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Abstract

Causal Inference with Post-Treatment Complications:
Statistical Strategies for Intercurrent Events

by
Sizhu Lu
Doctor of Philosophy in Statistics
University of California, Berkeley

Professor Peng Ding, Chair

Post-treatment events are common in causal inference in both randomized trials and ob-
servational studies. They appear in many scientific problems, including noncompliance,
truncation by death, mediation, and surrogate endpoint evaluation, and may reveal impor-
tant information about treatment response, alter the interpretation of the outcome, or make
the outcome unobservable. This dissertation studies three related problems involving post-
treatment events, with the common goal of defining scientifically meaningful causal estimands
and developing rigorous identification, semiparametric efficiency theory, and estimation and
inference procedures.

The first chapter studies principal stratification with continuous post-treatment variables.
Principal stratification is a strategy to address these challenges by adjusting for the potential
values of the post-treatment variables, defined as the principal strata. It allows for charac-
terizing treatment effect heterogeneity across principal strata and unveiling the mechanism
of the treatment’s impact on the outcome related to post-treatment variables. However, the
existing literature has primarily focused on binary post-treatment variables, leaving the case
with continuous post-treatment variables largely unexplored. This gap persists due to the
complexity of infinitely many principal strata, which present challenges to both the identi-
fication and estimation of causal effects. We fill this gap by providing nonparametric iden-
tification and semiparametric estimation theory for principal stratification with continuous
post-treatment variables. We propose to use working models to approximate the underlying
causal effect surfaces and derive the efficient influence functions of the corresponding model
parameters. Based on the theory, we construct doubly robust estimators and implement
them in the R package continuousPCE.

The second chapter turns to intercurrent events in randomized trials. The analysis of ran-
domized controlled trials is often complicated by intercurrent events (IEs) — events that
occur after treatment initiation and affect either the interpretation or existence of outcome



measurements. Examples include treatment discontinuation or the use of additional med-
ications. In two recent clinical trials for systemic lupus erythematosus with complications
of IEs, we classify the IEs into two broad categories: effect-informative (e.g., treatment dis-
continuation due to adverse events or lack of efficacy) and effect-uninformative (e.g., treat-
ment discontinuation due to external factors such as pandemics or relocation). To define a
clinically meaningful estimand, we adopt tailored strategies for each category of IEs. For
effect-informative IEs, which are often informative about a patient’s outcome, we use the
composite variable strategy that assigns an outcome value indicative of treatment failure.
For effect-uninformative IEs, we apply the hypothetical strategy, assuming their timing is
conditionally independent of the outcome given treatment and baseline covariates, and hy-
pothesizing a scenario in which such events do not occur. A central yet previously overlooked
challenge is the presence of competing IEs, where the first IE censors all subsequent ones.
Despite its ubiquity in practice, this issue has not been explicitly recognized or addressed
in previous data analyses due to the lack of rigorous statistical methodology. In this paper,
we propose a principled framework to formulate the estimand, establish its nonparamet-
ric identification and semiparametric estimation theory, and introduce weighting, outcome
regression, and doubly robust estimators. We apply our methods to analyze the two sys-
temic lupus erythematosus trials, demonstrating the robustness and practical utility of the
proposed framework.

The third chapter studies a different type of combined-strategy estimand motivated by long-
term chronic disease trials. In such trials, some IEs such as rescue medication, dose adjust-
ment, or treatment modification are part of real-world treatment practice and are handled
well using a treatment policy strategy. Other IEs, such as relocation or administrative
withdrawal, are external to the scientific question and are more naturally handled using a
hypothetical strategy. Unlike Chapter 2, where the occurrence of effect-informative IEs is
treated as failure, here they are preserved as part of the treatment pathway. This leads to
a different semi-competing data structure: if the effect-uninformative IE occurs first, it cen-
sors the effect-informative IE time and the outcome; if the effect-informative IE occurs first,
subsequent information on the effect-uninformative IE and the final outcome may still be
available. This structure requires different statistical tools from the competing-event setting.
We formulate the corresponding estimand, provide nonparametric identification formulas un-
der clear assumptions, construct several estimators, and derive the efficient influence function
to guide robust and efficient estimation.

Together, the three chapters develop a unified perspective on post-treatment events: the
role of each post-treatment event should determine the causal estimand, while the observed
data structure determines the assumptions and statistical tools needed for identification and
estimation.
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Chapter 1

Overview

Post-treatment events are common in causal inference in both randomized trials and ob-
servational studies. They appear in many scientific problems, including noncompliance,
truncation by death, mediation, and surrogate endpoint evaluation, and may reveal im-
portant information about treatment response, alter the interpretation of the outcome, or
make the outcome unobservable. This dissertation studies three related problems involving
post-treatment events, with the common goal of defining scientifically meaningful causal
estimands and developing rigorous identification, semiparametric efficiency theory, and esti-
mation and inference procedures. This dissertation studies three related problems involving
post-treatment events. The common goal is to define causal estimands that match the sci-
entific question and then develop rigorous statistical tools for identification, estimation, and
inference. Across the three chapters, the central theme is that the role of a post-treatment
event should determine how it enters the estimand, while the observed-data structure deter-
mines the assumptions and methods needed for identification and estimation.

The first chapter studies principal stratification with continuous post-treatment variables.
Principal stratification is a strategy to address these challenges by adjusting for the potential
values of the post-treatment variables, defined as the principal strata. It allows for charac-
terizing treatment effect heterogeneity across principal strata and unveiling the mechanism
of the treatment’s impact on the outcome related to post-treatment variables. However, the
existing literature has primarily focused on binary post-treatment variables, leaving the case
with continuous post-treatment variables largely unexplored. This gap persists due to the
complexity of infinitely many principal strata, which present challenges to both the identi-
fication and estimation of causal effects. We fill this gap by providing nonparametric iden-
tification and semiparametric estimation theory for principal stratification with continuous
post-treatment variables. We propose to use working models to approximate the underlying
causal effect surfaces and derive the efficient influence functions of the corresponding model
parameters. Based on the theory, we construct doubly robust estimators and implement
them in the R package continuousPCE. This chapter is adapted from my joint work with
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Professors Zhichao Jiang and Peng Ding, published in the Journal of the Royal Statistical
Society, Series B (Statistical Methodology) (Lu et al., 2026).

The second chapter turns to intercurrent events in randomized trials. The analysis of ran-
domized controlled trials is often complicated by intercurrent events (IEs) — events that
occur after treatment initiation and affect either the interpretation or existence of outcome
measurements. Examples include treatment discontinuation or the use of additional med-
ications. In two recent clinical trials for systemic lupus erythematosus with complications
of IEs, we classify the IEs into two broad categories: effect-informative (e.g., treatment dis-
continuation due to adverse events or lack of efficacy) and effect-uninformative (e.g., treat-
ment discontinuation due to external factors such as pandemics or relocation). To define a
clinically meaningful estimand, we adopt tailored strategies for each category of IEs. For
effect-informative IEs, which are often informative about a patient’s outcome, we use the
composite variable strategy that assigns an outcome value indicative of treatment failure.
For effect-uninformative IEs, we apply the hypothetical strategy, assuming their timing is
conditionally independent of the outcome given treatment and baseline covariates, and hy-
pothesizing a scenario in which such events do not occur. A central yet previously overlooked
challenge is the presence of competing IEs, where the first IE censors all subsequent ones.
Despite its ubiquity in practice, this issue has not been explicitly recognized or addressed
in previous data analyses due to the lack of rigorous statistical methodology. In this paper,
we propose a principled framework to formulate the estimand, establish its nonparamet-
ric identification and semiparametric estimation theory, and introduce weighting, outcome
regression, and doubly robust estimators. We apply our methods to analyze the two sys-
temic lupus erythematosus trials, demonstrating the robustness and practical utility of the
proposed framework. This chapter is adapted from joint work with Professors Ting Ye and
Peng Ding, and with Yanyao Yi, Yongming Qu, and Karen Liu, statisticians at Eli Lilly. The
paper is currently under revision and has been resubmitted to the Journal of the American
Statistical Association. It is also available on arXiv (Lu et al., 2025).

The third chapter studies a different type of combined-strategy estimand motivated by long-
term chronic disease trials. In such trials, some IEs such as rescue medication, dose adjust-
ment, or treatment modification are part of real-world treatment practice and are handled
well using a treatment policy strategy. Other IEs, such as relocation or administrative
withdrawal, are external to the scientific question and are more naturally handled using a
hypothetical strategy. Unlike Chapter 2, where the occurrence of effect-informative IEs is
treated as failure, here they are preserved as part of the treatment pathway. This leads to
a different semi-competing data structure: if the effect-uninformative IE occurs first, it cen-
sors the effect-informative IE time and the outcome; if the effect-informative IE occurs first,
subsequent information on the effect-uninformative IE and the final outcome may still be
available. This structure requires different statistical tools from the competing-event setting.
We formulate the corresponding estimand, provide nonparametric identification formulas un-
der clear assumptions, construct several estimators, and derive the efficient influence function
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to guide robust and efficient estimation. This chapter is adapted from an ongoing work with
Professors Ting Ye and Peng Ding, and with Yanyao Yi and Yongming Qu at Eli Lilly.

Together, the three chapters develop a unified perspective on post-treatment events: the
role of each post-treatment event should determine the causal estimand, while the observed
data structure determines the assumptions and statistical tools needed for identification and
estimation. Chapter 2 focuses on principal stratification, where the post-treatment variable
defines latent causal subgroups. Chapter 3 studies IEs that require combining composite
and hypothetical strategies in the presence of competing event times. Chapter 4 studies IEs
that require combining treatment policy and hypothetical strategies under a semi-competing
event structure. Although the three problems differ in their estimands and observed-data
structures, they share a common methodological architecture: each begins by clarifying the
causal question, then states assumptions under which the target estimand is identified, and
finally develops estimators guided by semiparametric efficiency theory. This dissertation
also emphasizes the distinction between estimands and assumptions. The estimand encodes
the scientific question: which post-treatment events are part of the treatment effect, which
should be removed through a hypothetical intervention, and which define relevant subgroups
or composite outcomes. Identification assumptions, by contrast, describe the conditions
under which the observed data can recover that estimand. Separating these two layers is
essential. It prevents post-treatment events from being treated automatically as missing-data
problems and clarifies when different statistical tools are needed.



Chapter 2

Principal stratification with continuous
post-treatment variables: nonparametric
identification and semiparametric
estimation

2.1 Introduction

Principal stratification is an approach to adjusting for post-treatment variables in causal
inference. Because the post-treatment variable is affected by the treatment, the adjustment
cannot be simply achieved by conditioning on its observed value. Principal stratification,
first proposed by Frangakis and Rubin (2002), addresses this issue by conditioning on the
principal strata defined by the joint potential values of the post-treatment variable. The
causal effects within principal strata, often referred to as the principal stratification average
causal effects (PCEs), delineate causal mechanisms through the post-treatment variable while
maintaining valid interpretations as subgroup causal effects. Over the past two decades,
principal stratification has been applied in a wide range of problems, including noncompliance
(Angrist et al., 1996; Frumento et al., 2012; Mealli and Pacini, 2013), truncation by death
(Rubin, 2006; Ding et al., 2011; Wang et al., 2017; Yang and Small, 2016), missing data
(Frangakis and Rubin, 1999; Mattei et al., 2014), mediation (Rubin, 2004; Gallop et al.,
2009; Elliott et al., 2010; Mattei and Mealli, 2011; Daniels et al., 2012; Zigler et al., 2012),
surrogate evaluation (Frangakis and Rubin, 2002; Gilbert and Hudgens, 2008; Huang and
Gilbert, 2011; Li et al., 2010; Jiang et al., 2016), and vaccine efficacy analysis (Gilbert et al.,
2024).

The identification of PCEs presents challenges due to the fundamental problem of causal
inference: for each unit, only one potential value of the post-treatment variable is observed.
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Theoretical investigations into the identification of PCEs have mostly focused on binary
or discrete post-treatment variables (e.g., Cheng and Small, 2006; Imai, 2008; Ding et al.,
2011; Mattei and Mealli, 2011; Mealli and Pacini, 2013; Ogburn et al., 2015; Mealli et
al., 2016; Jiang et al., 2016; Yang and Small, 2016; Forastiere et al., 2016; Jiang et al.,
2022). Jiang and Ding (2021) provide formal identification results for PCEs with a general
post-treatment variable. However, their theory requires the existence of additional variables
satisfying certain conditional independence assumptions, which can be difficult to meet in
practice. In contrast to the lack of theory for continuous post-treatment variables, real-
world applications frequently involve continuous post-treatment variables. For example,
Efron and Feldman (1991), Jin and Rubin (2008), and Bartolucci and Grilli (2011) consider
a noncompliance problem in which the post-treatment variable is the proportion of the drug
or placebo actually received and takes continuous values ranging from zero to one. Schwartz
et al. (2011) study the causal mechanism of the effect of physical activity on cardiovascular
disease mediated by a continuous post-treatment body mass index.

Dichotomizing the post-treatment variable is commonly employed in practice (e.g., Sjolander
et al., 2009; Jiang et al., 2022). The dichotomization approach, however, not only discards
important information for understanding causal mechanisms but also poses challenges to
valid inference due to the arbitrary choice of thresholds. Without dichotomization, the
existing literature mostly employs modeling approaches without a formal discussion of iden-
tifiability. For instance, Conlon et al. (2014) and Jin and Rubin (2008) assume parametric
models for the potential values of both the outcome and the post-treatment variable and
specify informative priors for the parameters. Bartolucci and Grilli (2011) adopt similar
outcome models but propose the use of a copula to relax restrictions on potential values
of the post-treatment variable. Schwartz et al. (2011) further relax the restrictions on the
post-treatment variable under a Dirichlet process mixture model within a semiparametric
Bayesian framework. Subsequently, many more complex models have been proposed for the
application of principal stratification in various scenarios with continuous post-treatment
variables (e.g., Zigler et al., 2012; Comment et al., 2019; Kim et al., 2019), all of which rely
heavily on modeling assumptions. However, estimates from these models may be unstable
when their identifiability is not assured. Therefore, there is a need for methods capable of
handling continuous post-treatment variables without relying on strong modeling assump-
tions.

We develop a framework for principal stratification with a continuous post-treatment vari-
able. In Section 2.2, we introduce the notation and the identification assumptions. In
Section 2.3, we establish the nonparametric identification of PCEs under the principal ig-
norability assumption, which is commonly used in practice (e.g., Egleston et al., 2009; Jo
and Stuart, 2009; Jo et al., 2011; Stuart and Jo, 2015; Feller et al., 2017; Mattei et al., 2023;
Cheng et al., 2024) and has been utilized in Jiang et al. (2022) to establish the identification
of PCEs for a binary post-treatment variable. We also use a copula function to obtain the
joint distribution of potential values of the post-treatment variable from their marginal dis-
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tributions. It can be viewed as a generalization of the monotonicity assumption for a binary
post-treatment variable (Jiang and Ding, 2021) and has also been popular in various settings
(e.g., Roy et al., 2008; Bartolucci and Grilli, 2011; Daniels et al., 2012; Conlon et al., 2014;
Yang and Ding, 2018).

The continuous post-treatment variable generates infinitely many principal strata, making
the estimation of PCEs a difficult task. We propose to project the PCEs onto pre-specified
working models to approximate the underlying complex causal effect surfaces. The projection
parameter recovers the model-based parameter when the working model is correctly specified
and remains a well-defined causal parameter even if the working model is misspecified. This
approach has been adopted in other contexts of causal inference (Neugebauer and Laan,
2007; Kennedy et al., 2019; Ai et al., 2021; Ye et al., 2023; Boileau et al., 2025). Based on
the identification formulas, we propose two estimators that depend on different components
of the observed data distribution.

The existence of multiple estimators motivates the derivation of a more efficient estimator.
In Section 2.4, we derive the efficient influence function (EIF) of the PCEs to motivate a
new estimator. In Section 2.5, we study the asymptotic properties of the proposed estimator
based on EIF. The estimator is doubly robust in that it is consistent if either the treatment
probability or the outcome mean model is correctly specified, contingent on the correct spec-
ification of the principal density model, and is semiparametrically efficient if all models are
correctly specified with requirements on their convergence rates. In Section 2.6, we evaluate
the finite sample performance of various estimators through simulations. In Section 2.7,
we apply the estimators to analyze a randomized experiment in the youth labor market in
Uganda. In Section 2.8, we discuss some extensions.

We use the following notation. Let ||r|l, = { [ r(v)?dP(v)}'/? denote the Ly(P) norm where
P(-) denotes the distribution of the observed data. Let p(-) denote the probability density
function of continuous random variables. Write b,, = Op(a,) if b, /a,, is bounded in probabil-
ity and b,, = op(a,) if b, /a, converges to 0 in probability. Let 1(-) be the indicator function.
Let f(n) = 0f(n)/dn denote the gradient of function f and f(n) = 82f(n)/0ndn™ denote the
Hessian matrix of f with respect to n. Let ¢,(u,v) and é,(u, v) denote the partial derivative
of a bivariate function ¢(u,v) with respect to u and v, respectively.

2.2 Setup and assumptions

2.2.1 Setup

We generalize the principal stratification method in Frangakis and Rubin (2002) to the
case when the post-treatment variable is continuous. For unit i = 1,...,n, let Z; be the
treatment, S; the post-treatment variable, Y; the outcome, and X; a set of pre-treatment
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covariates. We invoke the stable unit treatment value assumption and let Y,; and .S,; denote
the potential values of the outcome and the post-treatment variable if the treatment were
set to Z; = z, respectively. Then, S; = Z;51; + (1 — Z;)So; and Y; = Z;Y1, + (1 — Z;) Yo, We
assume all variables are identically and independently sampled from a super population and
drop the subscript ¢ for simplicity.

We revisit four illustrative examples of real-world applications with a continuous post-
treatment variable.

Example 2.1. Efron and Feldman (1991) and Jin and Rubin (2008) study the treatment
effect of cholestyramine on lowering cholesterol levels. Let Z denote the binary treatment
where patients with Z = 1 if a patient is assigned active pills of the drug and Z = 0 if
assigned placebo pills. Let Y denote the cholesterol reduction. Partial noncompliance arises
in this trial because the patients may take only a proportion of the assigned dose. The post-
treatment variable S represents the proportion of the assigned dose taken, ranging from zero
to one. To measure the causal effect of the drug that is actually taken, it is crucial to adjust
for S in the analysis.

Example 2.2. Gilbert and Hudgens (2008) and Gilbert et al. (2015) study the surrogate
endpoint evaluation in randomized controlled trials, using an HIV wvaccine trial and a her-
pes zoster vaccine trial, respectively. The binary treatment variable Z is the randomized
assignment of the vaccine or placebo. The post-treatment variable S is the potential surro-
gate endpoint, which is some vaccine-induced immune responses, e.g., the 50% neutralization
titers for HIV gp120 in the HIV trial and the varicella zoster virus antibody titer in the her-
pes zoster trial. The outcome Y is the infection of the disease. Gilbert and Hudgens (2008)
and Gilbert et al. (2015) propose using principal stratification criteria to evaluate how well
the post-treatment variable S serves as a surrogate for the outcome.

Example 2.3. Schwartz et al. (2011) study the effect of physical activity on cardiovascular
disease and how the effect varies across levels of body mass index (BMI). In this study, the
binary treatment variable Z denotes physical activity with Z = 1 for high-level exercisers and
Z = 0 for low-level exercisers. The outcome Y 1is the indicator of cardiovascular disease.
The scientific question of interest concerns the heterogeneity of the effect of physical activity
on cardiovascular disease across different BMI level subgroups, denoted by a continuous post-
treatment variable S. To address this, Schwartz et al. (2011) employ principal stratification
to adjust for S using a Bayesian semiparametric model.

Example 2.4. Yin (2026) conduct a randomized experiment in China to learn the effect
of credit supply on consumption behavior. They randomly assign credit card users to treat-
ment and control groups, denoted by Z = 1 and Z = 0, respectively. Users in the treatment
group are offered an increase in their available credit, while users in the control group main-
tain their current credit limits. The outcome of interest Y is the change in their average
monthly consumption following the treatment. To assess how the effect of credit increase
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varies across users with different expectations about their future outcome, we adjust for the
expected changes in monthly income six months after the experiment, defined as a continuous
variable S. We will analyze the data in Section 2.7.

The principal stratum U is defined by the joint potential values of S, i.e., U = (S1,S)).
When S is continuous, the number of principal strata is infinity. For ease of notation, we
write U = (s1, So) to denote the principal stratum (S; = s1,.5) = sp). Our goal is to identify
and estimate the PCE surface as a function of s; and sg:

7(81,30) = E{Yl - Yy | U= (51,80)} = m1(81,50) —mo(sl,So),

where m, (s, s0) = E{Y. | U = (s1, so)} are the two corresponding average potential outcome
surfaces for z =0, 1.

2.2.2 Assumptions

In this subsection, we discuss two crucial identification assumptions. We consider the scenario
in which treatment ignorability holds for both the outcome and the post-treatment variable.

Assumption 2.1 (Treatment ignorability). Z1L(Sy, S1, Yo, Y1) | X.

Assumption 2.1 is a standard identification assumption for the average causal effects 7y =
E(Y1-Y,) and 7 = E(S1—5p). It holds in randomized experiments by design. However, it is
untestable in observational studies and requires the collection of all confounders between the
treatment and the outcome, as well as those between the treatment and the post-treatment
variable (Rosenbaum and Rubin, 1983). Under Assumption 2.1, we can identify the average
causal effect of the treatment on the outcome, v = E{E(Y | Z = 1,X) - E(Y | Z =
0,X)}, and that on the post-treatment variable, 7¢ = E{E(S | Z = 1,X) - E(S | Z =
0, X)}. However, the PCEs are generally not identifiable since we cannot observe S; and Sy
simultaneously.

When S is binary, the monotonicity assumption, i.e., S; > Sy, is sufficient for identifying
the distribution of U (e.g., Angrist et al., 1996; Jiang et al., 2022), which serves as the basis
for identifying the PCEs. With a continuous S, the distribution of U becomes a density
function and is not identifiable even with monotonicity.

Under Assumption 2.1, we can identify only the conditional distribution of S, given X by
p(S, | X)=p(S | Z =z X) for z = 0,1. Therefore, we propose to use a copula function
C,(-,-) to establish a mapping between the joint distribution and the conditional distributions
of the marginal potential values S.:

P(Sl S Sl,SO S So | X) = Cp{Fl(Sl,X),Fo(So,X)},
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where the parameter p indexes the association between S; and Sy given X (see Jiang and
Ding, 2021; Roy et al., 2008; Bartolucci and Grilli, 2011; Yang and Ding, 2018; Sun et al.,
2024 for similar copula approaches), and F,(s,, X) = P(S, < s, | X) denotes the conditional
cumulative distribution function of S, given X for z = 0, 1.

The literature takes different perspectives on the parameter p, which governs the association
in the copula function and thereby influences the identification of the distribution of U. For
instance, Efron and Feldman (1991) assume that S; and Sy for each unit are at the same
percentile and impute the counterfactual from the marginal distributions of S,, effectively
specifying p as a known constant. In contrast, Bartolucci and Grilli (2011) treat p as a
parameter and propose a parametric model to identify and estimate it. More recently, Sun
et al. (2024) leverage repeated measurements of S for identification and estimation. However,
these approaches rely on strong parametric models or additional information.

In this study, we assume that the copula function is known with a pre-specified sensitivity
parameter p. This assumption, though strong, allows us to focus on scenarios where the
joint density of (S7,Sp) is identifiable. Without this assumption, it would be necessary to
impose strong modeling assumptions on other parts of the observed data distribution, which
we avoid in this work. Exploring alternative approaches without this assumption is left
for future research. We denote the copula function as C(-,-) and omit the subscript p for
simplicity.

In practice, the true value of p is typically unknown. Therefore, we recommend treating p as
a sensitivity parameter and conducting sensitivity analyses to explore the impact of different
p values (see Section 2.7 for an application). Given a pre-specified value of p, we can identify
the density of U given X by

O?P(S; < 51,5 <sp| X O*C(Fy(s1,X), Fo(so, X
p(U= (o) | x}p = HEEIAES D FEA . ol L)

= C(Fl(sl, X), F0(807 X))pl(sl, X)po(So, X), (21)

where c(u,v) = 0*C(u,v)/0udv denotes the copula density function that equals the second
order cross derivative of the copula function C(-,-), and p.(s.,X) =p(S =5, | Z = 2, X)
is the density function of S given Z = z and X at S = s, for z = 0,1. For a continuous .5,
p{U = (s1,50) | X} is the density function of U given X. We define e(s1, s9, X) = p{U =
(s1,50) | X} and refer to it as the principal density. With a binary S, it reduces to the
principal score in Follmann (2000), Hill et al. (2002), Joffe et al. (2007), Ding and Lu (2017),
Feller et al. (2017), and Jiang et al. (2022).

With the known copula function and association parameter p, there is a one-to-one mapping
between e(sy, so, X) and {p1(s1, X),po(s0, X)}, and thus we will refer to both as principal
density. By averaging the principal density over X, we can obtain the marginal density of

U as e(s1,80) = p{U = (s1,50)} = E{e(s1, 50, X)}.
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Next, we generalize the principal ignorability assumption with a binary post-treatment vari-
able (Jo and Stuart, 2009; Jo et al., 2011; Stuart and Jo, 2015; Ding and Lu, 2017; Jiang
et al., 2022) to the following assumption with a continuous post-treatment variable.

Assumption 2.2 (Principal ignorability). E{Y; | U = (s1,%),X} = E{Y1 | U =
(s1,80), X} for any sg, sy and E{Yy | U = (s1,50), X} = E{Yy | U = (s}, 50), X} for any

/
51, 81.

Assumption 2.2 requires that, conditional on the covariates, the expectation of the potential
outcome under treatment, Y;, does not vary across principal strata with the same value
of S7. Similarly, the expectation of the potential outcome under control, Yy, does not vary
across principal strata with the same value of Sy. This assumption restricts only the expected
values of potential outcomes, making it a weaker condition than the conditional independence
assumption: Y, 11.S;_, | 5,, X for 2 =0, 1.

Although we do not impose the stronger conditional independence assumption Y, 1l.S;_, |
S.,X for z = 0,1, considering it helps to interpret Assumption 2.2 and facilitates com-
parison with related assumptions. Under Assumption 2.1, the conditional independence
Y, 1S, . |S., X is equivalent to Y LS, . | Z = 2,5 = s, X. Therefore, principal ignorabil-
ity requires that given the treatment, observed post-treatment variable, and covariates, the
counterfactual post-treatment variable S;_, is ignorable for the distribution of Y.

Principal ignorability resembles the cross-world independence assumption in causal media-
tion analysis, which requires the potential outcome to be independent of S;_, given Z = 2
and X. However, unlike principal ignorability, cross-world independence does not condition
on the observed post-treatment variable S. While principal ignorability and cross-world in-
dependence do not generally imply each other, conditioning on additional variables is often
believed to improve the plausibility of conditional independence assumptions (Rubin, 2007;
Vander Weele and Shpitser, 2011). Moreover, Forastiere et al. (2018) show that when S
is binary and satisfies monotonicity, cross-world independence implies a weaker version of
principal ignorability. Therefore, the covariates used to justify cross-world independence
in mediation analysis are often suitable for ensuring principal ignorability. As a general
guideline, we recommend including all covariates that confound the relationship between the
post-treatment variable and the outcome.

Principal stratification also differs from the mediation analysis conceptually. Mediation anal-
ysis requires the mediator to be a well-defined intervention, whereas principal stratification
only requires the treatment to be a well-defined intervention. Furthermore, mediation analy-
sis involves nested potential outcomes that may not correspond to any feasible experimental
setting. In contrast, principal stratification considers only the potential values defined by
the treatment.
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Under Assumption 2.1, Assumption 2.2 is equivalent to

E{Y1|U=1(s1,8),Z=1,S=s,X} = EM|U=_(s1,8),Z=1,5=s1,X},(22)
E{Yy | U =(s1,80),Z=0,8=s0,X} = E{Yo|U=(5),%),2Z=0,5=s0,X}.(2.3)

The observed stratum (Z = 1,5 = s1) is a mixture of the principal strata U = (s, So)
for all possible values of syg. Therefore, the conditional expectations in (2.2) simplify to
the outcome mean p(s;, X) = E(Y | Z =1,5 = s1,X). Similar argument applies to the
observed stratum (Z = 0,5 = s¢); the conditional expectations in (2.3) simplify to the
outcome mean pg(sg, X) = E(Y | Z=10,5 = s9, X).

2.3 Nonparametric identification and projection
parameters

2.3.1 Identification of PCEs

In this subsection, we discuss the nonparametric identification of the PCE surfaces.
From (2.2) and (2.3), we can identify the surfaces of the average potential outcomes
m.(s1,S0) by averaging the outcome means (s, X) over the distribution of X given U.
This leads to the identification formulas in the following theorem.

Theorem 2.1. Suppose that Assumptions 2.1 and 2.2 hold and 0 < w(x) < 1 for all x in the
support of X. Assume that e(s1, so, X) is identifiable. For any (s1, so) such that e(sy,so) > 0,
we have

e(s1, S0, X)

E{Y,|U = (s1,8)} = E{ e(s1, S0)

Lz (sz,X)} for z=0,1. (2.4)

Theorem 2.1 expresses the distribution of X given U as a function of the principal density.
Thus, the formulas rely on both the principal density and the outcome mean, extending
those in Jiang et al. (2022) based on the principal score and the outcome mean models. In
Theorem 2.1, we do not need e(s1, s9) > 0 for all (s1, s9) because we focus only on the strata
with e(s1,s9) > 0.

The existence of alternative identification formulas in Jiang et al. (2022) motivates us to
explore other identification formulas with a continuous S. The following theorem presents
the identification formula based on the treatment probability and principal density.

Theorem 2.2. Suppose that Assumptions 2.1 and 2.2 hold and 0 < w(x) < 1 for all x in the
support of X. Assume that the potential outcome surface m,(s1,5s), the principal density
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e(s1, 80, X) and p, (s, X), and the marginal density e(s1, So) are continuous in $; and sq for
z=0,1. For any (s1,S0) such that e(s1,s0) > 0, we have

E{Yi | U= (51,8(])} = llj}I(l)E{le ’ Sl c BE (51),5’0 c BE (50>}

P{S; € Bc(s1),50 € Bc(s0) | X} 1{S1€ B.(s1)} ZY
{ P{S; € Bc(s1),50 € Bc(s9)} P{S1€ Bc(s1) | X}7(X)
~ lim e(s1,80,X)1(s1—e<S<s+e€) ZY

1 E{ e (s1,50) 2¢ - py (81, X) W(X)}’

= limF

(2.5)

e—0

where Be(s,) = {s € R| s, —e€ < s <s,+¢€} is the e-ball centered at s, for z =0, 1.

We can obtain a similar identification formula for E{Y, | U = (s1,50)}. Equation (2.5)
expresses the average potential outcome under treatment in principal stratum U = (sq, s¢)
as the limit of a weighted average of the outcome for the treated units. The weights
have two main components: 1/7(X) corresponds to the treatment probability, while
e(s1, s0, X)/{e(s1, s0)p1(s1, X)} corresponds to the principal density. The indicator function
1(s1—e < S < s1+¢) limits the identification formula to units with .S in the neighborhood of
s1, indicating that the conditional mean E{Y] | U = (s1,5¢)} is not a Frechét differentiable
parameter (for technical details, see Bickel et al., 1993). Similar argument applies to
E{Yy | U = (s1,80)}. Therefore, no regular asymptotically linear estimator exists for
7(s1, So). Estimating 7(s1, sg) based on Theorem 2.2 requires nonparametric local methods,
such as kernel methods, and the estimators cannot converge at the parametric rate.

Unlike Jiang et al. (2022), it is difficult to obtain an identification formula based only
on the treatment probability and outcome model with a continuous S. Achieving this
requires replacing the principal density in the identification formula of Theorem 2.1
with the treatment probability. However, the principal density p{U = (s1,s0) | X} =
c(Fi(s1,X), Fo(so, X))p(S1 = s1 | X)p(So = so | X) is not a linear function of the
conditional distributions of S, as in the case of binary S. Instead, it depends on the copula
function ¢(-, -), which generally takes a complicated form. Therefore, the principal density is
crucial for deriving the identification formulas of the PCE surface when the post-treatment
variable S is continuous. We will further demonstrate this fact later in Section 2.4.

2.3.2 Projection parameters

Using the identification formulas in Theorems 2.1 and 2.2, we can construct nonparametric
estimators for the average potential outcome surfaces mi(si, sp) and mg(sy, so). However,
their efficient influence functions with finite variance do not exist (Bickel et al., 1993), leading
to substantial finite-sample variability in their estimates. In addition, the interpretation of
these average potential outcome surfaces can be challenging in practical applications due to
their two-dimensional nature.
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To improve estimation precision and achieve better visualization and interpretation, we
project the mean surface m,(sq, sg) onto a pre-specified working model f,(s1, so;7,), where
7, € RY is a finite-dimensional parameter (Neugebauer and Laan, 2007; Ogburn et al., 2015;
Kennedy et al., 2019; Ai et al., 2021; Ye et al., 2023; Boileau et al., 2025). In particular, we
define our parameters of interest as

mo= arg;ré]iRrgE [wi (S1, S0) {m1 (S1,S0) — f1 (54, 50;77)}2} ) (2.6)
M = argmin [wo (S1, S0) {mo (S1, S0) = fo (S1, S0;m)}] (2.7)

where wy(s1, s9) and wy(s1, Sg) are some user-specified weight functions. The formulation
in (2.6) and (2.7) does not require a correct specification of the working model, and the pre-
specified weights and the working models could be different for the two mean surfaces. We
can view the projection coefficient 7, as the solution to the nonlinear weighted least squares
of the true population parameters m, (S, Sp) for z = 0, 1. Constant weight functions, where
wy (81, 80) = wo(s1,S0) = 1, lead to uniform weighting across the entire support of (51, Sp). In
contrast, if domain knowledge indicates that particular values of (s, s¢) are more important,
we can employ non-constant weight functions to assign greater weights to them accordingly.
From (2.6) and (2.7), 7, is the parameter that minimizes the discrepancy between the true
mean surface m, and the working model f,, with the discrepancy defined by the choice of
the weighting function w,.

The identification of the projected parameters 1, and 7y follows directly from the identifica-
tion of the average potential outcome surfaces in Theorems 2.1 and 2.2 if the optimization
problems in (2.6) and (2.7) have unique solutions, which depends on the functional form of
f» and the support of e(sy, sg).

Remark. We can also project the PCE surface 7 (s1, sg) using a similar approach:
1 = arg min B [, (81, 80) {7 (S1, 5) = f (1, So:m)}] - (2.8)

The quantities 7, and n; — 1y are closely related under some specific choices of fi, fo,
and f,, but are different in general. An advantage of introducing the separately projected
parameters in (2.6) and (2.7) is that we can also consider nonlinear causal estimands, for
instance, my (S, Sp)/mo(S1, So), and approximate it by the ratio between two projected mean
surfaces f1(S1, So0;m1)/ fo(S1,S0;m0). Because of this, we focus on the separately projected
parameters 7; and 7y defined in (2.6) and (2.7) in the main text. We relegate the result for
7, and the discussion on the special case when these two ways of projection are equivalent
to Section A.1.5 in the Supplementary Material.

2.3.3 Estimation of the projection parameters

Next, we introduce two estimators of the projected parameters corresponding to the two iden-
tification formulas in Theorems 2.1 and 2.2. These estimators rely on different components
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of the observed data distribution. For simplicity, we use 7, €, and i to denote the esti-
mated treatment probability, principal density, and outcome mean, respectively, suppressing
their dependence on the covariates X. As established earlier, we only need to estimate the
conditional distribution of S, for z = 0,1 and apply the copula function to obtain the prin-
cipal density estimator. Throughout this subsection, we assume the optimization problems
in (2.6) and (2.7) have unique solutions.

We consider the estimation of 7, for z = 0,1. From (2.6) and (2.7), we can write the
projected quantity n, as

n, = arg rr%inE [w. (51, So) {m.. (S1,S0) — f= (St So; 77)}2}
= argmin // w, (s1,50) {m. (51, 50) — f- (51, 50:m)}> € (51, 50) dsydsg (2.9)
1

for = = 0,1. Taking the first order derivative with respect to n on the objective function
n (2.9), we have

// w, (s1,50) f- (51, 50;12) € (51, 50) {m. (51, 50) — f» (51, 50;7:) } dsidsg = 0. (2.10)

Equation (2.10) motivates an estimating equation based on Theorem 2.1.

Lemma 2.1 (Estimating equation based on principal density and outcome mean models).
Suppose that Assumptions 2.1 and 2.2 hold and 0 < w(x) < 1 for all x in the support of X.
For z=0,1, define

D, pdrom (Y, S, 2, X5m, ¢, 11.)
/ / w. (51, 50) f- (51, 5011) € (51, 50, X) { (52, X) — £ (51, 50:) } dsadls. (2.11)
We have
E{Dz,pd+0m <Y7 57 Z7X;772767M2>} =0 (212)

and thus D, pdiom 5 a valid estimating equation for n, for z =0,1.

Theorem 2.1 indicates that
e (s1, S0, X)

6(81,80) {Mz(Sz,X)_fz(Shso;n)} ) (2‘13)

mg (SlaSO)_fz (81780;77) = E

Plugging (2.13) into (2.10) then yields the validity of the estimating equation in Lemma 2.1.
Equation (2.11) motivates the following two-step estimator.
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Estimator 2.1 (Estimator based on principal density and outcome mean models). We
provide a two-step estimator 1, pd+om based on the principal density and outcome mean model
for z=10,1.

o Step 1: Estimate the principal density é; and outcome mean fi,; for each unit i.

o Step 2: Obtain the estimator M, parom bY plugging é; and fi; into (2.11) and solving
for the empirical analog of the estimating equation (2.12)

n
-1 Z A 50 ) —
n Dz,pd+om (Y;, Sia Zz', Xz', 7]z,pd+oma €i, ,UJzi) = 0.

=1

The consistency and root-n convergence rate of 1, pa—om t0 1, require the consistent estimation
and root-n convergence rate of the principal density and outcome mean models.

Next, we construct estimating equations based on the identification formula in Theorem 2.2.

Lemma 2.2 (Estimating equation based on treatment probability and principal density).
Suppose that Assumptions 2.1 and 2.2 hold and 0 < 7(z) < 1 for all x in the support of X.
Define

Dl,tp+pd (Ya Sa Za Xv n,, 6)

= [ S oS Iy iS40

and
DO,tp+pd(Y7S7Z7X;?777T7€)
: e(s,8,X) 1-2
= : Y — : ds;. 2.1
/wO(Slas)fO(ShSan) pO(S,X) 1—7T(X){ fO(ShS)T/)} S1 ( 5)
We have

E{Dz,thrpd(Y,S,Z,X;T]Z,ﬂ',e)} = 0 (216)

and thus D, sp.pa 15 a valid estimating equation for n, for z =0, 1.

In Lemma 2.2, the weights based on principal density and treatment probability
in (2.14) and (2.15) have a similar form as those in Theorem 2.2. These equations depend
on the treatment probability and principal density while remaining agnostic of the outcome
means, motivating the following two-step weighting estimator that does not require modeling
the outcome.
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Estimator 2.2 (Estimator based on treatment probability and principal density). We pro-
vide a two-step estimator 1), 1p1pa based on the treatment probability and principal density for
z=0,1.

e Step 1: Estimate the treatment probability m; and principal density é; for each unit 1.

o Step 2: Obtain the estimator 1, sp-pa by plugging 7; and é; into (2.14) and (2.15) and
solving for the empirical analog of the estimating equation (2.16)

n
-1 E . H ~ 5\ —
n Dz,tp+pd ()/7,7 Si; Zia Xi; Tz tp+pd> T, ei) = 0.

=1

The consistency and root-n convergence rate of 1), tpipa t0 1. require the consistent estimation
and root-n convergence rate of the treatment probability and principal density models.

When the corresponding nuisance parameters are consistently estimated at a root-n rate,
we can construct variance estimators of 7, ,q+om and 7, 4ppa Using standard variance esti-
mators derived from the estimating equations for Z-estimators. We can also obtain variance
estimators using a nonparametric bootstrap.

Because estimating equations (2.14) and (2.15) involve the inverse of the treatment probabil-
ity, 7. tp+pa becomes unstable if the estimated treatment probability is close to zero or one.
In this case, 7, pd+om 15 comparatively more stable, though it relies on the extrapolation using
the outcome mean model. Interestingly, the inverse of p, (S5, X) in (2.14) and (2.15) does not
lead to a similar problem because the ratios e(S, so, X)/p1(S, X) and e(s1,S, X)/po(S, X)
are always bounded in [0, 1].

When the estimated treatment probability is extreme, we can improve the empirical perfor-
mance of the estimator by using stabilized weights. Specifically, instead of using the inverse
of the estimated treatment probabilities in (2.14) and (2.15), we replace them with more
stable weights that satisfy the estimating equations. This approach improves stability, as
demonstrated in previous studies (Imai and Ratkovic, 2015; Zubizarreta, 2015; Chattopad-
hyay et al., 2020; Ben-Michael et al., 2021).

The computation of both 7, pq1om and 7 pd+om requires numerical integration. Due to the
additional layer of integration in (2.11) compared to (2.14) and (2.15), 7, pd-rom 1S generally
more computationally intensive than 7, tppd.
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2.4 Semiparametric estimation based on EIF

The availability of multiple estimators for 7, catalyzes devising the most efficient estimator.
In this section, we first derive the EIF for 7, and then construct an estimator based on the
EIF. For ease of notation, we only present the result for n;; the results for 1y and 7, can be
obtained similarly and are provided in the Supplementary Material. Define

V1(S1,807X) = wl(Sl,So)fl(81,80;771)6(31,807)(){/11(SlaX)—f1(81780;771)},

éu(Sl,So,X)
= B —————— < —
Tu(81,80757 X) 1 C(Sl’SO’X) {1(8 ~ 81) F1<81,X)},
(81, S0, X)
ro(81, S0, S, X) 1 (5150, X) {1(S < s0) — Fo(s0, X)}

The term wvi(s1, S0, X) is the integrand of the estimating equation in (2.11), and
ru(s1, 80,5, X) and 7,(sq,80,5,X) are quantities related to S; and Sy.  The term
¢u(81, 50, X )/ (51, 80, X) is equal to dlogc(u,v)/0u evaluated at Fi(s1, X) and Fy(sg, X),
which can be viewed as the score function of the principal density with respect to
w.  Similar interpretation applies to ¢é,(s1, S0, X)/c(s1,50,X). We can show that

E{r.(s1,%0,5,X) | Z = 1,X} = E{r,(s1,%0,5,X) | Z = 0,X} = 1. The following
theorem presents the EIF for 7.

Theorem 2.3 (EIF for n;). Under the nonparametric model, the EIF for n is
w1 (V) = Hy'{li(X)+6:(8,2,X)+ (Y, S, Z,X)}, (2.17)
where

H = FE (w1(51, So) [f1 (S1, Sosm) fl (S1, 50;771)T — {m1 (51, So) — f1(S1, So;m)} fl(Sla So;ﬁl)D

and
El (X) = // 121 81,80, dSlng,
v1(S, 59, X)ds
62 (S, Z,X) W(X) {f 1](9 (SOX 0 //V1 81750,X)7“u(81780,s X)dSldSO}
1
1 —Z fyl(sl,S X d51
—i—l — o (X) { (5. X) // v1(81, S0, X )ry(81, So, S, X)dsldso}
' d
63 (Y, S, Z,X) _ A fwl (Sa SU) fl (Sa 50;771) (S’ 50, ) S0 {Y — (S,X)}

™ (X) p1 (S, X)

We suppress the dependence of Hy, {1, {5, and ¢3 on 7; for simplicity. We show in the proof
of Theorem 2.3 that 2H; is equal to the Hessian matrix of the objective function in (2.6)
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evaluated at n;. The three terms ¢;(X), (5(S, Z, X), and ¢3(Y, S, Z, X) correspond to the
three levels of perturbation on different components of the observed conditional distribu-
tions. The function ¢;(X) is the same as the estimating equation in (2.11). The func-
tion ¢3(Y, S, Z, X) has a similar form to the estimating equation in (2.14) by replacing the
residual Y — f1(S, so;n) inside the integral with Y — uy(S, X). The function ¢5(S, Z, X)
takes a more complex form, partly due to the association between S; and S, specified
in the copula function, which hinders a clear explanation. In the special case when S
and Sy are independent conditional on X, c¢(u,v) = 1, é,(u,v) = é,(u,v) = 0, and thus
ru(S1, S0, 5, X) = ry(s1, 0,5, X) = 1. The function ¢5(S, Z, X) then simplifies to

Z 1-Z
— S, X)—FE S, X)X, Z=1 AT
7T(X) [ul( ) ) {ul( ) )| ) }]+1—7T(X)
where u(s,, X) = [11(s1, 80, X)ds1_./p.(s., X) for z = 0,1. Thus, ¢5(S, Z, X) consists
of the inverse probability weighting of the residuals of the ratio u(s., X) in this special
case. Importantly, all the terms in the influence function involve the principal density, which
further demonstrates the difficulty of avoiding it in identification formulas.

[ur(S, X) — E{ui(S,X) | X, Z =0},

The absence of terms corresponding to the perturbation of the conditional distribution of
Z given X implies that knowing the treatment probabilities would not help improve the
semiparametric efficiency of our causal quantities. Therefore, the same EIF as in Theorem 2.3
applies to randomized experiments where the true treatment probabilities are known. A
similar phenomenon appears in the estimation of the classic average treatment effect (Hahn,
1998) and has been studied in Hitomi et al. (2008).

The EIF motivates the following estimating equation for 7;.

Lemma 2.3 (Estimating equation based on the EIF). Suppose that Assumptions 2.1 and 2.2
hold, and 0 < w(x) < 1 for all x in the support of X. Define

Dl,eif(yysazvX;nlaﬂae?ﬂ’l) = 61(X)+£2(S,Z,X)+£3(Y,S,Z,X) (218)
We have
E{Dl,eif(}/aSaZ7X;771a7T767:u1)} = 0. (219)

This follows directly from the zero property of the EIF. Lemma 2.3 leads to the following
estimation strategy.

Estimator 2.3 (Estimator based on EIF). We provide a two-step estimator 1 & motivated
by the form of EIF. It is based on all three nuisance parameters: the treatment probability,
principal density, and outcome mean.

e Step 1: Estimate the treatment probability 7;, principal density é;, and outcome mean
f11; for each individual 1.
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o Step 2: Obtain the estimator M cir by plugging the estimated values of the nuisance
parameters (Tt;, €;, f11;) into (2.18) and solving for the empirical analog of the estimating
equation (2.19)

n! Z D it (Y, Si, Ziy Xy ity i, €, firi) = 0. (2.20)

i=1

We can similarly construct a two-step estimator foeir based on the EIF for ng, details of
which are relegated to Section A.1.4 in the Supplementary Material.

The estimation approach can be applied in both randomized experiments and observational
studies. In randomized experiments, knowing the true treatment probability does not im-
prove the semiparametric efficiency bound because the EIF does not have a term correspond-
ing to the perturbation of the conditional distribution of Z given X. However, randomization
ensures that the model for the treatment probability is always correctly specified, thereby
enhancing the robustness of the estimators.

In the special case when the working model is linear in 7, i.e., fi(s1,0;17) = n"g1(s1, So)
for some known pre-specified function g; and unknown parameters 7, the EIF for n; is also
linear in n;. This structure enables a closed-form solution to the linear estimating equations,
substantially reducing computational complexity in estimation. We present the EIF and
the closed-form expression of the associated estimator in Section A.1.2 of the Supplemen-
tary Material. We implement our proposed estimation procedure based on this closed-form
solution in an R package continuousPCE.

The function g;(s1, o) can be tailored to suit various real-world applications. In Section A.1.3
of the Supplementary Material, we discuss some specific choices of g;(s1, o), such as poly-
nomial functions of (s, s¢), and provide the corresponding closed-form EIFs.

When the working model is nonlinear in 7;, the empirical estimating equation (2.20) often
involves nonlinear functions in 7;. Consequently, estimating 7; requires the use of numerical
methods such as Newton’s method, posing computational challenges.

2.5 Asymptotic theory and statistical inference

In this section, we derive the asymptotic properties of the estimator based on the EIF.
We show that it is conditionally doubly robust and exhibits a parametric convergence rate
under certain regularity conditions, even when nuisance functions are estimated at slower
rates. Similar to Section 2.4, we only present the result for 7; e
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To study the estimator under model misspecification, we work with the Ly(P) probability
limits. For the estimated treatment probability function 7, define its probability limit 7 as
the function such that |7 — 7|, converges in probability to 0 as n goes to infinity. Similarly,
define € and fi; as the Ly(P) probability limit of the estimated principal density é and
outcome mean fi1, respectively. Therefore, 7 = 7w indicates that the treatment probability
model is correctly specified, € = e indicates that the principal density model is correctly
specified, and fi; = p; indicates that the outcome mean model is correctly specified.

We first introduce the following three regularity conditions on the estimated nuisance pa-
rameters and the estimating equation.

Assumption 2.3 (Glivenko-Cantelli class). Let n and { denote the parameter of interest
and the nuisance parameters, respectively. Assume that the class of functions { Dy ei(-; 17, §) :
11 —nl <0,d(&,€) <0} is P-Glivenko—Cantelli for some § > 0.

Assumption 2.4 (Donsker class). Let n and & denote the parameter of interest and the
nuisance parameters, respectively. The function v = (y,s,2,1) = Dy t(v; 7, &) indeved by
(n,€) satisfies
(a) the class of functions {Dl,eif(';ﬁ,g) =l < 9, d(€, ¢) < 4} is Donsker for some
0 >0, and

(b) E{HDl,eif(';ﬁaé) — Dicie(5m,9)1*} = 0 as (ﬁvé) - (n,6).

Assumption 2.5 (Differentiability). The mapping 7 E{Dl,eif(V;ﬁ,g)} is differentiable
at n uniformly in £ in a neighborhood of & with nonsingular derivative matrices C(n,§) =

aE{Dl,eif(V; 777 g)}/aﬁ’ﬁzn

Assumptions 2.3 and 2.4 restrict the model complexity of the nuisance parameters. Specif-
ically, Assumption 2.3 is sufficient for a uniform law of large numbers, hence for the con-
sistency of the Z-estimator 7). Assumption 2.4 is a standard regularity condition for
the asymptotic distribution of Z-estimators (Vaart, 2000). Moreover, we could use sample-
splitting and cross-fitting methods to estimate the model parameters to relax the Donsker
conditions (Koshevnik and Levit, 1977; Pfanzagl and Wefelmeyer, 1985; Klaassen, 1987;
Zheng and Laan, 2011; Chernozhukov et al., 2018). Assumption 2.5 is another regular-
ity condition that validates the use of the Delta method when we derive the asymptotic
distribution of 9y eir.

The following theorem gives a general result for the asymptotic distribution of 7); e

Theorem 2.4 (Consistency). Suppose that the probability limit of the estimated nuisance
parameters satisfies that either (7,e) = (m,e) or (é,u1) = (e, p1), and the weight function
wi (81, So) and the working model fi(s1,s0) are bounded.
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(a) Under Assumptions 2.1-2.3, M «if is a consistent estimator of n;.

(b) Under Assumptions 2.1-2.5,
[|171,it — 771||2 =0Op {Tfl/z + Rem} ,

where

Rem = |7 = 7fly [ fn = pually + 7 = 7lly ([[1 = pally + 10 = poll2)
I = pally (I5r = pally + Do = polle) + A1 = pally o = poll -

Theorem 2.4 shows that the asymptotic bias of 7); ¢ is determined by a function of the asymp-
totic biases of the nuisance parameters. While ||7 — ||, ||ft1 — p1]], converges to zero if either
the treatment probability or the outcome mean model is correctly specified, the other terms
rely heavily on the principal density model. In particular, the last term ||p1 — p1l|, [P0 — Poll,
converges to zero only if the principal density model is correctly specified. As a result, the
consistency of the estimator 7); ¢ for 7; is contingent on a correct specification of the principal
density model, and either the treatment probability or outcome mean model. This estab-
lishes the conditional double robustness of 7); «if when the principal density model is correctly
specified. In contrast, the triply robust property demonstrated in Jiang et al. (2022) allows
the estimator to remain consistent even if the principal score model is misspecified, provided
the treatment probability and outcome mean models are correct. Our result echoes the
discussion on the crucial role of the principal density in identifying the PCE surface with a
continuous S.

Theorem 2.4 also implies the result on root-n consistency of 7 ¢, provided the following
assumption on the convergence rates of the treatment probability, principal density, and the
outcome mean.

Assumption 2.6 (Convergence rates of nuisance parameters). The convergence rates of the
estimators of the nuisance parameters satisfy

(a) |7 = 7lly I — p:ll, = op(n™'7?) for 2 =0,1,
(b) D> = pelly 10 — pually = OP(H_I/Q) for z=0,1,
(¢) I = wlly i = milly = op(n="7?), and

(d) |- — p:lly = op(n=4) for =0, 1.

Assumption 2.6 requires that the models on treatment probability, principal density, and
outcome mean are all correctly specified. It imposes more stringent requirements on the
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convergence rates of the models. If domain knowledge enables us to correctly specify para-
metric models to estimate the treatment probability and the outcome mean model, paramet-
ric estimation guarantees a root-n rate of nuisance parameters 7w and p,, thus Assumptions
2.6(a)-2.6(c) are achieved. However, parametric models might be restrictive in observational
studies with multi-dimensional covariates. We can instead use flexible machine learning mod-
els for estimation and still achieve the required rates (Robins et al., 1994; Laan and Robins,
2003a; Chernozhukov et al., 2018). For the conditional density estimation of p., we can
use nonparametric density estimation such as kernel density estimation when the covari-
ates X is low-dimensional. With larger dimensions of the covariates, we need to impose
more restrictions on the principal density to achieve the required convergence rate of p, in
Assumption 2.6(d).

Corollary 2.1 (Root-n consistency). Under Assumptions 2.1-2.6, we have || ¢t — M|, =
Op(n_1/2) .

The next theorem shows the asymptotic Normality and semiparametric efficiency of 7 eif.

Theorem 2.5 (Asymptotic distribution). Under Assumptions 2.1-2.6, we have

Vn (M6t — ) < N0, E{or (Vim, &) er (Vim, €)'}

where p1(Vi;m1,&) is the EIF for ny as in Theorem 2.3. That is, M e achieves the semipara-
metric efficiency bound.

If Assumption 2.6 holds, we can construct a consistent estimator of the asymp-
totic variance using the sample analog of the semiparametric efficiency bound, i.e.,
nt T or (Vs e, é)gpl(V; 1 eifs é)T This, however, requires all the nuisance models to be
correctly specified. Under certain smoothness conditions on the nuisance models, we can
estimate the asymptotic variance of 7); ¢ using nonparametric bootstrap even if Assumption
2.6 fails (Kennedy et al., 2019). If neither Assumption 2.6 holds nor the requirements for
valid nonparametric bootstrap are satisfied, the statistical inference needs more careful

procedures. This is beyond the scope of this paper, and we leave it to future work.

2.6 Simulation

In this section, we evaluate the finite sample performance of various estimators for 7, defined
in Equation (2.6). We employ a linear projection working model f;(sy, so;7m1) = Sis1+Ys0+
oy with uniform weighting function wq(s1, s9) = 1 for any s; and sy.

Generate the covariates X = (X;,X3)" € R? from two independent standard Normal
distributions and the treatment by Z | X ~ Bernoulli{n(X)}. Given a pre-specified
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value of p, generate the potential values of the post-treatment variable by S; = 0.6X; +
0.8{p*2%¢, + (1 — p)/2¢;} and Sy = 0.6Xy + 0.8{p*2%¢, + (1 — p)/%¢y}, where ¢, €, and
€o are independently from standard normal distribution. Generate the potential outcomes
by Y. | S1,50, X ~ N(u.(S1,50,X),1) for z = 0,1. The observed post-treatment variable
and outcome are then determined by S = ZS; + (1 — Z)Sp and Y = ZY; + (1 — 2)Yy,
respectively. We consider three different data-generating regimes. In the first regime,
7(X) = 0.5, u1(S1, 50, X) = S1 4+ X and po(S1, S0, X) = Sy + Xo. In the second regime,
7(X) = logit{(X,4X3)/2}, where X; = {(X;+0.25)2—1}/v/2 for j = 1,2, and 1,(S}, So, X)
is the same as in the first regime. In the third regime, 7(X) is the same as in the first regime,
and ul(Sl, So,X) = Sl + 2\/5)21 and ,U,()(Sl, So, X) = So + 2\/§Xg

We consider three estimators: the EIF based estimator ) ci, and the estimators based on
the estimating equations (2.11) and (2.14), denoted by 71 pdtom and 71 pipd, respectively.
We estimate the treatment probability by logistic regressions with linear predictors (X1, X5),
and outcome means by linear regressions with predictors (S, X, X5) fitted separately in the
treatment and control groups. Therefore, the treatment probability model is misspecified
in the second regime and the outcome mean model is misspecified in the third regime. We
estimate the principal density using a nonparametric kernel conditional density estimation
and a Gaussian copula with the correctly specified correlation coefficient p. We use numerical
integration when computing the single and double integrals.

For each data-generating regime, we generate a random sample of size n and compute the
values of three estimators. We compare their performance by repeating the process over
500 Monte Carlo samples and computing the bias and the standard deviation of the three
estimators. To avoid repetition, we only report the results for 3{, which is the projection
coefficient of s; in the working model fi(s1,s0;m1) = Bis1 + 8Vsg + ;. To explore how
the finite-sample performance varies across different sample sizes n, we choose four sample
sizes n = 200, 500, 1000, 2000. We generate data following the aforementioned processes with
various values of the correlation coefficient p = 0,0.2,0.5. R scripts to replicate all simulation
results are available at https://github. com/sizhu-1u/pce_paper.

Table 2.1 shows the biases and the root mean squared errors (RMSESs) of the three estimators
across various values of the sensitivity parameter p = 0,0.2,0.5 under each data generating
regime. The performance is similar across different p values. The EIF estimator B}eif is
consistent for the true value if either the treatment probability or the outcome mean model
is correctly specified. The weighting estimator Bitp . pa performs well when the treatment
probability model is correctly specified and is inconsistent otherwise. The finite-sample
performance of B%’pd om 18 not satisfying under all three regimes. There exists a large finite-
sample bias even when all models are correctly specified, although the bias decreases as the
sample size increases. We conjecture the relatively poor performance is due to the double
integration involved in estimating /éll,pd +om- Overall, we recommend using the EIF estimator
as it is generally robust to the misspecification of either the treatment probability or the
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outcome mean model.

2.7 Application to a randomized experiment

In this section, we revisit Example 2.4 and analyze the data from a randomized experiment
in China (Yin, 2026). The study aims to understand the causal effect of offering a credit limit
increase on consumers’ income expectations and economic decision-making. The randomized
controlled trial is conducted in collaboration with a large commercial bank in China. In the
trial, bank customers are randomly assigned to two groups: customers in the treatment
group, denoted by Z = 1, are immediately offered an increase in their available credit, while
customers in the control group, denoted by Z = 0, are not qualified for the credit limit
increase until six months after the trial. The outcome of interest Y represents customers’
consumption of non-durable goods in dollars 6 months after the treatment. The difference-
in-means estimator of the average treatment effect on the outcome E{Y (1)—Y(0)} is 678.487
with a 95% confidence interval (592.157, 764.818), which indicates that the treatment leads
to an increase in future consumption.

In addition to the treatment and the outcome, the study also collected data on customers’
expectations for their income in 6 months in both a pre-experiment survey right before the
treatment and a post-experiment survey conducted afterward. We define the post-treatment
variable of interest S as the difference in customers’ income expectations between the pre-
and post-treatment surveys. People’s expectations change with time, and the treatment has
a significant positive effect on people’s expected future income on average. The difference-
in-means estimator of E{S(1) — S(0)} is 749.590 with a 95% confidence interval (635.246,
863.934). Based on the observed data, we aim to understand how the increase in credit limit
affects consumption behavior through changes in income expectations. We explore how the
PCE surface 7(s1, so) varies with different values of s; and sq, which could provide insights
into the causal mechanism of the treatment effect.

We specify our working models f; and f; to be linear in s; and sy with an intercept, i.e.,
f-(s1,80;m.) = Blsy + %0 + a, for z = 0,1, and thus the estimated PCE surface has a
functional form of

fT(slwso;nT) - 571_81+/6280+Oé7—,

where 8! = B — 8L, B2 = B8Y — 80, and a, = a1 — ap. Under the linear working models
f1 and fo, we have 7(sy,50) — 7(s},50) = BL(s1 — s}) for all sg. Therefore, 31 quantifies the
extent to which the effect of credit limit increase on the consumption changes with varying
potential values of income expectation under treatment. Similarly, 5 measures the changes
in the treatment effect with varying potential values of income expectation under control.
Moreover, when s; = sy = s, 7(s1,50) = (82 + 8°)s + a,, indicating the magnitude of the
treatment effect not attributed to the change in expected future income.
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Figure 2.1: Estimated PCE surface of the credit limit increase on future consumption. The
rows correspond to the three parameters in the working model and the columns correspond
to different values of p. Each subplot shows the point estimates and the corresponding 95%
confidence intervals for the three estimation strategies.

In this application, Assumption 2.1 is guaranteed by the design of the original randomized
controlled trial. For Assumption 2.2, we condition on the gender, age, annual income,
and credit score. We use a logistic regression for the treatment probability model 7(X),
kernel density estimation for the conditional densities p,(s,, X), and linear regressions for
the outcome mean models i, (s,, X), for z =0, 1. To get the estimated principal density, we
specify a Gaussian copula with different values of the correlation coefficient p. We compute
point estimators of the coefficients of the EIF estimator and the two basic estimators, and
construct 95% confidence intervals using the nonparametric bootstrap. Again, R scripts that
reproduce our results are available at https://github.com/sizhu-1lu/pce_paper.

The results of (A1 30 Gr.) (x = eif, tp+pd, pd+om) are summarized in Figure 2.1 across

T,*’ 7'7*7

various values of the sensitivity parameter p. The point estimators do not vary much across
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different values of p and estimation strategies. By design of the randomized controlled trial,
the treatment is randomly assigned, so the treatment probability model is guaranteed to
have a correct specification, leading to similar point estimators of the weighting estimator
and the EIF estimator. Overall, the estimated PCE surface exhibits an increasing trend in
Sy and a decreasing trend in Sy, suggesting that the credit limit increase offer positively
affects customers’ consumption behavior with heterogeneity across principal strata. For
example, consider the EIF-estimated PCE surface when p = 0. The estimated functional
form is f;(s1,s0) = 0.476s1 — 0.693s¢ + 357.067. This indicates that the treatment effect on
consumption is more pronounced for customers who experience a greater increase in their
expected future income between the pre- and post-treatment surveys under the treatment
condition, and a larger decrease in their expected future income between the two surveys
under the control condition. For customers with S; = Sy = s, the effect of the credit
limit increase offer is estimated as —0.217s + 357.067. This suggests that for customers
whose expected future income remains unchanged by the credit limit offer but increases
significantly over time, the impact of the credit limit offer on their consumption is reduced.

2.8 Extensions

We outline several extensions of our framework in the Supplementary Material. First, we con-
sider sensitivity analyses for the principal ignorability assumption, which is crucial for identi-
fication but inherently untestable from observed data. Second, we can extend the framework
to settings with multiple continuous post-treatment variables, in which S is a random vector.
By generalizing the principal ignorability assumption to the multivariate setting, we can de-
rive analogous identification formulas for the projection parameters. However, this extension
introduces challenges in specifying the copula model and complicates the derivation of the
EIF. Third, we consider conditional PCEs, defined as E{Y} — Yy | U = (s1,50), W = w},
where W is a subset of the observed covariates X. These conditional PCEs remain identifi-
able under the same set of assumptions, and projection parameters can be similarly defined
using working models. We leave the comprehensive investigation of these extensions to future
work.



CHAPTER 2. PRINCIPAL STRATIFICATION WITH CONTINUOUS

POST-TREATMENT VARIABLES

Table 2.1: Biases and RMSEs of the three estimators Bieif, B}tp L pa» and Bipd tom With
different values of p = 0,0.2,0.5. In Regime 1, both the treatment probability and outcome
mean models are correct; In Regime 2, the treatment probability model is misspecified; In
Regime 3, the outcome mean models are misspecified. The principal density model is correct

in all three regimes.

p regime n : Bll eif : Bll,thrpd 'Bll,derom
Bias RMSE Bias RMSE Bias RMSE
200 0.003 0.150 0.010 0.138 —0.147 0.199
1 500 —0.004 0.099 —0.003 0.092 —0.126 0.155
1000 0.004 0.067 0.005 0.064 —0.096 0.115
2000 0.001 0.046 0.003 0.045 —0.081 0.092
200 0.008 0.156 0.099 0.165 —0.154 0.208
p=0 9 500 0.003 0.100 0.096 0.130 —0.122 0.151
1000 0.008 0.069 0.104 0.122 —0.095 0.114
2000 0.006 0.051 0.102 0.111 —0.078 0.090
200 0.024 0.464 0.027 0.440 —0.131 0.422
3 500 —0.012 0.316 —0.011 0.302 —0.133 0.318
1000 0.016 0.213 0.018 0.207 —0.082 0.215
2000 0.014 0.148 0.015 0.145 —0.068 0.162
200 —0.026 0.161 —0.042 0.154 —0.184 0.233
1 500 —0.008 0.097 —0.023 0.094 —0.132 0.160
1000 —0.002 0.066 —0.015 0.067 —0.102 0.120
2000 —0.003 0.046 —0.014 0.048 —0.086 0.097
200 —0.005 0.156 0.059 0.149 —0.170 0.220
p=0.2 9 500 —0.009 0.100 0.064 0.111 —0.134 0.162
1000 0.002 0.068 0.079 0.102 —0.100 0.120
2000 0.002 0.049 0.078 0.091 —0.083 0.095
200 0.030 0.490 0.011 0.464 —0.140 0.439
3 500 —0.009 0.325 —0.024 0.311 —0.140 0.327
1000 0.018 0.215 0.005 0.209 —0.087 0.217
2000 0.015 0.151 0.005 0.147 —0.073 0.166
200 —0.055 0.169 —0.101 0.185 —0.193 0.244
1 500 —0.031 0.103 —0.064 0.115 —0.139 0.167
1000 —0.015 0.070 —0.049 0.084 —0.104 0.123
2000 —0.010 0.050 —0.036 0.061 —0.081 0.094
200 —0.048 0.174 —0.017 0.151 —0.188 0.241
p=05 9 500 —0.033 0.110 0.008 0.098 —0.142 0.172
1000 —0.013 0.071 0.034 0.076 —0.102 0.123
2000 —0.009 0.050 0.041 0.063 —0.083 0.095
200 0.025 0.549 —0.023 0.517 —0.155 0.496
3 500 —0.005 0.356 —0.043 0.344 —0.141 0.355
1000 0.017  0.244 —0.013 0.239 —0.085 0.237
2000 0.014 0.168 —0.010 0.164 —0.074 0.180
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Chapter 3

Estimating treatment effects with
competing intercurrent events in
randomized controlled trials

3.1 Intercurrent events in randomized controlled trials

Randomized controlled trials (RCTs) are considered the gold standard for evaluating treat-
ment efficacy, primarily because randomization supports assumption-lean inference of the
treatment effect. However, after treatment initiation, various events, referred to as intercur-
rent events (IEs), can arise, impacting the interpretation or availability of outcome measure-
ments and posing significant challenges to the analysis of RCTs. Examples of IEs include
treatment discontinuation due to adverse events or lack of efficacy, patient relocation, and
the use of additional medications. Carefully accounting for IEs is essential to ensure the
validity and reliability of the causal conclusions drawn from RCTs.

Recognizing the critical need for clearly defined estimands in the presence of IEs, the In-
ternational Council for Harmonization (ICH) issued the E9(R1) Addendum (ICH E9 (R1),
2019). This addendum introduces a structured estimand framework for clinical trials to
obtain precisely defined treatment effects that align with the clinical questions of interest.
It outlines strategies for addressing IEs during the formulation of the clinical question and
emphasizes that careful specification of the treatment, population, and outcome variable
often addresses many of the IEs raised in discussions between sponsors and regulators. Since
its release, the ICH E9(R1) has been widely discussed, increasingly adopted in clinical drug
development, and has sparked substantial interest in statistical research (Qu et al., 2021;
Kang et al., 2022; lonan et al., 2023; Han and Zhou, 2023; Olarte Parra et al., 2025b).

A widely accepted strategy is the treatment policy strategy (ICH E9 (R1), 2019), which
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includes all participants in their originally assigned groups and uses the observed outcome
values, regardless of whether or not an IE occurs. This approach aligns with the intention-to-
treat principle and reflects the effect of a treatment policy in real clinical settings. However,
it cannot address IEs that are terminal events, such as death, because such events preclude
the existence of the outcome variable.

The composite variable strategy is an alternative approach that is well-suited for handling
IEs that are informative of the patient’s outcome such as the terminal events. This strat-
egy incorporates the occurrence of IEs directly into the outcome definition. Specifically, it
defines a composite outcome: if no IE occurs, the outcome of interest is used as observed;
if an IE occurs, the endpoint is deterministically set to a pre-specified, clinically meaning-
ful value, typically indicating treatment failure. This strategy is widely used in practice
across various types of outcomes, including binary outcomes (e.g., the non-responder rule),
ordinal or continuous outcomes (e.g., Rosenbaum, 2006), and time-to-event outcomes (e.g.,
progression-free survival).

In addition to the treatment policy and composite variable strategies, ICH E9 (R1), 2019
outlines three additional strategies for handling IEs. The hypothetical strategy evaluates
treatment effects under a hypothetical scenario in which the IE would not occur. The while-
on-treatment and principal stratification strategies are also described but are less commonly
used in current practice due to their reliance on strong assumptions and the potential to
introduce bias in treatment comparisons. ICH E9 (R1), 2019 recommends using different
strategies based on the specific type of IEs involved.

Several recent papers have begun to consider settings with multiple IE types and the use
of multiple strategies. For example, Lipkovich et al. (2020) and Qu et al. (2021) discuss
estimands that tailor strategies to different IEs without rigorously examining how to com-
bine different strategies or rigorously addressing the potential pitfalls of doing so without
careful consideration. More recently, Olarte Parra et al. (2025a) provides a careful concep-
tual discussion of estimands that combine the treatment policy and hypothetical strategies,
using potential outcomes and causal diagrams to clarify alternative interpretations and the
corresponding identification assumptions. Complementing this line of work, we study a dif-
ferent hybrid-strategy setting that combines the hypothetical strategy with the composite
outcome strategy. Our setting also highlights a practically important feature in multi-IE
settings that received limited explicit attention in the literature: multiple [Es can compete
with each other.

3.1.1 Two phase-3 trials in systemic lupus erythematosus

To rigorously examine the challenges posed by IEs in clinical trials, we analyze data from
two recent randomized studies for systemic lupus erythematosus (Morand et al., 2023; Petri
et al., 2023), in which participants were randomly assigned to either the baricitinib treatment
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group or the placebo control group. These twin trials were designed to provide substantiated
evidence on the causal treatment effect of baricitinib versus placebo.

The primary outcome is a response index measured at 52 weeks after treatment initiation.
Ideally, this outcome would be compared directly between the two treatment groups at week
52. However, 429 out of 1,535 patients (27.95%) experienced IEs during the follow-up period,
resulting in unobserved outcome data. Figure 3.1 shows the types and proportions of these
[Es. During the 52 weeks, various IEs occurred: some patients discontinued treatment due
to adverse events or lack of efficacy; others discontinued treatment due to study withdrawal
for unspecified reasons or unable to contact; and some were excluded from the study due to
protocol deviations. We revisit this example in greater detail in Section 3.5.
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Figure 3.1: Bar plot showing the IE types and proportions. The yellow bars represent effect-
informative IEs, and the blue bars represent effect-uninformative IEs.

3.1.2 Our proposal and contribution

We propose to classify IEs into two broad types: (1) effect-uninformative IEs, such as treat-
ment discontinuation due to relocation or COVID-19 lockdown, which are assumed to be
independent of treatment efficacy conditional on the observed covariates; and (2) effect-
informative IEs, such as treatment discontinuation due to adverse events or lack of efficacy,
use of rescue medication, and terminating events such as death, which are often informative
about a patient’s treatment effect.
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Treatment discontinuation
due to relocation

Patient 1 >

Patient 2 * Adverse event

Patient 3 0 Observe Y

Week 52

Figure 3.2: Illustration of three representative scenarios of intercurrent events in the im-
munology trial. The primary outcome is measured at week 52, and the solid lines indicate
the observed follow-up period for each patient. Patient 1 experienced an effect-uninformative
IE (represented by an arrow), Patient 2 experienced an effect-informative IE (represented
by a diamond), and Patient 3 had no IE before week 52. This figure highlights the issue of
competing I[Es: for instance, had Patient 1 not discontinued early and remained on treatment
(illustrated by the gray dashed line), they might have experienced an effect-informative 1E
later in the follow-up period.

In our application studies, the two types of IEs were classified based on a manual review
of the detailed comments collected at the clinical sites. Figure 3.1 summarizes the main
categories and illustrates our classification scheme: yellow bars represent effect-informative
[Es, and blue bars represent effect-uninformative IEs. For instance, some patients withdrew
from the study due to external factors such as relocation or the COVID-19 pandemic, which
were classified as effect-uninformative. Others withdrew due to concerns about potential
side effects or lack of efficacy, which were considered effect-informative. When the reason for
withdrawal was unclear in the documentation, we defaulted to classifying the event as effect-
informative and, under our composite outcome construction, assigned the corresponding
failure value. This choice is intended to avoid overestimating arm-specific mean outcomes,
while it does not necessarily make the estimated treatment effect conservative, since the net
direction depends on how often such cases occur in each arm. Both types of IEs may occur
during the follow-up period. A complete list of the IE categories observed, together with
their assigned classification and rationale, is provided in Supplementary Section B.2.1.

Figure 3.2 depicts the timeline and three representative scenarios from our motivating exam-
ple. Before week 52, patient 1 withdrew from the study due to relocation, which is plausibly
unrelated to the biological effect of treatment. Patient 2 discontinued due to an adverse
event, reflecting an effect-informative IE. Patient 3 completed the study through week 52,
at which point the primary outcome was measured.
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Scenarios in Figure 3.1 also highlight why a single, uniform estimand strategy can be mis-
aligned with the clinical decision problem. Both types of IEs can result in an unmeasured
primary outcome at the pre-specified landmark time: once an IE occurs, the outcome may
be unobserved, and in some effect-informative cases such as death, it may not even be well-
defined. If we apply the hypothetical strategy to all IEs, we implicitly ask an unrealistic
question: “Does the drug work in a world where no one ever experienced clinically meaning-
ful failures such as adverse events or lack of efficacy?” In reality, what decision-makers care
about instead is: “Should we approve this drug, accounting for both possible benefit and
clinically meaningful failures?” Conversely, if we apply a composite outcome strategy to all
IEs, we would incorrectly penalize external disruptions such as relocation, and the resulting
estimate would carry unnecessarily little information. Moreover, answering the unrealistic
questions using a hypothetical strategy to all IEs typically requires untestable, strong, and
thus hard-to-defend assumptions such as conditional independence between the time to an
adverse event and the potential outcomes of interest given baseline covariates. Related con-
cerns arise for principal stratification estimands, which target effects in latent subgroups
and generally rely on untestable assumptions for identification. By contrast, our combined
strategy is designed to align the estimand with regulatory decision questions while relying
on more transparent assumptions. We formalize these assumptions and the corresponding
identification results in Section 3.3.

Motivated by this mismatch and to ensure the estimand is clinically interpretable and rele-
vant, we apply different strategies tailored to the nature of the IE. For IEs that are plausibly
unrelated to the biological effect of the treatment (e.g., treatment discontinuation due to
relocation or administrative withdrawal), we apply the hypothetical strategy, which imagines
a scenario where the IE did not occur. This enables estimation of the treatment effect as if
the patient had remained on treatment and in the study as planned, under the assumption
that the IE time is conditionally independent of the outcome given treatment and baseline
covariates. This assumption is reasonable in settings where the IE arises from external or
administrative factors that are not influenced by post-randomization conditions. For exam-
ple, if a patient relocates for personal reasons unrelated to their health status or treatment
response, then, conditional on baseline characteristics and assigned treatment, the occur-
rence of this IE can be viewed as independent of the patient’s outcome. In contrast, for
effect-informative IEs (e.g., treatment discontinuation due to adverse events or lack of ef-
ficacy), we apply the composite variable strategy, treating the IE itself as an indication of
treatment failure, as such events signify that the patient is unable to continue treatment.
A formal definition and discussion of this strategy are provided in Section 3.3. Combining
the two strategies enhances the interpretability of the estimand and ensures it better re-
flects clinically relevant questions, as no single strategy can adequately address both types
of IEs. Specifically, it would be inappropriate to classify a patient as a non-responder if they
discontinue treatment due to relocation, and it is of limited clinical relevance to consider a
hypothetical scenario in which adverse events do not occur. This approach is consistent with
regulatory guidance, which recommends applying different strategies depending on the type
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of IE involved (ICH E9 (R1), 2019; Kang et al., 2022; Kahan et al., 2024).

However, a central yet previously overlooked challenge is the presence of competing [Es, where
the first IE censors the subsequent ones. For example, if a patient discontinues treatment
due to relocation, as illustrated by patient 1 in Figure 3.2, we only observe that no effect-
informative IE occurred before the discontinuation. However, it remains unknown whether an
adverse event would have occurred before the final outcome measurement in the hypothetical
scenario in which the patient had not relocated and had continued treatment as planned.
Although such competing IEs are ubiquitous in practice, this issue has not, to our knowledge,
been explicitly recognized or addressed in prior methodological work. A related recent paper,
Olarte Parra et al. (2025a), also considers settings with two types of IEs whose causal
ordering matters, and distinguishes different cases using directed acyclic graphs and single-
world intervention graphs. Our focus is different. Rather than analyzing these through a
graphical causal framework, we adopt a survival analysis and competing event perspective
and explicitly model the event times of both IEs, which allows us to address settings in which
one IE censors the observation of another.

Therefore, the central thesis of this paper is to address the challenge of competing [Es. We
begin by developing a principled framework that clearly defines the estimand and establishes
its nonparametric identification. Specifically, we derive two identification formulas, each
relying on a different set of nuisance parameters. Building on these results, we propose
two basic estimators corresponding to the two identification strategies. We then introduce
an augmented estimator that combines the two, achieving double robustness. To further
enhance both robustness and efficiency, we derive the efficient influence function (EIF) and
construct an EIF-based estimator that attains the semiparametric efficiency bound under
appropriate conditions. We apply our methods to the two systemic lupus erythematosus
trials, both partially impacted by the COVID-19 pandemic, demonstrating the robustness
and practical utility of the proposed framework.

3.1.3 Organization and notation

The remainder of the paper is organized as follows. In Section 3.2, we present a motivating
example, introduce the basic setup of our research question, define the causal parameter of
interest, and highlight the identification challenge. In Section 3.3, we state the key identifi-
cation assumptions, establish the nonparametric identification of the causal parameter, and
construct three estimators. In Section 3.4, we derive the EIF, propose an estimator that is
both doubly robust and asymptotically efficient, and examine its asymptotic properties. In
Section 3.5, we apply the methods to re-analyze the two systemic lupus erythematosus trials.
Finally, in Section 3.6, we conclude with a discussion of two directions for future research.
The supplementary material includes a simulation study and all proofs. We also provide
publicly available R code implementing all four proposed estimators.
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We use the following notation. Let ||r|l, = { [ 7(0)?dP(0)}'/? denote the Ly(P) norm where
P(-) denotes the distribution of the observed data O = o. For the survival functions, let
Irlly = {[[ 7(t,0)2dP(0)dt}¥/? denote the Ly(P) norm. We write b, = Op(a,) if b,/a, is
bounded in probability and b, = op(a,) if b,/a, converges to 0 in probability.

3.2 Setup and estimand

3.2.1 Setup

Let A denote the binary treatment indicator, where A = 1 corresponds to assignment to
the treatment group and A = 0 to the control group. The primary outcome, denoted by Y,
is measured at a pre-specified time point k. In our motivating example, Y is the response
index and k is 52 weeks. We adopt the potential outcomes framework, and write Y (a) for
the potential outcome under treatment assignment A = a, for a € {0, 1}.

As discussed in Section 3.1, two types of IEs may occur after treatment initiation:
effect-uninformative IEs and effect-informative IEs. Let C denote the time to an effect-
uninformative IE and 7" denote the time to an effect-informative IE. Because both are
post-treatment variables, we write C'(a) and T'(a) for their potential values under treatment
assignment A = a, where a € {0,1}. Since our interest is restricted to events occurring
before the outcome assessment time k, we set C(a) = oo if C(a) > k and T'(a) = oo if
T(a) > k. The observed event times are therefore C' = C(A) = AC(1) + (1 — A)C(0) and
T=T(A) =AT(1)+ (1 —A)T(0). In the observed data, we do not separately observe both
post-treatment event times for the same individual. Rather, we only observe the earliest
of the two event times before k, C'(A) A T(A) A k. Let X denote the vector of collected
baseline covariates.

Our estimand is motivated by the hypothetical strategy for effect-uninformative IEs, under
which we ask what would have happened had such an IE not occurred. This indicates that
C lies on the causal pathway from treatment to the outcome. We therefore introduce the
nested potential outcome Y (a, c), which denotes the outcome under treatment assignment
A = a if the effect-uninformative IE occurs at time ¢, with ¢ = oo corresponding to no
effect-uninformative IE before time k. For example, suppose a treated patient experiences
an effect-uninformative IE at week 20 and consequently discontinues treatment. We will not
observe their outcome of interest. However, even if we could send the patient back to the
clinic at week 52 and get their primary outcome measured, that observed quantity would
correspond to Y (1, ¢ = 20) rather than to the hypothetical outcome of interest, Y (1, ¢ = c0),
which represents the outcome that would have been observed had the effect-uninformative
IE not occurred before time k.
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3.2.2 Causal estimand and challenges in identification

We address the effect-informative IEs using the composite outcome strategy and address
the effect-uninformative IEs using the hypothetical strategy. To combine them, we formally
define a combined potential outcome as

Y(a,c=00) if T'(a) >k,

YP(a) = Y(a,c=00)l{T(a) >k} = {0 if T(a) < k.

This construction defines the outcome as zero (i.e., failure) if an effect-informative IE occurs
before the outcome is measured. We then define our causal estimand as the mean contrast:

7= B{Y®(1)-Y®(0)} = E[Y (L, c = 00)l{T(1) > k}]—E[Y (0, c = 00)L{T(0) > k}]. (3.1)

This estimand addresses the effect-informative 1Es using the composite variable strategy. It
is widely used for binary outcomes to represent treatment success or failure, where effect-
informative IEs such as adverse events or lack of efficacy are treated as failures (ICH E9
(R1), 2019). In our motivating example, Y (a,c = co) indicates whether a patient would be
a responder at week 52 under treatment assignment A = a, had no IE occurred. For patients
who experience an effect-informative IE before week 52, Y (a,c = 00) is unobserved. Under
the composite variable strategy, these patients are defined as non-responders.

The composite variable approach extends beyond binary outcomes, but its applicability
depends on whether treatment failure can be represented by a clinically meaningful reference
value. For ordinal or categorical outcomes, this is often feasible when there is a clearly defined
worst category or failure category. For continuous outcomes, the approach is most compelling
when a prespecified value v has a clear clinical interpretation as no benefit or treatment
failure. Specifically, for outcomes such as chronic pain, physical functioning, and cognitive
performance that are typically measured on an ordinal or continuous scale, if a predefined
value v may be used to indicate treatment failure, then a composite outcome under treatment
assignment A = a can be constructed as Y (a,c = 00)l{T(a) > k} +v1{T(a) < k}, where
the outcome retains its actual value if no effect-informative IE occurs before time k, and
takes the failure value v otherwise. The corresponding causal estimand can then be defined
as in (3.1), with Y (a,c = o0) replaced by Y(a,c = o) — v for a = 0,1. For example, in
settings where Y is percent weight loss from baseline, v = 0 could correspond to no weight
loss, or where Y is improvement from baseline on a symptom score, v = 0 could correspond
to no improvement.

At the same time, we acknowledge that for some continuous outcomes the choice of a single
failure value may be less obvious and may not be universally acceptable. Rosenbaum, 2006
discussed a similar causal parameter in settings where the IE is death and the outcome
of interest is a measure of quality of life assessed after a fixed period, where there may
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be no unique value that fully captures the clinical meaning of an effect-informative IE. In
such settings, the composite variable strategy remains a possible estimand choice, but its
interpretability depends critically on whether the chosen reference value is clinically justified
in advance. When no such value is well defined, the applicability of this strategy is more
limited.

Identifying 7 in the presence of both types of IEs presents a key methodological challenge. For
clarity, in the remainder of this subsection, we use treatment discontinuation due to relocation
and adverse events to represent effect-uninformative and effect-informative IEs, respectively.
The causal estimand 7 defined in (3.1) is based on the composite potential outcome Y°P(a),
which takes the value 0 if an adverse event occurs before the outcome measurement, i.e., when
T(a) < k. If adverse event were the only type of IE, and treatment is randomized, 7 could
be identified from observed data using the difference in means of the composite outcomes:
T=FE{YWT>k)|A=1} — E{YL(T > k) | A= 0}. However, this formula is infeasible in
the presence of effect-uninformative IEs, which may occur before effect-informative IEs and
thus censor both T'(a) and Y (a, ¢ = 00). As illustrated in Figure 3.2, patient 1 discontinued
due to relocation, which censored both the occurrence of a potential adverse event and
the outcome, resulting in an unobserved composite outcome Y1(T > k). Therefore, for
patients who experience effect-uninformative IEs, the problem cannot be treated as standard
censoring, and one cannot naively impute the outcome Y under a hypothetical scenario
where the effect-uninformative IE did not occur. This is because such patients may still
have experienced an effect-informative IE had they not discontinued due to relocation. In
other words, a valid identification strategy must recover the expected value of the composite
outcome Y'1(T > k), rather than the outcome Y alone.

Table 3.1 summarizes the observed IE types and corresponding composite outcomes, high-
lighting that competing IEs complicate the identification of 7. When no IE occurs, the
outcome Y is observed and equals the composite outcome since T' > k. When an adverse
event is observed, the composite outcome is, by definition, 0. However, when a patient
discontinues treatment due to relocation, both the outcome Y and the time to the adverse
event 1" are unobserved, and so is the composite outcome. We address this challenge and
present formal identification results in the following section.

Table 3.1: Summary of the observed IE types and outcome. C' is the time to treatment
discontinuation due to relocation, 7' is the time to adverse event, Y is the outcome of interest,
and k is the pre-specified time point when the measurement of Y is taken. A question mark
“?” indicates that the corresponding value is unobserved.

observed IE type (T, C, k)-relationship Y 1(T > k) composite outcome Y P
no any type of IE CANT >k Y 1 Y
adverse event CNANk>T ? 0 0
treatment discontinuation due to relocation TNE>C ? ? ?
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3.3 Nonparametric identification and basic estimators

3.3.1 Assumptions

We assume that the joint distribution of {X;, A;,T;(1),7;(0),C;i(1),C;(0),Yi(l,c =
0),Y;(0,¢ = o0)} for patient i is independently and identically distributed from a
superpopulation. For notational simplicity, we omit the subscript ¢ when there is no
confusion.

We begin by stating the following assumption on treatment assignment.

Assumption 3.1 (Treatment assignment). We assume the following conditional indepen-
dence and overlap conditions:

(a) AL{Y (a,c=00),T(a),C(a)} | X fora=0,1.

(b) For some constant n € (0,0.5), n < e(X) < 1 — n with probability 1, where e(X) =
pr(A =1]| X) denotes the propensity score (Rosenbaum and Rubin, 1983).

Assumption 3.1 holds in RCTs by design, allowing our results to apply directly to settings
such as our motivating example. However, our formulation is more general and can also
accommodate cases where treatment assignment is not completely randomized, such as in
stratified randomized experiments and observational studies.

Under Assumption 3.1, the causal estimand 7 can be expressed as:

T = EE{YUT >k)|A=1,X}-B{YI(T >k) | A=0,X}]
_ E{AY1(T >k (1-AYLUT > k)}

e(X) 1—e(X)

which correspond to the standard outcome regression and inverse probability weighting iden-
tification formulas, respectively, when treating the combined potential outcome Y P(a) =
Y(a,c = 00)1{T(a) > k} as the “new" outcome of interest. However, as discussed in Sec-
tion 3.2.2, these expressions no longer serve as feasible identification formulas in the presence
of competing effect-uninformative IEs. This is because Y1(T' > k) is not fully observed if an
effect-uninformative IE occurs.

To address this challenge, we introduce additional assumptions on effect-uninformative IEs.
Specifically, we assume that the potential time of an effect-uninformative IE under treatment
a is conditionally independent of the potential outcomes and the potential time to effect-
informative IEs, given baseline covariates. This assumption is analogous to the censoring-at-
random assumption in survival analysis when treating effect-uninformative IEs as censoring
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events (Robins et al., 1994; Tsiatis, 2006). Additionally, we also assume a standard positivity
condition ensuring that the probability of no occurrence of effect-uninformative IE by time
k, given observed covariates, is strictly positive. These conditions are summarized in the
following assumption.

Assumption 3.2 (Effect-uninformative IE). We assume the following conditional indepen-
dence and positivity conditions for the time of effect-uninformative IE:

(a) C(a)lL{Y (a,c =00),T(a)} | X fora=0,1.

(b) For some constant nc > 0, pr{C(a) > k | X} > nc with probability 1.

Assumption 3.2(a) states that the time to an effect-uninformative IE, such as treatment dis-
continuation due to relocation, is independent of both the potential outcome (i.e., whether a
patient would be a responder at week 52) and the time to an effect-informative IE (e.g., an
adverse event), conditional on observed baseline covariates. We also emphasize that this is
not a blanket assumption for all IEs. Rather, it is intended only for events that, after clinical
review, are judged to be plausibly unrelated to the patient’s underlying biological response
to treatment. This assumption is most credible for IEs driven by external or administrative
factors, such as relocation for personal or work reasons, pandemic-related disruptions, travel
restrictions, or site closure for administrative reasons. In such settings, once we condition
on treatment assignment and relevant baseline characteristics, the occurrence time of the
event may reasonably be viewed as carrying little additional information about the patient’s
latent outcome or latent time to an effect-informative IE. By contrast, the assumption is less
credible for discontinuations related to adverse events, worsening symptoms, perceived lack
of efficacy, or other evolving post-randomization clinical factors. Such events are therefore
classified as effect-informative and incorporated into the composite outcome rather than han-
dled under the hypothetical strategy. Thus, Assumption 3.2(a), while strong and untestable
from observed data, provides a clear and clinically motivated criterion for classifying a subset
of IEs as effect-uninformative.

Assumption 3.2(b) requires that every patient has a strictly positive probability of not ex-
periencing an effect-uninformative IE before time k, given their covariates. This standard
positivity condition rules out deterministic effect-uninformative IE happening in any sub-
population and is reasonable in our application.

If richer longitudinal covariates are available, Assumption 3.2(a) may be relaxed to a history
conditional independence condition, in which C'(a) is assumed independent of {Y(a,c¢ =
o0),T'(a)} conditional on the history of all time-varying covariates. In applications, it is also
useful to assess robustness under alternative clinically meaningful classifications of ambiguous
IE categories or through models that parameterize departures from conditional independence.
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We revisit the former direction in Section 3.5.4 and leave detailed methodologies of the latter
extension for future work.

3.3.2 Two identification formulas

Using the composite variable strategy to handle effect-informative IEs, recall that we define
the causal estimand as in (3.1). Under Assumptions 3.1 and 3.2, we show that the estimand
T is nonparametrically identifiable and present two identification formulas in the following
theorem.

Theorem 3.1 (Nonparametric identification of 7). Under Assumptions 3.1 and 3.2, T is
nonparametrically identified by two distinct formulas. First,

7 = E{um(X)Si(k|X) — po(X)So(k | X)}, (3.2)

where fora = 0,1, p(X) = EY | TANC >k, X, A = a) is the conditional mean of observed
outcome amonyg those with no IE and A = a, and S,(t | X) =pr(T >t | X, A = a) is the
conditional survival function of effect-informative IE in treatment arm a. Second,

__ G[AYHTACS k) 1-AYUTAC> R 5.3
e(X)Gi(k[X)  {l—e(X)}Go(k | X) |’ '

where e(X) = pr(A = 11| X) is the propensity score and for a = 0,1, G,(t | X) = pr(C >t |
X, A = a) is the conditional survival function of effect-uninformative IE in treatment arm
a.

The first identification formula (3.2) expresses T using a standard outcome regression ap-
proach. It decomposes the conditional expectation of the composite outcome given covariates
and treatment as E{Y1(T > k) | X, A} = E(Y | T > k, X, A)pr(T > k | X,A) = E(Y |
TAC >k, X, A)pr(T > k| X, A). This formulation models the conditional mean outcome Y
among individuals who do not have any IE by time &, and weights it by the probability of not
experiencing an effect-informative IE by that time. The second identification formula (3.3)
provides an alternative identification strategy based on inverse probability weighting. It
identifies 7 by reweighting observed outcomes among individuals who remain free of IEs
up to time k, separately within each treatment arm. The weights adjust for the different
probability of observing the composite outcome and consist of two components: e(X), which
accounts for differences in treatment assignment probabilities, and G,(k | X), which adjusts
for the probability of remaining free of effect-uninformative IEs up to time k£ within each
treatment group. Effectively, individuals with a lower probability of being observed are up-
weighted, while those with a higher probability are down-weighted, ensuring an unbiased
estimate of the treatment effect.
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Both equations (3.2) and (3.3) are valid identification formulas, as the nuisance parameters
involved are either functions of observed data or identifiable from observed data. Specifically,
the propensity score e(X) and the conditional outcome model y,(X) are functions of observed
data. Although the survival functions for both types of IEs, S,(t | X) for effect-informative
IEs and G, (t | X) for effect-uninformative IEs, are not direct functions of the observed data,
they are identifiable under standard results in survival analysis with censoring at random
(Robins and Rotnitzky, 1992; Robins and Finkelstein, 2000; Ebrahimi et al., 2003). For
example, Si(t | X) =pr(T" >t | X,A=1) for t <k can be estimated using data from the
treatment group by viewing TAC' Ak as the observed event time and using 1(CAk > T') as the
event indicator for the effect-informative IE. Estimation can then proceed using parametric
or semiparametric methods, such as the Cox proportional hazards model (Cox, 1972), or
more flexible approaches (Wolock et al., 2024). A similar approach can be used to estimate
G1(t | X) by switching the roles of 7" and C. The corresponding functions Sy(t | X) and
Go(t | X) can be estimated in the same way using data from the control group.

3.3.3 Two basic estimators

The identification formulas (3.2) and (3.3) in Theorem 3.1 motivate two basic estimators,
each relying on estimates of the corresponding nuisance functions. Let S,(t | X) and G,(t |
X) denote the fitted survival models for effect-informative and effect-uninformative IEs,
respectively, for ¢ < k and a = 0,1. Let [i,(X) be the fitted outcome regression model for
each treatment arm, and é(X) be the fitted propensity score model. By substituting these
fitted values into the identification formulas and taking empirical analogs, we obtain the
following two estimators:

Pt = _12“1 DSk | X;) — ZNO )50k | X3),
- A Y U(T; >k 1—-A)Y, (T; >k
Hipw nflz iz(z/\CZ> )—nilz( j)Z(ZA/\CZ> )
i e(X)G(k [ X5) i {1 —e(Xi)}Go(k | X3)
The outcome regression estimator 7°'* is consistent if both ji,(X) and S,(k | X) are consis-

tently estimated. The inverse probability weighting estimator 7PV is consistent if both é(X)
and G, (k | X) are consistently estimated.

3.3.4 An augmented estimator

Motivated by combining the two identification formulas (3.2) and (3.3), we introduce another
estimator that augments the weighting estimator 7PV using the estimated outcome models,

;{ oy X DSk | Xo) + = — (X)u()(Xz)so(mxl)}.
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It has a similar mathematical form to the classic augmented inverse probability weighting es-
timator for the average treatment effect (Bang and Robins, 2005). We provide the properties
of 7#"¢ in the following Proposition 3.1.

Proposition 3.1 (Double robustness of 72"8). Suppose Assumptions 3.1 and 3.2 hold, and
assume that Go(k | X) is correctly specified for a = 0,1. 72" is a consistent estimator for T
if either e(X) is correct, or both p,(X) and S,(k | X) are correct for a =0, 1.

The augmented estimator 7*"¢ can be viewed as an intermediate bridge between the basic
weighting estimator and the EIF-based estimator developed in the next section. Relative
to 7P¥ it improves robustness by incorporating the outcome model, but it still requires
correct specification of the censoring model G,(k | X). We provide additional motivations
and remarks in Section B.1.1 of the Supplementary Material.

3.4 A semiparametrically efficient and doubly robust
estimator

The augmented weighting estimator 78 improves robustness of 7PV. However, it is not
robust to the misspecification of the survival function for effect-uninformative IE, nor does
it achieve the semiparametric efficiency bound. In this section, we show that 72"¢ can be
further improved. We derive the semiparametric efficient influence function (EIF) for 7 to
learn the best asymptotic efficiency a consistent estimator of 7 can achieve and propose an
asymptotically efficient and doubly robust estimator based on the EIF.

We first describe the full and observed data structures in our setting and introduce some
additional notation. Ideally, we want to observe the full data (X,Y°P(1),Y?(0)). The
missingness of the full data comes from two strings. First, for a given treatment arm a = 0, 1,
the effect-uninformative IE time C(a) censors the full data because Y°P(a) is only observable
if C'(a) > {T'(a) A k}. Within each treatment group, we do not observe the full data due to
censoring and only observe

(A(a) = 1{C(a) > T(a) Nk}, T(a) = Cla) AT(a) Ak, Ala)YP(a)).

Second, the treatment assignment generates another level of missingness, because, for
each observation, we never simultaneously observe both composite potential outcomes
{Y?(1),Y°?(0)} even without censoring. Therefore, the observed data is

0= (A,A=A(A),T =T(A),AY® = A(A)YP(A)).

3.4.1 EIF and EIF-based estimator

In the following theorem, we provide the EIF for 7.
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Theorem 3.2 (EIF for 7). Under the nonparametric model, the EIF for u; is
A | YI(TAC>E) /T dMg, (t)
D, (O +m(X)Si(k| X .
A—e(X)
—WMI(X)SI(]? | X) = g, (3.4)
the EIF for ug is
A YT AC > k) T dMg,(t)
D X X -
O = T G R S [T
— A

and thus, the EIF for 7 is D;(O) = D1(0) — Dy(O), where dMg,(t) = 1(C € dt,A =
0) — L(T > t)dA.(t | X) with Ay (t | X) denoting the conditional cumulative hazard function
for the effect-uninformative IE C' in the treatment group A = a for a =0, 1.

The Mg, (t) in the EIF is the martingale constructed from the censoring counting process. In-
tuitively, 1(C' € dt, A = 0) is the actual observed increment in the censoring counting process
at time ¢, which records whether a censoring event has occurred, while 1(T > t)dA, (¢ | X)
represents the expected increment in the counting process, given the history up to time t.
The martingale Mg, (t) captures the difference between the actual observed events and their
expected occurrences. The EIF implies another identification formula for 7 by the property
that E{D,(O)} = 0. Rearranging terms, we have

AYHTAC > k)  A—e(X)
T {e<X>G1<k|X> eX) ’”“(X)SI(MX)}
(1-AYUTAC>k) eX)—A
T GG X 1) 110(X)So(k | X)}

B A M1(X)51(k’|X)/O . dMe, (1) ]

-k

e(X) £ X)Gu(t | X)

14 T dMg,(t)
s [ so<t|x>%o<t|x>]’ .

where the first two lines are the same as in the augmented weighting identification formula.
Intuitively, the last two terms in (3.6) provide additional correction to achieve robustness
to misspecification of the survival function for effect-uninformative IE. These augmentation
terms are zero at the population level under true G,(t | X). However, their empirical
counterparts may deviate significantly from zero, providing diagnostic insight into possible
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misspecification of G, (¢ | X). The martingale term in Theorem 3.2 is closely related to EIFs
for right-censored survival data, such as Westling et al. (2024), because the nuisance tangent
space for the censoring mechanism C' | A, X is the same as in standard censoring settings.
The main difference is that our target is a treatment effect on a primary endpoint at a fixed
horizon under a hybrid estimand with both effect-uninformative and effect-informative IEs,
which introduces additional nuisance components, including the outcome regression and the
survival model for the effect-informative IE.

The EIFs in Theorem 3.2 motivate the following estimator for 7,
A Mg, (¢)
(X
ie( i) Slt]XGl(t\X)
5 a0
—— Z X;)So(k | X;) / _ G .

To gain insights, consider the first augmentation term in 7°. Since the observed time points
are discrete, the integral for observation ¢ can be estimated as follows:

/ﬂ- dMg, (1) 3 1A =0,C=1t) — M\ (t] X))
0o Si(t] X)Gh(t ]| X;) Si(t] X:)Ga(t| Xi)

7A_e1f — f_aug_i_nfl

tSTl

L Mt | X)) 1(A; =0)
B Z&(tlxi)él(tlxiﬁsl(T |X)é (T | Xi) 6D

where A(t | X;) denotes the estimated conditional hazard function for the effect-
uninformative IE at time ¢ given covariates X;. In (3.7), the first term is a sum of the
ratio —Ay(t | X;)/{S1(t | Xi)G4(t | X;)}, where the summation is over all observed event
time points before T;. The second term is 0 for individuals who are not right-censored by
the effect-uninformative IE, and is 1/{S(T; | X;)G1(T, | X;)} for observations with an
effect-uninformative IE occurred at time 7.

To construct the estimator 7¢f, we need to estimate the following nuisance parameters:
the propensity score model e(X), the outcome model p,(X) for a = 0,1, and the survival
functions for effect-informative and effect-uninformative IEs S, (¢ | X) and G,(t | X), re-
spectively, for t < k and a = 0, 1. Importantly, as shown in Theorem 3.3, the consistency of
7¢f does not require correct specification of all four nuisance parameters.

3.4.2 Asymptotic properties of the EIF-based estimator

We next discuss the asymptotic properties of 7¢f. We first introduce additional notation.
Fort <k and a =0,1, let e*, G, pk, and S denote the probability limit of the estimated
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nuisance functions é, Gq, fla, Sa, respectively, i.e., e —e*|| = op(1), ’éa — Gzl = op(1),
| fta — ]| = op(1), and Hga - S;H = op(1). If a given nuisance model is correctly specified,

its corresponding limit equals the true function. For example, if the propensity score model
is consistent, then e* = e, and similar results hold for the other three nuisance components.

In the following theorem, we provide the double robustness of the EIF-based estimator 7€,

Theorem 3.3 (Double robustness of 7°). Under Assumptions 3.1 and 3.2, 7 is doubly
robust in the sense that it is consistent for T if either {e*(X) = e(X),Gi(t | X) = Gu(t | X)}

or {ui(X) = pa(X),SE(t | X)=S,(t | X)} fort <k anda=0,1.

Theorem 3.3 shows that 7¢if is consistent if at least one of the following two sets of nuisance
parameters are consistently estimated: (1) the outcome model p,(X) and the survival func-
tion for the effect-informative IE S, (¢ | X); (2) the propensity score model e(X) and the
survival function for the effect-uninformative IE G, (¢t | X), for t < k and a = 0,1. When
our data is from an RCT, i.e., the propensity score e(X) is known by design, so é(X) can be
correctly specified. Consequently, the EIF-based estimator 7¢f is a consistent estimator for
7 if either G, (¢t | X) is consistently estimated, or both 1, (X) and S,(t | X) are consistently
estimated, for t < k and a = 0, 1.

To conduct statistical inference, we provide the asymptotic distribution of 7. We first
introduce three technical conditions and then state the asymptotic result in a theorem.

Assumption 3.3 (Consistency of the nuisance parameters). Assume that either {e*(X) =
e(X), Go(t | X) = Ga(t | X)} or {p5(X) = pa(X), S5(t | X) = Salt | X)} for t < k and
a=0,1 is satisfied.

Assumption 3.4 (Donsker Condition). The class of functions {(e, Ga, fta, Sa) : ||e — €*|| <
0, ||Ga — GE|| < 0, ||1ta — 12| < 0,]|Sa — SE|| < 8} is Donsker for some § > 0.

Assumption 3.5 (Convergence rates of nuisance paraArneters). The convergence rate of the
nuisance parameters estimation satisfies {||é —e*|| +||Go — GEI | H||fta — 1] + 1S — SE||} =
op(n~Y?) fora =0,1.

Assumption 3.3 requires either the propensity score and survival function of the effect-
uninformative IE or the outcome and survival function of the effect-informative IE to be
consistently estimated. It guarantees the consistency of 7. Assumption 3.4 imposes re-
strictions on the nuisance model complexity and is a standard regularity condition (Vaart,
2000). We can also employ flexible machine learning models with cross-fitting techniques
in the estimation of nuisance parameters to relax the Donsker condition (Pfanzagl and We-
felmeyer, 1985; Klaassen, 1987; Zheng and Laan, 2011; Chernozhukov et al., 2018). We
provide a more detailed procedure in Section B.1.4 of the Supplementary Material, leaving a
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full theory and empirical study of implementations to future work. Finally, Assumption 3.5
imposes additional restrictions on the rate of convergence of the nuisance parameters, in
addition to all of them being consistently estimated.

Theorem 3.4 (Asymptotic distribution). Under Assumptions 3.1- 3.5, the EIF-based esti-
mator satisfies

nt2 (7 — 1) = pol/2 Z D, (0;) + op(1).
i=1

The estimator 7¢ is a consistent and asymptotically Normal estimator of T with asymptotic

variance equal to E{D?(0)}, thus achieving the semiparametric efficiency bound.

Therefore, we can construct the variance estimator based on the semiparametric efficiency
bound by taking the empirical analog of the plug-in estimation n=' """ Df(Ol) We can
also use a nonparametric bootstrap to estimate variance and conduct statistical inference if
the nuisance estimators satisfy certain smoothness conditions.

3.4.3 Comparing the estimators

In real data analysis, we recommend implementing and comparing all four proposed estima-
tors to assess whether they provide coherent scientific implications. Theoretical comparisons
among these estimators primarily focus on two key dimensions: robustness to nuisance model
misspecification and asymptotic efficiency. In practice, examining how the point estimates
differ across these estimators can provide insight into the presence of nuisance model mis-
specification. Specifically, certain pairwise differences among the estimators can serve as
informal diagnostics. For example, if e(X) is correctly specified, the difference between 7P¥
and 7%"¢ should converge to zero. Similarly, if 1, (X) and S,(k | X) are correctly specified,
the difference between 7°" and 7°"8 should converge to zero. Finally, if G,(t | X) is correctly
specified, the difference between 7¢I and 72" should converge to zero. Therefore, when im-
plementing all four estimators in practice, the observed difference among them may serve as
an informal diagnostic tool to detect possible nuisance model misspecification. We provide
more details in Section B.1.2 in the supplementary material.

Among the four estimators, a key comparison lies between the EIF-based estimator 7 with
the augmented weighting estimator 72", On the one hand, 7° is more robust and asymptot-
ically efficient: it allows for misspecification of the censoring model C' | A, X and it achieves
the semiparametric efficiency bound under correct nuisance specification. Continuing the
intuition discussed in Section 3.3.4, 7*"¢ only orthogonalizes the part corresponding to A | X
but not C' | X, A, making it robust only to misspecification of the A | X model, not the
C'| X, A model. In contrast, 7 accounts for both possible sources of misspecification, lead-

ing to greater robustness and efficiency. On the other hand, 7%"¢ is more straightforward to
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implement in practice, as it only requires the estimation of S, (k | X) and G,(k | X) at time
k for a = 0, 1, while 7° requires consistent estimation of the entire survival curves S, (t | X)
and Go(t | X) for t < k and a = 0,1. We consider the choice between 7°f and 78 as a
trade-off between implementation simplicity and robustness and efficiency of the estimators.

Finally, we note the theoretical possibility of applying a martingale-based correction to
the basic weighting estimator 7PV, in a manner analogous to the correction in the EIF-
based estimator 7¢f compared with 72", Such a corrected estimator would be robust to
misspecification of G,(¢t | X). However, it remains less attractive in practice: it is neither
robust to misspecification of the propensity score nor asymptotically efficient, and it lacks
the implementation simplicity of 72"8. For these reasons, we do not recommend it, though we
include its explicit form in Section B.1.3 of the supplementary material only for theoretical
completeness.

3.4.4 Simulation results

We conduct Monte Carlo simulations to evaluate the finite-sample performance of four esti-
mators under various combinations of correctly specified and misspecified nuisance models.
Consistent with our theory, 7¢f demonstrates the greatest robustness across all misspecifica-
tion scenarios, maintaining low bias and valid coverage even when multiple nuisance models
are incorrect. We relegate the detailed results to Section B.3 in the supplementary material.

3.5 Analyzing two phase-3 trials

3.5.1 Data analysis

In this section, we re-analyze data from two trials on systemic lupus erythematosus (Morand
et al., 2023; Petri et al., 2023). Both trials are double-blinded, randomized, placebo-
controlled phase-3 trials. There are three treatment arms: 2mg baritinib, 4mg baritinib,
and placebo. The primary outcome in both studies is the Systemic lupus erythematosus
Responder Index 4 (SRI4) at week 52, a binary composite endpoint that reflects clinical
response. A participant is classified as a responder if they show a predefined improvement
in disease activity, without overall worsening or the emergence of significant disease activity
in new organ systems. Baseline covariates used for model fitting include geographic region,
baseline corticosteroid use, and the Physician’s Global Assessment score measured at base-
line. We provide detailed baseline characteristics in Section B.2.2 of the Supplementary
Material. Although the two trials each have three treatment arms, our current framework is
formulated for binary treatment contrasts. Accordingly, in the data analysis we conduct the
two standard pairwise comparisons against placebo, namely 2mg versus placebo and 4mg
versus placebo. A fully joint multi-arm formulation is a natural extension, but is beyond the
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scope of the current paper.

A substantial proportion of participants in both trials experienced IEs: 218 out of 760 in one
trial and 211 out of 775 in the other. As described in Section 3.1.2, we classify these IEs into
two categories: effect-informative IEs (82.6% and 84.4% in the two trials, respectively) and
effect-uninformative IEs (17.4% and 15.6%). We conduct separate comparisons of the 2mg
and 4mg baricitinib treatment arms versus the placebo group, yielding four pairwise analyses
with sample sizes ranging from 505 to 517. Among participants who experienced an effect-
informative IE, the median time to IE ranges from 16 to 23 weeks. Effect-uninformative IEs
are sparse (3-8% across arms) and tend to occur slightly later (median 18-25 weeks). We
present the Kaplan—Meier-based cumulative incidence of each IE type by arm and trial in
Section B.2.2 of the Supplementary Material.

For each comparison, we apply all four estimators: 7, 7PV 7aus and 7€ We use logistic
regression to estimate the propensity score and outcome models, and use Cox proportional
hazards regression to separately estimate the survival functions for the two types of IEs.
We conduct variance estimation and inference using a nonparametric bootstrap with 500
replicates. Table 3.2 presents the resulting point estimates, bootstrap standard errors, p-
values, and 95% confidence intervals. We did not apply a formal multiplicity adjustment
in this data analysis because the comparisons are presented primarily for descriptive and
methodological illustration rather than as a confirmatory family of hypothesis tests.

Table 3.2: Treatment effect of Baricitinib on the primary outcome SRI4. The first four
columns report the results of Trial 1 and the last four columns report those of Trial 2.
Within each trial, the first five rows report the point estimate, bootstrap standard error,
p-value, and lower and upper 95% confidence limits for each estimator of the 2mg treatment
arm, and the last five rows report those of the 4mg treatment arm. For each trial and each
treatment arm, we report the results based on all four estimators.

Trial 1 (Petri et al., 2023) Trial 2 (Morand et al., 2023)
,7:out +ipw Faug 7:611 7A_out +Ipw saug ,7:e1t

2mg point 0.030 0.029 0.026 0.026 0.019 0.019 0.022 0.022
se 0.042 0.043 0.042 0.043 0.042 0.043 0.043 0.042

p-value 0.479 0.504 0.534 0.540 0.643 0.662 0.602 0.606

CI lower —0.053 —0.055 —0.057 —0.057 —0.062 —-0.0656 —0.061 —0.061

CI upper 0.113 0.113 0.110 0.110 0.101 0.102 0.106 0.104

4mg point 0.113 0.120 0.115 0.113 —0.002 -0.002 —-0.002 —0.002
se 0.046 0.046 0.046 0.046 0.042 0.042 0.042 0.042

p-value 0.013 0.008 0.012 0.013 0.961 0.962 0.966 0.969

CI lower  0.023 0.030 0.025 0.023 —0.084 —0.084 —0.084 —0.084

CI upper  0.204 0.209 0.204 0.203 0.080 0.080 0.081 0.080




CHAPTER 3. ESTIMATING TREATMENT EFFECTS WITH COMPETING
INTERCURRENT EVENTS IN RANDOMIZED CONTROLLED TRIALS 48

3.5.2 Interpretation of the statistical results

Across both trials and treatment arms, the point estimates and p-values from the four meth-
ods are generally consistent. Our results suggest a statistically significant positive effect of
4mg baricitinib on the SRI4 outcome in Trial 1, while in Trial 2, the effect is not significant
and the point estimate is slightly negative. No significant treatment effect is observed for the
2 mg baricitinib dose in either trial. As discussed in Section 3.4.3, though not a formal sta-
tistical test, qualitatively, the robustness of estimates across the four estimators in Table 3.2
provides empirical evidence that our nuisance models may not be severely misspecified.

In these two immunology trials, our estimand has a direct clinical interpretation. For each
baricitinib versus placebo comparison, it targets the difference in the probability of week-
52 SRI4 response under a hybrid strategy for handling IEs. If a patient experiences an
effect-informative IE before week 52, such as discontinuation due to adverse events or lack of
efficacy, that patient is counted as a non-responder under the composite strategy. If a patient
experiences an effect-uninformative IE, such as relocation, a pandemic-related disruption,
or sponsor-driven site closure, the estimand instead asks what the week-52 SRI4 outcome
would have been had that external disruption not occurred. Thus, the estimand addresses
the following clinically relevant question: What is the treatment effect on week-52 SR if
external disruptions had not occurred, while still counting clinically meaningful treatment
failures as failures? For example, the estimated effect of about 0.11 for the 4mg arm in
Trial 1 implies that, under this hybrid strategy, 4mg baricitinib increases the probability of
week-52 SRI4 response by approximately 11% points relative to placebo.

3.5.3 Comparison with ad-hoc methods

Next, we compare our proposed methods with two commonly used ad-hoc methods. The
first method is the non-responder rule (often referred to as “non-responder imputation” in
the applied literature). We adopt the term “rule” instead of “imputation” to emphasize that
this approach redefines the endpoint to take the value 0 upon an IE, rather than treating
the outcome as missing and imputing it. It is equivalent to using the composite outcome
strategy that treats all IEs as effect-informative and assigns the failure value 0 upon any
IE. The second method naively applies a hypothetical strategy to all IEs, assuming they are
independent of potential outcomes conditional on observed covariates.

Table 3.3 reports the estimated treatment effects of both treatment arms across the two
trials using the inverse probability weighting estimator within each approach. We would
like to emphasize that this is not merely a comparison of different estimators for a common
estimand. Instead, the three approaches correspond to different choices of estimand because
they classify and handle IEs in different ways. Therefore, the results illustrate how the
estimated treatment effect changes when different IE classifications, estimand strategies,
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and identifying assumptions are adopted.

The non-responder rule method generally yields slightly smaller effect estimates than our
proposed methods, although the differences are modest, likely due to the relatively low
proportion of effect-uninformative IEs in both trials. Nevertheless, our proposed approach
targets a clinically more meaningful causal estimand. The second ad hoc method naively
applies the hypothetical strategy to all IEs, assuming that their occurrence is condition-
ally independent of the potential outcomes given baseline covariates. This assumption is
untestable and likely violated in practice. For example, treatment discontinuation due to
adverse events or lack of efficacy is plausibly related to a patient’s potential outcome. As
shown in Table 3.3, this method produces treatment effect estimates that differ substantially
from those obtained using our proposed approach, potentially leading to misleading clinical
conclusions. These empirical findings are consistent with the large-sample bias observed in
the simulation study and underscore the importance of using appropriate strategies tailored
to different types of 1Es.

Table 3.3: Treatment effect of Baricitinib on the primary outcome SRI4 using non-responder
rule (NRR) and hypothetical strategy (HS). The first two columns report the results of Trial
1 and the last two columns report those of Trial 2. The first five rows report the point
estimate, bootstrap standard error, p-value, and lower and upper 95% confidence limits for
the 2mg treatment arm, and the last five rows report those of the 4mg treatment arm. For
each trial and each treatment arm, we report the results based on the inverse probability-
weighting estimator.

Trial 1 Trial 2
NRR HS NRR HS

2mg point 0.039 0.011 0.010 0.022
se 0.043 0.049 0.042 0.050

p-value 0.362 0.815 0.817 0.654
CI lower —0.045 —0.085 —0.072 —0.076

CI upper 0.123 0.107 0.092 0.120

4mg point 0.093 0.073 —0.008 0.044
se 0.044 0.050 0.041 0.051

p-value 0.036 0.147 0.847 0.382
CI lower  0.007  —0.025 —0.088 —0.056

CI upper 0.179 0.171 0.072 0.144

3.5.4 Robustness checks

As a robustness check to the proportional hazards assumption embedded in the Cox nuisance
models, we replaced all four Cox models with log-normal accelerated failure time (AFT)
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models, which impose no proportional hazards constraint. The AFT survival curves are
evaluated analytically at all observed follow-up times and fed into the same martingale
integral computation as the Cox-based EIF estimator. The AFT sensitivity results are
nearly identical to the Cox-based results across all four comparisons: for the 4mg arm in
Trial 1, the AFT EIF estimate is 0.113 (95% CI: [0.023, 0.203]), identical to the Cox-based
result. Full results are reported in Section B.2.3 of the Supplementary Material. This close
agreement suggests that the conclusions are robust to the choice of parametric survival model
for the nuisance functions.

As a further robustness check on the IE classification and on how potential misspecifications
affect the estimands and estimates, we reclassified IE categories under alternative clinically
possible rules and re-estimated the treatment effects. This robustness check probes the
sensitivity of the results to the classification decisions. Under all scenarios we tested, the
estimated treatment effects and their confidence intervals remain close to the primary analysis
results, and the statistical conclusion for the 4mg baricitinib arm in Trial 1 is preserved. Full
results are reported in Section B.2.4 of the Supplementary Material.

3.5.5 Beyond 7: causal risk ratio and odds ratio

For binary composite outcomes, our framework also extends directly to other effect measures,
such as the causal risk ratio and odds ratio, by first estimating the arm-specific mean compos-
ite outcomes and then applying the corresponding smooth transformation. The associated
EIFs follow from those for the arm-specific means via the delta method. Although mainly
focusing on the risk difference, 7, in the main paper, we also implement causal risk ratio and
odds ratio estimates for all four comparisons and report the full results in Section B.2.5 of
the Supplementary Material.

3.6 Future directions

In this study, we address the challenges posed by IEs in RCTs by proposing methods to han-
dle competing [Es. We classify IEs into effect-informative and effect-uninformative events
and apply different strategies to identify a clinically meaningful causal effect. For effect-
informative IEs, which are often informative about a patient’s outcome, we use a composite
variable strategy that assigns an outcome value indicative of treatment failure. For effect-
uninformative [Es, we apply a hypothetical strategy, assuming their timing is conditionally
independent of the outcome given treatment and baseline covariates, and envisioning a sce-
nario in which such events do not occur. The central thesis of this paper is to address the
challenge of competing IEs, where the first IE censors all subsequent ones. In this paper, we
propose a principled framework that carefully formulates the estimand, establishes its non-
parametric identification and semiparametric estimation theory, and introduces weighting,
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outcome regression, and doubly robust estimators. While our proposed framework provides
a rigorous and flexible approach for handling competing [Es in RCTs, several challenges and
extensions remain open for future research.

3.6.1 Data collection and IE classification

Our proposed methods have broad applicability across various therapeutic areas, includ-
ing immunology, oncology, and cardiology, where treatment discontinuation and other IEs
frequently occur. However, the effectiveness of these approaches relies on the accurate classi-
fication of IEs, which should be performed in collaboration with clinicians to ensure clinical
relevance in trial analyses. To support this, a modernized case report form is needed to
enable more granular documentation of the timing, reasons, and magnitude of treatment
discontinuation. For example, the reason for the event should be specified, such as discon-
tinuation due to toxicity versus lack of efficacy. In some cases, the event may need to meet a
threshold of magnitude, such as the use of additional medication exceeding a specified dura-
tion or dose. Additionally, the timing of the event may be relevant, particularly in relation to
its proximity to outcome assessment. Fortunately, a cross-industry PHUSE working group
is tackling this problem PHUSE Working Group, 2025.

3.6.2 Random assessment time K

In practice, the measurement of the outcome of interest Y does not necessarily happen at
a fixed point k, but within a prespecified assessment window. For example, a protocol may
define the primary endpoint at week 52 while allowing the final study visit to occur within
a window such as weeks 50-54. In that case, the actual visit time at which the outcome is
measured varies across patients. Let K denote this realized assessment time. The outcome
remains the same clinical endpoint of interest, but it is recorded at the patient-specific visit
time K rather than at a common fixed time k. If this variability in visit timing is driven
by protocol logistics or other external factors that are unrelated to treatment assignment,
potential outcomes, and IEs, then K can be treated as a random variable independent
of treatment A, potential outcomes Y (a,c = o0), and both T'(a) and C(a) for a = 0, 1.
Under this extension, the analogous versions of the identification formulas (3.2) and (3.3)
are obtained by replacing k with K i.e.,

T = E{m(X)S(K | X) — po(X)So(K | X)} (3:8)

_ R [AYUTAC>EK) (1= AYUTAC > K) (39)
e(X)Gi(K | X)  {1-e(X)}Go(K|X) ] '

If K is a pre-treatment covariate that is observed, the proposed four estimators carry over by
replacing the fixed k with the observed values of K. In contrast, if K is itself affected and is
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a post-treatment variable, we can construct a weighting estimator following (3.9). However,
(3.8) no longer provides a feasible identification formula unless S, (K | X) is identified for
a = 0,1. Considering the presence of three competing time-to-event random variables, it
becomes necessary to employ competing risks models. We defer this analysis to future work.
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Chapter 4

Combining treatment policy and
hypothetical strategies to handle
semi-competing intercurrent events

4.1 Introduction

Intercurrent events (IEs) are post-treatment events that affect either the interpretation or
the existence of the outcome measurement relevant to a clinical question. In long-term ran-
domized trials, such events are usually unavoidable. Patients may discontinue their assigned
treatment, use rescue medication, change dose, receive additional background therapy, with-
draw from follow-up, relocate, or experience events that make the final outcome unavailable
or no longer directly interpretable. The ICH E9(R1) addendum formalized the estimand
framework precisely to avoid mixing such post-treatment complications with missing data
problems. Instead, the clinical question should specify how each relevant IE is handled when
defining the treatment effect of interest. The addendum introduced five broad strategies for
handling IEs: treatment policy, hypothetical, composite outcome, while-on-treatment, and
principal stratum strategies (ICH E9 (R1), 2019). Two strategies are especially relevant for
the setting considered in this paper: treatment policy and hypothetical strategies. Under a
treatment policy strategy, the outcome is defined and interpreted regardless of whether the
IE occurs, and the IE is treated as part of the post-randomization clinical practice induced
by treatment assignment. Under a hypothetical strategy, we are interested in the poten-
tial outcome under a counterfactual scenario in which the IE is set not to occur before the
outcome assessment.

This distinction is especially important when different types of IEs occur in the same trial.
Some [Es are part of the treatment pathway that would naturally occur in clinical prac-
tice. For example, a patient may require dose adjustment, use rescue medication, or adopt
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additional disease-management strategies because of insufficient response or tolerability con-
cerns. These events are often informative about the treatment process and may be part of the
real-world effect of assigning treatment, and therefore should be handled using a treatment
policy strategy. Other IEs are external to the scientific question of interest. For example, a
patient may relocate, withdraw for administrative reasons, or miss the final visit for reasons
unrelated to treatment efficacy. For these events, it may be more meaningful to ask what the
outcome would have been had the event not occurred, suggesting the use of a hypothetical
strategy. Using a single strategy for all IEs can therefore make the clinical interpretation of
the estimand unclear: a treatment policy strategy for all IEs may include noise from events
unrelated to efficacy, while a hypothetical strategy for all IEs may remove post-treatment
features that are actually part of real-world treatment use.

4.1.1 DMotivating example

Consider a long-term trial of a pharmacological treatment for obesity, such as the
SURMOUNT-1 trial of tirzepatide. SURMOUNT-1 was a phase 3, multicenter, double-
blind, placebo-controlled trial in adults with obesity or overweight without diabetes, with
body weight measured after a long follow-up period (Jastreboff et al., 2022). Such type
of trials provide a useful setting for studying IEs because obesity is a chronic condition,
treatment is administered over many months, and the endpoint is measured well after
treatment initiation. During follow-up, patients may experience post-treatment events that
affect either the interpretation or the observation of the final weight measurement.

The central issue is that not all IEs play the same scientific role. Some events, such as dose
modification, rescue medication use, or additional disease-management strategies, are closely
tied to treatment response, tolerability, and routine clinical management. These events are
not merely nuisances. They are part of the clinical trajectory after treatment initiation and
may affect the final outcome in ways that matter to patients, clinicians, and regulators. If
the question is: “What weight loss should we expect when this treatment is prescribed in
practice, allowing for treatment modification and patient-driven management during follow-
up?”, then these events should be handled using a treatment policy strategy. Under this
strategy, the outcome is interpreted regardless of whether such events occur, because their
occurrence is considered part of the treatment condition being evaluated. Other events,
such as relocation, withdrawal because of a family emergency, administrative site closure, or
missingness of the final visit for reasons unrelated to obesity, are external to the scientific
question. For these events, a hypothetical strategy is more natural: the target outcome is the
one that would have been observed had the external event not occurred before the planned
outcome assessment.

Figure 4.1 illustrates these ideas using five representative patient trajectories in the moti-
vating long-term chronic weight management trial. After treatment assignment, patient 1
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Patient 1 . Observe Y

Rescue medication

Patient 2 4 . , Observe Y

No discontinuation until week 72

Rescue medication L

Patient 3 ¢ Y, MissingY
Rescue medication Treatment discontinuation
Patient 4 * » due to relocation

Treatment discontinuation
Patient 5 » due to relocation

Week 72

Figure 4.1: Tllustration of five representative scenarios of intercurrent events in the long-term
chronic weight management trial. Rescue medication use is an example of effect-informative
IE and relocation-related treatment discontinuation is an example of effect-uninformative
IE.

does not experience any IE before the outcome assessment at week 72, so the outcome is
observed. Patients 2-5 experience different types of IEs at different times after treatment
initiation, leading to different observed-data structures. Patients 2—4 experience insufficient
response or tolerability concerns and therefore use rescue medication around week 24. Be-
cause rescue medication use is part of the post-treatment clinical trajectory and may be
informative about treatment response or tolerability, it is treated as an effect-informative
IE and handled using a treatment policy strategy. After using rescue medication, patient
2 remains in the trial through week 72 without any additional IE, so the outcome is ob-
served. Patient 3 also remains free of any additional IE, but the week-72 outcome is not
measured, and thus, the hypothetical outcome is missing. Patient 4 later relocates around
week 48 for reasons unrelated to treatment efficacy, leading to treatment discontinuation
and an unobserved week-72 outcome. Patient 5 also experiences relocation-related treat-
ment discontinuation around the middle of follow-up. Because this effect-uninformative IE
occurs before any subsequent effect-informative IE can be observed, both the later effect-
informative IE process and the hypothetical outcome are unobserved. Because relocation is
external to the scientific question, it is treated as an effect-uninformative IE and handled
using a hypothetical strategy.

These trajectories illustrate the observed-data structure in our setup. For patients who do
not experience any IE before outcome measurement, the hypothetical outcome of interest



CHAPTER 4. COMBINING TREATMENT POLICY AND HYPOTHETICAL
STRATEGIES TO HANDLE SEMI-COMPETING INTERCURRENT EVENTS 56

is observed. For patients whose observed first IE is effect-informative, such as patients
24, the effect-informative IE is retained as part of the treatment-policy strategy. Their
hypothetical outcome of interest is observed only if they do not further experience an effect-
uninformative TE and their outcome is not missing. In contrast, for patients whose first IE
is effect-uninformative, such as patient 5, the subsequent effect-informative IE process and
the hypothetical outcome of interest are not observed.

This example motivates the combined-strategy estimand studied in this paper. We use a
treatment policy strategy for effect-informative IEs and a hypothetical strategy for effect-
uninformative IEs. The resulting estimand answers a clinically interpretable question: what
is the treatment effect under real-world treatment evolution, after removing external IEs
that are not part of the scientific question?

4.1.2 Related literature and contribution

The estimand framework has generated a large literature on how clinical trial objectives
should be translated into precise treatment effects. The ICH E9 (R1) addendum introduced
five broad strategies for addressing IEs, and subsequent papers have provided practical guid-
ance for implementing this framework in trial protocols, statistical analysis plans, and regu-
latory discussions (Ratitch et al., 2020; Kahan et al., 2024; Polverejan et al., 2023). A central
message of this literature is that the strategy should be driven by the clinical question, and
that different IEs in the same trial may require different strategies.

Several papers study specific strategies in more detail. The treatment policy strategy has
been advocated when post-treatment events are part of the treatment regimen or clinical
practice pathway, because it preserves a pragmatic interpretation of the treatment effect
(Fleming et al., 2025). The hypothetical strategy has been studied from causal inference,
missing-data, and g-computation perspectives, with emphasis on defining the counterfac-
tual scenario in which a particular IE would not occur (Olarte Parra et al., 2023). Other
work discusses composite and principal-stratum strategies, especially when IEs are clini-
cally meaningful outcomes or define relevant subpopulations (Ratitch et al., 2020). These
papers provide important conceptual guidance, but most focus on one strategy at a time
or on implementation rather than on nonparametric identification and efficiency theory for
combined-strategy estimands. There is less work on estimands that combine different strate-
gies for different IEs according to their types. Qu et al. (2021) propose an estimand using
a mixture of strategies and illustrate its use in clinical trials. Recent work has also studied
causal identification with multiple [Es (Olarte Parra et al., 2025a; Olarte Parra et al., 2025b).
These contributions show the need for combined strategies, but general semiparametric the-
ory is still limited, especially when one type of IE is handled by a treatment policy strategy
and another by a hypothetical strategy.

This paper develops a causal and semiparametric framework for such a combined-strategy
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estimand. The main statistical difficulty is that the two IE times have a semi-competing
structure. If the effect-uninformative IE occurs first, then the effect-informative IE time and
the outcome are not observed. If the effect-informative IE occurs first, later information
on the effect-uninformative IE is available, and the outcome may still be observed. Thus,
the event handled by the hypothetical strategy acts as a “censoring event” before the effect-
informative IE is observed, but becomes part of the post-event observation process afterward.
This differs from standard missing-data, right-censoring, and competing-risk problems.

We make the following contributions. We define a combined-strategy causal estimand using
the potential outcomes framework. The estimand keeps the natural value of the effect-
informative IE, corresponding to a treatment policy strategy, while intervening to prevent
the effect-uninformative IE before the planned outcome assessment, corresponding to a
hypothetical strategy. We then give transparent identification assumptions and provide
two nonparametric identification formulas, one based on outcome modeling and one based
on inverse-probability weighting. We also develop several estimators, including outcome-
regression, weighting, augmented weighting, and efficient-influence-function(EIF)-based es-
timators. These estimators rely on different nuisance components and therefore offer flexible
tools for implementation.

The rest of the paper proceeds as follows. Section 4.2 introduces the formal setup, states the
identification assumptions, and derives nonparametric identification formulas. Section 4.3
presents basic plug-in, weighting, and augmented estimators. Section 4.4 develops the semi-
parametric efficiency theory and the EIF-based estimator. Section 4.5 reports simulation
study results. Section 4.6 concludes with practical implications and directions for future
work.

4.2 Setup and nonparametric identification

4.2.1 Setup and estimand

Consider classifying IEs into two categories: effect-informative and effect-uninformative. We
use a treatment policy strategy for the effect-informative IE and a hypothetical strategy for
the effect-uninformative IE (ICH E9 (R1), 2019).

We introduce our formal setup and additional mathematical notation. Consider a super-
population setting with the Neyman—Rubin potential outcomes framework. Let A denote
the binary treatment variable, where A = 1 for treated units and A = 0 otherwise. Let T
denote the time to an effect-informative IE and C' denote the time to an effect-uninformative
IE. Since both are post-treatment variables, we use T'(a) and C'(a) to denote their potential
values under treatment arm a, respectively, for a = 0,1. Let X denote the vector of baseline
covariates.
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The outcome of interest, Y, is measured at a fixed time k. Therefore, only IEs that occur no
later than time k are of interest. We set T' = co or C' = oo if the corresponding event does
not occur before the outcome assessment. Thus, the support of 7' and C'is Z = [0, k| U {o0},
and we use C' > k and C' = oo interchangeably.

For each treatment arm a = 0, 1, let Y (a,T'(a),c = oo) denote the potential outcome under
treatment @ in the hypothetical world where the effect-uninformative IE never occurred
before time k. This hypothetical intervention is meaningful as it is possible to intervene
on C by, for example, preventing the administrative site closure or reducing barriers that
would otherwise lead to treatment discontinuation after relocation.Therefore, setting the
effect-uninformative IE time to infinity represents a scientifically interpretable intervention
that removes events external to the treatment effect of interest. By contrast, the effect-
informative IE is handled using a treatment policy strategy. Therefore, its natural value
T'(a) is left unchanged in the estimand. Under the composition assumption, we have Y (a, c =
o0) =Y(a,T(a),c = 00). Our causal estimand of interest is the average treatment effect

7=E{Y(l,c=00)—Y(0,c=00)}. (4.1)

This estimand preserves the real-world relevance of the effect-informative IE while removing
the effect-uninformative IE from the target outcome. It answers the question of how effective
the treatment is under real-world treatment evolution, after setting aside external events that
are not part of the scientific question. Therefore, it gives a clinically meaningful estimand.

Compared with estimands that handle all IEs using a single strategy or with the estimand
combining composite outcome and hypothetical strategies (Lu et al., 2025), our estimand
in (4.1) requires more detailed follow-up information. In particular, even for patients who
experience the effect-informative IE, we still need to observe whether the effect-uninformative
IE occurs before time k£ and whether the final outcome is measured. This is needed to learn
about Y (a,c = oo) after the effect-informative IE has occurred. In many long-term chronic
disease trials, such follow-up is still collected after rescue medication, dose adjustment, or
treatment modification.

The key feature of the setup is that the two post-treatment event times are semi-competing.
If C' occurs first, then the values of both T"and Y in the hypothetical world we are interested
in are censored. If T" occurs first, then 7" is observed, and the subsequent value of C' through
time k is also observed. The final outcome Y may still be observed or missing after the
occurrence of T. We write R = 1 if Y is observed after T" and R = 0 otherwise. This semi-
competing structure requires identification and estimation arguments beyond the standard
settings.

Figure 4.1 also illustrates the observed-data structure induced by the semi-competing event
process. If no IE occurs before k, Y (A, ¢ = 00) is always observed. If an effect-informative IE
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occurs first, the event is retained under the treatment-policy strategy, and the hypothetical
outcome Y (A,c¢ = o0) is observed only when (1) no subsequent effect-uninformative IE
occurs before k, i.e., C' > k, and (2) the outcome k is not missing, i.e., R = 1. If an effect-
uninformative IE occurs first, subsequent information on the effect-informative TE process
and the hypothetical outcome is no longer observed.

4.2.2 Identification assumptions

We now state the assumptions used to identify the arm-specific means p, = E{Y (a,c = 00)}
for a = 0,1, and therefore for the average treatment effect 7 = p; — pyo.

Assumption 4.1 (Treatment ignorability). We assume the following conditional indepen-
dence and positivity conditions:

(a) For each a = 0,1,
All{Y (a,c=0),T(a),C(a)} | X.

(b) There exists na > 0 such that pr(A=1| X =x) € [na,1 —nal for allx € X.

Assumption 4.1 is guaranteed by design in a randomized controlled trial. In observational
studies, it is a standard but untestable condition.

Assumption 4.2 (Effect-uninformative IE). We assume the following conditional indepen-
dence and positivity conditions for the effect-uninformative IE time C':

(a) For each a = 0,1,
CU{T,Y(a,c=00)} | A=a,X.

(b) There exists ne > 0 such that pr(C > k | A = a,X = x) > ne for all a = 0,1 and
reX

Assumption 4.2 is the key condition that justifies treating an IE C' as effect-uninformative.
After conditioning on the treatment arm and baseline covariates, the timing of effect-
uninformative IE carries no information about either the time to the effect-informative IE
or the hypothetical outcome of interest. It thus carries no information about the treatment
efficacy.

Assumption 4.3 (Post-T missingness of Y). We assume the following conditional indepen-
dence and positivity conditions for outcome observation:
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(a) For each a =0,1 and each j € {0,...,k},
RUY |C>kT=jA=aX.

(b) There exists np > 0 such that pr{R =1|C > k,T = j,A =a,X = x} > ng for all
a=0,1,7€Z, andxr € X.

Assumption 4.3 assumes that, among units not experiencing effect-uninformative IEs through
time k, outcome observation is independent of the outcome itself after conditioning on the
effect-informative IE time 7', treatment arm A, and baseline covariates X. This is a missing-
at-random condition for the post-T" observation of Y. The assumption also highlights the
role of T" in our setup. Although 7" does not directly enter the estimand 7 from the formula,
it is part of the information needed to explain outcome missingness. Therefore, even when
the target parameter is the average treatment effect on the hypothetical potential outcomes,
T cannot be ignored because missingness of Y is assumed to be at random only after condi-
tioning on the post-treatment information contained in 7', and thus valid identification and
estimation require proper adjustment for 7'

4.2.3 Observed-data nuisance functions

We introduce the nuisance functions used in the identification formulas. Let e,(X) = pr(A4 =
a | X) denote the probability of getting treatment a, so e;(X) denotes the propensity score.
For each treatment arm a = 0,1 and j =0,... k, let

faG 1 X)=pr(T=j|A=0aX), S| X)=pr(T>j|A=aX)

denote the conditional mass function and survival function of the effect-informative IE time
T. Similarly, let G,(j | X) = pr(C > j | A = a,X) denote the conditional mass function
and survival function of the effect-uninformative IE time C.

For units with observed effect-informative IE time j and no effect-uninformative IE before
time k, define the outcome-observation probability 7, ;(X) =pr(R=1|C > k,T = j,A =
a, X). Finally, define the subgroup outcome regression functions

1 (X)=E(Y |R=1,C>kT=jA=aX), j=0,...k

and
taooX)=EY | TNC >k/A=a,X).

4.2.4 Nonparametric identification

Under the assumptions above, the arm-specific means p, are nonparametrically identified.
We give two identification formulas, where the first is an outcome-regression formula, and
the second is a weighting formula.
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Theorem 4.1 (Nonparametric identification). Under Assumptions 4.1-4.3, we have the
following two nonparametric identification formulas for the arm-specific means j1; and pyg.

First, we have the outcome-regression identification formula

Ha = E{Ua,w( )Sa(k | X) "’Zﬂaj fa]|X)} (4.2)

Second, we have the weighting identification formula

MA=a) [UTAC>kY <UT=4C>kR=1)Y
( >{< > Y | AT =)0 ) }
7=0

(4.3)

Ha = B ea(X) Ga(k | X) Gulk | X)ra,(X)

Equation (4.2) separates the estimand into two parts. The functions S, (k | X) and f,(j | X)
describe the distribution of the effect-informative IE time under treatment arm a. The
functions fi4, 00 (X) and g, ;(X) describe the corresponding conditional outcome means in the
hypothetical world where C' does not occur before time k. Equation (4.3) instead identifies
by reweighting observed outcomes. The treatment weights account for treatment assignment.
The factor G,(k | X) accounts for probability free of the effect-uninformative IE through k.
The factors r, ;j(X) account for missingness of the final outcome after the effect-informative
IE has already been observed. Thus, the formula reflects the semi-competing structure:
before T is observed, C' acts as a censoring event; after T' is observed, subsequent information
on C' and Y is part of the post-event observation process.

4.3 Basic and augmented estimators

4.3.1 Two basic estimators

The two formulas in Theorem 4.1 suggest two basic estimators. Let f[i,00(X), fla;(X),
Sa(j | X), fa(d | X), Ga(j | X), 7a;(X), and é,(X) denote fitted nuisance functions. The
plug-in outcome estimator is

n

ﬂgut: _IZ{[L&,OO( ) k|X +Z/~Laj faJ|X)}

i=1
and the weighting estimator is

s lAi=a) [UTAG >k§g+z’“:1 —J,c >k, R, = 1),
Ha €a(X) Ga(k | X3) = Galk | Xi)iai(X0) '

i=1
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The treatment effect estimators are 7% = 0% — 109 and 7PV = [PV — piP™

" is consistent if the outcome regressions {fiq 0o, faj} and the T distribu-

HPY is consistent if the weighting

The estimator 7°"
tion {S,, f.} are consistently estimated. The estimator 7
components {e, G,,7,;} are consistently estimated.

4.3.2 An augmented estimator

Combining the two identification formulas yields

k

(A=a) |1 (TANC > k)Y ur _j,(J>k;R_1)Y
MX){ Gk [ X) +§: Gk [ X)ras(X) }

po = FE

Jj=

1(A=a) — e, (X
B ( eazX) ( ){,ua,oo( ) k’X +Z,U/a] fa]|X)}](44)

This suggests the augmented estimators

- 1A =a) —el(X) | . L .
e = v gt 3 HA=0) ){ua,w<xi>sa<k:|Xi>+zua,j<xi>fa<y|Xi>},
i=1 j=0

aug __ paug ~aug

and 75 = 3 — g

Proposition 4.1 (Double robustness of the augmented estimator). Suppose As-
sumptions 4.1-4.3 hold.  If Go(k | X) and r.;(X) are correctly specified, then
TRE js consistent for T if either the propensity score e.(X) is correctly specified, or
{1a,00(X), ttaj(X), Sa(k | X), fa(§ | X)} are correctly specified for all j =0,... k.

Analogously to the standard augmented inverse-probability weighted estimator, the correc-
tion in (4.4) orthogonalizes the estimating equation with respect to the treatment assignment
mechanism. However, it does not orthogonalize with respect to the full observed-data nui-
sance generated by the semi-competing event process. In the present setting that nuisance
has two components: the post-event observation distribution of (C, R,Y") and the pre-event
censoring of the latent event time T by C'. Therefore, the estimator is not semiparametrically
efficient.

4.4 Semiparametric efficiency theory

In this section, we derive an efficient influence function (EIF) for p; and po, and thus for
7. In our setup, the observed-data nuisance generated by the semi-competing event process
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splits into two pieces: the post-event distribution of (C, R,Y") after the effect-informative
IE time, 7', has already been observed, and the pre-event censoring of 7" by the effect-
uninformative IE C'. The EIF is obtained by first solving the post-event canonical gradient
and then projecting the resulting score onto the orthocomplement of the pre-event censoring
tangent space.

4.4.1 EIF representation

Define the reduced pre-event observed-data variables

1, T<C, T<k,
T=TANCAk, 6=X2 C<T, C<k,
3, T>k, C>k,

and let

A=10€{1,3})=1(C>TANE).
Here, T is the observed first event time, § = 1 indicates that the effect-informative IE time T
is observed before C' and happened before the outcome measurement time k, § = 2 indicates
that an effect-uninformative IE occurs first and censors T and Y, and § = 3 indicates that
no IE occurs through k. When § = 1 and T = j, the post-event observed-data block is
W; = (C, R, RY'), and when ¢ = 3, the post-event observed-data is simply the outcome Y.

Before formally introducing the EIF form, we introduce some additional notation. For each
arm a = 0,1 and each j =0, ..., k, define

Ga(k | X)
Ga(j | X)
where the second equality follows from Assumption 4.2. The quantity w, ;(X) is the con-

ditional probability that C' not occurring before k£ once T' = j has already been observed.
Next, define the post-event pseudo-outcome

wej(X) = pr(C>k|C>jT=jA=0aX) = (4.5)

1(C >k R=1)
Wa,j(X)7a,;(X)

U,(0) = 100=3)Y + Z 1(6=1,T =) {,ua,j(X) + {Y — Ma’j(X)@%.G)

Also define the full-data regression

ma(T, X) = ptaoe(X)UT > k) + Y pag(X)UT = )

J=0

and the continuation value V,(t,X) = E{m.(T,X) | T > t,A = a,X}. For discrete event
times,

Haoe (X)Sa(k | X) + 351 Hag(X) falj | X)

Yt 0= S T)
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Then define N¢,(t) = 1(T < t, § = 2) as the stopped counting process for pre-event C'
in arm a, and let A (¢ | X) denote the corresponding cumulative hazard of C' before T is
observed. Then the martingale increment for the stopped pre-event censoring process is

dMe, (t) = ANgo(t) — LT > t)dA,(t | X)

Theorem 4.2 (EIF for u, and 7). Under Assumptions 4.1-4.3, an efficient influence func-
tion for u, is

o) - M {20 [ o)
_ea(

_lA=a)

eq

9 ) {:ua,oo( )Sa(k | X) +Z/~Laj ) fa(d | X)} — Ha{4.7)
Consequently, an efficient influence function for T = py — ug is D-(O) = D1(O) — Dy(O).

The EIF forms in Theorem 4.2 present a nested structure. The conditional probability
Waj(X) = Ga(k | X)/Ga(j | X) enters because in each subgroup where we observe T' = j,
we need to account for the possibility that C' occurs between j and k. The conditional
probability 7, ;(X) accounts for the fact that outcome Y may still be missing even when
C > k. After these post-event corrections are absorbed into U,(O), the remaining nuisance
is the ordinary right-censoring of the effect-informative IE time T by the early part of the
effective-uninformative IE time C' process.

4.4.2 FEIF-based estimator

Theorem 4.2 motivates the following estimators. Define

=1 i
- ].(AZ = CL) - éa(Xz) ~
1
- a(Xi),
D G
where
. Golk| X;
boy(xp) = Selb1 X
Ga(J | Xi)
k
~ ~ N 1(C; >k R =1 N
Usi = 16 =3)Yi+ Y _1(6; = 1,T3 = j) |fiaj(X:) ( ) {Yi — f1a,5(X0)}

Wa,j(Xi)Ta(Xi)
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a(Xi) = flace(X:)Sa(k | X3) +Zua] ) fali | X2),

(KO8 X) + o X)fuli | X0)

Va t7Xl - =
( ) Sa(t | Xz)

The corresponding treatment effect estimator is

~eif ~eif

= gt - gt

Theorem 4.3 (Double robustness of the EIF-based estimator). Suppose Assumptions 4.1-
4.3 hold. Then 7% is consistent for T if either of the following two sets of nuisance
functions are consistently estimated: (i) {€.(X),Ga(t | X),70;(X)} for t,5 < k or (ii)
{000 (X)), a5 (X), fa(G | X), Sa(k | X)} for j < k.

Under standard empirical process or rate conditions for the nuisance estimators, 7 is asymp-
totically linear with influence function D.(O) and therefore achieves the semiparametric

efficiency bound EF{D?(0)}.

Compared with the previous augmented weighting estimator, the EIF-based estimator adds
an additional semiparametric ingredient: the martingale augmentation for pre-event censor-
ing of the latent time 7. In our semi-competing structure, this martingale correction is not
directly applied to Y. We instead first build the post-event orthogonalized pseudo-outcome
Ua(O), and then project off the nuisance tangent space by the early part of C.

4.5 Simulation

In this section, we study the finite sample performance of the four proposed estimators: the
outcome regression estimator 7°U, the weighting estimator 7'P¥, the augmented estimator
788 and the EIF-based estimator 7¢.

4.5.1 Data generating processes

We set the outcome measurement time k£ = 4 and generate baseline covariates
X = (X1,X5,X3)" from independent standard Gaussian distributions. Treatment A
is generated from a covariate-dependent propensity score. Conditional on treatment and
covariates, we generate the latent effect-informative IE time T, the effect-uninformative
IE time C, the hypothetical outcome Y (a,c = o0), and the post-7T outcome-observation
indicator R. The true nuisance functions are nonlinear functions of X and include interac-
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tions and threshold effects. This creates a setting in which simple working models can be
meaningfully misspecified.

To make nuisance functions misspecified in some data generating regimes, we make the
true nuisance functions depend on nonlinear terms, interactions, and step functions of X:
{sin(1.4X;), 1(Xy > 0), 1(X3 > 0.35), X1Xy, X X3, XoX3, X2, X2}. We generate the
observed data following the semi-competing structure. If C' occurs before T and before the
outcome assessment time, then both 7" and Y are not observed. If T occurs first, then T is
observed, and subsequent information on C'is also observed. When T'=j < k and C' > k,
the final outcome may still be missing through R. If neither 7" nor C' occurs before time k,
the final outcome is observed.

We consider five nuisance-model regimes. In correctly specified components, we fit models
using the true parametric forms. In misspecified components, we fit intentionally inadequate
working models containing only the linear main effects (X, X5, X3). Specifically, the five
regimes are: all nuisance components correctly specified; only e misspecified; (e, G, r) mis-
specified and (u, f) correctly specified; (u, f) misspecified and (e, G,r) correctly specified;
and all nuisance components misspecified.

These regimes are chosen to illustrate the robustness patterns of the four estimators. We
expect the outcome-regression estimator to be consistent when (u, f) are correctly specified,
the weighting estimator to be consistent when (e, G, r) are correctly specified, the augmented
estimator to be consistent when G and r are correctly specified and either e or (u, f) is
correctly specified, and the EIF-based estimator to be consistent when either the weighting
nuisances (e, G,r) or the ourcome nuisances (u, f) is correctly specified. We use 500 Monte
Carlo replications with sample size n = 2000. The true value of 7 is computed by Monte
Carlo integration using a large independently generated sample and is approximately 1.063.
We report bias and the standard deviation of all estimators.

4.5.2 Simulation results

The simulation results are consistent with the theoretical robustness properties. When all
nuisance functions are correctly specified, all four estimators are consistent. The weighting
and augmented have larger standard deviations because of the weights, and the EIF estima-
tor reduces it through the additional augmentation terms. When only the propensity score
e is misspecified, the weighting estimator has non-negligible bias. When (e, G,r) are mis-
specified while (u, f) are correct, the outcome regression estimator remains nearly unbiased.
The weighting and augmented estimators perform poorly because their required weighting
components are wrong. The EIF estimator is more robust than weighting and augmented
weighting in this regime, although it retains a small finite-sample bias likely due to extreme
weights. When (u, f) are misspecified but (e, G, r) are correct, the outcome regression esti-
mator has non-negligible bias. Finally, when all nuisance components are misspecified, all
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Table 4.1: Finite-sample performance of the four estimators across nuisance-model regimes.
For each estimator, we report Monte Carlo bias and standard deviation (SD) based on 500
Monte Carlo samples with n = 2000.

f.out 7A_ipvv saug 7A_eif
Regime Bias SD Bias SD Bias SD Bias SD
all correct 0.038 0.052 —0.015 0.426 —0.008 0.418 —0.011 0.311
e wrong 0.035 0.051 —0.449 0.300 —0.010 0.302 —0.010 0.235
(e,G,r) wrong 0.034 0.056 —0.264 0.193 0.172 0.191 0.065 0.156
(w4, f) wrong —0.171 0.148 0.026  0.502 0.023 0.500 0.002 0.343
all wrong —0.169 0.141 —0.260 0.198 —0.257 0.198 —0.267 0.174

estimators have non-negligible bias.

4.6 Discussion

We study a combined-strategy estimand for randomized trials with effect-informative and
effect-uninformative IEs. The main idea is that different IEs play different scientific roles:
some are part of the treatment pathway and should be preserved in the target estimand,
while others are external to the clinical question and are more naturally handled through
a hypothetical strategy. This event-specific view is consistent with the distinction between
estimands and identification assumptions: the estimand should encode the clinical ques-
tion, while assumptions determine whether it can be identified from observed data (Ding
and Lu, 2025). We formalize this idea by combining a treatment policy strategy for effect-
informative IEs with a hypothetical strategy for effect-uninformative IEs, and provide iden-
tification assumptions, two nonparametric identification formulas, and several estimators.
The EIF-based estimator further shows the structure of the problem: post-event missing-
ness is handled through an orthogonalized pseudo-outcome, while pre-event censoring by the
effect-uninformative IE is handled through a martingale augmentation. The main limita-
tion is that the hypothetical strategy relies on an untestable independence condition for the
effect-uninformative IE, which should be justified by subject-matter knowledge and assessed
through sensitivity analysis. Future work could extend the framework to multiple IE types,
continuous event times, recurrent IEs, and longitudinal outcomes.
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Appendix A

Appendix to Chapter 2

Section A.1 provides additional results, including methodological extensions, discussions of
linear working models with illustrative examples, the EIF for 1y, and an alternative projection
parameter that directly projects the PCE surface to a working model.

Section A.2 provides proofs of the theorems, lemmas, and examples.

A.1 Additional results

In this section, we provide additional results that support and extend the main text.

Section A.1.1 presents a sensitivity analysis for the principal ignorability assumption and
extends the framework to two additional settings: multiple post-treatment variables and
conditional PCEs.

Section A.1.2 derives the EIF for n; and its closed-form solution under linear working models.

Section A.1.3 presents three illustrative examples with specific functional forms of linear
working models.

Section A.1.4 provides the EIF for 7y and its closed-form solution under a linear working
model.

Section A.1.5 discusses an alternative projection parameter defined by projecting the PCE
surface to a working model, and presents the corresponding EIF along with results on its
relationship to our primary projection approach.
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A.1.1 Extensions
Sensitivity analysis

The identification of PCEs relies on the crucial principal ignorability assumption, which is
untestable using observed data. This necessitates sensitivity analysis to assess the robustness
of conclusions to the violation of principal ignorability. We introduce the following sensitivity
parameters:

E{Yi ’ U= (51750)7X}
E(Yi ‘ Sl = Sl,X)

E{YE) | U= (81,80),X}/A 1)
E(Yy|Sy=s0,X) *

£1(s0, X) and eo(s1,X) =

Values of these two parameters characterize the extent of principal ignorability violation;
both &1 (s, X) and g¢(s1, X) are equal to 1 when principal ignorability holds. This sensitivity
analysis setup generalizes that for a binary post-treatment variable in Jiang et al. (2022) and
Nguyen et al. (2024). Under (A.1), we can obtain results for identification, estimation, and
semiparametric theory for the projection parameters in parallel to those under principal
ignorability.

Multiple post-treatment variables

We can extend the framework to settings with multiple continuous post-treatment vari-
ables. For simplicity, we focus on the case with two continuous post-treatment variables.
Suppose the two post-treatment variables, denoted by S and 7', are both continuous with
potential outcomes (S, Sg) and (T3, Tp). Their joint value determines the principal strata
U = (s1,80,t1,t0). Again, there are infinitely many principal strata when both post-
treatment variables are continuous, and the PCE surface can be defined as a function of
S1, So, t1, and £g:
T(81, 80, t1,t0) = E{Y1 — Yo | U = (s1, S0, t1,%0) }

We generalize the principal ignorability assumption as E{Y; | U = (s1,S0,t1,%0), X} =
E{Y1 | U = (s1, 80, t1,t,), X} for any s, sy, to, and t;, and E{Yy | U = (s1, So,t1,t0), X} =
E{Yy | U = (s}, s0,t},t0), X} for any s1,s,¢, and . Under treatment ignorability, the
principal ignorability assumption leads to the identification of the mean surfaces:

E{}/I‘U:(Slas())tlatO)aX} = K

E{%|U:(517807t17t0)7){} = F

Similar to the case with a single post-treatment variable, the identification of the PCE surface
requires that of the principal density, denoted by e(s1, So, t1,t0, X) = p{U = (s1, S0, t1, t0) |
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X}. The conditional joint distributions of (S1,71) and (Sy, To) given X, p(Sy = s1,T1 = 1 |
X) and p(Sy = so, Ty = to | X) respectively, are identifiable under treatment ignorability.
Therefore, we can specify a copula model to obtain the principal density from these two
distributions. Let pq(s1,t1,X) = E(Y | S = 51,7 = t1,Z = 1,X) and po(so,to, X) =
E(Y | S =sp,T =ty,Z =0,X) denote the conditional outcome means. We can obtain the
following identification formula for the average potential outcome surface:

ti,to, X
6(317507 1,0, )/,LZ(SZ,tz,X)} :
6(817507t17t0>

BLY. | U = (51,50, hroto)} = E{

where e(s1, So, t1,t0) = E{e(s1, So, t1,t0, X)}. We can also generalize the projection approach
with multiple post-treatment variables and derive the EIF for the projection parameters.
However, the derivation of the EIF becomes considerably more complex due to the increased
number of models to perturb when computing the derivatives.

Conditional PCE

In addition to the marginal PCEs, we can also consider the conditional PCE surface:
7-(5173071'0) = E{}/l_}/b | U:(317$0)7W:w}7

where W is a subset of the observed covariates X. Let m,(s1,s0,w) = E{Y, | U =
(s1,50), W = w} denote the conditional potential outcome surfaces for z = 0,1. Under
Assumptions 2.1 and 2.2, we have the following identification formula for m;(sq, so, w):

mi(s1, 80, w) = E[E{Y7|U=(s1,8),W =w,X}|U=(s1,8), W = w]

6(81, So, X ’ W = w)
{ 6(51, So ’ W = U)) 1(817 ) ’ Y

where e(s1,$0, X | W = w) = p{U = (s1,50) | X,W = w} is the conditional principal
density on the subset W = w, and e(sy, s | W = w) = E{e(s1,50, X | W =w) | W = w} is
marginalized over X | W = w. The identification of mg(s1, so, w) can be achieved similarly.
Employing the same projection approach, we define our causal parameter of interest as the
projection parameter

n. = aIg mnlnE [U}Z<Sl, SO; W) {mz<517507 W) - fZ(Sla SOv Wﬂ?)}ﬂ )

where the pre-specified weights w,(s1, so, w) and working models f,(s1, so, w) are functions
of w as well. We can then develop the estimation strategies and derive the efficiency theory
for n, following a similar approach in the main text.

In the special case when W = X, my(s1, 50,2) = E{Y1 | U = (s51,%0),X =2} = E(Y1 | 51 =
s1, X = x) is not a function of sy. Similarly, mg(s1, so, z) is not a function of s;. We can
simplify the notation to m,(s,,z) for z = 0,1, and specify the working models as functions
of (s,,z) only.
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A.1.2 Linear working model
We explore the use of a linear working model for 7, that strikes a balance between reasonable
approximation and clear interpretation.

Example A.1 (Working model is linear in n). Suppose that the working model fi(s1, So;n)
is linear in n, i.e., fi(s1,50;m) = n"g1(s1,50) for some known pre-specified function g, but
unknown 1. We introduce the notation

Gl(sly S0, X’ h) = wl(sl) 80)6(81, S0, X)gl(sh So)h(slv S0, X)Ta

where h(sy,s9,X) can take various forms below as a scalar function or a vector func-
tion whose dimension is compatible with gi(s1,s0). We write it as G1(s1, S0, X;1) when
h(s1,80,X) =1 is a constant function. The EIF for n is

o1 (V)= H " {A(Y, S, Z,X) — As(Y, S, Z, X)m }

where
H, = // wy (s1,50) g1 (S1,50) g1 (51, 50)" € (81, 80) ds1dsg
and
ALY, S, Z, X)
- 7r(ZX) [fGl ili(jé,);)ul Jdso // G1(s1, S0, X5 pt1)74 (51, S0, 5, X)dsldso}
+1 i:r(ZX) [fGl(LZ;é:);)Ml)dsl —/ G1(s1, S0, X; 1)1 (81, S0, S, X)dslds()}

Z [ Gi(S, s0, X;1)dso
// G1 Sl,So,X ,ul)dsldso + (X) Y (S,X) {Y — M1 (S,X)},

Ay (Y, S, Z, X)
Z [ Gi(S, s0, X;g1)dso // }
— G1(s1, 80, X5 91)1u(81, S0, S, X)ds1ds
7T<X){ p1(S, X) 1121, 20 91)ru(51, S0 Ydsidsg
1-Z G S aS X ds
—0—1—71' (X) {f 1 p10(S X)g1) 1 _/ Gl(Sl;307X;gl)7“v(51,807S7X)d31d801

// Gl 81730,X 91)d51d80

We can, therefore, construct an estimator for ny by solving for Equation (2.20). Define the
following estimated values

é1(81,807Xz‘;h) = w1(81730)91(81750) (SbSOaX)h(ShSOyXi)Tu
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~ éu<31>SOaXi) -
Tu(51, S0 ) &(51, 50, X:) (Si < 51) 1(s1 )

~ év<317 50, X’L) ~
v ) 7Si7Xi = ]-_A—{1517,< — F aXi}a
7y (51, 50 ) &(51, 50, X5) (Si < s0) 0(s0, Xi)
where ¢, (s1, so, X;)/é(s1, 50, Xi) is the value of ¢.(s1, 80, Xi)/c(s1, 50, Xi) for * = u,v evalu-
ated at the estimated distribution functions Fi(s1, X;) and Fy(so, X;). Then, the estimator
18

A Z:'L:l A%
T eif n ~
Zz‘:l A
where
2 Z: | [ Gi(Si, 50, Xi; fun)dso / 2 o
Ai - - ) 7X17 u ) ) lade d
1 ﬁ-(Xz) 251(51',Xz’) G1(31 S0 N1)7’ (31 50,5 ) S$1dSo
1-— Zz f Gl(Sl, SZ,XZ, ﬂl)dsl ~ A
- Xzy v ) ) i?Xi d d
1 —ﬁ'(Xi) ﬁo(Si,Xz‘) / G1(81750, ,U1)7" (51 50,5 ) 5$1dSg
A N Z; fél(SuSO,Xz'; 1)d80 .
G Xi; dsid - = Y, — Si:Xi
+// 1(s1, So, fu1)dsidsg + 7 (X Br (55, X,) { i ( )}
and
A ZZ fG (SZ,S(),X“gl dSO
A, = X X;
2 7 (%) 1055 X)) // G1(s1, 50, Xi; 91)7u(51, 50, Sy Xi)ds1dsg
1-2Z; fG1 s1, S, Xis g1)dsy
X; X;
+1 7 (X)) 50055 X)) // G1 (51,80, Xi; g1)7 (51, S0, i, Xi)ds1dsg

+//G1(81,807Xi;91)d81d80

are the fitted values of A1 and A,.

Under the linear working model, the EIF for n; exhibits linearity with respect to n;. This
linearity allows closed-form solutions to the system of linear equations, significantly reducing
computational complexity in estimation.

A.1.3 Three examples on linear working models

We present three illustrative examples based on specific choices of functional forms when the
working model is linear: (1) a constant working model, (2) a linear function of s;, and (3) a
polynomial function of (s, sp).
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Example A.2 (Working model is constant). Suppose that the weight function and the work-
ing model are both constant, i.e., wy(s1,80) = 1 and fi (s1,80;m) = n for all s1,s¢ on the
support of S1,Sy. The parameter of interest is simplified to

mo = argmninE{ml (S1,5) =0} = E{m1(S1,5%)} = E().

From Theorem 2.3, we have Hy =1 and

L(X) = E(Y|Z=1X)—m,

Z
62(57Z7X> = m{/“(S,X)—E(Y‘Z:LX)},
63(Y757Z7X> = W(Z)(> {Y_Nl(sv)()}
Therefore, the EIF for n, is
AV) = s (Y =BV [ Z= 1 X))+ (Y | 2=1.5) —m,

which is the EIF for the average potential outcome under treatment in observational studies
(Hahn, 1998). Based on ¢1(V), we can derive the canonical doubly robust estimator for
E(Y1) (Bang and Robins, 2005).

Example A.2 shows that when we project the PCE surface onto a constant, the parameter
of interest becomes the average potential outcome F(Y;) and the EIF reduces to that for
E(Y)) in the classic setting. This example acts as a sanity check of Theorem 2.3.

For any function r (Y, .S, X), define

1(Z =2)

Vr(v2,8..X) = m[r(Y’S,X) —E{r(V,$,X)| X, Z=2}+E{r(V,8,X)| X,Z = z}.

Under Assumption 2.1, E{¢,v, 5. x)} = E{r (Y., S.,X)}. Below, we provide the EIFs under
the other two working models.

Example A.3 (Projection onto space of linear functions of s1). Suppose the weight function
wy (81, 50) 8 constant, i.e., wi(s1,80) = 1, f1(s1,80;m) = n's1 + « is a linear function of sy,
and distributions of S; and Sy are independent conditional on X. The EIF for (n',a)" is

T

pr (V) =Hi' (01 (V), 0% (V)
where

E{E(S?|Z=1,X)} E{E(S|Z=1,X)}
H = (E{E(S\Z:LX)} 1 )
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¢i (V) - ¢Y151 - 77177be - a¢5'17
¢a (V> = wY1 - 7711/)51 - Q.

Example A.4 (Projection onto space of polynomial functions of (s1, s¢)). Suppose the weight
function wy (s1, s0) is constant, i.e., wi(s1,s0) = 1, fi(s1,50;m) = >F_, 7};8{ +20 n?sé +
a is a polynomial function of sy and sg, and distributions of S1 and Sy are independent
conditional on X. Let S denote the (2p+ 1)—dimensional vector (Sy,..., SV, Sy, ..., S5, 1)
The EIF forn= (ni,... ,7711),77(1), e ,ng,a)T is

er(V)=H (01 (V),....on (V) 60 (V) ..., 00 (V) ,¢a (V)"

where Hy = E(SS™) with E(SiS) = E{E(S’ | Z = 1,X)E(S* | Z = 0,X)} for j, k =
1,...,p, and

p p
G (V) = Cysp— D Mg — > mjbste — atg,
j=1 j=1
p p
L(V) = vty — D midgtsy — D mbger — oty
=1 =1

p p
(V) = Py, — Zﬁ}i/fsg - Zn})%g —a.
j=1 j=1
fork=1...p.

Because working models are linear in the unknown parameter 7;, we can construct closed-
form estimators based on the EIFs.

A.1.4 EIF for n

In this section, we provide the EIF for 7y and the closed-form solution of 79 under a linear
working model. Denote

vo(s1, 50, X) = wo (s1,50) fo (s1,50370) € (51, 50, X) {110 (50, X) — fo (51, 50:m0)} -
The following theorem presents the EIF for 7.

Theorem A.1. Under the nonparametric model, the EIF for ng is

o (V) = Hy' {ki (X) + k2 (S, Z, X) + k3 (Y, S, 2, X)},
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where

Hy = FE <w0(51, So) [fo (S1, S0im0) fo (St So;m0)" — {mo(S1, So) — fo(St, So;m0)} fo(St, SO;UO)D

and
]{Zl (X) = // Vo(Sl,So,X)dsldSO,

. A fyo(S 80, dSO
k?g (S, Z,X) = 7T(X> { p1<S X //VO 81780,X>7’u<81780,s X)dSldSO}

1-Z vo(s1, S, X)ds
1—m(X) {f Oz(ool(s,x 1 //Vo 51,80, X)ro(s1, 50, 5, X)dsldso}

1—-7Z fw() (81,5) fo (Sl,S,no) (Sl,S,X) d81
1—7T(X) po(S,X) {Y_,UO(S>X)}'

+

ks (Y,S,Z,X)

The following example provides the EIF under a linear working model.

Example A.5 (Working model is linear in ). Suppose that the working model fy (s1, s0;M0)
is linear in no, i.e., fo(s1,S0;M0) = nggo (s1,S0) for some function go. Denote

G0(817507X;h) = w0(51,50>90(51,50)6(817507X)h(51,SoaX)Ta

where h(s1, sp, X) can be a scalar function or vector function whose dimension is compatible
with go(s1,S0). The EIF for ng is

%o (V) = I—I(]_1 {A?)(}/’ Sa ZvX) _A4(Y7 S7 ZaX)n()}a

where
o = //wo (51,50) 9o (51,50) go (51, 50)" € (51, 80) ds1dso,
Z G S S0, X; ds
A3(Y, S, 2, X) = %) {f of ; (?5* X)Mo 0 //Go 1, S0, X fo)ru (81, So, S, X)dsldso}
1
1-Z Go(s1,S, X; p)ds
1—m(X) [‘[ o ;O(S X)NO 1 // Go(s1, S0, X to)74(81, S0, S, X)dsldso}
1—7 [Go(s1,5,X;1)dsy
X: y _ D%
+/ Gols1, 50, X o) dsidso + 7 — 7 (X) 70 (S, X) {Y — 10 (S, X)},
A G S,S ,X; ds
1-7 G 1,5, X; go)ds
+1 7 (X) {f ! pl(S X)go - //Go $1, 80, X; go)rv (81, S0, 5, X)d81d30:|
B 0

// Go Sl,So,X 90)d81d80

We can solve for the closed-form solution of ng and construct the estimator, 1y eir, from the
EIF.
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A.1.5 Projection of 7 (s1,s9) and EIF for 7,

We can project the PCE surface 7 (s1, so;n) directly without the two separate projections
for the average potential outcome means. This section presents the results for the projection
parameter 7., defined as

ny = arg min E [w; (S1, So) {7 (S1,50) — fr (51, So; 77)}2] : (A.2)

neRY
The identification of 7, also follows from the identification of 7 (s, s¢). Denote
VT(Slv S0, X) = wr (817 30) fT (sla 80;777') € (Sla 807X) {:ul (Sla X) — Mo (SOa X) - fT (817 503 777')} )
Cu(S1, S0, X
Tu(Sl,So,S,X) = 1- ﬁ {1(8 < 51) — Fl(Sl,X)},
év(317807X)

v > 20 7X =1
T (81 So S ) C(Sl,SO,X>

{1(5 S 50) — F(](So,X>} .

The following theorem presents the EIF for 7.

Theorem A.2. Under the nonparametric model, the EIF for n. is

pr (V) = H ' {1 (X) +12(8, 2, X) + 15 (Y. S, Z, X)}

Hy = B (wr(S1,80) | fr (81, S0:m) f (51, S0510)" = {me(S1, S0) = fo(Sh, 803 00)} J(S1, Soi ) | )

1 (X) = // vy (1, S0, X )dsidsg,
v+ (S, sp, X)ds
ty (S, 2, X) = Z {fSO (5, 50, X )dso —//VT(sl,so,X)ru(sl,SO,S,X)dsldso}

™ (X) pi(S, X)

+ i;(ZX) {fsl Vij(ls”s)’:;)dsl - // VT(sl,so,X)rv(sl,so,S,X)dsldso},
(V.5 2.X) = fo ) Js, wr (S, s0) f}(f( 20 ;7))6(5, 50, X )dsg (¥ — 1 (5.0}

SRErA s, we(s1, s>fT2<9?<, ;;Z;>e<sh SN ey

We can also construct an estimator based on the EIF for n,. The following corollary compares
the EIF for n, and the EIF for n; — ng from the separate projections.
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Corollary A.1. Suppose that

1. the working models have the same linear form in the parameters of interest, i.e.,
(51,80, m4) = 129(s1, 50)

2. the specified weights are the same, i.e., wi(s1,S0) = wo(s1,80) = w-(s1,80) for all
values of s; and sy on the support of S1 and Sy.

The EIF for n; — ngy is the same as that for n,, which indicates that parameters defined by
projecting my(s1, so) and mo(s1, so) separately and then computing the difference have the
same semiparametric efficiency bound as those obtained by projecting 7(s1, So) directly.

The proof follows directly from the algebraic facts that Hy = Hy = H, and t; = {; — k; for
7 =1,2,3 in the EIF formulas.

From Corollary A.1, if 7 cir and 7joei¢ are the EIF estimators under linear working models
f1 (51, 50;m) = 1179 (51, 50) and fy (51, 50;70) = 139 (51, 80), respectively, then the EIF estima-
tor for 7(sy, so) under the linear working model f; (s1,50) = 1Xg (81, S0) 1S TNr.eit = 71 eif — 70 cif-

A.2 Proofs

In this section, we provide the proofs of all the results in the main text and the Supplementary
Material. We first introduce the following lemma to simplify the proofs.

Lemma A.1l. Let X and Y be two random variables with densities fi(x) and fy(y). For
any function h(-) with E{h(X)} < 0o, we have

h(Y)
fY)

E{h(X)} = E{ h(Y)} .

The proof is straightforward and thus omitted.

A.2.1 Proof of Theorem 2.1

We have

E{V [ X,U=(s1,8)}=E{Y1| X,U = (s1,5) or (81,86),V56}
=E{Y1|X,Z=1,U = (s1,80) or (s1,85), sy}
:E(Yi|X,Z:1,Slel>
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= M1 (Sle)a

where the first equality follows from principal ignorability and the third equality follows from
treatment ignorability. Therefore,

E{Y1|U=(s1,8)}=E[E{Y1| X,U=(s1,50)} | U= (s1,50)]
= E{p (51,X) | U= (s1,50)}
L [pAX U = (s1,80)}
—E{ p(X) 241 (SluX>:|

- E{Mu1 (sl,X)}, (A.3)

€ (81, 30)

where the first equality follows from the law of iterated expectations and the third equality
follows from Lemma A.1. The identification formulas for F{Yy | U = (s1,0)} and 7(s1, o)
can be obtained similarly. 0

A.2.2 Proof of Theorem 2.2

The derivation in (2.5) follows directly from the law of iterated expectations.

A.2.3 Proof of Lemma 2.1

From Theorem 2.1, we have

my (51,30) - (51,803771) = E{Yl - fi (31,503771) ‘ U= (51,30)}

M{Ml (s1,X) = fi (s1,80,m)} | - (A-4)

=F
€ (51, 30)

Plugging (A.4) into (2.10) yields E{D1 pdaiom (Y, S, Z, X;m, €, 1)} = 0. Similarly, we can
obtain E{Dqpa+om (Y, S, Z, X;n0,¢€,10)} = 0. O

A.2.4 Proof of Lemma 2.2

We only prove the result for ;. Consider the expectation of the term within the integral in

the estimating equation. We have

e(S,s0,X) Z
(S, X) 7(X)

_ {E {m (S, 50) fi (S, s0:m1) € (S, 50, X) & _pfl l(gs o m g1, X}]

5 [ (50 . 5,500 0 = 4 S0}
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_ [ ; . 1a(S, X) = £1 (S, s0;m) _
= F -E {wl (S, S(]) f1 (S, Sg,ﬁl)e(S,SO,X) p1<S7X) ‘ Z = 1,X}:|

(s1,X) — f1(s1,80;m)
p1(817X>

= F /w1(81,So)f1(81780;771)6(5175075(){Ml(SlaX)—f1(517502771)}d51]

= F /{w1 (51,80) fl (81,80;7]1) 6(81,80,X) al }p(S = 51 | Z = 1,X>d$J|

= /E |:w1 (51, 50) fl (81750;771) € (81750,X) {Ml(SbX) - fi (51, 30;771)}] dsq,
where the first two equalities follow from the law of iterated expectation. Therefore,

E{Dl,thrpd (Ya S, Z,X;Thaﬂa 6)}

- /E [“ﬁ (S, s0) fi (S, s0;m) e (S, s0, X) : z

pi(S, X) 7(X)

{Y - N (S, 505 771)}} dsog

- F {// wi (s1,50) fi (51, 50,m) € (51,50, X) {1 (51, X) = fi (51, 50:m)} d31d30}
= 0,

where the last equality follows from Lemma 2.1.

Similarly, we can obtain E {Dgtp:pa (Y, S, Z, X310, €, o)} = 0. O
A.2.5 Proof of Theorem 2.3

Nonparametric model setup

We follow the semiparametric theory in Bickel et al. (1993) to derive the EIF for our pro-
jection parameter 7;. We denote the vector of all observed variables V = (Y, S, Z, X) and
factorize the likelihood as

p(V) =p(X)p(Z | X)p(S | Z, X)p(Y | S, Z, X).

To derive the EIF for 7;, we consider a one-dimensional parametric submodel py(V') which
contains the true model p(V') at § = 0. We use 6 in the subscript to denote the quantity with
respect to the submodel, e.g., ey (51, So) is the value of e (s1, s9) with respect to the submodel.
We use dot to denote the partial derivative with respect to 8, e.g., ég (s1, S0) = Oeg (s1, S0) /00,
and use sy (+) to denote the score function with respect to the submodel. The decomposition
of the score function under the submodel is

59(V) :5.9<X> —|—59<Z | X) +59(S | Z,X) +59(Y | S, Z,X),

where 5¢(X) = 0logps(X)/00, 59(Z | X) = 0logpe(Z | X)/90, 4(S | Z, X) = Ologps(S |
Z,X)/00, and sp(Y | S, Z,X) = 0logpe(Y | S, Z, X)/00 are the score functions correspond-
ing to the four components of the likelihood function. We write s¢(-)|,_, as s(-), which is
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the score function evaluated at the true model § = 0 under the one-dimensional submodel.
The tangent space
AN=H, D Hs D HzDHy

is the direct sum of

Hy = {h(X) : E{h(X)} = 0},
={n(Z,X) : E{h(Z,X) | X} = 0},
= {h(S,Z,X) E{h(S,Z,X) | Z,X} = 0},
H, = {h(Y,2,8,X) :E{n(Y,Z,5,X)| Z,8,X} =0},

where Hy, Ha, Hs, and H, are orthogonal to each other. Let ¢ (V) denote the EIF for 7.
It must satisfy the equation

a771,0

M.olo—g = 0 =E{p1(V)s(V)}.

0=0

To find such ¢, (V'), we need to calculate the derivative 7y g|,_,. We first state several lemmas
to simplify the proof.

Lemmas

Lemma A.2. For e(sy,s9, X) and e (s1, So), we have

é9(317507 )|0 0

= (Sl,So, ){5( —81|Z:].,X)+5(S:So|Z:0,X)}
+éu(Fi(s1, X), Fo(so, X)) E{1(S <s1)s(S | Z2=1,X)|Z=1,X}pi(s1, X)po(s0, X)
+éU(F1<81,X),F()(S(),X))E{]_(S S 80)5(8 | Z = O,X) | Z = O,X}pl(sl,X)po(So,X)

and

€0 (51, 50)]g—o
= Fle(s1,80, X){s(X)+s(S=s12=1,X)+5(S=s0|2=0,X)}
+FE [éu(Fl(Sl,X),F()(S(),X))E{]_(S S 81)5(5 | Z = 1,X) | Z = ]_,X}pl(ShX)pQ(So,X)]
+FE [C.U<F1(81,X),Fo(So,X))E{l(S S 50)5(5 ’ Z = O,X) | Z = O,X}pl(ShX)po(So,X)] .

Proof of Lemma A.2. By the identification of the principal density in (2.1), we have the
Gateaux derivative

0
—eg(81, 80, X)

é9<51?507X)|9:0 o6
6=0
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0
= % {C<F1,9(517 X)7 FO,9<807 X))pl,e(sb X)p0,9(507 X)}
0=0

= c(Fi(51,X), Fo(s0, X)) P1,(51, X)| g Po (50, X) (A.5)
+c(Fi(s1,X), Fo(s0, X))pr(s1, X) Poo(s0, X)|p—g (A.6)
A

+%{C(Fljg(sl,X),F()ﬂ(S(),X))} pl(Sl,X)pQ(So,X). ( .
0=0

We compute the three terms in (A.5)—(A.7) separately. First, for (A.5), we have

c(Fi(s1, X), Fo(s0, X)) pro(s1, X)[g_yPo(50, X)
( (Sl,X) F()(S(),X))pl(Sl,X)p()(Sg,X)E(S = 51 | Z = ]_,X)
= (81,80, )5( = 5 | Z = 1,X>

Similarly, the second term (A.6) is equal to e(sq, s, X)s(S = so | Z =0, X).

The derivative in (A.7) is

0
% {c(Fro(s1,X), Fop(s0, X))}

0=0

0
FOG(S(MX)

+ év(Fl(SIJX)J F0(50= )) 90
0=0

= u(Fi(s1,X), Fy(so, X)) E{1(S < 31)5(?9:(|)Z ~1,X)|Z=1X)}

ey (Fu(st, X), Fo(so, X)) E{1(S < s0)s(S | Z=0,X) | Z=0,X},

) 0
- cu(Fl(SlaX)a FO(SOJX)) %FLQ(ShX)

where the last equality follows from the fact that for 2 = 0,1,

0 0
- = < =
5 - 80E‘9{1(S <s,)|Z=2zX} .

= E{1(S<s,)s(S|Z=2X)|Z=2X}.

FZ,G(SZ) X)

Combining all three terms, we have

ée(slvsonN@:O

= e(s1,80,X){s(S=51|Z2=1,X)+s(S=s0]|2=0,X)}
+éu<F1(817X),Fo(S(),X))E{]_(S < 81)5(5 | Z = 1,X) | Z = ]_,X}pl(Sl,X)po(So,X)
+¢o(Fi(s1, X)), Fo(so, X)) E{1(S < s0)s(S | Z2=0,X) | Z=0,X}pi(s1,X)po(s0, X).

For e(s1, s9), we have

€y (31730)|9:0

0
= %Ee {eg (51,50, X)} -
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Eg{eo (51,50, X) 59 (X)}|9 ot E{é (317307X)|6:0}

Ele(s1,80,X){s(X)+s(S=5Z2=1,X)+s(S=s|2Z=0,X)}]

+E [eu(Fi(s1, X), Folso, X)) E{L(S < s1)s(S | 2 =1,X) [ Z =1, X} pi(s1, X)po(s0, X)]

+FE [c'v(Fl(sl, ),Fo(SQ,X))E{]_(S S 50)5(5 ’ Z = O,X) | Z = O,X}pl(sl,X)po(So,X)] .
U

Lemma A.3. For yu, (s,, X), we have

/11,6’ (81>X)‘0:0 = E[{Y_:ul (SlaX)}5<Y ’ S = 3172: 17X> ’ S = Sl?ZZ LX]?
[:L()ﬁ (So,X)|0:0 = E[{Y—,u() (So,X)}S(Y | S: SQ,Z:O,X) | S: SO,Z: O,X] .

Proof of Lemma A.3. We have

. 8
K10 (817X)‘0:0 89 (Y ’ S = Sla 17X)
0=0
—E{Ys(Y|S=s,2=1X)|S=s,Z=1X}
:E[{Y—Ml(sl,X)}S(Y | stl,Z:]_,X) | stl,Z: 1,X],

where the last equality follows from E {y1 (51, X)s (Y | S=51,Z2=1,X)|S=5,Z2=1,X} =
0. The derivation of fig¢ (s0, X)|,_, is omitted due to similarity. O

Lemma A.4. Denote A\ (s1,50) = E{e(s1,50, X) p1 (51, X)}, Ao (s1,50) = E{e (51,50, X) o (50, X)},
and X (81, 50) = A1 (s1,80) — Ao (s1,80). We have
}\0 (81780)‘

= >.\1,0 (817 So)‘ - /.\0,0 (81, 50)‘

0=0 9=0"

where

Mg (s1,50)| = E{e(s1,50,X) p= (52, X) 8 (X)} + E{ég (51,50, X)]gg = (52, X)}
+E {6(517507X) /:LZG Sz7 |9 0}

Proof of Lemma A./J. By the chain rule, we have

. B
Az0 (S1,50) o %Ee {eq (51,50, X) pt1,0 (51, X)}
= 0=0
= E{e(slas()?X),uZ (5z7X) ( )}+E{69 (517507X)|.9:0/vb2 (527X)}

_{_E{@(Sl,SO,X) /:Lze 827 ‘0 0}
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EIF for n

We derive the EIF for n,. The EIFs for ng and 7, can be obtained similarly. Because
Equation (2.10) holds for any parametric submodel, we have

0 = Ey [wl (S1,50) f1 (S1, So;me) {mre (Si,So) — f1 (S1, So;me)}
= // w1 (81, So) f1 (817 S0, 771,9) {m1,0 (81, So) - fi (31, 50, 771,9)} € (317 So) dsdsg
= // wy (s1,50) fi (51, 50;m1.0) {10 (51, 50) — €q (51, 50) f1 (51,503 71,6) } ds1dso,

where the third equality follows from (A.3). Taking the first order derivative with respect
to # and evaluating at § = 0, we have

0 .
0 = % // w1y (51, 30) fi (317 S0, 771,9) {)\1,9 (317 50) — €9 (51, 80) fi (317 505 771,9)} ds;dsg

0=0

= // wy (51,50) f1 (51,505 M6lg—g {0 (515 50) — € (51, 80) f1 (51, 50;m1)} dsidso
[ [ s ftsrsoim) {ua(sv )] = 0 (srosulloco i (o1 susm) f dsids
- // wy (81, 30) f1 (81, 505 771) fl (31, 505 7]1)T € (51, 80) 771,0|9:o dsidsy,

where the second equality follows from the chain rule. Therefore, we can write

771,9’9:0 = Hfl // wy (81, 50) fl (51,505m) {}\1,9 (51, 50)

— € (s1, 50)19:0 f1 (51, S0; 771)} dsidso,
(A.8)

where

H, = —//w1 (s1,50) f1 (s1,80:m) {1 (s1,50) — f1 (51, 80;m1) € (51, 50) } dsydsg
+// w (1, 50) fl (31, 50;M1) f1 (31730§771)T€ (51,50) dsidsg
= // w1(51, So) [fl (51, 50:m) fl (51,50;7)1)T — {ma(s1,80) = fi(s1,80;m)} fl(sla 80;771)}

e (s1,s0) ds1dsg
= LK (w1(51, So) [fl (1, So;m1) f1 (S1, So;m)" — {ma(St, So) — f1(St, So;m)} fi(Sh, Soﬂh)D :

where the second equality follows from (A.3). Taking the second-order derivative of the
objective function in the optimization problem (2.6), we obtain its Hessian matrix

22 (w1(S1,50) |1 (S, Soim) fu (S1, Soim)* = {oma(S1, S0) = fi(Sh, Sosm)} Fi (1, S| )
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which is equal to 2H;.
We will calculate the two terms within the integral in (A.8) separately.

Part I. By Lemma A.4, we have

// wy (81, S0) fi (51,50;m) j\1,9 (51, 50) o dsidsy = B;+ By + Bs,
where

B, = //wl (s1,50) f1 (s1,50:m) E{e (51,50, X) p1 (51, X) 5 (X)} dsydso,
B, = // wi (s1,50) f1 (51, 80:m) E {9 (51,80, X)|pp 11 (51, X)} ds1dso,
Bs = // wi (s1,50) f1 (81, 80:m) B {e (51,50, X) furg (51, X)), } dsidso.
First, consider B;. We have
B, = E{//wl (31,30)f1 (s1,50;m) € (1,80, X) p11 (sl,X)dsldso-s(X)}.

Because F {s (X)} = 0, we can write
By = E{l(X)s(X)},

where
h (X) = //wl (s1,50) f1 (51, 50:m) € (51,50, X) p1 (51, X) dsydsg
—E{//wl (51,50) f1 (51,80, ) € (1, 50, X) pur (51, X) d81d80}
= //wl (s1,50) f1 (51, 50;m) € (51,50, X) pua (51, X) dsyds
—E{// wy (s1,50) f1 (s1,50:m) € (51,50, X) fa (sl,so;nl)dsldso} (Lemma 2.1)
= //w1 (s1,50) f1 (51,503 m) € (1,50, X) pia (51, X) dsrdsg
—//wl (s1,50) f1 (s1,50;m) fi (s1,50;m) € (51, 50) dsydsp.

Next, consider Bs. By Lemma A.2, we can further write

By = By + By + Baz + Bay,



APPENDIX A. APPENDIX TO CHAPTER 2 93

where

By = // wy f1E {e(s1,50, X)s(S = s1 | Z =1, X))y (51, X)} dsydso,
B = [ [ widiB {elsns0, X)0s(5 = 50 2= 0. X)pm (51, X) }dsudso,
Bys = //wlflE[éuE{l(S <s1)s(S|Z2=1X)]Z=1,X}pi(s1,X)po (50, X) pu1 (s1, X)] dsrdso,
By = // wy fLE [¢,E{1(S < 50)s(S | Z=0,X) | Z=0,X}p1 (51, X) po (50, X) 11 (51, X)] dsydsg.

We suppress the dependence of wi(sy,sg), fl(sl,so;m), Cu(Fi(s1,X), Fo(sg, X)), and
éo(F1(s1, X)), Fo(so, X)) on (s1, 80, X) and 7, for ease of notation.

Denote
- . e(s1, 80, X
Mcll(shX) = /wlflﬁﬂl (817X) dso,
. . e(s1, 50, X
fio1 (80, X) = /wlflﬁﬂl (51, X)ds;.

For By, we have
321 = //wlflE {e(sl,SD,X)ﬁ(S = 51 | Z = 1,X),u1 (sl,X)}dsldso

_ . e(Sl,So,X) B B
N E{/{/wlﬁm“l (Sl’X)dSO}pl(Sl,X)5(S—S1|Z—1,X)d31

= E{/ﬂcn(slaX)pl(ShX)ﬁ(S: s1]Z= 1aX)d31}

= E[E{in(S,X)s(S| Z=1,X)| Z=1,X}]
A

_ g {mmsws(s | Z,X>} ,

where the last equality follows from the law of iterated expectations. Similarly, for By, we
have
1—-Z7

- ot

/1001 (S,X)B(S ’ Z,X)} .
Denote
fenn (0, X) = //1(81 > tl)wlfléupl(slaX)p0(307X),u1 (51, X) dsydso,

fieor (o, X) = //1(50 > to)w1f1évp1(817X)po(sz)m (51, X) dsidso,
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For Bss, we have

By = //wlflE[c'uE{l(S <s)s(S|Z2=1,X)]|Z=1,X}pi(s51,X)po (50, X) 1 (51, X)] dsydsqg
_ B [// wi frén {/ Wt < s1)s(t | Z = l,X)pl(tl,X)dtl}pl (51 X) po (50, X) ti1 (51, X) dsldso}
_ B U {//1(31 > 0w fiéups (51 X) po (50, X) f1 (51, X) dsldso}s(tl 7= 1,X)p1(t1,X)dt1}

= E{/ﬂén(tl,X)S(tl | 7 = 1,X)p1(t1,X)dt1}
— B[E{ien(8,X)s(S| Z=1,X)|Z=1,X}]

~ B {%[Léu(S,X)s(S | Z,X)} |

where s(t; | Z =1, X) denotes §(S =t, | Z =1, X), and the last equality follows from the
law of iterated expectations. Similarly, for By, we have

1-Z7
1—7(X)

Therefore, combining the four terms of By, we have

B, = E ([% (s (5.X) i (5, X0} + s G () + o (5, X)}] 5(5] 2, X))

_ EH%@H (S,X)+1i+<ZX>/101 (S,X)}s(S]Z,X)},

where we denote fi,1 (S,, X) = ficz1 (S5, X) + fiez1 (82, X) for z =0,1. As a result, we have
By = E{hy(S,Z,X)s(S|Z,X)},

Bay = E{ [L¢01(S,X)5(S|Z,X)}.

where
A 1-Z
ho (S, Z,X) = W(X)MH( X) + 1—7r(X) fior (5, X)
7 1-7Z
-F 7T<X )—i—T(X)Mm(SaXHZvX}
_ wfx') (a1 (S, X) = E {1 (8, X) | Z = 1,X}]
+1i+(ZX>[g01<s,X)—E{ﬁm(S,X)!ZZO,XH-

Then, consider Bz. Denote

é (s1,2) = /wl (s1,50) fl (51, 505m1) € (81, 50, ) dso.
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From Lemma A.3, we have

By = //wl (s1,50) f1 (51,503 m1)
E{e(s1,50, X)EHY — (51, X)}s (Y |51, Z2=1,X) | s1,Z =1, X }]ds1dso
= /E(él (sl,X)E[{Y—,ul (Sl,X)}ﬁ(Y | 817Z = ]_,X) | Sl,Z = 17X])d81

= E(/él (Sl,X)E[{Y—/J,l (Sl,X)}5<Y‘81,Z:1,X> ’ Sl,Zzl,X]d81> . (Ag)

By the law of iterated expectation, we have

Z (8, X)
E[W(X)pl(S,X){Y_M1(57X)}5(Y|S’Z’X)}
B 6 (5,X) _
- 5(5| 2B -0k 5,200 | X2 -1 )

- E (/E [%{ywl (51, X)}s(V |51, Z.X) | S =81, 2 = 1,X] (S =s1|7= 1,X)dsl)

= F (/él (s, X\VE[{Y =1 (51, X)}s (Y | 51,2, X) | S =51,7Z = 1,X]d51),

which, coupled with (A.9), implies that
B3 = E{h3 (}/757Z7X)5(Y | S,Z,X)},

where

Z [wi (S, s0) fi (S, s0:m) e (S, s0, X) dso

hs (Y, 5,2, X) = ™ (X) P (5, X)

{Y = (S, X)}.

Part II. Consider the second part of 7y g|,_, within the integral in (A.8). By Lemma A.2,
we have

//wl (51, 50) f1 (51, S0;m1) f1 (81, 80:m1) €q (51, 50) | ds1dso = Ba + B,
where
By = //w1f1f1E{e (51,50, X) 5(X)} dsidso,
By — //wlflflE e (51,50, X) {5(S = 51| Z = 1,X) +8(S = 50 | Z = 0, X)}] dsydso

+// w fLiE [ E{1(S < 51)8(S | Z=1,X) | Z=1,X}p1 (51, X) po (50, X)] dsydsg
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+// wlflflE[ch{l(S S 80)5(S | Z = O,X) | 7z = O,X}pl (Sl,X)po (80,X>] dSldSO.

Again, we suppress the dependence of wy (s1, so), fl(sl, so;m), f1(81, S0;m), ¢u(F1(s1, X)), Fo(so, X))
and ¢,(Fy(s1,X), Fo(sg, X)) on (s1, 80, X) and r; for ease of notation.

First, consider B,. We have

B, = // wy f1f1E {e (51,50, X) s(X)} dsydsg

_ [{//wlflfle $1, S0, )dsldé’o} (X)]

= E{hy(X)s(X)},

//w1f1f16’(31780,X) dsidsg — E {//w1f1f1€(51,807X) d31d80}

= //wlflfl {6 (81,807X) — 6(81,80)}d81d80.

where

ha (X)

Next, we consider Bs. We can further write Bs as

Bs = Bs1 + Bsa + Bs3 + Bsy,

By = //wlflflE {6 (Sl,So,X)E(S =81 ’ Z = 1,X)}d81d80,
B, — //wlflflE{e (51,50, X)5(S = 50 | Z = 1, X)} dsydso,
B = [[wdhEE QS < 508(8 2= 1.X) | Z = L X} i (51,3 5o (50, X)) s

By — // Wi fL LB [ E{1(S < s0)s(S | Z = 0,X) | Z =0, X} pr1 (51, X) po (50, X)] dsadso.

Denote
fc11(817X) = /w1f1f1%d30,
fcol(So,X) = /w1f1f1%d81-

For By, we have

//wlflflE{e (Sl,So,X)E(S = 51 | Z = ].,X)}dSldSO
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- EL/{/mﬁﬁi%ﬁ%%%%}m@Mmqszﬁ\Z:Lxmﬁ]

= E /fcll 817 pl S1, ) ( = 51 | Z: 17X>d81}

{
_ [{ﬁnsx S|Z_1XHZ_1XH
{

Z

= b
7(X)

fcn (S, X)s(S | Z,X)}

and similarly,

Denote

Bs, = E{ll_—(Z)fcm(S X)s(S | Z,X)}.

for (b, X) = // 1(s1 > t1)wi fi fréupi (s1, X)po(so, X)dsidso,

fon (t0, X) = //1(80 > to)wy fi fiéupr(s1, X )po(s0, X )dsdso.

For Bss, we have

B53

J[ wAfEE QS £ 505(5 12 = 1.X) | 2= L XY pr (51, 3) 5o (50, )] s
B| [[ i [ 16 05t 12 = 1,000 000 | 1 (510 0 50, X) i
B [{ ][ 165 2 tnfuficups 51,30 (s, X) s st | 2 = 1001, X)t
B{ [ o (0 X001, Xs(t | 2 =1, )t |

<E@{QM&Xﬂw|Z:LXHZ:LXH

E{ﬁ%ﬁnﬁxmw\zxﬁ

and similarly,

By, = E{ll__Té()fem (S, X)s(S | Z,X)}.

Therefore, we obtain

Bs = FE ([WL {fcn (S, X) + fenn (S,X)} +

1-Z
1—7(X)

(X) {ﬁﬂ&ﬂ+ﬁmﬁxgkwwzm)
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= E{{%fn(S,XH

where we denote le (s,,X) = chzl (s, X) + fézl (s,,X) for z=0,1. As a result, we have
Bs = E{hs5(5,Z,X)s(S|Z,X)},

1-Z

T(X)ﬁ” (S,X)}s(S | Z,X)} ,

where
hs (S, 2,X) = %fn (S,X)+1i+(ZX)fm (S, X)
—E{%fn (5.X) + =gy fo (5.) | z,x}
- %[fu(S,X)—E{fH(S,X)|Z:1,XH
+1i+(ZX) o (8,%) = E{Jor (8, X)| 2 = 0, X }].

Summary of the proof. We have

Himgly.y = Bi+ By+ Bs+ By+ Bs
= E{h (X)s(X)}+ E{h2(S,Z2,X)s(S| Z,X)}
+E{h3 (Y,5, 2, X)s(Y | S,Z,X)}
—E{hy (X)s(X)} — E{hs (5,2, X)s (S| Z,X)}
= E[{hi (X) —ha(X)}s (X)]
+E[{he(S,Z,X)—hs (S, 2, X)}s (S| Z,X)]
+E[hs(Y,S,Z,X)s(Y | S, Z, X)].

We can verify that

Hi b (X) = ha (X)} € Ha,
Hl_l{h2(57zyX)_h5(SaZaX)} € H37
H'hy (Y,8,2,X) € Ha.

By the fact that H;, Ho, Hs, and H, are orthogonal to each other, we have

Molo—y = E[H {M(X) —ha(X)}s (V)]
+E [H ' {ha (S,2,X) — hs (S, Z,X)} 5 (V)]
+E{H"'h3 (Y,5,2,X)s(V)}.

Therefore, the EIF for n; is
o1 (V) = H' {0 (X) + 05 (S, Z,X) + 43 (Y, S, Z, X))},

98
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where
O (X) = h(X)—ha(X)

= //w1 (81,30) fl (81780;771)6(31780,)() {Ml (817X) - N1 (31730§771)}d31d30,
£2<5727X> = h2(sz7X)_h5(SazaX>

A
= (8.0 = E{mu ($,X) | Z = 1, X}
1-7
iy o (5.0 = B {mau (8, X) | Z = 0,X}]

£3(KS,Z,X) = hg(Y,S,Z,X)

Z [ wi (S, s0) 1 (S, s03m) € (S, 50, X) dsg
T (X) P (S, X)

{Y_lul (S’X>}7

with m.; (S, X) = ji1 (S, X) — fu (S, X) for 2 =0, 1.

Finally, we simplify the expression of [5(S,Z, X). Denote mq; (S, X) = me1 (S, X) +
me1t (S,X) with

e(S, so, X)
pl(S7 X)

Meé11 (S,X) = // 1(81 > S)w1<51750)f1<51750;7]1>éu(317507X>p1(51;X)p0<507X>
A (51, X) = fi(s1,80;m) } dsidso.

meny (9, X) = /wl(S,So)fl(Syso;m) {1 (S, X) — f1(S, s0;m) } dso,

For m11 (S, X), we have
E{mcn SX)’Z—lX}
= //w1f1 °1 %0 ) {M1 (81, ) - fl}pl(ShX)d&dSo

pl 51, X

= // wlfle(sl, SQ,X) {/Ll (81, X) — fl}dSIdSO.

For m¢q1 (S, X), we have
E{mc-ll (S,X) | Z = 1,X}
= // 1(ty > s1)wi(tr, 50) fréu(ty, s0, X)pa(s1, X)pi (1, X)po(s0, X) {1 (t1, X) — f1} dtrdseds,

= // 1ty > s1)wi(t, 50) fréu(tr, so, X)pi(s1, X )pi(tr, X)po(so, X) {pr (11, X) — f1} dtrdsods,

= // Fl(tl,X)Uh(fl,So)fléu(t1,SO,X)p1(t1;X)po(SO;X) {p1 (11, X) = fi} dtidse
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// Fi(s1, X)wi (51, 50) f1éu(s1, 50, X)p1(s1, X)po(s0, X) {1 (51, X) — f1} dsids,

where we suppress the dependence of f1 and f; on the parameters and change ¢, to s; in the
last equality. Therefore, we obtain

mi1 (S,X) —E{m11 (S,X) | 7 = 1,X} = M1 (S,X) — Myr11 (S,X),
where

mer11 (S,X) = E{mcu (S,X) | Z = 1,X} - [mén (S,X) —E{méu (S,X) | Z = ]_,X}]
— [ s su) i suime(si, 50, X) s (51, X) = fasrssoi ) s

Cu(S1, 80, X
//w1 51,50 fl 51,30,771) (ZISOX)) (51,30,X)
1,20,

AUS < s1) = Fa(se, X)F {p (81, X) = fi(s1,50;m) } dsidso
= // w1(81,80)f1(81,50;771)6(81,80,)() {Ml (81,X) - fl(Sl,So;U1)}

Y Y < —
|:1 C(Sl, 807X) {1<S - 81) F1<817X)} dSIdSO

Similarly, we can denote mg; (S, X) = meo1 (S, X) + meo1 (S, X) with

meon (S, X) = /wl(slas)fl(sbs;m)%{Ml(sl,X)—f1(5175;771)}d517

meo (S, X) = //1(50 > S)wy(s1, 50) f1(51. 503 M) ¢u (51, 50, X)p1 (51, X)po(s0, X)
{1 (51, X) — fi(s1,50;m1) } dsidsg

and obtain
moq (S,X) — E{mn (S,X) ’ 7 = O,X} = M1 (S,X) — Myro1 (S,X),
where

myro1 (S,X) = E{mcll (S,X) ’ 7 = O,X} — [mc-ll (S,X) — E{mc-ll (S,X) | Z = O,X}]
= // wi(s1, 50) f1(s1, s03m)e(s1, 80, X) {1 (51, X) — fi(s1, 50;m1)} dsidsg

Cu(S1, So, X
//w1 51, S0 f1 81,50,771) ((81 sOX)) (81,807X)
1,20,

{1(S§50) Fo(s0, )}{,Ul (SlaX) f1(51,$0§771)}d81d30
= //wl(sl,SO)fl(sl,80;771)6(81,80,)() {p1 (51, X) — fi(s1,50:m)}

év(Sl,SO7X)
. _ w\@1, 20, A ) < B |
|:1 C(Sl, SO,X) {1(S - SO) F0<SO7X)} d81d80
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A.2.6 Proof of Example A.2

First, we have

mo= argmninE{ml (S1,S0) =0} = E{mi (S, S)} = EM).

Because wi(s1,s0) = 1 and fi(s1,s0;m) = n for all s1,s9, we have fl(sl,so;n) = 1 and
fi(s1,s0:m) = 0. Thus, Hy = 1 and (V) = (,(X) + 65(S, Z, X) + (5(Y, S, Z, X). We will
compute these three terms using results in Theorem 2.3 and the following properties of the
copula density function ¢(-, -):

/c(sl,so,X)po(so,X)dso = / dsyg = 1, (A.10)

/éu<31a507X)p0(507X)d50 = 0, (A.11)

where (A.10) follows from (2.1) and (A.11) follows from (A.10) by taking the first order
derivative with respect to Fj(sy, X) on both sides.

For /1(X), we have

61 (X) = // S1, S(), {/,Ll (31, ) — ’I’/l}dSldSO
= E(Y|Z=1X)-

For 05(S, Z, X), we compute m.11(S, X ), m,11(S, X), meo1(S, X), and m,¢ (S, X) separately
based on the expressions in the proof of Theorem 2.3. We have

men (S, X) = /%{Nl (S, X) —m}dsy = pi (S, X)—m.

and
men (S, X) = // (81, 50, X)p1(s1, X)po(so, X)1(S < s1) {1 (s1,X) — m }dsidsg

= /{/%(81,SO,X)po(So,X)dSo}m(ShX)l(s < s1) {p (51, X) —m}dsy
where the last equality follows from (A.11). Therefore,

erl(S,X) = E{mcn(S,XﬂZ:l,X} = E<Y|Z:1,X)—
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For m01(S, X), we consider

e(s1, o, X
o) =[S

= /c(sl,so,X)pl(sl,X) {p1 (s1,X) —m }dsy. (A.12)

{1 (51, X) —m}tds

From the chain rule, we have

0 )
aTC(Suto,X) = ¢&y(s1,to, X)po(to, X).
0

Integrating from —oo to sg on both sides, we obtain

S0
c(s1,80,X) = / ¢y (81,10, X)po(to, X)dto, (A.13)

—00

where we use ¢(s1, —00, X)) = 0. Plugging (A.13) into (A.12) yields

S0
Meor (S0, X) = /{/ év(Sl,to,X)Po(toaX)dto}P1($1,X) {1 (51, X) —m}dsy

= // L(to < 80)Cu(51,t0, X)po(to, X)p1(s1, X) {pn (51, X) —m } dsidio.
Therefore,

chl(S, X) = // ]_(t() < S)éU(Sl,tQ,X)po(to,X)pl(Sl,X) {,u1 (ShX) — nl}dsldto

- / / (s < §)éa (51, 50, X)p1 (51, X)po(50, X) L (51, X) — 1} dsadlso,

where we change ty to sg in the last equality. For mgp (S, X), we have
man (5, X) = / / 1(S < s0)éu (51, 50, X)p1 (51, X)po(s0, X) {111 (51, X) — 1} dsydlso.
Therefore,
Moo (S, X) + maot (S, X) = / / eu(51s 50, X)p1 (51, X )pos0, X) {pir (51, X) — m} dsdso,

which does not depend on S. As a result,

Meo1 (S, X) — M1 (S, X) = meo1(S, X) + meo1 (5, X) — E {meo1(S, X) +me01(S,X) | Z=0,X}
= 0.
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Combining results on m.11(S, X), m,11(S, X), me01(S, X), and m,q1(S, X), we obtain

0(8,7,X) = 2 {1 (8, X) — B(Y | Z = 1,X)}.

m(X)
For 45(Y, S, Z, X), we have
Z fe(S,S(],X)dSO
(Y, 8,2, X) = Y — S, X
3( ) ) 7_(_()() pl(S,X) { ,ul(v )}
Z
= Y — S, X)}.
- (X) { M1 ( ) )}
Combining these three terms gives the result in Example A.2. 0

A.2.7 Proof of Example A.1

Under the linear working model fi (s1,80;m1) = 7191 (s1,50), we have fi(s1,80:m) =
g1 (51, 80) and fi (s1,50;7m1) = 0. We can then obtain the EIF by plugging the expressions of
f1(s1,80;m1) and fi (81, S0;7m1) into the general EIF given in Theorem 2.3. O

A.2.8 Proof of Theorem 2.4

We first introduce the following lemma to simplify the proof.

Lemma A.5 (Valid estimating equation). E {Dy s (Vini, 7, €, 1)} = 0 if either (7,€) =
(m,€) or (€ ) = (e, ).

Proof of Lemma A.5. Denote

171(51,807X) = w1<51>50)f1(51750§771)é(517507X){ﬂ1(SluX)_f1(51750;771)}7
éu(s1, 50, X _
Tu(51, 80,9, X) = 1‘%{1(5§81)—F1(517X)},
1,20,
B CTU(Sl,S(),X

) {1(5 S 80) — F()(S(),X)} s

_U b 7S7X - ]‘ —_
Fals1, 50 ) (51,50, X)

where F(s., X) is the probability limit of the cumulative distribution function of S, given
X for 2 = 0,1 and ¢.(s1, S0, Xi)/c(s1, 80, Xi) equal to dlogc(u,v)/0* for * = u,v evaluated
at the Fi(s1, X;) and Fy(sg, X;). We have

EA{D; ot (V;m, 7, €, j11)}
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= E{6(Xsm.e, )} + E{l(S, Z, X;m, 7, e,u)} + E{ls (Y, S, Z, X;m, 7, € iA}14)

where V = (Y, S, Z, X) and

61 (X;/r/héa/jl) = // I/l 517807 d81d807

1(S, 80, X)
62 (Sa ZuX;T]laﬁ?éual) = ﬁ_(X) {/ il(SOX) ds S0 _//Vl 817807X)Tu(817807s X>d81d80}

1-Z7 (81,5, X)
=7 (X) {/ ety e [ s 0o 0 X)dslds()},

Z wy (S, s0) f1 (S, so; S, 50, X ) ds B
£3(}/7‘9727X;7717ﬁ7é7ﬁ1) - ﬂ_(X)f 1( O)fl(pl(g«/’;é)) ( s ) O{Y_MI(S,X)}

_|_

For ease of notation, we suppress the dependence of the functions on (s1, sg, S, X) and
when no confusion arises. We have

vy = w1f1(éj€)( — fi) +wifie (i — m) + wifre (e — 1), (A.15)

Py = m+(c€“__>{F1—15<51}+—(F1 F),
r, = TU+(%——>{FO_1S<SO}+ (Fo — Fo) -

We then compute the three terms in (A.14) separately. For the first term, we have

E{6 (X;m,e, )} = E{//Vldsldso}
= F {//wlfl (e—e)( — fl)dsldSO}
+E {// wy f1e (fiy — pi1) dsldso} : (A.16)

where the second equality follows from

E{//wlfle(ul — fl)dsldso} =0

For the second term, we have

e iy = PP e ey 1
= # ol sy e 2=
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<GS rae)
- (R an) e (5 )

and

Il
&

&
—N
=T
| N
—
—
S\
i
S
: o,
2
(o
)
S
——

I
&
=N

+

d //V (Fy — Fl) Cudsldso} +E{7_T<ZX) // Dlrudsldso}

[n (% - ?> (Fi - F) dsldso}
[ (R -r) %“dsldso} LB {W ZX) I/ Vlrudsldso}
Il Dlrudsldso} .

(
Cu Z
/Dlz(Fl F1>d51d80} + F {ﬁ'(X)
From the law of iterated expectations,
A B T _ ™ _
E{_—// VlrudSIdSo} = E{j// V1E<7’u ‘ Z = 1,X)d81d80} = F <j // V1d81d80> s
7 (X) T T
where the second equality follows from F(r, | Z =1, X) = 1. Therefore, we obtain
A ﬂl(‘sa 807X) //_ _
E dsg — X)7yu(s1, 50,5, X)dsid
[% (X) {/ 5105, X) So 1(s1, S0, X)Tu (81, So )dsidsg
= —F |:g /ﬂl{pl_pl +C—U(F1—F1)}d81d80:| . <A17>

y41 c

|
>

+

I

Ny = 2y

&

Il
=

Similarly, we have

1-Z7 (51,5, X)
3 [1—-ﬂ { [ s [ ntsss0 0mn,50.8 Xdsndo

[1::// {po_po c(FO_F@}dSldSO}- (A.18)

For the third term, we have

Z fwl(S, 80)f1<S, SQ)é(S, So,X)dSO
m(X) pi(5, X)

E

{y - ﬁl(S,X)}]
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B 7(X) [ [wi(S, s0)f1(S, s0)e(S, s0, X )ds
AT P1(5.X)

B 7(X) _ [ [wi(S, 50)f1(S, s0)e(S, s0, X )ds

= E ﬁ(X)E (S X) {M1<S7X)

il
D1

. E /fw1 81,80 ( )é(Sl,So,X)dSO
7_T pi(

-F {%//’Uhflé(ﬁl — ) ﬁ_ldsldSO} g

¥ =S, X)} | X, 2 =1

_lal(saX>} | X>Z: 1

where the first two equalities follow from the law of iterated expectations.

Combining (A.16) to (A.19), we have

E{Dlelf V nlaﬁ- é ,al)}

_ {//wlfl é—e) (i1 — fl)dsldso}—i—E{//wlfle I — ul)dsldso}

= %(Fl - 7 f s

{1—”// {po_po C(FO FO)}dsldso] —E{%//wlflé(ﬂl_ﬂl)%dsldso}'

Plugging (A.15) into the above equation, we obtain

E{Diec(Vim,7,6,n)} = E {// wlfIDintegrand (Vim, 7, e, ﬂl)dslds(]}a

where

Dintegrand (Va m, ﬁ-: é, ,al)

= (e—e)(m—f1)+6(“1‘“1)_%6(“1_“1)§_1
-2 et — o)+ el — )} { P2 SR - )
N T Y ) {ﬁz;o“ + (B - FO)}
YA Y ()
T e — £+ el _Ml)}{plp_lpl +%“(F1 — )

106

)

s, X) {Ml(slaX)_,al(Sl,X)}pl(Sl,X)dé?l]

(A.19)
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—w%n—m+am—m»{@;“+%@v4m}

— = {eln — fi) + el — )} {popopo + 2 (Fy —Fo)}

—{e(m — fi) +e(fn — )} {po _—po + (Fo Fo)} )

Po

Rearranging the terms, we obtain

Dintegrand (V m, T, e, lal)

_ (ﬁ_ﬂ){plp p1+_ (F - F) Ml fl)_(ﬁ_ﬁ){Pop P & (Fy— FO)}G(#l—fl)
1 0 C

c 1—7

e

b2 (R~ R (- m)—w—m{“mm+%@vfwﬁm—MMf—

—é(ﬂl—fl){ p1+_<F1 Fy) + —20 (FO_FO)}

D1 Do

=

Cu /7 pO_pO _ —
E(Fl_FO‘f‘ 7o +C(F0—F0)}(,u1—,u1)€

S o

+(€—e) (= fi) + (7 —7) (1 — )

When the principal density model is correctly specified, (]51,]50, Fy, Fy, é) = (p1, po, F1, Fo, €),
and thus 5

Dintegrand (Va m, 77[.’ é, ﬂl) = (ﬁ - ﬂ—) (,al - ,ul) %7
which is equal to zero if either T = wor iy = p;. As aresult, we have E {D1 ot (V;m, 7T, €, /11)} =
0 if either (7,€) = (m,e) or (e, fi1) = (e, f11). O

Proof of Theorem 2.4(a)

Our proposed estimator 7 ¢ is a Z-estimator with the system of estimating equations Dy .
By Lemma A.5, the Glivenko-Cantelli Theorem, and the existence and uniqueness of 7y,
consistency of the Z-estimator 7; e to 7, follows from Theorem 5.9 in Vaart (2000).

Proof of Theorem 2.4(b)
From Theorem 5.31 in Vaart (2000), under the conditions stated in the theorem, the con-

vergence rate of 7y e is
Op {n71/2 + Rem} ,
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where Rem = [|[E{Dyer (V;n, 7,6, /11)}||. Following similar arguments as in the proof of
Lemma A.5, we have

E{Dvas (Vim, 7.6, )} = E { / / w1 fi Dintogeand (V1,726 fi1) dsldSO} L (A20)

where
Dmtegrand (V m, 7% e :&)
R e
= (T—m) (i —pm) = (A.21)
. Lpi—p éuys L Jho—m ¢
R S B S
(A.22)

—{%@%ﬁﬂ+mfm+%(r4®%m ) é (A.23)

& & 1—7

(A.24)

+w—ﬁ4@ﬂﬁ%{mfm+¥@%%0+mfm+i@h%@} (A.25)
2! & Po ¢

Plugglng the eXpression of Dintegrand (V7 7, ﬁ-v é? [j’1> into (AQO)a the COI"I"eSponding first term
A A 6 ) )
HE{//'LUlfl (7T—7T) (Ml_ﬂl) %d&dSO}H < C"’]T—ﬂ‘|2||u1_u1||2

by the Cauchy-Schwarz inequality and the fact that wié/7 H fl H is bounded. Similarly, we can

bound the terms in (A.22)—(A.24) and simplify the bound using the fact that the convergence
rate of F, is no slower than p. for z = 0,1 in both nonparametric and parametric estimation
of the conditional distribution function and conditional density function (Vaart, 2000; Hall
et al., 1999; Fan and Yao, 2003; Li and Racine, 2023). For (A.25), we can write the term in
the square brackets as

c (FhFo) DP1Do — C(FlaFO)plpo —C FhFo) (]51 —pl)ﬁo — Cy <F17F0> P1Do (F1 - Fl)
—C <F17Fo> (Do — po) D1 — €y (Fh Fo) D1Do (Fo — Fo)
= PiPo {_C(FhFO) +c (Fl,ﬁo> + ¢y F1,F0> (Fl — Fl) + ¢y (FhFo) (Fo — Fo)}

- {C(Fl,Fo) —c (Fl,ﬁo> } {(P1 = p1) Do + (Po — po) P1 }
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—c (Fy, Fo) {pipo + (p1 — p1) Do + (Po — o) P1 — P1Do}

AP Aon ~ 2 1. /A - . 2
= —DP1Po {§Cuu (F17F0> <F1 — F1> + Ecvv <F17F0> <F0 —Fo>

+ Cuwo <ﬁ‘1,ﬁ0) (Fl - Fl) (Fo - Fo)}
- {c’u (13’1, F()) (F1 - Fl) + ¢y <F1, Fo) <F0 — FO) } {(P1 = p1) Po + (Po — po) P1 }
—c(F1, Fo) (p1 — p1) (Po — po)
() ()
+o { (ﬁl — Fl) (p1 —p1) + (E - F1) (Po — po) + <Fo - Fo) (P —p1) + <ﬁ0 - Fo) (Po —po)} ;

where ¢y, (u,v) = 0%c(u,v)/0u?, éyp(u,v) = 0*c(u,v)/0v?, éylu,v) = 0*c(u,v)/dudv, and

the equality follows from Taylor expansion.

Therefore, (A.25) can be bounded by [[p1 — pill, lfo — poll, again due to the fact that £, has
a faster convergence rate than p, for 2 = 0, 1. Combining all of these terms gives the results
in Theorem 2.4(b). O

A.2.9 Proof of Theorem 2.5

By Theorem 5.31 in Vaart (2000), under the conditions stated in the theorem, we have
Vi (et —m) = —Cr'nE{Dyes (Vim, 7,6, 1)}

1 n
—ct {% Z Dy it (Vism, 7, e, ul)} + op (1+ v/nRem) ,(A.26)
i=1

where C; = C(n,€) denotes the derivative in Assumption 2.5. When Assumption 2.6 is
satisfied, the first term in (A.26), also called the drift term, E{Dy e (Vim, 7,6, 1)} =

op (n‘l/ 2), and the remainder term is of higher order. Thus \/n (1. — 71) reduces to

1 n
—Crt {— ZDLeif(V%;??lﬂTvev“l)} ’
\/ﬁ 1=1

and

V(16 — M) LN (0, CT E{ Dy it (Vimi, &) Dreie (Vim, )} CTY)

where C; = C'(n1,&) denotes the derivative in Assumption 2.5 (Vaart, 2000).

By the fact that £ {1 (V;11,€) o1 (Vin,€)"} = Hi P E{ Dy e (Vim1,€) Dreae (Vim, €)Y Hy o,
it remains to show H; = C;. Under Assumption 2.6, £ = £ and

0
C, = 8_771E {D1,eif (V;771;@}
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0 o 9
= a—mE{gl (X’n1,©}+8_mE{€2 (S,Z,X>7llag)}+a—mE{€3 (Y,S,Z’X,’rh,g)}_

For the first term, we have

aiE {gl (X 771,5)}

= |://w1 f1€ 51,80, X) fi1 (SlaX)_fle(slas())fl_flffe(51730)}d31d30:|

= //wlflE{e (s1, 80, X) p1 (81, X)} dsydsg — // wre (81, 80) (flfl - f1f1T> ds;dsg
= H;.

For the second term, we have

[ Z
E -m {m11 (S,X;’fh) —E(mll (S7X;771> | RS 17X)}:|

[ A
= B |B{ - O (8. Xim) ~ B (8, Xsm) | 21,0} X ]

= F -%E{mn (S, X5;m)—E(mn (S, X;m) | Z2=1,X)|X,Z= 1}]
E[E {mu (S, X;m) — E(mu (S, X:m) | Z=1,X) | X, Z =1}]
= 0,

where the first equality is by the law of iterated expectation and the second equality is by
treatment ignorability. Similarly, we have

E 1iT(Z){m01 (S, X:m) — E (mor (S,X;m)]Z:O,X)}} _ 0.

As a result, F {52 (S, Z,X;nl,f)} = 0 for all 7, and hence OF {5 (S, Z, X;n1,£)} /Om = 0.

For the third term, we have

0

I A fw1<s,80>f'1<8,30;m>e<s,so,X>dsO/am
ELSS p1 (5, X) {Y"“(S’X”]

. 8fw1 S S())fl(s So,’l'/l) (S, So,X)dSO/anl a
_ E_ { NCES (Y—ul(S,X))|X,Z_1}]
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= F

{afuh (S, 50) f1(S, s0;m)e (S, 50, X)dso/Ony

p1 (5, X) <E<Y!S’X,Z=1>—m<s,x>>\szzl}]

= 0,

where the second and the third equalities follow from the law of total expectation. Therefore,

0 0 0
Cr=——E{ti(X;m. )} + —E{6(S,Z2,X;m, )} + ~—E{ls (Y. 5,2, X;m,€) } = Hy.
om om om

As a result, \/n (Neif — 1) < N0, E{o1 (Vin, &) e1 (Vim, &)'}). O
A.2.10 Proof of Theorem A.2

To find the ¢, (V) satisfies

8777' 6

777'9‘0 =0 — 89 :E{¢T<V)5(V)}>

0=0

we calculate the derivative ), 4[,_,. Taking the first order derivative with respect to 7, on
the objective function in (A.2).

0=F [wr (51, 50) fr (51,803 17) {7 (51, 50) — f= (51, 50;777)}} : (A.27)
By the fact that (A.27) holds for any parametric submodel, we have
0 = Ey |7 (S1,50) f (S1, 803 170) {70 (S1, 50) = fr (1, Soi71e0)} |

= // wy (51, 50) fr (51,503 1r.0) {70 (51, 50) — fr (51, 503 71r0) } € (51, 50) ds1dsg
Ao (81,8
//wT s1,50) fr 8178077779){ 0 (51, %0) - /- (51,80;777,9)}69 (51,50) dsidso

(31730>

= // w, (s1,50) fr (51,505 Mr0) { o (51, S0) — €o (51, 50) fr (51, S0;Mr0) } ds1dso,

where Mg (s1,80) = FEyleg (51,50, X) {110 (51, X) — oo (s0, X)}]. Taking the first order
derivative with respect to € and evaluating at 8 = 0, we have

9 .
0 = %//UM (s1,50) fr (51, 50;Mr0) {Xa (51,50) — €q (51, 50) fr (1,503 Mr0) } ds1dso

0=0

= // w; (81, S0) fr (51,50:17) 777,9\9:0 {A (51, 50) — € (s1,50) fr (51, 50; ) } dsidso
+// w; (51, 50) fT (51,503 77) {/.\0 (81780)‘9_0 — €p (31750)|0:0 Ir (31750§77T)}d51d30
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- // Wr (817 30) fr (817 S0, 77¢) fT (81, 50, ﬂr)T € (81, 30) ﬁ7,0|9:0 dsidsy.

Therefore, we can write

— €g (51, 30)|9:0 I~ (51, S0, 777')} dsidso,
(A.28)

il = Ho [ [or (srs0) o s1soin) { o s1.)
where

= [ [ ) o (o150 B 1,50, s, X) = ol X0 dsas

[ [ v {Fo (srosi) £ (v s0in) + Fo svvsoim) i Govcsusn)” e o1, s0) dscso

Again, we calculate the two parts separately.

Part I. By Lemma A.4, we have

// wy (s1,50) fr (51,503 77) Ao (51,50) o dsidsy = DB;+ By + DBs
where

By = //wT 51,50 fr (s1,50;m7) E e (s1, 80, X) {1 (51, X) — po (80, X)} 5 (X)] dsydsg
= E{m(X)s(X)},

B, = //wf (s1,50) fr (51,505 m2) E [éq (51,50, X)lg—g {111 (51, X) — po (50, X)}] ds1dsg
= E{h(S,Z2,X)s(S|Z,X)},

By = //wT S1, So fr (s1,805m7) E [ (Sl,so,X){[LLo (Sl,X)|0:0— f10.6 (507X)|9:0H ds,dsg
= E{hs(Y,5,Z,X)s(Y | S, Z,X)}

with a little abuse of notation. Through similar arguments, we have

h(X) = //w‘r(51750)fr(31750;777)6(317507)(){,“1(SlaX)_,UO(SoaX)}dsldSO

—//UJT (81780) fr (81780;777) fr (51780;777)6<51,30)d51d807

ha(S.2.X) = %mn (S, X) — E {jins (S, X) | Z = 1, X)]

1-Z7

+T(X) [fio1 (S, X) — E{fi1 (5, X) | Z =0, X}]
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J -
—m [Mlo (S,X) _E{Nlo (SaX) | Z = 17X}]
i o (8.) = B 4o (.X) | 2 = 0.},
w- (S, so 'T S, s0;m7)e(S, sg, X)dsg
h3(K5727X> = ﬂ_é{)fso ( )fél(S7;>>( ) {Y—,LLl(S,X)}
1—27 f1wT(sl,S’)fT(sl,S;nT)e(sl,S,X)dsl
T 0 s (5. {Y = po (S, X)},

where i, are the same as previously defined for x = 11,01, 10, 00 except that the weighting
function is changed to w,(s1, s¢) and the working model is changed to f(s1, So;7,).

Part II. The second part of 7|,_, as in Equation (A.28) is exactly the same as in the proof
of Theorem 2.3, so we omit the details here.

Summary of the proof. We have

H: 776|9:0 = // Wr (31; 80) fr (81, SO;T”T‘) /.\0 (81,80) 1—o dsdsg

- // W, (81,50) fr (51,50370) fr (51, 50;15) €0 (51, 50)|pp ds1dS0
= E{(h(X)—hs(X))s(X)}

YE{(ha (S, 7, X) — hs (S, Z, X)) s (S | Z, X))}

_'_E{h?’ (Y7S7Z?X)5(Y ’ 57Z7X>}

where

H' (b (X) = ha (X)) € Hy,
H-(hy (S, Z,X) — hs (S, Z,X)) € Hs,
H'hs (Y,S,Z,X) € Hy.

By similar arguments, the EIF is

or (V) = H {0 (X) 4+ 12 (S, Z.X) + 5 (Y, 5. 2. X)}

where
t(X) = //wT (s1,50) f (51, 80im+) € (51, 50, X)
{,Ul (51, X) — Ho (50, X) - fr (51, S0, 777')} dsdso,
(S, 2,X) = — [ (S,X) — E {1 (5,X) | Z = 1, X}]

(X)

3
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+1i+(ZX) lior (S, X) — E {jion (S, X) | Z =0, X}]

Z B ~
gy [0 (8. X) — B {jno (8.X) | 2= 1,X)]
1-7
1-7(X)
_% [fl (s,X)—E{f1 (5. %) 2= 1=XH

g [ x) - B {fE.0) 2= 0.x}].

o Z fSO wT(Sv SO)fT(Sa 30;777)6(57 507X)d50
t3(KS7Z7X) - 7T(X) p1(S,X) {Y_,ul(SaX)}
1-27 f81 wy(s1,5) f-(s1,9;m:)e(s1, S, X )ds;

1—7(X) o (S, X) {

[fioo (S, X) — E{fioo (S, X) | Z =0, X}]

Y_,UO(S>X)}7

where fi., denotes the weighted integration of the conditional outcome model . (s,, X),

e(s1, S0, X)

/111(31;X) = /wT(Sl,So)fr(ShSo;T]r) pl(sl,X)

,ul(sl, X)dSO

+// 1(ty > s1)wr(t1, 50) fr(t1, 503 77)Cu(ty, S0, X)pi(te, X)po(so, X ) (1, X )dt dso,
e(s1, so, X)
p0<307X)
+// 1(ty > 80)w7(31>t0)f7(31,t0;Ur)év(é’l,to,X)Pl(SlaX)po(tmX)Ml(sz)dSldto,
e(s1, 50, X)
pi(s1, X)
+// 1(ty > s1)wr(t1, 50) fr(t1, s0;72)¢a(tr, 50, X )1 (t1, X )po(so, X )po(s0, X )dtidso,
e(s1, 80, X)
p()(SO?X)
+// 1(to > so)w, (51, t0) fr (51,03 1) éw(51, to, X)pr(s1, X )po(te, X) po(to, X )dsidto,
e(s1, 80, X)
p1(317X)
+// 1(ty > s1)we(tr, 80) fr(t1, 503 00) fr(t1, 50370 )cu(tr, 50, X)p1(tr, X)po(s0, X)dtdso,

e(s1, S0, X)
p0(807 X)

/101(80,X) = /wr(31730)fr(51,30§777) /il(Sl,X)dsl

fo(s1, X) = /wr(Sl,So)fT(ShSo;ﬁr) tho(s0, X )dsg
ILLQ(SQ,X)dsl

fioo(s0, X) = /wT<Sl7SO)fT(51780;?77')

fi(s1,X) = /wT(SLSO)fT(SlaSO;nT)fT(Sl,SO;nT> dsg

>
w
&
~
~—
I

/wT(ShSO)fT(Sla80;777>fT<81750;7]T> d81
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+// 1(ty > SO)wT<SI>tO)fT(317tO;nT)fT(SlatO;nT)év(317t07X)p1(317X)pO(t();X)dSldtO'

Using similar notation and derivation as in the proof of Theorem 2.3 gives the results stated
in the theorem. U



116

Appendix B

Appendix to Chapter 3

Section B.1 provides additional technical results on details of the augmented estimator 728,
comparing the four proposed estimators, another martingale-corrected weighting estimator
discussed in Section 3.4.3 of the main paper, and a cross-fitted debiased machine learning
implementation procedure of the EIF-based estimator.

Section B.2 provides additional data analysis results, including classification of all IEs in the
two immunology trials, exploratory data analysis for baseline covariates and IEs, additional
results on robustness check, estimation results targeting causal risk ratio and odds ratios,
and remarks on computational time of our proposed estimators.

Section B.3 reports detailed results from Monte Carlo simulations that assess the finite-
sample performance of our proposed estimators.

Section B.4 provides proofs of all theorems and propositions.

B.1 Additional technical results

B.1.1 Additional details on 7248

In this subsection, we discuss additional motivations and remarks about the proposed esti-
mator 7°"¢. First, by combining the two identification formulas (3.2) and (3.3), we derive
the following augmented identification formula:

 [AYUTACSK)  A—e(X)
T {e<X>Gl<k:|X> T X ““X)Sl(’“'X)}
B {(1—A)Y1(T/\C’>k) e(X) - A

{1—e(X)}Go(k [ X)  1-e(X)

W0S(k X)) (B
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Equation (B.1) can be interpreted both as a modified form of the outcome regression iden-
tification formula (3.2), and as an augmented form of the weighting identification formula
in (3.3). Under the true model at the population level, the correction terms have mean 0,
and thus (B.1) holds by construction. However, it becomes meaningful in the presence of
possible model misspecification, where the augmentation plays a crucial role in improving
robustness.

Based on (B.1), we construct the estimator 728 that augments the weighting estimator 7P¥
using the estimated outcome models. The improvement in its robustness compared with
7PW is summarized in Proposition 3.1, which shows that the consistency of 72"¢ depends
on correctly specifying G,(k | X) for a = 0,1, while it remains robust to misspecification
of the propensity score e(X). To build intuition, from the perspective of semiparametric
efficiency theory, Equation (B.1) can be viewed as a projection of the weighting identification
formula (3.3) onto the nuisance tangent space of the propensity score model A | X. However,
because it is not further projected onto the nuisance tangent space of the G,(k | X)) model,
the resulting estimator does not retain robustness to misspecification of G,(k | X). We will
further address the issue in Section 3.4, where we introduce an alternative estimator that is

robust to the misspecification of both models.

The augmented estimator 72" dominates the weighting estimator 7P" in terms of robustness.
The consistency of 72" is contingent on less restrictive requirements on nuisance parameter
estimation in the sense that 72" is consistent whenever 7PV is. Consistency of 72" requires
the correct specification of the survival function for effect-uninformative IE G,(k | X) for
a = 0,1. Given that G,(k | X) is correctly modeled, 7#"¢ is doubly robust because it is
consistent if either the propensity score model is correct, or the outcome regression and
the survival model for effect-informative IEs are both correct. There is no clear dominance
between 7€ and 7°" as they require consistent estimation of different sets of nuisance
parameters. For all three estimators 7°U, 7P¥ and 7298 we can construct variance estimators
using nonparametric bootstrap.

B.1.2 Pairwise differences between the estimators

As discussed in Section 3.4.3, the observed differences among the four estimators provide
insight into the presence of nuisance model misspecification. To illustrate the idea, consider
the treated arm as an example. Let ﬂi denote the treated arm counterpart in 77 for 1 €
{out, ipw, aug, eif}, and let 25 denote convergence in probability. The probability limits of
the pairwise differences between these estimators are given by
i e (X) —e(X)

TR T ) H(X)Si(k | X
Hy M e*(X) pi(X)Si(k | X) ¢,
~aug ~out p G(X)

- - E
My M |:€*<X)

(i (X)S3(k | X) — () Su (k| X>}] 7
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e(X) o St X
it % b | S onsie x) [ S
0

Gi(t ] X) )

(] X)

These probability limits indicate the impact of nuisance model misspecification on the pair-
wise comparisons. For example, if G1(¢ | X) is correctly specified, the expected difference
between ¢ and 17" should be small. Similar logic applies to other comparisons. Therefore,
when implementing all four estimators in practice, the observed difference among them may
serve as an informal diagnostic tool to detect possible nuisance model misspecification.

B.1.3 The martingale-corrected weighting estimator

In this subsection, we present the explicit form of the martingale-corrected weighting esti-
mator introduced in Section 3.4.3. Drawing from the proof of Theorem 3.2 in Section B.4.3,
if we do not project onto the propensity score nuisance tangent space in Step 2, the following
identification formula for p; holds:

A [YUTAC>k) T dMg, (1)
e<X>{ Gy s [ sl<trX>G1<t|X>H’

which motivates the following estimator for p;:

m o= E

~ mc-ipw AYl(T/\C >k’ dMGl()
Ay = no Z Z . /

e Xi)Ga(k | X;) —~ X Si(t | X)Gy(t | X;)
The control counterpart, fi5* ¥ i3 defined analogously, and the estimator for 7 is given by
7A_mc ipw — Iallnc ipw - Iaanc lpW'

Under Assumuptions 3.1 and 3.2, and assuming correct specification of e(X), the estimator
7w s consistent for 7 if either Gy (¢t | X) is correct, or both p,(X) and S,(t | X) are
correct for t < k and a = 0,1. Although the martingale correction enhances robustness
to misspecification of G,(t | X), 7MY is still less attractive than 7°: it does not achieve
the efficiency bound and is not robust to misspecification of e(X). Moreover, it does not
inherit the implementation simplicity of 72"8. In particular, it requires estimating the full
survival curves for both the effect-uninformative IEs G,(t | X) and effect-informative IEs
Sa(t | X) over t < k, making it computationally demanding without offering clear practical

advantages.

B.1.4 A cross-fitted debiased machine learning implementation of
the EIF-based estimator

The EIF-based estimator in Section 3.4 admits a natural cross-fitted implementation in the
spirit of double/debiased machine learning (Chernozhukov et al., 2018). We briefly outline
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one possible algorithm here.

e Step 1: Randomly partition the units into L approximately equal-sized folds Z;, ..., Z;.

e Step 2: For each fold ¢ = 1,..., L, use the units outside Z, to estimate the nuisance
functions e(X), ua(X) (t \ X) Gu(t | X) for a=0,1. Denote the resulting estimators

by é9, 559 859 and G

e Step 3: For each unit ¢ € Z,, evaluate the EIF using the nuisance estimators trained
on the complement of fold ¢. That is, compute the cross-fitted version of the EIF
contribution D ) by substituting é(~ 0 ,u( -t , Sﬂ(l_g)7 and G5 into the expression of
D.(0;) in Theorem 3.2.

e Step 4: Define the cross-fitted EIF-based estimator by averaging the fold-specific scores:
pef = 1 =y 1/},, where 7,DZ denotes the plug-in estimating expression corresponding to

unit % w1th nuisance functions estimated out-of-fold.

e Step 5: An asymptotic variance estimator can be constructed usm% bootstrap or the
empirical variance of the cross-fitted EIF contributions, n='>"" | E(Z 2 where £(7)
is the fold containing unit 7. Under regularity conditions, this ylelds a Vahd inference
in the usual way.

This cross-fitted construction follows the same general principle as standard double/debiased
machine learning: nuisance functions are estimated on auxiliary subsamples, while the or-
thogonal score is evaluated on held-out units. In our setting, the main additional practical
burden is that the nuisance functions include not only the outcome regression and propensity
score, but also the survival functions for the effect-informative and effect-uninformative IEs.

B.2 Additional data analysis results

B.2.1 Detailed classification of IEs in the immunology trials

In the two immunology trials, IE categories were classified through manual review of the
site-level documentation. We use the terms effect-informative and effect-uninformative to
emphasize whether the event is judged to carry information about the patient’s underlying
treatment response. Table B.1 provides the complete list of IE categories observed in the
two trials, together with their frequencies, assigned classifications, and the rationale used in
our review.

Guided by the recommendations in the PHUSE white paper on estimand implementation
and data standards (PHUSE Working Group, 2025), we use the following general rule for
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classification. We classified an IE as effect-uninformative only when the documentation
suggested that it arose from external or administrative reasons plausibly unrelated to the
biological effect of treatment, such as relocation, pandemic-related disruption, or sponsor-
driven site closure. We classified an IE as effect-informative when it was directly related
to adverse events, lack of efficacy, patient health status, treatment management, or when
the available documentation was too limited to justify an effect-uninformative classification.
In ambiguous cases, we classified the IE as effect-informative to avoid overestimating arm-
specific mean outcomes. Several categories required case-by-case review because the high-
level label alone was not always sufficiently informative. In particular, categories such as
personal or family reason, withdrawal by subject, protocol deviation, and unable to contact
were reviewed using the site-level records. This review was used to determine whether the
event was plausibly external to the patient’s treatment response or whether it was more
credible to regard the event as carrying information about efficacy, tolerability, or patient
status.

Table B.1: Classification of IEs in the two immunology trials

IE type Count Proportion Informative? Rationale
Adverse 135 31.5% Y Classified as effect-informative because
event adverse events are plausibly related to

treatment tolerability and the patient’s
underlying treatment response.

Others 84 19.6% Y For discontinuations with insufficiently
detailed documentation, we classified
the event as effect-informative because
the absence of clear information makes
an effect-uninformative interpretation
difficult to justify. We adopted this de-
fault to avoid overstating arm-specific
mean outcomes.

Lack  of 64 14.9% Y Classified as effect-informative because

efficacy lack of efficacy is directly informative
about the patient’s response to treat-
ment.
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Table B.1 continued
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IE type

Count

Proportion Informative? Rationale

Personal
or family
reason

32

7.5%

N

Review of the detailed site-level com-
ments suggested that these discontinu-
ations were driven by external personal
circumstances rather than health status
or treatment response. Examples in-
cluded relocation of residence and other
family-related reasons unrelated to dis-
ease progression or adverse events.

Protocol
deviation

26

6.1%

Classified as effect-informative because
these deviations were typically linked to
treatment management or patient status
in ways that could reflect the patient’s
response trajectory. Examples included
changes in corticosteroid use or prohib-
ited dose changes in concomitant medi-
cation.

Due to
epidemic
or  pan-
demic

23

5.4%

Classified as effect-uninformative be-
cause these discontinuations were
driven by external disruptions, such as
pandemic-related restrictions, that are
more plausibly unrelated to treatment
efficacy.

Withdrawal
by  sub-
ject

22

5.1%

Classified as effect-informative because
many such withdrawals were associated
with concerns about side effects, unwill-
ingness to continue treatment, or other
reasons potentially related to treatment
experience. When documentation was
limited, we again defaulted to effect-
informative classification.

Pregnancy

15

3.5%

Classified as effect-uninformative when
the documentation suggested that treat-
ment discontinuation was driven by
pregnancy planning, suspected preg-
nancy, or pregnancy itself, rather than
by the patient’s disease course or treat-
ment response.
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IE type Count Proportion Informative? Rationale

Discontinued: 11 2.6% Classified as effect-informative because

unable to the available documentation did not al-

contact low us to rule out discontinuation re-
lated to efficacy, adverse events, or other
treatment-related concerns.

Death 9 2.1% Classified as effect-informative because
death is directly informative about the
patient’s health status and precludes
meaningful continuation of treatment.

Prohibited 5 1.2% Classified as effect-informative because

medica- the need for prohibited medication may

tion use reflect inadequate disease control, toxic-
ity management, or other clinically rele-
vant aspects of treatment response.

Physician 2 0.5% Classified as effect-informative because

decision physician-directed discontinuation was
based on patient behavior or clinical sta-
tus and therefore plausibly related to
treatment experience or outcome risk.

Site 1 0.2% Classified as effect-uninformative be-

termi- cause sponsor-driven site closure is an

nated by external administrative disruption unre-
sponsor lated to the patient’s biological treat-

ment response.

B.2.2 Exploratory data analysis: baseline covariates and TE
summaries

Table B.2 reports summary statistics of baseline covariates and IEs for all six arm-by-trial
combinations. Figure B.1 shows the Kaplan-Meier-based cumulative incidence of effect-
informative and effect-uninformative IEs by treatment arm and trial.
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Table B.2: Baseline characteristics and IE summary by treatment arm and trial. PGA
denotes Physician’s Global Assessment score (scale 0-100); SLEDAI denotes the SLE Disease
Activity Index. IE counts and percentages are relative to the full arm n. Median time to IE
(in weeks) and interquartile range [Q1, Q3| are reported for participants who experienced
the respective IE type.

Trial 1 Trial 2
Placebo 2mg 4mg Placebo 2mg 4mg

n 253 255 252 256 261 258
Baseline covariates
PGA, mean (SD) 59.9 (15.0) 60.5 (14.4) 59.2 (15.8) 60.0 (14.6) 61.0 (12.5) 58.7 (14.6)
SLEDAI, mean (SD) 10.0 (3.2) 10.3 (3.4) 10.0 (2.9) 10.1 (3.2) 10.1 (3.4) 10.1 (3.0)
Region, n (%)
Asia 31 (12.3) 32 (12.5) 31 (12.3) 31 (12.1) 33 (12.6) 31 (12.0)
C/S America & Mexico 74 (29.2) 73 (28.6) 72 (28.6) 59 (23.0) 58 (22.2) 57 (22.1)
Europe 64 (25.3) 64 (25.1) 63 (25.0) 55 (21.5) 57 (21.8) 57 (22.1)
North America 47 (18.6) 49 (19.2) 50 (19.8) 50 (19.5) 50 (19.2) 49 (19.0)
Rest of World 37 (14.6) 37 (14.5) 36 (14.3) 61 (23.8) 63 (24.1) 64 (24.8)
Intercurrent events
Effect-informative, n (%) 69 (27.3) 65 (25.5) 46 (18.3) 53 (20.7) 55 (21.1) 70 (27.1)

median (weeks) [Q1, Q3] 20 [8, 31] 23 (12, 32] 17 [12,29] 21 [11,40] 16 [11,32] 20 [11, 33]
Effect-uninformative, n (%) 10 (4.0) 7(2.7) 21 (8.3) 10 (3.9) 11 (4.2) 12 (4.7)

median (weeks) [Q1, Q3] 23 [7, 32] 18 [11, 28] 20 [11, 31] 25 [15, 36] 24 [8, 41] 22 [8, 36]
No IE, n (%) 174 (68.8) 183 (71.8) 185 (73.4) 193 (75.4) 195 (74.7) 176 (68.2)

B.2.3 Robustness check: accelerated failure time model for
nuisance estimation

Table B.3 replicates Table 3.2 with all four Cox proportional hazards nuisance models re-
placed by log-normal accelerated failure time (AFT) models. All other components (propen-
sity score logistic regression, outcome logistic regression, and martingale integral computa-
tion) are identical to the main analysis. Standard errors and confidence intervals are based

on 500 bootstrap replicates.

B.2.4 Robustness check: alternative IE classifications

As a further robustness check on the IE classification, we tested three alternative classifica-
tion rules for borderline discontinuation categories. The primary analysis treats “Withdrawal
by Subject” and “Discontinued: Unable to Contact” as effect-informative, and “Pregnancy”
as effect-uninformative. The three robustness check scenarios are: (S1) both “Withdrawal
by Subject” and “Discontinued: Unable to Contact” reclassified as effect-uninformative;
(S2) “Withdrawal by Subject” reclassified as effect-uninformative; (S3) “Pregnancy” reclas-
sified as effect-informative. Table B.4 reports the treatment effect estimates for the primary
SRI4 outcome under the three alternative IE classification rules. Each scenario was analyzed
using Cox proportional hazards nuisance models, with 200 nonparametric bootstrap repli-



APPENDIX B. APPENDIX TO CHAPTER 3 124

Cumulative incidence of intercurrent events by arm and trial

Trial 1 Trial 2
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Figure B.1: Kaplan-Meier-based cumulative incidence of effect-informative IEs (top row)
and effect-uninformative IEs (bottom row) by treatment arm, for Trial 1 (left column) and
Trial 2 (right column). The z-axis shows weeks from treatment initiation and the y-axis
shows cumulative incidence.

cates. All four estimators are shown alongside the bootstrap standard error, p-value, and
95% confidence interval, for the EIF estimator.

B.2.5 Results on causal risk ratio and odds ratio

Table B.5 reports the causal risk ratio (RR) and odds ratio (OR) for the primary SRI4 outcome
under the proposed hybrid estimand. Both are estimated using the EIF-based estimator of
the arm-specific mean composite outcomes ji; and fiy. Confidence intervals for RR and OR
are constructed on the log scale using the normal approximation and then exponentiated.
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Table B.3: Treatment effect of Baricitinib on the primary outcome SRI4 under the proposed
hybrid estimand, using log-normal AFT models in place of Cox proportional hazards regres-
sion for all survival nuisance functions. The first four columns report results for Trial 1 and
the last four columns for Trial 2. Within each trial, the first four rows report the point
estimate, bootstrap standard error, p-value, and lower and upper 95% confidence limits for
each estimator of the 2mg treatment arm, and the last four rows report those of the 4mg
treatment arm. For each trial and each treatment arm, we report the results based on all
four estimators.

Trial 1 Trial 2
7A_out +ipw saug ,7A_elf 7A_0ut #pw Faug 7A_e1f

2mg point 0.032 0.028 0.025 0.026 0.017 0.019 0.023 0.022
se 0.042 0.049 0.049 0.042 0.042 0.069 0.069 0.042

p-value 0.449 0.571 0.602 0.537 0.691 0.780 0.741 0.608

CI lower —0.050 —0.068 —0.070 —0.057 —0.066 —-0.116 —-0.112 —-0.061

CI upper 0.114 0.124 0.121 0.109 0.099 0.155 0.158 0.104

4mg point 0.108 0.119 0.114 0.113 —0.005 —-0.004 —-0.004 —0.002
se 0.046 0.046 0.046 0.046 0.041 0.045 0.045 0.042

p-value 0.019 0.010 0.014 0.013 0.911 0.933 0.938 0.969

CI lower  0.018 0.029 0.023 0.023 —0.086 —-0.092 —-0.092 —0.083

CI upper 0.198 0.209 0.204 0.203 0.076 0.084 0.085 0.080

B.2.6 Computational time

Table B.6 reports the time for a single full estimator evaluation on each of the four pairwise
comparison datasets, measured on a MacBook Air with Apple M4 processor. The full pro-
cedure includes propensity score logistic regression, four Cox proportional hazards survival
models (two for effect-informative IE, two for effect-uninformative IE), six outcome logistic
regression models (one per outcome per treatment arm), and the discrete-time martingale
integral required by the EIF-based estimator. The estimated bootstrap time is the single-run
time times 500 replicates.

B.3 Simulation

In this section, we conduct Monte Carlo simulations to study the finite sample performance
of our proposed estimators.
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Table B.4: IE classification robustness check for the primary outcome SRI4. Rows within
each scenario panel correspond to the four pairwise comparisons. Columns show all four
point estimators 7°U, 7PV 7au8) and 79 together with the bootstrap standard error, 95%

confidence interval, and p-value for 7.

Treatment arm Fout TPV Taue et se 95% CI p-value

Trial 1, 2mg 0.031 0.028 0.026 0.026  0.045 [-0.062, 0.113]  0.565
Trial 1, 4mg 0.107 0.112 0.107 0.105  0.047  [0.012, 0.198] 0.027

51 Trial 2, 2mg 0.015 0.013 0.017 0.016  0.045 [-0.071, 0.104] 0.712
Trial 2, 4mg 0.004 0.004 0.004 0.005  0.043 [-0.079, 0.089]  0.908
Trial 1, 2mg 0.028 0.026 0.024 0.023  0.044 [-0.064, 0.109]  0.608
$2 Trial 1, 4mg 0.103 0.109 0.104 0.101  0.047  [0.009, 0.194] 0.031
Trial 2, 2mg 0.018 0.017 0.021 0.020  0.045 [—0.068, 0.108]  0.656
Trial 2, 4mg 0.003 0.004 0.004 0.005  0.043 [-0.080, 0.090] 0.911
Trial 1, 2mg 0.031 0.030 0.028 0.028 0.044 [-0.059, 0.115]  0.525
93 Trial 1, 4mg 0.105 0.111 0.106 0.105 0.046  [0.014, 0.195] 0.023

Trial 2, 2mg 0.013 0.012 0.016 0.015 0.044 [-0.071, 0.102] 0.727
Trial 2, 4mg —0.006 —0.005 —0.005 —0.005 0.044 [-0.090,0.081] 0.910

Table B.5: Causal risk ratio and odds ratio for the primary outcome SRI4 under the proposed
hybrid estimand. 7, RR, and OR denote the estimated original estimand 7 (risk difference),
risk ratio, and odds ratio, respectively. Confidence intervals for RR and OR are constructed
on the log scale and exponentiated.

Treatment arm 7 (95 % CI) RR (95 % CI) OR (95% CI)
Trial 1, 2mg 0.026 [-0.057, 0.110]  1.06 [0.88, 1.27] 1.11[0.79, 1.56
Trial 1, 4mg 0.113 [0.023, 0.203] 1.25 1.04, 1.49| 1.58 [1.09, 2.27

[ ] [ ]
[ ] [ ]
Trial 2, 2mg  0.022 [-0.061, 0.104]  1.05[0.88, 1.25] 1.09 [0.78, 1.52]
Trial 2, 4mg ~ —0.002 [—0.084, 0.080] 1.00 [0.83, 1.19] 0.99 [0.71, 1.39]

B.3.1 Data generating processes

We first generate the covariates X = (X1, X», X3)” € R? from three independent standard
Gaussian distributions and denote X; = {(X;+2)>—1}/4/12 for j = 1,2, 3. Next, we generate
the treatment assignment following A | X ~ Bern({e(X)}) with e(X) being the propensity
score model, and generate the potential outcomes following Y (a,c = 00) | X ~ N (11(X), 02)

with z,(X) being the outcome model for @ = 0,1. We then generate the potential values of
the effect-informative IE survival time 7'(a) from the distribution with a survival function

Sa(t | X) = exp[~0.002¢"* exp{7a(X)}]
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Table B.6: Wall-clock time for a single full-estimator evaluation and the estimated time
for 500 nonparametric bootstrap replicates. Sample size n includes both the treatment and
placebo arms for each pairwise comparison.

Treatment arm  n  Single run (sec) Bootstrap (min)

Trial 1, 2mg 508 0.32 2.7
Trial 1, 4mg 505 0.31 2.6
Trial 2, 2mg 517 0.41 3.4
Trial 2, 4mg 514 0.34 2.8

and the potential values of the effect-uninformative IE survival time C'(a) from the distribu-
tions with a survival function

Ga(t [ X) = exploa(t) exp{da(X)}],

for a = 0,1. For each of the nuisance parameters, we consider two scenarios when it will
be correctly modeled and misspecified, therefore, we generate data following two different
choices of each. We summarize the detailed data-generating choices in Table B.7.

Table B.7: Model choices for the nuisance parameters

Correctly specified Misspecified
logit{e(X)} (X1 + X2+ X3)/5 1(X;1 > 0){exp(X2) — Xo(1 + X3)} — exp(X)

,ul(X) 2(X1 —|—X2—|—X3) 1({(1 > 0){X2+€Xp~(X2)X3—X2}+X2

po(X) X1+ X0+ X3 —X; — 1(X7 > 0.5) X2 + 1(X1 < —0.5) X2 log(| X3| + 1)
Oq 0.1(a+1) 1

71(X) 0.1(X7 +2Xs —2X3) 0.1(X?X2 — Xo — 1) + Xalog(10X3)

’YU(X) Ol(Xl —2X9 + 2X3) OOl(—Xl + XQ + Xg)

61(X) 0 0.1(X2Xs — X5 — 1) + X2 log(10X2)

o(X) 0 0

0a(t) —0.01¢12 —0.01at'? 4+ 0.6 % 0.01Y/12(1 — a)t

We consider five data-generating regimes: all four models are correctly specified, misspecified
e and correct (G, i1, .S), misspecified (e, G) and correct (u,.S), misspecified (u, S) and correct
(e,G), and all four models are misspecified. Let Y = AY (1,¢ = 00) + (1 — A)Y (0, ¢ = 00),
T=AT(1)+(1—-A)T(0), and C = AC(1)+ (1 — A)C(0). Generate the observed event time
as T' A C A k, the observed event type indicator, and the observed outcome Y if T A C > k.

B.3.2 Simulation results

We compare the finite sample performance of the outcome estimator 7°%, the weighting
estimator 7PV, the augmented weighting estimator 7*"¢, and the EIF estimator 7¢I based
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on 1000 Monte Carlo samples with a sample size of n = 1000. When fitting the nuisance
models, we use logistic regression of A on X to estimate the propensity score model, the linear
regression of Y on X on the subsample A = a, TAC' > k to estimate the outcome model, and
the Cox proportional hazard regression of T and C' on X on the subsample A = a to estimate
the effect-informative IE survival model and the censoring model, respectively, for a =
0,1. We use X in all regression models, therefore, when the true data-generating processes
involve non-linear functions of X, the fitted nuisance models suffer from misspecification.
We evaluate the performance of the four estimators with reported bias, standard deviation,
and coverage probability using a nonparametric bootstrap with 200 bootstrap samples in
Table B.8.

Table B.8: Finite sample performance of the four estimators. For each estimator, we report
the finite-sample bias, standard deviation (SD), and the coverage rate (CR) of a 95% con-
fidence interval, which is constructed using a nonparametric bootstrap with 200 bootstrap
iterations. Each row corresponds to a different data-generating regime.

#out ,f.ipw saug 7A_eif
Bias SD CR Bias SD CR Bias SD CR Bias SD CR
all correct 0.003 0.100 0.989 0.005 0.154 0.977 0.004 0.152 0.980 0.004 0.110 0.982
e wrong —0.002 0.134 0.978 —0.338 0.527 0.916 —0.003 0.479 0.961 0.000 0.234 0.979
(e,G) wrong —0.002 0.130 0.985 —0.194 1.591 0.831 0.141 1.559 0.972 —0.013 0.354 0.969
(p,S) wrong  —0.085 0.170  0.936 —0.009 0.186 0.974 —0.009 0.186 0.974 —0.012 0.176 0.972
all wrong 0.230 0.233 0.837 0.660 5.799 0.898 0.850 5.782  0.967 0.573 3.022 0.919

Consistent with our theoretical results, all estimators have a finite sample bias close to zero
when all models are correctly specified. When e is misspecified and (G, i, S) are correct, the
weighting estimator 7PV is inconsistent while the other three estimators have small finite
sample bias. Under the regime when e and G are misspecified, both 7Y and 7% perform
poorly as they have larger finite sample biases, 7°"* and 7 show small finite sample biases
as expected. When (1, .S) are misspecified, the outcome estimator 7°" has a relatively large
bias, while all other three estimators have near-zero biases. All estimators have non-negligible
finite sample bias when all nuisance models are misspecified. 7¢ is most robust to model
misspecifications across all different regimes.

7¢if shows a relatively smaller standard deviation compared to 7P¥ and 72" in the regimes
where all estimators are consistent. The outcome estimator 7°* always has the smallest
standard deviation when (p,S) is correctly specified. Both 7P¥ and 728 have larger stan-
dard deviations across all regimes in which they are consistent. Furthermore, confidence
intervals constructed using the nonparametric bootstrap yield valid coverage rates for the
corresponding consistent estimators in their respective regimes.

Next, we evaluate two ad-hoc methods commonly used in clinical trials with IEs, demon-
strating through simulations that they are biased in estimating the clinically relevant causal
parameter. The first method is the non-responder rule method that assigns an outcome
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as 0 whenever an IE occurs. It is equivalent to using the composite outcome strategy
that treats all IEs as effect-informative, leading to a composite outcome equal to 0. The
second method naively applies a hypothetical strategy to all IEs, assuming they are inde-
pendent of potential outcomes conditional on observed covariates. We generate data under
the “u_ S wrong” regime, ensuring correct specification of both the propensity score e(X)
and the effect-uninformative IE survival model G, (t | X) for a = 0, 1. Based on 1000 Monte
Carlo simulations with a sample size of n = 1000, the inverse probability-weighting estimator
using the non-responder rule method exhibits a finite sample bias of —1.195 with a standard
deviation of 0.077, and that using the hypothetical strategy for all IEs has a bias of 1.188
with a standard deviation of 0.388. Both ad-hoc methods yield inconsistent estimators.

B.4 Proofs

B.4.1 Proof of Theorem 3.1

First, equation (3.2) holds because its left-hand side

E{Y(1l,c=00)1(T(1) > k)}
= FE[E{Y(l,c=00)1(T(1) > k)| X}]
= F[E{Y(l,c=00)l(T > k)| X,A=1}]
= F{EY(l,c=00) | T>k,X,A=1pr(T >k | X, A=1)}
= FP{EY(l,c=00)|C>kT>kX A=1)pr(T >k | X, A=1)}
= F{EY |C>kT>kX A=1)pr(T>k|X, A=1)},

which is equal to the right-hand side of (3.2), where the first equality is by the law of iterated
expectations, the second equality is by the randomization assumption 3.1, and the fourth
equality is by the censoring at random assumption 3.2.

Next, equation (3.3) holds because its right-hand side equals

2 omie s kv a=n | ]

1

- E(e(X)pr(C>k:|X,A:1)
1

- E(e(X)pr(C>k]X,A:1)

- F (pr(C >k llX,A —y PO > R} [ X]E[Y (L e = 0o){T(1) > K} | X])
— BIE{Y(Lc = c0)l(T(1) > k) | X},

E[AY (1, ¢ = c0)L{T(1) A C(1) > k} | X])

E(A| X)E[Y(L,¢=00)l{T(1) > k}1{C(1) > k} | X])
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which is equal to the left-hand side of (3.3), where the first equality is by the law of iterated
expectations, the third equality is by the randomization assumption 3.1, the fourth equality
is by the censoring at random assumption 3.2, and the last equality is again by the law of
iterated expectations. 0]

B.4.2 Proof of Proposition 3.1

We prove that under the correct specification of the censoring model, 728 is doubly robust
in the sense that it is consistent for 7 if either e* = e or (u} = 1, 57 = S1). We have

AYUTAC > ) A—e*(X) . .
{e*<X>G1<k|X> T e “1(X>51(’“'X)}

[E{AYl(T/\ C>k)| X} elX)—e(X)

W (X)S3 k| X)]

e (X)Cr (k| X) e (X)
p{ s x - CEEnosie o), @

where the first equality follows from the law of integrated expectations and the second
equality follows from similar derivations as in the proof of Theorem 3.1. Now observe that
the final expression of (B.2) is equal to p; if either e* = e or (uj = p1, 57 = S1). Therefore,
we have

Ema xS0 - =

if either e* = e or (uj = u1, 57 = S1) holds. A parallel argument applies to the control
counterpart. Therefore, combining the treated and control components, we conclude that
788 ig consistent for 7 if either the propensity score model is correct, or the outcome and
survival models for the effect-informative IE are both correct. This establishes the double
robustness of 728, O

B.4.3 Proof of Theorem 3.2

We follow the semiparametric theory in Bickel et al., 1993 to derive the EIF for p;. As
discussed in Section 3.4, we have two levels of coarsening of the full data (X, Y°P(1),Y*°P(0)),
one is because the effect-uninformative IE time C(a) is censoring T'(a) A k, and the other
is due to the treatment assignment. Following the steps in Hubbard et al., 2000, we first
consider the case when every observation is assigned to the treatment group, i.e., when there
is no missingness generated by the treatment assignment, and then project the derived EIF
onto the nuisance tangent space of the propensity score to get the final form of EIF for y;.
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Step 1. With full data (X,YP(1),Y?(0)), the estimating equation for p; is Dy =
Y (1) — py. Since YP(1) is only observable if C'(1) > T'(1) A k, the full data is not available
even if all corresponding potential outcomes under treatment A = 1 are observed, and the
observed data is

O<1) = (X7A(1)7T<1)7A<1)ch(1)) ~ Py,

where A(1) = 1(C(1) > T(1) A k) is the missing indicator with A(1) = 1 if YP(1) is
observed and A(1) = 0 otherwise, and T'(1) = T(1) A C(1) A k is the observed event time
with T'(1) = T(1) Ak if A(1) =1, YP(1) is observed, and T'(1) = C(1) if A(1) =0, Y°?(1)

is missing. An identification formula for u; is
A(1)YP(1
RERECILONY
Gi(T(1) | X)
where G1(t | X) = pr(C(1) > t | X) is the probability of not censoring up to time ¢
conditioning on the covariates. We can write the IPCW estimating equation as

AW{YP() = )
G\(T(1)| X)

Dripcw = )
and have E(Dipcw) = 0 by the law of iterated expectations and the censoring at random
assumption.

Next, we follow the steps in Laan and Rubin, 2007 to derive the EIF for x; when the observed
data is O(1) = (X, A(1),T(1), A(1)Y*(1)). For ease of notation, we omit the subscripts,
superscripts, or numbers in parenthesis (1) that indicate the potential outcomes under the
treatment A = 1 in the following derivation, so the dependence on the treatment arm is
implicit. For ease of notation, denote T! = T A k.

Let T'(P) denote the tangent space which is the whole Hilbert space LZ(P) since our model
is nonparametric. The tangent space can be written as a direct sum of three components
T = TX D TF &) TCAR with

Tx = {h(X)e€ L§(P): E{M(X)} = 0},
Ty = {h(0) € Li(P): E{h(O) | C,X} =0},
Tear = {h(0) € Ly(P): E{h(O) | Y, T", X} = 0},
where Ty, Tr, and Tcag are orthogonal to each other due to the censoring at random as-
sumption and the factorization of the observed data. These tangent spaces are generated
from scores of submodels that perturb the marginal distribution of X, the conditional dis-

tribution of Y! | X, and the conditional censoring probability C' | X, respectively. Due to
the orthogonality, we have the decomposition of any h(O) € LZ(P) as

WO) = IH{h[T(P)}
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= I{h [ Tx(P)} +I{h | Tx(P)} + I{h | Toar(P)}-

Let D(O) denote the efficient influence function for p1. By the results in Chapter 1.4 of
Laan and Robins, 2003b, we have: (1) D(O) should be orthogonal to the nuisance tangent
space Toar, thus II{D(0) | Tcar(P)} = 0; (2) D(O) can be rewritten as

D = Dipcw — I{ Dipcw | Tcar(P)},
thus

I{D | Te(P)} = {Dwpcw | Tr(P)} — I{I{ Dipcw | Toar(P)} | Tr(P)}
= H{DIPCW | TF(P)}

where the last equality is by the fact that Tr and Tcar are orthogonal to each other, and
similarly, H{D | TX(P)} = H{DIPCW ’ Tx(P)}

These projections provide us with two different ways to compute the EIF D: (1) directly
compute the projections II{ Dipcw | Tx(P)} and II{ Dipcw | Tr(P)} and sum them up; (2)
compute the projection II{Dipcw | Tcar(P)} and subtract it from Dipcw. In the classic
survival outcome problem, these two methods are symmetric since 7" and C' are censoring
each other thus the projections on Ty (P) and Tcar(P) are very similar. However, due to the
complication generated by Y in our setting, the second approach is easier, since the tangent
space Tr(P) is hard to compute.

We next compute II{ Dipcw | Tcar(P)}. By Theorem 1.1 in Laan and Robins, 2003b,

Tear(P) = {/H(t,f(t))dMg(t) for all functions H (t, f(t))} N L3(P),

and the projection of a function h(O) onto Tcar(P) is

I{A(0) | Tear(P }—/ {E(W(0) [ dA(t) = L, F(t)) — E(h(O) | dA(t) = 0, F (1))} dMa(1),

where A(t) = 1(C < t) is the indicator of whether censoring happens up until time ¢ (define
C = o0 if C > T" so that C is always observed), F(t) = (A(t—), X) is the history observed
up to time ¢, and dMg(t) = 1(C' € dt,A = 0) — (T > t)dA(t | X) is the Doob-Meyer
martingale of the counting process of censoring C. E(Dipcw | dA(t) = 1, F(t)) = 0 by the
definition of Dipcw, thus we only need to compute E(Dipow | dA(t) = O ]: (t)), which plus
w1 is equal to

AYcep
{m a0 =0.70) |

cp
= E{L|T12t,02t,X}
G(T | X)
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AY©P .
= E{m | T 2t,X}/G(t | X)

yep
= F{— TAEK|T' >t T.Y' X)|T' >t X t] X
{G(T/\k|X)pr(C> AT >6T.Y , X) | T >4, }/G(| )

cp
- E{—G(Ti:k|X)pr(C>T/\k:|X)|T12t,X}/G(t|X)
= E{Y®|T'>t,X}/G(t]|X).
By the fact that the integration is over ¢ : t < T, we have t < T Ak A C thus ¢ > k. The
conditional expectation
E{Y®|T'>t,X} = E{Y?|T'>t,T'=T,X}pr(T" =T |T">t,X)
+E{Y?|T' >, T" =k, X}pr(T' =k |T" >t,X)
= EY|T>k>t,X)pr(T>k|T' >t X)
= EY |T>kX)pr(T>k|TNk>tX)
= EY|T>kEX)pr(T>k|T>tX)
EYUT >k)| X)pr(T > k| X)
pr(T > k| X) pr(T>t|X)
EYUT >k)|X)
pr(T >t | X)

Therefore, we have

I{Dipcw | Tcar(P)} + 11 =

TEYLT > k)| X) dMg(t)
_/o pr(T>t]X) G(t]X)
dMo(t)
t]| X)G(t| X)’

T
= —EYUT >k)| X)/
o S(
and thus the EIF assuming O(1) is the observed data is

Ay o r dMe(t) B
- GF A yX)/O SRS (B.3)

Step 2. Next, we follow steps in Section 3 of Hubbard et al., 2000 and compute the EIF
when the real observed data is O = (X, A, A, T, AY?). We need to construct a weighting
estimating equation and then subtract its projection onto the nuisance tangent space of the
propensity score to get the final form of the EIF. To be clear on the distinction between
potential outcomes and the observed values, we add back the dependence on the treatment
assignment in (B.3) and write it as

_A(YR(1) o M
PO = G TPV w1 [ g

dMg, (1)
tX)G(t ] x) M
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A valid weighting estimating equation is

A AYep o (T aMe, () -

Further, project this onto the nuisance tangent space of the propensity score, the projection
is

H{Dipw | Tpscore} = E{Dwpw | A, X} —E{Dpw | X}

A —e(X) AYP B
- i) E{Gl<T|X>'X’A1}

A —e(X) o _
= Sx BTixa=,

where the second equality is by the fact that E{dM¢, (t) | X, A =1} = E{dMg,(t) | X} =0,
and the last equality is by the censoring at random assumption. Therefore, the EIF
Dl = DIPW - 1—I{DIPW | Tpscore}
A AYe» T dMe, (¢)
= = +EYNT >k X,A—l/ -
(%) {Gl(TIX) = al L)y SGTRGET®)
A-—e(X)
e(X)

EYUT>k)| X, A=1)—
has the given form in Theorem 3.2. 0

B.4.4 Proof of Theorem 3.3

We prove the result by showing

- A [yurac>k ) dMg: (t)
= EfﬂX){ Gilk | X) X)Si( “Xf/ ytyxa*ﬂxy}
A s X)} (B.4)

if either {e"(X) = e(X),Gi(t | X) = G1(t | X)} or {pj(X) = pu(X), S7(t [ X) = Si(¢ | X)}
for ¢t < k. Define
A YIUTAC>k) A—e(X) , oo

A " Wa®
T = e*(X)Nl(X>SI<k|X)/O STt X)Gi(t] X)'
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By the identification formula (3.2), to prove (B.4), it suffices to show E(7;+T2) = 0 if either
{e"(X) = e(X),Gi(t | X) = Gt | X)} or {p3(X) = m(X),57(t | X) = Si(t [ X)} for
t<k.

First, we have
E{dMg:(t) | X} = E{I(Cedt,A=0)| X}~ E{l(T >HdAJ(t | X) | X}
= S1(t| X)Gi(t | X)dA (t | X) = Si(t | X)Gi(t | X)dAJ(t | X)
([ X)Gi(t | X){dA (¢ | X) = dAT(E [ X))},

and therefore,

B ( . dMe: (
BT X) = ) m(X)Si(k | X)E { S*t|XG*t|X)’X}

s * St ] X)Gh(t | X)
= et Isi X)/o SH [ X) (] %)

where the first equality follows from Assumption 3.1. Next, we have

{dAy (¢ | X) — dAT(E | X))},

((X)Gy(k | X) (X))
B 1) = SOOI s - LS cosir 1 0 - mCos k| )
- v G 1 eS| )
[AOIGIX 1 050610 - 0536 X))
= - 0sie X [ e 30 - asite | )

#{ Sl — 1 G0tk 3) - s e X)),

where the last equality follows from the Duhamel equation (Gill and Johansen, 1990; Westling
et al., 2024). Combing 7; and T3, we have

E(Ti+T) = E{E(TM+T:|X)}

€ k 1 1
= Smeosie ) [H{SRES - 1) S X) - daie | X))

()G (k] X) e
P (081610 - 0087061 X)),

which is equal to 0 if either {e*(X) = e(X),Gi(t | X) = Gi(t | X)} or {pj(X) =
i (X), S5t | X) = 51(t ]| X)} for t <k.

By symmetry, the part corresponding to the control arm a = 0 also holds, thus the double
robustness in Theorem 3.3 holds. U
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B.4.5 Proof of Theorem 3.4

Following the von Mises expansion (Hines et al., 2022), let P and P, denote the true and
empirical distribution of the observed data, respectively, and P, denotes an estimated P, we
have

n'2 (el — 1) = *WZD .) +n**(P, — P){D.(0, B,) — D.(0)} —n'?R(P, P,),

where D, (O, f’n) is the EIF for 7 when plugging in the estimated values of the nuisance
parameters and R(P, Pn) denotes the higher order remainder term. Under Assumption 3.4,
the empirical process term n'/2(P, — P){D,(O, P,) — D-(0)} = op(1) (Vaart, 2000). The
remainder term corresponding to the treatment arm a = 1 satisfies

Ri(P.F) = —E{D-(0,B)} = B{iu(X)Si(k | X) — m(X)Si(k | X)}
A ik dMe,
- F é(X){ Gi(k | X) o /Glt‘XSIt|X)}
A—é(X).

— e i (X) S (k| X) = fn(X)Si(k | X)

)
+ i (X)S (k| X) = m(X)S1(k | X)]
e e Si(t | X)
- 5 u1<X>sl<k|X>/ {—)

0

G1<t ’ X) A
1}—G ){dAl(t | X) —dAq(t | X)}]

1t X

— 1} {ul(X)Sl(k | X) — (X)) S (k | X)}]

ey ES(t] X) = 8i(t ]| X)Galt | X) — Gt | X)
N E{é(X>”1(X)Sl(k|X)/o Su(t] X) Ca(t | X) dt}

e(X)Gilk | X) ~ {X)Ch(k | X)
o(X)Ci(k | X)

+E

{m(X)S10k | X) = fun(x >sl<er>}]

where the third equality follows from a similar derivation as in the Proof of Theorem 3.3 and
the fourth equality follows from the Duhamel equation (Gill and Johansen, 1990; Westling
et al., 2024). Let R;; and Rp5 denote the two terms in the last two lines, respectively. For
the remainder term to be of small order, we need Ry; = op(n~/2) and Ry = op(n="/?).

Next, we show that Assumption 3.5 is a sufficient condition for R, = OP(n’l/ 2) and Ry =
0p(n_1/ 2). In the following discussion, we suppress the dependency of the nuisance functions
and their estimated values on X for ease of notation. By the facts that eji; S (k)/é is bounded
and 1/{S,(t)G1(t)} is bounded for any t < k, we employ the Cauchy Schwarz inequality to
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upper bound the term Ry, by a constant times

k
/0 151(8) — Su(0)][al G (£) — G (1)l

where || - ||2 denotes the Lo(P) norm. It follows that Assumption 3.5 guarantees Ry, =
op(n~Y2). For Ryy, we further suppress the dependency of S;(k | X), G1(k | X) and their
estimators on both k and X, and rewrite the term as

Riy = E[{é(G1 — G1) + Gi(e — &)} (S1 — S1) + Si(pa — fn) }/(6Gh)).

Because é/ Gy is bounded, by the Cauchy-Schwarz inequality, the first term in Ry is upper
bounded by ||Gy — G1]]2]|S1 — Sill2 = op(n™/2) by Assumption 3.5. The other three terms
in Ry, can be similarly bounded. Thus, R,(P, P,) = op(n=/?).

Symmetric arguments imply the analogous term for the control arm satisfies Ry(P, ﬁn) =
op(n~1/%). Therefore, the results in Theorem 3.4 follow from the central limit theorem. [
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Appendix C

Appendix to Chapter 4

C.1 Proofs

C.1.1 Proof of Theorem 4.1

We derive the identification formula for p;, and that of p follows from similar arguments.
We have
E{Y(l,c=00)}
= EBIE{Y(L,c=00) | X}]
= E[E{Y(L,c=00) | A=1X}]

K
= E|) BE{Y(Le=00) | T=jA=1X}(j | X)+ E{Y(l,c=00) | T >k A=1,X}S (k| X)|,
k=1
where the first two equalities follow from the law of iterated expectations and Assumption 4.1.

For the conditional mean of Y (1, ¢ = c0), we have

E{Y(l,c=0) | T=4j,A=1,X} = E{Y(l,c=00)|C>k,T=3jA=1X}
E{Y(l,c=o00) |R=1,C >k T=jA=1 X}
E(Y|R:17C>k,T:],A:1,X) = /,LLJ‘(X),

where the first two equalities follow from Assumptions 4.2 and 4.3, respectively.

E{Y(l,c=00) |T>k,A=1,X} = E{Y(l,c=00)|C>kT>kA=1X}
= BY|C>kT>kA=1,X) = u.(X),
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where the first equality follows from Assumptions 4.2. Therefore, combining terms gives us
the outcome regression identification formula (4.2):

p = E{Zﬂl,j(X)fl(j|X)+M1,oo(X)51(/f|X)}-

For the weighting formula, for any 7 < k, we have

E{Al(T:j,C>k,R:1)Y}
er(X)Gi(k | X)ri;(X)
(T'=j,C >k R=1)Y
- e A=
— E{EY|R=1,C>kT=jA=1,X)pr(T=j|A=1,X)
Xpr(C>k|A:1,X)pr(R:1|C>k,T:j,A:1,X)}
Gi(k | X)ri;(X)

= E{mi(X)AG X))},

where the first equality follows from the law of iterated expectations and Assumption 4.1
and the second equality follows from Assumption 4.2. Similarly, we have

et - 2 ey 1Al

1
= £ {_Gluc X)
= E{mao(X)Si(k | X)}.

E(Y|CAT>k,A:1,X)pr(CAT>k\A:LX)}

Therefore, the weighting formula in (4.3) is also an identification formula.

C.1.2 Proof to Theorem 4.2

Roadmap. We derive the EIF for p; in this proof, and the EIF for 1 follows by the same
argument. The proof has five steps. First, we factor the observed-data likelihood into a pre-
event observation component and conditional post-event components. Second, we identify
the stopped pre-event censoring tangent space and show that it is orthogonal to the condi-
tional post-event score space. Third, within each post-event block, we derive the canonical
gradient for the relevant conditional outcome mean and combine these gradients to construct
the pseudo-outcome U;. Fourth, using U;, we reduce the remaining problem to the standard
right-censoring problem, yielding the inverse-probability-of-censoring weighting term plus
the pre-event censoring martingale correction. Finally, we consider the layer of treatment
assignment and write the full observed-data model from the treated-arm conditional gradient
using A/e;(X) and add the marginal covariate contribution.
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Notation. Define

1, T<k, T<C, T observed before censoring,
T=TACAE, 0=<¢2 C<TAEk, earlycensoring of T,
3, T >k, C >k, noeventand no censoring through k,

and
A=1{C>TANk}=10=1ord=3),

and thus A = 1 means that 7" is observed. Again, G1(t | X) = pr(C >t | A =1, X) denotes
the survival function of the effect-uninformative IE time, and Ar; (- | X) and A;(- | X) denote
the conditional cumulative hazards of T and C', respectively, in arm 1. For j < k, write the
conditional mean of Y on the block (C' > k,T = j) u;(X) = E{Y | T = j,C > k,R =
1,A =1, X} and the no-event-through-k mean g (X) = E{Y | T > k,C >k, A=1,X}.

Define the stratum-specific terminal regression

k
m(T.X) = o (LT > k) + 3 g (X)UT = ).

J=0

Intuitively, m, (7, X) is the target-relevant full-data “terminal value” once the effect-
informative IE time history through time £ is known. If the subject has T'= j < k, then the
relevant mean outcome is g ;(X); if the subject has no effect-informative IE through &, the
relevant mean outcome is ji; oo (X). We will construct a post-event pseudo-outcome Uy (O)
such that, among units whose effect-informative IE status through k is observed, its condi-
tional mean equals this terminal value. We also define p1(X) = E{m (T, X) | A = 1, X},
with a little abuse of notation. Thus u(X) averages the terminal regression m; (7', X') over
the conditional distribution of 7" in treatment arm a, given baseline covariates X. It is the
covariate-specific mean outcome under treated arm and no effect-uninformative IE, after
integrating over the possible T' strata. The marginal arm-specific estimand is therefore

= E{pm(X)}.
Finally, define the continuation value
Vilt,X)=E{m (T, X)|T>t,A=1,X}.

The quantity Vi (¢, X) is the expected remaining terminal value among units who still do not
experience effect-informative IE at time ¢, conditional on treated arm A = 1 and covariates
X. It is the value that is predictable at a possible pre-event censoring time ¢, and therefore
it is the quantity that appears in the censoring martingale correction. In the following proof,
for simplicity, we also use “event time” to refer to the effect-informative IE time T and use
“censoring time” to refer to the effect-uninformative IE time C'.
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Step 1: observed-data likelihood and score decomposition in the treated arm.
Condition on (A =1, X = x). The observed data in the treated arm can be written as

Ol = <U7 57 W)7

where W = W, = (C, R, RY) when § = 1 and T = J, there is no post-event block when
6 =2 and W =Y when § = 3. In the block § = 1,T = 7, we observe the event time
T = j, and thus we also have the information that C' > j. The variable C' in W; records
the subsequent truncated value of C' through time k. The indicator R is only relevant for
observing Y when C' > k.

The observed-data likelihood is

k

pifo|z) = ppre,l(fﬁlx){le,j(wIw)l(ézljzj)}pl,oo(y!90)1(‘5:3), (C.1)

Jj=0

where
pjwlz)=pW,=w|d=1T=45A=1X=u1x),

and
Py 7)) =p(Y =y[d=3A=1X=u1).

The pre-event factor is
pr(T=t,C>t|A=1,X=12), =1,
ppre,1(£,5|x): pr(C:£7T>£|A:17X: )7 5:27
pr(T >k C>k|A=1,X=21), 0=3.

For any regular parametric submodel of (C.1), the conditional score decomposes as
k
SUOTX) = Spea(U.6 | X)+ ) 16 =1T = ) s15(W;, X) +1(8 = 3) s1,00(Y, XE-2)
7=0

where
E{si (W, X)|6=1,T=j,A=1,X}=0, FE{s1.(Y,X)]|6=3A=1X}=0.

Thus the post-event observed-data tangent space in arm 1 is

7;05‘5,1 = {

Zk:1 1,T =) v;(W;, X) +1(8 = 3) v (Y, X)

Jj=

Ewj|6=1,T=4jA=1,X)=0, E(ve |6 =3,4A=1,X) :o}(.c.g)
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Step 2: the pre-event censoring tangent space. Perturb the cumulative hazard of
the stopped pre-event censoring process along

dA1(t ] X) = {1 +eh(t, X)}dAL (]| X).

The pre-event censoring behaves the same as in the standard survival analysis with censoring
literature, and therefore differentiating the pre-event likelihood gives the score

T
Sepren(0) = A / h(t, X) dMg, (t).
0

Therefore the pre-event censoring tangent space is

Tomen = {1(A:1)/Th(t,X)dMG1(t):E/Th2(t,X)dA1(t|X)<oo}.

This is the same right-censoring tangent space that appears in the competing-event case.
What is different here is the additional post-event space in (C.3). Accordingly, the C-related
observed-data tangent space in the present semi-competing model decomposes as

7'Cs§elmi - 7—C,pre,1@7—(},post,17 (04)

where T post.1 1 the part of Tpest 1 generated by the post-event distribution of (C, R,Y).

The direct sum in (C.4) requires an additional orthogonality argument in the following. Let
Fore = 0(A, X, T,0) be the information contained in the pre-event observation pattern. For
a stopped pre-event censoring score S¢ pren(O), We can write

Sepmen(0) = 1(A = 1) [1(5 — W, X) — / (e X) dAL (| X)] ,

and hence Sc¢ pre s is measurable with respect to Fp... By contrast, every conditional post-
event score has mean zero given the pre-event pattern. For

Y

k
Spost,v<0> - 1(A = 1) [Z 1(5 - 17T = j)vj(Wj’X) + 1(5 - 3)”00(}/, X)

J=0

by definition we have E{Spostv(O) | Fpre} = 0. Therefore, for every stopped pre-event
censoring score and every conditional post-event score,

E{SC,pre,h(O)Spostw(O)} =F [SC,pre,h(O)E{Spost,v(O) | ]:pre}] =0.

Thus the stopped pre-event censoring score space is orthogonal to the conditional post-event
score space, and this orthogonality also justifies deriving the post-event pseudo-outcome
separately from the pre-event censoring martingale projection.
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Step 3: post-event canonical gradients and construction of U;. Fix j < k and
condition on the block {§ = 1,7 = j}. This block is the same as conditioning on {1 =
J,C > j}. We further define B; = 1(C > k, R = 1) for ease of notation. B; denotes whether
an outcome Y is observed within each block {6 = 1,7 = j}. We have

E(B”(S:l,f:j,A:l,X) = pr(C>kR=1|C>jT=jA=1X)
= wi;(X)r;(X), (C.5)

where

wi(X)=pr(C>k|C>jT=jA=1X)=

and
rj(X)=pr(R=1|C>kT=5A=1X).
We can write the post-event target mean in this block as
EBY|6=1T=jA=1X
pns(x) = ZBY 0= LT = ).
EB;j|éd=1T=jA=1X)

Because the full tangent space is a direct sum of the component score spaces, we now perturb
only the conditional distribution of the observed post-event block in {§ = 1,T = j,A =
1, X'}, and hold all other likelihood factors fixed to derive the post-event canonical gradients.
Let the score for this conditional post-event submodel be sy ;(W;, X), with

E{s;;(W;,X)|6=1,T=4jA=1,X}=0.
Write the perturbed numerator and denominator as
N.=E.(B)Y |6=1T=3jA=1,X), D.=E.(Bj|6=1,T=jA=1X).
Then p ;. = N:/D.. Differentiating, we have
N=FE(B;Ys;|6=1T=35A=1X), D=E(Bjs;|0=1T=jA=11X).

By the quotient rule,

. N — j1.:(X)D
f (X)) = g( )
B; -
= F J Y — (X (W, X)|6=1,T=45A=1,X]|.
Wl,j(X)ﬁ,j(X){ :“LJ( )}5173( Jo ) ) 7 5

Therefore the canonical gradient in the 7" = j post-event block is

o3(0) = LY < ()
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In the no-event-through-%£ block, 6 = 3 implies T' > k and C' > k, and thus Y is fully
observed, so the canonical gradient is just

e (0) =Y — p100(X).

1,00

Combining these two parts of the canonical gradient and define the following post-event
pseudo-outcome

: e s 1(C >k, R=1)
1(0) = 10 =Y + 310 = LT =) [y (0) + LTy = (0

J=0

The blockwise construction also gives the correct derivative contribution to p,(X). For a
post-event score s ; in the block {6 = 1,7 = j}, we have

AU,
Gi(T | X)

1((5 = ]_,T :j)SLJ‘(Wj,X) ‘ A= 1,X] = pl"(T :j | A= 1aX)ﬂLj(X)7

P =1T=j|A=1X)=p(T=5C>j|A=1X)=pr(T =j| A=1X)G(j | X),
and T = j on this block. Therefore the factor Gy(j | X)~' converts the observed block
probability into the full event-time probability. Similarly, for the no-event block,

AU,
G\(T'| X)

1(6 = 3)s1..0(Y, X) ) A= 1,X] —pr(T > k| A=1,X)ji0(X).

Thus the pseudo-outcome term has the correct pathwise derivative with respect to all condi-
tional post-event distributions. Intuitively, U; has absorbed the post-event censoring struc-
ture. The remaining problem is that 7T itself is observed only when A = 1.

Step 4: reduction to an ordinary right-censoring problem. After Step 3, the rel-
evant treated-arm full data reduce to (X,T,m;(T, X)). The corresponding observed-data
representer is Aﬁl(O), with inverse-probability-of-censoring correction. The remaining nui-
sance is therefore only the stopped pre-event censoring process. Let

$1(0) = dMg, (t) — (X)),

ATL(0) /fmwx>
S GUT X))

Gi(t| X)

where

The reduction relies on two conditional expectation identities. First, by the definition of ﬁl,

E{U, | T,A=1,A=1,X}=m(T,X).
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Second, by independent censoring,

pl_ AU ‘ T,A=1,X% = m (T, X).
Gi(T | X)

Therefore,

AU, B B B B
E {m ( A= 1,X} — E{m(T,X)| A=1,X} = i (X).

Also,

E{ 0 %dz\@l(n ) T,Azl,X} —0,

so the martingale augmentation does not alter the conditional mean but changes the element
to make it orthogonal to the pre-event censoring tangent space. Therefore, the reduced
gradient ¢;(O) satisfies

E{¢1(0)Sh(0) | A=1,X} =0

for every Sy, € Te preq- Thus ¢1(O) belongs to the orthocomplement of the pre-event censor-
ing tangent space. Since it also represents the pathwise derivative of the reduced parameter
w1(X), it is the efficient influence function for the treated-arm reduced problem.

Step 5: projection through treatment assignment. We finally return to the full
observed-data model. Since E{¢1(O) | A = 1,X} = 0, the arm-specific observed-data
gradient lifts to the full model as

A

Dl(O) = 61<X)

$1(0) + p(X) — pia.

The term A/e;(X) restricts the conditional gradient to the treated arm, and gy (X) — py is
the contribution from the marginal distribution of X. Moreover, D; is orthogonal to the
treatment score space

Ta = {(A - er(X))b(X) : B{b*(X)} < oo},
because F{¢(0) | A=1,X}=0and F{A—¢;(X)| X} =0.

This proves the EIF (4.7) for the treated arm a = 1. The same argument applies to a = 0,
and subtracting the two arm-specific EIFs yields D.(O) = D1(O) — Dy(O).
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