43a)
N
st.)  [xfll < Negs (3.43h)
k=1
£ —xFeh(=), Vke{l,---,N}. (3.43¢)

Note that even though this optimization problem (utility structure and decision vari-
ables) is local to each agent; as per Assumption 3.4.3, agent i € A is only aware of
{hy(€W), -+ (€M)}

To address this, we make a few simplifying assumptions. First, we simplify the
notations by letting h* = h(g(k))7 Vk € {1,---,N}. Next, we limit = by imposing box

constraints on the decision variables as in the following.

Assumption 3.8.3. (Known bounds). The uncertainty set = is such that h(Z) = {£ €

R™ | b < ¢ < b}.The inequalities here are taken term-wise. Moreover, every agent knows

b and b. °
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Note that this assumption on global bounds on the uncertainty could be relaxed
to agent’s knowledge of component-wise bounds. If this was not the case, agents can
gather this knowledge via some max consensus algorithm routine. Then, notice that
since (3.43) is local to each agent i € A, the optimization problem remains unchanged by
summing (3.43a) (and combining all the constraints in (3.43b) and (3.43c)) across all the
agents. In what follows, we order the information available to agent i € A as [E’;i, e ,ﬁ’;],
b, and b. Here, we choose appropriate p; < ¢; € Z, to represent the starting and end
indices for ¢ € A, which results into

W= BE L RE

L R ai’ ]T

, Vke{l,---,m}.

Then, incorporating all of these, we use the following optimization problem to compute

the supergradients,

N
minimize % Z Z U,(si,s_i;¥5), st. (3.44a)
{{y;-“i7zji}¢,je,4}k:1 €A k=1
N @
SUS TR = yh il + Y [ei — 2] < New Vie A (3.44D)
k=1 l=p; reN;
N 4
Z Z |hf — yfzz’ + Z [2ji — 2zjy] <0, Vi,j €A, (3.44c¢)
k=1 l=p; reN;
v =Y Ik —yhl =0, Vije AVEe {1, N} (3.44d)
reN;
b<yk <b, Vke{l,--- N}, Vi,jc A. (3.44e)

Here, ﬁf (resp. yF,) are the components of h* (resp. y¥). The variable y¥ (resp. z;)
can be thought of as agent j’s copy of y¥ (similarly slack variable for i’s constraint).
Then notice that (3.44) can be solved completely using local information because of

Assumption 3.8.3. We state and prove our previous claim regarding the supergradients in
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the next result.

Lemma 3.8.4. (Distributed optimization problem produces the required supergradients).
Suppose Assumptions 3.4.7, 3.8.2, and 3.8.3 hold; and let {{yﬁ*, Z;i}i,jeA}gzl be a solution
to (3.44). Then, with y; = £ YN yk Vi€ A; Vo [U,(x,5_550)]ls € [T, (x,5.1)]

Vi € A.

Si’

Proof. First note that the description of U? ®in (3.43) and hence the equality
between the right hand sides of (3.3) and (3.43) follows from Assumption 3.8.2 and [2].
Next it is easy to see that the optimization problem in (3.43) (combined across all agents)

is equivalent to the following problem,

N
1
minimize — Z Z U,(si,s_i;y7) (3.45a)

{yFlieadd, N ieA k=1

N m

6. > b —yk| < Ney, Vie A (3.45b)
k=1 [=1
b<y"<b, Vke{l,--- ,N}, Vie A. (3.45¢)

This is because, we have used the auxiliary variables y¥ to satisfy the equality constraint
y*¥ = h¥ — x* Vi k. Then, (3.45b) is the same as (3.43b) due to the definition of || - ||;.
Moreover, (3.45¢) is the same as (3.43c) due to Assumption 3.8.3. Thus, optimization
problems (3.43) and (3.45) are equivalent.
Next we introduce auxiliery variables to show that (3.45) and (3.44) are equivalent.
To do this, we first label the feasible sets of (3.45) and (3.44) F and F respectively; i.e.
{{y¥Yicatil, € F and {{y*, zji}ijeatrl, € F. Now, since the cost functions in (3.45a)
and (3.44a) are the same, it is enough to show the following two claims to show equivalence.
Claim i: Y{{yT;, 2jitijeatin € Fo {{ylitieatiis € F.
To show this, consider a {{y%, z;i}ijeatr, € F. Since {{yk}ica}i_, satisfies (3.44e),

it also satisfies (3.45c). Moreover, because of (3.44d), and Assumption 3.4.7 on graph
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connectivity, y¥ = yfj, Vi,7 € A. We use Assumption 3.4.7 in the next argument
also. Summing (3.44b) for i € A and (3.44c) Vj € A\ {i} shows that {{y%}ica}i,
satisfies (3.45b) because of the previous equality. This concludes the proof of this claim.

Claim ii: V{{yF}ieatiiy € F, 3{zji}tijea such that {{y%, z;i}ijea}n , € F with
yF=yb,Vi,je A
To show this, consider a {{y}}ica}ie, € F and take vectors {{y%}i jea}i, such that
yr = yfj, Vi,j € A. Then, because of (3.45c¢) and Assumption 3.4.7, by construction,
{{y%}ijealno, satisfies (3.44d) and (3.44e). Then the claim is easy to show because of
the connectivity assumption. This concludes the proof of this other claim.

Combining these concludes that (3.45) and (3.44) are equivalent. Then the proof
of the claim in this lemma follows from Lemma 3.8.1. The proof is now complete. [

We would like to point out that even though the technique we used in the previous
proof is similar to [56]; our setup is very different, since the agents do not have access
to the cost function and constraints simultaneously. We would like to remind the reader
that (3.44) is a convex program that can be solved entirely using local information. As
such, agent i € A handles the variables {{y%, zji}jca};_,. There is a whole body of
literature that provides iterative solutions to (3.44). In this work, we use the primal-
dual subgradient method [53| using the augmented Lagrangian approach to compute the
required supergradients for the d-ISBRAG updates. While it is possible to provide ISS
properties for the distributed updates and perform the updates of such an algorithm in a
synchronous manner with (3.40) we reserve that analysis for future work. To that extent,
we condense the d-ISBRAG algorithm for shared samples into Algorithm 1. We formally
state the convergence properties of this algorithm in the next result and conclude by
remarking on the communication protocol later. Since this a direct consequence of all the

previous results, we skip a formal proof.

Theorem 3.8.5. (Convergence of d-ISBRAG with shared samples). Suppose the hypothesis
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Algorithm 1. d-ISBRAG for shared samples

Require: Consensus time steps Tcon, optimization time steps Tt
1: Initialize s; <+ SZ(O) € S’i> Vie A
2: Initialize 8;; < random(S;), Vi € A, ¥j € A\ {i}

> randomly initialize estimates
3: for t € Z>y do
4 forrel, - T, do
5: Update {8;;}jca\fiy using steps (3.40c), (3.40d) of dynamic consensus
6: end for
7 fort' €1,--- Top do
8
9

Compute {{y}, 2} }ijea}io, that is a solution to (3.44) in a distributed way
: end for
10: for i € A do
11 Vi< x 25:1 Y
12: cAi% — ViU (x,8-557)]|s; + Wi(si, 1)
13: Si < s + oy [Trj(gz’\%) — sz}
14: end for
15: end for

of Theorem 3.7.4 holds and suppose s(t) is the sequence obtained from Algorithm 1 from
initial condition {s;(0) = s;(—1) € S;}ica. Then, the bound in (3.41) holds with w(-) :=
d(,/\/’g(gDR)) [ ]

3.9 Simulations

In this section, we illustrate the trajectory evolution of the algorithms that we
proposed. For all our simulations we take 6 agents, i.e. A= {1,---,6}. All values are

rounded off to 3 decimal places.

3.9.1 Effect of step-size a;:

First we study the effect of {c; };c4 on the convergence of ISBRAG in Definition 3.7.2.
We specifically want to show that our algorithm is able to converge near a NE even when

the utilities are non-smooth. To that affect, we choose S; = [0,2], Vi € A. Then, we set
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Figure 3.1. Effect of step-size parameters {; }ic 4 on convergence of ISBRAG. The plots
share a common legend. (Top) «; = 0.1, Vi € A. (Bottom) «; = 0.01, Vi € A.

the utilities of the agents as

UPR(si,5-) = —[s; =025 x| x [[ s, Vie A
jeA\{d}
Note that we have denoted the strategies as s; € R. Then clearly the strategy profile
57 = 0.25, 85 = 0.5, s = 0.75, s5 = 1, s; = 1.25, and s§ = 1.5 is the unique NE. We
simulate ISBRAG from an initial condition s;(0) = 0.097, s2(0) = 0.578, s3(0) = 1.442,
54(0) = 0.043, s5(0) = 0.412, and s6(0) = 0.101. Moreover, to isolate the effect of the
step-size parameter, we fix pu; = 0.5, and \; = 1, Vi € A. The solution trajectories for
two cases: i) a; = 0.1, Vi € A, and ii) oy = 0.01, Vi € A are shown in Figure 3.1. In
accordance to the bound provided in Theorem 3.6.8, notice that with the higher the «;
value, the solutions converge faster, but they converge to a larger set around the NE. On
the other hand, with a smaller «; value, the solutions converge closer to the NE, but take

more time-steps to get there.
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Figure 3.2. Convergence properties of d-ISBRAG. The plots share a common legend
Different plots correspond to different values of communication time steps 1., and step-size
parameters {a; }ic4. The figures from the top are arranged as follows. (First) Teo, = 10,
a; = 0.01, Vi € A. (Second) Tion = 50, o; = 0.01, Vi € A. (Third) T, = 100, oy; = 0.01,
Vi € A. (Fourth) Tio, = 100, o; = 0.1, Vi € A.



3.9.2 Performance of d-ISBRAG:

For this scenario, we test our algorithm on a non-monotone game and report (em-
pirically) on how the parameters of the game affect the steady-state. Further, we allow the
agents to communicate over a cyclic graph only, i.e. £ = {(1,2),(2,3),(3,4), (4,5), (5,6), (6,1)}.

We choose S; = [—2,2], Vi € A and set the utilities of the agents as

—DR

U, (siys-i) = Hsj, Vi e A
jeA

It is easy to see that the Nash equilibrium is not unique. Specifically, any NE (other than
s* = 0) must have s} € {—2,2}, and there must be even number of agents with strategy
—2. The evolutions of d-ISBRAG, from an initial strategy profile of s;1(0) = —1.805,
$2(0) = —0.844, s3(0) = 0.884, s4(0) = —1.913, s5(0) = —1.176, and s¢(0) = —1.797, with
different choices of Tio, and {e;}ica are shown in Figure 3.2. Note that, the strategy
we converge to is dependent on several of the algorithm parameters. Firstly, the first
three figures from the top have same step-size parameters and differ in the number of
consensus steps (Teon). As expected, the time steps needed to converge decreases as Tion
increases. The last two graphs in Figure 3.2 share the same value of T,,, and differ in the
step-size parameters. The larger the «;, the faster the convergence, but at the cost of high
chattering-like behavior in the transients; while the smaller the «; the longer it takes to
converge with a reduced chattering in the transients. In any case, these trajectories do not
sustain limiting oscillatory behavior (as opposed to the trajectories in Figure 3.1) since

the utilities are smooth and the game admits proper pseudogradients.

3.10 Summary

In this work, we provide centralized and distributed algorithms that seek the Nash

equilibria of a distributionally robust game (DRoNE’s). First, we present conditions under
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which these DRoNE’s exist, and relate them to the NE of the associated stochastic game.
This relation (which depends on the number of sample points available to the agents)
predicts that as the number of data points increase, with high probability DRoNE’s
become better approximations of the NE’s of the stochastic game. Second, we define and
provide conditions on the parameters of the ISBRAG dynamics that ensure convergence
to arbitrarily small regions around the DRoNE’s. This comes at a cost of slower rate of
convergence. To handle the distributed case, we provide methods in which the agents
can approximate the supergradients of their (possibly) non-smooth utility by exchanging
information between their neighbors. When the game has amicable supergradients, we
introduce an itertial term that produces monotonicity-like behaviors. When the game has
non-unique NE, the region around which DRoNE the algorithm converges to is highly
dependent on the choice of algorithm parameters. In the future, we would like to extend
the class of games compatible with this framework by introducing more general inertial
terms. We will also handle simultaneous communication and estimate update among
agents.

This chapter is a reprint of material that has been submitted for publication
as “Distributionally Robust Nash Equilibrium Seeking with Partial Observations and
Distributed Communication,” N. Mandal, and S. Martinez. The dissertation author was

the primary investigator and author of this paper.
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Part 11

Application of Proposed Framework
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Chapter 4

Task Allocation Among Self-Interested
Agents

4.1 Introduction

A prototypical coordination problem aims to find an efficient assignment of group
of agents to a collection of tasks. The tasks can range from abstract objectives to specific
physical jobs, the nature of which may not be known. The agents may have heterogeneous
capabilities, and react to different sets of incentives that are learned progressively. This
necessitates of novel task-assignment algorithms that can adapt and react online as new
information arises. Motivated by this, we study a discrete task allocation problem modeled
as a game of self-interested agents with partial knowledge of their rewards. This requires
addressing the problem’s combinatorial nature, and designing provable-correct distributed
dynamics that adapt to dynamic rewards revealed online. To the best of our knowledge,

algorithms that combine all these features are not available in literature.

4.2 Literature review

The problem of task allocation in Cooperative Control with known rewards has
been widely considered; see e.g. [57, 58, 59]|. A centralized solution to this problem, where

the number m of tasks and agents are equal and a task-agent matching is sought, is the
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optimization-based Hungarian algorithm [60], and its distributed version [61]. The latter,
which reproduces the Hungarian algorithm locally, requires tracking of the agents’ identities
associated with each task, has a time complexity of O(m?) and communication cost of
O(mlogm) (per communication round). Thus, the algorithm can be computationally and
memory-intensive for large problems, and hard to adapt as new tasks are generated or
their valuations change online. The work in [62] provides a tractable, sub-optimal solution
to the same NP-hard problem, while the research in [63] showed that the sub-optimality
can be resolved by restricting heterogeneous agents to be of certain types. In the same
vein, the works in [64, 65, 66| consider submodular functions which allow rewards to take
any non-negative value. However, submodular optimization can be applied in specific
domains where the property naturally arises, such as in certain economics and distributed
sensing problems. Alternatively, a well known approach to (unconstrained) task assignment
problems is given by k-means clustering and the Lloyd’s algorithm [67]. By interpreting
that tasks are generated by a probability distribution, the approach can handle tasks
generated dynamically [68, 69, 70, 71]. However, Lloyd’s algorithm is sensitive to the
initial task assignment for a small number of agents, and in general converges to local
critical points.

We note that the related body of work in Operations Research |72, 73| and Eco-
nomics [74] deal mostly with the hardness of the task allocation problems and are often
uninterested in distributed implementations. Moreover, these methods fall short in address-
ing agent heterogeneity or the mismatch between the number of agents and the number of
tasks. Probabilistic one-sided matching problems [75, 76|, consider preferences among the
resources and match each player with at most one resource. The proposed algorithms are
centralized and do not consider in general the specific values of rewards for each resource.
Instead, the Cooperative Control literature does not consider the hardest of task allocation
problems and aims to develop distributed algorithms under various degrees of problem

knowledge.
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Game-theoretic models have also been proposed to find solutions to task allocation
problems. For sensor networks, each agent is equipped with an appropriate utility func-
tion [11, 12, 77] and the optimal task allocation is related to the Nash equilibrium of this
game. Any Nash-seeking [21] algorithm returns a solution; but often, these algorithms
require strong assumptions on the utility functions and their derivatives. In particular,
earlier works of task allocation in Cooperative Control [11, 12| assume complete and perfect
information on agents’ utilities, while in practice only imperfect information about tasks
and other agents’ capabilities is available. Subsequently, this has been mostly addressed via
consensus algorithms [24, 22|, and gossip-based algorithms [25|, where each agent applies
these methods to estimate all other agents’ strategies and compute the gradient of its own
utility. We note that none of these works considers a scenario where the agent’s utility
itself changes due to external factors; thus, the available algorithms are not adaptive with
respect to changing environments. Potential games can be used in this regard; however,
they do not work when the reward parameters are unknown (i.e. they require again
perfect information). This encompasses [77|, which characterizes the transient behavior
for set covering games, and [78|, which studies a general potential game approach for task
allocation. However, in the latter case, the agents are yet homogeneous and tasks have
the same rewards for all agents; which facilitates the analysis and facilitates handling

imperfect information.

4.3 Contributions

In this chapter, we consider a task-assignment problem where a number of agents is
to be matched to an unrestricted set of tasks. In the considered formulation, the number
of tasks per agent is not constrained, yet the optimal assignment problem remains combi-
natorial as the number of tasks is discrete. To deal with arbitrary heterogeneous agents,

we derive a game-theoretic partition problem formulation that favors task distribution.
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We then relax the game into a weight game, one per task. We obtain characterizations
of the NE of each game, their relationship, and identify conditions under which the NE
leads to an optimal solution of the original assignment problem. Leveraging the relaxed
formulation, and under a full-information assumption, we derive a projected best-response
dynamics that is shown to converge to the NE (and an optimal task allocation) in finite
time. The algorithm and its analysis provide a stepping stone for another, d-PBRAG,
which is distributed, does not require the perfect information about other agents’ utilities
or their individual strategies, and converges to the optimal task allocation, also in finite

time, as rewards are revealed online.

4.4 Preliminaries

Here, we recall the notations and the well-known concepts from Chapter 2 that are

used to solve the problem of interest.

Notations

The sets of real numbers, non-negative real numbers, and non-negative integers
are denoted as R, R, and Z, respectively. For a set S, |S| denotes its cardinality, 2°
represents the class of all its subsets, S™ denotes the n Cartesian product of & with itself,
and S™*™ collects all n x m matrices whose (4, j)' entry lies in S. Given M € §™™ mz is
its (i, 7)™ entry, and m; € 8™ (resp. m’ € S") its i*" row (resp. its j** column). For z € R,
(2]} := max{0, min{z, 1}}. For a set S, define max® S := max{s € S|s # max S}. For

x € R" and S C R”, d(x,S) := infycs ||x — y||1 is the distance of the vector from the set.

Game theory

A strategic form game [10] is a tuple ¢ := (A, {S;}ica, {1:}ica) consisting of the

following components:

1. a set of players (or agents) A;
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2. a set of strategies s; € S; available to each i € A;
3. a set of utility functions ¥; : X;e4S; — R over the strategy profiles of all the agents.

In what follows, s_; denotes the strategy profile of all players other than i € A. Next, we

formally state the definition of the NE of a strategic form game.

Definition 4.4.1 (Nash equilibrium). The strategy profile (s;,5_;) is a Nash equilibrium
(NE) of ¢ if and only if

Vi(5;,5-5) > Ui(si,5-4), Vs; € S5, Vie A.

NE(Y) denotes the set of all Nash equilibria of ¥. o

Graph theory

A directed graph [8] G := (A, E), is a tuple consisting of (a) a set of nodes (here
agents A); (b) a set of arcs £ C Ax A between the nodes. The set N; :={j € A|(j,i) € £}
denotes the (in) neighbors of node i € A and N; := N; U {i}. A path is an ordered set of
non-repeating nodes such that each tuple of adjacent nodes belongs to £. The graph G is
said to be strongly connected if there exists a path from every node to every other node.
The diameter of the graph diam(G) is the length of the largest possible path between any

two nodes.

4.5 Problem Formulation

A group of agents A := {1, -- ,n} is to complete a set of tasks Q := {1, - ,m},
where n # m possibly, in a distributed manner. For this purpose, each agent i € A encodes
via ¢; : @ — Ry( the importance of each task (the higher ¢;(¢) the larger the agent’s
capability /fondness on g € Q) and r; : @ — Rs( the reward for completing each task. For

the sake of brevity, define f;(q) :=r;(q)¢i(q) > 0, Vg € Q, Vi € A. Note that any function
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of the form f;(q) = ¢;(ri(q), #i(¢)) > 0 can be used to define the effective reward that the
agent receives. We choose this particular structure because it scales the reward that agent
i € A receives for task g € Q by its capability (or fondness) ¢;(¢) making it so that the
effective reward f;(q) is zero if either r;(q) or ¢;(q) is zero. Further, the resulting cost
function in (4.1a) can be interpreted as a discrete counterpart of the expected utility of
coverage control problems [70, 79| and a type of clustering metric for heterogeneous agents.

An optimal task assignment is the solution to

maX)an J(P) = ZZfl(q), (4.1a)

P=(V1, Vn i€ A qeV;
st. (JVi=9 vinvi=o, ifi#). (4.1b)
i€A
Here, V; C Q is the set of tasks assigned to agent i € A and P = (Vy,---,V,) is the
ordered collection of sets that defines a partition of Q (as in (4.1b)). For the sake of
completeness, if V; = & for some i € A, then we let > ., fi(q) = 0.
The group of agents is to compute an optimal partition of the task set Q on their
own. Naturally, each agent i € A aims to get the tasks ¢ € Q for which f;(q) is the largest.

This motivates the following definition.

Definition 4.5.1 (Task specific dominating agent). An agent i € A is said to be a
dominating agent for task g € Q (or i dominates q), if fi(q) > f;(q), Vj € A. If a task
q € Q has exactly one dominating agent, we say that there exists a unique dominating

agent for task q. °

The collection of possible strategies for each agent is a combinatorial class, which
grows exponentially with m. To address this problem, we first assume that each i € A

measures the utility of a subset of tasks V; C Q via
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H;(V;,V_;) = Z [fi(Q) — max fj(Q) . (4.2)

€A | A1, qEV;
v, {JeAlj#i,qeV;}

Here, again, if V; = @ for some i € A, then we let > _,, [-] = 0 and max,ey, f;(¢) = 0.

q€V;

This leads to the partition game

YGp = <.A, {QQ}iEAa {Hi}i€A>7

where the strategy of each agent is to choose a subset V; of Q to maximize H;. In this way,
agent strategies are no-longer required to form a valid partition, but the utility in (4.2)
penalizes each agent for taking tasks that others have chosen.

Second, we further relax this game by reducing the decision of each agent i € A
regarding task ¢ € Q to the computation of a weight w; € [0,1]. Briefly, this defines
W € [0, 1]™™ as the matrix whose (i,q)™ entry is w{. Thus, w, € [0,1]™ (resp. w? €
[0, 1]™) represents the weights that agent i € A (resp. for task ¢ € Q) gives to each task

(resp. given by each agent). Agent i € A is equipped with the utility function:

Ui(w;, w_;) = i(Quw! — max_ f;(q)wiw?|, 4.3
(v = 3 [t = g, fis (13)

which collectively define the weight game
gW = <A7 W7 {Ui}i€A>7

In this way, a product of weights in the second part of the sum in (4.3) relaxes the check
on overlapping task in (4.2). In this chapter, we ignore the trivial case where all agents

get the same payoff for a task, as stated in the following.

Assumption 4.5.2 (Non-trivial task assignment). Not all agents are dominating for each
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task q € Q. °

Note that Assumption 4.5.2 is equivalent to stating that the diversity of preferences
and agents is such that there will be a dominating agent per task according to the designed
game This is because the best effective reward f;(¢) depends on each agent’s preferences,
¢:(q), on each task g. As preferences can differ, this changes the effective reward that the
agent receives.

The above framework allows us to deal with a case where the f;(¢) are unknown to
the agent, but where these values can be learned progressively by an external mechanism

until convergence. More precisely, we assume the following.

Assumption 4.5.3 (Converging reward sequence). For eachi € A, q € Q, there ezists a

sequence {z{(t) }1ez., such that z}(t) — fi(q) ast — oc. o

Remark 4.5.4 (On the choice of utilities). We are interested in solving the optimization
problem (4.1) in a distributed manner while the f;(¢)’s are unknown. We do this by
designing a multi-agent system game; i.e., by equipping agents with a suitable utility that
is both easy to compute and results into useful properties. In this case, the NE of the game
are related to the optimizers of the task allocation problem, which allows us to reduce the

original combinatorial problem into an NE-seeking problem. °

In what follows, we first study the games when the reward parameters are known.
Then we adapt the results for the case when only a converging reward sequence is available.

Now we formally state the goals of this work.

Problem 4.5.5. Given the aforementioned setup and the non-trivial task assignment

assumption, find
1. a relationship between the NE of % and %4y,

2. a relationship between the NE and optimal partitions according to (4.1),
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3. a distributed algorithm that converges to the NE of the limiting weight game %4y

under the converging reward sequence assumption. °

4.6 On Nash Equilibria and Optimal Partitions

We start by addressing the first two problems above. Thus, we first characterize

the NE of the partition game %.

Lemma 4.6.1 (Nash equilibria of %). The strateqy (V;,V_;) € NE(%) if and only if:
1. for each q € Q, i € A dominating for q and q € 171','
2. if j 1s not a dominating agent for task q, then q & 17]-.

Proof.  First, we show the necessity of Properties 1 and 2. Suppose (17,, 9_1) €
NE(%). We prove Property 1 by contradiction. assum J¢g € Q such that Vi € A

dominating for task ¢, ¢ ¢ V,. Pick such an agent 7 and take V; = V; U {q}. Then,

o~

Hi(viaﬁfi) — Hi(Vi,ﬁﬂ') = fi(q) — max_ fi(q) > 0.
ki, qEVy,

The inequality is strict since 7 is dominating and the max is over all agents that are not
dominating for ¢ (by assumption). This is a contradiction with (17,, ]7_1) e NE(%).

The necessity of Property 2 also follows from contradiction. Suppose 3¢ € Q and
a j € A not dominating for ¢ with ¢ € 17]'. From Property 1, there is an i € A dominating

for g with ¢ € V;. Thus, with strategy (]/}j, )7_j),

filg) = max  fi(q) = fi(q) — max fiy(q) <0.
k#3j,q€Vy A

Now, consider V; = 17]- \ {¢}. It follows that H;(V;, ]7_j) — H,;(V;, 9_j) > 0, contradicting
(i}j, 17_3') S Ng(gp>
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Now, we show sufficiency. Let (ﬁz, 9_2) satisfy Properties 1 and 2 and let i € A be
an arbitrary but fixed agent. Suppose that V; # Y, is any other strategy. Then, the proof
follows from three cases:

Case (i): 3q € V; such that q ¢ Y, and i is dominating for q. Then, since 35 € A

dominating for ¢ with ¢ € ]7]',

filg) = max_ fi(q) = fi(q) — fi(q) = 0.

Case (ii): Iq € V; such that ¢ ¢ V; and i does not dominate ¢. Then, as 3j € A

dominating for ¢ and ¢q € 17]-, we have

filq) — max_ fi(q) = filq) — fi(q) <O0.

Case (ii1): Iq € V, such that q ¢ V;. This can only happen if i dominates ¢ (else,

by Property 2, q ¢ )7]) Then,

filg) = max_ fi(q) > 0.
k#i,q€Vy,

From the above, it is easy to see that any deviation from (V;,V_;) will not result in

an increase in utility for ¢ since H;(V;, ]7_1) — Hi(lA/i, ]7_1) = fi(¢) — max_ fi(q). [ ]
ki, g€V
From the previous result, at least one of the dominating agents will be assigned

to a task by means of a NE strategy of 9% . However, this does not preclude that two
dominating agents are assigned the same task. Next, we show that the NE of the relaxed

game %y are equivalent to the NE of %.
Lemma 4.6.2 (Nash equilibria of 4y). The strategy (w;, w_;) € NE(%w) if and only if:
1. for each q € Q, 3i € A dominating for q and W] = 1;

2. if j is not a dominating agent for task q, then @? = 0.
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Proof. First, we show the necessity of all properties. Suppose (W;, w_;) € NE(%w).
We show Property 1 is necessary by contradiction. Consider an arbitrary ¢ € Q and
suppose that for all dominating agents i; € A for task ¢, it holds that @% <1 In
particular, for any such 7}, we have max;.(i=y f;(q)w] < fi:(q). Now consider the strategy

wi:, where wg; =1 and wy =@, Vp # ¢ € Q. Then,

A~

Ui (Wi;,‘/’\\/—i;) - U (‘/{’i;,Wfi;) =

fiy(a) —max £ (@) [1 - @] > 0.

This leads to a contradiction with (w;, w_;) € NE(%w).

We similarly show Property 2 is necessary by contradiction. Let ¢ € Q be an
arbitrary task, and suppose that 35 € A which is not dominating for ¢ but for which
@? > 0. Due to Property 1, let i; be the dominating agent for ¢ such that @gz = 1. Now
define w;, with w{ = 0 and wI])' = @g, Vp # q € Q. Then,

Uj(wj, W_j) — Us(W;,w_;) = [ fi(q) — fiz (0)][-@]] >0,

q

where the inequality is because both terms are negative. This contradicts (w;, w_;) €
NE(Gw).

Next, we show sufficiency. Let (w;,w_;) € [0,1]"™ be a candidate strategy
satisfying Properties 1- 2 and let 7 € A. Take any other w; # w; and a task ¢ € Q. The
proof follows from the following cases.

Case (i): ¢ dominates ¢ and w{ = 1. Then, by Definition 4.5.1,

fila) = max f(0) ! < [fi(a) — max f;(q)}| .

Case (ii): i is a dominating agent for task ¢ and @] < 1. Then, since 35 € A
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ot ~q
dominating for ¢ and wj = 1,

[fi(Q) —r;gﬁ(q)@ﬂ w! = [filq) = fi(q)]w!

= [£(a) = /(@)@ = | fila) - max ful@)f| @ = 0.

since fi(g) — f;(q) = 0.

Case (i11): i is not a dominating agent for task ¢ (and hence @w! = 0). Again,

i

3j € A dominating for ¢ and @] = 1. Then,

(@) = max ful@)f | wf = [£() ~ £(@)]u]
< [fla) ~ (@)@ = [fila) - max ful0)i] @,

=

since f;(¢) < f;j(¢). Now, using these three cases, it is easy to see that any deviation from
(Wi, w_;) will not result in an increase the utility of 7. [
As a direct implication of Lemma 4.6.2, for any W € [0, 1]"*™ we can define

C 1 [0, 1™ =5 (29)" as
C(W) := (tsupp (w1),- - -, tsupp (wy)), (4.4)
where tsupp (w;) := {¢ € Q|w! = 1}, Vi € A. Then,
NE%) = C(NE(Ew)). (4.5)

Next, we relate the optimal partition and the NE of the two games through the following

theorem.

Theorem 4.6.3 (Optimal partitions and NE). Given the problem in (4.1) , O C
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C(NE(%w)), where
O :={P* | P* is a solution to (4.1)}. (4.6)

Proof. By (4.5), we can equivalently show that O C NE(%). Let P* € O. Tt is
easy to see that ¢ € V; only if ¢ € A is a dominating agent for task q. Moreover, if j € A
is not dominating for ¢, then ¢ ¢ V;. Then from Lemma 4.6.1, P* € NE(%). The rest
follows from (4.5). |

The above result states that if an agent i € A is assigned tasks using the translated
support of the NE of 4y, this set is a superset of the optimizers of (4.1). The extra
solutions arise when there are non-unique dominating agents for a task. When there are
unique dominating agents, the next result shows there is a unique NE for 4. This follows

from Lemma 4.6.2 immediately, so we skip a formal proof.

Corollary 4.6.4 (Uniqueness of NE). Suppose that for each q € Q, iy is the unique
dominating agent for task q. Then NE(%w) = {\/7\\7} where, for each q € Q, W satisfies 1)

@f; =1, and 2) w; =0, Vj # ;. Further, P* = C(W) is the unique solution to (4.1). W

In general, N'E(%y) is a superset of the set of optimal partitions. The next example

makes this clear.

Example 4.6.5 (Optimal partitions and NE). Let A = {1,2} and Q = {a,b}. As-
sume the values fi(a) = fo(a) = 0.5, fi(b) = 0.7 and fo(b) = 0.3. Then, O =
{({a,b},2), ({b}. {a}) }s NE(%p) = {({a,b},2), ({a, b}, {a}), ({b}, {a})}; and

where A, i can independently take any value in [0,1). Thus, in this case O C NE(%) =

C(NE(%w)). Interestingly, note that there is an optimal partition in which agent 2 gets
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no task. °

We conclude this section by including remarks on how our framework compares
with standard potential games and congestion games. This interesting discussion is a result
of the review process of the original paper and was not included due to space limitations

of the journal.

Remark 4.6.6. (Comparison with potential games). We would also like to point out the
following regarding the existence of a potential function. We are ultimately interested in
solving the optimization problem in (4.1). Thus, given the game structure (and since the
NE of a potential game are the maximizers of the potential function), the ideal candidate

for a potential function should be,

H'(w) = Z Z filg)w?,

€A qeV;

since this is the relaxed cost function related to the optimization problem in (4.1). This
is ideal in the sense that we would like a NE of our game to correspond to a local
maxima of this function. Now consider a situation where A = {1,2}, @ = {a} and
fi(a) > fa(a). Moreover, let w§ = w§ = 1. Then, for agent 2, any other strategy wj < 1
results in Up(w$, @) > Us(w§, ws) while H (w$,w3) < H'(w$,wy). Thus, H' cannot be a
generalized potential function let alone an exact potential function for this game.
Another natural choice for a potential function is the sum of the agents’ utilities

(which corresponds to the utilitarian social utility in game theory):
H*(w) = Ui(w).
icA

We can use similar arguments as before to show that this cannot be a potential function
either. Again, consider a situation where A = {1,2}, Q = {a} and fi(a) > fo(a). Further,

let w§ = 1. Then, U;(w$,1) = [fi(a) — fa(a)]w$ and H?*(w§, 1) = fo(a)[l — w§]. Then,
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with w8 > wd, Uy (w$, 1) > Uy(w, 1), but H*(w$, 1) < H*(w$,1). Thus, H* cannot be a
generalized potential function. Admittedly, there could be some other potential function
(H # H', H?) for this game. But then, the Nash equilibria would correspond to the local

maximizers of H, which may not necessarily be the solution to (4.1). o

Remark 4.6.7. (Comparison with congestion games). We recall that potential functions
are closely related to congestion games, where a group of agents competes with each other
to allocate resources among themselves. The agents get a reward based on the resource
they are allocated to and are also penalized based on the number of agents that are
allocated to that same resource. The type of utilities U; for our game can be given a similar
interpretation. In [80], the author showed that every congestion game is an exact potential
game and later in [81] the authors showed that any game that has an exact potential
function is equivalent to some congestion game. In congestion games, each agent’s utility
generally depends on the resource allocated to them, and it decreases with the number of
other agents that make use of the same resource. Thus, as the number of agents allocated
to a given resource increases, the payoff of the assigned agents decreases. The latter is
consistent with our setting; however, in congestion games different agents allocated to
the same resource get the same reward, which is not consistent with our heterogeneity
assumption. Moreover, the potential function for congestion games is generally given as a
sum of agents’ utilities, which, as we have argued above, cannot be a potential function
for a heterogenous game like ours. Hence, the framework of congestion games is related

but we believe does not fully capture our scenario completely. °

This is a main reason why we have individually documented the relations between
the optimizers of the task allocation problem, the Nash equilibria of the weight game.
Next, we design a dynamical system using which the agents can figure out the optimal

partition on their own.
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4.7 Best Response Projected Gradient Ascent

From the previous section, we know that if the agents play the weight game %y,
then the NE form a superset of the optimal task partition (with slight abuse of notation).
Thus, here we let the agents update their weights (from any initial feasible weight) using
the gradient of their utility while assuming the others do not change their weights. For
such a dynamical system, we aim to relate its equilibria to the NE of 4y and hence also

relate it to the set O of optimal solutions to (4.1). Now, from (4.3),

0
g = 140) = g, 0w =i (7

Thus, the weights are updated using the following dynamics:

1

wi(t+1) = [w](t) + 7 uf (W(1))] (4.8)

with 7f € Rog, Vi € A, Vg € Q. We call this the projected best response ascending
gradient dynamics (PBRAG). From (4.7) and (4.8), note that in order to compute the
weight updates, each agent ¢ € A needs to know f; (q)wg, for all j # ¢. This requires that
each agent must talk to every other agent to compute its own gradient. The equilibrium

points of this dynamics is

1
Sea = {W € 0,1 | [l + 5 ul(w?)] = w,
0

Vi€ A,Vq € Q}. (4.9)

For this, the following result can be stated immediately.
Lemma 4.7.1. W € S, if and only if W € NE(%w).

Proof. We prove this by showing that W € Seq if and only if W follows Properties 1
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and 2 of Lemma 4.6.2. Suppose that W € S, and consider an arbitrary but fixed ¢ € Q.
We prove Property 1 by contradiction and assume that Vi € A dominating for ¢, w! < 1.
Now, for any dominating agent i; € A, max;ea\ iz} filQuw] < fiz(q). Thus, u?z (w?) > 0.
Since w;. < 1 and 77 > 0, this contradicts W e S,

Next we prove Property 2 also by contradiction. Suppose that 35 € A not
dominating for task ¢ but E;l- > 0. Due to Property 1, let i; € A be the dominating agent
for task ¢ such that w?z = 1. Then,

uf(W) = fi(q) — Jnax frlQw] = f;(q) = fiz(q) <0,

Again, as wj > 0 and 7] > 0, this contradicts W € S
To show sufficiency, let W satisfy Properties 1 and 2. Then it is easy to see that
for each task ¢ € Q, u!(w?) > 0 if i € A dominates ¢ with w] = 1, u}(W?) =0ifi e A
dominates ¢ with @] < 1, and uj(W?) < 0 if j € A is not dominating for ¢ (hence @§ = 0).
Then, W € Sq follows since 77 > 0. |
From Lemma 4.7.1, we can also infer that if there is a unique dominating agent, then
the equilibrium set becomes a singleton and follows the same structure as in Corollary 4.6.4.
In what follows, we show that starting from any initial weights, the dynamics (4.8)

converges to an equilibrium.

Theorem 4.7.2 (PBRAG converges to an equilibrium weight). Suppose Assumption 4.5.2
holds. Consider the dynamics (4.8) with an initial condition W (0) € [0, 1]"*™ and let

W (t) be the solution trajectory. Then lim; ,o, W(t) = W € S..

Proof. Notice that for the dynamics (4.8), the weight associated with each task
evolves independently from the weights associated with other tasks. Thus, consider an
arbitrary but fixed ¢ € Q. Next, consider any ¢ € A that dominates ¢. From (4.7),

ul(w?) >0, Yw? € [0,1]". Thus, since 7] > 0, Vi € A, w!(t) is non-decreasing. Hence,
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wi(t) — w! € [0,1] as t — oo, since [0,1] is compact. Now consider 1?7 := {j €
Al j dominates g}, the set X := {v € [0,1]""I|v; = 1 for some j € I} and define the
continuous function V(w?) := d({w] };e1a, X). It is clear that V(wi(t + 1)) < V(wi(t))
Vt € Z~o. Applying the LaSalle invariance principle, there is convergence to the largest
invariant set in V(w(t)) = V(w(t + 1)) for all . We argue this set is necessarily X.
Otherwise, invariance implies that u](w?) = 0 for any dominating agent i € A. However,
this occurs if and only if 3¢ € A, i # ¢/, another dominating agent for task ¢ such that
w), = 1; otherwise, uj(w?) > 0. Thus, {w](t)}icre - X as t — oo . This along with
previous discussion proves that @w! follows Property 1 of Lemma 4.6.2.

Next consider any j € A that is not dominating for ¢. From the previous part
of the proof, we know that there is a ¢ € A dominating for ¢ for which w!(t) — 1
and thus fi(¢q)w!(t) — fi(q) as t — oo. This implies that 37 € Z-o such that
maxge 4\ {5} fr(@)wi(t) > fi(q) +v, for some v > 0 and Vt > 7. Then, as uj(w(t)) < —v <
0, wi(t) is a strictly decreasing sequence (after 7 time steps). Thus, from the dynamics
in (4.8), wi(t) — @ = 0 as t — co. Hence, @] follows Property 2 of Lemma 4.6.2. W

When there is a unique dominating agent for each task, we can guarantee finite-time

convergence to an optimal partition.

Theorem 4.7.3 (PBRAG converges in finite time). Suppose Assumption 4.5.2 holds
and suppose that for each q € Q, there exists a unique dominating agent, i; € A. Define
v = ie%gggvg >0, and let ¢ = 2%3 [fi; (q) _Hﬁz( fi(@)] > 0. Consider the dynamics (4.8)

starting from W (0) € [0, 1]™*™, with the solution trajectory W(t) — W € Seq, as t — o0o.

Then wi(t) =w!, Vi € A, Vg € Q, Vt > 2[(v6)~1].

Proof. From Lemma 4.7.1 and Corollary 4.6.4, it is clear that Seq is a singleton
set. Let W € Seq be the unique equilibrium point. From Theorem 4.7.2, we know that
W(t) = W as t — oo. From (4.7), u?z (wi(t)) > 6 > 0,Vt € Z~o and hence from (4.8),

Vt € Zo, wi(t + 1) = [wi () + 7% oo > [wk(0) + (¢t +1) Yis 4]§- The inequality holds

%
g
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since [-|§ is a nondecreasing function. Thus, w% (t) =1, for all t > [(vd)7'] > (v0)"t >
1 —wfz(O)][fyfzé}_l. Now define 7 := [(70)~'] and consider any j # i} and notice from (4.7)

that uf(w(t)) < =0 < 0,Vt > 7. Thus, w](t) < [w](1) — t~] 0]y, ¥t > 7. The inequality

again holds since []5 is non decreasing. So, wi(t) = 0, for all t > 7 4 [(v6)~'] >

r 4 D8I 2 7wl .
Remark 4.7.4 (On the effect of step-size on convergence). By Theorem 4.7.2, (4.8)
converges to an equilibrium weight when v > 0, Vi € A, Vq € Q. Thus agents can choose
any constant positive step size and guarantee convergence to a NE of the weight game.
Further inspection of Theorem 4.7.3 leads to this interesting observation. Since 6=! > 0,
the individual 7%’s can be chosen in such a way that 0 < (y8)~" < 1. Then 2 [(v6)~'] = 2.
That is, by choosing a sufficiently large step size and communicating with every other

agent, the agents can reach the NE in at most two time steps. °

In order to avoid all-to-all communication, it is possible to adapt (4.8) introducing
a consensus subroutine. In the next section, we utilize this idea to handle decentralization

together with unknown rewards.

4.8 Distributed Task Allocation

Finally, we provide a solution to Problem 4.5.5 (3). Recall that in Section 4.7, each
agent i € A computes max;; fj(q)w] using information from all other agents. Here, we
introduce a communication graph G := (A, £) with vertex set A. The arc set £ defines
the connections between agents, with (i, j) € £ if and only if i € A can send information
to j € A. For the sake of brevity, let d := diam(G).

Note that (from the proof of Theorem 4.7.2), if each agent i € A uses a convex com-
bination of the max and second unique max (i.e. Amax;e4 f;(q) + (1 — X) max®;c 4 f;(q),
for some A € (0,1)) instead of max;; f;(¢)w], the outcome of the dynamics (4.8) re-

mains similar. This is because the aforementioned convex combination penalizes any
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non-dominating agent to reduce the weight to zero and encourages a dominating agent to
increase its weight to one in a similar fashion to the utility in (4.3). Moreover, this convex
combination is the same quantity for every agent and does not depend on the individual
agent as the penalizing term in the utility in (4.3) does. This, in turn, is useful in providing
a distributed PBRAG (d-PBRAG). Using a communication graph, the following result

gives a distributed way to find the max and second unique max values.

Lemma 4.8.1 (Agreement on the two largest variables in a network). Let G be a strongly

connected graph and consider

M(t +1) = max M} (t), (4.10a)
JEN;
SI(t+ 1) = max® {{87(1)} e, M{(1), ! | (4.10b)

with initial condition M1(0) = S1(0) = v! € Ry, Vi € A, Vg € Q. ThenVq € Q and
VieA;

1. M(t) = max{v{}jea, Yt > d,

2. Si(t) = max@{v!} e, VI > 2d.

Proof.  We show this for an arbitrary but fixed ¢ € Q. Let i; € argmax{v] }jea.
Then, from (4.10a), Miqg(t) = vfs, Vt € Zso. Thus, Vi; € argmax{v]}jca, MJ(t) = U%,
Vi € /\/}3, vVt > 1. Continuing this argument inductively proves Property 1 since G is
strongly connected.

To show Property 2, we use Property 1. Now let i; € argmaX(Q){v?}jeA. Then,
from (4.10b), S%(t) = U%, Vt > d. Thus, similarly, Vi; € argmax(m{v?}jeA, Si(t) = U%,
Vj € ./\/;-3, Vt > d + 1. Again, continuing this argument proves Property 2 since G is

strongly connected. |

To compute the gradient and update the weights w; simultaneously, we propose
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the following dynamics and discuss an intuition behind it in the remark that follows.

w@+n=hﬂw+ﬁweﬂw—5Mﬂ@+$@nﬁ, (4.11a)
MOt + 1):03w<m%[fo(t),eg(t 1)t 1,T>, (4.11D)

SI(t+ 1) = e ( max® {810}, MI(), €1(0)
e(t+1),t+ l,T), (4.11c)

eIt + 1) :asw(eg(t),zg<t+1),t+1,T), (4.11d)
for some T' € Ry and where oy, is the switching function

z, ift mod T =0,
Tsw <m, z,t,T) = (4.12)

m, otherwise.

Remark 4.8.2 (d-PBRAG with agreement and periodic input injection). Note that
Vie A Vq € Q, the weight update in (4.11a) uses the sequence {z/(t)}ez., and a
time-varying step-size v{(t) instead of f;(¢) and a constant step-size 7/; respectively, as
in (4.8). The periodic switching function oy, ensures that ef(¢) holds the value z{(t) for
every T time-steps. This in turn allows (4.11b) and (4.11c¢) to run an agreement subroutine
as (4.10) every T time-steps with vf = 2{(kT), for k € Z~o. Thus, at every time-step
which is a multiple of T', each agent believes that its own value is the maximum and
corrects this belief over the next T'— 1 time-steps. Then, as per the discussion preceding
Lemma 4.8.1, each agent i € A uses the convex combination 0.5(M{(t) + Si(t)) in (4.11a)
of its estimated max and second unique max value in lieu of max;; f;(¢)w]. This gives us
a distributed way of assigning the task to the correct agent while reducing the information

being shared. °

Theorem 4.8.3 (Asymptotic behavior of d-PBRAG). Suppose Assumptions 4.5.2 and 4.5.3
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hold. Define

A" = (max fi(q) —min fi(g)) > 0, Vg € Q. (4.13)

Consider any € € (0,1). Suppose Vt € Z~q, 71 (t) = o, with 0 < af <e(2dA?)7! Vi € A,

Vq € Q. Next, define o := minje 4 4e0 ¢, p? := 0.5 (max{fi(q)ica — maX(Q){fi(Q)}ieA);

and
p:= (1 —v)minpu? >0, (4.14)
q€eQ

with v € (0,1). Further, suppose T > 2d+ (apu)~ +1. Let W(t) be the solution trajectory
to (4.11) starting from W(0) € [0, 1]™*™. Then I37(W(0)) € Z~¢ such thatVt > T,

1. wi(t) =1ifi € A dominates g € Q;
2. wi(t) < e if j € A is not dominating for q € Q.
Thus C(W (t)) converges in finite number of time steps.

Proof. First note that the bounds on «’s and T are valid because of Assump-
tion 4.5.2. Then, we show the claims for an arbitrary but fixed ¢ € Q.

Recall that because of Assumption 4.5.3, 3719 € Z~¢ such that V¢, ¢’ > 79, 27(t) —
0.5 (2 (t)+2](t')) < A%, Vi, j € A. Moreover 7y can be chosen such that 2}, (¢) —0.5 (7 (¢)+
Zj(t") > (1 —=v)u? > 0, for any v € (0,1), if i}y € argmax;c  fi(q) and Vj € A such that
J ¢ argmax;c 4 fi(q).

Now consider any 7; € argmax;c 4 fi(q) and any v € (0,1). Then from Remark 4.8.2,
and the previous discussion, Vt > 7,
o (2

g

(t) — 0.5(]\4192 () + S% ®)) >al(l—v)p?>alp.

.
»Q*Q

This proves Property 1 of this theorem as ofu > 0.
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Next consider any j ¢ argmax;. 4 fi(¢). Note from Remark 4.8.2 that V¢ > 7y such

that ¢ € {kT +2d,--- ,2kT — 1} for some k € Z, wj(t) strictly decreases, since,

24(t) — 0.5(MA(t) + SU(£)) < —(1— v)p? < 0.

Consider any ¢ > 79 such that ¢t € {kT + 2d,--- ,2kT — 1} with k € Z~o. Then, since
wi(kT +2d - 1) <1,

wi(t) <1—((t modT) —2d)ay,

and hence because of the bound on T, w?(QkT — 1) = 0. Finally, consider any ¢ > 7y such
that t € {kT,--- kT +2d — 1} with k € Zo. Then, since wj(kT — 1) = 0 (from previous
arguments), we have wj(t) < (t mod T')af A?. Thus combining all these arguments
proves Property 2.

The final claim follows from the previous ones and (4.4). |

Note that the previous result does not guarantee that the weights converge. This
stems from the fact that at periodic times, each agent believes that it gets the maximum
reward for each task. Moreover, the previous result needs information about the limits
of the converging sequences to provide bounds for the step sizes and the period of input

injection. This can be avoided by allowing time-varying step sizes as stated next.

Theorem 4.8.4 (d-PBRAG converges to NE). Suppose Assumptions 4.5.2 and 4.5.3 hold.
Let W (t) be the solution trajectory of (4.11) from W(0) € [0,1]™*™, with T > 2d+1 and,

ad(k) >0, ifte{kT, - kT +2d—1},

HOERAN
B (k) >0, ifte{kT+2d,---,2kT —1},

Vi e A, Vg € Q, with k € Z~y. Further, Vi € A, Vq € Q; take sequences o (k) — 0 as
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Table 4.1. Approximate f;(q) values for Simulations

qe Q
ic A 1 2 3 4
1 0.4536 | 0.4407 | 0.2881 | 0.0055
2 0.7504 | 0.2228 | 0.0411 | 0.2801
3 0.7656 | 0.0987 | 0.1381 | 0.2491
4 0.3023 | 0.2211 | 0.3334 | 0.2462
qge Q
ic A 5 6 7 8
1 0.0049 | 0.2394 | 0.3152 | 0.2217
2 0.2374 | 0.0768 | 0.0852 | 0.1760
3 0.2969 | 0.1003 | 0.1471 | 0.6902
4 0.3033 | 0.4991 | 0.1231 | 0.5931

k — oo and Bl (k) = oo as k — co. Then W(t) = W € NE(%y) ast — .

Proof. From hypothesis, Ve > 0, 3K € Z~, such that Vt € {kT,--- kT +2d—1},
with k£ > K, al(t) < e(2d A?)~!, with A? as in (4.13). Moreover, K can be chosen such
that V¢ € {kT+2d,--- ,2kT—1}, with k > K, T > 2d+((1—v)umine 4 4eo o BL(t)) 1 +1
for any v € (0,1) and with p as in (4.14). Then this result is a consequence of applying
similar arguments as in the proof of Theorem 4.8.3 and using (4.5). |

We conclude this section by discussing some interesting observations about the

parameters in (4.11) and some advantages.

Remark 4.8.5 (On the implementation of d-PBRAG). Note that even though diam(G) is
an internal property of the communication graph G and requires some structural knowledge
of the same, the claims in Theorems 4.8.3 and 4.8.4 remain true if d is replaced with n.
This is because diam(G) < n. Moreover, these results can be extended to time-varying
communication graphs with periodic connectivity because the agreement subroutine still
works. Further, note that the conditions in Theorem 4.8.4 are only sufficient for convergence.
In fact, 8Y(k) need not grow unbounded, but then knowledge of converging reward values

are required for proper functioning of the algorithm. For example, if p is large, small
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values of 8](k) are sufficient to guarantee convergence; but if u is small then 3](k) values
have to be sufficiently large in order to guarantee that non-dominating agents are not
assigned the task. Finally, notice that in order for the algorithm to work, each agent i € A
has to pass two values (M (t), S{(t)) for each task ¢ € Q to its neighbors at each time
step. This makes the local communication cost of this algorithm of the order of O(m) per

iteration time. °

Remark 4.8.6 (Advantages of d-PBRAG). Compared with Nash-seeking algorithms,
where agents keep an estimate of all other players’ strategies per task, d-PBRAG only
requires agents to exchange two quantities with neighbors per iteration and task. This
is advantageous from (i) a privacy-preservation, (ii) communication-efficiency, and (iii)
convergence-rates perspectives (as it is well known, consensus algorithms rates’ depend on
the eigenvalues of the graph Laplacian, while max-consensus iterations are bounded by

the diameter of the graph). o

4.9 Simulations

In this section, we verify our major claims and illustrate some interesting features

of our algorithms.

4.9.1 Fast convergence of PBRAG with large step-size

Here, we simulate n = 4 agents to optimally allocate m = 8 tasks with r;(q), ¢;(q) ~
Unif[0, 1], Vi € A, q € Q. In particular, Table 4.1 gives the approximate values of f;(q),
Vie A, q e Q. For each ¢ € Q, the teal cell represents max fi(q).

We first verify the claim in Remark 4.7.4. Figure 4.1 shows the solution evolution
using (4.8) from an initial W(0) = 0. The optimal partition as in Figure 4.1 is given as
Vi = {2,7}, Vo = {4}, V3 = {1,8}, V, = {3,5,6}. Here, since the values of f; € [0,1],
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Figure 4.1. PBRAG using (4.8) and large step size . Plots share a common legend and
time axis.
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Figure 4.2. d-PBRAG for unknown rewards with constant step-size using (4.11) on cyclic
communication graph. Step-size v/(¢) and time-period 7' were chosen as in Theorem 4.8.3
with different € and v = 0.1. The plots share a common legend. (Top) e = 0.9. (Bottom)
e =0.3.
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vl € 0(10°) was required to make the solutions converge in two time steps. For larger

deviations in the values of f;, much smaller values of 4’s can achieve similar effects.

4.9.2 Effect of constant step-size on d-PBRAG

Here, we deal with the claims in Theorem 4.8.3 for n = 8 agents optimally allocating
m = 1 task. We take fi(1) = B, fo(1) = 0.9B, and f;(1) = 0.3B/i, Vi € {3,---,8},
with B = 1000. Thus agent 1 is the dominating agent. Further, we consider an unknown
reward structure with zJ(¢) = fi(q) + a! cos(b] t)exp(—cit), Vi € A, Vg € Q, where
al ~ Unif[0, fi(¢)], b ~ Unif[0, 10], and ¢! ~ Unif[0, 1]. We set the communication graph
G=(AE) with &€ ={(1,2),(2,3),(3,4),(4,1)}.

Figure 4.2 shows the solution evolution using (4.11) with constant step-size from
an initial W(0) = 0. Tt is interesting to note from Figure 4.2 that if ¢ is large, then wj (¢)
reaches 1 faster, but the weights of the non-dominating agents rise higher. On the other
hand if € is small, then the rise in the weights of the non-dominating agents is less but

wji (t) reaches 1 slower. This is because ¢ affects the choice of T' as well.

4.9.3 d-PBRAG with time-varying step-sizes

Here, we simulate n = 4 agents optimally allocating m = 4 tasks. We take the
unknown reward structure as in Section 4.9.2 with f;(¢) as in Table 4.1 (we only consider
the tasks for ¢ € {1,2,3,4}). Further, we use the distributed approach using (4.11) with
time-varying step-sizes as described in Theorem 4.8.4. We also set G as in Section 4.9.2.

Figure 4.3 shows the solution evolution using (4.11) from an initial W(0) = 0. The
optimal partition as in Figure 4.3 is given as V;, = {2}, Vo = {4}, V5 = {1}, Vs = {3}. This
is similar to the observation in Section 4.9.1 (restricted to ¢ € {1,2,3,4}). Further, notice
from Figure 4.3 that the weights of agents 3 and 4 take longer time to settle than agents 1
and 2. In general, the convergence rate of the algorithm depends on difficult-to-characterize

properties of the unknown reward sequences.
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Figure 4.3. d-PBRAG for unknown rewards with time-varying step-size using (4.11) on
cyclic communication graph. Plots share a common legend and time axis.
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Figure 4.4. Distributed Hungarian implementation for the same scenario as in Figure 4.3.
Plot is shown for one agent only.
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We compare our algorithm with the distributed Hungarian algorithm in [61]|. In
order to incorporate the converging reward sequence, we restart the algorithm every n®
time step (since it was shown in [61] that the algorithm converges in O(n?) time steps).
In Figure 4.4 we show the evolution of agent 2 only (for the sake of space). As can be
seen, distributed Hungarian keeps oscillating while d-PBRAG converges. The oscillations
could be an artifact of restarting the algorithm; but, to the best of our knowledge, that is

a reasonable approach to incorporate new information regarding the converging reward
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Figure 4.5. d-PBRAG for a large number of agents on a cyclic communication graph.
Weight evolution of agents 1-10.

4.9.4 Comparison with Hungarian algorithm with large number
of agents

This comparison was a result of the review process of the original paper that we

omitted due to space limitations. The simulation is done for 50 agents and 50 tasks where
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Figure 4.6. d-PBRAG for a large number of agents on a cyclic communication graph.
Weight evolution of agents 11-20.

the actual reward values are unknown. Each agent ¢ € A gets an update regarding its
reward for task ¢ € Q from the sequence z!(t) = fi(q) + a! cos(b] t)exp(—c!t), where
al ~ Unif[0, f;(¢)], b ~ Unif[0,10], and ¢! ~ Unif[0,1]. Here, fi(q) € [0,00). The
communication graph is chosen a as cycle graph, i.e. G = (A, &) with A= {1,2,--- 50},
E={(1,2),(2,3),(3,4),---,(49,50), (50,1) } (so the diameter of the graph is 50).

The weight evolution of the agents using our algorithm are reported in Figures 4.6-
4.9. Please note that we have broken up the plots into 5 different figures for the ease
of presentation. We again observe that the simulations behave similarly to the ones for
smaller networks. The main notable difference here is that, since the diameter of the
communication graph is larger, the algorithm takes longer to converge. The algorithm
practically reaches the optimal assignment at ~ 600 time steps. Fluctuations observed
after this point are due to changes in the estimates of the unknown rewards. In other

words, for a fixed reward case, the algorithm would converged by 600 steps.
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Figure 4.7. d-PBRAG for a large number of agents on a cyclic communication graph.
Weight evolution of agents 21-30.
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Weight evolution of agents 31-40.
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Figure 4.9. d-PBRAG for a large number of agents on a cyclic communication graph.
Weight evolution of agents 41-50.

We performed a similar experiment with the distributed Hungarian algorithm which
takes O(|.AJ*) steps to converge, for a fixed reward scheme. This means that with our
chosen number of agents, the algorithm would take &~ 12500 steps to converge. Since this
is a large order-of-magnitude estimate, we have evaluated in simulation the particular
number of steps it takes in this example. Observe the time evolution of the assignments,
up till &~ 1250 time steps, in Figure 4.10. Here, 1 means that the task is assigned to the
agent and (0 means that it is not. The simulations are solving the assignment with respect
to the static reward that the agents perceived at t = 0. That is, this corresponds to a first
assignment with initial task evaluations, which takes about 600 steps in our algorithm.
Therefore, this algorithm will take much longer to converge in the time-varying rewards

scenario that we have simulated above with our algorithm.
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Figure 4.10. Assignment evolution of all agents using distributed Hungarian method.
The agents are arranged in order from left to right and top to bottom.
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4.10 Summary

In this chapter, we presented a game theoretic formulation of an optimal task
allocation problem for a group of agents. By allowing agents to assign weights between
zero and one for each task, we relaxed the combinatorial nature of the problem. This
led to a partition and weight game, whose NE formed a superset of the optimal task
partition. Then, we provided a distributed best-response projected gradient ascent by
which convergence to the NE of the weight game was guaranteed.

Future work will consider constraints on number of tasks for each agent, and
generalizing the setup to continuous space of tasks and classes of tasks. Further, analysis
will be done on whether this setup enforces truth-telling among agents.

This chapter is a reprint of material as it appears in “Distributed task allocation
for self-interested agents with partially unknown rewards,” N. Mandal, M. Khajenejad,
and S. Martinez, IEEE Transactions on Automatic Control, 70(9):6284-6291, 2025. The

dissertation author was the primary investigator and author of all of this paper.

99



Chapter 5

Behaviorally Heterogeneous Multi-
Agent Exploration

5.1 Introduction

Exploring uncertain, hazardous environments is often handled by the coordination
of multiple autonomous robots, with the goal of improving efficiency, adaptiveness, and
robustness to individual failures. As shown in Figure 5.1, exploration frameworks are
usually broken down into a) perception (robots gather position and environment knowledge
using SLAM [82, 83]), b) reasoning (robots evaluate Aols—areas of interest—using available
knowledge), ¢) communication and assignment (robots discuss and assign tasks or Aols
among themselves), and d) navigation (robots plan and travel to selected Aols). Robotic
perception [84, 85|, and navigation [86, 87| have been widely studied across multiple
communities. With regards to decision making, it is evident that human teams with
differing views [88| can fare better in heterogeneous complex scenarios. However, the
adoption of human-like behaviors in robot coordination remains a nascent area of research.
Our framework (outlined in Figure 5.1) aims to evaluate this question in the context
of task allocation for unknown map exploration. We consider Behavioral Entropy [89)],
a human-inspired information metric having the potential of creating more powerful

synergies.
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Figure 5.1. Proposed exploration framework with 3 robots in close proximity. Proximity
determines the communication architecture. Each robot shares the same internal logic
framework as in the teal box. The SLAM system provides a local map M, a global map
M (using an external map merger scheme) and robot localization z. Then, frontiers F
(clustered using some scheme) and perceived occupancy are extracted from M and further
Behavioral Entropy H, is calculated for each cluster. This, along with the distance to
the cluster, gives the sample Behavioral Utility E [R]. Then, utilities are communicated
with other robots to allocate the appropriate frontiers. The navigation planner takes these
allocations and finds a traveling salesman tour among them. The path finder then finds
a path to the frontier using RRT, which, in turn, sends global and local plans u to the
controller.
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5.2 Literature Review

There is a rich literature that applies SLAM techniques for unknown environment
exploration using visual odometry [84] and LiDAR [85]; as well to handle navigation
pipelines [86, 87| to safely reach an Aol. Here, we rely on the popular frontier-based
exploration algorithm [90], which has been deployed successfully in challenging environ-
ments [91].

Aols are typically evaluated in terms of their potential information gain. Often,
Shannon entropy [92] is chosen as the metric of uncertainty. In [89], Behavioral Entropy
(BE), a generalized entropy, was proposed to subjectively measure uncertainty using
models of uncertainty perception [93| from the Behavioral Economics literature. It was
shown [89, 94| that BE provides a more effective, yet flexible way to evaluate uncertainty
in exploration tasks, leading to faster and better coverage compared to standard entropy.
Additionally, being human-inspired makes it flexible and adaptable to various priorities
and mapping schemes.

In order to efficiently assign Aols among robots, we look towards the literature
on task allocation [59]. Both centralized solutions [60] and distributed solutions [61] are
known to be computationally and memory-intensive for large problems. Moreover, they
are mostly addressed in static scenarios. Often authors [64] restrict the type of functions
in order to develop a tractable solution to the NP-hard problem. Game-theoretic models
have also been proposed to find solutions to task allocation problems, where each agent
is equipped with an appropriate utility function [77], and the optimal task allocation is
related to the Nash equilibrium of this game. Any Nash-seeking [21] algorithm returns a
solution; but often, these algorithms require strong assumptions on the utility functions
and their derivatives. Often, complete and perfect information on agents’ utilities is
required to run the algorithm updates, while in practice only imperfect information about

tasks and other agents’ capabilities is available. Further, to address the lack of information,
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each agent applies consensus [22], or gossip-based algorithms [25] to estimate all other
agents’ strategies and compute the gradient of its own utility. There is still a need for
scalable and distributed solutions that dynamically adapt to rewards revealed online with
performance guarantees. This is studied in [95], but for deterministic reward sequences.

Here, we deal with more realistic stochastic approximation sequences.

5.3 Contributions

We provide a novel distributed task allocation algorithm based on a game-theoretic
interpretation of the classical task allocation problem. The utility of the robots is given
by the expected value of a random variable with an unknown distribution. Compared
to other works, we give probabilistic convergence guarantees for band estimations of this
utility. We also give out-of-sample guarantees when the utility is approximated using i.i.d.
samples of the random variable. Further, we extend the idea of BE to a team of agents.
This allows us study a large variety of heterogeneous and homogeneous teams and give
provable justification of the benefits of heterogeneity for exploration. We simulate various
teams of robots mapping a complex environment and gather performance results based on
time taken and path-length traveled. This allows us to provide heuristic guidelines for
choosing the team composition in terms of behaviors for a multi-agent exploration team.
We also show that our exploration scheme is superior against standard baselines and show

scalability with different robot team sizes.

5.4 Preliminaries

Here, we recall the concepts from Chapter 2 that are used throughout this chapter.

Notations
The sets of real numbers, non-negative real numbers, and non-negative integers are

denoted as R, R>q, and Z-, respectively. For a set S, we denote by |S| its cardinality,
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25 its power set, by S™ its n Cartesian product, and by S™*™ is the collection of n x m
matrices whose (i, ) entry lies in S. For x € R, [z]} := max{0, min{z,1}}. Given
S, we define max® S := max{s € §|s # max S}. The probability of an event (over a

measurable space, which should be clear from the context) is Pr{-}.

Game theoretic notions

A strategic form game [10] is a tuple & := (A, {S;}ica, {1 }ica) consisting of a set
of players (or agents or robots) A; a set of strategies s; € S; available to each i € A; and a
set of wtility functions 1; : X;e4S; — R over the strategy profiles of all the agents. Denote
s_; as the strategy profile of all players other than ¢ € A. This helps to define the Nash

equilibria next.

Definition 5.4.1 (Nash equilibrium). The strategy profile (s;,5_;) is a Nash equilibrium
(NE) of ¢ if and only if

Vi(5i,5) > i(si,5-), Vs, € S;, Vie A.

NE(¥Y) denotes the set of all Nash equilibria of ¥. o

Graph theoretic notions

A directed graph G = (A, £), is a tuple consisting of a set of nodes (here robots, A),
and a set of arcs £ C A x A between the nodes; see [8]. The set N; :={j € A|(j,i) € £}
denotes the set of (in) neighbors of agent i € A and Ny := N; U {i}. A path in G is an
ordered set of non-repeated nodes such that each pair of adjacent nodes defines an edge.
The graph G is said to be strongly connected if there exists a path from every node to
every other node. The diameter of the graph diam(G) is the length of the largest possible

path between any two nodes.
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Concentration of measure

Suppose that £ € R™ is a random variable with an unknown probability distribution,
P*. Assume that {E (k) € R™}Y_ | are i.i.d samples generated by this unknown distribution,
P*. In addition, suppose that P* is supported on = C R™ and da > 1 such that
Eep+ [exp(]|£]|*)] < oo (i.e. P* is light-tailed). Let £(Z) be the set of all probability
distributions Q on = with bounded first moment. Then, the 1-Wasserstein distance

between two distributions Q, Qy € L(Z) is defined as

dw(Q1, Qy) = ﬂeni(%f@ﬁ . [€1 = &ally w(d€y, d)

where, T1(Qq, Q) is the set of joint probability distributions of &; and & with marginals

Q1 and Qy respectively. Further,
B.(P) :={Q € L(Z) | dw(Q,P) < &},

is the Wasserstein ball of radius € around P € L(Z).
Recall that 2.2.1 characterizes the closeness of P* to the sample average distribution

Py = % SV Og(y; 1s useful in distributional robust optimization [2].

5.5 Problem Formulation

Here, we first describe the constituents of our framework and then define the

problem statement.

5.5.1 Exploration environment

A team of n robots A := {1,--- ,n} is to explore an unknown environment X C R?
in an efficient and distributed fashion. The environment X is discretized into grid elements

D that define an occupancy map M. More precisely, M is defined in terms of a probability
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function foec : D — [0, 1], which assigns a probability of occupancy to each cell in D (i.e.
M = foee(D)). In what follows, we assume there is a subroutine that takes care of map
merging (either centralized or distributed) and that M is available to all robots. Instead,
we focus on the distributed exploration part of the approach. As the robots explore,
they aim to reduce the volume of the unknown set {z € D| foc(x) € (0,0.5) U (0.5,1)}
while increasing the volume of the known set {x € D| foec(z) € {0,1}}. Ideally, the team
completes the exploration when D becomes known. In practice, limited observability due

to the sensing noise and presence of obstacles hinders uncertainty reduction.

5.5.2 Robot Team

Each robot i € A uses a Bayesian algorithm to update the occupancy map in its
immediate environment as well as its position, x; € D; see [96, 85]. To update the map,
each robot 7 € A identifies a set of frontiers Q; from the current M. We note that the
size of Q; = Q,(t), i € A, may vary with time as robots discover frontiers to visit at time
t (we omit the time argument when clear from the context). To aid in exploration, robot
i € A associates a reward of p;(¢q) := E[R]] for ¢ € Q;. Here R} is a random variable
with an unknown distribution, the expectation of which is to be estimated. We give
further details of this procedure in Section 5.6. Randomness may appear either due to
noisy sensor measurements or environmental uncertainty. Note that as these rewards are

robot-dependent, they introduce heterogeneity, which will influence exploration.

5.5.3 Frontier assignment problem

Given t € Zx, assume that {Q;(t)}ic4 is the set of discovered frontiers at time ¢,

and define Q(t) := (J;c 4 Qi(t). The optimal frontier assignment at time ¢ is the solution
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to

max “ J(P) = Z Z pi(q) (5.1a)

P=WV1,,Vn)CX71Q; ‘
M1 n)EXi, Q i€A qeV;

st (JVi=0); vinV =g, ifi#]. (5.1b)
€A

Here, V; C Q;(¢) is the set of all frontiers assigned to robot i € A and P = (Vy,---,V,)
is the ordered collection of sets that defines a partition of Q(t) (as in (5.1b)). The set
O(A, Q,{pi(q) }4e0,ica) collects the optimizers of (5.1). To ensure scalability to large
environments, robots can only choose reachable frontiers within region Q; C Q,, around
each robot’s location. However, this might result into a robot ¢ € A running out of frontiers
(i.e. Q; = @&). When this happens, we allow the robot to expand its footprint radius until
some frontiers become available (i.e. Q; # @) to explore. Thus, this adaptive technique
trades off manageable computations with potential ineffectiveness.

After assignment, each robot keeps a list 7; of frontiers (a task buffer) that it is
scheduled to visit. We assume that the task-assignment problem is re-solved after a robot
completes the tasks in its buffer (i.e. T; = @). Thus, triggered by one robot at time t.,
all other robots will share with neighbors in a communication graph the frontiers that
they have not been visited yet, as well as the new ones they have discovered, entering a
frontier re-assignment phase. To do this, we will assume that the robot-communication
graph becomes connected over time; see Assumption 5.5.1, so there is a time t > t, when
the assignment problem (5.1) is resolved. The robot with an empty buffer then updates
T; using O(A, Q(t.),{pi(q) }ye.ica). We will assume that the discovery of new frontiers
happens at a sufficiently slow pace for the fast re-computation of the solution to (5.1). We
focus on understanding the benefits of exploration with heterogeneous rewards, leaving the

question of efficient dynamic task assignment under partial information for future work.
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5.5.4 Communication network

The robots communicate with each other over a time-varying graph G(t) := (A, £(¢)).
The arc set £(t) defines the connections between robots at time ¢ € Zs(: in this way,
(1,7) € E(t) if and only if robot i € A can send information to robot j € A at time ¢,
which can only occur when they are within a distance of each other. Further we assume

the following.

Assumption 5.5.1. (Periodic fast communication). For the communication network
sequence {G(t) = (A, E(t)) }iezs,, there exists a (known) T € Zxo such that the graph
G = (A, E(k)), with E(k) := J]_, E(kT + 1), is strongly connected Vk € Zso. Further,

robot communication happens at a faster time scale than robot movement. °

5.5.5 Problem Statement

Given the aforementioned setup,

1. Provide a robust and distributed frontier allocation algorithm that converges to an

stochastic optimal frontier assignment under time-varying communications.
2. Study the benefits of BE heterogeneity on exploration.

3. Verity the performance of the algorithms in complex, high-fidelity simulation envi-
ronments and provide heuristic guidelines on choosing heterogeneous parameters in

a mixed group autonomous agents, possibly including humans.

5.6 Distributed Frontier Assignment

Here, we first tackle the problem of efficient frontier allocation. This works for any
evaluation scheme of frontiers. We provide the specific frontier utility metric in Section 5.7.
In order to assign frontiers in a distributed fashion, we generalize the distributed

projected best-response ascending gradient (d-PBRAG) dynamics proposed in [95]. The
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following definition from [95] helps us in characterizing the optimizers of (5.1), O(t) at a

particular t € Zxo.

Definition 5.6.1. (Frontier specific dominating agent). A robot i € A is said to dominate
frontier ¢ € Q(t), if ¢ € Q;(t) and p;(q) > p,(q), Vj € A such that ¢ € Q;(t). If a frontier
q € Q has exactly one dominating robot, we say that there exists a unique dominating

agent for q. °

In [95] it was shown that if there is a unique dominating agent per ¢ € Q(t) =
Uica Qi(t), then O(t) is in fact a singleton set. Moreover, it is also the unique Nash

equilibrium of the game

G = <«4, {Wi}iEAa {Uz‘}z‘eA>a (5-2)

where robot i € A is equipped with the utility function,

U(wi, w_;) = E {Pz‘(Q)UJ? — max_p;(qwiwy |, (5.3)
_ jeA\(i}
quz(t) QEQJ‘

and the strategies available to robot i € A are (w{ € [0, 1])4c0,0), With w; = (w)4ec0.()-
A weight w! =1 (resp. w! = 0), loosely means that agent i € A is assigned (resp. not
assigned) the frontier ¢ € Q;(t). Note that sufficiently small and constant perturbations to
individual rewards can break down ties in allocation and create unique dominating agents
per task, aiding in the frontier allocation problem. We quickly state and prove this in the

next result.

Lemma 5.6.2. (Perturbation for unique dominating agent). Let O := O(A, Q, {pi(¢) }4c0.ica)

be the set of solutions the optimization problem in (5.1). Let ¢ > 0 and let Oy =
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O(A, Q,{p;(q) }ye.ica) e the set of solutions the optimization problem in (5.1) with
pi(q) = pilq) + 6, & ~ Unif[—¢,¢]. (5-4)

Then, 42 > 0, such that Ve < g, with probability one, ¥ q € Q, there is a unique

dominating agent for frontier q (hence |Oz] = 1) and Oy C O;.

Proof. Consider an arbitrary but fixed ¢ € Q. We prove the statement using the
following cases.

Case (i): pi(q) = p, Vi € A. Then, since the §]’s are drawn independently from
Unif[—e, ], Pr {6} = 67} = 0 for any choice of j # i € A. Then uniqueness of dominating
agent holds from the definition of a dominating agent. Moreover, let (V;,---,V),) be such
that ¢ € V; iff i = argmax;. 4 p,;(¢). Then it is easy to see that Oy = (Vi,---,V,) C O,

Case (ii): pi(q) # p;(q) for some i,j € A. Then choose € < 0.5 } max;e4 pi(q) —
max®;c 4 pi(q){. By similar arguments as before, Pr {47 = 5?} = 0 for any choice of
j #1i € A. Then, again, uniqueness of dominating agent holds from the definition of a
dominating agent. Moreover, the choice of € makes it so that max;c 4 p;(¢) € max;e4 pi(q).
Thus with (V;,---,V,) such that ¢ € V; iff i = argmax,c 4p;(q); it is easy to see that
Oy =Vi,--+,Vn) C Oy. [

In this work, however, we show in Section 5.7 how agent heterogeneity can naturally
encode this feature.

Recall that p;(¢) = E [R!] is the reward that robot i € A gets for ¢ € Q;. We
assume that the random variables { R };c.4 4e0 are independent of each other for all 7, ¢. In
most real world scenarios, robots do not have access to the actual distribution of rewards,
and just receive samples of them. Using these, we assume that the robot can approximate
its reward with some sequence {z](t) }scz., (e.g. a sampled average value). With this in

mind, we define the following.

Definition 5.6.3. (Probabilistic band convergence). We say that a sequence of random
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variables {2 (t)}iez., converges in probability to a p-band around p;(¢q) € R, with 4 > 0,

if Ve > 0, Pr{|z{(t) — pi(q)] —p > ¢} = 0 as t — oc. o

Note that if the reward p;(¢) is some other function (and not the expected value) of
the random variable R, then the previous definition is in line with the standard notion of
concentration estimation of p;(¢). Since we are interested in characterizing the convergence
w.r.t. the sample size, we choose the expected value as the reward.

Recall that the robots communicate over a time-varying graph G(t) = (A, £(t)).
This allows us to allocate the frontiers in a distributed manner while providing an al-
gorithm that seeks the NE of ¢ in (5.2), and accounting for increasingly more accurate
approximations {z/(¢) }scz., of pi(q), for i € A. Thus, to compute their utility gradients
and update strategies w{ simultaneously, the robots make use of the following dynamics

given in [95]:

e+ 1)=[wd(0) + 270 (2200) — 3 (20) + 510))] (5.50)
Miq(t+1):asw<mix/>;Mf(t),e§’(t+1),t+1,T>, (5.5b)

S8t +1) = o ( max® {{85(0)} e, MED), €£(1) |,
ed(t+1),t+ 1,T>, (5.5¢)

el(t + 1) :asw<eg(t),z§(t+1),t+1,:r), (5.5d)
for some T' € R, and where o, is the switching function

z, ift modT =0,
e (m,z,t,T) — (5.6)

m, otherwise.

The previous dynamics combines a max consensus sub-routine with a periodic knowledge

injection to steer the strategies of each agent towards the NE of ¢.
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Work in [95] considered deterministic rewards and a deterministic sequence con-
verging to the true value of the rewards. It was shown that that by choosing the step
size v{(t) in a certain way, it is possible to send the weight wz‘% (t) of the dominating agent
(i; for ¢ € Q;) to one while simultaneously reducing wj(t) (for j # i}) to zero. This
stems from the fact that the max consensus subroutine in (5.5b), (5.5¢) stabilizes within a
number of time steps dependent on the diameter of the communication graph and then
the average 0.5(M/(t) + S{(t)) increases (or decreases) the weights w{(t) appropriately.
Going beyond the analysis provided in [95], we show next that this algorithm converges
in probability to a solution of the task assignment problem (5.1) for a certain class of
stochastic approximation sequences. To keep the notations clean, we present the arguments
with Q;(t) = Q, Vi € A (i.e. every robot has access to every frontier). The algorithm can

be easily adapted to the partial frontier setup that this chapter deals with.

Theorem 5.6.4. (d-PBRAG convergence in probability). Suppose the communication
graph G(t) satisfies Assumption 5.5.1 with connectivity period T. Suppose that each q € Q

has a unique dominating agent and let

p? < 0.5 (max{p?}ica — max®{p?}ic4), Vg € Q. (5.7)

Further for each i € A, q € Q, assume that z!(t) converges in probability to a u? band
around p;(q). Consider an initial condition (w;(0) € [0,1]1%);c4, let (w;(t))ica be the
solution to (5.5) with T > 27+ 1, and

al(k) >0, ifte{kT, - kT + 27 — 1},

HOEE N
Bi(k) >0, ifte{kT+2r,-- kT +T —1},

Vie A, Vg € Q, with k € Z~q. Further, for alli € A, Vq € Q; take sequences i (k) — 0

112



as k — oo and B (k) — oo as k — oo. Then, for each i € A, and e > 0,
Pr{|lw;(t) — w;|| > ¢} — 0, as t — o0, (5.8)

where ({q € Q; | W] = 1})ica C O(A, Q,{pi(q) }ye0.ica) is a solution to (5.1), and W; :=

(wg)qui .

Proof.  Consider an arbitrary but fixed ¢ € Q and the dynamics (5). First,
notice that the arguments in [95, Lemma 6.1] can be extended to periodically strongly
connected graphs to conclude that Yk € Z-, Vi € A, M (t) = max;eq 2] (kT), Si(t) =
max(?;c 4 21(kT), Vt € {kT + 27,--- ,(k + )T — 1} =: Z(k,7). Denote Z(T,7) :=
{kT,--- JkT + 27 — 1}. Now, Consider an ¢ > 0. Then, by the hypothesis, for any
A >0, Pr{|z](t) — p!| — p? > e} < A, Vt >ty for some ty. Then, with probability at
least 1 — A, Vk € Z~ such that kT > to, {w](t)}+ezk,r) 1s increasing (resp. decreasing)
if i € argmax;c4pj =: iy (vesp. i ¢ argmax;c,p;). This is because of (7). More-
over, since f{(k) — oo, Vk € Z-q such that kT > to, wi(kT + T — 1) = 1 (resp.
= 0) if i = 4} (vesp. @ # ;). Finally, since of(k) — 0, min{w%(t)}tef(m) — 1
and max{w;(t)}ez4, — 0, Vi # d;. Thus, Pr{[|w;(t) —Wi[| > e} < A with ({g €
Qi |w! = 1})ica C O(A, Q,{pi(q) }yec0ica), since ¢ € Q has a unique dominating
agent, completing the proof. Then, from [95, Theorem 6.4], it follows that starting
from (w;(t))ica, there is t; > to such that Pr{||w;(t) — W;|| > e} < A\, V&t > t;. More-
over, ({¢g € Q;|w] = 1})iea € O(A, Q,{pi(¢)}4e0,ica), since each ¢ € Q has a unique
dominating agent, completing the proof. [

Next, we provide further robustness guarantees for a particular estimator of the
expected rewards. Let us denote the samples of the random variable R? as {R?(k)} ke{l, Ni}-

For each robot i € A and each frontier ¢ € Q;, let the sample average distribution be

M= N Ly Ofa () Where dpay is the Dirac delta at R!(k). In what follows, we assume
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that the robots estimate the actual reward mean via the sequence of random variables

4(t) = %( sup Eevgl¢] + inﬁi’q]ngQ[g]). (5.9)

QeB:(B') QGBE(PN;;)
where the ¢ are chosen properly. Here, N} represents the number of samples available to
i € A at time t € Z> and recall that B (@Vqt) is the appropriate Wasserstein ball. Thus,
the robot estimates its reward for a task as the average of the worst case expectations (in
either direction) generated by the probability distributions that are at most ¢ distance
from its sample average. Further, if N} increases, the robot can get better estimates using

a larger sample size. In the next result, we give distributionally robust guarantees on the

convergence of the d-PBRAG algorithm.

Theorem 5.6.5. (Finite sample guarantees with distributionally robust d-PBRAG).
Suppose Vi € A, N} — K; € Z>o. Moreover, suppose 6 € (0,1) is chosen such that with €

in (2.4), we have that, for each q € Q, 3i; € A such that

sup Eegl¢] < inf Eeoglé], Vi #ig. (5.10)
QeB-(F1) QeB. (P4
J i

‘q

Finally, consider an initial condition (w;(0) € [0,1]!%);c4 and let (w;(t))sca be the solution
to (5.5) with T and v} (t) as in Theorem 5.6.4, and z1(t) as in (5.9). Then, with probability
at least (1 — 0), (w;(t))iea converge in probability to a 0 band around (W;);ca; where,

({q € Qi|w] =1})iea C O(A, Q {E [¢]] }4e0.ica) is a solution to (5.1).

Proof.  Suppose the hypothesis is true. From Theorem 2.2,

Pr{ inf Eeqlé] SE[R!] < sup Eeglel} 21-0,
QeB:(PY) QeB-(BLY)

where E[R]] = E¢p+[R]]. Moreover, using (10) the samples z{(t), generated using (9),
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converges in probability to a u? band around E[R{], with u? satisfying (7). The claim now
follows from Theorem 4.3. [ |

The previous result states that when the robots only have access to finite samples
from the original distribution, then it is possible to give a confidence interval, using 6,
with which the converging strategies of the game ¢ is an optimal frontier partition. We
end this section by saying that if N} — oo in Theorem 5.6.5, then 6 can be made arbitrary

close to zero.

5.7 Heterogeneous Behavioral Exploration

Here, we first introduce the notion of generalized BE [89] to determine a system of
weighted rewards per robot, p;, i € A. Later we show the benefits of such heterogeneous
behavior for exploration.

Given a discretization D of the environment, let py € [0, 1] (resp. (1 — px) € [0,1])
be the probability that the cell k € D is a free space (resp. an obstacle).

Each robot perceives this uncertainty differently, and we use probability weighting
functions to further encode this heterogeneity. To do this, we employ the popular Prelec’s

weighing function (93], w : [0, 1] — [0, 1],

w(p) = e Pl 0 >0, >0, w(0)=0, (5.11)

which transforms a probability vector [p,1 — p]’ into a perceived probability vector

[w(p),w(l —p)]".
In order to evaluate the utility of visiting a frontier ¢ € D, each robot will use the
notion of BE H, [89]. This expands the notion of Shannon’s entropy by using Prelec’s

weights w from (5.11) as
Ha(p) == —w(p)log(w(p)) — w(l — p)log(w(l —p)). (5.12)
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Moreover, from [89], setting 5 = exp((1 — ) log(log(2))) guarantees satisfaction of entropy
axioms [92, 97|. In [89], it was evaluated how low o model an “uncertainty averse” behavior
in exploration, where the robot has a lower threshold for uncertainty. With high « values
we get “uncertainty insensitive” behavior, implying that the robot considers more certain
outcomes. The robot computes this entropy per cell in its sensing region around the

frontier ¢ € D to get the utility of q. We give more details next.

Information gain and utility function

A sensor footprint Q@ C D is obtained around each frontier ¢ € F;(¢). This is
a collection of occupancy cells according to the sensor model. The robots can use any
standard LiDAR model [96] to update the costmap in their sensing area. Suppose a robot
i € A has a behavioral parameter a; € R.g. Moreover, let z;(t) € D be the position of the
robot at time ¢t € Z>( and let 7n(x,y) denote the path length between two points x,y € D.

Then for a frontier ¢ € Q;(t), the robot associates

ri(g; M) = ZHai(pk), oi(g; M) ==

2 ") 19

and R} = r;(¢; M)pi(q; M) Note that the r; is the behavioral information gain which
is calculated as the reduction in entropy from observing the area Q around the frontier
q € Q;(t). Further, ¢;(q; M) makes it so that the robots find closer frontiers more lucrative
than the farther ones.

Recall the robot relies on its sensors and particle filter like models approximate
the actual of occupancy (px) of a cell k£ € D based on generating samples py of this
occupancy value. Thus, the robot associates p;(q) = E [R] = E [r;(¢; M);(q; M)] as the
reward for visiting the frontier. Moreover, the robot can only calculate a sample average
approximation of r;. As such, this ties in with the uncertain reward scenario described

in Section 5.6. In what follows, to simplify the presentation, we assume that the robots
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Figure 5.2. Scaled entropy vs. probability, i.e. ¢.H,(p) vs. p. Upper (resp. lower) dotted
lines have ¢ = dy; (resp. ¢ = d,,). Bold line has ¢ = 1.

have computed a good enough approximation of the frontier reward, p;(q), and focus our

attention on the effect of heterogeneity induced by the behavioral parameters.

Mapping dynamics
Suppose that D = {1,--- ,n} is the set of finite cells that a robot can occupy.
As each robot is only able to map an area around a frontier, then a team of |A| robots
would only be able to map areas around |.A| frontiers. Thus, assume that n = | A, in the
subsequent discussion. Further, assume that that the sensor footprint around cell ¢ € D
obeys Q = {q}, i.e. the robot can only map the cell it visits. We omit the discussion
of more general footprints to reduce complexity yet highlight the effect of heterogeneity.
Then, the mapping of the unknown environment obeys an algorithm of the form, from
z;(0) € D
H, (pp(t .
zi(t+1) = aiseign %, Vi e A, (5.14a)
bel(pi(?)), if k € {z;i(t + 1) }iea;

pe(t+1) = (5.14b)
pi(t), otherwise .

117



Here, assign;.p V (k) assigns the cell k with the highest value V' (where, V'(k) is a vector
of values associated with each cell grid) that is not the current position. For example, one
way is to use the allocation problem (5.1) and ensure unique dominating agents.

In this framework, the belief update in (5.14b) corresponds to the act of mapping
the cell £ € D. This could be Bayesian update or some other form of update that
incorporates noisy sensor measurements. Let pi € {0,1} be the ground truth occupancy

of the cell £ and assume that the mapping scheme is “good” in the sense of

|bel(pr) — pil < em[pr — pil, (5.15)

for some ¢y € [0,1). Let the total entropy of the map be H(t) := >, 5 Hi(pk(t)), where
Hy is the BE with o« = 1 (i.e. Shannon’s entropy). This allows us to track the entropy
reduction (from a good initial guess) under the exploration algorithm in the next result.
The proof (which we skip) involves combining concave and differentiable properties to

bound the change.

Lemma 5.7.1. (Convergence of the exploration algorithm). Suppose |py(0) — pi| < 0.5.
Then, under (5.14) and (5.15),

log pk*

H(t+1)— z:<log1—p;g t))—
€A
D) (56 — i (6) ~ 1)) (5.16)

where kI € argmax,cp Ha, (pi(t))/n(xi(t), k). The right hand side of (5.16) is a negative

quantity.

Proof. Since entropy is a concave function,
Hi(q) — Hi(p) < Hi(p)-(¢—p), Vp,q € (0,1).
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Further, since it is also differentiable,
Hi(p) =log(1 — p) — log(p) .
Thus, with ¢ = py:(t + 1) and p = p+(t), we get

Hy(pig (¢ + 1)) = Ha(pie (8)) < (1og(1 = pug (1) = log(mus (1)) (mas (£ + 1) = pus (1))

Moreover, from (13b) and (14) we have that

|pir (E+ 1) — i

= |bel(p: (1)) = piz| < om [ (1) = Pie| < -+ < cplpi (0) = ps| < §cf\,, :

The last inequality is because |py,(0) — pi| < 0.5. Thus |py:(t) — pi| < 0.5, Vt € Zxo. Thus,

* 1 *
cm — (i () = Pe) < pre(E+1) = s () < 3¢ cm — (pi: () — i)

Now, there can be two cases.

Case (i): pgs(t) > 0.5. Then, pgs(t+1) > py- (¢) and (log(1—py: () —log(pk: (1)) <
0. Then,

1

(log(1 — pe:(t)) — log(pe: (1)) ( — ey — (per (t) —p;;;)>

( (1 — pi: (t) — log(ps (ﬂ)) (Pkf (t+1) = p; (t)>
<
S 2

Case (i1): py:(t) < 0.5. Then, pg:(t + 1) < p:(t) and (log(l — pr: (1)) — log(pa: (t))) > 0.
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Then,

(1081 = iz (1)) = 1og(pi () (s (¢ + 1) = pic (1))

< (log(1 — pis (1) ~ loa(pic (1)) (b — (i (6) — 5

Combining these gives the result. |

We finish the section by analyzing how a multi-robot system with different «; is
beneficial for mapping of an unknown area. Essentially, under (5.14) and (5.15), each
robot is guaranteed to visit a distinct location of D and continue the mapping process.

This is elaborated in the remark later.

Proposition 5.7.2 (On the effect of heterogeneity). Suppose that {a;}ica is a set of
distinct elements and define dy := max; i iep %, dp, = min, ;i iep % Further,
for any two i # j € A, let p;; := min ({p € (0,1)|dyHa,(p) = dnHa;(p)t U{p €
(0,1) | dmHe,(p) = darHa, (p)}), and define p := min; jea;i2; D; ;. Suppose that for each
ke D, p(0) € [0,1]\ [p,1 —D|. Let (x;(t))ica be the solution to (5.14) and (5.15) from

any x;(0) € D, fori e A. Then, for allt >0, x;(t) # x;(t) if i # j € A.

Proof. Consider Figure 5.2, where we illustrate the allocation is distinct for two
robots. First, note from Figure 5.2 that when d,, = dj; = 1, the entropy values for
different «;’s are the bold lines. Observe that, no matter what the p values are, because
of the separation in the bold line entropy values, there is a distinct allocation of cells
among the robots. Now, in general when d,, < 1 < dj;, the separation appears after p,
as shown in Figure 5.2. Thus the same argument holds. Finally note that (14) makes
([0, 1]\ [p,1 — ﬁ])lpl invariant under (13). Thus the argument can be made recursively.

This completes the proof. [

Remark 5.7.3 (Interpretation of the effect of heterogeneity). The range of occupancy

values where a unique assignment is made depends on the choice of «;’s and the distances
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(a) DARPA subT section (b) Indoor Office environment with 32 rooms

Figure 5.3. Indoor maps used for simulations. The plots use the same colorbar. The
robot positions x;(0) is represented by dots and the circle around each robot shows its
initial region of frontier consideration.

between the grid cells (see Figure 5.2 and Proposition 5.7.2). If d,, is much smaller than
dyr, then a much larger value of «; is required to make [p, 1 — p| small. Mathematically,
this is possible to do, but it introduces numerical issues as the entropy values become very
small near the boundaries. As a result of Proposition 5.7.2, a proper choice of «;’s leads

to a unique cell allocation for robots and hence improve the efficiency of exploration. e

5.8 Simulations and Results

In this section, we implement the heterogeneous mapping algorithm on Python

environments. First, we detail the simulation environments and the algorithm.

5.8.1 Environment Setup

We consider a 2D rectangular environments discretized by 0.1 x 0.1 unit square grid
cells. We consider two types of environments, namely indoor environments (see Figure 5.3
for a map layouts) and outdoor environment (see Figure 5.4 for a map layout) to test our
algorithm. The ground truth map M* consists solely of free-space (0 occupancy value)

and obstacles (100 occupancy value). The map in Figure 5.3(a) was used in the DARPA
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Figure 5.4. Outdoor camp map used for simulations. The robot positions z;(0) is
represented by dots and the circle around each robot shows its initial region of frontier
consideration.

Subterreanean challenge [98]. In Figures 5.3 and 5.4, the blue/dark areas (0) represent free
space, the yellow areas (100) represent known obstacles and other values indicate uncertain
areas. We construct the initial occupancy map M by adding noise to each cell value of the
ground truth M* (depending on which map we are using). The environment is divided into
four quadrants which contain different levels of noise, sampled from a uniform distribution
with different intervals from [0, 50] (top-left quadrant), to [0,80] (top-right quadrant), and
others with [0, 30] (bottom-right) and [0,20] (bottom-left) (see Figures 5.3 and 5.4 for
reference). This is to simulate the fact that different sections of the ground truth maps
M* can have different initial uncertainties. We do not add noise to the extreme areas of
the map so that the robot remains within map boundaries. The initial robot positions are
sampled uniformly from the free space in M*. One such sample initial condition is shown
in Figures 5.3 and 5.4, where the robot positions x;(0) is represented by dots beside the

robot ID (). In order to simulate heterogeneity among robots we assign their a values
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Algorithm 2. Behavioral explorer

L: Input : M, x;, K ; Output : foc(D)
2: taskBuffer; + &

> frontiers to visit

3: Q; + getFrontier(M, K)
> initial frontiers

4: while Q; # @ do
5 if taskBuffer; = @ then
6: {wl},co < communicate(Q;, N;)
7 tour < pick({q|w] =1}, N)
8 tour < travelingSalesman(tour)
9: taskBuffer; - tour
10: end if
11: path < RRT(x;, taskBuffer;[0])
12: Move to taskBuffer;[0] following path and map along the way
13: x; < taskBuffer;[0]
14: Remove taskBuffer;[0]
15: Q; < getFrontier(M, K)
16: end while

from the following density function

e Lad)s if 1¢ (a,b);
PWCla, b] :=

2(11—a)1[‘171] + ml[l,b}, if 1 € (a,b);

where 1g is the indicator function for the set S. We use different ranges of (a,b) as
simulation parameters to check mapping performance. For instance, if 1 < a < b (resp.
a < b < 1), the all robots are uncertainty insensitive (resp. averse); and if a < 1 < b, we
have mixed behavior. Moreover, if a = b = 1, then o; = 1, Vi € A. This corresponds
to all the agents using the regular Shannon’s entropy for exploration. To that extent, in
Figures 5.3 and 5.4, we color robot i € A red if o; > 1 and blue if o; < 1. We use 10

robots randomly selected from PWC]a, b] to perform simulations.
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Algorithm 3. communicate

1: Input : Q;, NV; ; Output : {w{},eo
2: w? +—1,Vge Q

> initialize all weights to 1
3.z «+1(q)9(q), Vg € Q
> utility using (5.13)
4: Run (5.5) sufficiently long using Q;, N;
> d-PBRAG

5.8.2 Exploration pipeline

The formal description of the exploration pipeline is given in Algorithm 2. Each
robot ¢ € A runs Algorithm 2 separately and addresses the communication call among its
neighbors N; whenever needed. The neighbors of a robot at any time is the set of robots
that have common frontiers. Each robot initializes an empty task buffer to keep track of
the frontiers they visit.

First, robot ¢ € A updates a circular area Q@ = B¥ in D, with a radius r and
centered around its current position ;. We use three different mapping radii r € {2,3,4}
to capture different sensor ranges. Three levels of mapping noise ¢™ € {0,1,2} are

employed with the following meaning;:

a) In perfect mapping (0™ = 0) each cell in Q is updated to the ground truth.

b) In imperfect mapping (6™ = 1) the occupancy values in Q are reduced (resp.

increased) randomly with a random number generated from Unif[0, 35] for each cell

in Q that is a free-space (resp. obstacle).

c¢) In highly imperfect mapping (¢ = 2), occupancy values are updated with random

numbers generated from Unif[0, 15].

Second, frontiers Q; are obtained as those cells in robot ¢’s map M; with occupancy
values < 2 and a non-negative gradient w.r.t. to the cells around them; see [89]. Each robot

only considers frontiers in a certain radius around it. We set this frontier radius initially
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Figure 5.5. Simulation metric for r = 2, 0™ = 2. X-axis shows different «; ranges (a, b).

to 10 times the sensing radius; see Figure 5.4. The robot can increase the frontier radius if
it is not able to see any frontier within this radius. This helps in reducing compute time
and also communication cost.

Robots with empty task buffers, communicates with its neighbors to fill up their
task buffer. For each ¢ € F;, we calculate the information gain using Q = BZ. That is,
for each cell in Q, the information gain per cell is given by the BE in these cells and the
total information gain v; is the sum of these values. Then, for each ¢ € Q;, (5.13) gives
its utility. Using this utility, the robots run rounds of the d-PBRAG algorithm, with
step-size parameters of the form of(k) = k="' and B! (k) = k, sufficiently long, to allocate
the available frontiers on their map among themselves. At the end of the communication
rounds, robot i considers the frontiers ¢ € Q; that have weights w! = 1 and chooses at
most N (we set N = 14) frontiers. The robot then finds a traveling salesman tour (TST)
among these N frontiers.

Finally, the robot moves from z; to the first frontier ¢y in the TST using a path
computed using the RRT planner. The robot also maps (according to first step) all possible

circular regions within its sensor range along the path. The robot then removes ¢y from

the TST and continues the algorithm.
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5.8.3 Results and Discussion
General trend in efficiency

We simulate 11 different a ranges to capture a wide range of behaviors. For this
batch of simulations, we fix the number of robots to n = 10. For each « range, each sensing
radius and noise levels we perform 10 simulations. We perform these experiments for both
the indoor maps in Figure 5.3. This brings the total number of simulations to 1980. The
results in Figure 5.5 show the distribution of the number of iterations taken to explore
99% of the DARPA SubT map and the distance travelled by the robots. The Y-axis in
Figure 5.5(a) indicates the distribution of number of iterations used with a particular
group to reduce at least 99% of initial entropy H(0). Similarly, the Y-axis in Figure 5.5(b)
indicates the distribution of the total path length traveled by the robots. Wider (resp.
narrower) violin denotes that more (resp. fewer) trials gave similar number of iterations.

First, we report the trade-off between time taken for entropy reduction and the
total path length traveled by the robots for different v values in Figure 5.5. We choose
the case r = 2 and ¢™ = 2 to highlight this point. As seen in Figure 5.5(a), it is evident
that increasing a values reduces the number of iterations required to reduce entropy. But,
on the other hand Figure 5.5(b) shows that increasing the value of « also significantly
increases the total path traveled by the robots (see (8,8) range plots for comparison).
Figures 5.6 and 5.7 show violin plots for cost defined as the normalized sum of number of
iterations required for entropy reduction and total path length on the DARPA SubT map
and the indoor office map respectively.

From Figures 5.6 and 5.7, the general trend is that heterogeneous robots with some
having v > 1 tend to do better than other combinations. But these cases also give rise to
higher variance in the results. It also important to note that this heterogeneity works best
in smaller sensing radius and larger sensing noise case. When sensing radius is high and

sensing noise is low, the different cases have comparable performance (compare (a) and (i)
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Table 5.1. Mean cost compared with standard algorithms on DARPA subT map. The
(a,b) range denotes the range of BE parameters, i.e. a; ~ PWCla,b], Vi € A. Least cost
for each row is given in bold and italics.

Radius Noise | Nearest Hungarian (0.2,5) (1,1) (2,6)
2 2 1.83 1.77 1.70 1.88 1.65
2 1 1.80 1.73 1.69 1.90 1.64
2 0 1.69 1.67 1.63 1.91 1.71
3 2 1.75 1.73 1.65 1.89 181
3 1 1.83 1.75 1.89 1.85 1.75
3 0 1.79 1.68 1.55 1.86 1.81
4 2 1.71 1.69 1.69 1.89 1.79
4 1 1.64 1.61 1.80 1.85 1.80
4 0 1.64 1.59 1.57 1.78  1.71

plots of Figures 5.6 and 5.7). Thus in general, it is beneficial to have robots encoded with

a > 1 with robots possessing o < 1 to balance exploration time and distance traveled.

Comparison with existing algorithms

We compared our algorithm with: i) a nearest-frontier allocation, and ii) a cen-
tralized Hungarian method for frontier allocation with Shannon’s entropy for frontier
evaluation. For this case, we again fixed the number of agents to n = 10 and performed the
experiments on all the maps shown in Figures 5.3 and 5.4. We chose (0.2,5), (1,1), and
(2,6) as the ranges for « for these simulations. For each case, we performed 10 experiments
with random initial conditions. The comparisons of our algorithm with standard baselines
are reported in Tables 5.1, 5.2 and 5.3. The reported mean costs in these tables are the
weighted sum of path traveled and the time taken to map the area. Notice that having a

wide range of o performs better than using Shannon’s entropy.

Scaling with number of robots

Moreover, in order to evaluate the efficacy of our algorithm as the team size changes,
we simulated our algorithm on the DARPA SubT map with different number of robots,
specifically, n € [5,10, 20,40, 80]. The mean cost values across 10 runs for each radius

and noise parameters is shown in Table 5.4. As the number of agents increase in a
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Table 5.2. Mean cost compared with standard algorithms on urban office environment.
The (a,b) range denotes the range of BE parameters, i.e. o; ~ PWCla,b], Vi € A. Least
cost for each row is given in bold and italics.

Radius Noise | Nearest Hungarian (0.2,5) (1,1) (2,6)
2 2 1.88 1.81 1.71 1.89  1.63
2 1 1.77 1.72 1.71 1.92  1.65
2 0 1.66 1.61 1.61 1.95 1.70
3 2 1.77 1.72 1.65 1.87 1.85
3 1 1.86 1.75 1.90 1.85 1.75
3 0 1.76 1.65 1.55 1.91 181
4 2 1.75 1.73 1.70 1.90 1.80
4 1 1.81 1.80 1.80 1.85 1.80
4 0 1.64 1.59 1.59 1.80  1.75

Table 5.3. Mean cost compared with standard algorithms on outdoor camp map. The
(a,b) range denotes the range of BE parameters, i.e. a; ~ PWCla,b], Vi € A. Least cost
for each row is given in bold and italics.

Radius Noise | Nearest Hungarian (0.2,5) (1,1) (2,6)
2 2 1.86 1.78 1.75 1.88 1.60
2 1 1.78 1.73 1.67 1.94 1.62
2 0 1.67 1.61 1.60 1.94 1.71
3 2 1.78 1.75 1.70 1.88  1.77
3 1 1.82 1.79 1.90 1.81 1.70
3 0 1.77 1.70 1.51 1.84 1.83
4 2 1.68 1.69 1.66 1.86  1.81
4 1 1.73 1.73 1.80 1.84 1.73
4 0 1.62 1.64 1.59 174 1.71
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Table 5.4. Mean cost values for selected o ranges for DARPA SubT map with varying
robot team size n. The (a, b) range denotes the range of BE parameters, i.e. a; ~ PWC|a, b],
Vi € A. Least cost for each case is given in bold and italics.

. . n=>5 n =10
Radius Noise " 58) (1,1) (2,6) [ (0.25) (L,1) (2,6)
2 2 1.75 192 1.70 1.70 1.88 1.65
3 1 1.93 1.87 1.81 1.89 1.85 1.75
4 0 1.62 1.81 1.79 1.57 1.78 1.71
. . n =20 n = 40
Radius Noise g5y (LD (2.6) [ (0.25) (1,1) (2,6)
2 2 1.60 1.85 1.59 1.07 1.31 1.09
3 1 1.80 1.81 1.78 1.27 1.28 1.20
4 0 1.49 1.68 1.35 0.97 1.16 1.30
. . n = 80
Radius Noise 0.2,5) (L1) (2,6)
2 2 0.84 0.79 0.76
3 1 0.95 097 0.88
4 0 0.51 0.65 0.79

fixed environment, both the path length traveled by the robots and the time taken to
complete the mapping reduces, reducing the total cost. Moreover, with «; ~ PWCJ[0.2, 5],
the exploration incurs a lower cost with lower mapping noise. Thus in presence of
noisy mapping, a heterogeneous team with higher behavioral entropy parameters (here
a; ~ PWC|[2,6]) is beneficial. This behavior is prominent with larger teams of robots

where aggressive mapping schemes perform better.

Discussion on computation requirements

Our algorithm was simulated on a computer with 13th Gen Intel i7 chip and 32
GB of RAM. We compute the frontiers using the costmap’s numerical gradient. As such,
noisy mapping retains more number of frontiers during exploration than more accurate
(lower noise) mapping. Recall that a frontier’s utility is computed by calculating the
BE for each grid cell inside a ball around the frontier. This poses a major bottleneck

and contributes to the computation time. This issue remains true while comparing our
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algorithm with a centralized Hungarian approach, as it involves computing Shannon’s
entropy, similarly, for each grid cell in the ball around the frontier. However, when
using the nearest frontier method, this computation time is omitted as this method only
requires the distance to the nearest frontier. In terms of assigning frontiers among robots, d-
PBRAG has a O(m) communication cost, with m number of frontiers. Whereas centralized
and distributed Hungarian methods have O(m?®) and O(mlogm) communication costs,
respectively. Moreover, [95] showed that partially known rewards can produce oscillatory
behavior in the distributed Hungarian algorithm. We recorded an average inter-iteration
clock time (normalized by number of agents) of 93.26 ms for 0™ = 0,7 = 4, and 274.39 ms
for o™ = 2,7 = 2 cases (other ¢, r combinations had times in between these extremes).

In general, computation time increases when mapping noise or mapping radius increases.

5.9 Summary

We proposed a novel algorithm for multi-robot exploration based on a distributed
frontier assignment scheme. We used heterogeneous BE to evaluate frontiers and used a
distributed game-theoretic framework to assign these. We found that a team of robots
with heterogeneous behaviors outperforms a team of homogeneous robots with respect
to time and distance costs. This allowed us to heuristically prescribe BE parameters for
robot teams to efficiently explore maps.

In the future, we would like to address constrained frontier assignment, efficiently
allocate frontiers over longer time horizons, provide bounds on optimal BE parameter
ranges for an environment, and perform experiments in challenging real-world settings.

This chapter is a reprint of material as it appears in “Behaviorally heterogeneous
multi-agent exploration using distributed task allocation,” N. Mandal, A. Suresh, C. Nieto,
and S. Martinez, IEEE Robotics and Automation Letters, pages 2983 — 2990, 2026. The

dissertation author was the primary investigator and author of this paper.
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Chapter 6

Robust Control Of Discrete-Time LTI
Systems Using Stochastic Ensemble
Systems

6.1 Introduction

Ensemble control, i.e., investigating the ability of steering and manipulating an
entire ensemble of (partially) unknown systems in a desired and optimal manner, has
emerged from several science and engineering applications in recent years, e.g, coordination
of the movement of flocks in biology [99], manipulation of spin ensembles in nuclear
magnetic resonance [100, 101], or desynchronization of pathological neurons in the brain

in neuroscience [102].

6.2 Literature Review

Motivated by this, a huge body of seminal work has been done on the analysis of
(deterministic) ensemble controllability [103, 104, 105] and synthesis of optimal ensemble
controls {106, 107, 108] by developing new analytical and numerical methods, which
have received increasing attention due to their application to robotics [105], energy
systems [109, 110] and quantum control [111, 112]. However, the traditional ensemble

control problem consists of driving a collection of initial states of a continuum of systems
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to a set of final states with the same control input [113], which could be potentially
conservative. The problem of reachability for finite-dimensional linear time-varying systems
has been studied in [114, 115], but here the system varies in a continuum and not in
a countable set. On the other hand, the reachability properties of bilinear ensemble
systems are studied in [116]. In [106], the authors explore the problem of optimal control
for stochastic linear systems. The stochastic nature comes from additive noise to the
dynamics. In [117, 118] the authors study robustness of matrix properties to unknown
system parameters. Reference [109] solves an ensemble control problem for devices with
cyclic energy consumption patterns by utilizing techniques from the Markov Decision
Process framework. Finally, the work [110] looks into a similar problem but with uncertain
dynamics and uses techniques from stochastic and distributionally robust optimization in
the process. However, in all the aforementioned work, either the control signal needs to be
unique, or a continuum of ensemble (and partially unknown) systems is required to exist.

This work aims to bridge this gap.

6.3 Contributions

Unlike ensemble control, we let the system parameters take values in a countable
set. Moreover, we do not restrict the control to be unique but allow every sample run of
the system to employ a different control function. This being said, we consider a so-called
class of stochastic ensemble systems, which arise from the approximation of systems whose
exact parameters are unknown. A known approach to obtain good parametric models
consists of learning the distribution of for the model whose realizations correspond to a
system approximation. As more data becomes available, the distributions become more
accurate, resulting in a stochastic ensemble approximation. This enables us to i) study
the reachability properties of a new class of stochastic ensemble systems, ii) provide a

procedure for combining controls from such systems, iii) compute a control for the limiting
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DLTI system, iv) characterize the variance of the state and control of a stochastic ensemble
system produced by means of a Bernoulli distribution, and v) derive an improved result by
means of least squares error minimization. As conclusions of these main contributions, we
also can vi) compute the variance of the state and control of a stochastic ensemble system

that is obtained in an streaming fashion. We illustrate our results in numerical examples.

Notations

We denote the set of real numbers, the set of non-negative real numbers, the set
of integers, and the set of non-negative integers using R, R>, Z, and Z>, respectively.
We let R" (similarly ZZ,) be the Cartesian product of R (similarly Zs,) with itself. R™*™
denotes the set of real matrices of order n x m. The i** component of a vector v € R"
is denoted by v; and the ij"" entry of a matrix M € R™™ is denoted by M;;. For a
set of square matrices {M()},cz, the product operator is used to denote multiplication
from right to left, i.e. []_; M®) := M® ... M®. For a vector v € R", v > 0 denotes a
component-wise inequality. We let abs : R® — R™ be a function that produces a vector
with component-wise absolute values from the input vector, i.e. abs(v); = |vi| € R,

Vie {l,---,n}. We denote the empty set using &.

6.4 Problem Formulation

Consider a discrete-time, unknown, linear time-invariant (LTI) system of the form

x(k + 1) = Ax(k) + Bu(k), (6.1)

where x € R” is the state, x(0) = x¢ and x; are the initial and desired final states,
respectively, u € R™ is the control input, A € R**" and B € R™*™. The system matrices
A and B, as well as the initial state x; are unknown, but it is possible to construct
increasingly good approximations of these system parameters using some known approach,

e.g., any data-driven or Machine Learning-based method. This approximation is assumed
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to be done through the following newly defined class of stochastic ensemble systems, for

which we aim to characterize reachability properties.

Definition 6.4.1. (Stochastic ensemble system). Consider sequences of independent
random variables X := {x{" € R} sezo, A = {A) € R}z and B := {B®) €
R”X’”}Sezzo such that A, B, and A} are all independent of each other. For every o € Z>,

a stochastic ensemble system is a linear, time varying (LTV) system of the form:

X(o, /{—1—1):;&(314(0, k))x(o, k‘)—{—ﬁ(sB(a, k))u(o, k) (6.2a)
X(0,0)=x{) € Ay, (6.2b)

where, the indicator functions s4 : Zsg X Z>g — Z>o, Sp : L>o X Z>o — Z>o and
So : Lo — L>p are used to index different realizations of the random variables in Ajp, A,
and B, respectively. Thus, A(sa(o,k)) (similarly B(sg(o, k))) represents a realization of

AGal@R) ¢ A (respectively B5(@*) ¢ B) for each o and k. )

We use the terms random variable and realization interchangeably. The o parameter
is used to distinguish between different runs of the system. Also note that since the initial
state and the system matrices in (6.2) are realizations of different random variables, each
state X(o, k) is also a realization of some random variable. Moreover, we need to formally

define the notion of stochastic ensemble approximation.

Definition 6.4.2. (Stochastic ensemble approzimation). Let M € R™™. Consider a
sequence of independent random variables M := {M(S)}SGZZO such that 3B € R such that
|IM®)|| < B, Vs € Zso. Then, M is a stochastic ensemble approximation of M if and only
if
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d
Ve >0, Pr(||M — ZwSM(S)Hp >¢e) — 0 asd — oo,

s=1
with respect to some p—norm || - ||, and for some wj’s of the form [wy, - ,w,y]" € 8¢ :=
{yeR!|1Ty =1,y > 0} for each d € Zx,. °

Furthermore, we assume the following.

Assumption 6.4.3. There exists a stochastic ensemble system of the form (6.2) that

consists of stochastic ensemble approximations of the original system given in (6.1). e

Being concerned with meeting certain reachability requirements for (6.2), next we

provide a formal definition for the notion of approximate reachability.

Definition 6.4.4. (Approzimate reachability of final state from an initial state). Let Xy,
A, and B be stochastic ensemble approximations of xy, A, and B respectively. Consider
the stochastic ensemble system in (6.2) and let x; € R". Suppose there exists a fixed
time K € Zsq and for any realization of the random variables X(o, 0), A(SA(U, k)), and

B(sp(o, k)) there exist controls @(a,0),- - , (o, K — 1) that drive the realization (o, 0)

through the trajectory X(o, k), Vk € {1,--- , K} under the dynamics (6.2), i.e.

X(0, K) = [T} oA(sa(0, k) %(0,0)

+ ST Alsa(o,1)B(sa(o, )i, k). (6.3)

Then x; is said to be approximately reachable from xq if and only if {X(c, K)}scz., is a

stochastic ensemble approximation of x;. °

Further, we need to formally introduce the notion of sample reachability as follows.
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Definition 6.4.5. (Sample reachability of final state from an initial state in unit time).
Let &p, &y, and A be stochastic ensemble approximations of xy, x; and A respectively,
and sy : Z>o — Z>o be an indicator function that denotes the realizations of the random
variables in the set X := {ng) € R"}4cz.,- Consider the stochastic ensemble system
in (6.2) with B(k) = B. Suppose there exists a control {t(o, 0)}oez, for each o € Zxg
that drives X(c,0) = X(()SO(U)) to X(0, K) = X;Sf(g)) under the dynamics (6.2), in one (K = 1)

time step, i.e.

X1 = A(s4(0.1)) x5 + Bii(0,0). (6.4)
Then x is sample reachable from x, in unit time. °

Note that the control u(e,0) is chosen in order to drive xéSO(U)) to X;sf ) in the
previous definition.

Our problem of interest can be cast as follows.

Problem 6.4.6. Given the setup and Assumption 6.4.3, characterize the relation between
approximate reachability under the stochastic ensemble system (6.2) and the standard
reachability under the DLTT system (6.1). Moreover, find controls that drive xq to x

under (6.1) using the stochastic ensemble system (6.2). o

We conclude this section by highlighting the difference between our notion of

stochastic ensemble system with that of (deterministic) ensemble control.

Remark 6.4.7. (Comparison with ensemble control). The stochastic ensemble system
in (6.2) has a similar structure to ensemble systems [103]. However, the o that parameterizes
the system takes discrete values. Moreover, A and B do not vary continuously with respect
to 0. We also allow the controls for each o to be different, i.e., we do not seek one single

control that steers the ensemble system between points of interest. Finally, if a system

138



is ensemble controllable, then similar results to the ones in this chapter can be given,

generalizing ensemble control systems and their objective. °
6.5 Control using Stochastic Ensemble Systems

In this section, we first show that reachability under the DLTT system (6.1) is
sufficient for approximate reachabilityunder the stochastic ensemble systems.

Recall that we use 0 € Z>( to index the runs of the system. Moreover, so(o)
(respectively s4(o, k), sp(o,k)) indexes the realization of the initial state (respectively of
matrices A and B at the k'™ time step) used in (6.2). In the sequel, we omit the o for the

sake of brevity wherever there is no confusion. Now we are ready to state the result.

Lemma 6.5.1. (Sufficient condition for approximate reachability using state reachability).
Let Xy, A, and B be stochastic ensemble approximations of xo, A, and B respectively.
Suppose that xy is reachable from xq in K € Zs( time steps under the dynamics (6.1).

Then, x is approximately reachable from xo under the stochastic ensemble system in (6.2).

Proof. Since Xj, A, and B are stochastic ensemble approximations of xy, A, and
B respectively 3By, , B4, and By such that ||x{”|| < Bay, [|[A®)|| < B4, and |B®|| < Bg,
Vs € Z>o. Now, by the hypothesis, there exists controls u(0),--- ,u(K — 1) that drive
Xo to x; under the dynamics (6.1). Moreover since K is finite, all the controls can be
bounded by a constant B,,. We show that u(o, k) = u(k), Vk € {1,--- , K — 1} proves the

claim. Let € > 0. If we use the controls u(0), -+ ,u(K — 1) in (6.3), we obtain

Y1) =N w1 X(s(1)=A(sa(1)) (x0— 0 _ wiy1x5)
+B(sp(1))(u(0) — SN wy,1u(0)),

at k = 1 starting at x((]so) and for [wg 1] = [wi1, -, wyni] € S which makes A a

stochastic ensemble approximation of xo and y(1) = A(s4(c, 1))xo + B(sp(c))u(0). Note

that here we are using the weights that make A&|) a stochastic ensemble approximation
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throughout and we use the independence properties of the random variables to separate

the product and the sum. Now, since ngzl ws,1u(0) = u(0), then

ly(1) Zwsolx )| < Ballxo — Zwsle 2. (6.5)

so=1 so=1

Next, by defining z(1) = A(SA(1)>X0 + Bu(0) and considering a [w;,1)2] =
(w2, ,wya] € SY, B becomes a stochastic ensemble approximation of B. Then, by

similar arguments as before

N
12(1) = 22 y=1 Wss2 Y (DI <

(6.6)
BullB = Y0 1)1 was2B(ss(1)]-
Finally, for x(1) = Axo + Bu(0), we have
(1) = 322 1)m1 Wean) 32(1)| 6.7)
<A =20 )2t Wea) sA(sa (1)) [[[x(0)]],
using [ws,(1),2] = (w12, -, wne| € SV which makes A a stochastic ensemble

approximation of A. Then, using the triangle inequality of the norms and (6.5)—(6.7), we

obtain

(1) = 32501 wspaX(o, D <
alllxo=Y00 1 Weon X0 [HIB=323, 1121 o1 2B (s (1)
HIA =320 1o W s A(sa(D)]]:
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where a = max{By4, By, ||x(0)||}. Hence,

Pr(x(1) = Y s X(0,1)] <€) =

so=1
al -~ £
Pr(|A = > wo,msA(a0)] < o)+
sa(l)=1
al 3
Pr(IB— Y wima2Bls)] < 5-)+
sp(1)=1

N
Pr(||xo — Sozlwso,lxgswn < %) S 1as N — oo.

Thus, {X(s(1))}s1)ezs, forms a stochastic ensemble approximation of x(1). Thus, using the
fact that {XE)SO)}S()GZE(N {K(SA(I))}SA(UEZZO, and {]/?\)(53(1))}53(1)6220 are stochastic ensem-
ble approximations of xo, A, and B respectively, we have shown that {X(s(1))}s1)ez., forms
a stochastic ensemble approximation of x(1). Next using the fact that {X(s(1))}s1)ez.,;
{A(SA(Q))}SA(Q)GZZO, and {ﬁ(sB(Z))}sB@)EZZO are stochastic ensemble approximations of
x(1), A, and B respectively we can show that {X(s(2))}s(2)ez, forms a stochastic ensemble
approximation of x(2). By induction on x(1),--- ,x(K), the proof can be completed.
Note that the previous lemma states that the desired state x; is reachable from
xo only if x; is approximately reachable from x,. Also, note that we deal with a much
weaker version of reachability here. All we require is that x; be in the reachable subspace

from x3. We do not require the whole R™ to be reachable.
Next, by using the notion of sample reachability (Definition 6.4.5), we synthesize a

control input sequence that drives the system in (6.1) from x to x;.

Lemma 6.5.2. (Approximation of control of LTI systems using stochastic ensemble
systems). Consider the system in (6.1) with initial state xo and desired final state x;. Let
Xo, X and A be stochastic ensemble approzimations of Xy, x5 and A respectively. Next

consider the stochastic ensemble system in (6.2) with B(k) = B, Vk € {1,--- , K — 1}.
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Suppose that Xy is sample reachable from xo in unit time. Let {1(0,0)}sez., be as in

Definition 6.4.5. Then for each € > 0,

N
lim Pr(|Bv - B;w,,u(g, 0)|| >¢) =0 (6.8)

with wy’s of the form [wy, -+ ,wy]" € SN for each N € Zso and with Bv satisfying
xf=Axo+Bv. (6.9)

Proof. We do this in a very similar way to the proof of Lemma 6.5.1. So we skip
most of the details due to lack of space. Consider an € > 0. Then, consider the state

evolution equations

x" = A(s4(1))x0 + Bu'(0) (6.10a)
x; = A(s4(1))xo + Bu”(0) . (6.10b)

Note that (6.10a) has been formulated by choosing controls such that they drive the initial
condition xy (and not the realizations) to the final state X;Sf ), Similarly (6.10b) has been
formulated by choosing controls such that they drive the initial condition x; to the final
state x; (and not the realizations). Then, using very similar arguments as in the proof of
Lemma 6.5.1 it is possible to show that the controls u’, and u” exist and can be attained
by taking the weighted sum of the controls in (6.4).

Moreover, using the triangle inequality of the norms and probability theory, it can

be shown that
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N
Pr(|Bv — B w,,1fi(s0)] < &) >

so=1
al ~ £
Pr(la— ) wosAlsa)] < 55)+
sa(1)=1
= (s7) €
Pr(||xs — Z waVQXfo | < %)—F
sp=1
al £
Pr(||xo — le8071x880)|\ < %) —las N — o0,
so=
where = max{Bu, 1, ||xo]| }. |

The previous result states that if x; is sample reachable from x, in unit time, x;
is also reachable under (6.1). It is worthwhile to note that we are not approximating B
using a stochastic ensemble approximation. If we did, then essentially we would introduce
convolution-like sums which makes the problem more complicated. Further, if x; is
reachable from xy only in multiple time steps, then the matter of non-unique control
sequences poses another problem.

Note that the claim in Lemma 6.5.2 works for any sequence of random variables
that form stochastic ensemble approximations as defined in Definition 6.4.2. In the next
section we study stochastic ensemble systems that are generated from sampling the DLTI

system parameters in (6.1).

6.6 On Stochastic Ensemble Systems Generated
through Sampling

Here, we deal with a particular kind of stochastic ensemble system whose realizations
are produced from samples of (6.1). This corresponds to the following scenario. Consider

the individual components of the states to be nodes and the A matrix describing the
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interconnection between them. Suppose each node is aware of which neighbors are
antagonistic and which neighbors are cooperative, but is unaware of the absolute magnitude
of influence of its neighbors. The realizations of A are hence obtained based on the relative
order of influence of other nodes on a particular node.

In such a scenario, we assume that the stochastic ensemble system is produced in
the following way. Suppose the vectors and matrices are transformed into probability mass
functions over an underlying sample space. This mass function produces samples from the
sample space which correspond to the realizations of the stochastic ensemble system. In
particular, we first define a function v : R™ — R, as «(w) := 1"abs(w), and with a slight
abuse of notation, we consider v : R™™ — R as v(M) := maxje(y,.. uy 1" abs(M.,;). This
helps us in describing a vector sampling scheme procedure through the following lemma,

whose proof omitted since it is trivial.

Lemma 6.6.1. (Vector sampling scheme). Consider a vector w € R"\ {0}. Then, let
W = (1/v(w))abs(w). Consider W as a mass function on the sample space Q = {1,--- n}

and let {s1,--- , sy} be N samples of Q. To each sample s;, associate a vector s as

(

Ww), i j = s and [w]; > 0;
50 = —v(w), ifj=s; and [w]; <0;

0, otherwise .

\

Then, the mean of the random variable corresponding to the i™ component of Zfil s s
w;. Finnally, limy_,o Pr(||w — + SV 89| > €) = 0, for each e > 0.

Note that for matrices, the same procedure can be performed via a similar trans-
formation by considering each row (or column) separately as vectors.

The stochastic ensemble system generated in this process has nice properties related
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to the system (6.1). First, it retains the sparsity structure of the DLTI system (6.1).
Moreover, since each component is a Bernoulli random variable, using known properties
we can provide convergence rates for each realization. Next, we analyze the variance of
the average control computed considering stochastic ensemble approximations produced

as in Lemma 6.6.1. The next result follows from Hoeffding’s inequality.

Lemma 6.6.2. (Variance of average control). Let Xy, Xy and A be stochastic ensemble
approzimations of Xg, Xy and A respectively generated using Lemma 6.6.1. Suppose
{u(0,0)}sez., satisfy the hypothesis of Lemma 6.5.2 and let v be as in (6.9). Then for
each € > 0,

&2

Pr(||B(v — —ZU 1u(5 )| > ¢) <2C[exp(— %ENTN)

+exp(— 952 ( ) 7) +exp(— 952 (A)2)]
where C' 1s a constant dependent only on n.

Proof. First we characterize the convergence rates of the realizations of X, A%,

and A using the procedure in Lemma 6.6.1. Note that

N s
Ix0—% SN _ x5 <n(n) max, [[xoli—% SN _ x5,

(1) (6.11)
HXf_N Zsf 1Xf ||<77( ) max; |[xy); stf 1 [x ff]z|v

where 7(n) is a constant dependent on n such that |w|| < n(n)||w||«w, YW € R"™. Moreover,

1A = L8 () Alsa(D)] <
max M, AL =% T A (s,

36{1

(6.12)

where p(n) is a constant dependent on n such that | M| < p(n)||M||sw, VM € R™ ™.
Next, by using Hoeffding’s inequality [119] and exploiting the Bernoulli nature of

the random variables, the right hand side of the inequalities in (6.11) and (6.12) can be
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bounded in probability for all i € {1,--- ,n} and for each £ > 0 as,

Pr(|[xoli— Xy [ )il >¢) < 2exp(— 22,

N (sf) €
Pr(|fx/limd Y x> 2) <2exp(~ 2225

f
Pr(|As—% S0 0)m [A(sa(1)]ij]>) <2exp(—255:)

Applying triangle inequality returns the results. [
We can use the proof technique here to also characterize the rate of convergence in

Lemma 6.5.1 considering stochastic ensemble approximations produced as in Lemma 6.6.1.

Lemma 6.6.3. (Variance of state trajectory). Let Xy, A and A be stochastic ensemble
approximations of xg, A and B respectively, generated using Lemma 6.6.1. Then x(K) in

Lemma 6.5.1 satisfies, for each € > 0,

N
1
x(K)— — X(o,K)|| > ¢) <2C(e* +e* 4 €%
Pr(]]x( N ;1 )| > ¢) (7 + e +e%),
2 2 2
where ¢; = _WW’ Cy = —QHAZHJQVW, c3 = —g“xfﬁg—i(w and C only depends on n.

Proof. The proof follows the same arguments as in the proofs of Lemmas 6.5.1

and 6.6.2. |

6.6.1 Sample Averaging using Least Squares Error Minimiza-
tion
In the previous section, we assigned uniform weights to each realization in order to
produce the stochastic ensemble approximation. For each sample run of the process, we
can make this averaging method better by introducing a least square error minimization
with the samples produced from the vector sampling scheme in Lemma 6.6.1. Since the

weights associated with the optimization problem are restricted to be in the simplex S™
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(as per Definition 6.4.2), we approach this problem in two different ways. We describe

each of them next and compare their performances later.

Accumulated Least Squares Error (ALSE) Minimization

In this approach, we take into account all the realizations of the stochastic ensemble
approximations &p, Xy, and A all at once. Then we compute the associated averaging
weights from least squares error minimization and finally use these weights for the computed
control. Next, we provide a closed form solution to the least squares error minimization
problem by exploiting the entries of the vectors in Lemma 6.6.1.

The samples produced in Lemma 6.6.1 have a very particular structure to them.
In fact, they have a non-zero entry in one component and have zeros everywhere else (i.e.
their support is a singleton set). Hence, the whole problem boils down to adjusting the
weights individually for the components in order to minimize the norm distance of the

weighted sum of the samples and the vector. We provide this in the next result.

Lemma 6.6.4. (Least square error problem solution for singleton support samples).
Consider a vector w € R\ {0}. Let W := (1/y(w))abs(w) and suppose {s),--. sV}
1s a set of N sample vectors produced using the sampling scheme in Lemma 6.6.1. Let S

be the matriz whose i column is s. Then a solution to

in [|Sy — w3 6.13
Inin ISy — w2, (6.13)
is given by y* with [y*]; = aj/n;, where a; = |[w]i| with k such that [s9)], # 0 and

nj={i € {1, N}|[sW], # 0}].

Proof. Note that the problem is convex in y and that the set {1,--- n} can be split
into two disjoint sets D := {p € {1,--- ,n}|Igs.t.[s?], # 0} and Dy := {1,--- ,n} \ D;.

Now, since the support of s is a singleton, the problem can be rewritten as
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min Y0 ( Y sVy; - wi)t + Y wE = (),
YEST €Dy jes(s) i€Da

where s(i) := {p € {1,--- , N} |[s®)]; # 0}. It is easy to see that for the solution y* in the
claim, the value of the cost function is J(y*) = >_,.p, W;. As this is the minimum value
of J(+), the proof is complete. [ |

It is worth noting that if the set D, in the proof of Lemma 6.6.4 becomes empty,
then J(y*) = 0. This means that if the samples are rich enough so that all the non-zero
entries of the original vector appear at least once in the set {sV),--. M)} then the weights
assigned using the least squares problem recreates the original vector perfectly. This does
not translate to the case for matrices as then the associated weights to the matrix samples

are coupled using multiple non-zero entries across the matrix, as illustrated in Section 6.7.

Streaming Least Squares Error (SLSE) Minimization

In this case, the controls are attained from sequentially changing the realizations of
the vectors and matrices. For the uniform weights case, the solution can be made better by
adding more samples. For the ALSE minimization case, the weights have to be determined
beforehand and then the controls computed, since we do not assign the same weights to
each sample. Moreover, as the number of samples increases, the weights assigned to the
previous samples need to be recomputed in order to satisfy (6.13).

However for the SLSE minimization case, the weights to the controls can be updated
sequentially in order to construct a sub-optimal solution to (6.13). Essentially, suppose E4
and E, are estimates of E*, with E1, E; and E* being comparable entities from {Xp, Xy, A},

i.e. they are arbitrary elements in the same sequence. Then we solve for
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(w1,w2)eS?

The computed controls are updated using the same weights. We explain this in Algorithm

4.

Algorithm 4. Sequential control computation with least square error estimation

Require: &}, Xy, A, x¢, X, A,B, errorBound
Ensure: control v(k)
l: error <— 00; Xg + X(0,0) € Xp;

2 Xy x7(57(0)) € Xy A A(sa(0,1)) € A

3: v < v such that X; = ARy + BV

4: while error > errorBound do

5: Randomly choose i € {1,2,3}

6: if i =1 then

7: update X,

8: (wy, ws) < solution of (6.14) with E; = old Xy, E; = new X, and E* = x.
9: else if ¢+ = 2 then

10: update X;

11: (w},ws) < solution of (6.14) with E; = old Xf, E; = new Xy and E* = x;.
12: else if 1 = 3 then

13: update A R R

14: (wy, ws) < solution of (6.14) with E; = old A, E; = new A and E* = A.
15: end if R

16: v’ < ¥ such that Xy = AX, + Bv

17: error < |[(wj — 1)v + wiVv’||

18: vV — wiv + wiv'
19: end while

We conclude this section by comparing the averaging methods provided earlier.

6.6.2 Comparison between the Averaging Methods

Since the weights obtained in the least squares error minimization are obtained
from an optimization problem, we can compare their convergence rate with the uniform

averaging scheme.
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Lemma 6.6.5. (Comparison between averaging methods). Suppose {E;}Y, are estimates
of E*, with {E;}Y, and E* being comparable entities from {Xy, X;, A}. Let Funitorm =

(1/N)SN E;. Let Fargp := o0, wiE; with [w}, -+, wl] being a solution of

(w1, wn]eSN

N
min = |[E* =) wiEf3. (6.15)
=1

Finally, let Fsisg := F(N) where F(N) is a solution to the difference equation F(n) =
viF(n — 1) + vF(n — 2) starting from F(1) = E;,F(2) = Eo and where v} comes from

Algorithm 4. Then,

|E*—Farse | <|[|E*—Fsispl| <[ E*—Funitorm | - (6.16)

Proof. Note that [v],--- ,v%] is a feasible solution to (6.15). This results in the
first inequality. The second inequality holds since (1/N)1 is a feasible solution to the

optimization problem in Algorithm 4. [ |

6.7 Simulations and Analysis

In this section, we provide simulation examples to validate our results in two
scenarios. In the first case, we verify Lemma 6.6.5 in a power systems example. In the
second case, we study the error in the computed state for a system with large dimensions.

We use CVX MATLAB toolbox to solve the optimization problems.

6.7.1 Error in Computed Control

Here, we take an example system in the form of (6.1) from [120] using MATLAB’s

power toolbox. The system dimensions are n = 10 and m = 5 (with A € R"*", B € R"*™)
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Figure 6.1. Relative error in estimation versus number of samples for example in Section
6.7.1. (a) Relative error in estimated initial condition x¢. (b) Relative error in estimated
system matrix A.

and we choose the initial condition randomly.

First, we verify the ordering in estimation errors for the different averaging methods
in Figure 6.1. This is in accordance with (6.16). Moreover, note that in Figure 6.1(a), it
is possible to obtain zero relative error for the initial condition estimation using ALSE
Minimization and SLSE Minimization as per the discussion following Lemma 6.6.4. Next,
we deal with the errors in the computed control and the computed state. The goal is
to drive the state close to the origin in one time step. The actual control that does
this was computed by taking Uaciual = BT(—AXO), where BT denotes the Moore-Penrose
pseudoinverse. Then the three different controls Ucomputed Were computed using the methods
listed in this chapter (i.e. uniform average, ALSE minimization and SLSE minimization).
The comparison of the relative error in computed control with respect to the number of
samples is shown in Figure 6.2(a). Note that the Ucomputed for the ALSE minimization
case was computed after considering all the samples. We also computed the relative error
in the computed state with respect to the number of samples and present the results in

in Figure 6.2(b). It is worth mentioning that the error in the computed control and the
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Figure 6.2. Relative error versus number of samples for example in Section 6.7.1. (a)

u, —u . .
] Icomputea Wactumil] (b) Relative error in state.

Relative error in contro

Huactual H

computed states do not always follow the same ordering as the estimation errors of the

initial condition and the system matrix.

6.7.2 Error in Computed State

Here, we simulate our algorithms in a trajectory tracking problem for a system
with large dimensions. Notice that the sample averaging method works for one time
step controls only. Thus, it can be used to track a predefined trajectory of states. For
this example, we take the system dimensions as n = 100, and m = 80 and generate
A e R B e R™™ x(0) € R",x(1) € R*, and x(2) € R" randomly. The matrices A,
and B are used as the system matrices and x(0) is used as the initial condition. The states
x(1), and x(2) are used as the reference trajectory.

Similar to the previous case, for each t € {0, 1}, the control for each realization
A® x® (1), and x® (¢ + 1) is computed as Ueomputea = BT (x® (¢ + 1) — A®x)(¢)). The
relative error in the computed states with respect to the number of samples is given in
Figure 6.3. Notice that (similar to what we observed in Section 6.7.1) the ordering given in

Lemma 6.6.5 that holds for the estimation errors for the initial condition and the system
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matrix, may not hold for the computed states as shown in Figure 6.3. Also, the errors in
Figure 6.3 are much larger than the errors in Figure 6.2. This is because, the dimensions
in this case are much larger than the previous case. Using the idea of convergence of
the computed control in Lemma 6.5.2, we can give similar results for the convergence of

computed states, omitted due to the lack of space.
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Figure 6.3. Relative error in state [Xcemputed™actuatll voris number of samples for example

”xactual H

in Section 6.7.2. (a) Relative error in x(1). (b) Relative error in x(2).

6.8 Summary

In this chapter, we studied the reachability of a new class of stochastic ensemble
systems, where are not required to have a continuum of ensembles. We provided a necessary
condition for reachability under multiple time steps for the limiting DLTT system using
approximate reachability for the stochastic ensemble system. We also provided a sufficient
condition that averages the control obtained from the sample reachability condition for
the ensemble system to find a control for the DLTT system. We provided convergence rates
when the stochastic ensemble systems are produced using sampling. In the future, we will
extend the sufficient condition to multi-time and continuous-time cases, and will study

stochastic ensemble approximations of nonlinear systems.
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This chapter a reprint of material as it appears in “Control of discrete-time LTI
systems using stochastic ensemble systems,” N. Mandal, M. Khajenejad, and S. Martinez,
in SIAM Conf. on Control and Its Applications (CT), Philadelphia, PA, USA, July 2023.

The dissertation author was the primary investigator and author of this paper.
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Chapter 7

Conclusion and Future Work

This dissertation studied distributionally robust games (DRG’s) and established
the applications of seeking their Nash equilibria (DRoNE’s). Primary area of applications
chosen was the problem of task allocation among self-interested agents.

Chapter 3 provided analysis related to the DRG’s and then produced centralized
and distributed algorithms that seek their DRoNE’s. We presented conditions under
which these DRoNE’s exist, and related them to the NE of the associated stochastic game.
Finally, we provided conditions on the parameters of the ISBRAG dynamics (and its
distributed version d-ISBRAG) that ensure convergence to arbitrarily small regions around
the DRoNE’s. In the distributed case, each agent approximates the supergradients of their
(possibly) non-smooth utility by exchanging information between their neighbors using a
dynamic consensus protocol.

There are several worthwhile directions for future research, which includes extending
the class of games compatible with this framework by introducing more general inertial
terms. Another natural direction to explore is to characterize similar results for standard
classes of games like potential games, aggregate games, and games with decision dependent
strategies. This leaves room for the exploration of distributionally robust generalized
Nash equilibria. Moreover, right now, the randomness does not depend on the strategies

chosen by the agents. This motivated us to explore multi-stage Stackelberg games with
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decision dependent uncertainty. This is related to an ongoing research project where we
are interested in analyzing Al-assisted task allocation schemes with human agents in the
loop. This gives us the opportunity to deploy robust algorithms that promotes truth
telling in the face of humans trying to “game the system”. Finally, another natural research
direction is to handle simultaneous communication and estimation updates among agents.
The framework of passivity has gained significant attention in this regard, and combining
passivity with non-smooth analysis could lead to useful algorithms for a broader class of
applications.

Chapter 4 presented a game theoretic formulation of an optimal task allocation
problem for a group of agents. By allowing agents to assign weights between zero and one
for each task, we relaxed the combinatorial nature of the problem. This led to a partition
and weight game, whose NE formed a superset of the optimal task partition. Then, we
provided a distributed best-response projected gradient ascent by which convergence to
the NE of the weight game was guaranteed. This is special case of the framework studied
in Chapter 3.

Again, there are several directions of future research in this regard. One natural
extension is to introduce constraints on number of tasks for each agent. This poses a
significant challenge in the fact that it reintroduces the combinatorial nature of the problem.
One way to address this is to produce a game formulation that encodes near optimal
solutions to the aforementioned combinatorial problem. To that effect, it is worthwhile
to look at the literature of submodular optimization, which has several results on sub-
optimality guarantees through greedy methods. Another interesting direction of research
is to address the situation where tasks are continually generated and the agents have
to address them on line. This motivated us to introduce a precedence order (through a
directed graph) on the tasks as part of an ongoing research project. The precedence graph
can also be used to encode partial knowledge as tasks become visible (resp. executable)

only when at least one (resp. all) of its neighbors are completed. We hope to use a
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combination of on line optimization, game theory and submodular optimization to address
this problem. Finally, another worthwhile direction of research is to generalize the setup
to continuous space of tasks to account for coverage problems.

In Chapter 5, we proposed a novel algorithm for multi-robot exploration based
on a distributed frontier assignment scheme. We used heterogeneous BE to evaluate
frontiers and used a distributed game-theoretic framework to assign these. We found that
a team of robots with heterogeneous behaviors outperforms a team of homogeneous robots
with respect to time and distance costs. This allowed us to heuristically prescribe BE
parameters for robot teams to efficiently explore maps.

A future direction of research is to provide an analytical frame to assess the efficacy
of heterogeneous behaviors in teams of agents. This could be done by comparing prices of
anarchy for different values of the behavioral parameter and establishing when it is useful.

In Chapter 6, we studied the reachability of a class of stochastic ensemble systems.
We provided a necessary condition for reachability under multiple time steps for the
limiting DLTT system using approximate reachability for the stochastic ensemble system.
We also provided a sufficient condition that averages the control obtained from the sample
reachability condition for the ensemble system to find a control for the DLTT system.

An immediate future direction of research is to extend the sufficient condition to
multi-time and continuous-time cases, and further to study stochastic ensemble approxi-
mations of nonlinear systems. This can be achieved by using piece-wise affine bounds on
the non-linearity and using the proposed method. Further, the analysis can be extended

to broader classes of interactions between agents and not just Bernoulli ones.
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