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Lift and Drag Calculations with a 2D Finite Difference Navier–Stokes Solver

Parshv Patel1, ∗ and Orhan Hosten-Mittermaier2, †

1College of Computing, Data Science, and Society, University of California, Berkeley
2Department of Physics, University of California, Berkeley

In aerospace design, determining the airflow characteristics and force production around aircraft
components is vital for evaluating performance, efficiency, and safety. For wing design in particu-
lar, accurate computational modeling of lift and drag can save the time and resources that would
otherwise be spent on experimental testing of numerous candidate geometries. We present a finite
difference numerical solver for the two-dimensional incompressible Navier–Stokes equations that
models viscous fluid flow around solid airfoils. The computational approach employs explicit Euler
time-stepping for the momentum equations, an ω-relaxed Jacobi iterative method for solving the
pressure Poisson equation, and a projection method to enforce incompressibility. We introduce a
flexible framework for generating smooth airfoil geometries by interpolating through control points
using Piecewise Cubic Hermite Interpolating Polynomials (PCHIP), which preserves monotonicity
and avoids the spurious oscillations inherent to cubic spline methods. Force calculations on the
airfoil boundary utilize Voronoi-based influence sections to compute pressure-induced lift and drag.
The primary challenge encountered was the numerical stability at higher airspeeds; computational
constraints on the spatial and temporal step lengths prevented stable results above 0.1 m/s. The
simulations were validated against canonical results, including increased drag from thicker airfoils
and at higher airspeeds, as well as negligible lift from symmetric airfoils at 0◦ angle of attack. We
further demonstrate that both custom-parameterized and four-digit NACA series airfoils produce
significant lift within our framework. Of all configurations tested, NACA 5315 achieved the best lift-
to-drag ratio of 1.479 at 0.1 m/s. This solver provides a foundation for computational aerodynamic
analysis and demonstrates the feasibility of parameter-driven wing shape optimization.

I. INTRODUCTION AND PHYSICS
MOTIVATION

Problem statement. Understanding the aerodynamic
forces acting on aircraft components is fundamental to
aerospace engineering and vehicle design. When air flows
around an airfoil, the resulting pressure distribution gen-
erates two primary forces: lift, which acts perpendic-
ular to the freestream velocity and enables flight, and
drag, which acts parallel to the flow and opposes motion.
The lift-to-drag ratio (L/D) serves as a critical metric
for aerodynamic efficiency, directly influencing fuel con-
sumption, range, and overall aircraft performance.

Relevance of computational methods. Analytically
solving the Navier–Stokes equations that govern fluid
dynamics in general cases remains one of the outstand-
ing challenges in mathematical physics; indeed, the exis-
tence and smoothness of solutions in three dimensions
constitutes one of the Millennium Prize Problems [1].
Consequently, the primary methods for analyzing airflow
are experimental wind tunnel testing and computational
fluid dynamics (CFD) simulations based on numerical
approximations to the governing equations. While wind
tunnel experiments provide ground-truth measurements,
they are expensive, time-consuming, and impractical for
exploring large design spaces. CFD simulations offer
a complementary approach that enables rapid iteration
through design parameters at a fraction of the cost, and
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have therefore gained massive prominence in aerospace
design [3].

Why it matters. Computational aerodynamics serves
several critical functions in modern engineering and
physics. First, CFD enables systematic exploration of
wing geometries to maximize L/D ratios, reducing the
need for expensive prototype fabrication and wind tunnel
testing and thereby accelerating the design cycle [3]. Sec-
ond, numerical simulations reveal detailed velocity and
pressure fields that are difficult or impossible to measure
experimentally, providing insight into phenomena such
as boundary layer separation, vortex shedding, and tur-
bulent transition [4]. Third, validated CFD tools enable
engineers to predict aerodynamic performance of novel
configurations before physical prototypes exist [5]. Be-
yond aerospace, the numerical methods developed for
CFD find applications in weather prediction, pollutant
transport modeling, blood flow simulation, and struc-
tural wind loading analysis [18].

Scope of this work. In this work, we present a two-
dimensional finite difference Navier–Stokes solver for
computing lift and drag forces on arbitrarily shaped air-
foils. The solver models incompressible viscous airflow—
a valid approximation for airspeeds below approximately
Mach 0.3, or about 100 m/s [2, 18]. This regime encom-
passes general aviation aircraft such as Cessna single-
engine planes, making the approach relevant for practical
aerodynamic analysis.

Contributions. This project makes the following con-
tributions:

• A complete 2D incompressible Navier–Stokes solver
using finite difference discretization with explicit
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time-stepping, ω-relaxed Jacobi iteration for pres-
sure, and physically meaningful boundary condi-
tions.

• A flexible airfoil geometry generation framework
using PCHIP interpolation through parameterized
control points, enabling systematic and continuous
shape variation.

• A dynamic time stepping scheme based on the
Courant–Friedrichs–Lewy (CFL) condition to en-
hance numerical stability.

• A Voronoi-based force calculation procedure that
assigns pressures to airfoil boundary sections.

• Validation against canonical aerodynamic results:
negligible lift for symmetric airfoils at zero angle
of attack and monotonically increasing drag for
thicker profiles.

• Demonstration that both custom-parameterized
and NACA-standard airfoils generate physically
meaningful lift-to-drag ratios.

Paper roadmap. Section II presents the governing
equations, underlying theory, and prior work. Section III
describes the computational domain, fluid properties,
boundary conditions, and airfoil geometry generation.
Section IV details the numerical algorithms for veloc-
ity advancement, pressure solving, velocity projection,
and force calculation. Section V presents validation stud-
ies and lift-to-drag measurements for various airfoil con-
figurations. Section VI analyzes limitations and com-
pares results to expected physical behavior. Section VIII
provides information for reproducing the results. Sec-
tion VII summarizes findings and outlines future direc-
tions.

II. BACKGROUND AND RELATED WORK

Governing equations. The motion of a viscous, in-
compressible fluid is governed by the Navier–Stokes equa-
tions, expressing conservation of momentum and mass.
In two dimensions these take the form

∂u⃗
∂t

+ (u⃗ · ∇) u⃗ = −1
ρ

∇p + ν ∇2u⃗ + a⃗ , (1)

∇ · u⃗ = 0 , (2)

where u⃗(x, y, t) = (u, v)T is the velocity field with hori-
zontal component u and vertical component v, p(x, y, t)
is the pressure field, ρ is the (constant) fluid density, ν

is the kinematic viscosity, and a⃗ = F⃗b/ρ represents body
accelerations (e.g., gravity or externally applied forcing).

Equation (1) is the momentum equation, whose terms
represent (from left to right) local acceleration, convec-
tive acceleration, the pressure gradient, viscous diffusion,

and body forces. Equation (2) is the incompressibility
constraint, requiring the velocity field to be divergence-
free.

The incompressibility assumption is valid when the
Mach number Ma = U/cs ≪ 1, where U is the char-
acteristic flow velocity and cs ≈ 340 m s−1 is the speed of
sound in air. For Ma < 0.3 (approximately 100 m s−1),
density variations are negligible and Eqs. (1)–(2) accu-
rately describe the flow [2].

The Reynolds number Re = UL/ν characterizes the
ratio of inertial to viscous forces, where L is a charac-
teristic length scale (typically the chord length). Low
Reynolds number flows (Re < 103) are dominated by vis-
cosity and remain laminar, while high Reynolds number
flows (Re > 106) exhibit turbulence requiring specialized
modeling [4].

The pressure force on a surface in two dimensions is
given by

F⃗net =
∫

C

p n̂in ds , (3)

where n̂in is the inward unit normal to the surface. This
integral is used to compute the net aerodynamic force
acting on the airfoil.

Numerical methods for CFD. Three primary spatial
discretization approaches exist for solving the Navier–
Stokes equations numerically. Finite difference meth-
ods (FDM) approximate derivatives using Taylor series
expansions on structured grids; they are simple to im-
plement but limited to regular geometries [18]. Finite
volume methods (FVM) integrate conservation laws over
control volumes, ensuring global conservation, and domi-
nate commercial CFD codes [6]. Finite element methods
(FEM) expand solutions in basis functions over unstruc-
tured meshes, offering flexibility for complex geometries
at greater computational cost [7].

We opted for finite differences owing to their con-
ceptual simplicity and straightforward implementation
on rectangular grids [16], without reliance on special-
ized CFD or PDE libraries. The choice of derivative
stencils—specifically a mix of central and upwind-biased
approximations—was informed by successful early CFD
work [17, 20], and the treatment of pressure solving
and boundary conditions follows standard CFD textbook
practice [18, 19].

For time integration, the coupling between veloc-
ity and pressure in incompressible flows requires spe-
cial treatment. The projection method, introduced by
Chorin [8], addresses this by (1) advancing velocities
without the pressure gradient to obtain provisional ve-
locities, (2) solving a Poisson equation for pressure, and
(3) projecting velocities onto the divergence-free sub-
space. This approach decouples the momentum and
continuity equations and enables efficient iterative solu-
tion [9].

Prior work. The finite difference approach to CFD
has a rich history dating to the marker-and-cell (MAC)
method of Harlow and Welch [10]. Modern textbook
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treatments by Ferziger and Perić [18] and Fletcher [11]
provide comprehensive coverage of discretization schemes
and iterative solvers.

For airfoil aerodynamics, the NACA four-digit series
developed by the National Advisory Committee for Aero-
nautics in the 1930s remains widely used for standardized
testing [12]. The four digits encode maximum camber,
location of maximum camber, and maximum thickness
as percentages of chord length.

Interpolation methods for smooth curve generation in-
clude cubic splines [13], which minimize curvature but
may exhibit Runge-type oscillations, and monotonicity-
preserving methods such as PCHIP [14] that sacrifice
global smoothness for local shape preservation.

III. COMPUTATIONAL SETUP

FIG. 1. System setup and definitions. Notational con-
ventions for grid spacing and the five-point stencil are indi-
cated. Classification of fluid points is determined by the airfoil
boundary: boundary fluid points are those whose five-point
stencil contains at least one interior (solid) point.

Domain and grid. The flow is simulated in a rectan-
gular domain of size Lx×Ly = 2 m×1 m, discretized on a
uniform Cartesian grid with nx × ny points. After reso-
lution studies (Sec. V), a grid of nx = 800, ny = 400
was selected, yielding spacings ∆x = ∆y = 2.5 mm.
The domain is centered vertically about y = 0, span-
ning y ∈ [−Ly/2, Ly/2]. One additional padding cell is
included on the left and right boundaries to simplify the
implementation of boundary conditions.

To implement the finite difference method, each field
variable (u, v, p) is stored at every grid point at each
timestep. Much of the analysis relies on updating values

at each grid point based on its immediate neighbors in
each coordinate direction, composing a five-point stencil
(Fig. 1). For a field variable ϕ at timestep n, the values at
each stencil point are denoted ϕn

C (center), ϕn
N (north),

ϕn
S (south), ϕn

E (east), and ϕn
W (west).

Fluid properties. Air at 3000 m altitude is modeled
using the U.S. Standard Atmosphere [15]: density ρ =
0.9093 kg m−3, dynamic viscosity µ = 1.694 × 10−5 Pa s,
and kinematic viscosity ν = µ/ρ = 1.863 × 10−5 m2 s−1.
A chord length of 0.7 m and maximum thickness between
0.1 m and 0.2 m were chosen to correspond with the typ-
ical scale of small aircraft wings.

Grid masking. A continuous airfoil is represented as
a dense set of points forming a closed boundary. Field
variables at points interior to the wing are neglected, as
there is no physical interpretation for velocity or pres-
sure within a solid body. Three Boolean masks are con-
structed over the computational grid:

• wing_mask: points strictly inside the airfoil, de-
termined by path containment (matplotlib Path
class).

• boundary_mask: fluid points adjacent to at least
one interior point, identified via five-point stencil
neighbor checking.

• simple_points: standard fluid points requiring no
special boundary treatment.

These masks enable efficient vectorized computation
while correctly handling the immersed boundary.

Boundary conditions. The following boundary condi-
tions are employed:

• Periodic boundaries in y: The top and bottom
edges are connected, eliminating wall effects and
simulating an effectively infinite span. This is ap-
propriate for two-dimensional simulations in which
three-dimensional tip effects are neglected.

• Zero-gradient (Neumann) conditions in x:
The leftmost and rightmost grid columns are set
equal to their interior neighbors, approximating
fully developed flow at the inlet and outlet.

• No-slip condition on the airfoil: At the wing
surface and interior, u⃗ = 0. This models the
physical adhesion of a viscous fluid to a solid sur-
face [16, 18].

• Neumann pressure condition at the airfoil:
The normal pressure gradient vanishes at the air-
foil boundary (∂p/∂n = 0), ensuring zero mass flux
through solid walls. In the Jacobi solver, this is im-
plemented by replacing any neighbor that lies inside
the wing with the local (center) pressure value.



4

Flow initialization and ramping. Simulations begin
from rest (u⃗ = 0, p = 0) with a uniform body accel-
eration ax applied to fluid cells outside the airfoil. This
gradually accelerates the flow toward a target velocity
umax without the numerical instabilities that would re-
sult from an impulsive start at finite velocity. The accel-
eration is maintained until the mean horizontal velocity
in the fluid region reaches umax, after which body forcing
is removed.

Airfoil geometry generation. A central contribution
of this work is a flexible framework for generating smooth
airfoil shapes from parameterized control points. Rather
than restricting attention to standard airfoil families, we
enable continuous variation of wing shape through the
following procedure:

1. Control point specification. Upper and lower
surface shapes are defined by arrays of height pa-
rameters {hupper

i } and {hlower
i } at evenly spaced

chordwise locations. Endpoints are fixed at zero
to ensure sharp leading and trailing edges.

2. Parameter scaling. Raw parameters are mapped
to the interval (0, 1) via a sigmoid transformation,

hscaled = 1
1 + e−4h

, (4)

bounding the control points to physically reason-
able values while maintaining differentiability for
potential gradient-based optimization.

3. Interpolation. Smooth curves through the con-
trol points are generated using PCHIP [14]. Un-
like cubic splines, PCHIP preserves monotonicity
between control points, eliminating spurious oscil-
lations that would create non-physical surface un-
dulations.

4. Thickness normalization. The interpolated
surfaces are scaled so that the maximum cross-
sectional width equals a specified thickness param-
eter, enabling fair comparison between different
shapes.

For validation against standard results, NACA four-
digit airfoils are also generated following the standard
formulas [12]:

yt = 5t
(
0.2969

√
x − 0.1260 x − 0.3516 x2

+ 0.2843 x3 − 0.1015 x4)
, (5)

where t is the maximum thickness as a fraction of chord,
and the camber line is defined piecewise based on max-
imum camber m and its chordwise location p. These
profiles are passed as dense height arrays to the airfoil
class, bypassing the sigmoid scaling.

IV. METHODS

The general procedure for analyzing an airfoil is as fol-
lows. At each time iteration, velocities are stepped for-
ward and the pressure field is constructed so as to make
the subsequent velocity field satisfy mass conservation
(Eq. 2). A constant horizontal body acceleration ramps
the airspeed until the spatially averaged horizontal veloc-
ity reaches umax, at which point time stepping is halted
and forces on the airfoil are computed.

Computational pipeline. Each time iteration com-
prises the following steps:

1. Compute an adaptive time step satisfying stability
constraints.

2. Advance velocities explicitly using the discretized
momentum equation.

3. Apply boundary conditions to the provisional ve-
locities.

4. Construct the right-hand side of the pressure Pois-
son equation.

5. Solve the pressure Poisson equation iteratively.

6. Project velocities to enforce the divergence-free
condition.

7. (After reaching umax) Compute forces on the airfoil
from the pressure field.

Dynamic time stepping. Explicit Euler time integra-
tion is employed with an adaptive time step determined
by the Courant–Friedrichs–Lewy (CFL) condition:

∆t = C × min
(

∆x2

ν
,

∆x

|u⃗|max

)
, (6)

where C ∈ (0, 1) is a safety factor. The first constraint
(viscous stability) prevents diffusive instabilities, while
the second (advective stability) ensures that information
does not propagate more than one cell per time step. A
value of C = 0.3 was found to provide a good balance
between stability and simulation speed. The time step is
recomputed before each velocity advancement.

Velocity advancement. Inspecting the momentum
equation (1), the time derivative is discretized with a
forward difference and all spatial derivatives are evalu-
ated at the current timestep, yielding an explicit update
for the velocity:

u⃗n+1 = u⃗n − ∆t

[
(u⃗n · ∇) u⃗n + 1

ρ
∇pn − ν ∇2u⃗n − a⃗

]
.

(7)
Spatial derivatives are approximated as follows: an up-
wind (backward) difference is used for the horizontal ad-
vective term u ∂ϕ/∂x to enhance stability by respect-
ing the predominant flow direction; central differences
are used for all remaining first-order derivatives; and the
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standard second-order central stencil is used for the dif-
fusion (Laplacian) terms.

Expanding the horizontal velocity update for an inte-
rior fluid point,

un+1
i,j = un

i,j − ∆t

[
un

i,j

un
i,j − un

i−1,j

∆x
+ vn

i,j

un
i,j+1 − un

i,j−1

2∆y

+ 1
ρ

pn
i+1,j − pn

i−1,j

2∆x

− ν
un

i+1,j − 2un
i,j + un

i−1,j

∆x2

− ν
un

i,j+1 − 2un
i,j + un

i,j−1

∆y2 − ax

]
,

(8)
with an analogous expression for vn+1

i,j (see Appendix A).
After computing provisional velocities, the no-slip condi-
tion is enforced by setting u⃗ = 0 on the boundary_mask
and wing_mask regions.

Listing 1. Implementation of the horizontal velocity update.

u_star = u_C - dt * (
u_C * (u_C - u_W) / dx
+ v_C * (u_N - u_S) / (2*dy)
+ (p_E - p_W) / (rho*2*dx)
- nu * (u_E - 2*u_C + u_W) / dx**2
- nu * (u_N - 2*u_C + u_S) / dy**2
- ax)

Pressure Poisson equation. The incompressible
Navier–Stokes system in two dimensions has three
unknowns (u, v, p) and three equations: two momentum
equations and the continuity constraint. Since the
momentum equations govern the velocity evolution,
the pressure must be determined from the remaining
constraint. Taking the divergence of the projection step
u⃗n+1 = u⃗∗ − (∆t/ρ) ∇p and requiring ∇ · u⃗n+1 = 0
yields the pressure Poisson equation:

∇2p = ρ

∆t
∇ · u⃗∗ , (9)

whose right-hand side (RHS) quantifies the divergence
that must be eliminated by the pressure gradient. The
divergence is computed using central differences:

(∇ · u⃗∗)i,j =
u∗

i+1,j − u∗
i−1,j

2∆x
+

v∗
i,j+1 − v∗

i,j−1

2∆y
, (10)

with periodic wrapping for the j indices at the vertical
domain boundaries.

Jacobi iteration for pressure. Equation (9) is solved
using the ω-relaxed Jacobi method, initialized with the
pressure field from the previous timestep. Discretizing
the Laplacian with second-order central differences and

rearranging for the central value gives the iteration

p
(k+1)
i,j = (1 − ω) p

(k)
i,j + ω

2(∆x2 + ∆y2)

×
[
∆y2(

p
(k)
i+1,j + p

(k)
i−1,j

)
+ ∆x2(

p
(k)
i,j+1 + p

(k)
i,j−1

)
− ∆x2∆y2 RHSi,j

]
,

(11)

where ω ∈ (0, 2) is the relaxation parameter. A value of
ω = 0.99 (slight over-relaxation) was used to accelerate
convergence.

For computational efficiency, a sparse matrix repre-
sentation of the Jacobi update is precomputed, enabling
vectorized updates via matrix–vector multiplication. The
matrix encodes (i) the standard five-point stencil weights
for fluid cells, (ii) periodic connectivity for the top and
bottom boundaries, and (iii) the Neumann condition at
the airfoil, implemented by transferring the coefficient of
any neighbor lying inside the wing to the center point.
Iteration continues until the maximum pressure change
falls below an absolute tolerance of 10−7 Pa or a rel-
ative tolerance of 10−3 times the interquartile pressure
range (p95 − p5), or until a maximum of 1000 iterations
is reached. After convergence, the spatial mean pressure
is subtracted to prevent drift.

Listing 2. Implementation of the Jacobi pressure iteration.
it = 0
while it < max_iters:

p_new = jacobi_matrix @ p \
- (diff_prod / (2*diff_sum)) * RHS

max_delta = np.max(np.abs(p_new - p))
p = p_new
it += 1
pressure_scale = np.percentile(p, 95) \

- np.percentile(p, 5)
if (max_delta <= tol

or max_delta <= rel_tol * pressure_scale)
:

break

Velocity projection. The final divergence-free veloc-
ity field is obtained by subtracting the pressure gradient
from the provisional velocities:

u⃗n+1 = u⃗∗ − ∆t

ρ
∇p , (12)

using central differences for the gradient. Near the airfoil,
if a neighbor cell lies inside the wing it is replaced with
the center cell’s pressure, consistent with the Neumann
boundary condition. The no-slip condition is re-applied
after projection.

Force calculation. Aerodynamic forces arise from
pressure acting normal to the airfoil surface. To assign a
pressure to each section of the boundary, we proceed as
follows:

1. For each point on the discretized wing surface, the
nearest grid boundary point is identified.
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2. Wing surface points sharing a nearest boundary
neighbor are grouped into “influence sections,”
forming a Voronoi-like partition of the boundary.

3. For each influence section, the pressure force con-
tribution is

F⃗i = pi ∆Si n̂i , (13)

where pi is the pressure at the nearest boundary
fluid point, ∆Si is the arc length of the section,
and n̂i is the inward-pointing unit normal.

4. The total force is obtained by summation:

F⃗total =
∑

i

F⃗i . (14)

The horizontal component is the drag; the vertical
component is the lift.

The inward normal is computed by rotating the tangent
vector (connecting section endpoints) by 90◦ clockwise.
Because a dense grid is used, the airfoil is split into ap-
proximately 100–1000 sections, justifying the approxima-
tion that each section is locally linear.

Hyperparameter summary. Table I collects the prin-
cipal simulation parameters. The physical domain size,
chord length, and altitude were chosen to correspond
with a small general-aviation aircraft at cruising altitude
(3000 m). The grid resolution of 800 × 400 was the dens-
est that could feasibly be used for the large number of
production runs required (Sec. V). Airfoil boundaries are
resolved with 10 000 points, a conservative choice that
does not substantially affect runtime.

TABLE I. Principal simulation parameters.
Parameter Value
Domain size (Lx × Ly) 2 m × 1 m
Grid resolution (nx × ny) 800 × 400
Grid spacing (∆x = ∆y) 2.5 mm
Chord length 0.7 m
Airfoil thickness 0.1 m–0.2 m
Air density (ρ) 0.9093 kg m−3

Kinematic viscosity (ν) 1.863 × 10−5 m2 s−1

CFL safety factor (C) 0.3
Jacobi relaxation (ω) 0.99
Max. Jacobi iterations 1000
Absolute pressure tolerance 10−7 Pa
Relative pressure tolerance 10−3

Airfoil boundary points 10 000

V. RESULTS

A. Grid Resolution Study

To assess numerical accuracy, simulations were per-
formed at grid resolutions ranging from 200 × 100 to

FIG. 2. Drag validation. Drag values for a representa-
tive airfoil at thicknesses ranging from 0.1 m to 0.175 m and
airspeeds from 0.05 m/s to 0.1 m/s. Speed was ramped to
0.1 m/s using the standard procedure, and drag was recorded
once the airspeed exceeded each threshold. The airfoil was
generated using the displayed upper and lower parameters
with PCHIP interpolation.

3200 × 1600. The lift-to-drag ratio converges as resolu-
tion increases, with diminishing returns beyond 800×400.
This resolution was therefore selected for all production
runs as a balance between accuracy and computational
cost; the L/D values at 800 × 400 lie within 3% of those
obtained at 3200 × 1600.

B. Reproducing Expected Results

As an initial validation step, the simulation is tested in
regimes where the qualitatively correct answer is known,
establishing internal consistency and physical fidelity be-
fore drawing broader aerodynamic conclusions.

1. Drag Validation

Classical aerodynamic theory predicts that drag in-
creases monotonically with both airfoil thickness and
airspeed, approximately linearly for small perturbations
in either parameter [12]. Testing a representative pro-
file at thicknesses from 0.1 m to 0.175 m and airspeeds
from 0.05 m/s to 0.1 m/s, the simulation reproduces both
trends: drag increases with thickness and with airspeed,
and the dependence on airspeed at fixed thickness is ap-
proximately linear (Fig. 2).



7

To further isolate the effect of geometry, three pro-
files of the same planform are simulated under identical
flow conditions (u = 0.1 m/s), varying only thickness.
The resulting drag values are D = 2.27 × 10−5 N (thin),
1.50 × 10−4 N (medium), and 3.26 × 10−4 N (thick),
spanning more than one order of magnitude (Figs. 3–5).
The monotonic increase is consistent with the established
relationship between chord thickness, frontal projected
area, and pressure (form) drag: a thicker profile presents
a larger cross-section to the oncoming flow, steepening
the adverse pressure gradient near the trailing edge and
substantially increasing form drag [12]. Viscous (skin-
friction) drag also grows with wetted area, reinforcing
the trend. These results confirm that the solver correctly
captures the dominant drag mechanisms.

FIG. 3. Thin profile. Pressure and velocity fields at u =
0.1 m/s. Drag: D = 2.27 × 10−5 N.

FIG. 4. Medium profile. Pressure and velocity fields under
identical flow conditions. Drag: D = 1.50 × 10−4 N.

FIG. 5. Thick profile. Pressure and velocity fields under
identical flow conditions. Drag: D = 3.26 × 10−4 N—over an
order of magnitude larger than the thin case.

2. Lift Validation: Symmetric Airfoils at Zero Angle of
Attack

A fundamental result of aerodynamic theory is that a
symmetric airfoil at zero angle of attack generates no net
lift: the upper and lower surfaces present identical geom-
etry to the flow, yielding mirror-image pressure distribu-
tions that cancel exactly in the vertical direction. The
simulation confirms this across multiple distinct symmet-
ric profiles.

For the primary validation case (upper and lower pa-
rameters [0.3, 0.0, 0.1], thickness 0.175 m, PCHIP in-
terpolation), the solver yields L = −1.47 × 10−19 N
at 0.1 m/s (Fig. 6)—indistinguishable from zero to any
physical precision. The velocity and pressure fields are
visually symmetric about the chord line, as expected.

Two additional symmetric profiles of geometrically
distinct shapes corroborate this result. A streamlined
profile—featuring pointed leading and trailing edges with
a single central bulge—yields L = −4.18 × 10−19 N
(Fig. 7). A bimodal profile—exhibiting a prominent
leading-edge bulge, a narrow midsection, and a secondary
trailing-edge bulge—yields L = −1.62×10−18 N (Fig. 8).
In both cases the velocity vectors confirm smooth, at-
tached flow along the chord with no preferential deflec-
tion, and the pressure contours are symmetric about
the midplane. Across all three cases the lift magnitude
does not exceed 10−18 N—many orders of magnitude
below any physically meaningful aerodynamic force—
confirming that the residual asymmetry is of purely nu-
merical origin.
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FIG. 6. Lift validation—primary case. Symmetric airfoil
(parameters [0.3, 0.0, 0.1], thickness 0.175 m, PCHIP). Lift:
L = −1.47 × 10−19 N.

FIG. 7. Lift validation—streamlined symmetric pro-
file. Pointed leading and trailing edges with a central bulge.
Lift: L = −4.18 × 10−19 N.

C. Lift Generation from Cambered Airfoils

Having established the physical fidelity of both
force calculations, we demonstrate that the solver cor-
rectly captures lift generation by asymmetric (cam-
bered) airfoils. A cambered profile was first cre-
ated using the custom parameterization (upper param-
eters [0.3, 0.5, 0.25, 0.05, −0.2]; lower parameters
[−0.2, −0.1, −0.15, −0.2, −0.4]; cubic interpolation;
thickness 0.2 m). At 0.1 m/s, this airfoil generates L =
4.483 × 10−4 N and D = 3.660 × 10−4 N, for an L/D
ratio of 1.225 (Fig. 9). The pressure field reveals the ex-
pected low-pressure region above the upper surface and
elevated pressure below, consistent with the asymmet-

FIG. 8. Lift validation—bimodal symmetric pro-
file. Leading-edge bulge, narrow midsection, and secondary
trailing-edge bulge. Lift: L = −1.62 × 10−18 N.

ric path lengths imposed by the camber. These results
confirm that the interpolation-based definition method
is capable of producing designs with substantial aerody-
namic performance.

FIG. 9. Lift from a custom cambered airfoil. Pressure
and velocity fields at 0.1 m/s. Velocity vectors displayed at
stride 16. L/D = 1.225 (L = 4.483 × 10−4 N, D = 3.660 ×
10−4 N).

A systematic search over 98 four-digit NACA airfoils
was then conducted. Of these, NACA 5315 achieved the
highest L/D of 1.479 (Fig. 10), followed by NACA 4310
(L/D = 1.464) and NACA 6415 (L/D = 1.462). The
mean lift across all tested configurations was 3.200 ×
10−4 N and the mean L/D was 0.720. These findings
replicate the well-known broad lift-production capabili-
ties of the NACA family [12] and further validate the
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solver’s sensitivity to the camber parameters that govern
lift generation.

FIG. 10. Best NACA result: NACA 5315. Pressure
and velocity fields at 0.1 m/s; velocity vectors at stride 16.
L/D = 1.479 (L = 7.836 × 10−4 N, D = 5.298 × 10−4 N).

VI. DISCUSSION

Physical interpretation. The simulations successfully
capture the fundamental physics of airfoil aerodynamics
within the modeled regime. The pressure differential be-
tween upper and lower surfaces, arising from flow accel-
eration over the cambered upper surface, generates lift
consistent with classical theory. The magnitude of the
computed forces, while small due to the low flow veloc-
ity, scales appropriately with dynamic pressure q = 1

2 ρu2.
The corresponding Reynolds numbers (Re ∼ 103–104)
place the flow in the laminar regime, where the solver’s
assumptions are valid. Real aircraft operate at Re > 106,
where turbulent boundary layers and flow separation in-
troduce effects not captured by a laminar solver.

Validation metrics. Beyond the canonical tests pre-
sented in Sec. V, the mean absolute divergence of the ve-
locity field was monitored as a diagnostic. In stable sim-
ulations, ⟨|∇ · u⃗|⟩ stabilized around 1.5×10−3 during the
speed-ramping process, which is acceptable given the grid
resolution. Lowering the Jacobi convergence tolerances
provided only marginal reduction in divergence at sub-
stantially greater computational cost, indicating proxim-
ity to the accuracy limit achievable with this method and
resolution.

Comparison to thin airfoil theory. Thin airfoil theory
predicts a lift coefficient CL = 2π(α + m/c), where α is
the angle of attack and m/c is the camber-to-chord ratio.
At α = 0 with typical NACA camber ratios (m/c ∼ 0.04–
0.06), the theory predicts CL ≈ 0.25–0.38. A quantita-
tive comparison is complicated by the very low Reynolds

number of the present simulations, which lies outside the
range where thin airfoil theory (an inviscid, high-Re re-
sult) is strictly applicable. Nevertheless, the qualitative
trend—greater camber producing greater lift—is repro-
duced.

Uncertainty and reproducibility. Quantifying the un-
certainty of the computed forces is challenging given the
absence of ground-truth data for the non-standard, non-
physical 2D airfoils at these Reynolds numbers. However,
the procedure is internally consistent in the sense that it
preserves the expected relative ordering of lift and drag
across configurations (e.g., thicker profiles always pro-
duce more drag). Substantial differences in L/D between
two airfoils are therefore likely to reflect genuine physi-
cal trends. Nevertheless, the evidence is insufficient to
guarantee that the solver preserves the correct ordering
of airfoils with only minor differences in geometry, such
as distinguishing the top-ranked NACA profiles.

Repeated runs with identical initial conditions and
ramping procedures yield consistent force calculations,
velocity fields, and divergence diagnostics, indicating
that accumulated rounding errors are not a significant
concern. Varying the grid size, however, does alter the
force predictions, likely because the effective region over
which the no-slip condition is enforced depends on the
grid spacing. In the absence of experimental data on the
relevant length scales, the grid spacing was held constant
across all comparative tests.

Limitations. Several factors limit the accuracy and
applicability of the results:

1. Low velocity constraint. Numerical instabil-
ity prevented stable simulations at airspeeds above
0.1 m/s. This is attributed to the spatial linearity
assumption inherent to finite differences: as air-
speed increases, the length scale over which field
variables change decreases, requiring finer grids for
stability. Simulation cost scales as roughly O(n3)
(halving the grid spacing quadruples the number of
points and halves the CFL-limited time step), mak-
ing significantly finer grids computationally pro-
hibitive. Implicit time integration or higher-order
schemes would alleviate this constraint.

2. Two-dimensional assumption. Real wings ex-
hibit three-dimensional effects including tip vor-
tices and spanwise flow variations. The present 2D
results represent an infinite-span idealization.

3. Laminar flow only. Turbulence is not mod-
eled, limiting applicability to low Reynolds number
flows. Incorporating Reynolds-averaged Navier–
Stokes (RANS) equations with turbulence closure
would extend the solver to realistic aircraft condi-
tions.

4. Quasi-steady analysis. Forces are reported after
the flow reaches a quasi-steady state; unsteady phe-
nomena such as vortex shedding at higher Reynolds
numbers are not analyzed.
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5. Pressure forces only. Only pressure-induced
forces are computed; viscous (skin-friction) drag is
neglected. This underestimates total drag, partic-
ularly for streamlined bodies where skin friction is
the dominant contribution.

6. Finite difference conservation. Unlike finite
volume methods, the finite difference approach does
not enforce strict local conservation of mass, en-
ergy, or momentum, making simulations more sus-
ceptible to numerical error at coarse resolution or
high velocity.

VII. CONCLUSIONS AND FUTURE WORK

A two-dimensional finite difference solver for the in-
compressible Navier–Stokes equations has been devel-
oped and applied to compute lift and drag forces on air-
foils. The implementation combines explicit Euler time-
stepping, ω-relaxed Jacobi pressure solving with sparse
matrix acceleration, and Voronoi-based force integration.
A flexible airfoil parameterization using PCHIP interpo-
lation enables systematic shape variation. Although sta-
ble simulations were limited to airspeeds up to approx-
imately 0.1 m/s, the solver predicts physically meaning-
ful lift production from both custom-parameterized and
four-digit NACA series airfoils.

Key findings include:

• Symmetric airfoils produce negligible lift (|L| <
10−18 N) at zero angle of attack, confirming in-
ternal consistency.

• Drag increases monotonically with airfoil thickness
and airspeed, in agreement with classical theory.

• Cambered airfoils generate positive lift, with
NACA 5315 achieving the highest L/D of 1.479
among the 98 NACA profiles tested.

• The parameterized airfoil framework successfully
generates lift-producing shapes suitable for opti-
mization studies.

Future work should address the primary limitations:

1. Improved stability: Implementing implicit
time integration (e.g., Crank–Nicolson) or semi-
Lagrangian advection to enable higher flow veloci-
ties approaching realistic flight conditions.

2. Three-dimensional extension: Capturing tip
vortices, induced drag, and finite aspect ratio ef-
fects critical for realistic wing analysis.

3. Turbulence modeling: Incorporating RANS
equations with turbulence closure models to extend
applicability to high Reynolds number flows.

4. Optimization: Coupling the solver with gradient-
free (genetic algorithm) or gradient-based (adjoint
method) optimizers to discover high-L/D airfoil
shapes automatically.

5. Experimental validation: Comparing computed
forces against wind tunnel measurements to quan-
tify absolute accuracy and guide model improve-
ments.

This project demonstrates that physically meaningful
aerodynamic simulations are achievable with moderate
computational resources and provides a foundation for
more advanced CFD studies.

VIII. REPRODUCIBILITY AND CODE
AVAILABILITY

All code, data, and analysis note-
books are publicly available at
https://github.com/ParshvCrafts/CFD_Navier-
Stokes_Solver. The code runs under Python 3.13
with recent versions of NumPy, SciPy, Matplotlib, and
Pandas. Saved simulation states in .npz format are
provided for post-processing. The repository README
contains detailed instructions for reproducing the results.

Computational cost. A typical simulation to steady
state (∼1000 time steps) at 800 × 400 resolution requires
approximately 6 minutes on a single CPU core. The
one-time Jacobi matrix construction takes approximately
30 seconds. Memory usage is dominated by the sparse
Jacobi matrix and the velocity/pressure arrays.

Appendix A: Discretized Scalar Momentum
Equations

The two scalar momentum conservation equations for
2D incompressible flow are

∂u

∂t
+u

∂u

∂x
+v

∂u

∂y
= −1

ρ

∂p

∂x
+ν

(
∂2u

∂x2 + ∂2u

∂y2

)
+ax , (A1)

∂v

∂t
+u

∂v

∂x
+v

∂v

∂y
= −1

ρ

∂p

∂y
+ν

(
∂2v

∂x2 + ∂2v

∂y2

)
+ay . (A2)

Using a forward difference for ∂ϕ/∂t, a backward differ-
ence for u ∂ϕ/∂x, and central differences for all remaining
terms, the fully discretized equations become

un+1
C − un

C

∆t
+ un

C

un
C − un

W

∆x
+ vn

C

un
N − un

S

2∆y
= −1

ρ

pE − pW

2∆x
+ ν

(
un

E − 2un
C + un

W

∆x2 + un
N − 2un

C + un
S

∆y2

)
+ ax (A3)

https://github.com/ParshvCrafts/CFD_Navier-Stokes_Solver
https://github.com/ParshvCrafts/CFD_Navier-Stokes_Solver
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and

vn+1
C − vn

C

∆t
+ un

C

vn
C − vn

W

∆x
+ vn

C

vn
N − vn

S

2∆y
= −1

ρ

pN − pS

2∆y
+ ν

(
vn

E − 2vn
C + vn

W

∆x2 + vn
N − 2vn

C + vn
S

∆y2

)
+ ay , (A4)

which are trivially rearranged for un+1
C and vn+1

C . All
other continuous derivatives appearing in this work are
discretized using the same scheme.
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