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Th e Growt h o f  Nunbe r  Representat ion ; 
Success iv e Leve l s o f  Scheaat l c Learnin g 

Lauren B. Resnlck 
Univers i t y o f  Pi t tsburg h 

In a companion paper*. Greeno has outlined a 
theor y o f  learnin g a s th e successiv e construct io n 
o f  ne w schemata .  I n thi s pape r  w e explor e th e 
ef fect s o f  cumulat in g schemat a o n performanc e an d 
competenc e i n th e domai n o f  numbe r  knowledge .  We 
begi n wit h a  brie f  considerat io n o f  th e numbe r 
representat io n assume d t o b e avai labl e t o chi ldre n 
befor e the y hav e learne d plac e valu e an d decima l 
nota t ion .  The n w e out l in e severa l  stage s i n tli e 
acquis i t io n o f  decima l  p lace-valu e knowledge . 
Final ly ,  w e conside r  th e impl icat ion s o f  successiv e 
stage s o f  numbe r  representat io n fo r  a  theor y o f  th e 
understandin g o f  cardinal i ty -
Early Number Representation 

Varied d.Ttabases on early counting abilities 
(Gelraa n &  Gal l i s te l ,  1978 ;  Fuson ,  i n p r e s s ) , 
simpl e menta l  ar i thmeti c (e.g. ,  Groe n &  Resciick , 
1 9 7 7 ) ,  an d stor y proble m solut io n (Vcrgnaud ,  i n 
press ;  Carpente r  &  Moser ,  i n press ;  Nesher ,  i n 
press )  hav e provide d th e basi s fo r  forma l  model s o f 
preschoo l  an d ear l y schoo l  mathemat ica l 
performance s (e.g. ,  Ri ley ,  Greeno ,  i  He l le r ,  1978 ; 
Greeno ,  Gelman ,  &  Ri ley ,  1978 ;  Briar s &  Lark ln , 
1 9 8 1 ) .  Thes e model s converg e o n th e fol lowin g 
feature s o f  pre-dectma l  numbe r  representat ion : 

1. Children possess an ordered string of 
"coun t  words" ,  linke d b y "next "  an d "backwar d next " 
re lat ionships .  Eac h posit io n i n th e strin g ha s 
come t o stan d fo r  a  quant i ty .  Th e str in g ca n b e 
use d t o solv e problem s vi a count ing .  I t  ca n als o 
be use d a s a n analo g representat io n o f  quant i ty . 
For  example ,  th e posit ion s o f  tw o targe t  quant i t ie s 
c.n n b o foun d ;in d compnri'c l  fo r  relativ e " largfMcs s ' 
(Sckulc r  &  Hlcrk lewicz ,  1977 ) . 

constr.iin t  tha t  th e combine d par t s ncltlio r  excee d 
no r  fal l  shor t  o f  th e wliol c quant i ty .  Th e schem a 
h.i s bee n show n t o functio n i n successfu l  solution ' 
of  certai n stor y problem s (e.g. ,  tlios e wit h th e 
unknow n i n th e firs t  pos i t ion )  tha t  younge r 
chlldri- n fin d ver y d i f f i cu l t .  I t  seem s likel y tha t 
th e schem. i  als o permit s chi ldre n t o discove r  tli c 
complementar i t y o f  addi t io n an d subt ract ion , 
lendin g t o a  part icular l y of f ic ient--an d 
nathem.T t  icall y elegan t  — solutio n t o subtract io n 
prob lems .  i n thi s procedure ,  whic h Ii.t s bee n 
observe d i n cluldre n a s youn g a s 7  year s (Woods , 
Kesnick ,  &  Groen ,  1975 ;  Svenso n &  lledenborg , 
1 9 7 9 ) ,  chi ldre n eithe r  coun t  u p fro m th e smalle r 
number  o r  coun t  dow n fro m th e larger ,  whiciieve r 
require s [ewe r  counts . 
Ai  CHI  t: .  it j  o n o f  l*l.'U'c-V. i  I  n o S f  hrin. i  I  ; \ 

I n th e cour-i o o f  li-arniii g th e decima l  numbe r 
system ,  th e str in g o f  coun t  word s i s  Rr. iduaU y 
reorg.in i  re d t o rcfloc t  a n understan d inp ,  tha t 
mulLidlc.i t  number s ir e composi l ion s o f  unit s an d 
ten s (late r  . i  1  s o hundreds ,  thousands ,  e t c . ) .  Thi s 
i s arcomp i  i  site d tliroug h successiv e o  1  ibnra t  ion s o f 
th e Part/Whol e schema .  Severa l  stage s i n tii e 
acquis i t io n o f  tlii s  composi t iona l  Interpretat io n o f 
mviltldigl t  number s ca n b e identi f ie d i n a  progra m 
(MOI.I.Y )  tha t  simulate s tli e performance s o f  a 
9-year-r>l d gir l  (Mol ly )  a s sli e acquirir d ne w 
knowledK O llirou(',l i  specia l  remedia l  instructio n I n 
mult id ig i t  subtract ion . 
Four Bt.ices in NOLLY'S knowledge of place 
valu e ca n b e dist inguished : 
St.-I go \^^ Unique part i t loning of muU id i j;i t 
numbiTS .  A t  tii e earl ies t  stag e o f  place-valu e 
knowledge ,  MOLLY ha s a  knowledg e structur e whic h 
organize s convent iona l  informatio n abou t  th e 
structur e o f  mult id igi t  wri t te n number s (Flgur r  2 ) . 

2 .  Chi ldre n ca n Interpre t  smil l  number s i n 
term s o f  a  I'art/Wliol e schem a (Figur e 1 )  suc h tlia t 
an y numbe r  ra n b e lnter|)rete d eithe r  a s i  whol e 
compose d o f  tw o smalle r  number s o r  a s a  par t  i n a 
large r  whole .  Th e Part/Whol e schem a include s th e 
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Thi s structur e Identifie s column s accordin g t o 
thei r  positiona l  relationshi p t o eac h othe r  (thu s 
th e centrallt y o f  th e Nex t  relationship) .  Attache d 
t o eac h colum n i s a  bloc k shap e (thes e refe r  t o th e 
shape s o f  block s use d i n teachin g bas e arithmetic) , 
a countin g string ,  a  value ,  a  colum n name ,  etc . 
Usin g th e Nex t  structure ,  MOLLY can : 
1. construct a block display for any written 
number .  Thi s i s don e b y Identifyin g whlcl i  colum n 
th e numbe r  I s in ,  findin g th e bloc k shap e tha t 
matc h tha t  column ,  an d displayin g th e numbe r  o f 
block s specifie d b y th e digi t  I n th e column . 
2. "read" a block display. This is done by 
startin g wit h th e larges t  bloc k shape ,  findin g th e 
countin g strin g tha t  matche s It ,  enumeratin g th e 
block s usin g th e appropriat e string ,  an d the n 
iteratin g throug h successivel y smalle r  bloc k 
shapes . 
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3.  Interpre t  a  writte n 
hundreds ,  y  tens ,  an d z  ones. " 

numera l  a s 

4.  compar e bloc k display s o n th e basi s o f  th e 
hlghest-«alue d bloc k onl y (e.g. ,  fo r  3A 7 v .  73A , 
compar e onl y th e hundred s blocks) . 

As long as the Next structure alone Is used to 
Interpre t  numbers ,  eac h writte n numbe r  ca n hav e 
onl y on e bloc k representation— a "canonical " 
representation ,  wit h n o mor e tha n 9  blocks  pe r 
column .  Thi s mean s tha t  ther e I s n o basi s fo r  a 
semanti c interpretatio n o f  th e operation s o f 
carryin g an d borrowing .  Th e nex t  stag e provide s 
th e earlies t  basi s fo r  thi s interpretation . 

Stag e 2 :  Multipl e partltlonlng s arrive d a t 
empirically .  A t  thi s stag e th e Part/Whol e schem a 
i s elaborate d t o Includ e a  specia l  restriction , 
applie d t o two-digi t  numbers ,  tha t  on e o f  th e part s 
be a  multipl e o f  10 .  Applicatio n o f  Part/Whol e 
permit s multipl e partitionlngs ,  an d therefor e 
multipl e bloc k representations ,  fo r  an y writte n 
number .  An y specifi c  partitions ,  however ,  mus t  b e 
arrive d a t  throug h a  countin g solution .  Fo r 
example ,  t o sho w A 7 wit h mor e ones, "  MOLLY firs t 
applie s Part/Whol e I n a  globa l  fashio n an d the n 
conclude s tha t  I f  th e whol e I s t o sta y th e sam e bu t 
more one s ar e t o b e shown ,  ther e mus t  b e fewe r 
tens .  I t  therefor e reduce s th e ten s b y a  singl e 
block .  Th e schem a i s nex t  Instantiate d wit h 4 7 i n 
th e Whol e slot ,  an d 3 0 i n on e o f  th e Parts .  Th e 
remainin g Par t  i s  foun d b y addin g one s blocks  an d 
countin g u p unti l  4 7 i s reached . 
Two important concepts liave been added to the 
number  representatio n a t  thi s stage .  First ,  th e 
equivalenc e o f  severa l  partitionlng s ha s bee n 
recognized .  Second ,  th e possibilit y  o f  havin g mor e 
tha n 9  o f  a  particula r  bloc k siz e ha s bee n 
admitted .  Thi s i s crucia l  fo r  understandin g 
"borrowing" ,  where—temporarily—mor e tha n 9  o f  a 
give n denominatio n mus t  b o understoo d t o b e 
present ,  withou t  changin g th e tota l  valu e o f  th e 
quantity .  Interview s wit h a  numbe r  o f  childre n i n 
additio n t o Moll y mak e i t  clea r  tha t  ther e i s a 
stag e i n whic h th e possibilit y  o f  borrowin g o r 
tradin g t o ge t  mor e blocks  i s rejecte d becaus e I t 
wil l  produc e a n "illegal "  (I.e. ,  noncanonlcaI ) 
display . 

The schem a specific s tha t  ther e i s a  "from "  pil e o f 
blocks ,  fro m whic h block s ar e removed .  Thi s pil e 
becomes smalle r  b y on e block .  Ther e i s als o a n 
"into "  pil e o f  block s tha t  become s large r  b y 1 0 
blocks .  Th e valu e o f  th e block s i n th e "from '  an d 
"into"  pile s i s establislie d b y multiplyin g th e 
number  o f  block s remove d b y th e valu e o f  th e bloc k 
shap e (a s specifie d I n th e Nex t  structure) .  Thus , 
when trade s ar e mad e betwee n adjacen t  bloc k sizes , 
th e schem a specific s tha t  bot h th e "into"  an d th e 
"from "  value s wil l  b e 10 .  Applie d a s a n 
elaboratio n o f  th e Part/Whol e schema ,  th e Trad e 
schema allow s MOLLY t o conclude—withou t  havin g t o 
coun t  up—tha t  ther e lia s bee n n o chang e I n th e 
whol e quantity . 
Stage 4: Application to written addition and 
subtraction .  MOLLY als o provide s a  theor y o f  ho w 
th e variou s level s o f  quantit y representatio n 
discusser '  abov e ca n com e t o b e applie d t o writte n 
numerals .  MOLLY simulate s th e learnin g sequenc e 
acliieve d a s a  resul t  o f  Instructio n tha t  force d 
attentio n t o th e detail s o f  a  mappin g betwee n th e 
operation s o f  writte n borrowin g an d thos e o f  bloc k 
tradin g (Resnlck ,  I n press) .  Figur e 4  show s th e 
resul t  o f  construc-tn g thi s menta l  mapping :  a n 
abstractio n tha t  treat s th e tw o procedure s a s 
expression s o f  th e sam e exchang e principles ,  wit h 
analogou s element s i n th e Trad e an d Dorro w 
schemata .  Evidenc e fo r  thi s leve l  o f  understandin g 

CS5 C^' D C23? 

I  i  p i  r e 4 

Stag e 3 :  Preservatio n o f  quantit y b y 
exchange s tha t  maintai n equivalence .  A  furthe r 
elaboratio n o f  Part/Whol e appear s a t  Stag e 3 ,  whe n 
MOLLY add s t o It s representatio n fo r  multtdlgl t 
number s a n explici t  lO-for- 1 relationshi p fo r 
adjacen t  bloc k sizes .  Thi s knowledg e I s 
represente d b y a  Trad e schem a (Figur e 3 )  whic h 
specifie s a  clas s o f  lega l  exchange s amon g blocks . 

TRAO€ 

^fo m bloĉ O 

^Smatler ^ 

ot  nimibf r  rome s fro m Ih r  follouinj ;  kind s o f 
perfoiiti.inces ,  observe d bot h i n Moll y an d i n a 
number  o f  othe r  childre n who m w c hav e interviewed : 

1. When asked to st.itc tile value of carry and 
borro w mirks ,  th e chil d state s th e valu e accordin g 
t o th e colum n rathe r  tha n simpl y namin g th e digit . 
Thus th e I  a t  a  I n Figur e 5  i s  sai d t o b e wort h 1 0 
(no t  1 ) ,  an d th e I  a t  b  i s  sai d t o b e wort h 100 . 

0 
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4 / ^ I ^ Q 
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2.  Wlic n asko d t o sho w lli c  block s lli.i l 
repri'son t  n  give n cnrr y o r  borro w ra.irk,  il w rlill d 
select s block s nccordln c t o value .  A  It-n-bloi k 1 1 
selecte d fo r  a ,  a  hundred-bloc k fo r  b ,  .iii d '• " 
fortli .  ~ 

3. riie clil Id r.in construct ju";c t f i< il ions for 
lli o variou s mark !  nj-. s i n urillr n suhtr.nllon .  Ko r 
example ,  Holl y cxplalnci l  tha t  i n th e subtnclio n 
proble m shô / n i n Fip.nr e h  above ,  sh e h-u l  bi)rrowo d 
one Ihuusan d fro m th e 7 .  Whi' n aske d uheri '  sh e ha d 
put  tin ? thousand ,  sh e wa s puzzle d a t  firs t  ,  bi'c.nis e 
ther e i s n o plac e wlier e on e ca n "s<'c "  1UOO i n th e 
mirkinc. s slven .  However ,  sh e the n said ,  "I t  i s 
divide d up .  Nin e hundre d o f  i t  I s  her e (  i  n d i  ca t  I  nc , 
ttu -  hurtrlred s roluinn) ,  an d th e othe r  hundre d i s lu-r e 
(  in d ie.i i  inf .  th e ten s an d th e o m s loluinn s 
toRelher) .  Yo n see ,  till s  9  I s reall y 9 0 an d thi s 1 
i s reall y 1 0 an d tha t  add s u p t o lOO! "  MOLLY I s 
abl e t o construc t  thi s explanatio n b y firs t  callin g 
on th e Exchang e (Borrow )  schema ,  whic h specifie s 
tha t  I f  a  quantit y o f  100 0 ha s bee n take n fro m a 
colum n I t  mus t  b e pu t  int o anothe r  column .  Unabl e 
t o fin d a  colum n wit h 100 0 pu t  Int o it ,  MOLLY call s 
on th e Part/Whol e schema ,  sot s th e Whol e slo t  equa l 
t o 100 0 an d look s fo r  tw o Part s tha t  ad d u p t o 
1000 .  I t  find s 900 ,  bu t  cannot  fin d a  colum n wit h 
th e 10 0 necessar y fo r  completin g th e Wliole .  MOLLY 
Iterate s throug h th e Part/Whol e schem a again ,  thi s 
tim e settin g th e Whol e equa l  t o 10 0 an d no w findin g 
90 an d 1 0 a s th e Parts .  ^ 

An Interpretation of Cardinality 
This characterization of children's developing 
number  knowledg e permit s u s t o giv e a  mor e precis e 
psychologica l  meanin g t o th e understandin g o f 
"cardinality "  tha n ha s heretofor e bee n possible . 
Celman an d Calliste l  (1978 )  Include d I n thei r 
principle s o f  countin g a  cardinalit y principle , 
whic h specifie s tha t  th e fina l  coun t  wor d reache d 
when a  se t  o f  object s i s bein g enumerate d i s th e 
tota l  numbe r  i n th e set—i.e. ,  th e sot' s 
cardinality .  Fo r  th e preschoo l  child ,  wh o ha s no t 
yet  com e t o interpre t  quantit y i n term s o f  th e 
Part/Whol e schema ,  thi s i s th e onl y meanin g o f 
cardinalit y available .  Thi s criterio n o f 
understandin g cardinalit y ha s bee n criticized , 
however ,  (e.g. ,  Comiti ,  1980 )  a s to o weak ,  an d I n 
particula r  a s no t  reflectin g th e Piagetla n 
definitio n o f  cardinality .  We ca n no w se e tha t  a 
highe r  stag e o f  cardinalit y understandin g ca n b e 
recognize d i n th e child' s subsequen t  applicatio n o f 
th e Part/Whol e schem a t o number .  I n applyin g thi s 
schema,  th e chil d understand s tha t  a  tota l  (whole ) 
quantit y remain s th e sam e eve n unde r  varian t 
partltlonings . 

The meaning of cardinality is further 
elaborate d whe n th e place-valu e schemat a outline d 
her e ar e acquired .  A t  Stag e 2 ,  whe n th e Part/Whol e 
schema wit h th e multiple-of-1 0 restrictio n i s firs t 
applie d t o two-digi t  numbers ,  th e amoun t 
represente d b y th e numbe r  i s no w subjec t  t o 
multipl e partitionlng s withou t  a  chang e i n 
quantity .  Thi s i s exactl y paralle l  t o th e ne w 
understandin g o f  cardinalit y to r  smalle r  number s 
tha t  wa s achieve d whe n th e Part/Whol e schem a wa s 
applie d t o them .  Withou t  applicatio n o f  th e 
Part/Whol e schem a th e cardinalit y o f  a  numbe r 
reside s I n th e specifi c  displa y se t  an d th e numbe r 
attache d t o i t  throug h lega l  countin g procedures . 
Wit h Part/Whole ,  cardinalit y reside s i n th e tota l 
quantity ,  n o matte r  ho w i t  i s  displaye d o r 
partItloned -

The Trade stage of multldigit number 
representatio n represent s ye t  a  highe r  leve l  o f 
luiderstandln g o f  cardinality .  No w i t  i s  recognize d 
tha t  cardinalit y i s no t  altere d b y a  specifie d se t 

of  lega l  exchanges .  A n analog y ca n b e draw n wit h 
an earlie r  recognitio n o f  quantit y a s unchange d 
unde r  variou s physica l  transformation s (suc h a s 
spreadin g ou t  a  displa y o f  objects — th e classi c 
Piagetla n tes t  o f  conservation) .  However ,  th e 
transformation s produce d unde r  contro l  o f  th e Trad e 
schema d o i n fac t  Involv e a  chang e I n th e actua l 
number  o f  object s present .  Thus ,  recognitio n tha t 
th e valu e o f  th e tota l  quantit y remain s unchange d 
require s a  leve l  o f  abstractio n concernin g th e 
natur e o f  cardinalit y tha t  wa s no t  require d fo r 
earlie r  stage s o f  understanding . 
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