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ABSTRACT OF THE DISSERTATION

The effect of multiple infection, recombination, and synaptic transmission on the evolution
of human immunodeficiency virus infection

By

Jesse Michael Kreger

Doctor of Philosophy in Mathematics

University of California, Irvine, 2021

Professor Natalia L. Komarova, Chair

In this dissertation three mathematical studies on the evolution of human immunodeficiency

virus (HIV) infection are presented. We use a variety of mathematical approaches (agent-

based models, differential equation models, and a hybrid deterministic-stochastic algorithm)

to provide insight into the biological dynamics of infection and virus evolution. Multiple

infection (where cells can be infected with multiple copies of virus) has been documented

to occur in HIV infection both in vitro and in vivo from human tissue samples. When a

cell is infected with two or more viruses that are genetically different, then the process of

recombination can occur, which has the potential to bring separate point mutations together

in a single virus genome that previously were present in different genomes. It has been

shown that both multiple infection and recombination can be promoted by direct cell-to-cell

transmission of the virus through virological synapses (known as synaptic transmission), as

synaptic transmission typically involves the simultaneous transfer of multiple viruses from

the source cell to the target cell. Multiple infection, recombination, and synaptic transmis-

sion are therefore potentially important contributors to virus evolution, which can lead to the

infection escaping from immune system responses, forming drug resistance, and overcoming

potential vaccines.

xii



In Chapter 1, we demonstrate two important effects of the mode of viral spread: (i) For

disadvantageous mutants, synaptic transmission protects against detrimental effects of re-

combination on double mutant persistence. Under free virus transmission, recombination

increases double mutant levels for negative epistasis, but reduces them for positive epistasis.

(ii) The mode of virus spread also directly influences the evolutionary fate of double mutants.

For disadvantageous mutants, double mutant production is the predominant driving force,

and hence synaptic transmission leads to highest double mutant levels due to increased trans-

mission efficiency. For advantageous mutants, double mutant spread is the most important

force, and hence free virus transmission leads to fastest invasion due to better mixing. For

neutral mutants, both production and spread of double mutants are important, and hence an

optimal mixture of free virus and synaptic transmission maximizes double mutant fractions.

In Chapter 2, we use experimental data and parameterized mathematical models to show

that cell-to-cell transmission operates by (i) increasing infection multiplicity, (ii) promoting

the co-transmission of different virus strains from cell to cell, and (iii) increasing the rate at

which point mutations are generated as a result of more reverse transcription events. This

work further resulted in the estimation of various parameters that characterize important

evolutionary processes, for example, we estimate that during cell-to-cell transmission an av-

erage of 3 viruses successfully integrated into the target cell, which can significantly raise

the infection multiplicity compared to free virus transmission.

In Chapter 3, we describe and implement a hybrid stochastic-deterministic algorithm to

stochastically simulate mutant evolution in large viral populations. We demonstrate that

the hybrid method can approximate the fully stochastic dynamics with sufficient accuracy

at a fraction of the computational time, and quantify evolutionary end points that cannot

be expressed by deterministic models. We apply this method to study the role of multiple

xiii



infection and intracellular interactions among different virus strains (such as complementa-

tion and interference) for mutant evolution. Multiple infection is predicted to increase the

number of mutants at a given infected cell population size, due to a larger number of infec-

tion events. We further find that viral complementation can significantly enhance the spread

of disadvantageous mutants, but only in select circumstances: it requires the occurrence of

direct cell-to-cell transmission through virological synapses, as well as a substantial fitness

disadvantage of the mutant, most likely corresponding to defective virus particles.
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Introduction

Human immunodeficiency virus-1 (HIV-1) infection eventually results in the development

of AIDS, typically after several years. Virus evolution in vivo is a central characteristic of

(HIV-1) infection [33, 25, 48]. Viral evolutionary processes have been shown to drive dis-

ease progression through a variety of mechanisms, including evolution of immune escape or

evolution towards virus strains with faster replication kinetics, increased cytopathicity, and

broader cell tropism [33]. Mathematical models have played a key role in defining these

principles of within-host dynamics and evolution of HIV [52, 55, 39, 36, 37, 4, 17, 16, 15].

An interesting aspect that can influence the viral evolutionary dynamics, especially at large

population sizes [44], is the multiple infection of cells [32, 30, 31, 64]. Multiple infection

(where cells can be infected with multiple copies of virus) has been documented to occur

in HIV infection both in vitro [14, 60] and in vivo from human tissue samples [43]. Fur-

thermore, HIV is a diploid virus containing two copies of genomic RNA. If cells are infected

simultaneously by different virus strains [44], two different viral genomes can be packaged

into the same virus particle. When this virus infects a new target cell, recombination be-

tween these two genomes can occur during reverse transcription, when the viral DNA is

generated. Recombination has the potential to bring two separate point mutations together

in a single virus genome that previously were present in different genomes. Recombination

has been shown experimentally to play an important role in HIV-1 infection [50, 49] in sit-

1



uations where the accumulation of two or more mutations is required to achieve a given

phenotypic effect. Examples are the generation of virus mutants that are simultaneously

resistant against two or more drugs, or mutants that have escaped two or more immune cell

clones.

Both multiple infection and recombination are promoted by direct cell-to-cell transmission of

the virus through virological synapses [27, 12, 1, 62]. In contrast to free virus transmission,

synaptic transmission typically involves the simultaneous transfer of multiple viruses from

the source cell to the target cell. Further, experiments have shown that if cells are infected

with two distinct virus strains, synaptic transmission promotes the repeated co-transmission

of these different strains from one cell to the next [14, 43], which can promote the occurrence

of recombination. This was demonstrated both in vitro [14] and in vivo [43] using HIV-1

infection of humanized mice. In vivo data also suggests that the process of synaptic trans-

mission is spatially restricted, meaning that transmission likely occurs to neighboring target

cells [43].

In this dissertation three mathematical studies on the evolution of human immunodeficiency

virus (HIV) infection are presented. In Chapter 1, we examine the effect of recombination

using computer simulations of a stochastic agent-based model of infection. Consistent with

data, we assume spatial constraints for synaptic but not for free-virus transmission. Two

important effects of the viral spread mode are observed: (i) for disadvantageous mutants,

synaptic transmission protects against detrimental effects of recombination on double mutant

persistence. Under free virus transmission, recombination increases double mutant levels for

negative epistasis, but reduces them for positive epistasis. This reduction for positive epista-

sis is much diminished under predominantly synaptic transmission, and recombination can,

in fact, lead to increased mutant levels. (ii) The mode of virus spread also directly influences

2



the evolutionary fate of double mutants. For disadvantageous mutants, double mutant pro-

duction is the predominant driving force, and hence synaptic transmission leads to highest

double mutant levels due to increased transmission efficiency. For advantageous mutants,

double mutant spread is the most important force, and hence free virus transmission leads

to fastest invasion due to better mixing. For neutral mutants, both production and spread

of double mutants are important, and hence an optimal mixture of free virus and synaptic

transmission maximizes double mutant fractions. Therefore, both free virus and synaptic

transmission can enhance or delay double mutant evolution. Implications for drug resistance

in HIV are discussed in this Chapter.

In Chapter 2, we investigate the contribution of the two transmission pathways (free virus

and cell-to-cell transmission) to recombinant evolution, by applying mathematical models

to in vitro experimental data on the growth of fluorescent reporter viruses under static con-

ditions (where both transmission pathways operate), and under gentle shaking conditions,

where cell-to-cell transmission is largely inhibited. The parameterized mathematical models

are then used to extrapolate the viral evolutionary dynamics beyond the experimental set-

tings. Assuming a fixed basic reproductive ratio of the virus (independent of transmission

pathway), we find that recombinant evolution is fastest if virus spread is driven only by

cell-to-cell transmission, and slows down if both transmission pathways operate. Recombi-

nant evolution is slowest if all virus spread occurs through free virus transmission. This is

due to cell-to-cell transmission (i) increasing infection multiplicity, (ii) promoting the co-

transmission of different virus strains from cell to cell, and (iii) increasing the rate at which

point mutations are generated as a result of more reverse transcription events. This work

further resulted in the estimation of various parameters that characterize these evolutionary

processes. For example, we estimate that during cell-to-cell transmission, an average of 3

viruses successfully integrated into the target cell, which can significantly raise the infection

multiplicity compared to free virus transmission. In general, this Chapter points towards
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the importance of infection multiplicity and cell-to-cell transmission for HIV-evolution.

In Chapter 3, we study the dynamics of small stochastic mutant populations at the be-

ginning of infection. Stochastic simulations of minority mutant dynamics can pose com-

putational challenges, especially in heterogeneous systems where very large and very small

sub-populations coexist. In this Chapter, we describe a hybrid stochastic-deterministic algo-

rithm to simulate mutant evolution in large viral populations, such as acute HIV-1 infection,

and further include the multiple infection of cells. We demonstrate that the hybrid method

can approximate the fully stochastic dynamics with sufficient accuracy at a fraction of the

computational time, and quantify evolutionary end points that cannot be expressed by de-

terministic models, such as the mutant distribution or the probability of mutant existence

at a given infected cell population size. We apply this method to study the role of multiple

infection and intracellular interactions among different virus strains (such as complemen-

tation and interference) for mutant evolution. Multiple infection is predicted to increase

the number of mutants at a given infected cell population size, due to a larger number of

infection events. We further find that viral complementation can significantly enhance the

spread of disadvantageous mutants, but only in select circumstances: it requires the occur-

rence of direct cell-to-cell transmission through virological synapses, as well as a substantial

fitness disadvantage of the mutant, most likely corresponding to defective virus particles.

This, however, likely has strong biological consequences because defective viruses can carry

genetic diversity that can be incorporated into functional virus genomes via recombination.

Through this mechanism, synaptic transmission in HIV might promote virus evolvability.
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Chapter 1

Effect of synaptic cell-to-cell

transmission and recombination on

the evolution of double mutants in

HIV

1.1 Introduction

Virus evolution in vivo is a central characteristic of human immunodeficiency virus (HIV-1)

infection [33, 25, 48]. Viral evolutionary processes have been shown to drive disease progres-

sion through a variety of mechanisms, including evolution of immune escape or evolution

towards virus strains with faster replication kinetics, increased cytopathicity, and broader

cell tropism [33]. A relatively high mutation rate of HIV-1 [46], together with a high turnover

of the virus during the chronic phase of the infection [70, 26, 56], certainly contributes to the

generation and emergence of mutants that drive this disease. These mutational processes

5



are also implicated in the evolution of drug resistance during anti-viral therapy.

In addition to mutations, another mechanism that contributes to virus evolution is recom-

bination [44, 32, 50]. HIV is a diploid virus containing two copies of genomic RNA. If cells

are infected simultaneously by different virus strains [44], two different viral genomes can

be packaged into the same virus particle. When this virus infects a new target cell, recom-

bination between these two genomes can occur during reverse transcription, when the viral

DNA is generated. Recombination has the potential to bring two separate point mutations

together in a single virus genome that previously were present in different genomes. Recom-

bination has been shown experimentally to play an important role in HIV-1 infection [50, 49]

in situations where the accumulation of two or more mutations is required to achieve a given

phenotypic effect. Examples are the generation of virus mutants that are simultaneously

resistant against two or more drugs, or mutants that have escaped two or more immune cell

clones.

The process of recombination requires the infection of cells with two or more viruses that

are genetically different [44]. In HIV, the multiple infection of cells has been shown to be

promoted by direct cell-to-cell transmission of the virus, through the formation of virological

synapses [27, 12, 1, 62]. Many viruses are transferred simultaneously from the source cell to

the target cell, several of which can successfully integrate into the new host cell, making this

an efficient mode of infection. Further, experiments have shown that if cells are infected with

two distinct virus strains, synaptic transmission promotes the repeated co-transmission of

these different strains from one cell to the next [14, 43], which can promote the occurrence of

recombination. This was demonstrated both in vitro [14] and in vivo [43] using HIV-1 infec-

tion of humanized mice. In vivo data also suggests that the process of synaptic transmission

is spatially restricted, meaning that transmission likely occurs to neighboring target cells [43].

6



The effect of viral recombination on the in vivo evolution of HIV has been investigated with

mathematical models, revealing a wealth of results, in particular in the context of drug re-

sistant viruses. In [19], recombination was found to be detrimental to the doubly-resistant

virus. In [8], the role of recombination was reported to depend on the relative fitness char-

acteristics of single and double mutants, but for most plausible scenarios it was established

that recombination slowed down the evolution of resistance. In the models of [3, 10], it was

determined that recombination was beneficial for double mutants. In [40] it was clarified

that the results strongly depend on the model formulation. In particular, a distinction was

made between (i) population genetic (constant population) and population dynamic models,

and (ii) stochastic and deterministic models. The model employed in [40] combines a popu-

lation dynamic description with stochasticity, and finds that recombination decelerates the

emergence of drug resistance.

In the present chapter we focus on the evolutionary dynamics of double mutant evolution

in HIV infection, and how this is influenced by the mode of virus spread (synaptic vs.

free virus transmission) and the occurrence of recombination. Just as in [40], we use a

stochastic, population dynamic model. In contrast to the above paper, however, we do not

use a combined model where “pre-treatment” and “treatment” regimes are both included,

but instead focus in more general terms on disadvantageous, advantageous, and neutral

mutants. We consider fitness landscapes that range from maximal positive to maximal

negative epistasis, expressed by a parameter that ranges from zero to one. Times to double

mutant invasion and the fraction of double mutants at defined time points are recorded in

the presence and absence of recombination, and for a variety of different virus transmission

strategies that range from 100% synaptic to 100% free virus transmission.
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1.2 Modeling virus evolution

1.2.1 Stochastic modeling of spatially restricted synaptic virus

transmission

Virus dynamics can be modeled by using ordinary differential equations (ODEs) [52, 55].

Extensions of those models that include both free virus and synaptic transmission modes,

as well as multiple infection have been since investigated, see [39, 36, 37, 4, 17, 16, 15].

In vivo data from humanized mice indicate that synaptic transmission results in spatial

clusters of infected cells [43]. In vitro data suggests that synaptic transmission can result in

productive infection of targets cells and result in high multiplicity of infection [60]. In order to

explicitly include spatial dynamics of cell-to-cell transmission, we turn to a stochastic agent-

based model. This includes both free virus and cell-to-cell transmission, and is adaptable

to make either transmission process spatial or non-spatial. We consider a N × N two-

dimensional grid, where each grid point can be empty, contain an uninfected cell, or contain

an infected cell. Infected cells can contain any natural number of virus copies. For each time

step we randomly make N 2 updates to the grid according to the following rules:

• empty grid points can become uninfected cells with probability λ;

• uninfected cells can die with probability d;

• infected cells can die with probability a, infect another cell by free virus transmission

with probability β, or infect another cell by cell-to-cell transmission (with S copies of

the virus) with probability γ. During the infection processes, a target spot is chosen

randomly either from the entire grid or the local neighborhood. If that target spot

contains a susceptible cell (uninfected or already infected), the infection event proceeds,
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otherwise it is aborted.

We assume that synaptic transmission can only occur to one of the eight nearest neighbors,

while free virus transmission can occur to any cell on the grid. Basic simulations of this

model can be seen in Appendix A figures A.3 and A.4.

It is straightforward to extend the agent-based model to include two virus strains that com-

pete for the same target cell population (also see corresponding ODEs (5-6) of the Appendix

A, Section 1). In this setting, a cell can be infected by i copies of virus strain A and j copies

of virus strain B. If a cell containing both virus strains is chosen for an infection event,

the probability to transmit a given virus strain is proportional to the fraction of the strain

among all viruses in the cell if the two strains are neutral with respect to each other. If

the two strains have different replication rates, the fitness difference is implemented during

the infection event, which can correspond to different rates of reverse transcription. That

is, an infecting strain is again chosen randomly with a probability that is proportional to its

fraction in the cell. A disadvantageous / advantageous mutant would then have a lower /

higher probability to infect the chosen target cell upon infection. In this way, a strain’s fit-

ness is independent of whether or not it is contained within a coinfected cell. This method of

modeling fitness is one choice among many, others are explored further in [39]. Additional as-

sumptions could in principle be included here, such as complementation or inhibition among

viruses within the same cell. Due to the complexity of the dynamics considered, however,

our aim was to first study those in a simpler setting where such higher level interactions

do not occur. Those more complex scenarios can be explored in future work, based on the

detailed insights that are generated in the current chapter.

In the neutral case, drift is observed with the eventual fixation of one of the virus strains.
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If the two virus strains have different fitness, the strain with the larger basic reproductive

ratio [52] wins. Both of these cases can be seen in Appendix A figure A.3.

1.2.2 Mutations and recombinations

We consider a virus population that can mutate at two different sites, denoted by a and b.

Simulations are started with unmutated wild-type cells, ab. Single-mutant viruses (Ab or

aB) can be generated during infection by point mutations, which occur with a probability µ

per site. Each single-mutant can in turn mutate further to give rise to a double mutant AB.

Note that a wild-type virus can directly mutate into a double mutant with a probability µ2

if both sites mutate during the same reverse transcription event. The model also takes into

account back-mutations, which again occur with a probability µ during an infection event.

All the possible mutation events are illustrated in figure A.1 of Appendix A.

Apart from mutations, however, a double mutant can also be generated through the recom-

bination of different single-mutant viruses. This is implemented as follows. When viruses

from a given source cell are chosen to infect a target cell, two virus genomes are randomly

chosen with a probability that is proportional to the fraction of their abundance in the cell.

The first virus genome that is chosen is the template from which reverse transcription is

initiated. If no recombination occurs, reverse transcription is assumed to proceed on this

genome only. Recombination is assumed to occur with a probability ρ. In this case, the

reverse-transcribed virus is assumed to be a recombinant, the identity of which depends on

the two infecting genomes. Figure A.2 of Appendix A list all recombination events that can

occur.
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There are two recombination processes in particular that are important: (i) Ab+ aB → AB

with probability ρ/2 (or ab with probability ρ/2), and (ii) ab+AB → Ab with probability ρ/2

or aB with probability ρ/2. These processes capture two roles of recombination that have

been previously discussed in the literature [8]. Recombination between two single mutants

can promote the generation of the double mutant, but recombination can also break up a

double mutant upon recombination with the wild-type virus.

1.2.3 Simulations of the model and parameter values

We initialize the infection by randomly and uniformly spreading an equilibrium number of

infected cells across the grid. These cells are singly infected with the wild type. We used a

mutation rate of 3 × 10−5 [46] and a recombination rate ρ = 0, 0.1, 0.2, and 0.5. Most of

the parameters of this system are unknown. The average life-span of productively infected

cells is around 2 days1 [56], and the basic reproductive ratio (R0) of HIV (and SIV) has been

estimated to be around 8 [58, 53]. In our simulations, the fitness of viruses varies, depending

on whether the virus is wild-type, a one-hit mutant, or a two-hit mutant. Therefore, we

chose parameters (provided in figure legends) such that the base-line R0 ∼ 5, which is in

the correct order of magnitude. For advantageous mutants (single and double), the value

of R0 increases, depending on the assumptions about the fitness landscape. For disadvanta-

geous mutants, the value of R0 decreases, depending on the nature of the fitness landscape.

R0 calculations are given for the free virus transmission scenario (mass action) in section

1 of Appendix A. For the spatial scenario (synaptic transmission), the expression for R0 is

currently not worked out, but for the same parameters is lower than for mass action. We

assume that the uninfected cell death rate is half of the infected cell death rate, so that the

average life-span of uninfected cells is around 4 days. The life span of susceptible T cells in

vivo has been shown to be heterogeneous, with life-spans ranging from few days to several

1Note that the death rate parameter used in our simulations corresponds to the time units of hours.
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weeks, depending on the subpopulation under consideration [23].

In general, the multiplicity of infection in such models depends on virus load. For non-spatial,

free virus transmission, the number of cells infected with i viruses correlates with the ith

power of the singly infected cell population. In spatially structured models including synap-

tic transmission, the number of multiply infected cells correlates linearly with the number

of singly infected cells. For the parameter values considered here, the average equilibrium

multiplicities were as follows. In regimes where the basic reproductive ratio of the virus is

around 8, the average multiplicity of infection in cells lies between 4-14, depending on how

prevalent synaptic transmission is assumed to be (free virus transmission only leads to an

average MOI of 4, while synaptic transmission only results in an average MOI of 14). Widely

varying estimates for average infection multiplicities have been published [32, 30, 31, 64], and

there is some uncertainty about that. While some of these papers suggest that the above

quoted MOI range is too high, reference [64] showed that in a minority subset of T cells, up

to 175 viruses were transmitted, likely due to synaptic infection processes. This might imply

a relatively large number of integration events in such cells, even if many of the transmitted

viruses fail. To investigate scenarios in which the average infection multiplicity is on the

lower end (between 1-3, depending on viral transmission mode), we modified the model to

track time since infection and assumed that the probability of superinfection declines over

time due to receptor down-modulation [17]. This is described in Appendix A (Section 4).

To investigate the relative contribution of free virus transmission (β) and cell-to-cell trans-

mission (γ) we ran the model for different combinations of β + γ = c, where c is a fixed

constant, ranging from purely synaptic to purely free virus transmission. The average out-

come of the simulations were determined, including the average generation rate of double

mutants, the average fraction of double mutants at a specific time point, and the time until
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the double mutant population grew to 90%.

1.3 Generation and spread dynamics of the double mu-

tant

We will present all results for a range of transmission mode combinations, ranging from

100% synaptic transmission to 100% free virus transmission. In this section, however, we

will mainly discuss under what fitness landscapes and assumptions recombination generally

promotes the presence of double mutant populations, and when it works against them. The

subsequent section will then discuss in more detail how these basic patterns are modulated

by synaptic versus free virus transmission.

1.3.1 Fitness landscapes and epistasis

Our investigation will span a variety of fitness landscapes, including neutral, advantageous,

and disadvantageous mutants. Let us assume that a mutation in site A or B results in an

identical change in the fitness of the virus. Then, possible fitness landscapes can be sepa-

rated into three groups for both advantageous and disadvantageous mutants [8]: negative

epistasis, no epistasis, and positive epistasis, see figure 1.1(a) for examples of these.

Notice that each of the landscapes with advantageous mutants can be written as a triple of

numbers,

(
(1− s), (1− s)α, 1

)
, (1.1)
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Figure 1.1: Summary of different scenarios. (a) Examples of fitness landscapes used in the simulations
neutral (green), disadvantageous (cyan), advantageous (dark blue). Without epistasis the single-mutant
fitness is given by f = (1 − s)1/2. For negative and positive epistasis examples in the figure, it is given by
(1− s)1/4 and (1− s)3/4 respectively. For the extreme form of positive epistasis, single-mutant fitness is the
same as that of wild types, 1−s. (b-c) Role of recombination for different fitness landscapes. The horizontal
axis is ∆1 and the vertical axis is ∆2, which are the relative log fitness values of single and double mutants,
respectively. Each of the dots corresponds to a particular fitness landscape. (b) Advantageous mutants: Red
dots correspond to runs in which recombination accelerated double hit mutant invasion to 90%, while blue
dots indicate that recombination slowed down invasion. The boundary between the regions represents where
there are no significant results one way or another. (c) Disadvantageous mutants: Red dots indicate that
recombination increased the double mutant fraction at T = 105, while blue dots mean that recombination
reduced the double mutant fraction. Blue shading marks the regions where recombination suppresses double
hit mutants. The dashed black line corresponds to the cases of no epistasis (α = 0.5) and separates the
regions with positive epistasis (α > 0.5) and negative epistasis (α < 0.5) . For both (b) and (c), we fixed
the probability of free-virus transmission at 40% (β = 0.04); the rest of the parameters are as in figure 1.2.
The determination on whether recombination suppressed or enhanced double hit mutants was made by a
statistical comparison of the averages over many runs, using the t test.
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which represent fitness values of the wild types, one hit mutants and double mutants respec-

tively. Here s > 0 measures the amount of advantage, and α represents epistasis. We have

α > 1/2 for positive epistasis, α < 1/2 for negative epistasis, and α = 1/2 for no epistasis

landscapes. Define the relative (log) fitness of the one-hit mutants compared to that of wild

types, ∆1 = ln(1− s)α − ln(1− s) = (1− α)| ln(1− s)|, and the relative (log) fitness of the

two-hit mutants compared to that of one-hit mutants, ∆2 = ln(1)− ln(1−s)α = α| ln(1−s)|.

Note that the sum of the two coordinates, ∆1 + ∆2 = | ln(1− s)| represents the relative log

fitness of the two-hit mutants compared to the wild types.

Similarly, each of the landscapes with disadvantageous mutants presented in figure 1.1(a)

can be written as a triple of numbers,

(
1, (1− s)α, (1− s)

)
, (1.2)

where s > 0 measures the amount of disadvantage. The relative (log) fitness of the one-hit

mutants compared to that of wild types, ∆1 = ln(1− s)α− ln(1) = α ln(1− s). The relative

(log) fitness of the two-hit mutants compared to that of one-hit mutants, ∆2 = ln(1− s)−

ln(1− s)α = (1− α) ln(1− s). Again, the sum of the two coordinates, ∆1 + ∆2 = ln(1− s),

represents the relative log fitness of the two-hit mutants compared to the wild types.

1.3.2 Advantageous mutants

A reasonable measure of double mutant success is the time it takes for the double hit mu-

tant to reach 90% of all infected cells. The following factors trade-off to determine whether

recombination boosts or suppresses double mutant spread: (i) Recombination between sin-

gle mutants increases the rate at which double mutants are generated; (ii) recombination

between double mutants and wild-type can break apart double mutants. (iii) the strength
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Figure 1.2: The role of recombination in (a,b) advantageous and (c,d) disadvantageous mutant dynamics;
fitness landscapes are shown schematically in the insets. Red: with recombinations, and black: without
recombination. (a-b) The time until the advantageous mutant reaches 90%, as a function of the fraction
of free virus transmission. The means and standard errors are shown. For equivalent plots with standard
deviations, see the Appendix A Section 5. (a) s = 0.005, α = 0.75. (b) s = 0.2, α = 0.75. (c-d): The
fraction of disadvantageous mutants at time T = 105, as a function of the fraction of free virus transmission.
The means and standard errors are shown. (c) s = 0.005, α = 0.25 (d) s = 0.005, α = 0.75. The parameters
are: β + γ = 0.1, S = 3, λ = 1, d = 0.01, a = 0.02, N = 100, µ = 3× 10−5. All averages are based on at
least 104 simulations.
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of selection of the double mutant defines how long the previous two factors are at play.

The net effect of recombination depends on the degree of the selective advantage, parameter

s. For stronger advantages (larger values of s), recombination reduces the time to double

mutant invasion (figure 1.2(b)). For lower selective advantages (lower s), however, recombi-

nation increases the time to double mutant invasion (figure 1.2(a)). The stronger the selective

advantage, the quicker the double mutants spread at the expense of the wild-type, and then

less likely it is that detrimental recombination events with the wild-type virus occur. This

is illustrated with specific realizations of the stochastic dynamics in the Appendix A Section

3, figure A.6.

The selective advantage threshold below which recombination slows double mutant invasion

depends on the nature of the fitness landscape, in particular the value of α. This is summa-

rized in figure 1.1(b). The horizontal axis is ∆1 (fitness difference between single-mutant and

wild-type) and the vertical axis is ∆2 (fitness difference between double and single mutants).

Each point in this coordinate system corresponds to a unique fitness landscape. The red

color means that recombination events promote double mutant invasion, and blue means

that they suppress this process. This picture has been composed by assuming 40% free virus

transmission, and 60% synaptic transmission. Arrays of points radially fanning out of the

origin correspond to landscapes with the same level of epistasis (the same value of α) but

different selection strength (the closer to the origin, the lower s). We observe that for any

level of epistasis, for sufficiently high fitness advantage, recombinations are advantageous for

double hit mutants. As we decrease fitness s, however, there comes a point where recombi-

nations no longer enhance double mutants but instead suppress them. In other words, any

radial line will enter the blue region if it is sufficiently close to the origin. Recombinations

can suppress the double mutant population significantly even for relatively large fitness ad-
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vantages (large value of s) if α is relatively large and converges to one, i.e. for large positive

epistasis (points close to the vertical axis in figure 1.1(b)). For lower values of α (weaker

positive epistasis, no epistasis and negative epistasis), however, the transition happens for

progressively smaller values of s. For large negative epistasis, the transition happens for very

small values of s (for example, calculations show that for α = 0.25, the blue region starts at

about s ≈ 10−5, which is too small to see clearly in the figure and irrelevant for practical

purposes, because such mutants are effectively neutral and take on average very long times

to rise). The intuitive explanation for these observations is that lower values of α result

in a more pronounced fitness advantage of single-hit mutants compared to wild-type virus.

This in turn results in a faster exclusion of the wild-type virus population, and thus reduces

the chances that recombinations break the double mutants. Hence, the parameter regime in

which recombinations have a net negative effect on the double mutant population becomes

more restrictive.

1.3.3 Disadvantageous mutants

A selective disadvantage leads to competitive exclusion in the absence of mutational pro-

cesses. In the presence of mutational processes, disadvantageous mutants on average persist

at an equilibrium level determined by the balance between mutation and selection. Hence,

we determined the average fraction of double mutants at a time when this equilibrium has

been reached, for different combinations of synaptic and free virus transmission (see Ap-

pendix A Section 3.2 for details).

Recombination increases the double mutant population at the selection-mutation balance for

negative epistasis (figure 1.2(c)), but tends to reduce it for positive epistasis if a sufficient

amount of free virus transmission is assumed to occur (figure 1.2(d)). Similar results have
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been reported in the context of HIV drug resistance evolution [40]. If most virus transmis-

sion, however, occurs through the synaptic route, figure 1.2(d) suggests that the opposite

becomes true: Now, recombination can increase the mutant levels for positive epistasis as

well. This will be explored in more detail below.

These trends are further illustrated in figure 1.1(c), assuming that a mixture of free virus

and synaptic transmission occurs: As the parameter α is increased, the effect of recombina-

tion on the equilibirium level of double mutants changes from beneficial to detrimental. For

the particular mixture of synaptic and free virus transmission chosen in this figure, recom-

bination increases double mutant levels for negative epistasis (red region), and suppresses

double mutant levels for positive epistasis (blue region). An increase in the parameter α

results in a lower fitness of single mutants relative to the wild-type virus. This results in

a higher prevalence of the wild-type virus, and thus in higher chances for the wild-type to

recombine with and break apart the double mutant; see Appendix A Section 3.3 for an ODE

approximation of these results.

1.3.4 Neutral mutants

It follows from the above analysis that recombination delays the drift of neutral mutants

towards dominance. Consider very weakly advantageous mutants in figure 1.1(b). We can

see that the origin is contained in the blue region, that is, as the selective advantage s→ 0,

we expect recombinations to delay the rise of double mutants.

For neutral mutants, however, the rise to dominance will take a very long time. Interestingly,

different results are obtained if we look at the fraction of double mutants at an early time
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Figure 1.3: Neutral mutants. (a) The fraction of mutants after T = 105 steps. The horizontal axis is the
fraction of free virus transmission. 4 values of ρ are presented from ρ = 0 (no recombinations) to ρ = 0.5
(maximal recombinations). The means of at least 40, 000 runs at each location and standard errors are shown.
(b,c) The dynamics of cell populations, typical time-series: (b) no recombinations, (c) with recombinations;
we used β = 0.04 and γ = 0.06 (40% free virus transmission and 60% synaptic transmission). The other
parameters are: S = 3, λ = 1, d = 0.01, a = 0.02, N = 100, µ = 3× 10−5, ρ = 0.2.

point T relative to when the double mutant strain has reached its average equilibrium. Figure

1.3(a) shows that recombination increases the fraction of double mutants at time T . This

can be understood by considering the early vs long-term dynamics of neutral mutants. In

the long-run, the populations will converge to a state where all four virus strains fluctuate

around comparable fractions. This steady state is the same whether recombination occurs

or not. The speed with which the double mutant rises towards this steady state, however, is

influenced by the occurrence of recombination (figure 1.3(b,c)). Initially, the populations of

single mutants are generated by mutations and rise by drift. In the absence of recombinations,

double mutants are created and destroyed by mutations and also experience drift (panel

(b)). In the presence of recombinations, however, double hit mutants initially enjoy positive

selection due to relatively frequent recombination events between complimentary single hit

mutants (which greatly outweigh the “breaking” recombination events of the double mutants

with the wild type, due to the low levels of the former population). This can be seen in panel

(c) of figure 1.3. Once the levels of double hit mutants increase, however, the “making” and

“breaking” recombination events begin to balance each other and the dynamics return to

neutral.
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1.4 Mode of viral transmission and the effect of recom-

bination on double mutant populations

The last section examined under what fitness landscapes recombination promotes or hinders

the existence of double mutants. For advantageous and neutral mutants, these results remain

robustly independent of the mode of virus transmission (Appendix A Section 5.1). For dis-

advantageous mutants, however, we noted that results can change if most virus transmission

is assumed to be synaptic. Figure 1.2 showed that while for smaller values of α (negative

epistasis, panel (c)), recombination lead to an increase in double mutant levels, for large

values of α (positive epistasis, panel (d)), the opposite occurred and recombination reduced

the double mutant levels. At the same time, however, figure 1.2(d) indicated that if most

virus transmission occurs through the synaptic pathway, recombination remains helpful for

the double mutant population even for positive epistasis. This is explored in more detail in

figure 1.4, which plots the equilibrium level of a disadvantageous mutant as a function of the

parameter α for both extreme transmission modes: 100% free virus and 100% synaptic. If

only free virus transmission occurs (panel (a)), recombination increases the double mutant

fraction for α < 0.5 (negative epistasis), while it decreases it for α > 0.5 (positive epistasis).

In contrast, if only synaptic transmission occurs (panel (b)), recombination always increases

the number of double mutants, regardless of the value of α, although the double mutant levels

in the presence and absence of recombination become practically indistinguishable for large

values of α (strong positive epistasis). Appendix A figure A.11 contains further simulations

showing the robustness of these patterns for different levels of mutant disadvantage. Similar

patterns hold for lower infection multiplicities (Section 4, Appendix A Materials). While for

lower multiplicities, the equilibrium fraction of double mutants can still be slightly reduced

by recombination for purely synaptic transmission, this reduction is much less than in the

presence of only free virus transmission, thus confirming the protective effect of synaptic

transmission even in the low multiplicity scenario. Therefore, if positive epistasis is present,
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as is suggested for drug resistance mutations in HIV [5], a prevalence of synaptic transmission

can protect against the negative effects of recombination on the level at which drug-resistant

mutations pre-exist before the start of treatment.

The intuitive explanation for the detrimental effect of recombination on the double mutant

population at larger values of α was given in the previous section: For larger values of α, the

fitness of single mutants relative to wild-type viruses becomes lower. This leads both to a

slower rate of double mutant production, and to a higher prevalence of wild-type viruses that

can recombine with the double mutant and break it. If most of virus transmission occurs

through virological synapses, however, the spatially restricted virus spread that is assumed

to occur with this transmission mode results in the generation of single and double mutant

“clusters” or “islands”. Single-mutant islands protect them from being outcompeted, result-

ing in larger numbers and thus a higher rate of double mutant generation. Double mutant

islands isolate them from contact with wild-type virus, which prevents those detrimental

recombination events from occurring. These dynamics are similar to the effect of “mutant

islands” discussed in [34, 38].

1.5 Mode of viral transmission and the rate of double

mutant emergence

All simulations were performed for varying combinations of synaptic and free virus trans-

mission, yet we have so far not discussed the effect of this itself on the emergence of the

double mutant population. A number of factors trade off to determine what combination of

synaptic and free virus transmission is optimal for the double mutant population. On the one

hand, synaptic transmission results in the simultaneous transfer of multiple viruses from the
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Figure 1.4: The role of recombinations under different transmission modes, for disadvantageous mutants.
Shown is the temporal average of the fraction of double mutants at selection-mutation balance, as a function
of that parameter α, defining the nature and extent of epistasis. Red denotes simulations with recombination
and black without recombinations. (a) Free virus transmission only, (b) synaptic transmission only. s = 0.05,
and other parameters are as in figure 1.2. Standard errors are too small to see. For equivalent plots with
standard deviations, see the Appendix A Materials Section 5.3.

source cell to the target cell, which increases the rate at which mutants are generated, and

increases the rate of co-transmission of genetically different viruses, which in turn promotes

the occurrence of recombination. On the other hand, if synaptic transmission is spatially

restricted, as indicated by data [43], the rate at which the number of infected cells increases

is slower under this mode of transmission, and it is less likely that genetically different strains

come together in the same cell. For the different mutant types, the net effect is as follows:

Disadvantageous mutants: For disadvantageous mutants, more synaptic transmission

tends to increase the equilibrium levels of double mutants at the selection-mutation balance

(figure 1.2(c,d) and Appendix A figure A.9(a,b) for the model with limited multiplicity).

The main driving force responsible for the abundance of double mutants is production. This

is maximized by synaptic transmission, because under this mechanism, there are more possi-

bilities for mutations. Spread to higher levels is not an important force for disadvantageous

mutants.
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Advantageous mutants In the case of advantageous mutants, the rate of double mutant

invasion tends to be increased by free virus transmission, and purely synaptic transmission

results in the slowest rate of invasion (figure 1.2(a,b)). The reason is that in this scenario,

the spread of the double mutant from low to high numbers is the driving process, and this

is slower for synaptic transmission, which is assumed to be spatially restricted [43]. While

increasing the contribution of free virus transmission generally speeds up mutant invasion,

this trend can weaken or reverse for larger fractions of free virus transmission, which can

result in a shallow optimum, see figure 1.2(a,b) and Appendix A figure A.9(c-e) for the

model with limited multiplicity. The reason is that in the absence of significant synaptic

transmission, fewer overall infection, and hence reverse transcription, events occur, which

delays mutant production.

Neutral mutants: In the neutral case, and also for very weakly advantageous and dis-

advantageous mutants, a mixture of both free virus and cell-to-cell transmission maximizes

the fraction of cells infected with the double mutant (figure 1.3(a) and Appendix A figure

A.9(f) for the model with limited multiplicity). This result is similar to what was observed in

Section 2 of Appendix A, where the generation time of double hit mutants was studied. Here

we observe that this holds even in the absence of recombination, and is more pronounced.

The reason is that while more synaptic transmission results in the simultaneous transfer of

multiple viruses, and hence in more chances to mutate, it also slows down the increase of

the infected cell population due to the assumed spatial restriction. In this scenario, both

production and spread play important roles.
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1.6 Discussion and Conclusion

We aimed to comprehensively analyze the effect of recombination on double mutant evolution

in the context of HIV, depending on the details of fitness landscapes and the assumptions

about the mode of viral spread (relative importance of synaptic versus free virus transmis-

sion). This is different from previous approaches, which focused more specifically on the

evolution of drug resistance in HIV in the context of only free virus transmission, and con-

centrated on specific fitness landscapes characterized by positive or negative epistasis. Our

approach characterized the fitness landscape by the parameter α, which could be contin-

uously varied from 0 to 1, thus capturing all fitness landscapes ranging from negative to

positive epistasis for advantageous and disadvantageous mutants. The constraint in our fit-

ness landscapes was that the two different single-hit mutants were assumed to have identical

fitness. Another constraint of our analysis was that certain parameters of the system were

kept constant throughout this analysis, such as the production rate and death rate of target

cells or the death rate of infected cells, due to the complexity of the scenarios considered. We

did perform selective simulations assuming different values for these parameters (see Section

5.4 and Table 1 of Appendix A) and did not find a qualitative change in the results, but

an exhaustive analysis of the entire parameter space was not feasible. A tree showing an

overview of the main results can be seen in Figure 1.5.

The opposing effect of recombination to make and break double mutants played out as

follows in the model analyzed here: For advantageous mutants, recombination largely ac-

celerates double mutant invasion except for cases of very strong positive epistasis with an

intermediate fitness advantage of the mutants, or in cases where the fitness advantage be-

comes relatively low. The mode of viral spread does not modulate these patterns. If the

mutants are disadvantageous, however, the mode of virus spread can significantly influence

the effect of recombination on the equilibrium level of double mutants at selection-mutation
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Figure 1.5: An overview of the main results. Here red boxes correspond to situations in which recombination
accelerated double mutant evolution, whereas blue boxes indicate that recombination slowed down double
mutant evolution.

balance. If the contribution of free virus transmission to virus spread lies above a threshold,

recombination increases the double mutant population for negative epistasis, but decreases

it for positive epistasis. If the dominant mode of virus spread is synaptic transmission,

however, the negative effect of recombination for positive epistasis is greatly reduced, indi-

cating a protective effect on the persistence of disadvantageous double mutants. In fact, for

higher multiplicities, recombination increases double mutant levels even for positive epistasis

if synaptic transmission is the dominant mode of virus spread. Finally, for neutral mutants,

we observed that recombination always delays the rise of double mutants to dominance, but

at the same time increases double mutant fractions measured at a relatively early time points

in the dynamics. Interestingly, neutral double mutant dynamics in the presence of recom-

bination are characterized by an “advantageous” initial growth phase before converging to

neutral drift, which explains the positive effect of recombination on early double mutant

fractions.
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These findings have implications for the pre-existence of multi-drug resistant HIV mutants

before the start of therapy. In the absence of treatment, resistant mutants typically carry a

fitness cost. Moreover, evidence for positive epistasis has been observed in HIV resistance

evolution [5]. Therefore, a relatively high rate of synaptic transmission could significantly in-

crease the chances that multi-drug resistant virus mutants are present at selection-mutation

balance before treatment is initiated.

The way in which the mode of virus spread was observed to influence the rate of double

mutant emergence was driven by two opposing effects: synaptic virus transmission increases

double mutant production in our model, but slows down double mutant spread due to the

experimentally supported assumption that synaptic transmission is associated with spatially

clustered dynamics [43]. For disadvantageous mutants, production is the main driving force,

and hence purely synaptic transmission results in highest mutant levels. For advantageous

mutants, double mutant spread is a crucial factor, and hence, free virus transmission tends

to speed up mutant invasion in our model. For neutral mutants, both production and spread

are similarly important, and hence, there is an optimal combination of free virus and synap-

tic transmission that maximizes double mutant fractions.

This again reinforces the notion that synaptic transmission promotes the pre-existence of

drug resistance mutants before therapy, since such mutants tend to be disadvantageous.

More generally, our results suggest that synaptic transmission increases the persistence of

disadvantageous mutants at selection-mutation balance, which could later become advanta-

geous due to changes in selection pressures. At the same time, however, synaptic transmission

is predicted to slow down the invasion of mutants that have escaped two (or more) immune

response specificities (CD8 T cell or B cell responses), since escape mutations are advan-

tageous. The model suggests that the invasion of such mutants is promoted by free virus
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transmission. Escape from two immune cell clones with different specificities is likely char-

acterized by positive epistasis. If a virus population is controlled by two immune cell clones

with different specificities, escape from one of them probably leads to an incremental fitness

increase, while escape from both clones can result in a significant loss of control. In this

scenario, the model further suggests that recombination promotes the rise of double immune

escape mutants if escape leads to a sufficiently large fitness advantage, which is likely to be

true. Finally, the presence of neutral genetic diversity is predicted to be maximized by an

optimal balance between synaptic and free virus transmission. This discussion emphasizes

that the mode of virus spread does not have a universally positive or negative effect on

mutant persistence or emergence, and that the effect depends on the exact nature of the

mutants under consideration.

There is some controversy in the literature about the average multiplicity of infected cells in

vivo. While some papers reported significant levels of multiple infection, especially in tissue

compartments [32, 64], other publications found an infection multiplicity close to one, both

in the blood and tissues [30, 31]. Reasons for the discrepancy could be the methodology

that was used to measure multiplicity, and also the T cell subsets that were taken into ac-

count during this analysis. In the light of data that document an important contribution of

recombination to the in vivo evolution of HIV [44, 32, 50, 49], it is likely that a sufficient

amount of multiple infection occurs. An important role of multiple infection is further sug-

gested by studies that document a very efficient infection process during synaptic cell-to-cell

transmission, resulting in the simultaneous transfer of multiple viruses from the source cell

to the target cell [12, 27, 62]. Further, the frequent co-transmission of different virus strains

was observed both in vitro and in vivo [14, 43]. An important point in our analysis was that

a model with reduced infection multiplicity due a declining ability to super-infect over time

resulted in similar insights.
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Another crucial assumption of our model was that synaptic cell-to-cell transmission was char-

acterized by spatially restricted virus spread. While imaging studies have shown an ability of

immune cells to move about within tissues [22], our work on humanized mice demonstrated

that virus spread in the presence of synaptic, cell-to-cell transmission, was characterized by

the spatial clustering of infected cells [43], which supports the assumption we made. If it

were assumed that synaptic transmission follows mass action law, then several results would

change, since synaptic transmission would no longer give rise to slower virus spread than free

virus transmission. While there is evidence that HIV infected cells are motile, we assume

that they are static within the context of the agent-based model and that mixing effects

occur through non-spatial transmission [51]. A certain amount of cell migration could be

incorporated into the model, and this would be an interesting future extension of the current

work. While we have investigated the effect of spatially restricted virus transmission in the

context of a 2D model (which might best represent in vitro conditions), the geometry of cell

arrangements in the lymphatic tissues is more complex and in fact not documented in detail.

A 3-dimensional version of this model could be a next step when increasing complexity, but

a biologically more realistic computational description will require more detailed data to

be collected that characterize the exact spatial arrangement of T cells and their migration

patterns.

The relative contribution of synaptic and free virus transmission to virus spread in vivo

is still not well-understood. In vitro experiments have estimated that the two transmission

modes contribute approximately equally to virus spread [35], but conditions in vivo are likely

significantly different, and this could have a large impact on these dynamics. Our results

indicate that both free virus and synaptic transmission have important and different effects

on double mutant populations, depending on the nature of the mutants. Free virus trans-

mission promotes the invasion of advantageous double mutants, while synaptic transmission

promotes the existence of disadvantageous double mutants at selection-mutation balance.
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Further, we observed synaptic transmission to protect against negative effects of recombina-

tion for disadvantageous double mutants characterized by positive epistasis. These selective

forces likely shape the balance between synaptic and free virus transmission towards which

HIV has evolved.

An important next step will be to address some of the insights obtained from our modeling

with data. Because our models examine the role of synaptic and free virus transmission for

double mutant evolution, and investigate the impact of recombination on these dynamics,

this requires a system that can be easily manipulated in these respects. We have previously

analyzed HIV dynamics in vitro under static conditions, where both free virus and synaptic

transmission occurs, as well as under gentle shaking conditions, where synaptic transmission

is largely disrupted and most virus spread occurs via the release of free viruses [35]. Viruses

that are labeled with two different fluorescent reporter genes, and upon recombination give

rise to a third and distinct fluorescent color can be grown under these conditions [44]. This

will allow us to experimentally parse the effect of different transmission modes on double

mutant evolution and on the rate of recombination, and to relate experimental results to

modeling predictions that are presented here. This is subject to ongoing work.

30



Chapter 2

Quantifying the dynamics of viral

recombination during free virus and

cell-to-cell transmission in HIV-1

infection

2.1 Introduction

Human immunodeficiency virus-1 (HIV-1) infection eventually results in the development

of AIDS, typically after several years. Viral evolution is thought to be a major contributor

to disease progression, and poses important challenges to antiviral treatments and to the

development of protective vaccines [25, 33, 6]. HIV-1 is characterized by a relatively high

mutation rate (3 × 10−5 per base pair per generation) [46], which, together with the fast

turnover of the virus population [26, 70, 56] contributes to the large evolutionary potential

of the virus. Besides mutations, however, HIV-1 can also undergo recombination because
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the virions are diploid [44, 50]. If a cell is infected with two different virus strains and two

different genomes are packaged into the offspring virus, recombination can occur between

these two strains when the virus infects a new cell and undergoes reverse transcription. Re-

combination can accelerate the generation of 2-hit mutant viruses (virus strains with point

mutations at two relevant locations) from two different 1-hit mutants (virus strains with a

single relevant point mutation), which is likely faster than the generation of 2-hit mutants

by point mutations alone. These processes can be especially important for the evolution of

viral variants that simultaneously escape multiple immune cell clones or drugs.

While recombination has been shown to significantly contribute to viral evolution in vivo

[50], mathematical models have demonstrated that the dynamics of recombination can be

extremely complex [3, 8, 10, 19, 40, 41]. Recombination can not only help the generation of

multi-hit mutants, it can also break existing mutant combinations apart. The net effect of

recombination is difficult to predict and depends on underlying assumptions about fitness

landscapes, the nature and magnitude of epistatic interactions, and the relative balance of

free virus and direct cell-to-cell transmission. Efforts have been made to quantify some of

those processes, such as the fitness landscapes and the nature of epistasis in the evolution of

drug resistance [5].

Here, we seek to quantify in detail how the different virus transmission pathways impact the

evolution of recombinants. The nature of virus transmission during viral spread through the

cell population is likely crucial for the rate of recombinant evolution, through variations in

infection multiplicity [14, 27, 43]. Free virus transmission typically results in the infection of

cells containing one virus, while direct cell-to-cell transmission through virological synapses

typically results in the multiple infection of cells, and additionally is likely to result in the co-

transmission of different virus strains from one cell to the next [14, 43]. Therefore, cell-to-cell
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Figure 2.1: Basic model schematic. Cell free and synaptic cell-to-cell transmission are shown. In the ordinary
differential equation model, both processes are non-spatial. An example of a recombination event is also
shown.

(or synaptic) transmission is likely to be beneficial for the rate at which viral recombinants

emerge.

Here, we combine mathematical models with in vitro experiments that utilize fluorescent

reporter viruses [44] to test this hypothesis, to quantify the dynamical processes that lead

to recombinant generation, and to estimate underlying parameters. Viruses can carry genes

for cyan fluorescent protein (eCFP) and yellow fluorescent protein (eYFP). Recombination

between these two variants results in viruses characterized by green fluorescence in target

cells [44]. Additionally, recombination of the green fluorescent virus with a non-glowing virus

can break the recombinant apart, resulting in yellow and cyan fluorescent viruses. The viral

transmission pathway can be modulated by placing the culture on a gentle rocking platform

[35, 65], which disrupts synaptic transmission. The frequency of infected cells displaying

cyan, yellow and/or green is measured by flow cytometry over several days after infection.

Mathematical models are applied to these experimental data to quantitatively characterize

the dynamics.
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Expt Subset YFP + CFP ×106 Uninfected ×106

1,2,3 A 0.75 2
1,2,3 B 0.3 2
1,2 C 0.075 2

Table 2.1: Experimental conditions.

2.2 Materials and Methods

2.2.1 Experimental setup

2 × 106 CEM-SS cells were infected with 25µL NLENY1-IRES (YFP) or NLENC1-IRES

(CFP), representing 19 virions/cell, by spinoculation at 1200g for 2 hours at 37◦C as de-

scribed previously (Trinite et al. 2014). Cells were cultured in Gibco Advanced RPMI-1640

with 5% FBS plus penicillin and streptomycin and 50 µM β-mercaptoethanol. The next

day these cells were washed and YFP and CFP infected cells were mixed with uninfected

CEM-SS cells.

Three independent experiments were performed at the following cell numbers in 3 ml of

culture medium in T-75 flasks (see Table 2.1).

These cultures were established in duplicate, one for the stationary condition and one for

the rocking condition. The stationary set of cultures was placed on a shelf of a TC incu-

bator at a 10◦ angle to concentrate the cells at one end. The rocking set was placed on

a rocking platform in the incubator set at 12 tilts per minute. On each subsequent day

1/8-1/4 of the culture was collected for flow cytometry for YFP, CFP and GFP as previ-

ously described [44]. New culture medium was added to maintain a consistent volume in each

culture. Details about the fluorescent reporter viruses used in this study can be found in [44].
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2.2.2 Mathematical models

We consider an ordinary differential equation (ODE) model of virus dynamics that tracks

the populations of uninfected cells, as well as different types of infected cell populations. It

incorporates both free virus and direct cell-to-cell transmission, and includes recombination

processes. A basic schematic of the model is shown in Figure 2.1. Due to the complexity of

the equations, they are displayed in Appendix B, Section 1. Basic model assumptions and

their relation to the experimental data are summarized in the Results section. The different

models are fit to the experimental data with standard methods, and the model that is most

powerful at explaining the data is selected with the F-test for nested models. Details of the

data fitting procedures are provided in Appendix B, Section 2.

2.3 Results

2.3.1 Basic dynamics of in vitro virus growth

The experimental system and the mathematical models are described in Materials and Meth-

ods, with additional details given in Appendix B. Based on previous work by others and us

[35, 65], in vitro virus growth experiments were performed under two conditions: (i) under

static conditions in which both free virus and synaptic transmission operate, and (ii) under

shaking conditions where cultures were placed on a gentle rocking platform, which prevents

most synaptic transmission events from taking place. For each experimental condition, eight

experiments were performed that differed in viral inoculum size. Time-series were obtained

for each condition, where we tracked cells infected with two types of single-hit mutant: those

labeled with cyan fluorescent protein, denoted as C, and those labeled with yellow fluorescent
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Figure 2.2: Example of a shaking experiment (experiment A6). The experimental data (red circles) are
presented with best fit curves from the model (blue lines). The mathematical model is described in the
Materials and Methods section with details in Appendix B, and the fitting procedure is described in Appendix
B. Best fit parameters are included in Table B.2 in Appendix B. The horizontal axis for all panels represents
time (days). (a) The overall percentage of infected cells. (b) The percentage of cells infected with at least
one copy of G, Y, and C. (c) The average multiplicity of infection (MOI) over all infected cells. (d) The
percentage of cells infected with at least one active copy of C. (d) The percentage of cells infected with at
least one active copy of Y. (f) The percentage of cells infected with at least one active copy of G. (g) The
percentage of cells infected with at least one copy of Y and C. (h) The percentage of cells infected with at
least one copy of G and C. (i) The percentage of cells infected with at least one copy of G and Y. The dashed
black lines represent pointwise 95% prediction confidence bands.
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Figure 2.3: Example of a static, non-shaking experiment (experiment B2). The experimental data (red
circles) are presented with best fit curves from the model (blue lines). Best fit parameters are included in
Table B.2 in Appendix B. The horizontal axis for all panels represents time (days). (a) The overall percentage
of infected cells. (b) The percentage of cells infected with at least one copy of G, Y, and C. (c) The average
multiplicity of infection (MOI) over all infected cells. (d) The percentage of cells infected with at least one
active copy of C. (d) The percentage of cells infected with at least one active copy of Y. (f) The percentage
of cells infected with at least one active copy of G. (g) The percentage of cells infected with at least one copy
of Y and C. (h) The percentage of cells infected with at least one copy of G and C. (i) The percentage of
cells infected with at least one copy of G and Y. The dashed black lines represent pointwise 95% prediction
confidence bands.
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protein, denoted as Y. In addition, we followed the population of cells infected with double-

hit mutants labeled with green fluorescent protein, denoted as G, as well as populations of

cells that contained combinations of virus types, such as YC, YG, CG, and YCG. Examples

of this can be seen in Figures 2.2 (shaking condition) and 2.3 (static condition).

As expected, exponential growth was observed for the total population of infected cells. This

growth was faster under static compared to shaking conditions, resulting in higher virus lev-

els for static conditions during the time frame of the experiment (Figure 2.3).

2.3.2 The mathematical model and data fitting

We used an extension of basic virus dynamics models [52, 57] that includes the multiple

infection of cells as well as the occurrence of both free virus and synaptic transmission,

based on our previous work [35, 36]. Due to the need to track reporter viruses that glow

in multiple colors, the equations for the model are rather complicated and are described in

detail in Appendix B, Section 1. Here, basic assumptions are summarized, and also shown

schematically in Figure 2.1. Uninfected target cells are assumed to proliferate with a rate

r and die with a rate d. Infected cells are generated through free virus transmission with a

rate β, and through synaptic transmission with a rate γ. Free virus transmission results in

the infection of the target cells with one virus. Synaptic transmission is assumed to lead to

the simultaneous infection of the target cell with S copies of the virus, where the value of

S is estimated from parameter fitting procedures. Infected cells are assumed to die with a

rate a. Cells can be infected with (i) single-mutant viruses that carry cyan fluorescent pro-

tein, C, or yellow fluorescent protein, Y; (ii) the recombinant virus strain that shows green

fluorescence (G); and (iii) the non-glowing virus strain that does not show any fluorescence,
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W. Hence, the model tracks cell populations that are infected with any combination of these

virus strains, at defined multiplicities (i.e. cells can contain i copies of C, j copies of Y,

k copies of G, and l copies of W viruses). The fitness of all virus types is assumed to be

identical. During the infection process, the model assumes that recombination can occur

with a certain probability if the infecting virus carries two genetically different genomes. All

possible recombination events are described in Appendix B. The model is given by a set of

ordinary differential equations and is hence non-spatial.

Besides these basic processes, an accurate model fit to all the data required the incorporation

of two more processes into the model.

1. It has been demonstrated that infection can result in the generation of a latently in-

fected cell, but that super-infection / multiple infection can result in the activation of

the latent virus. The reason is that superinfection results in TAT complementation

and thus activation of the latent genome in the cell [7]. For example, if a cell becomes

infected with Y virus, it can become latent and the infected cell will not glow. Sub-

sequent superinfection with C virus, however, will result in an infected cell that glows

in both colors. As a consequence, the observed (glowing) population of singly infected

cells is smaller than the actual population. This applies mostly to free virus trans-

mission because it occurs mostly in singly-infected cells. Because we assume synaptic

transmission to result in the infection of cells with S viruses (S¿1), this effect can be

ignored in this context. Hence, we assumed that upon infection of a cell with free

virus, there is a probability ε that the infection becomes latent and that the virus

consequently does not glow. Upon superinfection, however, we assume that the latent

virus becomes activated and glows. Without this addition, the model under-predicts

the double color YC cell numbers, and the model with latency can predict the YC

population more accurately, as determined statistically by the F-test for nested models
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(Figure B.1).

2. We found that for the shaking experiments, the model constructed so far consistently

underpredicted multiply infected cells that contained the recombinant virus, i.e. the

triple color GYC cells and double color cells GY and GC, although the number of

cells infected with only GFP viruses (G) cells could be predicted more accurately

(Figure B.2). We hypothesized that although shaking results in the mixing of cells, the

perfect mixing dynamics assumed by our ordinary differential equation model might be

responsible for this discrepancy. In particular, we propose that when e.g. a YC-infected

cell releases virus particles, they are likely to re-enter the same cell and generate a G

virus upon recombination, thus explaining the higher than expected number of GYC

cells. The reason is that as viruses are released from a cell, this cell is unlikely to

immediately move away from its present location, but rather remains in the current

vicinity for a while, which makes re-infection a likely event. Similarly, if a cell is

infected with GW (where “W” stands for non-glowing virus) and only glows green,

recombination between G and W can give rise to a C or a Y virus. Re-infection of

the same cell with these viruses can then yield GCW and GYW cells (which glow

in two colors). We first tested this idea with an agent-based model that tracked the

spatial location of cells; preliminary explorations indicated that such a model could

account for the data more accurately, but due to the complexity of the model and

the corresponding data fitting procedures, we decided not to proceed with the agent-

based model. Instead, we modified the ODE model to capture the assumption of

a higher frequency of self-infection phenomenologically (see Appendix B, Section 2).

This model, while still compatible with a straightforward fitting procedure, could more

accurately describe the GYC, GY, and GC data than the simpler model without this

assumption (Figure B.2), and was determined to be a more powerful model (despite

containing an extra “self-infection” parameter) by the F-test for nested models.
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These results indicate that the straightforward perfect mixing ODE models that are typically

used to describe virus dynamics are not accurate descriptions of these in vitro dynamics at

the level of detail presented here (this is discussed further below).

For data fitting, we simultaneously fit the model to the corresponding shaking and static

experiments and to all infected subpopulations that were experimentally quantified. The

detailed methodology is available in Section 2 of Appendix B. Some parameters were fixed

according to information in literature, and these values are shown in Table B.1 in Appendix

B. The rest of the parameter values were estimated by model fitting, and the best fit param-

eters are given in Table B.2 in Appendix B. The model fits are shown for select experiments

in Figures 2.2 and 2.3, and for all experiments in Appendix B (Figures B.13–B.28). We note

that the data are typically more noisy for the shaking compared to the static experiments,

due to stochastic effects, especially if the experiments start with a low initial percentage of

infected cells.

In what follows, we describe different parameter estimates and their implications for infec-

tion dynamics.

2.3.3 Quantifying the relative contribution of free virus and synap-

tic transmission to virus spread

On the most basic level, we estimated the growth rate of the virus in the shaking and static

conditions, and hence estimated the rate of free virus transmission and the rate of synaptic

transmission. Previous work showed that shaking can increase the rate of free virus spread

compared to static cultures due to mixing the virus more efficiently among the cells, by a
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factor of approximately f = 1.33 [35]. Therefore, we corrected for this when calculating

the rate of free virus spread from the shaking experiments (full details of the methodology

are given in Appendix B). According to our calculations, the rate of free virus spread was

on average 1.80 ± 0.31 fold higher than the rate of synaptic transmission (see Section 3 in

Appendix B). In our previous study, these rates were more equal, with the rate of free virus

transmission being on average 1.1 ± 0.1 fold higher than the rate of synaptic transmission

[35]. This is further elaborated on in the Discussion section.

2.3.4 Further parameter estimates

The model fitting to the experimental data allowed us to also estimate a variety of other

parameters that characterize this system. (i) The probability for the virus to become latent

upon single infection was rather consistent across the different experiments, with an average

of ε = 0.41 ± 0.084. In other words, about 40% of all infection events of uninfected cells

(via free virus transmission) are estimated to result in viral latency in this system. (ii) We

estimated the recombination probability to be ρ = 0.30± 0.14. This is relatively close to the

maximally possible recombination probability of ρ = 0.5 in this model (see Appendix B).

(iii) An important question concerns the number of viruses that are transferred from one cell

to another through virological synapses during cell-to-cell transmission. Experimental data

indicate that virus transfer through virological synapses is a very efficient process, with tens

to hundreds of viruses transferred [12, 27]. Not all of these viruses, however, are likely to

successfully integrate into the genome of the target cell. In our experiments, we estimated

that on average S=3.0±0.35 viruses successfully infect a target cell per synaptic transmission

event. (iv) The parameterized model further allowed us to estimate the average infection

multiplicities in the experiments. As expected, the estimated multiplicities increased as the

virus population grew. For the shaking experiments multiplicities ranged between 1 and
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2.2 during the time frame of the experiments (Figure 2.2c). For the static experiments, the

average infection multiplicity ranged from 1-4 during the phase of virus growth (Figure 2.3c).

2.3.5 Comparing the effect of viral transmission pathways on re-

combinant generation: beyond the experimental setup

The experimental setup discussed above represents an artificial system to parameterize an

evolutionary model of viral recombination. Here we use the parameterized model to simulate

the dynamics in more general terms and to go beyond the experimental setup in the following

ways.

1. Shaking conditions resulted in largely free virus transmission, while static conditions

allowed both free virus and synaptic transmission to proceed. Using the estimated

parameters in computer simulations, we further predict the dynamics for a scenario

where only synaptic transmission takes place, which was not feasible experimentally.

2. The inherent differences in viral growth rates in the shaking and static experiments

make a direct comparison of recombinant evolution under the different transmission

pathways difficult to interpret. Hence, we adjusted the infection rates such that they are

the same for free virus transmission only, synaptic transmission only, and a combination

of the two.

3. The experimental setup is an artificially constructed system that was used to measure

key parameters connected to recombinant evolution. We can use the parameterized

equations to move beyond this particular system and describe a more complete evolu-

tionary picture. That is, we can start with a “wild-type” virus (which was not part

of the experimental setup) and model the generation of single-hit mutants by point
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mutation (which would technically correspond to the Y and C viruses, even though

these reporter viruses are not generated by single mutation events in the experiments),

and the subsequent evolution of double mutants through recombination (which would

correspond to G viruses).

In the first set of simulations, we started with an equal number of single-mutant viruses, as

done in the experiments, and ignored point mutations. We started the simulations with 109

uninfected cells, and in contrast to the experiments, we did not allow for exponential expan-

sion of the uninfected cell population, because lack of extensive cell expansion corresponds

better to the conditions in which virus grows during acute HIV infection in vivo. We let the

total number of infected cells grow until a population size of 4× 108 cells was reached. This

was done assuming that only synaptic transmission (not possible in experiments), only free

virus transmission, or both types of transmission occur. As a first step, we used unadjusted

transmission parameters that were identical to the ones estimated from the experimental

data. The number of cells that contain the recombinant virus was quantified as a function of

time (Figure 2.4a). In these simulations, recombinants rise the fastest if both transmission

pathways operate, compared to only a single active transmission pathway. This is largely

due to both transmission types resulting in the fastest overall rate of viral transmission.

To compare the effect of the transmission pathways themselves on recombinant generation

(independent of the differences in viral transmission rates), we corrected for the differences

in viral transmission rates associated with the different pathways, such that the basic re-

productive ratio of the virus (R0 = β(1−ε)+γ
a

) was identical for free virus only, synaptic only,

and for a combination of both transmission pathways (Figure 2.4b). When starting from

the experimentally implemented initial conditions (infected cells that contain either one or

the other virus type), we observe that the transmission pathways do not make a significant

difference for the rate at which recombinants evolve. The reason is that we start with an
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Figure 2.4: Total number of cells infected with at least one active copy of double mutant virus plotted against
time. The multiplicity of infection (MOI) is included in the inset. We assume we have 109 initial cells, and
run the simulation until the number of infected cells reaches 40% of this initial amount, while also assuming
that uninfected cells do not divide. Parameters are the best fit parameters from static experiment B2, which
are listed in Table B.2 in Appendix B. The combination of both transmission pathways is represented by
the black lines. For the only free virus transmission case (red lines), synaptic transmission is turned off. For
the only synaptic transmission case (blue lines), free virus transmission and reinfection are turned off. (a)
Parameters are exactly as in the experiment. (b) The overall growth rate is the same across the three cases.
(c) The overall growth rate is the same across the three cases and the simulation starts with only a single
infected cell, which is coinfected with both single mutant strains.

infected cell population that contains either one or the other virus. Recombination requires

the two virus types to come together in the same cell, which is likely to happen only at

larger virus loads both for free virus and for synaptic transmission, explaining the lack of

a difference in these simulations. Further, we note that at high virus loads, the number

of recombinants in simulations with only free virus transmission slightly overtakes those in

simulations with synaptic transmission; at this stage in the dynamics, the superinfection of

latently infected cells becomes a common event in free virus transmission, which elevates the

rate of productive free virus infection due to TAT complementation, and results in a higher

effective reproductive number for the free-virus pathway compared to the synaptic pathway.

A different picture is observed if we start with a low number of coinfected cells that contain

both types of single mutant virus (Figure 2.4c). Now, recombinant evolution is significantly

faster for simulations with only synaptic transmission than for simulations that include
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Figure 2.5: Same as in Figure 2.4, but the simulations start with a small equal amount of cells singly infected
with the wild type, and mutations are included. (a) Total number of cells infected with at least one copy of
both single mutant strains. The number of cells infected with at least one copy of one of the single mutants
is included in the inset. Parameters are exactly as in the experiment. (b) Total number of cells infected
with at least one active copy of double mutant virus plotted against time. Parameters are exactly as in the
experiment. (c) Same as panel (a), but the overall growth rate is the same across the three cases. (d) Same
as panel (b), but the overall growth rate is the same across the three cases. The ratio of the number of
cells infected with the double mutant for only synaptic transmission versus only free virus transmission is
included in the inset.
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free virus transmission. The reason is that synaptic transmission allows the repeated co-

transmission of genetically different virus strains, which facilitates recombination processes

in the growing virus population, highlighting the importance of this mechanism. Free virus

transmission, in contrast, contributes to the separation of the two single mutant virus strains

into separate cells, which slows downs recombinant generation.

Next, we consider a more complete evolutionary scenario. We start with a wild-type virus

only, and introduce point mutations into the model. The wild-type virus can thus give rise

to two different kind of single-mutant viruses, and double mutant viruses can be generated

either by recombination between the single mutants, or by additional point mutations in

those single mutants (Figure 2.5). We start with basic simulations (unadjusted parameters)

and consider the number of cells that contain two different single mutant viruses over time,

since these cells form the basis for recombination. Despite the fact that the estimated rate

of synaptic transmission is slower than the estimated rate of free virus transmission, in our

experimental system, the number of cells containing both single mutants rises sharply at

low viral load in simulations that take into account only synaptic transmission, compared to

simulations that only take into account free virus transmission (Figure 2.5a). The reason is

that (i) more reverse transcription events occur with synaptic transmission, thus generating

more single mutant viruses (Figure 2.5a inset), and (ii) once the two different single mutant

viruses have come together in the same cell, synaptic transmission enables their repeated

co-transfer to target cells, explaining the sharp rise. As viral load grows to higher levels in

the simulations, the number of cells coinfected with both single mutants under free virus

transmission overtakes those under synaptic transmission (Figure 2.5a) because at high viral

loads, the rate of coinfection becomes relatively high even for free virus transmission, and

the estimated rate of free virus transmission is faster than the rate of synaptic transmission.
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Looking at the number of double mutants (Figure 2.5b), we observe similar patterns. Figure

2.5c and d repeat these plots with adjusted parameters, such that the basic reproductive

ratio of the virus is the same, independent of the transmission pathways that are assumed to

occur. We see that the synaptic pathway contributes most to double mutant evolution, due

to the repeated co-transmission of the two single-mutant strains. This is most pronounced

when considering the number of cells that are coinfected with both single mutants (Figure

2.5c). The effect of synaptic transmission on the evolution of double mutants is qualitatively

the same, but less pronounced because apart from recombination (Figure 2.5d), mutation

processes also occur in these simulations. Therefore, although synaptic transmission signif-

icantly enhances the chances for recombination to occur (due to the co-transmission of the

different single mutants), the mutation processes in the much more abundant singly infected

cell population mask this effect to an extent.

2.4 Discussion and Conclusion

In this study, we used mathematical models in combination with experimental data to de-

termine the contribution of free virus transmission and direct cell-to-cell transmission to the

evolution of recombinant viruses. This was possible through the use of experimental tech-

niques to separate the two viral transmission pathways, and the use of fluorescent reporter

viruses that allowed us to track recombinant evolution. Fitting of mathematical models to

the experimental data allowed the estimation of important parameters that characterize the

recombination process, and the models were further used to run evolutionary simulations

to go beyond the experimental system and to quantify how the two transmission pathways

influence the number of recombinants generated under a more complete set of evolutionary

processes.
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We found that direct cell-to-cell transmission through virological synapses promotes the evo-

lution of recombinants, due to the following mechanisms: (i) synaptic transmission increases

the infection multiplicity of cells, which is the basis for recombinant generation; (ii) synaptic

transmission promotes the repeated co-transmission of two different virus strains from cell

to cell, which increases the chances to eventually generate a recombinant virus; (iii) synaptic

transmission increases point mutation generation because the simultaneous transfer of mul-

tiple viruses to the target cell increases the number of reverse transcription events, during

which point mutations are mostly likely to occur. We estimated cell-to-cell transmission to

result in the successful integration of about 3 viruses per synapse in the target cell. Experi-

ments have shown that tens to hundreds of virus particles can be simultaneously transmitted

per synapse [12, 27], but it is likely that only a subset of these result in successful integration.

We note that while for a fixed infection rate, purely synaptic transmission results in fastest

recombinant evolution, free virus transmission can yield other advantages for the virus that

might be equally important for its success, such as more efficient mixing of viruses among

cells, which can promote virus spread and dissemination. The rate of recombinant evolution

studied here is only one component that determines the success of the virus, and the presence

of the two viral transmission pathways has to be interpreted in this light.

Our analysis also repeated some of our previous work [35] where we estimated the rela-

tive contribution of free virus and synaptic transmission to virus growth. In this study, it

was estimated that the two transmission pathways contributed more or less equally to virus

spread, where the rate of free virus transmission was approximately 1.1 fold faster than the

rate of synaptic transmission. A subsequent study repeated our work and came to the same

conclusion [29]. In the present study, we estimated the rate of free virus transmission to
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be approximately 1.8 fold faster than the rate of synaptic transmission, which is a larger

difference. The reason for this discrepancy is that in the present study, we took into account

the generation of latently infected cells upon free virus transmission, while the previous work

did not. During synaptic transmission, latency is not established in our model because this

is very unlikely due to the phenomenon of TAT complementation in multiply infected cells

[7]. If we ignore free virus infection events that result in latency and re-calculate the rate

of free virus transmission (see Section 3 in Appendix B), it is only about 1.06-fold faster

than the rate of synaptic transmission, i.e. the two transmission pathways contribute about

equally to virus spread, as in previous studies [29, 35]. Note that while the rate of productive

free virus infection is the measure that is of immediate importance for the expansion of the

virus population, the latently infected cells that are being generated can become relevant

with a time delay if the virus spontaneously activates or becomes activated through TAT

complementation upon superinfection. Hence, it is useful to consider both the total rate of

free virus infection and the rate of productive infection.

Other work indicates that the relative importance of the two transmission pathways can

depend on the microenvironment. For instance, in [28], HIV-1 spread in suspension was

driven completely by free virus transmission, whereas virus spread in 3D collagen was driven

by synaptic transmission, with approximately a 22% (36%) contribution of free virus trans-

mission in loose (dense) collagen. This also brings up the effect of spatially restricted virus

spread for the evolutionary dynamics explored here. The dynamics of virus growth under

spatially restricted direct cell-to-cell transmission has been explored in the context of Hep-

atitis C virus infection [24] and more generally [42]. In the context of HIV infection, evidence

for spatially clustered virus growth has been provided from experiments with HIV-infected

humanized mice [43], and the consequences of spatially restricted synaptic transmission for

the evolution through recombination has been studied recently with mathematical models

[41]. It is unlikely that extensive spatial restrictions apply to the experimental virus growth
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cultures investigated here, in which the virus population grew exponentially rather than ac-

cording to growth laws that are more typical for infected cell clusters. An extension of the

currently described evolutionary dynamics to a spatial setting, however, will be important

for future work.

An interesting finding in our study was that at the resolution of the data presented here,

standard ordinary differential equations of virus dynamics failed to adequately describe sev-

eral multiply infected cell subpopulations. We found that incorporating the assumption of

limited mixing and the consequent re-infection of cells by their own offspring virus resulted

in better model fits to the data. While this can be relevant to our in vitro system with trans-

formed cell lines as infection targets, the relevance for virus replication in vivo might be less

due to different infected cell life-spans and reverse transcription kinetics in vivo compared

to the in vitro setting. Spatially restricted virus spread to new target cells (rather than

self-infection), however, could have a similar effect since several viruses from the source cell

likely get passed on to the same target cell due to the limited number of cells in the spatial

neighborhood.

Our models and data analysis provide an important link between direct cell-to-cell trans-

mission, heightened infection multiplicity, and an increased rate of recombinant evolution.

While this was established within the framework of in vitro experimentation, these notions

are likely also relevant in vivo. Synaptic transmission has been documented in vivo and

infection multiplicities of cells in the tissue from HIV-infected patients have been shown to

be between 3-4 or even higher on average [32]. Other studies reported the average infection

multiplicities in the blood and tissue of HIV-infected patients to be closer to one [30, 31],

although the restriction of the analysis to cells that express the CD4 receptor could have

artificially lowered the estimate of infection multiplicities. The CD4 receptor becomes even-
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tually down-regulated following the infection of the cell with the first virus. Ignoring such

cells in the analysis could miss those cells with the highest infection multiplicities. The

spatial modeling approaches discussed above might provide additional insights for these evo-

lutionary dynamics in vivo. Future studies should further examine how these processes affect

viral evolution under the assumption that mutants differ in fitness, and that the coinfection

of cells with virus strains of different fitness can result in complementary and inhibitory

interactions. The modeling framework and parameter estimates provided here form a basis

for future investigation.
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Chapter 3

A hybrid stochastic-deterministic

approach to explore multiple infection

and evolution in HIV

3.1 Introduction

The evolution of HIV-1 within patients is an important determinant of the disease process

and of treatment outcomes [33, 25, 48]. Evolutionary changes in the virus population over

time are thought to contribute to the progression of the infection from the asymptomatic

phase towards AIDS [33], involving the evolution of immune escape as well as evolution

towards faster replication, increased cytopathicity, and broader cell tropism [33]. The emer-

gence of mutants that are resistant against anti-viral drugs can result in challenges to the

long-term control of the infection. While viral evolution is important throughout the course

of the disease, extensive virus replication towards relatively high viral loads during the acute

phase of the infection presents ample opportunity for the generation of viral mutants that
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might influence post-acute setpoint virus load, the subsequent disease course, and the re-

sponse to treatment [45].

Mathematical models have played a key role in defining the principles of within-host dynam-

ics and evolution of HIV [52, 55, 39, 36, 37, 4, 17, 16, 15]. During the acute phase of the

infection, however, the number of virus-infected cells can reach very large numbers [18, 47],

while some sub-populations of importance may be very small, which presents computational

problems. Mutant evolution can be driven by stochastic effects, because mutant viruses

initially exist at low population sizes, even though the wild-type population can be very

large. Stochastic simulations of the viral evolutionary dynamics thus become computation-

ally costly if the overall viral population size is large. To get around this, models can assume

unrealistically low population sizes of infected cells, together with unrealistically large mu-

tation rates, in the hope that the effects observed in such models scale up to more realistic

population sizes and lower mutation rates. The accuracy of such explorations, however, is

unclear. Alternatively, deterministic models in the form of ordinary differential equations

(ODEs) can be used to approximate the average number of mutants over time as the virus

population grows. The disadvantage of this approach is that other important evolutionary

measures, such as the number of mutants at a given infected cell population size or the time

of mutant generation, are not clearly defined in ODEs. Furthermore, the distribution of

mutants at a given time or at a given infected cell population size cannot be determined

with ODEs.

An interesting aspect that can influence the viral evolutionary dynamics, especially at large

population sizes [44], is the multiple infection of cells [32, 30, 31, 64]. Multiple infection has

been documented to occur in HIV infection both in vitro [14, 60] and in vivo from human

tissue samples [43], and is especially promoted by direct cell-to-cell transmission of the virus
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through virological synapses [27, 12, 1, 62]. In contrast to free virus transmission, synaptic

transmission typically involves the simultaneous transfer of multiple viruses from the source

cell to the target cell. As the virus grows to high levels, minority populations of multi-

ply infected cells, which can be governed by stochastic effects, coexist with a much larger

population of singly infected cells, which is again a computationally challenging situation.

Interesting evolutionary dynamics can occur as a result of multiply infected cells, especially

if different virus strains are present in the same cell. A disadvantageous mutant can gain

fitness through complementation [21], and an advantageous mutant might experience fitness

reduction due to interference by the wild-type virus [68]. Recombination can be another

evolutionary consequence of multiple infection [44, 32, 50, 41].

This Chapter makes two contributions: (i) We describe a stochastic-deterministic hybrid

method, which allows us to simulate the evolutionary dynamics of viruses at large popula-

tion sizes (but in the presence of small subpopulations of evolutionary importance), including

the possibility of multiple infection of cells. (ii) We apply this methodology to investigate the

effect of multiple infection on mutant evolution during acute HIV infection. This includes an

analysis of how intracellular interactions among viruses, such as complementation and inter-

ference, can influence evolutionary trajectories. In this context, special emphasis is placed

on the direct cell-to-cell transmission of HIV through virological synapses [27, 12, 1, 62],

because it has been shown that synaptic transmission not only promotes multiple infection,

but can promote the repeated co-transmission of genetically distinct virus strains from one

cell to the next. This in turn can enhance the potential of complementation and interference

to impact mutant spread. In this Chapter, we do not focus on recombination processes,

which were analyzed in a previous Chapter [41].

The Chapter starts by describing the basic mathematical model under consideration. This is
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followed by a description of the stochastic-deterministic hybrid methodology and a compar-

ison of simulation results to both fully stochastic simulations and ODEs. Finally, we apply

the hybrid methodology to study viral evolutionary dynamics during acute HIV infection,

in the presence and absence of multiple infection, focusing on the role of viral complemen-

tation and interference. This work has relevance beyond HIV, because multiple infection

and intracellular interactions (such as complementation and interference) can occur in other

viruses, such as bacteriophages [68, 69]. Therefore, beyond parameter combinations that are

relevant to HIV, we also explore wider parameter sets for broader relevance.

3.2 Methods

3.2.1 Mathematical model description

We begin with a deterministic model for HIV-1 infection, which includes both free virus

transmission and synaptic cell-to-cell transmission [39]. We assume that cells are sufficiently

well-mixed, such that relative spatial locations of cells do not play a significant role in the

dynamics. To include the possibility of multiple infection, we let xi(t) represent the number

of cells infected with i copies of the virus at time t, where i ranges from 0 (uninfected cells)

to N (cells infected with N viruses). Descriptions of the model parameters can be found in
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Table 3.1. With only one viral strain, the ODE model (in its simplest formulation) is

ẋ0 = λ− βZx0 − γZx0 − dx0, (3.1)

ẋi = βZ(xi−1 − xi) + γZ(−xi)− axi, if 0 < i < S (3.2)

ẋi = βZ(xi−1 − xi) + γZ(xi−S − xi)− axi, if S ≤ i ≤ N − S (3.3)

ẋi = βZ(xi−1 − xi) + γZ(xi−S)− axi, if N − S < i < N (3.4)

ẋN = βZ(xN−1) + γZ(xN−S)− axN , (3.5)

where the number of infected cells is defined as

Z(t) =
N∑
i=1

xi(t). (3.6)

We assume that N , the maximum multiplicity of infection, is large enough to not result

in a significant amount of cells near the end of the infection cascade. In the above equa-

tions, cell free virus transmission happens at rate β, and synaptic transmission at rate γ.

Mathematically the two processes are similar, except that free virus transmission involves

the entry of one virus into the target cells, while multiple viruses (on average S viruses) can

enter the target cell simultaneously during synaptic transmission. Therefore, in this model,

the total number of infected cells is independent of transmission mode, and the transmission

mode only alters the average infection multiplicity of cells (average number of virus copies

in infected cells).
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This model has a virus free steady state,

x0 =
λ

d
, (3.7)

Z = 0, (3.8)

and an infection steady state,

x0 =
a

β + γ
, (3.9)

Z =
λ

a
− d

β + γ
. (3.10)

The stability of these steady states depends on the basic reproductive ratio, R0 = λ(β+γ)
ad

. If

R0 < 1, the virus free steady state is stable and if R0 > 1 then the infection steady state is

stable. Therefore, when considering the total virus population, the properties of this model

are identical to those in standard virus dynamics models [52, 39].

This model can be adapted to describe competition among different virus strains, and mu-

tational processes that give rise to mutant viral strains, thus allowing us to study the evo-

lutionary dynamics of the virus. The basic assumptions of the model remain the same as

described above, and the multi-strain model is described in detail in the Appendix C Section

1.1. For neutral mutants, the rate of virus transmission from a multiply infected cells is

proportional to the fraction of the virus strain in the infected cell. For advantageous or

disadvantageous mutants, this also applies. Fitness differences are modeled by modifying

the probability of the virus strain that has been chosen for infection to successfully enter

the new target cell (note that the basic formulation (3.1-3.5) assumes that viruses are 100%
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Notation Description Units (if applicable)

λ production rate of uninfected cells days−1

β rate of free virus transmission days−1

γ rate of synaptic cell-to-cell transmission days−1

d death rate of uninfected cells days−1

a death rate of infected cells days−1

x0(t) number of uninfected cells at time t NA
xi(t) number of cells infected with i copies of the virus at time t NA

Z(t) sum of all infected populations at time t, Z(t) =
∑N

i=1 xi(t) NA
Zi(t) sum of fraction of subpopulations infected with ith strain NA
N maximum infection multiplicity NA
S number of viruses transferred per synapse NA
µ mutation rate NA
M hybrid algorithm size threshold NA
Fi fitness of the ith strain NA

Table 3.1: Description of model parameters and units (if applicable).

successful in infecting the target cell). For example, a disadvantageous mutant is assumed to

have an increased probability that successful infection fails. Hence, fitness differences are ex-

pressed at the level of entry into the new target cells. Mutations are assumed to occur during

the infection process, corresponding to mutations that occur during reverse transcription in

HIV infection. We refer to “mutants” as virus strains with a specific characteristic, such as a

drug-resistant virus strain, an immune escape strain, or another specific phenotype. We refer

to the virus population that does not share this characteristic as the non-mutant or wild-

type population, even though RNA virus populations tend to exist as a quasi-species, due to

reduced replication fidelity [66]. The ODE model that includes mutations and competition

among strains of different fitness is given by Equations (3-4) in Section 1.1 of Appendix C.

In computer simulations, we will concentrate on parameters that are relevant for acute HIV

infection, characterized by a basic reproductive ratio R0 = 8. The assumed model parameters

are based on the literature and explained in Appendix C Section 1.2. Since the model is

applicable to viruses other than HIV, we also vary parameters more broadly to investigate
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dynamics for lower values of R0, where we expect to see larger effects of stochasticity.

3.2.2 Hybrid algorithm

Here, we describe a stochastic-deterministic hybrid algorithm that simulates the dynamics

of small mutant populations and small populations of multiply infected cells stochastically,

while describing the majority populations deterministically. This allows us to run com-

putationally efficient simulations of viral evolutionary processes at large population sizes,

without losing the effects arising from the stochastic dynamics of minority subpopulations.

This methodology is based on our previous work in the context of tumor cell evolution [59],

which in turn is related to work in the field of chemical kinetics [61, 9, 71]. The hybrid algo-

rithm is based on the idea that if a cell population is sufficiently large, an ODE representation

can provide a good approximation of most stochastic trajectories of the population. We can

write the ODE system as a single vector equation dV/dt = F(V), where V is a vector that

contains all the cell subpopulations. LetM be a given population size threshold. We classify

the cell population xi as small at time t if xi(t) <M, or large otherwise. We simulate the

small populations stochastically using the Gillespie algorithm and use the ODEs for the large

populations. Further details of the hybrid method are given in Appendix C Section 2.

Implementation

The size threshold M is a very important parameter in the hybrid algorithm. If M = 0,

then at each time point every non-zero population is classified as large and the hybrid al-

gorithm is identical to the deterministic solution of the ODEs. If M is very large, that is

larger than all populations for the duration of the time-span of interest, then the hybrid

algorithm is the same as the completely stochastic Gillespie simulation of the model and can
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be extremely computationally inefficient. For intermediate M > 0, the hybrid algorithm is

computationally efficient and the averages over many hybrid simulations go from approxi-

mating the deterministic predictions to converging to the stochastic averages asM increases.

Therefore, in order to efficiently approximate the completely stochastic implementation of

the model, we need to choose an intermediateM such that the results are close to the fully

stochastic implementation.

We can achieve this by comparing the hybrid averages over many simulations to completely

stochastic averages over many simulations for simplified models, such as assuming a constant

large number of uninfected cells or using parameter values that result in smaller and more

computationally manageable population sizes. For these models, completely stochastic simu-

lations can be carried out and allow us to determine what size thresholdM is reasonable for

the related models. Specifically, since the averages over many hybrid simulations start from

the deterministic prediction (M = 0) and converge to the completely stochastic average,

similarly to [59] we i) set some difference threshold ε > 0, ii) test multiple size thresholds

M, and iii) choose the smallestM such that the hybrid average is within ε of the completely

stochastic average.

Table 3.2 contains approximate computer simulation run times for the completely determin-

istic ODE system, the hybrid method, and the completely stochastic Gillespie algorithm.

Each system is run for the single mutation, double mutation, and triple mutation models.

All simulations include only free virus transmission with limited multiple infection (N = 3),

represent established infections only (we ignore stochastic simulations in which the infection

dies out), and are stopped once the infected cell population reaches 108 cells. The times for

the ODE and hybrid simulations also depend on the ODE solution method and the step size,

h (here h = 10−5 with Euler method). In general, with k possible mutations, the number
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Model single mutation double mutation triple mutation
k = 1 k = 2 k = 3

2 strains, 10 equations 4 strains, 35 equations 8 strains, 165 equations

Full ODEs < 1 second 4 seconds 12 minutes
Hybrid, M = 10 < 1 second 4 seconds 13 minutes
Hybrid, M = 103 < 1 second 4 seconds 13 minutes
Hybrid, M = 105 < 1 second 6 seconds 15 minutes
Hybrid, M = 107 1 minute 7 minutes 30 hours

Full Gillespie 12 minutes 100 minutes 1 week

Table 3.2: Approximate average run times for a single simulation for the completely deterministic ODE
system (Euler method with step-size h = 10−5), the hybrid method with different threshold values (M),
and the completely stochastic Gillespie algorithm (rows). Each system is run for the single mutation, double
mutation, and triple mutation models (columns). In each system we assume all strains are neutral (Fi = 1
for all i). The other parameters are N = 3, µ = 3×10−5, λ = 1.59×107, β = 3.60×10−9, γ = 0, d = 0.016,
and a = 0.45.

of strains per model is 2k and the number of equations (subpopulations) per model is
(
N+2k

2k

)
.

Because the parameters chosen for the simulations in Table 3.2 correspond to R0 = 8,

a relatively small size threshold M gives a good approximation of the fully stochastic sim-

ulations. Simulations with lower R0 require higher values ofM and hence take longer to run.

Choosing a size threshold M

We have developed an analytical method for finding a lower bound on size threshold M,

which is based on the notion of R0. This method does not depend on the number of muta-

tions, infection multiplicity, fitness landscape, etc. The basic reproductive ratio, R0, is the

average number of newly infected cells generated per single infected cell at the beginning of

the infection. Therefore, infections with larger R0 will lead to quicker and more successful

growth of the overall virus population. While in a deterministic system, infections with

R0 > 1 will never go extinct, in the stochastic setting, even if R0 > 1, a single infected cell

can die out before successfully infecting other cells. The rate at which infections stochasti-
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cally go extinct is given by 1
R0

[72, 2]; in other words, infection will successfully spread with

probability Φ∞ = 1−1/R0. Moreover, one can show that an infection will increase until size

K (before possibly going extinct) with probability

ΦK =
1− 1

R0

1−
(

1
R0

)K . (3.11)

Setting the size-threshold to a given value M essentially means that we assume that a

population that has reached that size will no longer go extinct, because its subsequent

dynamics are described by ODEs. Let δ > 0 be some small difference threshold. We define

the lower bound size threshold, M̂, as the smallest natural number M such that

|ΦM − Φ∞| < δ,

which gives the estimate

M̂ = dln
(

1 +
R0 − 1

δR0

)
/ lnR0e, (3.12)

where d.e denotes the ceiling function. Note that M̂ is a lower bound, and depending on the

details of the model, it is possible that a larger M is needed to get accurate descriptions of

mutant dynamics. In general, we can always confirm that a chosenM is large enough using

the ε test described in the preceding section and in [59].

63



3.3 Results

3.3.1 Comparing and contrasting ODE versus stochastic / hybrid

simulations

Here, we show that the hybrid simulations allow us to obtain a number of evolutionary

measures that cannot be obtained accurately from ODEs. While ODE simulations can serve

as a good approximation of the average population sizes (both wild-type and mutant) over

time in a stochastic process, an important measure that cannot be predicted by ODEs is the

number of mutants at a given population size of infected cells. If we determine the num-

ber of mutants in ODE simulations once the infected cell population size in the ODE has

reached a threshold N (say, at time tN), we are effectively determining the average number

of mutants over different stochastic trajectories, which all correspond to different infected

cell population sizes. This is because at time tN , while the average trajectory reaches size

N , some stochastic trajectories at that time will be lower and some higher than N . Addi-

tional evolutionary measures that cannot be predicted by ODEs are the time of first mutant

generation, the distribution of mutant numbers at a given infected cell population size, and

the probability that a mutant is present at a given population size.

To underline these points, in this section we compare ODE predictions to outputs from

the stochastic simulations, in the context of the evolution of neutral, advantageous, and

disadvantageous mutants. Here we focus on relatively simple scenarios, considering the ex-

ponential growth phase of the virus population and only including free virus transmission;

synaptic transmission and infection peak dynamics are studied in the next section. While

parameter sets explored here are relevant to HIV, we also include broader parameter sets for

comparison, especially those where the basic reproductive ratio is lower. In these regimes,

64



the dynamics are governed by stochasticity to a larger extent.

The average number of mutants at a given infected cell population size

We start by determining the average number of neutral mutants once the number of infected

cells has reached a threshold size in the purely stochastic process (we discard simulations

in which the infection goes extinct stochastically before reaching the threshold size). We

then compare this to the number of mutants predicted by the ODE at the time when the

average infected cell population size is the same threshold. To be able to run fully stochastic

simulations, we determine the number of mutants at a relatively low infected cell population

size of 104.

Figure 3.1(a) shows the results for a neutral mutant, assuming different values for the basic

reproductive ratio of the virus, R0. The lower the value of R0, the higher the discrepancy

between the average of the stochastic simulations and the ODE results. For R0 = 8, which

is characteristic of HIV infection [58, 53], the discrepancy is minimal. The reason is that for

relatively large values of R0, the variation of the infected cell population size at a given time

is reduced. Figures 3.1(b) and 3.1(c) show equivalent plots for advantageous and disadvan-

tageous mutants, respectively. Again, the extent of the discrepancies increases with lower

values of R0. Discrepancies tend to be larger than for neutral mutants, and are apparent

even for higher values of R0 (e.g. R0 = 8).

While ODEs cannot accurately describe the average behavior of the stochastic model, the

hybrid method (with a sufficient size threshold) is able to do so, as is demonstrated in Figure

C.4(a).
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Figure 3.1: Comparison of the deterministic prediction and stochastic average of the number of cells infected
with the mutant with free virus transmission only. The deterministic predictions are in blue and the stochas-
tic hybrid simulations with M = 104 (infected populations always treated completely stochastically) are in
yellow. Standard error bars are included and the inserts show standard deviation bars. (a) Neutral mutant,
Fmutant = 0.9. Each yellow dot represents the average taken over at least 2 × 106 simulations. (b) Advan-
tageous mutant with 10% advantage, Fmutant = 0.99. Each yellow dot represents the average taken over at
least 1.1×103 simulations. (c) Disadvantageous mutant with 10% disadvantage, Fmutant = 0.81. Each yellow

dot represents the average taken over at least 3.5× 106 simulations. We have R0 =
λ
(
βF+γ(1−(1−F )S)

)
ad , and

the parameters are Fwild-type = 0.9, N = 3, µ = 3 × 10−5, λ = 1.59 × 107, β = 4 × 10−9, γ = 0, and
d = 0.016. The infected cell death rate a is adjusted to achieve the required R0.
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The timing of mutant emergence

Another important measure is the time at which the first copy of a given mutant is generated,

and the infected cell population size at which this mutant is generated. The closest measure

in the ODE is the the time and infected cell population size at which the average number

of mutants crosses unity. As shown in Figure C.3, however, significant discrepancies exist

between this ODE measure and the accurate prediction of stochastic simulations, and this

discrepancy increases with a larger number of mutation events required to generate this

mutant (i.e. 1-hit, 2-hit. 3-hit mutants etc). The hybrid method, however, provides an

accurate approximation (Figure C.4(b)).

Probability distributions of mutant numbers

The probability distribution of the number of mutants at a given infected cell population

size, or at a given time, is a measure that has no equivalent in ODEs, yet these measures have

strong biological relevance. For example, it is important to understand the likelihood that

certain mutants exist at various stages during virus growth, such as virus strains resistant

against one or more drugs or against one or more immune cell clones. The hybrid method

provides a good approximation of the results from stochastic simulations, as shown in Figure

C.1. This also applies to simulations that assume relatively low values of R0 (Figure C.2),

although larger size thresholds M are required for smaller values of R0.
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3.3.2 Impact of multiple infection on mutant evolution

In this section, we apply the above-described hybrid method to explore how multiple infection

can affect virus evolution during an exponential growth phase and near the peak infection,

with particular relevance to the acute phase of HIV infection, during which the infected cell

population grows to large sizes. Multiple infection can influence viral evolution in a variety of

ways. On a basic level, the ability of viruses to enter cells that are already infected increases

the target cell population and allows the virus to undergo more reverse transcription events,

thus increasing the effective rate at which mutations are generated. In addition, viral fitness

can be altered in multiply infected cells through viral complementation or inhibition [21],

which again has the potential to influence the evolutionary dynamics. In the context of HIV

infection, direct cell-to-cell transmission through virological synapses (synaptic transmission)

increases the complexity of these processes. Synaptic transmission typically results in the

transfer of multiple viruses from the source cell to the target cell, thus increasing the level

of multiple infection [27, 12, 1, 62]. In addition, synaptic transmission can lead to the

repeated co-transmission of different virus strains [14, 43] which can amplify the effect of viral

complementation or inhibition. To explore these dynamics, the hybrid method is important

because multiple infection becomes increasingly prevalent at large population sizes, where

both mutant viruses and multiply infected cells exist as relatively small populations compared

to the larger populations of wild-type viruses and singly infected cells. We will focus on basic

evolutionary processes that do not involve recombination.

The effect of multiple infection on the spread of neutral mutants

We start with the most basic scenario: the effect of multiple infection on the presence of

neutral mutants during the growth phase of the virus. For simplicity, we concentrate on free

virus transmission only. Because this analysis is done with HIV in mind, we set R0 = 8.
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Figure 3.2: Neutral mutant evolution in the absence of synaptic transmission, comparing simulations with
single infection only (N = 1, blue) and in the presence of multiple infection (N = 11, red). The mean values
are shown by vertical lines. For both panels, the Kolmogorov-Smirnov test between the two distributions gives
a p-value less than 10−6. (a) Number of cells infected with one of the single mutant strains. The average
for single infection is approximately 3.7 × 105 and for multiple infection is approximately 7.6 × 105. (b)
Number of cells infected with the double mutant strain. The average for single infection is approximately
271 and for multiple infection is approximately 551. Distributions represent 4 × 103 hybrid simulations
with size threshold M = 50. Simulations in which infections are not established (or in the rare case a
simulation does not reach the infected size threshold) are discarded. Simulations are stopped when the
infected cell population is close to peak infection (6× 108 cells). The other parameters are similar to Figure
3.1 (Fwild-type = 1, Fmutant = 1, µ = 3×10−5, λ = 1.59×107, β = 3.60×10−9, γ = 0, a = 0.45, d = 0.016,
and R0 = 8.)
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Figures C.7 and 3.2 show the distributions of cells infected with neutral single and dou-

ble mutants in the presence and absence of multiple infection. Figure C.7 shows that at

relatively low virus loads, the average number of mutants is the same, whether multiple

infection is assumed to occur or not. At larger population sizes that are close to peak virus

load, however, we observe a pronounced difference, Figure 3.2. In these simulations, we

recorded the number of mutants at 6 × 108 infected cells, as it is close to the peak and

almost all stochastic simulations reached this threshold. We can see that multiple infection

results in a 2-fold or larger increase in the average number of mutants, both for single-hit

(Figure 3.2(a)) and double-hit mutants (Figure 3.2(b)). The reason is that larger number

of infection events occur in the presence of multiple infection, thus raising the number of

mutants that are generated. We further note that multiple infection not only increases the

average number of mutants at high viral loads, but that it also leads to a larger variation in

mutant numbers, shown by a larger standard deviation of mutant numbers in the presence

of multiple infection (Figure 3.2).

These trends are not particular to neutral mutants because we focus on exponential, or

nearly-exponential, virus growth. Similar trends are observed for advantageous or disadvan-

tageous mutants (see Appendix C Section 4 and Figure C.8).

While computationally more costly, we also examined the prevalence of neutral triple-hit

mutants, because such mutants can be important for simultaneously escaping three immune

response specificities or three drugs. We found that even near peak virus load, the probability

that a triple mutant exists is relatively low (Figure C.9). In other words, such mutants

are unlikely to exist even at the peak of primary HIV infection. Nevertheless, multiple

infection results in an almost 2-fold increase in the probability that neutral triple mutants

exist around peak infection. Such an increase in mutant generation could be important for
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virus persistence in the face of mounting immune responses during the acute phase of the

infection.

Evolutionary dynamics in more complex settings: complementation, interfer-

ence, and the role of synaptic transmission

Multiple infection becomes especially important for viral evolutionary dynamics if different

virus strains interact with each other inside the same cell. One type of such interactions

is complementation, where a disadvantageous mutant gains in fitness in a coinfected cell

[21]. Another example is interference, where an advantageous mutant can lose the fitness

advantage when together with a wild-type virus in the same cell [68]. We will use our hy-

brid methodology to investigate the evolution of disadvantageous and advantageous mutants,

and the effect of complementation and interference, respectively. We start by examining the

dynamics assuming free virus transmission, and then compare results to simulations that

assume virus spread through synaptic transmission. Synaptic transmission can be especially

relevant here because it can promote the repeated co-transmission of genetically distinct

virus strains. For example, if a disadvantageous mutant is repeatedly co-transmitted with

a wild-type virus, and if the disadvantageous mutants benefits from complementation, then

synaptic transmission can significantly enhance the spread potential of the mutant.

As before, the fitness difference is modeled at the level of the infection process. For example,

for a disadvantageous mutant, there is a chance that infection of a new cell is unsuccess-

ful. In this case, complementation means that the wild-type virus can provide a product

that enhances the infectivity of the mutant. Similarly, for interference, it is assumed that

the chance of infection by an advantageous mutant is reduced if the offspring mutant was

generated in a coinfected cell.
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Effect of viral co-transmission on mutant spread (in the absence of mutations).

To assess to what extent the co-transmission of different virus strains influences viral evo-

lution, we consider computer simulations in the absence of mutant production. Instead, we

start with one infected cell that contains both one wild-type and one mutant virus, and sim-

ulate the spread of the virus population until a threshold number of infected cells is reached.

The purpose of excluding mutant production is to fully quantify to what extent synaptic

transmission enhances the spread potential of a mutant.

Complementation: First, consider viral complementation. We study an extreme case where

a mutant has zero fitness by itself, but has an infectivity identical to the wild-type virus if

the mutant offspring virus is produced in a cell coinfected with a wild-type virus. In this

parameter regime, the mutant virus cannot spread at all in the absence of complementation,

whether spread occurs by free virus or synaptic transmission. The occurrence of comple-

mentation, however, allows virus spread due to the elevated viral fitness in coinfected cells.

For free virus transmission, this effect is modest (Figure 3.3(a)). A limited amount of mu-

tant spread can occur, but the average number of mutants at peak infection levels is still

less than one, indicating that mutants largely fail to spread in this setting. In simulations

with synaptic transmission, however, we observe extensive mutant spread in the presence of

complementation (Figure 3.3(b)). Around peak infection, the number of cells infected with

the mutant is of the order of 105. This shows that synaptic transmission can play a crucial

role at promoting the spread of disadvantageous mutants through complementation.

Interference: Next, consider viral interference. Assume an advantageous mutant, which has

a significant fitness advantage by itself (10%), but has an infectivity identical to the wild-

type virus if the mutant offspring is produced in a cell coinfected with the wild-type. Under

free virus transmission (Figure C.11(a-b))), coinfection does not play a significant role, and
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Figure 3.3: Zero fitness mutants, comparing the effect of complementation for free virus and synaptic trans-
mission. All simulations start with a single infected cell coinfected with a single copy of both the wild-type
and mutant, and mutation is turned off (µ = 0). (a) Only free virus transmission (β = 3.60 × 10−9, γ =
0, N = 11) with complementation. The average number (standard deviation) of cells infected with the
mutant is 0.71 (1.73). (b) Only synaptic transmission (β = 0, γ = 3.60× 10−9, N = 25) with complemen-
tation. The average number (standard deviation) of cells infected with the mutant is 3.1× 105 (2.2× 105).
Histograms represent 5×103 hybrid simulations with size thresholdM = 50. Simulations in which infections
are not established (or in the rare case a simulation does not reach the infected size threshold) are discarded;
simulations are stopped when the infected cell population is close to peak infection (5 × 108 cells). The
fitness of the wild-type is fixed at Fwild-type = 0.9 and Fmutant = 0. The other parameters are as in Figure
3.1 (λ = 1.59× 107, a = 0.45, and d = 0.016).
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therefore interference only decreases the expected number of mutants by a small percent-

age. Interestingly, for synaptic transmission (Figure C.11(c-d)), interference only plays a

marginally larger role compared to the dynamics under free-virus transmission. The reason

for this relatively mild effect of interference under purely synaptic transmission is rooted

in an inherent reduction of fitness differences due to repeated infection events in synaptic

transmission. We elaborate on this later on in the context of dynamics with mutations.

Evolutionary dynamics in the presence of mutant production. Here, we repeat this

analysis assuming that mutant production occurs. The mutant dynamics are now influenced

by two factors: (i) as before, mutant viral replication and mutant fitness influence spread;

(ii) mutation processes generate mutant viruses from wild-type, which also contributes to

the increase of mutant numbers. We consider both viral complementation and inhibition.

Complementation: We first focus on a mutant that has zero fitness if it is by itself in a cell. If

mutant numbers are measured at relatively low virus loads (Figure 3.4(a,b)), complementa-

tion makes no difference for simulations that assume free virus transmission only (panel (a)).

For simulations assuming synaptic transmission only, however, a larger difference between

mutant numbers with and without complementation is observed (approximately 2-fold, panel

(b)), resulting from the frequent co-transmission of different virus strains, which occurs even

at lower virus loads. Even more striking is the difference in the distribution of mutant

numbers with and without complementation, under synaptic transmission (panel (b)). The

long distribution tail in the presence of complementation is a result of early mutation events,

which are extremely rare, but give rise to unusually high numbers of mutants at the threshold

size. These events are similar to the so-called “jack-pot” event that have recently attracted

attention in the context of mutant evolution in expanding cell populations [20, 73].
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If the number of mutants is measured at higher virus loads, near peak, we find that com-

plementation makes a modest difference if only free virus transmission is assumed (Figure

3.4(c)). This occurs because mutants that are generated at high virus loads will have a

substantial chance to enter a cell that also contains a wild-type virus, leading to enhanced

mutant spread at high virus loads. If we assume that the virus spreads only through synaptic

transmission (panel (d)), complementation makes a larger difference, but the effect of com-

plementation is only slightly larger than that at low virus loads (panel (b)). The reason is

that the probability for wild-type and mutant viruses to be co-transmitted does not depend

strongly on virus load.

We note that in the models with mutant generation, the effect of complementation on mu-

tant numbers is much less pronounced than in simulations without mutation processes, even

if the virus is assumed to only spread through virological synapses. The reason is that in

the absence of mutational processes, the initially present mutant virus cannot spread with-

out complementation, whereas it can do so in the presence of complementation. In the

presence of mutational processes, however, even zero-fitness mutant numbers can rise over

time without complementation, due to mutant production by wild-type viruses. Because

the population size at peak virus load is large relative to the inverse of the mutation rate,

mutant generation is a significant force that drives mutant numbers over time, limiting the

difference that mutant replication in coinfected cells can make on the mutant population size.

Next, we assume that the mutant is no longer a zero-fitness type, but can be transmitted

independently of the wild-type virus, although with a 10% fitness cost. In other words, if

an infection event is attempted, it succeeds with a probability that is 10% smaller than that

for the wild-type virus: Fmutant = 0.9Fwild-type. If the mutant virus is in the same cell as the
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wild-type, however, this fitness cost is assumed to disappear and the mutant is neutral with

respect to the wild-type virus. We focus on mutant numbers at high virus loads. We find

that the number of mutants is only increased by a small amount, both if we assume that

the virus spreads only by free virus transmission (panel (e)) or only by synaptic transmis-

sion (panel (f)); the difference is slightly larger for simulations that assume synaptic virus

transmission, approximately 1.4 fold in Figure 3.4(f)).

The relatively small increase in mutant numbers brought about by complementation is sur-

prising in the context of synaptic transmission. Intuitively, even though the disadvantageous

mutant virus in Figure 3.4(f) can spread alone, the assumed 10% fitness cost, which is

overcome by complementation, is still substantial. The reason for the limited impact of

complementation is that in the presence of synaptic transmission, the actual fitness disad-

vantage of the mutant is reduced. The fitness cost is implemented by assuming that upon

transfer to the new target cell, each virus has an increased probability to fail successful

completion of infection. With synaptic transmission, it is assumed that there are S infection

attempts (in our simulation S = 3). This increases the likelihood that the cell will become

infected (i.e. that at least one of the attempts is successful). Through this process, the ef-

fective fitness disadvantage of the mutant ends up being less than the 10% cost assumed per

virus, which explains the modest effect of complementation on mutant numbers. The notion

that the simultaneous transfer of multiple viruses per synapse reduces the effective relative

fitness cost of a mutant has important implications that go beyond the scope of the current

Chapter, and is explored in detail in a separate study. This analysis indicates that viral

complementation might only make a substantial impact on the number of disadvantageous

mutants if the disadvantage is very large. Therefore, biologically, complementation might be

most relevant to defective virus particles, and this effect is more pronounced under synaptic

compared to free virus transmission.
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Interference: Here we consider an advantageous mutant that loses fitness advantages in cells

that contain both the mutant and the wild-type virus. This is implemented similarly to the

simulations with disadvantageous mutants. To model the advantage, we assume that a mu-

tant virus, upon transfer, succeeds in infecting the target cell with the probability that is 10%

larger than that of the wild-type virus: Fmutant = 1.1Fwild-type. As with complementation,

Figure 3.4(g,h) shows that interference has a modest impact on the number of advantageous

mutants at the size threshold (close to peak infection levels). Interference lowers the num-

ber of advantageous mutants to a slightly stronger degree if we assume synaptic (panel (h))

rather than free virus transmission (panel (g)), although the difference is relatively small

in both cases, which is reminiscent of a similarly small effect of interference under synaptic

transmission, observed in the absence of mutations, Figure C.11(c-d)). The small effect for

free virus transmission is explained by the absence of significant co-transmission of mutant

and wild-type viruses, which limits the occurrence of the intracellular interactions among the

two viral strains. For the simulations with synaptic transmission, the small effect is again

explained by a reduction in the effective fitness difference between mutant and wild-type

strains as a result of multiple, simultaneous infection events during synaptic transmission.

Therefore, these results suggest that interference is unlikely to have a major impact on the

dynamics of advantageous mutants, unless the advantage is very large, which would be bio-

logically unrealistic (the simulations shown in Figure 3.4(g,h) already assume a 10% fitness

advantage of the mutant).

3.4 Discussion

In this Chapter, we described a hybrid stochastic-deterministic algorithm to simulate viral

evolutionary dynamics at large population sizes, including the occurrence of multiple infec-

tion of cells. The coevolution of relatively small populations (mutants and multiply infected
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Figure 3.4: Mutant evolution under different scenarios with 100% free virus transmission (left panels: β =
3.6 × 10−9, γ = 0, N = 11) or 100% synaptic transmission (right panels: β = 0, γ = 3.6 × 10−9, S =
3, N = 25). Panels (a) and (b) record the number of cells infected with the mutant at 104 infected cells,
for all other panels it is 5 × 108 infected cells. For all panels, the blue bars represents simulations without
complementation/interference and the red bars represents simulations with complementation/interference.
The mean values are presented in each panel. For panels (b)-(h), p < 10−6 by the Kolmogorov-Smirnov test.
(a-d) Zero fitness mutant (Fmutant = 0). (e,f) Disadvantageous mutant (Fmutant = 0.81). (g,h) Advantageous
mutant (Fmutant = 0.99). For all simulations, we fix M = 50, Fwild-type = 0.9 and the other parameters are
as in Figure 3.1 (µ = 3× 10−5, λ = 1.59× 107, a = 0.45, and d = 0.016).
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cells) with larger populations (wild-type and singly infected cells) renders stochastic com-

puter simulations computationally costly and not feasible when the virus population rises

to higher levels. Ordinary differential equations can only predict the average number of

mutants over time, but fail to accurately describe the number of mutants at a given infected

cell population size, the mutant number distributions, or the timing of mutant generation.

The hybrid method described here, however, provides an accurate approximation of the true

stochastic dynamics, at a fraction of the computational cost. This method therefore can

serve as a practical tool to simulate complex viral evolutionary processes at large population

sizes.

At the same time, however, the hybrid method can also run into computational limita-

tions, depending the assumptions underlying the exact model formulation. While the hybrid

method is capable of handling a large number of subpopulations, the number of “reactions”

included in the stochastic part of the algorithm increases with (i) the number of different

virus strains, (ii) the maximum multiplicity N , and (iii) the number of virus transferred

per synapse S. If these parameters are too large, the number of reactions for the Gillespie

algorithm can become too high to be computationally feasible (even if only small popula-

tions are handled stochastically). In general, the number of strains per model is 2k and the

number of differential equations (subpopulations) per model is
(
N+2k

2k

)
. If we model only

free virus transmission, the number of infection events is the number of strains multiplied

by the number of subpopulations eligible to be infected, but when synaptic transmission is

included, there are many more infection events, which is correlated with the number of ways

to partition S into 2k non-negative integers that sum to 1, 2, . . . , S. When the number of

reactions is on the order of 104, each simulation becomes very computationally expensive,

which happens, for example, if we consider triple mutants in the presence of synaptic trans-

mission.
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We used the hybrid stochastic-deterministic method to study how multiple infection and in-

tracellular interactions among virus strains influence the evolutionary dynamics of mutants

in the acute phase of HIV infection, during which the number of infected cells can rise to

high levels, of the order of 108 infected cells across the lymphoid tissues [18]. We showed that

these processes can shape mutant evolution, but also found that this effect is restricted to

select circumstances. On a basic level, the models confirmed the intuitive idea that multiple

infection accelerates mutant evolution due to the larger number of mutation events during

reverse transcription, when already infected cells become super-infected.

The model predictions about the ability of viral complementation to enhance the spread of

disadvantageous mutants was more complex. According to the model, synaptic transmission

is required to enhance disadvantageous mutant spread through complementation because it

allows the repeated co-transmission of different virus strains; at the same time, however,

this effect of complementation is only sizable if the selective disadvantage of the mutant is

substantial, which most likely corresponds to a defective virus. The reason is that in the

model studied here, synaptic transmission reduces the effective fitness difference between

mutant and wild-type virus. This is because during a synaptic transmission event, multiple

viruses are assumed to attempt infection of the target cells, thus increasing the chance that

the cell will become infected with at least one of them. Even though we assumed a 10%

lower probability of successful infection per mutant virus, in the context of our assumption

that three viruses attempt infection per synapse, the overall chance that the cell becomes

infected with a mutant is only 0.01% lower than the chance that it will become infected with

a wild-type virus (the effective fitness difference). With a reduced effective fitness difference,

complementation can only accelerate mutant growth by a modest amount.

Even if the effect of complementation is only pronounced for defective viruses, this still has
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strong biological significance. The maintenance of virus variants with zero or very low fit-

ness during viral spread could be important for the evolvability of HIV in patients. The low

fitness virus variants can potentially carry other mutations in their genomes, such as drug

resistance or immune escape mutations. If these low fitness variants are repeatedly present in

the same cell as wild-type viruses, recombination can transfer the mutation in question onto

the wild-type genome, thus accelerating the rate of virus evolution. If the low fitness variants

are not maintained, due to lack of complementation, however, this effect would not occur

and could lead to a slower rate of virus evolution. Hence, maintenance of defective virus

variants through complementation, and the consequent enhanced evolvability of the virus,

could be one mechanism underlying the evolution of synaptic transmission in HIV infection.

Recombination can be built into the models presented here to explore these dynamics in the

future.

Another intracellular interaction that we considered was viral interference, where we track

an advantageous mutant that loses fitness when together with a wild-type virus in an in-

fected cell. As with complementation, for the fitness loss to be a driving event, the repeated

co-transmission of wild-type and mutant virus is required through virological synapses. For

the same reason as explained above, however, the multiple virus transfer events that oc-

cur during synaptic transmission reduce the fitness difference between the two virus strains,

thus reducing the impact of interference on mutant numbers. To see a more significant ef-

fect would require a very substantial fitness advantage of the mutant, which is biologically

unrealistic. According to our results, we therefore expect that viral interference is unlikely

to significantly reduce the number of advantageous mutants.

According to the model studied here, viral complementation is not expected to play a signif-

icant role for mutant evolution in the absence of a transmission mechanism that involves the
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simultaneous transfer of multiple viruses from the infected cell to the target cell. It is im-

portant to remember, however, that the model presented here assumes well mixed virus and

cell populations. If, in contrast, viruses spread in spatially structured cell populations with

limited mixing, the spatial restriction could force the repeated co-transmission of different

virus strains from one cell to another, even in the context of free virus transmission (simply

because only a limited number of target cells are located in the immediate neighborhood of

an infected cell). Therefore, spatial restriction during free virus transmission could have a

similar effect as synaptic transmission during HIV infection. Indeed, computational model-

ing work has shown that similar to synaptic transmission, spatially restricted virus growth

can lead to higher infection multiplicities, even at lower virus loads [67]. The correspondence

between the properties of synaptic transmission in HIV infection and spatially restricted free

virus spread remains to be established in more detail, and has relevance for a range of viral

infections, importantly bacteriophage infections.
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Suboptimal provirus expression explains apparent nonrandom cell coinfection with hiv-
1. Journal of virology, 86(16):8810–8820, 2012.

[8] Michael T. Bretscher, Christian L. Althaus, Viktor Müller, and Sebastian Bonhoeffer.
Recombination in HIV and the evolution of drug resistance: for better or for worse?
Bioessays, 26.2:180–188, 2004.

[9] Yang Cao, Daniel T Gillespie, and Linda R Petzold. Efficient step size selection for the
tau-leaping simulation method. The Journal of chemical physics, 124(4):044109, 2006.

[10] Antonio Carvajal-Rodriguez, Keith A. Crandall, and David Posada. Recombination
favors the evolution of drug resistance in HIV-1 during antiretroviral therapy. Infection,
genetics and evolution, 7(4):476–483, 2007.

83



[11] Benjamin K Chen, Rajesh T Gandhi, and David Baltimore. Cd4 down-modulation
during infection of human t cells with human immunodeficiency virus type 1 involves
independent activities of vpu, env, and nef. Journal of virology, 70(9):6044–6053, 1996.
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Appendix A

Supplement for Chapter 1: Effect of

synaptic cell-to-cell transmission and

recombination on the evolution of

double mutants in HIV

A.1 Deterministic and stochastic modeling of synaptic

and free virus transmission

A.1.1 Deterministic modeling: a review

Here, we review a previously published mathematical modeling framework to study the role

of synaptic and free virus transmission in HIV dynamics [39, 36, 37]. This modeling approach

is based on ordinary differential equations, which means that perfect mixing of populations

occurs with both transmission modes, i.e. synaptic transmission is not spatially restricted.

90



This is a severely limiting factor, however the ODE model also provides a framework that

allows for mathematical analysis that is not possible with only the agent-based model. Let

xi(t) be the population of cells infected with i copies of the virus at time t. Let γmj be the

parameter characterizing the rate at which cells infected with m viruses transmit j viruses

per synapse, and let β represent the rate of free virus transmission. Let N be the maximum

number of copies of the virus that a single cell can contain, known as the maximum infection

multiplicity. No such maximum is needed in the agent-based model, but here it simplifies

solving the ODE model. The model equations with both free virus and synaptic transmission

pathways are

ẋ0 = λ− dx0 − βx0
N∑
m=1

xm −
N∑
m=1

xm

N∑
j=1

γmj x0, (A.1)

ẋi = β(xi−1 − xi)
N∑
m=1

xm +
N∑
m=1

xm

( i∑
j=1

γmj xi−j − xi
N−i∑
j=1

γmj

)
− axi, (A.2)

where λ is the constant production rate of uninfected target cells, d is the death rate of

uninfected cells, and a is the death rate of infected cells. Note that in contrast to the agent-

based model, the present model assumes that both free virus and synaptic transmission are

non-spatial processes. Further, this model assumes that kinetic parameters are independent

of infection multiplicity, because there is currently no evidence to the contrary.

Let us denote

γ =
N∑
m=1

N∑
j=1

γmj ,

as the total rate of synaptic transmission. The model given by equations (A.1-A.2) is char-
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acterized by two outcomes / equilibria. The disease-free equilibrium is given by

x0 =
λ

d
, xi = 0 for 1 ≤ i ≤ N. (A.3)

Virus persistence is described by the following equilibrium expressions:

x0 =
a

β + γ
, z =

λ

a
− d

β + γ
, (A.4)

where z denotes the sum of all infected cell sub-types. Additionally, one can calculate the

steady state value for each individual infected population, see [39] for details.

An important measure in virus dynamics is the basic reproductive ratio of the virus, R0,

denoting the average number of newly infected cells produced by a single infected cell when

placed into a pool of susceptible cells [52, 55]. In a deterministic model, if R0 > 1, the virus

successfully establishes an infection, and if R0 < 1, virus extinction occurs. For the model

written down here, the basic reproductive ratio of the virus is given by R0 = (β+γ)λ
ad

. Setting

γ = 0, we reproduce the expression for R0 derived from the basic model of virus dynamics

in the absence of multiple infection and synaptic transmission [52, 55]. The reason for this

is that kinetic parameters, such as the rate of virus production or the rate of virus-induced

cell death, are assumed to be independent of infection multiplicity.

As done in [39], this model can be extended to include competition between two or more

virus strains. Let xij(t) be the population of cells infected with i copies of virus strain A

and j copies of virus strain B at time t. Let γmkqp be the probability for a cell infected with

m copies of virus strain A and k copies of virus strain B to transmit q copies of virus strain

A and p copies of virus strain B. The model equations for competition between two strains
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are

ẋ00 = λ− dx00 − βx00
N∑
m=0

N−m∑
k=0

m+k>0

xmk − x00
N∑
m=0

N−m∑
k=0

m+k>0

xmk

N∑
q=0

N−q∑
p=0
p+q>0

γmkqp , (A.5)

ẋij = β
( m

m+ k
xi−1,j +

k

m+ k
xi,j−1 − xij

) N∑
m=0

N−m∑
k=0

m+k>0

xmk

+
N∑
m=0

N−m∑
k=0

m+k>0

xmk

( i∑
q=0

j∑
p=0
p+q>0

xi−q,j−pγ
mk
qp − xij

N−i∑
q=0

N−i−j−q∑
p=0
p+q>0

γmkpq

)
− axij. (A.6)

In equation (A.6), we assume i + j > 0 and i + j ≤ N . We also assume for all of the

double summations that the two indices are not zero simultaneously. These equations can

be extended naturally to include competition between any number of additional strains. As

shown in [39], the outcome of this competition depends on the relative value of R0 of the

two virus strains. If the values of R0 are identical, the strains are neutral with respect to

each other, and an infinite number of equilibria exists, depending on the initial conditions.

If the two strains have different values of R0, then the strain with the higher R0 wins and

excludes the other strain.

A.1.2 A model with density-dependent target cell production

In order to match the standard ordinary differential equation model to our agent-based

model, we need to employ a scaling of the rate parameters, as well as a density-dependent

production term of target cells. This is because the agent-based model describes the system
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on a finite N by N grid. The model equations with the appropriate scalings are

ẋ0 = λ
(
N 2 − x0 −

N∑
m=1

xm

)
− dx0 −

β

N 2
x0

N∑
m=1

xm −
N∑
m=1

xm

N∑
j=1

γmj
N 2

x0, (A.7)

ẋi =
β

N 2
(xi−1 − xi)

N∑
m=1

xm +
N∑
m=1

xm

( i∑
j=1

γmj
N 2

xi−j − xi
N−i∑
j=1

γmj
N 2

)
− axi. (A.8)

The adjustments of λ to λ(N 2 − x0 −
∑N

m=1 xm) and γmj to
γmj
N 2 need to be made from the

standard ODE model to match the agent-based model. For instance, in the standard model

λ represents the constant production rate of uninfected cells, however in the agent-based

model λ represents the probability that a randomly chosen empty grid point becomes an

uninfected cell, as we do not produce uninfected cells from anywhere else.

Here, we chose to work with the assumptions underlying the agent-based model, i.e. as-

suming that production of cells depends on cell concentration. Complex regulatory systems

have been described for the hematopoietic system [63], so we consider this a biologically

reasonable assumption. At the same time, we point out that there is uncertainty about the

laws of target cell production, and more data are required to couple such assumptions more

closely to reality.

This adjusted model is characterized by a similar solution structure and a similar bifurcation

behavior as the basic model (A.1-A.2), but the expressions become somewhat different. For

example, for model (A.7-A.8), we have R0 = (β+γ)λ
a(λ+d)

, and the steady state value corresponding

to equation (A.4) becomes z = N 2((β+γ)λ−λa−da)
(β+γ)(λ+a)

.
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Figure A.1: All mutation processes possibilities between the types, together with their probabilities.

A.1.3 Modeling mutations and recombinations

Figure A.1 presents all the (forward and backward) mutation processes that can occur be-

tween the four types. Figure A.2 presents all possible recombination events that can happen

in the presence of two types of mutations. Only two events result in types different from

either of the recombining types: the creation of a double hit mutant when mutant A recom-

bines with mutant B, and the destruction of a double hit mutant (making it into a single

mutant) when it recombines with the wild type virus.

A.1.4 Spatial stochastic simulations

Figure A.3 shows a comparison of the stochastic, agent based model with the deterministic

ODE model. The left panel shows numerical solutions of the ordinary differential equations

together with the agent based simulation. The ODE solution is represented with dotted lines

and a single typical agent based simulation is represented with the solid lines. The different

colors represent the number of cells infected with the respective number of copies of the virus.

The right panel shows a comparison of agent based simulations for two neutral virus strains

(upper right panel) versus two non-neutral strains (lower right panel). In the neutral case,
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Figure A.2: All recombination possibilities between the types, including when the infecting strand is the
same as one of the parental strands. If the two strands are of the same strain then recombination is trivial.
We define the recombination rate ρ as the probability that a new exchange happens between the strands,
and the resulting infecting strand is different from both of the parental strands. This is because the most
interesting recombination events are when ab + AB → Ab or aB and when Ab + aB → ab or AB. For this
reason, the recombination rate ρ is capped at 1

2 in the context of our agent-based model.

drift is observed with the eventual fixation of one of the virus strains. In the non-neutral

case, we assume that strain A has higher fitness over strain B. As a result, strain A will fixate.

Figure A.4 shows snapshots of a typical stochastic spatial simulation with infection by a single

virus strain. The left panels show a simulation which includes only free virus transmission,

whereas the right panels show a simulation which includes only cell-to-cell transmission. The

top panels show the status of each grid point, where red grid points denote infected cells. The

bottom panels show the multiplicity of infection of each cell, with darker colors representing

higher multiplicity. While non-spatial free virus transmission leads to mostly singly infected

cells uniformly spread out across the grid, we see here that cell-to-cell transmission leads to

spatial clumps of superinfected cells. This is because cell-to-cell transmission leads to the

repeated infection of nearby cells, where each time an infection events occurs, multiple copies

of the virus are passed.
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Figure A.3: Left: comparison of the ODE, equations (A.7-A.8) (dotted lines), and agent based models (solid
lines) for infection with a single strain. The numerical solutions for the ordinary differential equations match
the agent based simulation and equilibrium values for each virus population. Here we include only free
virus transmission, and parameters are N = 9, λ = 0.88, β = 0.7, γ = 0, a = 0.2, d = 0.1 and N = 100.
We initialize the grid by including an uninfected cell at each grid point. Right: comparison of agent based
simulations for two neutral virus strains versus two non-neutral strains. Here we include only free virus
transmission, and parameters are λ = 0.5, β = 0.1, γ = 0, a = 0.08, d = 0.01 and N = 100. We initialize
the grid by including an uninfected cell at each grid point. Above: neutral virus strains with the same
fitness. Below: strain A has higher fitness over strain B. The fitness of strain A is 1 and the fitness of strain
B is 0.95.
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Figure A.4: Example of stochastic simulations on a 40 by 40 grid at time T = 100. The panels on the left
correspond to the same simulation with only free virus transmission. The panels on the right correspond
to the same simulation with only synaptic cell-to-cell transmission. The panels on top show the infection
where white grid points are empty, gray grid points are uninfected cells, and red grid points are infected
cells. The panels on the bottom show the number of copies of virus each cell is infected with, where darker
colors represent higher numbers. Other parameters are λ = 0.5, β+γ = 0.1, a = 0.08, d = 0.01, and S = 3.
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A.2 Generation of double mutants

In this section we show that a combination of free virus and cell-to-cell transmission results

in faster generation of double mutants by recombination. To study double-hit mutant gen-

eration, we ran the simulation repeatedly and recorded the time at which the double mutant

was first generated, at which point the simulation was terminated. The average time of

double mutant generation for various combinations of synaptic and free virus transmission

is shown in figure A.5.

In the absence of recombination, double mutant generation occurs fastest with purely synap-

tic transmission and takes longer as the contribution of free virus transmission is increased.

This is because each time a synaptic infection event occurs, multiple viruses are transferred

from the source cell to the target cell, thus increasing the number of mutation events that

can occur during reverse transcription.

In the presence of recombination, however, we observe that double mutant generation occurs

fastest for a mixture of free virus and synaptic transmission (figure A.5). The reason is the

existence of a tradeoff. Free virus transmission is efficient at bringing together two distinct

virus strains (single mutant A and single mutant B) in the same cell, which is essential for

recombination (creating the double hit mutant) to occur. Once in the same cell, however,

the two virus strains are likely to disperse to different target cells rather than being re-

peatedly co-transmitted, which limits opportunities for recombination. In contrast, synaptic

transmission promotes the co-transmission of two different virus strains once they have come

together into the same cell [43], which generates more opportunities for recombination to

occur. At the same time, however, the spatial nature of this process makes it less likely that

they come together in the same cell to start with. The observed optimum thus presents the
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Figure A.5: Generation of double mutants. (a) Time to double mutant generation, as a function of the rate
of synaptic transmission, with β+γ = 0.1. Higher recombination rates lead to faster times to first double hit
mutant generation. Standard error bars are shown. Each point represents the average over at least 12,280
runs. With a positive recombination rate ρ � µ a combination of free virus and cell-to-cell transmission
optimizes the time to first double hit mutant generation. (b) Contour plot for the time to recombinant,
plotted against the probability of free virus transmission (β) and the probability of cell-to-cell transmission
(γ). Darker colors represent faster (lower) time to the creation of a recombinant virus. Diagonal lines with
slope −1 and intercept c represent fixed β + γ = c. For fixed c, a combination of both free virus (β) and
cell-to-cell transmission (γ) minimizes the time to the creation of recombinant virus. Contour plot was made
by running the simulations for many points on the lines with fixed c for c ∈ [0.09, 0.2] (for c < 0.09, the
simulated infections go extinct with relatively higher probabilities). We used ρ = 0.2; enough simulations
were run such that the averages with their respective standard error did not overlap. Other parameter values
are S = 3, λ = 1, d = 0.01, a = 0.02, N = 100, µ = 3 × 10−5, and we initially infect randomly with only
the wild type.

best solution to this tradeoff.

The same general trends hold if both one-hit mutants and double mutants are advantageous

or disadvantageous (not shown).

A.3 Dynamics of mutant generation and spread

In this section we provide details of modeling generation and spread of double hit mutants,

both advantageous and disadvantageous.
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A.3.1 Advantageous mutants: the time series

In the case of advantageous mutants, a reasonable measure of double mutant success is the

time it takes for the double hit mutant to reach 90% of all infected cells. Figure A.6 presents

examples of typical infection dynamics with (right) and without (left) recombination, both

for relatively low (top) and high (bottom) mutant advantage. We can see that at first,

populations of single mutants rise, and at some point produce a double hit mutant, which

eventually rises to domination, displacing other populations. Parameters of the system de-

fine the typical timing of this process.

In the presence of double hit mutant advantage, the following factors trade-off to determine

where recombinations boost or suppress double mutant spread: (i) the constructive force of

double hit mutant creation by recombinations (which enhances double hit mutant produc-

tion), (ii) the destructive force of recombination that breaks down double mutants (which

delays double mutant spread); and (iii) the strength of selection of the double mutant, which

defines the how long the previous two factors are at play.

Consider the case where the mutant advantage (s) is relatively low (figure A.6, top panels).

For a stretch of time, two single mutant strands coexist in the population at low levels. Dur-

ing this period, in the absence of recombinations, a double hit mutant is created by mutations

and eventually rises to domination. In the presence of recombination, double hit mutants

are created at a faster rate through recombinations between single strand mutants, but since

the advantage is low, they remain at low levels for a long time, which contributes to frequent

breakage events through recombinations with the abundant wild type. This destructive force

of recombinations is what makes recombinations delay the domination of double hit mutants.
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Figure A.6: Advantageous mutants: the dynamics of cell populations, typical time-series. (a): slight advan-
tage s = 0.005, no recombination ρ = 0 (b): slight advantage s = 0.005, recombination rate ρ = 0.2 (c): large
advantage s = 0.2, no recombination ρ = 0 (d): large advantage s = 0.2, recombination rate ρ = 0.2. The
other parameters are: S = 3, λ = 1, β + γ = 0.1, d = 0.01, a = 0.02, N = 100, µ = 3 × 10−5, α = 0.75,
40% free-virus transmission, and initial infection with only the wild type at equilibrium levels.

When the mutant advantage is relatively high (figure A.6, bottom panels), all the same pro-

cesses take place, but their relative contributions shift. Once a double hit mutant is created,

it rises relatively fast due to larger selection force, leaving the “breaking” recombinations

less time to operate. On the other hand, recombinations between the two single strains still

accelerate double mutant production, thus resulting in a net positive, accelerating effect of

recombination on double hit mutant domination dynamics.
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A.3.2 Measuring the level of disadvantageous mutants

In the disadvantageous mutant scenario, mutant populations are less fit than wild-type

viruses and do not invade. Rather, they steadily approach a balance between selection and

mutation. Thus, in the long run, the double mutants converge to fluctuating around an

equilibrium, the magnitude of which is determined by the mutation rate and the degree of

the selective disadvantage. In Chapter 1, a measure of double mutant relative abundance is

used to assess its prominence.

To measure the relative abundance, we numerically determined the average double mutant

fraction at an arbitrary time point T = 105 over many simulation runs. However, we also

developed a different measure of double mutant success that yields very similar results. This

measure is a temporal moving average for a single run, rather than considering averages at

a fixed time point over many runs. Here, only one simulation is done at each parameter

combination. The temporal moving average is calculated by (i) determining the relative

fraction of cells infected with the double mutant over the total number of infected cells at

each time step and then (ii) calculating the average of this fraction over the number of time

steps elapsed. If the infection dies out (which only happens very rarely), results from that

simulation are discarded and a new, more typical simulation is used.

The advantage of this approach is that only a single simulation is needed at each combination.

The disadvantages are that (i) single simulations need to run to at least the 106 time step (ii)

the fraction of double mutant abundance needs to be calculated at each time step (slowing the

speed of the simulation) and (iii) this measure only has relevance when a selection mutation

balance is achieved. In the neutral case, when only drift occurs, this measure is not useful.
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A.3.3 Using ODEs to study selection mutation balance

As stated in the previous section, in the case of disadvantageous mutants, mutant popula-

tions are maintained by a balance between selection and mutation. It is reasonable to use

ODEs to approximate this balance, and to determine whether or not recombination is a

helpful force in the spread of the double hit mutant population.

The presence of recombination results in a more complex dependence between double-hit

mutant creation and destruction, which can promote its spread. The key is the abundance

of the single-hit mutants, compared to the abundances of double mutants and the wild

types. Let us denote the abundance of single mutants of type A (or B) as at time t as Y1,

and the abundances of double mutants and the wild types as Y2 and Y0 respectively. From

Supplemental Figure A.2, the rate of “breaking” recombinations, is

ρ(3/4)Y0Y2 + ρ(1/2)Y1Y2 + ρ(1/2)Y1Y2.

Similarly, from Supplemental Figure A.2, the rate of “making” recombinations, is

ρ(1/4)Y0Y2 + ρ(1/4)Y1Y1 + ρ(1/2)Y1Y2 + ρ(1/2)Y1Y2.

Therefore, by setting these expressions equal to one another, we have balance at time t if

Y 2
1 = 2Y0Y2. (A.9)

If the left hand side of (A.9) is larger, then recombination between single mutants is more

likely, which leads to the net creation of double mutants. If the right hand side of (A.9) is

larger, then most recombination events will destroy the double mutant through recombina-

tion with wild-type, leading to the net loss of double mutants.
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To implement these ideas, we use ODEs that do not explicitly include recombination. In-

stead, we look at the balance of Y 2
1 = 2Y0Y2 at time T in an ODE system without recombi-

nation (thus neglecting all recombination events up to time T ).

To define the ODE system, we assume the same 4 strains, where each strain can (forward

or back) mutate at site a/A and/or at site b/B during each infection event. Let xi,j,k,l(t) be

the number of cells infected with i copies of wild type, j copies of mutant strain A, k copies

of mutant strain B, and l copies of the double mutant at time t. Let W, A, B, D be the

density of all populations infected with the wild type, mutant strain A, mutant strain B,

and double hit mutant AB respectively at time t, that is

W (t) =
∑

0<i+j+k+l≤N

i

i+ j + k + l
xi,j,k,l(t),

A(t) =
∑

0<i+j+k+l≤N

j

i+ j + k + l
xi,j,k,l(t),

B(t) =
∑

0<i+j+k+l≤N

k

i+ j + k + l
xi,j,k,l(t),

D(t) =
∑

0<i+j+k+l≤N

l

i+ j + k + l
xi,j,k,l(t).

Let Z be the sum of all infected populations. We then have that

Z(t) =
∑

0<i+j+k+l≤N

xi,j,k,l(t) = W (t) + A(t) +B(t) +D(t).

The wild type mutates into mutant strain A with probability µ(1 − µ), which represents

mutation at point A and no mutation at point B. Similarly, the wild type mutates into
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mutant strain B with probably (1 − µ)µ and into the double mutant with probability µ2.

This means the wild type does not mutant with probability 1 − 2µ + µ2. Similar mutation

probabilities follow for the other strains. The ODE system is

x0,0,0,0 = λ(N 2 − Z − x0,0,0,0)−
β

N 2
Zx0,0,0,0 −

γ

N 2
Zx0,0,0,0 − dx0,0,0,0 (A.10)

xi,j,k,l =
β

N 2

(
fW (W (1− 2µ+ µ2) + A(µ(1− µ)) +B((1− µ)µ) +D(µ2))xi−1,j,k,l

+ fA(W (µ(1− µ)) + A(1− 2µ+ µ2) +B(µ2) +D((1− µ)µ))xi,j−1,k,l

+ fB(W ((1− µ)µ) + A(µ2) +B(1− 2µ+ µ2) +D(µ(1− µ)))xi,j,k−1,l

+ fD(W (µ2) + A((1− µ)µ) +B(µ(1− µ)) +D(1− 2µ+ µ2)xi,j,k,l−1 − Zxi,j,k,l
)

+
γ

N 2

(
fW (W (1− 2µ+ µ2) + A(µ(1− µ)) +B((1− µ)µ) +D(µ2))xi−S,j,k,l

+ fA(W (µ(1− µ)) + A(1− 2µ+ µ2) +B(µ2) +D((1− µ)µ))xi,j−S,k,l

+ fB(W ((1− µ)µ) + A(µ2) +B(1− 2µ+ µ2) +D(µ(1− µ)))xi,j,k−S,l

+ fD(W (µ2) + A((1− µ)µ) +B(µ(1− µ)) +D(1− 2µ+ µ2)xi,j,k,l−S − Zxi,j,k,l
)
− axi,j,k,l

(A.11)

where any population with a negative index is 0 and infection does not occur if it would

result in a cell being infected with more than maximum infection multiplicity N viruses.

In order to evaluate whether recombination is beneficial for a given parameter set and fitness

landscape, we calculate the number of each type of virus in the system at time T = 105. If

Y 2
1 > 2Y0Y2 then recombination is beneficial, otherwise it is not. The predictions from the

ODE system do not perfectly match the results from the stochastic system because of many

factors, including (i) the ODEs do not take into account the spatial nature of cell-to-cell

transmission, (ii) the ODEs are deterministic, (iii) recombination is neglected until time T ,
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and (iv) a maximum infection multiplicity N must be used in order to solve the ODEs.

While they do not match perfectly, as seen in Figure A.7 the ODEs do successfully qualita-

tively predict that for any parameter set with significant fitness difference s, recombination

promotes double mutants under extreme negative epistasis (α close to 0) and suppresses

them for extreme positive epistasis (α close to 1). This is again because for extreme posi-

tive epistasis, single mutants are less abundant, and “breaking” events dominate, resulting

in recombinations suppressing double hit mutants. If on the other hand we have extreme

negative epistasis, then the double hit mutants are extremely rare, and “making” events

dominate, thus rendering recombination an enhancing force. The mathematical analysis of

these ODEs and the differences between deterministic and stochastic simulations of these

systems is an interesting question and a main topic of ongoing work.

A.4 A model with a lower multiplicity of infection

The model described in Chapter 1 is characterized by a relatively high equilibrium multi-

plicity of infection. Figure A.8 shows a typical simulation where the mean multiplicity of

all infected cells is plotted as a function of time. We can see that for parameters used in

figure 2 of Chapter 1, under purely free virus transmission, a typical mean multiplicity of

infection is about 4 viruses per cell, while under purely synaptic transmission, it is about 14

viruses per cell. In order to investigate how results change if infection multiplicity is lower,

we designed a model with limited multiplicity. In this model, we keep track of the time, τ ,

that has passed since the first time a cell gets infected. The longer this time, the less likely it

is that the cell gets superinfected. This is because after the initial infection, the virus even-

tually down-regulates the receptor required for viral entry, preventing further superinfection

events from occurring [17]. We assumed that after the first infection event, each subsequent
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Figure A.7: Results of the stochastic simulations (dots) versus the prediction from the ODE system (A.10-
A.11) (crosses). The horizontal axis is ∆1 and the vertical axis is ∆2, which are the relative log fitness
values of single and double mutants, respectively (compare to figure 1(c) of Chapter 1). Red (blue) cor-
responds to runs where double hit mutants are more (less) abundant at T = 105 in simulations with
recombinations than without. We assumed 40% free-virus transmission; the rest of the parameters are
S = 3, λ = 1, β + γ = 0.1, d = 0.01, a = 0.02, N = 100, µ = 3× 10−5, N = 30 and initial infection with
only the wild type at equilibrium levels.
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Figure A.8: Mean multiplicity of infection as a function of time. The two top lines correspond to the model
used in Chapter 1 (parameters as in figure 2 of Chapter 1, except µ = 0). The bottom two lines correspond
to the limited multiplicity model, see figure A.9. Results for synaptic only and free-virus only transmission
are presented. Here we use ν = 0.5.

infection event for a given cell can be aborted with a probability P = 1− e−ντ , which grows

to its limiting value of 1 as τ increases. In this model, under purely free virus transmission,

a typical mean multiplicity of infection is just slightly over one virus per cell, while under

purely synaptic transmission, it is less that 4 viruses per cell, see figure A.8.

Typical results of the limited multiplicity model are presented in figure A.9. The patterns

that are observed for the limited multiplicity model are very similar to those reported in

Chapter 1 for the basic model.

109



Disadvantageous mutants. Simulations for disadvantageous mutants are presented in

panels (a,b) of figure A.9, and should be compared with figure 2(c,d) of Chapter 1.

• For disadvantageous mutants under higher infection multiplicities, recombination in-

creased double mutant fractions at equilibrium under negative epistasis (panel (a))

and suppressed them under positive epistasis (panel (b)) if free virus transmission is

dominant. This result is unchanged compared with the basic model.

• If synaptic transmission is dominant, we observed a reversal for higher multiplicities:

recombination always increased double mutant fractions, even for positive epistasis. For

low multiplicity, this reversal is not observed, i.e. double mutant levels are lower in the

presence compared to the absence of recombination even at 100% synaptic transmission

(figure A.9(b)). We do find, however, that this reduction in double mutant levels in the

presence of recombination is significantly less pronounced when synaptic transmission

becomes more prevalent. Hence, the conclusion that synaptic transmission protects

the double mutant against the detrimental effects of recombination continues to hold

under low infection multiplicities.

• The larger the percentage of synaptic transmission, the higher the level of double

mutants. This is similar to the basic model, and in some sense more pronounced, as

this pattern holds for near 100% synaptic transmission.

Advantageous mutants. Simulations for advantageous mutants are presented in panels

of figure A.9 (c,d,e), and should be compared with figure 2(a,b) of Chapter 1.

• For negative and zero epistasis, recombinations play an enhancing role in double mutant

spread (panels (c,d)), as in the basic model.

• For large positive epistasis and a range of fitness advantage, recombinations become

detrimental for double mutant spread (panel (e)), similar to the basic model. This
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effect, although statistically significant, is weaker in the limited multiplicity model

compared to the basic model.

• The larger the percentage of synaptic transmission, the slower the spread of mutants.

This is similar to the basic model, and in some sense more pronounced, as this pattern

holds over all combinations of synaptic and free virus transmission.

Neutral mutants. Simulations for neutral mutants are presented in panel (f) of figure

A.9 and should be compared with figure 3(a) of Chapter 1.

• Recombinations result in a higher level of double mutants, as in the basic model.

• A mixture of free virus and synaptic transmission is optimal for double mutant spread,

as in the basic model.

A.5 Recombinations, epistasis, and transmission mode:

additional information

A.5.1 The role of recombinations under different transmission modes

Figure A.10 contains graphs supplementing Figure 4 of Chapter 1, in the case of advan-

tageous mutants. We show in Chapter 1 (figure 1(b) of Chapter 1) that for advantageous

mutants, under a mixture of free virus and synaptic transmission modes, recombinations

mostly enhance double mutants except for a region of intermediate fitness advantages and

relatively strong positive epistasis, where recombinations delay the spread of mutants.
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Figure A.9: System with limited multiplicity: a comparison between models with (red) and without (black)
recombination. (a,b) Disadvantageous mutants: the fraction of mutants (the temporal average at selection-
mutation balance) as a function of the fraction of free virus transmission, under negative and positive epistasis
(see figure 2(c,d) of Chapter 1 for other parameter values). (c,d,e) Advantageous mutants: the time until
mutants reach 90%, for negative epistasis, no epistasis, and positive epistasis (see figure 2(a,b) of Chapter 1
for other parameter values). (f) Neutral mutants: the level of mutants as a function of the fraction of free
virus transmission (see figure 3(a) of Chapter 1 for other parameter values). Vertical bars represent standard
error and are too small to be seen. The additional parameter ν used in the limited multiplicity model was
taken to be ν = 0.5.
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Figure A.10: The role of recombinations under different transmission modes for advantageous mutants.
Shown is the time for the double mutant to reach 90%. Red denotes simulations with recombination and
black without recombinations. (a) Free virus transmission only, (b) synaptic transmission only. s = 0.05,
and the other parameters are as in figure 2 of Chapter 1. Each simulation was run at least 30,000 times.
Error bars (based on standard errors) are plotted but are too small to see.

It turns out that these results for advantageous mutants remain very similar under different

mixtures of free virus and synaptic transmission. This is illustrated in figure A.10, which

show the time to double mutant invasion with (red) and without (black) recombinations,

under free virus transmission only (a) and under synaptic transmission only (b). The time

of mutant spread is presented as a function of parameter α (where α < 0.5 corresponds to

negative epistasis and α > 0.5 to positive epistasis). We can see that recombination becomes

disadvantageous for mutants (by delaying the time of spread) for high values of α. In figure

1(b) of Chapter 1, a similar outcome can be seen by looking along diagonal straight lines

connecting points ∆1 = A on the horizontal axis and ∆2 = A on the vertical axis, where

A = | ln(1− s)| = | ln(1− 0.05)| ≈ 0.05129.

Figure A.11 contains graphs supplementing Figure 4 of Chapter 1, in the case of disadvan-

tageous mutants. In particular, panels (a) and (b) correspond to free virus transmission

only and are similar to figure 4(a) of Chapter 1, except they contain simulations for smaller

(s = 0.005) and larger (s = 0.075) fitness disadvantage values compared to that of Chapter
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1 (s = 0.05). Further, panels (c) and (d) correspond to synaptic transmission only (β = 0)

and are similar to figure 4(b) of Chapter 1; again, they correspond to a smaller and a larger

fitness disadvantage. We observe that there is no qualitative differences for different values

of fitness disadvantage.

A.5.2 Optimal epistasis to promote double mutants

Using the results presented above and in Chapter 1, we can investigate what level of epis-

tasis is optimal for double mutant spread, given the transmission mode, with and without

recombinations.

Figure A.10 suggests that for advantageous mutants, intermediate values of epistasis (α) are

optimal to minimize the time until double mutant fixation. In order for the double mutant

population to fixate past the 90% threshold, first the intermediate mutants need to over-

take the wild type, and second the double hit mutant strain needs to overtake both of the

intermediate mutant strains. For the mutants to quickly overtake the wild type, the inter-

mediate mutant strains need to have a significant fitness advantage over the wild type, that

is α < 1. For the double mutant strain to quickly overtake the intermediate mutant strains,

the double hit mutant needs to have a significant fitness advantage over the intermediate

mutant strains, that is α > 0. If the double hit mutant has no fitness advantage over the

intermediate mutants, so α = 0, all mutant strains have the same fitness and it takes longer

for the double hit mutant strain to drift and fixate past the 90% threshold. This is true

both in the absence and presence of recombination, and both under free virus and synaptic

transmission. Figure A.12 is a heat map showing this for a combination of free virus and

synaptic transmission and a range of fitness differences s.
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A different result is observed for disadvantageous mutants, see figure A.11 and also figure 4 of

Chapter 1. As before, decreasing α ∈ [0, 1] leads to higher intermediate mutant fitness. On

the other hand, decreasing α also leads to higher ratios of cells infected with the double hit

mutant. This is because as the intermediate mutant fitness decreases, it becomes increasingly

unlikely that the double hit mutant strain will be generated at all, either by mutation or

recombination between the intermediate strains. Therefore, α = 0 produces the largest level

of double mutants. Again, this trend holds in the absence and presence of recombination,

and both under free virus and synaptic transmission.

A.5.3 Variation vs standard error

In Chapter 1, figures 2 and 4 present the averages over many stochastic simulations for dif-

ferent conditions. Each average is plotted with a standard error bar, which is very small

because of the large number of simulations. Here we show in figures A.13 and A.14 the same

plots as in Chapter 1 figures 2 and 4 but plotted with the standard deviation instead of the

standard error. The standard deviations are relatively large, which is typical for stochastic

populations with small mutation rates. Statistical significance, however, depends on the

number of simulations, which is expressed in the standard error. In general, the variation

and standard deviation are larger in the absence of recombination.

A.5.4 Parameter values and robustness of the results

Simulation parameters used in our studies are defined in table A.1, and their values/ranges

are given. In Chapter 1 we performed a very systematic study of the role of (i) synaptic

and/or free virus transmission (parameters γ and β), under (ii) different fitness landscapes

(parameters s for advantage/disadvantage and α for epistasis), (iii) with and without re-
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Figure A.11: The role of recombinations under different transmission modes for disadvantageous mutants.
Red denotes simulations with recombination and black without recombinations. (a,b) Free virus transmission
(s = 0.005 and s = 0.075). (c,d) Synaptic transmission only (s = 0.005 and s = 0.075). Other parameters are
as in figure 2 of Chapter 1. The graphs show the temporal average of the double mutant at selection-mutation
balance. Error bars (based on standard error) are plotted, but are too small to be visible.
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Figure A.12: The optimal level of epistasis for double mutant spread. (a) Contour plot for the advantageous
mutants with no recombination. The colors represent the time until double hit mutant fixation past a
threshold of 90%. Lines with slope −1 and intercept | ln(1 − s)| represent fixed s with α ∈ [0, 1]. Contour
plots were made by running the simulations for many points on lines with fixed s for s ∈ [0.001, 0.16].
The total number of points is 517. The number of simulations at each point was chosen such that the
averages with and without recombination with their respective standard error did not overlap. (b) Same
with recombination rate ρ = 0.2. Other parameters are as in figure 2 of Chapter 1.

combination (parameter ρ). Hundreds of parameter combinations have been tested and

comprehensive results presented.

Other parameters, however, were kept constant throughout most of this analysis, such as the

production rate of uninfected target cells λ and death rate d of uninfected target cells, and

the death rate a of infected cells. The value for the death rate of infected cells, a = 0.02hr−1,

was chosen to match the experimentally measured mean lifespan of HIV-infected cells of

about 2 days, see [56]. Parameters λ, β, and d were selected to give the correct order of

magnitude for R0, as described in Chapter 1.

Selective simulations with different values for these and other parameters have been per-

formed, but we did not attempt an exhaustive analysis of the entire parameter space, due to

the computational non-feasibility of this problem. Examples of alternative parameter values
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Figure A.13: The role of recombination in (a,b) advantageous and (c,d) disadvantageous mutant dynamics.
Red: with recombinations, and black: without recombination. (a-b) The time until the advantageous
mutant reaches 90%, as a function of the fraction of free virus transmission. The means and standard
deviation bars are shown. (a) s = 0.005, α = 0.75. (b) s = 0.2, α = 0.75. (c-d): The fraction of
disadvantageous mutants at time T = 105, as a function of the fraction of free virus transmission. The
means and standard deviation bars are shown. (c) s = 0.005, α = 0.25 (d) s = 0.005, α = 0.75. The
parameters are: β + γ = 0.1, S = 3, λ = 1, d = 0.01, a = 0.02, N = 100, µ = 3× 10−5. All averages are
based on at least 104 simulations.
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(A)  Disadvantagous	
											Free	virus	transmission	only	

(B)						Disadvantagous	
											Synap%c	transmission	only	

Figure A.14: The role of recombinations under different transmission modes, for disadvantageous mutants.
Shown is the temporal average of the fraction of double mutants at selection-mutation balance, as a function
of that parameter α, defining the nature and extent of epistasis. Red denotes simulations with recombination
and black without recombinations. (a) Free virus transmission only, (b) synaptic transmission only. s = 0.05,
and other parameters are as in figure A.13. Standard deviation bars are also plotted at each point.

include: grid sizeN = 40; λ = 0.5hr−1vol−1 and λ = 0.88hr−1vol−1; d = 0.1hr−1; a = 0.2hr−1

and a = 0.08hr−1. In all simulations, qualitatively similar results are observed. We note here

that a single value of the mutation rate, µ, was used, because this value is known for HIV

[46]. Further, parameter S (the number of viruses transferred per synapse) was not varied

(except setting it to S = 1 for comparison with the free-virus transmission model). Instead,

to limit the mean multiplicity of infection, we used a superinfection regulation parameter,

ν, which provided a more realistic and biologically based approach (see [11]) to achieve the

same result as lowering S.
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Notation Description Usual value/range (if applicable)

N linear size of agent-based model grid 100
λ production of uninfected cells 1.0hr−1vol−1

d death rate of uninfected cells 0.01hr−1

a death rate of infected cells 0.02hr−1

β rate of free virus transmission [0, 0.1]hr−1vol−1, multiple values
γ rate of synaptic cell-to-cell transmission [0, 0.1]hr−1vol−1, multiple values
S number of viruses transferred per synapse 3
µ mutation rate 3× 10−5

ρ recombination rate {0, 0.1, 0.2, 0.5}
s selection coefficient [0.001, 0.2], multiple values
α epistasis parameter [0, 1], multiple values
ν superinfection regulation parameter {0, 0.5}hr−1

γmj probability for a cell infected with m viruses ODE model only
to transmit j viruses per synapse

N maximum infection multiplicity ODE model only

ab wild type strain N/A
Ab and aB single mutant strains N/A

AB double mutant strain N/A

Table A.1: Description of model parameters, symbols, and values/ranges. Curly brackets denote a set of
several specific values used; square brackets denote a range, within which many values were used. For
alternative values, see text.
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Appendix B

Supplement for Chapter 2:

Quantifying the dynamics of viral

recombination during free virus and

cell-to-cell transmission in HIV-1

infection

B.1 Mathematical model

Mathematical models have been used previously to describe the relative contribution of free

virus and synaptic transmission to HIV-1 spread [35]. Here, we expand this model to better

quantify multiple components of infection. In order to study the dynamics of recombinant

viruses, this model can be expanded to include multiple infection and infection with multiple

strains of virus. Here, based on the experimental setup, we consider single mutant strain

121



C (equipped with glowing cyan fluorescent protein), single mutant strain Y (equipped with

glowing yellow fluorescent protein), double mutant strain G (recombinant strain that includes

both mutations and glows green), and double mutant strain W (non-glowing recombinant

strain that includes neither mutation). We denote xi,j,k,l(t) as the number of cells infected

with i copies of strain C, j copies of strain Y, k copies of strain G, and l copies of strain W.

Further, we denote N = i+ j + k + l as the total number of viruses that the cell is infected

with. As N is the maximum multiplicity of infection, 0 ≤ N ≤ N must be satisfied.

Upon an infection event (either free virus or cell-to-cell), the infected cell produces a virus

package that contains two copies of viral RNA. We assume that if recombination happens

(with probability 0 ≤ ρ ≤ 1
2
) that a distinct virus strain is created if possible (which is

equivalent to not making this assumption and allowing 0 ≤ ρ ≤ 1). Figure 1 in Chapter 2

shows a possible recombination event between strains Y and C to create recombinant strain

G. We denote P (C|i, j, k, l) to be the probability for a cell infected with i copies of strain

C, j copies of strain Y, k copies of strain G, and l copies of strain W to infect with a copy

of strain C upon an infection event. This can happen in the absence of recombination if at

least one of the viral copies is of the C strain, and then that strain is chosen for infection.

If one viral copy of G and one viral copy of W are chosen, and recombination occurs, then

a C or Y virus is created. We assume that viral copies are chosen randomly based on their

density within the cell. Therefore, we have that

P (C|i, j, k, l) =
1

N 2

(
i(i+ k + l) + (1− ρ)ij + ρkl

)
. (B.1)
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Similarly, we have that

P (Y |i, j, k, l) =
1

N 2

(
j(j + k + l) + (1− ρ)ij + ρkl

)
, (B.2)

P (G|i, j, k, l) =
1

N 2

(
k(k + i+ j) + (1− ρ)kl + ρij

)
, (B.3)

P (W |i, j, k, l) =
1

N 2

(
l(l + i+ j) + (1− ρ)kl + ρij

)
. (B.4)

Therefore, we have that the total intensity to infect with strain α is given by

Bα =
∑

0<N≤N

P (X|i, j, k, l, )xi,j,k,l for α = C, Y, G, W, (B.5)

where again N is the total number of copies of virus within the cell, so here we are sum over

all infected subpopulations.

We also define Z and X as the total number of cells and total number of infected cells

respectively, so we have that

Z =
∑

0≤N≤N

xi,j,k,l, (B.6)

X =
∑

0<N≤N

xi,j,k,l. (B.7)

To include synaptic transmission, we first define S ≥ 1 to be the constant number of viral

copies transferred per synaptic infection event. Therefore, for each synaptic infection event,

we must choose S viral copies from the infected cell to pass on to the target cell. Assume

that the infecting cell is infected with i copies of strain C, j copies of strain Y, k copies of
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strain G, and l copies of strain W. Synaptic transmission can result in infection by î copies

of strain C, ĵ copies of strain Y, k̂ copies of strain G, and l̂ copies of strain W, as long as

î+ ĵ+ k̂+ l̂ = S is satisfied. The likelihood for each of these synaptic infection events is based

on the probability to pick each strain for infection (P (α|i, j, k, l) for α = C, Y, W, and G).

For each transmission event, we multiply the probability to transmit the respective number

of each strain P (C|i, j, k, l)îP (Y |i, j, k, l)ĵP (G|i, j, k, l)k̂P (W |i, j, k, l)l̂ by the number of ways

to transmit that number of each strain, which is the multinomial coefficient
(

S
î,ĵ,k̂,l̂

)
= S!

î!ĵ!k̂!l̂!
.

Therefore, for î+ ĵ + k̂ + l̂ = S, we define the synaptic infection intensity as

Gî,ĵ,k̂,l̂ =
S!

î!ĵ!k̂!l̂!

∑
0<N≤N

P (C|i, j, k, l)îP (Y |i, j, k, l)ĵP (G|i, j, k, l)k̂P (W |i, j, k, l)l̂xi,j,k,l. (B.8)

Then the differential equation model is given by

ẋ0,0,0,0 = rx0,0,0,0 −
β + γ

Z
x0,0,0,0X, (B.9)

ẋi,j,k,l =
β

Z
(xi−1,j,k,lBC + xi,j−1,k,lBY + xi,j,k−1,lBG + xi,j,k,l−1BW − xi,j,k,lX)

+
γ

Z

 ∑
î+ĵ+k̂+l̂=S

xi−î,j−ĵ,k−k̂,l−l̂Gî,ĵ,k̂,l̂ − xi,j,k,lX

− axi,j,k,l, (B.10)

with the convention that any negative index is 0 and with the appropriate adjustments for

maximum multiplicity of infection N . Here r is the division rate of uninfected cells, a is

the death rate of infected cells, β is the rate of free virus transmission, and γ is the rate of

synaptic transmission. Parameter descriptions (for all models) are given in Table B.1. Note

that the less detailed model used in [35] can be obtained by summing up the equations for

all infected subpopulations. Since these are ordinary differential equations, the only differ-

ence between free virus and synaptic transmission is that multiple copies of virus can be

transmitted during synaptic infection, as both processes are non-spatial.
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Latent infection. It turns out (see Section B.2) that the basic model described above is

not sufficient to describe experimental data. As the next level of complexity, we also include

latent infection in the description. We assume that upon infection, a cell that is only infected

with a single copy of virus may not actively produce new virus. Once this cell is infected by

additional copies of virus, it activates and starts glowing according to its viral contents. We

denote silent cells with a single copy of a C or Y virus as w1,0,0,0 and w0,1,0,0 and silent cells

with a single copy of a G or W virus as w0,0,1,0 and w0,0,0,1 respectively. We assume that

latently infected cells grow according to the same law as the uninfected cells. The probability

for an uninfected cell to become infected and not actively produce virus (become latent) is

denoted by ε. Therefore, in the presence of latently infected cells, the total number of cells

is given by

Z =
∑

0≤N≤N

xi,j,k,l + w1,0,0,0 + w0,1,0,0 + w0,0,1,0 + w0,0,0,1. (B.11)
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The model with latent infection is then given by

ẋ0,0,0,0 = rx0,0,0,0 −
β + γ

Z
x0,0,0,0X, (B.12)

ẋ1,0,0,0 =
β

Z
(x0,0,0,0BC(1− ε)− x1,0,0,0X)− γ

Z
(x1,0,0,0X)− ax1,0,0,0, (B.13)

ẇ1,0,0,0 =
β

Z
(x0,0,0,0BC ε− w1,0,0,0X)− γ

Z
(w1,0,0,0X) + rw1,0,0,0, (B.14)

ẋ0,1,0,0 =
β

Z
(x0,0,0,0BY (1− ε)− x0,1,0,0X)− γ

Z
(x0,1,0,0X)− ax0,1,0,0, (B.15)

ẇ0,1,0,0 =
β

Z
(x0,0,0,0BY ε− w0,1,0,0X)− γ

Z
(x0,1,0,0X) + rw0,1,0,0, (B.16)

. . .

ẋ2,0,0,0 =
β

Z
((x1,0,0,0 + w1,0,0,0)BC − x2,0,0,0X)− γ

Z
(x2,0,0,0X)− ax2,0,0,0, (B.17)

ẋ0,2,0,0 =
β

Z
((x0,1,0,0 + w0,1,0,0)BY − x0,2,0,0X)− γ

Z
(x0,2,0,0X)− ax0,2,0,0, (B.18)

ẋ1,1,0,0 =
β

Z
((x1,0,0,0 + w1,0,0,0)BY + (x0,1,0,0 + w0,1,0,0)BC − x1,1,0,0X)− γ

Z
(x1,1,0,0X)− ax1,1,0,0,(B.19)

. . .

ẋi,j,k,l =
β

Z
(xi−1,j,k,lBC + xi,j−1,k,lBY + xi,j,k−1,lBG + xi,j,k,l−1BW − xi,j,k,lX)

+
γ

Z

 ∑
î+ĵ+k̂+l̂=S

xi−î,j−ĵ,k−k̂,l−l̂Gî,ĵ,k̂,l̂ − xi,j,k,lX

− axi,j,k,l. (B.20)

again with the convention that any negative index is 0, with the appropriate adjustments

for maximum multiplicity of infection N , and here also assuming S ≥ 3 for simplicity of

writing out the equations. For S ≤ 2, subpopulations with 0 < N ≤ 2 can also gain cells

via infection by cell-to-cell transmission (with rate γ).

A phenomenological reinfection term. It turns out (see Section B.2) that an additional

layer of complexity is needed to describe the experimental data. In the experiments, spatial

effects of infecting nearest neighbors are non-negligible. In order to incorporate these effects
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Notation Description Units Status

r division rate of uninfected cells days−1 fixed r = 0.924
a death rate of infected cells days−1 fixed a = 0.2
β rate of free virus transmission days−1 fitted
γ rate of synaptic cell-to-cell transmission days−1 fitted
ξ rate of recombinant reinfection days−1 fitted
S number of viruses transmitted per synaptic infection event NA fitted
N maximum multiplicity of infection NA fixed N = 20
ε latent infection probability NA fitted
ρ recombination probability NA fitted
η initial percentage of infected cells NA fitted

P (α|i, j, k, l) probability of infection with strain α from xi,j,k,l cell NA NA
Z total number of cells NA NA
X total number of actively infected cells NA NA
f shaking factor NA fixed f = 1.33
µ mutation rate NA fixed µ = 3× 10−5

Table B.1: Description of model parameters. Units are included if applicable.

phenomenologically, we introduce “reinfection” terms in the equations. Namely, we assume

that if a cell is infected with a double mutant virus, there is a rate at which it leaves

that subpopulation and becomes infected with single mutants C and/or Y. Assuming that

k + l > 0, we have that the model with the additional ξ terms is given by

ẋi,j,k,l =
β

Z
(xi−1,j,k,lBC + xi,j−1,k,lBY + xi,j,k−1,lBG + xi,j,k,l−1BW − xi,j,k,lX)

+
γ

Z

 ∑
î+ĵ+k̂+l̂=S

xi−î,j−ĵ,k−k̂,l−l̂Gî,ĵ,k̂,l̂ − xi,j,k,lX


+ ξ(xi−1,j,k,l/2 + xi,j−1,k,l/2− xi,j,k,l)− axi,j,k,l, (B.21)

with the appropriate adjustments for latent infection (cells leave the latently infected with

G and latently infected with W populations with rate ξ and enter the appropriate coinfected

subpopulation).
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B.2 Fitting procedures and best fit parameters

Based on previously estimated division and death rates for this cell type, we set r = 0.924

days−1 and a = 0.2 days−1 [35]. The death rate of infected cells is assumed lower for this

in vitro cell line compared to estimates obtained from HIV-infected patients in vivo, and

is consistent with previously published decline rates of HIV-infected cells in vitro [44]. We

denote by C the percentage of cells infected with only strain C, by YC the percentage of cells

infected with strain Y and strain C (but no other strains), and similarly with other strains,

using calligraphic notation for the percentages. We denote O as the overall percentage of

infected cells.

It is important to note that the double mutant recombinant strain W does not glow, and

thus cannot be quantified experimentally. Therefore, we must make the appropriate adjust-

ments to all glowing populations when comparing the experimental data to the mathematical

model. For instance, experimental data for C correspond to mathematical model population

C + CW (as CW glows as if it were infected only with C) and experimental data for O

correspond to mathematical population O−W . These adjustments are included in all steps

below, where in terms of the mathematical model we redefine for instance C := C+CW , and

similarly for all other populations.

We further note that (especially for static experiments), the population of infected cells can

reach values very close to 100%. For experiments in which this occurs, we ignore all data

points where the overall percentage of infected cells starts to decline, as the dynamics are

no longer in growth phase (because there are no uninfected cells left to infect).

Based on the experimental setup, we assume that initially there is an equal percentage of
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cells singly infected with single mutant strain C and singly infected with single mutant strain

Y, and that all other cells are uninfected. Since an equal amount of C and Y are initially

infected, C and Y are symmetric from a mathematical perspective (as are G and W). There-

fore, for the purposes of finding the best fits, we take averages of symmetric populations and

use the following six populations for each experiment: O, (C + Y)/2, YC, G, (GC + GY)/2,

and GYC.

While the experimentally measured sizes of these populations differ by orders of magnitude,

we nonetheless would still like all of them to contribute to determining the parameters. To

this end, we normalize the data so that the final data point is always 1 (by simply mul-

tiplying the time series for each population by 1 divided by the final data point in that

particular time series). Finally, since the populations grow over orders of magnitude dur-

ing the time-course of the experiments, we fit the natural log of the data (and thus ignore

any 0 data points); this results in a more balanced fit where both early and late values matter.

All fits were completed using the lsqcurvefit function in Matlab, which calculates the param-

eters that minimize the sum of the squared difference between the experimental data and

mathematical model over all experimental data points. Solutions of the differential equations

were completed using ode45, which implements the Runge-Kutta method. We used random

initial parameter guesses and repeated the procedure multiple times to ensure that global

minima were obtained.

We began with the shaking experiment, since this simpler setting includes only free virus

transmission. As the first step, we used the O, (C + Y)/2, and YC populations to fit the

rate of free virus transmission, β, and the initial percent of infected cells, η, using the basic

model (without latent infection) given by Equations (B.9-B.10). However, we found that it
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Figure B.1: Comparison of best fits for shaking experiment A6 in the presence and absence of latent infection.
Including latent infection results in a much better fit. The horizontal axis represents time (days) and the
vertical axis represents the percentage of cells in the given category. (a) Best fit without latent infection.
Here we use the mathematical model without latent infection given by Equations (B.9-B.10), and we see that
the percent of cells coinfected with both Y and C is an underestimate, and the percent of cells infected with
only Y (and only C) is an overestimate. (b) Best fit with latent infection. Here we use the mathematical
model with latent infection given by Equations (B.12-B.20). Parameters for this fit are given in Table B.3.
Here get an F-statistic of F = 16.4 and p-value of 0.007.

was necessary to include latent infection (model given by Equations (B.12-B.20)) because

latent infection was needed for achieving a good fit for the coinfected YC cells. As illustrated

in Figure B.1, it is not possible to get a good fit for the single mutant populations (Y , C, and

YC) without latent infection (here for simplicity we ignored the small recombinant popula-

tions, set ρ = 0). We can see that the YC population is underestimated, and the (C + Y)/2

and O populations are overestimated. Therefore, the basic model without latent infection

and reinfection given by Equations (B.9-B.10) is not used in any steps of the data fitting.

We can use the F-test for nested model to demonstrate the necessity of the additional level
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of complexity by including latent infection (and thus an additional parameter ε). For the

experiment shown in Figure B.1, we get an F-statistic of F = 16.4, where

F =

R1−R2

p2−p1
R2

n−p2

(B.22)

with n the number of data points, pi the number of parameters, and Ri the sum of the

squared errors in the respective models. Here the model with subscript 1 is the nested model

without latent infection given by Equations (B.9-B.10) and the model with subscript 2 is

the model with latent infection given by Equations (B.12-B.20). The null hypothesis is that

the more complex model does not provide a significantly better fit than the reduced nested

model. The F-statistic is a ratio of two quantities that are expected to be roughly equal

under the null hypothesis, which produces an F-statistic of approximately 1. Here the F-

statistic is 16.4 and p-value is 0.007, and so we reject the null hypothesis and use the more

complex model with latent infection.

The next step involved fitting the recombinant populations of G, (GC + GY)/2, and GYC to

estimate the recombination probability, ρ. However, using the model with latent infection

but without reinfection, which are given by Equations (B.12-B.20), resulted in severe under-

estimation of GYC cells, see Figure B.2. This is because of the tendency of newly created

recombinant G viruses to reinfect the cells that they are produced from (which must contain

at minimum a copy of C and a copy of Y). This spatial effect results in higher experimentally

observed fractions of GYC. Therefore, we included phenomenological reinfection terms in the

ODE model. If these terms are not included, the GYC population will be an underestimate,

and the percent of cells infected with only G will be an overestimate, see Figure B.2. This

model includes a phenomenological reinfection term ξ for recombinant strains G and W, is
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Figure B.2: Comparison of best fits for shaking experiment A6 in the presence and absence of reinfection.
Including reinfection results in a much better fit. (a) Best fit without reinfection, system (B.12-B.20): the
percent of cells coinfected with G, Y, and C is an underestimate, and the percent of cells infected with only
G is an overestimate. (b) Best fit with reinfection, system (B.21). Parameters for this fit are given in Table
B.3. F-statistic is F = 39.3 and p-value of 0.002.
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given in Equation (B.21). Again, we can use the F-test for nested model to demonstrate

the necessity of the additional level of complexity by including reinfection (and thus an

additional parameter ξ). For the experiment shown in Figure B.2, we get an F-statistic of

F = 39.3, where the nested model without reinfection is given by Equations (B.12-B.20) and

the full model with reinfection is given by Equation (B.21). This gives a p-value of 0.002,

and so we reject the null hypothesis and use the more complex model with reinfection.

Below we describe two fitting procedures that we implemented, and which are based on

the above modeling work. The first procedure is what we called a simultaneous fitting

method, which provides an overall lower error. The second procedure is the sequential fit-

ting method, which gives similar parameter estimates (with a slightly larger overall error),

but is a much faster algorithm. Additional justification for parameter estimates is given in

Section B.6.

Simultaneous fitting method. Each experimental pair includes a shaking experiment

(only free virus transmission) and a static experiment (both free virus and cell-to-cell trans-

mission). This method uses a corresponding shaking and static experiment and fits them

simultaneously for all parameters using the data for (C+Y)/2, YC, G, (GC+GY)/2, and GYC.

Therefore, we have ten data time series (five from each experiment) and fit them for eight

parameters (β, ε, ξ, ηshaking, ηstatic, ρ, γ, and S) using the most complex model with latent

infection and reinfection, which is given by Equation (B.21). For the shaking experiment,

we set γ = 0 as there is only free virus transmission (with rate β). For the corresponding

static experiment, we allow γ > 0 and simultaneously fit the rate of free virus transmission

β/f , where f is the shaking factor. This is because shaking increases the efficiency of free
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virus infection on average by a factor of f = 1.33 [35].

This method eliminates the possibility of finding globally sub-optimal fits that exists with

the sequential fitting procedure described below. However, this comes at a great computa-

tional cost, as each individual experiment (with four virus strains and maximum multiplicity

of infection N = 20) involves
(
20+4
4

)
= 10, 626 cell supopulations and differential equations.

Fitting two experiments simultaneously for all parameters is thus computationally expensive,

and can take several hours per fit.

There are eight pairs of experiments (eight shaking experiments and eight corresponding

static experiments). The experiments are spilt into three subsets. Subset A contains three

static experiments (A1,A2,A3) and three corresponding shaking experiments (A4,A5,A6).

Here, A1 and A4 have the same initial conditions, A2 and A5 have the same initial condi-

tions, and A3 and A6 have the same initial conditions. Similarly, subset B contains three

static experiments (B1,B2,B3) and three corresponding shaking experiments (B4,B5,B6),

and subset C contains two static experiments (C1,C2) and two corresponding shaking ex-

periments (C3,C4). The best fit parameters using the simultaneous fitting procedure, along

with the 95% parameter confidence intervals (based on an asymptotic normal distribution

for the parameter estimate), are included in Table B.2. Here for all experiments the shaking

factor f = 1.33, maximum multiplicity of infection N = 20, r = 0.924, and a = 0.2.

Sequential fitting method. A less computationally intensive sequential fitting method

is also possible. Rather than the straightforward fitting of all data for all parameters for
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experiment βshaking ε ξ ηshaking ηstatic ρ γ S

A4/A1 2.56± 0.66 0.50± 0.15 1.99± 1.06 0.0022± 0.0010 0.00012± 0.000089 0.23± 0.17 1.23± 0.16 4
A5/A2 2.57± 0.53 0.48± 0.13 2.3± 0.96 0.0034± 0.0012 0.00061± 0.0030 0.18± 0.10 1.05± 0.11 3
A6/A3 2.35± 0.30 0.39± 0.10 3.06± 0.96 0.0054± 0.0013 0.00062± 0.00030 0.19± 0.073 1.19± 0.11 3
B4/B1 1.97± 0.51 0.39± 0.17 1.18± 0.67 0.0027± 0.0015 0.00047± 0.00029 0.39± 0.31 0.78± 0.10 3
B5/B2 2.19± 0.48 0.45± 0.15 1.76± 0.77 0.0054± 0.0023 0.0015± 0.00088 0.20± 0.13 0.74± 0.10 3
B6/B3 2.15± 0.33 0.43± 0.12 1.79± 0.67 0.0090± 0.0032 0.0027± 0.0013 0.20± 0.095 0.73± 0.088 3
C3/C1 1.83± 0.55 0.37± 0.22 0.49± 0.35 0.0045± 0.0026 0.00084± 0.00053 0.49± 0.39 0.80± 0.12 3
C4/C2 1.56± 0.42 0.23± 0.24 0.97± 0.67 0.0079± 0.0044 0.0014± 0.00094 0.50± 0.40 0.82± 0.13 3

Table B.2: Best fit model parameters using the simultaneous fitting method (mathematical model described
in Section B.1 and fitting procedure described in Section B.2) for each pair of experiments. For the shaking
experiments, γ = 0. For the static experiments, βstatic = βshaking/f , where f is the shaking factor. Parameter
descriptions and units can be found in Table B.1.

a pair of corresponding experiments, each step of the hierarchical fitting procedure below

describes which infected cell populations were used to fit which parameters.

We start with the shaking experiment, which only contains free virus transmission. We begin

with the O, (C + Y)/2, and YC populations (set ρ = ξ = 0), to fit the rate of free virus

transmission, β, the probability of latent infection, ε, and the initial percentage of infected

cells, η using the mathematical model with latent infection given by Equations (B.12-B.20).

We then fix these three parameters (β, ε, and η) and use the remaining populations of G,

(GC+GY)/2, and GYC to fit the recombination probability, ρ, and rate of recombinant rein-

fection, ξ, using the mathematical model with reinfection given by Equation (B.21). While

ρ and ξ affect the non-recombinant populations, we assume this effect is negligible and so it

is included in a separate step after the other parameters have been fixed.

For the corresponding static experiment, we fix the rate of free virus transmission to be β/f

and further we fix ε and ξ as what was obtained in the shaking experiment. We then use

only the O population to fit the rate of synaptic transmission, γ, and the initial percentage

of infected cells, η. We then finally use the recombinant populations of G, (GC+GY)/2, and

GYC to fit the number of viral copies transferred per synapse, S. We use these populations

because changing S has the most significant effect on the smaller recombinant populations.
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β ε ξ η ρ
corresponding

static experiment

experiment A4 2.23±0.58 0.40±0.16 1.44±1.0079 0.0017±0.00083 0.31±0.14 experiment A1
experiment A5 1.94±0.25 0.28±0.10 2.90±1.30 0.0037±0.0010 0.35±0.10 experiment A2
experiment A6 1.99±0.15 0.28±0.063 2.43±1.055 0.0072±0.0011 0.28±0.077 experiment A3
experiment B4 1.63±0.24 0.22±0.12 1.27±0.91 0.0026±0.0010 0.36±0.17 experiment B1
experiment B5 1.60±0.20 0.21±0.11 1.93±1.23 0.0081±0.0027 0.34±0.14 experiment B2
experiment B6 1.58±0.20 0.20±0.12 1.90±0.92 0.017±0.0058 0.31±0.096 experiment B3
experiment C3 1.56±0.22 0.20±0.12 0.77±0.63 0.0034±0.0011 0.49±0.27 experiment C1
experiment C4 1.50±0.28 0.16±0.16 1.13±0.72 0.0069±0.0031 0.40±0.17 experiment C2

Table B.3: Best fit model parameters using the sequential fitting method for each shaking experiment.
Parameter descriptions can be found in Table B.1.

β ε ξ η ρ γ S

experiment A1 2.23/f 0.40 1.44 0.00021±0.00010 0.31 1.12±0.067 4
experiment A2 1.94/f 0.28 2.90 0.00067±0.00010 0.35 1.06±0.037 3
experiment A3 1.99/f 0.28 2.43 0.0018±0.00041 0.28 1.01±0.048 2
experiment B1 1.63/f 0.22 1.27 0.00022±0.00011 0.36 0.86±0.064 3
experiment B2 1.60/f 0.21 1.93 0.0013±0.0010 0.34 0.78±0.012 3
experiment B3 1.58/f 0.20 1.90 0.0037±0.0011 0.31 0.72±0.048 3
experiment C1 1.56/f 0.20 0.77 0.00036±0.00020 0.49 0.88±0.078 3
experiment C2 1.50/f 0.16 1.13 0.00067±0.00038 0.40 0.91±0.091 3

Table B.4: Best fit model parameters using the sequential fitting method for each corresponding static
experiment. Parameter descriptions can be found in Table B.1.

Increasing S increases the number of coinfection events, which increases the percentage of

cells infected with GY C and decreases the percentage of cells infected with G. For all steps

in fitting the static experiment, we use the full model with reinfection.

The best fit parameters for this method are included in Table B.3 and Table B.4. The 95%

parameter confidence intervals, calculated at the relevant step of the fitting, are also included.

Since the simultaneous fitting procedure results in more globally optimal fits, we use its

parameters (Table B.2) for all figures and calculations in both Chapter 2 and Appendix B.

While the parameter estimates for the less optimal sequential fitting procedure described

below are not identical, the overall error is similar, with the sequential fitting method gen-
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erally resulting in less error in the shaking experiment and the simultaneous fitting method

generally resulting in less error in the static experiment. The best fit curves also look similar,

as seen in Figures B.3 and B.4 which shows the comparison of the two fitting methods along

with the experimental data.

B.3 Relative contribution of free virus and synaptic

transmission

Using the simultaneous fitting parameters found in the previous section (Table B.2), we esti-

mate the relative contribution of free virus transmission compared to synaptic transmission

in driving infection. In contrast to our previous study [35], we now include latent infection

(which is described further in Section 1). In order to compare relative contributions of the

synaptic and free virus transmission pathways, we note that the rate of free virus transmis-

sion, β is on average 1.80 ± 0.31 fold higher than the rate of synaptic transmission (Table

B.5, column 5).

However, it is important to note that the presence of latent infection modifies the trans-

mission process. In fact, the rate of productive infection (at least, relatively early in the

infection process) is better characterized by β(1 − ε). Taking this into account we obtain

that the rate of free virus spread is on average 1.06±0.16 fold higher than the rate of synap-

tic transmission (Table B.5, column 6). This is very close to the estimated ratio of 1.1 in [35].
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Figure B.3: Comparison of the sequential fitting method (blue lines) with the simultaneous fitting method
(green lines) for shaking experiment A6. The experimental data are also shown (red dots). The parameters
for each fit are given in Tables B.3 and B.2. (a) The overall percentage of infected cells. (b) The percentage
of cells infected with at least one copy of G, Y, and C. (c) The average multiplicity of infection (MOI) over
all infected cells. (d) The percentage of cells infected with at least one copy of C. (e) The percentage of cells
infected with at least one copy of Y. (f) The percentage of cells infected with at least one copy of G. (g) The
percentage of cells infected with at least one copy of Y and C. (h) The percentage of cells infected with at
least one copy of G and C. (i) The percentage of cells infected with at least one copy of G and Y.
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Figure B.4: Comparison of the sequential fitting method (blue lines) with the simultaneous fitting method
(green lines) for static experiment A3. The experimental data are also shown (red dots). The parameters
for each fit are given in Tables B.4 and B.2. (a) The overall percentage of infected cells. (b) The percentage
of cells infected with at least one copy of G, Y, and C. (c) The average multiplicity of infection (MOI) over
all infected cells. (d) The percentage of cells infected with at least one copy of C. (e) The percentage of cells
infected with at least one copy of Y. (f) The percentage of cells infected with at least one copy of G. (g) The
percentage of cells infected with at least one copy of Y and C. (h) The percentage of cells infected with at
least one copy of G and C. (i) The percentage of cells infected with at least one copy of G and Y.
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experiment βshaking βstatic γ βstatic/γ βstatic(1− ε)/γ
A4/A1 2.56 2.56/f 1.23 1.56 0.78
A5/A2 2.57 2.57/f 1.05 1.84 0.96
A6/A3 2.35 2.35/f 1.19 1.48 0.91
B4/B1 1.97 1.97/f 0.78 1.90 1.16
B5/B2 2.19 2.19/f 0.74 2.23 1.22
B6/B3 2.15 2.15/f 0.73 2.21 1.26
C3/C1 1.83 1.83/f 0.80 1.72 1.08
C4/C2 1.56 1.56/f 0.82 1.43 1.10

Table B.5: Comparing the contribution of free virus versus synaptic transmission for best fit model pa-
rameters using the simultaneous fitting method (Table B.2) for each pair of experiments. We have
βstatic = βshaking/f , where f is the shaking factor. Parameter descriptions can be found in Table B.1.

B.4 Role of synaptic transmission in evolution

The rate of generation of cells infected with at least one copy of the double mutant strain is

a measure of the evolutionary potential. Using the best fit experiment parameters, we can

explore the role of the different transmission pathways (free virus versus synaptic cell-to-cell

versus both pathways) on the spread of different strains using the mathematical models de-

scribed in Section B.1. In this way, we are able to simulate beyond the many constraints of

the physical experiments.

In Chapter 2, we describe evolutionary simulations that correspond to non-expanding pop-

ulations of susceptible cells. Here we focus on populations that grow exponentially, which

corresponds to the experimental conditions. Two types of simulations are explored: (1) We

start with a small equal amount of cells singly infected with each of the single mutant strains.

(2) We start with a small amount of cells singly infected with the wild type strain (which

does not include either of the glowing mutations), and include the process of mutation. In

both types of simulations we assume a large initial number of cells (populations of 109 are

used in the figures). We run the simulation until the number of infected cells is a given frac-

tion of the beginning number of cells, such as 40%. In order to understand the contribution

of the different transmission pathways, we investigate the number of double mutant recom-
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binant infected cells under three different conditions: i) with both free virus and synaptic

transmission. Here we use the same parameters as in the static experiments. ii) with only

free virus transmission. Here we use the same parameters as in the static experiments, but

set γ = 0. iii) only synaptic transmission. Here we use the same parameters as in the static

experiments, but set β = ε = ξ = 0.

In setup (1) above, in the absence of mutations, the double mutant has to be created by

recombination between the single mutant strains. This can only occur in cells that are coin-

fected with both single mutant strains. The double mutant strain can then spread either

by more recombination in single mutant coinfected cells, or through productive infection of

cells infected with the double mutant. As shown in Figure B.5(a), a combination of free and

synaptic transmission results in the highest number and percentage of cells infected with

the double mutant. This is because synaptic transmission promotes cotransmission of both

single mutants from coinfected cells, and because S = 3, results in more opportunities for

the double mutant to be created via recombination in coinfected cells. Free virus transmis-

sion, however, promotes the spread of the double mutant once it is generated because it

can result in cells that are only infected with the double mutant (where it spreads better).

Furthermore, including free virus transmission in addition to synaptic transmission helps

the two single mutant strains to “meet” in the same cell to begin with, as with only one

of the transmission pathways the number of infected cells increases, but the multiplicity of

infection is low and the percentage of infected cells actually decreases (see Section B.5).

Therefore, a combination of both free virus and synaptic transmission is better than either

one on their own, even though they are both non-spatial in the context of the ODE system,

and either one on their own results in a lower rate of infection which allows more time to get

to the stopping threshold of 4× 108 infected cells. For Figure B.5(b) and (c), as in Chapter

2 Figure 4(b) and (c), we assume that the overall growth rate is the same across the three

cases. This leads to similar dynamics as discussed in Chapter 2.
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Figure B.5: Total number of cells infected with at least one active copy of double mutant virus plotted
against time. We assume we have 109 initial cells, and run the simulation until the number of infected
cells reaches 40% of this initial amount. Parameters are the best fit parameters from static experiment B2,
which are listed in Table B.2. The combination of both transmission pathways is represented by the black
lines. For the only free virus transmission case (red lines), synaptic transmission is turned off. For the only
synaptic transmission case (blue lines), free virus transmission and reinfection are turned off. (a) Parameters
are exactly as in the experiment. (b) The overall growth rate is the same across the three cases. (c) The
overall growth rate is the same across the three cases and the simulation starts with only a single infected
cell, which is coinfected with both single mutant strains.

Next, we investigate the more realistic scenario (2), where we start with a small number of

cells singly infected with the wild type, and include all forward and back mutations between

the four strains, where for each infection event there is a µ chance to mutate at each of the

two point locations. For instance, a wild type virus does not mutate with rate (1 − µ)2,

mutates into a single mutant strain with rate µ(1− µ), and mutates into the double mutant

strain with rate µ2, where µ = 3× 10−5 [46]. Here, we also assume that the self-reinfection

terms apply only to the recombinant strain, since we start with the wild type and so most

wild type is not generated by recombination in single mutant coinfected cells. In this setup,

the single mutants have to be first created by mutation, and then the double mutant can

be created either by mutation or recombination between cells coinfected with both single

mutants (as direct mutation from the wild type to the double mutant is extremely rare).

By turning recombination off, we find that most double mutants are created by mutation,

which is promoted by synaptic infection, as for each infection event there is S = 3 chances
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for mutation to create the double mutant. As shown in Figure B.6(b), when the infected

cell population reaches 4 × 108 infected cells, synaptic transmission alone results in higher

numbers of the double mutant compared to free virus transmission or a combination of both.

The reason for this is two-fold: i) synaptic transmission is better to generate mutations be-

cause each transmission event results in S = 3 chances for mutation to occur, while free virus

only results in 1, and ii) synaptic transmission only has the lowest rate of infection, which

allows more time for mutants to be generated. For Figure B.6(c) and (d), as in Chapter 2

Figure 5(c) and (d), we assume that the overall growth rate is the same across the three

cases, which again leads to similar dynamics as discussed in Chapter 2.

Overall, it is clear that synaptic transmission plays a vital role in recombinant spread and

infection evolution, because of multiple factors:

• Synaptic transmission can repeatedly cotransmit multiple mutant strains once they

are together in the same cell. This creates an environment where interactions between

different strains can occur with cells (such as recombination).

• Synaptic transmission is beneficial to generate mutant strains, which could have evo-

lutionary advantages. This is because more viral copies are transmitted per infection

event, which gives rise to more chances for mutation.

• Similarly, transferring more viral copies per infection event gives rise to more chances

for recombination, if the infecting cell is infected with distinct strains that allow for

recombination.

It is also worthwhile to note that since cells have to form synapses between each other

in order to initiate cell-to-cell transmission, there are likely spatial constraints to synaptic

transmission (as we have found with free virus transmission through the experimental data
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Figure B.6: Evolutionary mutant dynamics. Same as Figure B.5, but the simulations start with a small equal
amount of cells singly infected with the wild type, and mutations are included. (a) Total number of cells
infected with at least one copy of both single mutant strains. Parameters are exactly as in the experiment.
(b) Total number of cells infected with at least one active copy of double mutant virus. Parameters are
exactly as in the experiment. (c) Same as panel (a), but the overall growth rate is the same across the three
cases. (d) Same as panel (b), but the overall growth rate is the same across the three cases.
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fitting). However, all of the benefits of synaptic transmission for evolution listed above are

still true and relevant in the context of spatial cell-to-cell transmission. Furthermore, the

ability of synaptic transmission to repeatedly cotransmit multiple mutant strains once they

are together in the same cell is amplified in the context of spatial transmission, as spatial

clumps of cells all infected with mutants strains can occur [41].

Finally, Figure B.7 shows an example of a shaking experiment (A6) and the corresponding

static experiment (A3). In panel (e), we see that the static experiment (where both transmis-

sion pathways operate) results in higher levels of the recombinant G strain, supporting the

idea that synaptic transmission plays an important role in recombinant evolution by promot-

ing recombinant generation through repeated cotransmission of single-mutant viruses and

also by increasing the overall rate of virus growth. However, in the experimental setup it

is difficult to modulate the rate of infection and isolate cell-to-cell transmission (by turning

off free virus transmission) and so we use the mathematical model parameterized by the

experimental data in order to further study recombinant dynamics.

B.5 Further theoretical considerations

Disregarding latent infection, we have that the basic reproductive ratio R0 for the mathe-

matical model is β+γ
a

. If R0 > 1 the number of infected cells will grow, and if R0 < 1, then

the number of infected cells will decline. However, to compare to the experiments, we are

also concerned with the dynamics of the percentage of infected cells. We define the “repro-

ductive ratio” for the percentage of infected cells, R%, as R% = β+γ
a+r

. That is if R% > 1, the

percentage of infected cells will increase, eventually reach 100%, and then all infected cells

will eventually die. If R% < 1, the percentage of infected cells will decline and approach 0%.
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Figure B.7: Shaking experiment A6 (red circles) and corresponding static experiment A3 (blue squares).
The horizontal axis represents time (days). (a) The overall percentage of infected cells. (b) The percentage
of cells infected with at least one copy of G, Y, and C. (c) The percentage of cells infected with at least
one copy of C. (d) The percentage of cells infected with at least one copy of Y. (e) The percentage of cells
infected with at least one copy of G. (f) The percentage of cells infected with at least one copy of Y and C.
(g) The percentage of cells infected with at least one copy of G and C. (h) The percentage of cells infected
with at least one copy of G and Y.
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Since the reproductive rate of uninfected cells is non-negative (r ≥ 0), we have that R% ≤ R0.

The infection dynamics can then be split into three cases:

• R% ≤ R0 < 1. Here, the infected cells will die out, and the number of uninfected cells

will continue to grow toward infinity.

• R% < 1 < R0. Here, the number of infected cells will increase, but the percentage

of infected cells will decrease, as the number of uninfected cells will increase faster

than the number of infected cells. So the number of uninfected and infected cells will

approach infinity, and the percentage of infected cells will approach 0%.

• 1 < R% ≤ R0. Here, the percentage of infected cells will increase, eventually reaching

100%, and then all cells will die.

We can also modify the model in order introduce an infection steady state. This allows

us to test model predictions with theoretically determined steady states from the differen-

tial equations. To do this, we modify the assumptions on the uninfected cells. Instead of

assuming that uninfected cells reproduce with rate r, we assume that there is a constant

influx of uninfected cells with rate λ, and that uninfected cells die with rate d. If we let

x denote the number of uninfected cells, then in the model we replace the rx term with λ−dx.

Let y denote the total number of infected cells. The model (grouping all infected cells

together) is then

ẋ = λ− (β + γ)xy

x+ y
− dx (B.23)

ẋ =
(β + γ)xy

x+ y
− ay (B.24)
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Figure B.8: An example of convergence to the theoretical steady state when rx is replaced by λ − dx
in the uninfeced cell equation. Parameters are as in Figures B.5 and B.6 (best fit parameters from static
experiment B2, which are listed in Table B.2), except we turn latent infection off and thus set ε = 0. Further,
we arbitrarily set λ = 100 and d = 0.1. For each case, the solid line is the simulation of the model and the
dashed line is the theoretical prediction of the steady state. The black lines represent both free virus and
synaptic transmission, the red lines represent only free virus transmission, and the blue lines represent only
synaptic transmission.

The infection free steady state is given by

x =
λ

d
, y = 0, (B.25)

and the infection steady state is given by

x =
λ

β + γ − a+ d
, y =

λ(β + γ − a)

a(β + γ − a+ d)
. (B.26)

We then verify that our simulations for each of the different transmission strategies results

in the correct steady state. An example of this can be seen in Figure B.8.
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B.6 Further justification of parameter estimates

We have performed further analysis to justify our parameter estimates and ensure the report-

ing of global minima. Because of the high dimension (number of parameters being fitted) it is

not computationally feasible to calculate the error for a fine mesh of points within reasonable

parameter ranges and pick the parameters that correspond to the lowest error. Therefore,

we employed the following strategy.

We used multiple fitting algorithms and multiple random initial parameter guesses to es-

timate best fit parameters. We implemented the Levenberg-Marquardt Algorithm, which

uses an approximate Gauss-Newton direction to approximate the minimum. Depending on

the range of the initial parameter guesses, this method returns the same best fit parameters

about 85% of the time, and either gets stuck at a local minimum or does not converge the

other 15% of the time. For example, Figure B.9 shows a plot of random initial parameter

guesses for Levenberg-Marquardt Algorithm and where they converge to for two parameters

(β, ε) for experiment A6 (here we use the sequential fitting method because of the lower

computational cost). The random initial guesses that converge are denoted in blue and the

guesses that either do not converge or get stuck at a local minimum (with higher error) are

denoted in green. The best fit parameters are denoted by the large red dot. If we zoom in

on the best fit parameters (red dot), then a higher percentage of initial parameter guesses

within that range will converge to it, and if we zoom out then a lower percentage of initial

parameter guesses within that range will converge to the best fit parameters.

Further, we have also implemented the Trust-Region-Reflective Least Squares Algorithm,

which is a robust global convergence algorithm based on trust regions (Figure B.10). For

this method, for 103 random initial guesses within a reasonable range (i.e. β ∈ [0, 10]) the
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algorithm converged to the same global minimum 100% of the time (again using the sequen-

tial fitting method because of computational cost). If we expand the range large enough (i.e.

β ∈ [0, 100]), then it is possible for the algorithm to report different parameter estimates and

get stuck at a local minimum with much higher error. This, along with reasonable confidence

intervals and bands, helps to justify our parameter estimates.

Finally, we can visualize the error landscape with a two-dimension projection by fixing all

but two parameters and generating a heatmap. Figures B.11 and B.12 show the log of the

error for the simultaneous fitting of corresponding static experiment B2 and shaking exper-

iment B5 and a range of values for specific parameter pairs (β, ε) and (ρ, ξ) while all other

parameters are fixed. Here, we can calculate the error for a fine mesh of points and find the

global minimum, which matches the results from the fitting algorithms. While this approach

greatly reduces the dimension of the problem and is not a proof that global minima are

obtained by the fitting algorithms, it provides further evidence for our parameter estimates.

B.7 Best fit parameters and plots

The fits (using the simultaneous fitting procedure) are given in Figures B.13-B.28. We

present each experiment with pointwise (non-simultaneous) functional confidence bands (also

obtained using the simultaneous fitting procedure). As the plots are on a log scale, negative

lower bounds to the confidence interval are not shown. Each of the eight pairs of experi-

ments is presented with the shaking experiment first, followed by the corresponding static

experiment.
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Figure B.9: Plot of 300 random initial parameter guesses for the Levenberg-Marquardt Algorithm and where
they converge to for two parameters (β, ε) for experiment A6 (sequential fitting procedure, see Table B.3).
The random initial guesses that converge are denoted in blue. The random initial guesses that either do not
converge or get stuck at a local minimum are denoted in green. The best fit parameters are denoted by the
large red dot.

Figure B.10: Plot of 103 random initial parameter guesses for the Trust-Region-Reflective Least Squares
Algorithm and where they converge to for two parameters (β, ε) for experiment A6 (sequential fitting proce-
dure, see Table B.3). The random initial guesses that converge are denoted in blue. The best fit parameters
are denoted by the large red dot. For the given range (β ∈ [0, 10]) all initial guesses converge to the best fit
parameters, however it is possible to extend the range for β such that this is no longer the case.
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Figure B.11: Heat plot of log error for the simultaneous fitting of corresponding static experiment B2 and
shaking experiment B5 when all parameters other than β and ε are fixed. The horizontal axis represents
β (the rate of free virus transmission) and the vertical axis represents ε (latent infection probability). The
global minimum (which matches what is found by the fitting procedure, see Table B.2) is at about (2.19,0.45).

Figure B.12: Heat plot of log error for the simultaneous fitting of corresponding static experiment B2 and
shaking experiment B5 when all parameters other than ρ and ξ are fixed. The horizontal axis represents ρ
(probability of recombination) and the vertical axis represents ξ (reinfection term). The global minimum
(which matches what is found by the fitting procedure, see Table B.2) is at about (0.20,1.76).
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B.8 Comparing the effect of viral transmission path-

ways on recombinant dynamics for all best fit pa-

rameter values

In this section, as in Chapter 2, we examine the effect of the viral transmission pathways on

recombinant dynamics. Therefore, we include figures that are similar to Figures 4 and 5 in

Chapter 2, for best fit parameters obtained for each of the eight pairs of experiments. Figures

B.29-B.36 are comparable to Figure 4 in Chapter 2, and Figure B.37-B.44 are comparable

to Figure 5 in Chapter 2. The parameters are obtained by the simultaneous fitting method.
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Figure B.13: Shaking experiment A4. The experimental data (red circles) are presented with best fit curves
from the model (blue lines). The mathematical model is described in Section B.1 and the fitting procedure
is described in Section B.2. Best fit parameters are included in Table B.2. The horizontal axis represents
time (days). (a) The overall percentage of infected cells. (b) The percentage of cells infected with at least
one copy of G, Y, and C. (c) The average multiplicity of infection (MOI) over all infected cells. (d) The
percentage of cells infected with at least one copy of C. (e) The percentage of cells infected with at least
one copy of Y. (f) The percentage of cells infected with at least one copy of G. (g) The percentage of cells
infected with at least one copy of Y and C. (h) The percentage of cells infected with at least one copy of
G and C. (i) The percentage of cells infected with at least one copy of G and Y. The dashed black lines
represent the pointwise 95% prediction confidence bounds.
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Figure B.14: Static experiment A1. The experimental data (red circles) are presented with best fit curves
from the model (blue lines). The mathematical model is described in Section B.1 and the fitting procedure
is described in Section B.2. Best fit parameters are included in Table B.2. The horizontal axis represents
time (days). (a) The overall percentage of infected cells. (b) The percentage of cells infected with at least
one copy of G, Y, and C. (c) The average multiplicity of infection (MOI) over all infected cells. (d) The
percentage of cells infected with at least one copy of C. (e) The percentage of cells infected with at least
one copy of Y. (f) The percentage of cells infected with at least one copy of G. (g) The percentage of cells
infected with at least one copy of Y and C. (h) The percentage of cells infected with at least one copy of
G and C. (i) The percentage of cells infected with at least one copy of G and Y. The dashed black lines
represent the pointwise 95% prediction confidence bounds.
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Figure B.15: Shaking experiment A5. The experimental data (red circles) are presented with best fit curves
from the model (blue lines). The mathematical model is described in Section B.1 and the fitting procedure
is described in Section B.2. Best fit parameters are included in Table B.2. The horizontal axis represents
time (days). (a) The overall percentage of infected cells. (b) The percentage of cells infected with at least
one copy of G, Y, and C. (c) The average multiplicity of infection (MOI) over all infected cells. (d) The
percentage of cells infected with at least one copy of C. (e) The percentage of cells infected with at least
one copy of Y. (f) The percentage of cells infected with at least one copy of G. (g) The percentage of cells
infected with at least one copy of Y and C. (h) The percentage of cells infected with at least one copy of
G and C. (i) The percentage of cells infected with at least one copy of G and Y. The dashed black lines
represent the pointwise 95% prediction confidence bounds.
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Figure B.16: Static experiment A2. The experimental data (red circles) are presented with best fit curves
from the model (blue lines). The mathematical model is described in Section B.1 and the fitting procedure
is described in Section B.2. Best fit parameters are included in Table B.2. The horizontal axis represents
time (days). (a) The overall percentage of infected cells. (b) The percentage of cells infected with at least
one copy of G, Y, and C. (c) The average multiplicity of infection (MOI) over all infected cells. (d) The
percentage of cells infected with at least one copy of C. (e) The percentage of cells infected with at least
one copy of Y. (f) The percentage of cells infected with at least one copy of G. (g) The percentage of cells
infected with at least one copy of Y and C. (h) The percentage of cells infected with at least one copy of
G and C. (i) The percentage of cells infected with at least one copy of G and Y. The dashed black lines
represent the pointwise 95% prediction confidence bounds.
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Figure B.17: Shaking experiment A6. The experimental data (red circles) are presented with best fit curves
from the model (blue lines). The mathematical model is described in Section B.1 and the fitting procedure
is described in Section B.2. Best fit parameters are included in Table B.2. The horizontal axis represents
time (days). (a) The overall percentage of infected cells. (b) The percentage of cells infected with at least
one copy of G, Y, and C. (c) The average multiplicity of infection (MOI) over all infected cells. (d) The
percentage of cells infected with at least one copy of C. (e) The percentage of cells infected with at least
one copy of Y. (f) The percentage of cells infected with at least one copy of G. (g) The percentage of cells
infected with at least one copy of Y and C. (h) The percentage of cells infected with at least one copy of
G and C. (i) The percentage of cells infected with at least one copy of G and Y. The dashed black lines
represent the pointwise 95% prediction confidence bounds.
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Figure B.18: Static experiment A3. The experimental data (red circles) are presented with best fit curves
from the model (blue lines). The mathematical model is described in Section B.1 and the fitting procedure
is described in Section B.2. Best fit parameters are included in Table B.2. The horizontal axis represents
time (days). (a) The overall percentage of infected cells. (b) The percentage of cells infected with at least
one copy of G, Y, and C. (c) The average multiplicity of infection (MOI) over all infected cells. (d) The
percentage of cells infected with at least one copy of C. (e) The percentage of cells infected with at least
one copy of Y. (f) The percentage of cells infected with at least one copy of G. (g) The percentage of cells
infected with at least one copy of Y and C. (h) The percentage of cells infected with at least one copy of
G and C. (i) The percentage of cells infected with at least one copy of G and Y. The dashed black lines
represent the pointwise 95% prediction confidence bounds.
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Figure B.19: Shaking experiment B4. The experimental data (red circles) are presented with best fit curves
from the model (blue lines). The mathematical model is described in Section B.1 and the fitting procedure
is described in Section B.2. Best fit parameters are included in Table B.2. The horizontal axis represents
time (days). (a) The overall percentage of infected cells. (b) The percentage of cells infected with at least
one copy of G, Y, and C. (c) The average multiplicity of infection (MOI) over all infected cells. (d) The
percentage of cells infected with at least one copy of C. (e) The percentage of cells infected with at least
one copy of Y. (f) The percentage of cells infected with at least one copy of G. (g) The percentage of cells
infected with at least one copy of Y and C. (h) The percentage of cells infected with at least one copy of
G and C. (i) The percentage of cells infected with at least one copy of G and Y. The dashed black lines
represent the pointwise 95% prediction confidence bounds.
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Figure B.20: Static experiment B1. The experimental data (red circles) are presented with best fit curves
from the model (blue lines). The mathematical model is described in Section B.1 and the fitting procedure
is described in Section B.2. Best fit parameters are included in Table B.2. The horizontal axis represents
time (days). (a) The overall percentage of infected cells. (b) The percentage of cells infected with at least
one copy of G, Y, and C. (c) The average multiplicity of infection (MOI) over all infected cells. (d) The
percentage of cells infected with at least one copy of C. (e) The percentage of cells infected with at least
one copy of Y. (f) The percentage of cells infected with at least one copy of G. (g) The percentage of cells
infected with at least one copy of Y and C. (h) The percentage of cells infected with at least one copy of
G and C. (i) The percentage of cells infected with at least one copy of G and Y. The dashed black lines
represent the pointwise 95% prediction confidence bounds.
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Figure B.21: Shaking experiment B5. The experimental data (red circles) are presented with best fit curves
from the model (blue lines). The mathematical model is described in Section B.1 and the fitting procedure
is described in Section B.2. Best fit parameters are included in Table B.2. The horizontal axis represents
time (days). (a) The overall percentage of infected cells. (b) The percentage of cells infected with at least
one copy of G, Y, and C. (c) The average multiplicity of infection (MOI) over all infected cells. (d) The
percentage of cells infected with at least one copy of C. (e) The percentage of cells infected with at least
one copy of Y. (f) The percentage of cells infected with at least one copy of G. (g) The percentage of cells
infected with at least one copy of Y and C. (h) The percentage of cells infected with at least one copy of
G and C. (i) The percentage of cells infected with at least one copy of G and Y. The dashed black lines
represent the pointwise 95% prediction confidence bounds.
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Figure B.22: Static experiment B2. The experimental data (red circles) are presented with best fit curves
from the model (blue lines). The mathematical model is described in Section B.1 and the fitting procedure
is described in Section B.2. Best fit parameters are included in Table B.2. The horizontal axis represents
time (days). (a) The overall percentage of infected cells. (b) The percentage of cells infected with at least
one copy of G, Y, and C. (c) The average multiplicity of infection (MOI) over all infected cells. (d) The
percentage of cells infected with at least one copy of C. (e) The percentage of cells infected with at least
one copy of Y. (f) The percentage of cells infected with at least one copy of G. (g) The percentage of cells
infected with at least one copy of Y and C. (h) The percentage of cells infected with at least one copy of
G and C. (i) The percentage of cells infected with at least one copy of G and Y. The dashed black lines
represent the pointwise 95% prediction confidence bounds.
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Figure B.23: Shaking experiment B6. The experimental data (red circles) are presented with best fit curves
from the model (blue lines). The mathematical model is described in Section B.1 and the fitting procedure
is described in Section B.2. Best fit parameters are included in Table B.2. The horizontal axis represents
time (days). (a) The overall percentage of infected cells. (b) The percentage of cells infected with at least
one copy of G, Y, and C. (c) The average multiplicity of infection (MOI) over all infected cells. (d) The
percentage of cells infected with at least one copy of C. (e) The percentage of cells infected with at least
one copy of Y. (f) The percentage of cells infected with at least one copy of G. (g) The percentage of cells
infected with at least one copy of Y and C. (h) The percentage of cells infected with at least one copy of
G and C. (i) The percentage of cells infected with at least one copy of G and Y. The dashed black lines
represent the pointwise 95% prediction confidence bounds.
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Figure B.24: Static experiment B3. The experimental data (red circles) are presented with best fit curves
from the model (blue lines). The mathematical model is described in Section B.1 and the fitting procedure
is described in Section B.2. Best fit parameters are included in Table B.2. The horizontal axis represents
time (days). (a) The overall percentage of infected cells. (b) The percentage of cells infected with at least
one copy of G, Y, and C. (c) The average multiplicity of infection (MOI) over all infected cells. (d) The
percentage of cells infected with at least one copy of C. (e) The percentage of cells infected with at least
one copy of Y. (f) The percentage of cells infected with at least one copy of G. (g) The percentage of cells
infected with at least one copy of Y and C. (h) The percentage of cells infected with at least one copy of
G and C. (i) The percentage of cells infected with at least one copy of G and Y. The dashed black lines
represent the pointwise 95% prediction confidence bounds.
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Figure B.25: Shaking experiment C3. The experimental data (red circles) are presented with best fit curves
from the model (blue lines). The mathematical model is described in Section B.1 and the fitting procedure
is described in Section B.2. Best fit parameters are included in Table B.2. The horizontal axis represents
time (days). (a) The overall percentage of infected cells. (b) The percentage of cells infected with at least
one copy of G, Y, and C. (c) The average multiplicity of infection (MOI) over all infected cells. (d) The
percentage of cells infected with at least one copy of C. (e) The percentage of cells infected with at least
one copy of Y. (f) The percentage of cells infected with at least one copy of G. (g) The percentage of cells
infected with at least one copy of Y and C. (h) The percentage of cells infected with at least one copy of
G and C. (i) The percentage of cells infected with at least one copy of G and Y. The dashed black lines
represent the pointwise 95% prediction confidence bounds.
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Figure B.26: Static experiment C1. The experimental data (red circles) are presented with best fit curves
from the model (blue lines). The mathematical model is described in Section B.1 and the fitting procedure
is described in Section B.2. Best fit parameters are included in Table B.2. The horizontal axis represents
time (days). (a) The overall percentage of infected cells. (b) The percentage of cells infected with at least
one copy of G, Y, and C. (c) The average multiplicity of infection (MOI) over all infected cells. (d) The
percentage of cells infected with at least one copy of C. (e) The percentage of cells infected with at least
one copy of Y. (f) The percentage of cells infected with at least one copy of G. (g) The percentage of cells
infected with at least one copy of Y and C. (h) The percentage of cells infected with at least one copy of
G and C. (i) The percentage of cells infected with at least one copy of G and Y. The dashed black lines
represent the pointwise 95% prediction confidence bounds.
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Figure B.27: Shaking experiment C4. The experimental data (red circles) are presented with best fit curves
from the model (blue lines). The mathematical model is described in Section B.1 and the fitting procedure
is described in Section B.2. Best fit parameters are included in Table B.2. The horizontal axis represents
time (days). (a) The overall percentage of infected cells. (b) The percentage of cells infected with at least
one copy of G, Y, and C. (c) The average multiplicity of infection (MOI) over all infected cells. (d) The
percentage of cells infected with at least one copy of C. (e) The percentage of cells infected with at least
one copy of Y. (f) The percentage of cells infected with at least one copy of G. (g) The percentage of cells
infected with at least one copy of Y and C. (h) The percentage of cells infected with at least one copy of
G and C. (i) The percentage of cells infected with at least one copy of G and Y. The dashed black lines
represent the pointwise 95% prediction confidence bounds.
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Figure B.28: Static experiment C2. The experimental data (red circles) are presented with best fit curves
from the model (blue lines). The mathematical model is described in Section B.1 and the fitting procedure
is described in Section B.2. Best fit parameters are included in Table B.2. The horizontal axis represents
time (days). (a) The overall percentage of infected cells. (b) The percentage of cells infected with at least
one copy of G, Y, and C. (c) The average multiplicity of infection (MOI) over all infected cells. (d) The
percentage of cells infected with at least one copy of C. (e) The percentage of cells infected with at least
one copy of Y. (f) The percentage of cells infected with at least one copy of G. (g) The percentage of cells
infected with at least one copy of Y and C. (h) The percentage of cells infected with at least one copy of
G and C. (i) The percentage of cells infected with at least one copy of G and Y. The dashed black lines
represent the pointwise 95% prediction confidence bounds.
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Figure B.29: Similar to Figure 4 in Chapter 2, using best fit parameters from experiment A1. Best fit
parameters are included in Table B.2. Total number of cells infected with at least one active copy of double
mutant virus plotted against time. We assume we have 109 initial cells, and run the simulation until the
number of infected cells reaches 40% of this initial amount, while also assuming that uninfected cells do not
divide. The combination of both transmission pathways is represented by the black lines. For the only free
virus transmission case (red lines), synaptic transmission is turned off. For the only synaptic transmission
case (blue lines), free virus transmission and reinfection are turned off. (a) Parameters are exactly as in the
experiment. (b) The overall growth rate is the same across the three cases. (c) The overall growth rate is
the same across the three cases and the simulation starts with only a single infected cell, which is coinfected
with both single mutant strains.

Figure B.30: Similar to Figure 4 in Chapter 2, using best fit parameters from experiment A2. Best fit
parameters are included in Table B.2. Total number of cells infected with at least one active copy of double
mutant virus plotted against time. We assume we have 109 initial cells, and run the simulation until the
number of infected cells reaches 40% of this initial amount, while also assuming that uninfected cells do not
divide. The combination of both transmission pathways is represented by the black lines. For the only free
virus transmission case (red lines), synaptic transmission is turned off. For the only synaptic transmission
case (blue lines), free virus transmission and reinfection are turned off. (a) Parameters are exactly as in the
experiment. (b) The overall growth rate is the same across the three cases. (c) The overall growth rate is
the same across the three cases and the simulation starts with only a single infected cell, which is coinfected
with both single mutant strains.
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Figure B.31: Similar to Figure 4 in Chapter 2, using best fit parameters from experiment A3. Best fit
parameters are included in Table B.2. Total number of cells infected with at least one active copy of double
mutant virus plotted against time. We assume we have 109 initial cells, and run the simulation until the
number of infected cells reaches 40% of this initial amount, while also assuming that uninfected cells do not
divide. The combination of both transmission pathways is represented by the black lines. For the only free
virus transmission case (red lines), synaptic transmission is turned off. For the only synaptic transmission
case (blue lines), free virus transmission and reinfection are turned off. (a) Parameters are exactly as in the
experiment. (b) The overall growth rate is the same across the three cases. (c) The overall growth rate is
the same across the three cases and the simulation starts with only a single infected cell, which is coinfected
with both single mutant strains.

Figure B.32: Similar to Figure 4 in Chapter 2, using best fit parameters from experiment B1. Best fit
parameters are included in Table B.2. Total number of cells infected with at least one active copy of double
mutant virus plotted against time. We assume we have 109 initial cells, and run the simulation until the
number of infected cells reaches 40% of this initial amount, while also assuming that uninfected cells do not
divide. The combination of both transmission pathways is represented by the black lines. For the only free
virus transmission case (red lines), synaptic transmission is turned off. For the only synaptic transmission
case (blue lines), free virus transmission and reinfection are turned off. (a) Parameters are exactly as in the
experiment. (b) The overall growth rate is the same across the three cases. (c) The overall growth rate is
the same across the three cases and the simulation starts with only a single infected cell, which is coinfected
with both single mutant strains.
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Figure B.33: Similar to Figure 4 in Chapter 2, using best fit parameters from experiment B2. Best fit
parameters are included in Table B.2. Total number of cells infected with at least one active copy of double
mutant virus plotted against time. We assume we have 109 initial cells, and run the simulation until the
number of infected cells reaches 40% of this initial amount, while also assuming that uninfected cells do not
divide. The combination of both transmission pathways is represented by the black lines. For the only free
virus transmission case (red lines), synaptic transmission is turned off. For the only synaptic transmission
case (blue lines), free virus transmission and reinfection are turned off. (a) Parameters are exactly as in the
experiment. (b) The overall growth rate is the same across the three cases. (c) The overall growth rate is
the same across the three cases and the simulation starts with only a single infected cell, which is coinfected
with both single mutant strains.

Figure B.34: Similar to Figure 4 in Chapter 2, using best fit parameters from experiment B3. Best fit
parameters are included in Table B.2. Total number of cells infected with at least one active copy of double
mutant virus plotted against time. We assume we have 109 initial cells, and run the simulation until the
number of infected cells reaches 40% of this initial amount, while also assuming that uninfected cells do not
divide. The combination of both transmission pathways is represented by the black lines. For the only free
virus transmission case (red lines), synaptic transmission is turned off. For the only synaptic transmission
case (blue lines), free virus transmission and reinfection are turned off. (a) Parameters are exactly as in the
experiment. (b) The overall growth rate is the same across the three cases. (c) The overall growth rate is
the same across the three cases and the simulation starts with only a single infected cell, which is coinfected
with both single mutant strains.
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Figure B.35: Similar to Figure 4 in Chapter 2, using best fit parameters from experiment C1. Best fit
parameters are included in Table B.2. Total number of cells infected with at least one active copy of double
mutant virus plotted against time. We assume we have 109 initial cells, and run the simulation until the
number of infected cells reaches 40% of this initial amount, while also assuming that uninfected cells do not
divide. The combination of both transmission pathways is represented by the black lines. For the only free
virus transmission case (red lines), synaptic transmission is turned off. For the only synaptic transmission
case (blue lines), free virus transmission and reinfection are turned off. (a) Parameters are exactly as in the
experiment. (b) The overall growth rate is the same across the three cases. (c) The overall growth rate is
the same across the three cases and the simulation starts with only a single infected cell, which is coinfected
with both single mutant strains.

Figure B.36: Similar to Figure 4 in Chapter 2, using best fit parameters from experiment C2. Best fit
parameters are included in Table B.2. Total number of cells infected with at least one active copy of double
mutant virus plotted against time. We assume we have 109 initial cells, and run the simulation until the
number of infected cells reaches 40% of this initial amount, while also assuming that uninfected cells do not
divide. The combination of both transmission pathways is represented by the black lines. For the only free
virus transmission case (red lines), synaptic transmission is turned off. For the only synaptic transmission
case (blue lines), free virus transmission and reinfection are turned off. (a) Parameters are exactly as in the
experiment. (b) The overall growth rate is the same across the three cases. (c) The overall growth rate is
the same across the three cases and the simulation starts with only a single infected cell, which is coinfected
with both single mutant strains.
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Figure B.37: Similar to Figure 5 in Chapter 2, using best fit parameters from experiment A1. Best fit
parameters are included in Table B.2. Simulations start with a small equal amount of cells singly infected
with the wild type, and mutations are included. We assume we have 109 initial cells, and run the simulation
until the number of infected cells reaches 40% of this initial amount, while also assuming that uninfected
cells do not divide. The combination of both transmission pathways is represented by the black lines. For
the only free virus transmission case (red lines), synaptic transmission is turned off. For the only synaptic
transmission case (blue lines), free virus transmission and reinfection are turned off. (a) Total number of cells
infected with at least one copy of both single mutant strains. Parameters are exactly as in the experiment.
(b) Total number of cells infected with at least one active copy of double mutant virus. Parameters are
exactly as in the experiment. (c) Same as panel (a), but the overall growth rate is the same across the three
cases. (d) Same as panel (b), but the overall growth rate is the same across the three cases.
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Figure B.38: Similar to Figure 5 in Chapter 2, using best fit parameters from experiment A2. Best fit
parameters are included in Table B.2. Simulations start with a small equal amount of cells singly infected
with the wild type, and mutations are included. We assume we have 109 initial cells, and run the simulation
until the number of infected cells reaches 40% of this initial amount, while also assuming that uninfected
cells do not divide. The combination of both transmission pathways is represented by the black lines. For
the only free virus transmission case (red lines), synaptic transmission is turned off. For the only synaptic
transmission case (blue lines), free virus transmission and reinfection are turned off. (a) Total number of cells
infected with at least one copy of both single mutant strains. Parameters are exactly as in the experiment.
(b) Total number of cells infected with at least one active copy of double mutant virus. Parameters are
exactly as in the experiment. (c) Same as panel (a), but the overall growth rate is the same across the three
cases. (d) Same as panel (b), but the overall growth rate is the same across the three cases.
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Figure B.39: Similar to Figure 5 in Chapter 2, using best fit parameters from experiment A3. Best fit
parameters are included in Table B.2. Simulations start with a small equal amount of cells singly infected
with the wild type, and mutations are included. We assume we have 109 initial cells, and run the simulation
until the number of infected cells reaches 40% of this initial amount, while also assuming that uninfected
cells do not divide. The combination of both transmission pathways is represented by the black lines. For
the only free virus transmission case (red lines), synaptic transmission is turned off. For the only synaptic
transmission case (blue lines), free virus transmission and reinfection are turned off. (a) Total number of cells
infected with at least one copy of both single mutant strains. Parameters are exactly as in the experiment.
(b) Total number of cells infected with at least one active copy of double mutant virus. Parameters are
exactly as in the experiment. (c) Same as panel (a), but the overall growth rate is the same across the three
cases. (d) Same as panel (b), but the overall growth rate is the same across the three cases.
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Figure B.40: Similar to Figure 5 in Chapter 2, using best fit parameters from experiment B1. Best fit
parameters are included in Table B.2. Simulations start with a small equal amount of cells singly infected
with the wild type, and mutations are included. We assume we have 109 initial cells, and run the simulation
until the number of infected cells reaches 40% of this initial amount, while also assuming that uninfected
cells do not divide. The combination of both transmission pathways is represented by the black lines. For
the only free virus transmission case (red lines), synaptic transmission is turned off. For the only synaptic
transmission case (blue lines), free virus transmission and reinfection are turned off. (a) Total number of cells
infected with at least one copy of both single mutant strains. Parameters are exactly as in the experiment.
(b) Total number of cells infected with at least one active copy of double mutant virus. Parameters are
exactly as in the experiment. (c) Same as panel (a), but the overall growth rate is the same across the three
cases. (d) Same as panel (b), but the overall growth rate is the same across the three cases.
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Figure B.41: Similar to Figure 5 in Chapter 2, using best fit parameters from experiment B2. Best fit
parameters are included in Table B.2. Simulations start with a small equal amount of cells singly infected
with the wild type, and mutations are included. We assume we have 109 initial cells, and run the simulation
until the number of infected cells reaches 40% of this initial amount, while also assuming that uninfected
cells do not divide. The combination of both transmission pathways is represented by the black lines. For
the only free virus transmission case (red lines), synaptic transmission is turned off. For the only synaptic
transmission case (blue lines), free virus transmission and reinfection are turned off. (a) Total number of cells
infected with at least one copy of both single mutant strains. Parameters are exactly as in the experiment.
(b) Total number of cells infected with at least one active copy of double mutant virus. Parameters are
exactly as in the experiment. (c) Same as panel (a), but the overall growth rate is the same across the three
cases. (d) Same as panel (b), but the overall growth rate is the same across the three cases.
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Figure B.42: Similar to Figure 5 in Chapter 2, using best fit parameters from experiment B3. Best fit
parameters are included in Table B.2. Simulations start with a small equal amount of cells singly infected
with the wild type, and mutations are included. We assume we have 109 initial cells, and run the simulation
until the number of infected cells reaches 40% of this initial amount, while also assuming that uninfected
cells do not divide. The combination of both transmission pathways is represented by the black lines. For
the only free virus transmission case (red lines), synaptic transmission is turned off. For the only synaptic
transmission case (blue lines), free virus transmission and reinfection are turned off. (a) Total number of cells
infected with at least one copy of both single mutant strains. Parameters are exactly as in the experiment.
(b) Total number of cells infected with at least one active copy of double mutant virus. Parameters are
exactly as in the experiment. (c) Same as panel (a), but the overall growth rate is the same across the three
cases. (d) Same as panel (b), but the overall growth rate is the same across the three cases.

179



Figure B.43: Similar to Figure 5 in Chapter 2, using best fit parameters from experiment C1. Best fit
parameters are included in Table B.2. Simulations start with a small equal amount of cells singly infected
with the wild type, and mutations are included. We assume we have 109 initial cells, and run the simulation
until the number of infected cells reaches 40% of this initial amount, while also assuming that uninfected
cells do not divide. The combination of both transmission pathways is represented by the black lines. For
the only free virus transmission case (red lines), synaptic transmission is turned off. For the only synaptic
transmission case (blue lines), free virus transmission and reinfection are turned off. (a) Total number of cells
infected with at least one copy of both single mutant strains. Parameters are exactly as in the experiment.
(b) Total number of cells infected with at least one active copy of double mutant virus. Parameters are
exactly as in the experiment. (c) Same as panel (a), but the overall growth rate is the same across the three
cases. (d) Same as panel (b), but the overall growth rate is the same across the three cases.
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Figure B.44: Similar to Figure 5 in Chapter 2, using best fit parameters from experiment C2. Best fit
parameters are included in Table B.2. Simulations start with a small equal amount of cells singly infected
with the wild type, and mutations are included. We assume we have 109 initial cells, and run the simulation
until the number of infected cells reaches 40% of this initial amount, while also assuming that uninfected
cells do not divide. The combination of both transmission pathways is represented by the black lines. For
the only free virus transmission case (red lines), synaptic transmission is turned off. For the only synaptic
transmission case (blue lines), free virus transmission and reinfection are turned off. (a) Total number of cells
infected with at least one copy of both single mutant strains. Parameters are exactly as in the experiment.
(b) Total number of cells infected with at least one active copy of double mutant virus. Parameters are
exactly as in the experiment. (c) Same as panel (a), but the overall growth rate is the same across the three
cases. (d) Same as panel (b), but the overall growth rate is the same across the three cases.
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Appendix C

Supplement for Chapter 3: A hybrid

stochastic-deterministic approach to

explore multiple infection and

evolution in HIV

C.1 Modeling details

C.1.1 Full description of mathematical model with different mu-

tant strains and mutations

Mutation is an important component of HIV-1 infection and evolution. Therefore, we gener-

alize the basic ODE model given in Chapter 3 by Equations (1)-(5) to include an arbitrary

number of mutant strains and arbitrary fitness landscape.
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We assume that forward and back point mutations can occur independently at k locations,

all with rate µ. This creates 2k viral strains. In the case k = 3 and by denoting the “unmu-

tated” condition with a lowercase letter and the “mutated” condition with a capital letter,

we have the wild-type (abc), three strains with a single point mutation (Abc, aBc, and abC),

three strains with a double point mutation (ABc, AbB, and aBC), and a triple mutant strain

(ABC). Upon each infection event, mutation can happen at each location. Therefore, any

strain can mutate into any other strain, and the probability of such an event is based on the

number of point mutations in which the two strains differ. The likelihood a strain mutates

at i ∈ {0, 1, . . . , k} specified locations is µi(1 − µ)k−i. Define D(Si,Sj) ∈ {0, 1, . . . , k} as

the number of point mutations where strain Si and Sj differ. The probability that strain Si

mutates into strain Sj (or vice versa) is then µD(Si,Sj) := µD(Si,Sj)(1−µ)k−D(Si,Sj). We denote

the fitness of each strain by Fi for i = 1, . . . , 2k.

Assume that we have two strains (k = 1), the wild-type and mutant. In order to model

synaptic transmission with multiple strains and fitness considerations, we start by considering

an infecting cell that contains n wild-type viruses and m mutant viruses, where 0 < n+m ≤

N . We denote the fitness of the wild-type as F1 and fitness of mutant as F2, where these

parameters have the meaning of the probability of successful infection, i.e. 0 ≤ F1, F2 ≤

1. Here F2 could be smaller (disadvantageous mutant), equal (neutral mutant), or larger

(advantageous mutant) than F1. Let us denote the fraction of wild-type and mutant viruses

as

ν =
n

n+m
, ψ =

m

n+m
,

respectively. Synaptic transmission is modeled as follows. We fix the number of viruses that

are picked up for a synaptic transmission event, S = 3 (free virus transmission is similar,

only with S = 1). Then, the following procedure is repeated S times: a virus is selected from

the infecting cell with the probability equal to its abundance in the cell (that is, wild-type
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viruses are picked with probability ν and mutants with probability ψ). Each virus that is

picked will proceed to infect the target cell successfully with the probability given by its

fitness (that is, F1 for the wild-type and F2 for the mutant). Each “pick” can result in three

possibilities:

1. A wild-type virus will go on to be successful in infecting the target cell; this happens

with probability p1 = νF1. We denote that by ∗ below.

2. A mutant virus will go on to be successful in infecting the target cell; this happens

with probability p2 = ψF2. We denote that by X below.

3. An unsuccessful infection event, which happens with probability p3 = ν(1−F1)+ψ(1−

F2). We denote that by 0 below.

Therefore, under S = 3, a single synaptic transmission event can result in ten different

infection events. Four of them (∗ ∗ ∗, ∗ ∗X, ∗XX,XXX) result in an infection of the target

cell with all S = 3 viruses (and these are the only events if F1 = F2 = 1). The other six

events (∗∗0, ∗X0, XX0, ∗00, X00, 000) result in an infection event with fewer than S viruses.

The probabilities of these events can be calculated by using multinomial distributions. In

particular, given that the infecting cell is characterized by (n,m), the probability of an event

where ŝ1 wild-type viruses and ŝ2 mutant viruses go on to successfully infect the target cell

is given by

Pn,m(ŝ1, ŝ2) =
S!

ŝ1!ŝ2!(S − ŝ1 − ŝ2)!
pŝ11 p

ŝ2
2 p

S−ŝ1−ŝ2
3 . (C.1)

Note the following special cases. If the target cell has n = 0 (that is, it is only infected by

the mutant), then ν = 1 and p2 = F2. The only event with S successful infections is XXX

and it happens with probability F S
2 . On the other hand, if m = 0, we have event ∗ ∗ ∗ with

probability F S
1 . In other words, fitness properties of viruses are not erased if they are in cells
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that are not coinfected with both virus strains.

Next, we include the process of mutations. We assume that a virus can mutate upon entering

the target cell, such that the process of mutation does not affect the success of infection.

As there are only two strains, denote the probability that a wild-type virus mutates by µ

and the probability that a mutant back-mutates to revert to a wild-type also by µ. Let

us suppose that a synaptic transmission event involves ŝ1 wild-type and ŝ2 mutant viruses,

and consider the probability that upon entering the cell, we have î wild-type and ĵ mutant

viruses, where the change is due to mutations. We denote this probability as Qŝ1 ;̂i,ĵ
(note

that ŝ1 + ŝ2 = î + ĵ). Suppose â out of ŝ1 wild-type viruses mutate and b̂ out of ŝ2 viruses

back-mutate. Then the number of (wild-type, mutant) viruses is (ŝ1−â+b̂, ŝ2−b̂+â) = (̂i, ĵ).

Setting â = ŝ1 − î+ b̂, we obtain

Qŝ1 ;̂i,ĵ
=

ŝ2∑
b̂=0

ŝ1!

â!(ŝ1 − â)!
µâ(1− µ)ŝ1−â

ŝ2!

b̂!(ŝ2 − b̂)!
µb̂(1− µ)ŝ2−b̂

=
ŝ1!

î!
(1− µ)î(1− µ)î+ĵ−ŝ1µŝ1−î2F̃1

(
−î, ŝ1 − î− ĵ, 1 + ŝ1 − î;

µ2

(1− µ)2

)
, (C.2)

where we used the regularized hypergeometric function 2F̃1.

For the general case when any number of viruses up to general S can be transmitted suc-

cessfully by synaptic transmission, we have that the full model with two virus strains is
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ẋ0,0 = λ− βx0,0(Z1 + Z2)− γx0,0
[ ∑
î+ĵ≤S

∑
0<n+m≤N

î+ĵ∑
ŝ1=0

Pn,m(ŝ1, î+ ĵ − ŝ1)xn,m
]
− dx0,0,(C.3)

ẋi,j = β
[(

(1− µ)Z1 + µZ2

)
xi−1,j +

(
µZ1 + (1− µ)Z2

)
xi,j−1 − (Z1 + Z2)xi,j

]
+ γ

[ ∑
î+ĵ≤S

∑
0<n+m≤N

î+ĵ∑
ŝ1=0

Pn,m(ŝ1, î+ ĵ − ŝ1)Qŝ1 ;̂i,ĵ
xn,m(xi−î,j−ĵ − xi,j)

]
− axi,j,(C.4)

where Z1 = F1

∑
0<i+j≤N

i
i+j

and Z2 = F2

∑
0<i+j≤N

j
i+j

, and with the appropriate adjust-

ments that any population with a negative index is 0 and cells cannot be infected with more

than N total copies of virus. A system with more virus strains can easily be created as a

generalization of this.

The number of equations per model where mutation can happen at k independent locations

is 2−k(N + 1)
(
N+2k

2k−1

)
. To see this, we note that there are 2k virus strains. The number of

ways to distribute j viral copies into the 2k strains is
(
j+2k−1
2k−1

)
. Since we allow j ∈ 0, . . . , N ,

we have
∑N

j=0

(
j+2k−1
2k−1

)
= 2−k(N + 1)

(
N+2k

2k−1

)
=
(
N+2k

2k

)
.

In the case of only free virus transmission (γ = 0), the fitness parameters can be interpreted

as factors that modulate the rate of infection β, and so we can allow any F1, F2 ≥ 0.

If we let x0 denote the number of uninfected cells and Z denote the sum of all infected cell

186



subpopulations, we have that this model has a virus free steady state,

x0 =
λ

d
, (C.5)

Z = 0, (C.6)

and an infection steady state,

x0 =
a

βF + γ(1− (1− F )S)
, (C.7)

Z =
λ

a
− d

βF + γ(1− (1− F )S)
. (C.8)

The stability of these steady states depends on the basic reproductive ratio, R0 =
λ
(
βF+γ(1−(1−F )S)

)
ad

.

Again we have that if R0 < 1 the virus free steady state is stable and if R0 > 1 then the

infection steady state is stable.

C.1.2 Determination of model parameters

Based on experimental evidence, we estimate the kinetic parameters in the model. Assume

for simplicity that all virus strains are neutral with F = 1. It follows that the basic repro-

ductive ratio is R0 = λ(β+γ)
ad

, the infection steady state for infected cells is λ
a
− d

(β+γ)
, and the

virus free steady state for uninfected cells is λ
d
.

We have an infection steady state value of 3.1 × 107 infected cells [13]. Assuming that the

death rate of infected cells is approximately 2.2 days [56], we assume that a = 0.45 days−1.
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Further, we set R0 = 8 [58, 53]. Finally, we introduce parameter η such that we have a total

body population of 10η lymphocytes at virus free steady state. Then we have the system of

equations

3.1× 107 =
λ

a
− d

(β + γ)
, (C.9)

8 =
λ(β + γ)

ad
, (C.10)

10η =
λ

d
. (C.11)

These equations uniquely imply that λ ≈ 1.59 × 107 days−1, d = λ × 10−η days−1, and

β + γ = 3.6× 10−η days−1. We assume S = 3. Further, we choose η = 9 [13], and therefore

have d ≈ 0.0159 days−1. For initial conditions, we assume uninfected steady state and a

single infected cell (infected with the wild-type) [54], that is x0,0,...,0 = λ
d

and x1,0,...,0 = 1.

At these parameters, triple and further mutant strains are negligible at peak infection, that is

on average less than half a cell is infected with these strains when the number of infected cells

is maximized (around seven days into infection). After peak infection, the system will settle

to an equilibrium. These patterns can be seen by running the model with triple mutation

first to peak infection, and then many days past peak infection.
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C.2 Details of the hybrid method

C.2.1 Description of algorithm

At any given time, let Vl and Vs be vectors containing the large and small cell populations.

We can then define the reduced system dVl/dt = Fl(Vl) derived from the full system by:

(1) retaining only the equations for the large cell populations Vl; (2) keeping constant the

contributions of the small populations Vs. If the components of Vl are sufficiently large,

there will be a time interval (t, t+ τ), where the deterministic solution of the reduced ODE

will approximate the trajectories of the large populations in a stochastic implementation of

the full system.

When an infection event occurs (either free virus transmission or cell-to-cell transmission),

the target cell moves from its current subpopulation to its new subpopulation of higher mul-

tiplicity. We refer to the original cell population as the minus cell subpopulation (because it

has lost a member), and to the new subpopulation as the plus cell subpopulation (because it

has gained a member).

The events in the model are uninfected cell generation, cell death, and infection with up

to S copies of combinations of the 2k viral strains. In Gillespie’s method, every event ν

has a given propensity aν(V). The time at which the next event ν will occur is exponen-

tially distributed with intensity aν(V). In the hybrid approach, uninfected cell generation,

death of large populations, and infection where both the minus cell population and plus

cell population are large are modeled deterministically (using the reduced system), while

cell death and infection of small populations are modeled stochastically, with propensities

aν(Vs,Vl(t)) that now vary continuously with time. If the minus cell population and the
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plus cell population are of different size classification (one is small and the other is large),

then infection between these two populations is modeled with a “half and half reaction” (see

next Section). For further details on the hybrid algorithm, see [59].

C.2.2 Classification of reactions

This is an explanation of how individual reactions are designated small or large. This is a

system with N = 4, no mutation, and only free virus transmission. Let Z(t) =
∑4

i=1 xi(t) be

the sum of all infected subpopulations. The equations in the absence of synaptic transmission

are

ẋ0 = λ− βZx0 − dx0 (C.12)

ẋ1 = βZx0−βZx1 − ax1 (C.13)

ẋ2 = βZx1 − βZx2 − ax2 (C.14)

ẋ3 = βZ(x2 − x3)− ax3 (C.15)

ẋ4 = βZ(x3)− ax4 (C.16)

Assume we are at time t∗ and we have size threshold M∗. Assume that that x0(t
∗) ≥

M∗, x1(t
∗) ≥M∗, x2(t

∗) <M∗, x3(t
∗) <M∗, and x4(t

∗) <M∗. Then at time t∗ we have

that populations x0 and x1 are large and all other populations are small.

Since x0 and x1 are large and all other populations are small, we only update (C.12) and

(C.13) deterministically. Everything in Equations (C.14)-(C.16) is stochastic. Therefore, it
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makes sense that (i) uninfected cell generation is small/large if x0 is small/large; (ii) death

of population xi is small/large if xi is small/large; (iii) infection of population xi is small if

xi (the minus population) or the plus population is small, and large otherwise.

Here, the reaction that infects population x1 is updated deterministically in Equation (C.13)

and also stochastically because population x2 is small. Therefore, we lose a singly infected

cell both deterministically and stochastically, and only gain an x2 stochastically. Therefore,

we designate the reaction that infects populations x1 a “half and half” reaction. This means

that x1 is updated deterministically in Equation (C.13) and also stochastically because pop-

ulation x2 is small, but during the stochastic reaction we only gain an x2 and do not lose an

x1. So in essence we lose x1 to infection deterministically, and gain x2 by infection stochas-

tically (but do not lose an x1). More generally, we have a half and half reaction whenever

the minus population is large and the plus population is small, or the minus population is

small and the plus population is large.

In this system, since there is only free virus transmission the plus population is always xi+1.

However, in a system with synaptic cell-to-cell transmission and a mutant strain, the plus

population can be xi+1,j, xi,j+1, xi+S,j, xi,j+S, etc. So under these assumptions, in the ODE

system given by Equations (C.12)-(C.16), we have that all unbolded terms in Equations

(C.12)-(C.13) are the large deterministic reactions, the bolded terms are the half and half

reactions, and all other terms are the stochastic reactions.
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C.2.3 Choosing a size threshold M

The rate of stochastic extinction of the hybrid method should match the rate of stochastic

extinction of the simulations in the fully stochastic case [72, 2]. As described in Chapter 3,

we define M̂ as the lower bound on the size threshold M. Therefore we have that

M̂ = dln
(

1 +
R0 − 1

δR0

)
/ lnR0e, (C.17)

where d.e denotes the ceiling function. Since increasing R0 monotonically leads to a higher

rate of successful infections, we see that increasing R0 leads to decreasing M̂. Table C.1

shows lower bound M̂ for a variety of R0 > 1 and difference thresholds δ.

When implementing the hybrid algorithm, the ODE step size h must also be taken into

account. The step size h must be small enough such that i) in the completely determinis-

tic case it gives an accurate numerical solution of the ODE solution, and ii) in the hybrid

case the stochastic events and dynamics are captured. This only becomes an issue when

size thresholdM is very large (so there are many populations and τ becomes quite small for

multiple reactions) but there are both small and large populations (so that some populations

are still updating deterministically). In this case, the ODEs for the uninfected population

becomes stiff and smaller step size h might be needed to capture the initial decline of the

uninfected cell population.
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R0 M̂ for δ = 10−4 M̂ for δ = 10−5 M̂ for δ = 10−6

1.001 2399 4617 6912
1.01 463 694 925
1.1 72 96 120
1.5 21 26 32
2 13 16 19
4 7 9 10
6 6 7 8
8 5 6 7

Table C.1: M̂ values for a variety of R0 > 1 and difference thresholds δ. We define M̂ according to Equation
(C.17).

C.3 Comparison of the ODE and stochastic/hybrid sim-

ulations in the context of infection dynamics

The deterministic ODEs do not provide information on the distribution of mutant numbers.

The hybrid method is especially useful here, because it allows for efficient stochastic com-

putations at large population sizes, and can generate mutant distributions rather than just

averages.

Figure C.1 shows an example of the distribution of the number of cells infected with a neutral

single and double mutant strain of the virus when the infected cell population reaches 106

cells for hybrid simulations with size threshold M = 50 and M = 500 and only free virus

transmission. Here, we see that for R0 = 8, size thresholdM = 50 is large enough to provide

a good approximation of the fully stochastic dynamics. Figure C.2 shows that for R0 = 1.5,

M = 50 is not large enough to capture the stochastic dynamics, and larger size thresholds

are needed. As discussed in Chapter 3, lower R0 is associated with larger stochastic effects.

Furthermore, an important benchmark of infection is the emergence of mutant strains of the
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Figure C.1: Distribution of the number of cells infected with the neutral single and double mutant strain
of the virus (double mutant model, F = 1 for all strains) when the infected cell population reaches 106

cells for hybrid simulations with size threshold M = 50 and M = 500. Simulations include only free virus
transmission. For each size threshold 3× 103 simulations were performed. (a) Number of cells infected with
one of the single mutant strains. (b) Number of cells infected with the double mutant strain. The parameters
are N = 3, µ = 3 × 10−5, λ = 1.59 × 107, β = 3.60 × 10−9, γ = 0, a = 0.45, d = 0.016, and R0 = 8.
For both single and double mutants, the probability distributions of the cell numbers infected with mutant
viruses are not statistically different for M = 50 and M = 500 (p > 0.1 by Kolmogorov-Smirnov test).

virus. The hybrid method allows us to compute full distributions for when the first mutant

is expected to appear stochastically (by a mutation from a wild-type virus). Figure C.3

demonstrates how the deterministic model predictions for the first mutant virus to appear

can differ from averages over many stochastic runs simulated using the computationally ef-

ficient hybrid algorithm.

Finally, while we have shown that ODEs cannot accurately describe the average behavior of

the stochastic model, the hybrid method (with a sufficient size threshold) is able to do so.

Figure C.4(a) compares the number of cells infected with the mutant at infected population

size 104 and Figure C.4(b) compares the time at first mutant generation for simulations in

which all infected cell populations are always treated stochastically versus simulations with

M = 50. In both cases, the Kolmogorov-Smirnov test between the two distributions does

not suggest that there is a statistically significant difference.
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Figure C.2: Distribution of the number of cells infected with the neutral single mutant strain of the virus
(single mutant model, Fwild-type = Fmutant = 1) when the infected cell population reaches 106 cells for
hybrid simulations with only free virus transmission. Distributions for each size threshold represent 104

simulations. The p-value from Kolmogorov-Smirnov test is shown for each comparison. (a) Size threshold
M = 10 and M = 500. (b) Size threshold M = 50 and M = 500. (c) Size threshold M = 100 and
M = 500. (d) Size threshold M = 200 and M = 500. Here N = 1 and the other parameters are
µ = 3× 10−5, λ = 1.59× 107, β = 3.60× 10−9, γ = 0, d = 0.016, and R0 = 1.5.
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Figure C.3: Distribution of generation time of first single/double mutant virus in the double mutation model
in the context of only free virus transmission (with all strains neutral). Simulations in which infections are
not established are discarded when calculating the averages. The deterministic prediction is denoted with
the black vertical line and the hybrid average is denoted with the yellow vertical line. Distributions represent
105 hybrid simulations with size threshold M = 50. (a) Time until either single mutant generation. The
deterministic prediction that the first single mutant virus (of both strains) will be generated is around 2.6
days, whereas in the stochastic case it is around 3 days. (b) Number of infected cells at first single mutant
generation. The deterministic prediction is that the number of infected cells is around 3.5×103, whereas in the
stochastic case it is around 1.4×104. (c) Time until double mutant generation. The deterministic prediction
that the first double mutant virus will be generated is around 4.8 days, whereas in the stochastic case it is
around 5.6 days. (d) Number of infected cells at first double mutant generation. The deterministic prediction
is that the number of infected cells is around 3.5× 106, whereas in the stochastic case it is around 4.3× 107.
The parameters are N = 3, µ = 3 × 10−5, λ = 1.59 × 107, β = 3.60 × 10−9, γ = 0, a = 0.45, d = 0.016,
and R0 = 8.
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Figure C.4: Comparing hybrid simulations with M = 50 (red) with simulations in which the infected
subpopulations are always treated stochastically (blue). Simulations in which infections are not established
are discarded when calculating the averages. Distributions represent 2 × 104 simulations. (a) The number
of cells infected with the mutant at infected population size 104. (b) The time at first mutant generation.
The parameters are Fwild-type = Fmutant = 1, N = 3, µ = 3× 10−5, λ = 1.59× 107, β = 3.60× 10−9, γ =
0, a = 0.45, d = 0.016, and R0 = 8.

C.4 Impact of multiple infection and synaptic trans-

mission on mutant evolution: additional results

We consider the effect of multiple infection on mutant dynamics, as well as different scenarios

where fitness is dependent upon the contents of a cell (i.e. complementation, interference).

Thus, the multiplicity of infection is important. Widely varying estimates for average infec-

tion multiplicities have been published [32, 30, 31, 64], and there is some uncertainty. Figure

C.5 shows the deterministic time series for an infection with a single neutral mutant strain

in the presence of only free virus or only synaptic transmission. For only free virus transmis-

sion, the multiplicity of infection near peak infection is 2 and reaches a maximum of 6 just

after peak infection. For only synaptic transmission, the multiplicity of infection near peak
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Figure C.5: Deterministic time series evolution of an infection with a neutral mutant strain with only free
virus (dashed lines, γ = 0) or only synaptic transmission (solid lines, β = 0). Parameters are N = 25, β+γ =
c = 3.6×10−9, µ = 3×10−5, λ = 1.59×107, a = 0.45, and d = 0.016. The multiplicity of infection is shown
with the red lines, the number of cells infected with only the wild-type virus are shown with the yellow lines,
the number of cells infected with only the mutant are shown with the purple lines, and the number of cells
coinfected with both the wild-type and mutant are shown with the green lines.

infection is 7 and reaches a maximum of 17 just after peak infection. Stochastic simulations

give similar values for the multiplicity of infection, and are very consistent with standard

deviations usually less than 10−2. Therefore, as we increase the contribution of synaptic

transmission, the number of coinfected cells increases, which leads to more pronounced ef-

fects of interactions between different virus strains within cells such as complementation and

interference.

We can also use the hybrid method to determine the distribution of multiplicity of infection

near peak infection, based on different transmission strategies. Figure C.6 shows the dis-

tribution of the number of cells infected with different numbers of viral copies on average,

for only free virus transmission (Figure C.6(a)) and half free virus transmission and half

synaptic transmission (Figure C.6(b)). The distribution for only synaptic transmission will

be the same as only free virus transmission, except the number of viral copies (horizontal

axis) is scaled by S (i.e. 1→ S, 2→ 2S) and all other values will contain no cells. As done
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Figure C.6: Distribution of the multiplicity of infection near peak infection. (a) Histograms for the average
number of cells infected with the given number of viral copies for only free virus transmission. (b) Histograms
for the average number of cells infected with the given number of viral copies for half free virus transmission
and half synaptic transmission. The horizontal axis is the number of virus copies and the vertical axis is the
average number of cells that are infected with that number of viral copies near peak infection. Infected with
zero copies corresponds to the uninfected cells. Distributions were averaged over 5× 102 hybrid simulations
with size threshold M = 50. Simulations are stopped when the infected cell population is close to peak
infection (6 × 108 cells). Parameters are β + γ = c = 3.6 × 10−9, µ = 3 × 10−5, λ = 1.59 × 107, a = 0.45,
and d = 0.016, except that maximum multiplicity of infection N is set to be large enough such that no cells
reach this threshold.

in [39], the steady states for each population can be determined analytically.

Mutant evolution is impacted by multiple infection [74]. Figure C.7 shows the distribu-

tions of cells infected with neutral single and double mutants in the presence and absence

of multiple infection at relatively low virus loads. Here, the average number of mutants is

the same, whether multiple infection is assumed to occur or not because of the low multi-

plicity of infection at lower virus loads. This figure should be compared with Figure 2 of

Chapter 3 where the mutant numbers were measured at a higher population size, and a sig-

nificant increase in the number of mutants was observed in the presence of multiple infection.

Figure C.8 is similar to Figure 2 of Chapter 3, but it studies the numbers of cells infected
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Figure C.7: Neutral mutant evolution in the absence of synaptic transmission, comparing simulations with
single infection only (N = 1, blue) and in the presence of multiple infection (N = 5, red). For both panels,
the Kolmogorov-Smirnov test between the two distributions suggests that they are not statistically different.
(a) Number of cells infected with one of the single mutant strains. (b) Number of cells infected with the
double mutant strain. Distributions represent 4.5 × 104 hybrid simulations with size threshold M = 50.
Simulations are stopped at a low viral load (105 cells). The other parameters are as in Chapter 2 Figure
2 (Fwild-type = 1, Fmutant = 1, µ = 3 × 10−5, λ = 1.59 × 107, β = 3.60 × 10−9, γ = 0, a = 0.45, and
d = 0.016).

with disadvantageous (advantageous) mutants with and without multiple infection, in the

presence of only free virus transmission. As in Chapter 3 Figure 2, the number of cells

was recorded near peak infection, and the maximum multiplicity parameter was N = 1 for

simulations with single infection only, and N = 11 for the model including multiple infec-

tion. For non-neutral mutants we observe the same trends discussed in Chapter 3, that is

multiple infection results in an increased number of cells infected with the mutant as well

as increased variation in the number of mutants. In the case of a disadvantageous single

mutant with a 10% disadvantage, we observe a 2.1-fold increase in the mean number of cells

infected with the mutant, and a 3.3-fold increase in the standard deviation when multiple

infection is included. In the case of an advantageous single mutant with a 10% advantage,

we observe a 1.9-fold increase in the mean number of cells infected with the mutant, and a

1.5-fold increase in the standard deviation when multiple infection is included.
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Figure C.8: Non-neutral (disadvantageous and advantageous) mutant evolution in the absence of synaptic
transmission, comparing simulations with single infection only (N = 1, blue) and in the presence of multiple
infection (N = 11, red). The mean values are shown by vertical lines. For both panels, the Kolmogorov-
Smirnov test between the two distributions gives a p-value less than 10−6. (a) Disadvantageous mutant;
here Fmutant = 0.81. The average under single infection only is approximately 1.6 × 105 and for multiple
infection is approximately 3.2× 105. (b) Advantageous mutant with interference; here Fmutant = 0.99. The
average for single infection is approximately 1.2× 106 and for multiple infection is approximately 2.3× 106.
Histograms represent 2 × 104 hybrid simulations with size threshold M = 50. Simulations are stopped
when the infected cell population is close to peak infection (6 × 108 cells). The other parameters are
Fwild-type = 0.9, µ = 3× 10−5, λ = 1.59× 107, β = 4× 10−9, γ = 0, a = 0.45, and d = 0.016.
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Figure C.9: Presence of the triple mutant strain in the absence of synaptic transmission, comparing simula-
tions with single infection only (N = 1, blue) and in the presence of multiple infection (N = 3, red). The
probability to have at least one cell infected by a triple-mutant is 3.3% under multiple infection, which is
about 1.7 times higher than that under single infection (1.9%). This result is significant with p = 2.5× 10−3

by the Z-test, with 2.7 × 104 runs under single infection and 1.9 × 103 runs under multiple infection. His-
tograms represent 103 hybrid simulations with size threshold M = 50. Simulations are stopped when the
infected cell population is close to peak infection (6×108 cells). All strains are neutral (F = 1) and all other
parameters are µ = 3× 10−5, λ = 1.59× 107, β = 3.60× 10−9, γ = 0, a = 0.45, and d = 0.016.

Multiple infection also increases the prevalence of neutral triple mutants. Figure C.9 com-

pares the number of triple mutants with and without multiple infection near peak infection,

again for only free virus transmission. The number of triple mutants is small, but the prob-

ability to have at least one cell infected by a triple-mutant is much higher when multiple

infection is allowed (3.3% under multiple infection, which is about 1.7 times higher than the

1.9% under single infection).

With multiple infection, we can also include synaptic transmission. During synaptic cell-to-

cell transmission, if the fitness of all strains is 1, we assume that S ≥ 1 viruses are always

transferred to the target cell per infection event. During an infection event, upon selection

and infection of each virus, the chosen viral copy has a probability to mutate. This greatly

increases the ability of synaptic transmission to generate mutant strains of virus. To see

this, consider infection from a cell that is infected only by the wild-type. During a free virus
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transmission event, there is only one chance for mutation into a mutant strain. However,

during a synaptic transmission event, there are S chances for mutation into a mutant strain.

If the fitness F of any strain is less than 1, then there is also a chance that an unsuccessful

infection event occurs. In particular, the probability of a completely unsuccessful infection

event in which no viral copies are transferred during a free virus transmission event is 1−F ,

and in the case of synaptic transmission it is (1 − F )S. Therefore, the rate at which an

infection grows is influenced by the relative contribution of free virus versus synaptic trans-

mission (and increases monotonically with increasing contribution of synaptic transmission).

Including synaptic transmission results in increased multiplicity of infection. Therefore, we

need to adjust the maximum infection multiplicity used in the model, to avoid spurious ac-

cumulation of cell numbers at the end of the infection cascade. For our model, for R0 = 8,

S = 3, and 100% synaptic transmission, most cells do not become infected with more than

26 copies of virus by the time of peak infection. Therefore, we set N = 25 for all simulations

that include synaptic transmission.

Figure C.10 shows the number and distributions of cells infected with a neutral mutant

(Fwild-type = Fmutant = 1, so infection always goes through) near peak infection for multiple

combinations of free virus and synaptic transmission. As synaptic transmission is better

at generating mutants, larger contributions of synaptic transmission result in larger mutant

numbers and the number of mutants decreases monotonically with increasing contribution

of free virus transmission.

Figure C.11 should be compared with Figure 3 of Chapter 3. For these simulations, in order
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Figure C.10: Neutral mutant evolution in the presence of synaptic transmission, comparing simulations with
different combinations of free virus and synaptic transmission (single mutation only). (a) Number of cells
infected with the mutant strain under different transmission strategies. The horizontal axis is the percent
contribution of free virus transmission. Standard error bars are shown in the main figure, and standard
deviation bars are shown in the inset. (b) Histograms for the number of cells infected with a single mutant
for the different strategies, representing 104 hybrid simulations with size threshold M = 50. Simulations
are stopped when the infected cell population is close to peak infection (6 × 108 cells) and simulations
where no infection is established are thrown out. Here Fwild-type = 1, Fmutant = 1, S = 3, N = 25,
β+γ = c = 3.6×10−9, and the other parameters are µ = 3×10−5, λ = 1.59×107, a = 0.45, and d = 0.016.

to explicitly analyze the effect of multiple infection and coinfection, we initially begin with a

single infected cell, which is coinfected with a single copy of both the wild-type and mutant

virus. Further, we turn off mutation (set µ = 0), so that synaptic transmission no longer

results in a higher rate of mutant generation. Figure 3 of Chapter 3 studies disadvantageous

(zero fitness) mutant spread in the absence of mutations, with and without complementation.

Figure C.11 considers advantageous mutants with and without interference. It shows the

distribution of cells infected with a 10% advantageous mutant with and without interference

for either 100% free virus or 100% synaptic transmission.
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Figure C.11: 10% advantageous mutant (Fwild-type = 0.9, Fmutant = 0.99), comparing the effect of interference
and free virus versus synaptic transmission near peak infection, in the absence of mutations (µ = 0). All
simulations start with a single infected cell coinfected with a single copy of both the wild-type and mutant.
Panels (a)-(b) represent only free virus transmission (β = 3.60 × 10−9, γ = 0, N = 11), whereas panels
(c)-(d) represent only synaptic transmission (β = 0, γ = 3.60 × 10−9, N = 25). The Kolmogorov-Smirnov
test between panels (a)-(b) and panels (c)-(d) gives a p-value less than 10−6. (a) Only free virus transmission
without interference. The average number of cells infected with the mutant is 3.8× 108. (b) Only free virus
transmission with interference. The average number of cells infected with the mutant is 3.6× 108. (c) Only
synaptic transmission without interference. The average number of cells infected with the mutant is 3.4×108.
(d) Only synaptic transmission with interference. The average number of cells infected with the mutant is
3.1×108. Histograms represent 6×103 hybrid simulations with size thresholdM = 50. Simulations in which
infections are not established (or in the rare case a simulation does not reach the infected size threshold)
are discarded; simulations are stopped when the infected cell population is close to peak infection (5 × 108

cells). The other parameters are λ = 1.59× 107, a = 0.45, and d = 0.016.

205


	LIST OF FIGURES
	LIST OF TABLES
	ACKNOWLEDGMENTS
	VITA
	ABSTRACT OF THE Dissertation
	Introduction
	Effect of synaptic cell-to-cell transmission and recombination on the evolution of double mutants in HIV
	Introduction
	Modeling virus evolution
	Stochastic modeling of spatially restricted synaptic virus transmission
	Mutations and recombinations
	Simulations of the model and parameter values

	Generation and spread dynamics of the double mutant
	Fitness landscapes and epistasis
	Advantageous mutants
	Disadvantageous mutants
	Neutral mutants

	Mode of viral transmission and the effect of recombination on double mutant populations
	Mode of viral transmission and the rate of double mutant emergence
	Discussion and Conclusion

	Quantifying the dynamics of viral recombination during free virus and cell-to-cell transmission in HIV-1 infection
	Introduction
	Materials and Methods
	Experimental setup 
	Mathematical models

	Results
	Basic dynamics of in vitro virus growth
	The mathematical model and data fitting
	Quantifying the relative contribution of free virus and synaptic transmission to virus spread
	Further parameter estimates
	Comparing the effect of viral transmission pathways on recombinant generation: beyond the experimental setup

	Discussion and Conclusion

	A hybrid stochastic-deterministic approach to explore multiple infection and evolution in HIV
	Introduction
	Methods
	Mathematical model description
	Hybrid algorithm

	Results
	Comparing and contrasting ODE versus stochastic / hybrid simulations
	Impact of multiple infection on mutant evolution

	Discussion

	Bibliography
	Appendix Supplement for Chapter 1: Effect of synaptic cell-to-cell transmission and recombination on the evolution of double mutants in HIV
	Deterministic and stochastic modeling of synaptic and free virus transmission
	Deterministic modeling: a review
	A model with density-dependent target cell production 
	Modeling mutations and recombinations
	Spatial stochastic simulations

	Generation of double mutants
	Dynamics of mutant generation and spread
	Advantageous mutants: the time series
	Measuring the level of disadvantageous mutants
	Using ODEs to study selection mutation balance

	A model with a lower multiplicity of infection
	Recombinations, epistasis, and transmission mode: additional information
	The role of recombinations under different transmission modes
	Optimal epistasis to promote double mutants
	Variation vs standard error
	Parameter values and robustness of the results


	Appendix Supplement for Chapter 2: Quantifying the dynamics of viral recombination during free virus and cell-to-cell transmission in HIV-1 infection
	Mathematical model
	Fitting procedures and best fit parameters
	Relative contribution of free virus and synaptic transmission
	Role of synaptic transmission in evolution
	Further theoretical considerations
	Further justification of parameter estimates
	Best fit parameters and plots
	Comparing the effect of viral transmission pathways on recombinant dynamics for all best fit parameter values

	Appendix Supplement for Chapter 3: A hybrid stochastic-deterministic approach to explore multiple infection and evolution in HIV
	Modeling details
	Full description of mathematical model with different mutant strains and mutations
	Determination of model parameters

	Details of the hybrid method
	Description of algorithm
	Classification of reactions
	Choosing a size threshold M

	Comparison of the ODE and stochastic/hybrid simulations in the context of infection dynamics
	Impact of multiple infection and synaptic transmission on mutant evolution: additional results




