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Abstract 

 

The Potential Application of Strain-Induced Stiffening in Base Isolation System 

by 

Jiang Jun Lee 

Doctor of Philosophy in Engineering – Civil and Environmental Engineering 

University of California, Berkeley 

Professor James Kelly, Chair 

 

The technology of base isolating a structure using laminated rubber bearings to protect 

the structure and the contents of the structure from earthquake damage has been proven effective. 

This technology has evolved since it was first discovered in the 1980’s. More buildings have 

been constructed using this technology to ensure that the contents are well protected during the 

event of an earthquake and more importantly, the structure can continue to operate after an 

earthquake. This advantage is particularly important for critical structures such as hospitals and 

emergency centers, and sensitive structures such as nuclear power plants. The use of high 

damping rubber isolation system has the advantage over most of other isolation systems mainly 

due to the presence of moderate damping in the material that could help with displacement 

control without significantly exciting the higher modes response in the structure. In addition, the 

simplicity in the installation does not require additional installation for supplementary energy 

dissipating mechanisms. 

High damping rubber has been known for the uniqueness in terms of the dynamic and 

mechanical properties. In addition, this material is rather complex mainly due to the nonlinearity 

in the force-displacement relationship and several other dependencies such as strain and 

temperature. Due to the complexity of the material, the development of the phenomenological 

model to represent this material often resulted with complicated model, which could potentially 

make the implementation in structural analyses difficult. In this study, with the aim of simplicity, 

a phenomenological model for high damping rubber isolator was developed while capturing as 

many important dynamic properties of the material as possible. The calibration of the high 

damping rubber isolator model was based on the laboratory test results on double shear test piece 

with high damping rubber material tested up to 500% shear strain. The final model in this study 

exhibits the characteristic of nonlinearity of the material due to varying shear strain and the 

change in dynamic properties such as the effective shear modulus and effective damping ratio 

with shear strain. The dynamic properties of the developed model were observed to closely 

follow the distribution of the properties observed through laboratory test results. In addition, the 

relationship between the energy dissipation and shear strain was found to be close to the actual 

material. 

On the other hand, in dynamics, damping is critical for system responding near the 

resonance frequency. Damping is also known as a mechanism to reduce peak displacement 

response as observed from the displacement spectra with different damping values. However, it 

is often overlooked that too much damping in a system, particularly base isolation system, would 
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excite higher mode response. This adverse effect from damping could lead to the damage of 

vibration sensitive equipment housed in the structure. 

Study on bilinear model was included in this work. The definition and implementation of 

bilinear model based on the ASCE 7-16 design document were studied and outlined. Three 

typical design scenarios were established and the associated bilinear models were developed. 

The dynamic properties of these models were evaluated before dynamic analyses were carried 

out using the two-degree-of-freedom base isolated system. The effectiveness of each isolator 

model was evaluated using the roof floor response spectra. The results showed that each design 

scenario has resulted in highly damped isolation system and as a result, higher mode response 

was excited. 

The work concluded with a comparison of the dynamic analyses results using three 

isolator models, the high damping rubber isolator model, bilinear model, and a model with linear 

spring model and linear viscous damper. The bilinear model was developed based on the 

laboratory test results of double shear test piece with high damping rubber material and in 

accordance to the procedure outlined in the design document. The dynamic properties of the 

model were calibrated at 100% shear strain, consistent with the calibration of the high damping 

rubber isolator model. The responses of the two-degree-of-freedom base isolated model using all 

isolator models subjected to ground motions with different intensities were compiled for 

comparison. The results showed that the bilinear model overestimated the damping at shear 

strain less than the design shear strain while underestimated the damping for shear strains beyond 

the design shear strain. The linear spring model with linear viscous damper exhibited the 

opposite trend as the model has constant damping ratio independent of shear strain. 

With the proper amount of damping modelled in the isolator model and the stiffening 

effect, the high damping rubber isolator model has shown to be able to control the peak 

displacement of the system without significantly exciting the higher mode response of the 

system. Unlike the nature of the bilinear model, the presence of high amount of damping at the 

small shear strain range has the potential to excite the higher mode response when the system is 

subjected to weak ground motions. 

A simple three-element high damping rubber isolator model has been developed from this 

study and the dynamic properties were found to closely follow the distribution of the dynamic 

properties of the material obtained through laboratory test. More thorough analyses would be 

carried out to ensure the consistency of the procedure in developing this model based on 

laboratory test results. One of the elements of this model was based on the mathematical model 

developed using unfilled rubber. Studies can be carried out to investigate the accuracy of this 

model when used for high damping rubber isolator model, which is a filled rubber. In addition, 

the arbitrary model used as one of the energy dissipation mechanisms could be improved to 

better capture the mechanisms for the material. 
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 INTRODUCTION 1.0

The primary objective of this work is to study the potential application of strain-induced 

stiffening behavior in high damping rubber for the use in base isolation technology. The 

technique of protecting structures from earthquakes using base isolators has been proven to be 

effective. In addition, this protection system also protects the contents of the structure. Therefore, 

it is crucial to establish an isolator model that could closely exhibit the dynamic characteristics of 

the high damping rubber material such that dynamic analyses could be carried out. Alongside 

with this work is the study on the effect of damping in the isolators to the effectiveness of the 

isolation system. In addition, performance of various typically used isolator models will be 

studied and the performance of these isolator models in protecting the contents of the structure 

will be evaluated and compared. 

1.1 Earthquake Protection 

Protection from earthquake to reduce lives and properties loss has been an ever-rising 

concern. An earthquake does not only impact the society on a short term basis. Damage to a 

nuclear facility for instance, the consequences may last for many years impacting the society and 

the environment. On the other hand, earthquakes have also provided mankind a lot of useful 

information in terms of risk prevention and mitigation. 

Earthquakes often cause catastrophic damage to the society, both property and lives loss. 

The intense ground shaking put all structures into a test and without sufficient resilience the 

structure might suffer damage and potentially collapse. This includes the contents of the 

structure. Besides damaged contents, the occupants could potentially be injured by these moving 

contents during the earthquake. 

Based on studies, the major contribution to the loss in properties after an earthquake is 

due to the damage to the non-structural components and the contents of the structure. An 

example of the outcome from a study by Whittaker & Soong (2003) on the breakdown in 

investment cost based on the building type is shown in Table 1. 

Table 1 Breakdown of investment cost (Whittaker & Soong, 2003) 

 Office Hotel Hospital 

Structural 18% 13% 8% 

Non-structural 62% 70% 48% 

Contents 20% 17% 44% 

 

Overall, more than 80% of the investment costs for any of the building types studied were 

from the cost of non-structural elements and the contents of the building. Furthermore, 

operations of critical structures such as hospitals and emergency centers are essential during and 

after a natural disaster. Therefore, only ensuring these structures to remain standing after an 

earthquake but with damaged and non-operational contents will not serve the purpose to support 

the needs of the community. 
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Besides, critical and sensitive structures such as nuclear power plants should be well 

protected from natural disasters, both the structure and the contents. These structures housed 

critical components and the spillage of the contents could have significant negative impact 

globally. Moreover, malfunction of the equipment in a nuclear power plant could lead to other 

serious disasters such as uncontrolled reaction that could subsequently lead to uncontrolled 

meltdown and global radioactive pollution. 

Protecting structures from earthquake damages can be carried out using various methods, 

namely strengthening of structure, response control by means of energy dissipating mechanisms 

or active systems, and isolating the structure from earthquake ground motions. Properly designed 

base isolation systems have been known to be able to effectively protect structures and the 

contents of the structures from earthquakes. The concept behind this technique is to alter the 

fundamental period of the system such that the period is shifted away from the predominant 

period of earthquakes. In addition, the isolation system reflects the energy from the ground 

preventing the energy from entering into the superstructure and thus, also protecting the contents 

of the structure. 

There have been a lot of successful applications of base isolation systems in protecting 

structures in the recent earthquakes in Japan and China. In the US, one of the most extreme 

comparison scenarios is the performance of the University of Southern California (USC) 

Hospital and the Olive View Hospital during the 1994 Northridge earthquake. The USC Hospital 

is located about 36km from the epicenter of the earthquake and is base isolated with lead rubber 

isolators. There was no structural damage and the hospital continues to operate during and after 

the earthquake. The Olive View Hospital, located about 16km from the epicenter of that 

earthquake and is a conventional fixed base building, despite did not suffer any structural 

damage, experienced damage to some of the architectural components and mechanical systems. 

As a result, the hospital could not operate after the earthquake and patients have to be transferred 

to nearby hospitals. Not to mention the damage to the contents of the hospitals such as the 

pharmacy and medical records storage facility. As shown in Figure 1 is a picture of the chaotic 

scenario where medical personnel have to work outside the hospital to assist injured people. 

 

Figure 1 Medical personnel assisting injured people outside the Olive View Hospital after the 1994 

Northridge earthquake (The Atlantic, 2014) 
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1.2 Elastomeric Isolators for Earthquake Protection 

The interest of using elastomeric isolators for earthquake protection started in the 1980’s. 

The idea of introducing the isolation system between the superstructure and the foundation 

uncouples the superstructure from the ground vibration. As a result, the fundamental period of 

the superstructure can be designed such that the period does not fall within the predominant 

period of the earthquakes. 

The technology of using elastomeric isolator to isolate structures from earthquake ground 

motion has evolved over time, particularly from the use of rubber blocks in the first base isolated 

structure in the world, the Pestalozzi primary school building in Skopje, the Former Yugoslav 

Republic of Macedonia in 1965, to the construction of the first base isolated in the US using the 

modern laminated rubber isolators, the Foothill Communities Law and Justice Center in Rancho 

Cucamonga, California in 1982. To date, there are thousands of structures around the world 

constructed on base isolation system. 

The modern design of elastomeric isolator consists of alternate layers of steel and rubber 

to increase the vertical load carrying capacity with minimal vertical deformation and not 

affecting the lateral flexibility. There are two commonly used elastomeric isolators, the lead 

rubber isolator and the high damping rubber isolator. The lead rubber isolators are made of low 

damping rubber material and a lead core is incorporated to the center of the isolator to dissipate 

energy while the high damping rubber isolator dissipates the energy through heat within the 

material when subjected to cyclic loading. Additional energy dissipation mechanisms were 

sometimes added to the isolation system to increase the overall energy dissipation capability. 

Modeling of elastomeric isolator has been a rather challenging task due to the several 

unique behaviors of the material, such as strain and temperature dependency, and the high force-

displacement nonlinearity. Attempts to completely model the behavior of the material would 

result in a rather complicated mathematical model. Oftentimes, design document such as the 

ASCE 7-16, simplifies the modeling of elastomeric isolator by using a simplified model, for 

instance the bilinear model. The approach of approximating the hysteresis behavior of 

elastomeric isolator using bilinear model might work for some specific scenarios but could 

potentially underestimate or overestimate the properties of the material that could lead to 

erroneous estimation of the structural response for design. 

1.3 Modeling of Elastomeric Isolator 

A lot of studies have been carried out to attempt to model the dynamic and mechanical 

behavior of an elastomeric isolator. Due to the complex nature of the material, sophisticated 

mathematical models have been developed. The aim of this study is to develop a 

phenomenological model for high damping rubber isolator, focusing on simplicity that could 

capture as many important dynamic and mechanical properties of the material. Some of the key 

factors that were considered are the force-displacement nonlinearity and strain dependency of the 

material. 

It is known that the effective stiffness and effective damping ratio of a high damping 

rubber isolator vary with shear strain. At very small shear strain, the material has very high shear 

modulus and the modulus gradually reduces with increasing shear strain. The modulus remains 
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almost plateau at moderate shear strain level and gradually increases with increasing shear strain, 

particularly beyond 150% shear strain. Similar characteristic was observed for the effective 

damping ratio. In addition, the behavior of the material is also known to depend on the strain 

history. The modulus of the material changes when larger shear strain is experienced. When the 

material is experiencing shear strain below the previously attained peak shear strain within a 

short period of time, the mechanical properties follows the material characteristic of the 

previously attained peak shear strain. 

In this study, the model developed by Gent for unfilled rubber was used as the starting 

point to model the spring force component of the isolator. Different energy dissipation 

mechanisms were included in the model to capture the energy dissipation of the actual material. 

Comparisons were made on the results obtained using the model and laboratory test results. 

1.4 Methodology 

A suite of ground motions will be selected and scaled according to the procedure outlined 

in the design document to match the target design spectrum for the site. This suite of ground 

motions will be used as the input for the dynamic analyses. A single-degree-of-freedom (SDOF) 

fixed base system is extended to a two-degree-of-freedom (2DOF) base isolated system for use 

as the structural model in this study. The equation of motion for this structural model will be 

established and the equation of motion will be solved numerically to obtain various responses of 

the structural model. The effectiveness of the isolation system in protecting the contents of the 

structure will be evaluated using the roof floor response spectra, which provide useful 

information on the frequency content of the acceleration experienced by the roof mass during an 

earthquake. 

The effect of the amount of damping in the isolator will be studied by using the 

simplified linear isolation system with linear spring and linear viscous damper. The values of 

equivalent damping ratio in the isolator varies with test cases and comparisons will be made. 

Bilinear models for different design scenarios will be developed and the performance of 

the isolation system and the roof mass will be evaluated and compared. Bilinear model, as 

mentioned earlier, is the approximation used in design code to model typical isolation systems, 

including high damping rubber isolation system. The bilinear model is a great alternative due to 

the simplicity in definition and implementation, and could represent the shape of the hysteresis 

loop relatively well for certain shear strains. However, this model could not represent the 

behavior of the isolation system for the entire operable range, especially when large shear strains 

are considered. Therefore, the response estimated using the bilinear model should be carefully 

studied before a conclusion is drawn. The comparison of potential deviation in the estimation of 

the response using various isolator models will be made at the end of this study. 
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 LITERATURE REVIEW 2.0

2.1 Rubber 

Elastomer, a portmanteau of elastic and polymer (Khajehsaeid, Arghavani, & 

Naghdabadi, 2013), is a class of material formed by many monomers—thus polymer—and 

exhibits elastic properties. Both natural rubber and synthetic rubber, such as silicon rubber and 

ethylene propylene diene monomer (M-class) rubber (EPDM) are examples of elastomer. 

Rubber products are very common in daily life. The excellent properties of rubber in 

compression, tension and shear make the material very versatile and useful. Some of the unique 

properties of the material are good elasticity, large elongation at break (Burtscher, Dorfmann, & 

Bergmeister, 1998), good fatigue resistance, impermeable, and high resilience. One of the most 

remarkable characteristics of rubber is the ability of the material to undergo very large 

deformation under small amount of stress and return to the undeformed state without significant 

permanent deformation when the stress is removed (Khajehsaeid, Arghavani, & Naghdabadi, 

2013). In addition, rubber has very good thermal insulation and vibration isolation properties that 

lead to the use of rubber as seals, noise insulators and earthquake isolators for structures. 

Rubber is classified based on the source of the material is produced. Natural rubber is 

harvested from rubber trees while synthetic rubbers are produced through chemical reactions and 

polymerization. Raw rubber for product manufacturing occurs in two forms, liquid or solid. Raw 

rubber in the liquid form can be used to manufacture dipped goods such as gloves while raw 

rubber in the solid form is used to manufacture engineering rubber products such as isolators, 

seals and tires. 

Natural rubber can be further classified into two groups, based on the polymer structure. 

The scientific name of the more commonly used natural rubber is Hevea brasiliensis while 

another group of natural rubber is from Palaquium gutta, better known as gutta-percha. The 

natural rubber produced from Hevea brasiliensis has a polymer structure of cis-1,4-polyisoprene 

while the rubber produced from gutta-percha has a polymer structure of trans-1,4-polyisoprene. 

The use of gutta-percha is less common due to the complexity in the harvesting and extraction 

process. Interestingly, polyisoprene is a type of synthetic rubber produced through chemical 

polymerization that has the same chemical structure as the natural rubber harvested from the 

Hevea brasiliensis plant. 

Elastomer is the basis material for making rubber products. Different compounding 

ingredients are added to the elastomer to create rubber compound (Gent, 2012). The compound is 

then molded and heated so that chemical reactions can take place to produce the rubber products. 

2.2 Rubber Compounding 

Rubber compounding is the art of incorporating different compounding ingredients to 

produce a compound that can be used to produce rubber products with the desired properties. 

Typical rubber compounding ingredients can be categorized into raw rubber, filler, antioxidant, 

antiozonant, processing aid, cross-linking agent, activator, and accelerator. Each category of 
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ingredient plays an important role in producing rubber products with the designated mechanical 

and physical properties. 

Raw rubber, natural or synthetic, is the base polymer for compounding. Fillers are used to 

reduce the material cost but the presence of fillers also alters the mechanical and physical 

properties of the finished product (Franta, 1989). Fillers can be further clustered into black and 

non-black fillers. Black fillers, also known as carbon black, are reinforcing fillers. This filler is 

further categorized by the preparation method and particle size. Non-black fillers are usually clay 

or calcium carbonate and are usually used for colored products. Antioxidant and antiozonant are 

added to the compound to improve the oxidation and ozone resistance respectively. Processing 

aids, usually in the form of oil or wax, are added to assist the incorporation of dry compounding 

ingredients to the base polymer during the mixing process. 

Typical crosslink or vulcanizing agents are sulfur or peroxide. Sulfur vulcanization was 

discovered by Charles Goodyear in 1839 but the invention dated back in 1600BC (MacAdam, 

2009). The crosslinking process makes the material stronger and more stable under heat. Sulfur 

vulcanization can be accelerated with the presence of accelerator. Sulfur vulcanization is a 

chemical reaction where the double bonds in the rubber polymer chains crosslink to form a 

stronger polymer network (Franta, 1989). The concept of crosslinking of polymer chains can be 

visualized in Figure 2. 

 

 

Figure 2 Polymer before (left) and after (right) crosslink 

Each compounding ingredient in a rubber compound has a role in the properties of the 

final product. Synthetic rubber has better oil resistance as compared to natural rubber and has 

larger range of service temperature. In addition, synthetic polymers are produced through 

chemical reaction and polymerization thus these polymers can be “tailor-made” to achieve the 

required properties. Nonetheless, with the advancement in chemical and polymer engineering, 

natural rubber can be modified physically or chemically to achieve better properties comparable 

to some synthetic rubbers. 

Antioxidant is used to protect the material from degradation under high temperature 

during the mixing and curing processes, as well as higher service temperature. Antiozonant, in 

the form of wax, when added to the compound will bloom to the surface to form a protection 

layer to protect the product from ozone attack in the atmosphere. 
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The design stage of a rubber formulation is crucial to ensure the final product has the 

designed and required physical and mechanical properties. Adjustments are made to the 

compounding ingredients and composition so that the desired properties are achieved. 

Compound formulation with higher oil composition has lower hardness while higher carbon 

black loading produces material with higher strength but more brittle. 

Rubber compounding ingredients and the composition influence the physical properties 

of the final product such as tensile strength, elongation at break, tear strength and ozone 

resistance. In addition, the mechanical properties, such as the dynamic response of the final 

product namely, damping and dynamic modulus, are also affected by the compounding 

ingredients and the composition. 

2.3 Rubber in Engineering 

Elastomers are amorphous solids. In addition, the properties of these materials are 

independent of direction (isotropic behavior) (Gent, 2012). Rubber is often assumed to be 

incompressible in modeling, thus the Poisson’s ratio for this material is assumed to be very close 

to 0.5. 

Polymer has long flexible molecular chains. These molecular chains are continuously in 

Brownian motion at normal temperature due to thermal agitation. The flexibility of the molecular 

chains leads to the capability of rubber to undergo large deformation and completely return to the 

initial state when the force is removed. When the material is vulcanized, molecules are tied 

together by chemical bonds. The presence of these chemical bonds restricts the movement 

without restraining the flexibility of the molecules. As a result, vulcanized rubber can hold the 

shape and still undergo relatively large deformation. 

Natural rubber can be modified in order to achieve different properties. Some commonly 

found commercialized modifications are deproteinized rubber, skim rubber, isomerized rubber 

and epoxidized rubber (Gent, 2012). Isomerization of rubber is done by milling natural rubber 

with butadiene sulfone, which causes cis/trans isomerization in the polymer chain and 

subsequently inhibits crystallization. On the other hand, epoxidation of rubber increases the oil 

resistance of the material while preserving the crystallization property (Gent, 2012). 

2.4 Carbon Black-Filled Natural Rubber 

Carbon black is the most commonly used filler in the dry rubber industry, giving the 

signature black color to the finished rubber products. The presence of carbon black significantly 

affects the physical and mechanical properties of the material. The presence of fillers could 

increase the strength of the material by more than 10 fold (Gent, 2012). The effectiveness of 

reinforcement increases with increasing specific surface area. In other words, carbon black with 

finer particle size gives better reinforcement as compared to coarser carbon black. Smaller 

particles result in larger surface area for the filler-rubber interaction and the particle spacing 

within the network is smaller. The presence of carbon black does not significantly alter the 

tensile strength of the material as compared to unfilled rubber but carbon black filled rubber has 

improved resistance to tearing and abrasion (Gent, 2012). 
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Besides, the presence of filler in the rubber network also resulted in two well-known 

unique behaviors of the material under loading, namely the Mullin’s Effect and the Payne Effect. 

2.4.1 Mullin’s Effect 

Mullin’s Effect is the softening of the material after first cycle of loading, also known as 

stress-softening. This change in the mechanical behavior is only observed in the first cycle of 

uniaxial tensile tests, uniaxial compression tests, hydrostatic tension tests and simple shear tests 

(Diani, Fayolle, & Gilormini, 2009). This behavior is believed to be caused by the linear 

relaxation of cross-linked rubber where mechanical energy is dissipated even without structural 

changes such as extended chain crystallization or detachment of chains from the filler particles 

(Roland, 1989). This behavior is observed at any level of strain. 

2.4.2 Payne Effect 

Payne Effect is observed when the material is deformed up to 10% strain (Ouyang, 2006). 

Payne Effect can be classified into three regions, the low amplitude region for strain up to 0.1%, 

the high amplitude region for strain from 5% to 10% and the transition region for strain between 

the upper bound of low amplitude region to the lower bound of high amplitude region. Payne 

Effect is related to the nonlinearity of dynamic modulus at low strain that is due to the 

breakdown of the carbon black network structure. 

2.5 Crystallization 

Crystallization in polymer like rubber can occur in two conditions, when the material is 

exposed to temperature below the glass transition temperature, called the low temperature 

crystallization, or when the material is subjected to large strain, called the strain-induced 

crystallization. When the material crystallizes, the modulus of the material increased resulting in 

a stiffer material. However, this process is usually temporary and vanished when the material is 

heated above the glass transition temperature or the strain applied to the material is removed, for 

low temperature crystallization and strain-induced crystallization respectively. 

Nonetheless, not all polymers crystallize. The crystallizing behavior of a polymer 

depends on the polymer structure. Tacticity describes how polymers are arranged on a polymer 

backbone and allows the understanding of the melting temperature, solubility in solvent and 

mechanical properties of the polymer. Polymeric structure can be grouped as isotactic, 

syndiotactic and atactic based on tacticity. Isotactic polymers have all the side groups located on 

the same side of the polymer chain (Horgan, 2006) while syndiotactic polymers have the side 

groups located on alternate sides along the polymer backbone. Atactic polymers, on the other 

hand, have the side chains located randomly on the sides along the polymer backbone. Hevea 

brasiliensis is an example of isotactic polymer (Figure 3) while gutta-percha is an example of 

syndiotactic polymer (Figure 4). Polyvinyl chloride (PVC) is an example of atactic polymer 

(Figure 5). 
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Figure 3 Chemical structure of natural rubber (cis-1,4-polyisoprene) 

 

Figure 4 Chemical structure of gutta-percha (trans-1,4-polyisoprene) 

 

Figure 5 Chemical structure of PVC (polyvinyl chloride) 

For polymer from the isotactic group, such as natural rubber, the polymer crystallizes 

when the ambient temperature decreases or when the material is stretched due to the fact that 

neighboring chains could match easily into an ordered structure (Horgan, 2006). Unlike synthetic 

polymers where the side groups are located randomly on both sides of the polymer chain 

backbone resulting difficulty for the neighboring chains to match in space, thus these polymers 

do not crystallize (Horgan, 2006). 

2.5.1 Low Temperature Crystallization 

Low temperature crystallization happens when the polymer is placed in an ambient 

temperature below the glass transition temperature for a sufficient period of time. Crystallization 

happens when crystalline has sufficient time to develop in the material. For vulcanized carbon 

black-filled natural rubber, low temperature crystallization was observed in a sample placed at  

-11.2°F (-24°C) and the crystallization process was completed in about eight hours (The Natural 

Rubber Producers' Research Association, 1963). 

2.5.2 Strain-Induced Crystallization 

Strain-induced crystallization happens when the polymer is subjected to large strains and 

the temperature of the material is above the glass transition temperature. When the material is 

strained, the fibrous structure in the polymer is oriented in the direction of stretch, which 

subsequently leads to stiffening in the material due to limited chain length (Treloar, 2005). 
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Strain-induced crystallization is observed in natural rubber stretched to greater than 300% strain 

(The Natural Rubber Producers' Research Association, 1963) while some literature claimed that 

crystallization could occurs while the strain reaches 200-250% (Van der Horst, McGill, & 

Woolard, 2006). Strain-induced crystallization in filled natural rubber happens almost 

instantaneously under strain (Treloar, 2005); however, when the strain is removed, the material 

returns to the amorphous stage at the same time. This behavior has been observed in shear, 

tension or biaxial extension (Treloar, 2005). The capability of the polymer undergoes 

crystallization under large shear strain increases the strength and fatigue resistance (Gent, 2012). 

When strain-induced crystallization in rubber occurs, the tensile strength increases 

significantly. This behavior was also interpreted as a form of self-reinforcing (Chenal, Gauthier, 

Chazeau, Guy, & Bomal, 2007) of the material in resisting tear or crack growth at large 

deformation (Gent, 2012). When monomers are fully stretched, higher energy is required to 

stretch the bond and to change the bond angle; whereas at low strain levels, less energy is 

required to align the monomers along the directions of stretch. When polymer structure is 

subjected to large strains, the structure can be represented as a system with almost parallel 

crystallites interconnected by amorphous material (Treloar, 2005). 

The stiffening effect observed at the macro level may also arise due to the effect of finite 

polymer chain extensibility (Horgan, 2006) (Dargazany, Khiem, Poshtan, & Itskov, 2014). Gent 

has developed the simplest strain density function, 𝑊, based on limiting chain extensibility, as 

shown in Equation 1. 

𝑊 = −
𝜇

2
𝐽𝑚 ln (1 −

𝐼1 − 3

𝐽𝑚
) Equation 1 

where 𝜇 is the infinitesimal shear modulus, 𝐽𝑚 is the limiting value for 𝐼1 − 3 taking into account 

the limiting polymeric extensibility (Horgan, 2006), and 𝐼1 is the first strain invariant and the 

value is bounded by 𝐼1 < 𝐽𝑚 + 3. For an isotropic incompressible elastic material, this model is a 

basic model with the simplest rational approximation in the Cauchy stress representation formula 

(Horgan, 2006). 

Other models proposed by different authors are the power-law hardening model proposed 

by Knowles, as shown in Equation 2 

𝑊 =
𝜇

2𝑏
[1 +

𝑏

𝑛
(𝐼1 − 3)𝑛 − 1] Equation 2 

where 𝜇 is the shear modulus, 𝑏 and 𝑛 are positive material constants. When 𝑛 = 1, the model 

returns the Neo-Hookean model. The model proposed by Van der Horst to define the stress 

required to extend an affine network, 𝜎, is shown in Equation 3 

𝜎 = 𝑐𝑝𝑘𝑇 (𝜆 −
1

𝜆2
) Equation 3 

where 𝑐𝑝 is the density of chains, 𝜆 is the extension ratio, 𝑘 is the Boltzmann constant and 𝑇 is 

the absolute temperature. 

It was observed that the power-law hardening model proposed by Knowles reflects the 

strain hardening behavior but not the limiting chain extensibility characteristic of the material 
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(Horgan, 2006). On the other hand, for the model proposed by Van der Horst, considering non-

Gaussian distribution, the upturn in the stress-strain curve under large strain can be predicted as 

the chain end distribution is finite and the extension is limited. However, the initial upturn of the 

stress-strain curve is caused by the non-Gaussian behavior and the strain-induced crystallization 

is only significant at higher extension (Van der Horst, McGill, & Woolard, 2006). 

There are also literatures that claimed that strain-induced crystallization forms secondary 

crosslinks within the polymer network thus shortening the polymer chains, and as a result, more 

force is needed to stretch the polymer chains further. The formation of strain-induced crystalline 

crosslinks besides increases the strength of the material, must occur sufficiently fast to prevent 

crack propagation (Van der Horst, McGill, & Woolard, 2006). When rubber is stretched to large 

strain, the material exhibits anisotropic behavior in the mechanical properties: the material has 

high strength in the direction of stretch but very low strength in the direction perpendicular to the 

direction of stretch. 

2.6 Constitutive Model by Gent 

A constitutive model for unfilled vulcanized natural rubber with stiffening characteristic 

was proposed by Gent where the model depends on two parameters, the Young’s modulus, 𝐸, 

and the maximum first strain invariant, 𝐽𝑚 = max(𝐽1). 

The model was an extension from the Neo-Hookean constitutive model and developed 

based on the observation from laboratory test results for tensile tests samples. The strain density 

function, 𝑊, for the Neo-Hookean constitutive model (Equation 4) is a single constant function 

that works reasonably well for unfilled vulcanized rubber subjected to small deformations. 

𝑊 =
𝐸

6
𝐽1 Equation 4 

where 𝐸 is the small-strain tensile modulus and 𝐽1 is the first strain invariant. The first strain 

invariant is defined as 𝐽1 = 𝜆1
2 + 𝜆2

2 + 𝜆3
2 − 3, where 𝜆𝑖 is the stretch ratio in the 𝑖th direction. 

This model was extended to large strain deformation by including another parameter, 𝐽𝑚, 

to capture the limiting state of the material. The proposed strain density function, 𝑊, for the 

extended model is shown in Equation 5. 

𝑊 = −
𝐸

6
𝐽𝑚 ln (1 −

𝐽1
𝐽𝑚

) Equation 5 

where 𝐸 and 𝐽1 are as defined in Equation 4. 

The first derivative of the strain density function with respect to the corresponding stretch 

ratio gives the stress-strain relation. Therefore, the stress-strain relation in the 𝑖th direction is 

shown in Equation 6. 

𝑡𝑖 = 𝜆𝑖 (
𝑑𝑊

𝑑𝐽1
) (

𝑑𝐽1
𝑑𝜆𝑖

) + 𝑝 Equation 6 

where 𝑝 is an undefined hydrostatic pressure from the incompressibility assumption for rubber. 
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Consider the case of simple extension in the 1-direction. Based on the customary 

assumption that rubber is incompressible that leads to the Poisson’s ratio of the material, 𝜈, to be 

approximately 0.5, the product of the stretch ratios in all directions equals to unity,  𝜆1𝜆2𝜆3 = 1 

and the stretch ratios in the 2-direction and 3-direction are the same, 𝜆2 = 𝜆3. Expressing the 

stretch ratios in the 2-direction and 3-direction in terms of 𝜆1, yields 𝜆2 = 𝜆3 = √𝜆1
−1. Therefore, 

𝐽1 = 𝜆1
2 + 2𝜆1

−1 − 3. As a result, the tensile force in the 1-direction, 𝑡1, is shown in Equation 7. 

𝑡1 =
𝐸

3
∙

𝜆1
2 − 𝜆1

−1

1 − 𝐽1 𝐽𝑚⁄
 Equation 7 

In addition, the model is extended to model the shear behavior where the shear stress, 𝜏, 

in terms of shear strain, 𝛾, is shown in Equation 8. 

𝜏(𝛾) =
𝐺𝛾

1 − 𝛾2𝐽𝑚−1
 Equation 8 

where 𝐺 is the shear modulus. 

2.7 Network Theory 

The polymer network can be described using two theories: Gaussian, a simple statistical 

treat for polymer chain subjected to moderate extensions and non-Gaussian, when the polymer 

chain is subjected to relatively large extension (Treloar, 2005). 

The Gaussian theory was developed based on single polymer chain and the 

approximation to Gaussian distribution with the assumption that the end-to-end distance within a 

polymer chain is very less than the fully extended length of the polymer chain. This theory is 

valid only if the strain in the polymer chain is not approaching the limiting deformability of the 

network (Treloar, 2005). By using a first approximation, the analysis using this theory can be 

carried out using relatively simple mathematical terms. 

When the polymer chain is subjected to finite strain, the non-Gaussian theory is used and 

takes into account the finite extensibility of the polymer chain (Treloar, 2005). Several non-

Gaussian theories have been developed, for instance the three-chain theory replaces the polymer 

chain in the Gaussian model with three independent sets of polymer chain that are placed parallel 

to the three axes of the rectangular coordinate system. Another model is the tetrahedral model, 

which consists of four chains radiating out from a common point. The chains for this model are 

located within the rectangular tetrahedral and the free end of each chain would be located at the 

edges of the tetrahedral if all the chains have the same length. This model exhibits isotropic 

behavior (Treloar, 2005), where the behavior is independent of loading direction, which may not 

be true for most materials. 

For unfilled rubber, the shear modulus and the molecular structure are directly related. 

The shear modulus, 𝐺, is predicted to be proportional to the density 𝑁 per unit volume, as shown 

in Equation 9. 

𝐺 = 𝑁𝑘𝑇 Equation 9 
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where 𝑘  is the Boltzmann’s constant and 𝑇  is the absolute temperature. However, for filled 

rubber, the modulus is also dependent on the strain history, which makes the definition 

complicated (Gent, 2012). 

2.8 Finite Strain Theory 

Finite strain theory (also known as large strain theory or large deformation theory) in 

continuum mechanics is applicable when the body is subjected to arbitrary large deformation, 

where the infinitesimal deformation theory is no longer valid (Jirasek & Bazant, 2002). In other 

words, when the deformation in a body is sufficiently large and violates the assumptions for the 

infinitesimal deformation theory, the analysis has to be carried out using the finite strain theory. 

The conditions for infinitesimal deformation assumption are (Slaughter, 2002): 

i) The displacement gradient at every material point in the body is infinitesimal; 

ii) The difference between material and spatial gradients are negligible; and, 

iii) The difference between material directions in the reference and current 

configurations are negligible. 

2.9 Earthquake Protection Systems 

Earthquakes have different effects on structures. For flexible structures, earthquakes 

cause large inter-story drifts while for stiff structures, earthquakes lead to high accelerations on 

the floors, which both structural responses could lead to potential damage to the structure 

(Duggal, 2007). In general, the former case leads to damage of non-structural components of the 

structures while the latter case leads to damage of the contents and equipment located in the 

structure. Hence, protecting structures by both reducing the floor acceleration and limiting the 

inter-story drifts deemed to be an ideal solution to protect both the structure and the contents of 

the structure from earthquake damage. 

There are numerous methods to protect structures from earthquake damage. Earthquake 

protection systems for structures can be categorized into active and passive systems. Active 

systems require interaction with an electronic system where the real-time response of the 

electronic system to the dynamic excitation attempts to cancel-out the input force to minimize 

the dynamic response of the system. An example of the active system is the active mass-tuned 

damper system. 

On the other hand, passive systems do not require interaction with electronic system but 

the protection system is installed to a system and the functionality of the protection system 

initiated when the defined threshold is exceeded or the system is excited. An example of a 

conventional passive protection system for a structure is the ductility design in the structural 

elements. The ductile behavior of the structural elements allows controlled plastic deformation to 

dissipate the energy in the system induced by ground excitation. However, despite the structure 

might remain standing after an earthquake, there will be damage to the structural system that 

requires significant amount of repair, or the damage could be too severe that cost for repair is not 

justifiable and the structure has to be demolished. Repair works lead to downtime, which will 

incur additional financial loss to the owner on top of the cost to carry out the repair works. 
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Another example of passive protection system is through response control. Devices are 

installed to the system to control and/or limit the response of the system under dynamic loading. 

The use of external dampers is an example of response control method where the dynamic 

response of the system is reduced through energy dissipation. 

Base isolation is another approach of passive protection system. The superstructure is 

isolated from the ground such that the ground excitation and the dynamic response of the 

superstructure are uncoupled. 

2.10 Base Isolation 

Base isolation is an innovative earthquake protection system where the fundamental 

period of the structural system is lengthened to reduce the earthquake force induced to the 

structure (Duggal, 2007). The fundamental period of low to mid-height buildings often falls 

within the predominant period of the earthquakes, which generates the most energy. Base 

isolation technique of protecting structures is based on the concept of having relatively high 

stiffness in the vertical direction to support the weight of the system while relatively low 

stiffness in the horizontal direction to allow the system to respond freely during earthquakes. 

Lengthening the fundamental period of the structure can be achieved by using a linear system. 

However, when the system is subjected to strong and large earthquakes, the structural response 

becomes very nonlinear due to the characteristic of the restoring force, which is influenced by 

the stiffness and damping characteristics of the system (Furukawa, Ito, Izawa, & Noori, 2005). 

Another key concept in base isolation is the presence of energy dissipation mechanism 

within the isolation system to dissipate energy and to prevent the energy from entering the 

superstructure (Fan & Ahmadi, 1990). As a result, base isolation is an efficient technique in 

mitigating seismic effects to protect both the structure and the contents of the structure 

(Taranath, 2005). 

Base isolation, in general, is effective for relatively stiff and rigid structures with large 

mass built on stiff grounds (Duggal, 2007). Base isolation for high-rise buildings is; in general, 

less suitable due to the potential large overturning moment under dynamic load, but there have 

been cases where high rise base isolated buildings were constructed. In addition, tall buildings 

generally have longer fundamental period, which may not resonate with the vibration due to 

earthquakes but would require displacement control mechanisms to prevent excessive lateral 

deformation when subjected to dynamic loading. 

Some commonly used base isolation systems are elastomeric isolators, high damping 

rubber isolators and friction pendulum isolators. Mechanical dampers are sometimes added to the 

isolation system to increase the damping. Studies showed that the response reduction of 

secondary systems can be achieved by increasing the viscous damping in the supports (Pires, 

1990) but the presence of too much damping in the supports could lead to adverse effect to the 

structural response. 

The first base isolated building using rubber bearings was constructed in 1965, a school 

building in Skopje, the Former Yugoslav Republic of Macedonia. The isolation system used for 

this building was a three-dimensional isolation system and do not have reinforcing plates in 

between the rubber layers (Figure 6). The isolation system consists of a rubber block at the 
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support points, which isolated the buildings from both horizontal and vertical vibrations. 

However, this configuration posed a problem where the building tends to rock back and forth due 

to the similarity in the periods in the horizontal and vertical directions. In addition, the isolation 

system experiences large deformation under the dead load of the building. Nonetheless, after 

more than 40 years in service, the unreinforced isolators were replaced with modern laminated 

high damping rubber isolators in 2008 under a contract from the NATO Science for Peace 

Program (Kelly & Lee, 2018). 

 

Figure 6 Original unreinforced elastomeric isolator used for the school building in Skopje (courtesy of 

James M. Kelly) 

In order to increase the vertical stiffness of the isolator and to overcome the problem with 

rocking motion, horizontal steel plates were incorporated to the isolator. The alternating layers of 

steel plate and elastomer in the isolator (also called laminated or steel-reinforced isolator) 

increases the vertical stiffness of the isolator without significantly changing the horizontal 

characteristic of the isolator (Davies, 1986) (Villaverde, 2009). The presence of steel plates 

reduces the thickness of the individual rubber layers, thus increases the shape factor of the 

isolator (Figure 7). Shape factor is defined as the ratio of the loaded area to the unloaded area of 

a layer of rubber (Lindley, 1964). 

 

Figure 7 Typical cross section of laminated elastomeric isolator 

In the United States, the first base isolated building in the Unites States is the Foothill 

Communities Law and Justice Center, located in Rancho Cucamonga in the San Bernardino 
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County, California, approximately 20km from the San Andreas Fault. This four-story steel frame 

building was completed in 1986 with 98 laminated bearings. The isolators are 30in in diameter 

and 16in in height supporting 1200kips of vertical load. The designed lateral displacement is 

15in. The isolators used in this building are the high damping rubber isolators. 

Base isolation using laminated rubber bearing system, as compared to other base isolation 

systems, has the lowest peak responses of secondary systems (Fan & Ahmadi, 1990). This is a 

good justification that critical structures such as hospitals and emergency centers should be base 

isolated such that the operation of the critical structures is not interrupted during and after the 

earthquake. In addition, sensitive systems such nuclear power plants and liquid natural gas 

storage tanks should be base isolated to ensure the structure and more importantly the contents of 

the structures are protected during earthquakes. In addition, uncontrolled sloshing of the contents 

might lead to spilling, for instance the content of the spent fuel pool of a nuclear reactor, which 

could lead to long-term adverse effects to the environment and society (Nawrotzki, 2010). 

On the other hand, frictional base isolation devices may lead to the generation of high 

frequency vibrations within the superstructure that could damage vibration sensitive components 

(Fan & Ahmadi, 1990). Another advantage of the use of high damping rubber isolator as 

compared to frictional base isolation devices is the presence of damping in the isolator at any 

displacement range while energy dissipation only occurs in frictional devices when the threshold 

is exceeded (Aiken, Kelly, & Mahmoodi, 1990). This also implies that for high damping rubber 

isolation system, no additional energy dissipation device is required in order for the structure to 

resist low intensity ground shaking. 

A direct comparison of the effectiveness of the base isolation technology is the 

performance of the University of Southern California (USC) Hospital and the Olive View 

Hospital during the 1994 Northridge earthquake. The USC Hospital is a base isolated structure 

while the Olive View Hospital was a conventional fixed base structure. The USC Hospital 

survived the intense ground shaking while the Olive View Hospital had suffered significant 

damage (Ali Khan, 2013). The USC Hospital continues to operate during and after the 

earthquake while the patients in the Olive View Hospital have to be transferred to nearby 

hospitals. 

On the other hand, with the advancement in construction technology, more complex 

structures, both structurally and architecturally, are designed and constructed. The complexity 

often leads to irregularity and asymmetric configurations, which are often not allowed in 

building codes for seismic design. Irregular and asymmetric structures do not have a common 

point of center of stiffness and projected center of mass, which leads to the presence of 

eccentricity in the system (British Standards Institution, 2005). Under normal service load or 

static load, the presence of eccentricity does not affect the performance of the system. However, 

when the system is subjected to dynamic loading, eccentricity in the system causes the system to 

respond in the torsional mode (Lee & Ab-Malek, 2011). Torsional response of a structure yields 

non-uniform distribution of displacements and forces within the structure and stress 

concentration at the edges of the structure. High stress concentration could lead to failure of 

structural system, which might lead to the collapse of the structure. An example of building 

failed under torsional mode during the 2011 Mexico Earthquake is shown in Figure 8. 
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Figure 8 Example of building failed under torsion during earthquake (Degenkolb Engineers, 2011) 

One of the advantages of using elastomeric isolators is the horizontal stiffness of the 

isolation system can be designed such that the center of stiffness of the isolation system 

coincides with the projected center of mass. When the eccentricity is reduced, the structure will 

respond in the translation mode instead of the torsional mode (Lee & Ab-Malek, 2011). 

Sliding bearings provides pure isolation of the superstructure from the ground motions 

(Villaverde, 2009).  These bearings however do not have re-centering capacity thus require 

additional re-centering devices. The motion of the device occurs when the friction resistance in 

the isolation device is overcome. The sudden stop-start motion of the isolation system generates 

high frequency vibration that could cause damage to vibration sensitive equipment housed in the 

structure. Besides, the performance of this sliding device depends highly on the friction or the 

initial resistance of the device, and might change over time due to mechanical effects such as rust 

or contamination. This type of bearings, however, can be combined with other isolation systems 

or used under columns which have very low vertical load. 

Friction pendulum bearings are gaining the popularity in base isolation. The isolation 

system acts like a pendulum during earthquakes. This type of isolator has re-centering capacity 

that depends on the gravity and the maximum deformation is controlled by the lateral restrain 

along the edge of the bearings. The operation of this isolator depends of the friction force 

threshold within the bearing components and therefore might response similarly to a fixed base 

building when the input is weak (Villaverde, 2009). Based on the equation of motion for a 

pendulum, the period of the system is independent of the mass and only depends on the geometry 

of the bearing, i.e. the radius of the curvature. Therefore, the fundamental period of the structure 

is independent of the weight of the isolated structure. The improved triple pendulum bearings 

configuration allows variability in the fundamental period of the system depending on the 

component of the bearing is being activated. This was claimed to reduce the sudden change in 

stiffness in the system, which reduces the possibility of generating high frequency vibration. The 

San Francisco International Airport is isolated using friction pendulum isolators. 

Helical steel spring isolation system is another type of isolation system, which is useful 

for three-dimensional isolation. An example use of the helical steel spring isolation system is the 

residential unit installed with the GERB spring-damper unit in Santa Monica, California, which 
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was claimed to have effectively reduced the floor accelerations as compared to conventional 

buildings (Villaverde, 2009). 

Despite the name base isolation, the isolators are not strictly required to only be placed at 

the base of a structure. Depending on the purpose of the isolation, construction cost and detailing 

of the structural system, the isolation system can be placed at different locations over the height 

of the structure (Villaverde, 2009). A hotel in Medan, Indonesia has the isolation system located 

on the third floor of the structure. The hotel structure consists of twin towers sharing the lower 

three floors. The owner has decided to only isolate one of the towers; hence the isolation system 

was placed on the interface between the common lower floors and the hotel tower. Nonetheless, 

the isolation system is often installed at places that can provide easy access for inspection and 

replacement of the isolation element when necessary (Taranath, 2005) (Figure 9). 

 

Figure 9 Access to the isolation system for inspection and replacement for one of the base isolated 

buildings in Malaysia 

For bridges, the primary purpose of an isolation system is to protect the substructure 

instead of the superstructure. However, the adoption of base isolation technique in bridges is 

more straightforward as compared to buildings where the isolation system can be installed in 

place of the conventional bridge bearings. 

2.11 Elastomeric Isolator 

Elastomeric isolators can be categorized into three types, low damping rubber isolator, 

high damping rubber isolator and lead plug rubber isolator. The elastomeric isolators consist of 

alternate layers of steel and rubber to increase the vertical stiffness in order to support the weight 

of the superstructure without affecting the horizontal flexibility. The high vertical stiffness is 

achieved by having high shape factor rubber layers. Low damping rubber isolators are made of 

low damping rubber material. Supplementary energy dissipation system is often installed with 

isolation system with low damping rubber isolator to increase the energy dissipation capacity. 

The advantages of low damping rubber isolator is due to the ease in the isolator manufacturing 

process, structural modeling and analysis as this type of isolator has a very linear behavior, less 
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sensitive to strain rate, temperature and loading history as compared to the high damping rubber 

isolator (Villaverde, 2009). On the other hand, the need for the supplementary damping devices 

increases the complexity in modeling, design and installation due to the need for the design of 

the additional connections. 

Lead plug rubber isolators are typically low damping rubber isolator with a lead plug in 

the center of the isolator to increase the energy dissipation capability. This type of isolator was 

invented in New Zealand in 1975. The main purpose of using lead is due to the low yield stress 

(about 1450psi) and the elastoplastic force-deformation of this crystalline material. Moreover, 

this material is stable over many cycles of hysteretic behavior and recrystallizes at normal 

temperature, thus not susceptible to fatigue failure (Taranath, 2005). This material has very high 

initial stiffness therefore providing high resistant isolator characteristic at low strain, which is 

crucial for wind resistant and during weak earthquakes. The stiffness of the isolator is governed 

by the rubber component once the lead yields, and the function of the lead plug is often assumed 

solely on dissipating energy. After an earthquake, the rubber component provides the restoring 

force capacity for the isolation system. Despite having good energy dissipating capability, lead 

plug rubber isolator showed very high nonlinearity in the hysteretic behavior. Lead plug rubber 

isolation system is often modelled using the bilinear model (Villaverde, 2009). The nonlinearity 

of the isolation system due to abrupt change in the stiffness may induce high frequency vibration 

that could lead to the excitation of higher mode response in the isolated structure (Villaverde, 

2009). This is not a favorable response as higher modes response reduces efficiency of the 

isolation system in protecting the contents of the structure particularly. 

High damping rubber isolator is a laminated rubber isolator made of high damping rubber 

material. The damping of this material falls typically between 10% and 20% at 100% shear strain 

(Villaverde, 2009). This high damping rubber material is obtained by using fine carbon black 

fillers and high content of oil in the compound formulation and the ratio of the carbon black 

fillers and oil affects the energy dissipating capacity of the material. This material was developed 

in 1982 by the Malaysian Rubber Producers’ Research Association (MRPRA), now Tun Abdul 

Razak Research Center (TARRC) of the United Kingdom with collaboration with the Earthquake 

Engineering Research Center (EERC) at University of California, Berkeley.  

This material has a very unique distribution of mechanical properties over the range of 

shear strains. When experiencing small shear strain (less than 20%), the material has very high 

shear modulus. When experiencing moderate shear strain deformation (20% to 120%), the shear 

modulus generally reduces to an almost plateau value. Beyond 120% shear strain, the material 

stiffens due to the strain-induced crystallization characteristic of the material. This material 

possesses the characteristic of high stiffness at small strain to resist wind load and weak 

vibration; during the typical earthquakes, the material is sufficiently soft and flexible to isolate 

the structure. During unexpected severe earthquake events, when the material is expected to 

deform much beyond the design capacity, the stiffening effect of the material helps to restrain the 

structure from excessive lateral deformation (Villaverde, 2009). Another bonus point to this 

isolation system is that at the large shear strain region, the stiffening occurs gradually with 

increasing shear strain, thus eliminating the potential excitation of high frequency vibration 

within the isolated system due to the abrupt change in stiffness. 

Similarly to the low damping rubber isolator, the manufacturing is relatively simple but 

eliminated the need for supplemental damping devices and the design for additional connections 
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and installation of the isolation system. However, this material is relatively more sensitive to 

temperature and strain history, thus requires some attention during the modeling and analyzing 

phase. Nevertheless, the strain-dependency of this material is typically only observed during the 

first two cycles of shear deformation and stabilizes after the third cycle. The strain-dependency 

characteristic partially returns when the material is left in the undeformed state for a sufficient 

amount of time. 

2.12 Non-Structural Elements 

Non-structural elements are components of a structure that are not involved in 

transferring the inertia force in the building to the foundation when the structure is subjected to 

dynamic loading (Murty, Goswami, Vijayanarayanan, Predeep Kumar, & Mehta, 2012). Some 

examples of non-structural elements are furniture, ceiling, stairs, partitions, façade, and 

equipment location in the structure. 

Non-structural elements are another key component to consider when protecting 

structures from earthquake. Failures of non-structural elements during earthquake shaking could 

injure the occupant, obstruct and/or prevent the occupants from exiting the structure, losses due 

to damage to the contents of the structure, and failure of fire-fighting system (Duggal, 2007). In 

addition, damage to non-structural elements in critical structures such as nuclear power plants 

could lead to damage to the sensitive equipment that could pose significant threats to the society. 

Non-structural elements can be categorized into three general categories, namely 

architectural components, mechanical and electrical equipment, and building contents 

(Villaverde, 2009). From the dynamic analysis perspective, non-structural elements can be 

classified into displacement-sensitive, acceleration-sensitive, and both displacement and 

acceleration-sensitive elements. Examples of displacement-sensitive non-structural elements are 

door and window openings, partitions and service pipelines; examples of acceleration-sensitive 

non-structural elements are ceilings, mechanical equipment, furniture, and storage vessels. 

Displacement-sensitive elements malfunction when the displacement threshold is exceeded such 

as jammed doors and windows, and broken service pipelines. Examples of the failure of 

acceleration-sensitive elements are toppled and sliding of furniture, and damage to vibration 

sensitive equipment. Hence, for multi-story structures, besides the inter-story drift, the floor 

acceleration at each floor is equally, if not more important, to ensure the overall performance of 

the structure during earthquake. 

On the other hand, the presence of non-structural elements could alter the response of the 

structure during earthquakes (Duggal, 2007). Non-structural elements might also interact with 

the structural components and lead to failure of the system. An example of the significant effect 

of the damage to non-structural elements to the performance of a structure is the failure of major 

hospitals during the 1994 Northridge earthquake. Those hospitals had to be evacuated due to the 

damage of water lines and water supply, failure of power, backup power and ventilation systems 

as well as the damage to interior fixtures such as ceiling and lightings (Villaverde, 2009). In 

addition, poor performance of non-structural elements, such as fallen ceilings and lighting 

fixtures, and toppled shelves and racks could lead to injuries or potentially death to the 

occupants. 
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In addition, non-structural elements are typically much lighter than the structural 

elements. As a result, the stiffness of lightweight non-structural elements is significantly low and 

would respond almost at the vibrating period of the attached structural element, resulting in 

resonant response (Villaverde, 2009). Moreover, the damping in the non-structural elements is 

typically very low, which may not be sufficient to suppress the resonant effect. More 

importantly, non-structural elements are not designed to resist forces. 

Analysing the response of non-structural elements requires much judgement, depending 

on the potential contribution of the non-structural element to the overall response of the system 

(Villaverde, 2009). In addition, response of some non-structural elements might be coupled and 

interact with the response of the main system. In general, lightweight non-structural systems can 

be analysed depending on the location of the system within the main system. Floor response 

spectra can be generated to obtain the peak response of the non-structural system during an 

earthquake. This method is also known as systems-in-cascade or in-structure response spectrum 

method (Villaverde, 2009). Depending on the location and installation of the non-structural 

system, a single-degree-of-freedom (SDOF) or a pendulum model can be used. Non-structural 

systems with significant weight should be included as part of the structural model for dynamic 

analysis. Some research work has been carried out to study the influence of the mass ratio of the 

non-structural system to the structural system and distinguish if the non-structural element 

should be included in the main structural model. Response of non-structural systems that spread 

across a wide area or anchored to the main structural system with various supports that are 

farther apart might require multi-support excitation type of analysis (Villaverde, 2009). 

2.13 Damping 

The energy in a structure excited by dynamic forces such as ground motion is dissipated 

through damping. The amount of damping in a structure depends on the construction materials, 

type of construction and the non-structural systems (Duggal, 2007). Damping is often measured 

as a percentage of critical damping, where critical damping is the minimum amount of damping 

to prevent the system from oscillating. 

Damping can be categorized into different types such as external viscous damping, body-

friction damping and radiation damping (Duggal, 2007). Friction damping, also known as 

Coulomb damping, is another form of damping that occurs at connections between structural 

elements (Taranath, 2005). External viscous damping is caused by the interaction between the 

structure and the surrounding air or water. This type of damping is often insignificant to the 

response of the structure and has negligible effect. 

Body friction damping can be further divided into internal viscous damping and 

hysteretic damping. Internal viscous damping, also known as material damping, is associated 

with the viscosity of the material and is proportional to the velocity of the system. In structural 

dynamic analysis, viscous damping is represented by a dashpot element. The representation of 

this damping in structural analysis is often used when the expected displacement is small; when 

the expected displacement is large, the hysteretic damping is used instead (Duggal, 2007). 

Hysteretic damping occurs when the system experiences inelasticity and is subjected to load 

reversal. Hysteretic damping is not affected by the velocity of the system but increases with the 

level of displacement (Duggal, 2007). 
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Radiation damping on the other hand, describes the energy dissipated through the wave 

propagation from a vibrating structure through the ground. Radiation damping measures the 

amount of energy loss from the structure radiated through the foundation of the system (Duggal, 

2007). 

The actual damping for a system is often unknown and is assumed for structural analyses. 

Estimating the damping for a system is a challenging task despite the significant role and effect 

of damping on predicting the response and design of the system. Much study have been made to 

establish the correlation between the structural system to the typical damping values but this 

study was often done on small amplitude deformation and might not truly reflect the amount of 

damping for the system when the shaking intensity is high (Chopra, 2012). In addition, the 

influence of the non-structural element to the overall damping of the system and subsequently 

the response of the system under dynamic loading is another big challenge in modeling. The 

performance of non-structural element depends on the design, installation and performance 

throughout the dynamic loading period where the strength of the element could deteriorate 

during the dynamic loading thus reducing the contribution to the stiffness for the system. 

In dynamic analysis of structure, damping in the system can be classified into classical 

and non-classical damping. Classical damping assumption is a reasonable assumption if the 

amount of damping within the system is low and there is no significant variation in the damping 

distribution throughout the system (Chopra, 2012). Otherwise, the system should be treated as a 

system with non-classical damping and the appropriate treatment, such as complex modal 

analysis (Yan, 1983), should be used when performing dynamic analysis. System with non-

classical damping is also called systems without classical modes of vibrations (Villaverde, 2009). 

Base isolated system is one example of non-classically damped system (Mallikarjun, 

Jagtap, Kumar, & Matsagar, 2015). The damping in the isolation system is often significantly 

higher than the damping in the superstructure (Villaverde, 2009). Another example of system 

with non-classical damping is the structure-fluid-interaction model such as dam and structural 

systems installed with special energy dissipating devices (Chopra, 2012). 

For a system with classical damping, the damping matrix can be constructed using the 

Rayleigh damping matrix approach, where the matrix is proportional to the mass and stiffness of 

the system. Likewise, the Caughey damping matrix approach constructs the damping matrix 

based on the damping ratio of two or mode modes. The third approach to construct a damping 

matrix is through the superposition of modal damping matrices (Chopra, 2012). For systems with 

non-classical damping, the damping matrix for a multi-degree-of-freedom (MDOF) system can 

be constructed by direct assembling the damping matrices of the two subsystems that are 

assumed to have classical damping properties or by using the Rayleigh damping approach. 

One of the key advantages of having classically damped system from the dynamic 

analysis point of view is that the equation of motion can be decoupled. The response of the 

system can be analyzed for each mode and superimposed using the appropriate rule to obtain the 

overall response. In order to identify if the system is classically damped, the equation of motion 

is transformed into the modal coordinates. Consider the equation of motion of the form 

𝑚�̈� + 𝑐�̇� + 𝑘𝑣 = 0 

and assume a solution of the form 𝑣(𝑡) = ∑ 𝜙𝑛𝑞𝑛(𝑡)𝑁
𝑛=1 , the equation of motion can be 

transform into the form 
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𝑀�̈� + 𝐶�̇� + 𝐾𝑞 = 0 

For a system with classical damping, the matrix product 𝐶𝑀−1𝐾  yields a symmetric 

matrix. In addition, the matrix product Φ𝑇𝐶Φ where Φ is the collection of mode shapes, is a 

diagonal matrix, allowing the equation of motion to be uncoupled. 

Another advantage of dealing with classically damped system is that the dynamic 

problem is a real eigenvalue problem (Chopra, 2012). However, for a non-classically damped 

system, the eigenvalue problem falls into a complex eigenvalue problem (Villaverde, 2009). 

Another factor that arises when solving for the response of a non-classically damped system is 

the need to solve a 2𝑛 × 2𝑛 problem, where 𝑛 is the number of degrees-of-freedom (DOF) of the 

system. The equation of motion of the system has to be transformed into the state-space form 

before the eigenvalue problem can be solved. 

Damping is a critical aspect when evaluating the response of a system or subsystem near 

resonant. When a system is excited near the resonant frequency, the assignment of damping 

properties must be done carefully as the response of the system is very sensitive to damping at 

this state. 

Damping appeared to be the most critical aspect of dynamic analysis in order to obtain 

good approximation of the structural response. However, understanding the damping mechanism 

of a structure remains as a challenging task. 

The effective damping ratio for an isolation system is often used to represent the amount 

of energy dissipation within the system. The effective damping is not a direct measurement of 

energy dissipation but derived from the effective stiffness of the hysteretic behavior of the 

isolation system, thus provide a lower-bound to estimate the energy dissipating capability 

(Taranath, 2005). 

2.14 Linear Viscous Damper Model 

The linear viscous damping force function, 𝑓𝐷𝑉(𝑡), is proportional to the velocity of the 

system, �̇�(𝑡), with a damping coefficient, 𝑐𝑉, as shown in Equation 10. 

𝑓𝐷𝑉(𝑡) = 𝑐𝑉�̇�(𝑡) Equation 10 

For a linear system subjected to sinusoidal displacement, 𝑣(𝑡) = 𝑎 sin 𝜔𝑡, where 𝑎 is the 

amplitude of the displacement and 𝜔 is the natural circular frequency of the oscillation, the linear 

viscous damping force takes the form 𝑓𝐷𝑉(𝑡) = 𝑐𝑉𝑎𝜔 cos 𝜔𝑡. The hysteresis loop of a linear 

viscous damper is an ellipse. The maximum absolute values on the horizontal axis (the 

displacement axis) is the amplitude of the input displacement, 𝑎, while the maximum absolute 

values on the vertical axis (the force axis) is 𝑐𝑉𝑎𝜔, as shown in Figure 10. 
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Figure 10 Linear viscous damper force-displacement hysteresis loop 

The area of the damper force-displacement hysteresis loop is 𝐴 = 𝑐𝑣𝜋𝜔𝑎2. The energy 

dissipated, 𝐸𝐷 , in one cycle displacement with linear viscous damper can be determined by 

integrating the linear viscous damping force function with respect to time, 𝑑𝑡, for one cycle 

duration, 𝑇.  

𝐸𝐷 = ∫ 𝑓𝐷𝑉 𝑑𝑣 = ∫ 𝑓𝐷𝑉�̇�
𝑇

0

𝑑𝑡 = ∫ 𝑐𝑉𝑎𝜔 cos 𝜔𝑡 ∙ 𝑎𝜔 cos 𝜔𝑡

2𝜋
𝜔

0

𝑑𝑡 = 𝑐𝑉𝑎2𝜔2𝜋 

⇒ 𝐸𝐷 ∝ 𝑎2 

Therefore, the energy dissipated by a linear viscous damper subjected to one cycle of 

sinusoidal displacement is proportional to the squared amplitude of the input displacement or the 

shear strain. 

2.15 Phenomenological Models for Rubber 

Due to the complexity of the behavior of the material, material models are often 

developed based on the observation made from laboratory test results. As a result, 

phenomenological models, which are based purely on mathematical reasoning, are usually used 

to represent the behavior of high damping rubber. A phenomenological study is based on the 

observation of a phenomena but the relationship is not derived directly from the theory. The 

findings remain consistent with the theory as the behavior is based on the observed phenomena. 

The complexity of a model is related to the number of parameters or properties considered in the 

model. The definition of phenomenological theory based on the Concise Dictionary of Physics 

is: 
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“A theory that expresses mathematically the results of observed phenomena without 

paying detailed attention to their fundamental significance.” (Thewlis, 1973) 

Constitutive equations describe the behavior of a material by using mathematical models 

to relate kinetic and kinematic quantities. Kinetic is a field of study on the motion of a body and 

the associated forces and energy whilst kinematics studies the motion of a body without 

considering the external forces or energy that causes the motion. In the study of elasticity, 

viscoelasticity and plasticity for solids, Newtonian and non- Newtonian fluids (Slaughter, 2002), 

constitutive models are often used. Constitutive models are used to approximate responses of a 

material under applied forces and/or stresses. 

Phenomenological models for rubber usually include the nonlinearity of the material, 

mechanical properties under large deformation and Mullin’s effect (Diani, Fayolle, & Gilormini, 

2009). “Damage” parameter is usually included in the model to take into account the chain and 

multi-chain damages, microstructural damages and formation of micro-voids in the material. 

Damage criteria decides the limit if one parameter should be taken into consideration while the 

damage law determines how damage parameter would vary. The definition of damage criteria 

and damage law varies with models (Diani, Fayolle, & Gilormini, 2009). 

One example of constitutive model for rubber is the Neo-Hookean model that has the 

simplest strain energy function. This is a reliable and mathematically simple constitutive model, 

and requires only one parameter. The strain energy function, 𝑊, for this model is shown in 

Equation 11. 

𝑊 =
𝜇

2
(𝐼1 − 3) Equation 11 

where 𝜇 is the shear modulus for infinitesimal deformation and 𝐼1 is the first strain invariant. 

Mechanical properties of elastomeric materials are usually represented by the strain 

density function while the state of strain is defined by the principle stretches 𝜆1, 𝜆2 and 𝜆3. In 

modeling rubber material, the material is often assumed to be incompressible such that all the 

deformations must be isochoric, i.e. det 𝐹 = √𝐼3 = 1 (Horgan, 2006). 

The complexity of the model can be increased in order to capture more behavior of the 

material at larger range of strain. A model proposed by Khajehsaeid, for instance, utilizes the 

nature of exponent and logarithm functions to model the response of the material at different 

strains. The strain density function, 𝑊, for the proposed model is shown in Equation 12. 

𝑊 = 𝐴 [
1

𝑎
𝑒𝑎(𝐼1−3) + 𝑏(𝐼1 − 2)(1 − ln(𝐼1 − 2)) −

1

𝑎
− 𝑏] Equation 12 

where 𝐼1 is the first strain invariant, 𝐴 is related to the physical quantities that describes the small 

strain regions, 𝑎 is related to the limiting chain extensibility and 𝑏 is related to the middle region 

of the stress-strain curve (Khajehsaeid, Arghavani, & Naghdabadi, 2013). At large strain region, 

the strain density function is governed by the first term with the parameter 𝑎. 
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2.16 Mechanical Properties of High Damping Rubber 

Carbon black is the most commonly used filler ingredient in producing rubber products. 

Besides functioning as filler, reinforcing carbon black improves the strength of the material 

where carbon black with finer particle increases the restriction to the mobility of the rubber 

network that leads to reduced elasticity and increased heat generation under cyclic loading. As a 

result, the damping in the rubber material with finer carbon black is increased. The presence of 

carbon black also leads to the nonlinearity of the material where the material is more amplitude 

dependent. Numerous literatures relate the carbon black structure the elasticity of the material, 

amongst is the Eistein-Guth-Smallwood model (Ouyang, 2006) that based on hydrodynamic 

approach. 

Hysteretic behavior of carbon black-filled rubber increases with the increase in carbon 

black composition and reduction in particle size. The increase in the energy dissipation capacity 

is possibly due to slippage between the rubber and carbon black interfaces (Ouyang, 2006), 

viscoelasticity (disentanglement of polymer chains), damage to the polymer chains (Mullin’s 

effect) or crystallinity (L. Thien-Nga, 2012). 

Laboratory test results on high damping rubber double shear samples indicated that the 

damping behavior of the material falls between hysteretic and viscous dampers. When the energy 

dissipated by the damper subjected to one cycle of cyclic displacement with various shear strain 

amplitudes is plotted against the shear strain in a log-log space, the slope of the best fit line for a 

hysteretic damper is unity while the slope of the best fit line for a linear viscous damper is two. 

These relationships can also be proved mathematically (see Section 2.14 for the derivation for 

linear viscous damper model). However, when the similar procedure is repeated for high 

damping rubber material, the slope of the best fit line falls between 1.45 to 1.75 (Kelly & Clark, 

1996), suggesting that the energy dissipated per cycle deformation of a high damping rubber 

material is proportional to the displacement to a power between 1.45 and 1.75. 

2.17 Seismic Analysis of Structures 

Studies on the response of structures under earthquake loading can be done using static or 

dynamic analyses. Static analysis includes equivalent lateral force method while dynamic 

analysis of structures includes response spectrum analysis and time series analysis where the 

equation of motion of the structure is solved numerically to obtain the response of the structure. 

The dynamic analysis approach offers more flexibility where the nonlinearity and inelasticity in 

the structure and structural system can be included. However, dynamic analyses are often more 

expensive in terms of computation time and modelling. Nonetheless, only nonlinear dynamic 

analyses can fully describe the actual behavior of a structure under dynamic loading such as 

earthquake loadings (Duggal, 2007). 

Idealization of structural model is a useful technique in conducting preliminary analysis 

to estimate the response of the structural system. Typical assumptions used in idealization of a 

structural model are lumped mass, where mass on each floor is assumed to be concentrated on 

the floor level and the mass of the supporting columns is assumed to negligible compared to the 

mass on the floor. In addition, the floors are assumed rigid—no rotation in the beam column 

connection. These assumptions might not provide close enough estimate to the response of the 

structural system but is often suffice to initiate the design and analysis phase. In addition, the 
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idealization of structural model also reduces the complexity of the problem to be solved. The 

complexity of the finite element model is reduced thus the time required to solve for the response 

is significantly reduced. When the design of the structural system is further refined, complexity 

can be added to the structural model to improve the accuracy of the estimation. 

2.17.1 Static Analysis Procedure 

The equivalent lateral force method is an equivalent static analysis to estimate the 

dynamic response of a structure under earthquake loading. This method utilizes different 

coefficients related to the ground motion intensity and structural properties to estimate the peak 

response of the structure. Due to the simplification assumed in this procedure in estimating the 

peak response, this procedure is restricted for use for structures that are regular and uniform in 

plan and elevation (American Society of Civil Engineers, 2016). In the design document ASCE 

7-16, the peak displacement of a structure is estimated using the ground motion design 

parameter, and effective period and energy dissipation property of the structure. 

2.17.2 Dynamic Analysis Procedure 

The response spectrum analysis is one of the most commonly used methods to determine 

the seismic demand on a system. This approach, however, has certain limitations such as the 

requirement on the regularity of the system and the system is assumed to remain linearly elastic 

during the earthquake analysis. In addition, classical damping is assumed in this procedure, 

where the damping ratio is generally assumed to be relatively small and there is no significant 

variation in the damping ratio within the system. 

Response spectrum is a collection of peak response of SDOF system subjected to a 

specific ground motion with different natural periods (Chopra, 2012). The analysis is spanned 

over a wide range period of interest, typically from zero seconds up to 10 or 20sec. Response 

spectrum with different damping ratios can be generated for system with different damping ratios 

but response spectrum with 5% damping ratio is usually used in structural analysis. 

There are three types of response spectrum, namely the pseudo-acceleration response 

spectrum, pseudo-velocity response spectrum and the displacement response spectrum. The 

pseudo-acceleration and pseudo-velocity response spectra are derived from the displacement 

response spectrum, where the peak displacement was obtained by solving the equation of motion 

of the SDOF system numerically. The pseudo-velocity and pseudo-acceleration response spectra 

are obtained by multiplying the peak displacement with the corresponding circular frequency and 

the squared of the corresponding circular frequency respectively. Despite the pseudo-velocity 

and pseudo-acceleration spectral values are not the exact peak velocity and acceleration values 

obtained through dynamic analyses, these values provide good approximation for estimating the 

structural response, provided that the damping in the system is not too high (Chopra, 2012). 

Figure 11, Figure 12 and Figure 13 show the displacement response spectra, pseudo-velocity 

response spectra and pseudo-acceleration response spectra respectively for the 1940 El Centro 

earthquake (RSN-6 H2 direction) (University of California, 2010) ground motion with damping 

ratios of 2%, 5%, 10%, 20% and 50%. 
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Figure 11 Displacement response spectra 

 

Figure 12 Pseudo-velocity response spectra 



29 
 

 

Figure 13 Pseudo-acceleration response spectra 

The response spectrum method of determining the peak response of a system is a 

commonly used tool due to the simplicity of the method as there is no time series analysis 

involved in this method, other than the procedure for generating the response spectrum for the 

ground motion. For MDOF system, this method also provides valuable insights to how the 

system responses at each mode and the importance and contribution of each mode of response to 

the overall response. This method determines the peak response of the system for various modes 

and superimposes the weighted response of each mode to estimate the peak response of the 

system. The superposition of the response can be done using the square-root-of-sum-of squares 

(SRSS) or the complete quadratic combination (CQC) methods, depending on the distribution of 

the modal periods. 

Ground motion recordings are required in conducting time series analyses. Ground 

motion recordings are data captured by strong motion instruments placed at a site to record 

ground acceleration during earthquakes. These recordings are available through the Pacific 

Earthquake Engineering Research Center (PEER) NGA-West2 database 

(https://ngawest2.berkeley.edu/). Ground motion recordings are often made in 0.005sec, 0.01sec 

or 0.02sec time interval. The frequency of recording increased with the advancement in the 

strong motion instrument research. 

Time series analyses are often required for high performance and critical systems, such as 

hospitals and nuclear power plants, as well as systems with high nonlinearity, such as most base 

isolated systems. Moreover, due to the large damping variability in the isolation system and the 

superstructure, the response spectrum procedure is not applicable in solving for the response of 

the base isolated system. In addition, to reduce the variability, a suite of ground motions is used 

to perform the analysis and the average response is determined and used to evaluate the 

structural performance and integrity. 

https://ngawest2.berkeley.edu/
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Time series analyses require solving the equation of motion of a system numerically 

using time-stepping method, where the response at each time step is determined and used as the 

predecessor condition to determine the response at the subsequent time step. There are several 

established numerical methods that can be used to solve the equation of motion such as the 

central difference method, and Newmark’s methods such as the constant average acceleration 

method and linear acceleration method. Each method has the benefits and limitations in addition 

to the stability requirement in order to obtain reliable results. This method depends on the time 

step, Δ𝑡, which subsequently depends on the recording frequency as well as the modal period of 

the system. 

Numerical time-stepping methods can be extended to nonlinear system with the use of 

iterative procedure such that the approximation converged within a specified tolerance. A 

commonly used iteration procedure is the Newton-Raphson iteration procedure. 

Besides aforementioned time-stepping methods established for solving the equation of 

motion, other generic numerical schemes for solving differential equations such as the Runge-

Kutta methods can be used to approximate the solution to the equation of motion. Runge-Kutta 

methods, for instance, could offer approximation with higher accuracy but the trade-off would be 

potentially longer computational time. However, when solving for nonlinear systems, the use of 

numerical schemes such as Runge-Kutta methods could be relatively more straight-forward as 

compared to the implementation of Newmark’s method with Newton-Raphson iteration. 

2.18 Floor Response Spectrum 

Floor response spectrum is one of the aspects that are often overlooked when evaluating 

the performance of a system subjected to earthquake loading. Floor response spectrum gives an 

overview of the performance and response of the contents of the structure when subjected to 

dynamic loading. This approach is particularly useful when considering the dynamic response of 

a lightweight system located within a structure when the structure is experiencing an earthquake. 

The understanding of the dynamic behavior of the secondary system allows the strategic 

placement of the secondary systems, proper support design and evaluation of the effectiveness of 

the base isolation system (Pires, 1990). 

For multistory buildings, the floor response spectrum in two orthogonal directions and 

the vertical direction can be generated through dynamic analysis (Moreschi, Pan, Wang, & 

Malushte, 2012) and subsequently used as the input for the dynamic analysis for the equipment 

or instruments located on the floor (Shooshtari, Saatcioglu, Naumoski, & Foo, 2010) to evaluate 

the response. More importantly, the absolute acceleration floor response spectra should be used 

(Fan & Ahmadi, 1990) instead of the relative acceleration floor response spectra. 

When conducting seismic analysis for critical structures such as the nuclear power plants, 

the dynamic response of major components—components with significant mass—are considered 

coupled with the dynamic response of the structure. The analysis is carried out by subjecting the 

base of the structural model to earthquake excitation. The response of the critical components 

located on each floor can be analyzed by using the respective floor response spectrum (Yan, 

1983). The critical components are often model as SDOF system excited at the base. 
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Multi-story structures are often modeled using a highly idealized MDOF system with 

lumped mass on each floor. The floors are typically assumed to behave rigidly under dynamic 

loading, which further simplifies the model. MDOF systems could respond in many forms under 

dynamic loading and potential contribution from higher modes response should not be ignored. 

Higher modes responses have lower modal period and lower deformation amplitude. Higher 

modes responses may not be noticeable to the occupants but the high frequency vibration might 

cause damage to vibration sensitive instruments and equipment located within the structure. 

Mass ratio is sometimes used as a guide if a secondary system should be included in the 

dynamic analysis of the overall system. The mass ratio is defined as the fraction of the 

equipment mass to the total mass of the structure (Yan, 1983). When the mass ratio is small, this 

implies that the equipment is relatively light to the structure. In this case, the interaction between 

the equipment and the structure may be negligible and during dynamic loading, the equipment 

does not provide significant feedback to the dynamic response of the structure (Yan, 1983). 

There are two approaches that can be used to obtain the response of secondary systems, 

namely the conventional floor response spectrum and the combined primary-secondary system 

approaches (Yaman & Gulkan, 1997). The former approach often assumes no interaction 

between the primary and secondary systems likewise the non-classical damping properties of the 

combined system (Chaudhuri & Gupta, 2003). The latter approach typically yields more accurate 

results but the analysis is more computationally costly.  

The dynamic response of coupled primary-secondary systems may exhibit additional 

characteristics to the overall system, which are not observed in the uncoupled systems. The 

natural frequency of the secondary system could coincidently be tuned to coincide with one or 

more of the natural frequencies of the primary structure and could lead to overestimation of the 

response of the secondary system. Theoretically, when there is interaction between the primary 

and secondary systems, the equation of motion for the overall system is coupled. Due to the large 

difference between the damping for the primary and secondary systems, the overall system no 

longer has classical damping (Chaudhuri & Gupta, 2003) and therefore, should be not be solved 

using the conventional modal superposition method. Complex modal analysis or other more 

appropriate methods for systems with non-classical damping should be used. 

Floor response spectra are typically generated from time series analyses. The response of 

the structural model is obtained through a series of time series analysis and subsequently the 

floor acceleration time series at each floor is obtained. The floor absolute acceleration time series 

are used as the input to generate the response spectrum for the floor. This approach requires 

significant amount of time series analyses as several time series are required to be used to 

determine the mean response of the structure for analysis and design purposes. Studies have been 

carried out where the maximum acceleration response of a SDOF system attached to a floor 

within the system can be obtained by utilizing ground response spectrum and the dynamic 

properties of the structure. 

Despite the simplicity of the floor response spectrum methods, the downside of this 

approach is neglecting the dynamic interaction between the structural and non-structural 

elements. The presence of non-structural elements, such as partitions and ceilings adds additional 

damping capacity, which would influence the response of the floor (Taranath, 2005). This 

method also omitted the factor that the response of the non-structural element could be out-of-

phase than the response of the structure (the effect of non-classical damping). Another restriction 
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to this method is that multi-support excitation cannot be taken into consideration (Villaverde, 

2009). The response of a non-structural element using the floor response spectrum method also 

assumes that the non-structural element is only responding within the linear range. As the non-

structural element begins to yield, the response could be very different from the linear response 

due to the change in damping and natural vibration period. 

It is also worth mentioning that the inclusion of the secondary or the non-structural 

element into the equation of motion of the overall structural system may require careful 

evaluation and analysis in solving the equation of motion due to the presence of significant 

difference in the order of magnitude in the terms that could lead to potential numerical 

instability. 

2.19 Design Code 

The ASCE/SEI 7-16: Minimum Design Loads and Associated Criteria for Buildings and 

Other Structures is the current design code. Chapter 17 in this document describes the Seismic 

Design Requirements for Seismically Isolated Structures. Several other chapters in this document 

were referenced, such as Chapter 11 for the design spectrum and Chapter 21 for site-specific 

ground motion selection. Two analysis procedures were allowed in this design code, the 

equivalent lateral force procedure and dynamic procedures. Nonetheless, there are criteria and 

restrictions imposed for each method (American Society of Civil Engineers, 2016). 

In the design of base isolated structures, the force-displacement characteristic of the 

isolation system is assumed to have a bilinear hysteretic behavior. The description of the bilinear 

model is further elaborated in Section 2.20. 

The commentary section of Chapter 17 (Chapter C17) distinguished two types of bilinear 

isolation systems, namely “strongly bilinear” and “weakly bilinear” (American Society of Civil 

Engineers, 2016). The former bilinear model is for use with model that has abrupt transition 

between the pre-yield or pre-slip to the post-yield or post-slip branch of the bilinear model such 

as the friction pendulum system and flat sliding isolator with rigid backing. The latter model is 

meant for use for model with relatively smoother transition between two stages or a multistage 

transition model such as elastomeric isolation system with viscous dampers, high damping 

rubber isolation system and lead rubber isolation system. However, for the application with high 

damping rubber isolation system, the bilinear model does not capture the strain stiffening 

behavior of the material when subjected to large shear deformation. In addition, the bilinear 

model should be used carefully particularly when analyzing the response of a system subjected to 

weak input as the tremendous amount of equivalent damping ratio can exceed the practical 

working range (American Society of Civil Engineers, 2016). 

Nonetheless, the use of bilinear model to model the high damping rubber isolator is only 

realistic when the isolator is subjected to moderate shear strain. When the material is stretched to 

large shear strain, the material exhibit stiffening behavior where the hysteresis loop becomes 

highly nonlinear. 
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2.20 Bilinear Isolator Model 

Bilinear model is commonly used in modeling energy dissipating component due to the 

simplicity of the model. The model requires three parameters to define the shape of the hysteresis 

loop, the initial stiffness, 𝑘1, the second stiffness, 𝑘2, and the characteristic strength, 𝑄. Other 

parameters such as the yield force, 𝐹𝑦, and yield displacement, 𝐷𝑦, can be used to define the 

model but these parameters are related to the stiffnesses and characteristic strength as defined 

previously. The graphical definition of the initial stiffness, 𝑘1 , second stiffness, 𝑘2  and 

characteristic strength, 𝑄, as well as the effective stiffness, 𝑘eff, are shown in Figure 14. 

 

Figure 14 Hysteresis loop of a typical bilinear model 

Relating the bilinear model to the laboratory test observation of a lead plug isolator, the 

initial stiffness, 𝑘1, is often assumed to be contributed from the sum of the stiffness of the rubber 

component, 𝑘𝑟, and the lead plug, 𝑘𝑙, 𝑘1 = 𝑘𝑟 + 𝑘𝑙. The stiffness of the rubber component, 𝑘𝑟, is 

shown in Equation 13. 

𝑘𝑟 =
𝐺𝐴

𝑡𝑟
 Equation 13 

where 𝐺 is the shear modulus of rubber, 𝐴 is the cross section area and 𝑡𝑟  is the total rubber 

thickness. On the other hand, the stiffness of the lead plug, 𝑘𝑙, is shown in Equation 14. 

𝑘𝑙 =
𝐺𝑙𝐴𝑙

𝑡𝑙
 Equation 14 

where 𝐺𝑙 is the shear modulus of lead, 𝐴𝑙 is the cross section area of the lead plug and 𝑡𝑙 is the 

total height of the lead plug. 
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The second stiffness of the bilinear model, 𝑘2, despite the assumption of linearly-elastic-

perfectly-plastic characteristic of the lead plug, the presence of lead plug helps to resist some of 

the forces resulting the value of the second stiffness to be slightly higher than the stiffness of the 

rubber component (Hameed, Koo, Do, & Jeong, 2008). 

2.21 Earthquake Hazard 

Different level of earthquake hazards are used in the design code, namely the design basis 

earthquake (DBE) and risk-based maximum considered earthquake (MCER). In addition, there 

are different definitions of earthquake hazards for a specific industry. For instance, the nuclear 

industry has safe shutdown level earthquake and operational level earthquakes. Following to the 

catastrophic earthquake that hit Japan in 2011, which caused severe damage to Fukushima 

nuclear facilities, the beyond design basis earthquake hazard level has been the topic of 

discussion for a period of time within the industry. 

In this study, the focus was on the standard Building Design Code, the ASCE 7-16. In 

this design code, the DBE depends on the site location and site condition, e.g. soil type and soil 

profile, and the potential hazard at the site due to proximity to the nearby active faults. In order 

to obtain the MCER hazard level, the values from the DBE spectrum are multiplied by 1.5. 

However, the beyond design basis earthquake in the nuclear industry has no formal 

definition. This hazard level is often used associated with performance of base isolated structures 

in the nuclear industry due to the tremendous demand in the lateral displacement caused by the 

strong ground motions. Often in the technical society or scientific committees in the nuclear 

industry, the beyond design basis earthquake is defined as three to four times the DBE (Forni & 

Martelli, 1995). In addition, theoretically, the risk-targeted approach does not have a maximum 

cap for the spectral value and horizontal fail-safe mechanisms were proposed to be included with 

base isolated systems. 

2.22 Horizontal Fail-Safe Mechanism 

The stability of an isolated system is often the topic of concern especially when stronger 

ground motions are considered in the design. In addition, the large displacement demand of the 

system when subjected to strong ground motions leads to proposals by some parties that the need 

for a horizontal fail-safe mechanism to ensure that the isolators are kept in place and the lateral 

deformation of the isolation system is within the designed limit when subjected to strong ground 

motions or ground motions that are beyond the design consideration (Rawlinson, Marshall, 

Ryan, & Zargar, 2014). The main objective to the proposal of having a horizontal fail-safe 

mechanism is to prevent pounding with adjacent structure and to ensure stability of the isolation 

system, which is directly related to the stability of the isolated structure. 

One of the commonly found examples of horizontal fail-safe mechanisms from resources 

such as literatures and conference proceedings is the use of strong moat walls to limit the lateral 

displacement. There was proposal to install some bumpers along the moat walls, such as rubber 

springs in order to reduce the impact and sudden change in the stiffness of the system as this 

might triggered the higher mode response of the superstructure. Another proposal is to install 
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limiting chain to restrain the structure and additional weights can be installed along the chain to 

increase the resistance as the weights being lifted to reduce the sudden jolt to the structure when 

the maximum displacement is exceeded. Visualization of the horizontal fail-safe mechanism 

using rubber springs is shown in Figure 15. 

 
 

(a) During design basis event (b) During beyond design basis event 

Figure 15 Visualization of horizontal fail-safe mechanism for moat wall with rubber bumpers 

A project group in the European Union has been formed to study the risk of mitigating 

the risk for seismic-induced events on lead-cooled reactors. This project group consists of 

members from various research institutions, universities, joint research centers and industries. 

This project group, named Seismic-Initiated Events Risk Mitigation in Lead-Cooled Reactors 

(SILER) was aimed to study the risk and develop protection measures to the reactors due to 

earthquake loading (SILER, 2012). 

In the SILER project group, there were eight work packages (WPs) and the scope of WP4 

was to develop a compound and carry out studies on high damping and lead rubber bearings that 

could provide an isolation frequency of 0.5Hz and damping ratio of 15% at 100% shear strain. 

On the other hand, one of the activities of the WP2 was to design a mathematical model to 

incorporate isolator in the analysis to determine the response of the structure during earthquakes. 

WP5 was assigned to perform studies on the seismic joints and connections, cover for seismic 

gaps, foundation and isolation slabs and the horizontal fail-safe system. The horizontal fail-safe 

mechanism is expected to function during the beyond design basis earthquake, which is an 

earthquake expected to be three to four times the intensity of DBE (SILER, 2012). 

On the other hand, there are many Regulatory Guides set by the U.S. Nuclear Regulatory 

Commission (NRC) to provide guidance on implementing specific parts of the NRC regulations. 

The Regulatory Guides issued by NRC covers ten broad divisions: (i) Power Reactors; (ii) 

Research and Test Reactors; (iii) Fuels and Materials Facilities; (iv) Environmental and Siting; 

(v) Materials and Plant Protection; (vi) Products; (vii) Transportation; (viii) Occupational Health; 

(ix) Antitrust and Financial Review; and, (x) General. 

Some of the regulatory guides related to the seismic performance criteria and seismic 

ground motions are: 
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i. Seismic design of spent fuel storage facility in Regulatory Guide 1.13 (March 2007, 

Revision 2); 

i. Seismic design classification in Regulatory Guide 1.29 (March 2007, Revision 4); 

ii. Design Response Spectra for Seismic Design of Nuclear Power Plants in Regulatory 

Guide 1.60 (July 2014, Revision 2); 

iii. Damping Values for Seismic Design of Nuclear Power Plants in Regulatory Guide 1.61 

(March 2007, Revision 1); 

iv. Combining Modal Responses and Spatial Components in Seismic Response Analysis in 

Regulatory Guide 1.92 (September 2012, Revision 3); 

v. Seismic Qualification of Electric and Mechanical Equipment for Nuclear Power Plants in 

Regulatory Guide 1.100 (September 2009, Revision 3); 

vi. Development of Floor Design Response Spectra for Seismic Design of Floor-Supported 

Equipment or Components in Regulatory Guide 1.122 (February 1978, Revision 1); and, 

vii. A Performance-Based Approach to Define the Site-Specific Earthquake Ground Motion 

in Regulatory Guide 1.208 (March 2007). 

The requirement for floor response spectrum was mentioned in the Regulatory Guide 

1.122 where the seismic design requirement for floor-supported equipment or component by 

using floor design response spectra is specified. Floor response spectrum for each floor is 

generated from dynamic analysis, particularly using time series analyses. The floor design 

response spectrum is used to conduct analysis on the systems or equipment located within the 

supporting structure to evaluate the response under dynamic loading (US Nuclear Regulatory 

Commission, 1978). 

Also mentioned in the regulatory guide, for equipment with relatively small mass 

compared to the structure, the interaction effects between the subsystem and the main system is 

negligible. In this case, separate analyses can be conducted for the main system and the system. 

Whilst for larger subsystems, i.e. subsystems with significantly large mass relative to the 

structure, the subsystems should be included in the analysis for the main system to take into 

account the interaction between the system and the subsystem. 

In order to establish the floor response spectra, the calculated floor response spectra are 

smoothened and the peaks are broadened to account for uncertainties in the material properties of 

the structure and soil, as well as the approximations in the seismic analysis (US Nuclear 

Regulatory Commission, 1978). In addition, all three components of the ground motion must be 

taken into account in generating the floor design response spectra. This factor is especially 

crucial for asymmetric structures. Response in all three directions of the ground motions can be 

combined according to the appropriate rule in dynamic analysis, i.e. SRSS or CQC. 

2.23 Equation of Motions for a Mass-Spring-Damper System 

The response of a typical mass-spring-damper system can be described using the equation 

of motion. The equation of motion is a second order ordinary differential equation that includes 

the properties of the system such as the mass, damper coefficient and spring coefficient, and the 
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external exciting force, if any. In addition, the simplest form of equation of motion exists for a 

system with constant mass, damper coefficient and spring coefficient. The equation of motion 

may also be used to describe a system with time dependent properties such as change in mass as 

for loss in mass due to damage or response dependent properties such as nonlinear damping and 

nonlinear spring. 

The equation of motion (Equation 15) consists of four components, namely the inertia 

force, 𝑓𝐼, damper force, 𝑓𝐷, spring force, 𝑓𝑆, and exciting force, 𝑝(𝑡). The inertia force is related 

to the mass and acceleration of the system. The damper force is related to the energy dissipation 

mechanism and could be velocity and/or displacement dependent. The spring force is related to 

the restoring force mechanism and is related to the displacement of the system. The exciting 

force describes the force acting on the system and is often time dependent. 

𝑓𝐼 + 𝑓𝐷 + 𝑓𝑆 = 𝑝(𝑡) Equation 15 

The mass, energy dissipation mechanism and restoring force mechanism are called the 

basic components of a vibratory system. Nonlinearity of a system can be introduced in any of 

these basic components of a vibratory system (Rao, 2010). 

The equation of motion is often solved numerically to obtain the response of the system 

over time. The selection of solution approach to a given form of equation of motion depends on 

several factors. For a linear system with classical damping and constant mass, the response can 

be obtained using the modal superposition method, where the weighted response of each mode is 

combined to obtain the final response. This approach is often taught in textbooks as the 

introduction to dynamic analysis as this method provides a lot of insights to the behavior of a 

system. However, this method is only applicable to linear systems, which may not be practical in 

modeling the behavior of most of the real systems. 

For a linear system with classical damping, the equation of motion can be decoupled to 

modal coordinates of the system without damping (Chopra, 2012). This category of system has 

diagonal damping matrix. In addition, from the perspective of solving an eigenproblem, system 

with classical damping has real-valued eigenvalue whereas system with non-classical damping 

has complex-valued eigenvalues. 

On the other hand, nonlinear ordinary differential equations can be solved using the exact 

methods, approximate analytical techniques, graphical procedures and numerical methods (Rao, 

2010). Exact solution for differential equations only exists for some very special cases. 

Nonetheless, solutions for a nonlinear system can be transformed into a form that can be solved 

numerically to any degree of precision (Rao, 2010), depending on the numerical method used. 

2.24 Numerical Solver for Ordinary Differential Equations 

Differential equations exist in two general forms: ordinary differential equations and 

partial differential equations. Many phenomena in daily life related to science and physics can be 

described using differential equations, the rate of a chemical reaction, population growth, 

oscillation of current in electrical circuits, radioactive decay and motion of a mass-spring-damper 

system, to name a few. Many of these differential equations, however, do not have a closed-form 
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solution, not to mention nonlinear differential equations. Therefore, numerical solutions are often 

obtained to approximate the solution to the differential equations. 

One of the commonly used numerical methods to solve the equation of motion is the 

Newmark’s Constant Average Acceleration method. This method is unconditionally stable for 

any step size but the accuracy increases with reducing step size. However, due to the nature of 

the strong motion recording instrument, where the recordings are made in small intervals, 

namely 0.02sec, 0.01sec or 0.005sec, this method would give sufficiently good approximation to 

the response of the system (Chopra, 2012). 

On the other hand, many numerical solvers have been developed to solve different types 

of differential equations. The selection of numerical solvers for a given differential equation 

tends to be a challenge when the differential equation is highly nonlinear or the numerical solver 

behaves in a very sensitive manner when high accuracy approximation is required. 

The Runge-Kutta family of iterative methods for approximating the solution to the 

ordinary differential equation is one of the important techniques used in numerical analysis. One 

of the advantages of the Runge-Kutta methods is the ability to achieve high order of accuracy 

without the need for high derivatives of the function (Chapra & Canale, 2010), which is often 

costly to determine and evaluate, or may not exist. Runge-Kutta methods can be classified into 

explicit and implicit methods. Alternatively, the methods can also be classified into one-step and 

multistep methods. 

The Euler’s method is simplest method in this family. This method can exist either as an 

explicit or implicit method, depending on the selection of the value used for the function 

evaluation. For higher order methods, the most commonly used method is The Runge-Kutta 

method, a fourth order method. 

Different methods are sometimes combined to handle differential equations of a specific 

characteristic. For instance, the semi-implicit Runge-Kutta method that is suitable for solving 

stiff differential equation can be used to solve the equation of motion and an adaptive method 

can be incorporated at high velocity time steps to ensure accuracy and stability of the method 

(Nagarajaiah, Reinhorn, & Constantinou, 1991). 

One unique representation of the Runge-Kutta method is by using the Butcher tableau 

(Atkinson, Han, & Stewart, 2009). There are three main components in the Butcher tableau, the 

Runge-Kutta matrix, the node vector and the weight vector. These three components give a lot of 

insight to the specific method, for instance, a strictly lower triangular Runge-Kutta matrix 

represents an explicit Runge-Kutta method otherwise the method would be an implicit method, a 

Butcher tableau with two weight vectors represent an embedded method where the same Runge-

Kutta matrix is used with different weight vectors to achieve approximation of different orders to 

determine the local truncation error (Chapra & Canale, 2010), which is subsequently used to 

determine the next time step size. The weight vector for the relatively higher order method is 

placed before the weight vector with lower order. In addition, the components in the Butcher 

tableau can be used to determine the order of the method, by evaluating the order conditions 

(Ababneh, Ahmad, & Ismail, 2009). 

Another important aspect about a numerical method is the stability. The stability of a 

method can be done through the evaluation of the stability polynomial (LeVeque, 2007) that is 

obtained through approximating the solution to the model equation using a given numerical 
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method. The solution to the model equation can be generated on a plot of imaginary values 

versus real values and the region of absolute stability can be identified. Another approach, when 

the form of the stability polynomial is too complicated, is the graphical method, also known as 

the brute-force method, where the stability polynomial is solved for a mesh grid and the region(s) 

that satisfies the stability condition is identified. 

In Matlab, several built-in ordinary differential equation solvers are available (Figure 16). 

These solvers were classified based on the characteristic of the differential equation to be solved.  

 

Figure 16 Matlab built-in ordinary differential equation solvers 

Based on the Matlab ordinary differential equation solver guide, the ode45 solver is 

recommended as the first attempt to solve an ordinary differential equation (MathWorks, 2015). 

The built-in ode45 solver uses the Dormand-Prince method to solve the ordinary differential 

equation numerically. This method is a fourth order method and uses fifth order approximation 

to evaluate the local truncation error and estimate the subsequent step size. The Butcher tableau 

for the Dormand-Prince method is shown in Figure 17. 

  

Ordinary Differential Equation Solver 

Non-stiff problem 

ode45 

ode23 

ode13 

Stiff problem 

ode15s 

ode23s 

ode23t 

ode23tb 

Fully implicit 

ode15i 
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Figure 17 Butcher tableau for Dormand-Prince method (ode45 in Matlab) 
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 GROUND MOTION SELECTION AND DYNAMIC ANALYSIS 3.0

This chapter describes the approach used in selecting the suite of ground motions for 

dynamic analysis. The target spectrum was obtained using the U.S. Seismic Design Maps online 

tool based on a specific site. A suite of ground motions consistent with the geotechnical 

properties of the site was identified and obtained from the Ground Motion Database from the 

Pacific Earthquake Engineering Research Center (PEER) website and the scaling factors for the 

ground motions were determined using the constrained linear least-squares function in Matlab. 

The suite of ground motions was used to obtain the average response of the structural model with 

different isolator models and properties. The two-degree-of-freedom (2DOF) base isolated 

system extended from a single-degree-of-freedom (SDOF) fixed base system structural model 

was used in this study. The dynamic properties of the base isolated system such as the modal 

periods for the linear system were analyzed. The solution approach for a scalar equation of 

motion was studied (Wilson, 1997) in order to reduce the computation time when generating the 

ground motion spectrum and the floor response spectrum. 

3.1 Design Spectrum 

The design spectrum used in this study was generated using the U.S. Seismic Design 

Maps available on the United States Geological Survey (USGS) website. The design spectrum 

was generated based on the 2009 National Earthquake Hazards Reduction Program (NEHRP) 

Recommended Seismic Provisions for New Buildings and Other Structures (FEMA P-750) 

stipulated in the ASCE 7-16 document. A site in the San Francisco Bay Area, California was 

selected where the parameters summarized in Table 2 were used as the input. 

Table 2 Input parameters for design spectrum 

Parameter Input Value 

Coordinates 37.78°N, 122.39°W 

Site class D (default): Stiff Soil 

Risk category I 

 

Based on the output of the online tool, the design spectral response acceleration 

parameter at short period, 𝑆𝐷𝑆, was 1 while the design spectral response acceleration parameter at 

1-second period, 𝑆𝐷1, was 0.6. The long period transition period, 𝑇𝐿, was 12sec. The spectral 

acceleration ordinate at each period was determined using the formula given in the design 

document, as shown in Equation 16. 
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𝑆𝑎 =

{
 
 
 

 
 
   𝑆𝐷𝑆 (0.4 + 0.6

𝑇

𝑇0
) 𝑇 < 𝑇0

  𝑆𝐷𝑆 𝑇0 ≤ 𝑇 ≤ 𝑇𝑆

  
𝑆𝐷1

𝑇
𝑇𝑆 < 𝑇 ≤ 𝑇𝐿

  
𝑆𝐷1𝑇𝐿

𝑇2
𝑇 > 𝑇𝐿

 Equation 16 

where 𝑇0 is calculated as 20% of the ratio between 𝑆𝐷1 and 𝑆𝐷𝑆 and 𝑇𝑆 is calculated as the ratio 

between 𝑆𝐷1 and 𝑆𝐷𝑆. 

The plot of the design spectrum based on the ground motion parameters obtained from 

the website is shown in Figure 18. 

 

Figure 18 Target design spectrum 

The target design spectrum was used as the basis for ground motion scaling. The target 

design spectrum shown in Figure 18 corresponds to the design basis earthquake (DBE) intensity. 

In order to obtain the design spectrum for the risk-target maximum considered earthquake 

(MCER) intensity, the spectrum ordinates are multiplied by a constant factor of 1.5. 

3.2 Ground Motion Selection 

The design spectrum was used as the basis to select a suite of ground motions for 

dynamic analysis. A suite of seven ground motions was selected using the PEER Ground Motion 

Database. The parameters summarized in Table 3 were used as the input to the PEER Ground 

Motion Database. 
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Table 3 Input parameters for ground motion selection 

Parameter Input Value 

Magnitude, (𝑀min, 𝑀max) (5, 7) 

Rupture distance, ((𝑅rup)min
, (𝑅rup)max

) (km) (0, 20) 

𝑉𝑆30, ((𝑉𝑆30)min, (𝑉𝑆30)max) (m/s) (180, 350) 

Fault type Strike-slip 

 

The suite of seven ground motions selected from the database consists of four records in 

the horizontal-1 direction and three records in the horizontal-2 direction, where the directions 

were based on the definition provided in the database. The summary of the ground motions used 

in this study is given in Table 4. 

Table 4 Details of the suite of seven ground motions 

Record Sequence 

Number 

Event Year Station Name 𝑀 𝑅rup 

(km) 

𝑉𝑠30 

(m/s) 

RSN-6 (H2) Imperial Valley-02 1940 El Centro Array #9 6.95 6.09 213.44 

RSN-266 (H1) Victoria Mexico 1980 Chihuahua 6.33 18.96 242.05 

RSN-316 (H2) Westmorland 1981 Parachute Test Site 5.9 16.66 348.69 

RSN-549 (H1) Chalfant Valley-02 1986 Bishop - LADWP South St 6.19 17.17 303.47 

RSN-725 (H2) Superstition Hills-02 1987 Poe Road (temp) 6.54 11.16 316.64 

RSN-728 (H1) Superstition Hills-02 1987 Westmorland Fire Sta 6.54 13.03 193.67 

RSN-6890 (H1) 
Darfield_ New 

Zealand 
2010 

Christchurch Cashmere 

High School 
7 17.64 204.00 

3.3 Assumptions in Ground Motion Data 

Ground acceleration data were recorded in a fixed time interval. There are two commonly 

used approaches in interpolating the ground motion values between time steps. The first 

approach is to assume the ground motion between two time steps varies linearly. Another 

common interpolation approach for the ground motion data points is to assume that the ground 

acceleration between two subsequent time steps is constant with the value being the average 

acceleration at the two bounding time steps. However, as the time interval of the ground motion 

recording is often very short, the interpolation approach does not have significant effect to the 

overall response. 
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In this study, ground acceleration was assumed to vary linearly between two consecutive 

time steps. Thus, the ground acceleration, �̈�𝑔(𝑡), between two time steps, 𝑡𝑖  and 𝑡𝑖+1, can be 

obtained using Equation 17. 

�̈�𝑔(𝑡) =
�̈�𝑔(𝑡𝑖+1) − �̈�𝑔(𝑡𝑖)

𝑡𝑖+1 − 𝑡𝑖

(𝑡 − 𝑡𝑖) + �̈�𝑔(𝑡𝑖) 𝑡𝑖 ≤ 𝑡 ≤ 𝑡𝑖+1 Equation 17 

The assumption of piecewise-linear for the ground motion acceleration data is used 

throughout this study. 

3.4 Scalar Equation of Motion 

The determination of the scaling factor for the suite of ground motions requires the 

pseudo-acceleration response spectrum to match the design spectrum while satisfying certain 

constraints. The pseudo-acceleration response spectrum is obtained by solving for the absolute 

peak response of SDOF system with various natural periods. 

The equation of motion for a linear SDOF system appears as a scalar form of ordinary 

differential equations. This is a form of initial value problem, together with the assumed ground 

motion acceleration function described in Section 3.3, has a closed-form solution. The scalar 

equation of motion in this study was solved using the closed-form solution to reduce the 

computation time as compared to solving the equation of motion numerically. Besides reduced 

computation time, this approach eliminates the stability issue in numerical solution of differential 

equations. The derivation of the closed-form solution for the scalar equation of motion is shown 

in Appendix A. 

This approach is also appropriate when conducting modal analysis for a linear multi-

degree-of-freedom (MDOF) system when the response can be decomposed into different modes 

and the response of each mode is determined numerically and subsequently the overall response 

is calculated by the weighted sum of all the modes considered in the analysis. 

3.5 Ground Motion Scaling 

The ground motion scaling was done by solving the least-square problem and based on 

the nominal isolation period of 3sec. Nominal isolation period is the vibration period of the 

system when the superstructure is assumed to be perfectly rigid. The nominal isolation period is 

often used as the starting point to determine the required stiffness in the isolator to initiate the 

dynamic analysis. The nominal isolation period is typically close to the fundamental period of an 

isolation system if the corresponding fixed base superstructure is relatively rigid, which is shown 

in the following section. 

The constrained linear least-squares solver, lsqlin, in Matlab was found to best suit the 

form of the least-square problem to be solved in order to determine the scaling factors for the 

suite of ground motions. This form of solver can be used to ensure that the constraints stipulated 

in the design code are satisfied. 
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3.5.1 Constrained Linear Least-Squares Solver (lsqlin) 

The built-in lsqlin function in Matlab is a solver for constrained linear least-squares 

problems. The syntax of this function is 

x = lsqlin(C,d,A,b,Aeq,beq,lb,ub,x0,options) 

where the solver solves the constrained linear least-squares problem of the form shown in 

Equation 18. 

min
𝑥

1

2
‖𝐶𝑥 − 𝑑‖2

2 {
  𝐴𝑥 ≤ 𝑏
  𝐴eq𝑥 = 𝑏eq

  𝑙𝑏 ≤ 𝑥 ≤ 𝑢𝑏

 Equation 18 

The symbols in the syntax of the function correspond to the symbols shown in Equation 

18 while the options input argument allows the definition of the type of least-squares 

algorithm and to display the iteration output and the number of iterations. 

In this study, the function was used to determine the scaling factors for the suite of 

ground motions such that the condition stipulated in the design code is satisfied. The code 

required that the mean spectrum of the suite of ground motions should be above the design 

spectrum over a range of period, which can be represented using the first inequality. The 

minimization was carried out on the mean ground motion acceleration response spectrum such 

that the sum-of-squared-error (SSE) with respect to the design spectrum is minimized. 

The scaling of the ground motion could not be done using the options provided with the 

PEER Ground Motion Database as only one-direction excitation was considered in this study and 

the requirement for scaling the ground motion required in the design code was slightly different 

from that available on the database. The period range based on the design document, 0.75𝑇𝑀 to 

1.25𝑇𝑀, was used as the range for calibration, where 𝑇𝑀 was treated as the nominal period, 𝑇𝑏, in 

this study. 

The objective function for this minimization problem is the SSE between each ground 

motion and the design spectrum over the period range. In addition, the inequality was imposed 

such that the mean spectrum is above the design spectrum over the period range, as required in 

the design code. However, since the spectral values are always positive, in order to impose the 

condition such that the mean spectrum is always above the design spectrum, the sign of the 

design spectrum was reversed when implementing the least-squares algorithm. The sign of the 

output from the algorithm was reversed once the regression is completed. The second condition 

for minimization problem was not required. The upper and lower bounds of the solution 𝑥 was 

set to zero and negative infinity (−∞) respectively. 

3.5.2 Scaled Ground Motions 

The procedure for solving the scalar equation of motion by using the closed-form 

solution was used to generate the ground motion response spectra. In addition, the design 

spectrum was generated using the equations provided in the design code for different period 

range. All the spectra were generated using the same period array that consists of 400 non-

uniformly spaced periods to simplify the comparison and calculation of error. 
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The plots of the scaled ground motion acceleration spectra, mean ground motion 

spectrum and the design spectrum are shown in Figure 19. 

 

Figure 19 Scaled ground motion acceleration spectra, mean ground motion spectrum and design spectrum 

The scaling factor for each ground motion such that the average spectrum is close to the 

design spectrum and the respective SSE obtained using the minimization algorithm is 

summarized in Table 5. The SSE between the average spectrum and the target design spectrum is 

also reported in Table 5. 

Table 5 Scaling factor for DBE intensity and the SSE 

Record Sequence Number Event Scaling Factor SSE 

RSN-6 (H2) Imperial Valley-02 2.2668 0.11 

RSN-266 (H1) Victoria Mexico 3.0611 0.22 

RSN-316 (H2) Westmorland 2.2719 0.11 

RSN-549 (H1) Chalfant Valley-02 3.6038 0.13 

RSN-725 (H2) Superstition Hills-02 1.8997 0.15 

RSN-728 (H1) Superstition Hills-02 2.5050 0.14 

RSN-6890 (H1) Darfield_ New Zealand 1.2141 0.15 

Mean spectrum - - 0.093 
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The scaling factors presented in Table 5 denote the scaling factor to achieve the DBE 

ground motion intensity. These scaling factors are multiplied by 1.5 to scale the ground motion 

to the MCER ground motion intensity. On the other hand, these scaling factors are multiplied by 

0.5 to scale the ground motion to the service level earthquake (SLE) ground motion intensity. 

3.6 Two-Degree-of-Freedom Linear Base Isolated Model with Linear Isolators 

The 2-dimensional planar structural model used in this study was established by 

extending the SDOF fixed base system into a 2DOF base isolated system (Kelly, 1997). The 

stiffness and equivalent damping ratio of the SDOF system were defined based on the target 

fixed base period and 2% of the critical damping respectively. The assumption for the equivalent 

damping ratio of the superstructure was made on the basis that the superstructure remains linear 

under earthquake ground motion when extended to a base isolated system. 

An additional base mass and isolation system were added to the fixed base system. The 

schematic diagrams for the SDOF fixed base system and 2DOF base isolated system are shown 

in Figure 20. 

  

(a) SDOF fixed base system (b) 2DOF base isolated system 

Figure 20 SDOF fixed base system and 2DOF base isolated system 

Several assumptions were made in establishing the fixed base and base isolated systems. 

Amongst, there is no rotational degree-of-freedom (DOF) for the masses and the frame elements 

(columns) are assumed to be inextensible. As a result, there is only one DOF in the horizontal 

direction for each mass. In addition, the damping for the superstructure was obtained using the 

superposition of modal damping approach. For the case of SDOF system, the approach reduced 

to the linear viscous damping for a given damping ratio. 

The equation of motion for the SDOF system shown in Figure 20(a) subjected to ground 

excitation, �̈�𝑔 , where 𝑢𝑠  is the absolute displacement of the superstructure mass, such that 

𝑢𝑠 = 𝑣𝑠 + 𝑣𝑔 is 

𝑚𝑠�̈�𝑠 = −𝑐𝑠�̇�𝑠 − 𝑘𝑠𝑣𝑠 

𝑚𝑠(�̈�𝑠 + �̈�𝑔) = −𝑐𝑠�̇�𝑠 − 𝑘𝑠𝑣𝑠 

Rewriting the last equation by grouping the terms with unknown variables, �̈�𝑠, �̇�𝑠 and 𝑣𝑠, 

on the left hand side and the terms with known parameter �̈�𝑔  to the right hand side of the 

equation yields Equation 19. 
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𝑚𝑠�̈�𝑠 + 𝑐𝑠�̇�𝑠 + 𝑘𝑠𝑣𝑠 = −𝑚𝑠�̈�𝑔 Equation 19 

where 𝑚𝑠 , 𝑐𝑠  and 𝑘𝑠  are the mass, damping coefficient and stiffness coefficient of the 

superstructure respectively, �̈�𝑠 , �̇�𝑠  and 𝑣𝑠  are the relative acceleration, relative velocity and 

relative displacement of the mass with respect to the base respectively. 

The equation of motion for the 2DOF system shown in Figure 20(b) subjected to ground 

excitation, �̈�𝑔, is derived below, by considering two section cuts, i.e. in the isolation system and 

superstructure respectively, as shown in Figure 21. 

  

(a) Section cut in the isolation system (b) Section cut in the superstructure  

Figure 21 Section cuts in the isolation system and superstructure 

The equation of motion for the masses for deformation with respect to the base of the 

system based on Figure 21(a) is 

𝑚𝑠�̈�𝑠 + 𝑚𝑏�̈�𝑏 + 𝑐𝑏�̇�𝑏 + 𝑘𝑏𝑣𝑏 = 0 

where 𝑢𝑏  is the absolute displacement of the base mass, 𝑢𝑏 = 𝑣𝑏 + 𝑢𝑔  and 𝑢𝑠  is the absolute 

displacement of the superstructure, 𝑢𝑠 = 𝑣𝑠 + 𝑢𝑏. 

𝑚𝑠(�̈�𝑠 + �̈�𝑏) + 𝑚𝑏(�̈�𝑏 + �̈�𝑔) + 𝑐𝑏�̇�𝑏 + 𝑘𝑏𝑣𝑏 = 0 

𝑚𝑠�̈�𝑠 + 𝑚𝑠(�̈�𝑏 + �̈�𝑔) + 𝑚𝑏�̈�𝑏 + 𝑚𝑏�̈�𝑔 + 𝑐𝑏�̇�𝑏 + 𝑘𝑏𝑣𝑏 = 0 

𝑚𝑠�̈�𝑠 + 𝑚𝑠�̈�𝑏 + 𝑚𝑠�̈�𝑔 + 𝑚𝑏�̈�𝑏 + 𝑚𝑏�̈�𝑔 + 𝑐𝑏�̇�𝑏 + 𝑘𝑏𝑣𝑏 = 0 

𝑚𝑠�̈�𝑠 + 𝑚𝑠�̈�𝑏 + 𝑚𝑏�̈�𝑏 + 𝑐𝑏�̇�𝑏 + 𝑘𝑏𝑣𝑏 = −𝑚𝑠�̈�𝑔 − 𝑚𝑏�̈�𝑔 

The equation of motion for the masses for deformation with respect to the base of the 

system in terms of relative displacements is shown in Equation 20. 

(𝑚𝑠 + 𝑚𝑏)�̈�𝑏 + 𝑚𝑠�̈�𝑠 + 𝑐𝑏�̇�𝑏 + 𝑘𝑏𝑣𝑏 = −(𝑚𝑠 + 𝑚𝑏)�̈�𝑔 Equation 20 

The equation of motion for the superstructure mass, 𝑚𝑠, for deformation with respect to 

the base mass, 𝑚𝑏, based on Figure 21(b) is 

𝑚𝑠�̈�𝑠 + 𝑐𝑠�̇�𝑠 + 𝑘𝑠𝑣𝑠 = 0 

𝑚𝑠(�̈�𝑠 + �̈�𝑏) + 𝑐𝑠�̇�𝑠 + 𝑘𝑠𝑣𝑠 = 0 

𝑚𝑠�̈�𝑠 + 𝑚𝑠(�̈�𝑏 + �̈�𝑔) + 𝑐𝑠�̇�𝑠 + 𝑘𝑠𝑣𝑠 = 0 

The equation of motion for the mass for deformation with respect to the base mass is 

shown in Equation 21. 
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𝑚𝑠�̈�𝑏 + 𝑚𝑠�̈�𝑠 + 𝑐𝑠�̇�𝑠 + 𝑘𝑠𝑣𝑠 = −𝑚𝑠�̈�𝑔 Equation 21 

Rewriting Equation 20 and Equation 21 in the form of matrix, and define the isolated 

mass, 𝑚𝑡, as 𝑚𝑡 = 𝑚𝑠 + 𝑚𝑏, yields Equation 22. 

{
𝑚𝑡�̈�𝑏 + 𝑚𝑠�̈�𝑠 + 𝑐𝑏�̇�𝑏 + 𝑘𝑏𝑣𝑏 = −𝑚𝑡�̈�𝑔

𝑚𝑠�̈�𝑏 + 𝑚𝑠�̈�𝑠 + 𝑐𝑠�̇�𝑠 + 𝑘𝑠𝑣𝑠 = −𝑚𝑠�̈�𝑔
 

[
𝑚𝑡 𝑚𝑠

𝑚𝑠 𝑚𝑠
] [

�̈�𝑏

�̈�𝑠
] + [

𝑐𝑏 0
0 𝑐𝑠

] [
�̇�𝑏

�̇�𝑠
] + [

𝑘𝑏 0
0 𝑘𝑠

] [
𝑣𝑏

𝑣𝑠
] = − [

𝑚𝑡 𝑚𝑠

𝑚𝑠 𝑚𝑠
] [

1
0
] �̈�𝑔 

𝑀�̈� + 𝐶�̇� + 𝐾𝑉 = −𝑀𝑟�̈�𝑔 Equation 22 

where 𝑀 is the mass matrix, 𝐶 is the damping coefficient matrix, 𝐾 is the stiffness coefficient 

matrix, �̈� , �̇�  and 𝑉  are the relative acceleration, relative velocity and relative displacement 

vectors for the masses respectively, 𝑟 is the force influence vector and �̈�𝑔 is the scaled ground 

acceleration. 

3.7 Two-Degree-of-Freedom Non-Linear Base Isolated Model 

The 2DOF linear base isolated model can be extended to a nonlinear base isolator model 

by defining the spring force and damper force components using spring force, 𝑓𝑆(𝑣𝑏 , �̇�𝑏), and 

damper force, 𝑓𝐷(𝑣𝑏 , �̇�𝑏), functions respectively, instead of the isolator stiffness coefficient, 𝑘𝑏 

and isolator damping coefficient, 𝑐𝑏. As a result, the definition of the 2DOF base isolated system 

shown in Figure 20(b) is modified to Figure 22 where 𝑓𝑆 is the spring force function and 𝑓𝐷 is the 

damper force function. 

 

Figure 22 2DOF nonlinear base isolated model 

The equation of motion from the linear base isolated model is extended to take into 

account the nonlinearity of the spring force and damper force functions of the isolation system. 

[
𝑚𝑡 𝑚𝑠

𝑚𝑠 𝑚𝑠
] [

�̈�𝑏

�̈�𝑠
] + [

0 0
0 𝑐𝑠

] [
�̇�𝑏

�̇�𝑠
] + [

0 0
0 𝑘𝑠

] [
𝑣𝑏

𝑣𝑠
] + [

𝑓𝑆

0
] + [

𝑓𝐷

0
] = − [

𝑚𝑡 𝑚𝑠

𝑚𝑠 𝑚𝑠
] [

1
0
] �̈�𝑔 

where 𝑣𝑏, 𝑣𝑠 and 𝑚𝑡 are as defined previously. 

The matrix equation of motion for the nonlinear base isolated system is shown in 

Equation 23. 

𝑀�̈� + 𝐶�̇� + 𝐾𝑉 + 𝐹𝑆 + 𝐹𝐷 = −𝑀𝑟�̈�𝑔 Equation 23 
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The equation of motion in the form shown in Equation 23 allows any arbitrary form of 

spring force and damper force functions. 

3.8 Dynamic Analysis 

The dynamic analyses conducted in this study were carried out using the built-in ode45 

numerical solver in Matlab to solve the equation of motion, with the exception when involving a 

scalar linear equation of motion. In order for this solver to solve higher order ordinary 

differential equation, the differential equation (Equation 23) has to be transformed into a system 

of first order ordinary differential equations. 

First, define a vector variable 𝑋 , where 𝑋𝑇 = [𝑉 �̇�] ≡ [𝑋1 𝑋2] . The first time 

derivative of 𝑋, is �̇�𝑇 = [�̇� �̈�]. Multiply both sides of Equation 23 by the inverse of the mass 

matrix, 𝑀−1, express the equation as a function of �̈� and utilizing the notation for the left divide 

operator “\” in Matlab, yields 

�̈� = −𝑀\𝐶�̇� − 𝑀\𝐾𝑉 − 𝑀\𝐹𝑆 − 𝑀\𝐹𝐷 − 𝑟�̈�𝑔 

In addition, expressing the equation using the new variable, 𝑋, yields 

�̈� = −𝑀\𝐶𝑋2 − 𝑀\𝐾𝑋1 − 𝑀\𝐹𝑆 − 𝑀\𝐹𝐷 − 𝑟�̈�𝑔 

Therefore, the system of first order differential equations equivalent to the equation of 

motion of the system expressed in matrix form is 

�̇� = [
02×2 𝐼2×2

−𝑀\𝐾 −𝑀\𝐶
] [

𝑋1

𝑋2
] + [

02×1

−𝑀\𝐹𝑆
] + [

02×1

−𝑀\𝐹𝐷
] + [

02×1

−𝑟�̈�𝑔
] 

Expressing the equation in terms of the variable 𝑋, yields Equation 24. 

�̇� ≡ 𝐵𝑋 + �̂�𝑆 + �̂�𝐷 + 𝑝 Equation 24 

where 𝐵 is a 4 × 4 matrix, �̂�𝑆, �̂�𝐷 and 𝑝 are vectors of size 4 × 1. 

The equation shown in Equation 24 is a system of first order ordinary differential 

equations, �̇�, in terms of the variable 𝑋 and time, 𝑡. This equation was used as the input to the 

built-in ode45 solver and the solution to the response of the system was done for each time step. 

However, when solving the equation of motion for a linear elastic SDOF system to 

generate the response spectrum, the closed-form solution to the equation of motion was used to 

improve the computational efficiency. 

3.9 Dynamic Properties of the Structural Model 

Throughout this study, the superstructure of the 2DOF system was assumed to behave 

linearly elastic, as recommended by the design code. Therefore, the analytical solution to the 

dynamic properties of the structural model expressed in terms of the isolator model was 

determined. The equation of motion for the system is assumed to take the form 
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[
𝑚𝑡 𝑚𝑠

𝑚𝑠 𝑚𝑠
] [

�̈�𝑏

�̈�𝑠
] + [

𝑐𝑏 0
0 𝑐𝑠

] [
�̇�𝑏

�̇�𝑠
] + [

𝑘𝑏 0
0 𝑘𝑠

] [
𝑣𝑏

𝑣𝑠
] = [

0
0
] 

In this study, the 2DOF system was developed based on the extension of the SDOF fixed 

base system with a period of 0.4sec. In addition, the base mass and roof mass were assumed to 

be identical where 𝑚𝑏 = 𝑚𝑠 = 𝑚. The damping ratio in the superstructure, 𝛽𝑠, was assumed to 

be 2%. Expressing in terms of mass, 𝑚, the stiffness of the superstructure, 𝑘𝑠, is 25𝜋2𝑚 while 

the damping of the superstructure, 𝑐𝑠, is 0.2𝜋𝑚. 

The equation of motion in terms of mass, 𝑚, isolator damping coefficient, 𝑐𝑏, and isolator 

stiffness, 𝑘𝑏, is shown in Equation 25. 

[
2𝑚 𝑚
𝑚 𝑚

] [
�̈�𝑏

�̈�𝑠
] + [

𝑐𝑏 0
0 0.2𝜋𝑚

] [
�̇�𝑏

�̇�𝑠
] + [

𝑘𝑏 0

0 25𝜋2𝑚
] [

𝑣𝑏

𝑣𝑠
] = [

0
0
] Equation 25 

The eigenvalue for the system was solved on a fine grid of 0.05sec where the period 

ranged from 1sec to 5sec while the equivalent damping ratios considered in the solution were 

0%, 5%, 10%, 20%, 35% and 45%.  The Matlab built-in function, eig, was used to solve the 

eigenvalue problem. The solution of the eigenvalues was converted to the modal periods of the 

system and the plots of the modal periods versus nominal isolation period for various damping 

ratios in the isolation system are shown in Figure 23 and Figure 24 for the first mode and second 

mode periods respectively. 

 

Figure 23 Plot of first mode period versus nominal isolation period for various equivalent damping ratios 

in the isolation system 
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Figure 24 Plot of second mode period versus nominal isolation period for various equivalent damping 

ratios in the isolation system 

Based on Figure 23, the first mode period is not sensitive to the presence of moderate 

damping in the isolation system. Likewise the second mode period, the deviation is not 

significant, especially for systems with longer nominal isolation period (𝑇𝑏 ≥ 2sec) such as base 

isolated system. In addition, the second mode period is also independent of the nominal isolation 

period. The second mode period for the system with relatively low equivalent damping ratio in 

the isolation system is around 0.28sec. 

3.10 Floor Response Spectrum 

The floor response spectrum is used as one of the approaches to evaluate the efficiency of 

the isolation system. The floor spectrum is obtained by solving the equation of motion for SDOF 

system subjected to the absolute acceleration experienced on each floor. The absolute 

acceleration of a mass is the sum of the relative acceleration and the ground acceleration. The 

absolute acceleration experienced by a mass is used as the input ground motion to determine the 

response of the SDOF system with different periods located on the floor. The peak response of 

the oscillator was determined and the corresponding pseudo-acceleration values can be 

calculated. The plot of the pseudo-acceleration versus the corresponding period of the oscillator 

gives the floor acceleration response spectrum. This approach is valid with the assumption that 

the mass on each floor representing the content of the structure is relatively very small and there 

is no dynamic interaction between the content of the structure and response of the superstructure. 

In addition, the subsystem representing the content of the structure is assumed to remain linear 

throughout each ground motion event. 
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3.11 Conclusions 

Online tools are readily available to provide the target design spectrum and the 

information associated with the design spectrum for a given site. Ground motions can be 

obtained through the Ground Motion Database from the PEER website for analysis purposes. 

Despite the option of scaling ground motions based on the procedure outlined in the design code 

is not one of the options provided, simple computer code can be written using mathematical 

tools, such as Matlab utilizing some built-in functions to solve the constrained linear least-

squares problem to obtain the scaling factors. 

The equation of motion for a 2DOF base isolated system was established based on the 

extension from SDOF fixed base system, which can be generalized for establishing MDOF 

systems. The dynamic properties of the 2DOF system was evaluated for different nominal 

isolation periods and damping ratios. The first mode period was found to be closely related to the 

nominal isolation period while the second mode period was found to be almost independent of 

both nominal isolation period and damping ratio in the isolation system when the nominal 

isolation period is greater than 2sec. Identifying the modal periods of the structural model was 

useful in interpreting dynamic results. 

Based on the piecewise-linear assumption for the ground motion data, the closed-form 

solution for the scalar equation of motion was formulated. The closed-form solution provides 

significant advantages over numerical solution of the scalar equation of motion as the closed-

form solution gives the exact solution to the differential equation with no issue of numerical 

instability and at a considerably low computation time. This solution approach is used to 

generate the floor response spectrum in order to study the efficiency of the isolation in 

preventing the transmission of high frequency energy from the ground motion into the 

superstructure. 
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 EFFECT OF DAMPING ON THE RESPONSE OF THE STRUCTURE 4.0

The use of linear viscous damper model to model the presence of damping is a commonly 

used approach in structural dynamics. The linear viscous damper model can be simply defined 

using the damping ratio, the fraction of the critical damping of the system. This model is widely 

used due to the simplicity and relatively well representing the damping in the structure when the 

damping is small, which is typical in most conventional structures. Another mechanical 

characteristic of this model is the linear viscous damper model is independent of strain. 

The single-degree-of-freedom (SDOF) fixed base system with a period of 0.4sec was 

extended to the two-degree-of-freedom (2DOF) base isolated system for this study, as described 

in the previous chapter. The nominal isolation period varied from 2sec to 5sec to study the effect 

of period separation. Period separation is defined as the difference between the nominal isolation 

period and the period of the original fixed base structure. At the meantime, the equivalent 

damping ratio in the isolation system was varied from 2% to 45%. 

The analyses results showed that the increasing damping in the isolator system reduced 

the peak isolator displacement. However, this has also led to the reduction in the isolation 

efficiency where higher mode response became more prominent when the damping in the 

isolation system increases. The efficiency of the isolation system increases with larger period 

separation. Nonetheless, the lateral displacement demand increases with increasing nominal 

isolation period. 

4.1 Structural Model 

The effect of damping in the isolation system on the response of the superstructure was 

studied using the 2DOF base isolated system (Figure 20(b)). The isolation system used in this 

study has linear spring force component and linear viscous damper force component. The spring 

force, 𝑓𝑆, and damper force, 𝑓𝐷, functions for the isolation system are defined in Equation 26. 

𝑓𝑆(𝑣𝑏 , �̇�𝑏) = 𝑘𝑏𝑣𝑏(𝑡) 

𝑓𝐷(𝑣𝑏 , �̇�𝑏) = 𝑐𝑏�̇�𝑏(𝑡) 
Equation 26 

where 𝑘𝑏 is the spring force coefficient, 𝑐𝑏 is the damper force coefficient, 𝑣𝑏(𝑡) is the relative 

displacement of the isolator with respect to the ground and �̇�𝑏(𝑡) is the velocity of the system. 

The damper force coefficient is defined as 𝑐𝑏 = 2𝛽𝑏𝑚𝑇𝜔𝑛, where 𝛽𝑏 is the equivalent damping 

ratio, 𝑚𝑇 is the isolated mass and 𝜔𝑛 is the nominal isolation frequency of the system. 

At the meantime, the stiffness of the superstructure was obtained by defining the period 

of the SDOF fixed base system at 0.4sec. The superstructure was assumed to remain linear 

elastic and therefore has an equivalent damping ratio, 𝛽𝑠, of 0.02. In addition, the base mass, 𝑚𝑏, 

and the mass of the superstructure, 𝑚𝑠 , were assumed to be the same, where 𝑚𝑏 = 𝑚𝑠 =

0.6477kip-in/sec2. 

The study was carried out using various equivalent damping ratio values in the isolator, 

namely 0.02, 0.05, 0.10, 0.15, 0.20, 0.25, 0.35 and 0.45. In addition, the nominal isolation period 

was varied from 2sec to 5sec in the increment of 1sec. The input ground motions used in this 

study were scaled to the risk-targeted maximum considered earthquake (MCER) intensity. 
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4.2 Peak Displacement 

The peak lateral displacements for the system with different nominal isolation periods 

and damping ratios in the isolators are summarized in Table 6. 

Table 6 Peak isolator displacement 

Equivalent Damping 

Ratio, 𝛽𝑏 

Peak Isolator Displacement (in) 

𝑇𝑏 = 2sec 𝑇𝑏 = 3sec 𝑇𝑏 = 4sec 𝑇𝑏 = 5sec 

0.02 46.73 45.49 74.63 93.04 

0.05 31.30 32.45 50.54 70.89 

0.10 23.80 26.93 38.13 50.09 

0.15 20.44 24.46 31.43 38.63 

0.20 17.83 22.34 26.62 31.58 

0.25 15.76 20.51 22.91 27.31 

0.35 12.72 17.52 19.55 23.44 

0.45 10.64 15.18 17.17 20.84 

 

The peak isolator displacements for different nominal isolation periods were observed to 

reduce with increasing damping ratio in the isolation system. On the other hand, the peak isolator 

displacement increased with increasing period separation. For systems with constant mass, 

isolator with lower stiffness is required to achieve longer isolation period, resulting in larger 

peak displacement. The peak relative roof displacements with respect to the base mass—the roof 

story drifts—are summarized in Table 7. 

Table 7 Peak roof story drift 

Equivalent Damping 

Ratio, 𝛽𝑏 

Peak Roof Drift (in) 

𝑇𝑏 = 2sec 𝑇𝑏 = 3sec 𝑇𝑏 = 4sec 𝑇𝑏 = 5sec 

0.02 1.87 0.82 0.75 0.60 

0.05 1.24 0.57 0.50 0.46 

0.10 1.00 0.49 0.40 0.32 

0.15 0.87 0.45 0.34 0.25 

0.20 0.76 0.42 0.30 0.21 

0.25 0.67 0.39 0.26 0.18 

0.35 0.52 0.36 0.24 0.16 

0.45 0.45 0.34 0.23 0.16 
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The effectiveness of the isolation system increased with period separation where the drift 

in the superstructure reduced with increasing period separation. However, the lateral 

displacement demand in the isolation system increased with increasing period separation. In 

addition, it can be observed that the peak isolator displacement reduced with increasing damping 

ratio in the isolation system. 

4.3 Effect of Damping Ratio in the Isolation System on the Response of the Roof Mass 

The mean response of the system was obtained by subjecting the system to the suite of 

seven ground motions scaled to the MCER intensity. The mean roof floor response spectrum for 

each equivalent damping ratio value and nominal isolation period were obtained from the 

analyses. In addition, the modal periods of the system were determined using eigenvalue 

analysis. 

The equation of motion was solved numerically using the Matlab built-in ordinary 

differential equation solver, ode45. The roof floor response spectrum was solved using the 

closed-form solution for the equation of motion with 400 non-equally spaced periods ranging 

from 0.001sec to 10sec. The array of periods used in determining the roof floor response 

spectrum also included the modal periods of the system as well as the fixed base period of the 

system. 

4.3.1 Nominal Isolation Period of 2sec 

For the system with 2sec nominal isolation period, the modal periods of the system for 

different modes with various equivalent damping ratios in the isolation system are summarized 

in Table 8. 

Table 8 Modal periods of the system with nominal isolation period of 2sec 

Equivalent Damping Ratio, 𝛽𝑏 Modal Period, 𝑇𝑖 (sec) 

Mode 1, 𝑇1 Mode 2, 𝑇2 

0.02 2.0207 0.2801 

0.05 2.0225 0.2802 

0.10 2.0291 0.2804 

0.15 2.0403 0.2806 

0.20 2.0564 0.2809 

0.25 2.0777 0.2813 

0.35 2.1388 0.2822 

0.45 2.2316 0.2835 

 

The mean roof floor response spectra for various equivalent damping ratios in the 

isolation system with nominal isolation period of 2sec are shown in Figure 25. 
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Figure 25 Mean roof floor response spectra for system with nominal isolation period of 2sec 

Based on the plots shown in Figure 25, for lightly damped system, the base isolation 

filtered the input ground motions allowing only vibration at the fundamental period to enter the 

superstructure, indicated by the peak close to the nominal isolation period. In other words, the 

isolation was effective where the superstructure acted almost as a rigid body. As the damping in 

the isolation system increased, the peak at the period corresponds to the second mode period 

become evident, indicating that the higher mode response has been triggered, reducing the 

effectiveness of the isolation system. 
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4.3.2 Nominal Isolation Period of 3sec 

The same analyses were repeated for the system with a nominal isolation period of 3sec. 

The modal periods of the system are summarized in Table 9. 

Table 9 Modal periods of the system with nominal isolation period of 3sec 

Equivalent Damping Ratio, 𝛽𝑏 Modal Period, 𝑇𝑖 (sec) 

Mode 1, 𝑇1 Mode 2, 𝑇2 

0.02 3.0140 0.2817 

0.05 3.0170 0.2817 

0.10 3.0277 0.2818 

0.15 3.0458 0.2819 

0.20 3.0718 0.2821 

0.25 3.1063 0.2823 

0.35 3.2050 0.2827 

0.45 3.3540 0.2833 

 

The mean roof floor response spectra for the system with nominal isolation period of 3sec 

with different levels of equivalent damping ratio in the isolation system are shown in Figure 26. 
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Figure 26 Mean roof floor response spectra for system with nominal isolation period of 3sec 

Similar to the observation for a system with nominal isolation period of 2sec, the 

relatively lightly damped system has only one distinct peak at the first mode period. However, as 

the damping in the isolation system increased the peak at the second mode period become more 

obvious. 
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4.3.3 Nominal Isolation Period of 4sec 

The first mode and second mode periods for the system with nominal isolation period of 

4sec with various equivalent damping ratios in the isolation system are summarized in Table 10. 

Table 10 Modal periods of the system with nominal isolation period of 4sec 

Equivalent Damping Ratio, 𝛽𝑏 Modal Period, 𝑇𝑖 (sec) 

Mode 1, 𝑇1 Mode 2, 𝑇2 

0.02 4.0108 0.2823 

0.05 4.0149 0.2823 

0.10 4.0296 0.2823 

0.15 4.0544 0.2824 

0.20 4.0899 0.2825 

0.25 4.1371 0.2826 

0.35 4.2719 0.2829 

0.45 4.4751 0.2832 

 

The mean roof floor response spectra for system with nominal isolation period of 4sec 

with different equivalent damping ratios in the isolation system are shown in Figure 27. 
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Figure 27 Mean roof floor response spectra for system with nominal isolation period of 4sec 

The dynamic characteristic of the superstructure with increasing damping in the isolation 

system was similar to the systems with 2sec and 3sec nominal isolation periods. However, as the 

period separation increased, i.e. the difference in the fundamental isolation period and fixed base 

period, the effect of high damping in the isolation system at the second mode period become 

more significant. 
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4.3.4 Nominal Isolation Period of 5sec 

The modal periods for the system with 5sec nominal isolation period are summarized in 

Table 11. 

Table 11 Modal periods of the system with nominal isolation period of 5sec 

Equivalent Damping Ratio, 𝛽𝑏 Modal Period, 𝑇𝑖 (sec) 

Mode 1, 𝑇1 Mode 2, 𝑇2 

0.02 5.0090 0.2825 

0.05 5.0142 0.2825 

0.10 5.0327 0.2826 

0.15 5.0641 0.2826 

0.20 5.1090 0.2827 

0.25 5.1687 0.2828 

0.35 5.3390 0.2829 

0.45 5.5957 0.2832 

 

The mean roof floor response spectra for system with nominal isolation period of 5sec 

with different levels of equivalent damping ratio in the isolation system are shown in Figure 28. 
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Figure 28 Mean roof floor response spectra for system with nominal isolation period of 5sec 

Similar observations on the response of the superstructure as compared to the previous 

systems with different nominal isolation periods can be made. The isolation system acted as a 

filtering system allowing energy at the period of the isolation system to enter the structure. 

However, when the damping in the isolation system increased, the vibration within the structure 

was excited, as observed by the peak in the roof floor response spectrum at the second mode 

period. 

In general, the fundamental periods of all the systems were longer than the nominal 

isolation period due to the interaction with the superstructure. In addition, the difference between 

the fundamental periods of a system with the nominal isolation period increased with increasing 

damping in the isolation system. However, based on the plots of mean roof floor response 

spectra, the peaks close to the fundamental period region of each system reduced with the 

increase in damping in the isolation system. On the other hand, the second mode periods were 

similar and independent of the nominal isolation period and the amount of damping in the 

isolation system. 

4.4 Conclusions 

Dynamic analyses were carried out using the 2DOF base isolated system with various 

damping ratio values in the linear viscous damper component of the isolation system. The 
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nominal isolation period was varied from 2sec to 5sec and the average response of the system 

was identified. The roof floor response spectrum was used to evaluate the efficiency of the 

isolation system. It was observed that the isolation is more effective when the damping in the 

isolation system is relatively low. The results showed that the efficiency of the isolation system 

reduced with increasing damping ratio in the isolators. However, the presence of damping in the 

isolation system is crucial in order to reduce the effect of resonance and peak response of the 

system. In addition, the efficiency of isolating a system is observed to improve with increasing 

period separation. Nonetheless, the demand for lateral displacement capacity also increases with 

increasing nominal isolation period. Despite the structural model used the linear viscous damper 

component in the isolation system, the correlation between the performance of the system to the 

equivalent damping ratio in the isolation system provides an insight to the selection of nominal 

isolation period and amount of damping in the design of an isolation system. 

Last but not least, attempt to introduce large amount of damping in the isolation system 

for displacement control, for instance, would likely to trigger the higher mode response of a 

system. As a result, isolation system with very high damping would defeat one of the key 

purposes of isolating a system that is to protect the contents of the structure from high frequency 

vibrations. 
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 BILINEAR MODEL AND THE IMPLICATION ON THE RESPONSE 5.0

OF THE STRUCTURE 

Bilinear model is a highly idealized hysteresis model used in dynamic analysis. The 

simplicity of this model has led to the high popularity of this model being used to model high 

damping rubber isolator and lead plug rubber isolator in the analysis and design of base isolated 

systems. This model is also being adopted and implemented in design codes such as the ASCE 7-

16 and AASHTO Guide Specifications for Seismic Isolation Design as the model for base 

isolation system. The basic definitions of the bilinear model were explained and for 

simplification, the normalized mechanical parameters were used. The iteration procedure based 

on the design code was outlined and implemented. 

In this study, three bilinear isolator models were created to represent different typical 

design scenarios. The mechanical properties of each bilinear isolator model were studied and 

compared. Dynamic analyses were carried out by subjecting each model to the suite ground 

motions with different intensities. It was found that, in general, the bilinear models did not work 

in protecting the contents of the structure. It is worth mentioning that the mechanical properties 

of a bilinear model is displacement dependent and with the design demand set at higher ground 

motion intensity as per current design code, the mechanical properties derived from the bilinear 

model might have deviated too far from representing an actual and practical isolation system. 

5.1 Introduction 

Bilinear models are defined using three basic parameters based on the characteristic of 

the hysteresis loop, the initial stiffness, 𝑘1, second stiffness, 𝑘2, and the characteristic strength, 

𝑄. The characteristic of the model depends on the loading and unloading path of the system. In 

addition, the effective stiffness, 𝑘eff , is defined as the ratio of the difference in the peak 

maximum and minimum forces and the difference in the peak maximum and minimum 

displacements. Other parameters that are related to the bilinear model includes the yield 

displacement, 𝐷𝑦  and the yield force, 𝐹𝑦 . These parameters can be expressed in terms of the 

stiffnesses and characteristic strength as defined earlier. The characteristic strength is more 

commonly used as compared to the yield force as the characteristic strength is easier to identify 

from the hysteresis loop from laboratory tests, where the hysteresis loop intercepts with the 

vertical axis, instead of the yield force, which is when the hysteresis loop first changes the 

stiffness from the initial stiffness to the second stiffness. Graphical representation of the 

parameters to define a bilinear model is shown in Figure 29. 
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Figure 29 Hysteresis loop of a typical bilinear model 

Bilinear model is frequently used to model hysteretic material due to the simplicity in 

defining the model and implementing the model in analysis. This model is very commonly used 

to model lead plug rubber isolator and high damping rubber isolator. However, this model should 

be used with caution especially when the model is used to represent the force-displacement 

characteristic at large shear strains. 

In this section of the study, earthquake ground motion intensities will be expressed 

relative to the design basis earthquake (DBE) intensity. As a result, the risk-targeted maximum 

considered earthquake (MCER) intensity will be expressed as 1.5DBE and the service level 

earthquake (SLE) intensity will be expressed as 0.5DBE. 

5.2 Definitions 

The characteristics of the bilinear model, namely the yield displacement, 𝐷𝑦, effective 

stiffness, 𝑘eff, and the effective damping, 𝛽eff, are expressed in terms of the properties of the 

hysteresis loop for a bilinear model, initial stiffness, 𝑘1 , second stiffness, 𝑘2 , and the 

characteristic strength, 𝑄. The equation for the yield displacement, 𝐷𝑦, is shown in Equation 27. 

𝐷𝑦 =
𝑄

𝑘1 − 𝑘2
 Equation 27 

The equation to determine the effective stiffness, 𝑘eff, is shown in Equation 28. 

𝑘eff = 𝑘2 +
𝑄

𝐷
 Equation 28 
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where 𝐷 is the peak displacement of the system. The equation for the effective damping, 𝛽eff, is 

shown in Equation 29. 

𝛽eff =
2𝑄(𝐷 − 𝐷𝑦)

𝜋𝑘eff𝐷2
 Equation 29 

where 𝐷 is as defined previously. 

In order to work independently of the isolator property, these parameters are normalized 

by the cross section area of the isolator, 𝐴. The properties of the isolators within the isolation 

system were assumed to be identical. 

The normalized characteristic strength and normalized axial force on the isolator are 

denoted as �̂�  and 𝑝 respectively. As a result, the normalized effective stiffness, �̂�eff , and the 

effective damping, 𝛽eff, are shown in Equation 30 and Equation 31 respectively. 

�̂�eff =
𝑘eff

𝐴
= �̂�2 +

�̂�

𝐷
 Equation 30 

𝛽eff =
2�̂�(𝐷 − 𝐷𝑦)

𝜋�̂�eff𝐷2
 Equation 31 

where �̂�2 is the normalized second stiffness of the bilinear model. 

Alternatively, the normalized effective stiffness, �̂�eff, can be expressed in terms of the 

pressure on the isolation system, 𝑝 , and the period of the overall system, 𝑇𝑀 , as shown in 

Equation 32. 

𝑇𝑀 = 2𝜋√
𝑚

𝑘eff
= 2𝜋√

𝑊

𝑔𝑘eff
= 2𝜋√

𝑝

𝑔�̂�eff

 

�̂�eff =
4𝜋2𝑝

𝑔𝑇𝑀
2  Equation 32 

where 𝑚 is the isolation mass, 𝑊 is the isolation weight and 𝑔 is the gravity acceleration. 

The normalized characteristic strength, �̂� , knowing the mechanical properties of the 

isolation system, can be cast in the form shown in Equation 33. 

�̂� =
𝜋

2
𝛽eff

�̂�eff𝐷
2

(𝐷 − 𝐷𝑦)
 Equation 33 

5.3 Procedure for Establishing the Bilinear Models 

In order to develop an isolator model for a system designed according to the equivalent 

lateral force procedure, the design code requires that the design lateral displacement, 𝐷𝑀, period 

corresponding to the design lateral displacement, 𝑇𝑀, and the stiffness of the system at design 
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displacement, 𝑘𝑀, to satisfy Equations 17.5-1, 17.5-2 and 17.2-3 stipulated in the code, as shown 

below. 

𝐷𝑀 =
𝑔𝑆𝑀1𝑇𝑀

4𝜋2𝐵𝑀
𝑇𝑀 = 2𝜋√

𝑊

𝑘𝑀𝑔
𝑘𝑀 =

∑|𝐹𝑀
+| + ∑|𝐹𝑀

−|

2𝐷𝑀

 

These three parameters are related and therefore, iterations are required in order to 

determine these values. In this study, this model was used to study the effect of ground motion 

intensity on the response of the structure, thus, the process was reversed where the expected peak 

displacement, 𝐷𝑀, the period correspond to the peak displacement, 𝑇𝑀, and the damping at the 

peak displacement, 𝛽𝑀 , were specified. As a result, the 1.5DBE ground motion parameter 

corresponds to 1-second period, 𝑆𝑀1, can be determined using Equation 34. 

𝑆𝑀1 =
4𝜋2

𝑔

𝐵𝑀𝐷𝑀

𝑇𝑀
 Equation 34 

where 𝑔 is the gravitational acceleration, 𝐵𝑀 is the damping factor obtained from Table 17.5-1 

from the design code. 

The ground motion parameters correspond to 1-second period for the design level 

earthquake and service level earthquake, 𝑆𝐷1 and 𝑆𝑆1, were obtained by multiplying the 1.5DBE 

ground motion parameter by 
2

3
 and 

1

3
 respectively. Dynamic analyses were carried out for each 

ground motion intensity by scaling the suite ground motion such the ground motion acceleration 

response spectra at 1-second period correspond to the value of the ground motion parameter 

correspond to 1-second period. 

In order to determine the dynamic properties of the bilinear model for different ground 

motion intensities, iterations were carried out. Knowing the ground motion parameter at 1-

second period and an initial guess for the displacement, the normalized effective stiffness was 

determined. Subsequently, the period and effective damping ratio correspond to the displacement 

were determined using the normalized effective stiffness. The normalized characteristic strength 

of the model was updated. The iteration procedure was repeated until the absolute error of the 

displacement is within the tolerance. A comparison was made on the converged dynamic 

properties for the bilinear model based on different error definitions and no significant difference 

in the results was observed. Some of the comparisons were to use the error based on the 

difference in period for two consecutive iterations, difference in normalized effective stiffness 

for two consecutive iterations and norm of error considering all three dynamic properties. The 

illustration of the iteration process is shown in Figure 30. 
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Figure 30 Iteration flow to determine dynamic properties at different ground motion intensities 

The suite of ground motions was scaled prior to conducting dynamic analyses. The 

procedure to conduct the dynamic analysis for the 1.5DBE intensity is described below. The 

suite of ground motions shown in Table 4 was used in this analysis and the ground motions were 

scaled such that the 5% damped spectral acceleration value at 1-second period matches the 5% 

damped spectral acceleration parameter at the 1-second period, 𝑆𝑀1. An example of the 1.5DBE 

intensity design spectrum and the scaled ground motion acceleration response spectra is shown 

in Figure 31. 

Define mechanical properties of bilinear model: Normalized initial stiffness, �̂�1, 

normalized second stiffness, �̂�2, and normalized characteristic strength, �̂� 

Define target peak displacement, 𝐷𝑀, period corresponds to target peak 

displacement, 𝑇𝑀, and damping ratio at target peak displacement, 𝛽𝑀  

Iteration index, 𝑖 = 0. Define initial guess for displacement, 𝐷(0), and tolerance, 𝜀 

�̂�eff

(𝑖+1)
= �̂�2 +

�̂�

𝐷(𝑖)
 

𝑇(𝑖+1) = 2𝜋√
𝑝

𝑔
�̂�

eff

(𝑖+1)
 

𝛽(𝑖+1) =
2�̂�

𝜋

𝐷(𝑖) − 𝐷𝑦

�̂�
eff

(𝑖+1)(𝐷(𝑖))2
 

𝐷(𝑖+1) =
𝑆(𝑇 = 1)𝑔

4𝜋2

𝑇(𝑖+1)

𝐵
 

Solve for the normalized effective stiffness, �̂�eff

(𝑖+1)
, period corresponds to the 

displacement, 𝑇(𝑖+1) and damping ratio corresponds to the displacement, 𝛽(𝑖+1) 

where 𝐷𝑦  can be calculated using Equation 27,  

𝑆(𝑇 = 1) is the ground motion parameter at 1-second period and  

𝐵 is obtained from Table 17.5-1 based on 𝛽(𝑖+1) 

Error, 𝑒 =  𝐷(𝑖+1) − 𝐷(𝑖)  

Error, 𝑒, is within tolerance, 𝜀 

Update iteration 

index, 𝑖 = 𝑖 + 1 

N 

Iteration converged 

Y 
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Figure 31 Acceleration response spectra for the suite of ground motions scaled to spectral value of 𝑆𝑀1 at 

1-second period (inset: zoom in of the scaled spectra around 1-second period) 

Dynamic analyses to study the effect of the isolation system on the response of the 

superstructure were carried out using the 2DOF system shown in Figure 22. 

5.4 Performance of Bilinear Models 

Three bilinear models were used in this study, where each model was created to represent 

different scenarios in the design of an isolation system. The first isolator model represents a 

typical design scenario where the design was based on the desired isolation period and equivalent 

damping ratio at the design shear strain. The second and third isolator models represent the 

intention of using higher damping ratio in the isolation system as a mean for displacement 

control when the system was subjected to earthquake ground excitations. The response of the 

structure with various isolation systems was obtained at different ground motion intensities in 

order to compare the effectiveness of the isolation system. The isolation system for the structural 

model used in this study consists of two isolators. The following calculations on the mechanical 

properties were for one isolator. For all models, the pressure on the isolator, 𝑝, was assumed to 

be 1000psi. 

The analyses for the bilinear models were based on the design parameters determined for 

the system at the 1.5DBE intensity, according to the requirements stipulated in the design code. 

The peak isolator displacement for the first bilinear model was 40in and the effective damping 

ratio was 10%. The second and third isolator models were designed for 20in displacement at 

1.5DBE and the effective damping ratios were 20% and 50% respectively. In addition, the yield 

displacement for these models was assumed to be 0.25in. The detailed design scenario for each 

bilinear model is explained in the following sections.  
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On the other hand, the hysteresis loops of the isolator models at displacement amplitude 

corresponds to the expected displacement for 1.5DBE intensity were plotted for comparison, as 

shown in Figure 32. 

 

Figure 32 Hysteresis loops of the isolator models at 1.5DBE displacement 

Due to the tremendous amount of damping expected from Bilinear Model 3, the shape of 

the hysteresis loop is approaching the hysteresis loop of a frictional damper. In order to represent 

a pure frictional damper using a bilinear model, the initial stiffness, 𝑘1, depends on the friction 

coefficient. The force to overcome the frictional force is proportional to the friction coefficient of 

the frictional damper. In addition, frictional damper often possesses stick-slip behavior. Hence, 

once the friction resisting force is overcome and the system starts to move. Therefore, the “yield 

displacement”, 𝐷𝑦, can be assumed to be close to zero and the initial stiffness, 𝑘1, is typically 

very high. In addition, the second stiffness, 𝑘2, is zero. Hence, the effective stiffness, 𝑘eff, is 

𝑘eff =
𝑄

𝐷
 

As a result, the effective damping, 𝛽eff, is 

𝛽eff =
2(𝐷 − 𝐷𝑦)

𝜋𝐷
 

For a very small yield displacement, the effective damping, 𝛽eff, is  

𝛽eff ≈
2

𝜋
= 0.637 

As for Bilinear Model 3, the effective damping in the system at 1.5DBE was designed to 

be 50%, which is approaching the effective damping ratio of the pure frictional model. 
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5.4.1 Bilinear Model 1 

For the first design scenario, the 1.5DBE 5% damped spectral acceleration parameter at 

the 1-second period, 𝑆𝑀1, was 1.2. The maximum displacement, 𝐷𝑀, period corresponding to the 

maximum displacement, 𝑇𝑀 , and the damping ratio corresponding to the maximum 

displacement, 𝛽𝑀, were 40in, 4sec and 10% respectively. As a result, the normalized effective 

stiffness, �̂�eff, for this system determined using Equation 32 is 

�̂�eff =
4𝜋2𝑝

𝑔𝑇𝑀
2 =

4𝜋2 × 1000

386 × 42
= 6.39psi/in 

Based on the assumed yield displacement, the normalized characteristic strength, �̂� , 

calculated using Equation 33 is 

�̂� =
𝜋

2
𝛽eff

�̂�eff𝐷
2

(𝐷 − 𝐷𝑦)
=

𝜋

2
× 0.1 ×

6.39 × 402

(40 − 0.25)
= 40.40psi 

Subsequently, the normalized second stiffness of the bilinear model, �̂�2, is 

�̂�2 = �̂�eff −
�̂�

𝐷
= 6.39 −

40.40

40
= 5.38psi/in 

The normalized initial stiffness, �̂�1, for the system is 

�̂�1 = �̂�2 +
�̂�

𝐷𝑦
= 5.38 +

40.40

0.25
= 167.05psi/in 

The dynamic properties of the bilinear model were analyzed. The distribution of 

normalized effective stiffness, equivalent damping ratio over displacement and the energy 

dissipated versus displacement were studied. The plots of the normalized effective stiffness 

versus displacement and effective damping ratio versus displacement are shown in Figure 33 and 

Figure 34 respectively. 
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Figure 33 Normalized effective stiffness versus displacement 

 

Figure 34 Equivalent damping ratio versus displacement 

The plot of energy dissipated for one cycle displacement versus displacement and the 

best fit line is shown in Figure 35. Based on the slope of the best fit line for the data plotted in 

the log-log space, the energy dissipated by the isolator in one cycle displacement is proportional 

to the shear strain raised to the power of 1.13. 
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Figure 35 Energy dissipated versus displacement 

In order to determine the properties of the isolation system at DBE, the 1.5DBE 5% 

damped spectral acceleration parameter at the 1-second period, 𝑆𝑀1, was reduced by one-third, 

resulting 𝑆𝐷1 = 0.8. The procedure started with an initial guess for the nominal isolation period, 

𝑇𝑀
(0)

 and equivalent damping ratio, 𝛽𝑀
(0)

. In addition, an initial guess for maximum displacement, 

𝐷𝑀
(0)

, was made. The damping factor, 𝐵𝑀, was based on Table 17.5-1 in ASCE 7-16. 

The iteration was coded in Matlab and the error for each iterative step was determined 

based on the relative error of the displacement and the tolerance for convergence was set to 

10−3. For this design scenario, the converged maximum displacement, 𝐷𝑀, after ten iterations 

was 20.91in, the converged normalized effective stiffness for the isolator, �̂�eff, was 7.31psi/in, 

the converged period corresponds to the maximum displacement, 𝑇𝑀 , was 3.74sec and the 

converged effective damping ratio, 𝛽eff, was 16.6%. 

The spectral acceleration parameter at 0.5DBE, 𝑆𝑆1, is two-thirds of the parameter at the 

1.5DBE level, 𝑆𝑀1, resulting in 𝑆𝑆1 = 0.4. Similar procedure as for the DBE case was carried out 

and the initial guesses for the displacement was taken as 10in. The converged maximum 

displacement, 𝐷𝑀 , after eleven iterations was 6.70in, the converged normalized effective 

stiffness for the isolation system, �̂�eff, was 11.41psi/in, the converged period corresponds to the 

maximum displacement, 𝑇𝑀, was 2.99sec while the converged effective damping ratio, 𝛽eff, was 

32.4%. 

The normalized roof floor response spectra for each ground motion and the mean 

normalized roof floor response spectrum for the system subjected to ground motions scaled such 

that the 5% damped ground motion acceleration spectral at 1-second period equal to 𝑆𝑀1 are 

shown in Figure 36. The roof floor response spectra were normalized by the ground motion 

acceleration spectral at 1-second period, 𝑆𝑀1. 
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Figure 36 Normalized roof floor response spectra and mean normalized roof floor response spectrum for 

the system subjected to the 1.5DBE ground motions 

The dynamic analysis was repeated for ground motion scaled to DBE, 𝑆𝐷1 = 0.8 and 

0.5DBE, 𝑆𝑆1 = 0.4. The normalized roof floor response spectra are shown in Figure 37 and 

Figure 38 for the DBE and 0.5DBE intensities respectively. 

 

Figure 37 Normalized roof floor response spectra and mean normalized roof floor response spectrum for 

the system subjected to the DBE ground motions 
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Figure 38 Normalized roof floor response spectra and mean normalized roof floor response spectrum for 

the system subjected to the 0.5DBE ground motions 

The comparison of the normalized mean roof floor response spectra for the system 

subjected to various ground motion intensities is shown in Figure 39. 

 

Figure 39 Comparison of the normalized mean roof floor response spectra 
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The normalized roof floor response spectra shown in Figure 39 indicated that the 

structure is mainly responding in the higher modes instead of the fundamental mode for all the 

ground motion intensities. This is an indication that the isolation system has not been working 

efficiently in isolating the structure from ground vibration. 

5.4.2 Bilinear Model 2 

The second design scenario was based on the intention of reducing the demand on the 

isolation system by introducing higher damping ratio in the isolators. The target displacement 

was 30in and the reduced displacement was set to 20in by increasing the damping ratio in the 

isolator from 5% to 20%. The targeted isolation period, 𝑇, was 4sec. The 1.5DBE 5% damped 

spectral acceleration parameter at 1-second period, 𝑆𝑀1, was 0.75. As a result, the normalized 

effective stiffness of the isolation system, �̂�eff, is 

�̂�eff =
4𝜋2𝑝

𝑔𝑇𝑀
2 =

4𝜋2 × 1000

386 × 42
= 6.39psi/in 

The normalized characteristic strength, �̂�, calculated using Equation 33 is 

�̂� =
𝜋

2
𝛽eff

�̂�eff𝐷
2

(𝐷 − 𝐷𝑦)
=

𝜋

2
× 0.2 ×

6.39 × 202

(20 − 0.25)
= 40.67psi 

Subsequently, the normalized second stiffness of the bilinear model, �̂�2, is 

�̂�2 = �̂�eff −
�̂�

𝐷
= 6.39 −

40.67

20
= 4.36psi/in 

The normalized initial stiffness, �̂�1, for the system is 

�̂�1 = �̂�2 +
�̂�

𝐷𝑦
= 4.36 +

40.66

0.25
= 167.05psi/in 

The dynamic properties of this bilinear model were evaluated where the distributions of 

the normalized effective stiffness versus displacement and effective damping ratio versus 

displacement are shown in Figure 40 and Figure 41 respectively. 
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Figure 40 Normalized effective stiffness versus displacement 

 

Figure 41 Effective damping ratio versus displacement 

The plot of the energy dissipated for one cycle displacement versus displacement in the 

log-log space is shown in Figure 42. The slope of the best fit line for the data points in the log-

log space is 1.14. In other words, the energy dissipated per cycle displacement is proportional to 

the shear strain raised to the power of 1.14. 
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Figure 42 Normalized energy dissipated versus displacement 

The analysis was carried out for the bilinear model subjected to the DBE intensity where 

the 5% damped spectral acceleration parameter at 1-second period, 𝑆𝐷1, was 0.5. The converged 

maximum displacement, 𝐷𝑀, was 10.04in, the normalized effective stiffness, �̂�eff, after eleven 

iterations was 8.41psi/in, the effective damping ratio, 𝛽eff, was 29.9% and the isolation period 

correspond to the maximum isolator displacement, 𝑇𝑀, was 3.49sec. 

Subsequently, the analysis was repeated for the model subjected to the 0.5DBE intensity 

where the 5% damped spectral acceleration parameter at 1-second period, 𝑆𝑆1, was 0.25. The 

solution converged after eleven iterations where the maximum displacement, 𝐷𝑀, was 3.01in, the 

normalized effective stiffness, �̂�eff, was 17.85psi/in, the effective damping ratio, 𝛽eff, was 44.1% 

and the isolation period correspond to the maximum isolator displacement, 𝑇𝑀 was 2.39sec. 

The normalized roof floor response spectra for the system subjected to suite of ground 

motions scaled to 1.5DBE intensity is shown in Figure 43. 
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Figure 43 Normalized roof floor response spectra and mean normalized roof floor response spectrum for 

the system subjected to the 1.5DBE ground motions 

The dynamic analysis was repeated for ground motions scaled to DBE, 𝑆𝐷1 = 0.5 and 

0.5DBE, 𝑆𝑆1 = 0.25. The normalized roof floor response spectra are shown in Figure 44 and 

Figure 45 for the DBE and 0.5DBE respectively. 

 

Figure 44 Normalized roof floor response spectra and mean normalized roof floor response spectrum for 

the system subjected to the DBE ground motions 
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Figure 45 Normalized roof floor response spectra and mean normalized roof floor response spectrum for 

the system subjected to the 0.5DBE ground motions 

The normalized roof floor response spectra for various ground motion intensities are 

shown in Figure 46. 

 

Figure 46 Comparison of the normalized mean roof floor response spectra 
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The introduction of higher damping in a structure to reduce the displacement demand is 

not uncommon. However, the comparison of normalized roof floor response spectra in Figure 46 

showed that the higher mode response in the structure has been excited for all the ground motion 

intensities considered in this study. Excitation of higher mode response reduces the effectiveness 

of the isolation system and could potentially lead to failure and damage of vibration sensitive 

equipment housed in the structure. 

5.4.3 Bilinear Model 3 

The third design scenario was based on the intention of reducing the demand on the 

isolation system by introducing higher damping in the isolators. The target displacement was 

40in and the reduced displacement was set to 20in by increasing the damping in the isolator from 

5% to 50%. The targeted isolation period, 𝑇 , was 4sec. The 1.5DBE 5% damped spectral 

acceleration parameter at 1-second period, 𝑆𝑀1 , was 1. As a result, the normalized effective 

stiffness of the isolation system, �̂�eff, is 

�̂�eff =
4𝜋2𝑝

𝑔𝑇𝑀
2 =

4𝜋2 × 1000

386 × 42
= 6.39psi/in 

The normalized characteristic strength, �̂�, calculated using Equation 33 is 

�̂� =
𝜋

2
𝛽eff

�̂�eff𝐷
2

(𝐷 − 𝐷𝑦)
=

𝜋

2
× 0.5 ×

6.39 × 202

(20 − 0.25)
= 101.68psi 

Subsequently, the normalized second stiffness of the bilinear model, �̂�2, is 

�̂�2 = �̂�eff −
�̂�

𝐷
= 6.39 −

101.68

20
= 1.31psi/in 

The normalized initial stiffness, �̂�1, for the system is 

�̂�1 = �̂�2 +
�̂�

𝐷𝑦
= 1.31 +

101.68

0.25
= 408.03psi/in 

The dynamic properties of the bilinear model are shown in Figure 47 and Figure 48 for 

the normalized effective stiffness and effective damping ratio respectively. 
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Figure 47 Normalized effective stiffness versus displacement 

 

Figure 48 Effective damping ratio versus displacement 

The plot of the normalized energy dissipated for one cycle displacement versus 

displacement for the isolator model and the best fit line is shown in Figure 49. Based on the 

slope of the best fit for the data points in the log-log space, the energy dissipated per cycle 

displacement is proportional to the shear strain raised to the power of 1.13. 
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Figure 49 Normalized energy dissipated versus displacement 

The analysis was carried out for the bilinear model subjected to the DBE intensity where 

the 5% damped spectral acceleration parameter at 1-second period, 𝑆𝐷1 , was 0.67. The 

converged maximum displacement, 𝐷𝑀, was 9.52in, the normalized effective stiffness, �̂�eff, after 

eleven iterations was 11.99psi/in, the effective damping ratio, 𝛽eff, was 55.2% and the isolation 

period correspond to the maximum isolator displacement, 𝑇𝑀, was 2.92sec. 

Subsequently, the analysis was repeated for the model subjected to 0.5DBE ground 

motions where the 5% damped spectral acceleration parameter at 1-second period, 𝑆𝑆1, was 0.33. 

The solution converged after eleven iterations where the maximum displacement, 𝐷𝑀 , was 

2.59in, the normalized effective stiffness, �̂�eff, was 40.61psi/in, the effective damping ratio, 𝛽eff, 

was 55.7% and the isolation period correspond to the maximum isolator displacement, 𝑇𝑀 was 

1.59sec. The plot of the normalized roof floor response spectra and the mean normalized roof 

floor response spectrum for the system subjected to 1.5DBE intensity ground motions is shown 

in Figure 50. 
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Figure 50 Normalized roof floor response spectra and mean normalized roof floor response spectrum for 

the system subjected to the 1.5DBE ground motions 

The dynamic analysis was repeated for ground motions scaled to DBE, 𝑆𝐷1 = 0.67 and 

0.5DBE, 𝑆𝑆1 = 0.33. The normalized roof floor response spectra are shown in Figure 51 and 

Figure 52 for the DBE and 0.5DBE respectively. 

 

Figure 51 Normalized roof floor response spectra and mean normalized roof floor response spectrum for 

the system subjected to the DBE ground motions 
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Figure 52 Normalized roof floor response spectra and mean normalized roof floor response spectrum for 

the system subjected to the 0.5DBE ground motions 

Comparison of the mean normalized roof floor response spectra obtained from the system 

subjected to different ground motion intensities are shown in Figure 53. 

 

Figure 53 Comparison of the normalized mean roof floor response spectra 
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Despite introducing higher damping into a system can help to reduce the displacement 

demand but another aspect that has been often overlooked is the performance and effectiveness 

of the isolation system in protecting the contents of the structure. The normalized roof floor 

response spectra shown in Figure 53 showed that under all ground motion intensities considered 

higher mode response has been excited in the structure. Therefore, the isolation system is not 

effectively isolating the structure from ground excitation. 

5.4.4 Comparison of Bilinear Models 

Comparisons on the performance at different ground motion intensities using different 

isolator models are shown in Figure 54 to Figure 56 for the 1.5DBE, DBE and 0.5DBE ground 

motion intensities respectively. 

 

Figure 54 Comparison of the normalized mean roof floor response spectra (1.5DBE) 
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Figure 55 Comparison of the normalized mean roof floor response spectra (DBE) 

 

Figure 56 Comparison of the normalized mean roof floor response spectra (0.5DBE) 

Based on the comparison of the normalized roof floor response spectra, all bilinear 

models failed to isolate the structure effectively. The presence of the peak around the second 

mode period indicated that higher mode response of the system has been triggered, channeling 

energy into the superstructure. This effect is particularly harmful to high frequency vibration 
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sensitive equipment housed in the structure. Based on the calculation of the expected peak 

displacement and effective damping ratio of the model when subjected to different ground 

motion intensities, the likelihood cause to the triggering of higher mode response is due to the 

presence of significant amount of damping in the isolation system. The characteristic of the roof 

floor response spectra when higher mode response is being trigger was also observed in the 

results presented in Chapter 4.0. 

5.5 Conclusions 

The definition of the bilinear model based on the design code was outlined in this 

chapter. Various properties such as the effective stiffness and effective damping ratio of the 

bilinear model were defined and correlations between these properties and the basic properties of 

the bilinear model such as the characteristic strength, initial and second stiffnesses were shown. 

The procedure to establish the design parameters for the bilinear model according to the design 

code was studied and outlined. 

Three typical design scenarios using the bilinear model were developed. Prior to 

conducting the dynamic analyses, the mechanical properties of the model were evaluated and 

comparison was made. The 2DOF base isolated models assigned with different bilinear models 

were analyzed using the suite of ground motions scaled such that the ground motion acceleration 

spectral values at 1-second period correspond to the ground motion design parameter of different 

intensities. The roof floor response spectra were generated and comparisons on the performance 

and effectiveness of the bilinear models in protecting the structure and the content of the 

structure were made within and between test cases. 

It was observed that under these three typical design scenarios, the isolation systems 

modelled using a bilinear model did not show good performance and higher mode responses 

were excited. This indicated that the isolation system was not effective. 
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 DEVELOPMENT OF HIGH DAMPING RUBBER ISOLATOR 6.0

MODEL 

Various isolator models to model high damping rubber isolator have been developed and 

published in literatures. However, the complexity of the material behavior has often led to a 

complicated form of the model to properly capture the unique behavior of the material. In this 

study, a phenomenological model has been proposed where the hysteretic behavior of the 

material is decomposed into the spring force and damper force components. Each force 

component is further decomposed in order for the model to capture the stiffening behavior and 

energy dissipation capability as closely as possible to the actual material. An example of double 

shear test piece with high damping rubber compound tested up to large shear strain was used in 

this study to demonstrate the calibration process. Different computational tools were utilized to 

assist with the calibration of the model based on the laboratory test results. The finalized model 

consists of three components, the spring force component and two damper force components. 

The high damping rubber isolator model was observed to have closely represented the 

distribution of mechanical properties such as the effective stiffness and effective damping ratio 

over the range of calibrated shear strain. More importantly, the overall energy dissipation 

capability over the calibrated shear strain range agreed relatively well with the results observed 

from laboratory tests. Dynamic analyses were carried out to study the behavior of the material 

and the model showed positive indications towards modeling the mechanical behavior of the 

material. 

6.1 Existing High Damping Rubber Isolator Models 

Many authors have attempted to develop models to capture the hysteretic behavior of the 

high damping rubber material. Due to the unique and complex nature of the material, the models 

were seen to be complicated in order to capture all the necessary behavior. Different approaches 

were also observed over the published models, including the use of hysteretic damper and energy 

approach. The former model often requires conducting analysis in the frequency domain while 

the later has involved significant number of parameters to properly define the material model. 

Another challenge in the creation of a mathematical model for high damping rubber was 

observed to be the ability for the model to approximate the response due to sinusoidal input and 

random vibration input such as earthquake excitation. Models were often found to be able to 

reproduce force-displacement response when subjected to sinusoidal form of input with constant 

amplitude and frequency but the capability to estimate the response due to earthquake excitation 

was not clear. 

6.2 Isolator Model 

The high damping rubber isolator model was developed based on the double shear 

laboratory test results. The proposed model is a phenomenological model where the basis for the 

development of the model was based on the best fit approach to the observation obtained through 

laboratory test results. The double shear force-displacement test results for a sample tested from 

5% to 500% shear strain were used in this study. 
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In addition, the model was developed based on the target isolator properties required for 

the dynamic analysis. The model used for dynamic analysis was a two-degree-of-freedom 

(2DOF) base isolated system (Figure 20(b)). The mass for each degree-of-freedom (DOF) was 

𝑚𝑏 = 𝑚𝑠 = 0.6477kip-in/sec2. The nominal isolation period for the system was 3sec. The base 

isolated model was an extension of a single-degree-of-freedom (SDOF) fixed base system with a 

period of 0.4sec. 

In this section of the study, earthquake ground motion intensities will be expressed 

relative to the design basis earthquake (DBE) intensity. As a result, the risk-targeted maximum 

considered earthquake (MCER) intensity will be expressed as 1.5DBE and the service level 

earthquake (SLE) intensity will be expressed as 0.5DBE. 

6.3 Formulation of High Damping Rubber Isolator Model 

The formulation of the high damping rubber isolator model was done based on the 

laboratory test results on double shear samples made of high damping rubber material. In 

addition, the laboratory test results were used to study the mechanical characteristic of the high 

damping rubber material. The double shear sample was tested at discrete shear strains. The 

calibration of the model was done at each shear strain and a generic equation was used to fit the 

data points over the range of shear strains. 

The resisting force of the test sample was assumed to be purely comprised of the spring 

force and damper force components. The total resisting force in the high damping rubber isolator 

model was assumed to be the linear combination of the spring force and damper force 

components. These components were assumed to be independent and parallel to each other and 

the total resisting force is the linear sum of these components. The double shear laboratory test 

results made from high damping rubber material were decomposed into the spring force and 

damper force components based on the approach described in the following sections. In addition, 

the procedure was demonstrated using double shear test results at 100% shear strain while the 

results for 50% and 250% shear strains are shown for comparison. 

6.3.1 Characteristic of the Rubber Compound 

The high damping rubber isolator model was developed based on laboratory test results 

of double shear test pieces made of high damping rubber material. The high damping rubber 

material used in this study was made of natural rubber with filler-to-oil ratio of 2:1. The double 

shear tests were conducted at various shear strains at a frequency of 0.5Hz. The sample was 

tested for four cycles at each shear strain with 60sec hold time in between shear strains. The 

hysteresis loop of the third cycle for each shear strain was used for this study. 

6.3.2 Assumptions for Isolator Model 

The isolator model used in this study was assumed to behave nonlinearly elastic. Hence, 

there was no effect of strain softening (Mullin’s effect) or strength degradation. In addition, the 

isolator model was assumed to be indefinitely stable under lateral deformation, thus, the effect of 

buckling of isolator was not taken into consideration in this study. 
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The resisting force in the high damping rubber material was assumed to consist of two 

components, the spring force component and the damper force component. The total resisting 

force was assumed to be a linear combination of these two force components. Moreover, these 

components were assumed to be independent of each other. In addition, the damper force 

component was further decomposed into two sub-components in order to achieve the mechanical 

behavior of the material. The resisting force formulation of the model, 𝐹𝑅(𝑡) , is shown in 

Equation 35. 

𝐹𝑅(𝑡) = 𝑓𝐷(𝑣𝑏(𝑡), �̇�𝑏(𝑡)) + 𝑓𝑆(𝑣𝑏(𝑡)) Equation 35 

where 𝑓𝐷 is the damper force function depending on the displacement, 𝑣(𝑡), and velocity, �̇�(𝑡), 

of the system whereas 𝑓𝑆 is the spring force function that depends on the displacement. 

6.3.3 Built-in Matlab Tools 

Several built-in Matlab tools were used in this study. The fminsearch function was 

used to solve for the unknowns in the objective function while the fit function was used to 

obtain the coefficients of a best fit function given a set of data. 

6.3.3.1 Unconstrained Optimization Tool (fminsearch) 

The built-in fminsearch function is an optimization tool that determines the 

coefficient(s) for a given objective function (MathWorks, Inc., 2016a). In addition, this function 

provides the value of the objective function evaluated at the optimized value such that the 

residual is minimized. Another advantage of this function is the derivative of the objective 

function is not required, which is especially useful when the function is complicated. The syntax 

of the function is  

[x,fval] = fminsearch(fun,x0,options) 

where x and fval are the optimized value and the value of the function evaluated at x, fun is 

the objective function, x0 is the initial guess and options allows definition of several 

parameters such as the maximum number of iterations, function plotting and definition on the 

tolerance for x and fval. 

This function was used in this study to determine the coefficient of the damper force 

components to best fit the residual force hysteresis loop. 

6.3.3.2 Regression (fit) 

The fit function in Matlab is a curve fitting tool where a generic function is used to fit 

the given data set (MathWorks, Inc., 2016b). Besides predefined generic functions, user-defined 

functions are accepted as one of the inputs to the function. The syntax of the function is 

[fitobject,gof,output] = fit(x,y,fitType) 

where fitobject stores the coefficients of the generic function, gof stores the goodness-of-

fit statistics such as the sum-of-squares and coefficient of determination and output stores 

information such as residual, Jacobian matrix, number of iterations and the algorithm used. The 

input to this function is the x and y data set while fitType allows for user-defined generic 

function or a curve-fitting library model. 
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In this study, this function was used to determine the best fit line for a given set of data 

points to determine the coefficients of the best fit line. 

6.3.4 Nonlinear Spring Force Component 

The stress-strain relationship of the material was assumed to take the modified form of 

rubber with stiffening behavior proposed by Gent (Gent, 1996), as shown in Equation 36. 

𝜏(𝛾, 𝛾) = sign(𝛾)
𝐺(𝛾)|𝛾|

[1 − (
|𝛾|

𝑏(𝛾)
)

2

]

+ 𝑐 
Equation 36 

where 𝜏  is the shear stress, 𝛾  is the shear strain, 𝐺  is the linear shear modulus, 𝑏  and 𝑐  are 

positive constants, and 𝛾  is the largest peak shear strain attained by the system. The shear 

modulus, 𝐺, and the constant 𝑏 in the model are functions of the previously attained largest peak 

shear strain. The constant 𝑏 controls the stiffening behavior of the material based on the largest 

previously attained peak shear strain while 𝑐 is a constant to capture possible machine zero-error 

during laboratory test. 

The calibration for a given shear strain was done in two stages. Prior to performing the 

calibration, the force and displacement data were converted to shear stress and shear strain 

respectively, where the force values were divided by the cross-sectional area of the sample to 

obtain the shear stress while the displacement values were divided by the thickness of the rubber 

sample to obtain the shear strain. The first stage was performed to calibrate the linear shear 

modulus, 𝐺, and the constant 𝑐 while the second stage was carried out to calibrate the constant 𝑏. 

The calibration of the linear shear modulus, 𝐺, based only on the shear-strain data within the 0% 

to 50% of the corresponding peak shear strain. For instance, the calibration of the linear shear 

modulus for 150% shear strain only utilized data points from 0-75% shear strain. Once the linear 

shear modulus, 𝐺, and the constant 𝑐 for a given shear strain are determined, these values were 

treated as constants in the second stage calibration. The entire stress-strain data set was used in 

the second stage calibration, where the constant 𝑏 was calibrated. 

Several restrictions were imposed during each calibration stage: the linear shear modulus, 

𝐺, and the constant 𝑏 are positive, and the ratio of the peak shear strain and the constant 𝑏 is 

strictly less than one, i.e. 
�̂�

𝑏(�̂�)
< 1. The same procedure was carried out on test results for all 

shear strains and the same restrictions were imposed to all shear strains. 

In order to calibrate the linear shear modulus, 𝐺, and the constant 𝑏, the shear strain for 

the lab test results were divided into several segments. The average shear stress value, 𝜏�̅�, for 

each segment (indicated by the square filled marker in Figure 57), bounded by the shear strain 

interval, �̃�𝑖 and �̃�𝑖+1, as defined in Figure 57, was determined. 
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Figure 57 Average shear stress value for a given shear strain interval 

In this study, the peak-to-peak shear strain range was divided into 24 segments. The plot 

of average shear stress and shear strain values for the double shear laboratory test results at 100% 

shear strain is shown in Figure 58. 

 

Figure 58 Average shear stress value for 100% shear strain double shear test results 
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The aforementioned procedure for calibrating the linear shear modulus, 𝐺 , and the 

constant 𝑏 was carried out. Subsequently, the stress-strain (𝜏-𝛾) relationship for 100% shear 

strain of the form shown in Equation 37 with the calibrated linear shear modulus, 𝐺 and the 

constant 𝑏 was established. 

𝜏(𝛾, 𝛾) = sign(𝛾)
𝐺(𝛾)|𝛾|

[1 − (
𝛾

𝑏(�̂�)
)

2

]

 
Equation 37 

The plot in Figure 59 shows the 100% shear strain hysteresis loop obtained from the 

laboratory double shear test and the linear spring force function obtained from Equation 37. 

 

Figure 59 Plot of hysteresis loop for 100% shear strain laboratory test results and linear spring force 

function 

Similar plots for 50% and 250% shear strains are shown in Figure 60 and Figure 61 

respectively. 
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Figure 60 Plot of hysteresis loop for 50% shear strain laboratory test results and linear spring force 

function 

 

Figure 61 Plot of hysteresis loop for 250% shear strain laboratory test results and linear spring force 

function 

The relationships between the discrete linear shear modulus, 𝐺, and shear strain, 𝛾, and 

discrete constant 𝑏 and shear strain, 𝛾, were established such that the relationships are continuous 
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functions of shear strain. This was done by using the built-in nonlinear least-squares function in 

Matlab and the best fit function for the linear shear modulus, 𝐺, in terms of the peak shear strain, 

𝛾, is shown in Equation 38. 

𝐺(𝛾) = 𝑎𝐺𝛾𝑏𝐺 Equation 38 

where 𝑎𝐺 and 𝑏𝐺 are constants. 

Likewise, the best fit function for the constant 𝑏 in terms of the peak shear strain, 𝛾, of 

the form shown in Equation 39 was obtained using the built-in nonlinear least-squares function 

in Matlab. 

𝑏(�̂�) = 𝑎𝑏𝛾𝑏𝑏 Equation 39 

where 𝑎𝑏 and 𝑏𝑏 are constants. 

The distribution of the linear shear modulus, 𝐺, and constant 𝑏 for all the shear strains 

and the corresponding best fit line are shown in Figure 62 and Figure 63 respectively.  

 

Figure 62 Distribution of linear shear modulus, 𝐺 
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Figure 63 Distribution of constant 𝑏 

The emphasis for the best fit line for the constant 𝑏 was placed on large shear strains 

region. The function of the constant 𝑏  in Equation 36 is for the model to exhibit stiffening 

behavior, i.e. nonlinear stress-strain behavior. As observed from the laboratory test results, the 

behavior of the material is relatively linear in the small and moderate shear strain regions. 

Therefore, the constant 𝑏 should be relatively larger than the peak shear strains in the small and 

moderate shear strain regions. 

6.3.5 Damper Force Component 

As stated in the previous section, the total resisting force of the high damping material 

was assumed to consist of the linear sum of spring force and damping force components. In order 

to remove the spring force component from the total resisting force obtained from the laboratory 

tests, two approaches were used to closely represent the spring force function. The first attempt 

was to fit the average stress, 𝜏̅, and average strain, �̅�, data points using a linear function, which 

has the form shown in Figure 60. 

𝜏̅ = 𝑚�̅� + 𝜏𝑜 Equation 40 

where 𝑚 is the slope of the average stress and average strain data points and 𝜏𝑜 is the intercept of 

the average stress value. 

The coefficient of determination, 𝑟2 , for the fit was calculated. If the coefficient of 

determination, 𝑟2, for the fit is less than 0.99, the fit was assumed to be not representative of the 

spring force function and the cubic spline will be used instead. Subsequently, the spring force 

was subtracted from the total force and the remaining force values were assumed to be the total 

damper force. The plots of the damper stress-strain hysteresis loop for various shear strains are 
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shown in Figure 64, Figure 65 and Figure 66 for 100%, 50% and 250% shear strains 

respectively. 

 

Figure 64 Damper stress-strain hysteresis loop for 100% shear strain 

 

Figure 65 Damper stress-strain hysteresis loop for 50% shear strain 
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Figure 66 Damper stress-strain hysteresis loop for 250% shear strain 

Subsequently, the damper force was further decomposed into various components. The 

first attempt was to use the linear viscous damper force model. The hysteresis loop for a linear 

viscous damper model is elliptical with the peak damper force at zero displacement and zero 

force at peak displacement. 

6.3.5.1 Linear Viscous Damper Force Model 

The force function for the linear viscous damper model is the product of the damper 

coefficient, 𝑐𝑉, and the velocity of the system, �̇�𝑏, as shown in Equation 41. 

𝑓𝐷(�̇�𝑏(𝑡)) = 𝑐𝑉�̇�𝑏(𝑡) Equation 41 

The properties of the linear viscous damper force component were determined by 

identifying the peak displacement of the corresponding test shear strain and the intercept of the 

hysteresis loop with the vertical axis. From Chapter 2.14, the intercept of the hysteresis loop of a 

pure linear viscous damper with the horizontal axis is the amplitude of the displacement, 𝑎, while 

the intercept of the hysteresis loop with the vertical axis is 𝑐𝑉𝑎𝜔. The constant 𝜔 was obtained 

from the test specification and the value of 𝑐𝑉 can be solved after obtaining the value 𝑎. The 

plots of the stress-strain hysteresis loop derived from the total damper force and linear damper 

force component are shown in Figure 67, Figure 68 and Figure 69 for 100%, 50% and 250% 

shear strains respectively. 
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Figure 67 100% shear strain 

 

Figure 68 50% shear strain 
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Figure 69 250% shear strain 

Once the linear viscous damper force function is identified, the linear viscous damper 

force can be removed from the lab test results. The linear viscous damper force as a function of 

displacement was established and was removed based on the current displacement. The plots of 

the stress-strain hysteresis loop for the remainder damper force are shown in Figure 70, Figure 

71 and Figure 72 for 100%, 50% and 250% shear strains respectively. 

 

Figure 70 100% shear strain 
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Figure 71 50% shear strain 

 

Figure 72 250% shear strain 

6.3.5.2 D2 Damper Force Model 

Several damper force models were investigated to identify the appropriate hysteresis loop 

that could represent the remainder damper force subcomponent. The damper force function, 𝑓𝐷, 

was assumed to take the form shown in Equation 42. 
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𝑓𝐷(𝑣𝑏(𝑡), �̇�𝑏(𝑡)) = 𝑐𝐷|𝑣𝑏(𝑡)|𝑚�̇�𝑏(𝑡) Equation 42 

where 𝑐𝐷 is the damper coefficient, 𝑣𝑏(𝑡) is the displacement of the isolation system relative to 

the ground, �̇�𝑏(𝑡) is the velocity of the isolation system and 𝑚 is a non-negative constant. 

The damper force function shown in Equation 42 for 𝑚 > 0 would result in a hysteresis 

loop of a shape of a lemniscate when the system is subjected to a sinusoidal displacement. An 

example of the plot of hysteresis loops for a system using damper force function defined in 

Equation 42, with damper coefficient, 𝑐𝐷 , equals to unity, sinusoidal input displacement, 

𝑣(𝑡) = sin 𝜋𝑡, and various values of 𝑚 is shown in Figure 73. 

 

Figure 73 Plot of hysteresis loop with various values of 𝑚 

When the constant 𝑚 = 0, the model resembles the linear viscous damper force function. 

On the other hand, the hysteresis loop with 𝑚 = 2 exhibits the shape closest to the remainder 

damper force after eliminating the linear viscous damper force. The damper model used in 

subsequent analyses was the damper model with 𝑚 = 2, and is referred to as “D2 Damper” 

model. The plot of the D2 damper force-displacement hysteresis loop with the intercepts on the 

displacement and force axes in terms of the D2 damper coefficient, 𝑐𝐷2 , amplitude of the 

displacement, 𝑎, and the natural frequency of the input displacement, 𝜔, is shown in Figure 74. 
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Figure 74 Plot of the D2 damper force-displacement hysteresis loop 

The D2 damper coefficient, 𝑐𝐷2, for each shear strain was determined using the Matlab 

built-in function fminsearch by comparing the hysteresis loop area. The comparison between 

the remainder damper force and the hysteresis loop for the D2 damper model component are 

shown in Figure 75, Figure 76 and Figure 77 for 100%, 50% and 250% shear strain respectively. 

 

Figure 75 100% shear strain 
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Figure 76 50% shear strain 

 

Figure 77 250% shear strain 

In addition, the evaluation of the mechanical properties of the damper model with 𝑚 = 2 

was carried out. Consider a sinusoidal displacement input, 𝑣(𝑡) = 𝑎 sin 𝜔𝑡 , where 𝑎  is the 

amplitude and 𝜔 is the natural frequency of the input, the damper force function, 𝑓𝐷2, is 

𝑓𝐷2(𝑡) = 𝑐𝐷2|𝑣(𝑡)|𝑚�̇�(𝑡) = 𝑐𝐷2|𝑎 sin 𝜔𝑡|2 ∙ 𝑎𝜔 cos 𝜔𝑡 = 𝑐𝐷2𝑎
3𝜔|sin 𝜔𝑡|2 cos 𝜔𝑡 
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The time when the peak damper force occurs can be solved by setting the first time 

derivative of the damper force function to zero. 

𝑑𝑓𝐷2

𝑑𝑡
= 𝑐𝐷2𝑎

3𝜔2 sin 𝜔𝑡 (2 cos2 𝜔𝑡 − sin2 𝜔𝑡) = 0 ⇒ max|𝑓𝐷2| =
2√3

9
𝑐𝐷2𝑎

3𝜔2 

The energy dissipated after one cycle of displacement, 𝐸𝐷, which is equivalent to the area 

of the hysteresis loop can be calculated using Equation 43. 

𝐸𝐷 =
3√3

8
𝜋𝑎 ∙ max|𝑓𝐷2| =

𝜋

4
𝑐𝐷2𝑎

4𝜔2 Equation 43 

Since 𝑐𝐷2  and 𝜔  are constants in this case, the energy dissipated for one cycle 

displacement, 𝐸𝐷, for this damper force model is proportional to the shear strain, 𝛾, raised to the 

power of four (Equation 44, derivation is shown in Appendix B). 

𝐸𝐷 ∝ 𝛾4 Equation 44 

The study proceeded with the use of linear combination of linear viscous damper model 

and the D2 damper model to calibrate the mathematical model to represent the laboratory test 

results. The coefficients for the linear viscous damper and D2 damper models for each discrete 

shear strain were obtained and the data points were fitted with a best fit line. The plots of the 

coefficients and the best fit lines for the linear viscous damper model and D2 damper models are 

shown in Figure 78 and Figure 79 respectively. 

 

Figure 78 Distribution of linear viscous damper coefficient, 𝑐𝑉 
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Figure 79 Distribution of D2 damper coefficient, 𝑐𝐷2 

Due to the large difference in magnitude for the coefficient for the D2 damper model, 

𝑐𝐷2, the plot was made in the log-log scale. The power function was found to fit the coefficients 

for both the models relatively well. 

6.4 Energy Dissipated in One Cycle Displacement 

The energy dissipated after one cycle displacement for a system subjected to sinusoidal 

displacement is equal to the area of the force-displacement (hysteresis) plot. The area of the 

hysteresis loop can be approximated numerically using the trapezoidal formulation. The area of 

the hysteresis loop is the sum of the area of the finite number of trapezoids governed by the 

number of displacement data points within a cycle. The formulation for calculating the area of a 

trapezoid, 𝐴𝑖, shown in Figure 80 is given in Equation 45. 
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Figure 80 Approximating the area under an arbitrary function 

𝐴𝑖 =
𝐹𝑖 + 𝐹𝑖+1

2
(𝑑𝑖+1 − 𝑑𝑖) Equation 45 

The number of points required to calculate the total area depends on the sampling 

frequency of the system. 

6.5 Evaluation of Proposed Isolator Model 

The mechanical properties of the isolator were evaluated by calibrating the spring force 

and damper force components based on the shear strains used for the laboratory tests. The 

comparison was made on the effective stiffness, effective damping ratio for each shear strain and 

the relationship between the energy dissipated for one cycle of displacement versus shear strain. 

The shear strains used in the laboratory test were 5%, 10%, 20%, 50%, 100%, 150%, 

200%, 250%, 300%, 350%, 400%, 450% and 500%. The plot of the effective stiffness versus 

shear strain is shown in Figure 81. 
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Figure 81 Distribution of effective stiffness 

The distribution of the mechanical properties of the isolator model lies closely to the 

distribution of the properties of the high damping rubber material tested in the laboratory. In 

addition, the stiffening effect in the material was well captured by the isolator model, as 

indicated by the increase in stiffness when the model was subjected to shear strain beyond 250%. 

The plot of the distribution of the effective damping ratio is shown in Figure 82. 

 

Figure 82 Distribution of effective damping ratio 
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The model predicted slightly higher damping ratio at low shear strain region whilst 

beyond 400% shear strain, the damping ratio predicted was lower than the results obtained from 

the laboratory. 

The plot of the energy dissipated for one cycle displacement versus shear strain is shown 

in Figure 83. The plot also included the slope of the best fit lines for the lab results and 

mathematical model in the log-log space. 

 

Figure 83 Energy dissipated versus shear strain 

The relationship between the energy dissipated versus shear strain showed good 

correlation between the results obtained from the laboratory test results and the isolator model. 

Both the values are within the range reported in literature for high damping rubber material. 

6.6 Dynamic Analyses 

Dynamic analyses were carried out using the 2DOF base isolated system with the high 

damping rubber isolator model. The design shear strain of the isolator model was set to 100%, 

the typical design shear strain for designing an isolator. Prior to the analysis, the damping ratio of 

the material (and hence the model) was observed to be relatively low at the design shear strain. 

Therefore, the damper force component was scaled such that the damping ratio at the design 

shear strain was 10%. The linear scaling was done by multiplying the scaling factor to the 

constant of both the damper force components, 𝑎𝑉 and 𝑎𝐷2. 

For the spring force component, calibration was made such that the nominal isolation 

period at the design shear strain was 3sec. In addition, the geometry of the isolator was 

determined by targeting the pressure on the isolator to be close to 1000psi. The final geometry of 

the isolator was a radius of 18.75in and the total rubber thickness, 𝑡𝑟, was 9.73in. 
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Dynamic analyses were carried out using the suite of ground motions determined in 

Chapter 3.0. Moreover, the ground motions were scaled to different ground motion intensities, 

namely the service level earthquake (0.5DBE), design basis earthquake, (DBE) and maximum 

considered earthquake (1.5DBE). The 1.5DBE intensity was the key consideration in this 

analysis to determine the performance of the isolator, as required in the current design code for 

base isolated systems. The response of the system at 0.5DBE and the DBE ground motion 

intensities were analyzed to study the effectiveness of the isolation system when the system was 

subjected to lower intensities ground motions. The average response of from the suite of ground 

motions was reported. The roof floor response spectra for each case were plotted and 

comparisons were made. 

The distribution of the peak shear strains of the isolation system when subjected to 

different ground motion intensities are summarized in Table 12. 

Table 12 Distribution of peak shear strains of the isolation system 

Ground Motion Intensity 0.5DBE DBE 1.5DBE 

Minimum peak shear strain (%) 67.2 141.8 199.1 

Average peak shear strain (%) 82.6 181.1 290.9 

Maximum peak shear strain (%) 92.6 217.3 342.5 

 

The comparison of the roof floor response spectra for various ground motion intensities is 

shown in Figure 84. 

 

Figure 84 Comparison of average roof floor response spectra for various ground motion intensities 
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The mean roof floor response spectra indicated two peaks, each at the fundamental mode 

and second mode periods. The low peak at the second mode period indicated that the higher 

mode effects in the system were not significantly triggered for all the ground motion intensities. 

In other words, the isolation is effective in protecting the contents of the structure. In addition, 

the roof floor response spectra for the 2DOF base isolated model were normalized with respect 

to the corresponding peak roof acceleration (PRA) for comparison, as shown in Figure 85. 

 

Figure 85 Comparison of normalized roof floor response spectra for various ground motion intensities 

The plot in Figure 85 showed that the periods around the nominal isolation period 

increased with increasing ground motion intensity. In other words, the stiffness of the isolation 

system decreases with increasing ground motion intensity, which agrees with the characteristic 

of the material that is stiffer at smaller shear strain. Dynamic analysis for the system subjected to 

the suite of ground motions scaled to the intensity of 2.5DBE was carried out and the comparison 

of the normalized mean roof floor response spectrum with the normalized mean roof floor 

response spectrum for the system subjected to ground motions scaled to 1.5DBE intensity is 

shown in Figure 86. The average peak isolator shear strain was 466%. 
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Figure 86 Comparison of normalized roof floor response spectra for 1.5DBE and 2.5DBE cases  

From Figure 86, the peak around the nominal isolation period subjected to 2.5DBE 

intensity ground motions shifted slightly to the left. The isolation period of the system has 

reduced indicating the stiffening behavior of the isolator. The mean roof floor response spectrum 

for the system subjected to the 1.5DBE intensity ground motions is compared with the mean 

input spectrum as well as the mean response spectrum for the equivalent SDOF fixed base 

system, as shown in Figure 87. 
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Figure 87 Comparison of mean roof floor response spectra for mean input spectrum 

The base isolation system has significantly reduced the acceleration relative to the input 

ground motion. 

6.7 Mechanical Properties of the Isolator Model 

The mechanical properties of the high damping rubber material are shear strain 

dependent. The material has high initial effective stiffness and reduces with increasing shear 

strain. However, beyond the 150% to 200% shear strain, the effective stiffness increases, as 

evident from Figure 81. This result was nonetheless obtained by subjecting the model to 

sinusoidal input at discrete shear strains. When the model is subjected to some random vibration 

inputs, such as earthquake ground motions, the study on the distribution of the mechanical 

properties becomes complicated. 

In this study, the evaluation on the distribution of the effective stiffness was attempted 

using the displacement time series obtained when the structural model was subjected to the RSN-

728 ground motion scaled to 1.5DBE intensity. The displacement time series for this study was 

extracted from the dynamic analysis when the structural model was subjected to the suite of 

ground motions. To simplify the comparison, the force and displacement data were converted to 

stress and strain. The plot of the isolator shear strain time series is shown in Figure 88. 
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Figure 88 Isolator shear strain time series for the system subjected to RSN-728 ground motion  

The isolator shear strain time series was divided into several time ranges based on the 

peak shear strain achieved by the isolator. The isolator stress-strain plot was generated for each 

time range with respect to the stress-strain plot for the entire analysis. The frequency content of 

each time range was evaluated using the Fast Fourier Transform (FFT) analysis. The output from 

the FFT analysis was normalized using the largest Fourier amplitude. The first time range of the 

shear strain time series is indicated in the plot shown in Figure 89. The isolator stress-strain plot 

for the first time range with respect to the stress-strain plot over the entire time range is shown in 

Figure 90. 
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Figure 89 First time range of shear strain time series 

 

Figure 90 Isolator stress-strain plot for the first time range 

Within the first time range considered, the peak shear strain was around 50%. The stress-

strain plot indicated that the modulus is relative higher as compared to the remaining of the 

stress-strain plot. FFT analysis was carried out using the strain data within the time range and the 

plot of the normalized Fourier amplitude versus period is shown in Figure 91. 
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Figure 91 Normalized Fourier amplitude for the first time range (roof floor acceleration) 

The peaks in Figure 91 indicated that the system is mostly responding with the period of 

1sec and about 2sec. The period of the system is relatively short. The plot of the normalized 

Fourier amplitude for the ground motion for this time range is shown in Figure 92. 

 

Figure 92 Normalized Fourier amplitude for the first time range (ground motion) 

The second time range for the shear strain time series was chosen for time up to 21.2sec. 

The plot of the shear strain time series up to the second time range is shown in Figure 93. 
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Figure 93 Shear strain time series up to the second time range 

The plot of the isolator stress-strain hysteresis loop with respect to the overall hysteresis 

loop is shown in Figure 94. 

 

Figure 94 Isolator stress-strain hysteresis loop up to the second time range 
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The peak shear strain attained by the isolator model up to the second time range is 

approximately 150%. The FFT analysis was carried out using the strain time series data up to the 

second time range and the plot of the normalized Fourier spectrum is shown in Figure 95. 

 

Figure 95 Normalized Fourier amplitude using data up to the second time range (roof floor acceleration) 

The normalized Fourier amplitude spectrum showed that the response of the system up to 

the second time range has been lengthened to about 3sec. This indicated that the effective 

stiffness of the isolation system has reduced when the isolator experienced larger shear strain. 

The normalized Fourier amplitude plot for the ground motion up to the second time range is 

shown in Figure 96. 
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Figure 96 Normalized Fourier amplitude using data up to the second time range (ground motion) 

The plot of the shear strain time series up to the third time range is shown in Figure 97. 

 

Figure 97 Isolator shear strain time series up to the third time range 

The third time range included the maximum peak shear strain that the system attained for 

this ground motion. The plot of the isolator shear stress-strain hysteresis loop for stress-strain 

data up to the third time range is shown in Figure 98. 
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Figure 98 Isolator shear stress-strain hysteresis loop up to the third time range 

The peak shear strain attained by the system up to the third time range is approximately 

250%. The strain data up to this time range was used as the input for the FFT analysis and the 

plot of the normalized Fourier amplitude spectrum is shown in Figure 99. 

 

Figure 99 Normalized Fourier amplitude spectrum up to the third time range (roof floor acceleration) 
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The peak of the normalized spectrum indicated that most of the frequency content of the 

system is currently at about 3sec. There is no significant change in the frequency content for the 

system between the second and third time ranges despite the increase in the peak shear strain. 

The plot of the normalized Fourier amplitude for the ground motion up to the third time range is 

shown in Figure 100. 

 

Figure 100 Normalized Fourier amplitude spectrum up to the third time range (ground motion) 

For completeness, the analysis was carried out using the strain data over the entire time 

range for the ground motion. The plot of the isolator stress-strain hysteresis loop is shown in 

Figure 101. 
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Figure 101 Isolator shear stress-strain hysteresis loop 

Based on observations from laboratory testing, high damping rubber material is 

influenced by strain history and this characteristic has been successfully captured by the 

proposed phenomenological model. Within a short period of time after attaining the peak shear 

strain, the modulus of the material follows the properties of the peak shear strain before 

recovering to the original state. The properties will recover after the material is left in the 

undeformed state over a period of time. Considering the relative short duration within an 

earthquake event, the material was assumed to not have recovered throughout the earthquake 

excitation duration. The normalized Fourier amplitude spectrum for the response over the entire 

duration of the ground motion is shown in Figure 102. 
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Figure 102 Normalized Fourier amplitude spectrum (roof floor acceleration) 

The normalized Fourier amplitude spectrum for the ground motion over the entire 

duration is shown in Figure 103. 

 

Figure 103 Normalized Fourier amplitude spectrum (ground motion) 
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The frequency content of the ground motion is noticeable to be mostly in the short period 

range—less than 1sec—while some distributed energy between 2sec to 3sec range and in the 

4sec and 6sec periods. The energy of the ground motion correspond to periods of 4sec and 6sec 

have passed through the isolation system into the structure, as observed through the normalized 

Fourier amplitude spectrum over various time ranges. 

From the analysis, the isolator model has performed as designed where the mechanical 

properties are updated each time a peak shear strain is achieved. In addition, the model keeps 

track of the strain history although the strain history is currently only limited to within one 

earthquake event. 

6.8 Conclusions 

The study showed that the hysteresis loop of a high damping rubber material can be 

decomposed into the spring force and damper force components. Calibration on the 

mathematical model was carried out on laboratory test results. The proposed phenomenological 

modal consists of three components, the spring force component and two damper force 

components. The spring force component defines the modulus of the material and the 

nonlinearity of the material whilst the damper force component defines the energy dissipation 

through linear combination of energy dissipation mechanisms. 

The spring force component adopted the model proposed by Gent. Despite the model was 

calibrated for unfilled rubber, the concept and characteristic of the model fit the variation in 

mechanical properties for high damping rubber. The linear combination of two energy 

dissipation mechanisms with different characteristics for the damper force component exhibited 

closely the energy dissipation mechanisms of a high damping rubber material. 

Utilizing the built-in Matlab functions, the coefficients for the mathematical model were 

obtained. Best fit lines were fitted through the discrete coefficients to obtain a function for each 

coefficient as a function of shear strain. Evaluation and comparison with the laboratory test 

results were carried out and the mathematical model showed good agreement with the 

observation made from laboratory tests.  

The dynamic properties of the resulting high damping rubber isolator model are 

represented by the functions shown in Equation 46 for the spring force function, 𝐹𝑆 , and 

Equation 47 for the damper force function, 𝐹𝐷. Both models depend on the previously attained 

peak shear strain, 𝛾. 

          𝐹𝑆(𝑣) = sign(𝑣)
𝐺(𝛾)𝐴|𝑣|

𝑡𝑟 [1 − (
|𝑣|

𝑡𝑟𝑏(𝛾)
)

2

]

 
Equation 46 

𝐹𝐷(𝑣, �̇�) = 𝑐𝑉(𝛾)�̇� + 𝑐𝐷2(�̂�)|𝑣|2�̇� Equation 47 

where 𝐴  is the cross section area, 𝑡𝑟  is the total rubber thickness, and 𝑣  and �̇�  are the 

displacement and velocity of the isolation  system respectively. 

Dynamic analyses were carried out using the suite of ground motions scaled to different 

ground motion intensities. While the performance of the high damping rubber isolator was 
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evaluated, the strain-dependence property of the isolator model was studied. The model managed 

to capture and exhibit the strain-dependence characteristic where the coefficients for the model 

are updated whenever a new peak shear strain is attained. The results were supported by 

conducting FFT analysis on segments of isolator response. In addition, the model has also 

successfully captured the strain-history dependency characteristic of the material. 

The procedure for establishing the mathematical model is summarized in Figure 104. 
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Figure 104 Procedure for generating the high damping rubber isolator model 

 

 

Process and extract the force and displacement data from laboratory double shear test results for each 

shear strain. Record the cross section area and the rubber thickness. 

Select an appropriate number of segments between the peak displacements and divide 

the force and displacement data according to the segments in order to determine the 

average force and average displacement for each segment. 

Identify the linear range of the average force and average displacement data set and 

using best fit option, determine the linear shear modulus, 𝐺. 

Set the linear shear modulus, 𝐺, obtained from the previous step as a constant in the 

Gent’s model and calibrate the stiffening parameter, 𝑏, using the entire average force 

and average displacement data set. 

Identify the spring force function by determining the best fit function to represent the 

average force and average displacement data set. 

Subtract the spring force from the original force and displacement data set using the 

spring force function to obtain the damper force component. 

Determine the 𝑦-intercept of the hysteresis loop to obtain the coefficient for the linear 

viscous damper, 𝑐𝑉. Remove the contribution of the linear viscous damper component 

from the hysteresis loop. 
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Determine the coefficient for the D2 damper, 𝑐𝐷2, by minimizing the difference 

between the hysteresis loop area of the D2 damper component and the remainder 

hysteresis loop. 

Repeat for each shear strain: 

Plot the distribution of the parameters: linear shear modulus, 𝐺, stiffening parameter, 𝑏, linear viscous 

damper coefficient, 𝑐𝑉, and D2 damper coefficient, 𝑐𝐷2, versus shear strain, 𝛾, and obtain the best fit 

lines in the form of 𝐴𝛾𝐵 for each parameter where 𝐴 and 𝐵 are unknowns from the best fit algorithm. 
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 COMPARISON OF VARIOUS ISOLATOR MODELS 7.0

The distribution of dynamic properties and responses of structures using three types of 

isolator models were studied; namely the linear viscous damper model, bilinear model, and the 

proposed high damping rubber isolator model. The linear viscous damper model is included in 

this part of the study solely for comparison and also partly because this model is commonly used 

to model the energy dissipation mechanism in structural analyses. However, the use of this 

model to model high damping rubber isolator is inappropriate as the dynamic property is 

inconsistent with the dynamic property of the high damping rubber material. The bilinear model 

on the other hand, is the model used in many design codes to model the hysteretic behavior of 

isolators such as high damping rubber isolators and lead rubber isolators. 

This part of the study utilized the two-degree-of-freedom (2DOF) base isolated system 

with different isolator models calibrated to some common dynamic properties such as effective 

stiffness and effective damping ratio at the design shear strain of 100% for the dynamic analyses. 

Comparisons were made on the distribution of the mechanical properties over shear strain and 

the effectiveness of the model in isolating the structure. The dynamic results showed that the 

bilinear model could not capture the stiffening characteristic of the high damping rubber material 

besides not being able to exhibit the variation of effective damping ratio distribution over shear 

strain other than at the design shear strain. As a result, the response obtained using a bilinear 

model might not be accurate in estimating the peak displacement when subjected to strong 

ground motions, or when the structure is expected to respond beyond the design displacement. 

7.1 Introduction 

Various isolator models were used in this study, namely the isolator model with linear 

viscous damper component, bilinear model and high damping rubber isolator model. The linear 

viscous damper is a typical model used in modeling damping in structural analysis. This model is 

known for the simplicity as this model is independent of the displacement amplitude and 

provides good approximate when the structure has relatively low damping. The bilinear model is 

another popularly used isolator model due to the simplicity and is also being adopted in the 

design documents to model isolators for structural analysis. Nonetheless, this model 

approximates the hysteresis loop of a lead rubber isolator relatively well up to moderate shear 

strain. 

On the other hand, the high damping rubber model developed in the previous section 

closely captures the behavior of the material based on the data used for the calibration. More 

importantly, the model captures the key characteristic of the high damping rubber such as the 

change in effective stiffness and effective damping ratio with change in shear strain, and the 

effect of strain history. Another important aspect that is being captured by the model is the 

strain-stiffening effect that is the unique characteristic of the material and potentially useful as 

the displacement control mechanism of the isolated structure when subjected to strong ground 

motions. 

All the isolator models used in this study were calibrated at the design shear strain of 

100% where the effective damping ratio at the design shear strain was calibrated to 10% and 
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where applicable, the total rubber thickness was 9.73in and the effective stiffness at the design 

shear strain was 11.36kips/in, which is equivalent to a nominal isolation period of 3sec. 

7.2 Development of Bilinear Isolator Model 

According to Chapter 17 and the commentary section for Chapter 17 in ASCE 7-16, the 

test loop is assumed to the nearest bilinear hysteretic shape for modeling purpose with several 

assumptions and restrictions. The design document allows different approaches to fit the bilinear 

model to the hysteresis loop obtained from the laboratory test such as introducing additional 

parameters such as the friction coefficient, tangent stiffness values or trilinear loop. Nonetheless, 

the bilinear model should have the same effective stiffness, 𝑘eff, and energy dissipated per cycle 

of loading, 𝐸𝐷 , as the values obtained from the hysteresis loop from the laboratory test. The 

initial stiffness, 𝑘1, is obtained through visual fit to the curve during unloading immediately after 

the peak displacement. One of the approaches that was mentioned in the design code is to fit a 

straight line to the hysteresis loop to obtain the second stiffness, 𝑘2, and working within the peak 

displacements, determine the best initial stiffness, 𝑘1, to match the energy dissipated in one cycle 

displacement, 𝐸𝐷. 

A modified approach was used in this study where parameter that is relatively easier to 

establish from the test results was used to initiate the calibration. The calibration was made based 

on the design shear strain of 100%. Firstly, the effective stiffness at the design shear strain, 𝑘eff, 

and the characteristic strength, 𝑄, of the force-displacement data was determined. The two data 

points during the transition from negative displacement to positive displacement, for both 

loading and unloading cycles, were identified and linear interpolation was used to determine the 

𝑦-intercepts. The average 𝑦-intercepts values was set as the equivalent characteristic strength, 

𝑄eq. Based on the effective stiffness, 𝑘eff, and the equivalent characteristic strength, 𝑄eq, the 

second stiffness, 𝑘2eq, was determined using Equation 48. 

𝑘2eq = 𝑘eff −
𝑄eq

𝐷
 Equation 48 

where 𝐷 is the displacement corresponds to the design shear strain. 

Subsequently, the initial stiffness of the equivalent bilinear model, 𝑘1eq, was determined 

using Equation 49. 

𝑘1eq =
2𝑄eq

2

2𝑄eq𝐷 − 𝜋𝛽eff𝑘eff𝐷
2

− 𝑘2eq Equation 49 

where 𝛽eff is the effective damping ratio at the design shear strain. 

The properties of the bilinear model obtained from the calibration at the design shear 

strain are summarized in Table 13. 
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Table 13 Properties of bilinear model calibrated against laboratory test results 

Property Value 

Initial stiffness, 𝑘1eq (kips/in) 28.55 

Second stiffness, 𝑘2eq (kips/in) 9.58 

Characteristic strength, 𝑄eq (kips) 14.1 

 

The comparison of the stress-strain hysteresis loops obtained from the laboratory test and 

the calibration using bilinear model is shown in Figure 105. 

 

Figure 105 Comparison of stress-strain hysteresis loops 

From Figure 105, the effective stiffness of the model is qualitatively close to the effective 

stiffness of the hysteresis loop obtained from laboratory test. Prior to conducting dynamic 

analysis using the bilinear model calibrated from the laboratory test results, the distribution of 

mechanical properties of the model was determined. The distributions of the effective stiffness, 

equivalent damping ratio and the slope of the best fit line for the energy dissipated versus shear 

strain were determined. The plot of the effective stiffness versus shear strain is shown in Figure 

106 while the plot of effective damping ratio versus shear strain is shown in Figure 107. 



132 
 

 

Figure 106 Plot of effective stiffness versus shear strain for the bilinear model 

 

Figure 107 Plot of effective damping ratio versus shear strain for the equivalent bilinear model 

The plots showed that the mechanical properties agreed well at the design shear strain but 

the deviation become significant at other shear strains. In addition, as expected, the stiffening 

effect of the material at large shear strain was not captured by the model. 
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In order to be consistent with the high damping rubber isolator model used in the 

previous study, the damping ratio of the bilinear model at the design shear strain was scaled to 

10%. The properties of the scaled model are summarized in Table 14. 

Table 14 Properties of scaled bilinear model 

Property Value 

Initial stiffness, 𝑘1eq (kips/in) 33.06 

Second stiffness, 𝑘2eq (kips/in) 9.21 

Characteristic strength, 𝑄eq (kips) 17.73 

7.3 Dynamic Analyses 

Comparisons were made on the roof floor response spectra and peak isolator 

displacement obtained using various isolator models. The plots of the roof floor response spectra 

for the system subjected to different ground motion intensities are shown in Figure 108 and 

Figure 109 for bilinear isolator model and high damping rubber isolator model respectively. 

 

Figure 108 Plot of roof floor response spectra for system with bilinear isolator model 
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Figure 109 Plot of roof floor response spectra for system with high damping rubber isolator model 

The periods correspond to the peaks at the longer period range for the system with 

bilinear model was observed to increase with increasing ground motion intensity. This 

observation was consistent with the mechanical properties of the bilinear model where with 

increasing peak isolator shear strain, the effective stiffness decreases and subsequently remains 

almost plateau after 200% shear strain. 

The roof floor response spectra for the high damping rubber isolator model indicated that 

the period corresponds to the peak for the system when subjected to 0.5DBE ground motions was 

smaller than the period corresponds to the peak for the system subjected to the 1.5DBE ground 

motions. However, when the system is subjected to stronger ground motion (2DBE), the period 

corresponds to the peak reduced. This indicated that the stiffness of the isolation system initially 

decreases with increasing ground motion intensity up to the design intensity. Beyond the design 

intensity of 1.5DBE, the stiffness of the isolation system had increased. 

Nonetheless, both models did not show significant difference in the correspond peak in 

the shorter period range, which was the period correspond to the second mode of the system. 

This is an indication that higher mode response was not excited. Another comparison was made 

on the roof floor response spectrum at different ground motion intensities. The roof floor 

response spectra for 0.5DBE, DBE, 1.5DBE and 2DBE ground motion intensities obtained using 

various isolator models are shown in Figure 110 to Figure 113. 
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Figure 110 Plot of roof floor response spectra for system subjected to 0.5DBE ground motions 

 

Figure 111 Plot of roof floor response spectra for system subjected to DBE ground motions 
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Figure 112 Plot of roof floor response spectra for system subjected to 1.5DBE ground motions 

 

Figure 113 Plot of roof floor response spectra for system subjected to 2DBE ground motions 

There is no significant difference in the roof floor response spectra obtained using 

different isolator models subjected to different ground motion intensities. 
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Comparison was made on the peak isolator displacement using different isolator models 

subjected to different ground motion intensities. The plots of the mean peak isolator 

displacement and the respective envelops are shown in Figure 114. 

 

Figure 114 Plot of mean peak isolator displacement 

The deviation of the effective stiffness and the presence of lower damping in the bilinear 

model have likely to lead to relatively larger displacement in the isolation system when subjected 

to strong ground motions. On the other hand, the isolator model using linear viscous damper 

component has a constant damping ratio of 10%, independent of displacement, which could have 

potentially led to the underestimation of the peak isolator displacement. 

The estimation of the peak isolator displacement using the bilinear model for this 

scenario could have overestimated the peak isolator displacement demand. This could lead to 

erroneous design of the isolator as the mechanical properties of the material have a nonlinear 

relationship with respect to the peak isolator shear strain. 

7.4 Conclusions 

Comparison on the performance of three commonly used isolator models, namely the 

high damping rubber isolator model, bilinear isolator model and linear model with linear viscous 

damper isolator model were made. The high damping rubber isolator model was obtained based 

on the procedure outlined in the previous chapter. The calibration of the high damping rubber 

isolator model was done at the design shear strain—100% shear strain—and the damping ratio at 

the design shear strain was scaled to 10%. The bilinear isolator model was generated based on 

the guideline stipulated in the design code. The damping ratios for both the bilinear isolator 
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model and linear model with linear viscous damper model were set to 10% at the design shear 

strain during the calibration procedure. 

Prior to conducting dynamic analyses, the dynamic properties of the bilinear model were 

evaluated and compared against the dynamic properties of the high damping rubber material 

tested in the laboratory. Significant deviations in the dynamic properties were observed. The 

bilinear model did not capture the stiffening behavior of the high damping rubber material. In 

addition, the damping ratio was overestimated for shear strains smaller than the design shear 

strain and underestimated for shear strains beyond the design shear strain. 

Comparison on the outcome of the dynamic analysis confirmed that the bilinear model 

did not capture the stiffening behavior of the material. Despite no significant difference in the 

trend observed in the roof floor response spectra obtained using all three isolator models, there 

was difference in the peak isolator displacement obtained using various isolator models. The 

lower damping in the bilinear model relative to the high damping rubber material model at large 

shear strain has led to larger displacement estimate when subjected to strong ground motions. On 

the other hand, the linear model with linear viscous damper model that has damping ratio 

independent of shear strain, has higher damping ratio at large shear strain relative to the high 

damping rubber material model, resulted in the smaller peak displacement estimate. 

The deviation in the effective modulus and effective damping ratio of each model from 

the high damping rubber material could lead to underestimation or overestimation of the peak 

displacement. Proper estimation of material response is crucial in the design and testing of 

isolator. In addition, due to the high nonlinearity of the high damping rubber material, 

significantly deviated dynamic properties of the model could lead to erroneous estimate of the 

demand on the isolator and subsequently the performance of the isolated structure. 
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 CONCLUSIONS 8.0

8.1 High Damping Rubber Isolator Model with Stiffening Behavior 

This study has shown that it is possible to model high damping rubber material to include 

some of the key dynamic properties such as the strain-dependency of the modulus and the 

dependency of the material on the strain history. In addition, the proposed model managed to 

exhibit the unique behavior of the high damping rubber material where the energy dissipated is 

proportional to the displacement raised to a power between 1.45 to 1.75. This characteristic is 

crucial to ensure that the isolator model could model the energy dissipation mechanism of the 

material correctly. 

The proposed phenomenological model for the high damping rubber isolator model with 

stiffening behavior consists of three main components, the spring force component and two 

damper force components. The components in spring force element governs the distribution of 

the modulus of the material and the stiffening behavior while the linear combination of the 

components in the damper force element provides the energy dissipation mechanism that closely 

resembles the mechanism of a high damping rubber material. 

In addition, the outline for calibrating the high damping rubber isolator model with 

stiffening behavior based on laboratory test results has been presented. The calibration for each 

component of the isolator model is done individually for each shear strain before converting the 

set of coefficients into functions of peak shear strain. The functions for various coefficients that 

represent the property of high damping rubber isolator model can be incorporated into structural 

model for dynamic analysis. 

8.2 Base Isolation and Isolator Models 

In this study, three types of isolator model were used: the high damping rubber isolator 

model, bilinear model and linear isolator model with linear viscous damper model. The 

development of bilinear model was carried out based on the guideline stipulated in the design 

code. Based on the study on the dynamic properties of the bilinear model, this model could not 

closely represent the dynamic properties of a high damping rubber material over a large range of 

shear strain. Some modifications might be required when adopting this model for dynamic 

analysis to ensure that the dynamic characteristic of the material is property represented. 

Moreover, with the aim to simplify the analysis and design procedures to promote the use 

of isolation system, erroneous in estimating the performance of an isolated structure during the 

analysis phase could result in undesired performance during an actual earthquake that could 

eventually hamper the initial intention. 

From the perspective of displacement control, higher damping in the isolation system 

seemed to be of preference as the peak displacement can be reduced. However, the key objective 

of isolating a structure is to not only protect the structure but also the contents of the structure. 

Introducing sufficient amount of damping into the isolation system for response control may 

seem reasonable but too much damping in the isolation system has been shown to excite the 

higher mode response of the system. Therefore, besides limiting the lateral displacement of an 
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isolated structure, the performance of the contents of the structure should also be taken into 

consideration. More importantly, the cost of the contents of a structure is oftentimes significantly 

more expensive than the cost of the structure. 

8.3 Recommendations for Future Work 

The proposed high damping rubber isolator model has included the features of strain-

dependency dynamic properties as well as strain history characteristic of the material. However, 

the model for strain-induced stiffening characteristic in rubber used in this model, which was 

proposed by Gent, is based on unfilled rubber. More studies could be carried out to investigate 

modifications that are needed when this model is used to model filled rubber and specifically 

high damping rubber. 

On the other hand, one of the damper force components, the D2 damper model, was 

developed by assuming that the exponent for the displacement term to be two. More thorough 

studies should be carried out to evaluate the effect of the exponent value on the energy 

dissipation characteristic of the model and the effect on the overall performance of the model. 

While keeping the isolator model simple, more dynamic characteristic of the high 

damping rubber material could potentially be incorporated to this model in order to produce a 

more robust and comprehensive high damping rubber isolator model. 

 



141 
 

 REFERENCES 9.0

Ababneh, O. Y., Ahmad, R., & Ismail, E. S. (2009). Design of New Diagonally Implicit Runge-Kutta 

Methods for Stiff Problems. Applied Mathematical Sciences, 3, 2241-2253. 

Aiken, I. D., Kelly, J. M., & Mahmoodi, P. (1990). The Application if Viscoelastic Dampers to 

Seismically Resistant Structures. Fourth U.S. National conference on Earthquake Engineering 

(pp. 459-468). Palm Springs, California: Earthquake Engineering Research Institute. 

Ali Khan, M. (2013). Earthquake-Resistant Structures: Design, build and Retrofit. Oxford: Elsevier Inc. 

American Society of Civil Engineers. (2016). ASCE Standard. Minimum Design Loads and Associated 

Criteria for Buildings and Other Structures. Reston, Virginia, United States of America: 

American Society of Civil Engineers. 

Atkinson, K., Han, W., & Stewart, D. E. (2009). Numerical Solution of Ordinary Differential Equations. 

Hoboken: John Wiley & Sons, Inc. 

British Standards Institution. (2005). BS EN 1998-1:2004. Eurocode 8: Design of structures for 

earthquake resistance – Part 1: General rules seismic actions and rules for buildings. 

Burtscher, S., Dorfmann, A., & Bergmeister, K. (1998). Mechanical aspects of high damping rubber. 2nd 

Int. PhD Symposium in Civil Engineering, (pp. 1-7). Budapest. 

Chapra, S. C., & Canale, R. P. (2010). Numerical Methods for Engineers (6th ed.). New York: McGraw-

Hill. 

Chaudhuri, S., & Gupta, V. (2003). Mode Acceleration Approach for Generation of Floor Spectra 

Including Soil-Structure Interaction. ISET Journal of Earthquake Technology, 40, 99-115. 

Chenal, J.-M., Gauthier, C., Chazeau, L., Guy, L., & Bomal, Y. (2007). Parameters governing strain 

induced crystallization in filled natural rubber. Journal of Polymer(48), 6893-6901. 

doi:10.1016/j.polymer.2007.09.023 

Chopra, A. K. (2012). Dynamics of Structures - Theory and Applications to Earthquake Engineering (4th 

ed.). Upper Saddle River: Pearson Education, Inc. 

Dargazany, R., Khiem, V., Poshtan, E. A., & Itskov, M. (2014). Constitutive modeling of strain-induced 

crystallization in filled rubbers. Physical Review E(89), 022604-1 - 022604-12. 

doi:10.1103/PhyysRevE.89.022604 

Davies, B. (1986). Natural Rubber - its Engineering Characteristics. Materials & Design, 7(2), 68-74. 

Degenkolb Engineers. (2011, March 14). Degenkolb. Retrieved January 7, 2018, from New Zealand 

Earthquake: Day 6: http://degenkolb.com/blog/new_zealand_earthquake_day_6 

Diani, J., Fayolle, B., & Gilormini, P. (2009). A Review on the Mullins Effect. European Polymer 

Journal, 45 (2009), 601-612. 

Duggal, S. K. (2007). Earthquake Resistant Design of Structures. New Delhi, India: Oxford University 

Press. 

Fan, F.-G., & Ahmadi, G. (1990). Floor Response Spectra for Base-Isolated Multi-Storey Structures. 

Earthquake Engineering and Structural Dynamics, 19, 377-388. 



142 
 

Forni, M., & Martelli, A. (1995). Proposal for design guildelines for seismically isolated nuclear plants. 

Lucembourg: European Commission. 

Franta, I. (1989). Elastomers and Rubber Compounding Materials - Manufacture, Properties and 

Applications. Prague: Technical Literature. 

Furukawa, T., Ito, M., Izawa, K., & Noori, M. (2005). System Identification of Base-Isolated Building 

using Seismic Response Data. Journal of Engineering Mechanics, 131(3). 

Gent, A. N. (1996). A New Constitutive Relation for Rubber. Rubber Chemistry and Technology, 69(1), 

59-61. 

Gent, A. N. (2012). Engineering with Rubber: How to Design Rubber Components. Ravenna: Hanser 

Publishers, Munich. 

Hameed, A., Koo, M.-S., Do, T., & Jeong, J.-H. (2008). Effect of Lead Rubber Bearing Characteristics on 

the Response of Seismic-isolated Bridges. KSCE Journal of Civil Engineering, 12(3), 187-196. 

doi:10.1007/s12205-008-0187-9 

Horgan, C. O. (2006). Phenomenological Hyperelastic Strain-Stiffening Constitutive Models for Rubber. 

Rubber Chemistry and Technology, Vol. 79(Issue 1). 

Jirasek, M., & Bazant, Z. P. (2002). Inelastic Analysis of Structures. West Sussex: John Wiley & Sons, 

Ltd. 

Kelly, J. M. (1997). Earthquake-Resistant Design with Rubber. London: Springer-Verlag. 

Kelly, J. M., & Clark, P. W. (1996). Energy-Based Modeling of High-Damping Rubber Isolators for 

Dynamic Analysis. ASCE Structures Congress XIV. Chicago. 

Kelly, J. M., & Lee, J. J. (2018). Vertical Flexibility in Isolation Systems. Civil Engineering Research 

Journal, 4(1), 1-11. doi:10.19080/CERJ.2018.04.555629 

Khajehsaeid, H., Arghavani, J., & Naghdabadi, R. (2013). A Hyperelastic Constitutive Model for Rubber-

like Materials. European Journal of Mechanics A/Solids, 144-151. 

L. Thien-Nga, J. G. (2012). Thermodynamic Model for Strain-Induced Crystallization in Rubber. 

European Congress on Computational Methods in Applied Sciences and Engineering 

(ECCOMAS 2012). Vienna, Austria. 

Lee, J. J., & Ab-Malek, K. (2011). Reduction of Torsional Effect Using Rubber Bearings in Buildings 

Subjected to Earthquake. Journal of Rubber Research, 14(1), 24-40. 

LeVeque, R. J. (2007). Finite Difference Methods for Ordinary and Partial Differential Equations. 

Philadelphia: Society for Industrial and Applied Mathematics. 

Lindley, P. B. (1964). Engineering Design with natural Rubber (5th ed.). Brickendonbury, Hertford, 

United Kingdom: The Malaysian Rubber Producers' Research Association. 

MacAdam, J. W. (2009). Structure and Function of Plants. New Delhi: Wiley. 

Mallikarjun, P., Jagtap, P., Kumar, P., & Matsagar, V. (2015). Performance of Seismic Base-Isolated 

Building for Secondary System Protection Under Real Earthquakes. (V. Matsagar, Ed.) Advances 

in Structural Engineering, 1353-1363. doi:10.1007/978-81-322-2193-7_104 



143 
 

MathWorks. (2015). Documentation Center. Retrieved March 22, 2014, from Ordinary Differential 

Equations R2014a: http://www.mathworks.com/help/matlab/math/ordinary-differential-

equations.html 

MathWorks, Inc. (2016a). fminsearch. Retrieved December 8, 2016, from fminsearch: 

https://www.mathworks.com/help/matlab/ref/fminsearch.html?requestedDomain=www.mathwor

ks.com 

MathWorks, Inc. (2016b). fit. Retrieved December 8, 2016, from fit: 

https://www.mathworks.com/help/curvefit/fit.html 

Moreschi, L. M., Pan, Q., Wang, S., & Malushte, S. R. (2012). Generation of In-Structure Response 

Spectra for Nuclear Power Plants Subjected to High-Frequency Ground Motion. Proceedings of 

the 2012 20th International Conference on Nuclear Engineering (pp. 1-7). Anaheim: ASME. 

Murty, C., Goswami, R., Vijayanarayanan, A., Predeep Kumar, R., & Mehta, V. V. (2012, September). 

National Information Centre of Earthquake Engineering at Indian Institute of Technology, 

Kanpur, India. Retrieved October 13, 2017, from Introduction to Earthquake Protection of Non-

Structural Elements in Buildings: http://www.iitk.ac.in/nicee/IITK-

GSDMA/NSE_002_31May2013.pdf 

Nagarajaiah, S., Reinhorn, A. M., & Constantinou, M. C. (1991). Nonlinear Dynamic Analysis of 3-D-

Base-Isolated Structures. Journal of Structural Engineering, 2035-2054. 

Nawrotzki, P. (2010). Specific Issues for Seismic Performance of Power Plant Equipment. Berlin: Ernst 

& Sohn Special Kraftwerksbau. 

Ouyang, G. B. (2006). Modulus, Hysteresis and the Payne Effect – Network Junction Model for Carbon 

Black Reinforcement. 

Pires, J. A. (1990). Analysis of Nonlinear Primary-Secondary Systems under Random Seismic Loading. 

Fourth U.S. National Conference on Earthquake Engineering. 3, pp. 51-60. Palm Springs, 

California: Earthquake Engineering Research Institute. 

Rao, S. (2010). Mechanical Vibrations (5th ed.). Upper Saddle River, NJ: Pearson. 

Rawlinson, T., Marshall, J., Ryan, K., & Zargar, H. (2014). Design and Testing of a Gap Damper Device 

to Mitigate Rare Earthquake Pounding Response in Base-Isolated Buildings. Tenth U.S. National 

Conference on Earthquake Engineering. Anchorage, Alaska: Earthquake Engineering Research 

Institute. 

Roland, C. M. (1989). The Mullins Effect in Cross-linked Rubber. Journal of Rheology, 33(4), 659-670. 

Shooshtari, M., Saatcioglu, M., Naumoski, N., & Foo, S. (2010). Floor Response Spectra for Seismic 

Design of Operational and Functional Components of Concrete Buildings in Canada. Canadian 

Journal of Civil Engineering(37), 1590-1599. doi:10.1139/L10-094 

SILER. (2012). Project Description. Retrieved December 7, 2014, from Seismic-Initiated Events Risk 

Mitigation in Lead-Cooled Reactors (SILER): http://www.siler.eu/ 

Slaughter, W. S. (2002). The Linearized Theory of Elasticity. Boston: Birkhauser. 



144 
 

Taranath, B. S. (2005). Wind and Earthquake Resistant Buildings: Structural Analysis and Design. New 

York: Marcel Dekker. 

The Atlantic. (2014, January 17). The Northridge Earthquake: 20 Years Ago Today. Retrieved January 9, 

2018, from The Atlantic: https://www.theatlantic.com/photo/2014/01/the-northridge-earthquake-

20-years-ago-today/100664/ 

The Natural Rubber Producers' Research Association. (1963). The Chemistry and Physics of Rubber-Like 

Substances. (L. Bateman, Ed.) New York: Wiley. 

Thewlis, J. (1973). Concise Dictionary of Physics and Related. Oxford: Pergamon Press. 

Treloar, L. R. (2005). The Physics of Rubber Elasticity. New York: Oxford University Press Inc. 

University of California. (2010). PEER Ground Motion Database. Retrieved April 4, 2014, from Pacific 

Earthquake Engineering Research Center: http://peer.berkeley.edu/peer_ground_motion_database 

US Nuclear Regulatory Commission. (1978, February). Regulatory Guide 1.122. Development of Floor 

Design Response Spectra for Seismic Design of Floor-Supported Equipment or Components. 

USA. 

Van der Horst, M., McGill, W., & Woolard, C. (2006). The Tensile Properties of Strain-Crystallising 

Vulcanisates. I. A New Theory to Explain Strengthening. Journal of Applied Polymer Science, 

101, 1562 - 1569. doi:10.1002/app.23428 

Villaverde, R. (2009). Fundamental Concepts of Earthquake Engineering. Boca Raton: CRC Press. 

Whittaker, A. S., & Soong, T. T. (2003). An Overview of Nonstructural Components Research at Three 

U.S. Earthquake Engineering Research Center. Proceedings of Seminar on Seismic Design, 

Performance, and Retrofit of Nonstructural Components in Critical Facilities (pp. 271-280). 

Newport Beach: Applied Technology Council (ATC) and the Multidisciplinary Center for 

Earthquake Engineering (MCEER). 

Wilson, E. L. (1997). Three Dimensional Dynamic Analysis of Structures with Emphasis on Earthquake 

Engineering. Berkeley: Computers and Structures, Inc. 

Yaman, I., & Gulkan, P. (1997). Floor Response Spectrum Approach in Dyamic Analysis of Secondary 

Subsystems. Digest 97, 453-456. 

Yan, M. (1983). Fast Floor Response Spectra Generation Technique. Journal of Pressure Vessel 

Technology, 105, 35-41. 

 



145 
 

Appendix A Derivation of Closed-Form Solution of the Linear Scalar Equation of Motion 

The equation of motion for a single-degree-of-freedom (SDOF) system has the form shown 

below 

𝑚�̈�(𝑡) + 𝑐�̇�(𝑡) + 𝑘𝑣(𝑡) = 𝑝(𝑡) 

where 𝑚 is the mass of the system, 𝑐 is the damping coefficient, 𝑘 is the stiffness coefficient, 

𝑣(𝑡) is the relative displacement of the mass as a function of time 𝑡, �̇�(𝑡) is the relative velocity 

of the mass as a function of time, �̈�(𝑡) is the relative acceleration of the system as a function of 

time, and 𝑝(𝑡) is the forcing function as a function of time. For simplicity, the equation of 

motion is written in the following form by dividing the equation by 𝑚 such that the coefficient 

for the leading term is unity 

�̈� + 2𝛽𝜔𝑛�̇� + 𝜔𝑛
2𝑣 =

𝑝

𝑚
 

where 𝛽 is the equivalent damping ratio, 𝛽 =
𝑐

2𝑚𝜔𝑛
, 𝜔𝑛 is the natural frequency of the system, 

𝜔𝑛
2 =

𝑘

𝑚
. 

 

The homogeneous solution to the ordinary differential equation is assumed to be of the form 

𝑣(𝑡) = 𝑒𝜆𝑡  where 𝜆 is an unknown constant. Substituting the homogeneous solution into the 

ordinary differential equation yields  

(𝜆2 + 2𝛽𝜔𝑛𝜆 + 𝜔𝑛
2)𝑒𝜆𝑡 = 0 

 

Since the term 𝑒𝜆𝑡 > 0, the equation reduces to the characteristic equation 

𝜆2 + 2𝛽𝜔𝑛𝜆 + 𝜔𝑛
2 = 0 

 

The solution to the characteristic equation with the assumption that 𝛽 is typically less than 1, is 

𝜆 =
−2𝛽𝜔𝑛 ± √(2𝛽𝜔𝑛)2 − 4 ∙ 1 ∙ 𝜔𝑛

2

2 ∙ 1
= −𝛽𝜔𝑛 ± 𝑖𝜔𝑛√1 − 𝛽2 

where 𝑖 is the imaginary number defined as 𝑖 ≔ √−1. 

 

Defining the damped natural frequency, 𝜔𝐷 , as 𝜔𝐷 = 𝜔𝑛√1 − 𝛽2 , the solution to the 

characteristic equation becomes 

𝜆 = −𝛽𝜔𝑛 ± 𝑖𝜔𝐷 

 

Hence, the homogeneous solution is 

𝑣(𝑡) = 𝑎𝑒(−𝛽𝜔𝑛+𝑖𝜔𝐷)𝑡 + 𝑏𝑒(−𝛽𝜔𝑛−𝑖𝜔𝐷)𝑡 = 𝑒−𝛽𝜔𝑛𝑡(𝑎𝑒𝑖𝜔𝐷𝑡 + 𝑏𝑒−𝑖𝜔𝐷𝑡) 
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Expanding the solution using Euler equation for the exponentiation of complex number, the 

homogenous solution to the second order ordinary differential equation is 

𝑣(𝑡) = 𝑒−𝛽𝜔𝑛𝑡(𝐴 cos 𝜔𝐷𝑡 + 𝐵 sin 𝜔𝐷𝑡) 

 

The particular solution to the ordinary differential equation is obtained by substituting the 

homogeneous solution into the equation of motion. The first and second derivatives of the 

homogeneous solution with respect to time are 

𝑣(𝑡) = 𝑒−𝛽𝜔𝑛𝑡(𝐴 cos 𝜔𝐷𝑡 + 𝐵 sin 𝜔𝐷𝑡) 
�̇�(𝑡) = −𝛽𝜔𝑛𝑒−𝛽𝜔𝑛𝑡(𝐴 cos 𝜔𝐷𝑡 + 𝐵 sin 𝜔𝐷𝑡) + 𝜔𝐷𝑒−𝛽𝜔𝑛𝑡(−𝐴 sin 𝜔𝐷𝑡 + 𝐵 cos 𝜔𝐷𝑡) 
�̈�(𝑡) = 𝛽2𝜔𝑛

2𝑒−𝛽𝜔𝑛𝑡(𝐴 cos 𝜔𝐷𝑡 + 𝐵 sin 𝜔𝐷𝑡) − 2𝛽𝜔𝑛𝜔𝐷𝑒−𝛽𝜔𝑛𝑡(−𝐴 sin 𝜔𝐷𝑡 + 𝐵 cos 𝜔𝐷𝑡)

− 𝜔𝐷
2 𝑒−𝛽𝜔𝑛𝑡(𝐴 cos 𝜔𝐷𝑡 + 𝐵 sin 𝜔𝐷𝑡) 

 

For the specific case in this study, where the ground motion data are assumed to be piecewise-

linear between consecutive data points, the forcing function is assumed to take the form 

𝑝(𝑡) = 𝐶𝑡 + 𝐷 

 

Substituting the displacement, 𝑣(𝑡), velocity, �̇�(𝑡), acceleration, �̈�(𝑡) and the forcing function 

into the original equation of motion. Upon solving for the unknowns 𝐴 , 𝐵 , 𝐶  and 𝐷  and 

expressing the displacement in terms of time increment, Δ𝑡 = 𝑡𝑖+1 − 𝑡𝑖, yields the solution for 

the displacement at time step (𝑖 + 1) as 

𝑣𝑖+1 = 𝑒−𝜉𝜔𝑛Δ𝑡(𝐴 sin 𝜔𝐷Δ𝑡 + 𝐵 cos 𝜔𝐷Δ𝑡) + 𝐶Δ𝑡 + 𝐷 

where the constants are summarized below: 

𝐴 =
1

𝜔𝐷

[𝑣�̇� + 𝐵𝛽𝜔𝑛] − 𝐶 
 

𝐵 = 𝑣𝑖 − 𝐷  

𝐶 =
�̃�

𝑘
 �̃� =

(�̈�𝑔)
𝑖+1

− (�̈�𝑔)
𝑖

Δ𝑡
 

𝐷 =
1

𝑘
(�̃� − 𝑐�̃�) �̃� = (�̈�𝑔)

𝑖
− �̃�Δ𝑡 
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Appendix B Derivation of Equation 44 

The energy dissipated for one cycle displacement for a system subjected to sinusoidal input 

displacement, 𝑣(𝑡) = 𝑎 sin 𝜔𝑡, where 𝑎 is the amplitude of the input, 𝜔 is the frequency of the 

input displacement and 𝑡 is time, is the integral of the damper force function, 𝑓𝐷, with respect to 

the displacement, 𝑑𝑣, for one complete cycle. 

𝐸𝐷 = ∫ 𝑓𝐷(𝑡) 𝑑𝑣 

= ∫ 𝑓𝐷(𝑡)�̇�
𝑇

0

𝑑𝑡 

= ∫ 𝑐𝐷|𝑣(𝑡)|2�̇�(𝑡) ∙ �̇�(𝑡)

2𝜋
𝜔

0

𝑑𝑡 

= ∫ 𝑐𝐷|𝑎 sin 𝜔𝑡|2(𝑎𝜔 cos 𝜔𝑡)2

2𝜋
𝜔

0

𝑑𝑡 

= 𝑐𝐷𝑎4𝜔2 ∫ sin2 𝜔𝑡 (1 − sin2 𝜔𝑡)

2𝜋
𝜔

0

𝑑𝑡 

= 𝑐𝐷𝑎4𝜔2 [
𝜔𝑡

2
+

sin 𝜔𝑡

2
−

1

4
(
3𝜔𝑡

2
− sin 2𝜔𝑡 +

sin 4𝜔𝑡

8
)]

0

2𝜋
𝜔

 

𝐸𝐷 =
2𝜋

8
𝑐𝐷𝑎4𝜔2 

 

Expressing the amplitude of the displacement, 𝑎, in terms of shear strain, 𝛾, 

𝑎 = 𝛾𝑡𝑟 

where 𝑡𝑟 is the total rubber thickness of an isolator, the energy dissipated, 𝐸𝐷, is proportional to 

the shear strain raised to the power of four, i.e. 

𝐸𝐷 ∝ 𝛾4 
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