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ABSTRACT OF THE DISSERTATION

Essays on Asymmetric Information, Liquidity, and Unemployment

By

Ayushi Bajaj

Doctor of Philosophy in Economics

University of California, Irvine, 2017

Professor Guillaume Rocheteau, Chair

Decentralized markets where assets are useful as medium of exchange are also usually subject

to private information. In the first chapter, I analyze how adverse selection affects liquidity

and prices in such markets by studying the Shi (1995) and Trejos and Wright (1995) model

with Lucas trees under adverse selection. While most studies focus on either pooling or

separating equilibrium, I adapt the undefeated equilibrium refinement to make the selection

based on fundamentals. Under pooling, the high-quality asset accepts a pooled price, and

under separating is willing to signal quality through retention. A negative shock to the

quality or quantity of lemons implies a switch in regime from no-information (pooling) to in-

formation revelation (separating) which leads to a discontinuous fall in aggregate welfare. In

the second chapter I apply insights from the first chapter to help account for the debasement

puzzle by interpreting Lucas trees as commodity money of different weights. Debasements

constitute a puzzle under standard price theory because people voluntarily exchanged heavy

coins for lighter ones; the difference being kept as seigniorage. To resolve this, I adopt Velde,

Weber and Wright (1999) featuring a decentralised market with private information on in-

divisible coins. To disentangle indivisibility from imperfect recognizability, I use a proxy for

divisibility by allowing lotteries on coins in trade. Indivisibility accounts for debasement if

agents need a medium of exchange for low-value goods, for which heavy coins would not be

traded. And, even a small degree of imperfect recognizability provides incentives for debase-

x



ment due to adverse selection. Finally, in the third chapter I model household’s portfolio

choice with an endogenous supply of assets under uncertainty to analyze its effect on real in-

terest rates and unemployment. Asset returns typically reflect a risk and liquidity premium,

the size of which depends on the state of the economy. This in turn affects unemployment

as firms respond to interest rates. In this chapter, I explicitly model demand and supply

of liquid assets under uncertainty. Households adjust their portfolios depending on their

liquidity needs, and supply of liquid assets is affected by firms’ entry decision. An increase

in aggregate uncertainty raises interest rates, thereby fewer firms enter, and if accompanied

by a fall in productivity, unemployment rises by even more. A self-financed private asset

purchase program can increase liquidity but leaves unemployment unchanged.
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Chapter 1

Undefeated Equilibria of

Shi-Trejos-Wright under Adverse

Selection

Markets where assets are valued, in part, for their liquidity role as media of exchange are

also usually subject to private information. Examples range from commodity money in

Medieval Europe where clipping of coins was rather common to counterfeit bank notes that

circulated in pre-Civil War United States. More recently in financial markets, examples

of such assets include Asset-Backed Securities and Collaterized Debt Obligations that are

useful as collateral in repo transactions. In such transactions, the holder typically has more

information about its quality, as has been documented by Plantin (2009).1 Moreover, adverse

selection has also been put forward as an explanation for the recent financial market crisis of

2007-2008 by reducing the ability of investors to use these assets as collateral (Tirole, 2012).

1“In the case of CDOs, this proprietary information would typically feature detailed information about
the pool of borrowers, for instance about the evolution of the number of delinquencies”. – Plantin (2009)
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In this context, I analyze how adverse selection affects markets where assets have a liquidity

role as media of exchange. To do so, I apply the decentralised market model by Shi (1995)

and Trejos and Wright (1995) where assets play an explicit liquidity role as in OTC markets.

I depart from the original framework and assume that instead of fiat money which is intrin-

sically useless, these assets are durable Lucas (1978) trees differing in fruits yielded every

period. To capture the effect of adverse selection on liquidity I assume that asset holders

are privy to information on asset’s future dividend flow and they make take-it-or-leave-it

offers to sell the asset in bilateral meetings.2 They are also allowed to offer lotteries on their

assets, which acts as a proxy for divisibility as in Berentsen, Molico and Wright (2002).

Thus, bargaining takes the form of a signaling game.

In similar environments, it is typical to focus exclusively on either pooling (Velde, Weber and

Wright, 1999) or separating equilibria (Rocheteau, 2011; Nosal and Wallace, 2007).3 This

chapter’s key contribution is to identify conditions on fundamentals that determines the

equilibrium as pooling (where no information is revealed during trades) or separating (where

information is revealed but at a cost). To do so, I apply the undefeated equilibrium refinement

by Mailath, Okuno-Fujiwara and Postlewaite (1993). It can be shown that the undefeated

equilibrium selects between separating and pooling equilibrium based on maximizing the

high-quality asset holder’s surplus which adds to its intuitive appeal. When the fraction of

lemons is low then the equilibrium is pooling, and when there are many lemons then the

equilibrium regime switches to separating.

Under the pooling equilibrium, both assets trade at the same rate at an expected price.

Under the separating equilibrium, the high quality asset holder retains her asset to signal

2This trading protocol as opposed to letting buyer of the asset make the offer ensures that the asset will
have a liquidity value even under complete information.

3In different environments, for example Araujo and Shevchenko (2006) with two-sided informational
asymmetry and correlated beliefs about quality, both pooling and separating exist for different parameter
values.
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quality i.e. she keeps “skin in the game”.4 For the signal to be credible, retention should

be prohibitively high for lemons such that they are better sold than retained. Based on this

selection criteria, a shock such that a fraction of high quality assets become low quality leads

to a switch in equilibrium regime from pooling to separating. Moreover, this switch can also

be purely driven by self-fulfilling beliefs in the region with multiple equilibria.

The switch from pooling equilibrium to separating following a shock to quality is reminiscent

of Gresham’s Law, as it is the presence of excess lemons (“bad money”) which drives many

high quality assets (“good money”) out of the market in the separating equilibrium. For

example if the asset is a mortgage-backed security, then such a shock could be captured by

an event that causes the underlying mortgage of a fraction of these securities to lose value.

The occurrence of the shock is common knowledge but not its location i.e. agents in the

economy know that the average quality of mortgages has fallen, but they do not know who

holds the “good” asset and the “bad” asset. And, if the shock is big enough to cause a

switch from pooling to separating characterized by asset retention, then it leads to a drop

in velocity of the high quality asset leading to a discontinuous fall in aggregate output and

welfare. Thus, this switch can help explain such observations during the recent financial

crisis of 2007-08.

From a theoretical standpoint, in similar environments a common refinement used is the

Intuitive Criterion by Cho and Kreps (1987) which only selects the least-cost separating

equilibrium, such as in Nosal and Wallace (2007) and Rocheteau (2011).5 However, con-

sidering pooling equilibrium by broadening the refinement criterion is reasonable for the

following reasons. First, consider the case when there are very few lemons or when the

4The still growing empirical literature testing retention as a signal of asset quality is mixed. Garmaise
and Moskowitz (2004) and Agarwal, Chang, and Yavas (2012) do not find a strong evidence, but Begley
and Purnanandam (2016) find some consistent evidence. They show that RMBS dealing with a higher level
of unsold equity tranche have significantly lower foreclosure rates. Adelino, Gerardi, and Hartman-Glaser
(2016) and Fuchs, Green, and Papanikolaou (2016) also find evidence that assets of better quality take longer
to sell.

5In Rocheteau (2011) Section 5.1, undefeated equilibrium also always selects separating equilibrium pro-
vided that bond holdings is not too small.
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quality of lemons is close to that of the high quality asset. In this case, if the high quality

asset holder pools with the lemons, then the expected price of the asset bundle is close to the

actual value of the high type asset but by separating she has to take a discontinuous drop in

price. As a result, she might get a higher surplus by pooling than separating. Second, if all

agents and types are better off pooling then separating is Pareto dominated. The buyer when

forming her beliefs should acknowledge these features, and accept the pooling offer. Third,

in the special case when lemons have no value (for instance if it is a counterfeit which is fully

confiscated by the sovereign each period as discussed in Nosal and Wallace, 2007), focusing

only the separating equilibrium, implies that the market shuts down, as the high quality

asset holder cannot successfully separate. However, this might be an extreme outcome as

shown in Berentsen, Mcbride and Rocheteau (2014) through a lab experiment. They find

that even when counterfeiting is costless, the trade volume becomes small but market never

fully shuts down, supporting the existence of pooling - the only equilibrium that can sustain

a market in this case. This builds a case for a refinement that encompasses the commonly

used Intuitive Criterion but also allows for pooling. The undefeated equilibrium refinement

from Mailath, Okuno-Fujiwara and Postlewaite (1993) does exactly this, by requiring beliefs

about out-of-equilibrium actions to be valid only if those actions correspond to an alternative

equilibrium.

In the first part of the chapter, I take the value of assets as given and apply the undefeated

equilibrium refinement to the one-period bargaining game which results in a unique equilib-

rium.6 When the fraction of lemons is small enough, then pooling equilibrium exists; it is

optimal to pool for the high quality asset holders as the expected value of their asset is close

to its actual value. But, when there are many lemons then separating equilibrium exists;

the expected value is low and it is better for the high quality to separate by retaining assets.

In the second part of the chapter, value of assets is determined endogenously, defined as the

capital loss to the asset holder if she gives up her asset. The bargaining outcome i.e. whether

6Except in a knife-edge when the high-quality’s surplus from pooling and separating are equal.
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asset holders pool or separate affects the value of asset, and the outcome during bargaining

itself depends on this value. This strategic complementarity gives rise to a region of multiple

equilibria in the dynamic model. Thus, the change in regime from pooling to separating can

also be driven by purely self-fulfilling expectations.

This chapter builds on the rich literature that spurred after the seminal work by Akerlof

(1970). For the equilibrium notion this chapter borrows from Cho and Kreps (1987), Mailath,

Okuno-Fujiwara and Postlewaite (1993) and Farhi and Tirole (2015).7 See Riley (2001) for

a survey on different equilibria in signaling games. Since I am interested in studying the

effects of adverse selection on assets that have a liquidity role as media of exchange, this

chapter is based on the work by Diamond (1982), Kiyotaki and Wright (1989), Shi (1995)

and Trejos and Wright (1995) and is related to Duffie, Gârleanu and Pedersen (2005).8 See

Nosal and Rocheteau (2011) and Lagos, Rocheteau and Wright (2015) for a detailed review.

Such monetary models are particularly useful as it values assets not only for their rates of

return but also for their liquidity services. This makes such models well suited to study the

effects of adverse selection on liquidity and prices in asset markets.

The closest paper to study effects of adverse selection in such asset markets is Rocheteau

(2011). The chapter builds on Lagos and Wright (2005) as its focus is on portfolio choice

between risk-free bonds with complete information and Lucas trees that have uncertain (and

fluctuating) dividend flows with private information by holder. Moreover, the chapter applies

the Intuitive Criterion refinement and obtains only separating equilibrium for exchange of

Lucas trees. Sensitivity analysis by applying the undefeated equilibrium refinement is also

carried out, but the presence of a large enough quantity of bonds in the portfolio upholds the

separating equilibrium chosen by the Intuitive Criterion as the only undefeated equilibrium.9

7Fahri and Tirole (2015)’s trade maximizing equilibrium is the PBE that maximizes both the probability
of trade and the welfare of the party making the offer.

8Trejos and Wright (2016) explores conections between Shi-Trejos-Wright and Duffie-Gârleanu-Pedersen.
9Madison (2016) by applying the undefeated equilibrium in a similar environment but without risk-free

bonds can get pooling outcomes in equilibrium.
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This chapter does not analyze agent’s portfolio choice, taking asset holdings as given in a

Shi-Trejos-Wright environment. This allows us to analyze assets of ex-ante heterogeneous

quality or with long-lived information and examine effects on their liquidities and values.

And, applying the undefeated equilibrium refinement yields both pooling and separating

outcomes in equilibrium which depends on model primitives.

Nosal and Wallace (2007) builds a model with counterfeiting of currencies in a similar frame-

work but the equilibrium refinement used is the Intuitive Criterion which rules out all pooling

offers in this context. They therefore focus only on separating equilibrium. Moreover, as

shown in Li and Rocheteau (2011) and Li, Rocheteau and Weill (2012) applying the Intuitive

Criterion in that game can be erroneous as it is not a pure adverse selection model - pro-

duction of lemons/counterfeiting is endogenous. Other papers in this literature that focus

only on pooling equilibrium include Velde, Veber and Wright (1999). They build a model

on commodity money with adverse selection and without lotteries. This rules out signaling

possibilities, and the focus is on pooling equilibrium.

Other papers focusing only on separating equilibrium albeit in a competitive search environ-

ment include Guerrieri, Shimer and Wright (2010) where there are two signaling margins:

one, is along the extensive margin through market tightness and second, along the intensive

margin by asset retention as in this chapter. They focus on the former as the latter is in-

efficient in their framework. Williams (2016) looks at both margins of signaling. Besides,

separating equilibrium is inefficient when there are few lemons. By applying the undefeated

equilibrium notion, the present chapter can address this inefficiency. Delacroix and Shi

(2013) also works with competitive search and allows asset holders to post contracts thereby

signaling their types which is endogenous. As shown in Stacey (2015), relaxing commitment

to posted prices prevents sellers from using price posting as a signaling device to direct

buyers search, making listing fees desirable.
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Other papers that have looked at adverse selection in asset markets generate semi-pooling or

pooling outcomes along with separation by including other dimensions of private information

or by changing agents preferences. For example, Chang (2012) generates semi-pooling by

also including private information about trading motives rather than just on the quality of

assets. Thus, distressed sellers in her model would rather pool with the lemons than not

trade. In a similar setting however, Williams (2016) finds an equilibrium in which types

with two dimensions of private information fully separate by using two signals: retention

and market tightness. In Camargo and Lester (2014) the high type accepts a low price if

she is impatient and pools, and in Chari, Shourideh and Zeltin-Jones (2014) agents pool for

reputation concerns. Chiu and Koeppl (2016) gets pooling outcomes for worthless lemons

and good assets whose valuation by their owner falls. In Delmei and Li (2016) agents

pool when the drop-out risk is high. In the present chapter, there is a stationary common

(endogenous) value of assets to all agents, and they sell them for liquidity needs which is

again constant across time. In particular, the equilibrium outcome does not rely on dynamics

of the lemons problem or trading motives which do not change over time. It instead relies

on other model fundamentals such as severity of the lemons problem i.e. measure of lemons

and the discrepancy between the two assets.

Some other related papers that incorporate private information in search-theoretic models

have done so in different forms. For example, Williamson and Wright (1994) and Berentsen

and Rocheteau (2004) build a model with private information on the good but not the as-

set used in exchange. Trejos (1997) studies a version of Williamson and Wright (1994) by

ruling our direct barter. Li, Rocheteau, Weill (2012) looks at incentives for fradulent asset

practices in a similar environment where assets are valued for liquidity. In order to capture

such incentives they focus on moral hazard issues and not adverse selection. Lauermann and

Wolinksy (2016) finds that information aggregation is worse in sequential search models than

common-value auctions. Choi (2015) works on imperfect information transmission and ad-

verse selection and finds that information suppression is optimal when trading opportunities

7



are scarce. Shao (2014) extends Guerrieri, Shimer and Wright (2010) to study counterfeiting

in competitive search and gets a non-existence result. Lester, Postlewaite and Wright (2012)

analyzes recognizability and acceptability as qualities in media of exchange. Trejos (1999)

studies how a lemons problem affects the purchasing power of money. In Ennis (2008) pri-

vate information about willingness to pay for good makes money useful even when sellers

of goods have all the bargaining power, and applying the undefeated equilibrium results in

semi-pooling. Araujo and Shevchenko (2006) has two-sided informational asymmetry and

correlation of private experiences that evolve through learning. This leads to pooling in some

cases (when probability of meeting an optimistic buyer is low) and separating in others even

when out-of-equilibrium beliefs satisfies the Intuitive Criterion. Li (1998, 1999) analyzes how

private information concerning the quality of consumption goods can motivate the role of

intermediation. Li (1995) introduces private information to Kiyotaki and Wright (1989) in

terms of qualitative uncertainty concerning the good which would be the unique medium of

exchange. Tomassi (1994) studies effects of inflation as less well-informed consumers allows

firms to increase their markups.

Another related work is by Gorton and Ordonez (2014) where they model an exogenous

cost of information acquisition to formalize the idea of a switch from information insensitive

(similar to the pooling equilibrium) to information sensitive (separating) debt as a theory of

financial crises. In the present chapter, there is an arguably similar information revelation

cost of signaling quality through asset retention. Similar to their baseline version, the decision

to acquire information (or reveal as in this chapter) which triggers the switch, depends on

the fraction of lemons in the economy. But, since information insensitive debt carries beyond

one period (unlike in my model), the switch depends not only on the size of the shock but

also on the length of credit boom.

The rest of the chapter is organized as follows: Section 1.1 presents the physical environment.

The bargaining game is studied in isolation in Section 1.2 and is embedded in the general

8



equilibrium structure in Section 1.3. Section 1.4 concludes. The proofs to all propositions and

lemmas are in Appendix A.1 and further details on equilibrium refinements are in Appendix

A.2.

1.1 Environment

The monetary search framework is based on Shi (1995) and Trejos and Wright (1995) with

divisible consumption goods and asset holdings in {0, 1}. The time horizon is infinite and is

indexed by t ≥ 0. There is a continuum [0, 1] of infinitely lived agents who discount future

at rate r. Define β ≡ (1 + r)−1 as the agent’s discount factor.

There is a large number of perfectly divisible and perishable goods Agents get utility u(q)

from consumption (and dis-utility c(q) from production) of q ∈ R+ units of the good. Assume

that u(q) and c(q) are continuously differentiable and strictly increasing. Furthermore, u(q)−

c(q) is strictly concave, u(0) = c(0) = 0, u′(0) = ∞ and there exists q∗ > 0 such that

u′(q∗) = c′(q∗).

To generate trade possibilities, assume that agents do not like their own goods. Instead,

they wish to consume goods produced by some other agents with whom they can trade in

a decentralized market. However, the meetings in these markets are anonymous and agents

cannot commit to future actions. There is no enforcement or record-keeping technology

hence credit arrangements are infeasible and all trade arrangements must be quid pro quo.

This generates a role for a medium of exchange.

In this economy, therefore, there are also indivisible, durable and storable Lucas (1978) trees

that can potentially serve as media of exchange. Initially, A < 1 agents are endowed with

one unit each of these trees. Thus, asset holding for each agent ∈ {0, 1}. Trees come in two

varieties: l-type which yields low fruit (or dividend) offering utility flow equal to γl > 0 to
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the owner every period and h-type which yields a higher fruit (or dividend) offering utility

flow γh > γl ≥ 0.10 Agents with trees are called asset holders (or asset sellers or goods

buyers) and those without trees producers or (asset buyers or goods sellers). There are Ai

asset holders each with a singe tree of type i, so that Ah +Al = A and N = 1−A producers

with no trees. Let πi = Ai/A be the fraction of i ∈ (h, l) type asset holders.

Agents meet bilaterally in the decentralized market and it is assumed that only asset hold-

ers and producers meet each period. In particular, two asset holders (to maintain {0, 1}

asset holdings) or two producers (it will be unfruitful) never meet. The probability of a

single-coincidence match for an asset holder is α(N/A) i.e. she likes the good produced.

The probability of a single coincidence match for an agent without tree is α(N/A)/(N/A).

We assume that α(N/A) is continuously differentiable, strictly increasing and concave. Fur-

thermore, α(0) = 0, α(∞) = 1, α′(0) ≤ 1. An example is α(N/A) = N = 1 − A and

α(N/A)/(N/A) = A.11 Conditional on being matched, the producer meets a type-h asset

holder with probability πh = Ah/A and a type-l with complementary probability πl = Al/A.

Furthermore, during a match producers cannot detect the difference between trees of type

h and l. So, during the bilateral meeting, the asset holder has private information on the

quality of the tree being offered. After matches are terminated, and if trade was executed

the producer can determine the quality of her tree holdings as she earns dividend on the tree

next period.

Terms of trade in bilateral matches are determined by a take-it-or-leave-it offer by the asset

holder to the producer. If the producer accepts the offer, trade is executed, otherwise the

asset holder and producer split apart and trade is not executed. The offer made specifies

10We can even assume that the dividend flow is negative (γl < 0). This would imply that the tree has a
storage cost.

11Consider a constant returns to scale matching functionM(A,N). The matching probability of an asset
holder is then α =M(A,N)/A and of a producer isM(A,N)/N = α/(N/A). Functional forms that satisfy
the assumptions above are α(τ) = 1− exp(−xτ) where x ∈ (0, 1], τ = (1−A)/A or α(τ) = τ

1+τ = 1−A and
α(τ)/τ = A. The latter is derived from the matching function M(A,N) = AN/(A+N).
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a pair (q, p) where q is the quantity of the good to be traded and p is the probability of

trading the tree. In other words, the asset holder asks the producer to produce q units of the

good in exchange for the tree which the producer would receive with probability p. Allowing

agents to offer lotteries on their assets, acts as a proxy for divisibility (Berentsen, Molico

and Wright, 2002) and allows a meaningful analysis of bargaining as a signaling game by

allowing two-dimensional offers as in Nosal and Wallace, 2007.12

1.2 The Bargaining game

In this section the one-period bargaining game between an asset holder and a producer is

described. Let ωi represent the value of high or low type asset to its holder i ∈ {h, l} in a

period. Here take the value of assets as given and assume that ωh > ωl ≥ 0. The equilibrium

of the bargaining game will later be embedded in the dynamic model to derive ωh and ωl.

An asset holder is one of two possible types: holding the h-type tree which occurs with

probability πh, or holding the l-type tree which occurs with probability πl = 1− πh.

A strategy for the asset holder specifies an offer (q, p) ∈ R+ × [0, 1] as a function of her

type, where q is the output that the producer would produce and p is the probability of

transferring the tree to the producer and it gives a notion of asset liquidity or velocity.

Producer’s strategy is an acceptance rule that specifies the set of acceptable offers A.

Expected payoff to i-type asset holder in a period is: [u(q) − pωi] IA(q,p) where IA(q,p) is an

indicator function equal to 1 if (q, p) ∈ A. If an offer is accepted then the asset holder realises

her utility of consumption, u(q), net of the utility she forgoes by transferring her tree with

probability p to the producer, −pωi. The producer’s payoff is: [−c(q) + pωi] IA(q,p) and it

depends on the asset holder’s type.

12In search theoretic models with indivisible money and complete information, the use of lotteries acts as
an imperfect proxy for divisibility of money: it allows larger gains from trade and it eliminates some trade
inefficiencies arising from indivisibilities (Berentsen and Rocheteau, 2002).
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Complete Information

Consider first, a full or complete information game, where the producer observes the type

of tree held by its holder as a benchmark. The optimal offer (qci , p
c
i), where c stands for

complete information, maximizes the surplus of the asset holder given her type i ∈ {h, l}

subject to the participation constraint of the producer, i.e.,

(qci , p
c
i) = arg max

q,p∈[0,1]
[u(q)− pωi] s.t.− c(q) + pωi ≥ 0. (1.1)

The solution to (1.1) is:

qci = min[q∗, c−1(ωi)], (1.2)

pci = min[c(q∗)/ωi, 1]. (1.3)

Recall that q∗ solves: u′(q∗) = c′(q∗). In the full information case, the output produced is

efficient if it is equal to q∗. However, there is a possibility of low trade (qci = c−1(ωi) < q∗ )

when agent’s tree holdings falls short and to achieve q∗ the asset holder would have to hold

greater than 1 unit of tree.

Also note that in a full information match, the h-type tree gets a weakly higher output than

the l-type (qch ≥ qcl ) while her asset circulates at a lower rate (pch ≤ pcl ). The first result is

by virtue of being a good quality tree and the second is because an asset holder with a good

quality tree wants to hold on to it, while an asset holder with a low quality tree is happy to

trade it away.

Perfect Bayesian Equilibrium

Now consider the case when information about the quality of tree is private to its holder.

The producer now has to form beliefs about the type of asset holder she meets based on

her information set which is the observed offer made by the asset holder. Let E(ω|(q, p))
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represent the posterior belief about asset’s expected value to the producer conditional on the

offer (q, p) made. For now consider only pure strategies in a Perfect Bayesian equilibrium.

If (q, p) corresponds to an equilibrium offer, then E(ω|(q, p)) is derived from the producer’s

prior belief according to Bayes’ rule. If (q, p) is an out-of-equilibrium offer then the producer’s

belief is arbitrary.

For a given belief system, a producer’s acceptance rule is defined as: A(q, p) = {(q, p) :

−c(q) + p{E(ω|(q, p))} ≥ 0}. In words, for an offer to be acceptable, the producer’s dis-

utility of production must be compensated by the expected value of the tree transfer she

receives. Assume that a producer accepts any offer that makes her indifferent between

accepting and rejecting a trade. The problem of an asset holder holding a unit of tree of

type i ∈ {h, l} in an uninformed meeting is:

max
q,p∈[0,1]

[u(q)− pωi]IA(q,p), (1.4)

which states that the asset holder chooses her offer (q, p) such that her trade surplus is

maximized i.e. utility from consumption of q units of goods minus the probability, p of

trading away the asset valued at ωi, given that the producer accepts her offer. There could

be multiple Perfect Bayesian equilibria that solves (1.4). Let us first characterize the full set

of equilibria. To do so, first solve (1.4) under the worst possible belief by the producer i.e.

the asset holder is type-l no matter the offer made. In this case, the l-type simply makes

her complete information offer, (qcl , q
c
l ) and the h-type solves:

(qlh, p
l
h) = arg max

q,p∈[0,1]
[u(q)− pωh] s.t.− c(q) + pωl ≥ 0. (1.5)

The offer (qlh, p
l
h) gives the least surplus the h-type asset holder can make in a meeting, so

the surplus she gets under any other offer has to be at least as much in this case. Now we

characterizes the set of all Perfect Bayesian equilibria in the following Proposition.

13



Proposition 1. The full set of Perfect Bayesian Equilibria for the problem described in (1.4)

includes a set of offers for the two asset holders, (qh, ph) ∈ [0, q∗]×[0, 1] and (ql, pl) ∈ [0, q∗]×

[0, 1] and the producer’s belief about the asset type, E(ω|(qi, pi)) satisfying the following:

(i) l- type asset holder’s individual rationality:

u(ql)− plωl ≥ u(qcl )− c(qcl ), (1.6)

where, qcl is given by (1.1),

(ii) h- type asset holder’s individual rationality:

u(qh)− phωh ≥ u(qlh)− c(qlh)
ωh
ωl
, (1.7)

where, qlh is given by (1.5),

(iii) producer’s participation constraint:

−c(qi) + piE(ω|(qi, pi)) ≥ 0,∀i ∈ {l, h}, (1.8)

where,

E(ω|(qi, pi)) =


ωh if (qi, pi) satisfies (1.7) and violates the strict part of (1.6)

πhωh + πlωl if (qi, pi) satisfies (1.6) and (1.7)

ωl if (qi, pi) satisfies (1.6) and violates (1.7).

(1.9)
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Figure 1.1: Pooling equilibrium is undefeated
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Figure 1.2: Separating equilibrium is undefeated

For any out-of-equilibrium offer (q, p) the producer thinks that it came from type-l.

To prove that all the offers that satisfy the above conditions are Perfect Bayesian equilibria,

we need to check if the actions of the two types of asset holders and the producer satisfy

sequential rationality which requires that offers made by asset holders are best responses

given producer’s acceptance rule. The producer optimally chooses to reject or accept offers

given her belief. Finally, her beliefs about observed actions satisfies Bayes rule, and is

arbitrary for out-of-equilibrium offers.

The above result is illustrated in Figure 1.1 (or 1.2). The curve U e
p represents (p, q)-pairs that

give zero surplus to the producer if she expects to meet h-type asset holder with probability

πh and l-type with probability πl, i.e. each (p, q) pair on U e
p satisfies p(πhωh+πlωl)−c(q) = 0.

Similarly, each (p, q) pair on Uh
p satisfies pωh−c(q) = 0. Points to the left give positive surplus

to the producer, and right give negative surplus. The other two curves represent the asset

holders least possible surplus i.e. under the producer’s worst belief that the asset holder she

meets is of l−type. Each (p, q) pair on U l
a curve represents u(q)− pωl = Scl ≡ u(qcl )− pclωl,

and each (p, q) pair on Uh
a curve represents u(q)− pωh = Sh ≡ [u(qlh)− plhωh], where (qlh, p

l
h)

is given by (1.5). The surplus is positive to the right of these curves.
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Figure 1.3: Value of lemon is zero: Only pooling equilibria exists

The set of all pooling equilibrium offers (where both l and h-types make the same offer)

denoted by P in the figure lies above U e
p and below U l

a and Uh
a . The first requirement satisfies

producer’s participation constraint (1.8), and the second ensures that both asset holders

have an incentive to pool satisfying (1.6) and (1.7). The set of all separating equilibria offers

(where both types make different offers) for the h-type asset holder denoted by S in the figure

has to satisfy producer’s participation constraint, (1.8) incentive compatibility of the l-type

(she should not have an incentive to imitate the offer i.e. violate the strict part of (1.6))

and give a higher surplus to h-type than her lowest possible surplus, Sh, i.e. satisfy (1.7).

Therefore, it has to be above Uh
p and U l

a and below Uh
a . The l-type’s separating equilibrium

offer is her complete information offer and she stays along U l
a (the set S represents the

h-type’s offers).

Figure 1.3 represents the set of all pooling equilibria for the special case when the value of

the lemon is zero, i.e. ωl = 0. In this case, only the pooling equilibria exists given by set P

in the figure. Finally, the difference in Figures 1.1 and 1.2 is the probability of being l-type,

πl which affects E(ω) reflected in U e
p . In Figure 1.1, πl is low and U e

p is closer to Uh
p and in

Figure 1.2, πl is high and U e
p is closer to U l

p and away from Uh
p . Thus, as πl rises, the set

of pooling equilibria shrinks. This observation will be useful when we apply the equilibrium

refinement.
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Undefeated Equilibrium

As seen above, without any restriction on out-of-equilibrium offers there exists multiple

Perfect Bayesian equilibria. Thus, it is common to apply equilibrium refinements to restrict

the set of equilibria, usually by restricting unreasonable out-of-equilibrium beliefs. We apply

the undefeated equilibrium refinement by Mailath, Okuno-Fujiwara and Postlewaite (1993)

because it encompasses the least-cost separating equilibrium of the more commonly used

Intuitive Criterion by Cho and Kreps (1987) but also allows for pooling when it is Pareto

efficient.13 Moreover, it is appealing as the selection criteria boils down to maximizing the

surplus of the high type asset holder as the next proposition characterizes.

Proposition 2. The offer {(qh, ph), (ql, pl)} is the undefeated equilibrium offer of the bar-

gaining game under private information if it maximizes [u(qh)− phωh] subject to (1.8).

The undefeated equilibrium refinement requires belief about out-of-equilibrium actions to be

valid only if those actions correspond to an alternative equilibrium, and benefits some types.

So, the proposed equilibrium is undefeated if there exists no such equilibrium offer in which

h-type has an incentive to deviate unilaterally i.e. with a separating offer subject to (1.8)

with E(ω|(qh, ph)) = ωh (as (1.6) is violated) or both agents have incentives to deviate i.e.

with a pooling offer subject to (1.8) for E(ω|(qh, ph)) = πhωh + πlωl (as (1.6) and (1.7) are

satisfied).

The proof to Proposition 2 starts by showing that among all separating Perfect Bayesian

Equilibria, only the one that maximizes the surplus of the high type is selected i.e. the least-

cost separating is undefeated. Second, among all pooling PBE, only the efficient pooling is

undefeated. Finally, between the two the one that maximizes the surplus of the high type is

chosen. Let us now discuss features of each type of equilibrium offer.

Separating Equilibrium

13See Appendix A.2 for a formal treatment of the two refinements.
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The first is the least-cost separating equilibrium offer [(qsl , p
s
l ), (q

s
h, p

s
h)] which satisfies:

(qsl , p
s
l ) = arg max

q,p∈[0,1]
[u(q)− pωl] s.t. − c(q) + pωl ≥ 0, (1.10)

and,

(qsh, p
s
h) = arg max

q,p∈[0,1]
[u(q)− pωh] s.t. − c(q) + pωh ≥ 0 and, (1.11)

u(q)− pωl ≤ u(qsl )− pslωl. (1.12)

In a separating equilibrium, i.e. (qh, ph) 6= (ql, pl), the offer made by the l-type asset holder

is her complete information offer, as she cannot do better than that. However, the h-type

asset holder faces an additional constraint (1.12) as she has to ensure that the l-type asset

holder has no incentive to imitate the h-type asset holder’s offer. In words, given ωl < ωh,

the surplus obtained by the l-type asset holder under her separating offer (which is her full

information offer) is at least as great as the surplus she gets under the h-type asset holder’s

separating offer. If the h-type deviated from (qsh, p
s
h) to another separating offer, she would

be strictly worse-off as this is her surplus maximizing offer given the constraints, thus it

satisfies Proposition 2.

The solution to the above is characterized in the following lemma.

Lemma 1. (i) If ωl > 0, then there is a unique solution to(1.11) - (1.12) and it is such that

psh =
c(qsh)

ωh
. (1.13)

u(qsh)−
ωl
ωh
c(qsh) = u(qsl )− c(qsl ). (1.14)

Moreover, qsh < qsl and psh < psl .
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(ii) If ωl = 0, then qsh = qsl = psh = psl = 0.

If ωl > 0 then the offer is separating. The h-type asset holder obtains less output than the l-

type asset holder (qsh < qsl ≤ qch), but gets a higher value in exchange, ωh > ωl by spending her

tree with a lower probability (psh < pch < psl ). From the producer’s participation constraint

in (1.10) and (1.11), trading price of an asset can be expressed as qsh/p
s
h = ωh > ωl = qsl /p

s
l

(for c(q) = q). In Figure 1.2, point A represents the least-cost separating equilibrium for the

high type, (qsh, p
s
h) as it is the highest Uh

a that can be achieved in set S. If ωl = 0 (the l-type

asset can be interpreted as a counterfeit with full confiscation) then no output is produced

or consumed.14

In a separating equilibrium, the h-type asset holder reveals the quality of her asset during

trade through a costly retention mechanism i.e. she accepts a lower probability of trade as

psh < pch in order to signal that she holds a high quality asset.

Pooling Equilibrium

Next, we discuss features of the efficient pooling equilibrium offer (qp, pp) that satisfies:

(qp, pp) = arg max
q,p∈[0,1]

[u(q)− pωh] s.t.− c(q) + p(πhωh + πlωl) ≥ 0 and, (1.15)

u(q)− pωl > u(qcl )− c(qcl ) (1.16)

The pooling offer (qp, pp) is such that the surplus of the h-type asset holder is maximized

given that the producer’s surplus is non-negative when she believes that the asset comes

from l-type with probability πl and h-type with πh. If the h-type deviated from (qp, pp) to

14This case i.e. where no output is produced or consumed corresponds to the one studied in Nosal and
Wallace (2007).
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another pooling offer she would be strictly worse-off as this is her surplus maximizing offer

given the constraints, thus it satisfies Proposition 2.

Finally, we have to make sure that for the offer (qp, pp) to be part of a pooling equilibrium,

the l-type asset holder gets a surplus at least equal to her complete information surplus, i.e.

(1.16) holds. It can be shown that when the pooling equilibrium is undefeated among all

equilibria i.e. it maximizes surplus of the h-type, (1.16) is not binding. See the discussion

in Appendix A.1 under Proof of Proposition 2.

From (1.15) the terms of trade under the pooling equilibrium offer (qp, pp) satisfies:

u′(qp) =
c′(qp)ωh

πhωh + πlωl
, (1.17)

pp =
c(qp)

πhωh + πlωl
, (1.18)

if pp ≤ 1, otherwise pp = 1 and,

qp = c−1(πhωh + πlωl). (1.19)

From (1.17) and (1.19), qp < q∗ for all possible values of ωh and ωl whenever πl > 0 i.e.

output is below the efficient level. The h-type asset trades at a discount with uninformed

producers while the l-type trades at a premium From the producer’s participation constraint

in (1.15), it can be seen that trading price of both the assets are equal and can be expressed

as qp/pp = (πhωh + πlωl) < ωh (for c(q) = q). In Figure 1.1, point B represents the efficient

pooling equilibrium, (qp, pp) as it is the highest Uh
a that can be achieved in set P .

Thus, under pooling equilibrium, there is no information revelation, and the assets trade at

its expected price. Moreover, in contrast with the separating equilibrium, the terms of trade

in the pooling equilibrium are continuous in πl, and they approach the complete information

outcome as πl tends to 0.
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Equilibrium of the Bargaining Game

Now let us derive conditions on fundamentals that determines which equilibrium emerges

as the undefeated equilibrium of the bargaining game. Following Proposition 2, to choose

between the two the one that gives a higher surplus to high-type is chosen.

It is helpful to see the result diagrammatically first. Figure 1.1, is constructed for a low πl

which implies that U e
p is close to Uh

a , and in this case point B gives a higher surplus to the

h-type asset holder resulting in pooling as the equilibrium outcome of the bargaining game.

While Figure 1.2, is constructed for a high πl which implies that U e
p is away from Uh

a , and

point B or the least cost separating offer gives a higher surplus than the best pooling offer to

the h-type asset holder. Finally, if the l-type tree has no value (ωl = 0) then the equilibrium

offer is always pooling as depicted in Figure 1.3 where the set P represents all pooling offers

and point B is the best pooling offer. The following Proposition 3 formalises this discussion.

Proposition 3. For given values of ωl and ωh, (i) If ωl > 0 then there exists a threshold

value of πl ∈ (0, 1) denoted by π̂l such that the equilibrium of the bargaining game is separating

if and only if πl > π̂l and pooling if and only if πl ≤ π̂l. (ii) If ωl = 0, then the equilibrium

is pooling for all πl < 1.

On the one hand, if the probability of being an l-type asset holder is high enough then the

equilibrium of the bargaining game is separating. On the other hand, if it is sufficiently

infrequent for an asset holder to hold l-type trees then the equilibrium of the bargaining

game is pooling.

1.3 General Equilibrium

The outcome of the bargaining game in Section 3 was characterized by assuming that asset

values are given. We now embed that in the dynamic model with infinite time horizon and
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endogenize these values. The bargaining game outcome depends on the value of assets, and

the value itself depends on the offer made in the bargaining game. So, in order to satisfy

the consistency requirement in Proposition 2 we first derive the value of the two assets by

assuming that the outcome of the bargaining is separating (or pooling) and then we check

if that will indeed be the case given the values just derived.

Let Vi and Vp denote the lifetime expected discounted utility of an agent who enters the

matching process as an asset holder with one unit of Lucas tree of type-i ∈ {h, l} and as

a producer respectively. After the match terminates if the producer (asset holder) receives

(gives up) the asset i.e. if the match was successful and she actually won (lost) the lottery

she becomes an asset holder (producer) in next period when entering the matching process.

Denote by ωi ≡ β(Vi − Vp), i ∈ {h, l} the present value of the “capital gain” enjoyed by the

producer if she receives one unit of type-i tree, or the “capital loss” to the asset holder of

type-i if she gives up her unit of tree.

The Bellman equation for the value of a producer is:

Vp =απh

[
− c(qh) + phβVh + (1− ph)βVp

]
(1.20)

+ απl

[
− c(ql) + plβVl + (1− pl)βVp

]
+ (1− α)βVp.

In words, with probability απi a producer is in a match with i-type asset holder who likes

the good she produces.15 As per the type she meets, she produces qi to receive a unit of

tree with probability pi where i ∈ {h, l}. If the producer receives an i-type tree she becomes

an i-type asset holder from the next period else, she continues as a producer. Finally, with

15Note that here α is short for the single coincidence matching probability for producer meeting an asset
holder which is α(N/A)N/A.
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probability (1−α) the match is unfruitful (i.e. the producer does not produce the good that

the asset holder she met consumes) and she continues as a producer.

The Bellman equation for the value of an asset holder of type i ∈ {h, l}:

Vi =α

[
u(qi) + (1− pi)βVi + piβVp

]
(1.21)

+ (1− α)βVi

+ γi.

In words, with probability α an asset holder type-i is in a match with a producer whose good

she wants. She consumes qi and delivers her unit of tree with probability pi where i ∈ {h, l}.

If the asset holder delivers the tree she becomes a producer from the next period else, she

continues as an asset holder. With probability (1− α) the match is unfruitful (i.e. she does

not want to consume the good that the producer she met produces) and she continues as an

asset holder. Finally, the asset holder of type i also gets utility flow in the form of the tree’s

fruits (or dividend flow) γi depending on the type of tree she holds.

Throughout the analysis, stationary equilibria are considered where the quantities traded

and values of the trees are constant over time.

Definition 1.1. A symmetric steady-state equilibrium is a list {Vp, Vh, Vl, (qh, ph), (ql, pl)}

that satisfies:

(i) the solution to (1.13)-(1.14) or (1.17)-(1.19) depending on the equilibrium of the bargain-

ing game given by Proposition 2 where ωi = β(Vi − Vp), ∀i ∈ {h, l};

(ii) the Bellman equations (1.20)-(1.21);

The definition is restricted to symmetric equilibria where asset holders of the same type make

the same offer. Moreover, whether the equilibrium of the bargaining game is separating or

pooling is given under Proposition 2.
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Lemma 2. In all equilibria, Vp = 0.

Lemma 2 follows straight away from the take-it-or-leave-it bargaining protocol that leaves

the producer with no expected surplus. Furthermore, it implies that ωi = βVi.

1.3.1 Separating Equilibrium

Consider first the separating equilibrium outcome of the bargaining game given by (1.10) -

(1.12). Subtract βVi from both sides of (1.21) and use ωi = βVi.

For an l-type asset holder,

ωl =
α

r

[
u(qcl )− c(qcl )

]
+
γl
r
. (1.22)

The separating equilibrium offer in the bargaining game under private information for the

l-type asset holder is her complete information offer (qcl , p
c
l ) given by (1.2) and (1.3).

For an h-type asset holder,

ωh =
α

r

[
u(qsh)− c(qsh)

]
+
γh
r
. (1.23)

The h-type asset holder’s offer is (qsh, p
s
h) given by (1.14) and (1.13).

Thus, the value of i-type tree is the sum of its discounted liquidity value and discounted

dividend return. The value of the l-type tree is the same as in the case with no private

information while the value of the h-type tree is lower in the separating equilibrium than it

would be in the case with no private information.

A separating equilibrium can then be defined as a 6-tuple (qcl , p
c
l , q

s
h, p

s
h, ωl, ωh) that satisfies

(1.2), (1.3), (1.13), (1.14), (1.22) and (1.23).
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Proposition 4. There exists a unique ωh > ωl that solves (1.22) - (1.23) where (qcl , p
c
l , q

s
h, p

s
h)

is given by (1.2), (1.3), (1.13), (1.14).

Proposition 4 establishes the existence and uniqueness of ωh and ωl when separating offers

are made in equilibrium. It also shows that ωh is indeed greater than ωl, as was assumed in

the bargaining game. The value of trees (inclusive of the utility from the bargaining surplus

and its fruits) is higher for h-type trees than l-type.

Next, consider some comparative statics under the separating equilibrium. Let ωi(πl) denote

the equilibrium value of tree of type i ∈ {h, l} as a function of πl.

Proposition 5. Suppose ωh > ωl is true from Proposition 4, then ∂ωl

∂πl
= 0 and ∂ωh

∂πl
= 0

The fraction of l-type asset holders, πl does not affect the separating equilibrium terms of

trade and hence the equilibrium value of the trees.

The separating equilibrium just characterized might not meet the consistency requirement

of undefeated equilibrium imposed under Proposition 2. The surplus enjoyed by the h-type

asset holder under the least-cost separating offer should be greater than what she would

obtain at the efficient pooling equilibrium offer. Taking as given (ωl, ωh) just derived from

(1.22) - (1.23), the following condition must hold:

Ssh = u(qsh)− c(qsh) > Sph = u(qp)− ωhc(q
p)

πhωh + πlωl
, (1.24)

where (qp, pp) is the pooling equilibrium offer and solves (1.17) - (1.19).

Proposition 6. Given ωl and ωh from (1.22) and (1.23), there exists π̂l
s such that for all

πl > π̂l
s, (1.24) holds.

Given the value of trees l and h determined by (1.22) - (1.23), Proposition 6 states that, if

the supply of l-type trees is sufficiently high, then the separating equilibrium characterised
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above prevails as the equilibrium given by Proposition 2. Intuitively, h-type asset holders

optimally separate from the l-type asset holders only when the market has many trees of the

latter type. This makes it worthwhile for them to separate as producer’s expected value of

the tree under pooling equilibrium diminishes with many l-types in the market.

1.3.2 Pooling Equilibrium

Now pooling equilibrium is considered, where the offer made by the h-type asset holder is

imitated by all l-type asset holders The focus is on the pooling equilibrium preferred by

h-type asset holders (i.e. the efficient pooling equilibrium) for reasons discussed earlier.

We now follow the same steps as before, to obtain the value of the two types of trees in

equilibrium. Subtract βVi from both sides of (1.21) and use ωi = βVi.

For an l- type asset holder,

ωl =
α

r

[
u(qp)− ωlc(q

p)

πhωh + πlωl

]
+
γl
r
. (1.25)

For an h-type asset holder,

ωh =
α

r

[
u(qp)− ωhc(q

p)

πhωh + πlωl

]
+
γh
r
. (1.26)

Both asset holders offer (qp, pp) given by (1.17) - (1.19). Thus, the value of i-type tree is the

sum of its discounted liquidity value and discounted dividend return.

The value of the l-type tree is weakly higher in the pooling equilibrium than it would be in

the case with no private information, from (1.16). While, the value of h-type trees is lower

in the pooling equilibrium than it would be in the case with no private information, from
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a comparison of (1.1) and (1.15). This reflects that l-type assets are “over-valued” in the

pooling equilibrium.

A pooling equilibrium can now be defined as a 4-tuple (qp, pp, ωl, ωh) that satisfies(1.17) or

(1.19), (1.18), (1.25) and (1.26).

Proposition 7. There exists a unique ωh > ωl that solves (1.25) - (1.26), where (qp, pp) are

given by (1.17) or (1.19), (1.18).

Proposition 7 establishes the existence and uniqueness of ωh and ωl when pooling offers are

made in equilibrium. It also shows that ωh is indeed greater than ωl, as was assumed in the

bargaining game.

Next, consider some comparative statics under the pooling equilibrium. Let ωi(πl) denote

the equilibrium value of tree of type i ∈ {h, l} as a function of πl.

Proposition 8. Suppose ωh > ωl is true from Proposition 7, then ∂ωl

∂πl
< 0 and ∂ωh

∂πl
< 0

The fraction of l-type asset holders, πl affects the pooling equilibrium terms of trade and

hence the equilibrium value of trees unlike the case under separating equilibrium. Intuitively,

both the values fall as fraction of l-type assets increase, because the pooling terms of trade

in the bargaining game worsens for both.

Next, we check whether or not the pooling equilibrium just characterized meets the con-

sistency requirement of undefeated equilibrium as imposed under Proposition 2, just as in

the case of the least-cost separating equilibrium. The pooling equilibrium offer satisfies the

consistency requirement if the surplus enjoyed by the h-type asset holder with the efficient

pooling offer is greater than what she would obtain at her least-cost separating equilibrium.

Taking as given (ωl, ωh) just derived from (1.25)-(1.26), the following condition must hold:

Ssh = u(qsh)− c(qsh) ≤ Sph = u(qp)− ωhc(q
p)

πhωh + πlωl
, (1.27)
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where (qsh, p
s
h) is the separating equilibrium offer for the h-type asset holder and solves (1.13)-

(1.14).

Proposition 9. Given ωl and ωh from (1.25) and (1.26), there exists π̂l
p such that for all

πl ≤ π̂l
p (1.27) holds.

Given ωl and ωh from (1.25) and (1.26), Proposition 9 shows that high type asset holders

optimally pool with the low type only when the market has few trees of the latter type.

As will be discussed in the next section, the two thresholds, π̂l
p and π̂l

s need not coincide

leading to existence of multiple equilibria.

1.3.3 Multiplicity, Asymmetric Equilibrium and Sunspot Equilib-

rium

Equilibrium regions are represented using a numerical example16 and are presented in Figure

1.4. There are three regions, one where the only undefeated equilibrium is separating, another

where it is only pooling and an intermediate region where both equilibria are undefeated.

The multiplicity that arises is in contrast to the unique equilibrium outcome of the one-period

bargaining game because of the role of inter-temporal strategic complementarity between the

current offer being made and the expected future offers. If agents expect that future offers will

be pooled, they optimally choose to pool in the present match, and pooling equilibrium exists.

But, if they expect that future offers will be separating, they optimally choose to separate in

the present match, and separating equilibrium exists. This is reminiscent of the self-fulfilling

nature of monetary equilibrium. In contrast, in the region where the equilibrium outcome is

unique, say for instance in the pooling region, then if agents expect that future offers will be

pooled, they optimally choose to pool in the present match, and pooling equilibrium exists.

16Numerical examples are constructed using u(q) = 2
√
q, c(q) = q and α(τ) = τ

1+τ , where τ = N/A, so
α = N . Benchmark parametrization is r = 0.1, α = 0.6, πl = 0.5, γl = 0.4, γh = 1
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Figure 1.4: Equilibrium regions
Both equilibria exist in the intermediate white region.

But, if they expect that future offers will be separating, it is no longer optimal to separate

in the present match which means that the separating equilibrium cannot exist. Thus, only

pooling equilibrium exists in this region under the undefeated equilibrium refinement. And,

similarly for separating.

Proposition 10 below shows that the threshold below which the pooling equilibrium is unde-

feated for the general equilibrium, π̂l
p is higher than the threshold above which the separating

equilibrium is undefeated, π̂l
s. This proves that there exists multiple equilibria in a region

of the parameter space where both the equilibria are undefeated.

Proposition 10. Given π̂l
s and π̂l

p from Propositions 6 and 9, then π̂l
p > π̂l

s in (πl, γh)-

space.

The proof builds on the observation that the fraction of lemons affects value of assets in

a pooling equilibrium but not in separating (see Propositions 5 and 8). And, since lemons

are “overpriced” in the pooling equilibrium its value is closer to the high type, and so the

expected value from pooling increases and the high type is better off pooling. Thus under

pooling values, i.e. ωl, ωh given by (1.25) and (1.26) the region in which pooling equilibrium
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is undefeated is larger than under separating values i.e. when ωl, ωh are given by (1.22) and

(1.23).

Thus, for πl ∈ [π̂l
s, π̂l

p] both separating and pooling equilibrium exists. Below π̂l
s there is a

unique pooling equilibrium and above π̂l
p there is a unique separating equilibrium.

Asymmetric Equilibria

Let us now consider asymmetric equilibria where all l-type asset holders make pooling offers

and h-type is indifferent between making pooling and separating offers.17 This gives a semi-

pooling equilibrium where a fraction of h-type asset holders make their separating offers,

(qsh, p
s
h) given by (1.13) and (1.14), while the rest offer (qp, pp) that solves (1.15) with a

modified constraint. Now instead of (πhωh + πlωl), the producer’s expectation depends on

the fraction of agents pooling and separating as is derived below.

Let φ ∈ [0, 1] denote the fraction of h-type asset holders offering (qp, pp) in equilibrium. The

remaining (1− φ) fraction make their separating offer (qsh, p
s
h). φ adjusts such that:

φ


= 1 if u(qp)− ppωh > u(qsh)− c(qsh)

∈ (0, 1) such that u(qp)− ppωh = u(qsh)− c(qsh)

= 0 if u(qp)− ppωh < u(qsh)− c(qsh).

(1.28)

From Bayes’ rule,

E(ω|(qp, pp)) =
φπhωh + πlωl
φπh + πl

, (1.29)

17Given the consistency requirement, when the surplus from pooling for h-type is higher than from sepa-
rating then so is the case for l-type as discussed in Section 3. So, we do not consider cases where l-type is
indifferent between pooling and separating as in those cases the h-type strictly prefers to separate.
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φ = 1 corresponds to the case where all h-type asset holders make pooling offers and φ = 0 is

when all h-type asset holders make separating offers. The above equation gives the producer’s

expectation about the value of the tree conditional on receiving the pooling offer.

The value of an h-type asset is:

ωh =
α

r
φ

[
u(qp)− ωhc(q

p)

E(ω)

]
+
α

r
(1− φ)

[
u(qsh)− c(qsh)

]
+
γh
r
. (1.30)

The value of an l-type asset is given by (1.22) for φ = 0 and by (1.25) for φ ∈ (0, 1] (replace

πhωh + πlωl with E(ω)).

Now to check if asymmetric equilibria exists we need to check for what parameter values does

φ lie in (0, 1) i.e. h-type agents are indifferent between pooling and separating. Given other

parameters, h-type agents are indifferent for asset values such that φ = 0 at πl = π̂l
s and for

asset values such that φ = 1 at πl = π̂l
p. Thus, given other parameters, for πl ∈ (π̂l

s, π̂l
p), we

can find a φ ∈ (0, 1) such that h-type agents are indifferent between pooling and separating.

The intuition is that as more h-type agents pool, the expected value from pooling increases

and the high-type is better off pooling, so the region of pooling equilibrium increases.

Sunspot Equilibrium

The region of multiple equilibria in the intermediate region of the parameter space can also

be used to construct sunspot equilibrium. To do so, let us introduce extrinsic uncertainty

- sunspots - where the economy fluctuates randomly between states with different prices,

output and velocities in this region. The sunspot shock is assumed to take place at the

beginning of the period.

Define the sunspot variable, e whose sample space is E = {p, s}. Assume that e follows a

Markov process with probabilities given by µe,e′ = Pr[e = e|e = e′]. The state e is observed

by all agents. At time t the value function of being an asset holder (being explicit about the
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time subscript so suppressing the notation for type, i ∈ {l, h}) in state e is:

V e
t = µe,e{α[u(qet )−petβV e

t+1]+(1−α)V e
t+1}+µe,e′{α[u(qe

′

t )−pe
′

t βV
e
′

t+1]+(1−α)V e
′

t+1]}+γ. (1.31)

Consider equilibria where V e, qe, pe are time-invariant functions of e, i.e. we construct sta-

tionary sunspot equilibria. Recall that ωei = βV e
i . Subtract βV e from both sides of (1.31)

to get:

rωei = µe,e{α[u(qei )− peiωei ]}+ µe,e′{α[u(qe
′

i )− pe
′

i ω
e
′

i ]}+ γi + µe,e′ (ω
e
′

i − ωei ), (1.32)

where qsi , p
s
i is given by (1.13) and (1.14) with ωsi from (1.32) for e = s and e

′
= p and where

qpi , p
p
i is given by (1.17) and (1.18) with ωpi from (1.32) for e = p and e

′
= s. The following

shows that there exists a sunspot equilibrium for small enough values of µe,e′ .

Proposition 11. For all πl ∈ (π̂l
s, π̂l

p), if µe′ ,e and µe,e′ are sufficiently small, there exists

a sunspot equilibrium where ωel < ωeh for e = {l, h} as given by (1.32).

The proof to Proposition 11 follows by continuity as we have shown existence results for

µe,e′ = 0 in Propositions 4 and 7.

1.3.4 Comparative Statics and Discussion

Now turn to normative considerations and define society’s welfare as the sum of utilities of

all agents in the economy, W = NVp + AlVl + AhVh. Since Vp = 0,

W = (1 + r)(Ahωh + Alωl). (1.33)

Proposition 12. Suppose ωh > ωl is true from Propositions 4 and 7, then ∂W
∂πl

< 0.
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Figure 1.5: Fraction of lemons and welfare

Welfare falls as fraction of lemons increases due to a composition effect because ωh > ωl.

Even under full information if there are more lemons than high quality assets, welfare will be

lower as shown in Figure 1.5. But, in the presence of private information, there may be an

additional price effect because the values of assets, ωh and ωl may also depend on the fraction

of lemons through liquidity premium. This happens when the equilibrium is pooling with a

discontinuous change as the regime switches from pooling to separating, as seen from Figure

1.5 (the figures are constructed assuming pooling equilibrium in the multiplicity region).

The discontinuous fall in welfare is explained by a discrete change in value of the l-type as

seen from the bottom panel of Figure 1.6. The values of both assets falls as πl increases in

the pooling equilibrium region as discussed under Proposition 8. But, when the fraction of

lemons crosses the critical threshold such that the equilibrium regime changes to separating,

the value of the l-type jumps discretely unlike for the h-type. This is because the equilibrium

notion ensures that the surplus of the high-type is continuous in πl and so is ωh, but since

the low types strictly prefer to pool at π̂l, there is a jump in ωl when the equilibrium regimes

switch and thus in aggregate welfare.

The switch in regimes which causes a discontinuous fall in welfare reflects a Gresham’s Law

phenomenon. The presence of bad assets (lemons) drives the good ones out of the market
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Figure 1.6: Velocity and value of assets

i.e. excess low quality assets have caused high quality to become illiquid. This can be seen

from the top panel of Figure 1.6 where there is a divergence in velocities as the equilibrium

switches from pooling to separating. The h-type asset now circulates less as high quality

assets now signal their type through asset retention. Lemons circulate at a higher rate, but

the positive effect of higher trading volumes on welfare is outweighed by the positive effect

of holding the tree which offers better fruits, and overall welfare falls.

Moreover, existence of sunspot equilibrium in the region with multiple equilibria also shows

that the switch in equilibrium regimes characterized by asset retention and a discontinuous

fall in welfare can be purely based on self-fulfilling beliefs without any actual change in the

underlying fundamentals.
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1.4 Conclusion

The undefeated equilibria of the Shi-Trejos-Wright model has been analysed to study the

effects of adverse selection on liquidity of assets with different and unknown dividend flows.

The relative mix of lemons in the market governed the equilibrium outcome of the bargaining

game as pooling or separating, which has different implications for asset market outcomes

such as liquidity and prices. So far, the literature by focusing on either the pooling or

separating equilibrium has been unable to incorporate these different effects in the same

model.

The broader equilibrium definition, allowed us to examine how the market equilibrium

changes from pooling to separating as the proportion of lemons in the market and/or the

discrepancy between dividend flows of the two rises. The switch from pooling equilibrium to

separating following a shock to quality is reminiscent of Gresham’s Law, as it is the presence

of excess lemons (“bad money”) which drives many high quality assets (“good money”) out

of the market in the separating equilibrium. Under the pooling equilibrium, both assets

trade at the same rate at an expected price. Under the separating equilibrium, the high

quality asset holder retains her asset to signalThe broader equilibrium definition, allowed us

to examine how the market equilibrium changes from pooling to separating as the proportion

of lemons in the market and/or the discrepancy between dividend flows of the two rises. The

switch from pooling equilibrium to separating following a shock to quality is reminiscent of

Gresham’s Law, as it is the presence of excess lemons (“bad money”) which drives many

high quality assets (“good money”) out of the market in the separating equilibrium. Under

the pooling equilibrium, both assets trade at the same rate at an expected price. Under the

separating equilibrium, the high quality asset holder retains her asset to signal quality i.e.

she keeps “skin in the game”. For the signal to be credible, retention should be prohibitively

high for lemons such that they are better sold than retained. This leads to a drop in ve-

locity of the high quality asset which causes a discontinuous fall in aggregate output and
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welfare. Thus, such a switch in equilibrium regimes can help quality i.e. she keeps “skin in

the game”. For the signal to be credible, retention should be prohibitively high for lemons

such that they are better sold than retained. This leads to a drop in velocity of the high

quality asset which causes a discontinuous fall in aggregate output and welfare. Thus, such a

switch in equilibrium regimes can help explain some observations during the recent financial

crisis of 2007-08.
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Chapter 2

Accounting for Debasements:

Indivisibility or Imperfect

Recognizability

Debasements were quite common in medieval Europe.1 The monetary system of the time

consisted of metal coins (gold and silver) of different denominations produced by mints under

the control of the sovereign. In such a system, a typical debasement episode was one where,

individuals could bring old heavier metal coins to the mint and in return get freshly minted

lighter coins. The difference in the metallic content of the coins was kept as seigniorage

revenue by the mint. Understanding debasements is puzzling if one applies standard pricing

theory to commodity money and assume that coins derive all value from their intrinsic

content. Rolnick, Velde and Weber (1996) show that coins, at least some of the time, were

valued in circulation by their intrinsic content (circulation by weight) rather than by their

legal tender value (circulation by tale). Therefore, it might seem that, debasements would

provide no additional incentive to agents to reduce the total amount of metal held at any

1Refer to Rolnick, Velde and Weber (1996) for an account of debasements in France and England.
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given time. But, debasements were indeed successful and in fact generated large revenues

for the sovereign.2

The approach adopted in this chapter as before follows the literature in monetary economics

that provides explicit foundations to the medium of exchange role of money as surveyed

in Nosal and Rocheteau (2011). In particular, I apply the framework built in Shi (1995)

and Trejos and Wright (1995). In order to account for debasements, we need to explore

some physical attributes specific to a commodity money system that make them imperfect.

As suggested by Menger (1892) some of these properties are indivisibility, recognizability,

scarcity and portability. In this chapter, I examine the role of indivisibility and imperfect

recognizability, in isolation and then in conjunction. Velde, Weber and Wright (1999) (hence-

forth, VWW) look at the two in conjunction because they only consider indivisible money

holdings. In particular, they introduce private information on intrinsic value of coins to the

Shi-Trejos-Wright framework. I also add a second dimension to trade through lotteries as

in Berentsen, Molico and Wright (2002) and Berentsen and Rocheteau (2002) which acts as

a proxy for divisibility. The coins are still indivisible, but by using lotteries we get a proxy

for divisibility while keeping the model tractable. This also helps make comparisons with

VWW and also allows filtering out the effects of imperfect recognizability from indivisibility.

Moreover, the addition of lotteries, works as a proxy for divisibility and allows an in-depth

analysis of bargaining as a signalling game as in Nosal and Wallace (2007) and Li and

Rochetau (2011). However, in contrast to those, I use the notion of undefeated equilibria

from Mailath et al. (1993) to select from multiple equilibria (applying results from Chapter

1. The equilibrium notion used generates a unique separating or pooling equilibrium for the

bargaining game between buyers and sellers. In the separating equilibrium, since coins trade

at different rates, the rate of exchange reflects the metallic content of coins and circulation

of coins is by-weight. While in the pooling equilibrium, coins trade at the same rate, and

2To be clear, the puzzle does not refer to the motive behind debasements i.e. for revenue collection or for
other reasons such as to alleviate the problem of small change as argued by Sargent and Velde (2014).

38



circulation is by-tale. Furthermore, in the by-weight equilibrium agents trade a smaller

proportion of heavy coins, hence bad money drives good out of circulation, giving rise to

a version of Gresham’s law. Debasements are modelled as in VWW where the sovereign

offers every agent with a heavy coin the opportunity to exchange it for a light coin plus some

side payment.3 If a debasement can generate positive seigniorage, it is considered successful.

This may not be straightforward as the side payments have to be high enough to induce

agents to remint and low enough to generate positive revenue.

First, I show that some imperfection, either indivisibility or imperfect recognizability of coins,

are necessary to generate successful positive seigniorage from debasement. In VWW debase-

ments can be successful even under full information, thus apparently without any frictions.

But, there it is due to the indivisibility of coins, because once we allow divisible coins (using

lotteries as a proxy), debasements are no longer successful. Second, I show that indivisibility

of coins by itself can explain debasements under some cases and imperfect recognizability

of coins can always explain debasements. Indivisibility accounts for debasement if agents

need a medium of exchange for low-value goods, for which heavy coins would not be traded.

If this is the case, then debasements would be a success as people would value a lighter

coin more for its medium of exchange role. Next, when coins are imperfectly recognizable,

the heavy coin faces adverse selection as the seller of consumption goods may not give the

actual value of heavy coin in exchange since she cannot ascertain its quality. A light coin

holder would always get at least its value, and hence debasements are always successful in

this case. Third, through numerical examples, I find that the revenue generated under both

indivisible and imperfectly recognizable coins is always higher than under each individually

(i.e. with divisible but imperfectly recognizable coins and with perfectly recognizable but in-

divisible coins). The interplay of indivisibility and imperfect recognizability results in higher

seigniorage.

3The side payment captures that in reality, people were given more than one light coin in exchange for a
heavy coin in a way that the total metallic content was lower, generating positive seigniorage.
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This chapter builds on Velde, Weber and Wright (1999) by adopting the same approach

and providing explicit foundations to the medium of exchange role of money through search

frictions and asymmetric information. However, by introducing lotteries in trade, I can

separate out the role of indivisibility and imperfect recognizability in explaining debasements.

VWW can only look at the two in conjunction because they consider indivisible money

holdings. Furthermore, they assume that in uninformed matches only pooling offers will be

made, because coins are indivisible and there is no way to separate. By introducing lotteries

a second dimension to trade is added which allows agents to signal their type, should they

chose to. The choice depends on the equilibrium selection criterion, for which I adopt the

undefeated equilibrium from Mailath, Okuna-Fujiwara and Postlewaite (1993).

It is worth noting that some random-search models with private information and two-

dimensional offers (by using lotteries) have focused on the Cho and Kreps (1987) Intuitive

Criterion which favors the least-cost separating equilibrium and rules out all pooling offers,

including Nosal (2007), Li and Rocheteau (2011) and Rocheteau (2011). This might not

always be plausible; when there are very few lemons (light coins) in the market, separating

from them might get too costly for the heavy-coin holders. I, therefore use the undefeated

equilibrium concept from Mailath, Okuna-Fujiwara and Postlewaite (1993) which selects

pooling when separation becomes too costly. This happens when there are few light coins.

Applying the undefeated equilibrium also helps us explain Gresham’s Law - a phenomenon

where bad money drives good out of circulation - because the model predicts that when

there are many light coins in the market, a high fraction of heavy coins are withdrawn from

circulation.

There are other papers that explain the debasement puzzle by focusing on other attributes

of light coins. One such work is by Jin and Zhu (2013) who build a denomination structure

of coins by its metallic content. They appeal to indivisibility and portability differences in

coins. Sargent and Smith (1997) develop a cash-in-advance model where coins are assumed
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to circulate at a given rate (or by tale). They show that if equilibrium exists, people bring

some of their heavy coins to the mint. Li (2002) analyzes how government policy by accepting

both coins at par value induces debasement. In contrast, the contribution of this chapter is

to investigate the relevant roles of recognizability and indivisibility of coins.

There is also a related literature on shortage of small coins. As alluded to earlier, Sargent

and Velde (2014) use a theoretical model to explain this shortage and apply the model to

explain historical episodes. They also pose the shortage as the raison d’être for debasements.

While I do not introduce mechanisms for supply and demand in the model, which would

be needed to generate explicit shortages, I can nevertheless argue that in a world with only

heavy coins, the sovereign can expect to earn a positive revenue from debasements as there

is latent demand for light coins. Without recourse to budgetary or preference restrictions

but by appealing to some imperfect physical properties of money, I am able to account for

such shortages, but implicitly so through debasements.

For an excellent account of debasements in medieval France and England refer to Rolnick,

Weber and Wright (1996) and Sussman (1993). Finally, there is some evidence to indicate

that imperfect recognizability of coins was an important feature of commodity money sys-

tems. VWW discuss this by referring to Cipolla (1967), p. 25, “The maintenance of stable

fineness was very important for the destiny of a coin and this importance was in direct

correlation to the difficulty of ascertaining the fineness at the moment of payment”.

Proofs to all propositions and lemmas are in Appendix B.1, unless otherwise stated.

2.1 Environment

The time horizon is infinite and is indexed by t ≥ 0. There is a large number of perfectly

divisible and perishable goods and a unit measure of agents who specialize in the goods they
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produce and consume. To generate trade possibilities, assume that agents do not consume

their own output. Agents trade in bilateral matches and specialization in production and

consumption rules out double-coincidence-of-wants. This specialization does allow single-

coincidence matches, however, where one agent wishes to consume the good produced by

her partner, but not vice versa. Agents also cannot commit to future actions; there is no

enforcement or record-keeping technology hence credit arrangements are infeasible and all

trade arrangements must be quid pro quo. Commodity money is introduced below to play

the role of a medium of exchange.

Agents get utility u(q) from consumption and dis-utility c(q) from production of q ∈ R+

units of the good. Assume that u(q) and c(q) are continuously differentiable and strictly

increasing. Furthermore, u(q) − c(q) is strictly concave, u(0) = c(0) = 0, u′(0) = ∞ and

there exists q∗ > 0 such that u′(q∗) = c′(q∗). Agents discount the future at rate r > 0. Define

β ≡ (1 + r)−1 as the agent’s discount factor.

In addition to these consumption goods, there are indivisible, durable and storable metal

coins in the economy. Agents value the metallic content of the coins and because of its

properties, it can also serve as media of exchange. Initially, M < 1 agents are endowed

with these coins. Coins come in two varieties: light, which gives a lower intrinsic value (or

metallic content) equal to γl > 0 to the owner every period, and heavy, which gives a higher

intrinsic value (or metallic content) offering utility flow γh > γl ≥ 0.4 Let Mi be the measure

of agents endowed each with i-type coin, so that Mh+Ml = M . Agents with coins are called

buyers and those without coins sellers. Let πi = Mi/M be the fraction of i ∈ (h, l) type

buyers.

4The constant utility flow from coins could be interpreted in several ways: either as the utility one gets
simply from possession of the metal coin per se or using the coin in an exogenous international market where
coins necessarily go by weight (assume trade is balanced so that there is a constant stock of money). Under
either interpretation, the utility function is assumed to be additively separable and linear in the utility of
holding the metal coins. The money holder receives this utility flow whether or not a successful match takes
place.

42



Only buyers and sellers meet each period. In particular, two coin holders or two sellers never

meet. This means that in every period, there are Mi buyers each with a singe coin of type i

and N = 1−M sellers with none. The probability of a single-coincidence match for a coin

holder is α(N/M) i.e. a match where the buyer wants the good that the seller produces.

We assume that α(N/M) is continuously differentiable, strictly increasing and concave. Fur-

thermore, α(0) = 0, α(∞) = 1, α′(0) ≤ 1. The probability of a single coincidence match for

an agent without coin (i.e. the unfruitful match where the seller wants the good produced

by the buyer but cannot buy it, as she has nothing to offer in return) is α(N/M)M/N .5

Conditional on being matched the seller meets a type-h buyer with probability πh = Mh/M

and a type-l buyer with complementary probability πl = Ml/M = 1 − πh. In any such

meeting, trade may or may not take place.

We will model imperfect recognizability of coins just as in VWW which follows Williamson

(1994). It is assumed that, at each meeting, the seller is informed about the type of her

partner’s coin with probability θ ∈ [0, 1] in which case there is complete information. With

complementary probability (1− θ) the seller is uninformed and there is incomplete informa-

tion. Thus, θ is the degree of completeness of information; it is high if sellers likely know the

coin type during the match and vice versa. When considering the case with full information,

we set θ = 1. After matches are terminated, the seller can determine the quality of her

coin holdings if trade was executed. And, this is common knowledge, i.e. the buyer knows

whether the seller can recognize the type of her coin, and the seller also knows that the buyer

knows.

Terms of trade in bilateral matches are determined by a simple take-it-or-leave-it offer by

the buyer to the seller. If the seller accepts the offer, trade is executed, otherwise the buyer

and seller split apart and trade is not executed. The take-it-or-leave-it offer is useful as

5Consider a constant returns to scale matching function M(M,N). The matching probability of a coin
holder is then α =M(1, N/M) and for an agent without coin it is α =M(M/N, 1). Functional forms that
satisfy the assumptions above are α(τ) = 1− exp(−xτ) where x ∈ (0, 1] or α(τ) = τ

1+τ , τ = N/M .
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it provides a signaling game structure to the bargaining game. Moreover, to overcome the

indivisibility of coins, this chapter borrows from Berentsen, Molico and Wright (2002) and

allows buyers to offer lotteries. The offer made specifies a pair (q, p) where q is the quantity

of the good to be traded and p is the probability of trading the coin. In other words, the

buyer asks the seller to produce q units of the good in exchange for the coin which the seller

would receive with probability p. Introduction of lotteries creates a notion of prices in an

otherwise indivisible asset world and thus allows a deeper analysis of the bargaining game.

Finally, the mechanics of a debasement has to be modelled. Historically, debasement was an

offer by the mint to exchange heavy coins for light ones. In practice the mint offered ml > 1

light coins for a single heavy coin. The total metallic content of the ml light coins would

have to be less than that of the single heavy coin for seigniorage to be positive. As in VWW,

for tractability things are modelled slightly differently. In order to keep the total number

of coins constant, and more importantly let agents have either one coin or zero coins, the

side payment the mint offers would be in the form of real output which would give utility,

ξ. Seigniorage would be measured in terms of ξ relative to the difference in the metallic

content of the coins, (γh − γl). Modelling a debasement this way as in VWW captures the

following key features of a debasement in a very simple way: lowering of metallic content of

coins, voluntary decision to go the mint and potential seigniorage revenue to be earned.

2.2 The Debasement Puzzle

Debasements constitute a puzzle because it meant giving up a heavy coin in exchange for

lighter ones at a time when coins were mostly valued by weight. Typically, more than one

light coin was given in exchange for a heavy coin, but in a way that people left with a smaller

total metallic content; the difference being kept as seigniorage. As documented by Rolnick,

Velde and Weber (1996) debasements were followed by large minting volumes and positive
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seigniorage. Therefore, in the model I consider a debasement as successful when the net

revenue generated by debasement is positive. I begin by establishing the claim that in a

world with divisible and perfectly recognizable coins, seigniorage cannot be positive. Next,

I will relax each of these assumptions in turn to see when debasements generate positive

seigniorage.

To model debasements, assume that there are M = Mh heavy coins and no light coins in

the economy. The sovereign then offers every agent with a heavy coin the opportunity to

exchange it for a light coin plus the side payment ξ. The post-debasement stock of heavy

and light coins with agents depends on how many agents go to the mint. Note that, it will

always be the case that everyone holds either one of the two coins or none. Assume that

agents can go to the mint instantaneously and at zero cost. Thus, every coin holder (in this

case every heavy coin holder) first decides whether or not to go to the mint to debase her

coin and then enters the bilateral trade market with her coin (light or heavy depending on

whether or not she went to the mint).

To analyze debasements, find the values of (q, p) and also Ml given ξ, that satisfy all the

equilibrium conditions from the bargaining game above, plus some further conditions deter-

mining the decision to go the mint. The following three cases are possible:

(i) No reminting: Ml = 0 if ωh > ξ + ωl

(ii) Full reminting: Ml = M if ωh < ξ + ωl

(iii) Partial reminting: 0 < Ml < M implies ωh = ξ + ωl when possible

The first case is that no one goes to the mint and no light coins circulate. Second, that

everyone goes and only light coins circulate. The third is where the agents are indifferent
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and hence some go and some don’t. It will be shown that only the first two cases are

possible under full information. In the above conditions, ωl and ωh are value of coins which

depends on the offer made in equilibrium. Following from chapter 1, when the equilibrium

is separating we get the value of the light coin as,

ωl =
α

r
[u(qcl )− c(qcl )] +

γl
r

(2.1)

Similarly, under separating the value of a heavy coin is given by,

ωh =
α

r

{
θ

[
u(qch)− c(qch)

]
+ (1− θ)

[
u(qsh)− c(qsh)

]}
+
γh
r

(2.2)

The separating equilibrium just characterized might not meet the consistency requirement

of undefeated equilibrium imposed in the bargaining game. The surplus of the heavy coin

holder in an uniformed match under the separating offer should be greater than what she

would obtain under the pooling offer. Taking as given (ωl, ωh) just derived from (2.1) -

(2.2), we should check that: u(qsh) − c(qsh) > u(qp) − c(qp)ωh/(πhωh + πlωl), where (qp, pp)

is the pooling equilibrium offer and solves (1.17) - (1.19). If this condition is met, then the

equilibrium is separating. Now consider the other possibility i.e. if pooling offers could be

made in equilibrium. If such an offer was made, then the value of the light coin whose offer

is pooled with the heavy coin is given by,

ωl =
α

r

{
θ

[
u(qcl )− c(qcl )

]
+ (1− θ)

[
u(qp)− ωl

πlωl + πhωh
c(qp)

]}
+
γl
r

(2.3)
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For a heavy coin holder,

ωh =
α

r

{
θ

[
u(qch)− c(qch)

]
+ (1− θ)

[
u(qp)− ωh

πlωl + πhωh
c(qp)

]}
+
γh
r

(2.4)

As before, we need to check whether or not the pooling equilibrium just characterized meets

the consistency requirement of undefeated equilibrium.6 Taking as given (ωl, ωh) just derived

from (2.3)-(2.4), we should check that: u(qsh)− c(qsh) ≤ u(qp)− c(qp)ωh/(πhωh + πlωl), where

(qsh, p
s
h) is the separating offer for the h-type asset holder and solves (1.13)-(1.14). If this

condition is met, then the equilibrium is pooling.

A separating equilibrium can then be defined as an 8-tuple (qci , p
c
i , q

s
h, p

s
h, ωl, ωh) that satisfies

(1.2), (1.3) (1.13), (1.14), (2.1) and (2.2). A pooling equilibrium can be similarly defined.

2.2.1 Divisible Coins and Full Information

Under the assumption of no private information, the values of coins are given by (1.22) and

(1.23) with θ = 1. Clearly, value of heavy coins is unambiguously higher since they have a

higher liquidity value as well as return compared to light coins, [u(qch)−c(qch)] > [u(qcl )−c(qcl )]

and γh > γl. Thus, a heavy coin is always valued more than a light coin in equilibrium.

No Reminting

First consider case (i), an equilibrium with no reminting i.e. a buyer has no incentive to go

the mint given that no one else goes. In this case, Ml = 0, and all buyers make the complete

information offer (qci , p
c
i) given by (1.1). If the buyer decides to keep her coin, the value of

6Numerical examples show that whenever a semi-pooling equilibrium exists, separating equilibrium also
exists and prevails as the equilibrium. Thus, only symmetric equilibria are considered i.e. pooling or
separating.
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her coin will be given by (2.2) for θ = 1. If she deviates and decides to go the mint, she will

become a light coin type buyer in which case the value of her coin is given by (2.1) for θ = 1.

Let ξnd ≡ ωh−ωl, where ωl and ωh are given by (2.1) and (2.2) respectively for θ = 1. Agents

do not go to the mint if ωh > ξ + ωl or, ωh − ωl ≡ ξnd > ξ. No reminting is an equilibrium

if and only if ξ < ξnd.

Full Reminting

Next consider case (ii), an equilibrium where everyone goes to the mint i.e. a buyer has no

incentive to not go to the mint given that everyone else goes. In this case, Ml = M , and all

buyers make the complete information offer (qci , p
c
i) given by (1.1). If the buyer deviates and

decides to keep her coin the value of her coin will be given by (2.2) for θ = 1. If she decides

to go the mint, she will become a light coin type buyer in which case the value of her coin

is given by (2.1) for θ = 1.

Let ξd ≡ ωh−ωl, where ωl and ωh are given by (2.1) and (2.2) respectively for θ = 1. Agents

go to the mint if ωh < ξ + ωl or, ωh − ωl ≡ ξd < ξ. Full reminting is an equilibrium if and

only if ξ > ξd.

Substitute ωh and ωl in ξnd and ξd to get, ξnd = ξd = (γh−γl)/r+α([u(qch)− c(qch)]− [u(qcl )−

c(qcl )])/r. Under perfect information the minimum side payment to induce debasement is

the same as the maximum to not induce it. Thus, the third case of partial reminting is not

generated here.

Seigniorage

Now define seigniorage, the net revenue generated by a debasement, R as the difference in

the capitalized value of the two coins minus the one-time side payment, times the number
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of individuals who go to the mint (which is a function of the side payment, ξ). Note that R

is measured in utils, the unit in which γl, γh and ξ are measured and is given by (2.5).

R =

(
γh − γl
r

− ξ
)
Ml (2.5)

To induce debasement, the side payment has to be ξ ≥ ξnd = ξd. But even at ξ = ξd, R ≤ 0

(R = 0 at α = 0). Thus, R ≤ 0 when ξ > ξd, and it is not possible to generate positive

seigniorage revenue under perfect information when coins are divisible since the heavy coin

holders do not face any trade-off between light and heavy coins. Heavy coins always have a

strictly higher value and in order to incentivise agents to go to the mint, the sovereign has

to bear a loss.

Debasement cannot be successful in the above economy with perfectly recognizable and

divisible coins (where we used lotteries as a proxy for divisibility). This suggests that the

result in VWW - that debasements can occur even without private information on coins - is

due to the coins being indivisible. When coins are indivisible, there might be cases when it

is not optimal to give up a heavy coin in return for the output produced, while it may be

optimal to exchange a lighter coin for that output. If this is the case, then lights coins might

be preferred over heavy coins provided the exchange value of the coin compensates for the

loss in intrinsic content. By allowing lotteries such inefficiencies are overcome, and holding

heavy coins has no discernible disadvantage over light ones under full information, making

positive seigniorage impossible. In the next section, the first assumption on divisibility of

coins is relaxed.
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2.2.2 Indivisible Coins and Full Information

In this section, the case with indivisible coins is analyzed, and to do so I assume that agents

can no longer offer lotteries on their coins. The environment is therefore similar to Shi-Trejos-

Wright with commodity money, or VWW with full information. The model environment is

the same as before except we do not allow lotteries and assume θ = 1.

With indivisible coins, pl = ph = 1 which implies that ql = ωl and qh = ωh under a linear

cost function. Substituting ω with q in the value of light and heavy coins given by (2.1) and

(2.2) respectively for θ = 1 we get:

ql =
α

r
[u(ql)− ql] +

γl
r
. (2.6)

qh =
α

r
[u(qh)− qh] +

γh
r
. (2.7)

The way debasements work is the same as before, with the only difference in the value of

coins as given above. So, following the same analysis from before, substitute the values from

(2.6) and (2.7) in the definition for ξd and ξnd, to get ξd = ξnd = ωh − ωl = qh − ql.

ξd = ξnd =
α

α + r
[u(qh)− u(ql)] +

γh − γl
α + r

.
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To induce debasement, the side payment has to be ξ ≥ ξnd = ξd (assuming that at least

some agents will remint when they are indifferent so Ml > 0), but it is decreasing in ξ, so

we consider ξ = ξd to get the revenue, R as:

R

Ml

=
γh − γl
r

− γh − γl
α + r

− α

α + r
[u(qh)− u(ql)].

It is thus possible to have a positive R for sufficiently low values of r. The intuition behind

this result is that when coins are indivisible, light coins can potentially be used in trades more

often than heavy coins. A light coin can fetch goods in trade when a heavy coin may not.

Because of its property of having a higher intrinsic content agents with heavy coins trade it

only when it gives them sufficiently large output. Thus, a light coin may be more desirable

if it can be used as a medium of exchange when heavy coin cannot, as coins are indivisible.

Once this channel is closed (under divisible coins), private information is required to induce

debasement with positive seigniorage, as is discussed below.

2.2.3 Divisible Coins and Private Information

Now we study debasement under the most general set of assumptions on p ∈ [0, 1] and

θ ∈ [0, 1]. We will see that all three types of equilibria from before (no reminting, full

reminting and partial reminting) can exist for parameter values in a set of positive measure.

Furthermore, debasements can generate positive seigniorage revenue.

No Reminting

First consider case (i), an equilibrium with no reminting i.e. a buyer has no incentive to go

the mint given that no one else goes. In this case, Ml = 0, hence the heavy coin type buyers
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make their complete information offer (qch, p
c
h) given by (1.1). If the buyer decides to keep

her coin the value of her coin will be:

ωh =
α

r
[u(qch)− c(qch)] +

γh
r

(2.8)

If she deviates and decides to go the mint, she will become a light coin type buyer in which

case she will make her light coin complete information offer (qcl , p
c
l ) if she meets an informed

seller. But, if she meets an uninformed seller she pretends to be a heavy coin buyer and

makes the offer (qch, p
c
h) given by (1.1) for i ∈ {h, l}. It is incentive compatible for the light

coin type buyer to pretend to be a heavy coin type buyer as discussed in the lemma below.

Lemma 3. Given ωl < ωh, the light coin holder has an incentive to imitate the heavy coin

buyer’s complete information offer,

u(qch)−
ωl
ωh
c(qch) > u(qcl )− c(qcl ) (2.9)

Proof of Lemma 3: Since qch ≥ qcl , thus u(qch) − c(qch) ≥ u(qcl ) − c(qcl ) because u(q) − c(q) is

increasing for q < q∗. And, ωl

ωh
c(qch) < c(qch) because ωl < ωh, and we get u(qch) −

ωl

ωh
c(qch) >

u(qch)− c(qch) ≥ u(qcl )− c(qcl ). �

The proof follows from the structure of the game, where the light coin holder has an incentive

to imitate the heavy coin holder’s complete information offer when possible. It follows from

Lemma 3 that if the buyer decides to deviate and go to the mint she obtains:

ωl =
α

r

{
θ[u(qcl )− c(qcl )] + (1− θ)[u(qch)−

ωl
ωh
c(qch)]

}
+
γl
r

(2.10)
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Let ξnd ≡ ωh− ωl where ωh and ωl are given by (2.8) and (2.10) respectively. Agents do not

go to the mint if ωh > ξ + ωl or, ωh − ωl ≡ ξnd > ξ. No reminting is an equilibrium if and

only if ξ < ξnd.

Full Reminting

Next consider case (ii), an equilibrium where everyone goes to the mint i.e. a buyer has no

incentive to not go to the mint given that everyone else goes. In this case, Ml = M , hence

the light coin type buyers make their complete information offer (qcl , p
c
l ). If the buyer decides

to go to the mint the value of her coin will be:

ωl =
α

r
[u(qcl )− c(qcl )] +

γl
r

(2.11)

If she deviates and decides to keep her coin, she will be a heavy coin type buyer in which case

she will make her complete information offer (qch, p
c
h) when she meets an informed seller and

her by-weight separating offer (qsh, p
s
h) given by (1.13) - (1.14) when she meets an uniformed

seller. When there is only one heavy coin holder in the market, πl ≈ 1, the equilibrium of the

bargaining game is separating. This follows from the result of the bargaining game where

it shown that the equilibrium of the bargaining game is separating for πl > π̂l. Thus, if the

buyer decides to deviate and not go to the mint she obtains:

ωh =
α

r

{
θ[u(qch)− c(qch)] + (1− θ)[u(qsh)− c(qsh)]

}
+
γh
r

(2.12)
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Figure 2.1: Equilibria after debasement, depending on the side payment and θ

Let ξd ≡ ωh − ωl where ωl and ωh are given by (2.11) and (2.12) respectively. Agents go to

the mint if ωh < ξ + ωl or, ωh − ωl ≡ ξd < ξ. Full reminting is an equilibrium if and only if

ξ > ξd.

Before going into the case of partial reminting, let us analyze the properties of ξnd and ξd

as functions of θ as is summarized in the proposition below. Figure 2.1 using the same

numerical example as before (see footnote 16) provides an illustration of the same.

Proposition 13. As functions of θ, ξnd(θ) and ξd(θ) are both increasing, ξnd(1) = ξd(1) =

(γh − γl)/r + α([u(qch)− c(qch)]− [u(qcl )− c(qcl )])/r, ξnd(0) < ξd(0) and ξnd(θ) < ξd(θ) for all

θ ∈ [0, 1).

The proposition shows that as functions of θ, ξnd(θ) and ξd(θ) are both increasing. In

particular, the critical level of side payment needed to induce everyone to remint, ξd rises

with θ i.e. as it becomes easier to detect the quality of coins. In case of perfect information,

the side payment that induces re-minting has to be greater than the capitalized value of

the difference in two coins plus the probability of a successful match times the difference

in bargaining surplus from heavy and light coins ((γh − γl)/r + α(Sch − Scl )/r ). This is so,
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because the heavy coin holder now gets no advantage by holding light coins, so they have

to be fully compensated for the loss in intrinsic content and their bargaining surplus, as

discussed before. Under imperfect information, this changes and the minimum side payment

to induce recoinage, ξd is greater than the maximum to disincentivise the same, ξnd. Since

the two are increasing functions of θ, this implies that there is a non-empty region where the

side payment ξ lies between ξnd and ξd, which takes us to the next case of partial reminting.

Partial Reminting

The non-empty region where the side payment ξ lies between ξnd and ξd is case (iii) under

which neither Ml = M nor Ml = 0 is an equilibrium. Instead given ξ, the equilibrium is such

that Ml adjusts so that agents are indifferent between minting and no-minting: ωh = ξ + ωl

or ξ = ωh − ωl.

In the intermediate region, a separating equilibrium is generically not possible as the value of

the coins, ωh, ωl given by (2.1) and (2.2) are independent of πl, and the equality ωh = ξ+ωl

will not hold in general. In fact, the only value of ξ that satisfies the equality is ξd, but we

are looking for ξ ∈ (ξnd, ξd). So, this equality is not possible.

Thus, for ξ ∈ (ξnd, ξd), the equilibrium should be pooling as given ξ, πl adjusts with ωh, ωl

given by (2.3) and (2.4). Using the two values and ξ, we can get πl from the equation below

which follows from ξ = ωh − ωl:

ξ =
αθ

r

[
[u(qch)− c(qch)]− [u(qcl )− c(qcl )]

]
+
γh − γl
r

− α(1− θ)
r

[
ωh − ωl

πlωl + πhωh
c(qp)

]
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It was shown in chapter 1 under Proposition 8 that ωh and ωl are decreasing in πl. Following

a similar procedure we can show that ξ = ωh − ωl is increasing in πl when offers are pooled

as given above.

Thus, to increase reminting (or increase πl), the side payment, ξ has to increase. But, this

happens up to some π̄l after which the fraction of light coin holders are enough to induce the

heavy ones to separate and the relevant equilibrium is separating.7 So, if we think of ξ as a

function of πl, for ξ ∈ (ξ(π̄l), ξd), no more agents voluntarily go to the mint. Even though

at πl = π̄l, ξ > ωh − ωl = ξ(π̄l) there might be incentives for reminting but since for πl > π̄l,

the heavy coin holders do not pool, the value of the coins changes such that ξ < ωh−ωl = ξd

where ωl and ωh are given by (2.11) and (2.12) respectively. This implies that there are no

longer incentives to remint, and thus the heavy coin holders no longer want to remint. And,

the light coin holders who have reminted also do not have incentives to deviate.

Seigniorage

Now consider seigniorage, the net revenue generated by a debasement, as defined in (2.5).

We assume a revenue maximizing sovereign and consider the case when θ < 1 in the above

model, i.e. there is private information. R is zero when ξ < ξnd as no one goes to the mint

and is decreasing in ξ when ξ > ξd as everyone goes to the mint anyway. Values of ξ such that

ξ ∈ (ξnd, ξd] maximize revenue. The exact value will depend on how Ml = πlM is affected

by ξ. We saw that πl increases in ξ ∈ (ξnd, ξ(π̄l)] with some upper bound which we called

M̄l. And, for ξ = ξd, Ml = M . Numerical examples, show that both levels can maximize

revenue. If ξ ∈ (ξnd, ξd] can induce a high level πl, then such a ξ maximizes revenue, but if

it induces very few agents to remint (low πl), then ξd generates a higher revenue.

7Since there is potentially a region of multiplicity in the general equilibrium as seen through numerical
examples, agents might coordinate on a pooling or separating equilibrium in that region, and π̄l is such that
the equilibrium for the economy is separating for πl > π̄l.
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For completion, one must also consider the case with indivisible coins and private infor-

mation. But, since it is already studied by VWW, I present a summary of the analysis in

Appendix B.2. Numerical examples also show that debasement generates a higher revenue

under indivisible coins and private information than divisible coins and private information,

i.e. the interplay of the two imperfections lead to a higher seigniorage for the sovereign.

2.3 Conclusion

Understanding debasements is puzzling if one applies standard pricing theory to commodity

money and assume that coins derive all value from their intrinsic content. The approach

adopted in this chapter follows the literature in monetary economics that provides explicit

foundations to the medium of exchange role of money through search frictions as in Shi

(1995) and Trejos and Wright (1995). I examined the role of indivisibility and imperfect rec-

ognizability by building on the model by Velde, Weber and Wright (1999). They introduced

private information on intrinsic value of coins to the Shi-Trejos-Wright framework. But, to

filter out the effects of imperfect recognizability from indivisibility, I also added a second di-

mension to trade through lotteries as in Berentsen, Molico and Wright (2002) and Berentsen

and Rocheteau (2002) which acted as a proxy for divisibility. The notion of divisibility used,

also allowed an in-depth analysis of bargaining as a signalling game, where I used the notion

of undefeated equilibria from Mailath et al. (1993) to select from multiple equilibria.

First, I showed that some imperfection, either indivisibility or imperfect recognizability of

coins, is necessary to explain debasements. In VWW debasements can be successful even

under full information, thus apparently without any frictions. But, there it is due to the

indivisibility of coins, because once coins are made divisible, debasements are no longer

successful. Second, I showed that indivisibility of coins by itself can explain debasements

under some cases and imperfect recognizability of coins can always explain debasements.
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When coins are indivisible, one might prefer holding a light coin if one is on the market for

something less valuable than what a heavy coin is worth. If this is the case, then debasements

would be a success as people would value a lighter coin more for its medium of exchange

role. Next, when coins are imperfectly recognizable, the heavy coin faces adverse selection

as the seller may not give the actual value of heavy coin since she cannot ascertain its

quality. A light coin holder would always get at least its value, and hence debasements

are always successful in this case. Third, through numerical examples, I show that the

revenue generated under both indivisible and imperfectly recognizable coins is always higher

than under each individually (i.e. with divisible but imperfectly recognizable coins and with

perfectly recognizable but indivisible coins).
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Chapter 3

Liquidity and Unemployment under

Uncertainty

Asset returns typically reflect a risk and liquidity premium, the size of which depends on the

state of the economy. This in turn affects unemployment as firms respond to interest rates.

In this chapter, I explicitly model demand and supply of liquid assets under uncertainty.

Households adjust their portfolios depending on their liquidity needs, and supply of liquid

assets is affected by firms’ entry decision. This provides a framework to analyze the effect of

productivity, uncertainty and liquidity shocks on interest rates and unemployment. Finally

we can analyze the role of Monetary Policy as it provides and manages aggregate liquidity

in the economy.

The basic framework combines a decentralized labor market, and an asset market where

claims to firms profits are held because they serve as a medium of exchange. This market aims

to mimic wholesale financial markets including repo markets or even households financing

idiosyncratic consumption opportunities for some financial services with certain assets. The

labor market is based on Mortensen and Pissarides (1994) and the asset market builds on
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Lagos and Wright (2005). Prospective firms open vacancies and then meet workers according

to a matching technology to form an active firm. Once a firm is created, the aggregate state

of the economy determines productivity of each firm. At the time of entry, firms do not

know the actual productivity and base their decision on expected productivity. Households

simultaneously make their portfolio decision which includes a choice of government bond

holdings and claims to private firms profits in order to finance consumption opportunities

they face next period in a decentralized goods market.

Since these assets have liquidity role, their return reflects a liquidity premium. But, private

claims are also risky as productivity of firms depends on the aggregate state, so their return

also reflects a risk premium over the return of government bonds. This in turn affects firm’s

entry decisions as firms value future profits as per these returns which changes with the

aggregate state and liquidity needs in the economy. This is in the spirit of Hall (2017) which

emphasizes the role of stochastic discount factor in firm’s valuation of future profits and thus

its entry decision, which helps in explaining fluctuations in unemployment. The framework

in the present chapter provides a micro-foundation to the firm’s discount rate via liquidity

and risk.

The model shows that an increase in unemployment during a recession can be explained not

only by a productivity shock, but by increased uncertainty about the state of the economy

and by fall in liquidity role of private assets. If average productivity decreases, then fewer

firms enter and unemployment rises. However, since the supply of liquid firms falls, interest

rates fall and the overall effect on unemployment is dampened. However, if an aggregate

productivity shock is accompanied by an increase in uncertainty or an increase in dispersion

in the low and high states, then overall unemployment falls by a larger magnitude. This is

because a higher risk premium means prospective firms value future profits less and fewer of

them enter. Finally, if there is a liquidity shock charactrized by a flight to quality such that
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private assets are no longer as acceptable in exchange for goods then its liquidity premium

falls and interest rates rise which implies higher unemployment.

In response, the Central Bank can intervene by changing the supply of government bonds

or by directly intervening in the private liquidity market as some Central Banks across the

world have done and the Fed did so with its QE1 in 2008 following the financial crisis of 2007-

08. A decrease in the supply of real government bonds reduces the real interest rate. This in

turn implies that more firms enter and private supply of liquidity rises. Public liquidity thus

crowds in private liquidity as documented by Krishnamurthy and Vissing-Jorgensen (2013).

But, liquidity in the economy falls further in an already scarce environment. Alternatively, a

self-financed private asset purchase program where the Central Bank commits to buy private

assets in exchange for government bonds at its pre-crisis price can increase liquidity and bring

unemployment down to the pre-crisis level.

The effects of the state of aggregate liquidity in the economy on interest rates and unemploy-

ment has been studied in Rocheteau and Rodriguez-Lopez (2014). They consider a standard

labor market model by Mortensen and Pissarides (1994) and make claims on profits of firms

a part of aggregate liquid wealth. Changes in aggregate liquidity thus affects interest rates

on these claims, thereby affecting firm’s entry decision. The interest rate used by firms to

discount future profits will carry a liquidity premium reflecting uncertain preference shocks.

However, in their framework returns to assets was not risky. I incorporate risk and liquidity

as in Lagos (2010). The formulation is closer to Nosal and Rocheteau (2011) chapter 11.

Hall (2017) documents that variation in discount rates through the stochastic discount factor

plays a role in understanding the dynamics of the labor market. In the present work, the

interest rate on firms reflects a liquidity and risk premium which affects the effective rate at

which the firms discount future payoffs as discussed.
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Rocheteau, Wright, Xiao (2015) looks in depth at open market operations, and since the

focus is only that, they do not have segmented markets and do not consider employment or

private provision of liquidity. Williamson (2012) analyses unconventional monetary policy in

terms of private asset purchase programs, but private liquidity is not provided by claims on

a firm’s production, but by entrepreneur’s uncertain claims to future return. The additional

real effects of liquidity on the firm’s valuation and production is therefore not considered.

As discussed, the effect of monetary policy on unemployment has been studied in Berentsen,

Menzio and Wright (2011) through what can be called a demand channel. In that paper,

however, they do not consider a liquidity role for these claims to firms and hence do not

analyze other interlinkages and additional policy instruments.

An extended version of the model in the present chapter can also very naturally be used

to explain liquidity traps, as is discussed in the conclusion. This takes place when liquidity

provision in the trader’s market is scarce and nominal interest rate is at the zero lower

bound. In such a situation, increasing the supply of government bonds would not affect

total liquidity because, at the margin, it is money that matters. This result is similar to

Rocheteau, Wright and Xiao (2015) but here this comes out naturally without any additional

assumptions (except of course that money is equally acceptable in exchange as government

bonds) because markets are already segmented, with one market (where workers receive the

early consumption opportunity) where only money is accepted.

3.1 Environment

Time is discrete and continues forever. There are two types of agents: a large measure of

firms (not all are active at any given time) and a unit measure of households. In each period,

three markets meet sequentially: a frictionless centralized goods market denoted CM, a labor
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DMCM LM
t+1- HH buy bonds, claims

- return on assets

- firms + workers  - HH consume

 aggregate productivity shock

Figure 3.1: Segmented market structure showing the sub-markets in each period

market in the spirit of Mortensen and Pissarides (1994) denoted by LM, and a decentralized

goods market with frictions called DM. The alternating goods market structure follows from

Lagos and Wright (2005) and Rocheteau and Wright (2005). Figure 3.1 illustrates a period

of the model economy. There are two types of perishable and non-storable consumption

goods. First, a good that is traded and consumed in CM by households (quantity denoted

by x and it acts as the numeraire), second, a good that is produced by some households

(sellers) in DM and valued by other households (buyers) in DM (quantity denoted by y).

The period payoff for households is:

U(q, x, l) = u(y)− c(y) + x+ (1− e)l (3.1)

where l denotes leisure for households if they are unemployed (e = 0) and they get utility u

from consuming q units of the consumption good in DM which is produced at cost c(q). The

utility is linear in the CM good, x; the quasi-linear structure follows form Lagos and Wright

(2005) which simplifies the analysis because it leads to a degenerate distribution of assets

across agents of a given type at the start of each DM market, and makes CM payoffs linear

in wealth. For simplicity we also assume that c(y) = y. As usual, u is twice continuously

differentiable with u
′
> 0 and u

′′
< 0. Also, u(0) = 0. Define the efficient y = y∗ such that

u
′
(y∗) = 1. Household’s discount rate after every period is ρ > 0 and β ≡ 1/(1 + ρ).

Since the consumption goods are perishable and non-storable, direct barter in DM is ruled

out and agents are to some extent anonymous in DM to also rule out unsecured credit. This

generates a role for assets in facilitation of intertemporal exchange. There are two assets
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that can be used in different exchanges: (real) government bonds like T-Bills and claims on

firms. The supply of bonds, B is given by the government’s budget constraint, while claims

on firms is a private asset whose supply is endogenously determined, as will be discussed.

Agents meet bilaterally in the DM with the following matching probabilities which reflects

difference in acceptability across assets. With αa probability, a buyer meets a seller who

accepts all three, and with αb accepts bonds and money and with αm only money is accepted.1

If a match is formed, buyers make take-it-or-leave-it offer to sellers.

Unmatched firms open a vacancy at cost, k in LM. Once firms enter, unemployed workers,

1− n are randomly matched with vacant firms, v according to the matching function h(1−

n, v) in the LM. Market tightness is defined as θ ≡ v/1 − n. Vacancy-filling probability

for firms is denoted by q(θ) and job finding probability is θq(θ). Claims to firm’s expected

future profits are sold to households as one-period assets (whose dividend payment depends

on the realized profits) in CM - this gives the supply of private liquidity in the economy.

An aggregate i.i.d. productivity shock is realized after matches are formed but before DM

trades. Matched firms produce expected output p = πlpl+(1−πl)ph. Productivity is pl < ph

with probability πl. It is assumed for now that firms pay a fixed wage, w < pl to workers,

irrespective of the productivity realized. Firms sell their output in CM. They also make wage

and dividend payments in CM to its workers and holders of claims respectively. Finally, a

match between a firm and a worker is dissolved with an exogenous separation probability, δ

at the beginning of the next LM every period.

3.2 Equilibrium

We now discuss the equilibrium of the economy, starting with the households and then firms.

1Look at Rocheteau, Wright, Xiao (2015) for a further discussion on how to interpret differences in
acceptability.
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3.2.1 Households

Now consider the problem that determines the choice of asset holdings for households under

uncertainty. Assume that workers are separate.2 Let the CM and DM value functions for

traders be denoted by W (·) and V (·).

A household h in CM solves:

W (b, af , s) = max
x,b′ ,a

′
f

{x+ (1− e)l + βEs[V (b
′
, a

′

f , s
′
)]},

s.t.

x = (1 + rb)b+ (1 + rf )af + ew − a′

f − b
′
.

Substitute for x,

W (b, af , s) = (1 + rb)b+ (1 + rf )af + max
b
′
,a

′
f

{−b′ − a′

f + βEs[V (a
′

f , b
′
, s

′
)]}, (3.2)

where b denotes household bond holdings with per-period return rb, af private asset holdings

of filled jobs with per-period ex-post return rf (s) depending on the realized state s ∈ {h, l}.

And, ′ denotes the next period values, i.e. the real balances, bonds or claims carried to the

next sub-period.

2It does not matter if we allow households to offer labor services in the LM, as their choice of asset
holdings is independent of their employment status or wage earnings, given quasi-linear preferences and an
endowment of labor in the CM.
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In the DM sub-period, we assume that an agent can match with another trader with prob-

ability α/2. The matching probability is divided by 2, because once a match is formed, it

is equally likely for both traders in a pair to become the producer of the DM good and the

other to become a buyer. I assume that if agents meet, one of them necessarily is able to

produce the good and the other values the good produced by the other. Thus, each trader

when entering the DM sub-market gets a random consumption opportunity with probability

α. Let V denote the trader’s DM value function, which is equal to 0.5(V B + V S) where V B

is the value to a trader if she is a buyer in the match and V S is the value if she is a seller.

Before we write the DM value function, we need to determine the terms of trade during

bilateral matching between a buyer and seller. We assume for simplicity that the terms of

trade is determined by buyer take-it-or-leave-it offers. Denote gi as the buyer’s liquidity

holding for each type of match, i = {a, b}. We have ga = ((1 + rf (s))af + (1 + rb)b) is the

relevant asset holding in a match with a seller who accepts all three assets, which happens

with probability αa, similarly gb = (1 + rb)b. The buyer’s problem in each such match

becomes:

max
ya,ga

[u(ya(s)) +W ((1 + rf (s))af + (1 + rb)b− ga(s))] s.t. − ya(s) +W (ga(s)) ≥ 0

and ga(s) ≤ (1 + rf (s))af + (1 + rb)b, (3.3)
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and,

max
yb,gb

[u(yb) +W ((1 + rb)b− gb)] s.t. − yb +W (gb) ≥ 0 and, gb ≤ (1 + rb)b, (3.4)

where yi is the output the seller produces in exchange for the asset transfer gi for i ∈ {a, b}.

Using linearity of the value function we get:

max
yi,gi

[u(yi(s))− gi(s)] s.t. − yi(s) + gi(s) ≥ 0. (3.5)

Thus,

ya(s) = min{y∗, (1 + rf (s))af + (1 + rb)b}, (3.6)

and,

yb = min{y∗, (1 + rb)b}. (3.7)

If the buyer holds enough liquidity the efficient level of output, y∗ is obtained, else the buyer

gets as much as she can given her asset holdings.
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Now we can write the household’s DM value function if she is a buyer in the match as follows:

V B(b, af , s) = αb max
yb,gb

[u(yb)−yb]+αa max
ya,ga

[u(ya(s))−ya(s)]+(1+rb)b+(1+rf (s))af+WB
d (0).

(3.8)

The value to a buyer in the DM is her share of the surplus when matched with the seller

from whom she buys the DM good, which happens with probability αi, where i stands for

the type of match. There is also a possibility that the buyer does not match with a seller in

which case she carries forward her asset holdings to the CM.

Household’s DM value function if she is a seller in the match is as follows:

V S(b, af , s) = (1 + rb)b+ (1 + rf (s))af +WB
d (0). (3.9)

The value to a seller in the DM is her share of the surplus (=0) when matched with the

buyer to whom she sells the DM good. But, she has her asset holdings which she carries

forward to the CM.

Now we take the DM value function one period forward and plug in to the CM value function.

Ignore constants to get the following maximization problem for buyers that determines their

portfolio choice:

max
b′ ,a

′
f

{
−b′−a′

f+βEs
{
αb max

yb,gb
[u(yb)−yb]+αa max

ya,ga
[u(ya(s))−ya(s)]+(1+rb)b

′
+(1+rf (s))a

′

f

}}
.
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(3.10)

If buyers choose positive holdings of bonds and claims on vacancies and filled jobs we get

the following FOCs, where ya is given by (3.6) and yb by (3.7).

Differentiate (3.10) with respect to b to get:

1 = β(1 + rb){1 + αb[u
′
(yb)− 1] + Esαa[u

′
(ya(s))− 1]}. (3.11)

Differentiate (3.10) with respect to af to get:

1 = βEs(1 + rf (s))

{
1 + αa{u

′
[ya(s)− 1]}

}
. (3.12)

Let φ be price of a filled job. Note that asset price does not depend on state as shocks are

i.i.d. so we get that rf = [p(s)− w − δφ]/φ. Substituting for 1 + rf we get:

φ = βEs[p(s)− w + (1− δ)φ]{1 + αa[u
′
(ya(s))− 1]}. (3.13)

Thus, assets carry a liquidity premium (if y < y∗) as the rate of return is less than the

discount rate, ρ.3 And, if the rate of return were equal to the discount rate (r = ρ), then

buyers would carry enough liquidity to get the efficient output.

3r = ρ can be referred to as the fundamental value of the asset as this would be the interest rate if the
assets had no liquidity value, i.e. for αi = 0.
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For αb > 0 and yb < y∗, private claims dominate bonds in their rate of return, i.e. rf > rb.

Bonds carry a higher liquidity premium than claims as bonds are more liquid, i.e. accepted

in more matches than private claims. But, even if αb = 0, claims can dominate bonds in

return as bonds are risk-free, so return on private assets carry a risk premium too. Thus,

the spread can be explained jointly by a risk and liquidity premium.

3.2.2 Firms

New firms will be financed as long as the flow cost of opening a vacancy, k is greater than

the flow expected value of a vacancy, which is the product of the vacancy filling rate and the

expected value of a filled job at the time of financing. Claims on vacancies are not liquid, but

we can still define return on a vacancy. It depends on the vacancy-filling probability, q(θ)

and cost of entry, k i.e., 1 + rv = φq(θ)/k. When vacancies get filled, they get productive

from next period, so the return on vacancies is independent of the aggregate state.

Since vacancies are not liquid, we have rv = ρ or:

1 + ρ = φ
q(θ)

k
, (3.14)

where φ is given by (3.13), note that in particular the value of a firm reflects that claims on

its future profits are liquid.

The final condition for the firms is the law of motion of unemployment, which establishes a

relationship between market tightness and unemployment. In general, ut+1 = ut+δ(1−ut)−

θt+1q(θt+1)ut, i.e. unemployment in period t + 1 has to include the flow in (i.e. separations

among the employed in t) and flow out (i.e. the unemployed in t who find jobs in t+ 1).
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At the steady-state we get that the number of jobs created is the number of jobs destroyed.

uθq(θ) = δ(1− u), (3.15)

where θq(θ) is the job finding rate for the unemployed, and δ is the probability of separating.

Since θq(θ) is increasing in θ, so u is decreasing in θ.

By market clearing for private assets and government bonds we get that b = B, (1 + rf )af =

n[p(s)− w + (1− δ)φ] (i.e. aggregate market capitalization), so we get:

yb = min(y∗, (1 + rb)B), (3.16)

ya(s) = min(y∗, n[p(s)− w + (1− δ)φ] + (1 + rb)B). (3.17)

3.2.3 Steady State Equilibrium

We can now define the steady state monetary equilibrium of the economy as follows.

Definition 3.1. A steady-state monetary equilibrium is a list (ya, yb, θ, n, φ, rb) that solves

(3.11), (3.13), (3.14) and (3.15), (3.16), (3.17).

Proposition 14. A steady-state monetary equilibrium as given by Definition 3.1 exists and

is unique
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Proof: Plug in for φ in (3.13) from (3.14) to get:

1 = β
∑
i

πi

[
(pi−w)

q(θ)

(1 + ρ)k
+(1−δ)

]
αa

{
1+

{
u

′
[
n(pi−w)+(1−δ) k

q(θ)

]
−1

}}
. (3.18)

From (3.15) a positive relationship between n and θ. Using this in (3.18) we get that the

right hand side is monotonically decreasing in n or θ, thus giving a unique solution.

�

We can now do some comparative statics. If average productivity, p decreases, and dispersion

stays same, then fewer firms enter, as value of a filled job falls and unemployment increases.

But, since supply of private assets falls, its price φ increases, thus overall unemployment falls

by less.

If there is an increase in the mean preserving spread such that ph increases and pl decreases,

the risk premium increases, and φ decreases, so fewer firms enter, and unemployment in-

creases.

If there is a liquidity crisis such that there is a fall in acceptability of private assets, i.e. αa

falls. Liquidity premium on claims to firms decreases and φ decreases. Fewer firms enter

and unemployment increases.

3.2.4 Monetary Policy

Suppose that there is a liquidity crisis such that private assets become less liquid and unem-

ployment rises as a result. Then, given the environment one policy option is to change the

supply of bonds (we assume a fixed supply of bonds that can be financed through lumpsum

72



taxation in the CM). If the supply of bonds is reduced, then output in DM falls but so does

real interest rates on bonds and private claims. And, more firms enter in response to lower

interest rates (or higher φ) and unemployment falls. Thus, this policy reduces unemployment

but at the cost of lower output in DM trades.

Another policy tool is to buy private assets in return for government bonds at the pre-crisis

price such that ya remains unchanged and so does unemployment. And, since the supply of

bonds increases, so yb increases as yb = ya. Moreover, this policy can be self-financed since

αb > 0, so price of bonds is more than price of private claims i.e. rf > rb which means that

the interest paid on bonds is less than what is received on private claims. Alternatively, the

policymaker can commit to buy any excess supply of private assets with government bonds

at pre-crisis prices, rf . Thus, the policymaker directly intervenes in price setting. Such a

policy will leave unemployment unchanged and again it can be self-financed as before. While

the second alternative involves a smaller purchase program, it requires the policymaker to

directly intervene in price setting which might be unpopular.

3.3 Conclusion

This chapter showed that an increase in unemployment during a recession can be explained

not only by a productivity shock, but by increased uncertainty about the state of the economy

and by a fall in liquidity role of private assets. To do so, we combined a decentralized labor

market, and an asset market where claims to firms profits are held because they serve as a

medium of exchange. And, since the claims yield uncertain returns depending on the realized

productivity of firms, the interest rate on firms reflect a risk premium along with a liquidity

premium. And, as these premia change with changing fundamentals, firm entry responds to

interest rate and so does unemployment.
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The framework can also be extended to include fiat money to analyze monetary policy in

a richer environment. Money can be introduced to the baseline version as workers face

an idiosyncratic early consumption opportunity for firm’s goods which they buy using fiat

money, à la Berentsen, Menzio and Wright (2011). If there are more firms, then workers hold

more real balances as they expect to meet more firms, hence quantity demanded increases.

And, if quantity demanded increases, more firms enter (provided that it is not offset by a

congestion effect) thus acting as an amplification mechanism. And, since money is dominated

in return by other assets (except in a liquidity trap), households do not hold money. The

richer framework would allow us to study the effects of inflation on unemployment. Since

inflation makes it costly to carry real balances it implies a lower demand for firm’s output,

thereby increasing unemployment. However, if money and claims to firm profits compete in

the market for liquidity under a liquidity trap, the classic Phillips curve trade-off between

unemployment and inflation can result.

Apart from the theoretical extensions, this chapter will also benefit greatly from a quantita-

tive analysis of the magnitude of these effects, which is part of a future project.
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Appendix A

Appendix to Chapter 1

A.1 Proofs

A.1. Proof of Proposition 1

Consider (qh, ph) which satisfies (1.7). The producer correctly believes that such an offer

comes only from h-type if (1.6) is violated and thus E(ω|(qi, pi)) = ωh in (1.8). It is rational

for the producer to accept it, if (1.8) is satisfied. Now, let us check if it was rational for

h-type to have made this offer i.e. does she have incentives to deviate given the producer’s

belief system in (1.9) and her out-of-equilibrium belief that any offer other than what is

observed comes from l-type. It is indeed optimal for the h-type to make this offer as any

deviation from the equilibrium offer under consideration is taken as being from l-type Thus,

any offer that makes h-type at least as well off as under (qlh, p
l
h) i.e. if it satisfies (1.7) and

violates the strict part of (1.6) would be made by the h-type. The l-type in this case makes

the offer (qcl , p
c
l ) and the producer optimally accepts both offers given her belief system in

(1.9). All such equilibria can be sustained and are separating Perfect Bayesian equilibria as

depicted by the set S in Figure 1.1.
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Now consider (qh, ph) which satisfies (1.7) and (1.6). The producer correctly believes that

such an offer could come from either type and E(ω|(qi, pi)) = πlωl + πhωh in (1.8). It

is rational for the producer to accept it, if (1.8) is satisfied. Now, let us check if it was

rational for h-type to have made this offer i.e. does she have incentives to deviate given the

producer’s belief system in (1.9) and her out-of-equilibrium belief that any offer other than

what is observed comes from l-type. It is indeed optimal for the h-type to make this offer as

any other offer is taken to be from the l-type and under this belief, Similarly, we can check

for the l-type, and since (1.6) is satisfied it is rational for her to make this offer. All such

equilibria are pooling Perfect Bayesian equilibria as depicted by the set P in Figure 1.1. �

A.2. Proof of Proposition 2

First, consider a proposed equilibrium that is separating such that (ql, pl) = (qcl , p
c
l ) and

(qh, ph) satisfies (1.8) for E(ω|(qh, ph)) = ωh or λ(qh, ph) = 1 as defined for Definition A.1 in

Appendix B so, (1.7) is satisfied and the strict part of (1.6) is violated. There are many such

separating equilibria but among these, only the h-type has a profitable deviation by choosing

(q′, p′) in an alternative separating equilibrium if u(qh) − phωh < u(q′h) − p′hωh (as (1.6) is

violated). And, the producer’s out-of-equilibrium belief in the original equilibrium should not

be updated i.e. λ(q′h, p
′
h) < 1 (since (q′h, p

′
h) /∈ A, otherwise high type buyers would have an

incentive to a profitable deviation in the original equilibrium), which is inconsistent according

to requirement 3 in Definition A.1. Thus, among all separating only the one which maximizes

[u(qh)− phωh] is undefeated, as others are defeated by the chosen separating equilibrium.

Second, consider a proposed equilibrium that is pooling such that (q, p) satisfies (1.8) for

E(ω) = πhωh+πlωl so (1.7) and (1.6) are satisfied. Among all such pooling equilibria, if both

types have a profitable deviation by choosing (q′, p′) in the alternative equilibrium, with the

high type strictly preferring the alternative and the low type being at least as well off as in

the original one then the proposed equilibrium is defeated. So, if u(q)− pωh < u(q′)− p′ωh

and u(q)−pωl ≤ u(q′)−p′ωl then (q′, p′) defeats (q, p). And, λ(q′, p′) < πh (since (q′, p′) /∈ A),
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which is inconsistent according to requirement 3 in Definition A.1. Thus, among all pooling

only the one which maximizes [u(qh) − phωh] is undefeated, as others are defeated by the

chosen pooling equilibrium.

Finally, to show that between the chosen separating and chosen pooling the one that maxi-

mizes [u(qh)−phωh] is undefeated, consider a proposed pooling equilibrium that is undefeated

among all pooling equilibria. If the h-type gets a higher payoff in an alternative separating,

then she has an incentive to deviate away from the proposed pooling to the alternative sep-

arating equilibrium and thus pooling will be defeated. In this case, the least-cost separating

will be the only undefeated equilibrium.

Similarly, consider a proposed separating equilibrium that is undefeated among all separating

equilibria. If the h-type gets a higher payoff in an alternative pooling, then she has an in-

centive to deviate away from the proposed separating to the alternative pooling equilibrium.

And, provided that the l- type is also weakly better off in the pooling, the producer’s beliefs

in the original equilibrium about such a pooling deviation, λ(q′, p′) < πh (since (q′, p′) /∈ A)

is inconsistent according to requirement 3. Thus, the least-cost separating is defeated, and

the efficient pooling will be the only undefeated equilibrium. As discussed in the text, it can

be checked that whenever h-type is better of pooling, the l- type is also weakly better off in

the pooling equilibrium i.e. u(qsh)−pshωh < u(qp)−ppωh =⇒ u(qcl )−pclωl < u(qp)−ppωl. To

see this, u(qsh)−pshωh < u(qp)−ppωh =⇒ (pp−psh)ωh < u(qp)−u(qsh) and since (pp−psh)ωl <

(pp − psh)ωh, so (pp − psh)ωl < u(qp)− u(qsh) or u(qsh)− pshωl = u(qcl )− pclωl < u(qp)− ppωl

Also, notice that if (ql, pl) = (qh, ph) satisfies (1.8) for E(ω) = πhωh + πlωl so (1.7) and (1.6)

are satisfied. Among all such pooling equilibria, if type-l is strictly better off by deviating

to (q′, p′) and h-type is indifferent then the requirement that (q′, p′) /∈ A can be justified by

λ(q′, p′) = 0 which is consistent with requirement 3 in Definition A.1.
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Finally, if u(qsh) − pshωh = u(qp) − ppωh then both equilibria are undefeated. Thus, the

undefeated equilibrium of the bargaining game boils down to maximizing the surplus of high

type.

�

A.3. Proof of Lemma 1

The proof follows by showing that both constraints to the maximization problem (1.11)-

(1.12) bind. Suppose first that (1.12) is not binding. Then, (qsh, p
s
h) is just the complete

information offer, i.e., qsh = min[q∗, c−1(ωh)] ≥ qsl and psh = c(qsh)/ωh > 0. In this case, an l-

type asset holder who offers (qsh, p
s
h) gets surplus,

u(qsh)− pshωl = u(qsh)− c(qsh) + psh(ωh − ωl) > u(qsl )− c(qsl )

since psh > 0 and ωh − ωl > 0 and qsh = min[q∗, c−1(ωh)] ≥ qsl as discussed above. But then

(1.12) is violated (as l-type asset holder has an incentive to copy the h-type). A contradiction.

Suppose next that (1.11) is not binding. Substitute u(q) = pωl + u(qsl ) − pslωl at equality,

into the asset holder’s payoff to get

max
p∈[0,1]

[p(ωl − ωh) + u(qsl )− pslωl]

which gives psh = 0 and u(qsh) = u(qsl ) − pslωl > 0 (since ωl > 0). But then the producer’s

participation constraint −c(qsh) ≥ 0 is violated. A contradiction.

So, both constraints are binding. From the producer’s participation constraint we obtain

(1.13). Substitute psh by its expression given by (1.13) into (1.12) at equality to get (1.14).

In order to establish that there is a unique solution to (1.13) and (1.14), notice that the left-

hand side of (1.14) is first increasing and then decreasing in qsh, and it reaches a maximum
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greater than u(q∗) − c(q∗) ≥ u(qsl ) − c(qsl ) (RHS of (1.14)) for some qsh > q∗ solution to

u′(qsh) = ωl

ωh
c′(qsh). The equality in (1.14) might be satisfied with multiple (at most two)

solutions. However, only the lowest value for qsh maximizes the payoff of the h-type asset

holder. To see this, notice that from (1.14),

Ssh ≡ u(qsh)− c(qsh) = u(qsl )− c(qsl )−
(

1− ωl
ωh

)
c(qsh).

The right-hand side of the equation above is decreasing in qsh; hence, u(qsh)− c(qsh) is maxi-

mized at the lowest value of qsh that solves (1.14).

Next, establish that qsh < qsl and psh < psl . At qsh = qsl LHS of (1.14) > RHS (1.14) and since

LHS is increasing in qsh till a maximum which is reached for a qsh that is greater than q∗ ≥ qsl .

Thus, the qsh that solves (1.14) is smaller than qsl and there is a unique qsh ∈ (0, qsl ) that solves

(1.14) at equality. Thus, qsh < qsl . Finally, from (1.12), (psl −psh)ωl = u(qsl )−u(qsh) > 0, hence

psl > psh.

(ii) Suppose ωl = 0, from (1.10) qsl = 0 and psl = 0. Hence, u(qsl ) − pslωl = 0 and (1.12)

implies qsh = 0. Finally, (1.11) implies psh = 0. �

A.4. Proof of Proposition 3

(i) This proof proceeds by first establishing independence of Ssh ≡ u(qsh)− c(qsh), with respect

to πl and then monotonicity of Sph with respect to πl.

From (1.11) and (1.12), the payoff of the h-type asset holder at the separating equilibrium,

Ssh ≡ u(qsh)−c(qsh), is independent of πl. Whereas, from (1.15) the payoff of the h-type under

the pooling equilibrium,

Sph ≡ u(qp)− ωhc(q
p)

(1− πl)ωh + πlωl
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is continuous and strictly decreasing with πl. To see this, note that from (1.17) and (1.19)

qp is strictly decreasing in πl (as ωh > ωl). And, Sph is increasing in qp till its maximum is

reached.

Consider first the case when πl = 0. The problem that determines (qsh, p
s
h), (1.11) - (1.12),

corresponds to (1.15) with an additional binding constraint (1.12). Now, since the solution

of (1.11) - (1.12) is such that (1.12) is binding (see Lemma 1), so Sph(0) > Ssh.

Next consider πl = 1 and assume ωl > 0. The producer’s participation constraint in (1.15) is

identical to the one in the problem of the l-type asset holder, (1.10). The problem becomes

maxq[u(q)− c(q)ωh

ωl
]. Hence, qp ≤ qsl and

u(qp)− ppωl ≤ u(qsl )− pslωl.

Consequently, the incentive compatibility condition (1.12) holds at (qp, pp).

Now look at the producer’s participation constraint in (1.15). Since, −c(qp) + ppωl = 0 and

pp > 0 (since ωl > 0) so producer’s participation constraint in (1.11) at (qp, pp) is slack

(intuitively some surplus is left with the producer). But, from Lemma 1, the solution to

(1.11) and (1.12) is such that the constraints hold at equality. Consequently, Sph(1) < Ssh at

πl = 1.

Thus, there is π̂l ∈ (0, 1) such that Sph(π̂l) = Ssh. For all πl > π̂l, S
p
h(πl) < Ssh and the

equilibrium is separating; while for all πl ≤ π̂l, S
p
h(πl) > Ssh and the equilibrium is pooling.

(ii) Finally, if ωl = 0 then qsh = 0, and qp = 0 at πl = 1 thus, Ssh = Sph(1) = 0. So, for all

πl < 1, Sph(πl) > Ssh = 0 and the equilibrium of the bargaining game is pooling. �
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A.5. Proof of Lemma 2

The proof is intuitive as producers get zero bargaining surplus.

Subtract βVp from both sides of (1.20) and use ωi = β(Vi − Vp) to get:

to get:

(1− β)Vp =απh

[
− c(qh) + phωh

]
+ απl

[
− c(ql) + plωl

]
.

Under any take-it-or-leave-it offer by the asset holder (separating or pooling) the asset holder

keeps the producer at zero surplus, which implies that all the terms on the right hand side

is zero, hence Vp = 0 for all equilibria. �

A.6. Proof of Proposition 4

(i) Start by establishing that a solution ωh > ωl to (1.22) - (1.23) exists. Re-write (1.23) by

multiplying both sides by r.

First consider, ωh = ωl. Here qsh = qsl = qcl from (1.14). The right-hand side of (1.23)

becomes α[u(qcl )− c(qcl )] + γh.

Consider next, ωh = ωch, where ωch is the solution to rωch = α[u(qch) − c(qch)] + γh with

qch = min[q∗, c−1(ωch)]. And, right-hand side (RHS) of (1.23) becomes α[u(qch)− c(qch)] + γh.

Note that from (1.22), ωch > ωl (since γh > γl and u(qch)− c(qch) ≥ u(qcl )− c(qcl )).
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Finally, note that from the comparison of (1.1) and (1.11)-(1.12),

u(qsh)− c(qsh) ≤ u(qch)− c(qch),

and with a strict inequality when ωh > ωl because the incentive compatibility constraint

(1.12) is binding.

This implies that, the right-hand side of (1.23) is less than α[u(qch) − c(qch)] + γh (i.e. RHS

of (1.23) under ωh = ωch). By the Intermediate Value Theorem, there is an ωh ∈ (ωl, ω
c
h).

(ii) Now to establish uniqueness of ωh rewrite (1.23) as

rωh = α[u(qsh)− c(qsh)] + γh

and show that the right-hand side (RHS) is decreasing in ωh .

Differentiate RHS with respect to ωh, since [u(qsh) − c(qsh)] is increasing in qsh up to q∗, we

need to check if qsh is decreasing in ωh. Differentiate (1.14) to get:

∂qsh
∂ωh

= − ωlc(q
s
h)

ω2
h[u
′(qsh)−

ωl

ωh
c′(qsh)]

< 0

for all ωh > ωl. Denominator is positive as qsh < q∗. Thus, RHS is positive for all ωh and is

decreasing in ωh and the solution ωh ∈ (ωl, ω
c
h) is unique as LHS is increasing in ωh.

Uniqueness of ωl follows as u(qcl )− c(qcl ) is concave. �

A.7. Proof of Proposition 5

The right-hand side of (1.22) and (1.23) are independent of πl. Consequently, ∂ωi

∂πl
= 0 for

i ∈ {h, l}.
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A.8. Proof of Proposition 6

The proof is similar to the proof of Proposition 3 with the difference that now ωl, ωh are

endogenously determined in the general equilibrium framework.

However, Ssh ≡ u(qsh) − c(qsh) is still independent of πl because (1.2), (1.3), (1.13),(1.14),

(1.22) and (1.23) can be solved simultaneously to get (qci , p
c
i , q

s
h, p

s
h, ωl, ωh) and they are all

independent of πl.

As before, Sph(πl) is decreasing in πl. Note that (ωl, ωh) given by (1.22) and (1.23) are

independent of πl. Hence as in the proof for Proposition 3 it can be shown that Sph(πl) is

decreasing in πl. Rest of the proof directly follows from there. �

A.9. Proof of Proposition 7

(i) Start by establishing that a solution ωh > ωl to (1.25) - (1.26) exists.

Multiply both sides of (1.26) by r. Consider first, ωh = ωl. Here qp = qcl from (1.17) and

(1.19). Then, RHS of (1.26) becomes α[u(qcl )− c(qcl )] + γh.

Next at ωh = ωch, where ωch is the solution to rωch = α[u(qch) − c(qch)] + γh with qch =

min[q∗, c−1(ωch)], RHS of (1.26) becomes α[u(qch)− c(qch)] + γh.

Note that ωch > ωl because γh > γl and [u(qch)− c(qch)] > [u(qcl )− c(qcl )].

Finally, note that the right-hand side of (1.26) is less than α[u(qch)− c(qch)] + γh = rωch (i.e.

RHS of (1.26) under ωh = ωch), because from the comparison of (1.1) and (1.15),

u(qp)− ωh
πlωl + πhωh

c(qp) ≤ u(qch)− c(qch),
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and with a strict inequality when ωh > ωl (they are equal when ωh = ωl).

Thus, by the Intermediate Value Theorem, there is an ωh ∈ (ωl, ω
c
h).

(ii) Now we establish that a unique solution: ωh, ωl, q
p exists such that it solves the following

(re-writing (1.25) and (1.26) by assuming c(q) = q (this is without loss of generality as u(q)−q

is still concave), and defining the solution to (1.17) and (1.19) as qp∗):

rωl = α[u(qp)− ωl
ω̄
qp] + γl, (1.25′)

rωh = α[u(qp)− ωh
ω̄
qp] + γh, (1.26′)

qp = min[qp∗, ω̄], (A.1)

where, ω̄ = πlωl + (1− πl)ωh. Combine (1.25′) and (1.26′) by multiplying (1.25′) by πl and

(1.26′) by (1− πl) and adding the two to get:

ω̄ =
α

r
[u(qp)− qp] +

γ̄

r
. (A.2)
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Now consider (1.17) and substitute for ωh from (1.26′) to get:

u
′
(qp) =

αu(qp) + γh
ω̄r + αqp

(A.3)

We get qp∗ in terms of ω̄ as qp solves (A.3). We now have two equations [(A.1) and (A.2)] in

two unknowns (qp and ω̄). It can now be shown that a unique solution to these two equations

exist. We can then uniquely determine ωh and ωl.

To show that a unique solution (qp, ω̄) exists, consider (A.1) and (A.2) in (qp, ω̄)-space.

Given that [u(qp)− qp] is concave, we get an upward sloping concave curve for (A.2). And,

for (A.1), we get the 45◦ line for low values of ω̄ and then an upward sloping line that lies

above the 45◦ line for high values of ω̄. Thus, there is a single crossing for positive values of

ω̄ and we get a unique solution.

We can now plug these values of qp and ω̄ into (1.26) and (1.25) to obtain a unique ωh and

ωl.

A.9. Proof of Proposition 8

It can be seen that in the (qp, ω̄)-space, (A.2) shifts to the right as πl increases because

γh > γl. And, (A.1) does not shift. So, ∂ω̄
∂πl

< 0 and ∂qp

∂πl
< 0.

Take the derivative of (1.25′) and (1.26′) with respect to ω̄ and qp. Since ∂ωi

∂ω̄
> 0 and ∂ωi

∂qp
> 0

so, ∂ωi

∂πl
< 0 for i ∈ {l, h}.

�

A.10. Proof of Proposition 9
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The proof is similar to the proof of Proposition 3 with the difference that now ωl, ωh are

endogenously determined in the general equilibrium framework. And, unlike in Proposition

6, the values given by (1.22) and (1.23) are decreasing in πl.

First, check the surplus from separating where (ωh, ωl) is given by (1.25) and (1.26). We can

show that:

∂[u(qsh)− qsh]
∂qsh

∂qsh
∂πl

< 0

because
∂qsh
∂πl

< 0. To see this, take the derivative of (1.14) with respect to πl to get:

[u
′
(qsh)−

ωl
ωh

]
∂qsh
∂πl

= [u(qcl )− c(qcl )]
∂qcl
∂πl

+
∂ ωl

ωh

∂πl
qsh

Since, u
′
(qsh) > 1 so the left hand side term is positive,

∂qcl
∂πl
≤ 0 and

∂
ωl
ωh

∂πl
< 0. To check the

last inequality:

∂ ωl

ωh

∂πl
=
ωh
ω2
h

∂ωl
∂πl
− ωl
ω2
h

∂ωh
∂πl

< 0,

this is because ωh > ωl and ∂ωl

∂πl
< ∂ωh

∂πl
< 0.

Second, find the derivative of surplus from pooling with respect to πl is:

[
u

′
(qp)− ωh

ω̄

]
∂qp

∂πl
− qp

∂ ωh

ω̄

∂πl
< 0,

because the first term is either zero or negative (i.e. when qp = ω̄) and
∂

ωh
ω̄

∂πl
> 0. To check

the last inequality:
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∂ ωh

ω̄

∂πl
=

ω̄

ω̄2

∂ωh
∂πl
− ωh
ω̄2

∂ω̄

∂πl
= πl

ωl
ω̄2

∂ωh
∂πl
− πl

ωh
ω̄2

∂ωl
∂πl

> 0.

So, both Ssh and Sph are monotonically decreasing in πl. And, we can establish that Sph > Ssh

at πl = 0 and Sph < Ssh at πl = 1 from the proof of Proposition 3, so we get a unique π̂l
p.

�

A.11. Proof of Proposition 10

To prove that π̂l
p lies above π̂l

s, plot the following equation that determines π̂l in (πl, γh)-

space for the two sets of values of ωh, ωl i.e. one given by (1.22), (1.23) for π̂l
s and another

by (1.25), (1.26) for π̂l
p:

u(qsh)− qsh = u(qp)− qp ωh
πlωl + (1− πl)ωh

. (A.4)

First note that πl ∈ [0, 1] and γh ≥ γl. At γh = γl, q
s
h = qp = qsl so π̂l

p = π̂l
s as any value of

πl satisfies the equality.

First consider the case when ωh, ωl is given by (1.22), (1.23). Take the derivative of (A.4)

with respect to γl to find the slope of π̂l
s curve:

[
u

′
(qsh)− 1

]
∂qsh
∂γh

+ qp
πlωl
ω̄2

∂ωh
∂γh
−
[
u

′
(qp)− ωh

ω̄

]
∂qp

∂γh
= −qpωh

(ωh − ωl)
ω̄2

∂πl
∂γh

. (A.5)
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Now consider the case when ωh, ωl is given by (1.25), (1.26). Take the derivative of (A.4)

with respect to γl to find the slope of π̂l
p curve:

[
u

′
(qsh)− 1

]
∂qsh
∂γh

+ qp
πlωl
ω̄2

∂ωh
∂γh
−
[
u

′
(qp)− ωh

ω̄

]
∂qp

∂γh
=

∂πl
∂γh

{
− qsh

[u
′
(qsh)− 1]

[u′(qsh)−
ωl

ωh
]

∂ ωl

ωh

∂πl
− qpπlωl

ω̄2

∂ωh
∂πl

+ qp
πlωh
ω̄2

∂ωl
∂πl
− qpωh

(ωh − ωl)
ω̄2

}
. (A.6)

The third term on the left hand side of (A.5) and (A.6) is zero or negative and first two

are positive under Condition (A) given below. The term on the right hand side of (A.5) is

negative as ωh > ωl and under Condition (A), the term on the right hand side of (A.6) is

also negative. So, ∂πl
∂γh

< 0 for both.

qpπl

ω̄2
− qsh
ω2
h

[u
′
(qsh)− 1]

[u′(qsh)−
ωl

ωh
]
> 0. (A)

It can also be shown that under the same condition (A) the right hand side expression in

(A.6) is bigger in absolute value than the right hand side expression in (A.5) and thus π̂l
p is

flatter than π̂l
s. Thus, π̂l

p lies above π̂l
s.

And, if Condition (A) is not satisfied, then ∂πl
∂γh

> 0. But, then the right hand side expression

in (A.6) is smaller in absolute value than the right hand side expression in (A.5) and thus

π̂l
p is steeper than π̂l

s so, π̂l
p will again lie above π̂l

s.

�

A.12. Proof of Proposition 11

We need to show that there exists ωh > ωl such that qsi , p
s
i is given by (1.13) and (1.14) for

i ∈ h, l where ωi is given by re-writing (1.32) for e = s, e′ = p,
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rωsi = µs,s{α[u(qsi )− psiωsi ]}+ µs,p{α[u(qpi )− p
p
iω

p
i ]}+ γi + µs,p(ω

p
i − ωsi ),

For µs,p = 0 we have shown that there exists ωh > ωl from Proposition 6. By continuity, we

can show that for small enough µs,p there exists ωsh > ωsl that satisfies (1.32).

Similarly, for e = p, e′ = s, since we have shown that there exists ωh > ωl from Proposition

9, we can show that for small enough µp,s, there exists ωpl < ωph that satisfies (1.32).

�

A.13. Proof of Proposition 12

Re-write W from (1.33) in terms of πl:

W = A(1 + r)[(1− πl)ωh + πlωl].

∂W

∂πl
= A(1 + r)[(−ωh + ωl) + (1− πl)

∂ωh
∂πl

+ πl
∂ωl
∂πl

] < 0.

To see why, note that ωh > ωl, and from Proposition 8, ∂ωi

∂πl
< 0 for i ∈ {h, l} when the

equilibrium is pooling and is zero when separating. �
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A.2 Intuitive Criterion and Undefeated Equilibrium

A common refinement to use is the Intuitive Criterion by Cho and Kreps (1987) under which

only the least-cost separating offer will survive. In the context of the bargaining game, the

proposed equilibrium (with payoff of asset holder type-i denoted by U∗i ) fails the Intuitive

Criterion if there exists an unsent offer (q′, p′) such that the following is true:

U∗l > u(q′)− p′ωl, (A.7)

U∗h < u(q′)− p′ωh, (A.8)

0 ≤ −c(q′) + p′ωh, (A.9)

In words, the above says that the out-of-equilibrium offer would make the h-type asset holder

strictly better off if accepted and it would make the l-type asset holder strictly worse off.

Finally, the producer should accept the offer believing that it came from a high-type asset

holder.

Now to see which equilibrium survives this refinement, first consider the set of all separating

equilibria. Any offer that violates (1.6) (as given by set S in Figure 1.2) will not be made by

type-l. If the producer is sympathetic to such an argument, for any out-of-equilibrium offer

in S, she should believe that it comes from h-type. And, under this belief system the offer

at A maximizes the high-type’s surplus making this the only sequentially rational separating

equilibrium offer for the h-type. It is called the least-cost separating.
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Only the least-cost separating equilibrium will survive the Intuitive Criterion as all pooling

offers are also ruled out. To see why, consider the pooling offer (p, q) at B. The high type

can make an offer (call it (p′, q′)) with a slightly low p and q such that she is on a higher

indifference curve, and the low type is on a lower indifference curve compared to the one

crossing at B (not shown in picture, imagine a curve parallel to Ua
l tangent at B). If the

seller is sympathetic to the intuitive criterion, then she believes that this offer came from

the high-type and she accepts it, as her indifference curve is to be compared with Uh
p now

i.e. the point should be above Uh
p . Thus, the proposed pooling offer at B will not be part of

equilibrium, if we refine beliefs this way.

However, Mailath, Okuno-Fujiwara and Postlewaite (1993) criticized the logical foundation

of the Intuitive Criterion which is based on forward induction by arguing that it lacks global

consistency. Consider (p′, q′), we said that the l-type is made worse-off, but we are comparing

that with (pp, qp) while the relevant comparison should be with (pcl , q
c
l ) because if the producer

finds the intuitive criterion appealing, she should assume that if an offer (pp, qp) is made,

it should come from the low-type and hence she would not accept it. The l-type buyer

knowing this, would thus never offer (pp, qp) but instead offer (pcl , q
c
l ). So, now if the l−type

compares equilibrium offers, she would have incentives to offer (p′, q′) over (pcl , q
c
l ). In which

case, the seller should not attribute (p′, q′) to h-type but to both and if (1.8) is violated she

would not accept such an offer. Thus, the offer (pp, qp) at B could potentially be sustained

if we refine out-of-equilibrium beliefs accordingly. In sum, they argue that belief about an

out-of-equilibrium offer is invalid if it does not itself correspond to an alternative Perfect

Bayesian equilibrium, and benefits some types.

They further argue that besides the question of logic, there is also some doubt about the

plausibility of the equilibrium selected by the Intuitive Criterion. In case there are few

lemons in the market, separation might too costly for the high type. In their words, “A crude

refinement would be to select the equilibrium that Pareto dominates the other equilibria,
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if such an equilibrium exists, but this is clearly inconsistent with the intuitive criterion

refinement”. (Mailath, Okuno-Fujiwara and Postlewaite, 1993, p.252.) In the case when

there are very few lemons, and separating is too costly for the high-type, the pooling offer

Pareto dominates the separating offer.1

Given below is a definition of the undefeated equilibrium for the bargaining game.2 We now

denote the belief system for producers, by λ. Let λ(q, p) = Pr[i = h(q, p)] represent the

posterior belief of a producer that the asset holder holds a unit of h-type tree conditional on

the offer (q, p) made.

Definition A.1. An undefeated equilibrium comprises of {(qh, ph), (ql, pl),A, λ}. Consider

equilibria where offers are accepted. A proposed equilibrium {(qh, ph), (ql, pl),A, λ} is defeated

by an alternative equilibrium {(q′h, p′h), (q′l, p′l),A′, λ′} if there exists an offer (q′′, p′′) such that:

1. ∀i ∈ {l, h}, (qi, pi) 6= (q′i, p
′
i) and K ≡ {i|(q′i, p′i) = (q′′, p′′)} 6= ∅,

2. ∀i ∈ K, u(qi)− piωi ≤ u(q′i)− p′iωi and, ∃i ∈ K, u(qi)− piωi < u(q′i)− p′iωi ,

3. ∃i ∈ K, λ(i|(q′i, p′i)) 6= ρ(i)π(i)/
∑
i′∈I

ρ(i′)π(i′) for any ρ : I → [0, 1] satisfying:

i ∈ K and u(qi)− piωi ≤ u(q′i)− p′iωi =⇒ ρ(i) = 1 and

i /∈ K =⇒ ρ(i) = 0

So, for a sequential equilibrium to be defeated, first there must exist an out-of-equilibrium

offer that is used in an alternative sequential equilibrium by a subset K of asset holder types.

Second, for all asset holders with types in K (i.e. asset holders making the alternative offer),

their payoff at the alternative equilibrium must be greater than the one at the proposed

equilibrium with a strict inequality for at least one type. Finally, the belief system in the

1Under certain assumptions, any undefeated equilibrium is not strictly Pareto dominated by another
equilibrium. However, the notions of defeat and Pareto domination are not the same (Mailath, Okuno-
Fujiwara and Postlewaite, 1993, p.267).

2See Mailath, Okuno-Fujiwara and Postlewaite (1993, p.254, Definition 2) for a more general definition
of the refinement.
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original equilibrium does not update producers’ prior belief conditional on the asset holder’s

type being in K allowing for the possibility that any type that is indifferent may have

randomized.
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Appendix B

Appendix to Chapter 2

B.1 Appendix: Proofs

A.1. Proof of Lemma 3

In text. �

A.2. Proof of Proposition 13

First note that:

ξnd(θ) =
α

r
[u(qch)−c(qch)]+

γh
r
− α
r

{
θ[u(qcl )−c(qcl )]+(1−θ)[u(qch)−

ωl
ωh
c(qch)]

}
− γl
r

(B.1)

ξd(θ) =
α

r

{
θ[u(qch)− c(qch)] + (1− θ)[u(qsh)− c(qsh)]

}
+
γh
r
− α

r
[u(qcl )− c(qcl )]−

γl
r

(B.2)
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(i) From (2.9), [u(qch) − (ωl/ωh)c(q
c
h)] > [u(qcl ) − c(qcl )] ξnd(θ) is an increasing function of θ.

And, since [u(qch)− c(qch)] > [u(qsh)− c(qsh)] ξd(θ) is an increasing function of θ.

(ii) Plug in θ = 1 to (B.1) and (B.2) to see that

ξnd(1) = ξd(1) =
γh − γl
r

+
α

r
([u(qch)− c(qch)]− [u(qcl )− c(qcl )])

(iii) Plug in θ = 0 to (B.1) and (B.2) to see that

ξnd(0) =
γh − γl
r

+
α

r
([u(qch)− c(qch)]− [u(qch)−

ωl
ωh
c(qch)])

ξd(0) =
γh − γl
r

+
α

r
([u(qsh)− c(qsh)]− [u(qcl )− c(qcl )])

To show: ξnd(0) < ξd(0), we just need to show that: ([u(qch) − c(qch)] − [u(qch) −
ωl

ωh
c(qch)]) <

([u(qsh)− c(qsh)]− [u(qcl )− c(qcl )]).

Note that ([u(qch) − c(qch)] − [u(qch) −
ωl

ωh
c(qch)]) can be simplified to −c(qch)[1 −

ωl

ωh
]. And

([u(qsh)− c(qsh)]− [u(qcl )− c(qcl )]) to −c(qsh)(1−
ωl

ωh
), because from the separating solution we

know that: [u(qcl )− c(qcl )] = [u(qsh)−
ωl

ωh
c(qsh)] = [u(qsh)− c(qsh)] + c(qsh)(1−

ωl

ωh
).

Thus, since qch > qsh =⇒ c(qch) > c(qsh) =⇒ −c(qch) < −c(qsh). And, ξnd(0) < ξd(0)

(iv) It is straightforward to see that ξnd(θ) < ξd(θ) for all θ ∈ [0, 1) follows from (i) - (iii). �
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B.2 Appendix: Indivisible Coins and Private Informa-

tion

This is the case discussed under VWW where it is shown that it is possible to generate

positive seigniorage from debasements (see Velde, Weber and Wright (1999) for details and

pg. 312 for a summary of the results) under private information (θ ∈ [0, 1)) when coins are

indivisible (p = 1). A summary of the analysis is presented here for completeness.

Equilibrium with both coins in circulation

As discussed in section 2.2.2, with indivisible coins, pl = ph = 1 which implies that ql = ωl

and qh = ωh under a linear cost function. The values of coins become (substituting ω with

q):

qh =
αθ

r
κch[u(qh)− qh] +

α(1− θ)
r

κuh[u(q̄)− qh] +
γh
r

ql =
αθ

r
κcl [u(ql)− ql] +

α(1− θ)
r

κul [u(q̄)− ql] +
γl
r

where, q̄ = πlql +πhqh and κ is derived from incentive compatibility and determines whether

trade takes place or not1. Also, note that in uninformed matches the two coins get pooled

terms of trade, as there is no scope for signalling under the assumption of indivisible coins.

Debasement

1For example if [u(q̄)− qh] < 0 then κuh = 0 and if [u(q̄)− qh] = 0 then κuh ∈ [0, 1] and otherwise 1
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The way debasements work is the same as before, with the only difference in the value of

coins. Following section 2.2.1, we get the three cases as follows:

(i) No reminting: Ml = 0 if qh > ξ + ql

(ii) Full reminting: Ml = M if qh < ξ + ql

(iii) Partial reminting: 0 < Ml < M implies qh = ξ + ql

Under case (i), if agents keep their coin, qh solves:

rqh = α[u(qh)− qh] + γh

If the agent deviates and goes to the mint, ql solves:

rql = αθ[u(ql)− ql] + α(1− θ)[u(qh)− ql] + γl

Light coin holders would pretend to hold heavy coins since u(qh) > u(ql). Let ξnd = qh − ql

from above. No reminting is an equilirbium if and only if ξ < ξnd.

Under case (ii), if agents go to the mint, ql solves:

rql = α[u(ql)− ql] + γl
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If the agent deviates and keeps the coin, qh solves:

rqh = αθ[u(qh)− qh] + α(1− θ)κ[u(ql)− qh] + γh

Heavy coin holders get ql in uninformed meetings as πl ≈ 1 and q̄ ≈ ql. Let ξd = qh− ql from

above. Full reminting is an equilirbium if and only if ξ > ξd.

Finally, case (iii) follows from the observation that there is a non-empty region where the side

payments falls between ξnd and ξd. The equilibrium must generically be a by-tale equilibrium

in this region as by-weight is independent of πl. And, πl adjusts such that ξ = qh − ql.

Seigniorage

Seigniorage is defined as before in (2.5) and the analysis is similar to what was done in

the text in case of private information and divisible coins except for differences in levels for

θ = [0, 1) and a positive result at θ = 1. Note that ξnd(0) = ξd(0) = (γh − γl)/(r + α).

Hence they conclude that for sufficiently low values of θ there is a ξ that is large enough to

elicit at least some reminting and small enough to generate positive net revenue. Finally, as

discussed in section 2.2.2 it is also possible to generate positive revenue for θ = 1 for small

enough values of r.
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