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Abstract

Robustness in Nonlinear and Learning Based Control

by

He Yin

Doctor of Philosophy in Engineering - Mechanical Engineering

University of California, Berkeley

Professor Murat Arcak, Chair

In this dissertation we propose a control synthesis and analysis framework for nonlinear, and
neural network (NN) controlled systems with robustness guarantees. We quantify systems’
robustness against external disturbances and perturbations using the following measures: (i)
the forward reachable set; (ii) the backward reachable set; (iii) the tracking error bound; (iv)
the region of attraction. These measures are all characterized by sublevel sets of storage func-
tions satisfying appropriate dissipation inequalities that account for external disturbances
and perturbations. Integral quadratic constraints (IQCs) are used to describe perturba-
tions, allowing for a variety of perturbations including parametric uncertainty, unmodeled
dynamics, and nonlinear activation functions in NNs. We formulate sum-of-squares (SOS)
constraints and Linear matrix inequality conditions by merging dissipation inequalities with
IQCs to compute controllers and their associated robustness measures.

We start off by focusing on the finite time horizon robustness of uncertain nonlinear
(polynomial) systems, which are modeled as interconnections of nominal polynomial systems
and perturbations. We propose a method of outer-approximating the forward reachable set
on finite horizons for the uncertain nonlinear systems with controllers given. Then we move
from analysis to control synthesis, and present a method for synthesizing a polynomial control
law that steers the system to the target set with the goal of maximizing inner-approximations
to the backward reachable set. The approximations to both the forward reachable set and
backward reachable set are characterized by time dependent polynomial storage functions,
and are computed using SOS programming. IQCs with both hard and soft factorizations are
used to describe perturbations.

Furthermore, we address robust trajectory planning and control design for nonlinear
systems. A hierarchical trajectory planning and control framework is proposed, where a
low-fidelity model is used to plan trajectories satisfying planning constraints, and a high-
fidelity model is used for synthesizing tracking controllers guaranteeing the boundedness of
the error state between the low- and high-fidelity models. We formulate SOS optimizations
for computing the tracking controllers and their associated tracking error bound, with the
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goal of minimizing the volume of the tracking error bound. The tracking error bound is then
used to redesign the planning constraints to guarantee safety of the system.

Finally, we move to NN controlled systems. We propose two theorems to prove local sta-
bility of NN controlled linear time invariant systems, and to compute inner-approximations
to the region of attraction. The first theorem merges dissipation inequalities with local sec-
tor quadratic constraints (QCs) to bound the nonlinear activation functions in the NN. The
second theorem includes IQCs to allow for perturbations, and further refine the description
of activation functions by capturing their slope information. Then we move from analysis to
control synthesis. Loop transformation is used to derive stability and safety conditions that
are jointly convex in the Lyapunov function, weights of the NN controller, and the Lagrange
multipliers for including QCs. These convex conditions are incorporated in the imitation
learning process, which trades off between imitation learning accuracy, and size of the region
of attraction inner-approximations, to learn robust NN controllers. We propose an alter-
nating direction method of multipliers based algorithm to solve the constrained imitation
learning problem.
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Chapter 1

Introduction

Robust control has shown its effectiveness in controlling various types of linear systems, in-
cluding time invariant [1], time varying [2, 3], and parameter varying systems [4]. However,
modern control design and analysis methods for more complex systems, like nonlinear sys-
tems and neural network (NN) controlled systems, are still suffering from lack of robustness
guarantees, which are important in safety-critical applications. A shortcoming of the existing
nonlinear control and analysis methods is that they rely on accurate system models. Only
limited forms of uncertainty have been addressed, such as parametric uncertainty [5–10]. As
for NN controlled systems, they have long been suffering from lack of robustness certificates.
Only a few results have attempted to assess their stability and safety, including a work on
reachability analysis [11], and a result regarding global stability analysis [12]. The com-
plexity of the NN structure, e.g., various types of nonlinear activation functions, potentially
numerous layers, and a large number of hidden neurons, makes it difficult to apply classical
analysis methods, e.g. Lyapunov theory.

In this dissertation, we develop analysis and control synthesis tools for uncertain nonlin-
ear, and NN controlled systems with robustness guarantees using a unified framework based
on integral quadratic constraints (IQCs) [13] from robust control theory. We quantify robust-
ness of nonlinear and NN controlled systems using metrics including region of attractions,
forward/backward reachable sets, and tracking error bounds. In each case, we account for
external disturbances, and a general class of perturbations beyond parametric uncertainty.

In the framework, we model both uncertain nonlinear, and NN controlled systems as an
interconnection (as shown in Fig. 1.1) of a nominal dynamical system and perturbations,
whose input-output properties are characterized by IQCs, with both soft and hard factoriza-
tions. The use of IQCs allows for various types of uncertainties and nonlinearities, including
unmodeled dynamics, and the nonlinear activation functions in the NNs. The robustness
metrics are all characterized by sublevel sets of storage functions that satisfy appropriate
dissipation inequalities merged with IQCs. The (generalized) S-procedure is used to formu-
late these dissipation inequalities as linear matrix inequalities (LMIs) and sum-of-squares
(SOS) constraints for computing robustness metrics, and synthesizing controllers.

The content and contributions of each chapter are outlined below.
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Figure 1.1: Interconnection Fu(G,∆) of a nominal system G and a perturbation ∆

Chapter 2 presents the notation and required background materials from the controls
literature. First, the system level properties (dissipativity) are introduced. Several types of
dissipativity (e.g., stability, finite L2 gain, L2 reachability) and their corresponding supply
rates are discussed. Then we describe IQCs, a special class of dynamic supply rate, that
will be used to characterize perturbations. Finally, we briefly discuss how SOS problems
can be translated to semidefinite problems (SDPs), and the computation complexity of the
resulting SDPs.

Chapter 3 proposes a method to outer-approximate forward reachable sets on finite
horizons for uncertain nonlinear systems with polynomial dynamics. This method makes
use of time-dependent polynomial storage functions that satisfy appropriate dissipation in-
equalities to characterize the outer-approximations. The dissipation inequalities, combined
with the SOS technique allows us to simultaneously accommodate multiple sources of un-
certainty, including time-varying uncertain parameters, L2 disturbances, and perturbations
∆ characterized by IQCs. The use of IQCs allows for various types of uncertainty, including
unmodeled dynamics.

The proposed analysis framework considers both hard and soft IQC factorizations. Dissi-
pation inequalities usually require IQCs to hold over all finite horizons (hard IQCs). However,
IQCs are often available in the infinite-time horizon (soft IQCs), while the hard IQCs are
not. To mitigate this issue, we incorporate soft IQCs in dissipation inequalities by making
use of a lower bound derived from [14], which is valid for soft IQCs over all finite horizons.

Chapter 4 extends the results from Chapter 3 to control synthesis. A method is proposed
to compute robust inner-approximations to the backward reachable set of uncertain nonlinear
systems, and to generate a robust control law that drives trajectories starting in these inner-
approximations to a target set. The method also incorporates both hard and soft IQC
factorizations. Moreover, we overcome a technical challenge that arises when the input
of the perturbation depends directly on the control command, as in the case of actuator
uncertainty. This dependence creates a source of nonconvexity, which we circumvent by
introducing auxiliary states in the control law.

Chapter 5 proposes a hierarchical trajectory planning and control framework for nonlin-
ear systems. In this framework, a low-fidelity model is used to generate planning trajectories
satisfying planning constraints, and a high-fidelity model is used to design tracking con-
trollers to track planned trajectories with a bounded tracking error. An SOS optimization
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is proposed to compute the polynomial tracking controller and its associated tracking er-
ror bound. The tracking error bound is then used to redesign the planning constraints to
guarantee safety of the system.

Chapter 6 presents a method to analyze the stability of feedback systems with NN
controllers. Two stability theorems are given to prove asymptotic stability and to compute
an ellipsoidal inner-approximation to the ROA. The first theorem addresses linear time-
invariant systems, and merges Lyapunov theory with local (sector) quadratic constraints to
bound the nonlinear activation functions in the NNs. The second theorem allows the system
to include perturbations using IQCs to capture their input/output behavior. This in turn
allows for off-by-one IQCs to refine the description of activation functions by capturing their
slope restrictions. Both results rely on semidefinite programming to approximate the ROA.

Chapter 7 presents a method to learn NN controllers with stability and safety guaran-
tees through imitation learning. The stability condition from Chapter 6 is nonconvex in the
Lyapunov function, and the weights of NN controllers, and thus computationally intractable
for NN control synthesis; here we convexify this constraint (using loop transformation) for
its efficient enforcement in the learning process. A cost function is proposed for the learning
process, which encourages small imitation learning loss, and a large-volume ROA, simulta-
neously. An alternating direction method of multipliers based algorithm is proposed to solve
the constrained imitation learning problem. Notably, a well-known challenge in imitation
learning is the existence of suboptimal demonstrations. As demonstrated in the case studies,
while the proposed approach can train a policy that imitates the expert demonstrations,
it can potentially improve local stability over suboptimal expert policies, thus enhance the
robustness of imitation learning.
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Chapter 2

Background

2.1 Notation
Rm×n and Sn denote the set of m-by-n real matrices and n-by-n real, symmetric matrices.
Sn+ and Sn++ denote the sets of n-by-n symmetric, positive semidefinite and positive definite
matrices, respectively. RL∞ is the set of rational functions with real coefficients that have
no poles on the imaginary axis. RH∞ ⊂ RL∞ contains functions that are analytic in the
closed right-half of the complex plane.

For a vector w ∈ Rn, the Euclidean norm is denoted as |w|. Lnr2 is the space of measurable
functions r : [0,∞) → Rnr , with ‖r‖L2

:= (
∫∞

0 |r(t)|2dt)
1/2

< ∞. Associated with Lnr2 is
the extended space Lnr2e , consisting of functions whose truncation rT (t) := r(t) for t ≤
T ; rT (t) := 0 for t > T , is in Lnr2 for all T > 0. Define the finite-horizon L2 norm as
‖r‖L2,[t0,T ] :=

(∫ T
t0
|r(t)|2dt

)1/2
. If r is measurable, and ‖r‖L2,[t0,T ] < ∞ then r ∈ Lnr2 [t0, T ].

The finite horizon induced L2 to L2 norm is denoted as ‖·‖L2→L2,[t0,T ]. `nx2 is the set of
sequences x : N → Rnx with ‖x‖`2 := (∑∞k=0 |x(k)|2)1/2 < ∞. The extended space `nx2e
consists of sequences whose truncation xN(k) = x(k) for k ≤ N ; xN(k) = 0 for k > N , is in
`nx2 for all N ≥ 0. When applied to vectors, the orders >,≤ are applied elementwise.

For ξ ∈ Rn, R[ξ] represents the set of polynomials in ξ with real coefficients, and Rm[ξ]
and Rm×p[ξ] to denote all vector and matrix valued polynomial functions. The subset Σ[ξ] :=
{π = π2

1 + π2
2 + ... + π2

M : π1, ..., πM ∈ R[ξ]} of R[ξ] is the set of SOS polynomials in ξ. For
η ∈ R, and continuous r : Rn → R, define the sublevel set:

Ωr
η := {x ∈ Rn : r(x) ≤ η}. (2.1)

For η ∈ R, and continuous g : R× Rn → R, define the t-dependent sublevel set:

Ωg
t,η := {x ∈ Rn : g(t, x) ≤ η}. (2.2)

For P ∈ Sn++, x∗ ∈ Rn, define the ellipsoid

E(P, x∗) := {x ∈ Rn : (x− x∗)>P (x− x∗) ≤ 1}. (2.3)
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If x∗ = 0, the ellipsoid centered around the origin is defined as

E(P ) := {x ∈ Rn : x>Px ≤ 1}. (2.4)

KY P denotes a mapping to the block 2-by-2 matrix:

KY P (Y,A,B,C,D,M) :=
[
A>Y + Y A Y B

B>Y 0

]
+
[
C>

D>

]
M
[
C D

]
. (2.5)

2.2 Dissipativity
The notion of dissipativity, introduced in [15, 16], describes how the inputs and outputs
of systems correlate. This correlation is characterized by the chosen scalar-valued supply
rate. Different choice of supply rate determines different types of dissipativity. Consider the
following dynamical system

ẋ(t) = f(x(t), u(t)), f(0, 0) = 0
y(t) = h(x(t), u(t)), h(0, 0) = 0

(2.6)

with x(t) ∈ Rnx , u(t) ∈ Rnu , y(t) ∈ Rny , and continuously differentiable mappings f :
Rnx × Rnu → Rnx and h : Rnx × Rnu → Rny .

Definition 1. The system (2.6) is dissipative with respect to a supply rate s(u, y) if there
exists V : Rnx → R such that V (0) = 0, V (x) ≥ 0 for all x ∈ Rnx, and

V (x(τ))− V (x(0)) ≤
∫ τ

0
s(u(t), y(t))dt (2.7)

for every input signal u(·) and every τ ≥ 0 in the interval of existence of the solution
x(t). V (·) is called a storage function, and Equation (2.7) is referred to as the dissipation
inequality.

Important types of dissipativity and their corresponding supply rates are described below.

• Stability: s(0, 0) = 0 and s(0, y) ≤ 0 for all y ∈ Rny

If V is positive definite, then this supply rate implies that the origin is Lyapunov stable.

• Finite L2 gain: s(u, y) = γ2|u|2 − |y|2 with γ > 0
Substituting this supply rate into (2.7), and using a zero initial condition x(0) = 0
yields

V (x(τ)) ≤ γ2
∫ τ

0
|u(t)|2dt−

∫ τ

0
|y(t)|2dt for all u, and τ ≥ 0. (2.8)

Apply V (x) ≥ 0 to show that the L2 gain of the system is γ.
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• L2 Reachability: s(u, y) = |u|2

Substituting this supply rate into (2.7), and using a zero initial condition x(0) = 0
yields

V (x(τ)) ≤
∫ τ

0
|u(t)|2dt for all u, and τ ≥ 0. (2.9)

If the energy of the input is bounded: ‖u‖2
L2 ≤ γ, then all the trajectories starting

from x(0) = 0 are bounded by the sublevel set ΩV
γ , defined in (2.1).

• Passivity: s(u, y) = u>y

Using x(0) = 0, this supply rate implies
∫ τ

0 u(t)>y(t)dt ≥ 0 for all u and τ ≥ 0.

In the rest of the thesis, we will mainly use supply rates related to stability and L2
reachability to certify the corresponding properties of systems.

2.3 Integral Quadratic Constraints (IQCs)
Integral quadratic constraints (IQCs) play a key role in the rest of the thesis. We will
replace the perturbation ∆ with IQCs that encapsulate the input-output properties of ∆.
The definitions of IQCs are given as follows.

Continuous-time Case
Definition 2. Let Π = Π∼ ∈ RL(nv+nw)×(nv+nw)

∞ be given. A bounded, causal operator ∆ :
Lnv2e → Lnw2e satisfies the frequency domain IQC defined by the multiplier Π, if the following
inequality holds for all v ∈ Lnv2 and w = ∆(v),∫ ∞

−∞

[
v̂(jω)
ŵ(jω)

]∗
Π(jω)

[
v̂(jω)
ŵ(jω)

]
dω ≥ 0, (2.10)

where v̂ and ŵ are Fourier transforms of v and w.

To help define IQCs in time domain, we introduced a virtual filter Ψ (shown in Fig 2.1)
that is a continuous-time linear time invariant (LTI) system, driven by the input v and
output w of ∆, and with zero initial condition ψ(0) = 0nψ×1. Its dynamics are given by

ψ̇(t) =Aψψ(t) +Bψ1v(t) +Bψ2w(t), (2.11a)
z(t) =Cψψ(t) +Dψ1v(t) +Dψ2w(t), (2.11b)

where ψ(t) ∈ Rnψ is the state, and z(t) ∈ Rnz is the output. For many types of perturbations
(e.g. the ones in Example 1–3), we can choose Ψ to be an identity matrix, i.e., z = [v;w].
But dynamic filters are able to capture the relation between the input and output signals
of ∆ across time, which enriches the description of ∆. For examples on dynamic filters, the
reader is referred to [13,17,18].
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<latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXpqvzq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjUg8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWqkSSSwGQ1vpn7zCbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSkDDlq3dJXp6dYlqC0TFBj2oGf2nBMteVM4KTYyQymlA1pH9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZZhYlmy+KM0GsItPXSY9rZFaMHKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp7wX7937mLeuePnMEfyB9/kDYIyO/A==</latexit><latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXpqvzq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjUg8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWqkSSSwGQ1vpn7zCbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSkDDlq3dJXp6dYlqC0TFBj2oGf2nBMteVM4KTYyQymlA1pH9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZZhYlmy+KM0GsItPXSY9rZFaMHKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp7wX7937mLeuePnMEfyB9/kDYIyO/A==</latexit><latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXpqvzq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjUg8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWqkSSSwGQ1vpn7zCbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSkDDlq3dJXp6dYlqC0TFBj2oGf2nBMteVM4KTYyQymlA1pH9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZZhYlmy+KM0GsItPXSY9rZFaMHKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp7wX7937mLeuePnMEfyB9/kDYIyO/A==</latexit><latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXpqvzq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjUg8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWqkSSSwGQ1vpn7zCbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSkDDlq3dJXp6dYlqC0TFBj2oGf2nBMteVM4KTYyQymlA1pH9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZZhYlmy+KM0GsItPXSY9rZFaMHKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp7wX7937mLeuePnMEfyB9/kDYIyO/A==</latexit>

v
<latexit sha1_base64="Y1VFGg6QQHrr//k/0PvW2lPMVyo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N4US+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHstHM03Qj+hQ8pAzaqzUmPTLFbfqLkDWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8Wh87IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGtn3GZpAYlWy4KU0FMTOZfkwFXyIyYWkKZ4vZWwkZUUWZsNiUbgrf68jppXVU9t+o1riu1uzyOIpzBOVyCBzdQgweoQxMYIDzDK7w5T86L8+58LFsLTj5zCn/gfP4A4zGM+g==</latexit><latexit sha1_base64="Y1VFGg6QQHrr//k/0PvW2lPMVyo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N4US+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHstHM03Qj+hQ8pAzaqzUmPTLFbfqLkDWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8Wh87IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGtn3GZpAYlWy4KU0FMTOZfkwFXyIyYWkKZ4vZWwkZUUWZsNiUbgrf68jppXVU9t+o1riu1uzyOIpzBOVyCBzdQgweoQxMYIDzDK7w5T86L8+58LFsLTj5zCn/gfP4A4zGM+g==</latexit><latexit sha1_base64="Y1VFGg6QQHrr//k/0PvW2lPMVyo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N4US+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHstHM03Qj+hQ8pAzaqzUmPTLFbfqLkDWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8Wh87IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGtn3GZpAYlWy4KU0FMTOZfkwFXyIyYWkKZ4vZWwkZUUWZsNiUbgrf68jppXVU9t+o1riu1uzyOIpzBOVyCBzdQgweoQxMYIDzDK7w5T86L8+58LFsLTj5zCn/gfP4A4zGM+g==</latexit><latexit sha1_base64="Y1VFGg6QQHrr//k/0PvW2lPMVyo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N4US+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHstHM03Qj+hQ8pAzaqzUmPTLFbfqLkDWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8Wh87IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGtn3GZpAYlWy4KU0FMTOZfkwFXyIyYWkKZ4vZWwkZUUWZsNiUbgrf68jppXVU9t+o1riu1uzyOIpzBOVyCBzdQgweoQxMYIDzDK7w5T86L8+58LFsLTj5zCn/gfP4A4zGM+g==</latexit>

w
<latexit sha1_base64="S8o8k6X9NK9GxCPFwpLshvp7c5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0oJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5LWM+w==</latexit><latexit sha1_base64="S8o8k6X9NK9GxCPFwpLshvp7c5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0oJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5LWM+w==</latexit><latexit sha1_base64="S8o8k6X9NK9GxCPFwpLshvp7c5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0oJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5LWM+w==</latexit><latexit sha1_base64="S8o8k6X9NK9GxCPFwpLshvp7c5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0oJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5LWM+w==</latexit>

 
<latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit> z

<latexit sha1_base64="HDzXchlsPlmuEyZZ/9zFJ+iVC6I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit><latexit sha1_base64="HDzXchlsPlmuEyZZ/9zFJ+iVC6I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit><latexit sha1_base64="HDzXchlsPlmuEyZZ/9zFJ+iVC6I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit><latexit sha1_base64="HDzXchlsPlmuEyZZ/9zFJ+iVC6I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit>
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Figure 2.1: Graphical interpretation for time domain IQCs

Definition 3. Let Ψ ∈ RHnz×(nv+nw)
∞ and M ∈ Snz be given. A bounded, causal operator

∆ : Lnv2e → Lnw2e satisfies the hard IQC defined by (Ψ,M) if the following condition holds for
all v ∈ Lnv2e , and w = ∆(v): ∫ T

t0
z(t)>Mz(t)dt ≥ 0, ∀T ≥ 0, (2.12)

where z = Ψ [ vw ] (Eq. 2.11b) is the output of Ψ driven by the inputs (v, w).

Definition 4. Let Ψ ∈ RHnz×(nv+nw)
∞ and M ∈ Snz be given. A bounded, causal operator

∆ : Lnv2e → Lnw2e satisfies the soft IQC defined by (Ψ,M) if the following inequality holds for
all v ∈ Lnv2 and w = ∆(v): ∫ ∞

t0
z(t)>Mz(t)dt ≥ 0, (2.13)

where z = Ψ [ vw ] (Eq. 2.11b) is the output of Ψ driven by the inputs (v, w).

Discrete-time Case
Definition 5. Let Π = Π∼ ∈ RL(nv+nw)×(nv+nw)

∞ be given. A bounded, causal operator ∆ :
Lnv2e → Lnw2e satisfies the frequency domain IQC defined by the multiplier Π, if the following
inequality holds for all v ∈ `nv2 and w = ∆(v),∫ 2π

0

[
V (ejω)
W (ejω)

]∗
Π(ejω)

[
V (ejω)
W (ejω)

]
dω ≥ 0 (2.14)

where V and W are discrete-time Fourier transforms of v and w.

Again, to help define time domain IQCs, we introduce a ‘virtual’ filter Ψ applied to the
input v and output w of ∆. The filter Ψ is a discrete-time LTI system with zero initial
condition ψ(0) = 0nψ×1. Its dynamics are of the form:

ψ(k + 1) = Aψ ψ(k) +Bψ1 v(k) +Bψ2 w(k) (2.15a)
z(k) = Cψ ψ(k) +Dψ1 v(k) +Dψ2 w(k) (2.15b)

where ψ(k) ∈ Rnψ is the state, z(k) ∈ Rnz is the output, and Aψ is a Schur matrix. The
state matrices have compatible dimensions. The dynamics of Ψ can be compactly denoted

by
[
Aψ Bψ1 Bψ2
Cψ Dψ1 Dψ2

]
.
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Definition 6. Let Ψ ∈ RHnz×(nv+nw)
∞ and M ∈ Snz be given. A bounded, causal operator ∆ :

`nv2e → `nw2e satisfies the time domain hard IQC defined by (Ψ,M) if the following inequality
holds for all v ∈ `nv2e , w = ∆(v) and for all N ≥ 0

N∑
k=0

z(k)>Mz(k) ≥ 0, (2.16)

where z = Ψ [ vw ] (Eq. 2.15b) is the output of Ψ driven by the inputs (v, w).

Definition 7. Let Ψ ∈ RHnz×(nv+nw)
∞ and M ∈ Snz be given. A bounded, causal operator

∆ : `nv2e → `nw2e satisfies the time domain soft IQC defined by (Ψ,M) if the following inequality
holds for all v ∈ `nv2 , and w = ∆(v)

∞∑
k=0

z(k)>Mz(k) ≥ 0. (2.17)

where z = Ψ [ vw ] (Eq. 2.15b) is the output of Ψ driven by the inputs (v, w).

We will use the notations ∆ ∈ FreqIQC(Π), ∆ ∈ SoftIQC(Ψ,M), and ∆ ∈HardIQC(Ψ,M)
to indicate that ∆ satisfies the corresponding (continuous-time or discrete-time) frequency
domain, time domain soft, and time domain hard IQC, respectively.

2.4 Sum-of-Squares (SOS) Programming
If we restrict our attention to LTI systems, searching for their storage functions such that an
algebraic expression holds for all values of the independent variables can be formulated as an
LMI. However, if the systems under consideration have polynomial vector fields, the corre-
sponding algebraic expressions are higher order polynomials, and checking nonnegativity of
polynomials is generally an NP-hard problem [19]. If we can show that a polynomial is a sum
of squares of finitely many polynomials, that is to say, it is a sum-of-squares (SOS) polyno-
mial, then it is nonnegative. Moreover, checking whether a polynomial is a SOS polynomial
can be formulated as a semidefinite programming. As a result, in the following sections, we
will replace polynomial nonnegativity constraints with SOS constraints.

Definition 8. For x ∈ Rn, a polynomial p ∈ R[x] is a SOS polynomial, if there exist
polynomials p1, ..., pN ∈ R[x] such that p = ∑N

i=1 p
2
i .

Let z(x) be a vector of all monomials in x up to degree d,

z(x) := [1, x1, x2, ..., xn, x1x2, ..., x
d
n]>. (2.18)

Definition 9. For every polynomial p with degree 2d, there is a symmetric matrix Q such
that

p(x) = z(x)>Qz(x). (2.19)
This is called a Gram matrix representation of p.
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In general, given a polynomial p, the Q matrix that satisfies (2.19) is not unique. Let Q0
be a particular solution of (2.19), and let {Ni}hi=1 be a basis for the homogeneous solutions,
i.e, z(x)>Niz(x) = 0. Then Q belongs to the set {Q0 + ∑h

i=1 λiNi : λ ∈ Rh}. Gram matrix
representation plays a key role in sum-of-squares verification.

Theorem 1. A polynomial p in x ∈ Rn of degree 2d, is SOS if and only of there exists Q � 0
such that

p(x) = z(x)>Qz(x). (2.20)

Consequently, p is a SOS polynomial if and only if there exists λ ∈ Rh such that Q0 +∑h
i=1 λiNi � 0. That is to say, checking if a polynomial is a SOS polynomial can be done

by solving a SDP. For a polynomial of degree 2d in n variables, its corresponding vector of
monomials z(x) defined in (2.18), and Gram matrix representation are of the size m×1, and
m×m, where m :=

(
n+d
d

)
.
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Chapter 3

Robust Forward Reachability Analysis
for Uncertain Nonlinear Systems

In this chapter, we present a method for finding the smallest achievable outer bounds to the
forward reachable sets (FRS) on finite horizons. The FRS is the set of all the successors to a
set of initial conditions subject to the given dynamics under all possible model uncertainties
and disturbances on a finite horizon. The computation of the FRS plays an important role in
safety-critical systems, as it can verify whether a system is able to reach a target and avoid
an obstacle [8, 20]. Indeed, if an outer bound avoids obstacles and is encompassed by the
target set at the final time, then one can ascertain the same properties for all trajectories.

The algorithm presented in this chapter uses a storage function that satisfies a dissipation
inequality to characterize the outer bound. The dissipation inequality framework, combined
with the Sum-of-Squares (SOS) technique [21] and the generalized S-procedure [22], allows
us to simultaneously accommodate multiple sources of uncertainty, including time varying
uncertain parameters, L2 disturbances, and perturbations ∆ whose input output properties
are characterized by integral quadratic constraints (IQCs) [13]. IQCs can model a rich
class of uncertainties and nonlinearities, including hard nonlinearities (e.g. saturation), and
unmodeled dynamics, as summarized in [13] and [18]. Therefore, although our nominal
systems are assumed to be polynomials, including IQCs allows us to extend our analysis
framework to the class of systems beyond polynomial systems.

The proposed analysis framework considers both hard and soft IQC factorizations. Dissi-
pation inequalities usually require IQCs to hold over all finite horizons (hard IQCs) [23,24].
However, IQCs are often available in the infinite-time horizon (soft IQCs), while the hard
IQCs are not. To mitigate this issue, we incorporate soft IQCs in dissipation inequalities by
making use of a lower bound derived from [14], which is valid for soft IQCs over all finite
horizons. We formulate the reachable set computation as a set of SOS optimization prob-
lems, which can be solved effectively by bisection. In addition, our optimization problems
do not require a feasible initialization of the storage function.

In this chapter, we first present the reachability analysis framework for outer-bounding
the reachable sets for the nominal system: nonlinear system with L2 disturbances and time
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varying uncertain parameters. Then we extend the framework to the uncertain nonlinear
system, which is modeled as an interconnection of nominal system and perturbations ∆
described by soft/hard IQCs. Finally, we illustrate the method on several aircraft examples.

3.1 Nominal Reachability Analysis
Consider the nominal nonlinear system N defined on [t0, T ]:

ẋ(t) = f(t, x(t), d(t), δ(t)), (3.1)

where x(t) ∈ Rn is the state, d(t) ∈ Rnd is the external disturbance, δ(t) ∈ Rnδ is the time
varying uncertain parameter, and the vector field f : R × Rn × Rnd × Rnδ → Rn is locally
Lipschitz continuous.

Assumption 1. (i) Functions d and δ are measurable and locally essentially bounded, (ii)
the disturbance d satisfies d ∈ Lnd2 with ‖d‖L2,[t0,T ] < R for some R > 0, (iii) there exists a
non-decreasing polynomial function h : R→ R≥0 with h(t0) = 0, h(T ) = 1 such that∫ t

t0
|d(τ)|2dτ < R2h(t), ∀t ∈ [t0, T ], (3.2)

(iv) for each t ∈ [t0, T ], δ(t) ∈ D := {δ ∈ Rnδ : pδ(δ) ≥ 0}, where the polyomial pδ ∈ R[δ]
describes the prior knowledge that bounds the uncertainty δ.

The function h is used to describe how fast the energy of d can be released on the interval
[t0, T ]. Next, the definition of the forward reachable set (FRS) is given as follows:

Definition 10. The FRS of the system N (3.1) from X0 at time T is defined as

FRS(T ;N, t0,X0, R, h,D) := {x(T ) ∈ Rn : ∃x(t0) ∈ X0, d satisfying (3.2) and δ(t) ∈ D,
such that x(·) is a solution to (3.1)}.

Our goal is to outer bound this FRS, and the following theorem provides a way of
achieving it based on dissipation inequalities.

Theorem 2. Let Assumption 1 hold. Given vector field f : R × Rn × Rnd × Rnδ → Rn,
time interval [t0, T ], local region Xl ⊂ Rn, set of initial conditions X0 ⊂ Rn, disturbance
bound R, function h, and set of uncertain parameters D, suppose there exists a C1 function
V : R× Rn → R that satisfies

∂tV (t, x) + ∂xV (t, x) · f(t, x, d, δ) ≤ d>d, ∀(t, x, d, δ) ∈ [t0, T ]×Xl × Rnd ×D, (3.3a)
X0 ⊆ ΩV

t0,0, (3.3b)
ΩV
t,R2h(t) ⊆ Xl, ∀t ∈ [t0, T ]. (3.3c)

Then x(T ) ∈ ΩV
T,R2 for all x(t0) ∈ X0, where x(·) is a solution to the system N (3.1),

and ΩV
t0,0,Ω

V
t,R2h(t) and ΩV

T,R2 are defined in (2.2). Therefore ΩV
T,R2 is an outer bound to the

FRS(T ;N, t0,X0, R, h,D).
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Proof. Combining constraints (3.3a) and (3.3c), we have the following dissipation inequality:

∂tV (t, x) + ∂xV (t, x) · f(t, x, d, δ) ≤ d>d, ∀(t, x, d, δ),
s.t. t ∈ [t0, T ], x ∈ ΩV

R2h(t), d ∈ Rnd , δ ∈ D.

Since this dissipation inequality only holds on the set ΩV
t,R2h(t), we need to first prove that

all the states starting from X0 won’t leave ΩV
t,R2h(t), for all t ∈ [t0, T ]. Assume there exist

a time instance T1 ∈ [t0, T ], x0 ∈ X0, and signals d satisfying (3.2), δ(t) ∈ D, such that a
trajectory of the system N starting from x(t0) = x0 satisfies V (T1, x(T1)) > R2h(T1). Define
T2 = infV (t,x(t))>R2h(t) t. Therefore, the dissipation inequality holds on [t0, T2], and we can
integrate it over [t0, T2]:

V (T2, x(T2))− V (t0, x(t0)) ≤
∫ T2

t0
|d(t)|2dt.

By assumption x0 ∈ X0, it follows from (3.3b) that V (t0, x(t0)) ≤ 0. Combing it with d
satisfying (3.2) to show

R2h(T2) = V (T2, x(T2)) < R2h(T2).

This is contradictory. Therefore there doesn’t exist a T1 ∈ [t0, T ], such that x(T1) /∈
ΩV
T1,R2h(T1). As a result, for all x(t0) ∈ X0, we have x(t) ∈ ΩV

t,R2h(t), for all t ∈ [t0, T ],
and thus x(T ) ∈ ΩV

T,R2 .

If the function h is not given, then there is no a priori knowledge on how
∫ t
t0
|d(τ)|2dτ

depends on t. In this case the constraint (3.3c) is modified to be

ΩV
t,R2 ⊆ Xl, ∀t ∈ [t0, T ]. (3.4)

This case is more restrictive for the storage function and yields larger outer bounds on the
FRS.

We are interested in a tight outer bound to the FRS. Thus it is natural to search for a
storage function V that minimizes the volume of ΩV

T,R2 . However, an explicit expression is
not available for the volume of ΩV

T,R2 for a generic storage function. Instead, we introduce a
user-specified shape function q and its corresponding variable sized region Ωq

α = {x ∈ Rn :
q(x) ≤ α}. The shape function q can be associated with the user’s initial guess of the shape
of the actual reachable set or can signify the desired shape of the outer bound. An example
of q is given in Section 3.1. The volume of ΩV

T,R2 can be shrunk, by enforcing

ΩV
T,R2 ⊆ Ωq

α, (3.5)

while minimizing α. For more heuristic metrics for the volume of semi-algebraic sets, the
reader is referred to [25].
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To find a storage function V that satisfies the constraints in (3.3) and (3.5), we leverage
SOS programming. To do so, we assume that X0 and Xl are semi-algebraic sets: X0 := {x ∈
Rn : r0(x) ≤ 0}, and

Xl :={x ∈ Rn : p(x) ≤ η}, (3.6)

where r0, p ∈ R[x] are specified by the user, and η ∈ R is a decision variable that deter-
mines that volume of Xl. Additionally, we restrict the system model, shape function, and
storage function to polynomials, i.e., f ∈ Rn[(t, x, d, δ)], q ∈ R[x], V ∈ R[(t, x)]. Also de-
fine g(t) := (t − t0)(T − t), whose value is nonnegative when t ∈ [t0, T ]. The polynomial
functions are used to formulate the set containment constraints. With these ideas, sufficient
SOS conditions for the set containment constraints (3.3) and (3.5) are obtained. Also by
choosing α as the cost function, we obtain the following SOS optimization problem, denoted
as sosopt1(f, p, g, q, r0, R, h, pδ),

min
α,η,s,V

α

s.t. s5 − ε1 ∈ Σ[x], s6 − ε2 ∈ Σ[(x, t)], ε1 > 0, ε2 > 0,
si ∈ Σ[(x, d, δ, t)], ∀i ∈ {1, 2, 3}, s4 ∈ Σ[x], s7 ∈ Σ[(x, t)], V ∈ R[(t, x)], (3.7a)
−
(
∂tV + ∂xV · f − d>d

)
+ (p− η)s1 − s2g − s3pδ ∈ Σ[(x, d, δ, t)], (3.7b)

− V |t=t0 + s4r0 ∈ Σ[x], (3.7c)
− (p− η)s6 + V −R2h− s7g ∈ Σ[(x, t)], (3.7d)
− (q − α)s5 + V |t=T −R2 ∈ Σ[x], (3.7e)

where si, i ∈ {1, ..., 7}, are SOS polynomials, called multipliers, whose coefficients are to be
determined, ε1 and ε2 are small positive numbers chosen by the user to guarantee that s5
and s6 cannot take the value of zero. The optimization sosopt1 is nonconvex as it is bilinear
in two groups of decision variables (α, η) and (s1, s5, s6). Since we can’t bisect on both α
and η at the same time, we propose Algorithm 1 that solves the problem in two steps, and
bisects on one decision variable at one step.

Algorithm 1 Computing the outer bound
Input: f, p, g, q, r0, R, h, pδ

1: Preparation Step: solve for η? = arg min η s.t. (3.7a)–(3.7d) by bisecting on η.
2: Main Step: solve for α? = arg minα s.t. (3.7a)–(3.7e) by using η = η? and bisecting

on α.
Output: Minimized α?, outer bound ΩV

T,R2 .

The first step of Algorithm 1 is to find the smallest feasible local region Xl (with respect
to p) by setting aside the original objective function and constraint (3.7e), and minimizing η.
The second is to find the least conservative outer bound. The first and second steps bisect
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on η and α, respectively. Each iteration of bisection involves holding α/η fixed and solving a
feasibility problem, which is a standard semidefinite programming problem and is convex. If
the fixed value of α/η leads to infeasibility of the problem, then try to solve it with a larger
α/η; otherwise, decrease the value of α/η.

Proposition 1. The SOS constraints (3.7b)–(3.7e) are sufficient conditions for (3.3) and
(3.5).

Proof. (3.7b) ⇒ (3.3a): The proof follows from the generalized S-procedure [22]. In (3.7b),
when (x, t, δ) satisfies p(x) ≤ η (i.e. x ∈ Xl), g(t) ≥ 0 (i.e. t ∈ [t0, T ]), pδ ≥ 0 (i.e. δ ∈ D), for
the polynomial in (3.7b) to be nonnegative, then −(∂tV (t, x) + ∂xV (t, x) · f(t, x, d, δ)− d>d)
must be nonnegative. Thus (3.7b) implies (3.3a).

(3.7c) ⇒ (3.3b): In (3.7c), when a state x satisfies r0(x) ≤ 0 (i.e. x ∈ X0), for the
polynomial in (3.7c) to be nonnegative, then −V (t0, x) must be nonnegative (i.e. x ∈ ΩV

t0,0).
(3.7d)⇒ (3.3c): In (3.7d), when a state and time pair (x, t) satisfies V (t, x) ≤ R2h(t) (i.e.

x ∈ ΩV
t,R2h(t)) and g(t) ≥ 0 (i.e. t ∈ [t0, T ]), for the polynomial in (3.7d) to be nonnegative,

then −s6(t, x)(p(x)− η) must be nonnegative (i.e. x ∈ Xl).
(3.7e) ⇒ (3.5): In (3.7e), when a state x satisfies V (T, x) ≤ R2 (i.e. x ∈ ΩV

T,R2), for
the polynomial in (3.7e) to be nonnegative, then −(q(x)−α)s5(x) must be nonnegative (i.e.
x ∈ Ωq

α).

Application to a 2-state example
Consider the following academic example from [26]:

ẋ1 =− x1 + x2 − x1x
2
2,

ẋ2 =− x2 − x2
1x2 + d,

(3.8)

where d is the disturbance satisfies (3.2) with R = 1 and h(t) = t2/T 2. In this example
the uncertain parameter is not considered. We take [t0, T ] = [0, 1 sec], r0(x) = x>x − 1.
In Figure 3.1, the green points are simulation points x(T ), at T = 1 sec, for the system
(3.8) using disturbance signals d, with initial conditions inside X0, which is shown with
the red dotted curve. In this example, the shape function q is obtained by computing the
minimum volume ellipsoid Ωq

1 that contains all the simulation points x(T ) at T = 1 sec,
and q(x) = 4.84x2

1 − 3.05x1x2 + 1.50x2
2. A more accurate shape function can be obtained

by fitting a higher degree polynomial to the simulation points [27]. Here, the polynomial
p that defines the local region is obtained by computing the minimum volume ellipsoid Ωp

1
that contains some sampling points on the simulation trajectories x(t), for t ∈ [0, T ], and
p = 0.989x2

1− 0.051x1x2 + 0.949x2
2 + 0.001x1 + 0.001x2. Solving the first step of Algorithm 1

we obtain η? = 1.044, and Xl is determined. Solving the second step gives α? = 1.37. The
outer bound is shown with the black curve, which tightly encloses all x(T ).



CHAPTER 3. ROBUST FORWARD REACHABILITY ANALYSIS FOR UNCERTAIN
NONLINEAR SYSTEMS 15

Figure 3.1: Outer bound of reachable set at T = 1 sec for the 2-state example with L2
disturbance.

3.2 Robust Reachability Analysis with Hard IQCs
Consider the uncertain nonlinear system shown in Figure 1.1, which is an interconnection
Fu(G,∆) of a nonlinear system G and a perturbation ∆. The dynamics of the nonlinear
system G are of the form:

ẋG(t) =f(t, xG(t), w(t), d(t), δ(t)),
v(t) =r(t, xG(t), w(t), d(t), δ(t)),

(3.9)

where xG(t) ∈ RnG is the state of G, and δ(t) ∈ Rnδ is the uncertain parameter. The inputs
of G are d(t) ∈ Rnd and w(t) ∈ Rnw , while the output is v(t) ∈ Rnv . The system G is defined
by the mappings f : R×RnG×Rnw×Rnd×Rnδ → RnG and r : R×RnG×Rnw×Rnd×Rnδ →
Rv. The perturbation is a bounded and causal operator ∆ : Lnv2e → Lnw2e . Assume the
interconnection Fu(G,∆) formed by G and ∆ through the constraint

w(·) = ∆(v(·)) (3.10)

is well-posed. The well-posedness of the interconnection Fu(G,∆) is defined as follows.

Definition 11. Fu(G,∆) is well-posed if for all xG(t0) ∈ RnG and d ∈ Lnd2e there exist
unique solutions xG ∈ LnG2e , v ∈ Lnv2e , and w ∈ Lnw2e satisfying (3.9) and (3.10) with a causal
dependence on d.

Again, assume all the trajectories of Fu(G,∆) start from xG(t0) ∈ X0 ⊂ RnG . The FRS
of Fu(G,∆) from X0 at time T is then defined as

FRS(T ;Fu(G,∆), t0,X0, R, h,D) := {xG(T ) ∈ RnG : ∃xG(t0) ∈ X0, d satisfying (3.2) and
δ(t) ∈ D, such that xG(·) is a solution to (3.9) and (3.10)}. (3.11)



CHAPTER 3. ROBUST FORWARD REACHABILITY ANALYSIS FOR UNCERTAIN
NONLINEAR SYSTEMS 16

From robust control modeling [28], the perturbation ∆ can represent various types of
nonlinearity and uncertainty, including hard nonlinearities (e.g. saturation), and unmodeled
dynamics. Different types of perturbation have different input-output properties, and each
property can be described by its corresponding IQCs [13]. IQCs can be either defined
in frequency domain or time domain. The use of time domain IQCs is required by the
dissipation inequality used in the dissertation. Time domain IQCs consist of soft IQCs and
hard IQCs, which are quadratic constraints on the output z associated with a matrix M
over infinite (soft IQC) or finite (hard IQC) horizons. The definition for hard IQCs is given
in Definition 3, the use of soft IQCs is discussed in Section 3.3.

We use the notation ∆ ∈ HardIQC(Ψ,M) to indicate that ∆ satisfies the hard IQC
specified (Ψ,M), i.e., given any input v of ∆, the output w must be such that z = Ψ [ vw ]
satisfies the constraint (2.12) characterized by (Ψ,M). Next, we give two examples on
different types of uncertainties and the corresponding hard IQCs.

Example 1. Consider the set S1 of LTI uncertainties with a given norm bound σ > 0, i.e.,
∆ ∈ S1, if ∆ ∈ RH∞ with ‖∆‖∞ ≤ σ. It’s proved in [29] that ∆ ∈ HardIQC(Ψ,MD) over
any finite horizon T <∞, where Ψ :=

[
Ψ11 0

0 Ψ11

]
with Ψ11 ∈ RHnz×1

∞ and

MD ∈M1 :=
{[
σ2M11 0

0 −M11

]
: M11 � 0

}
. (3.12)

A typical choice for Ψ11 [18] is

Ψd,m
11 =

[
1, 1

(s+m) , · · · ,
1

(s+m)d
]>
,with m > 0, (3.13)

where m and d are selected by the user.

Example 2. Consider the set S2 of nonlinear, time varying, uncertainties with a given
norm-bound σ, i.e. ∆ ∈ S2, if ‖∆‖L2→L2,[t0,T ] ≤ σ. If ∆ ∈ S2, then the perturbation ∆
satisfies the hard IQCs defined by (Ψ,M) defined below:

Ψ = Inv+nw , M ∈M2 :=
{[
σ2λInv 0

0 −λInw

]
: λ ≥ 0

}
. (3.14)

Since the behavior of the perturbation ∆ can be described by an IQC associated with a
filter Ψ and a matrix M , then the robust analysis on the original uncertain system Fu(G,∆)
can be instead conducted on the extended system shown in Fig. 3.2 with an additional
constraint (2.12). The precise relation w = ∆(v), for analysis, is replaced by the constraint
on z. This extended system is an interconnection of G and Ψ, with ∆ been removed. The
dynamics of the extended system are of the form:

ẋ(t) = F (t, x(t), w(t), d(t), δ(t)), (3.15a)
z(t) = H(t, x(t), w(t), d(t), δ(t)), (3.15b)
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where the state x := [xG;ψ] ∈ Rn, n = nG+nψ, gathers the state of G and Ψ. The mappings
F , and H are given by (dropping the dependence on t):

F (t, x, w, d, δ) :=
[

f(t, xG, w, d, δ)
Aψψ +Bψ1r(t, xG, w, d, δ) +Bψ2w

]
,

H(t, x, w, d, δ) := Cψψ +Dψ1r(t, xG, w, d, δ) +Dψ2w,
(3.16)

where Aψ, Bψ1, Bψ2, Cψ, Dψ1, and Dψ2 are state space matrices of Ψ defined in (2.11).

�
<latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXpqvzq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjUg8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWqkSSSwGQ1vpn7zCbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSkDDlq3dJXp6dYlqC0TFBj2oGf2nBMteVM4KTYyQymlA1pH9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZZhYlmy+KM0GsItPXSY9rZFaMHKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp7wX7937mLeuePnMEfyB9/kDYIyO/A==</latexit><latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXpqvzq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjUg8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWqkSSSwGQ1vpn7zCbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSkDDlq3dJXp6dYlqC0TFBj2oGf2nBMteVM4KTYyQymlA1pH9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZZhYlmy+KM0GsItPXSY9rZFaMHKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp7wX7937mLeuePnMEfyB9/kDYIyO/A==</latexit><latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXpqvzq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjUg8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWqkSSSwGQ1vpn7zCbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSkDDlq3dJXp6dYlqC0TFBj2oGf2nBMteVM4KTYyQymlA1pH9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZZhYlmy+KM0GsItPXSY9rZFaMHKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp7wX7937mLeuePnMEfyB9/kDYIyO/A==</latexit><latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXpqvzq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjUg8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWqkSSSwGQ1vpn7zCbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSkDDlq3dJXp6dYlqC0TFBj2oGf2nBMteVM4KTYyQymlA1pH9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZZhYlmy+KM0GsItPXSY9rZFaMHKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp7wX7937mLeuePnMEfyB9/kDYIyO/A==</latexit>

v
<latexit sha1_base64="Y1VFGg6QQHrr//k/0PvW2lPMVyo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N4US+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHstHM03Qj+hQ8pAzaqzUmPTLFbfqLkDWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8Wh87IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGtn3GZpAYlWy4KU0FMTOZfkwFXyIyYWkKZ4vZWwkZUUWZsNiUbgrf68jppXVU9t+o1riu1uzyOIpzBOVyCBzdQgweoQxMYIDzDK7w5T86L8+58LFsLTj5zCn/gfP4A4zGM+g==</latexit><latexit sha1_base64="Y1VFGg6QQHrr//k/0PvW2lPMVyo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N4US+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHstHM03Qj+hQ8pAzaqzUmPTLFbfqLkDWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8Wh87IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGtn3GZpAYlWy4KU0FMTOZfkwFXyIyYWkKZ4vZWwkZUUWZsNiUbgrf68jppXVU9t+o1riu1uzyOIpzBOVyCBzdQgweoQxMYIDzDK7w5T86L8+58LFsLTj5zCn/gfP4A4zGM+g==</latexit><latexit sha1_base64="Y1VFGg6QQHrr//k/0PvW2lPMVyo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N4US+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHstHM03Qj+hQ8pAzaqzUmPTLFbfqLkDWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8Wh87IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGtn3GZpAYlWy4KU0FMTOZfkwFXyIyYWkKZ4vZWwkZUUWZsNiUbgrf68jppXVU9t+o1riu1uzyOIpzBOVyCBzdQgweoQxMYIDzDK7w5T86L8+58LFsLTj5zCn/gfP4A4zGM+g==</latexit><latexit sha1_base64="Y1VFGg6QQHrr//k/0PvW2lPMVyo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N4US+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHstHM03Qj+hQ8pAzaqzUmPTLFbfqLkDWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8Wh87IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGtn3GZpAYlWy4KU0FMTOZfkwFXyIyYWkKZ4vZWwkZUUWZsNiUbgrf68jppXVU9t+o1riu1uzyOIpzBOVyCBzdQgweoQxMYIDzDK7w5T86L8+58LFsLTj5zCn/gfP4A4zGM+g==</latexit>

G
<latexit sha1_base64="tUjvE4wkWRlcVIxRgxZQP+zWaG8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS465frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHm/WMyw==</latexit><latexit sha1_base64="tUjvE4wkWRlcVIxRgxZQP+zWaG8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS465frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHm/WMyw==</latexit><latexit sha1_base64="tUjvE4wkWRlcVIxRgxZQP+zWaG8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS465frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHm/WMyw==</latexit><latexit sha1_base64="tUjvE4wkWRlcVIxRgxZQP+zWaG8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS465frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHm/WMyw==</latexit>

w
<latexit sha1_base64="S8o8k6X9NK9GxCPFwpLshvp7c5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0oJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5LWM+w==</latexit><latexit sha1_base64="S8o8k6X9NK9GxCPFwpLshvp7c5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0oJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5LWM+w==</latexit><latexit sha1_base64="S8o8k6X9NK9GxCPFwpLshvp7c5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0oJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5LWM+w==</latexit><latexit sha1_base64="S8o8k6X9NK9GxCPFwpLshvp7c5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0oJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5LWM+w==</latexit>

d
<latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit>

 
<latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit> z

<latexit sha1_base64="HDzXchlsPlmuEyZZ/9zFJ+iVC6I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit><latexit sha1_base64="HDzXchlsPlmuEyZZ/9zFJ+iVC6I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit><latexit sha1_base64="HDzXchlsPlmuEyZZ/9zFJ+iVC6I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit><latexit sha1_base64="HDzXchlsPlmuEyZZ/9zFJ+iVC6I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit>

with
<latexit sha1_base64="1hGpgGCecSxyvxUelvK8ape5JTA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WPRi8cK9gPaUDbbTbN0dxN2J0op/QtePCji1T/kzX9j0uagrQ8GHu/NMDMvSKSw6LrfTmljc2t7p7xb2ds/ODyqHp90bJwaxtsslrHpBdRyKTRvo0DJe4nhVAWSd4PJbe53H7mxItYPOE24r+hYi1Awirn0JDAaVmtu3V2ArBOvIDUo0BpWvwajmKWKa2SSWtv33AT9GTUomOTzyiC1PKFsQse8n1FNFbf+bHHrnFxkyoiEsclKI1movydmVFk7VUHWqShGdtXLxf+8forhtT8TOkmRa7ZcFKaSYEzyx8lIGM5QTjNCmRHZrYRF1FCGWTyVLARv9eV10mnUPbfu3TdqzZsijjKcwTlcggdX0IQ7aEEbGETwDK/w5ijnxXl3PpatJaeYOYU/cD5/AEIzjlw=</latexit><latexit sha1_base64="1hGpgGCecSxyvxUelvK8ape5JTA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WPRi8cK9gPaUDbbTbN0dxN2J0op/QtePCji1T/kzX9j0uagrQ8GHu/NMDMvSKSw6LrfTmljc2t7p7xb2ds/ODyqHp90bJwaxtsslrHpBdRyKTRvo0DJe4nhVAWSd4PJbe53H7mxItYPOE24r+hYi1Awirn0JDAaVmtu3V2ArBOvIDUo0BpWvwajmKWKa2SSWtv33AT9GTUomOTzyiC1PKFsQse8n1FNFbf+bHHrnFxkyoiEsclKI1movydmVFk7VUHWqShGdtXLxf+8forhtT8TOkmRa7ZcFKaSYEzyx8lIGM5QTjNCmRHZrYRF1FCGWTyVLARv9eV10mnUPbfu3TdqzZsijjKcwTlcggdX0IQ7aEEbGETwDK/w5ijnxXl3PpatJaeYOYU/cD5/AEIzjlw=</latexit><latexit sha1_base64="1hGpgGCecSxyvxUelvK8ape5JTA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WPRi8cK9gPaUDbbTbN0dxN2J0op/QtePCji1T/kzX9j0uagrQ8GHu/NMDMvSKSw6LrfTmljc2t7p7xb2ds/ODyqHp90bJwaxtsslrHpBdRyKTRvo0DJe4nhVAWSd4PJbe53H7mxItYPOE24r+hYi1Awirn0JDAaVmtu3V2ArBOvIDUo0BpWvwajmKWKa2SSWtv33AT9GTUomOTzyiC1PKFsQse8n1FNFbf+bHHrnFxkyoiEsclKI1movydmVFk7VUHWqShGdtXLxf+8forhtT8TOkmRa7ZcFKaSYEzyx8lIGM5QTjNCmRHZrYRF1FCGWTyVLARv9eV10mnUPbfu3TdqzZsijjKcwTlcggdX0IQ7aEEbGETwDK/w5ijnxXl3PpatJaeYOYU/cD5/AEIzjlw=</latexit><latexit sha1_base64="1hGpgGCecSxyvxUelvK8ape5JTA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WPRi8cK9gPaUDbbTbN0dxN2J0op/QtePCji1T/kzX9j0uagrQ8GHu/NMDMvSKSw6LrfTmljc2t7p7xb2ds/ODyqHp90bJwaxtsslrHpBdRyKTRvo0DJe4nhVAWSd4PJbe53H7mxItYPOE24r+hYi1Awirn0JDAaVmtu3V2ArBOvIDUo0BpWvwajmKWKa2SSWtv33AT9GTUomOTzyiC1PKFsQse8n1FNFbf+bHHrnFxkyoiEsclKI1movydmVFk7VUHWqShGdtXLxf+8forhtT8TOkmRa7ZcFKaSYEzyx8lIGM5QTjNCmRHZrYRF1FCGWTyVLARv9eV10mnUPbfu3TdqzZsijjKcwTlcggdX0IQ7aEEbGETwDK/w5ijnxXl3PpatJaeYOYU/cD5/AEIzjlw=</latexit>Z T

0

z(t)>Mz(t)dt � 0
<latexit sha1_base64="x1osus1nuuTxYAlQMc3rv7oHOZc=">AAACDnicbZC7SgNBFIZnvcZ4W7W0GQyB2IRdEUwZsLERIuQG2STMTibJkNnZZeasEJc8gY2vYmOhiK21nW/jZLOFJv4w8PGfczhzfj8SXIPjfFtr6xubW9u5nfzu3v7BoX103NRhrChr0FCEqu0TzQSXrAEcBGtHipHAF6zlT67n9dY9U5qHsg7TiHUDMpJ8yCkBY/Xtoscl9BNn1qvjhxKc9zwII3ybMh5gwN6IYadvF5yykwqvgptBAWWq9e0vbxDSOGASqCBad1wngm5CFHAq2CzvxZpFhE7IiHUMShIw3U3Sc2a4aJwBHobKPAk4dX9PJCTQehr4pjMgMNbLtbn5X60Tw7DSTbiMYmCSLhYNY4EhxPNs8IArRkFMDRCquPkrpmOiCAWTYN6E4C6fvArNi7LrlN27y0K1ksWRQ6foDJWQi65QFd2gGmogih7RM3pFb9aT9WK9Wx+L1jUrmzlBf2R9/gCeVZnb</latexit><latexit sha1_base64="x1osus1nuuTxYAlQMc3rv7oHOZc=">AAACDnicbZC7SgNBFIZnvcZ4W7W0GQyB2IRdEUwZsLERIuQG2STMTibJkNnZZeasEJc8gY2vYmOhiK21nW/jZLOFJv4w8PGfczhzfj8SXIPjfFtr6xubW9u5nfzu3v7BoX103NRhrChr0FCEqu0TzQSXrAEcBGtHipHAF6zlT67n9dY9U5qHsg7TiHUDMpJ8yCkBY/Xtoscl9BNn1qvjhxKc9zwII3ybMh5gwN6IYadvF5yykwqvgptBAWWq9e0vbxDSOGASqCBad1wngm5CFHAq2CzvxZpFhE7IiHUMShIw3U3Sc2a4aJwBHobKPAk4dX9PJCTQehr4pjMgMNbLtbn5X60Tw7DSTbiMYmCSLhYNY4EhxPNs8IArRkFMDRCquPkrpmOiCAWTYN6E4C6fvArNi7LrlN27y0K1ksWRQ6foDJWQi65QFd2gGmogih7RM3pFb9aT9WK9Wx+L1jUrmzlBf2R9/gCeVZnb</latexit><latexit sha1_base64="x1osus1nuuTxYAlQMc3rv7oHOZc=">AAACDnicbZC7SgNBFIZnvcZ4W7W0GQyB2IRdEUwZsLERIuQG2STMTibJkNnZZeasEJc8gY2vYmOhiK21nW/jZLOFJv4w8PGfczhzfj8SXIPjfFtr6xubW9u5nfzu3v7BoX103NRhrChr0FCEqu0TzQSXrAEcBGtHipHAF6zlT67n9dY9U5qHsg7TiHUDMpJ8yCkBY/Xtoscl9BNn1qvjhxKc9zwII3ybMh5gwN6IYadvF5yykwqvgptBAWWq9e0vbxDSOGASqCBad1wngm5CFHAq2CzvxZpFhE7IiHUMShIw3U3Sc2a4aJwBHobKPAk4dX9PJCTQehr4pjMgMNbLtbn5X60Tw7DSTbiMYmCSLhYNY4EhxPNs8IArRkFMDRCquPkrpmOiCAWTYN6E4C6fvArNi7LrlN27y0K1ksWRQ6foDJWQi65QFd2gGmogih7RM3pFb9aT9WK9Wx+L1jUrmzlBf2R9/gCeVZnb</latexit><latexit sha1_base64="x1osus1nuuTxYAlQMc3rv7oHOZc=">AAACDnicbZC7SgNBFIZnvcZ4W7W0GQyB2IRdEUwZsLERIuQG2STMTibJkNnZZeasEJc8gY2vYmOhiK21nW/jZLOFJv4w8PGfczhzfj8SXIPjfFtr6xubW9u5nfzu3v7BoX103NRhrChr0FCEqu0TzQSXrAEcBGtHipHAF6zlT67n9dY9U5qHsg7TiHUDMpJ8yCkBY/Xtoscl9BNn1qvjhxKc9zwII3ybMh5gwN6IYadvF5yykwqvgptBAWWq9e0vbxDSOGASqCBad1wngm5CFHAq2CzvxZpFhE7IiHUMShIw3U3Sc2a4aJwBHobKPAk4dX9PJCTQehr4pjMgMNbLtbn5X60Tw7DSTbiMYmCSLhYNY4EhxPNs8IArRkFMDRCquPkrpmOiCAWTYN6E4C6fvArNi7LrlN27y0K1ksWRQ6foDJWQi65QFd2gGmogih7RM3pFb9aT9WK9Wx+L1jUrmzlBf2R9/gCeVZnb</latexit>

Figure 3.2: Extended system of G and Ψ

The original uncertain system to be analyzed is Fu(G,∆), which has a set of initial
conditions X0 and an input d. The analysis is instead conducted on the extended system
(3.15), which has a set of initial conditions X0 × {0nψ}, and two inputs d and w. For any
input d ∈ Lnd2 and initial condition xG(t0) ∈ RnG , the solutions v ∈ Lnv2e and w ∈ Lnw2e to the
original system Fu(G,∆) satisfy the constraint (2.12). The extended system (3.15) with the
IQC (2.12) “covers” the responses of the original uncertain system Fu(G,∆). Specifically,
given any input d ∈ Lnd2 and initial condition xG(t0) ∈ RnG , the input w ∈ Lnw2e is implicitly
constrained in the extended system so that the pair (v, w) satisfies the IQC (2.12). This
set of (v, w) that satisfies the IQC (2.12) includes all input/output pairs of ∆. Therefore,
the response of this extended system subject to this implicit constraint (2.12) includes all
behaviors of the original uncertain system Fu(G,∆). The following theorem provides the
method for outer bounding the FRS of the uncertain system Fu(G,∆) by conducting analysis
on the constrained extended system (3.15).

Theorem 3. Let G be a nonlinear system defined by (3.9), and ∆ : Lnv2e → Lnw2e be a bounded
and causal operator. Let Assumption 1 hold. Additionally, assume (i) Fu(G,∆) is well-posed,
(ii) ∆ ∈ HardIQC(Ψ,M), with Ψ and M given, and (iii) all the trajectories of the extended
system start from X0 × {0nψ}. For some F , H defined in (3.16), time interval [t0, T ], local
region Xl ⊂ RnG, set of initial conditions X0 ⊂ RnG, disturbance bound R, function h, and
set of uncertain parameters D, function q : RnG → R, and α ∈ R, suppose there exists a C1

function V : R× Rn → R that satisfies

∂tV (t, x) + ∂xV (t, x) · F (t, x, w, d, δ) + z>Mz ≤ d>d,
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∀(x, t, w, d, δ) ∈ Xl × Rnψ × [t0, T ]× Rnw × Rnd ×D, (3.17a)
X0 × {0nψ} ⊆ {x ∈ Rn : V (t0, x) ≤ 0}, (3.17b){
xG ∈ RnG : V (T, x) ≤ R2

}
⊆ Ωq

α, ∀ψ ∈ Rnψ , (3.17c){
xG ∈ RnG : V (t, x) ≤ R2h(t)

}
⊆ Xl, ∀(t, ψ) ∈ [t0, T ]× Rnψ , (3.17d)

where z is the output of the map H. Then all trajectories of Fu(G,∆) (defined by (3.9)–
(3.10)) starting from xG(t0) ∈ X0 satisfy xG(T ) ∈ Ωq

α. Therefore Ωq
α is an outer bound to

the FRS(T ;Fu(G,∆), t0,X0, R, h,D) (3.11).

Proof. By assumption that Fu(G,∆) is well-posed, the signals (x, v, w, z) generated for the
extended system for the input d ∈ Lnd2 are L2e signals. By combining (3.17a) and (3.17d)
we have the following dissipation inequality:

∂tV (t, x) + ∂xV (t, x) · F (t, x, w, d, δ) + z>Mz ≤ d>d,

∀(x, t, w, d, δ) s.t. x ∈ ΩV
t,R2h(t), t ∈ [t0, T ], w ∈ Rnw , d ∈ Rnd , δ ∈ D. (3.18)

Since (3.18) only holds on the set ΩV
t,R2h(t), we need to first prove that all the states starting

from X0 × {0nψ} won’t leave ΩV
t,R2h(t), for all t ∈ [t0, T ]. Assume there exist a time instance

T1 ∈ [t0, T ], x0 ∈ X0×{0nψ}, and signals d satisfying (3.2), δ(t) ∈ D, w(t) ∈ Rnw , such that a
trajectory of the extended system starting from x(t0) = x0 satisfies V (T1, x(T1)) > R2h(T1).
Define T2 = infV (t,x(t))>R2h(t) t, and integrate (3.18) over [t0, T2]:

V (T2, x(T2))− V (t0, x(t0)) +
∫ T2

t0
z(t)>Mz(t)dt ≤

∫ T2

t0
d(t)>d(t)dt.

By assumnption x0 ∈ X0 × {0nψ}, it follows from constraint (3.17b) that V (t0, x(t0)) ≤ 0.
Comibining it with w satisfing (3.2) yields

V (T2, x(T2)) +
∫ T2

t0
z(t)>Mz(t)dt < R2h(T2). (3.19)

Next it follows from the hypothesis that ∆ ∈ HardIQC(Ψ,M) that

R2h(T2) = V (T2, x(T2)) < R2h(T2). (3.20)

We can see the contradiction in (3.20). Therefore there doesn’t exist a T1 ∈ [t0, T ], such that
x(T1) /∈ ΩV

T1,R2h(T1). As a result, for all x(t0) ∈ X0 × {0nψ}, we have x(t) ∈ ΩV
t,R2h(t), for all

t ∈ [t0, T ], and thus x(T ) ∈ ΩV
T,R2 . Finally, it follows from (3.17c) that xG(T ) ∈ Ωq

α.

Notice that from the proof, ΩV
T,R2 is an outer bound to the FRS of the extended system

from X0 × {0nψ}. The set Ωq
α, a projection of ΩV

T,R2 on the xG space, is an outer bound to
the FRS of the actual uncertain system Fu(G,∆).
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There is a large library of IQCs for various types of perturbations ∆ [13]. It is common to
formulate optimization problems that search over combinations of valid IQCs. Specifically,
let {(Ψk,Mk)}Nk=1 be a collection of valid time-domain IQCs for a particular ∆. If zk is the
output of the filter Ψk and λ1, ...., λN are non-negative scalars then it follows that:

∫ T

t0

N∑
k=1

λkzk(t)>Mk(t)zk(t)dt ≥ 0, ∀vk ∈ L
nvk
2e , wk = ∆(vk), and T ≥ t0.

In other words, a conic combination of time-domain IQCs is also an IQC. This conic com-
bination can be represented as Ψ := [Ψ1; ...; ΨN ] and M := blkdiag(λ1M1, ..., λNMN). The
scalars λ1, ...λN ≥ 0 are typically decision variables in an optimization used to find the
best IQC for the robustness analysis. In this parameterization Ψ is fixed and M is a linear
function of variables λ1, ..., λN subject to non-negativity constraints. More general IQC pa-
rameterizations can be found in [18]: given the type of the perturbation, the corresponding
IQCs are parametrized by a fixed filter Ψ chosen by the analyst and M in a feasible set M
described by linear matrix inequality (LMI) constraints. These general parametrizations will
be used in the rest of the dissertation. Note that Example 1 and 2 also provide instances of
the general parametrization, where MD and M are restricted to convex sets M1 and M2.

Along with V , we also treat M ∈ M as a decision variable to give the optimization
more flexibility. Assume the set M is convex and described by LMIs. Again, assume Xl,
X0 are parametrized by p ∈ R[xG] and r0 ∈ R[xG], respectively, and restrict q ∈ R[xG],
f ∈ RnG [(t, xG, w, d, δ)], and r ∈ Rnv [(t, xG, w, d, δ)]. Therefore, F and H in (3.15) are
polynomials. By applying the generalized S-procedure [22] to (3.17), we obtain the following
SOS optimization problem, sosopt2(F,H, p, g, q, r0, R, h, pδ,Ψ,M),

min
α,η,s,V,M,ε1,ε2

α

s.t. s5 − ε1 ∈ Σ[x], s6 − ε2 ∈ Σ[(x, t)], ε1 > 0, ε2 > 0, M ∈M, V ∈ R[(t, x)],
s4 ∈ Σ[xG], s7 ∈ Σ[(x, t)], si ∈ Σ[(x, d, w, t, δ)], ∀i ∈ {1, 2, 3},
−
(
∂tV + ∂xV · F + z>Mz − d>d

)
+ (p− η)s1 − s2g

− s3pδ ∈ Σ[(x, d, w, t, δ)], (3.21a)
− V |t=t0,x=[xG;0nψ ] + s4r0 ∈ Σ[xG], (3.21b)
− (q − α)s5 + V |t=T −R2 ∈ Σ[x], (3.21c)
− (p− η)s6 + V −R2h− s7g ∈ Σ[(x, t)], (3.21d)

which is again bilinear in (α, η) and (s1, s5, s6), and can be solved by using Algorithm 1.
Although in the SOS formulation, M is restricted to be time-invariant, extensions to allow
for time-varying M are possible.

To keep track of all the tuning parameters in the dissertation, we provide a table that
summarizes them, their corresponding physical meanings, and some of their examples:
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Table 3.1: List of tuning parameters

Physical
meanings Shape of Xl Outer bound shape Energy releasing

rate Filter for ∆

Parameters p q h Ψ

Examples Sections 3.1,
3.4 Sections 3.1, 3.4 Section 3.1 Sections 3.4,

3.4

3.3 Robust Reachability Analysis with Soft IQCs
The previous section gives the result using hard IQCs, however, the library of IQCs are
usually provided in frequency domain [13], whose definition is given in Definition 2.

The frequency domain multiplier can be factorized as Π = Ψ∼MΨ where M ∈ Snz and
Ψ is a stable, LTI system of appropriate dimension. Such a factorization always exists [18]
but is not unique. This factorization (Ψ,M) gives rise to a time-domain soft IQC as defined
in Definition 4.

We use the notation ∆ ∈ FreqIQC(Π) and ∆ ∈ SoftIQC(Ψ,M) to indicate that ∆ satisfies
the corresponding frequency domain and time domain soft IQC, meaning that given any v,
the output w of ∆ must be such that (2.10) and (2.13) hold, respectively. By Parseval’s
theorem [28], frequency domain and time domain soft IQCs are equivalent. Specifically, if
∆ ∈ FreqIQC(Π) then ∆ ∈ SoftIQC(Ψ,M) for any factorization Π = Ψ∼MΨ with Ψ stable.
Conversely if ∆ ∈ SoftIQC(Ψ,M) then ∆ ∈ FreqIQC(Ψ∼MΨ) as well. It also follows that
∆ ∈ HardIQC(Ψ,M) implies ∆ ∈ FreqIQC(Ψ∼MΨ). However, ∆ ∈ FreqIQC(Π) does not
imply, for general factorizations, that ∆ ∈ HardIQC(Ψ,M). As a result, soft IQCs are always
available while hard ones are not, which necessitates the use of soft IQCs in the dissipation
inequality. Next, we give one example of uncertainty and its corresponding soft IQC.

Example 3. Consider the set S3 of real constant parametric uncertainties with given norm
bound σ > 0, i.e. ∆ ∈ S3, if w(t) = ∆(v(t)) = δTIv(t) with |δTI | ≤ σ. From [13], the
frequency domain filter is chosen as Πδ =

[
σ2Π11(jω) Π12(jω)
Π∗12(jω) −Π11(jω)

]
, where Π11(jω) = Π∗11(jω) ≥ 0

and Π12(jω) = −Π∗12(jω) for all ω. A soft IQC factorization for Πδ is Ψ =
[

Ψd,m11 0
0 Ψd,m11

]
, where

Ψd,m
11 is defined in (3.13), and MDG =

[
σ2M11 M12
M>12 −M11

]
, where decision matrices are subject to

M11 = M>
11, M12 = −M>

12 and Ψd,m∼
11 M11Ψd,m

11 ≥ 0. The constraints Ψd,m∼
11 M11Ψd,m

11 ≥ 0
can be enforced by a KYP LMI [30]. Notice that δTI is a special case of the perturbation
considered in Example 1, and thus δTI ∈ HardIQC(Ψ,MD) as well. However, since MD is
a special case of MDG with M12 ≡ 0, the reachability analysis using (Ψ,MDG) can be less
conservative than using (Ψ,MD). A method is proposed in [31] to iteratively refine the choice
of Ψ.

Soft IQCs are constraints that hold over the infinite time horizon and hence they cannot
be directly incorporated in the analysis based on finite-horizon dissipation inequalities. The
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following Lemma is a remedy for this issue: it provides a lower-bound for soft IQCs on
finite horizons then enabling their use for reachability analysis. This in turn enables us
to: (i) conduct reachability analysis when the hard IQC factorization does not exist; (ii)
reduce conservatism resulting from the hard IQC factorization when it exists, as discussed
in Example 3 .

Lemma 1. ([14]) Let Ψ ∈ RHnz×(nv+nw)
∞ and M ∈ Snz be given. Define Π := Ψ∼MΨ. If

Π22(jω) < 0 ∀ω, then∗

• D>ψ2MDψ2 < 0 and there exists a Y22 ∈ Snψ satisfying

KY P (Y22, Aψ, Bψ2, Cψ, Dψ2,M) < 0. (3.22)

• If ∆ ∈ SoftIQC(Ψ,M) then for all T ≥ 0, v ∈ Lnv2e and w = ∆(v),∫ T

0
z(t)>Mz(t)dt ≥ −ψ(T )>Y22ψ(T ) (3.23)

for any Y22 ∈ Snψ satisfying (3.22).

Lemma 1 is valid for multipliers that satisfy Π22 < 0. Multipliers satisfying the non-strict
conditions Π22 ≤ 10 can be handled by a perturbation argument [32]. Based on the lemma
given above, the following theorem considers the analysis for the interconnection Fu(G,∆)
with ∆ that has a soft IQC factorization.

Theorem 4. Let G be a nonlinear system defined by (3.9), and ∆ : Lnv2e → Lnw2e be a bounded
and causal operator. Let Assumption 1 hold. Additionally, assume (i) Fu(G,∆) is well-posed,
(ii) ∆ ∈ SoftIQC(Ψ,M), with Ψ and M given, (iii) Π := Ψ∼MΨ satisfying Π22 < 0 ∀ω, and
(iv) all the trajectories of the extended system start from X0×{0nψ}. For some F , H defined
in (3.16), time interval [t0, T ], local region Xl ⊂ RnG, set of initial conditions X0 ⊂ RnG,
disturbance bound R, function h, and set of uncertain parameters D, function q : RnG → R,
and α ∈ R, suppose there exists a C1 function V : R × Rn → R, and a matrix Y22 ∈ Snψ
satisfying (3.22), such that the following constraints hold

∂tV (t, x) + ∂xV (t, x) · F (t, x, w, d, δ) + z>Mz ≤ d>d,

∀(x, t, w, d, δ) ∈ Xl × Rnψ × [t0, T ]× Rnw × Rnd ×D, (3.24a)
X0 × {0nψ} ⊆ {x ∈ Rn : V (t0, x) ≤ 0}, (3.24b){
xG ∈ RnG : V(T, x) ≤ R2

}
⊆ Ωq

α,∀ψ ∈ Rnψ , (3.24c){
xG ∈ RnG : V(t, x) ≤ R2h(t)

}
⊆ Xl,∀(t, ψ) ∈ [t0, T ]× Rnψ , (3.24d)

where V = V −ψ>Y22ψ, and z is the output of the map H. Then all trajectories of Fu(G,∆)
(defined by (3.9)–(3.10)) starting from xG(t0) ∈ X0 satisfy xG(T ) ∈ Ωq

α. Therefore Ωq
α is an

outer bound to FRS(T ;Fu(G,∆), t0,X0, R, h,D) (3.11).
∗The notation Π22 refers to the partitioning Π =

[
Π11 Π12
Π∼

12 Π22

]
conformably with the dimensions of v and

w.
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Proof. By assumption that Fu(G,∆) is well-posed, the signals (x, v, w, z) generated for the
extended system for the input d ∈ Lnd2 are L2e signals. By combining (3.24a) and (3.24d)
we have the following dissipation inequality:

∂tV (t, x) + ∂xV (t, x) · F (t, x, w, d, δ) + z>Mz ≤ d>d,

∀(x, t, w, d, δ) s.t. x ∈ ΩVt,R2h(t), t ∈ [t0, T ], w ∈ Rnw , d ∈ Rnd , δ ∈ D. (3.25)

Since (3.25) only holds on the set ΩVt,R2h(t), we need to first prove that all the states starting
from X0 × {0nψ} won’t leave ΩVt,R2h(t), for all t ∈ [t0, T ]. Assume there exist a time instance
T1 ∈ [t0, T ], x0 ∈ X0×{0nψ}, and signals w satisfying (3.2), δ(t) ∈ D, w(t) ∈ Rnw , such that a
trajectory of the extended system starting from x(t0) = x0 satisfies V(T1, x(T1)) > R2h(T1).
Define T2 = infV(t,x(t))>R2h(t) t, and integrate (3.25) over [t0, T2]:

V (T2, x(T2))− V (t0, x(t0)) +
∫ T2

t0
z(t)>Mz(t)dt ≤

∫ T2

t0
d(t)>d(t)dt.

By assumption x0 ∈ X0 × {0nψ}, it follows from constraint (3.24b) that V (t0, x(t0)) ≤ 0.
Combining it with d satisfying (3.2) to show

V (T2, x(T2)) +
∫ T2

t0
z(t)>Mz(t)dt < R2h(T2). (3.26)

It follows from Lemma 1, ∆ ∈ SoftIQC(Ψ,M), Π22 < 0 ∀ω and Y22 satisfies (3.22) that
(3.23) holds for the L2e signals (v, w, z), and thus

V (T2, x(T2))− ψ(T2)>Y22ψ(T2) < R2h(T2). (3.27)

Thus (3.27) is a contradiction, since V (T2, x(T2))−ψ(T2)>Y22ψ(T2) = V(T2, x(T2)) = R2h(T2).
Therefore there doesn’t exist a T1 ∈ [t0, T ], such that x(T1) /∈ ΩVT1,R2h(T1). As a result, for
all x(t0) ∈ X0 × {0nψ}, we have x(t) ∈ ΩVt,R2h(t), for all t ∈ [t0, T ], and thus x(T ) ∈ ΩVT,R2 .
Finally, it follows from (3.24c) that xG(T ) ∈ Ωq

α.

Remark 1. The use of soft IQCs requires some care as they are only defined in the frequency
domain for L2 inputs and yet the analysis must be performed using L2e signals (to prevent
circular arguments). Section 3.2 is restricted to the use of hard IQCs for which the time-
domain IQC holds over finite time horizons. This removes the technical details associated
with soft IQCs. This restricts the analysis to IQCs that can be parameterized so that they
are hard. In Section 3.3, however, analysis conditions are derived based on soft IQCs. The
issues related to soft IQCs are resolved by constructing a finite horizon lower bound valid for
L2e signals (Lemma 1). This lower bound is then incorporated in the reachability analysis
in Theorem 4. The proof of Theorem 4 demonstrates that that the reachability analysis uses
the lower bound (3.23) valid for L2e signals (v, w, z), instead of using (2.13), which requires
(v, w, z) to be L2 signals.
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Note that the characterization of a frequency domain IQC as “soft” vs. “hard” depends
on the factorization of the frequency domain multiplier. The J-spectral factorization in [32]
always yields a “hard” IQC for any frequency domain multiplier (although this may not be
an ideal parameterization for numerical implmentations)

By applying the generalized S-procedure [22] to (3.24), and using α as the cost function,
we obtain the following SOS problem, sosopt3(F,H, p, g, q, r0, R, h, pδ,Ψ,M):

min
α,η,s,V,M,Y22,ε1,ε2

α

s.t. V ∈ R[(t, x)],M ∈M and Y22 ∈ Snψ satisfying (3.22),
s5 − ε1 ∈ Σ[x], s6 − ε2 ∈ Σ[(x, t)], ε1 > 0, ε2 > 0,
s4 ∈ Σ[xG], s7 ∈ Σ[(x, t)], si ∈ Σ[(x, d, w, t, δ)], ∀i ∈ {1, 2, 3},
− (∂tV + ∂xV · F + z>Mz − d>d) + (p− η)s1 − s2g

− s3pδ ∈ Σ[(x, d, w, t, δ)], (3.28a)
− V |t=t0,x=[xG;0nψ ] + s4r0 ∈ Σ[xG], (3.28b)
− (q − α)s5 + V|t=T −R2 ∈ Σ[x], (3.28c)
− (p− η)s6 + V −R2h− s7g ∈ Σ[(x, t)]. (3.28d)

Compared with sosopt2, the optimization sosopt3 has one more decision matrix Y22 and an
associated KYP LMI convex constraint, and it can also be solved by using Algorithm 1.

3.4 Examples
A workstation with a 2.7 [GHz] Intel Core i5 64 bit processors and 8[GB] of RAM was used
for performing all computations in the following examples. The SOS optimization problem
is formulated and translated into SDP using the Sum-of-Squares module in Yalmip [33]
on MATLAB, and solved by the SDP solver Mosek [34]. Table 3.2 shows the degree of
polynomials we chose, and the computation time it took for each example.

Table 3.2: Computation times for each example

Examples / sections # of x Degree of f Degree of V Degree of s Time[sec]
Section 3.1 2 3 8 6 6.1× 101

Section 3.4 4 3 6 4 1.1× 102

Section 3.4: GTM 4 6 8 6 1.1× 103

Section 3.4: GTM with d 4 3 8 6 3.2× 103

Section 3.4: GTM with d, δ 4 3 8 6 5.0× 103

Section 3.4: GTM with d, ∆ 6 3 6 4 8.2× 103

Section 3.4 7 3 6 6 3.7× 103
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The dynamics f in the following examples are all time-invariant, but since our reachability
analysis is addressed in finite-time horizon, we use time-varying storage functions.

Van der Pol example
Consider the following Van der Pol oscillator dynamics in reverse time with time-invariant
uncertain parameter δTI ∈ [−3, 3]:

ẋ1 = x2(1 + 0.2δTI),
ẋ2 = x1 + (x2

1 − 1)x2.

In this case δTI is treated as a perturbation, where w = ∆(v) = δTIv, and v = 0.2x2. As
discussed in Example 3, the time invariant uncertain parameter δTI satisfies both hard and
soft IQCs: δTI ∈ HardIQC(Ψ,MD) and δTI ∈ SoftIQC(Ψ,MDG), where the constraints for
MD and MDG are given in Example 1 and 3, respectively. The robust reachability analysis
is performed using both kinds of IQCs. In both cases, we use the same filter Ψ, and choose
d and m from (3.13) to be d = 1, m = 4, which correspond to Ψ described by the following
dynamics:

Aψ =
[
−4 0
0 −4

]
, Bψ1 =

[
1
0

]
, Bψ2 =

[
0
1

]
,

Cψ =
[
0, 1, 0, 0
0, 0, 0, 1

]>
, Dψ1 =

[
1, 0, 0, 0

]>
, Dψ2 =

[
0, 0, 1, 0

]>
.

Therefore the filter Ψ introduces two filter states ψ ∈ R2 to the extended system. Take the
time horizon as [t0, T ] = [0, 1.5] and the initial set as X0 = {(x1, x2) : x2

1 + x2
2 ≤ 1}. Choose

polynomials q = p = 0.3150x2
1 − 0.0976x1x2 + 0.0816x2

2 − 0.0023x1 + 0.0002x2. The local
region Xl is picked as Ωp

4. The optimal α computed using soft and hard IQCs are 1.21 and
1.60, respectively, which states the fact that the soft IQC achieves a less conservative outer
bound and captures the nature of the uncertainty. In Fig 3.3, the simulation points x(T ) of
the Van der Pol dynamics with the initial set X0, and with values of δTI randomly drawn from
[−3, 3] are shown with green dots. We can see from Fig 3.3 that the outer bound obtained
using the soft IQC (shown with the black solid curve) is enclosed by the one computed using
the hard IQC (shown with the purple dash-dotted curve). It also indicates that the outer
bound obtained using the soft IQC is less conservative.
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Figure 3.3: Outer bounds using soft/hard IQCs and simulation points x(T ) at T = 1.5 under
uncertain parameter, with the initial condition set X0

NASA’s Generic Transport Model (GTM) around straight and
level flight condition
The GTM is a remote-controlled 5.5% scale commercial aircraft [35]. Its longitudinal model
[36] is

ẋ1 = 1
m

(−D −mg sin(x4 − x2) + Tx cos(x2) + Tz sin(x2)),

ẋ2 = 1
mx1

(−L+mg cos(x4 − x2)− Tx sin(x2) + Tz cos(x2) + x3),

ẋ3 =M + Tm
Iyy

, (3.29)

ẋ4 =x3,

where states x1 to x4 represent air speed (m/s), angle of attack (rad), pitch rate (rad/s)
and pitch angle (rad) respectively. The control inputs are elevator deflection uelev (rad)
and engine throttle uth (percent). The drag force D (N), lift force L (N), and aerodynamic
pitching moment M (Nm) are given by D = q̄SCD(x2, uelev, q̂), L = q̄SCL(x2, uelev, q̂), and
M = q̄Sc̄Cm(x2, uelev, q̂),where q̄ := 1

2ρx
2
1 is the dynamic pressure (N/m2), and q̂ := (c̄/2x1)x3

is the normalized pitch rate (unitless). CD, CL, and Cm are unitless aerodynamic coefficients
computed from look-up tables provided by NASA.

A degree-6 polynomial model, provided in [37], is obtained after replacing all nonpolyno-
mial terms with their polynomial approximations. The polynomial model takes the form
ẋ = f6(x, u), where x := [x1, x2, x3, x4]> and u = [uelev, uth]>. The following straight
and level flight condition is computed for this model: x1,t = 45 m/s, x2,t = 0.04924 rad,
x3,t = 0 rad/s, x4,t = 0.04924 rad, with uelev,t = 0.04892 rad, and uth,t = 14.33%. The
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subscript t denotes a trim value. A polynomial closed-loop model, denoted as ẋ = f6(x),
is obtained by holding uth at its trim value, applying a proportional pitch rate feedback
uelev = Kqx3 + uelev,t = 0.0698x3 + uelev,t.

Analysis for the GTM

Reachability analysis is carried out on ẋ = f6(x) around its trim point. The set of initial
conditions X0 = {x ∈ R4 : (x− xt)>C−1(x− xt)− 1 ≤ 0} is a 4-dimensional ellipsoid inside
the region of attraction, where C = diag(202, (20π/180)2, (50π/180)2, (20π/180)2), xt is the
trim point. Take the local region Xl = {x ∈ R4 : (x − xt)>C−1

l (x − xt) − 1 ≤ 0}, where
Cl = diag(302, (30π/180)2, (75π/180)2, (30π/180)2). Ωq

1 is chosen as the minimum volume
ellipsoid containing all the simulation points at terminal time.

To improve the numerical conditioning, we define the scaled states xscl = N−1
scl x, where

we set Nscl := diag(20, 20π/180, 50π/180, 20π/180), since 20 m/s, 20π/180 rad, 50π/180
rad/s, 20π/180 rad are farthest distances observed in simulation that each state can be away
from their trim point value given the initial condition set X0. Then we have the dynamics
for the scaled states: ẋscl = N−1

scl f6(Nsclxscl), and this scaled dynamics is the one we will
use in the SOS optimization problem. Before scaling, the coefficients of f6(x) vary from
1.6× 10−5 to 4.5× 101; after scaling, they vary from 4.5× 10−3 to 1.8× 101. Before plugging
the polynomial functions r0, q, p into the SOS optimization problem, the parameters were
scaled accordingly.

Figure 3.4 and Figure 3.5 show the outer bound of reachable set in x2 − x3 space and
x1 − x4 space respectively, at different simulation times. We can observe that ΩV

T,0 (black
curve) contains all the simulation points x(T ) (green points) at each terminal time T .
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Figure 3.4: Outer bounds for GTM model in x2 − x3 plane.
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Figure 3.5: Outer bounds for GTM model in x1 − x4 plane.
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GTM with L2 disturbance

To save computation time, reachability analysis is conducted on a 4-state degree-3 model
obtained from the 4-state degree-6 model, with the same initial condition set X0 as that
from the previous section. But an input disturbance d at the elevator channel is taken into
consideration this time. The control input becomes uelev = Kqx3 + uelev,t + d = 0.0698x3 +
uelev,t + d. Figure 3.6 shows outer bounds at time T = 0.4 s with disturbances of different
L2 bounds.
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Figure 3.6: Outer bounds for GTM model at T = 0.4 sec with L2 disturbances.

GTM with L2 disturbances and time varying uncertain parameters

In addition to an input disturbance d at the elevator channel, satisfying ‖d‖L2,[t0,T ] < 0.004
rad, assume that the inertia Iyy in (3.29) is also uncertain: Iyy = γ(t)Īyy, where γ(t) is a
time varying uncertain parameter and Īyy is the nominal value of inertia. Define δ := 1/γ,
assume γ(t) ∈ [10

11 ,
10
9 ], then δ(t) ∈ [0.9, 1.1] =: D. Equation (3.29) becomes

ẋ3 =M + Tm
Iyy

= M + Tm

γĪyy
= δ

M + Tm

Īyy
.

The result is shown in Figure 3.7, where the outer bounds with and without uncertain
parameter are shown with blue and magenta curves, respectively.

GTM with L2 disturbance and unmodeled dynamics ∆

Assume the control input at elevator actuator of the GTM system is corrupted by an L2
disturbance d, satisfying ‖d‖L2,[t0,T ] < 0.004 rad, and an LTI uncertainty ∆ with ‖∆‖∞ ≤ σ,
where σ > 0. Figure 3.8 shows a block diagram for the uncertain GTM system. The input to
the perturbation is v = Kqx3 + uelev,t + d, and the signal that actually goes into the elevator
channel is uelev = v + w, where w = ∆(v). As discussed in Example 1, this LTI uncertainty
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Figure 3.7: Over bounds for GTM model at T = 0.4 sec with L2 disturbance and parameter.

∆ satisfies hard IQCs defined by (Ψ,MD) from Example 1. In this example, we choose d
and m from (3.13) to be d = 1, m = 1, and they correspond to Ψ of the following dynamics:

Aψ =
[
−1 0
0 −1

]
, Bψ1 =

[
1
0

]
, Bψ2 =

[
0
1

]
,

Cψ =
[
0, 1, 0, 0
0, 0, 0, 1

]>
, Dψ1 =

[
1, 0, 0, 0

]>
, Dψ2 =

[
0, 0, 1, 0

]>
.

Again, the filter Ψ introduces two filter states ψ ∈ R2 to the extended system. We solve for
the outer bounds with two values of σ using sosopt2 with the constraint set M1 defined in
(3.12). The results are shown in Fig 3.9, where the outer bound with σ = 0.1 is shown with
the magenta curve, and the one with σ = 0.4 is shown with the blue curve.
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K
<latexit sha1_base64="bLT10vdgEbgenfh4UIT2ZfR+yV0=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU0lE0GPRi+Clgv2ANpTNdtIu3d2E3Y1QSv+CFw+KePUPefPfmLQ5aOuDgcd7M8zMCxPBjfW8b6e0tr6xuVXednd29/YPKodHLROnmmGTxSLWnZAaFFxh03IrsJNopDIU2A7Ht7nffkJteKwe7STBQNKh4hFn1ObSveu6/UrVq3lzkFXiF6QKBRr9yldvELNUorJMUGO6vpfYYEq15UzgzO2lBhPKxnSI3YwqKtEE0/mtM3KWKQMSxTorZclc/T0xpdKYiQyzTkntyCx7ufif101tdB1MuUpSi4otFkWpIDYm+eNkwDUyKyYZoUzz7FbCRlRTZrN48hD85ZdXSeui5ns1/+GyWr8p4ijDCZzCOfhwBXW4gwY0gcEInuEV3hzpvDjvzseiteQUM8fwB87nDz89jQs=</latexit><latexit sha1_base64="bLT10vdgEbgenfh4UIT2ZfR+yV0=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU0lE0GPRi+Clgv2ANpTNdtIu3d2E3Y1QSv+CFw+KePUPefPfmLQ5aOuDgcd7M8zMCxPBjfW8b6e0tr6xuVXednd29/YPKodHLROnmmGTxSLWnZAaFFxh03IrsJNopDIU2A7Ht7nffkJteKwe7STBQNKh4hFn1ObSveu6/UrVq3lzkFXiF6QKBRr9yldvELNUorJMUGO6vpfYYEq15UzgzO2lBhPKxnSI3YwqKtEE0/mtM3KWKQMSxTorZclc/T0xpdKYiQyzTkntyCx7ufif101tdB1MuUpSi4otFkWpIDYm+eNkwDUyKyYZoUzz7FbCRlRTZrN48hD85ZdXSeui5ns1/+GyWr8p4ijDCZzCOfhwBXW4gwY0gcEInuEV3hzpvDjvzseiteQUM8fwB87nDz89jQs=</latexit><latexit sha1_base64="bLT10vdgEbgenfh4UIT2ZfR+yV0=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU0lE0GPRi+Clgv2ANpTNdtIu3d2E3Y1QSv+CFw+KePUPefPfmLQ5aOuDgcd7M8zMCxPBjfW8b6e0tr6xuVXednd29/YPKodHLROnmmGTxSLWnZAaFFxh03IrsJNopDIU2A7Ht7nffkJteKwe7STBQNKh4hFn1ObSveu6/UrVq3lzkFXiF6QKBRr9yldvELNUorJMUGO6vpfYYEq15UzgzO2lBhPKxnSI3YwqKtEE0/mtM3KWKQMSxTorZclc/T0xpdKYiQyzTkntyCx7ufif101tdB1MuUpSi4otFkWpIDYm+eNkwDUyKyYZoUzz7FbCRlRTZrN48hD85ZdXSeui5ns1/+GyWr8p4ijDCZzCOfhwBXW4gwY0gcEInuEV3hzpvDjvzseiteQUM8fwB87nDz89jQs=</latexit><latexit sha1_base64="bLT10vdgEbgenfh4UIT2ZfR+yV0=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU0lE0GPRi+Clgv2ANpTNdtIu3d2E3Y1QSv+CFw+KePUPefPfmLQ5aOuDgcd7M8zMCxPBjfW8b6e0tr6xuVXednd29/YPKodHLROnmmGTxSLWnZAaFFxh03IrsJNopDIU2A7Ht7nffkJteKwe7STBQNKh4hFn1ObSveu6/UrVq3lzkFXiF6QKBRr9yldvELNUorJMUGO6vpfYYEq15UzgzO2lBhPKxnSI3YwqKtEE0/mtM3KWKQMSxTorZclc/T0xpdKYiQyzTkntyCx7ufif101tdB1MuUpSi4otFkWpIDYm+eNkwDUyKyYZoUzz7FbCRlRTZrN48hD85ZdXSeui5ns1/+GyWr8p4ijDCZzCOfhwBXW4gwY0gcEInuEV3hzpvDjvzseiteQUM8fwB87nDz89jQs=</latexit>

+
<latexit sha1_base64="cW7Fr63sjKVVwlLUVW9qwYaMA+o=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBZBEEoigh6LXjxWsB/QhrLZbtqlu5uwOxFK6V/w4kERr/4hb/4bkzYHbX0w8Hhvhpl5YSKFRc/7dkpr6xubW+Vtd2d3b/+gcnjUsnFqGG+yWMamE1LLpdC8iQIl7ySGUxVK3g7Hd7nffuLGilg/4iThgaJDLSLBKObSheu6/UrVq3lzkFXiF6QKBRr9yldvELNUcY1MUmu7vpdgMKUGBZN85vZSyxPKxnTIuxnVVHEbTOe3zshZpgxIFJusNJK5+ntiSpW1ExVmnYriyC57ufif100xugmmQicpcs0Wi6JUEoxJ/jgZCMMZyklGKDMiu5WwETWUYRZPHoK//PIqaV3WfK/mP1xV67dFHGU4gVM4Bx+uoQ730IAmMBjBM7zCm6OcF+fd+Vi0lpxi5hj+wPn8AQ5djOs=</latexit><latexit sha1_base64="cW7Fr63sjKVVwlLUVW9qwYaMA+o=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBZBEEoigh6LXjxWsB/QhrLZbtqlu5uwOxFK6V/w4kERr/4hb/4bkzYHbX0w8Hhvhpl5YSKFRc/7dkpr6xubW+Vtd2d3b/+gcnjUsnFqGG+yWMamE1LLpdC8iQIl7ySGUxVK3g7Hd7nffuLGilg/4iThgaJDLSLBKObSheu6/UrVq3lzkFXiF6QKBRr9yldvELNUcY1MUmu7vpdgMKUGBZN85vZSyxPKxnTIuxnVVHEbTOe3zshZpgxIFJusNJK5+ntiSpW1ExVmnYriyC57ufif100xugmmQicpcs0Wi6JUEoxJ/jgZCMMZyklGKDMiu5WwETWUYRZPHoK//PIqaV3WfK/mP1xV67dFHGU4gVM4Bx+uoQ730IAmMBjBM7zCm6OcF+fd+Vi0lpxi5hj+wPn8AQ5djOs=</latexit><latexit sha1_base64="cW7Fr63sjKVVwlLUVW9qwYaMA+o=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBZBEEoigh6LXjxWsB/QhrLZbtqlu5uwOxFK6V/w4kERr/4hb/4bkzYHbX0w8Hhvhpl5YSKFRc/7dkpr6xubW+Vtd2d3b/+gcnjUsnFqGG+yWMamE1LLpdC8iQIl7ySGUxVK3g7Hd7nffuLGilg/4iThgaJDLSLBKObSheu6/UrVq3lzkFXiF6QKBRr9yldvELNUcY1MUmu7vpdgMKUGBZN85vZSyxPKxnTIuxnVVHEbTOe3zshZpgxIFJusNJK5+ntiSpW1ExVmnYriyC57ufif100xugmmQicpcs0Wi6JUEoxJ/jgZCMMZyklGKDMiu5WwETWUYRZPHoK//PIqaV3WfK/mP1xV67dFHGU4gVM4Bx+uoQ730IAmMBjBM7zCm6OcF+fd+Vi0lpxi5hj+wPn8AQ5djOs=</latexit><latexit sha1_base64="cW7Fr63sjKVVwlLUVW9qwYaMA+o=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBZBEEoigh6LXjxWsB/QhrLZbtqlu5uwOxFK6V/w4kERr/4hb/4bkzYHbX0w8Hhvhpl5YSKFRc/7dkpr6xubW+Vtd2d3b/+gcnjUsnFqGG+yWMamE1LLpdC8iQIl7ySGUxVK3g7Hd7nffuLGilg/4iThgaJDLSLBKObSheu6/UrVq3lzkFXiF6QKBRr9yldvELNUcY1MUmu7vpdgMKUGBZN85vZSyxPKxnTIuxnVVHEbTOe3zshZpgxIFJusNJK5+ntiSpW1ExVmnYriyC57ufif100xugmmQicpcs0Wi6JUEoxJ/jgZCMMZyklGKDMiu5WwETWUYRZPHoK//PIqaV3WfK/mP1xV67dFHGU4gVM4Bx+uoQ730IAmMBjBM7zCm6OcF+fd+Vi0lpxi5hj+wPn8AQ5djOs=</latexit>

+
<latexit sha1_base64="cW7Fr63sjKVVwlLUVW9qwYaMA+o=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBZBEEoigh6LXjxWsB/QhrLZbtqlu5uwOxFK6V/w4kERr/4hb/4bkzYHbX0w8Hhvhpl5YSKFRc/7dkpr6xubW+Vtd2d3b/+gcnjUsnFqGG+yWMamE1LLpdC8iQIl7ySGUxVK3g7Hd7nffuLGilg/4iThgaJDLSLBKObSheu6/UrVq3lzkFXiF6QKBRr9yldvELNUcY1MUmu7vpdgMKUGBZN85vZSyxPKxnTIuxnVVHEbTOe3zshZpgxIFJusNJK5+ntiSpW1ExVmnYriyC57ufif100xugmmQicpcs0Wi6JUEoxJ/jgZCMMZyklGKDMiu5WwETWUYRZPHoK//PIqaV3WfK/mP1xV67dFHGU4gVM4Bx+uoQ730IAmMBjBM7zCm6OcF+fd+Vi0lpxi5hj+wPn8AQ5djOs=</latexit><latexit sha1_base64="cW7Fr63sjKVVwlLUVW9qwYaMA+o=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBZBEEoigh6LXjxWsB/QhrLZbtqlu5uwOxFK6V/w4kERr/4hb/4bkzYHbX0w8Hhvhpl5YSKFRc/7dkpr6xubW+Vtd2d3b/+gcnjUsnFqGG+yWMamE1LLpdC8iQIl7ySGUxVK3g7Hd7nffuLGilg/4iThgaJDLSLBKObSheu6/UrVq3lzkFXiF6QKBRr9yldvELNUcY1MUmu7vpdgMKUGBZN85vZSyxPKxnTIuxnVVHEbTOe3zshZpgxIFJusNJK5+ntiSpW1ExVmnYriyC57ufif100xugmmQicpcs0Wi6JUEoxJ/jgZCMMZyklGKDMiu5WwETWUYRZPHoK//PIqaV3WfK/mP1xV67dFHGU4gVM4Bx+uoQ730IAmMBjBM7zCm6OcF+fd+Vi0lpxi5hj+wPn8AQ5djOs=</latexit><latexit sha1_base64="cW7Fr63sjKVVwlLUVW9qwYaMA+o=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBZBEEoigh6LXjxWsB/QhrLZbtqlu5uwOxFK6V/w4kERr/4hb/4bkzYHbX0w8Hhvhpl5YSKFRc/7dkpr6xubW+Vtd2d3b/+gcnjUsnFqGG+yWMamE1LLpdC8iQIl7ySGUxVK3g7Hd7nffuLGilg/4iThgaJDLSLBKObSheu6/UrVq3lzkFXiF6QKBRr9yldvELNUcY1MUmu7vpdgMKUGBZN85vZSyxPKxnTIuxnVVHEbTOe3zshZpgxIFJusNJK5+ntiSpW1ExVmnYriyC57ufif100xugmmQicpcs0Wi6JUEoxJ/jgZCMMZyklGKDMiu5WwETWUYRZPHoK//PIqaV3WfK/mP1xV67dFHGU4gVM4Bx+uoQ730IAmMBjBM7zCm6OcF+fd+Vi0lpxi5hj+wPn8AQ5djOs=</latexit><latexit sha1_base64="cW7Fr63sjKVVwlLUVW9qwYaMA+o=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBZBEEoigh6LXjxWsB/QhrLZbtqlu5uwOxFK6V/w4kERr/4hb/4bkzYHbX0w8Hhvhpl5YSKFRc/7dkpr6xubW+Vtd2d3b/+gcnjUsnFqGG+yWMamE1LLpdC8iQIl7ySGUxVK3g7Hd7nffuLGilg/4iThgaJDLSLBKObSheu6/UrVq3lzkFXiF6QKBRr9yldvELNUcY1MUmu7vpdgMKUGBZN85vZSyxPKxnTIuxnVVHEbTOe3zshZpgxIFJusNJK5+ntiSpW1ExVmnYriyC57ufif100xugmmQicpcs0Wi6JUEoxJ/jgZCMMZyklGKDMiu5WwETWUYRZPHoK//PIqaV3WfK/mP1xV67dFHGU4gVM4Bx+uoQ730IAmMBjBM7zCm6OcF+fd+Vi0lpxi5hj+wPn8AQ5djOs=</latexit>

�
<latexit sha1_base64="3Ocl8I5MsUJnjF26V77KqbvLwbo=">AAAB7nicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r2A9oQ9lsJ+3SzSbsToQS+iO8eFDEq7/Hm//GTZuDtj4YeLw3w8y8IJHCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNnGqObR4LGPdDZgBKRS0UKCEbqKBRYGETjC5zf3OE2gjYvWI0wT8iI2UCAVnaKVO/w4kssqgWnPr7hx0lXgFqZECzUH1qz+MeRqBQi6ZMT3PTdDPmEbBJcwq/dRAwviEjaBnqWIRGD+bnzujZ1YZ0jDWthTSufp7ImORMdMosJ0Rw7FZ9nLxP6+XYnjtZ0IlKYLii0VhKinGNP+dDoUGjnJqCeNa2FspHzPNONqE8hC85ZdXSfui7rl17+Gy1rgp4iiTE3JKzolHrkiD3JMmaRFOJuSZvJI3J3FenHfnY9FacoqZY/IHzucPluiPEA==</latexit><latexit sha1_base64="3Ocl8I5MsUJnjF26V77KqbvLwbo=">AAAB7nicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r2A9oQ9lsJ+3SzSbsToQS+iO8eFDEq7/Hm//GTZuDtj4YeLw3w8y8IJHCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNnGqObR4LGPdDZgBKRS0UKCEbqKBRYGETjC5zf3OE2gjYvWI0wT8iI2UCAVnaKVO/w4kssqgWnPr7hx0lXgFqZECzUH1qz+MeRqBQi6ZMT3PTdDPmEbBJcwq/dRAwviEjaBnqWIRGD+bnzujZ1YZ0jDWthTSufp7ImORMdMosJ0Rw7FZ9nLxP6+XYnjtZ0IlKYLii0VhKinGNP+dDoUGjnJqCeNa2FspHzPNONqE8hC85ZdXSfui7rl17+Gy1rgp4iiTE3JKzolHrkiD3JMmaRFOJuSZvJI3J3FenHfnY9FacoqZY/IHzucPluiPEA==</latexit><latexit sha1_base64="3Ocl8I5MsUJnjF26V77KqbvLwbo=">AAAB7nicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r2A9oQ9lsJ+3SzSbsToQS+iO8eFDEq7/Hm//GTZuDtj4YeLw3w8y8IJHCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNnGqObR4LGPdDZgBKRS0UKCEbqKBRYGETjC5zf3OE2gjYvWI0wT8iI2UCAVnaKVO/w4kssqgWnPr7hx0lXgFqZECzUH1qz+MeRqBQi6ZMT3PTdDPmEbBJcwq/dRAwviEjaBnqWIRGD+bnzujZ1YZ0jDWthTSufp7ImORMdMosJ0Rw7FZ9nLxP6+XYnjtZ0IlKYLii0VhKinGNP+dDoUGjnJqCeNa2FspHzPNONqE8hC85ZdXSfui7rl17+Gy1rgp4iiTE3JKzolHrkiD3JMmaRFOJuSZvJI3J3FenHfnY9FacoqZY/IHzucPluiPEA==</latexit><latexit sha1_base64="3Ocl8I5MsUJnjF26V77KqbvLwbo=">AAAB7nicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r2A9oQ9lsJ+3SzSbsToQS+iO8eFDEq7/Hm//GTZuDtj4YeLw3w8y8IJHCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNnGqObR4LGPdDZgBKRS0UKCEbqKBRYGETjC5zf3OE2gjYvWI0wT8iI2UCAVnaKVO/w4kssqgWnPr7hx0lXgFqZECzUH1qz+MeRqBQi6ZMT3PTdDPmEbBJcwq/dRAwviEjaBnqWIRGD+bnzujZ1YZ0jDWthTSufp7ImORMdMosJ0Rw7FZ9nLxP6+XYnjtZ0IlKYLii0VhKinGNP+dDoUGjnJqCeNa2FspHzPNONqE8hC85ZdXSfui7rl17+Gy1rgp4iiTE3JKzolHrkiD3JMmaRFOJuSZvJI3J3FenHfnY9FacoqZY/IHzucPluiPEA==</latexit>

v
<latexit sha1_base64="m3S3ubd9domfw/2okRqzlKfrIn0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7m0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSATXxnW/nNLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWBym/udKSrNY/loZgn6ER1JHnJGjZUeppVBtebW3QXIX+IVpAYFmoPqZ38YszRCaZigWvc8NzF+RpXhTOC80k81JpRN6Ah7lkoaofazxaVzcmaVIQljZUsaslB/TmQ00noWBbYzomasV71c/M/rpSa89jMuk9SgZMtFYSqIiUn+NhlyhcyImSWUKW5vJWxMFWXGhpOH4K2+/Je0L+qeW/fuL2uNmyKOMpzAKZyDB1fQgDtoQgsYhPAEL/DqTJxn5815X7aWnGLmGH7B+fgGF8KNDg==</latexit><latexit sha1_base64="m3S3ubd9domfw/2okRqzlKfrIn0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7m0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSATXxnW/nNLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWBym/udKSrNY/loZgn6ER1JHnJGjZUeppVBtebW3QXIX+IVpAYFmoPqZ38YszRCaZigWvc8NzF+RpXhTOC80k81JpRN6Ah7lkoaofazxaVzcmaVIQljZUsaslB/TmQ00noWBbYzomasV71c/M/rpSa89jMuk9SgZMtFYSqIiUn+NhlyhcyImSWUKW5vJWxMFWXGhpOH4K2+/Je0L+qeW/fuL2uNmyKOMpzAKZyDB1fQgDtoQgsYhPAEL/DqTJxn5815X7aWnGLmGH7B+fgGF8KNDg==</latexit><latexit sha1_base64="m3S3ubd9domfw/2okRqzlKfrIn0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7m0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSATXxnW/nNLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWBym/udKSrNY/loZgn6ER1JHnJGjZUeppVBtebW3QXIX+IVpAYFmoPqZ38YszRCaZigWvc8NzF+RpXhTOC80k81JpRN6Ah7lkoaofazxaVzcmaVIQljZUsaslB/TmQ00noWBbYzomasV71c/M/rpSa89jMuk9SgZMtFYSqIiUn+NhlyhcyImSWUKW5vJWxMFWXGhpOH4K2+/Je0L+qeW/fuL2uNmyKOMpzAKZyDB1fQgDtoQgsYhPAEL/DqTJxn5815X7aWnGLmGH7B+fgGF8KNDg==</latexit><latexit sha1_base64="m3S3ubd9domfw/2okRqzlKfrIn0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7m0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSATXxnW/nNLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWBym/udKSrNY/loZgn6ER1JHnJGjZUeppVBtebW3QXIX+IVpAYFmoPqZ38YszRCaZigWvc8NzF+RpXhTOC80k81JpRN6Ah7lkoaofazxaVzcmaVIQljZUsaslB/TmQ00noWBbYzomasV71c/M/rpSa89jMuk9SgZMtFYSqIiUn+NhlyhcyImSWUKW5vJWxMFWXGhpOH4K2+/Je0L+qeW/fuL2uNmyKOMpzAKZyDB1fQgDtoQgsYhPAEL/DqTJxn5815X7aWnGLmGH7B+fgGF8KNDg==</latexit>

+
<latexit sha1_base64="cW7Fr63sjKVVwlLUVW9qwYaMA+o=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBZBEEoigh6LXjxWsB/QhrLZbtqlu5uwOxFK6V/w4kERr/4hb/4bkzYHbX0w8Hhvhpl5YSKFRc/7dkpr6xubW+Vtd2d3b/+gcnjUsnFqGG+yWMamE1LLpdC8iQIl7ySGUxVK3g7Hd7nffuLGilg/4iThgaJDLSLBKObSheu6/UrVq3lzkFXiF6QKBRr9yldvELNUcY1MUmu7vpdgMKUGBZN85vZSyxPKxnTIuxnVVHEbTOe3zshZpgxIFJusNJK5+ntiSpW1ExVmnYriyC57ufif100xugmmQicpcs0Wi6JUEoxJ/jgZCMMZyklGKDMiu5WwETWUYRZPHoK//PIqaV3WfK/mP1xV67dFHGU4gVM4Bx+uoQ730IAmMBjBM7zCm6OcF+fd+Vi0lpxi5hj+wPn8AQ5djOs=</latexit><latexit sha1_base64="cW7Fr63sjKVVwlLUVW9qwYaMA+o=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBZBEEoigh6LXjxWsB/QhrLZbtqlu5uwOxFK6V/w4kERr/4hb/4bkzYHbX0w8Hhvhpl5YSKFRc/7dkpr6xubW+Vtd2d3b/+gcnjUsnFqGG+yWMamE1LLpdC8iQIl7ySGUxVK3g7Hd7nffuLGilg/4iThgaJDLSLBKObSheu6/UrVq3lzkFXiF6QKBRr9yldvELNUcY1MUmu7vpdgMKUGBZN85vZSyxPKxnTIuxnVVHEbTOe3zshZpgxIFJusNJK5+ntiSpW1ExVmnYriyC57ufif100xugmmQicpcs0Wi6JUEoxJ/jgZCMMZyklGKDMiu5WwETWUYRZPHoK//PIqaV3WfK/mP1xV67dFHGU4gVM4Bx+uoQ730IAmMBjBM7zCm6OcF+fd+Vi0lpxi5hj+wPn8AQ5djOs=</latexit><latexit sha1_base64="cW7Fr63sjKVVwlLUVW9qwYaMA+o=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBZBEEoigh6LXjxWsB/QhrLZbtqlu5uwOxFK6V/w4kERr/4hb/4bkzYHbX0w8Hhvhpl5YSKFRc/7dkpr6xubW+Vtd2d3b/+gcnjUsnFqGG+yWMamE1LLpdC8iQIl7ySGUxVK3g7Hd7nffuLGilg/4iThgaJDLSLBKObSheu6/UrVq3lzkFXiF6QKBRr9yldvELNUcY1MUmu7vpdgMKUGBZN85vZSyxPKxnTIuxnVVHEbTOe3zshZpgxIFJusNJK5+ntiSpW1ExVmnYriyC57ufif100xugmmQicpcs0Wi6JUEoxJ/jgZCMMZyklGKDMiu5WwETWUYRZPHoK//PIqaV3WfK/mP1xV67dFHGU4gVM4Bx+uoQ730IAmMBjBM7zCm6OcF+fd+Vi0lpxi5hj+wPn8AQ5djOs=</latexit><latexit sha1_base64="cW7Fr63sjKVVwlLUVW9qwYaMA+o=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBZBEEoigh6LXjxWsB/QhrLZbtqlu5uwOxFK6V/w4kERr/4hb/4bkzYHbX0w8Hhvhpl5YSKFRc/7dkpr6xubW+Vtd2d3b/+gcnjUsnFqGG+yWMamE1LLpdC8iQIl7ySGUxVK3g7Hd7nffuLGilg/4iThgaJDLSLBKObSheu6/UrVq3lzkFXiF6QKBRr9yldvELNUcY1MUmu7vpdgMKUGBZN85vZSyxPKxnTIuxnVVHEbTOe3zshZpgxIFJusNJK5+ntiSpW1ExVmnYriyC57ufif100xugmmQicpcs0Wi6JUEoxJ/jgZCMMZyklGKDMiu5WwETWUYRZPHoK//PIqaV3WfK/mP1xV67dFHGU4gVM4Bx+uoQ730IAmMBjBM7zCm6OcF+fd+Vi0lpxi5hj+wPn8AQ5djOs=</latexit>

+
<latexit sha1_base64="cW7Fr63sjKVVwlLUVW9qwYaMA+o=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBZBEEoigh6LXjxWsB/QhrLZbtqlu5uwOxFK6V/w4kERr/4hb/4bkzYHbX0w8Hhvhpl5YSKFRc/7dkpr6xubW+Vtd2d3b/+gcnjUsnFqGG+yWMamE1LLpdC8iQIl7ySGUxVK3g7Hd7nffuLGilg/4iThgaJDLSLBKObSheu6/UrVq3lzkFXiF6QKBRr9yldvELNUcY1MUmu7vpdgMKUGBZN85vZSyxPKxnTIuxnVVHEbTOe3zshZpgxIFJusNJK5+ntiSpW1ExVmnYriyC57ufif100xugmmQicpcs0Wi6JUEoxJ/jgZCMMZyklGKDMiu5WwETWUYRZPHoK//PIqaV3WfK/mP1xV67dFHGU4gVM4Bx+uoQ730IAmMBjBM7zCm6OcF+fd+Vi0lpxi5hj+wPn8AQ5djOs=</latexit><latexit sha1_base64="cW7Fr63sjKVVwlLUVW9qwYaMA+o=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBZBEEoigh6LXjxWsB/QhrLZbtqlu5uwOxFK6V/w4kERr/4hb/4bkzYHbX0w8Hhvhpl5YSKFRc/7dkpr6xubW+Vtd2d3b/+gcnjUsnFqGG+yWMamE1LLpdC8iQIl7ySGUxVK3g7Hd7nffuLGilg/4iThgaJDLSLBKObSheu6/UrVq3lzkFXiF6QKBRr9yldvELNUcY1MUmu7vpdgMKUGBZN85vZSyxPKxnTIuxnVVHEbTOe3zshZpgxIFJusNJK5+ntiSpW1ExVmnYriyC57ufif100xugmmQicpcs0Wi6JUEoxJ/jgZCMMZyklGKDMiu5WwETWUYRZPHoK//PIqaV3WfK/mP1xV67dFHGU4gVM4Bx+uoQ730IAmMBjBM7zCm6OcF+fd+Vi0lpxi5hj+wPn8AQ5djOs=</latexit><latexit sha1_base64="cW7Fr63sjKVVwlLUVW9qwYaMA+o=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBZBEEoigh6LXjxWsB/QhrLZbtqlu5uwOxFK6V/w4kERr/4hb/4bkzYHbX0w8Hhvhpl5YSKFRc/7dkpr6xubW+Vtd2d3b/+gcnjUsnFqGG+yWMamE1LLpdC8iQIl7ySGUxVK3g7Hd7nffuLGilg/4iThgaJDLSLBKObSheu6/UrVq3lzkFXiF6QKBRr9yldvELNUcY1MUmu7vpdgMKUGBZN85vZSyxPKxnTIuxnVVHEbTOe3zshZpgxIFJusNJK5+ntiSpW1ExVmnYriyC57ufif100xugmmQicpcs0Wi6JUEoxJ/jgZCMMZyklGKDMiu5WwETWUYRZPHoK//PIqaV3WfK/mP1xV67dFHGU4gVM4Bx+uoQ730IAmMBjBM7zCm6OcF+fd+Vi0lpxi5hj+wPn8AQ5djOs=</latexit><latexit sha1_base64="cW7Fr63sjKVVwlLUVW9qwYaMA+o=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBZBEEoigh6LXjxWsB/QhrLZbtqlu5uwOxFK6V/w4kERr/4hb/4bkzYHbX0w8Hhvhpl5YSKFRc/7dkpr6xubW+Vtd2d3b/+gcnjUsnFqGG+yWMamE1LLpdC8iQIl7ySGUxVK3g7Hd7nffuLGilg/4iThgaJDLSLBKObSheu6/UrVq3lzkFXiF6QKBRr9yldvELNUcY1MUmu7vpdgMKUGBZN85vZSyxPKxnTIuxnVVHEbTOe3zshZpgxIFJusNJK5+ntiSpW1ExVmnYriyC57ufif100xugmmQicpcs0Wi6JUEoxJ/jgZCMMZyklGKDMiu5WwETWUYRZPHoK//PIqaV3WfK/mP1xV67dFHGU4gVM4Bx+uoQ730IAmMBjBM7zCm6OcF+fd+Vi0lpxi5hj+wPn8AQ5djOs=</latexit> uth = uth,t

<latexit sha1_base64="wUN3vW5bGDNtW/RG0di7dDp+KnM=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8EiuJCSiKAboejGZQV7gTaEyXTaDp1MwsyJUmIexY0LRdz6JO58G6dpFtr6w8DHf87hnPmDWHANjvNtlVZW19Y3ypuVre2d3T27ut/WUaIoa9FIRKobEM0El6wFHATrxoqRMBCsE0xuZvXOA1OaR/IepjHzQjKSfMgpAWP5djXxUxhn+ArncAqZb9ecupMLL4NbQA0Vavr2V38Q0SRkEqggWvdcJwYvJQo4FSyr9BPNYkInZMR6BiUJmfbS/PQMHxtngIeRMk8Czt3fEykJtZ6GgekMCYz1Ym1m/lfrJTC89FIu4wSYpPNFw0RgiPAsBzzgilEQUwOEKm5uxXRMFKFg0qqYENzFLy9D+6zuOnX37rzWuC7iKKNDdIROkIsuUAPdoiZqIYoe0TN6RW/Wk/VivVsf89aSVcwcoD+yPn8A6S+Twg==</latexit><latexit sha1_base64="wUN3vW5bGDNtW/RG0di7dDp+KnM=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8EiuJCSiKAboejGZQV7gTaEyXTaDp1MwsyJUmIexY0LRdz6JO58G6dpFtr6w8DHf87hnPmDWHANjvNtlVZW19Y3ypuVre2d3T27ut/WUaIoa9FIRKobEM0El6wFHATrxoqRMBCsE0xuZvXOA1OaR/IepjHzQjKSfMgpAWP5djXxUxhn+ArncAqZb9ecupMLL4NbQA0Vavr2V38Q0SRkEqggWvdcJwYvJQo4FSyr9BPNYkInZMR6BiUJmfbS/PQMHxtngIeRMk8Czt3fEykJtZ6GgekMCYz1Ym1m/lfrJTC89FIu4wSYpPNFw0RgiPAsBzzgilEQUwOEKm5uxXRMFKFg0qqYENzFLy9D+6zuOnX37rzWuC7iKKNDdIROkIsuUAPdoiZqIYoe0TN6RW/Wk/VivVsf89aSVcwcoD+yPn8A6S+Twg==</latexit><latexit sha1_base64="wUN3vW5bGDNtW/RG0di7dDp+KnM=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8EiuJCSiKAboejGZQV7gTaEyXTaDp1MwsyJUmIexY0LRdz6JO58G6dpFtr6w8DHf87hnPmDWHANjvNtlVZW19Y3ypuVre2d3T27ut/WUaIoa9FIRKobEM0El6wFHATrxoqRMBCsE0xuZvXOA1OaR/IepjHzQjKSfMgpAWP5djXxUxhn+ArncAqZb9ecupMLL4NbQA0Vavr2V38Q0SRkEqggWvdcJwYvJQo4FSyr9BPNYkInZMR6BiUJmfbS/PQMHxtngIeRMk8Czt3fEykJtZ6GgekMCYz1Ym1m/lfrJTC89FIu4wSYpPNFw0RgiPAsBzzgilEQUwOEKm5uxXRMFKFg0qqYENzFLy9D+6zuOnX37rzWuC7iKKNDdIROkIsuUAPdoiZqIYoe0TN6RW/Wk/VivVsf89aSVcwcoD+yPn8A6S+Twg==</latexit><latexit sha1_base64="wUN3vW5bGDNtW/RG0di7dDp+KnM=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8EiuJCSiKAboejGZQV7gTaEyXTaDp1MwsyJUmIexY0LRdz6JO58G6dpFtr6w8DHf87hnPmDWHANjvNtlVZW19Y3ypuVre2d3T27ut/WUaIoa9FIRKobEM0El6wFHATrxoqRMBCsE0xuZvXOA1OaR/IepjHzQjKSfMgpAWP5djXxUxhn+ArncAqZb9ecupMLL4NbQA0Vavr2V38Q0SRkEqggWvdcJwYvJQo4FSyr9BPNYkInZMR6BiUJmfbS/PQMHxtngIeRMk8Czt3fEykJtZ6GgekMCYz1Ym1m/lfrJTC89FIu4wSYpPNFw0RgiPAsBzzgilEQUwOEKm5uxXRMFKFg0qqYENzFLy9D+6zuOnX37rzWuC7iKKNDdIROkIsuUAPdoiZqIYoe0TN6RW/Wk/VivVsf89aSVcwcoD+yPn8A6S+Twg==</latexit>

d
<latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit>

w
<latexit sha1_base64="S8o8k6X9NK9GxCPFwpLshvp7c5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0oJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5LWM+w==</latexit><latexit sha1_base64="S8o8k6X9NK9GxCPFwpLshvp7c5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0oJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5LWM+w==</latexit><latexit sha1_base64="S8o8k6X9NK9GxCPFwpLshvp7c5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0oJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5LWM+w==</latexit><latexit sha1_base64="S8o8k6X9NK9GxCPFwpLshvp7c5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0oJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5LWM+w==</latexit>

uelev = v + w
<latexit sha1_base64="chZ2LXUgmhE14Yurg1bu8smIfpc=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAZBEMKuCHoRgl48RjAPSJZldtJJhszOLvOIxCVf4sWDIl79FG/+jZNkD5pY0FBUddPdFaWcKe15387K6tr6xmZhq7i9s7tXcvcPGioxkkKdJjyRrYgo4ExAXTPNoZVKIHHEoRkNb6d+cwRSsUQ86HEKQUz6gvUYJdpKoVsyYQYcRhN8jUdn+DF0y17FmwEvEz8nZZSjFrpfnW5CTQxCU06UavteqoOMSM0oh0mxYxSkhA5JH9qWChKDCrLZ4RN8YpUu7iXSltB4pv6eyEis1DiObGdM9EAtelPxP69tdO8qyJhIjQZB54t6hmOd4GkKuMskUM3HlhAqmb0V0wGRhGqbVdGG4C++vEwa5xXfq/j3F+XqTR5HAR2hY3SKfHSJqugO1VAdUWTQM3pFb86T8+K8Ox/z1hUnnzlEf+B8/gCug5Ju</latexit><latexit sha1_base64="chZ2LXUgmhE14Yurg1bu8smIfpc=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAZBEMKuCHoRgl48RjAPSJZldtJJhszOLvOIxCVf4sWDIl79FG/+jZNkD5pY0FBUddPdFaWcKe15387K6tr6xmZhq7i9s7tXcvcPGioxkkKdJjyRrYgo4ExAXTPNoZVKIHHEoRkNb6d+cwRSsUQ86HEKQUz6gvUYJdpKoVsyYQYcRhN8jUdn+DF0y17FmwEvEz8nZZSjFrpfnW5CTQxCU06UavteqoOMSM0oh0mxYxSkhA5JH9qWChKDCrLZ4RN8YpUu7iXSltB4pv6eyEis1DiObGdM9EAtelPxP69tdO8qyJhIjQZB54t6hmOd4GkKuMskUM3HlhAqmb0V0wGRhGqbVdGG4C++vEwa5xXfq/j3F+XqTR5HAR2hY3SKfHSJqugO1VAdUWTQM3pFb86T8+K8Ox/z1hUnnzlEf+B8/gCug5Ju</latexit><latexit sha1_base64="chZ2LXUgmhE14Yurg1bu8smIfpc=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAZBEMKuCHoRgl48RjAPSJZldtJJhszOLvOIxCVf4sWDIl79FG/+jZNkD5pY0FBUddPdFaWcKe15387K6tr6xmZhq7i9s7tXcvcPGioxkkKdJjyRrYgo4ExAXTPNoZVKIHHEoRkNb6d+cwRSsUQ86HEKQUz6gvUYJdpKoVsyYQYcRhN8jUdn+DF0y17FmwEvEz8nZZSjFrpfnW5CTQxCU06UavteqoOMSM0oh0mxYxSkhA5JH9qWChKDCrLZ4RN8YpUu7iXSltB4pv6eyEis1DiObGdM9EAtelPxP69tdO8qyJhIjQZB54t6hmOd4GkKuMskUM3HlhAqmb0V0wGRhGqbVdGG4C++vEwa5xXfq/j3F+XqTR5HAR2hY3SKfHSJqugO1VAdUWTQM3pFb86T8+K8Ox/z1hUnnzlEf+B8/gCug5Ju</latexit><latexit sha1_base64="chZ2LXUgmhE14Yurg1bu8smIfpc=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAZBEMKuCHoRgl48RjAPSJZldtJJhszOLvOIxCVf4sWDIl79FG/+jZNkD5pY0FBUddPdFaWcKe15387K6tr6xmZhq7i9s7tXcvcPGioxkkKdJjyRrYgo4ExAXTPNoZVKIHHEoRkNb6d+cwRSsUQ86HEKQUz6gvUYJdpKoVsyYQYcRhN8jUdn+DF0y17FmwEvEz8nZZSjFrpfnW5CTQxCU06UavteqoOMSM0oh0mxYxSkhA5JH9qWChKDCrLZ4RN8YpUu7iXSltB4pv6eyEis1DiObGdM9EAtelPxP69tdO8qyJhIjQZB54t6hmOd4GkKuMskUM3HlhAqmb0V0wGRhGqbVdGG4C++vEwa5xXfq/j3F+XqTR5HAR2hY3SKfHSJqugO1VAdUWTQM3pFb86T8+K8Ox/z1hUnnzlEf+B8/gCug5Ju</latexit>

Figure 3.8: Uncertain nonlinear model for GTM.

F-18 around falling-leaf mode flight condition
In this example, we analyze a 7-state, cubic degree F-18 closed-loop polynomial model ẋ =
f3(x) from [38], where the states x1, ..., x7 represent sideslip angle (rad), angle-of-attack
(rad), roll rate (rad/s), pitch rate (rad/s), yaw rate (rad/s), bank angle (rad), controller
state (rad) respectively. The trim point of the states is xt = [0 degree, 20.17 degree, -1.083
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Figure 3.9: Outer bounds for GTM model at T = 0.4 sec with L2 disturbance and pertur-
bation ∆.

degree/s, 1.855 degree/s, 2.634 degree/s, 35 degree, 0 degree]. Consider the flight condition
for a coordinated turn (x1,t = 0◦) at a 35◦ bank angle and at the air speed of 350 ft/s.
Around this condition the aircraft is more likely to experience the falling-leaf motion. The
analysis is performed around this flight condition.

The given initial set X0 = {x ∈ R7 : (x − xt)>C−1(x − xt) − 1 ≤ 0} is a 7-dimensional
ellipsoid inside the region of attraction, where C = diag((10π/180)2,(25π/180)2, (35π/180)2,
(30π/180)2, (15π/180)2, (25π/180)2, (20π/180)2). Again, in order to improve the numerical
conditioning, we scale the states xscl = N−1x, where N = diag(10π/180, 25π/180, 35π/180,
5π/180, 15π/180, 25π/180, 20π/180). Take Xl with radii twice as long as those of X0. Take
Ωq

1 as the minimum volume ellipsoid containing all the simulation points x(T ).
Figure 3.10 and Figure 3.11 show the outer bound of reachable set in x1 − x2 space and

x3 − x5 space respectively, at different simulation times. The red dotted curve is a slice
of initial set X0. We can see that ΩV

T,0 (shown with the black curve) tightly contains x(T )
(shown with green points). We verified the reliability of the solutions of this example from
SOS programming with a post-processing step as advocated in [39].
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Figure 3.10: Outer bounds for F-18 model in x1 − x2 plane.
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Figure 3.11: Outer bounds for F-18 model in x3 − x5 plane.
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Comparison to the V, s iterations method

The outer bound of the reachable set at T = 0.4 sec is also computed using the V, s iterations
method from [7] with the same shape function q as the one we used before. The outer-
approximations obtained using the V, s iterations and quasi-convex methods are shown with
the brown curves and black curves in Figure 3.12, respectively. We can see that the brown
curves enclose the black curves in both plots, and thus the outer bound from the quasi-convex
method is less conservative.
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Figure 3.12: Comparison of outer bounds at T = 0.4 sec for F-18 model.

The computation details are shown in Table 3.3, including the obtained α and computa-
tion time. We can see that compared with the V, s iterations, within the similar amount of
computation time, using the same shape function, the quasi-convex method from this disser-
tation is able to achieve smaller α, i.e. less conservative outer bound. Also, from the value
of α? reported in Table 3.3, we can see that the outer bound obtained using our method is
contained by Ωq

1.36, whose radii are 1.166 times those of Ωq
1, the minimum-volume ellipsoid

that contains all the simulation points. This indicates the tightness of the outer bound.

Table 3.3: Computation results and details for the two methods

Methods α∗ Degree of V Degree of s Time[sec]
V, s iterations 1.70 4 4 5.2× 103

quasi-convex 1.36 6 6 3.7× 103

3.5 Chapter Summary
In this chapter a method for computing outer bounds of reachable sets using time varying
storage functions that satisfy “local” dissipation inequalities is proposed. The method is
developed for nonlinear systems with polynomial vector fields and simultaneously accounts
for L2 disturbances, parametric uncertainties, and perturbations described by time-domain
integral quadratic constraints (IQCs). A key aspect is that IQCs can be used to account
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for unmodeled dynamics. The computational algorithms rely on SOS programming and
the generalized S-procedure. This leads to quasi-convex optimizations for computing the
tightest outer bound of the reachable set. It is thus possible to compute the global optima
for this optimization and no initialization is required for the storage function. We applied
the proposed method to several examples including several using nonlinear aircraft models.
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Chapter 4

Robust Backward Reachability
Analysis and Control Synthesis for
Uncertain Nonlinear Systems

The backward reachable set (BRS) is the set of initial conditions whose successors can be
driven to a target set at the end of a finite time horizon with an admissible controller. The
BRS is of vital importance for safety-critical systems, since it indicates where the trajectories
should start from in order to reach the target set.

Backward reachability has been extensively studied with several approaches, including
occupation measure-based methods [10,40,41], Hamilton-Jacobi methods [8, 42, 43], relaxed
Hamilton-Jacobi methods [6, 44], and Lyapunov-based methods [5]. A shortcoming of the
existing reachability tools is that they rely on accurate system models. Only limited forms of
uncertainty have been addressed, such as parametric uncertainty in [5, 6, 8, 10, 44] and both
parametric uncertainty and L2 disturbances in our earlier work [45,46].

In this chapter, we propose a method to compute inner-approximations to the BRS that
are robust to a more general class of perturbations. We model the uncertain nonlinear system
as an interconnection of the nominal system G and the perturbation ∆, as in Fig. 1.1. The
input-output relationship of ∆ is described using the integral quadratic constraint (IQC)
framework [13, 18], which accounts for parametric uncertainties, and unmodeled dynamics.
We characterize BRS inner-approximations by sublevel sets of storage functions that satisfy
a dissipation inequality that is compatible with IQCs. We then formulate an iterative convex
optimization procedure to compute storage functions and associated control laws using the
generalized S-procedure [22] and sum-of-squares (SOS) techniques [21].

The proposed framework incorporates both hard and soft IQC factorizations. The use of
dissipation inequalities typically requires IQCs that are valid over any finite time horizon,
known as hard IQCs. However, many IQCs are specified in the frequency domain, which are
equivalent to time-domain constraints over infinite horizons (soft IQCs). We obtain improved
BRS bounds by incorporating soft IQCs by means of the finite-horizon bound derived in [18].
Moreover, we overcome a technical challenge that arises when the input of the perturbation
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∆ depends directly on the control command, as in the case of actuator uncertainty. This
dependence creates a source of nonconvexity, which we circumvent by introducing auxiliary
states in the control law.

In this chapter, we first present the robust backward reachability framework using hard
IQCs. Then we adapt the method to actuator uncertainties. Next, we extend the robust
reachability analysis to soft IQCs. Finally, we illustrate the effectiveness of the proposed
framework on a 6-state quadrotor system with actuator uncertainty.

4.1 Backward Reachability with Hard IQCs

Problem Setup
Consider an uncertain nonlinear system defined on [0, T ]:

ẋG(t) = f(xG(t), w(t), d(t)) + g(xG(t), w(t), d(t))u(t), (4.1a)
v(t) = h(xG(t), w(t), d(t)), (4.1b)
w(·) = ∆(v(·)), (4.1c)

which is an interconnection (Fig. 1.1) of the nominal system G and the perturbation ∆,
denoted as Fu(G,∆). In (4.1), xG(t) ∈ RnG is the state, u(t) ∈ U ⊆ Rnu is the control input,
d(t) ∈ Rnd is the external disturbance, and v(t) ∈ Rnv and w(t) ∈ Rnw are the inputs and
outputs of ∆. The mappings f , g, and h define the nominal system G. The perturbation
∆ : Lnv2e → Lnw2e is a bounded and causal operator. Note that in (4.1b), v does not depend
directly on u. Well-posedness of Fu(G,∆) is defined as follows.

Definition 12. Fu(G,∆) is well-posed if for all xG(t0) ∈ RnG and d ∈ Lnd2e there exist unique
solutions xG ∈ LnG2e , v ∈ Lnv2e , and w ∈ Lnw2e satisfying (4.1) with a causal dependence on d.

Assumption 2. (i) The disturbance d satisfies d ∈ Lnd2 with:

‖d‖L2,[0,T ] < R, for some R > 0, and (4.2)

(ii) the set of control constraints is given as a polytope U := {u ∈ Rnu : Pu ≤ b}, where
P ∈ Rnp×nu and b ∈ Rnp.

Let xG(t; ξ, u, d) define the solution to the uncertain system (4.1), at time t (0 ≤ t ≤ T ),
from the initial condition ξ, under the control u and the disturbance d. Let XT ⊂ RnG

denote the target set for xG(t; ξ, u, d) to reach at time T .

Definition 13. Under Assumption 2, the BRS of Fu(G,∆) (4.1) is defined as

BRS(T,XT , U,R, Fu(G,∆)) := {ξ ∈ RnG : ∃ u, s.t. u(t) ∈ U ∀ t ∈ [0, T ], and
xG(T ; ξ, u, d) ∈ XT ∀ d with ‖d‖2,[0,T ] < R}.

Our goal is to compute an BRS inner-approximation and an associated controller.
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Robust Backward Reachability
As discussed in the previous chapter, the perturbation ∆ can represent various types of
uncertainties and nonlinearities. In this section, we only consider perturbations that can be
described by hard IQCs, and soft IQCs are incorporated in the framework in Section 4.3.
Since the behavior of the perturbation ∆ can be described by an IQC associated with a filter
Ψ and a matrix M , and the analysis on Fu(G,∆) can be instead performed on the extended
system shown in Fig. 3.2, with an additional constraint ∆ ∈ HardIQC(Ψ,M). The extended
system is an interconnection of G and Ψ, with combined state vector x := [xG;ψ] ∈ Rn,
n = nG + nψ, whose dynamics can be rewritten as

ẋ(t) = F (x(t), w(t), d(t), u(t)), (4.3a)
z(t) = H(x(t), w(t), d(t)), (4.3b)

where F and H depend on the dynamics of G and Ψ. F is still affine in u. For any input
d ∈ Lnd2 and initial condition xG(t0) ∈ RnG , the solutions v ∈ Lnv2e and w ∈ Lnw2e to Fu(G,∆)
(4.1) satisfy the IQC (2.12). The extended system (4.3) with the IQC (2.12) “covers” the
responses of the original uncertain system Fu(G,∆). Indeed, given any input d ∈ Lnd2 and
initial condition xG(t0) ∈ RnG , the input w ∈ Lnw2e is implicitly constrained in the extended
system so that the pair (v, w) satisfies the IQC (2.12). This set of (v, w) that satisfies the
IQC (2.12) includes all input/output pairs of ∆.

We consider the memoryless, time-varying state-feedback control u(t) = k(t, xG(t)), k :
R×RnG → Rnu . We don’t allow k to depend on ψ, since ψ is introduced by the virtual filter
Ψ. The following theorem provides a BRS inner-approximation for the extended system G
and Ψ, and therefore for the original uncertain system Fu(G,∆).

Theorem 5. Let Assumption 2 hold, and further assume (i) Fu(G,∆) is well-posed, (ii)
∆ ∈ HardIQC(Ψ,M), with Ψ and M given. Given XT ⊂ RnG, P ∈ Rnp×nu, b ∈ Rnp, R > 0,
F,H defined in (4.3), T > 0, and γ ∈ R, if there exists a C1 function V : R× Rn → R, and
a control law k : R × RnG → Rnu that is continuous in t and locally Lipschitz in xG, such
that

∂tV (t, x) + ∂xV (t, x) · F (x,w, d, k) + z>Mz ≤ d>d,∀ (t, x, w, d) ∈ [0, T ]× Rn × Rnw × Rnd ,

s.t. V (t, x) ≤ γ +R2, (4.4)
{xG : V (T, x) ≤ γ +R2} ⊆ XT , ∀ ψ ∈ Rnψ , (4.5)
Pik(t, xG) ≤ bi,∀(t, x) ∈ [0, T ]× Rn, s.t. V (t, x) ≤ γ +R2, ∀ i = 1, ..., np, (4.6)

where x = [xG;ψ], then the intersection of ΩV
0,γ with the hyperplane ψ = 0 is an inner-

approximation to BRS(T,XT , U,R, Fu(G,∆)) under the control law k.

Proof. Since the dissipation inequality (4.4) only holds on the region ΩV
t,γ+R2 , we first need

to prove that all the state trajectories starting from ΩV
0,γ won’t leave ΩV

t,γ+R2 for all t ∈
[0, T ]. This is proven by contradiction. Assume there exists a time instance T1 ∈ [0, T ],
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such that a trajectory starting from x(0) ∈ ΩV
0,γ satisfies V (T1, x(T1)) > γ + R2. Define

T2 = infV (t,x(t))>γ+R2 t, and integrate (4.4) over [0, T2]:

V (T2, x(T2))− V (0, x(0)) +
∫ T2

0
z(t)>Mz(t)dt ≤

∫ T2

0
d(t)>d(t)dt.

Apply x(0) ∈ ΩV
0,γ and ∆ ∈ HardIQC(Ψ,M) to show

V (T2, x(T2)) ≤ γ +
∫ T2

0
d(t)>d(t)dt.

Next recall that d is assumed to satisfy (4.2):
γ +R2 = V (T2, x(T2)) < γ +R2,

which is a contradiction. As a result, x(0) ∈ ΩV
0,γ implies x(t) ∈ ΩV

t,γ+R2 for all t ∈ [0, T ], and
thus V (T, x(T )) ≤ γ+R2. Combining it with (4.5) shows that ΩV

0,γ is an inner-approximation
to the BRS of the extended system, and the intersection of ΩV

0,γ with ψ = 0 is an inner-
approximation to BRS(T,XT , U,R, Fu(G,∆)). Lastly, constraint (4.6) ensures the control
signal derived from u(t) = k(t, xG(t)) satisfies the control constraints Pu(t) ≤ b, ∀t ∈
[0, T ].

Robust Backward Reachability with SOS Programming
To find a V and a k satisfying (4.4)–(4.6), we make use of sum-of-squares (SOS) pro-
gramming. To do so, we restrict the decision variables to polynomials V ∈ R[(t, x)],
k ∈ Rnu [(t, xG)], and make the following assumption.

Assumption 3. The nominal system G given in (4.1) has polynomial dynamics: f ∈
RnG [(xG, w, d)], g ∈ RnG×nu [(xG, w, d)], and h ∈ Rnv [(xG, w, d)]. Therefore, F and H in (4.3)
are polynomials. XT is a semi-algebraic set: XT := {xG : px(xG) ≤ 0}, where px ∈ R[xG] is
provided.

In Example 1 and 2, we have seen that for each type of perturbation, any IQC defined
by a properly chosen Ψ and a M drawn from the constraint setM is valid. Therefore, along
with V and k, we also treat M ∈M as a decision variable. AssumeM is described by linear
matrix inequalities [18]. Define pt := t(T − t), which is nonnegative for all t ∈ [0, T ]. By
applying the generalized S-procedure [22] to (4.4)–(4.6), and choosing the volume of ΩV

0,γ as
the objective function (to be maximized), we obtain the following optimization:

sup
V,M,k,si

Volume(ΩV
0,γ)

s.t. V ∈ R[(t, x)], k ∈ Rnu [(t, xG)],M ∈M,

− (∂tV + ∂xV · F |u=k + z>Mz − d>d)− s1pt

+ (V − γ −R2)s2 ∈ Σ[(t, x, w, d)], (4.7a)
− s3px + V |t=T − γ −R2 ∈ Σ[x], (4.7b)
− (Pik − bi)− s4,ipt + (V − γ −R2)s5,i ∈ Σ[(t, x)], ∀ i = 1, ..., np, (4.7c)
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where s1, s2 ∈ Σ[(t, x, w, d)], (s3 − ε) ∈ Σ[x], and s4,i, s5,i ∈ Σ[(t, x)]. The positive number
ε ensures that s3 is uniformly bounded away from 0. The optimization (4.7) is nonconvex,
since it is bilinear in two sets of decision variables, V and (k, s2, s5,i). As summarized in
Algorithm 2, the nonconvex optimization (4.7) is handled by alternating the search over
these two sets of decision variables, since holding one set fixed and optimizing over the other
results in a convex problem. Since an explicit expression is not available for the volume of
ΩV

0,γ for a generic V , we instead enlarge it by maximizing γ in the (k, γ)-step when V is
fixed. Combining it with the constraint (4.8) in the V -step, which enforces ΩV j−1

0,γj ⊆ ΩV j

0,γj ,
we are able to prove that the volume of the inner-approximations will not decrease with each
iteration [46, Theorem 2]. A linear state feedback for the linearization about the equilibrium
point was used to compute the initial iterate V 0.

Algorithm 2 Alternating direction method for hard IQCs
Input: function V 0 such that constraints (4.7) are feasible by proper choice of si, k, γ,M .
Output: k, γ, V,M .

1: for j = 1 : Niter do
2: (k, γ)-step: decision variables (si, k, γ,M). Maximize γ subject to (4.7) using

V = V j−1. This yields (sj2, sj5,i, kj) and optimal reward γj.
3: V -step: decision variables (s0, s1, s3, s4,i, V,M). Maximize the feasibility subject to

(4.7) as well as s0 ∈ Σ[x], and

(γj − V |t=0) + (V j−1|t=0 − γj)s0 ∈ Σ[x], (4.8)

using (γ = γj, s2 = sj2, s5,i = sj5,i, k = kj). This yields V j.
4: end for

4.2 Extension to Actuator Uncertainty
This section considers the case where the control inputs are subject to actuator uncertainty.
For example, unmodeled actuator dynamics can be modeled by a plant input upert given as
the sum of the controller command u and a norm-bounded nonlinearity ∆: upert = u+∆(u).
The input v to ∆ and the IQC filter output z were previously defined (Equations (4.1b) and
(4.3b)) to be independent of the control command u. However, the inclusion of the actuator
uncertainty implies that v and z must now depend on u.

This motivates the following generalization of the proposed method. Assume the entire
input vector u is subject to the actuator uncertainty. The perturbation input and IQC filter
output are now given by the following modifications to Equations (4.1b) and (4.3b):

v(t) = h(xG(t), w(t), d(t), u(t)), (4.9)
z(t) = H(x(t), w(t), d(t), u(t)). (4.10)
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A consequence of this generalization is that optimization over k is nonconvex even when V
is fixed, since z>Mz in (4.4) depends nonlinearly on k. A remedy is to introduce auxiliary
state x̃ ∈ Rnu for the perturbed control input u, and to design a dynamic controller of the
form

˙̃x(t) = k̃(t, xG(t), x̃(t)), (4.11a)
u(t) = x̃(t). (4.11b)

where k̃ : R×RnG ×Rnu → Rnu is to be determined. If we restrict the initial condition of x̃
to be zero: x̃(0) = 0nu , allow k̃ to depend on x̃, but not on ψ, and V to depend on the new
state x̃: V : R× Rn × Rnu → R, then the dissipation inequality becomes:

∂tV (t, x, x̃) + ∂xV (t, x, x̃) · F (x,w, d, x̃) + ∂x̃V (t, x, x̃) · k̃(t, xG, x̃) + z>Mz ≤ d>d,

∀ (t, x, x̃, w, d) ∈ [0, T ]× Rn × Rnu × Rnw × Rnd , s.t. V (t, x, x̃) ≤ γ +R2. (4.12)

The term z>Mz in (4.12) is then nonlinear in the state variable x̃, rather than in the
control law. The dissipation inequality is therefore bilinear in V and k̃, and can be solved
in a way similar to Algorithm 2. Next, we provide the theorem that incorporates actuator
uncertainties.

Theorem 6. Let Assumption 2 hold, and further assume (i) Fu(G,∆) is well-posed, (ii)
∆ ∈ HardIQC(Ψ,M), with Ψ and M given. Given XT ⊂ RnG, P ∈ Rnp×nu, b ∈ Rnp, R > 0,
F defined in (4.3a), H defined in (4.10), T > 0, and γ ∈ R, if there exists a C1 function
V : R× Rn × Rnu → R, and control law k̃ : R× RnG × Rnu → Rnu, such that (4.12),

{xG : V (T, x, x̃) ≤ γ +R2} ⊆ XT ,∀ (ψ, x̃) ∈ Rnψ × U, (4.13)
Pix̃ ≤ bi,∀(t, x, x̃) ∈ [0, T ]× Rn × Rnu , s.t. V (t, x, x̃) ≤ γ +R2,∀ i = 1, ..., np, (4.14)

where x = [xG;ψ], then the intersection of ΩV
0,γ with the hyperplane (ψ, x̃) = 0 is an inner-

approximation to BRS(T,XT , U,R, Fu(G,∆)) under the control (4.11).

The conditions of Theorem 6 can be formulated as an SOS optimization similar to (4.7),
and is omitted. Although we assumed all control inputs are perturbed by uncertainty, the
results can be extended to the case where a subset of the actuators are perturbed. This
extension involves mainly notational changes and is also omitted.

4.3 Backward Reachability with soft IQCs
Previously we assumed ∆ ∈ HardIQC(Ψ,M). However, many IQCs are specified in the
frequency domain [13]. Their time domain representation results in so called ‘soft IQC’. The
definitions for frequency domain and time domain soft IQCs are given in Definition 2 and 4.

Let ∆ ∈ FreqIQC(Π) and ∆ ∈ SoftIQC(Ψ,M) indicate that ∆ satisfies corresponding
frequency domain and time domain soft IQCs, respectively. As discussed in the previous
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chapter, the library of IQCs specified in frequency domain can always be translated into soft
IQCs, but not into hard IQCs, and when both hard and soft factorizations exist, the latter
is usually less restrictive. Therefore, it is helpful to incorporate soft IQCs in the analysis.

Since soft IQCs hold over the infinite horizon, they cannot be incorporated in the analysis
based on a finite-horizon dissipation inequality directly. To alleviate this issue, we use
the results from Lemma 1 again, which provides lower bounds for soft IQCs over all finite
horizons, and thus allows for soft IQCs in the finite horizon reachability analysis.

Based on this lemma, the following theorem provides a BRS inner-approximation for
Fu(G,∆) with ∆ ∈ SoftIQC(Ψ,M), also allowing for actuator uncertainties.

Theorem 7. Let Assumption 2 hold, and further assume (i) Fu(G,∆) is well-posed, (ii)
∆ ∈ SoftIQC(Ψ,M), with Ψ and M given, (iii) Π = Ψ∗MΨ satisfying Π22 < 0 ∀ω.∗ Given
XT ⊂ RnG, P ∈ Rnp×nu, b ∈ Rnp, R > 0, F defined in (4.3a), H defined in (4.10), T > 0,
and γ ∈ R, if there exists a C1 function V : R×Rn×Rnu → R, a matrix Y22 ∈ Snψ satisfying
(3.22), and a k̃ : R× RnG × Rnu → Rnu, such that

∂tV (t, x, x̃) + ∂xV (t, x, x̃) · F (x,w, d, x̃) + ∂x̃V (t, x, x̃) · k̃(t, xG, x̃) + z>Mz ≤ d>d,

∀ (t, x, x̃, w, d) ∈ [0, T ]× Rn × Rnu × Rnw × Rnd , s.t. V(t, x, x̃) ≤ γ +R2, (4.15a)
{xG : V(T, x, x̃) ≤ γ +R2} ⊆ XT ,∀ (ψ, x̃) ∈ Rnψ × U, (4.15b)
Pix̃ ≤ bi,∀(t, x, x̃) ∈ [0, T ]× Rn × Rnu , s.t. V(t, x, x̃) ≤ γ +R2,∀ i = 1, ..., np, (4.15c)

where V = V − ψ>Y22ψ, x = [xG;ψ], then the intersection of ΩV
0,γ with the hyperplane

(ψ, x̃) = 0 is an inner-approximation to BRS(T,XT , U,R, Fu(G,∆)) under (4.11).

Proof. Similar to the proof of Theorem 5, it follows by contradiction that (x(0), x̃(0)) ∈ ΩV
0,γ

implies (x(t), x̃(t)) ∈ ΩVt,γ+R2 , for all t ∈ [0, T ]. Therefore, we are able to integrate (4.15a)
over [0, T ]:

V (T, x(T ), x̃(T ))− V (0, x(0), x̃(0)) +
∫ T

0
z(t)>Mz(t)dt ≤

∫ T

0
d(t)>d(t)dt.

Use (x(0), x̃(0)) ∈ ΩV
0,γ and ‖d‖L2,[0,T ] < R to show

V (T, x(T ), x̃(T )) +
∫ T

0
z(t)>Mz(t)dt < γ +R2. (4.16)

Next it follows from ∆ ∈ SoftIQC(Ψ,M) and Lemma 1 that

V (T, x(T ), x̃(T ))− ψ(T )>Y22ψ(T ) < γ +R2. (4.17)

Combining (4.17) with (4.15b), it holds xG(T ) ∈ XT for all (x(0), x̃(0)) ∈ ΩV
0,γ. Therefore, the

intersection of ΩV
0,γ with (ψ, x̃) = 0 is an inner-approximation to BRS(T,XT , U,R, Fu(G,∆)).

∗The notation Π22 refers to the partitioning Π =
[

Π11 Π12
Π∗

12 Π22

]
conformably with the dimensions of v and

w.
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Similar to (4.7), we formulate an SOS optimization using the constraints of Theorem 7 :

sup
V,M,Y22,k̃,si

Volume(ΩV
0,γ)

s.t. V ∈ R[(t, x, x̃)], k̃ ∈ Rnu [(t, xG, x̃)],
M ∈M and Y22 ∈ Snψ satisfy (3.22),
− (∂tV + ∂xV · F |u=x̃ + ∂x̃V · k̃

+ z>Mz − d>d) + (V − γ −R2)s2 − s1pt ∈ Σ[(t, x, x̃, w, d)], (4.18a)
− s3px + V|t=T − γ −R2 + Σnp

i=1(Pix̃− bi)s6,i ∈ Σ[(x, x̃)], (4.18b)
− (Pix̃− bi) + (V − γ −R2)s5,i − s4,ipt ∈ Σ[(t, x, x̃)], ∀ i = 1, ..., np, (4.18c)

where s1, s2 ∈ Σ[(t, x, x̃, w, d)], (s3 − ε), s6,i ∈ Σ[(x, x̃)] and s4,i, s5,i ∈ Σ[(t, x, x̃)]. The opti-
mization (4.18) is bilinear in (V, Y22) and (s2, s5,i, k̃). Similar to Algorithm 2, Algorithm 3
tackles (4.18) by decomposing it into convex subproblems, and it also guarantees the im-
provement of the quality of the inner-approximation through iterations. Y 0

22 = 0nψ and a
M0 ∈M can be used as initializations.

Algorithm 3 Alternating direction method for soft IQCs
Input: V 0, M0 and Y 0

22 such that constraints (4.18) are feasible by proper choice of si, k̃, γ.
Output: k̃, γ, V , M , Y22.

1: for j = 1 : Niter do
2: (k, γ)-step: decision variables (si, k̃, γ). Maximize γ subject to (4.18)

using V = V j−1, M = M j−1, and Y22 = Y j−1
22 . This yields (sj2, sj5,i, k̃j, γj).

3: V -step: (s0, s1, s3, s4,i, s6,i, V,M, Y22) are decision variables. Maximize the feasibility
subject to (4.18) as well as s0 ∈ Σ[(x, x̃)], and

(γj − V |t=0) + (V j−1|t=0 − γj)s0 ∈ Σ[(x, x̃)],

using γ = γj, s2 = sj2, s5,i = sj5,i, k̃ = k̃j. This yields V j, M j and Y j
22.

4: end for

Computational complexity: A polynomial decision variable of degree 2dpoly in nvar vari-
ables has a m×m Gram matrix representation where m :=

(
nvar+dpoly

dpoly

)
, and thus introduces

O(m2) decision variables due to the Gram matrix. Using higher-degree polynomial decision
variables can provide a less conservative BRS estimate, but it takes longer to solve and might
be intractable for high-dimensional systems.

4.4 Numerical Examples
In the following examples, the SOS optimization problem is formulated using the SOS module
in SOSOPT [47] on MATLAB, and solved by the SDP solver MOSEK [34].
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Generic Transport Model (GTM) Example
The GTM is a remote-controlled 5.5% scale commercial aircraft [35]. The longitudinal
dynamics are approximated by a cubic degree polynomial model provided in [37]:

ẋ1 = −1.492x3
1 + 4.239x2

1 + 0.003x1x2 + 0.006x2
2 − 3.236x1 + 0.923x2 + (0.240x1 − 0.317)u,

ẋ2 = −7.228x3
1 + 1.103x3

2 + 18.365x2
1 − 45.339x1 − 4.373x2 + (41.505x1 − 59.989)u,

where xG = [x1;x2] is the state, x1 is the angle of attack (rad), x2 is the pitch rate (rad/s),
and the control input u is the elevator defection (rad). Assume the control input u generated
by the controller C is corrupted by an additive uncertainty ∆ exerted on the actuator, as
shown in Fig. 4.1. The actual signal that goes into the elevator channel is uelev := u + w,
where w is the output of ∆.

GTM
<latexit sha1_base64="Mw7anlgn8XqF8ryKebA0y3TFvck=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0aLYMW2ggR8wXJEfY2e8mSvb1jd04IR36CjYUitv4iO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpn57SeujYhVAycJ9yM6VCIUjKKVHm8b9/1S2a24c5BV4uWkDDnq/dJXbxCzNOIKmaTGdD03QT+jGgWTfFrspYYnlI3pkHctVTTixs/mp07JuVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdoQvOWXV0mrWvHcivdQLdeu8zgKcApncAEeXEIN7qAOTWAwhGd4hTdHOi/Ou/OxaF1z8pkT+APn8wfaFI1+</latexit><latexit sha1_base64="Mw7anlgn8XqF8ryKebA0y3TFvck=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0aLYMW2ggR8wXJEfY2e8mSvb1jd04IR36CjYUitv4iO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpn57SeujYhVAycJ9yM6VCIUjKKVHm8b9/1S2a24c5BV4uWkDDnq/dJXbxCzNOIKmaTGdD03QT+jGgWTfFrspYYnlI3pkHctVTTixs/mp07JuVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdoQvOWXV0mrWvHcivdQLdeu8zgKcApncAEeXEIN7qAOTWAwhGd4hTdHOi/Ou/OxaF1z8pkT+APn8wfaFI1+</latexit><latexit sha1_base64="Mw7anlgn8XqF8ryKebA0y3TFvck=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0aLYMW2ggR8wXJEfY2e8mSvb1jd04IR36CjYUitv4iO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpn57SeujYhVAycJ9yM6VCIUjKKVHm8b9/1S2a24c5BV4uWkDDnq/dJXbxCzNOIKmaTGdD03QT+jGgWTfFrspYYnlI3pkHctVTTixs/mp07JuVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdoQvOWXV0mrWvHcivdQLdeu8zgKcApncAEeXEIN7qAOTWAwhGd4hTdHOi/Ou/OxaF1z8pkT+APn8wfaFI1+</latexit><latexit sha1_base64="Mw7anlgn8XqF8ryKebA0y3TFvck=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0aLYMW2ggR8wXJEfY2e8mSvb1jd04IR36CjYUitv4iO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpn57SeujYhVAycJ9yM6VCIUjKKVHm8b9/1S2a24c5BV4uWkDDnq/dJXbxCzNOIKmaTGdD03QT+jGgWTfFrspYYnlI3pkHctVTTixs/mp07JuVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdoQvOWXV0mrWvHcivdQLdeu8zgKcApncAEeXEIN7qAOTWAwhGd4hTdHOi/Ou/OxaF1z8pkT+APn8wfaFI1+</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

�
<latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXpqvzq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjUg8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWqkSSSwGQ1vpn7zCbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSkDDlq3dJXp6dYlqC0TFBj2oGf2nBMteVM4KTYyQymlA1pH9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZZhYlmy+KM0GsItPXSY9rZFaMHKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp7wX7937mLeuePnMEfyB9/kDYIyO/A==</latexit><latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXpqvzq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjUg8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWqkSSSwGQ1vpn7zCbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSkDDlq3dJXp6dYlqC0TFBj2oGf2nBMteVM4KTYyQymlA1pH9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZZhYlmy+KM0GsItPXSY9rZFaMHKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp7wX7937mLeuePnMEfyB9/kDYIyO/A==</latexit><latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXpqvzq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjUg8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWqkSSSwGQ1vpn7zCbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSkDDlq3dJXp6dYlqC0TFBj2oGf2nBMteVM4KTYyQymlA1pH9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZZhYlmy+KM0GsItPXSY9rZFaMHKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp7wX7937mLeuePnMEfyB9/kDYIyO/A==</latexit><latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXpqvzq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjUg8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWqkSSSwGQ1vpn7zCbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSkDDlq3dJXp6dYlqC0TFBj2oGf2nBMteVM4KTYyQymlA1pH9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZZhYlmy+KM0GsItPXSY9rZFaMHKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp7wX7937mLeuePnMEfyB9/kDYIyO/A==</latexit> xG

<latexit sha1_base64="S9XHDYnnlLbY9FIsNB5SaJcx1P8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMrqd+65FrI2L1gOOE+xEdKBEKRtFK90+9m1654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezUyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF76mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTplGwI3uLLy6R5VvXcqnd3Xqld5XEU4QiO4RQ8uIAa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wctCI22</latexit><latexit sha1_base64="S9XHDYnnlLbY9FIsNB5SaJcx1P8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMrqd+65FrI2L1gOOE+xEdKBEKRtFK90+9m1654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezUyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF76mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTplGwI3uLLy6R5VvXcqnd3Xqld5XEU4QiO4RQ8uIAa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wctCI22</latexit><latexit sha1_base64="S9XHDYnnlLbY9FIsNB5SaJcx1P8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMrqd+65FrI2L1gOOE+xEdKBEKRtFK90+9m1654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezUyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF76mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTplGwI3uLLy6R5VvXcqnd3Xqld5XEU4QiO4RQ8uIAa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wctCI22</latexit><latexit sha1_base64="S9XHDYnnlLbY9FIsNB5SaJcx1P8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMrqd+65FrI2L1gOOE+xEdKBEKRtFK90+9m1654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezUyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF76mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTplGwI3uLLy6R5VvXcqnd3Xqld5XEU4QiO4RQ8uIAa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wctCI22</latexit>

u
<latexit sha1_base64="HdrHs+9WrEY+c6wp70bq3BGtMmw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A4a2M+Q==</latexit><latexit sha1_base64="HdrHs+9WrEY+c6wp70bq3BGtMmw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A4a2M+Q==</latexit><latexit sha1_base64="HdrHs+9WrEY+c6wp70bq3BGtMmw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A4a2M+Q==</latexit><latexit sha1_base64="HdrHs+9WrEY+c6wp70bq3BGtMmw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A4a2M+Q==</latexit> v

<latexit sha1_base64="Y1VFGg6QQHrr//k/0PvW2lPMVyo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N4US+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHstHM03Qj+hQ8pAzaqzUmPTLFbfqLkDWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8Wh87IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGtn3GZpAYlWy4KU0FMTOZfkwFXyIyYWkKZ4vZWwkZUUWZsNiUbgrf68jppXVU9t+o1riu1uzyOIpzBOVyCBzdQgweoQxMYIDzDK7w5T86L8+58LFsLTj5zCn/gfP4A4zGM+g==</latexit><latexit sha1_base64="Y1VFGg6QQHrr//k/0PvW2lPMVyo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N4US+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHstHM03Qj+hQ8pAzaqzUmPTLFbfqLkDWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8Wh87IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGtn3GZpAYlWy4KU0FMTOZfkwFXyIyYWkKZ4vZWwkZUUWZsNiUbgrf68jppXVU9t+o1riu1uzyOIpzBOVyCBzdQgweoQxMYIDzDK7w5T86L8+58LFsLTj5zCn/gfP4A4zGM+g==</latexit><latexit sha1_base64="Y1VFGg6QQHrr//k/0PvW2lPMVyo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N4US+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHstHM03Qj+hQ8pAzaqzUmPTLFbfqLkDWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8Wh87IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGtn3GZpAYlWy4KU0FMTOZfkwFXyIyYWkKZ4vZWwkZUUWZsNiUbgrf68jppXVU9t+o1riu1uzyOIpzBOVyCBzdQgweoQxMYIDzDK7w5T86L8+58LFsLTj5zCn/gfP4A4zGM+g==</latexit><latexit sha1_base64="Y1VFGg6QQHrr//k/0PvW2lPMVyo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N4US+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHstHM03Qj+hQ8pAzaqzUmPTLFbfqLkDWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8Wh87IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGtn3GZpAYlWy4KU0FMTOZfkwFXyIyYWkKZ4vZWwkZUUWZsNiUbgrf68jppXVU9t+o1riu1uzyOIpzBOVyCBzdQgweoQxMYIDzDK7w5T86L8+58LFsLTj5zCn/gfP4A4zGM+g==</latexit>

+
<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit>

+
<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit>

w
<latexit sha1_base64="S8o8k6X9NK9GxCPFwpLshvp7c5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0oJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5LWM+w==</latexit><latexit sha1_base64="S8o8k6X9NK9GxCPFwpLshvp7c5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0oJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5LWM+w==</latexit><latexit sha1_base64="S8o8k6X9NK9GxCPFwpLshvp7c5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0oJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5LWM+w==</latexit><latexit sha1_base64="S8o8k6X9NK9GxCPFwpLshvp7c5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0oJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5LWM+w==</latexit>

uelev
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Figure 4.1: The diagram of the GTM with input perturbation

Sector IQCs

Assume that ∆ lies within the sector [α, β], where α = 0, and β = 0.2. The filter Ψ and
constraint set M given below define a hard IQC:

Ψ = I2, M =
{
λ

[
−2αβ α + β
α + β −2

]
: λ ∈ Σ[(xG, x̃, w)]

}
,

where λ is a polynomial decision variable, which introduces more freedom to the optimization.
Take the target set as XT = {xG : x>GxG ≤ (π/27)2} (shown in Fig. 4.2 with red solid

curve), and assume the actuator limit on u is |u(t)| ≤ 0.261 rad. Degree-4 polynomial
storage functions are used to compute two inner-approximations on time horizons [0, 1 sec]
and [0, 2 sec], which correspond to the blue dashed curve and black dotted curve in Fig. 4.2,
respectively. Solid curves with crosses represent simulation trajectories starting from the
inner-approximation with time horizon [0, 2 sec] in the presence of actuator uncertainty, and
crosses represent different initial conditions. In Fig. 4.3, the simulations of control inputs
for different initial conditions are shown. We note that they are all within the control limits
during the time horizon.
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Figure 4.2: Simulation trajectories, and inner-approximations of the GTM example with the
sector IQC for two time horizons.
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Figure 4.3: Simulations of control inputs

Hard and soft IQCs

This time we assume that the perturbation ∆ in Fig. 4.1 is a time invariant parametric
uncertainty: w(t) = ∆(v(t)) = δv(t), with δ ∈ R, |δ| ≤ 0.2. Therefore, the actual signal that
goes into the elevator channel is uelev = u+w = (1+δ)u. As discussed in Example 3, δ satisfies
both HardIQC(Ψ,MD) and SoftIQC(Ψ,MDG). The backward reachability is performed using
both kinds of IQCs. In both cases, we use the same filter Ψ, and choose Ψd,m

11 from (3.13)
with m = 10 and d = 1. Therefore, Ψ introduces two filters states ψ ∈ R2 to the extended
system. Take the time horizon as [0, 2 sec], and use the same target set and actuator limits
from the previous example.

In Fig. 4.4, the inner-approximations computed using the hard and soft IQCs are shown
with the dashed purple curve, and the dash-dotted black curve. We see that with soft IQC
we are able to certify a larger inner-approximation. This is because the soft IQC has richer
knowledge of the time invariant parametric uncertainty than the hard IQC.
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Figure 4.4: Inner-approximations with soft and hard IQCs

Quadrotor Example
Consider the 6-state planar quadrotor dynamics [48]:

ẋ1 = x3,

ẋ2 = x4,

ẋ3 = u1K sin(x5),
ẋ4 = u1K cos(x5)− gn,
ẋ5 = x6,

ẋ6 = −d0x5 − d1x6 + n0u2,

where xG = [x1, ..., x6] is the state, x1 to x6 are horizontal position (m), vertical position
(m), horizontal velocity (m/s), vertical velocity (m/s), roll (rad), and roll velocity (rad/s),
respectively. u1 and u2 are total thrust and desired roll angle. Control saturation limits are
u1(t) ∈ [−1.5, 1.5] + gn/K, and u2(t) ∈ [−π/12, π/12]. gn = 9.8, K = 0.89/1.4, d0 = 70,
d1 = 17, and n0 = 55 are taken from [48].

The control objective of this example is to design controllers for u1 and u2 to main-
tain the trajectories of the quadrotor starting from the BRS to stay within the safe set
Xt during the time horizon [0, T ] with T = 2. Xt is given as Xt = {xG : x>GNxG ≤ 1},
where N = diag(1/1.72, 1/0.852, 1/0.82, 1/12, 1/(π/12)2, 1/(π/2)2). sin(x5) is approximated
by (−0.166x3

5 + x5) and cos(x5) is approximated by (−0.498x2
5 + 1), using least squares re-

gression for x5 ∈ [−π/12, π/12]. The validity of this bound on x5 is guaranteed by the state
constraint Xt. Assume that the control input u2 is perturbed by an additive norm-bounded
nonlinearity ‖∆‖L2→L2,[0,T ] ≤ 0.2, which introduces one auxiliary state x̃ to the analysis. We
use the hard IQC discussed in Example 2 with a fixed filter Ψ and search for M over the
constraint set given in (3.14). The computation of BRS inner-approximations takes 1.1×103

and 3.6× 104 seconds using degree-2 and degree-4 polynomial storage functions.



CHAPTER 4. ROBUST BACKWARD REACHABILITY ANALYSIS AND CONTROL
SYNTHESIS FOR UNCERTAIN NONLINEAR SYSTEMS 45

Fig. 4.5 shows the projections of the resulting inner-approximations. The one computed
using degree-2 storage function is shown with the solid magenta curve, and the one computed
using degree-4 storage function is shown with the red dash-dotted curve. The projections of
Xt are shown with the blue solid curves.

-2 0 2
-1

-0.5

0

0.5

1

-1 0 1
-1

-0.5

0

0.5

1

-1 0 1
-1

-0.5

0

0.5

1

-0.2 0 0.2

-1

0

1

Figure 4.5: BRS inner-approximations for the quadrotor

4.5 Chapter Summary
In this chapter, a method for computing robust inner-approximations to the BRS and robust
control laws is proposed for uncertain nonlinear systems, modeled as an interconnection of
the nominal system G and the perturbation ∆. The proposed framework merges dissipation
inequalities and IQCs, with both hard and soft factorizations. The use of IQCs enabled us
to address a large class of perturbations, including unmodeled dynamics. The generalized S-
procedure and sum-of-squares programming are used to derive computational algorithms. We
applied the proposed method to uncertain nonlinear systems, including a 6-state quadrotor
examples with actuator uncertainties.
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Chapter 5

Safe by Design Motion Planning and
Control for Nonlinear Systems

An important task for cyber-physical systems is to design controllers that perform complex
tasks while providing safety guarantees. Formal methods approaches [49] allow one to specify
desired behaviors and then compute control strategies that achieve them, but are often
limited to systems with small state dimension. Thus, it is beneficial to represent the system
of interest with a lower dimensional model that is amenable to such approaches, and to
design controllers based on that model. However, applying such controllers directly to the
original system might lose the safety guarantees established on its lower dimensional model.

This chapter tackles this issue, and presents a hierarchical trajectory planning and control
framework for nonlinear dynamical systems. In this framework, a low-fidelity model (e.g.,
reduced order model, or linearized model) is used to plan feasible trajectories satisfying the
planning constraints, and a high-fidelity model is used for designing a tracking controller to
track the planned trajectories. With the tracking controller, the error state between the low-
and high-fidelity models is guaranteed to be bounded, and this tracking error bound can be
then used for redesigning the planning constraints to “robustify” the planning algorithm.

The hierarchical trajectory planning and control framework has also been explored by
the trajectory planning community [7, 50–52]. In [50], a Hamilton-Jacobi equation based
method is presented to synthesize a tracking error bound and an optimal tracking controller.
An extension in [51] shows how this may also be done with SOS optimization. A robust
forward reachable set used for planning is computed in [52] by considering the difference
between the planning and tracking models. Compared with these works, in this chapter, the
error state between low- and high-fidelity models explicitly depends on the control input of
the low-fidelity model, which offers more freedom in the choice of the low-fidelity model and
provides lower error bounds than when only the states of both models are considered.

In this chapter, we first describe the problem setup, and the hierarchical control frame-
work. Then we present a method for computing tracking controllers, and their associated
tracking error bounds. Next, we extend the method to the error state that depends on the
planner’s control input. Finally, we demonstrate the method on a ship docking example.
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5.1 Problem setup
In this chapter we describe our hierarchical approach to safe-by-design trajectory planning
and control which consists of two layers: a planning layer, which uses a low-fidelity system
model, and a tracking layer, with a high-fidelity system model. For example, the low fidelity
model might be a model with a lower state dimension than the high fidelity model to reduce
the computational burden of planning, or a linearized model of the high fidelity model. By
analyzing the dynamics of the error between these two systems’ states, we will show how we
can bound this error by synthesizing an appropriate tracking controller. This controller and
the corresponding bound for the error are designed via sum-of-squares (SOS) programming.

High-Fidelity System Model
The high fidelity model used is of the form:

ẋ(t) = f(x(t), w(t)) + g(x(t), w(t)) · u(t), (5.1)

with state x(t) ∈ X ⊆ Rnx , disturbance w(t) bounded in a set W , i.e., w(t) ∈ W ⊆ Rnw , and
bounded control u(t) ∈ U ⊆ Rnu , f : Rnx×Rnw → Rnx , and g : Rnx×Rnw → Rnx×Rnu . The
sets X and U are the constraint sets imposed on the states and control inputs in high-fidelity
model, respectively.

Low-Fidelity Planning Model
The low-fidelity model, which is a simplified version of (5.1), is of the form:

˙̂x(t) = f̂(x̂(t), û(t)), (5.2)

where x̂(t) ∈ X̂ ⊆ Rn̂x , û(t) ∈ Û ⊆ Rn̂u , and f̂ : Rn̂x×n̂u → Rn̂x . The sets X̂ and Û are
constraint sets enforced by the planning layer. The control input for the low-fidelity model,
computed via the planning algorithm of choice, is assumed to be a zero-order hold signal
with sampling time Ts > 0. This means:

û(t) = û(τk), ∀t ∈ [τk, τk+1), with τk = k · Ts, (5.3a)
û(τk+1) = û(τk) + ∆û(τk+1), (5.3b)

where Ts is the sampling time, ∆û(t) is the periodic change in the control, restricted to a set
∆Û ⊆ Rn̂u . We note that the zero-order hold behavior of the input will become important
in Section 5.2, where it will necessitate additional analysis in order to provide a tracking
error bound.

In order to use a planning algorithm such as model-predictive control (MPC) we require
a discrete-time version of our low-fidelity model. To this end, we discretize (5.2) using one
step forward Euler integration, resulting in:

x̂(τk+1) = x̂(τk) + Ts · f̂(x̂(τk), û(τk)). (5.4)
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Remark 2. Note that our planner-tracker synthesis framework is not restricted to any spe-
cific planning algorithm. The framework is applicable to any planning algorithm that is able
to bound x̂(t), û(t), and ∆û(t). For example, our framework has been applied to different
planning algorithms, including NMPC in [53, 54], signal temporal logic (STL) in [55], and
discrete abstraction in [56].

Error Dynamics
The goal is to design a controller for system (5.1) to track a reference trajectory planned
using its approximation (5.2). In order to do so, we proceed by deriving the evolution of the
error between (5.1) and (5.2).

Since n̂x ≤ nx in general, we define a map π : Rn̂x → Rnx and define the tracking error
as:

e(t) = x(t)− π(x̂(t)). (5.5)

Differentiating (5.5) with respect to time (dropping time arguments to improve readability),
and eliminating the variable x, we obtain:

ė = ẋ− ∂π

∂x̂
· ˙̂x

= f(x,w) + g(x,w) · u− ∂π

∂x̂
· f̂(x̂, û)

∣∣∣∣∣
x=e+π(x̂)

,

= fe(e, x̂, û, w) + ge(e, x̂, w) · u, (5.6)

where we have defined:

fe(e, x̂, û, w) = f(π(x̂) + e, w)− ∂π

∂x̂
· f̂(x̂, û),

ge(e, x̂, w) = g(π(x̂) + e, w). (5.7)

Assumption 4. Assume the initial condition of error-state, e(0), starts within the set E0 ⊂
Rnx, i.e., e(0) ∈ E0.

For this dissertation, we consider a policy parametrization of the tracking controller given
by:

u(t) = κ(e(t), x̂(t), û(t)), κ ∈ KU (5.8)

where the set KU := {κ : Rnx × Rn̂x × Rn̂u → U} defines a set of admissible error-state
feedback control laws. The tracking controller (5.8) is to be designed such that e(t) ∈ E for
a bounded set E, for all t ≥ 0, evolving with the dynamics (5.6) and (5.8). This set E is
called the Robust Infinite-Time Forward Reachable Set of E0, and is formally defined next.
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Definition 14 (Robust Infinite-Time Forward Reachable Set). Consider (5.6) in closed-loop
with (5.8) for all t ≥ 0 as:

ė = fe(e, x̂, û, w) + ge(e, x̂, w) · κ(e, x̂, û), (5.9)

with x̂, û, and w constrained by X̂, Û , and W . Then a robust infinite-time forward reachable
set E of E0 is defined as:

E := {e(t) ∈ Rnx : ∃ e(0) ∈ E0, x̂ : R+ → X̂, û : R+ → Û ,

w : R+ → W, t ≥ 0, s.t. e(t) is a solution to (5.9)}.

As computing the robust infinite-time forward reachable set E for a general nonlinear
error dynamics (5.9) is hard, we find a tracking control law κ and compute an outer-bound
ε ⊇ E. We refer to ε as a “tracking error bound” (TEB), and κ as the corresponding
“tracking controller”.

e(t)
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Figure 5.1: Illustration of Definition 14, with initial error set E0, error trajectory e(t), and
robust infinite-time forward reachable set E.

Computing the TEB and Tracking Controller
The TEB ε and the tracking controller κ can be obtained with the following theorem.

Theorem 8. Given the error dynamics (5.6) with mapping fe : Rnx×Rn̂x×Rn̂u×Rnw → Rnx,
ge : Rnx ×Rn̂x ×Rnw → Rnx, γ ∈ R, X̂ ⊆ Rn̂x, Û ⊆ Rn̂u, and W ⊆ Rnw , if there exists a C1

function V : Rnx → R and κ : Rnx × Rn̂x × Rn̂u → Rnu such that

E0 ⊆ ΩV
γ , (5.10a)

∂V (e)
∂e

· (fe(e, x̂, û, w) + ge(e, x̂, w) · κ(e, x̂, û)) < 0,

∀e, x̂, û, w, s.t. V (e) = γ, x̂ ∈ X̂, û ∈ Û , w ∈ W, (5.10b)
ΩV
γ ⊆ {e ∈ Rnx : κ(e, x̂, û) ∈ U}, ∀(x̂, û) ∈ X̂ × Û , (5.10c)

hold, then the sublevel set ΩV
γ , defined by (2.1), is a TEB, denoted by ε, achieved by the

tracking control law κ.
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Proof. The theorem is proved by contradiction. Assume there exist a time t3 > 0, an
initial condition e0 ∈ E0, and a trajectory e(·) such that e(0) = e0, and V (e(t3)) > γ. Since
V (e(0)) ≤ γ from (5.10a), by continuity of V there exists t1 and t2, such that 0 ≤ t1 < t2 < t3,
V (e(t1)) = V (e(t2)) = γ, t1 = supV (t,e(t))<γ t, and t2 = infV (t,e(t))>γ t. Integrating (5.10b)
over [t1, t2] gives V (e(t2)) − V (e(t1)) < 0. Recall that V (e(t1)) = V (e(t2)) = γ, which is a
contradiction.

Finding generic functions V and κ that satisfy constraints (5.10) is a difficult problem.
In this dissertation we use SOS programming to search for these functions by restricting
ourselves to polynomial candidates V ∈ R[e], and κ ∈ Rnu [(e, x̂, û)]. Besides this restriction,
we make the following assumption:

Assumption 5. The mappings fe ∈ Rnx [(e, x̂, û, w)], and ge ∈ Rnx×nu [(e, x̂, w)] in error
dynamics (5.6) are polynomials. Sets E0, X̂, Û , and W are semi-algebraic sets, i.e., there
exists p0 ∈ R[e] such that E0 = {e ∈ Rnx : p0(e) ≤ 0}; with similar definitions for X̂, Û ,
and W with polynomials px̂ ∈ R[x̂], pû ∈ R[û], and pw ∈ R[w]. The control constraint set U
is a hypercube U = {u ∈ Rnu : u ≤ u ≤ u}, where u, u ∈ Rnu.

By applying the generalized S-procedure [22] to the set containment constraints (5.10),
and using the volume of ΩV

γ as the cost function to minimize, we obtain the following SOS
optimization problem for finding V and κ:

min
V,κ,s,l

volume(ΩV
γ )

s.t. s0 ∈ Σ[e], s1→3 ∈ Σ[(e, x̂, û, w)], l ∈ R[(e, x̂, û, w)]
s4→9,i ∈ Σ[(e, x̂, û)], i ∈ {1, ..., nu} (5.11a)
− (V (e)− γ) + s0 · p0 ∈ Σ[e], (5.11b)

− ∂V

∂e
· (fe + ge · κ)− εe>e+ l · (V − γ) + s1 · px̂

+ s2 · pû + s3 · pw ∈ Σ[(e, x̂, û, w)], (5.11c)
ui − κi + s4,i · (V − γ) + s5,i · px̂ + s6,i · pû ∈ Σ[(e, x̂, û)], i ∈ {1, ..., nu}, (5.11d)
κi − ui + s7,i · (V − γ) + s8,i · px̂ + s9,i · pû ∈ Σ[(e, x̂, û)], i ∈ {1, ..., nu}. (5.11e)

In the formulation above, SOS polynomials s1→3 and s4→9,i are multipliers used in the gener-
alized S-procedure, and ε > 0 is on the order of 10−6. The optimization (5.11) is non-convex
as there are two groups of decision variables V and (κ, l, s4,i, s7,i) bilinear in each other. To
tackle this problem, similar to [57, Algorithm 1], we decompose it into two tractable sub-
problems to iteratively search between the two groups of decision variables. This is shown
in the Appendix A.

So far, we have used a map π that only depends on the planning state x̂ in (5.5). In
some cases, however, this map may fail to provide reference signals for all the tracker states.
That is why we now move to a more general map π that also depends on the planner inputs
û, following [56].
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5.2 More General Map π(·)
We begin this section with a motivating example to show why a more general map π(·) over
the one in (5.5) is useful.

Example 4. The ship motion at moderate speed can be modeled as in [58]:

η̇ = R(ψ)ν + vc,

Mν̇ + C(ν)ν +Dν = τ +R(ψ)>τwind,
(5.12)

where η = [N ;E;ψ] are the South-North and West-East positions and heading of the ship
(ψ = 0 points North, ψ = π/2 points East), ν = [u; v; r] are the surge and sway velocities,
and yaw rate of the ship. R(ψ) =

[ cos(ψ) − sin(ψ) 0
sin(ψ) cos(ψ) 0

0 0 1

]
is a rotation matrix. τ ∈ R3 is the

control input affecting the three acceleration states of the ship. vc ∈ R3 and τwind ∈ R3

are disturbances corresponding to current velocities and wind forces. The inertia matrix
including hydrodynamic added mass M =

[ 87.4 0 0
0 98.3 2.48
0 2.48 22.2

]
, damping matrix D =

[ 6.58 0 0
0 37.7 2.66
0 2.66 19.3

]
and Coriolis matrix C(ν) = ν(1)

[ 0 0 0
0 0 98.3
0 0 2.48

]
are chosen for a 1 : 30 scale model of a platform

supply vessel.
Using the notations from (5.1), we have state x = [η; ν] ∈ R6, control input u = τ ∈ R3

and disturbance input w = [vc; τwind] ∈ R6. The planning model is chosen as the kinematics
part of the high-fidelity model (5.12):

˙̂η = R(ψ̂)ν̂ + v̂c (5.13)

where the planning states, inputs and disturbances are x̂ = η̂, û = ν̂ and ŵ = v̂c. If we use
the map π(x̂) = [x̂; 03×1], then ν will become part of the resulting error state. As a result,
the magnitude of the absolute state ν will be minimized in optimization (5.11), which doesn’t
make sense practically. To eliminate this issue, we can use a map π(x̂, û) = [x̂; û], which
also provides reference signals for ν.

Modified Error Dynamics
As motivated above, we will use a more general map π : Rn̂x × Rn̂u → Rnx to better
provide reference trajectory for the tracking model, while all other methods in the literature
[50, 54, 55, 59] only rely on the planning state. Correspondingly, the error state is redefined
as

e = x− π(x̂, û). (5.14)

The error dynamics resulting from (5.14) are given as

ė = fe(e, x̂, û, w) + ge(e, x̂, û, w)u− ∂π(x̂, û)
∂û

˙̂u, (5.15)

with fe(e, x̂, û, w) = f(e+ π(x̂, û), w)− ∂π(x̂,û)
∂x̂

f̂(x̂, û) and ge(e, x̂, û, w) = g(e+ π(x̂, û), w).
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Time Varying Tracking Controller Synthesis
Note that planner input is applied in a zero order hold fashion between each sampling time as
descirbed in (5.3). As the tracking error dynamics in (5.15) has a term containing ˙̂u (unlike
(5.6)), this dynamics change discontinuously at each sampling time. Therefore, instead of
considering a tracking controller for all times, we consider only a time interval between any
two sampling steps. This leads to a time varying tracking controller. Since the signal û is
piece-wise constant, we thus have

˙̂u(t) = 0, ∀t ∈ [τk, τk+1). (5.16)

Therefore, the error dynamics (5.15) during the sampling time [τk, τk+1) is:

ė = fe(e, x̂, û, w) + ge(e, x̂, û, w)u. (5.17)

Given the bounded set of initial conditions E0, we want to enforce the boundedness of the
error state during [0, Ts) by introducing a tracking controller

u(t) = κ(t, e(t), x̂(t), û(t)), (5.18)

which is now defined by a time-varying, error-state feedback control law κ : R×Rnx×Rn̂x×
Rn̂u → Rnu . Below, we provide the detailed explanation and the design requirements on κ
to obtain such an error bound.

Proposition 2. Given the error dynamics (5.17) with mappings fe : Rnx×Rn̂x×Rn̂u×Rnw →
Rnx, ge : Rnx ×Rn̂x ×Rn̂u ×Rnw → Rnx, and γ ∈ R, Ts > 0, X̂ ⊆ Rn̂x, Û ⊆ Rn̂u, W ⊆ Rnw ,
if there exists a C1 function V : R × Rnx → R, and κ : R × Rnx × Rn̂x × Rn̂u → Rnu, such
that

E0 ⊆ ΩV
0,γ, (5.19a)

∂V (t, e)
∂e

· (fe(e, x̂, û, w) + ge(e, x̂, û, w) · κ(t, e, x̂, û)) + ∂V (t, e)
∂t

< 0,

∀t, e, x̂, û, w, s.t. t ∈ [0, Ts), V (t, e) = γ, x̂ ∈ X̂, û ∈ Û , w ∈ W, (5.19b)
ΩV
t,γ ⊆ {e ∈ Rnx : κ(t, e, x̂, û) ∈ U}, ∀(t, x̂, û) ∈ [0, Ts)× X̂ × Û , (5.19c)

then for all e(0) ∈ E0, we have e(t) ∈ ΩV
t,γ, for all t ∈ [0, Ts).

Proof. The proof follows the proof of Theorem 8.

Remark 3. Although Proposition 2 is stated for the first sampling period [0, Ts), it can be
used for any other sampling period [τk, τk+1) with τk = k ·Ts. Let e(τk) ∈ ΩV

0,γ. Then we have
e(τk + t) ∈ ΩV

t,γ, for all t ∈ [0, Ts), under the control signal u(τk + t) = κ(t, e(τk + t), x̂(τk +
t), û(τk + t))).
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Next, we focus on the effect of the input jump ∆û at the end of each sampling period as
in (5.3b). From (5.14), ∆û induces a jump on the error. We quantify this jump next. For
this we make the following simplifying assumption.

Assumption 6. The map π(·, ·) is an affine map in its arguments: π(x̂, û) = P · [x̂; û] + σ
where P ∈ Rnx×(n̂x+n̂u) and σ ∈ Rnx.

Let τ−k+1 and τ+
k+1 denote sampling instant τk+1 before and after the discrete jump, re-

spectively. Then using Assumption 6, we write

e(τ+
k+1)

= x(τ+
k+1)− P · [x̂(τ+

k+1); û(τ+
k+1)]− σ,

= x(τ−k+1)− P · [x̂(τ−k+1); û(τ−k+1) + ∆û(τ+
k+1)]− σ,

= e(τ−k+1)− P ·
[
0; ∆û(τ+

k+1)
]
. (5.20)

We introduce the additional condition below to characterize the error jump induced by the
control jump ∆û in terms of the funnel ΩV

t,γ.

Proposition 3. Given γ ∈ R, ∆Û ∈ Rn̂u, if there exists a function V : R × Rnx → R
satisfying

V (0, e− P · [0; ∆û]) ≤ γ, ∀e,∆û, s.t. V (Ts, e) ≤ γ, ∆û ∈ ∆Û , (5.21)

then for all e(τ−k+1) ∈ ΩV
Ts,γ, we have e(τ+

k+1) ∈ ΩV
0,γ.

Proof. Assume e(τ−k+1) ∈ ΩV
Ts,γ, which is the same as V (Ts, e(τ−k+1)) ≤ γ. From (5.21) and

∆û(τ−k+1) ∈ ∆Û , it holds

V (0, e(τ−k+1)− P · [0; ∆û(τ−k+1)]) ≤ γ. (5.22)

Use (5.20) to show V (0, e(τ+
k+1)) ≤ γ, that is to say e(τ+

k+1) ∈ ΩV
0,γ.

We next combine the conditions for the error boundedness for each sampling period and
discrete jump from Propositions 2 and 3, respectively, to obtain the main result on the
boundedness of the error at all time, formulated below and illustrated in Figure 5.2.

Theorem 9. If there exist V and κ satisfying (5.19a)–(5.19c), and (5.21), define ε ⊂ Rnx

such that
∪t∈[0,Ts)ΩV

t,γ ⊆ ε.

Then for all x̂(t) ∈ X̂, û(t) ∈ Û , ∆û(t) ∈ ∆Û , and w(t) ∈ W , the error system (5.15) under
control law u(t) = κ(t̃, e(t), x̂(t), û(t))) with t̃ = (t mod Ts) ∈ [0, Ts) satisfies:

e(0) ∈ E0 =⇒ e(t) ∈ ε, ∀t ≥ 0,

that is to say, ε is a TEB achieved by the tracking control law κ.



CHAPTER 5. SAFE BY DESIGN MOTION PLANNING AND CONTROL FOR
NONLINEAR SYSTEMS 54

Proof. From Remark 3 and for all τk = k · Ts, we have if e(τk) ∈ ΩV
0,γ, then e(τk + t̃) ∈ ΩV

t̃,γ

and e(τ−k+1) ∈ ΩV
Ts,γ. Then it follows from Proposition 3 that e(τ+

k+1) ∈ ΩV
0,γ. As a result, for

all e(0) ∈ E0 ⊆ ΩV
0,γ, we have e(k · Ts + t̃) ∈ ΩV

t̃,γ ⊆ ε, for all k ≥ 0, and t̃ ∈ [0, Ts).

t = 0
<latexit sha1_base64="3OHdoD+77TAF1FvopR+0F+KK28o=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDfz209cG5GoR5ykPIjpUIlIMIpW8pHcELdfrbl1dw6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88ippXdQ9t+49XNYat0UcZTiBUzgHD66gAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz984Y3N</latexit><latexit sha1_base64="3OHdoD+77TAF1FvopR+0F+KK28o=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDfz209cG5GoR5ykPIjpUIlIMIpW8pHcELdfrbl1dw6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88ippXdQ9t+49XNYat0UcZTiBUzgHD66gAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz984Y3N</latexit><latexit sha1_base64="3OHdoD+77TAF1FvopR+0F+KK28o=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDfz209cG5GoR5ykPIjpUIlIMIpW8pHcELdfrbl1dw6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88ippXdQ9t+49XNYat0UcZTiBUzgHD66gAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz984Y3N</latexit><latexit sha1_base64="3OHdoD+77TAF1FvopR+0F+KK28o=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDfz209cG5GoR5ykPIjpUIlIMIpW8pHcELdfrbl1dw6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88ippXdQ9t+49XNYat0UcZTiBUzgHD66gAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz984Y3N</latexit>

t = Ts
<latexit sha1_base64="ZwjDDCClgLRbhLYR+gbhm0L+zgA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6MVjhX5BG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcj/3O09cGxGrJk4T7kd0pEQoGEUrdZDckubADMoVt+ouQNaJl5MK5GgMyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOyMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+e9kKDRnKKeWUKaFvZWwMdWUoU2oZEPwVl9eJ+2rqudWvcfrSv0uj6MIZ3AOl+BBDerwAA1oAYMJPMMrvDmJ8+K8Ox/L1oKTz5zCHzifPz6ajtc=</latexit><latexit sha1_base64="ZwjDDCClgLRbhLYR+gbhm0L+zgA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6MVjhX5BG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcj/3O09cGxGrJk4T7kd0pEQoGEUrdZDckubADMoVt+ouQNaJl5MK5GgMyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOyMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+e9kKDRnKKeWUKaFvZWwMdWUoU2oZEPwVl9eJ+2rqudWvcfrSv0uj6MIZ3AOl+BBDerwAA1oAYMJPMMrvDmJ8+K8Ox/L1oKTz5zCHzifPz6ajtc=</latexit><latexit sha1_base64="ZwjDDCClgLRbhLYR+gbhm0L+zgA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6MVjhX5BG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcj/3O09cGxGrJk4T7kd0pEQoGEUrdZDckubADMoVt+ouQNaJl5MK5GgMyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOyMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+e9kKDRnKKeWUKaFvZWwMdWUoU2oZEPwVl9eJ+2rqudWvcfrSv0uj6MIZ3AOl+BBDerwAA1oAYMJPMMrvDmJ8+K8Ox/L1oKTz5zCHzifPz6ajtc=</latexit><latexit sha1_base64="ZwjDDCClgLRbhLYR+gbhm0L+zgA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6MVjhX5BG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcj/3O09cGxGrJk4T7kd0pEQoGEUrdZDckubADMoVt+ouQNaJl5MK5GgMyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOyMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+e9kKDRnKKeWUKaFvZWwMdWUoU2oZEPwVl9eJ+2rqudWvcfrSv0uj6MIZ3AOl+BBDerwAA1oAYMJPMMrvDmJ8+K8Ox/L1oKTz5zCHzifPz6ajtc=</latexit>

t = 2Ts
<latexit sha1_base64="EDY9cX+riNpj6NPlwzmyvn1L788=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXis0C9oQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O2vrG5tb24Wd4u7e/sFh6ei4ZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsSqgZOE+xEdKhEKRtFKHSQ3pNrom36p7FbcOcgq8XJShhz1fumrN4hZGnGFTFJjup6boJ9RjYJJPi32UsMTysZ0yLuWKhpx42fze6fk3CoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF77mVBJilyxxaIwlQRjMnueDITmDOXEEsq0sLcSNqKaMrQRFW0I3vLLq6RVrXhuxXu4LNdu8zgKcApncAEeXEEN7qEOTWAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w+w2Y8T</latexit><latexit sha1_base64="EDY9cX+riNpj6NPlwzmyvn1L788=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXis0C9oQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O2vrG5tb24Wd4u7e/sFh6ei4ZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsSqgZOE+xEdKhEKRtFKHSQ3pNrom36p7FbcOcgq8XJShhz1fumrN4hZGnGFTFJjup6boJ9RjYJJPi32UsMTysZ0yLuWKhpx42fze6fk3CoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF77mVBJilyxxaIwlQRjMnueDITmDOXEEsq0sLcSNqKaMrQRFW0I3vLLq6RVrXhuxXu4LNdu8zgKcApncAEeXEEN7qEOTWAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w+w2Y8T</latexit><latexit sha1_base64="EDY9cX+riNpj6NPlwzmyvn1L788=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXis0C9oQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O2vrG5tb24Wd4u7e/sFh6ei4ZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsSqgZOE+xEdKhEKRtFKHSQ3pNrom36p7FbcOcgq8XJShhz1fumrN4hZGnGFTFJjup6boJ9RjYJJPi32UsMTysZ0yLuWKhpx42fze6fk3CoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF77mVBJilyxxaIwlQRjMnueDITmDOXEEsq0sLcSNqKaMrQRFW0I3vLLq6RVrXhuxXu4LNdu8zgKcApncAEeXEEN7qEOTWAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w+w2Y8T</latexit><latexit sha1_base64="EDY9cX+riNpj6NPlwzmyvn1L788=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXis0C9oQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O2vrG5tb24Wd4u7e/sFh6ei4ZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsSqgZOE+xEdKhEKRtFKHSQ3pNrom36p7FbcOcgq8XJShhz1fumrN4hZGnGFTFJjup6boJ9RjYJJPi32UsMTysZ0yLuWKhpx42fze6fk3CoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF77mVBJilyxxaIwlQRjMnueDITmDOXEEsq0sLcSNqKaMrQRFW0I3vLLq6RVrXhuxXu4LNdu8zgKcApncAEeXEEN7qEOTWAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w+w2Y8T</latexit>

e(t)
<latexit sha1_base64="q2MqP3OSqSCCfWe8tOKiwkdxewo=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUTUmK2HZXdOOygn1AO5RMmmlDk8yQZIQy9BfcuFDErT/kzr8x01ZQ0QMXDufcy733BLHgxiL04eXW1jc2t/LbhZ3dvf2D4uFRx0SJpqxNIxHpXkAME1yxtuVWsF6sGZGBYN1gep353XumDY/UnZ3FzJdkrHjIKbGZxMr2fFgsoQpCCGMMM4Jrl8iRRqNexXWIM8uhBFZoDYvvg1FEE8mUpYIY08cotn5KtOVUsHlhkBgWEzolY9Z3VBHJjJ8ubp3DM6eMYBhpV8rChfp9IiXSmJkMXKckdmJ+e5n4l9dPbFj3U67ixDJFl4vCREAbwexxOOKaUStmjhCqubsV0gnRhFoXT8GF8PUp/J90qhWMKvj2otS8WsWRByfgFJQBBjXQBDegBdqAggl4AE/g2ZPeo/fivS5bc95q5hj8gPf2CbG6jgI=</latexit><latexit sha1_base64="q2MqP3OSqSCCfWe8tOKiwkdxewo=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUTUmK2HZXdOOygn1AO5RMmmlDk8yQZIQy9BfcuFDErT/kzr8x01ZQ0QMXDufcy733BLHgxiL04eXW1jc2t/LbhZ3dvf2D4uFRx0SJpqxNIxHpXkAME1yxtuVWsF6sGZGBYN1gep353XumDY/UnZ3FzJdkrHjIKbGZxMr2fFgsoQpCCGMMM4Jrl8iRRqNexXWIM8uhBFZoDYvvg1FEE8mUpYIY08cotn5KtOVUsHlhkBgWEzolY9Z3VBHJjJ8ubp3DM6eMYBhpV8rChfp9IiXSmJkMXKckdmJ+e5n4l9dPbFj3U67ixDJFl4vCREAbwexxOOKaUStmjhCqubsV0gnRhFoXT8GF8PUp/J90qhWMKvj2otS8WsWRByfgFJQBBjXQBDegBdqAggl4AE/g2ZPeo/fivS5bc95q5hj8gPf2CbG6jgI=</latexit><latexit sha1_base64="q2MqP3OSqSCCfWe8tOKiwkdxewo=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUTUmK2HZXdOOygn1AO5RMmmlDk8yQZIQy9BfcuFDErT/kzr8x01ZQ0QMXDufcy733BLHgxiL04eXW1jc2t/LbhZ3dvf2D4uFRx0SJpqxNIxHpXkAME1yxtuVWsF6sGZGBYN1gep353XumDY/UnZ3FzJdkrHjIKbGZxMr2fFgsoQpCCGMMM4Jrl8iRRqNexXWIM8uhBFZoDYvvg1FEE8mUpYIY08cotn5KtOVUsHlhkBgWEzolY9Z3VBHJjJ8ubp3DM6eMYBhpV8rChfp9IiXSmJkMXKckdmJ+e5n4l9dPbFj3U67ixDJFl4vCREAbwexxOOKaUStmjhCqubsV0gnRhFoXT8GF8PUp/J90qhWMKvj2otS8WsWRByfgFJQBBjXQBDegBdqAggl4AE/g2ZPeo/fivS5bc95q5hj8gPf2CbG6jgI=</latexit><latexit sha1_base64="q2MqP3OSqSCCfWe8tOKiwkdxewo=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUTUmK2HZXdOOygn1AO5RMmmlDk8yQZIQy9BfcuFDErT/kzr8x01ZQ0QMXDufcy733BLHgxiL04eXW1jc2t/LbhZ3dvf2D4uFRx0SJpqxNIxHpXkAME1yxtuVWsF6sGZGBYN1gep353XumDY/UnZ3FzJdkrHjIKbGZxMr2fFgsoQpCCGMMM4Jrl8iRRqNexXWIM8uhBFZoDYvvg1FEE8mUpYIY08cotn5KtOVUsHlhkBgWEzolY9Z3VBHJjJ8ubp3DM6eMYBhpV8rChfp9IiXSmJkMXKckdmJ+e5n4l9dPbFj3U67ixDJFl4vCREAbwexxOOKaUStmjhCqubsV0gnRhFoXT8GF8PUp/J90qhWMKvj2otS8WsWRByfgFJQBBjXQBDegBdqAggl4AE/g2ZPeo/fivS5bc95q5hj8gPf2CbG6jgI=</latexit>

⌦V
t,�

<latexit sha1_base64="aJWS6uz52y6ks6Oi5MVEYX6dfgQ=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBg5REBD0WvXizgv2AJobJdpMu3U3C7kYIof4VLx4U8eoP8ea/cdvmoK0PBh7vzTAzL0gZlcq2v43Kyura+kZ1s7a1vbO7Z+4fdGWSCUw6OGGJ6AcgCaMx6SiqGOmnggAPGOkF4+up33skQtIkvld5SjwOUUxDikFpyTfr7i0nEfiFOnUj4BwmD13fbNhNewZrmTglaaASbd/8cocJzjiJFWYg5cCxU+UVIBTFjExqbiZJCngMERloGgMn0itmx0+sY60MrTARumJlzdTfEwVwKXMe6E4OaiQXvan4nzfIVHjpFTROM0ViPF8UZsxSiTVNwhpSQbBiuSaABdW3WngEArDSedV0CM7iy8uke9Z07KZzd95oXZVxVNEhOkInyEEXqIVuUBt1EEY5ekav6M14Ml6Md+Nj3loxypk6+gPj8weXa5S4</latexit><latexit sha1_base64="aJWS6uz52y6ks6Oi5MVEYX6dfgQ=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBg5REBD0WvXizgv2AJobJdpMu3U3C7kYIof4VLx4U8eoP8ea/cdvmoK0PBh7vzTAzL0gZlcq2v43Kyura+kZ1s7a1vbO7Z+4fdGWSCUw6OGGJ6AcgCaMx6SiqGOmnggAPGOkF4+up33skQtIkvld5SjwOUUxDikFpyTfr7i0nEfiFOnUj4BwmD13fbNhNewZrmTglaaASbd/8cocJzjiJFWYg5cCxU+UVIBTFjExqbiZJCngMERloGgMn0itmx0+sY60MrTARumJlzdTfEwVwKXMe6E4OaiQXvan4nzfIVHjpFTROM0ViPF8UZsxSiTVNwhpSQbBiuSaABdW3WngEArDSedV0CM7iy8uke9Z07KZzd95oXZVxVNEhOkInyEEXqIVuUBt1EEY5ekav6M14Ml6Md+Nj3loxypk6+gPj8weXa5S4</latexit><latexit sha1_base64="aJWS6uz52y6ks6Oi5MVEYX6dfgQ=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBg5REBD0WvXizgv2AJobJdpMu3U3C7kYIof4VLx4U8eoP8ea/cdvmoK0PBh7vzTAzL0gZlcq2v43Kyura+kZ1s7a1vbO7Z+4fdGWSCUw6OGGJ6AcgCaMx6SiqGOmnggAPGOkF4+up33skQtIkvld5SjwOUUxDikFpyTfr7i0nEfiFOnUj4BwmD13fbNhNewZrmTglaaASbd/8cocJzjiJFWYg5cCxU+UVIBTFjExqbiZJCngMERloGgMn0itmx0+sY60MrTARumJlzdTfEwVwKXMe6E4OaiQXvan4nzfIVHjpFTROM0ViPF8UZsxSiTVNwhpSQbBiuSaABdW3WngEArDSedV0CM7iy8uke9Z07KZzd95oXZVxVNEhOkInyEEXqIVuUBt1EEY5ekav6M14Ml6Md+Nj3loxypk6+gPj8weXa5S4</latexit><latexit sha1_base64="aJWS6uz52y6ks6Oi5MVEYX6dfgQ=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBg5REBD0WvXizgv2AJobJdpMu3U3C7kYIof4VLx4U8eoP8ea/cdvmoK0PBh7vzTAzL0gZlcq2v43Kyura+kZ1s7a1vbO7Z+4fdGWSCUw6OGGJ6AcgCaMx6SiqGOmnggAPGOkF4+up33skQtIkvld5SjwOUUxDikFpyTfr7i0nEfiFOnUj4BwmD13fbNhNewZrmTglaaASbd/8cocJzjiJFWYg5cCxU+UVIBTFjExqbiZJCngMERloGgMn0itmx0+sY60MrTARumJlzdTfEwVwKXMe6E4OaiQXvan4nzfIVHjpFTROM0ViPF8UZsxSiTVNwhpSQbBiuSaABdW3WngEArDSedV0CM7iy8uke9Z07KZzd95oXZVxVNEhOkInyEEXqIVuUBt1EEY5ekav6M14Ml6Md+Nj3loxypk6+gPj8weXa5S4</latexit>

⌦V
t,�

<latexit sha1_base64="aJWS6uz52y6ks6Oi5MVEYX6dfgQ=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBg5REBD0WvXizgv2AJobJdpMu3U3C7kYIof4VLx4U8eoP8ea/cdvmoK0PBh7vzTAzL0gZlcq2v43Kyura+kZ1s7a1vbO7Z+4fdGWSCUw6OGGJ6AcgCaMx6SiqGOmnggAPGOkF4+up33skQtIkvld5SjwOUUxDikFpyTfr7i0nEfiFOnUj4BwmD13fbNhNewZrmTglaaASbd/8cocJzjiJFWYg5cCxU+UVIBTFjExqbiZJCngMERloGgMn0itmx0+sY60MrTARumJlzdTfEwVwKXMe6E4OaiQXvan4nzfIVHjpFTROM0ViPF8UZsxSiTVNwhpSQbBiuSaABdW3WngEArDSedV0CM7iy8uke9Z07KZzd95oXZVxVNEhOkInyEEXqIVuUBt1EEY5ekav6M14Ml6Md+Nj3loxypk6+gPj8weXa5S4</latexit><latexit sha1_base64="aJWS6uz52y6ks6Oi5MVEYX6dfgQ=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBg5REBD0WvXizgv2AJobJdpMu3U3C7kYIof4VLx4U8eoP8ea/cdvmoK0PBh7vzTAzL0gZlcq2v43Kyura+kZ1s7a1vbO7Z+4fdGWSCUw6OGGJ6AcgCaMx6SiqGOmnggAPGOkF4+up33skQtIkvld5SjwOUUxDikFpyTfr7i0nEfiFOnUj4BwmD13fbNhNewZrmTglaaASbd/8cocJzjiJFWYg5cCxU+UVIBTFjExqbiZJCngMERloGgMn0itmx0+sY60MrTARumJlzdTfEwVwKXMe6E4OaiQXvan4nzfIVHjpFTROM0ViPF8UZsxSiTVNwhpSQbBiuSaABdW3WngEArDSedV0CM7iy8uke9Z07KZzd95oXZVxVNEhOkInyEEXqIVuUBt1EEY5ekav6M14Ml6Md+Nj3loxypk6+gPj8weXa5S4</latexit><latexit sha1_base64="aJWS6uz52y6ks6Oi5MVEYX6dfgQ=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBg5REBD0WvXizgv2AJobJdpMu3U3C7kYIof4VLx4U8eoP8ea/cdvmoK0PBh7vzTAzL0gZlcq2v43Kyura+kZ1s7a1vbO7Z+4fdGWSCUw6OGGJ6AcgCaMx6SiqGOmnggAPGOkF4+up33skQtIkvld5SjwOUUxDikFpyTfr7i0nEfiFOnUj4BwmD13fbNhNewZrmTglaaASbd/8cocJzjiJFWYg5cCxU+UVIBTFjExqbiZJCngMERloGgMn0itmx0+sY60MrTARumJlzdTfEwVwKXMe6E4OaiQXvan4nzfIVHjpFTROM0ViPF8UZsxSiTVNwhpSQbBiuSaABdW3WngEArDSedV0CM7iy8uke9Z07KZzd95oXZVxVNEhOkInyEEXqIVuUBt1EEY5ekav6M14Ml6Md+Nj3loxypk6+gPj8weXa5S4</latexit><latexit sha1_base64="aJWS6uz52y6ks6Oi5MVEYX6dfgQ=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBg5REBD0WvXizgv2AJobJdpMu3U3C7kYIof4VLx4U8eoP8ea/cdvmoK0PBh7vzTAzL0gZlcq2v43Kyura+kZ1s7a1vbO7Z+4fdGWSCUw6OGGJ6AcgCaMx6SiqGOmnggAPGOkF4+up33skQtIkvld5SjwOUUxDikFpyTfr7i0nEfiFOnUj4BwmD13fbNhNewZrmTglaaASbd/8cocJzjiJFWYg5cCxU+UVIBTFjExqbiZJCngMERloGgMn0itmx0+sY60MrTARumJlzdTfEwVwKXMe6E4OaiQXvan4nzfIVHjpFTROM0ViPF8UZsxSiTVNwhpSQbBiuSaABdW3WngEArDSedV0CM7iy8uke9Z07KZzd95oXZVxVNEhOkInyEEXqIVuUBt1EEY5ekav6M14Ml6Md+Nj3loxypk6+gPj8weXa5S4</latexit>

"
<latexit sha1_base64="QL4F+auYVki0ruhMHMhToCQFA3M=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBbBU0hiaOut6MVjBWsLaSib7aZdutkNu5tCCf0ZXjwo4tVf481/46atoKIPBh7vzTAzL0oZVdpxPqzS2vrG5lZ5u7Kzu7d/UD08ulcik5h0sGBC9iKkCKOcdDTVjPRSSVASMdKNJteF350Sqajgd3qWkjBBI05jipE2UtCfIklSRZngg2rNsS+bdc+vQ8d2nIbruQXxGv6FD12jFKiBFdqD6nt/KHCWEK4xQ0oFrpPqMEdSU8zIvNLPFEkRnqARCQzlKCEqzBcnz+GZUYYwFtIU13Chfp/IUaLULIlMZ4L0WP32CvEvL8h03AxzytNME46Xi+KMQS1g8T8cUkmwZjNDEJbU3ArxGEmEtUmpYkL4+hT+T+4923Vs99avta5WcZTBCTgF58AFDdACN6ANOgADAR7AE3i2tPVovVivy9aStZo5Bj9gvX0CGe2RyQ==</latexit><latexit sha1_base64="QL4F+auYVki0ruhMHMhToCQFA3M=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBbBU0hiaOut6MVjBWsLaSib7aZdutkNu5tCCf0ZXjwo4tVf481/46atoKIPBh7vzTAzL0oZVdpxPqzS2vrG5lZ5u7Kzu7d/UD08ulcik5h0sGBC9iKkCKOcdDTVjPRSSVASMdKNJteF350Sqajgd3qWkjBBI05jipE2UtCfIklSRZngg2rNsS+bdc+vQ8d2nIbruQXxGv6FD12jFKiBFdqD6nt/KHCWEK4xQ0oFrpPqMEdSU8zIvNLPFEkRnqARCQzlKCEqzBcnz+GZUYYwFtIU13Chfp/IUaLULIlMZ4L0WP32CvEvL8h03AxzytNME46Xi+KMQS1g8T8cUkmwZjNDEJbU3ArxGEmEtUmpYkL4+hT+T+4923Vs99avta5WcZTBCTgF58AFDdACN6ANOgADAR7AE3i2tPVovVivy9aStZo5Bj9gvX0CGe2RyQ==</latexit><latexit sha1_base64="QL4F+auYVki0ruhMHMhToCQFA3M=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBbBU0hiaOut6MVjBWsLaSib7aZdutkNu5tCCf0ZXjwo4tVf481/46atoKIPBh7vzTAzL0oZVdpxPqzS2vrG5lZ5u7Kzu7d/UD08ulcik5h0sGBC9iKkCKOcdDTVjPRSSVASMdKNJteF350Sqajgd3qWkjBBI05jipE2UtCfIklSRZngg2rNsS+bdc+vQ8d2nIbruQXxGv6FD12jFKiBFdqD6nt/KHCWEK4xQ0oFrpPqMEdSU8zIvNLPFEkRnqARCQzlKCEqzBcnz+GZUYYwFtIU13Chfp/IUaLULIlMZ4L0WP32CvEvL8h03AxzytNME46Xi+KMQS1g8T8cUkmwZjNDEJbU3ArxGEmEtUmpYkL4+hT+T+4923Vs99avta5WcZTBCTgF58AFDdACN6ANOgADAR7AE3i2tPVovVivy9aStZo5Bj9gvX0CGe2RyQ==</latexit><latexit sha1_base64="QL4F+auYVki0ruhMHMhToCQFA3M=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBbBU0hiaOut6MVjBWsLaSib7aZdutkNu5tCCf0ZXjwo4tVf481/46atoKIPBh7vzTAzL0oZVdpxPqzS2vrG5lZ5u7Kzu7d/UD08ulcik5h0sGBC9iKkCKOcdDTVjPRSSVASMdKNJteF350Sqajgd3qWkjBBI05jipE2UtCfIklSRZngg2rNsS+bdc+vQ8d2nIbruQXxGv6FD12jFKiBFdqD6nt/KHCWEK4xQ0oFrpPqMEdSU8zIvNLPFEkRnqARCQzlKCEqzBcnz+GZUYYwFtIU13Chfp/IUaLULIlMZ4L0WP32CvEvL8h03AxzytNME46Xi+KMQS1g8T8cUkmwZjNDEJbU3ArxGEmEtUmpYkL4+hT+T+4923Vs99avta5WcZTBCTgF58AFDdACN6ANOgADAR7AE3i2tPVovVivy9aStZo5Bj9gvX0CGe2RyQ==</latexit>
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Figure 5.2: Illustration of Theorem 9, with initial error set E0, funnels ΩV
t,γ on each sampling

period, bounded error jumps at sampling times, and TEB ε.

Again, to use SOS optimization to search for V and κ, we restrict them to polynomials:
V ∈ R[(t, e)], and κ ∈ R[(t, e, x̂, û)]. In addition to Assumption 5, we assume ∆Û = {∆û ∈
Rn̂u : p∆(∆û) ≤ 0}, where p∆ ∈ R[∆û]. By choosing the integral of the volume of Ω(V, t, γ)
over the time interval [0, Ts] as the cost function, and applying the generalized S-procedure
to (5.19a)–(5.19c), and (5.21), we obtain the following optimization problem:

min
V,κ,s,l

∫ Ts

0
volume(ΩV

t,γ)dt

s.t. s1→4 ∈ Σ[(t, e, x̂, û, w)], s5→6 ∈ Σ[(e,∆û)],
l ∈ R[(t, e, x̂, û, w)], s0 ∈ Σ[e],
s7→14,i ∈ Σ[(t, e, x̂, û)], i ∈ {1, ..., nu}, (5.23a)
γ − V (0, e) + s0 · p0 ∈ Σ[e], (5.23b)

−
(
∂V

∂t
+ ∂V

∂e
· (fe + geκ)

)
− εe>e+ l · (V − γ)

+ s1 · px̂ + s2 · pû + s3 · pw − s4 · t(Ts − t) ∈ Σ[(t, e, x̂, û, w)], (5.23c)
− (V (0, e− P · [0; ∆û])− γ) + s5 · (V (Ts, e)− γ) + s6 · p∆ ∈ Σ[(e,∆û)], (5.23d)
ui − κi + s7,i · (V − γ)− s8,i · t(Ts − t) + s9,i · px̂

+ s10,i · pû ∈ Σ[(t, e, x̂, û)], i ∈ {1, ..., nu}, (5.23e)
κi − ui + s11,i · (V − γ)− s12,i · t(Ts − t) + s13,i · px̂

+ s14,i · pû ∈ Σ[(t, e, x̂, û)], i ∈ {1, ..., nu}. (5.23f)

The optimization is bilinear in two groups of decision variables V and (κ, l, s5, s7,i, s11,i),
and can also be solved using alternating direction method similar to Algorithm 4 in the
Appendix A.
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After the funnel ΩV
t,γ is found, the next step is to compute a TEB ε by solving a convex

optimization:
min volume(ε)
s.t. ΩV

t,γ ⊆ ε, ∀t ∈ [0, Ts].
(5.24)

The set ε is restricted to a semi-algebraic set in order to convert the set containment con-
straint into an SOS constraint. Depending on the parameterization of ε, different cost
function can be chosen. For example, if ε is an ellipsoid: ε = {e ∈ Rnx : e>Pεe ≤ 1}, where
Pε ∈ Snx++ is a decision variable, then − log det(Pε) can be used as a cost function; and if ε is
a polytope: ε = {e ∈ Rnx : Aεe ≤ bε}, where Aε ∈ Rnε×nx is fixed, and bε ∈ Rnε is a decision
variable, then ∑nε

i=1 bε,i can be used as a cost function, where bε,i is the i-th element of bε.
Once a TEB ε is computed from the SOS optimizations (5.11), or (5.23)-(5.24), it can be

used to “robustify” the planner, meaning that the planner will be redesigned to account for
the computed TEB to guarantee safety. What we mean by safety is the high-fidelity state
satisfying: x(t) ∈ X for t ≥ 0. Specifically, to ensure safety, the following condition needs to
hold:

Ŝ ⊕ ε ⊆ X, where Ŝ = {π(x̂, û) : x̂ ∈ X̂, û ∈ Û}. (5.25)

Moreover, if the planner has the terminal constraint: x(T ) ∈ Xr for some T , where Xr ⊆ X.
The target sets X̂r ⊆ X̂ and Ûr ⊆ Û for the planning layer should also be redesigned:

Ŝr ⊕ ε ⊆ Xr, where Ŝr = {π(x̂, û) : x̂ ∈ X̂r, û ∈ Ûr}, (5.26)

and the planner need to enforce x̂(T ) ∈ X̂r and û(T ) ∈ Ûr.

5.3 Numerical Examples
We continue with the ship motion planning and control problem for autonomous docking
described in Example 4. The autonomous docking maneuver consists of four phases: transit,
transition from high speed to low speed maneuvering, docking, and dockside keeping a steady
contact force with the dock. In this dissertation, we focus on the transition phase, which
is challenging due to large changes in the ship dynamics when the speed is reduced. This
means that we consider a reach-avoid problem to reach the area near the dock (light blue in
Figure 5.3) while avoiding the piers (gray areas). The chosen reach-avoid problem focuses
on the first three states with the safety constraints X = [0, 10]× [0, 6.5]× [−π, π]× R3, the
obstacles Xa = Xa1 ∪ Xa2 with Xa1 = [2, 2.5] × [0, 3] × [−π, π] × R3 and Xa2 = [5, 5.5] ×
[3.5, 6.5] × [−π, π] × R3 (in grey in Figure 5.3), and the target set Xr = [7, 10] × [0, 6.5] ×
[π/3, 2π/3]× R3 (light blue).

As described in Example 4, the map π is chosen as π(x̂, û) = [x̂; û] to provide reference
signals for all the states of the high-fidelity model. However, instead of defining error as in
(5.14), we redefine the error state as e = φ · (x−π(x̂, û)), where φ =

[
R−1(ψ̂),03×3; 03×3, I3

]
.
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Figure 5.3: Closed-loop trajectories of the low-fidelity (red) and high-fidelity (blue) models
in the (N,E)-plane with the ship heading ψ (black arrows), the initial and shrunk state
constraints X and X−ε (thick and thin black lines), the target set Xr (light blue), the
obstacles Xa (grey) and the shrunk target set X−εr and expanded obstacles X+ε

a (green).

The matrix φ allows to replace the trigonometric functions in ψ̂ in the error dynamics
(5.15) by trigonometric functions in e(3) = (ψ − ψ̂), which can easily be approximated by
polynomials in certain range of e(3). The sampling period is Ts = 3.

For the high-fidelity model, the controls are unconstrained (U = R3) and the disturbances
signals are assumed to be evolve in W = [−0.01, 0.01]5×[−0.05, 0.05]. The input, input jump,
and disturbances spaces for the planning model are Û = [0, 0.18]× [−0.05, 0.05]× [−0.1, 0.1],
∆Û = [−0.18, 0.18] × [−0.1, 0.1] × [−0.2, 0.2], and Ŵ = [−0.01, 0.01]3. Optimization (5.23)
is run with degree-2 polynomials to characterize the storage function V , control law κ, and
multipliers s, l, and terminates in 6 minutes on a computer with 3.6GHz processor and 62GB
of RAM. A TEB ε is computed by parameterizing it as a hypercube, and solving (5.24). The
obtained TEB ε on (N,E, ψ) are [−0.427, 0.427] × [−0.432, 0.432] × [−0.235, 0.235]. Based
on the TEB, define the shrunk state constraint set, the expanded obstacle, and the shrunk
target set as X−ε := {x ∈ Rn | x + e ⊆ X, e ∈ ε}, X+ε

a := {x + e ∈ Rn | x ∈ Xa, e ∈ ε},
and X−εr := {x ∈ Rn | x + e ⊆ Xr, e ∈ ε}, respectively, and they are shown in Figure 5.3.
According to (5.25) and (5.26) , the planner state x̂ needs to stay in the shrunk state
constraint set X−ε, avoid the expanded obstacles X+ε

a , and reach shrunk target set X−εr in
order for the state of the high-fidelity model to stay in X, avoid Xa, and reach Xr.

In this dissertation, we use the discrete abstraction method proposed in [60] as the
planning algorithm to enforce the constraint sets Û and ∆Û , and realize the reach-avoid



CHAPTER 5. SAFE BY DESIGN MOTION PLANNING AND CONTROL FOR
NONLINEAR SYSTEMS 57

specification. The initial state is chosen as a random point in the bottom left corner of the
(N,E)-plane, and both closed-loop trajectories with random disturbance signals are plotted
in red for (5.13) and blue for (5.12) in Figure 5.3. The black arrows represent the orientation
ψ of the ship at each discrete time step. We can first note that the low-level controller (5.18)
provides a very efficient tracking of the planning model’s trajectory (red) by the high-fidelity
model (blue). Both models satisfy their reach-avoid specifications by reaching the (shrunk)
target set in blue while avoiding the (expanded) obstacles in grey. Once the ship has reached
the desired [N ;E] position (blue set) but not the correct orientation ψ, we can see it slowly
drift sideways while it turns to face East.

5.4 Chapter Summary
This chapter presents a hierarchical trajectory planning and control framework for nonlinear
dynamical systems. We use a hierarchy of system models for the planner-tracker synthesis:
a low-fidelity model initially plans a feasible trajectory satisfying the planning constraints,
and then the high-fidelity model is used to design the tracking controller and track the
planned trajectory. With the tracking controller, the error states between the planner and
the tracker are restricted to a bounded set, called the tracking error bound. We consider error
states that are functions of both the planner states and inputs, which offers more freedom
in the choice of the low-fidelity model. Both the tracking error bound and the controller
are designed offline using SOS programming. Finally, the method is demonstrated on two
detailed numerical examples.



58

Chapter 6

Robust Stability Analysis for Systems
with Neural Network Controllers

This chapter presents a method to analyze the stability of feedback systems with neural
network controllers. Two stability theorems are given to prove asymptotic stability and
to compute an ellipsoidal inner-approximation to the region of attraction (ROA). The first
theorem provides a condition to prove stability and to inner-approximate the region of at-
traction (ROA) for a linear time-invariant (LTI) plant. It uses Lyapunov theory, and local
sector quadratic constraints (QCs) to bound the nonlinear activation functions in the NN.
The second theorem allows the plant to include perturbations such as unmodeled dynamics,
and slope-restricted nonlinearities, characterizing them with integral quadratic constraints
(IQCs) [13, 18]. This in turn allows for the use of off-by-one IQCs [61] to capture the slope
restrictions of activation functions. Both results rely on semidefinite programming to ap-
proximate the ROA.

The proposed framework provides robustness guarantees for the feedback system with
uncertain plants, which is modeled as an interconnection of the nominal plant and pertur-
bations that are described by IQCs. The use of IQCs also allows for plants that are not
necessarily LTI. Moreover, the proposed framework allows for local (dynamic) off-by-one
IQCs to further sharpen the description of activation functions by capturing their slope
restrictions. This differs from [11, 12, 62–64], which derive only static QCs for activation
functions.

Local (static) sector IQCs have been used in the stability analysis of linear systems
with actuator saturation [65, 66], and unbounded nonlinearities [67]. The description of
these nonlinearties are refined by incorporating soft (dynamic) IQCs in the stability analysis
framework for linear systems [14], and polynomial systems [68]. Compared with these works,
this work is specialized to NN-controlled systems: it exploits the specific properties of NNs
and uses the Interval Bound Propagation method [69] to derive non-conservative static and
dynamic local IQCs to describe NN controllers; and it also allows for the analysis of NN-
controlled nonlinear systems by accommodating perturbations.

In this chapter, we first present the problem formulation and the nominal stability analysis
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framework when the plant is LTI. Then we extend the framework to uncertain systems using
IQCs. Finally, we provide numerical examples, including a nonlinear inverted pendulum and
an uncertain vehicle model.

6.1 Nominal Stability Analysis

Problem Formulation
Consider the feedback system consisting of a plant G and state-feedback controller π as
shown in Figure 6.1. As a first step, we assume the plant G is a linear, time-invariant (LTI)
system defined by the following discrete-time model:

x(k + 1) = AG x(k) +BG u(k), (6.1)
where x(k) ∈ RnG is the state, u(k) ∈ Rnu is the input, AG ∈ RnG×nG and BG ∈ RnG×nu .
The controller π : RnG → Rnu is an `-layer, feed-forward neural network (NN) defined as:

w0(k) = x(k), (6.2a)
wi(k) = φi

(
W iwi−1(k) + bi

)
, i = 1, . . . , `, (6.2b)

u(k) = W `+1w`(k) + b`+1, (6.2c)
where wi ∈ Rni are the outputs (activations) from the ith layer and n0 = nG. The operations
for each layer are defined by a weight matrix W i ∈ Rni×ni−1 , bias vector bi ∈ Rni , and
activation function φi : Rni → Rni . The activation function φi is applied element-wise, i.e.

φi(v) :=
[
ϕ(v1), · · · , ϕ(vni)

]>
, (6.3)

where ϕ : R → R is the (scalar) activation function selected for the NN. Common choices
for the scalar activation function include ϕ(ν) := tanh(ν), sigmoid ϕ(ν) := 1

1+e−ν , ReLU
ϕ(ν) := max(0, ν), and leaky ReLU ϕ(ν) := max(aν, ν) with a ∈ (0, 1). We assume the
activation ϕ is identical in all layers; this can be relaxed with minor changes to the notation.

G
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<latexit sha1_base64="7YlkrurOAYOv+Ch30L7WpchFVys=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis99FLed6tezZuDrBK/IFUo0Oi7X71BwrIYpWGCat31vdQEOVWGM4HTSi/TmFI2pkPsWippjDrI56dOyZlVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eNzPRdZBzmWYGJVssijJBTEJmf5MBV8iMmFhCmeL2VsJGVFFmbDoVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AU+9jc0=</latexit><latexit sha1_base64="7YlkrurOAYOv+Ch30L7WpchFVys=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis99FLed6tezZuDrBK/IFUo0Oi7X71BwrIYpWGCat31vdQEOVWGM4HTSi/TmFI2pkPsWippjDrI56dOyZlVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eNzPRdZBzmWYGJVssijJBTEJmf5MBV8iMmFhCmeL2VsJGVFFmbDoVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AU+9jc0=</latexit><latexit sha1_base64="7YlkrurOAYOv+Ch30L7WpchFVys=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis99FLed6tezZuDrBK/IFUo0Oi7X71BwrIYpWGCat31vdQEOVWGM4HTSi/TmFI2pkPsWippjDrI56dOyZlVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eNzPRdZBzmWYGJVssijJBTEJmf5MBV8iMmFhCmeL2VsJGVFFmbDoVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AU+9jc0=</latexit><latexit sha1_base64="7YlkrurOAYOv+Ch30L7WpchFVys=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis99FLed6tezZuDrBK/IFUo0Oi7X71BwrIYpWGCat31vdQEOVWGM4HTSi/TmFI2pkPsWippjDrI56dOyZlVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eNzPRdZBzmWYGJVssijJBTEJmf5MBV8iMmFhCmeL2VsJGVFFmbDoVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AU+9jc0=</latexit>

u(k)
<latexit sha1_base64="8hlxYmWfuwQDXM6ZSyMe/eEr7Dw=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOZpMhM7PLPISw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfa+P63t7a+sbm1Xdop7+7tHxxWjo7bOrGK0BZJeKK6EdaUM0lbhhlOu6miWEScdqLJXe53nqjSLJGPZprSUOCRZDEj2OSSrU0uBpWqX/fnQKskKEgVCjQHla/+MCFWUGkIx1r3Aj81YYaVYYTTWblvNU0xmeAR7TkqsaA6zOa3ztC5U4YoTpQradBc/T2RYaH1VESuU2Az1steLv7n9ayJb8KMydQaKsliUWw5MgnKH0dDpigxfOoIJoq5WxEZY4WJcfGUXQjB8surpH1ZD/x68HBVbdwWcZTgFM6gBgFcQwPuoQktIDCGZ3iFN094L96797FoXfOKmRP4A+/zB2+HjdM=</latexit><latexit sha1_base64="8hlxYmWfuwQDXM6ZSyMe/eEr7Dw=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOZpMhM7PLPISw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfa+P63t7a+sbm1Xdop7+7tHxxWjo7bOrGK0BZJeKK6EdaUM0lbhhlOu6miWEScdqLJXe53nqjSLJGPZprSUOCRZDEj2OSSrU0uBpWqX/fnQKskKEgVCjQHla/+MCFWUGkIx1r3Aj81YYaVYYTTWblvNU0xmeAR7TkqsaA6zOa3ztC5U4YoTpQradBc/T2RYaH1VESuU2Az1steLv7n9ayJb8KMydQaKsliUWw5MgnKH0dDpigxfOoIJoq5WxEZY4WJcfGUXQjB8surpH1ZD/x68HBVbdwWcZTgFM6gBgFcQwPuoQktIDCGZ3iFN094L96797FoXfOKmRP4A+/zB2+HjdM=</latexit><latexit sha1_base64="8hlxYmWfuwQDXM6ZSyMe/eEr7Dw=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOZpMhM7PLPISw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfa+P63t7a+sbm1Xdop7+7tHxxWjo7bOrGK0BZJeKK6EdaUM0lbhhlOu6miWEScdqLJXe53nqjSLJGPZprSUOCRZDEj2OSSrU0uBpWqX/fnQKskKEgVCjQHla/+MCFWUGkIx1r3Aj81YYaVYYTTWblvNU0xmeAR7TkqsaA6zOa3ztC5U4YoTpQradBc/T2RYaH1VESuU2Az1steLv7n9ayJb8KMydQaKsliUWw5MgnKH0dDpigxfOoIJoq5WxEZY4WJcfGUXQjB8surpH1ZD/x68HBVbdwWcZTgFM6gBgFcQwPuoQktIDCGZ3iFN094L96797FoXfOKmRP4A+/zB2+HjdM=</latexit><latexit sha1_base64="8hlxYmWfuwQDXM6ZSyMe/eEr7Dw=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOZpMhM7PLPISw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfa+P63t7a+sbm1Xdop7+7tHxxWjo7bOrGK0BZJeKK6EdaUM0lbhhlOu6miWEScdqLJXe53nqjSLJGPZprSUOCRZDEj2OSSrU0uBpWqX/fnQKskKEgVCjQHla/+MCFWUGkIx1r3Aj81YYaVYYTTWblvNU0xmeAR7TkqsaA6zOa3ztC5U4YoTpQradBc/T2RYaH1VESuU2Az1steLv7n9ayJb8KMydQaKsliUWw5MgnKH0dDpigxfOoIJoq5WxEZY4WJcfGUXQjB8surpH1ZD/x68HBVbdwWcZTgFM6gBgFcQwPuoQktIDCGZ3iFN094L96797FoXfOKmRP4A+/zB2+HjdM=</latexit>

x(k)
<latexit sha1_base64="hJOxIP0lpA/Eos+0aMdtxh4VVbw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa59FSfnA+qNbfhzoFWiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AdByN1g==</latexit><latexit sha1_base64="hJOxIP0lpA/Eos+0aMdtxh4VVbw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa59FSfnA+qNbfhzoFWiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AdByN1g==</latexit><latexit sha1_base64="hJOxIP0lpA/Eos+0aMdtxh4VVbw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa59FSfnA+qNbfhzoFWiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AdByN1g==</latexit><latexit sha1_base64="hJOxIP0lpA/Eos+0aMdtxh4VVbw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa59FSfnA+qNbfhzoFWiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AdByN1g==</latexit>

Figure 6.1: Feedback system with plant G and NN π

The state vector x∗ is an equilibrium point of the feedback system with input u∗ if the
following conditions hold:

x∗ = AG x∗ +BG u∗, (6.4a)
u∗ = π(x∗). (6.4b)
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Let χ(k;x0) denote the solution to the feedback system at time k from initial condition
x(0) = x0. Our goal is to analyze asymptotic stability of the equilibrium point and to find
the largest estimate of the region of attraction, defined below, using an ellipsoidal inner
approximation.

Definition 15. The region of attraction (ROA) of the feedback system with plant G and NN
π is defined as

R := {x0 ∈ RnG : lim
k→∞

χ(k;x0) = x∗}. (6.5)

NN Representation: Isolation of Nonlinearities
It is useful to isolate the nonlinear activation functions from the linear operations of the NN
as done in [62,70]. Define vi as the input to the activation function φi:

vi(k) := W iwi−1(k) + bi, i = 1, . . . , `. (6.6)

The nonlinear operation of the ith layer (6.2b) is thus expressed as wi(k) = φi(vi(k)). Gather
the inputs and outputs of all activation functions:

vφ :=


v1

...
v`

 ∈ Rnφ and wφ :=


w1

...
w`

 ∈ Rnφ , (6.7)

where nφ := n1 + · · ·+ n`, and define the combined nonlinearity φ : Rnφ → Rnφ by stacking
the activation functions:

φ(vφ) :=


φ1(v1)

...
φ`(v`)

 . (6.8)

Thus wφ(k) = φ(vφ(k)), where the scalar activation function ϕ is applied element-wise to
each entry of vφ. Finally, the NN control policy π defined in (6.2) can be rewritten as:

[
u(k)
vφ(k)

]
= N

 x(k)
wφ(k)

1

 (6.9a)

wφ(k) = φ(vφ(k)). (6.9b)
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The matrix N depends on the weights and biases as follows, where the vertical and horizontal
bars partition N compatibly with the inputs (x,wφ, 1) and outputs (u, vφ):

N :=



0 0 0 · · · W `+1 b`+1

W 1 0 · · · 0 0 b1

0 W 2 · · · 0 0 b2

... ... . . . ... ... ...
0 0 · · · W ` 0 b`

 (6.10a)

:=
[
Nux Nuw Nub

Nvx Nvw Nvb

]
. (6.10b)

This decomposition of the NN, depicted in Figure 6.2, isolates the activation functions in
preparation for the stability analysis.

N
<latexit sha1_base64="FsFohXQjc3OA/BBAi7JXP9TMCN0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiydpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fppGM0g==</latexit><latexit sha1_base64="FsFohXQjc3OA/BBAi7JXP9TMCN0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiydpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fppGM0g==</latexit><latexit sha1_base64="FsFohXQjc3OA/BBAi7JXP9TMCN0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiydpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fppGM0g==</latexit><latexit sha1_base64="FsFohXQjc3OA/BBAi7JXP9TMCN0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiydpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fppGM0g==</latexit>

u(k)
<latexit sha1_base64="8hlxYmWfuwQDXM6ZSyMe/eEr7Dw=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOZpMhM7PLPISw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfa+P63t7a+sbm1Xdop7+7tHxxWjo7bOrGK0BZJeKK6EdaUM0lbhhlOu6miWEScdqLJXe53nqjSLJGPZprSUOCRZDEj2OSSrU0uBpWqX/fnQKskKEgVCjQHla/+MCFWUGkIx1r3Aj81YYaVYYTTWblvNU0xmeAR7TkqsaA6zOa3ztC5U4YoTpQradBc/T2RYaH1VESuU2Az1steLv7n9ayJb8KMydQaKsliUWw5MgnKH0dDpigxfOoIJoq5WxEZY4WJcfGUXQjB8surpH1ZD/x68HBVbdwWcZTgFM6gBgFcQwPuoQktIDCGZ3iFN094L96797FoXfOKmRP4A+/zB2+HjdM=</latexit><latexit sha1_base64="8hlxYmWfuwQDXM6ZSyMe/eEr7Dw=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOZpMhM7PLPISw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfa+P63t7a+sbm1Xdop7+7tHxxWjo7bOrGK0BZJeKK6EdaUM0lbhhlOu6miWEScdqLJXe53nqjSLJGPZprSUOCRZDEj2OSSrU0uBpWqX/fnQKskKEgVCjQHla/+MCFWUGkIx1r3Aj81YYaVYYTTWblvNU0xmeAR7TkqsaA6zOa3ztC5U4YoTpQradBc/T2RYaH1VESuU2Az1steLv7n9ayJb8KMydQaKsliUWw5MgnKH0dDpigxfOoIJoq5WxEZY4WJcfGUXQjB8surpH1ZD/x68HBVbdwWcZTgFM6gBgFcQwPuoQktIDCGZ3iFN094L96797FoXfOKmRP4A+/zB2+HjdM=</latexit><latexit sha1_base64="8hlxYmWfuwQDXM6ZSyMe/eEr7Dw=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOZpMhM7PLPISw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfa+P63t7a+sbm1Xdop7+7tHxxWjo7bOrGK0BZJeKK6EdaUM0lbhhlOu6miWEScdqLJXe53nqjSLJGPZprSUOCRZDEj2OSSrU0uBpWqX/fnQKskKEgVCjQHla/+MCFWUGkIx1r3Aj81YYaVYYTTWblvNU0xmeAR7TkqsaA6zOa3ztC5U4YoTpQradBc/T2RYaH1VESuU2Az1steLv7n9ayJb8KMydQaKsliUWw5MgnKH0dDpigxfOoIJoq5WxEZY4WJcfGUXQjB8surpH1ZD/x68HBVbdwWcZTgFM6gBgFcQwPuoQktIDCGZ3iFN094L96797FoXfOKmRP4A+/zB2+HjdM=</latexit><latexit sha1_base64="8hlxYmWfuwQDXM6ZSyMe/eEr7Dw=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOZpMhM7PLPISw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfa+P63t7a+sbm1Xdop7+7tHxxWjo7bOrGK0BZJeKK6EdaUM0lbhhlOu6miWEScdqLJXe53nqjSLJGPZprSUOCRZDEj2OSSrU0uBpWqX/fnQKskKEgVCjQHla/+MCFWUGkIx1r3Aj81YYaVYYTTWblvNU0xmeAR7TkqsaA6zOa3ztC5U4YoTpQradBc/T2RYaH1VESuU2Az1steLv7n9ayJb8KMydQaKsliUWw5MgnKH0dDpigxfOoIJoq5WxEZY4WJcfGUXQjB8surpH1ZD/x68HBVbdwWcZTgFM6gBgFcQwPuoQktIDCGZ3iFN094L96797FoXfOKmRP4A+/zB2+HjdM=</latexit>
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Figure 6.2: NN representation to isolate the nonlinearities φ.

Suppose (x∗, u∗) satisfies (6.4). Then x∗ can be propagated through the NN to obtain
equilibrium values vi∗, wi∗ for the inputs/outputs of each activation function (i = 1, . . . , `),
yielding (vφ, wφ) = (v∗, w∗). Thus (x∗, u∗, v∗, w∗) is an equilibrium point of (6.1) and (6.2)
if:

x∗ = AG x∗ +BG u∗, (6.11a)[
u∗
v∗

]
= N

x∗w∗
1

 , (6.11b)

w∗ = φ(v∗). (6.11c)

Quadratic Constraints: Scalar Activation Functions
The stability analysis relies on quadratic constraints (QCs) to bound the activation function.
A typical constraint is the sector bound as defined next.

Definition 16. Let α ≤ β be given. The function ϕ : R→ R lies in the (global) sector [α, β]
if:

(ϕ(ν)− αν) · (βν − ϕ(ν)) ≥ 0 ∀ν ∈ R. (6.12)
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The interpretation of the sector [α, β] is that ϕ lies between lines passing through the
origin with slope α and β. Many activation functions are bounded in the sector [0, 1], e.g.
tanh and ReLU. Figure 6.3 illustrates ϕ(ν) = tanh(ν) (blue solid) and the global sector
defined by [0, 1] (red solid lines).
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Figure 6.3: Sector constraints on tanh

The global sector constraint is often too coarse for stability analysis, and a local sector
constraint provides tighter bounds.

Definition 17. Let α, β, ν, ν̄ ∈ R with α ≤ β and ν ≤ 0 ≤ ν̄. The function ϕ : R → R
satisfies the local sector [α, β] if

(ϕ(ν)− α ν) · (β ν − ϕ(ν)) ≥ 0 ∀ν ∈ [ν, ν̄]. (6.13)

As an example, ϕ(ν) := tanh(ν) restricted to the interval [−ν̄, ν̄] satisfies the local sector
bound [α, β] with α := tanh(ν̄)/ν̄ > 0 and β := 1. As shown in Figure 6.3 (green dashed
lines), the local sector provides a tighter bound than the global sector. These bounds are
valid for a symmetric interval around the origin with ν = −ν̄; non-symmetric intervals
(ν 6= −ν̄) can be handled similarly.

The local and global sector constraints above were defined to be centered at the point
(ν, ϕ(ν)) = (0, 0). The stability analysis will require offset sectors centered around an ar-
bitrary point (ν∗, ϕ(ν∗)) on the function. For example, ϕ(ν) = tanh(ν) satisfies the global
sector bound (red solid) around the point (ν∗, tanh(ν∗)) with [α, β] = [0, 1], as shown in Fig-
ure 6.4. It satisfies a tighter local sector bound (green dashed) when the input is restricted
to ν ∈ [ν, ν̄]. An explicit expression for this local sector is β = 1 and

α := min
(

tanh(ν̄)− tanh(ν∗)
ν̄ − ν∗

,
tanh(ν∗)− tanh(ν)

ν∗ − ν

)
.

The local sector upper bound β can be tightened further. This leads to the following defini-
tion of an offset local sector.

Definition 18. Let α, β, ν, ν̄, ν∗ ∈ R be given with α ≤ β and ν ≤ ν∗ ≤ ν̄. The function
ϕ : R→ R satisfies the offset local sector [α, β] around the point (ν∗, ϕ(ν∗)) if:

(∆ϕ(ν)− α∆ν) · (β∆ν −∆ϕ(ν)) ≥ 0 ∀ν ∈ [ν, ν̄] (6.14)

where ∆ϕ(ν) := ϕ(ν)− ϕ(ν∗) and ∆ν := ν − ν∗.
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⌫̄
<latexit sha1_base64="bzNC6HQSwFQ6BxJ8nQmeqQVfRy0=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzEOyS5idzCZDZmaXeQhhyVd48aCIVz/Hm3/jJNmDJhY0FFXddHfFGWfa+P63V1pb39jcKm9Xdnb39g+qh0dtnVpFaIukPFXdGGvKmaQtwwyn3UxRLGJOO/H4duZ3nqjSLJUPZpLRSOChZAkj2DjpMYyxykNpp/1qza/7c6BVEhSkBgWa/epXOEiJFVQawrHWvcDPTJRjZRjhdFoJraYZJmM8pD1HJRZUR/n84Ck6c8oAJalyJQ2aq78nciy0nojYdQpsRnrZm4n/eT1rkusoZzKzhkqyWJRYjkyKZt+jAVOUGD5xBBPF3K2IjLDCxLiMKi6EYPnlVdK+qAd+Pbi/rDVuijjKcAKncA4BXEED7qAJLSAg4Ble4c1T3ov37n0sWkteMXMMf+B9/gAhmZCc</latexit><latexit sha1_base64="bzNC6HQSwFQ6BxJ8nQmeqQVfRy0=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzEOyS5idzCZDZmaXeQhhyVd48aCIVz/Hm3/jJNmDJhY0FFXddHfFGWfa+P63V1pb39jcKm9Xdnb39g+qh0dtnVpFaIukPFXdGGvKmaQtwwyn3UxRLGJOO/H4duZ3nqjSLJUPZpLRSOChZAkj2DjpMYyxykNpp/1qza/7c6BVEhSkBgWa/epXOEiJFVQawrHWvcDPTJRjZRjhdFoJraYZJmM8pD1HJRZUR/n84Ck6c8oAJalyJQ2aq78nciy0nojYdQpsRnrZm4n/eT1rkusoZzKzhkqyWJRYjkyKZt+jAVOUGD5xBBPF3K2IjLDCxLiMKi6EYPnlVdK+qAd+Pbi/rDVuijjKcAKncA4BXEED7qAJLSAg4Ble4c1T3ov37n0sWkteMXMMf+B9/gAhmZCc</latexit><latexit sha1_base64="bzNC6HQSwFQ6BxJ8nQmeqQVfRy0=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzEOyS5idzCZDZmaXeQhhyVd48aCIVz/Hm3/jJNmDJhY0FFXddHfFGWfa+P63V1pb39jcKm9Xdnb39g+qh0dtnVpFaIukPFXdGGvKmaQtwwyn3UxRLGJOO/H4duZ3nqjSLJUPZpLRSOChZAkj2DjpMYyxykNpp/1qza/7c6BVEhSkBgWa/epXOEiJFVQawrHWvcDPTJRjZRjhdFoJraYZJmM8pD1HJRZUR/n84Ck6c8oAJalyJQ2aq78nciy0nojYdQpsRnrZm4n/eT1rkusoZzKzhkqyWJRYjkyKZt+jAVOUGD5xBBPF3K2IjLDCxLiMKi6EYPnlVdK+qAd+Pbi/rDVuijjKcAKncA4BXEED7qAJLSAg4Ble4c1T3ov37n0sWkteMXMMf+B9/gAhmZCc</latexit><latexit sha1_base64="bzNC6HQSwFQ6BxJ8nQmeqQVfRy0=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzEOyS5idzCZDZmaXeQhhyVd48aCIVz/Hm3/jJNmDJhY0FFXddHfFGWfa+P63V1pb39jcKm9Xdnb39g+qh0dtnVpFaIukPFXdGGvKmaQtwwyn3UxRLGJOO/H4duZ3nqjSLJUPZpLRSOChZAkj2DjpMYyxykNpp/1qza/7c6BVEhSkBgWa/epXOEiJFVQawrHWvcDPTJRjZRjhdFoJraYZJmM8pD1HJRZUR/n84Ck6c8oAJalyJQ2aq78nciy0nojYdQpsRnrZm4n/eT1rkusoZzKzhkqyWJRYjkyKZt+jAVOUGD5xBBPF3K2IjLDCxLiMKi6EYPnlVdK+qAd+Pbi/rDVuijjKcAKncA4BXEED7qAJLSAg4Ble4c1T3ov37n0sWkteMXMMf+B9/gAhmZCc</latexit>

⌫
<latexit sha1_base64="Oa0f5AT46flV46saoc14N8Pl4zE=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiQi6LLoxmUF+4AmlMlk2g6dTMI8hBr6JW5cKOLWT3Hn3zhps9DWAwOHc+7h3jlRxpnSnvftrK1vbG5tV3aqu3v7BzX38KijUiMJbZOUp7IXYUU5E7Stmea0l0mKk4jTbjS5LfzuI5WKpeJBTzMaJngk2JARrK00cGuBETGVRTwPhJkN3LrX8OZAq8QvSR1KtAbuVxCnxCRUaMKxUn3fy3SYY6kZ4XRWDYyiGSYTPKJ9SwVOqArz+eEzdGaVGA1TaZ/QaK7+TuQ4UWqaRHYywXqslr1C/M/rGz28DnMmMqOpIItFQ8ORTlHRAoqZpETzqSWYSGZvRWSMJSbadlW1JfjLX14lnYuG7zX8+8t686asowIncArn4MMVNOEOWtAGAgae4RXenCfnxXl3Phaja06ZOYY/cD5/AHhSk5o=</latexit><latexit sha1_base64="Oa0f5AT46flV46saoc14N8Pl4zE=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiQi6LLoxmUF+4AmlMlk2g6dTMI8hBr6JW5cKOLWT3Hn3zhps9DWAwOHc+7h3jlRxpnSnvftrK1vbG5tV3aqu3v7BzX38KijUiMJbZOUp7IXYUU5E7Stmea0l0mKk4jTbjS5LfzuI5WKpeJBTzMaJngk2JARrK00cGuBETGVRTwPhJkN3LrX8OZAq8QvSR1KtAbuVxCnxCRUaMKxUn3fy3SYY6kZ4XRWDYyiGSYTPKJ9SwVOqArz+eEzdGaVGA1TaZ/QaK7+TuQ4UWqaRHYywXqslr1C/M/rGz28DnMmMqOpIItFQ8ORTlHRAoqZpETzqSWYSGZvRWSMJSbadlW1JfjLX14lnYuG7zX8+8t686asowIncArn4MMVNOEOWtAGAgae4RXenCfnxXl3Phaja06ZOYY/cD5/AHhSk5o=</latexit><latexit sha1_base64="Oa0f5AT46flV46saoc14N8Pl4zE=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiQi6LLoxmUF+4AmlMlk2g6dTMI8hBr6JW5cKOLWT3Hn3zhps9DWAwOHc+7h3jlRxpnSnvftrK1vbG5tV3aqu3v7BzX38KijUiMJbZOUp7IXYUU5E7Stmea0l0mKk4jTbjS5LfzuI5WKpeJBTzMaJngk2JARrK00cGuBETGVRTwPhJkN3LrX8OZAq8QvSR1KtAbuVxCnxCRUaMKxUn3fy3SYY6kZ4XRWDYyiGSYTPKJ9SwVOqArz+eEzdGaVGA1TaZ/QaK7+TuQ4UWqaRHYywXqslr1C/M/rGz28DnMmMqOpIItFQ8ORTlHRAoqZpETzqSWYSGZvRWSMJSbadlW1JfjLX14lnYuG7zX8+8t686asowIncArn4MMVNOEOWtAGAgae4RXenCfnxXl3Phaja06ZOYY/cD5/AHhSk5o=</latexit><latexit sha1_base64="Oa0f5AT46flV46saoc14N8Pl4zE=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiQi6LLoxmUF+4AmlMlk2g6dTMI8hBr6JW5cKOLWT3Hn3zhps9DWAwOHc+7h3jlRxpnSnvftrK1vbG5tV3aqu3v7BzX38KijUiMJbZOUp7IXYUU5E7Stmea0l0mKk4jTbjS5LfzuI5WKpeJBTzMaJngk2JARrK00cGuBETGVRTwPhJkN3LrX8OZAq8QvSR1KtAbuVxCnxCRUaMKxUn3fy3SYY6kZ4XRWDYyiGSYTPKJ9SwVOqArz+eEzdGaVGA1TaZ/QaK7+TuQ4UWqaRHYywXqslr1C/M/rGz28DnMmMqOpIItFQ8ORTlHRAoqZpETzqSWYSGZvRWSMJSbadlW1JfjLX14lnYuG7zX8+8t686asowIncArn4MMVNOEOWtAGAgae4RXenCfnxXl3Phaja06ZOYY/cD5/AHhSk5o=</latexit>

tanh(⌫)
<latexit sha1_base64="ATKxfN36itgpaIJ3FRphUA/YDg4=">AAAB+XicbVBNS8NAEN34WetX1KOXYBHqpSQi6LHoxWMF+wFNKJvtpF262YTdSbGE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvTAXX6Lrf1tr6xubWdmmnvLu3f3BoHx23dJIpBk2WiER1QqpBcAlN5CigkyqgcSigHY7uZn57DErzRD7iJIUgpgPJI84oGqln2z7CE+ZI5XBa9WV20bMrbs2dw1klXkEqpECjZ3/5/YRlMUhkgmrd9dwUg5wq5EzAtOxnGlLKRnQAXUMljUEH+fzyqXNulL4TJcqURGeu/p7Iaaz1JA5NZ0xxqJe9mfif180wuglyLtMMQbLFoigTDibOLAanzxUwFBNDKFPc3OqwIVWUoQmrbELwll9eJa3LmufWvIerSv22iKNETskZqRKPXJM6uScN0iSMjMkzeSVvVm69WO/Wx6J1zSpmTsgfWJ8/nKqTnw==</latexit><latexit sha1_base64="ATKxfN36itgpaIJ3FRphUA/YDg4=">AAAB+XicbVBNS8NAEN34WetX1KOXYBHqpSQi6LHoxWMF+wFNKJvtpF262YTdSbGE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvTAXX6Lrf1tr6xubWdmmnvLu3f3BoHx23dJIpBk2WiER1QqpBcAlN5CigkyqgcSigHY7uZn57DErzRD7iJIUgpgPJI84oGqln2z7CE+ZI5XBa9WV20bMrbs2dw1klXkEqpECjZ3/5/YRlMUhkgmrd9dwUg5wq5EzAtOxnGlLKRnQAXUMljUEH+fzyqXNulL4TJcqURGeu/p7Iaaz1JA5NZ0xxqJe9mfif180wuglyLtMMQbLFoigTDibOLAanzxUwFBNDKFPc3OqwIVWUoQmrbELwll9eJa3LmufWvIerSv22iKNETskZqRKPXJM6uScN0iSMjMkzeSVvVm69WO/Wx6J1zSpmTsgfWJ8/nKqTnw==</latexit><latexit sha1_base64="ATKxfN36itgpaIJ3FRphUA/YDg4=">AAAB+XicbVBNS8NAEN34WetX1KOXYBHqpSQi6LHoxWMF+wFNKJvtpF262YTdSbGE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvTAXX6Lrf1tr6xubWdmmnvLu3f3BoHx23dJIpBk2WiER1QqpBcAlN5CigkyqgcSigHY7uZn57DErzRD7iJIUgpgPJI84oGqln2z7CE+ZI5XBa9WV20bMrbs2dw1klXkEqpECjZ3/5/YRlMUhkgmrd9dwUg5wq5EzAtOxnGlLKRnQAXUMljUEH+fzyqXNulL4TJcqURGeu/p7Iaaz1JA5NZ0xxqJe9mfif180wuglyLtMMQbLFoigTDibOLAanzxUwFBNDKFPc3OqwIVWUoQmrbELwll9eJa3LmufWvIerSv22iKNETskZqRKPXJM6uScN0iSMjMkzeSVvVm69WO/Wx6J1zSpmTsgfWJ8/nKqTnw==</latexit><latexit sha1_base64="ATKxfN36itgpaIJ3FRphUA/YDg4=">AAAB+XicbVBNS8NAEN34WetX1KOXYBHqpSQi6LHoxWMF+wFNKJvtpF262YTdSbGE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvTAXX6Lrf1tr6xubWdmmnvLu3f3BoHx23dJIpBk2WiER1QqpBcAlN5CigkyqgcSigHY7uZn57DErzRD7iJIUgpgPJI84oGqln2z7CE+ZI5XBa9WV20bMrbs2dw1klXkEqpECjZ3/5/YRlMUhkgmrd9dwUg5wq5EzAtOxnGlLKRnQAXUMljUEH+fzyqXNulL4TJcqURGeu/p7Iaaz1JA5NZ0xxqJe9mfif180wuglyLtMMQbLFoigTDibOLAanzxUwFBNDKFPc3OqwIVWUoQmrbELwll9eJa3LmufWvIerSv22iKNETskZqRKPXJM6uScN0iSMjMkzeSVvVm69WO/Wx6J1zSpmTsgfWJ8/nKqTnw==</latexit>

(⌫⇤, tanh(⌫⇤))
<latexit sha1_base64="7WPZ4f9OqGCKqoh0HW6kDMgkZs8=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrUhJRNBl0Y3LCvYBTQiT6bQdOpmEmYlQQsFfceNCEbd+hzv/xmmbhbYeuHDmnHuZe0+YcKa043xbhZXVtfWN4mZpa3tnd8/eP2ipOJWENknMY9kJsaKcCdrUTHPaSSTFUchpOxzdTv32I5WKxeJBjxPqR3ggWJ8RrI0U2EcVT6TB2TnyNBbD+aNaDeyyU3NmQMvEzUkZcjQC+8vrxSSNqNCEY6W6rpNoP8NSM8LppOSliiaYjPCAdg0VOKLKz2brT9CpUXqoH0tTQqOZ+nsiw5FS4yg0nRHWQ7XoTcX/vG6q+9d+xkSSairI/KN+ypGO0TQL1GOSEs3HhmAimdkVkSGWmGiTWMmE4C6evExaFzXXqbn3l+X6TR5HEY7hBCrgwhXU4Q4a0AQCGTzDK7xZT9aL9W59zFsLVj5zCH9gff4AsVaUAg==</latexit><latexit sha1_base64="7WPZ4f9OqGCKqoh0HW6kDMgkZs8=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrUhJRNBl0Y3LCvYBTQiT6bQdOpmEmYlQQsFfceNCEbd+hzv/xmmbhbYeuHDmnHuZe0+YcKa043xbhZXVtfWN4mZpa3tnd8/eP2ipOJWENknMY9kJsaKcCdrUTHPaSSTFUchpOxzdTv32I5WKxeJBjxPqR3ggWJ8RrI0U2EcVT6TB2TnyNBbD+aNaDeyyU3NmQMvEzUkZcjQC+8vrxSSNqNCEY6W6rpNoP8NSM8LppOSliiaYjPCAdg0VOKLKz2brT9CpUXqoH0tTQqOZ+nsiw5FS4yg0nRHWQ7XoTcX/vG6q+9d+xkSSairI/KN+ypGO0TQL1GOSEs3HhmAimdkVkSGWmGiTWMmE4C6evExaFzXXqbn3l+X6TR5HEY7hBCrgwhXU4Q4a0AQCGTzDK7xZT9aL9W59zFsLVj5zCH9gff4AsVaUAg==</latexit><latexit sha1_base64="7WPZ4f9OqGCKqoh0HW6kDMgkZs8=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrUhJRNBl0Y3LCvYBTQiT6bQdOpmEmYlQQsFfceNCEbd+hzv/xmmbhbYeuHDmnHuZe0+YcKa043xbhZXVtfWN4mZpa3tnd8/eP2ipOJWENknMY9kJsaKcCdrUTHPaSSTFUchpOxzdTv32I5WKxeJBjxPqR3ggWJ8RrI0U2EcVT6TB2TnyNBbD+aNaDeyyU3NmQMvEzUkZcjQC+8vrxSSNqNCEY6W6rpNoP8NSM8LppOSliiaYjPCAdg0VOKLKz2brT9CpUXqoH0tTQqOZ+nsiw5FS4yg0nRHWQ7XoTcX/vG6q+9d+xkSSairI/KN+ypGO0TQL1GOSEs3HhmAimdkVkSGWmGiTWMmE4C6evExaFzXXqbn3l+X6TR5HEY7hBCrgwhXU4Q4a0AQCGTzDK7xZT9aL9W59zFsLVj5zCH9gff4AsVaUAg==</latexit><latexit sha1_base64="7WPZ4f9OqGCKqoh0HW6kDMgkZs8=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrUhJRNBl0Y3LCvYBTQiT6bQdOpmEmYlQQsFfceNCEbd+hzv/xmmbhbYeuHDmnHuZe0+YcKa043xbhZXVtfWN4mZpa3tnd8/eP2ipOJWENknMY9kJsaKcCdrUTHPaSSTFUchpOxzdTv32I5WKxeJBjxPqR3ggWJ8RrI0U2EcVT6TB2TnyNBbD+aNaDeyyU3NmQMvEzUkZcjQC+8vrxSSNqNCEY6W6rpNoP8NSM8LppOSliiaYjPCAdg0VOKLKz2brT9CpUXqoH0tTQqOZ+nsiw5FS4yg0nRHWQ7XoTcX/vG6q+9d+xkSSairI/KN+ypGO0TQL1GOSEs3HhmAimdkVkSGWmGiTWMmE4C6evExaFzXXqbn3l+X6TR5HEY7hBCrgwhXU4Q4a0AQCGTzDK7xZT9aL9W59zFsLVj5zCH9gff4AsVaUAg==</latexit>

Figure 6.4: Offset local sector constraint on tanh

Quadratic Constraints: Combined Activation Functions
Offset local sector constraints can also be defined for the combined nonlinearity φ, given by
(6.8). Let v, v̄, v∗ ∈ Rnφ be given with v ≤ v∗ ≤ v̄. Assume that the activation input vφ ∈ Rnφ

lies, element-wise, in the interval [v, v̄] and the ith input/output pair is wφ,i = ϕ(vφ,i). Further
assume the scalar activation function satisfies the local sector [αi, βi] around the point v∗,i
with the input restricted to vφ,i ∈ [vi, v̄i] for i = 1, . . . , nφ. The local sector bounds can be
computed for ϕ on the given interval either analytically (as above for tanh) or numerically.
These local sectors can be stacked into vectors αφ, βφ ∈ Rnφ that provide QCs satisfied by
the combined nonlinearity φ.

Lemma 2. Let αφ, βφ, v, v̄, v∗ ∈ Rnφ be given with αφ ≤ βφ, v ≤ v∗ ≤ v̄, and w∗ := φ(v∗).
Assume φ satisfies the offset local sector [αφ, βφ] around the point (v∗, w∗) element-wise for
all vφ ∈ [v, v̄]. If λ ∈ Rnφ with λ ≥ 0 then:

[
vφ − v∗
wφ − w∗

]>
Ψ>φMφ(λ)Ψφ

[
vφ − v∗
wφ − w∗

]
≥ 0, ∀vφ ∈ [v, v̄], wφ = φ(vφ), (6.15)

where

Ψφ :=
[

diag(βφ) −Inφ
−diag(αφ) Inφ

]
(6.16)

Mφ(λ) :=
[

0nφ diag(λ)
diag(λ) 0nφ

]
. (6.17)

Proof. For any vφ ∈ Rnφ and wφ = φ(vφ):
[
vφ − v∗
wφ − w∗

]>
Ψ>φMφ(λ)Ψφ

[
vφ − v∗
wφ − w∗

]
=

nφ∑
i=1

λi(∆wi − αi ∆vi) · (βi ∆vi −∆wi)

where ∆wi := ϕ(vφ,i)−ϕ(v∗,i) and ∆vi := vφ,i− v∗,i. If vφ ∈ [v, v̄] then each term in the sum
is non-negative by the offset local sector constraints and λ ≥ 0.
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In order to apply the local sector and slope bounds in the stability analysis, we must
first compute the bounds v, v ∈ Rnφ on the activation input vφ. The process to compute the
bounds is briefly discussed here with more details provided in [69]. Let v1

∗ be the equilibrium
value at the first NN layer. Select v1, v̄1 ∈ Rn1 with v1 ≤ v1

∗ ≤ v̄1. If the activation
functions φ1 are monotonically non-decreasing, then the first activation output w1 = φ1(v1)
is bounded by [w1, w̄1], where w1 = φ1(v1), and w1 = φ1(v1). The interval [w1, w̄1] can
then be used to compute bounds [v2, v̄2] on the input v2 to the next activation function,
where v2 = W 2w1 + b2. Denote y> as the ith row of W 2, and define c := 1

2(w̄1 + w1) and
r := 1

2(w̄1 − w1). Then v2 and v̄2 are given as

v̄2
i = y>c+ b2

i +
n1∑
j=1
|yjrj|, (6.18a)

v2
i = y>c+ b2

i −
n1∑
j=1
|yjrj|. (6.18b)

The intervals computed for w1 and v2 will contain their equilibrium value w1
∗ and v2

∗. This
process can be propagated through all layers of the NN to obtain the bounds v, v ∈ Rnφ for
the activation function input vφ. The remainder of the dissertation will assume the local
sector bounds have been computed as briefly summarized in the following property.

Property 1. Let v∗ ∈ Rnφ be an equilibrium value of the activation input and v1
∗ ∈ Rn1

be the corresponding value at the first layer. Let v1, v̄1 ∈ Rn1 with v1
∗ ∈ [v1, v̄1] and their

corresponding activation input bounds v, v be given. There exist αφ, βφ ∈ Rnφ such that φ
satisfies the offset local sector around the point (v∗, φ(v∗)) for all vφ ∈ [v, v̄].

Lyapunov Condition
This section uses a Lyapunov function and the offset local sector to compute an inner ap-
proximation for the ROA of the feedback system of G and π. To simplify notation, the
interval bound on v1 is assumed to be symmetrical about v1

∗, i.e. v1 = 2v1
∗ − v̄1 so that

v̄1 − v1
∗ = v1

∗ − v1. This can be relaxed to handle non-symmetrical intervals with minor
notational changes.

Theorem 10. Consider the feedback system of plant G in (6.1) and NN π in (6.2) with
equilibrium point (x∗, u∗, v∗, w∗) satisfying (6.11). Let v̄1 ∈ Rn1, v1 := 2v1

∗− v̄1, and αφ, βφ ∈
Rnφ be given vectors satisfying Property 1 for the NN. Denote the ith row of the first weight
W 1 by W 1

i and define matrices

RV :=
[
InG 0nG×nφ
Nux Nuw

]
, and Rφ :=

[
Nvx Nvw

0nφ×nG Inφ

]
.

If there exists a matrix P ∈ SnG++, and vector λ ∈ Rnφ with λ ≥ 0 such that

R>V

[
A>GPAG − P A>GPBG

B>GPAG B>GPBG

]
RV +R>φΨ>φMφ(λ)ΨφRφ < 0, (6.19)
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(v̄1
i − v1

∗,i)2 W 1
i

W 1>
i P

]
≥ 0, i = 1, · · · , n1, (6.20)

then: (i) the feedback system consisting of G and π is locally stable around x∗, and (ii) the
set E(P, x∗), defined by (2.3), is an inner-approximation to the ROA.

Proof. By Schur complements, (6.20) is equivalent to:

W 1
i P
−1W 1>

i ≤ (v̄1
i − v1

∗,i)2, i = 1, · · · , n1. (6.21)

It follows from Lemma 1 in [71] that:

E(P, x∗) ⊆ {x ∈ RnG : v1 − v1
∗ ≤ W 1(x− x∗) ≤ v̄1 − v1

∗}.

Finally, use v1 − v1
∗ = W 1(x− x∗) to rewrite this as:

E(P, x∗) ⊆ {x : v1 ≤ v1 ≤ v̄1}.

To summarize, feasibility of (6.20) verifies that if x(k) ∈ E(P, x∗) then v1(k) ∈ [v1, v̄1] and
hence the offset local sector conditions are valid.

Next, since the LMI in (6.19) is strict, there exists ε > 0 such that left / right multipli-
cation of the LMI by

[
(x(k)− x∗)> (wφ(k)− w∗)>

]
and its transpose yields

[
?
]> [A>GPAG − P A>GPBG

B>GPAG B>GPBG

] [
x(k)− x∗
u(k)− u∗

]

+
[
?
]>

Ψ>φMφ(λ)Ψφ

[
vφ(k)− v∗
wφ(k)− w∗

]
≤ −ε|x(k)− x∗|2.

where the entries denoted by ? can be inferred from symmetry. Define the Lyapunov function
V (x) := (x− x∗)>P (x− x∗) and use (6.1) and (6.11) to show:

V (x(k + 1))− V (x(k)) +
[
?
]>

Ψ>φMφ(λ)Ψφ

[
vφ(k)− v∗
wφ(k)− w∗

]
≤ −ε|x(k)− x∗|2. (6.22)

Assume x(k) ∈ E(P, x∗) for some k ≥ 0, i.e., V (x(k)) ≤ 1. As noted above, x(k) ∈ E(P, x∗)
implies the offset local sector [αφ, βφ] around v∗. Then, by Lemma 2, the final term on the left
side of (6.22) is ≥ 0, and thus from (6.22) we have V (x(k+ 1)) ≤ 1, i.e., x(k+ 1) ∈ E(P, x∗).
By induction, we have that E(P, x∗) is forward invariant, i.e., x(0) ∈ E(P, x∗) =⇒ x(k) ∈
E(P, x∗) ∀k ≥ 0. As a result, if x(0) ∈ E(P, x∗), then the final term on the left side of (6.22)
is ≥ 0 for all k ≥ 0, and V (x(k + 1)) − V (x(k)) ≤ −ε|x(k) − x∗|2 for all k ≥ 0. It follows
from a Lyapunov argument, e.g. Theorem 4.1 in [72], that x∗ is an asymptotically stable
equilibrium point and E(P, x∗) is an inner approximation of the ROA.
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Remark 4. Note that v1 should be chosen with care as it affects the size of ROA inner-
approximations directly: decreasing (v1−v1

∗) gives rise to sharper local sector bounds, which is
beneficial on ROA estimation, but also restricts the region where ROA inner-approximations
lie in; increasing (v1− v1

∗) leads to a larger region that contains ROA inner-approximations,
but also provides looser local sector bounds. A possible way of choosing v1 is to parameterize
(v1 − v1

∗) as v1 − v1
∗ = δv × 1n1×1 with δv ∈ R++, grid the interval [0, δv]∗ where δv lies

in, inner-approximate the ROA on the grid, and choose δv that leads to the largest inner-
approximation.

Remark 5. In the dissertation, the NN controller is assumed to be state-feedback. For
the output-feedback case, i.e., u = π(Cx), where C ∈ Rny×nG, the stability analysis can be
performed similarly, using a new Nvx defined as Nvx :=

[
W 1C

0(n2+...+n`)×nG

]
.

6.2 Robust Stability Analysis

Problem Formulation
Consider the uncertain feedback system in Figure 6.5, consisting of an uncertain plant
Fu(G,∆) and a NN controller π as defined by (6.2). The uncertain plant Fu(G,∆) is an
interconnection of a nominal plant G and a perturbation ∆. The nominal plant G is defined
by the following equations:

x(k + 1) = AG x(k) +BG1 q(k) +BG2 u(k), (6.23a)
p(k) = CG x(k) +DG1 q(k) +DG2 u(k), (6.23b)

where x(k) ∈ RnG is the state, u(k) ∈ Rnu is the control input, p(k) ∈ Rnp and q(k) ∈ Rnq

are the input and output of ∆, AG ∈ RnG×nG , BG1 ∈ RnG×nq , BG2 ∈ RnG×nu , CG ∈ Rnp×nG ,
DG1 ∈ Rnp×nq , and DG2 ∈ Rnp×nu . The perturbation is a bounded, causal operator ∆ :
`
np
2e → `

nq
2e . The nominal plant G and perturbation ∆ form the interconnection Fu(G,∆)

through the constraint

q(·) = ∆(p(·)). (6.24)

Denote the set of perturbations to be considered as S.

Assumption 7. In this section, we assume (i) the equilibrium point (x∗, u∗, v∗, w∗, p∗, q∗)
of the feedback system is at the origin, and (ii) 0 = ∆(0) for all ∆ ∈ S. Note that ∆ is
modeled as an operator mapping inputs to outputs. If ∆ has an internal state then there is
an implicit assumption that it has zero initial condition.

∗δv is the largest value such that (6.19) and (6.20) stay feasible.
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<latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXpqvzq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjUg8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWqkSSSwGQ1vpn7zCbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSkDDlq3dJXp6dYlqC0TFBj2oGf2nBMteVM4KTYyQymlA1pH9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZZhYlmy+KM0GsItPXSY9rZFaMHKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp7wX7937mLeuePnMEfyB9/kDYIyO/A==</latexit><latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXpqvzq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjUg8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWqkSSSwGQ1vpn7zCbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSkDDlq3dJXp6dYlqC0TFBj2oGf2nBMteVM4KTYyQymlA1pH9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZZhYlmy+KM0GsItPXSY9rZFaMHKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp7wX7937mLeuePnMEfyB9/kDYIyO/A==</latexit><latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXpqvzq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjUg8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWqkSSSwGQ1vpn7zCbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSkDDlq3dJXp6dYlqC0TFBj2oGf2nBMteVM4KTYyQymlA1pH9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZZhYlmy+KM0GsItPXSY9rZFaMHKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp7wX7937mLeuePnMEfyB9/kDYIyO/A==</latexit><latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXpqvzq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjUg8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWqkSSSwGQ1vpn7zCbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSkDDlq3dJXp6dYlqC0TFBj2oGf2nBMteVM4KTYyQymlA1pH9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZZhYlmy+KM0GsItPXSY9rZFaMHKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp7wX7937mLeuePnMEfyB9/kDYIyO/A==</latexit>

Fu(G,�)
<latexit sha1_base64="GLDt9LOZVQ4Uobn0XrMR9WkV3cw=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBAiSNgVQY9BRT1GMA9IljA76U2GzD6cmQ2EJd/hxYMiXv0Yb/6Nk2QPmljQUFR1093lxYIrbdvf1tLyyuraem4jv7m1vbNb2NuvqyiRDGssEpFselSh4CHWNNcCm7FEGngCG97geuI3higVj8JHPYrRDWgv5D5nVBvJve0kpbvT9g0KTU86haJdtqcgi8TJSBEyVDuFr3Y3YkmAoWaCKtVy7Fi7KZWaM4HjfDtRGFM2oD1sGRrSAJWbTo8ek2OjdIkfSVOhJlP190RKA6VGgWc6A6r7at6biP95rUT7l27KwzjRGLLZIj8RREdkkgDpcolMi5EhlElubiWsTyVl2uSUNyE48y8vkvpZ2bHLzsN5sXKVxZGDQziCEjhwARW4hyrUgMETPMMrvFlD68V6tz5mrUtWNnMAf2B9/gBK9ZEg</latexit><latexit sha1_base64="GLDt9LOZVQ4Uobn0XrMR9WkV3cw=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBAiSNgVQY9BRT1GMA9IljA76U2GzD6cmQ2EJd/hxYMiXv0Yb/6Nk2QPmljQUFR1093lxYIrbdvf1tLyyuraem4jv7m1vbNb2NuvqyiRDGssEpFselSh4CHWNNcCm7FEGngCG97geuI3higVj8JHPYrRDWgv5D5nVBvJve0kpbvT9g0KTU86haJdtqcgi8TJSBEyVDuFr3Y3YkmAoWaCKtVy7Fi7KZWaM4HjfDtRGFM2oD1sGRrSAJWbTo8ek2OjdIkfSVOhJlP190RKA6VGgWc6A6r7at6biP95rUT7l27KwzjRGLLZIj8RREdkkgDpcolMi5EhlElubiWsTyVl2uSUNyE48y8vkvpZ2bHLzsN5sXKVxZGDQziCEjhwARW4hyrUgMETPMMrvFlD68V6tz5mrUtWNnMAf2B9/gBK9ZEg</latexit><latexit sha1_base64="GLDt9LOZVQ4Uobn0XrMR9WkV3cw=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBAiSNgVQY9BRT1GMA9IljA76U2GzD6cmQ2EJd/hxYMiXv0Yb/6Nk2QPmljQUFR1093lxYIrbdvf1tLyyuraem4jv7m1vbNb2NuvqyiRDGssEpFselSh4CHWNNcCm7FEGngCG97geuI3higVj8JHPYrRDWgv5D5nVBvJve0kpbvT9g0KTU86haJdtqcgi8TJSBEyVDuFr3Y3YkmAoWaCKtVy7Fi7KZWaM4HjfDtRGFM2oD1sGRrSAJWbTo8ek2OjdIkfSVOhJlP190RKA6VGgWc6A6r7at6biP95rUT7l27KwzjRGLLZIj8RREdkkgDpcolMi5EhlElubiWsTyVl2uSUNyE48y8vkvpZ2bHLzsN5sXKVxZGDQziCEjhwARW4hyrUgMETPMMrvFlD68V6tz5mrUtWNnMAf2B9/gBK9ZEg</latexit><latexit sha1_base64="GLDt9LOZVQ4Uobn0XrMR9WkV3cw=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBAiSNgVQY9BRT1GMA9IljA76U2GzD6cmQ2EJd/hxYMiXv0Yb/6Nk2QPmljQUFR1093lxYIrbdvf1tLyyuraem4jv7m1vbNb2NuvqyiRDGssEpFselSh4CHWNNcCm7FEGngCG97geuI3higVj8JHPYrRDWgv5D5nVBvJve0kpbvT9g0KTU86haJdtqcgi8TJSBEyVDuFr3Y3YkmAoWaCKtVy7Fi7KZWaM4HjfDtRGFM2oD1sGRrSAJWbTo8ek2OjdIkfSVOhJlP190RKA6VGgWc6A6r7at6biP95rUT7l27KwzjRGLLZIj8RREdkkgDpcolMi5EhlElubiWsTyVl2uSUNyE48y8vkvpZ2bHLzsN5sXKVxZGDQziCEjhwARW4hyrUgMETPMMrvFlD68V6tz5mrUtWNnMAf2B9/gBK9ZEg</latexit>

p(k)
<latexit sha1_base64="VLbLpWmDQbywvI3lmrBPt8Eo5Mg=">AAAB63icbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+0dr6xubWdmmnvLu3f3BYOTpumzjVlLVoLGLdDYlhgivWstwK1k00IzIUrBNO7nK/88S04bF6tNOEBZKMFI84JTaXktrkYlCpenVvDrxK/IJUoUBzUPnqD2OaSqYsFcSYnu8lNsiItpwKNiv3U8MSQidkxHqOKiKZCbL5rTN87pQhjmLtSlk8V39PZEQaM5Wh65TEjs2yl4v/eb3URjdBxlWSWqboYlGUCmxjnD+Oh1wzasXUEUI1d7diOiaaUOviKbsQ/OWXV0n7su57df/hqtq4LeIowSmcQQ18uIYG3EMTWkBhDM/wCm9Iohf0jj4WrWuomDmBP0CfP2fkjc4=</latexit><latexit sha1_base64="VLbLpWmDQbywvI3lmrBPt8Eo5Mg=">AAAB63icbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+0dr6xubWdmmnvLu3f3BYOTpumzjVlLVoLGLdDYlhgivWstwK1k00IzIUrBNO7nK/88S04bF6tNOEBZKMFI84JTaXktrkYlCpenVvDrxK/IJUoUBzUPnqD2OaSqYsFcSYnu8lNsiItpwKNiv3U8MSQidkxHqOKiKZCbL5rTN87pQhjmLtSlk8V39PZEQaM5Wh65TEjs2yl4v/eb3URjdBxlWSWqboYlGUCmxjnD+Oh1wzasXUEUI1d7diOiaaUOviKbsQ/OWXV0n7su57df/hqtq4LeIowSmcQQ18uIYG3EMTWkBhDM/wCm9Iohf0jj4WrWuomDmBP0CfP2fkjc4=</latexit><latexit sha1_base64="VLbLpWmDQbywvI3lmrBPt8Eo5Mg=">AAAB63icbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+0dr6xubWdmmnvLu3f3BYOTpumzjVlLVoLGLdDYlhgivWstwK1k00IzIUrBNO7nK/88S04bF6tNOEBZKMFI84JTaXktrkYlCpenVvDrxK/IJUoUBzUPnqD2OaSqYsFcSYnu8lNsiItpwKNiv3U8MSQidkxHqOKiKZCbL5rTN87pQhjmLtSlk8V39PZEQaM5Wh65TEjs2yl4v/eb3URjdBxlWSWqboYlGUCmxjnD+Oh1wzasXUEUI1d7diOiaaUOviKbsQ/OWXV0n7su57df/hqtq4LeIowSmcQQ18uIYG3EMTWkBhDM/wCm9Iohf0jj4WrWuomDmBP0CfP2fkjc4=</latexit><latexit sha1_base64="VLbLpWmDQbywvI3lmrBPt8Eo5Mg=">AAAB63icbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+0dr6xubWdmmnvLu3f3BYOTpumzjVlLVoLGLdDYlhgivWstwK1k00IzIUrBNO7nK/88S04bF6tNOEBZKMFI84JTaXktrkYlCpenVvDrxK/IJUoUBzUPnqD2OaSqYsFcSYnu8lNsiItpwKNiv3U8MSQidkxHqOKiKZCbL5rTN87pQhjmLtSlk8V39PZEQaM5Wh65TEjs2yl4v/eb3URjdBxlWSWqboYlGUCmxjnD+Oh1wzasXUEUI1d7diOiaaUOviKbsQ/OWXV0n7su57df/hqtq4LeIowSmcQQ18uIYG3EMTWkBhDM/wCm9Iohf0jj4WrWuomDmBP0CfP2fkjc4=</latexit>

q(k)
<latexit sha1_base64="zwwip+7+sRf0EVB+wtgY2a/koqg=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdxdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nSeqNIvlg5kmNBB4JFnECDa59FifnA+qNbfhzoFWiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AaWuNzw==</latexit><latexit sha1_base64="zwwip+7+sRf0EVB+wtgY2a/koqg=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdxdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nSeqNIvlg5kmNBB4JFnECDa59FifnA+qNbfhzoFWiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AaWuNzw==</latexit><latexit sha1_base64="zwwip+7+sRf0EVB+wtgY2a/koqg=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdxdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nSeqNIvlg5kmNBB4JFnECDa59FifnA+qNbfhzoFWiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AaWuNzw==</latexit><latexit sha1_base64="zwwip+7+sRf0EVB+wtgY2a/koqg=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdxdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nSeqNIvlg5kmNBB4JFnECDa59FifnA+qNbfhzoFWiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AaWuNzw==</latexit>

Figure 6.5: Feedback system with uncertain plant Fu(G,∆) and NN controller π

Let χ(k;x0,∆) denote the solution to the feedback system of Fu(G,∆) and π with ∆ ∈ S
at time k from the initial condition x(0) = x0

†. Define the robust ROA associated with x∗
as follows.

Definition 19. The robust ROA of the feedback system with the uncertain plant Fu(G,∆)
and NN π is defined as:

R := {x0 ∈ RnG : lim
k→∞

χ(k;x0,∆) = x∗ ∀∆ ∈ S}. (6.25)

The objective is to prove the uncertain feedback system is asymptotically stable and, if
so, to find the largest estimate of the robust ROA using an ellipsoidal inner approximation.

Robust Lyapunov Condition
The perturbation can represent various types of uncertainty [13], [18], including saturation,
unmodeled dynamics, and slope-restricted nonlinearities. The perturbation ∆ is character-
ized with an integral quadratic constraint (IQC). In this chapter, we will focus on the use
of time domain hard IQCs, which is defined in Definition 6. Note that it is possible to also
incorporate time domain soft IQCs [14,57,68,73].

The notation ∆ ∈ HardIQC(Ψ∆,M∆) indicates that ∆ satisfies the hard IQC defined by
a filter Ψ∆ and a matrix M∆. The filter Ψ∆ is an LTI filter defined by (2.15) with zero initial
condition ψ(0) = 0, where ψ ∈ Rnψ is the state. By (p∗, q∗) = 0 from Assumption 7, the
equilibrium state ψ∗ of Ψ∆ is also zero. The filter Ψ∆ is applied to the input p, and output q
of ∆, and the input-output relationship of ∆ is characterized by the IQC (2.16) imposed on
r, the output of Ψ∆, where r := Ψ∆ [ pq ]. Therefore, the precise relation (6.24), for analysis,
is replaced by the IQC on r associated with M∆:

N∑
k=0

r(k)>M∆r(k) ≥ 0, ∀N ≥ 0, p ∈ `np2e , and q = ∆(p). (6.26)

†An input/output model is used for the perturbation ∆ so that its internal state and initial condition is
not explicitly considered.
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The QC proposed in Lemma 2 is a special instance of a time-domain IQCs. Specifically,
Lemma 2 defines a QC that holds at each time step k and hence the inequality also holds
summing over any finite horizons. This is referred to as the offset local sector IQC.

Let ζ := [ xψ ] ∈ Rnζ define the extended state vector, nζ = nG + nψ, whose dynamics are

ζ(k + 1) = A ζ(k) + B
[
q(k)
u(k)

]
(6.27a)

r(k) = C ζ(k) +D
[
q(k)
u(k)

]
(6.27b)

u(k) = π(x(k)) (6.27c)

where the state-space matrices are

A =
[

AG 0
Bψ1CG Aψ

]
, B =

[
BG1 BG2

Bψ1DG1 +Bψ2 Bψ1DG2

]
,

C =
[
Dψ1CG Cψ

]
, D =

[
Dψ1DG1 +Dψ2 Dψ1DG2

]
.

Let ζ∗ := [ x∗ψ∗ ] = 0 define the equilibrium point of the extended system (6.27). Since IQCs
implicitly constrain the input p of the extended system (6.27), the response of the extended
system subject to IQCs “covers” the behaviors of the original uncertain feedback system. The
following theorem provides a method for inner-approximating the robust ROA by performing
analysis on the extended system subject to IQCs.

Theorem 11. Consider the feedback system of an uncertain plant Fu(G,∆) in (6.23)–
(6.24), and the NN π in (6.2) with zero equilibrium point (ζ∗, u∗, v∗, w∗, p∗, q∗). Assume
∆ ∈ IQC(Ψ∆,M∆) with Ψ∆ and M∆ given. Let v̄1 ∈ Rn1, v1 := −v̄1, and αφ, βφ ∈ Rnφ be
given vectors satisfying Property 1 for the NN, and define matrices

RV =

 Inζ 0 0
0 0 Inq
Nuζ Nuw 0

 , Nuζ = [Nux, 0nu×nψ ],

Rφ =
[
Nvζ Nvw 0
0 Inφ 0

]
, Nvζ = [Nvx, 0nφ×nψ ],

W1
i =

[
W 1
i 01×nψ

]
, W 1

i is the ith row of W 1.

If there exists a matrix P ∈ Snζ++, and vector λ ∈ Rnφ with λ ≥ 0 such that

R>V

[
A>PA− P A>PB
B>PA B>PB

]
RV +R>φΨ>φMφ(λ)ΨφRφ

+R>V
[
C D

]>
M∆

[
C D

]
RV < 0, (6.28a)[

(v̄1
i )2 W1

i

W1>
i P

]
≥ 0, i = 1, · · · , n1, (6.28b)
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then: (i) the feedback system comprising Fu(G,∆) and π is locally stable around x∗ for any
∆ ∈ IQC(Ψ∆,M∆), and (ii) the intersection of E(P, ζ∗) with the hyperplane ψ = 0, i.e.
E(Px, x∗) where Px ∈ RnG×nG is the upper left block of P , is an inner-approximation to the
robust ROA.

Proof. As in the proof of Theorem 10, feasibility of (6.28b) implies that if ζ(k) ∈ E(P, ζ∗)
then v1(k) ∈ [v1, v̄1] and hence the offset local sectors conditions are valid. Since the LMI
in (6.28a) is strict, there exists ε > 0 such that left/right multiplication of the LMI by
[(ζ(k)− ζ∗)>, (wφ(k)− w∗)>, (q(k)− q∗)>] and its transpose yields:[

?

]> [
A>PA− P A>PB
B>PA B>PB

] ζ(k)− ζ∗
q(k)− q∗
u(k)− u∗

+
[
?

]> [
C D

]>
M∆

[
C D

]  ζ(k)− ζ∗
q(k)− q∗
u(k)− u∗


+
[
?
]>

Ψ>φMφ(λ)Ψφ

[
vφ(k)− v∗
wφ(k)− w∗

]
≤ −ε|ζ(k)− ζ∗|2.

Define the Lyapunov function V (ζ) := (ζ − ζ∗)>P (ζ − ζ∗), and use (6.27) to show:

V (ζ(k + 1))− V (ζ(k)) + r(k)>M∆r(k) +
[
?
]>

Ψ>φMφ(λ)Ψφ

[
vφ(k)− v∗
wφ(k)− w∗

]
≤ −ε|ζ(k)− ζ∗|2.

Sum this inequality from k = 0 to any finite time N ≥ 0. The third and fourth term on the
left side will be ≥ 0 by the local sector conditions and the IQC. This yields:

V (ζ(N + 1))− V (ζ(0)) ≤ −
N∑
k=0

ε|ζ(k)− ζ∗|2.

Thus if ζ(0) ∈ E(P, ζ∗) then ζ(k) ∈ E(P, ζ∗) for all k ≥ 0. Moreover, this inequality implies
that ζ(N) → ζ∗ as N → ∞. The initial condition for the virtual filter is ψ(0) = 0 so that
ζ(0) ∈ E(P, ζ∗) is equivalent to x(0) ∈ E(Px, x∗). Hence E(Px, x∗) is an inner approximation
for the ROA.

For a particular perturbation ∆ there is typically a class of valid time-domain IQCs
defined by a fixed filter Ψ∆ and a matrix M∆ drawn from a constraint set M∆. Therefore
when formulating an optimization problem, along with P and λ, we can treat M∆ ∈ M∆
as an additional decision variable to reduce conservatism. In this dissertation, the set M∆
is restricted to one that is described by LMIs [18]. Using trace(Px) as the cost function
to minimize along with the LMIs developed before, we have the following optimization to
compute the “largest” ROA inner-approximation:

min
P,λ,M∆

trace(Px)

s.t. (6.28a) and (6.28b) hold,
(6.29)

which is convex in (P, λ,M∆). The strict inequality in (6.28a) can be enforced by either
replacing < 0 with ≤ −εI with ε = 1 × 10−6, or solving (6.29) with a non-strict inequality
≤ 0, and checking if the constraint is active afterwards.
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IQCs for Combined Activation Functions φ
Now that we have the general framework that merges Lyapunov theory with IQCs, we will
revisit the problem of describing the activation functions φ using more general tools. Recall
that offset local sector QCs have been used in Sections 7.2 and 6.2 to bound activation
functions φ. However, these local sectors fail to incorporate slope bounds of φ. In this
subsection, in addition to local sectors, we will use off-by-one IQCs [61] to capture the slope
information of φ to achieve less conservative ROA inner-approximations.

Besides the local sector bound αφ, βφ, the bounds v, v on activation input vφ can also
be used to compute the local slope bounds [mφ, Lφ] of φ, with mφ, Lφ ∈ Rnφ . For example,
φi(vφ,i) := tanh(vφ,i) restricted to the interval [vi, vi] for i = 1, ..., nφ satisfies the local
slope bound [mφ,i, Lφ,i] with mφ,i := min

(
d tanh(vi)

dvi
|vi=vi ,

d tanh(vi)
dvi

|vi=vi
)
, and Lφ,i := 1. If

wφ = φ(vφ) with vφ(k) ∈ [v, v], then φ also satisfies the hard IQC defined by (Ψoff,Moff),
where

Ψoff :=

 0nφ −diag(Lφ) Inφ
Inφ diag(Lφ) −Inφ
0nφ −diag(mφ) Inφ

 ,
Moff(η) :=

[
0nφ diag(η)

diag(η) 0nφ

]
, for all η ∈ Rnφ with η ≥ 0.

This is the so-called “off-by-one” IQC [61], which is a special instance of the Zames-Falb
IQC [74, 75]. It provides constraints that relate the activation at different time instances,
e.g. between φi(vφ,i(k)) and φi(vφ,i(k + 1)) for any i = 1, . . . , nφ.

The analysis on the feedback system of Fu(G,∆) and π can be instead performed on
the extended system made up by G, Ψ∆ and Ψoff with additional constraints that ∆ ∈
IQC(Ψ∆,M∆), and φ satsifies the offset local sector and φ ∈ IQC(Ψoff,Moff). However,
since Ψoff introduces a number of nφ states to the extended system, the size of the corre-
sponding Lyapunov matrix P will increase from Snx+nψ

++ to Snx+nψ+nφ
++ , which leads to longer

computation time. The effectiveness of the off-by-one IQC is demonstrated in Section 6.3.

6.3 Numerical Examples
In the following examples, the optimization (6.29) is solved using MOSEK with CVX. The
code is available at https://github.com/heyinUCB/Stability-Analysis-using-Quadratic-
Constraints-for-Systems-with-Neural-Network-Controllers.

https://github.com/heyinUCB/Stability-Analysis-using-Quadratic-Constraints-for-Systems-with-Neural-Network-Controllers
https://github.com/heyinUCB/Stability-Analysis-using-Quadratic-Constraints-for-Systems-with-Neural-Network-Controllers
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Inverted pendulum
Consider the nonlinear inverted pendulum example with mass m = 0.15 kg, length l = 0.5
m, and friction coefficient µ = 0.5 Nms/rad. The dynamics are:

θ̈(t) = mgl sin(θ(t))− µθ̇(t) + sat(u(t))
ml2

, (6.30)

where θ is the angular position (rad) and u is the control input (Nm). The plant state
is x = [θ, θ̇]. The saturation function is defined as sat(u) = sgn(u) min(|u|, umax), with
umax = 0.7 Nm. The controller π is obtained through a reinforcement learning process using
policy gradient [76–78]. During training, the agent decision making process is characterized
by a probability: u(k) ∼ Pr(u(k) = u | x(k) = x) for all u ∈ R and x ∈ R2 where the
probability is a Gaussian distribution with mean π(x(k)), and standard deviation σ. After
training, the policy mean π is used as the deterministic controller u(k) = π(x(k)). The
controller π is parameterized by a 2-layer, feedforward NN with n1 = n2 = 32 and tanh as
the activation function for both layers. The biases in the NN are set to zero during training
to ensure that the equilibrium point is x∗ = 0 and u∗ = 0. The dynamics used for training
are the discretized version of (6.30) with sampling time dt = 0.02 s.

We rearrange (6.30) into the form:

θ̈(t) = −mglq(t) +mglθ(t)− µθ̇(t) + sat(u(t))
ml2

, (6.31a)

q(t) = ∆(θ(t)) := θ(t)− sin(θ(t)). (6.31b)

The static nonlinearity ∆(θ) = θ − sin(θ) is slope-restricted, and sector bounded. If we
assume that θ(k) ∈ [θ, θ] with θ̄ = −θ = 0.73, then the nonlinearity is slope-restricted
in [0, 0.2548], and sector bounded in [0, 0.087]. We also assume that v1 ∈ [v1, v̄1] with
v̄1 = −v1 = δv × 132×1 using δv = 0.1. Both assumptions are verified using the ROA
inner-approximation. Two types of IQCs are used to characterize the nonlinearity ∆(·): an
off-by-one IQC to capture the slope information, and a local sector IQC to express the local
sector bound. Only the local sector IQC is used to characterize the activation functions
φ. The saturation function is static and can also be described using a local sector bound.
Let ū be the largest possible control command from π induced from the assumption that
v1 ∈ [v1, v̄1]. Then the saturation function satisfies the local sector [α, β], where α := umax

ū

and β := 1.
Figure 6.6 shows the boundaries for the sets {x : v1 ≤ v1 ≤ v̄1} and {x : θ ≤ θ ≤ θ̄} with

orange and brown lines, the ROA inner-approximation with a blue ellipsoid, and the phase
portrait of the closed-loop system, with green and red curves representing trajectories inside
and outside the ROA.
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Figure 6.6: A ROA inner-approximation of the inverted pendulum

Vehicle lateral control
Consider the vehicle lateral dynamics from [79]:

ė
ë
ėθ
ëθ

 =


0 1 0 0
0 Cαf+Cαr

mU −Cαf+Cαr
m

aCαf−bCαr
mU

0 0 0 1
0 aCαf−bCαr

IzU
−aCαf−bCαr

Iz

a2Cαf+b2Cαr
IzU



e
ė
eθ
ėθ

+


0
−Cαf

m
0

−aCαf
Iz

u+


0

aCαf−bCαr
m − U2

0
a2Cαf+b2Cαr

Iz

 c
(6.32)

where e is the perpendicular distance to the lane edge (m), and eθ is the angle between the
tangent to the straight section of the road and the projection of the vehicle’s longitudinal
axis (rad). Let x = [e, ė, eθ, ėθ]> denote the plant state. The control u is the steering angle
of the front wheel (rad), the disturbance c is the road curvature (1/m), and the parameters
are: longitudinal velocity U = 28 m/s, front cornering stiffness Cαf = −1.232× 105 N/rad,
rear cornering stiffness Cαr = −1.042 × 105 N/rad, mass m = 1.67 × 103 kg, moment of
inertia Iz = 2.1× 103 kg/m2, distances from vehicle center of gravity to front axle a = 0.99
m and rear axle b = 1.7 m.

Again, the controller π is obtained using policy gradient, and is parameterized by a 2-
layer, feedforward NN, with n1 = n2 = 32 and tanh as the activation function for both layers.
The training process uses a discretized version of (6.32) with sampling time dt = 0.02 s and
draws the curvature c(k) at each time step from an interval [−1/200, 1/200]. The control
command derived from u(k) = π(x(k)) enters the vehicle dynamics through a saturation
function sat(·) with umax = π/6. Let usat := sat(π(x)) define the saturated control signal.

The analysis is performed for a constant curvature c ≡ 0, resulting in a zero equilibrium
state x∗ = 0. In the analysis problem, on top of saturation, we also add a norm-bounded LTI
uncertainty ∆LTI ∈ RH∞ with ‖∆LTI‖∞ ≤ 0.1 to the control input. This is used to assess
the robustness of the NN controller against actuator uncertainty. As shown in Figure 6.7,



CHAPTER 6. ROBUST STABILITY ANALYSIS FOR SYSTEMS WITH NEURAL
NETWORK CONTROLLERS 73

the actual input to the vehicle dynamics is

upert(k) = usat(k) + q(k), and q(·) = ∆LTI(usat(·)).

G
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+
<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit>

upert(k)
<latexit sha1_base64="GCSizg0T6v0DgEfNLyYKezARwSU=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRahXkoigh6LXjxWsB/QhrDZTtqlmw92J9IS8le8eFDEq3/Em//GbZuDtj4YeLw3w8w8PxFcoW1/G6WNza3tnfJuZW//4PDIPK52VJxKBm0Wi1j2fKpA8AjayFFAL5FAQ19A15/czf3uE0jF4+gRZwm4IR1FPOCMopY8s5p62QBhilkCEvO8PrnwzJrdsBew1olTkBop0PLMr8EwZmkIETJBleo7doJuRiVyJiCvDFIFCWUTOoK+phENQbnZ4vbcOtfK0ApiqStCa6H+nshoqNQs9HVnSHGsVr25+J/XTzG4cTMeJSlCxJaLglRYGFvzIKwhl8BQzDShTHJ9q8XGVFKGOq6KDsFZfXmddC4bjt1wHq5qzdsijjI5JWekThxyTZrknrRImzAyJc/klbwZufFivBsfy9aSUcyckD8wPn8Ahs+Uuw==</latexit><latexit sha1_base64="GCSizg0T6v0DgEfNLyYKezARwSU=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRahXkoigh6LXjxWsB/QhrDZTtqlmw92J9IS8le8eFDEq3/Em//GbZuDtj4YeLw3w8w8PxFcoW1/G6WNza3tnfJuZW//4PDIPK52VJxKBm0Wi1j2fKpA8AjayFFAL5FAQ19A15/czf3uE0jF4+gRZwm4IR1FPOCMopY8s5p62QBhilkCEvO8PrnwzJrdsBew1olTkBop0PLMr8EwZmkIETJBleo7doJuRiVyJiCvDFIFCWUTOoK+phENQbnZ4vbcOtfK0ApiqStCa6H+nshoqNQs9HVnSHGsVr25+J/XTzG4cTMeJSlCxJaLglRYGFvzIKwhl8BQzDShTHJ9q8XGVFKGOq6KDsFZfXmddC4bjt1wHq5qzdsijjI5JWekThxyTZrknrRImzAyJc/klbwZufFivBsfy9aSUcyckD8wPn8Ahs+Uuw==</latexit><latexit sha1_base64="GCSizg0T6v0DgEfNLyYKezARwSU=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRahXkoigh6LXjxWsB/QhrDZTtqlmw92J9IS8le8eFDEq3/Em//GbZuDtj4YeLw3w8w8PxFcoW1/G6WNza3tnfJuZW//4PDIPK52VJxKBm0Wi1j2fKpA8AjayFFAL5FAQ19A15/czf3uE0jF4+gRZwm4IR1FPOCMopY8s5p62QBhilkCEvO8PrnwzJrdsBew1olTkBop0PLMr8EwZmkIETJBleo7doJuRiVyJiCvDFIFCWUTOoK+phENQbnZ4vbcOtfK0ApiqStCa6H+nshoqNQs9HVnSHGsVr25+J/XTzG4cTMeJSlCxJaLglRYGFvzIKwhl8BQzDShTHJ9q8XGVFKGOq6KDsFZfXmddC4bjt1wHq5qzdsijjI5JWekThxyTZrknrRImzAyJc/klbwZufFivBsfy9aSUcyckD8wPn8Ahs+Uuw==</latexit><latexit sha1_base64="GCSizg0T6v0DgEfNLyYKezARwSU=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRahXkoigh6LXjxWsB/QhrDZTtqlmw92J9IS8le8eFDEq3/Em//GbZuDtj4YeLw3w8w8PxFcoW1/G6WNza3tnfJuZW//4PDIPK52VJxKBm0Wi1j2fKpA8AjayFFAL5FAQ19A15/czf3uE0jF4+gRZwm4IR1FPOCMopY8s5p62QBhilkCEvO8PrnwzJrdsBew1olTkBop0PLMr8EwZmkIETJBleo7doJuRiVyJiCvDFIFCWUTOoK+phENQbnZ4vbcOtfK0ApiqStCa6H+nshoqNQs9HVnSHGsVr25+J/XTzG4cTMeJSlCxJaLglRYGFvzIKwhl8BQzDShTHJ9q8XGVFKGOq6KDsFZfXmddC4bjt1wHq5qzdsijjI5JWekThxyTZrknrRImzAyJc/klbwZufFivBsfy9aSUcyckD8wPn8Ahs+Uuw==</latexit>

usat(k)
<latexit sha1_base64="nuLA4LVMiBMGockpZ+pIXDNcvdc=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5KIoMeiF48V7Ae0IWy2m3bpZhN2J2qJ+SlePCji1V/izX/jts1BWx8MPN6bYWZekAiuwXG+rZXVtfWNzdJWeXtnd2/frhy0dZwqylo0FrHqBkQzwSVrAQfBuoliJAoE6wTj66nfuWdK81jewSRhXkSGkoecEjCSb1dSP+sDe4RME8jz2vjUt6tO3ZkBLxO3IFVUoOnbX/1BTNOISaCCaN1znQS8jCjgVLC83E81SwgdkyHrGSpJxLSXzU7P8YlRBjiMlSkJeKb+nshIpPUkCkxnRGCkF72p+J/XSyG89DIukxSYpPNFYSowxHiaAx5wxSiIiSGEKm5uxXREFKFg0iqbENzFl5dJ+6zuOnX39rzauCriKKEjdIxqyEUXqIFuUBO1EEUP6Bm9ojfryXqx3q2PeeuKVcwcoj+wPn8Aq+KUPg==</latexit><latexit sha1_base64="nuLA4LVMiBMGockpZ+pIXDNcvdc=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5KIoMeiF48V7Ae0IWy2m3bpZhN2J2qJ+SlePCji1V/izX/jts1BWx8MPN6bYWZekAiuwXG+rZXVtfWNzdJWeXtnd2/frhy0dZwqylo0FrHqBkQzwSVrAQfBuoliJAoE6wTj66nfuWdK81jewSRhXkSGkoecEjCSb1dSP+sDe4RME8jz2vjUt6tO3ZkBLxO3IFVUoOnbX/1BTNOISaCCaN1znQS8jCjgVLC83E81SwgdkyHrGSpJxLSXzU7P8YlRBjiMlSkJeKb+nshIpPUkCkxnRGCkF72p+J/XSyG89DIukxSYpPNFYSowxHiaAx5wxSiIiSGEKm5uxXREFKFg0iqbENzFl5dJ+6zuOnX39rzauCriKKEjdIxqyEUXqIFuUBO1EEUP6Bm9ojfryXqx3q2PeeuKVcwcoj+wPn8Aq+KUPg==</latexit><latexit sha1_base64="nuLA4LVMiBMGockpZ+pIXDNcvdc=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5KIoMeiF48V7Ae0IWy2m3bpZhN2J2qJ+SlePCji1V/izX/jts1BWx8MPN6bYWZekAiuwXG+rZXVtfWNzdJWeXtnd2/frhy0dZwqylo0FrHqBkQzwSVrAQfBuoliJAoE6wTj66nfuWdK81jewSRhXkSGkoecEjCSb1dSP+sDe4RME8jz2vjUt6tO3ZkBLxO3IFVUoOnbX/1BTNOISaCCaN1znQS8jCjgVLC83E81SwgdkyHrGSpJxLSXzU7P8YlRBjiMlSkJeKb+nshIpPUkCkxnRGCkF72p+J/XSyG89DIukxSYpPNFYSowxHiaAx5wxSiIiSGEKm5uxXREFKFg0iqbENzFl5dJ+6zuOnX39rzauCriKKEjdIxqyEUXqIFuUBO1EEUP6Bm9ojfryXqx3q2PeeuKVcwcoj+wPn8Aq+KUPg==</latexit><latexit sha1_base64="nuLA4LVMiBMGockpZ+pIXDNcvdc=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5KIoMeiF48V7Ae0IWy2m3bpZhN2J2qJ+SlePCji1V/izX/jts1BWx8MPN6bYWZekAiuwXG+rZXVtfWNzdJWeXtnd2/frhy0dZwqylo0FrHqBkQzwSVrAQfBuoliJAoE6wTj66nfuWdK81jewSRhXkSGkoecEjCSb1dSP+sDe4RME8jz2vjUt6tO3ZkBLxO3IFVUoOnbX/1BTNOISaCCaN1znQS8jCjgVLC83E81SwgdkyHrGSpJxLSXzU7P8YlRBjiMlSkJeKb+nshIpPUkCkxnRGCkF72p+J/XSyG89DIukxSYpPNFYSowxHiaAx5wxSiIiSGEKm5uxXREFKFg0iqbENzFl5dJ+6zuOnX39rzauCriKKEjdIxqyEUXqIFuUBO1EEUP6Bm9ojfryXqx3q2PeeuKVcwcoj+wPn8Aq+KUPg==</latexit>

u(k)
<latexit sha1_base64="8hlxYmWfuwQDXM6ZSyMe/eEr7Dw=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOZpMhM7PLPISw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfa+P63t7a+sbm1Xdop7+7tHxxWjo7bOrGK0BZJeKK6EdaUM0lbhhlOu6miWEScdqLJXe53nqjSLJGPZprSUOCRZDEj2OSSrU0uBpWqX/fnQKskKEgVCjQHla/+MCFWUGkIx1r3Aj81YYaVYYTTWblvNU0xmeAR7TkqsaA6zOa3ztC5U4YoTpQradBc/T2RYaH1VESuU2Az1steLv7n9ayJb8KMydQaKsliUWw5MgnKH0dDpigxfOoIJoq5WxEZY4WJcfGUXQjB8surpH1ZD/x68HBVbdwWcZTgFM6gBgFcQwPuoQktIDCGZ3iFN094L96797FoXfOKmRP4A+/zB2+HjdM=</latexit><latexit sha1_base64="8hlxYmWfuwQDXM6ZSyMe/eEr7Dw=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOZpMhM7PLPISw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfa+P63t7a+sbm1Xdop7+7tHxxWjo7bOrGK0BZJeKK6EdaUM0lbhhlOu6miWEScdqLJXe53nqjSLJGPZprSUOCRZDEj2OSSrU0uBpWqX/fnQKskKEgVCjQHla/+MCFWUGkIx1r3Aj81YYaVYYTTWblvNU0xmeAR7TkqsaA6zOa3ztC5U4YoTpQradBc/T2RYaH1VESuU2Az1steLv7n9ayJb8KMydQaKsliUWw5MgnKH0dDpigxfOoIJoq5WxEZY4WJcfGUXQjB8surpH1ZD/x68HBVbdwWcZTgFM6gBgFcQwPuoQktIDCGZ3iFN094L96797FoXfOKmRP4A+/zB2+HjdM=</latexit><latexit sha1_base64="8hlxYmWfuwQDXM6ZSyMe/eEr7Dw=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOZpMhM7PLPISw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfa+P63t7a+sbm1Xdop7+7tHxxWjo7bOrGK0BZJeKK6EdaUM0lbhhlOu6miWEScdqLJXe53nqjSLJGPZprSUOCRZDEj2OSSrU0uBpWqX/fnQKskKEgVCjQHla/+MCFWUGkIx1r3Aj81YYaVYYTTWblvNU0xmeAR7TkqsaA6zOa3ztC5U4YoTpQradBc/T2RYaH1VESuU2Az1steLv7n9ayJb8KMydQaKsliUWw5MgnKH0dDpigxfOoIJoq5WxEZY4WJcfGUXQjB8surpH1ZD/x68HBVbdwWcZTgFM6gBgFcQwPuoQktIDCGZ3iFN094L96797FoXfOKmRP4A+/zB2+HjdM=</latexit><latexit sha1_base64="8hlxYmWfuwQDXM6ZSyMe/eEr7Dw=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOZpMhM7PLPISw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfa+P63t7a+sbm1Xdop7+7tHxxWjo7bOrGK0BZJeKK6EdaUM0lbhhlOu6miWEScdqLJXe53nqjSLJGPZprSUOCRZDEj2OSSrU0uBpWqX/fnQKskKEgVCjQHla/+MCFWUGkIx1r3Aj81YYaVYYTTWblvNU0xmeAR7TkqsaA6zOa3ztC5U4YoTpQradBc/T2RYaH1VESuU2Az1steLv7n9ayJb8KMydQaKsliUWw5MgnKH0dDpigxfOoIJoq5WxEZY4WJcfGUXQjB8surpH1ZD/x68HBVbdwWcZTgFM6gBgFcQwPuoQktIDCGZ3iFN094L96797FoXfOKmRP4A+/zB2+HjdM=</latexit>

x(k)
<latexit sha1_base64="hJOxIP0lpA/Eos+0aMdtxh4VVbw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa59FSfnA+qNbfhzoFWiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AdByN1g==</latexit><latexit sha1_base64="hJOxIP0lpA/Eos+0aMdtxh4VVbw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa59FSfnA+qNbfhzoFWiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AdByN1g==</latexit><latexit sha1_base64="hJOxIP0lpA/Eos+0aMdtxh4VVbw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa59FSfnA+qNbfhzoFWiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AdByN1g==</latexit><latexit sha1_base64="hJOxIP0lpA/Eos+0aMdtxh4VVbw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa59FSfnA+qNbfhzoFWiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AdByN1g==</latexit>
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Figure 6.7: Uncertain vehicle system with actuator uncertainty

It is assumed that v1 ∈ [v1, v̄1], where v̄1 = −v1 = δv × 132×1 with δv = 0.6. To show
effectiveness of the off-by-one IQC, two experiments were carried out: one with only local
sector IQC to describe φ, and one with both local sector and off-by-one IQCs. The achieved
trace(Px) for the two experiments are 4.4 and 2.9, respectively. Moreover, the achieved
det(P−1

x ) (proportional to the volume) for the experiments are 3.2 × 105, and 1.1 × 106,
respectively. Therefore, with the help of off-by-one IQC to sharpen the description of φ, the
second experiment achieves a larger ROA inner-approximation. It is also important to note
that thanks to the off-by-one IQC, the SDP is able to tolerate looser local sector bounds.
The largest value of δv such that the SDP is feasible is 0.67 for the first experiment, and 1.4
for the second experiment.

Figure 6.8 shows slices of the ROA inner-approximation from the second experiment on
the e–ė and eθ–ėθ spaces. Specifically, these are intersections of E(Px, x∗) with the hyper-
planes (eθ, ėθ) = (eθ∗, ėθ∗) and (e, ė) = (e∗, ė∗), respectively, where x∗ = [e∗, ė∗, eθ∗, ėθ∗]>. The
slices are shown with blue ellipsoids. The boundary of the polytopic set {x : v1 ≤ v1 ≤ v̄1}
is shown with the orange lines. The brown crosses represent the zero equilibrium state x∗.
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Figure 6.8: ROA inner-approximation on the e–ė and eθ–ėθ spaces using both local sector
and off-by-one IQCs with δv = 0.6.

6.4 Chapter Summary
This chapter presents a method to analyze stability and to inner-approximate the region
of attraction of equilibria in feedback systems with NN controllers. First, LTI plants were
analyzed using Lyapunov theory and local sector QCs for bounding nonlinear activation
functions. Second, the results were extended to uncertain plants with perturbations described
by IQCs, such as nonlinearities and unmodeled dynamics. The extended result allows for
the use of off-by-one IQCs to refine the description of activation functions. Finally, the
method was illustrated on a nonlinear inverted pendulum example, and uncertain vehicle
lateral dynamics with stabilizing NN controllers obtained using policy gradient.
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Chapter 7

Imitation Learning With Stability and
Safety Guarantees Using Quadratic
Constraints

Imitation learning (IL) is a class of methods that learns a policy to attain a control goal
consistent with expert demonstrations [80, 81]. Used in tandem with deep neural networks
(NNs), IL presents unique advantages, including a substantial increase in sample efficiency
compared to reinforcement learning (RL) [82], and wide applicability to domains where the
reward model is not accessible or on-policy data is difficult/unsafe to acquire [80]. While IL is
closely related to supervised learning as it trains a mapping from observations to actions [83],
a key difference is the ensuing deployment of the learned policy under dynamics, which
consequently raises the issue of closed-loop stability. This problem naturally falls within the
realm of robust control, which provides rigorous analysis of stability for linear or nonlinear
systems [1]; however, a major technical challenge is to derive nonconservative guarantees
for highly nonlinear policies such as NNs that can be also tractably incorporated into the
learning process.

This chapter tackles this issue and presents a method to learn NN controllers with stabil-
ity and safety guarantees through IL. We first derive convex stability and safety conditions
by merging Lyapunov theory with local sector quadratic constraints (QCs) to describe the
activation functions in the NN. Then we incorporate these constraints in the IL process
that minimizes the IL loss, and maximizes the volume of the region of attraction associated
with the NN controller. Finally, we propose an alternating direction method of multipliers
(ADMM) based method to solve the IL problem.

The method of using QCs to characterize the activation functions has been proposed
in [62], and applied to Lipschitz constant estimation for NNs [63], reachability analysis of NN
controlled systems [11], and stability analysis of NN controlled systems [84–86]. Reference
[64] proposes an ADMM based robust NN training method that minimizes the training loss,
and the Lipschitz constant of NNs simultaneously. Reference [87] formulates convex sets of
recurrent NN with bounded incremental `2 gain using incremental QCs.
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Compared to existing works, our approach makes the following contributions. First,
to the best of our knowledge, this is the first attempt to ensure stability of IL based on
deep NNs. The stability condition from Chapter 6 is nonconvex and thus computationally
intractable for NN control synthesis; here we convexify this constraint (using loop transfor-
mation) for its efficient enforcement in the learning process. Notably, a well-known challenge
in IL is the existence of suboptimal demonstrations. As demonstrated in the case studies,
while the proposed approach can train a policy that imitates the expert demonstrations,
it can potentially improve local stability over suboptimal expert policies, thus enhance the
robustness of IL.

In this chapter, we first present a loop transformation based method to convexify the
stability condition from Chapter 6. Then we formulate the safe IL problem with the convex-
ified stability condition. Finally we illustrate the method on an inverted pendulum example,
and an aircraft example.

7.1 Problem Formulation
In this chapter, we again consider the feedback system consisting of a plant G and state-
feedback controller π as shown in Figure 6.1. Similar to Chapter 6, we assume the plant G
is a linear, time-invariant (LTI) system defined by (6.1), and the controller π : RnG → Rnu is
an `-layer, feedforward neural network (NN) defined by (6.2) associated with weight matrices
W i ∈ Rni×ni−1 , bias vectors bi ∈ Rni , and activation functions φi : Rni → Rni . We assume
the activation ϕ is identical in all layers; this can be relaxed with minor changes to the
notation. Finally, we assume x(k) is constrained to a set X ⊂ RnG , which is referred to
as the “safety condition”. This state constraint set is assumed to be a polytope symmetric
around the origin:

X = {x ∈ RnG : −h ≤ Hx ≤ h, h ≥ 0}, (7.1)

where H ∈ RnX×nG , and h ∈ RnX .

Remark 6. Note that the control constraint is not considered in this dissertation. However,
if the control constraint set is a hypercube, it can be addressed by scaling the dynamics (6.1)
so that the control constraint set becomes [−1nu×1, 1nu×1], and applying tanh elementwise to
the output layer (6.2c).

Assumption 8. We assume the equilibrium point of the closed-loop system is at the origin
x∗ = 0nG×1 with input u∗ = 0nu×1. To ensure this assumption holds, we restrict ourselves
to zero bias terms: bi = 0ni×1, for i = 1, ..., ` + 1, and we also assume that the activation ϕ
satisfies ϕ(0) = 0.

Given state and control data pairs from the expert demonstrations, our goal is to learn a
NN controller from the data to reproduce the demonstrated behavior, while guaranteeing the
system trajectories under the control of the learned NN controller satisfy the safety condition
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(x(k) ∈ X ∀k ≥ 0), and are able to converge to the equilibrium point if they start from the
ROA associated with the learned NN controller.

7.2 Stability Condition for NN Controlled Systems
In this section, we treat the parameters of the NN controller as fixed and derive the safety
and local stability conditions of the NN-controlled LTI systems.

We first isolate the nonlinear activation functions from the linear operations of the NN.
By Assumption 8 that bi = 0ni×1, the NN controller π defined in (6.2) can be rewritten as:[

u(k)
vφ(k)

]
= N

[
x(k)
wφ(k)

]
(7.2a)

wφ(k) = φ(vφ(k)), (7.2b)

where vφ, and wφ are defined by (6.7). The matrix N is redefined as follows, where the
vertical and horizontal bars partition N compatibly with the inputs (x,wφ) and outputs
(u, vφ):

N =



0 0 0 · · · W `+1

W 1 0 · · · 0 0
0 W 2 · · · 0 0
... ... . . . ... ...
0 0 · · · W ` 0

 :=
[
Nux Nuw

Nvx Nvw

]
.

This decomposition of the NN, depicted in Figure 7.1, isolates the nonlinearities φ in prepa-
ration for the stability analysis.

N
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�
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Figure 7.1: NN representation to isolate the nonlinearities φ.

The equilibrium state x∗ = 0nG×1 can be propagated through the NN. This yields the
equilibrium values v∗ = w∗ = 0nφ×1 as well as the equilibrium control command u∗ = 0nu×1.
Therefore, the activation functions φ can be described by the following local QC centered
around the origin (v∗, w∗) = (0, 0), which is a special instance of the offset local QC in
Lemma 2.
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Lemma 3. Let αφ, βφ, v, v̄ ∈ Rnφ be given with αφ ≤ βφ, and v ≤ 0 ≤ v̄. Suppose that φ
satisfies the local sector [αφ, βφ] element-wise for all vφ ∈ [v, v̄]. For any λ ∈ Rnφ with λ ≥ 0,
it holds that [

vφ
wφ

]> [
−2AφBφΛ (Aφ +Bφ)Λ

(Aφ +Bφ)Λ −2Λ

] [
vφ
wφ

]
≥ 0

∀vφ ∈ [v, v̄], wφ = φ(vφ), (7.3)

where Aφ = diag(αφ), Bφ = diag(βφ), and Λ = diag(λ).

Proof. For any vφ ∈ Rnφ and wφ = φ(vφ): left-hand side of (7.3) = ∑nφ
i=1 λi(wi − αi vi) ·

(βi vi − wi). If vφ ∈ [v, v̄] then each term in the sum is non-negative by the local sector
constraints and λ ≥ 0.

In order to apply the local sector bounds in the stability analysis, we must first compute
the bounds v, v ∈ Rnφ on the activation input vφ. The first step is to find the smallest
hypercube that bounds the state constraint set: X ⊆ {x : x ≤ x ≤ x}. Therefore, w0

(defined in (6.2a)) is bounded by w0 = x and w0 = x. Define c = 1
2(w0 +w0), r = 1

2(w0−w0),
and denote y> as the ith row of W 1. Then the first activation input v1 = W 1w0 is bounded by
[v1, v1], where v1

i = y>c+∑n0
j=1 |yjrj|, and v1

i = y>c−∑n0
j=1 |yjrj|. If the activation functions

φ1 are monotonically non-decreasing, then the first activation output w1 is bounded by
w1 = φ1(v1) and w1 = φ1(v1). This process can be propagated through all layers of the
NN to obtain the bounds v, v ∈ Rnφ for the activation input vφ. The remainder of the
dissertation will assume the local sector bounds have been computed as briefly summarized
in the following property.

Property 2. Let the state constraint set X and its corresponding activation input bounds
v, v be given. There exist αφ, βφ such that φ satisfies the local sector for all vφ ∈ [v, v].

Lyapunov Condition
This section uses a Lyapunov function and the local sector to compute an inner approxima-
tion for the ROA of the feedback system of G and π.

Theorem 12. Consider the feedback system of plant G in (6.1) and NN π in (6.2) with
equilibrium point x∗ = 0nG×1, and the state constraint set X. Let v̄, v, αφ, βφ ∈ Rnφ be given
vectors satisfying Property 1 for the NN and the set X. Denote the ith row of the matrix H
by H>i and define

RV :=
[
InG 0nG×nφ
Nux Nuw

]
, and Rφ :=

[
Nvx Nvw

0nφ×nG Inφ

]
.

If there exists a matrix P ∈ SnG++, and vector λ ∈ Rnφ with λ ≥ 0 such that

R>V

[
A>GPAG − P A>GPBG

B>GPAG B>GPBG

]
RV
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+R>φ

[
−2AφBφΛ (Aφ +Bφ)Λ

(Aφ +Bφ)Λ −2Λ

]
Rφ < 0, (7.4a)[

h2
i H>i
Hi P

]
≥ 0, i = 1, · · · , nX , (7.4b)

then: (i) the feedback system consisting of G and π is locally asymptotically stable around
x∗, and (ii) the set E(P ), defined by (2.4), is an inner-approximation to the ROA.

Proof. By Schur complements, (7.4b) is equivalent to:

H>i P
−1Hi ≤ h2

i , i = 1, · · · , nX . (7.5)

It follows from Lemma 1 in [71] that:

E(P ) ⊆ {x ∈ RnG : −hi ≤ H>i x ≤ hi, i = 1, ..., nX} = X.

To summarize, feasibility of (7.4b) verifies that if x(k) ∈ E(P ) ⊆ X then vφ(k) ∈ [v, v̄] and
hence the local sector conditions are valid.

Next, define V (x) := x>Px. Since the LMI in (7.4a) is strict, there exist ε > 0 such that
left / right multiplication of the LMI

[
x(k)>, wφ(k)>

]
and its transpose yields:

V (x(k + 1))− V (x(k)) +
[
vφ(k)
wφ(k)

]> [
−2AφBφΛ (Aφ +Bφ)Λ

(Aφ +Bφ)Λ −2

] [
vφ(k)
wφ(k)

]
≤ −ε|x(k)− x∗|2, (7.6)

Using the proof by induction argument from [84, Theorem 1], we can show that E(P ) is
an invariant set: if x(0) ∈ E(P ), then x(k) ∈ E(P ) ∀k ≥ 0. As noted above, x(k) ∈ E(P )
implies the local sector [αφ, βφ]. Then, by Lemma 3, if x(0) ∈ E(P ), the final term on the
left side of (7.6) is ≥ 0 for all k ≥ 0, and thus V (x(k + 1)) − V (x(k)) ≤ −ε|x(k) − x∗|2
∀k ≥ 0. Therefore, x∗ is an asymptotically stable equilibrium point, and E(P ) is a ROA
inner approximation.

The Lyapunov condition (7.4a) is convex in P and λ if the weight matrix N is given,
and thus we can efficiently compute the ROA inner-estimates. However, this condition is
computationally intractable for NN controller synthesis, as it is nonconvex if we search over
N , P , and λ simultaneously.

7.3 Convex Stability and Safety Conditions
In [64, 87], αφ is set to zero to formulate convex constraints. However, this restriction
is too coarse for stability analysis of NN controlled systems. Instead, we perform a loop
transformation [1] as shown in Fig. 7.2 to convexify the stability condition without having
restrictions on αφ and βφ.
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N
<latexit sha1_base64="FsFohXQjc3OA/BBAi7JXP9TMCN0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiydpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fppGM0g==</latexit><latexit sha1_base64="FsFohXQjc3OA/BBAi7JXP9TMCN0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiydpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fppGM0g==</latexit><latexit sha1_base64="FsFohXQjc3OA/BBAi7JXP9TMCN0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiydpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fppGM0g==</latexit><latexit sha1_base64="FsFohXQjc3OA/BBAi7JXP9TMCN0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiydpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fppGM0g==</latexit>

u(k)
<latexit sha1_base64="8hlxYmWfuwQDXM6ZSyMe/eEr7Dw=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOZpMhM7PLPISw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfa+P63t7a+sbm1Xdop7+7tHxxWjo7bOrGK0BZJeKK6EdaUM0lbhhlOu6miWEScdqLJXe53nqjSLJGPZprSUOCRZDEj2OSSrU0uBpWqX/fnQKskKEgVCjQHla/+MCFWUGkIx1r3Aj81YYaVYYTTWblvNU0xmeAR7TkqsaA6zOa3ztC5U4YoTpQradBc/T2RYaH1VESuU2Az1steLv7n9ayJb8KMydQaKsliUWw5MgnKH0dDpigxfOoIJoq5WxEZY4WJcfGUXQjB8surpH1ZD/x68HBVbdwWcZTgFM6gBgFcQwPuoQktIDCGZ3iFN094L96797FoXfOKmRP4A+/zB2+HjdM=</latexit><latexit sha1_base64="8hlxYmWfuwQDXM6ZSyMe/eEr7Dw=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOZpMhM7PLPISw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfa+P63t7a+sbm1Xdop7+7tHxxWjo7bOrGK0BZJeKK6EdaUM0lbhhlOu6miWEScdqLJXe53nqjSLJGPZprSUOCRZDEj2OSSrU0uBpWqX/fnQKskKEgVCjQHla/+MCFWUGkIx1r3Aj81YYaVYYTTWblvNU0xmeAR7TkqsaA6zOa3ztC5U4YoTpQradBc/T2RYaH1VESuU2Az1steLv7n9ayJb8KMydQaKsliUWw5MgnKH0dDpigxfOoIJoq5WxEZY4WJcfGUXQjB8surpH1ZD/x68HBVbdwWcZTgFM6gBgFcQwPuoQktIDCGZ3iFN094L96797FoXfOKmRP4A+/zB2+HjdM=</latexit><latexit sha1_base64="8hlxYmWfuwQDXM6ZSyMe/eEr7Dw=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOZpMhM7PLPISw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfa+P63t7a+sbm1Xdop7+7tHxxWjo7bOrGK0BZJeKK6EdaUM0lbhhlOu6miWEScdqLJXe53nqjSLJGPZprSUOCRZDEj2OSSrU0uBpWqX/fnQKskKEgVCjQHla/+MCFWUGkIx1r3Aj81YYaVYYTTWblvNU0xmeAR7TkqsaA6zOa3ztC5U4YoTpQradBc/T2RYaH1VESuU2Az1steLv7n9ayJb8KMydQaKsliUWw5MgnKH0dDpigxfOoIJoq5WxEZY4WJcfGUXQjB8surpH1ZD/x68HBVbdwWcZTgFM6gBgFcQwPuoQktIDCGZ3iFN094L96797FoXfOKmRP4A+/zB2+HjdM=</latexit><latexit sha1_base64="8hlxYmWfuwQDXM6ZSyMe/eEr7Dw=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOZpMhM7PLPISw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfa+P63t7a+sbm1Xdop7+7tHxxWjo7bOrGK0BZJeKK6EdaUM0lbhhlOu6miWEScdqLJXe53nqjSLJGPZprSUOCRZDEj2OSSrU0uBpWqX/fnQKskKEgVCjQHla/+MCFWUGkIx1r3Aj81YYaVYYTTWblvNU0xmeAR7TkqsaA6zOa3ztC5U4YoTpQradBc/T2RYaH1VESuU2Az1steLv7n9ayJb8KMydQaKsliUWw5MgnKH0dDpigxfOoIJoq5WxEZY4WJcfGUXQjB8surpH1ZD/x68HBVbdwWcZTgFM6gBgFcQwPuoQktIDCGZ3iFN094L96797FoXfOKmRP4A+/zB2+HjdM=</latexit>

v�(k)
<latexit sha1_base64="nxU1FXoXpX4MiNIZ2vf7DD69UbM=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzEOSJcxOZpMh81hmZgNhyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFCWfG+v63t7a+sbm1Xdgp7u7tHxyWjo6bRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0N/NbY6oNU/LRThIaCjyQLGYEWyc9jXvdZMgqo4teqexX/TnQKglyUoYc9V7pq9tXJBVUWsKxMZ3AT2yYYW0Z4XRa7KaGJpiM8IB2HJVYUBNm84On6NwpfRQr7UpaNFd/T2RYGDMRkesU2A7NsjcT//M6qY1vwozJJLVUksWiOOXIKjT7HvWZpsTyiSOYaOZuRWSINSbWZVR0IQTLL6+S5mU18KvBw1W5dpvHUYBTOIMKBHANNbiHOjSAgIBneIU3T3sv3rv3sWhd8/KZE/gD7/MHN/qQAg==</latexit><latexit sha1_base64="nxU1FXoXpX4MiNIZ2vf7DD69UbM=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzEOSJcxOZpMh81hmZgNhyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFCWfG+v63t7a+sbm1Xdgp7u7tHxyWjo6bRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0N/NbY6oNU/LRThIaCjyQLGYEWyc9jXvdZMgqo4teqexX/TnQKglyUoYc9V7pq9tXJBVUWsKxMZ3AT2yYYW0Z4XRa7KaGJpiM8IB2HJVYUBNm84On6NwpfRQr7UpaNFd/T2RYGDMRkesU2A7NsjcT//M6qY1vwozJJLVUksWiOOXIKjT7HvWZpsTyiSOYaOZuRWSINSbWZVR0IQTLL6+S5mU18KvBw1W5dpvHUYBTOIMKBHANNbiHOjSAgIBneIU3T3sv3rv3sWhd8/KZE/gD7/MHN/qQAg==</latexit><latexit sha1_base64="nxU1FXoXpX4MiNIZ2vf7DD69UbM=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzEOSJcxOZpMh81hmZgNhyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFCWfG+v63t7a+sbm1Xdgp7u7tHxyWjo6bRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0N/NbY6oNU/LRThIaCjyQLGYEWyc9jXvdZMgqo4teqexX/TnQKglyUoYc9V7pq9tXJBVUWsKxMZ3AT2yYYW0Z4XRa7KaGJpiM8IB2HJVYUBNm84On6NwpfRQr7UpaNFd/T2RYGDMRkesU2A7NsjcT//M6qY1vwozJJLVUksWiOOXIKjT7HvWZpsTyiSOYaOZuRWSINSbWZVR0IQTLL6+S5mU18KvBw1W5dpvHUYBTOIMKBHANNbiHOjSAgIBneIU3T3sv3rv3sWhd8/KZE/gD7/MHN/qQAg==</latexit><latexit sha1_base64="nxU1FXoXpX4MiNIZ2vf7DD69UbM=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzEOSJcxOZpMh81hmZgNhyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFCWfG+v63t7a+sbm1Xdgp7u7tHxyWjo6bRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0N/NbY6oNU/LRThIaCjyQLGYEWyc9jXvdZMgqo4teqexX/TnQKglyUoYc9V7pq9tXJBVUWsKxMZ3AT2yYYW0Z4XRa7KaGJpiM8IB2HJVYUBNm84On6NwpfRQr7UpaNFd/T2RYGDMRkesU2A7NsjcT//M6qY1vwozJJLVUksWiOOXIKjT7HvWZpsTyiSOYaOZuRWSINSbWZVR0IQTLL6+S5mU18KvBw1W5dpvHUYBTOIMKBHANNbiHOjSAgIBneIU3T3sv3rv3sWhd8/KZE/gD7/MHN/qQAg==</latexit>

x(k)
<latexit sha1_base64="hJOxIP0lpA/Eos+0aMdtxh4VVbw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa59FSfnA+qNbfhzoFWiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AdByN1g==</latexit><latexit sha1_base64="hJOxIP0lpA/Eos+0aMdtxh4VVbw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa59FSfnA+qNbfhzoFWiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AdByN1g==</latexit><latexit sha1_base64="hJOxIP0lpA/Eos+0aMdtxh4VVbw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa59FSfnA+qNbfhzoFWiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AdByN1g==</latexit><latexit sha1_base64="hJOxIP0lpA/Eos+0aMdtxh4VVbw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa59FSfnA+qNbfhzoFWiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AdByN1g==</latexit>

+
<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit>

+
<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit> �

<latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit><latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit><latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit><latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit>

�A� + B�

2
<latexit sha1_base64="5hhXfUXbdO3InkpBTGmCiL+cDJo=">AAACA3icbZDLSsNAFIZP6q3WW9SdbgaLIIglKYJdVt24rGAv0IQwmU7aoZMLMxOhhIAbX8WNC0Xc+hLufBunaRda/WHg4z/ncOb8fsKZVJb1ZZSWlldW18rrlY3Nre0dc3evI+NUENomMY9Fz8eSchbRtmKK014iKA59Trv++Hpa795TIVkc3alJQt0QDyMWMIKVtjzz4MwJBCbZpeckI4ZO0VUBeVbPPbNq1axC6C/Yc6jCXC3P/HQGMUlDGinCsZR920qUm2GhGOE0rzippAkmYzykfY0RDql0s+KGHB1rZ4CCWOgXKVS4PycyHEo5CX3dGWI1kou1qflfrZ+qoOFmLEpSRSMyWxSkHKkYTQNBAyYoUXyiARPB9F8RGWGdidKxVXQI9uLJf6FTr9lWzb49rzYb8zjKcAhHcAI2XEATbqAFbSDwAE/wAq/Go/FsvBnvs9aSMZ/Zh18yPr4BnJSW0g==</latexit><latexit sha1_base64="5hhXfUXbdO3InkpBTGmCiL+cDJo=">AAACA3icbZDLSsNAFIZP6q3WW9SdbgaLIIglKYJdVt24rGAv0IQwmU7aoZMLMxOhhIAbX8WNC0Xc+hLufBunaRda/WHg4z/ncOb8fsKZVJb1ZZSWlldW18rrlY3Nre0dc3evI+NUENomMY9Fz8eSchbRtmKK014iKA59Trv++Hpa795TIVkc3alJQt0QDyMWMIKVtjzz4MwJBCbZpeckI4ZO0VUBeVbPPbNq1axC6C/Yc6jCXC3P/HQGMUlDGinCsZR920qUm2GhGOE0rzippAkmYzykfY0RDql0s+KGHB1rZ4CCWOgXKVS4PycyHEo5CX3dGWI1kou1qflfrZ+qoOFmLEpSRSMyWxSkHKkYTQNBAyYoUXyiARPB9F8RGWGdidKxVXQI9uLJf6FTr9lWzb49rzYb8zjKcAhHcAI2XEATbqAFbSDwAE/wAq/Go/FsvBnvs9aSMZ/Zh18yPr4BnJSW0g==</latexit><latexit sha1_base64="5hhXfUXbdO3InkpBTGmCiL+cDJo=">AAACA3icbZDLSsNAFIZP6q3WW9SdbgaLIIglKYJdVt24rGAv0IQwmU7aoZMLMxOhhIAbX8WNC0Xc+hLufBunaRda/WHg4z/ncOb8fsKZVJb1ZZSWlldW18rrlY3Nre0dc3evI+NUENomMY9Fz8eSchbRtmKK014iKA59Trv++Hpa795TIVkc3alJQt0QDyMWMIKVtjzz4MwJBCbZpeckI4ZO0VUBeVbPPbNq1axC6C/Yc6jCXC3P/HQGMUlDGinCsZR920qUm2GhGOE0rzippAkmYzykfY0RDql0s+KGHB1rZ4CCWOgXKVS4PycyHEo5CX3dGWI1kou1qflfrZ+qoOFmLEpSRSMyWxSkHKkYTQNBAyYoUXyiARPB9F8RGWGdidKxVXQI9uLJf6FTr9lWzb49rzYb8zjKcAhHcAI2XEATbqAFbSDwAE/wAq/Go/FsvBnvs9aSMZ/Zh18yPr4BnJSW0g==</latexit><latexit sha1_base64="5hhXfUXbdO3InkpBTGmCiL+cDJo=">AAACA3icbZDLSsNAFIZP6q3WW9SdbgaLIIglKYJdVt24rGAv0IQwmU7aoZMLMxOhhIAbX8WNC0Xc+hLufBunaRda/WHg4z/ncOb8fsKZVJb1ZZSWlldW18rrlY3Nre0dc3evI+NUENomMY9Fz8eSchbRtmKK014iKA59Trv++Hpa795TIVkc3alJQt0QDyMWMIKVtjzz4MwJBCbZpeckI4ZO0VUBeVbPPbNq1axC6C/Yc6jCXC3P/HQGMUlDGinCsZR920qUm2GhGOE0rzippAkmYzykfY0RDql0s+KGHB1rZ4CCWOgXKVS4PycyHEo5CX3dGWI1kou1qflfrZ+qoOFmLEpSRSMyWxSkHKkYTQNBAyYoUXyiARPB9F8RGWGdidKxVXQI9uLJf6FTr9lWzb49rzYb8zjKcAhHcAI2XEATbqAFbSDwAE/wAq/Go/FsvBnvs9aSMZ/Zh18yPr4BnJSW0g==</latexit>

A� + B�

2
<latexit sha1_base64="MNvhc8O2cHujoW/St0XOzN+W0RQ=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksgiCUpAh2WXXjsoK9QBPCZDpph04uzEyEEoobX8WNC0Xc+hTufBunaRba+sPAx3/O4cz5/YQzqSzr2yitrK6tb5Q3K1vbO7t75v5BR8apILRNYh6Lno8l5SyibcUUp71EUBz6nHb98c2s3n2gQrI4uleThLohHkYsYAQrbXnmkRMITLIrz0lGDJ2j6xymWX3qmVWrZuVCy2AXUIVCLc/8cgYxSUMaKcKxlH3bSpSbYaEY4XRacVJJE0zGeEj7GiMcUulm+QlTdKqdAQpioV+kUO7+nshwKOUk9HVniNVILtZm5n+1fqqChpuxKEkVjch8UZBypGI0ywMNmKBE8YkGTATTf0VkhHUmSqdW0SHYiycvQ6des62afXdRbTaKOMpwDCdwBjZcQhNuoQVtIPAIz/AKb8aT8WK8Gx/z1pJRzBzCHxmfPy7Ilps=</latexit><latexit sha1_base64="MNvhc8O2cHujoW/St0XOzN+W0RQ=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksgiCUpAh2WXXjsoK9QBPCZDpph04uzEyEEoobX8WNC0Xc+hTufBunaRba+sPAx3/O4cz5/YQzqSzr2yitrK6tb5Q3K1vbO7t75v5BR8apILRNYh6Lno8l5SyibcUUp71EUBz6nHb98c2s3n2gQrI4uleThLohHkYsYAQrbXnmkRMITLIrz0lGDJ2j6xymWX3qmVWrZuVCy2AXUIVCLc/8cgYxSUMaKcKxlH3bSpSbYaEY4XRacVJJE0zGeEj7GiMcUulm+QlTdKqdAQpioV+kUO7+nshwKOUk9HVniNVILtZm5n+1fqqChpuxKEkVjch8UZBypGI0ywMNmKBE8YkGTATTf0VkhHUmSqdW0SHYiycvQ6des62afXdRbTaKOMpwDCdwBjZcQhNuoQVtIPAIz/AKb8aT8WK8Gx/z1pJRzBzCHxmfPy7Ilps=</latexit><latexit sha1_base64="MNvhc8O2cHujoW/St0XOzN+W0RQ=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksgiCUpAh2WXXjsoK9QBPCZDpph04uzEyEEoobX8WNC0Xc+hTufBunaRba+sPAx3/O4cz5/YQzqSzr2yitrK6tb5Q3K1vbO7t75v5BR8apILRNYh6Lno8l5SyibcUUp71EUBz6nHb98c2s3n2gQrI4uleThLohHkYsYAQrbXnmkRMITLIrz0lGDJ2j6xymWX3qmVWrZuVCy2AXUIVCLc/8cgYxSUMaKcKxlH3bSpSbYaEY4XRacVJJE0zGeEj7GiMcUulm+QlTdKqdAQpioV+kUO7+nshwKOUk9HVniNVILtZm5n+1fqqChpuxKEkVjch8UZBypGI0ywMNmKBE8YkGTATTf0VkhHUmSqdW0SHYiycvQ6des62afXdRbTaKOMpwDCdwBjZcQhNuoQVtIPAIz/AKb8aT8WK8Gx/z1pJRzBzCHxmfPy7Ilps=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="CSwHf39JH9rLQrCruD01ppTVEkI=">AAAB93icbZDNS8MwGMbfzq85p1Zv4iU4BEEY7S569OPicYL7gLWUNEu3sDQtSSqMUrz4r3jxoIj/iTf/G7NuB918IPDjeRLevE+Ycqa043xblbX1jc2t6nZtp767t28f1LsqySShHZLwRPZDrChngnY005z2U0lxHHLaCye3s7z3SKViiXjQ05T6MR4JFjGCtbEC+8iLJCb5deClY4bO0U0JRd4qArvhNJ1SaBXcBTRgoXZgf3nDhGQxFZpwrNTAdVLt51hqRjgtal6maIrJBI/owKDAMVV+Xq5QoFPjDFGUSHOERqX7+0WOY6WmcWhuxliP1XI2M//LBpmOLv2ciTTTVJD5oCjjSCdo1gcaMkmJ5lMDmEhm/orIGJtOtGmtZkpwl1dehW6r6TpN996BKhzDCZyBCxdwBXfQhg4QeIIXeIN369l6tT7mdVWsRW+H8EfW5w+3fpU4</latexit><latexit sha1_base64="CSwHf39JH9rLQrCruD01ppTVEkI=">AAAB93icbZDNS8MwGMbfzq85p1Zv4iU4BEEY7S569OPicYL7gLWUNEu3sDQtSSqMUrz4r3jxoIj/iTf/G7NuB918IPDjeRLevE+Ycqa043xblbX1jc2t6nZtp767t28f1LsqySShHZLwRPZDrChngnY005z2U0lxHHLaCye3s7z3SKViiXjQ05T6MR4JFjGCtbEC+8iLJCb5deClY4bO0U0JRd4qArvhNJ1SaBXcBTRgoXZgf3nDhGQxFZpwrNTAdVLt51hqRjgtal6maIrJBI/owKDAMVV+Xq5QoFPjDFGUSHOERqX7+0WOY6WmcWhuxliP1XI2M//LBpmOLv2ciTTTVJD5oCjjSCdo1gcaMkmJ5lMDmEhm/orIGJtOtGmtZkpwl1dehW6r6TpN996BKhzDCZyBCxdwBXfQhg4QeIIXeIN369l6tT7mdVWsRW+H8EfW5w+3fpU4</latexit><latexit sha1_base64="2NPLWpVDupuyw4qZ/nL3piPJf9k=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksgiCUpBu7rLpxWcHWQhPCZDpph04uzEyEEoIbX8WNC0Xc+hTufBunaRba+sPAx3/O4cz5/YQzqSzr26isrK6tb1Q3a1vbO7t75v5BT8apILRLYh6Lvo8l5SyiXcUUp/1EUBz6nN77k+tZ/f6BCsni6E5NE+qGeBSxgBGstOWZR04gMMkuPScZM3SOrgrIs2bumXWrYRVCy2CXUIdSHc/8coYxSUMaKcKxlAPbSpSbYaEY4TSvOamkCSYTPKIDjREOqXSz4oQcnWpniIJY6BcpVLi/JzIcSjkNfd0ZYjWWi7WZ+V9tkKqg5WYsSlJFIzJfFKQcqRjN8kBDJihRfKoBE8H0XxEZY52J0qnVdAj24snL0Gs2bKth31r1dquMowrHcAJnYMMFtOEGOtAFAo/wDK/wZjwZL8a78TFvrRjlzCH8kfH5Ay2Ilpc=</latexit><latexit sha1_base64="MNvhc8O2cHujoW/St0XOzN+W0RQ=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksgiCUpAh2WXXjsoK9QBPCZDpph04uzEyEEoobX8WNC0Xc+hTufBunaRba+sPAx3/O4cz5/YQzqSzr2yitrK6tb5Q3K1vbO7t75v5BR8apILRNYh6Lno8l5SyibcUUp71EUBz6nHb98c2s3n2gQrI4uleThLohHkYsYAQrbXnmkRMITLIrz0lGDJ2j6xymWX3qmVWrZuVCy2AXUIVCLc/8cgYxSUMaKcKxlH3bSpSbYaEY4XRacVJJE0zGeEj7GiMcUulm+QlTdKqdAQpioV+kUO7+nshwKOUk9HVniNVILtZm5n+1fqqChpuxKEkVjch8UZBypGI0ywMNmKBE8YkGTATTf0VkhHUmSqdW0SHYiycvQ6des62afXdRbTaKOMpwDCdwBjZcQhNuoQVtIPAIz/AKb8aT8WK8Gx/z1pJRzBzCHxmfPy7Ilps=</latexit><latexit sha1_base64="MNvhc8O2cHujoW/St0XOzN+W0RQ=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksgiCUpAh2WXXjsoK9QBPCZDpph04uzEyEEoobX8WNC0Xc+hTufBunaRba+sPAx3/O4cz5/YQzqSzr2yitrK6tb5Q3K1vbO7t75v5BR8apILRNYh6Lno8l5SyibcUUp71EUBz6nHb98c2s3n2gQrI4uleThLohHkYsYAQrbXnmkRMITLIrz0lGDJ2j6xymWX3qmVWrZuVCy2AXUIVCLc/8cgYxSUMaKcKxlH3bSpSbYaEY4XRacVJJE0zGeEj7GiMcUulm+QlTdKqdAQpioV+kUO7+nshwKOUk9HVniNVILtZm5n+1fqqChpuxKEkVjch8UZBypGI0ywMNmKBE8YkGTATTf0VkhHUmSqdW0SHYiycvQ6des62afXdRbTaKOMpwDCdwBjZcQhNuoQVtIPAIz/AKb8aT8WK8Gx/z1pJRzBzCHxmfPy7Ilps=</latexit><latexit sha1_base64="MNvhc8O2cHujoW/St0XOzN+W0RQ=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksgiCUpAh2WXXjsoK9QBPCZDpph04uzEyEEoobX8WNC0Xc+hTufBunaRba+sPAx3/O4cz5/YQzqSzr2yitrK6tb5Q3K1vbO7t75v5BR8apILRNYh6Lno8l5SyibcUUp71EUBz6nHb98c2s3n2gQrI4uleThLohHkYsYAQrbXnmkRMITLIrz0lGDJ2j6xymWX3qmVWrZuVCy2AXUIVCLc/8cgYxSUMaKcKxlH3bSpSbYaEY4XRacVJJE0zGeEj7GiMcUulm+QlTdKqdAQpioV+kUO7+nshwKOUk9HVniNVILtZm5n+1fqqChpuxKEkVjch8UZBypGI0ywMNmKBE8YkGTATTf0VkhHUmSqdW0SHYiycvQ6des62afXdRbTaKOMpwDCdwBjZcQhNuoQVtIPAIz/AKb8aT8WK8Gx/z1pJRzBzCHxmfPy7Ilps=</latexit><latexit sha1_base64="MNvhc8O2cHujoW/St0XOzN+W0RQ=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksgiCUpAh2WXXjsoK9QBPCZDpph04uzEyEEoobX8WNC0Xc+hTufBunaRba+sPAx3/O4cz5/YQzqSzr2yitrK6tb5Q3K1vbO7t75v5BR8apILRNYh6Lno8l5SyibcUUp71EUBz6nHb98c2s3n2gQrI4uleThLohHkYsYAQrbXnmkRMITLIrz0lGDJ2j6xymWX3qmVWrZuVCy2AXUIVCLc/8cgYxSUMaKcKxlH3bSpSbYaEY4XRacVJJE0zGeEj7GiMcUulm+QlTdKqdAQpioV+kUO7+nshwKOUk9HVniNVILtZm5n+1fqqChpuxKEkVjch8UZBypGI0ywMNmKBE8YkGTATTf0VkhHUmSqdW0SHYiycvQ6des62afXdRbTaKOMpwDCdwBjZcQhNuoQVtIPAIz/AKb8aT8WK8Gx/z1pJRzBzCHxmfPy7Ilps=</latexit><latexit sha1_base64="MNvhc8O2cHujoW/St0XOzN+W0RQ=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksgiCUpAh2WXXjsoK9QBPCZDpph04uzEyEEoobX8WNC0Xc+hTufBunaRba+sPAx3/O4cz5/YQzqSzr2yitrK6tb5Q3K1vbO7t75v5BR8apILRNYh6Lno8l5SyibcUUp71EUBz6nHb98c2s3n2gQrI4uleThLohHkYsYAQrbXnmkRMITLIrz0lGDJ2j6xymWX3qmVWrZuVCy2AXUIVCLc/8cgYxSUMaKcKxlH3bSpSbYaEY4XRacVJJE0zGeEj7GiMcUulm+QlTdKqdAQpioV+kUO7+nshwKOUk9HVniNVILtZm5n+1fqqChpuxKEkVjch8UZBypGI0ywMNmKBE8YkGTATTf0VkhHUmSqdW0SHYiycvQ6des62afXdRbTaKOMpwDCdwBjZcQhNuoQVtIPAIz/AKb8aT8WK8Gx/z1pJRzBzCHxmfPy7Ilps=</latexit><latexit sha1_base64="MNvhc8O2cHujoW/St0XOzN+W0RQ=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksgiCUpAh2WXXjsoK9QBPCZDpph04uzEyEEoobX8WNC0Xc+hTufBunaRba+sPAx3/O4cz5/YQzqSzr2yitrK6tb5Q3K1vbO7t75v5BR8apILRNYh6Lno8l5SyibcUUp71EUBz6nHb98c2s3n2gQrI4uleThLohHkYsYAQrbXnmkRMITLIrz0lGDJ2j6xymWX3qmVWrZuVCy2AXUIVCLc/8cgYxSUMaKcKxlH3bSpSbYaEY4XRacVJJE0zGeEj7GiMcUulm+QlTdKqdAQpioV+kUO7+nshwKOUk9HVniNVILtZm5n+1fqqChpuxKEkVjch8UZBypGI0ywMNmKBE8YkGTATTf0VkhHUmSqdW0SHYiycvQ6des62afXdRbTaKOMpwDCdwBjZcQhNuoQVtIPAIz/AKb8aT8WK8Gx/z1pJRzBzCHxmfPy7Ilps=</latexit>

B� � A�

2
<latexit sha1_base64="DgzOlZI/aWnb+lJZFzqqejttYRI=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksghtLUgS7rLpxWcFeoAlhMp20QycXZiZCCcWNr+LGhSJufQp3vo3TNAtt/WHg4z/ncOb8fsKZVJb1bZRWVtfWN8qbla3tnd09c/+gI+NUENomMY9Fz8eSchbRtmKK014iKA59Trv++GZW7z5QIVkc3atJQt0QDyMWMIKVtjzzyAkEJtm15yQjhs7RVQ7TrD71zKpVs3KhZbALqEKhlmd+OYOYpCGNFOFYyr5tJcrNsFCMcDqtOKmkCSZjPKR9jREOqXSz/IQpOtXOAAWx0C9SKHd/T2Q4lHIS+rozxGokF2sz879aP1VBw81YlKSKRmS+KEg5UjGa5YEGTFCi+EQDJoLpvyIywjoTpVOr6BDsxZOXoVOv2VbNvruoNhtFHGU4hhM4AxsuoQm30II2EHiEZ3iFN+PJeDHejY95a8koZg7hj4zPHzHvlp0=</latexit><latexit sha1_base64="DgzOlZI/aWnb+lJZFzqqejttYRI=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksghtLUgS7rLpxWcFeoAlhMp20QycXZiZCCcWNr+LGhSJufQp3vo3TNAtt/WHg4z/ncOb8fsKZVJb1bZRWVtfWN8qbla3tnd09c/+gI+NUENomMY9Fz8eSchbRtmKK014iKA59Trv++GZW7z5QIVkc3atJQt0QDyMWMIKVtjzzyAkEJtm15yQjhs7RVQ7TrD71zKpVs3KhZbALqEKhlmd+OYOYpCGNFOFYyr5tJcrNsFCMcDqtOKmkCSZjPKR9jREOqXSz/IQpOtXOAAWx0C9SKHd/T2Q4lHIS+rozxGokF2sz879aP1VBw81YlKSKRmS+KEg5UjGa5YEGTFCi+EQDJoLpvyIywjoTpVOr6BDsxZOXoVOv2VbNvruoNhtFHGU4hhM4AxsuoQm30II2EHiEZ3iFN+PJeDHejY95a8koZg7hj4zPHzHvlp0=</latexit><latexit sha1_base64="DgzOlZI/aWnb+lJZFzqqejttYRI=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksghtLUgS7rLpxWcFeoAlhMp20QycXZiZCCcWNr+LGhSJufQp3vo3TNAtt/WHg4z/ncOb8fsKZVJb1bZRWVtfWN8qbla3tnd09c/+gI+NUENomMY9Fz8eSchbRtmKK014iKA59Trv++GZW7z5QIVkc3atJQt0QDyMWMIKVtjzzyAkEJtm15yQjhs7RVQ7TrD71zKpVs3KhZbALqEKhlmd+OYOYpCGNFOFYyr5tJcrNsFCMcDqtOKmkCSZjPKR9jREOqXSz/IQpOtXOAAWx0C9SKHd/T2Q4lHIS+rozxGokF2sz879aP1VBw81YlKSKRmS+KEg5UjGa5YEGTFCi+EQDJoLpvyIywjoTpVOr6BDsxZOXoVOv2VbNvruoNhtFHGU4hhM4AxsuoQm30II2EHiEZ3iFN+PJeDHejY95a8koZg7hj4zPHzHvlp0=</latexit><latexit sha1_base64="DgzOlZI/aWnb+lJZFzqqejttYRI=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksghtLUgS7rLpxWcFeoAlhMp20QycXZiZCCcWNr+LGhSJufQp3vo3TNAtt/WHg4z/ncOb8fsKZVJb1bZRWVtfWN8qbla3tnd09c/+gI+NUENomMY9Fz8eSchbRtmKK014iKA59Trv++GZW7z5QIVkc3atJQt0QDyMWMIKVtjzzyAkEJtm15yQjhs7RVQ7TrD71zKpVs3KhZbALqEKhlmd+OYOYpCGNFOFYyr5tJcrNsFCMcDqtOKmkCSZjPKR9jREOqXSz/IQpOtXOAAWx0C9SKHd/T2Q4lHIS+rozxGokF2sz879aP1VBw81YlKSKRmS+KEg5UjGa5YEGTFCi+EQDJoLpvyIywjoTpVOr6BDsxZOXoVOv2VbNvruoNhtFHGU4hhM4AxsuoQm30II2EHiEZ3iFN+PJeDHejY95a8koZg7hj4zPHzHvlp0=</latexit>

z�(k)
<latexit sha1_base64="aQI+Lyiuu+RpiCam+EzklXw6RGU=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBHqpeyKYI8FLx4r2A9pl5JNs21okl2SrFCX/govHhTx6s/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+0dr6xubWdmGnuLu3f3BYOjpumTjVlDVpLGLdCYlhgivWtNwK1kk0IzIUrB2Ob2Z++5Fpw2N1bycJCyQZKh5xSqyTHp76vWTEK+OLfqnsVb058Crxc1KGHI1+6as3iGkqmbJUEGO6vpfYICPacirYtNhLDUsIHZMh6zqqiGQmyOYHT/G5UwY4irUrZfFc/T2REWnMRIauUxI7MsveTPzP66Y2qgUZV0lqmaKLRVEqsI3x7Hs84JpRKyaOEKq5uxXTEdGEWpdR0YXgL7+8SlqXVd+r+ndX5Xotj6MAp3AGFfDhGupwCw1oAgUJz/AKb0ijF/SOPhatayifOYE/QJ8/OyiP/A==</latexit><latexit sha1_base64="aQI+Lyiuu+RpiCam+EzklXw6RGU=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBHqpeyKYI8FLx4r2A9pl5JNs21okl2SrFCX/govHhTx6s/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+0dr6xubWdmGnuLu3f3BYOjpumTjVlDVpLGLdCYlhgivWtNwK1kk0IzIUrB2Ob2Z++5Fpw2N1bycJCyQZKh5xSqyTHp76vWTEK+OLfqnsVb058Crxc1KGHI1+6as3iGkqmbJUEGO6vpfYICPacirYtNhLDUsIHZMh6zqqiGQmyOYHT/G5UwY4irUrZfFc/T2REWnMRIauUxI7MsveTPzP66Y2qgUZV0lqmaKLRVEqsI3x7Hs84JpRKyaOEKq5uxXTEdGEWpdR0YXgL7+8SlqXVd+r+ndX5Xotj6MAp3AGFfDhGupwCw1oAgUJz/AKb0ijF/SOPhatayifOYE/QJ8/OyiP/A==</latexit><latexit sha1_base64="aQI+Lyiuu+RpiCam+EzklXw6RGU=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBHqpeyKYI8FLx4r2A9pl5JNs21okl2SrFCX/govHhTx6s/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+0dr6xubWdmGnuLu3f3BYOjpumTjVlDVpLGLdCYlhgivWtNwK1kk0IzIUrB2Ob2Z++5Fpw2N1bycJCyQZKh5xSqyTHp76vWTEK+OLfqnsVb058Crxc1KGHI1+6as3iGkqmbJUEGO6vpfYICPacirYtNhLDUsIHZMh6zqqiGQmyOYHT/G5UwY4irUrZfFc/T2REWnMRIauUxI7MsveTPzP66Y2qgUZV0lqmaKLRVEqsI3x7Hs84JpRKyaOEKq5uxXTEdGEWpdR0YXgL7+8SlqXVd+r+ndX5Xotj6MAp3AGFfDhGupwCw1oAgUJz/AKb0ijF/SOPhatayifOYE/QJ8/OyiP/A==</latexit><latexit sha1_base64="aQI+Lyiuu+RpiCam+EzklXw6RGU=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBHqpeyKYI8FLx4r2A9pl5JNs21okl2SrFCX/govHhTx6s/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+0dr6xubWdmGnuLu3f3BYOjpumTjVlDVpLGLdCYlhgivWtNwK1kk0IzIUrB2Ob2Z++5Fpw2N1bycJCyQZKh5xSqyTHp76vWTEK+OLfqnsVb058Crxc1KGHI1+6as3iGkqmbJUEGO6vpfYICPacirYtNhLDUsIHZMh6zqqiGQmyOYHT/G5UwY4irUrZfFc/T2REWnMRIauUxI7MsveTPzP66Y2qgUZV0lqmaKLRVEqsI3x7Hs84JpRKyaOEKq5uxXTEdGEWpdR0YXgL7+8SlqXVd+r+ndX5Xotj6MAp3AGFfDhGupwCw1oAgUJz/AKb0ijF/SOPhatayifOYE/QJ8/OyiP/A==</latexit>

Ñ
<latexit sha1_base64="evDQVvOFrP2zshbcLNCezvkHpCM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiyepYGulDWWz2bRLd5OwOxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzglQKg6777ZRWVtfWN8qbla3tnd296v5B2ySZZrzFEpnoTkANlyLmLRQoeSfVnKpA8odgdD31H564NiKJ73Gccl/RQSwiwSha6bGHQoY8v530qzW37s5AlolXkBoUaParX70wYZniMTJJjel6bop+TjUKJvmk0ssMTykb0QHvWhpTxY2fzw6ekBOrhCRKtK0YyUz9PZFTZcxYBbZTURyaRW8q/ud1M4wu/VzEaYY8ZvNFUSYJJmT6PQmF5gzl2BLKtLC3EjakmjK0GVVsCN7iy8ukfVb33Lp3d15rXBVxlOEIjuEUPLiABtxAE1rAQMEzvMKbo50X5935mLeWnGLmEP7A+fwBA4uQiA==</latexit><latexit sha1_base64="evDQVvOFrP2zshbcLNCezvkHpCM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiyepYGulDWWz2bRLd5OwOxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzglQKg6777ZRWVtfWN8qbla3tnd296v5B2ySZZrzFEpnoTkANlyLmLRQoeSfVnKpA8odgdD31H564NiKJ73Gccl/RQSwiwSha6bGHQoY8v530qzW37s5AlolXkBoUaParX70wYZniMTJJjel6bop+TjUKJvmk0ssMTykb0QHvWhpTxY2fzw6ekBOrhCRKtK0YyUz9PZFTZcxYBbZTURyaRW8q/ud1M4wu/VzEaYY8ZvNFUSYJJmT6PQmF5gzl2BLKtLC3EjakmjK0GVVsCN7iy8ukfVb33Lp3d15rXBVxlOEIjuEUPLiABtxAE1rAQMEzvMKbo50X5935mLeWnGLmEP7A+fwBA4uQiA==</latexit><latexit sha1_base64="evDQVvOFrP2zshbcLNCezvkHpCM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiyepYGulDWWz2bRLd5OwOxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzglQKg6777ZRWVtfWN8qbla3tnd296v5B2ySZZrzFEpnoTkANlyLmLRQoeSfVnKpA8odgdD31H564NiKJ73Gccl/RQSwiwSha6bGHQoY8v530qzW37s5AlolXkBoUaParX70wYZniMTJJjel6bop+TjUKJvmk0ssMTykb0QHvWhpTxY2fzw6ekBOrhCRKtK0YyUz9PZFTZcxYBbZTURyaRW8q/ud1M4wu/VzEaYY8ZvNFUSYJJmT6PQmF5gzl2BLKtLC3EjakmjK0GVVsCN7iy8ukfVb33Lp3d15rXBVxlOEIjuEUPLiABtxAE1rAQMEzvMKbo50X5935mLeWnGLmEP7A+fwBA4uQiA==</latexit><latexit sha1_base64="evDQVvOFrP2zshbcLNCezvkHpCM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiyepYGulDWWz2bRLd5OwOxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzglQKg6777ZRWVtfWN8qbla3tnd296v5B2ySZZrzFEpnoTkANlyLmLRQoeSfVnKpA8odgdD31H564NiKJ73Gccl/RQSwiwSha6bGHQoY8v530qzW37s5AlolXkBoUaParX70wYZniMTJJjel6bop+TjUKJvmk0ssMTykb0QHvWhpTxY2fzw6ekBOrhCRKtK0YyUz9PZFTZcxYBbZTURyaRW8q/ud1M4wu/VzEaYY8ZvNFUSYJJmT6PQmF5gzl2BLKtLC3EjakmjK0GVVsCN7iy8ukfVb33Lp3d15rXBVxlOEIjuEUPLiABtxAE1rAQMEzvMKbo50X5935mLeWnGLmEP7A+fwBA4uQiA==</latexit>

�̃
<latexit sha1_base64="w95mmOlO4j8agYgYwLtj9DUu3Ro=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthaaUDabTbt0kyy7E6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvVFIYdN1vp7K2vrG5Vd2u7ezu7R/UD4+6Jss14x2WyUz3Qmq4FCnvoEDJe0pzmoSSP4bj25n/+MS1EVn6gBPFg4QOUxELRtFKvo9CRrzw1UhMB/WG23TnIKvEK0kDSrQH9S8/ylie8BSZpMb0PVdhUFCNgkk+rfm54YqyMR3yvqUpTbgJivnNU3JmlYjEmbaVIpmrvycKmhgzSULbmVAcmWVvJv7n9XOMr4NCpCpHnrLFojiXBDMyC4BEQnOGcmIJZVrYWwkbUU0Z2phqNgRv+eVV0r1oem7Tu79stG7KOKpwAqdwDh5cQQvuoA0dYKDgGV7hzcmdF+fd+Vi0Vpxy5hj+wPn8AXqtkfU=</latexit><latexit sha1_base64="w95mmOlO4j8agYgYwLtj9DUu3Ro=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthaaUDabTbt0kyy7E6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvVFIYdN1vp7K2vrG5Vd2u7ezu7R/UD4+6Jss14x2WyUz3Qmq4FCnvoEDJe0pzmoSSP4bj25n/+MS1EVn6gBPFg4QOUxELRtFKvo9CRrzw1UhMB/WG23TnIKvEK0kDSrQH9S8/ylie8BSZpMb0PVdhUFCNgkk+rfm54YqyMR3yvqUpTbgJivnNU3JmlYjEmbaVIpmrvycKmhgzSULbmVAcmWVvJv7n9XOMr4NCpCpHnrLFojiXBDMyC4BEQnOGcmIJZVrYWwkbUU0Z2phqNgRv+eVV0r1oem7Tu79stG7KOKpwAqdwDh5cQQvuoA0dYKDgGV7hzcmdF+fd+Vi0Vpxy5hj+wPn8AXqtkfU=</latexit><latexit sha1_base64="w95mmOlO4j8agYgYwLtj9DUu3Ro=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthaaUDabTbt0kyy7E6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvVFIYdN1vp7K2vrG5Vd2u7ezu7R/UD4+6Jss14x2WyUz3Qmq4FCnvoEDJe0pzmoSSP4bj25n/+MS1EVn6gBPFg4QOUxELRtFKvo9CRrzw1UhMB/WG23TnIKvEK0kDSrQH9S8/ylie8BSZpMb0PVdhUFCNgkk+rfm54YqyMR3yvqUpTbgJivnNU3JmlYjEmbaVIpmrvycKmhgzSULbmVAcmWVvJv7n9XOMr4NCpCpHnrLFojiXBDMyC4BEQnOGcmIJZVrYWwkbUU0Z2phqNgRv+eVV0r1oem7Tu79stG7KOKpwAqdwDh5cQQvuoA0dYKDgGV7hzcmdF+fd+Vi0Vpxy5hj+wPn8AXqtkfU=</latexit><latexit sha1_base64="w95mmOlO4j8agYgYwLtj9DUu3Ro=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthaaUDabTbt0kyy7E6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvVFIYdN1vp7K2vrG5Vd2u7ezu7R/UD4+6Jss14x2WyUz3Qmq4FCnvoEDJe0pzmoSSP4bj25n/+MS1EVn6gBPFg4QOUxELRtFKvo9CRrzw1UhMB/WG23TnIKvEK0kDSrQH9S8/ylie8BSZpMb0PVdhUFCNgkk+rfm54YqyMR3yvqUpTbgJivnNU3JmlYjEmbaVIpmrvycKmhgzSULbmVAcmWVvJv7n9XOMr4NCpCpHnrLFojiXBDMyC4BEQnOGcmIJZVrYWwkbUU0Z2phqNgRv+eVV0r1oem7Tu79stG7KOKpwAqdwDh5cQQvuoA0dYKDgGV7hzcmdF+fd+Vi0Vpxy5hj+wPn8AXqtkfU=</latexit>

2

B� � A�
<latexit sha1_base64="LvSc1o4TyYY3MDujJnMqB0pFPM4=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksghtLUgS7rLpxWcFeoAlhMp20QycXZiZCCcWNr+LGhSJufQp3vo3TNAtt/WHg4z/ncOb8fsKZVJb1bZRWVtfWN8qbla3tnd09c/+gI+NUENomMY9Fz8eSchbRtmKK014iKA59Trv++GZW7z5QIVkc3atJQt0QDyMWMIKVtjzzyAkEJll9ml17TjJi6Bxd5TD1zKpVs3KhZbALqEKhlmd+OYOYpCGNFOFYyr5tJcrNsFCMcDqtOKmkCSZjPKR9jREOqXSz/IQpOtXOAAWx0C9SKHd/T2Q4lHIS+rozxGokF2sz879aP1VBw81YlKSKRmS+KEg5UjGa5YEGTFCi+EQDJoLpvyIywjoTpVOr6BDsxZOXoVOv2VbNvruoNhtFHGU4hhM4AxsuoQm30II2EHiEZ3iFN+PJeDHejY95a8koZg7hj4zPHzQZlp0=</latexit><latexit sha1_base64="LvSc1o4TyYY3MDujJnMqB0pFPM4=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksghtLUgS7rLpxWcFeoAlhMp20QycXZiZCCcWNr+LGhSJufQp3vo3TNAtt/WHg4z/ncOb8fsKZVJb1bZRWVtfWN8qbla3tnd09c/+gI+NUENomMY9Fz8eSchbRtmKK014iKA59Trv++GZW7z5QIVkc3atJQt0QDyMWMIKVtjzzyAkEJll9ml17TjJi6Bxd5TD1zKpVs3KhZbALqEKhlmd+OYOYpCGNFOFYyr5tJcrNsFCMcDqtOKmkCSZjPKR9jREOqXSz/IQpOtXOAAWx0C9SKHd/T2Q4lHIS+rozxGokF2sz879aP1VBw81YlKSKRmS+KEg5UjGa5YEGTFCi+EQDJoLpvyIywjoTpVOr6BDsxZOXoVOv2VbNvruoNhtFHGU4hhM4AxsuoQm30II2EHiEZ3iFN+PJeDHejY95a8koZg7hj4zPHzQZlp0=</latexit><latexit sha1_base64="LvSc1o4TyYY3MDujJnMqB0pFPM4=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksghtLUgS7rLpxWcFeoAlhMp20QycXZiZCCcWNr+LGhSJufQp3vo3TNAtt/WHg4z/ncOb8fsKZVJb1bZRWVtfWN8qbla3tnd09c/+gI+NUENomMY9Fz8eSchbRtmKK014iKA59Trv++GZW7z5QIVkc3atJQt0QDyMWMIKVtjzzyAkEJll9ml17TjJi6Bxd5TD1zKpVs3KhZbALqEKhlmd+OYOYpCGNFOFYyr5tJcrNsFCMcDqtOKmkCSZjPKR9jREOqXSz/IQpOtXOAAWx0C9SKHd/T2Q4lHIS+rozxGokF2sz879aP1VBw81YlKSKRmS+KEg5UjGa5YEGTFCi+EQDJoLpvyIywjoTpVOr6BDsxZOXoVOv2VbNvruoNhtFHGU4hhM4AxsuoQm30II2EHiEZ3iFN+PJeDHejY95a8koZg7hj4zPHzQZlp0=</latexit><latexit sha1_base64="LvSc1o4TyYY3MDujJnMqB0pFPM4=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksghtLUgS7rLpxWcFeoAlhMp20QycXZiZCCcWNr+LGhSJufQp3vo3TNAtt/WHg4z/ncOb8fsKZVJb1bZRWVtfWN8qbla3tnd09c/+gI+NUENomMY9Fz8eSchbRtmKK014iKA59Trv++GZW7z5QIVkc3atJQt0QDyMWMIKVtjzzyAkEJll9ml17TjJi6Bxd5TD1zKpVs3KhZbALqEKhlmd+OYOYpCGNFOFYyr5tJcrNsFCMcDqtOKmkCSZjPKR9jREOqXSz/IQpOtXOAAWx0C9SKHd/T2Q4lHIS+rozxGokF2sz879aP1VBw81YlKSKRmS+KEg5UjGa5YEGTFCi+EQDJoLpvyIywjoTpVOr6BDsxZOXoVOv2VbNvruoNhtFHGU4hhM4AxsuoQm30II2EHiEZ3iFN+PJeDHejY95a8koZg7hj4zPHzQZlp0=</latexit>

Figure 7.2: Loop transformation. If φ is in the sector [αφ, βφ], then φ̃ is in the sector
[−1nφ×1, 1nφ×1].

Loop transformation
Through loop transformation, we obtain a new representation of the NN controller, which is
equivalent to (7.2), [

u(k)
vφ(k)

]
= Ñ

[
x(k)
zφ(k)

]
, (7.7a)

zφ(k) = φ̃(vφ(k)), (7.7b)

where Ñ and φ̃ are defined in Fig. 7.2. Here, we also partition Ñ compatibly with the inputs
(x, zφ) and outputs (u, vφ)

Ñ =
[
Ñux Ñuz

Ñvx Ñvz

]
. (7.8)

The loop transformation normalizes the nonlinearity φ̃ to lie in the sector [−1nφ×1, 1nφ×1].
As a result, φ̃ satisfies the sector QC for any Λ = diag(λ) with λ ≥ 0:

[
vφ(k)
zφ(k)

]> [Λ 0
0 −Λ

] [
vφ(k)
zφ(k)

]
≥ 0, ∀vφ ∈ [v, v]. (7.9)

The input to N is transformed by the following equation:

wφ(k) = Bφ − Aφ
2 zφ(k) + Aφ +Bφ

2 vφ(k). (7.10)
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The transformed matrix Ñ can be computed by combining this relation with (7.2a). Substi-
tuting (7.10) into (7.2a) we obtain

u(k) = Nuxx(k) + C1zφ(k) + C2vφ(k), (7.11)
vφ(k) = Nvxx(k) + C3zφ(k) + C4vφ(k), (7.12)

where

C1 = Nuw
Bφ − Aφ

2 , C2 = Nuw
Aφ +Bφ

2 ,

C3 = Nvw
Bφ − Aφ

2 , C4 = Nvw
Aφ +Bφ

2 .

The expression for vφ(k) can be solved from (7.12):

vφ(k) = (I − C4)−1Nvxx(k) + (I − C4)−1C3zφ(k). (7.13)

Substituting (7.13) into (7.11) yields

u(k) = (Nux + C2(I − C4)−1Nvx)x(k) + (C1 + C2(I − C4)−1C3)zφ(k). (7.14)

Matching (7.13) and (7.14) with (7.7a) we get

Ñ =
[
Nux + C2(I − C4)−1Nvx C1 + C2(I − C4)−1C3

(I − C4)−1Nvx (I − C4)−1C3

]
.

Thus, Ñ is a function of N denoted concisely as Ñ = f(N). It is important to note that
Ñ depends on N both directly, and also indirectly through its dependence on (Aφ, Bφ).
Specifically, suppose both N and a hypercube state bound [x, x̄] are given. Then Ñ is
constructed by: (i) propagating [x, x̄] through the NN to compute bounds [v, v] on the
activation inputs, (ii) computing local sector bounds (Aφ, Bφ) consistent with [v, v], and (iii)
performing the steps in this section to compute Ñ from (N,Aφ, Bφ).

Stability condition after loop transformation
Similar to the original Lyapunov condition (7.4a), the new Lyapunov condition for the feed-
back system of G in (6.1) and NN in (7.7) can be written as

R̃>V

[
A>GPAG − P A>GPBG

B>GPAG B>GPBG

]
R̃V + R̃>φ

[
Λ 0
0 −Λ

]
R̃φ < 0, (7.15)

where

R̃V =
[
InG 0
Ñux Ñuz

]
, and R̃φ =

[
Ñvx Ñvz

0 Inφ

]
. (7.16)
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Lemma 4. Consider the feedback system of G in (6.1) and NN in (7.2) with the state
constraint set X. If there exist a matrix P ∈ SnG++, and vector λ ∈ Rnφ such that (7.15)
(where Ñ = f(N)) and (7.4b) hold, then: (i) the feedback system consisting of G in (6.1)
and NN in (7.2) is locally asymptotically stable around x∗, and (ii) the set E(P ) is a ROA
inner-approximation for it.

Proof. It follows from the assumption that (7.15) and (7.4b) hold that the feedback system
of G in (6.1) and NN in (7.7) is locally asymptotically stable around x∗, and E(P ) is its
ROA inner-approximation. Since the representations (7.2) and (7.7) of NN are equivalent,
the feedback system of G in (6.1) and NN in (7.2) is identical to the feedback system of
G in (6.1) and NN in (7.7). As a result, the feedback system consisting of G in (6.1) and
NN in (7.2) is locally asymptotically stable around x∗, and the set E(P ) is a ROA inner-
approximation for it.

The new Lyapunov condition (7.15) is convex in P and Λ using Ñ = f(N), where N is
given. To incorporate the stability condition in the IL process, we will proceed by treating
Ñ ∈ R(nu+nφ)×(nG+nφ) as a decision variable along with P and Λ, and try to derive a stability
condition that is convex in (P,Λ, Ñ). Substitute (7.16) into (7.15) to obtain

[
AG +BGÑux BGÑuz

Ñvx Ñvz

]> [
P 0
0 Λ

] [
AG +BGÑux BGÑuz

Ñvx Ñvz

]
−
[
P 0
0 Λ

]
< 0.

Applying Schur complements yields the equivalent condition
P 0 A>G + Ñ>uxB

>
G Ñ>vx

0 Λ Ñ>uzB
>
G Ñ>vz

AG +BGÑux BGÑuz P−1 0
Ñvx Ñvz 0 Λ−1

 > 0, (7.17)

and P > 0, Λ > 0. Now (7.17) is linear in Ñ , but still nonconvex in P and Λ. Multiplying
(7.17) on the left and right by diag(P−1,Λ−1, InG , Inφ) we obtain


Q1 0 Q1A

>
G + L>1 B

>
G L>3

0 Q2 L>2 B
>
G L>4

AGQ1 +BGL1 BGL2 Q1 0
L3 L4 0 Q2

 > 0, (7.18)

where Q1 = P−1 > 0, Q2 = Λ−1 > 0, L1 = ÑuxQ1, L2 = ÑuzQ2, L3 = ÑvxQ1, and
L4 = ÑvzQ2.

The stability condition (7.18) is convex in the decision variables (Q1, Q2, L1, . . . , L4),
where Q1 ∈ SnG++, Q2 ∈ Snφ++ and Q2 is a diagonal matrix, L1 ∈ Rnu×nG , L2 ∈ Rnu×nφ , L3 ∈
Rnφ×nG , and L4 ∈ Rnφ×nφ . Variables (P,Λ, Ñ) that satisfy the Lyapunov condition (7.15)
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can be recovered using the computed (Q1, Q2, L1, . . . , L4) through the following equations:
P = Q−1

1 ,Λ = Q−1
2 , and

Ñ = LQ−1, (7.19)

where

Q :=
[
Q1 0
0 Q2

]
, and L :=

[
L1 L2
L3 L4

]
. (7.20)

Thus, the convex stability condition (7.18) allows us to search over P , Λ, and Ñ simultane-
ously.

Moreover, to enforce the safety condition (x(k) ∈ X ∀k ≥ 0) of the system, convex
constraints on Q1 are imposed:

H>i Q1Hi ≤ h2
i , i = 1, · · · , nX , (7.21)

which is derived directly from (7.4b) by Schur complements, and using Q1 = P−1. Again,
this ensures E(Q−1

1 ) ⊆ X.
Denote the LMIs (7.18), (7.21) with Q1 > 0 and Q2 > 0 altogether as LMI(Q,L) > 0,

which will later be incorporated in the IL process to learn robust NN controllers.

Remark 7. Note that model uncertainties are not considered in the dissertation. They can be
incorporated in the Lyapunov condition (7.4a) or (7.15) using integral quadratic constraints
as in [84]. However, to derive convex stability conditions, only limited types of uncertainties
may be incorporated.

7.4 Safe Imitation Learning Algorithm
Given state and control data pairs from the expert demonstrations, we use a loss function
L(N) to train NN controllers with weights N to match the data. Common choices of the loss
function includes mean squared error, absolute error, and cross-entropy. In general, L(N) is
non-convex in N . We propose the next optimization to solve the safe IL problem,

min
N,Q,L

η1L(N)− η2 log det(Q1) (7.22a)

s.t. LMI(Q,L) > 0 (7.22b)
f(N)Q = L (7.22c)

where Q and L are defined in (7.20). The optimization has separate objectives. The cost
function (7.22a) combines the IL loss function with a term that attempts to increase the
volume of E(Q−1

1 ) (which is proportional to det(Q1) ). The parameters η1, η2 > 0 reflect the
relative importance between imitation learning accuracy and size of the robustness margin.
The optimization has two sets of decision variables: N and (Q,L). The former is involved
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in mimicking the expert behaviour, and the latter are involved in the stability and safety
constraints (7.22b). The two sets of variables are connected through the equality constraint
(7.22c). Note that (7.22c) is equivalent to f(N) = LQ−1, and the term on the right-hand side
equals to Ñ from (7.19). Therefore, (7.22c) essentially means that the first set of decision
variable N , after being transformed by the nonlinear function f , satisfies the stability and
safety constraints.

Similar to [64], we use the alternating direction method of multipliers (ADMM) algorithm
to solve this constrained learning problem. We first define an augmented loss function

La(N,Q,L, Y ) = η1L(N)− η2 log det(Q1)

+ tr
(
Y > · (f(N)Q− L)

)
+ ρ

2 ‖f(N)Q− L‖2
F , (7.23)

where ‖·‖F is the Frobenius norm, Y ∈ R(nu+nφ)×(nG+nφ) is the Lagrange multiplier, and
ρ > 0 is the regularization parameter typically affecting the convergence rate of ADMM.
The ADMM algorithm takes the following form:
1. N -update: Nk+1 = arg minN La(N,Qk, Lk, Y k).
2. (Q,L)-update:

(Qk+1, Lk+1) = arg min
Q,L
La(Nk+1, Q, L, Y k)

s.t. LMI(Q,L) > 0

3. Y -update: If
∥∥∥f(Nk+1)Qk+1 − Lk+1

∥∥∥
F
≤ σ, where σ > 0 is the stopping tolerance,

then the algorithm has converged, and we have found a solution to (7.22), so terminate the
algorithm. Otherwise, update Y and return to step 1.

Y k+1 = Y k + ρ
(
f(Nk+1)Qk+1 − Lk+1

)
Step 1 can be solved using gradient based algorithm, e.g., stochastic gradient descent. The
optimization in Step 2 is convex, and can be solved effectively using SDP solvers. The
variable Y in Step 3 accumulates the deviation from the constraint (7.22c) as in integral
control. Since the loss function L(N) is generally nonconvex, and the constraint (7.22c) is
also nonconvex, the proposed ADMM does not have the guarantee to converge to the global
optima. However, any converged solution (even local optima) provides a safe NN controller
with stability and safety guarantees.

7.5 Numerical Examples
In the following example, Step 1 of ADMM algorithm is implemented on Tensorflow, and
solved by ADAM [88]. Step 2 is formulated using CVX, and is solved by MOSEK. The
mean squared error is chosen as the loss function L(N). The code is available at https:
//github.com/heyinUCB/IQCbased ImitationLearning.

https://github.com/heyinUCB/IQCbased_ImitationLearning
https://github.com/heyinUCB/IQCbased_ImitationLearning
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Inverted pendulum
Consider an inverted pendulum with mass m = 0.15 kg, length l = 0.5 m, and friction
coefficient µ = 0.5 Nms/rad. The discretized and linearized dynamics are:[

x1(k + 1)
x2(k + 1)

]
=
[

1 δ
gδ
l

1− µδ
ml2

] [
x1(k)
x2(k)

]
+
[

0
δ
ml2

]
u(k),

where the states x1, x2 represent the angular position (rad) and velocity (rad/s), u is the
control input (Nm), and δ = 0.02 s is the sampling time. The state constraint set is X =
[−2.5, 2.5] × [−6, 6]. To generate state and control data pairs for IL, we design an explicit
model predictive controller (MPC) to serve as the expert. By fitting a NN controller to
the explicit MPC controller, we can expedite the evaluation of controllers during run-time
[89–91]. In this example, besides a NN controller, we will also provide its associated ROA
inner-approximation that guarantees stability and safety. The NN controller is parameterized
by a 2-layer, feedforward NN with n1 = n2 = 10 and tanh as the activation function for both
layers. Take ρ = 1, η1 = 100, and η2 = 5. The ADMM algorithm is terminated after 16
iterations, and ‖f(N)− LQ−1‖F = 0.17.

In Fig. 7.3, the plot on the left shows the learned NN controller with a blue surface, and
state and control data pairs from expert demonstrations with orange dots; the plot on the
right shows the ROAs of the MPC controller and the NN controller with oranges dots and
a blue ellipsoid, respectively. We can notice that the ROA of the NN controller is tightly
contained by the state constraint set X (shown with a gray rectangle), which guarantees the
safety of the system.

Figure 7.3: Left: NN controller vs. expert data from demonstrations; Right: ROAs of MPC
controller and NN controller, and state constraint set X of the inverted pendulum
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Generic Transport Model
The Generic Transport Model (GTM) is a 5.5% scale commercial aircraft. Linearizing and
discretizing the longitudinal dynamics given in [37] with sampling time δ = 0.02 s yields:[

x1(k + 1)
x2(k + 1)

]
=
[

0.935 0.019
−0.907 0.913

] [
x1(k)
x2(k)

]
+
[
−0.006
−1.120

]
u(k),

where the states x1, x2 represent angle of attack (rad), and pitch rate (rad/s), and the
control u represents the elevator deflection (rad). Take the state constraint set as X =
[−2, 2] × [−3, 3]. In this example, we design an LQR controller to produce expert data.
The NN controller is again parameterized by a 2-layer, feedforward NN with n1 = n2 = 16
and tanh as the activation function for both layers. In this example, we will show how the
parameter η2 affects the result. To do so, two experiments are carried out using two sets of
parameters (ρ = 1, η1 = 100, η2 = 5) and (ρ = 1, η1 = 100, η2 = 20), meaning that we care
more about the size of the ROA inner-approximation, and less about the IL accuracy in the
second experiment than we do in the first experiment. In both experiments, the ADMM
algorithm is terminated in 20 iterations.

The ROA inner-approximations of the NN controllers from the two experiments are
shown in Figure 7.4. The one computed with η2 = 5 is shown with a magenta ellipsoid,
and the one computed with η2 = 20 is shown with a blue ellipsoid. First, it is important
to notice that both NN controllers’ ROA inner-approximations are larger than that of the
expert’s LQR controller (shown with a dashed gray ellipsoid), thanks to the second term in
the cost function (7.22a), which enhances the robustness of IL. Also, as expected, the ROA
inner-approximation of the NN controller with η2 = 20 is larger than that with η2 = 5, since
a larger η2 leads to a larger ROA inner-approximation. However, the larger ROA inner-
approximation comes at the cost of less accurate regression to the expert data. As shown in
Figure 7.5, the mesh plot of the NN controller with η2 = 20 (shown with a blue surface) is
more off from the expert data (shown with orange stars) than that with η2 = 5 (shown with
a magenta surface).

Figure 7.4: ROA inner-approximations and state constraint set X of GTM
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Figure 7.5: NN controllers vs. expert data of GTM

7.6 Chapter Summary
In this chapter, we present an IL algorithm with stability and safety guarantees for LTI
systems. First, we convexify the stability and safety conditions for NN controlled systems
from Chapter 6 using loop transformation. Then, these conditions are incorporated in the
IL process, which trades off between the IL accuracy, and size of the stability margin. We
propose an ADMM based algorithm to solve the IL problem. Finally, we illustrate the
method on an inverted pendulum example, and an aircraft example.
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Chapter 8

Conclusions and Future Work

In this dissertation we present an approach to control synthesis and analysis of nonlinear
and NN controlled systems with robustness guarantees. The approach merges dissipation
inequalities and IQCs that describe perturbations ∆ and nonlinear activation functions in
the NNs. In Chapter 3, we present a method for outer-approximating the FRS of uncertain
nonlinear system on a finite time horizon. Both soft and hard factorizations of IQCs are con-
sidered to characterize perturbations. In Chapter 4, we switch from analysis problem to the
control synthesis problem: given a target set, we present a method for computing a control
law that steers the system to the target set, and its associated BRS inner-approximations.
In Chapter 5, we propose a hierarchical planning and control framework, where a tracking
controller is designed based on the missmatch between the planning and tracking models.
The tracking controller guarantees that the error between the planning and tracking trajec-
tories is bounded. In Chapter 6, stability conditions are derived to assess local stability and
compute ROA inner-approximations of NN controlled LTI systems. Local IQCs are used to
capture the sector and slope information of nonlinear activation functions. In Chapter 7, we
convexify the stability conditions from Chapter 6 using loop transformation. These convex
conditions are then incorporated in the IL process to robustify the learned NN controllers.

The key idea of this dissertation is to merge dissipation inequalities with IQCs to provide a
unified framework for analysis and control synthesis of uncertain nonlinear and NN controlled
systems. We briefly discuss several future directions along the path of this dissertation.

Disturbance accommodation and reachability analysis for NN controlled sys-
tems: In Chapter 6, we present a method for stability analysis of NN controlled LTI systems.
This method can be extended to the infinite time horizon reachability analysis for NN con-
trolled systems with `2 or polytopic bounded disturbances.

Compositional analysis of for interconnected NN controlled systems: In Chap-
ter 6, the proposed algorithm might not be able to scale to large-scale systems like power
systems, UAV swarms, or vehicle platoons that consist of many small interconnected subsys-
tems with NN controllers. A compositional approach (e.g. [92]) can be applied here to certify
the properties of the interconnected NN controlled systems, which decomposes the certifi-
cation problem into parallelizable, local problems for individual subsystems and a global
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problem that can be solved efficiently.
Stability analysis for NN controlled nonlinear systems: Although in Chapter 6 by

including IQCs we consider a limited types of nonlinearities (e.g., saturation, trigonometric
functions), we are not able to assess the stability of a general class of nonlinear system. It
is possible to apply SOS techniques to the framework in order to accommodate nonlinear
polynomial systems.

Reinforcement learning with stability and safety guarantees: In Chapter 7,
we derive and incorporate convex stability and safety conditions for LTI systems with NN
controllers in the imitation learning process, and these conditions are also possible to be
included in the reinforcement learning process, including policy gradient and actor-critic
algorithms.

Robust control of systems identified using neural state space models: Consider
a neural state space model ẋ = fNN(x, u), where fNN is a NN function obtained through
system identification. We can design robust controllers for it by isolating the nonlinear
activation functions from the linear operations of the NN, and incorporating those activation
functions in the robust control framework using sector QCs. Other types of IQCs can be used
to cover the identification error between the neural state space model and the real dynamics.

Robust tracking of planning trajectories generated from Neural Network poli-
cies: In the literature, many planning algorithms are based on reinforcement learning and
imitation learning, and planning trajectories are generated using NNs. The tracking control
design method proposed in Chapter 5 can be combined with the IQC framework to account
for NN planning policies.

Improve the performance of robust controllers using reinforcement learning:
For a large batch of products with the same specification, like autonomous vehicles, each
individual product’s system dynamics are different from others’ due to the production error.
A robust controller can be designed to account for the dynamics difference between products.
Although this single robust controller guarantees to work on all the products, its performance
might be overly conservative for running each individual product, as it fails to consider the
specific dynamics of each product. Reinforcement learning can take the robust controller as
a good starting point for control design, and running reinforcement learning algorithm on
each product can further improve the control performance.
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Appendix A

Iterative Algorithm

The algorithm for solving optimization (5.11) is summarized below, the (κ, γ)-step of which
treats γ as a decision variable. By minimizing γ, the volume of ΩV j−1

γ can be shrunk. In the
V -step, (A.1) enforces ΩV j

γj ⊆ ΩV j−1

γj .

Algorithm 4 Alternating direction method
Input: function V 0 such that constraints (5.11) are feasible by proper choice of s, l, κ, γ.
Output: κ, γ, V .

1: for j = 1 : Niter do
2: (κ, γ)-step: decision variables (s, l, κ, γ). Minimize γ subject to (5.11) using

V = V j−1. This yields (lj, sj4,i, s
j
7,i, κ

j) and the cost γj.
3: V -step: decision variables (s1→3, s5→6,i, s8→9,i, V ). Maximize the feasibility subject

to (5.11) as well as s10 − ε ∈ Σ[e], and

−s10 · (V j−1 − γj) + (V − γj) ∈ Σ[e], (A.1)

using (γ = γj, s4,i = sj4,i, s7,i = sj7,i, κ = κj, l = lj). This yields V j.
4: end for

The input to Algorithm 4 is a feasible initial guess V 0. One candidate might be a
quadratic Lyapunov function V̄ obtained by solving Lyapunov equations using the linearized
error dynamics with LQR controllers. However, V̄ might be too coarse to be feasible for the
constraints (5.11). Here, we introduced a slack variable λ > 0 to the constraint (5.11c) to
relax the constraint, and quantify how far V̄ is away from a feasible candidate:

− ∂V

∂e
· (fe + ge · κ) + λ− εe>e+ l · (V − γ) + s1 · px̂

+ s2 · pû + s3 · pw ∈ Σ[(e, x̂, û, w)]. (A.2)

By iteratively search over two bilinear groups of decision variables, we minimize λ until
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λ ≤ 0. Based on this idea, an algorithm to compute V 0 from V̄ is proposed as Algorithm 5.

Algorithm 5 Computation of V 0

Input: function V̄ , and γ̄ > 0.
Output: V 0.

1: V pre ← V̄
2: while λ > 0 do
3: κ-step: decision variables (s, l, κ). Minimize λ subject to

(5.11a–5.11b, A.2, 5.11d–5.11e), using V = V pre, γ = γ̄.
(lpre, spre

4,i , s
pre
7,i , κ

pre)← (l, s4,i, s7,i, κ)
4: V -step: decision variables (s1→3, s5→6,i, s8→9,i, V ). Minimize λ subject to

(5.11a–5.11b, A.2, 5.11d–5.11e) using (γ = γ̄, s4,i = spre
4,i , s7,i = spre

7,i , κ = κpre,
l = lpre).
V pre ← V

5: end while
6: V 0 ← V pre
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