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Abstract of the Dissertation

Photons with a Twist:

Coherent Optical Vortices

From Relativistic Electron Beams

by

Andrey Knyazik

Doctor of Philosophy in Physics

University of California, Los Angeles, 2013

Professor James B. Rosenzweig, Chair

The purpose of this dissertation is to examine a proof of principle experiment and

its background that generates and amplifies coherent light that carries orbital

angular momentum (OAM) in a single pass via free-electron laser (FEL) at the

fundamental operating frequency using the HGHMG (High Gain High Mode Gen-

eration) scheme. The background to this experiment was done uniting two rapidly

expanding and distinct fields of study: (a) high-order OAM light modes, which

interact in new ways with matter, and (b) FELs, in which a relativistic electron

beam emits coherent, ultra bright, frequency-tunable light via Bremsstrahlung

radiation. Due to the medium less nature of FELs, the OAM light generated via

FEL interaction enables new frontiers of exploration at Angstrom wavelengths

and femtosecond time scales. This dissertation will be divided into two parts:

theory and background necessary to perform a proof of principle experiment de-

scribed in Chapters 1 through 3; and physical description of insertion devices and

experiment setup, execution and data analysis described in Chapters 4 and 5.
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CHAPTER 1

Introduction

Starting with early twentieth century, and continuing into the twenty first, elec-

tron beam accelerators have been a source of efficient, reliable, and highly tunable

source of electromagnetic radiation. Enrico Fermi [1] postulated that future of

physics was based on developing a machine that could produce and control rel-

ativistic high quality electron beam. First such machine, called cyclotron, was

built in Berkeley, California by Ernest Lawrence [2] in 1932. Since then and

throughout the twentieth century, accelerator physics has been a major contri-

bution to high energy particle physics, as well as giving rise to a plethora of

spin off research directions including medical therapy, medical diagnosis, trans-

mission of nuclear waste, light sources, neutron sources, etc. Efficient, reliable,

and tunable electromagnetic radiation has been produced by electron beams. A

plethora of facilities worldwide use electron beams to produce electromagnetic

radiation spanning multiple orders of magnitude in wavelength, from millimeters

to Angstroms, for applications ranging from medical treatment to fundamental

science. During the last thirty years, accelerator based light sources have be-

come a crucial study to multiple modern advanced accelerator facilities. The

most successful concept is the free-electron laser (FEL) in which a highly ener-

getic electron beam traversing a periodic magnetic field emits light in a forward

direction via a process called stimulated bremsstrahlung radiation [3]. When

the radiated light is amplified it acts similar to a Laser (light amplification by

1



stimulated emission of radiation.) The difference is that FEL is free referring to

the electron not being bound to any atom or molecule, however retaining many

characteristics of conventional lasers including narrow bandwidth ( emission at

a single frequency, or well separated set of frequencies), light gernerated to high

degree of spatial coherence (in phase wavefronts of light), and low divergence

(well-collimated beam). Lack of medium classified FELs as vacuum tube-like

devices, where electrons interact with radiation fields in vacuum, which provides

FELs with high amount of versatility in wavelength and radiation power as its

dictated by electron beam energy, and periodic magnetic field, which are much

more adjustable then energy transitions of active laser medium. Due to lack of

thermal lensing, birefringenece, or any other heat dissipation losses, FELs can

generate much higher power coherent radiation, and an extremely large range of

wavelengths compared to conventional lasers. Operating in vacuum also elimi-

nates much of diffraction, which is ideal for imaging and transport applications.

First operational Free Electron Laser is described in [100]

The FELs initial concept was proposed by Hans Motz in 1951, who stud-

ied electromagnetic radiation emitted from an electron beam passing through a

periodic array of electric and magnetic fields [4]. Motz suggested that such a

device could be used as a source of narrow band tunable radiation at unprece-

dented wavelength down to hard x-rays. Twenty years later, the first working

FEL tuned to infrared regime was developed by John Madey and his group at

Stanford University. By today there have been major advancements in FEL

technology. A modern FEL is a fourth generation coherent radiation source, es-

tablished by Linac Coherent Light Source (LCLS) FEL at SLAC operating at

x-ray wavelengths (1.5 Ã) and unprecedented peak spectral brightness of 1034

photons/s/mm 2/mrad 2 0.001 BW [5] with plans of upgrading LCLS, and mak-

ing x-ray FEL laboratories elsewhere. While most research focuses on making

2



Figure 1.1: This is the most common mode of light, also known as the fundamen-
tal with a peak on axis falling off to zero on the edges, and axisymmetric phase
without azimuthal dependence.

FELs operate on smaller wavelength and higher peak and average power, there

is also interest in creating exotic modes, for which there is need in a plethora

of fields. One of those new regimes called light with OAM (Orbital Angular

Momentum) and a proof of concept experiment, that demonstrates a scheme of

creating such light with the use of FELs is the focus of this dissertation, and is

attained by controlled manipulation of three dimensional spatial distribution of of

the electron beam, and therefore of the FEL radiation field in both intensity and

phase across a wide range of available wavelengths. Almost all modern high-gain

FELs generate light that has a simple round transverse distribution, meaning

emitted light with axisymmetric distribution with intensity peaked on axis, and

forming a Gaussian distribution as a function of the radius, falling to zero on the

edge. The phase is axisymmetric, with no azimuthal dependence depicted below

on Figure 1.1.
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For most application in modern laser science, a simple Gaussian distribution

is highly desirable, as they are formed as the lowest order mathematical solution

to the wave equation that describes propagation of a finite-sized laser beam in

free-space. There are however other, higher order modes that are solutions to the

wave equation with more complex transverse intensity and phase dependence,

that are physically achievable. They have different physical characteristics and

therefore interact differently with matter and propagate differently. They can

provide a variety of different laser based experiments and applications. FELs

with higher order modes provide more flexibility to the already versatile arsenal

of FEL based experiments. This thesis will examine FEL production of OAM

light. The characteristic of this mode is a donut shaped transverse intensity pro-

file with a vortex (zero) on axis field, and peak intensity formed on the annulus of

the donut. There is also helical off-axis phase dependence of instantaneous field

amplitude, which spirals as a function of the position around the ring. OAM

light has a quantum number l, the azimuthal angular momentum associated with

it, where each photon carries l~ units of angular momentum, where ~ is the

Plancks constant [6]. There can also be spin angular momentum (SAM) associ-

ated with the modes due to the polarization of the field. The difference between

them is that OAM is formed as the azimuthal component of the linear photon

momentum, possessing intrinsic helical phase such that the field energy forms

a corkscrew about the axis. Conventional lasers have been used for decades to

create OAM light for variety of research opportunities. Most common way of

producing OAM light is by mode-transferring from Gaussian light by propagat-

ing it through spiral waveplates, which cause azimuthaly dependent phase delays

that produce helical phase [7]. Other well studies schemes of producing OAM

light are: mode converters composed of pairs of cylindrical lenses may be used

higher order Hermite-Gaussian modes into helically symmetric OAM Modes [8],

4



laser cavities optimized to emit optical vortices [9], and phase masks most com-

monly forked holograms employed like a diffraction grating to generate OAM

light as Gaussian light passes through a dislocation [10]. Lots of these methods

have recently been used to generated OAM light in x-ray [11], and radio wave

regimes [12]. The problem for modern high-brightness, high peak power, single

pass sources like LCLS is that techniques described above are unavailable, due

to losses, material threshold, and other impracticalities. Conventional lasers also

have a limited spectrum of operational frequencies available to them, whereas

FELs are not limited by any material mediums. Therefore a new schema for

generating OAM light using FELs has to be developed, which demands new un-

derstanding of OAM interaction with electron beams.

Some of the ongoing research opportunities that exploit OAM light include

light-driven micro-mechanical rotation devices, where micron sized particles are

driven to rotate with optical tweezers [13]. Similar to circularly polarized light,

OAM light possesses rotationally induced frequency shifts [14]. Using Rotating

cylindrical lenses it was shown that OAM light can be used to adjust frequency

via azimuthal Doppler effect [15], with later work showing circularly polarized

OAM light can frequency shift proportional to its total angular momentum [16].

Predictions of such shift were confirmed in atomic [17] and quantum systems

[18], and are used in experiments to form different rotating states to have differ-

ent frequencies. There has also been advances in sub-diffraction limit microscopy

[19], Bose-Einstein condensates [20] quantum entanglement schemes[21], molecu-

lar transitions [22, 23], and information encoding [24] due to OAM light. OAM

provides an additional degree of freedom, very crucial to provide experimental

access to higher-order processes at short wavelengths. X-ray OAM light has been

proposed for research in chirality in biological materials [31], scattering and spec-

troscopy [32], and quadrupolar transitions in materials due to strong dichroic
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properties [33]. With modern FEL laboratories such as LCLS, ability to generate

OAM via FEL provides opportunity of probing matter with OAM photons at

Angstrom length, and attosecond time scales unavailable by conventional means.

Such capabilities will provide new regimes for FELS, and expend research oppor-

tunities in fundamental physics and light-source based technologies. This thesis

illustrates a proof of concept experiment that shows a scheme in which medium-

independent, FEL based light can be achieved, and is paves a way for future

experiments with variety of wavelengths and peak power.

1.1 Dissertation Outline

The outline of this dissertation goes as follows. Chapters 1-3 are the theoretical

portion of this dissertation reviews the theory based on which the experiment

at NLCTA was performed. Chapter 1 reviews the basics of accelerator physics,

and establishes the framework of FELs and OAM light. Chapter 2 will go deeper

into FEL theory and establish such concepts as micro-bunching, shot noise effect,

and undulator parameter and 1-D model of FEL interaction, and some relevant

higher order effects. Chapter 3 will use the framework established in Chapter 2

and Laguerre Gaussian modes introduced in Chapter 1 to introduce the HGHMG

theory the consequences of which is OAM light produced using an FEL interac-

tion. Chapters 4 and 5 are the experimental section of this thesis. Chapter 4

describes in detail the design, manufacturing, and calibration process of the Hal-

bach helical pre-buncher. The magnetic fields measured using a hall probe, and

first and second magnetic field integrals measured using the pulse wire method are

compared to Radia ESRF simulation. Chapter 5 describes OAM light generated

using FEL in a proof-of-principle experiment performed at the SLACs NLCTA

laboratory. We feed 785 nm light co-propagating with 120 MeV un-modulated
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electron beam through a helical pre-buncher tuned to the second harmonic of the

laser, which helically modulates it in energy. The energy modulation is trans-

formed into helical density modulation by propagating through chicanes longitu-

dinally dispersive section. Finally the helical density 3-D modulated beam is sent

through a second planar radiator called U33 resonant at micro-bunching wave-

length, causing the electron beam to radiate OAM light confirming HGHMG FEL

theory. Two cameras measure undulator radiation from U33, and by utilizing a

phase retrieval algorithm, it is confirmed that Bremsstrahlung undulator radia-

tion is indeed OAM. The final chapter concludes with ideas for future OAM FEL

experiments, where power can be maximized, and OAM FEL can be combined

with NLCTAs ECHO project proposing the first ever ECHO OAM FEL concept.

1.2 Before FELs: Relevant Electromagnetism and Accel-

erator Physics

1.2.1 Most Relevant basic Electricity and Magnetism

I will start this discussion from Maxwell’s Equations, which are basis for all of

Electricity and Magnetisms texts [34, 35, 37]

∇×B =
1

c

dE

dt
+

4π

c
j

∇ •B = 0

∇ • E = 4πρ

∇× E = −1

c

dB

dt

(1.1)
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Another very important equation will be the Lorentz force:

dp

dt
= q(E + v •B/c) (1.2)

whereB is the magnetic field E is the electric field, c is the speed of light, j

is the current density, ρ is the charge density, v is the charge velocity, p is the

momentum, and q is the charge of the particle. Combining divergence of Electric

field and Curl of the Magnetic we get a conservation of charge relationship.

∇ • j +
dρ

dt
= 0 (1.3)

A more complete proof of conservation of energy can be done as follows. Start

by taking a product of the partricle’s velocity with the Lorentz force yielding an

power equation for one particle. We can use charge density instead of charge to

rewrite this as a power equation for a collection of particles where j is the current

density contained within a volume V:

dU

dt
= F • v =

∑
qi

qiv • E =

∫
V

j • Ed3x (1.4)

We can rewrite the above equation using divergence of electric field maxwell

equation and simplifying which yields:

∫
V

j • Ed3x+
d

dt

c

8π

∫
v

(B2 + E2)d3x+
c

4π

∫
A

(E×B*) • dA = 0 (1.5)

Where * is the complex conjugate symbol. Equation above is the complete con-

servation of energy equation. It states that rate of change of the energy stored

by the particles plus the rate of energy stored by the EM fields, plus the rate of

change of the energy flow out of area A, enclosed by volume V is zero. The last
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term deserves more discussion as it will contribute to radiation caused by accel-

erated particles, and is called the Poynting Vector S = c
4π

(E×B*), is measured

in W/m2 and notice that only normal to the area components of the Poynting

Vector will contribute.

Let us discuss how this applies to the topic of this dissertation, Free Electron

Lasers, and spontaneous undulator radiation in particular. The applicable vol-

ume is the cylindrical volume of a beam pipe going through the central axis of the

undulator, then there are three contributions of area A: the entrance and exit cir-

cular end caps, and the cylindrical beam pipe. The effect of the Poynting Vector

contribution is much larger than the effect of all other parts of the conservation

of energy equation, which as a rule of thumb are accounted by radiation integrals

[38]. Poynting vector will contribute to element impedence by depositing energy

to the cylindrical walls, and also by the energy deposition on the end cap, which

can be measured by installing a detector at the exit of the undulator.

It is important therefore to characterize E and B to determine what to expect

to see on the detector in an FEL system. It is useful to change from Maxwell

equation formalism to vector and scalar potentials: A and Φ; where

B = ∇×A (1.6)

and

E = −∇Φ
1

c

dA

dt
(1.7)

Unlike B and E fields which can be measured directly, their potential cannot,

which creates ambiguity in determining the potential. It also gives us freedom

to add the gradient of any scalar function to A as long as we subtract the time

derivative of that scalar function from Φ, called gauge invariance. For simplicity
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we choose to work with the Lorentz gauge: ∇×A = −1
c
dΦ
dt

in which case we can

rewrite the first and third Maxwell’s Equations as:

∇2A− 1

c2

d2A

dt2
= −4π

c
j (1.8)

and

∇2Φ− 1

c2

d2Φ

dt2
= −4πρ (1.9)

Consider a simplistic case of a single relativistic electron, with charge distri-

bution ρ = eδ3(x− r(t))δ3(t− te) and current distribution being j = ev(t)δ3(x−

r(t))δ3(t− te), where v(t) is the velocity r(t) is the current position of the parti-

cle, t is the time and te is the time of the photon emission. In Lorentz gauge the

solution becomes [39]

A(r,t) = − eβ(τ)

(1− β(τ) • n̂)R(τ)
(1.10)

and

Φ(r, t) = − e

(1− β(τ) • n̂)R(τ)
(1.11)

where τ is the retarded time: t = τ + R(τ)
c

, n̂ is the normal vector from electron

to the detector at time τ , and R(τ) =| x−r(τ) | is the distance between electron

and the detector. Notice the difference between time and retarded time is due

to the fact that by the time we detected the photon at the detector(time t),

the electron that emitted it has moved and is no longer at the spot where it

was at time τ . The equation above is called the Lienard-Wiechart potentials,

and are significant, because they describe the way factors contribute to scaling
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of potentials. Potentials are proportional to the charge of the emitted particle

and inversely proportional to distance from source to detector, and are largest

if considered in the direction of emission due denominator being 1 − β(τ) • n̂ .

It is important to note that static charges decay at a rate of 1/r2 so accelerated

charges will be detectable at much larger ranges.

1.2.2 Accelerator Physics Formalism

Due to superposition principle we can separate the fields that can be controlled

such as chicanes, dipoles, quadrupoles, etc. and those that cannot be controlled

such as space charge and wakefields. To start we can consider a sourceless

Maxwell equations to design the basic accelerator beamline. In such a prob-

lem the beam’s cloud of electrons trajectory can be simplified to a single particle

design trajectory, which symbolizes the average particle in the beam, and there-

fore the formalism is the same as for classical single ray optics. Let us discuss time

independent beamline elements where all fields are staying constant in time. Ap-

plying that constraint to Maxwell’s equations yields both Electric and Magnetic

field being rotation dependent, and divergent-less, where both can be described

by (E,B) = −∇Φ where the equation simplifies to a Laplacian [40]:

∇2Φ = 0 (1.12)

Given enough symmetry in our problem where the it can be represented by

two dimensions, which is the case for multipole magnets in accelerator physics

there is a cylindrically symmetric solution to the Laplace’s equation that does

not diverse on axis and therefore has the form of [37]
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Φ(r, φ) =
∞∑
n=1

rn(Ane
inφ +Bne

inφ) (1.13)

This solution is applicable to all accelerator drifts, magnets, dipoles, quadrupoles,

sextupoles, etc solenoids that have an extra term describing a field in the longi-

tudinal direction in order to satisfy last Maxwell’s equation. Due to strength of

field and simplicity in tuning fields, magnets are preferred to electrostatic devices,

for the purpose of steering and manipulating distributions of highly relativistic

electron beams. On a modern beamline dipoles, and quadrupoles, and other in-

sertion devices (for instance chicanes), so it will be useful to explain what first

order effect they have on an electron beam. In most literature, and also in this

dissertation, the coordinate system is right handed, meaning that electron beam

is propagating primarily in the z-direction, where the actual coordinate along

particle’s trajectory is called the s-axis, with x and y axis being horizontal and

vertical axis, both always normal to s-axis. It is also assumed that the elec-

tron beam moves primarily in the longitudinal direction so that components of

momentum in x and y direction are small, which is called paraxial approximation.

To the lowest order we can describe transformations along the beamline caused

by insertion devices in terms of transfer matricies operating on a six dimensional

(3 position, and 3 momentum dimensions) phase space, which, due to symmetry,

can be simplified to smaller amount of dimensions down to as small as 2 by 2

matricies. Therefore to lowest order all such transformations can be described by

this:

xf
x′f

 = MT

xi
x′i

 =

A B

C D


xi
x′i

 (1.14)

12



where MT is the transfer matrix, also called ABCD matrix, which in accel-

erator physics, as also in geometric ray optics describes transformation of the

beam. Let us consider the simplest case first, which is what happens when a

particle beam travels through a free space region of length L, in multiple liter-

ature referred to as drift. The equation describing the particle’s trajectory is

dp
dz

= γm(x′′ṡ + x′s̈) = 0 since there are no net forces acting on this particle and

therefore according to Newton’s first law particle will continue traveling along

the same trajectory, where longitudinal acceleration of the particle s̈ is zero. In

ABCD formalism the Transfer Matrix for a drift is:

1 L

0 1


1.2.3 Dipoles

Due to lack of magnetic monopoles, the simplest element is a dipole magnet and

is the solution to Equation (1.19) when n=1 being the only contributing term

[92]. To satisfy the proper boundary conditions of magnetic field being constant

in magnitude and direction within the magnet, solution has to be of the form

Φ = B0y. According to the Lawrence Force Law, such a magnet will deflect the

particle horizontally. This tells us that depending on orientation of the dipole,

such magnets can be used to steer the beam in transversely in x and y directions.

In order demonstrate full effect of a dipole on an electron beam, we must

consider a dipole oriented in the y direction, and two particles in that beam,

one being a reference particle where the other one is separated from the reference

particle by some horizontal distance x (the separation in the y direction will effect

the particle same as a drift described in the previous section). The reference par-

ticle will have a position r0 = sŝ where particle goes in uniform circular motion

defined by trajectory in ŝ direction. Solving the Lorentz Force equation yields the
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Figure 1.2: Trajectory of two particles in a dipole: the design particle, and a
particle offset by ∆x and ∆γ in direction and energy from the design particle.

radius of curvature for the trajectory particle being R = −γmṡ/(qB0). The sec-

ond particle’s position has a small deviation from the reference particle, r0 + xx̂,

with another small deviation in its energy γ = γ0(1 + ∆γ/γ0) = γ0(1 + δ). Solv-

ing the equation of motion for this particle yields x′′ + x/R2 = (∆γ/γ0)/R. The

energy correction term on the right hand side, signifies that particles of different

energies will have different trajectory paths, called dispersion term. Without the

energy correction we can solve for an ABCD matrix yielding

xf
x′f

 =

 cos(s/R) Rsin(s/R)

−sin(s/R)/R cos(s/R)


xi
x′i

 (1.15)

The correction of the dispersion term is xf (s) = xi(s)+D0cos(s/R)+D′0sin(s/R)+

R(1− cos(s/R))[41].

1.2.4 Chicanes

So previously we saw that by installing a dipole on the beamline causes to bend

the electron beam where particles will follow different paths depending on their
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Figure 1.3: 4 dipoles make up a Chicane bunch compressor withR56 = −2Ldriftθ
2.

longitudinal velocity. The difference in trajectories can be explained by the mo-

mentum compaction coefficient dubbed R56, which is a parameter in 6-D phase

space that describes dependence of particle’s transverse velocity relative as a

function of energy of the particle, R56 = ds
dδ

. The difference in path lengths can

be used to send more energetic particles on a longer beam path, compacting

them onto less energetic particles [92]. A way to do that is with a device called

a chicane which consists of four dipole magnets separated by drifts. The first

and fourth dipoles are oriented in the same way and second and third dipoles

are oriented in an opposite way(sometimes they are combined into one dipole of

twice the strength) to make sure that the beam gets perturbed in one direction

and then in another in order to come back to travel along the same axis as it

did if the chicane elements were not present. Most common chicanes are those

that have drifts much longer then dipoles themselves, and therefore don’t have

large bend angles. In such a configuration R56 = −2Lθ2
b , where θb is the bend

angle due to one of the four dipoles and L is the drift length between magnets,

and the fact that R56 is negative signifies that compression happens with a neg-

ative chirp, meaning that after chicane more relativistic particles will move back

longitudinally relative to less relativistic particles.
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1.2.5 Quadrupoles

The second simplest solution of Equation (1.19) is when n=2, which can be

described as magnetic field being linearly proportional to coordinate. The peri-

odicity of eilφ suggests 4 zeroes within a 2π span of φ. Depending on geometry

zeroes can either occur along the x and y axis, or rotated by 45◦ along y=x, and

y=-x lines. The first case is called a skew dipole, because a particle offset in one

coordinate will cause a focusing in the other, which is hard to control and there-

fore undesirable. The second case has a solution of the fields being of the form

B = 2(B1−A1(yx̂+xŷ)) where we can combine the constants: 2(B1−A1) = B′,

with B’ being the gradient of the quadrupole. Assuming angles of deflection to

be small, the equation of motion is x”=-k2x, and y”=-k2y where the focusing

strength of the quadrupole is the constant k2 = qvB′/(pc). An electron beam

traversing a quadrupole therefore will get focused in one direction and defocused

in the other [92]. The ABCD matrix of the focusing quadrupole transforms the

beam in the focusing direction given by:

xf
x′f

 =

 cos(ks) sin(ks)/k

−ksin(ks) cos(ks)


xi
x′i

 (1.16)

and in the defocusing direction given by:

xf
x′f

 =

 cosh(ks) sinh(ks)/k

ksinh(ks) cosh(ks)


xi
x′i

 (1.17)
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1.2.6 Envelope equation and FODO lattice

Since a quadrupole focuses a beam in one direction and defocuses in other it

is important to have a way of manipulating electron beam size to optimize the

interaction region in various accelerator experiments. In order to discuss this

we need to now consider the fact that we don’t have one reference trajectory

particle, nor two with one separated from reference spatially and by an energy

gradient, but in a beam we have a collection of electrons traveling that deviate

from the reference particle in terms of spatial and momentum components that

are described in our 6-D position and momentum phase space [41, 42].

f(x, p) =
N∑
i=1

δ3(x− xi)δ
3(p− pi) (1.18)

Applying Vlasov’s equation to such a distribution yields:

df/dt+ ẋ •∇xf + ṗ •∇pf = 0 (1.19)

where the equilibrium solution which is the case for us is when distribu-

tion stays constant, so df/dt term vanishes. We assume that there is enough

symmetry that the distribution function is separable so f(x, y, z, px, py, pz) =

Nfx(x, px)fyy, py)fz(z, pz) where N is the total number of particles, and there-

fore all 3 components of distribution integrated over all space should equal unity.

Therefore applying Vlasov’s equation to the separated distribution, guessing that

it is further separable into coordinate and momentum, and with some math re-

sults yields that the distribution in every dimension is bi-gaussian in momentum-

position coordinate:
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fx(x, px) = Ae−(Bx2+Cp2x) (1.20)

Where A, B, and C are constants whose meaning will not be discussed cur-

rently. The distribution is called bi-Gaussian, and has no correlation between

coordinate and momentum, and the integral of which over all space and mo-

mentum is unity. Now that we defined the distribution let’s go back to Matrix

interpretation of drifts, dipoles, and quadrupoles, all of which together are clas-

sified as linear beam optics. All of them have unit determinant, which follows

from the continuity equation, because the beam occupies a defined amount of

6D phase space, however we can think of them operating on not a single particle

but on the distribution of particles defined in 1.20. All linear beam optics can be

expressed by a differential equation called Hill’s equation: x′′(s) +K(s)x(s) = 0

where s is the longitudinal coordinate and K(s) is piecewise constant. To find a

solution for a group of particles it’s convenient to define a second moment of the

distribution of the form 1.20 instead of a discreet distribution:

σ(s)2 =< x2 >=

∫ ∫
x2fx(x(s), px(s))dxdx′ (1.21)

Now we take two derivatives of Equations 1.21 and combine with Hill’s equation

to yield an Milne’s equation [90], that defining both beta function and emittance

d2σ(s)

ds2
+K(s)σ(s) =

εx
σ(s)3

(1.22)

Where emittance is ε2 =< x2 >< x′2 > − < xx′ >2, which we see is constant

and is the invariant space density of particles that can also be derived with

Liouville’s theorem. Milne’s equation solves Hill’s equation for every particle. If

there is periodicity on the beamline Milne’s equation 1.22 solution is determined
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by the periodicity, whereas solution to a linear system is determined by the initial

conditions. Let’s define a beta function as β(s) = σ(s)2/ε which we can use to

redefine x(s) as

x(s) =
√
εβ(s)sin(υ(s) + φ) (1.23)

where υ(s) =
∫ s

0
(β(s′))−1ds′ from [88], and φ is the constant of integration from

Equation 1.21. It can clearly be seen that from the bi-gaussian definition and the

derivation that beta function defines the envelope of the particles as it propagates

down the beamline, containing one σ of the particles. Taking a derivative of

Equation 1.23 yields

x′(s) =
x(s)

2β(s)

dβ(s)

ds
+
√
εβ(s)cos(υ(s) + φ) (1.24)

combining Equations 1.23 and 1.24 yields another definition of emittance, but

also defines the other two moments of the distribution α(s) and γ(s):

γ(s)x(s)2 + 2α(s)x(s)x′(s) + β(s)x′(s)2 = ε (1.25)

where now we can find the total phase space volume as well as the moments of

the distribution

ε2 =< x2 >< x′2 > − < xx′ >2

β(s) =< x2 > /ε = σ(s)2/ε

α(s) = − < xx′ > /ε =
1

2

dβ(s)

ds

γ(s) = − < x′2 > /ε =
1 + α(s)2

β(s)

(1.26)

where definition of alpha function was done by taking a derivative of Equation

1.21, and using it, by plugging values of beta and alpha into the emittance

equation we arrive at the definition for gamma. Constant emittance, and the
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Figure 1.4: A picture shows the trace space of particles contained within the
ellipse, and visually defines ε, α, β, andγ.

three functions are called Twiss parameters. Figure 1.4 from [41] plots the trace

space ellipse of area πε defined by Equation 1.25. Shown is an ellipse that has

all three non-zero functions, in which case the foci of the ellipse are going to

the at coordinates ±(
√
ε/γ,

√
ε/β) where the rms beam envelope boundaries

occur at σx =
√

(βε) and σx′ =
√
β/ε with a correlation momentum being

sigmaxx′ = −αε. Let us consider at first a more special case of when α = 0

or in other words the central axis of the ellipse correspond to x and x’. In that

case since we consider each particle’s trajectory in phase space not be able to

cross another particle, all the particle trajectories must be scalar multiples of

each other, so their trajectories are also ellipses of same ratio as the big ellipse of

major to minor axis ranging from the big envelope ellipse down to zero. Therefore

if we know the trajectory of one particle we have successfully solved the envelope

equation for all the particles in the electron beam.
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It can be shown that a simple drift or a focusing element can cause the ellipse

to rotate in phase space, therefore rotating the trajectories of all the subsequent

particles. We can apply what we know about dipoles, drifts, and quadrupoles

to find out the evolution of a correction of particles through a transfer matrix.

Coordinates of position can be rewritten from matrix form to a linear equation

as x(s) = M11x(0) + M12x
′(0)andx(s) = M21x(0) + M22x

′(0). Plugging in those

identities to the beta function definition (Equation 1.21) yields definition of beta

function evolution:

β(s) = M2
11β(0)− 2M11M12α(0) +M2

12γ(0) (1.27)

The complete solution is a 3 by 3 matrix that relates β(0), α(0), andγ(0) to

β(s), α(s), andγ(s). Such a matrix looks like this:


β(s)

α(s)

γ(s)

 =


M2

11 −2M11M12 M2
12

−M11M21 M11M22 +M12M21 −M12M22

M2
21 −2M21M22 M2
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β(0)

α(0)

γ(0)

 (1.28)

which can be used for single elements, or for a group of elements multiplying

transformation 3 by 3 matricies each associated with a transport element is re-

quired.

1.2.7 Constant Focusing Channel

Let’s consider how a focusing element effects the transfer matrix for the Twiss

parameters. Using Equation 1.16 and plugging in all of its four components into
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Equation 1.28 yields the following 3 by 3 matrix:
cos2(ks) −sin(2ks)/k sin2(ks)/k2

ksin(2ks)/2 cos(2ks) −sin(2ks)/(2k)

k2sin2(ks) ksin(2ks) cos2(ks)

 (1.29)

Right away we see the beta function oscillate with angular frequency of 2k as

a function of initial conditions β(0)andα(0). In the length it takes to make a

half oscillation, 2ks=π, is where the focusing will change the beta function from

its maximum value to its minimum value. Since quadrupoles have a set length,

this parameter determines the strength of the quadrupole such that we achieve

maximum focusing at the exit. The minimum beta function is achieved when

we exit the focusing section at the extrema α(s) = 0, which causes 1st and 3rd

rows to be compliments of each other yielding the smallest beta function to be a

solution of

k2β(0)β(s) + β(0)/β(s) = k2β(0) + 1 + α(0) (1.30)

The solution becomes simple when we consider the beam entering the focusing

channel to have no alpha. In that case we start off with a maximum beta βmax =

β(0) and at the exit our minimum beta is βmin = (kβ(0))−1. To preserve the

beam as it travels through the focusing channel(s) and avoid phase space rotation,

we want to make sure that the beam entering the focusing channel is matched

to the focusing channel’s betatron envelope. That means that β stays constant,

which will preserve α = 0 for all s inside the focusing channel. And since we

already derived it we now know that for a matched focusing channel we want

βmax = βmin→ β(0) = (kβ(0))−1. This yields us to a very important result

βmatched = 1/k (1.31)
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Now consider a defocusing channel. The math is tedious so we will talk about

the logic that applies based on the focusing channel scenario. We want to set

up a condition such that we will have a positive α(0) such that there exists a

minima downstream of the channel entrance otherwise the beam will only get

larger and larger. So now we cannot prevent phase space rotation, but we can

make βmax/βmin as small as possible (where βmin = β(0)). To preserve beam

structure, we want to put βmin at the center of the focusing channel, such that

be exit with βmax. Substituting the matching condition βmax = βmin sets the

value for α(0) as a function of L, the distance from the entrance of the channel

to where we achieve the minima which now doesn’t matter where it is located,

which yields

α(0) =
kβ(0)

2cosh(kL)sinh(kL)
(sinh2(kL) + cosh2(kL)

±
√

(sinh2(kL) + cosh2(kL)− 4
sinh2(kL)cosh2(kL)

kβ(0)
(kβ(0) + (kβ(0))−1))

(1.32)

The expression under the square root sign must be positive to guarantee a real

α(0), which presents a condition of kβ(0) ≥ sinh(2kL). We expect to have one

exact solution so replacing ≥ with = sets the expression in the square root to

zero, and therefore the condition for a matched beam occurs when.

kβ(0) = sinh(2kL) (1.33)

1.3 Principles of FEL Operation:

I want to establish a basic outline of the physical process that dictates emission

from an accelerated particle traversing an array of magnetic media (undulator).
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The details of high-gain FELs will be described further in Chapter 2. The basic

concept of FEL is that accelerating charges emit radiation when their trajectory

changes. One way to create emission is to send a relativistic charged particle

for example an electron through a transverse magnetic field. The magnetic field

changes the particles trajectory accelerating it in a direction transverse to the

direction of its initial motion. An undulator is a series of magnets that periodi-

cally alternate their polarity. Electron traversing an undulator will be forced to

oscillate, emitting radiation during its oscillation. A relativistic electron (travel-

ing with speeds close to the speed of light c) will emit most of its radiation in the

forward direction, producing a narrow light distribution. Besides dictating the

oscillatory path, another function of the undulator is to dictate the frequencies of

the radiation emitted and then amplified. Suppose we have an helical undulator

of periodicity w, that creates a magnetic field of this form:

B⊥w = B̄w(x̂coskwz + ŷsinkwz) (1.34)

where B̄w is the root-mean square(rms) of the magnetic field, kw= 2π/λw is

the undulator wavenumber, and x̂, and ŷ are the unit vectors pointing in the

x and y directions. In such a scenario magnetic field is right-handed along the

z axis, meaning that it points in the x direction at z=0, and a quarter period

later will be purely in the y direction. An electron traveling in the z-direction

with velocity v0 will develop a transverse helical velocity component due to the

Lorentz force on the particle produced by the magnetic field given by :

γmdv⊥/dt = −ev0ẑ ×Bw. (1.35)

To zeroth order, the transverse velocity is,
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v⊥ = −K̄c(x̂coskωz + ŷsinkωz)/γ (1.36)

where, K̄= |eB̄w|/(mckω), is the rms undulator parameter, m is the mass of

an electron, c is the speed of light , -e is the charge of an electron, and γ=E0/mc2

where E0 is the energy of the relativistic electron. Under such magnetic fields the

trajectory of the electron is a helix about the z-axis, where a period is completed

every undulator period.

To reach saturation regime earlier a common technique is to co-propagate a

laser of resonant undulator frequency with the electron beam. This technique

can be described as a plane electromagnetic field that is propagating co-linearly

with the undulator and helically polarized described below,

E⊥ = Ē0(x̂sin(kz − wt) + ŷcos(kz − wt)) (1.37)

where Ē0 is rms field amplitude of the laser, and λ=2π/k, is the laser wave-

length, and ω=2π/λ is the frequency. The energy transfer rate from laser to

electron is

dE0/dt = F⊥ • v⊥ = −eĒ0K̄csin[k + kωz − wt]/γ. (1.38)

when they are propagating together.

To make an electron accelerate longitudinally, the equation above has to posi-

tive, which is called an Inverse Free Electron Laser (IFEL). If the energy transfer

rate is negative then we are getting energy transferred from electrons to the pho-

tons, and therefore have an FEL. As photons and electrons co-propagate, the

electrons due to their mass will travel slower than the photons, and therefore will
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slip backwards with respect to the radiation. At a certain radiation frequency, we

will have a condition in which the electrons will slip back exactly one wavelength

of radiation in the time it takes them to traverse one undulator period λω, having

radiated light interact coherently in-phase. If there isn’t significant acceleration

or deceleration of the electron beam due to interaction with the laser beam and

the magnetic field, due to the periodic structure of the undulator, the electron

radiation will keep interacting coherently with resonant wavelength λR. Let’s

plug in the slippage condition to find out what the value of that wavelength is,

while keeping the phase constant.

dψ/dt = d(kz + kwz − wt)/dt = kv + kwv − kc = 0. (1.39)

which yields the resonant condition for longitudinal electron velocity:

λR = λw(1 + K̄2)/(2γ2). (1.40)

The expression above is called the FEL condition equations and describes

resonant condition really well. It tells us that there’s two schemes for varying the

wavelength of radiated light: one is to change γ aka accelerate or decelerate the

electronic beam, and the other is to change K̄ and λw which means to insert a

different undulator. Practically speaking varying γ is key to manipulating FEL

during runtime. Another thing to notice is the factor of γ−2 which tells us that

for a relatively large undulator period the resonant laser wavelength can be made

very small given highly relativistic electron beam.

I want to note that unlike common lasers, where a two-mirror system is re-

quired for amplification, FEL can operate in 3 regimes shown in Figure 1.5:

(a)Just like a common laser with two mirrors, one of which is partially trans-
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mitting (b)With a laser beam of FEL resonant frequency co-propagating with

the electron beam called seeded FEL and (c) with just an electron beam propa-

gating by itself through an undulator called SASE(Self-Amplified-Spontaneous-

Emission) . Some of the most famous seeded FELs operating today are the high

gain harmonic generation(HGHG) [74] operating in the UV regime, the Syn-

chrotron Trieste operating in high harmonic generation (HHG) regime [75], and

most modern the echo-enabled harmonic generation (EEHG) regime [50] SASE

is described in detail in [61] and requires a lot more undulator periods to saturate

compared with (b) but due to lack of viable laser sources is the only way that

hard X-rays can be achieved, which was demonstrated by LCLS [5] and SACLA

[102].

To first order deviation (oscillatory and other) of the electron energy is very

small, so we can define a parameter describing how close electron energy is to

the resonant energy η = (γ − γR)/γR << 1. Now we can rewrite 1.38, which in

terms of η as dγ/dt=cγRdη/dt. Combining equations 1.38 and 1.39 yields us to

pendulum equations describing evolution of electrons’ phase and energy during

FEL interaction 1.41:

dη/dz = (eĒ0K̄sinψ)/γ2
Rmc

2

dψ/dz = 2kwη
(1.41)

The equations above are described by Figure 1.6 which shows behavior of

collection of electrons as they are trapped in a pondermotive bucket, and are

similar to classical mechanics pendulum equations described in [72]. Before en-

tering the undulator the electrons are distributed randomly with no dependence

of energy spread with phase. Interaction with the undulator and the laser beam

causes an initial sinusoidal modulation in energy, which forms a simple sinu-

27



Figure 1.5: Top shows a scenario with two mirrors one of which is partially
reflective. Below is a scenario with no mirrors and a co-propagating laser beam.
On the bottom is the scenario with no mirrors and electron beam traversing the
undulator by itself.
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Figure 1.6: This illustrates the low gain regime of FEL interaction. The blue
dots represent initially unmodulated electrons prior to entering the undulator.
Then they develop an energy modulation shown in green, as they interact with
the undulator. The after prolonged interaction the electrons rotate in phase
space turning energy modulation into density modulation. Black lines are the
separatrix of the pondermotive potential, and all electrons within the light blue
region are trapped inside the bucket.

soidal dependence of energy spread and phase. As the interaction continues and

the modulation grows, the electrons trapped in the pondermotive buckets rotate

about the center of the bucket, while those outside the separatrix continue with

their betatron phasespace trajectory. During that rotation about the center of

the buckets half the electrons gain energy, and half lose energy, so there is no net

energy gain. The low gain regime considers no signi6ficant laser output gain over

the course of the interaction, so an approximation that the amplitude of the field

is constant E0.

At the end of the interaction, electrons have bunched up in the middle of the

buckets, which is called micro-bunches and will be discussed in later chapters,

where separation from bucket to nearest bucket is the radiation wavelength. In

the high gain regime, micro-bunches have a feedback effect on the phase of the
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radiation field, which amplifies it [94]. That interaction called the FEL insta-

bility, the buckets will shift to the left and the micro-bunched electrons radiate

coherently, further growing the E field, that ends up growing exponentially. The

FEL instability stops, when the microbunches reached its maximum value (even-

tually the repulsive forces will limit amount of electrons capable of instilling in

a microbunch which is called space charge effect) and the electron energy spread

covers the FEL bandwidth, at which point we have reached saturation, and both

energy and density modulations are not simple sinusoids and the phase space

distribution is highly nonlinear.

1.4 Introduction to higher order light modes, and OAM

light

I want to start by acknowledging some history of OAM. Light with angular mo-

mentum was first postulated by John Poynting [64], where he proposed that

similar to waves propagating on rotating cylindrical shaft, circularly polarized

light must carry a component of angular momentum via energy flux of the ro-

tating EM fields; and that a torque associated with angular momentum could be

measured when such light interacts with particles. In this paper he proposed an

experiment consisting of a series of quarter wave plates attached to a thin tor-

sion fiber, each of which was normal to the circularly polarized light. Measuring

the optical power and the torque on the waveplates of the waveplates as they

converted circularly polarized light to linearly polarized light could be used to

determine the angular momentum value of the photons, which he thought was

a clever setup for an experiment but that the small value of angular momentum

would never be detectable using such a setup. He was wrong as Beth [65] and

Holbourn [66] were able to experimentally measure the angular momentum value
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using similar setups. The experiments was first to measure spin angular mo-

mentum (SAM) because it confirmed the quantum theory of light that a photon

carries ~ amount of angular momentum. According to the wave equation for-

malism of electromagnetic fields, besides SAM there can also be a component of

orbital angular momentum, unaccounted for by this experiment. Recently Allen

[6] has demonstrated that modes with associated l~ value of orbital angular mo-

mentum (OAM) can be made, and since then there have been multiple schemes

of creating OAM light [79].

Let’s setup a simple derivation of angular momentum associated with light,

by virtue of defining the necessary components similar to what’s been done in

Jackson [34] and will continue with Allen’s derivation [6]. Angular momentum

density is defined as j = x × p where p is momentum density. The EM field

have a momentum density of p = ε0E × B. For most common assumption of

infinite plane waves, E and B are orthogonal to each other, therefore the EM

momentum density is in the direction of propagation, therefore there can be

no angular momentum associated with such a scenario. So any component in

the direction of propagation present in E or B fields will contribute to non-zero

angular momentum component. Let’s consider a monochromatic wave now with

spatial variation

E(x, t) = Re[Ẽ(x)e−iwt

B(x, t) = Re[B̃(x)e−iwt
(1.42)

which are related to each other via ∇ × Ẽ = iwB̃. Substituting definition of

angular momentum to definition of the momentum density of the EM field yields

Jrad =
∫
jd3x = ε0

∫
x × (E × B)d3x. Using the relationship between E and

B fields this equation can be rewritten to show total angular momentum as a
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function of the electric field only:

Jrad =
ε0

2iw
(
∑
j

∫
E∗j (x×∇)Ejd

3x+

∫
E∗ ×Ed3x) = L+ S (1.43)

Where L is the component associated with orbital angular momentum and S is

the component associated with spin angular momentum. Let’s pause the deriva-

tion to briefly to understand the differences between spin and orbital angular

momentum more thoroughly. Quantum mechanics states that a single photon

carries a SAM of ±~, while with a classic model a single photon does not carry

any angular momentum. Furthermore according to classic theory separation of

angular momentum into SAM and OAM seems arbitrary, where the two are prop-

erly defined in quantum mechanics it can be seen that the two have two distinct

quantum numbers associated with their measurement, and that the SAM and

OAM operators not only do not commute, but that their operation does not ef-

fect transverse EM fields by instilling orbital or polarization rotations. There is

still confusion about the actual meaning of OAM and SAM, which can be better

understood if we separate the single photon from an optical mode. Along the

direction of propagation, the angular momentum of a single particle is always

zero since in the definition of angular momentum our separation from the axis

of the momentum is zero. In the case of an optical mode there is an azimuthal

component of linear momentum that is responsible for SAM and OAM having

two distinctly defined non-zero values. The azimuthal components are present

because the calculation is made about the optical beam axis, which does not

necessarily correspond with the propagation axis of a single photon. The funda-

mental with no associated angular momentum mode has a gaussian distribution

with a peak on axis, whereas all modes with nonzero l have zero intensity on axis,

which translates to no photon detected at the center of the beam. Therefore if
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we were to measure such a beam, one photon at a time, about the mode prop-

agation axis, we would expect it to travel off axis therefore exhibiting an OAM

value due to the momentum of the photon. Therefore classically we would expect

that measuring one photon at a time of an optical mode would yield to a distinct

non-zero value of OAM about the mode’s axis. According to quantum mechanics

SAM is independent of axis choice, therefore is always invariant. Imagine we

rotate the detector such that it’s no longer normal to the axis of beam propaga-

tion. In such a case there would be a component of transverse momentum which

would cause measured OAM value to change. Therefore OAM is also invariant as

long as the beam propagates normal to the observation plane, or in other words

that net transverse momentum is zero. Now that we understand the difference is

clear between OAM and SAM we want to decompose light into modes that have

OAM components. To do so let’s examine light where E is written in terms of

a transverse polarization component r̂⊥ and a spatial distribution function that

has the form u(x) = u′(r, z)eilφ where φ is the azimuthal component, which looks

like this E(x) = E0r̂u(x)eikz. This E field has an associated linear momentum

of

p =
ε0E

2
0

4πiw
(u′∗∇u′ − u′∇u′∗ + (

2il

r
u′2 − iσdu

′2

dr
)φ̂+ 2iku′2ẑ) (1.44)

The momentum pointed in the direction of propagation is given by the ẑ term

while, the dispersion of the beam is the first two components that are in the r̂

direction. Let’s discuss more thoroughly the azimuthal components ( ˆphi) as they

contribute to the SAM and OAM components. We can see right away that the

first component is associated with the OAM mode as it is dependent on the l

value, and therefore the other term corresponds to the SAM, depends on the po-

larization σ. Linear polarization occurs when σ = 0, while right and left handed

circular polarization are described by σ = ±1. Therefore the azimuthal compo-
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nent of the angular momentum describes a helical trajectory about the axis of

propagation. Therefore consider such light interacting with matter, the wavefront

which resembles a corkscrew will produce a torque due to that interaction as has

been shown by multiple experiments including optical tweezers [13]. Radiation

produced by FELs propagates along the undulator axis, so are well represented

by waves whose transverse dimensions are much smaller then the longitudinal

distances that cause the wave’s amplitude to change, called paraxial waves. For

paraxial waves we consider the field distribution to grow slowly satisfying a parax-

ial condition |d2u/dz2 � [k2u, 2kudu/dz,∇2
⊥u]|. The EM wave equation of a

paraxial wave is ∇2
⊥u + 2ik(du/dz) = 0. Calculating the z-component of the

angular momentum density using Equations 1.43 and 1.44 yields

jz =
ε0E

2
0

4πw
(2lu′2 − σrd(u2)

dr
) (1.45)

Consider that almost all the photonic energy is due to its longitudinal momentum

U ≈ c
∫
pzd

3x, we can integrate to yield the total momentum in the z direction

and compute the ratio of it with the total energy.

Jz
U

=

∫
2lu′2 − σr d(u2)

dr
d2x⊥

2w
∫
u′2d2x⊥

=
l + σ

ω
(1.46)

From quantum theory we know that the total energy of a photon is ~ω, so now

we see the distinct contribution of OAM and SAM, which are L=l~ and S=±~for

circular polarization. Allen then shows that Laguerre-Gaussian optical modes

are perfect for decomposition of signal since they have a well defined OAM and
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SAM associated with it. In the paraxial limit they look like this:

up,l(r, φ, z) =

√
2p!

(p+ |l|)!
(−1)p

w0

w(z)
(
r
√

2

w(z)
)|l|L|l|p

2r2

w2
0

× exp[(ilφ− r2

w(z)2
+

ikr2

2Rc(z)
− i(2p+ l + 1)tan−1(z/zR)]

(1.47)

where w0 is the waist size, the Rayleigh length is zR = kw2
0/2, the spot size

is w(z) = w0

√
1 + z2/z2

R and the radius of curviture is Rc = (z2
R + z2)/z, and

Llp are the Associated Laguerre Polynomials, where l is OAM quantum number

ranging between −∞ and ∞, and p is the radial mode number ranging from 0

to ∞. It’s important to note that the mode with both p and l being zero is a

Gaussian mode, and that the modes are mutually orthogonal aka
∫
up,lup′,l′ =

πw)0δ(p − p′)δ(l − l′). The orthogonality property of LG modes means that

any signal can be decomposed into discreet composition of multiple LG modes.

Decomposition of signal into this basis allows for direct analysis of amount of

certain OAM or fundamental mode in an output signal.

1.5 Conclusions

The introduction chapter talked about motivation of the experiment; some ac-

celerator physics basics that introduced concepts of transfer matricies, envelope

equations, etc; some basic principles of FEL operation including resonant con-

dition, pendulum equations, basic definition of high and low gain modes; and

concluded with historical overview as well as mathematical description of OAM

and SAM modes, and use of paraxial Laguerre Gaussian modes that are the basis

of modes containing specific l~ amount of Orbital Angular Momentum. To un-

derstand the concepts further, I suggest Rosenzweig’s book for basic accelerator
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Figure 1.7: Shows Laguerre Gaussian modes with p=0, and l varies between -2
to 2. On the left you see the picture of the 3D phasefront, in the middle you see
the phase plot, and on the left is the intensity plot for modes specified.
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Figure 1.8: Shows the intensity profile of various Laguerre Gaussian modes where
each column has a different p number, and each row has a different l number.
Notice that the number of donuts increases linearly with p increasing for all modes
including the fundamental.
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concepts [41], Allen’s 1992 paper for OAM modes concerns [6], and for basic FEL

principles, as well as more in depth study presented in Chapter 2 there’s great

article and later on a book by Kwang-Je Kim and Zhirong Huang [105, 106].
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CHAPTER 2

Dielectric Waveguide Expansion, 3-D Gain

Length, and Helical Undulator Focusing

2.1 Dielectric Eigenmode Expansion of High-Gain 3D FEL

Equations Quick Overview and Summary

In Free Electron Lasers during amplification, when the coherent interaction be-

tween the electron beam and the electromagnetic field due to the undulator, the

optical guiding of light induces an inward curvature in the phasefront of light,

refracting it backwards towards the lasing core of the beam[110, 111, 112]. Dur-

ing the gain process the beam therefore can behave like an optical waveguide,

that suppresses diffraction, enhances electromagnetic field amplification and re-

duces transverse power losses. Initially having noise, in a long enough FEL, the

guided EM field will eventually settle to propagate a self-similar FEL eigenmode,

which has a fixed transverse profile, and a stationary spot size, even as it grows

exponentially as a function of undulator length propagated [95, 114].

There are multiple approaches for describing the FEL low gain process. One is

to derive the FEL eigenmode equation from the coupled coupled Maxwell-Vlasov

equations[95, 86, 113, 103]. Another way is to expand the FEL signal field in

terms of a hollow, conducting boundary waveguide eigenmodes of a step-index

fiber[114, 112]. The analytic approaches provide physical insight into charac-
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terization of the radiation compared to numerical simulations. In a high gain

FEL, the electron beam is both a source of radiation and a periodic waveguide

structure, so description of the mode expansion of FEL light provides estimates

to amplification, guiding and coupling efficiency of the individual basis modes to

the e-beam.

Analytical model is chosen to best describe the FEL geometry and operational

structure. For a helical undulator, the field inside is cylindrically symmetric, so

are a good choice for an expansion basis. Pinhasi in Ref. [114] presents an

analysis of calculating the gain guided FEL supermode by expanding the field

into the eigenmodes of a hollow waveguide with conducting walls. For short

wavelength, the method proved useful, even though there is no real waveguide

structure, just the electron beam that guides the laser beam. The boundaries

of the virtual waveguide must be wide enough so the fields tend to zero at the

boundaries, but close enough so not many modes can be used to describe the

boundary problem, and the calculation is inefficient and non-convergent. In his

thesis[71] Erik Hemsing describes an alternate approach, which uses eigenmodes

of smooth, traversely anisotropic dielectric waveguide to model the EM field,

avoiding the influence of artificial boundary conditions. The expansion basis is

flexible and is determined by the refractive index distribution. Hermite Gaussian

and Laguerre Gaussian modes were of particular interest, since they describe

paraxial limit of free-space propagation with planar and cylindrical symmetries

respectfully. It’s also useful because HG and LG are the free-space propagation

modes of light that occur before and after the undulator section. Input radiation

can thus be decomposed into such modes, can be optimized for better seeding. It

also describes propagation of undulator radiation after it is saturated, and what

downstream optics are necessary to best attain the mode structure necessary for

an experiment or diagnostic. Using a virtual dielectric waveguide expansion, it
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can be seen that refractive index is proportional to the square of the transverse

dimension, meaning it is composed of a basis of guided HG and LG paraxial

waves.

During a high gain regime, the optical guiding occurs when the focusing ef-

fect in the source balances the natural diffraction of the undulator radiation.

Expanding the signal in terms of guided modes is beneficial because it can accu-

rately describe the fields in long sections of gain guiding, which would otherwise

diffract away after a Rayleigh length. However guided modes might not depict

the realistic fields that propagate during long periods of weak guiding in low gain

regime or during the saturation mode. How applicable the virtual waveguide

description is can be estimated using the optical Rayleigh length zR = kr2
0 the

1-D gain length and the total length of an undulator. In the derivation of guided

mode expansion, we assume to operate in the high-gain (LG � L) FEL regime,

before saturation is reached, because then the weak diffraction(LG � L < zR)

or strong-guiding (LG < zR < L) conditions are happening, and the eigenmodes

form a useful basis.

High gain FEL regime can be shown as a description of the Virtual Dielectric

Waveguide. It can be shown what slowly growing mode coefficients will exist

in the presence of a local source, under the assumption that we have a cold

beam, we can rewrite the coupled excitation equations. Those equations can be

transformed into matrix equations, whose solution is an FEL supermode (a mode

that will be fastest growing during the FEL process, therefore dominating all

other mode regardless of seed) which is a function of mode coupling coefficients,

energy detuning, and longitudinal space-charge.

For details and discussion of modes, the supermode, and how they can be

written in terms of Laguerre-Gaussian polynomials, in the case of Helical sym-
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metry (a helical undulator is necessary) and therefore will have an OAM quantum

number l associated with them, please consult Chapters 2 and 3 of Erik Hemsing’s

Ph. D. thesis [71].

2.2 Gain length fitting formula for free-electron lasers

We thoroughly discussed the 1-D cold-beam limit, meaning we assumed no diffrac-

tion, emittance, or space-charge effects, and that emission is conducted at one par-

ticular wavelength. Earlier we defined the dimensionless undulator scaling param-

eter ρ, sometimes called Pierce parameter, which is ρ =
((

1
8π

) (
I
Ia

)(
Kh
√

2
1+Kh2

)
2
(

2πγ0
kb2σx2

))
1/3

for a helical undulator, where I is the beam current, and IA= 17 kA is the Alfven

current. The Pierce parameter is used to approximate multiple FEL phenomena

such as saturation power, frequency bandwidth, transverse coherence, transverse

mode size, and power gain length. During the exponential gain regime undulator

radiation power grows by a factor of e every gain length. In the 1-D limit the

power gain length is:

L1D =
λwmatched

4πρ
√

3
(2.1)

The importance of power gain length is huge because it determines how long

and therefore how expensive an FEL needs to be such that we maximize the

output and reach saturation. The 3D effects will make the FEL power gain

length longer, so it is very important to derive a relationship between the 3D

effects and the scaling of the 1-D gain length to arrive at the 3-D more realistic

estimate. According to according to [86, 71, 96, 97], the 3D effects that effect the

gain length include diffraction parameter ηd = L1D

2kbσx2
, detuning from resonance

θ̄ = 2θ0L1D, uncorrelated energy spread δγ, the rms energy spread parameter

ηγ = σγkbL1D

γ2
, longitudinal velocity spread due to emittance ηε =

(
2kbεx
γ

)
2ηd, and
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longitutional space-charge of the beam θ̄p = 2θpL1D . Let’s briefly discuss the

meaning of all of these parameters. The diffraction parameter ηd is the inverse

of the gain length distance times the Fresnel number associated with the beam,

it is the most dominant 3D effect, demonstated by the fact that if it is 0 we are

back to the the 1D limit. The space charge θ̄p describes the longitutional plasma

oscillation, and are insignificant when space charge is much less then one. A space

charge of 4π translates to a full plasma oscillation over a course of one 1D power

gain length. Detuning in energy is characterized by θ̄ = (γ2
R − γ2)/(

√
3γ2ρ), and

is positive when we are below resonant energy. The rms energy spread parameter

ηγ longitudinal velocity spread due to energy spread. The emittance spread

parameter ηε represents the spread in velocity due to the betatron undulator

focusing proportional to the beam’s emittance. The transverse phase bending

of the guided wave modes is described by the radius of phasefront curvature

αR. The transverse overlap of the electron beam and the copropagating light

is characterized by the spot size parameter α0. The quantities ηγ , ηε, ηd, θ̄p,

and θ̄ will be discussed further as they pertain directly to 3-D power gain length

elongation and that effect was calculated in [86, 71, 96, 97]. Let us consider a

case where transverse emittance is negligible, which occurs when the matched

betatron oscillation is much longer then the gain length meaning that kβ � 1
L1D

,

which is equivalent to
√
ηεηd � 1. That suggests that electrons do not move

transversely over the course of a gain length, and called the parallel-beam limit.

As mentioned before diffraction is the strongest 3D effect, so this requires for

ηε to be very small. The space charge can be neglected when we have a short

wavelength FEL with emittance being a contributing factor according to Ming Xie

[95]. It can be easily seen to be so in high energy small wavelength fels such that

ρ ≈ 10−4 and γ ≈ 104 which yields θ̄pL1D � 1. The process of determining the 3D

Lg requires either a 3D numerical particle simulation, or numerical solution to the
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Table 2.1: Scaled FEL parameters
Parameter Symbol Value
FEL parameter ρ 0.0137
Gain Length L1D = λwmatched

4πρ
√

3
10.7 cm

Diffraction Parameter ηd = L1D

2kbσx2
0.68

Energy Spead ParameterRMS ηγ = σγkbL1D

γ2
0.025

Emittance Parameter ηε =
(

2kbεx
γ

)
2ηd 0.068

Detuning θ̄ = 2θ0L1D

Space Charge θ̄p = 2θpL1D 0.31
Phase Curvature αR = L1D/Rc

Spot Size α = ω2/4σx
Scaled Gain Parameter(0,0) ¯δki(0,0) = L1D/L3D(0,0) 0.85
Scaled Gain Parameter(0,1) ¯δki(0,1) = L1D/L3D(0,1) 0.53
Scaling(0,0) Λ00 = (1− ¯δki(0,0))/ ¯δki(0,0) 0.17
Scaling(0,1) Λ01 = (1− ¯δki(0,1))/ ¯δki(0,1) 0.89
3D Gain Length Ratio L3D(00)/L3D(01) 0.62

equations, as no analytical approach exists, which are unfortunately very machine

time expensive, so results exist with only 3 parameters. The derivation will be

based on a method developed by Ming Xie [86], provides a power fit formula

used to predict the growth of the fundamental as a function of ηγ, ηε, andηd. The

lack of the power fit including the space charge effect proved to be a nuisance

in low energy Raman FELs, and more recently with currents rising to kA and

operational energies in the 100 MeV regime, which was recently improved on

by creating a XIE like power fit formula in [97]. The basic principle of the fit

function is that computes a constant dubbed Λ00 which relates the 3D power gain

length to the 1D approximation via

δki =
L1D

L3D

=
1

1 + Λ00

(2.2)
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or in our case we also have Λ01 to compute for the OAM power fit. We want to

maximize δki at the optimal energy detuning to minimize the gain length, and

Λ00 is expressed as a function of ηγ, ηd, and θ̄p. To compute the power fit function,

thousands of simulations were run in Genesis 1.3 [98] and compared to analytic

solution described below, which differed from each other by at most 5 % [71].

The analytic model requires an integro-differential equation describing FEL field

amplitude as a function of the longitutional coordinate of the undulator described

in [103, 95]. We consider a single mode limit in which one mode is assumed that

grows exponentially as a function of undulator longitutional coordinate. The

modes we assume to be propagating are Laguerre Gaussian modes that are of the

form:

up,l(r, φ) =

√
2p!

(p+ |l|)!
(−1)peilφe

− r2

w2
0 (
r
√

2

w0

)|l|L|l|p (
2r2

w2
0

) (2.3)

We consider a detuned beam by θ0 = k/γ2
z−ku that has no initial modulation and

where the beam profile is large compared to the microbunching wavelength, and

with the ratio of laser to beam spot sizes defined in Table 2.1. For further infor-

mation about the process I advise you to look at Appendix A of [96] or Chapter

3 of [71]. The desired result computes a power fit formula for fundamental and

the OAM mode, as well as providing the most effective detuning as a power fit

function. The results of for the fundamental are the following:

θ̄ = −1.52η1.03
γ + 0.75η1.08

γ θ̄p
1.76 − 0.74θ̄p

1.85
+ 0.9η0.83

γ θ̄p
1.39

η0.19
d − 0.33η0.31

d

+ 0.14θ̄p
3.61

η0.42
d + 1.41η1.09

γ η0.76
d

(2.4)

Λ01 = 1.1η0.57
d + 2.82η1.02

γ + 0.23θ̄p
2.04

+ 67.27η1.29
d η1.97

γ + 81.35η5.62
γ θ̄p

2.14

+ 0.16η2.44
d θ̄p

0.05
+ 4.02η0.63

d η0.61
γ θ̄p

1.13
(2.5)
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optimizing the detuning and the power fit function for the OAM (01) mode yields

θ̄ = −0.52η1.02
γ + 2.01η1.5

γ θ̄p
2.71 − 0.74θ̄p

1.54
+ 1.09η0.16

γ θ̄p
0.80

η0.27
d − 0.98η0.48

d

− 0.24θ̄p
0.27

η2.37
d + 3.42η1.25

γ η0.58
d

(2.6)

Λ00 = 1.1η0.57
d + 2.82η1.02

γ + 0.23θ̄p
2.04

+ 71.28η1.29
d η1.97

γ + 86.47η5.62
γ θ̄p

2.14

+ 0.51η2.44
d θ̄p

0.05
+ 3.97η0.63

d η0.61
γ θ̄p

1.13
(2.7)

Now let’s consider the case where emittance is not small, in which case the space

charge term is negligible. The power fit formula for the fundamental was derived

in [86] as a function of ηε, ηγ, and ηd and is this:

Λ00 = 0.45ηd
3+3ηγ

2+0.55ηε
1.6+51ηd

0.95ηγ
3+5.4ηd

0.7ηε
1.9+0.35ηγ

2.4ηε
2.9+1140ηd

2.2ηγ
3.2ηε

2.9

(2.8)

Using similar integro-differential equation describing FEL field amplitude as a

function of the longitutional coordinate to derive the OAM power gain Length,

Λ00 yields:

Λ01 = 1.1ηd
0.57+3ηγ

2+0.6ηε
1.56+950ηd

1.5ηγ
3.7+5.5ηd

1.1ηε
0.5+11ηd

0.7ηε
1.2+1.14ηγ

5.1ηε
1.6+20300ηd

2.3ηγ
1.75ηε

2.1

(2.9)

Now that we have all the information let’s talk about what this means in

terms of power saturation, when we tune the undulator for pure OAM mode

production. Besides physical materials limitations, alignment errors, etc. the

effect of a finite beam, shot noise effect will always instill a small fundamental

mode which cannot be assumed to be zero. From the power gain formulas, we

can see that the fundamental gain length will always be smaller than the OAM

gain length. That means that there will be two modes, OAM and fundamental

operating in the high gain regime, who will have two different gain lengths: L3D(00)
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¡ L3D(01) whose power as a function of undulator distance traveled will look like

this P00(z) = P00(z)ez/L3D(00) and P01(z) = P01(z)ez/L3D(01) . That means that even

in a situation where shot noise is small and the micro-bunching is dominant at

the OAM, the fundamental will grow faster at the exponential gain mode, and

therefore will compete during the saturation regime with the OAM eventually

completely taking over the FEL radiation bandwidth. In order to keep our mode

OAM dominant we must make sure that the power output of the fundamental

is smaller than the power output of the OAM mode, which puts a constraint on

undulator length z, which is

zmax >
ln(P01/P00)L3D(01)L3D(00)

L3D(00) − L3D(01)

(2.10)

where both power components (especially OAM since we’re trying to maximize

it and kill off the fundamental as much as possible) has to be less than the

saturation power ρPb. As simulations show, the ideal starting point for power

is around 5%, when shot noise is on the order of 10−5, and therefore has a lot

of undulator lengths to travel before it becomes an issue. Now we know that

OAM will eventually get overpowered due to the longer gain length, however

there’s another effect to consider, that the OAM mode will also have a reduced

value in effective optical guiding. This is given by the associated real part of

{δ̃k} = δ̃kr. This gives an OAM mode-specific value for the effective guiding

index of refraction defined as,

neff = 1 +
δ̃kr
k
. (2.11)

Since the modes each have a different guiding index, they propagate with differ-

ent phase velocities, leading to longitutional dispersion of the e-beam. If there
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is significant transverse variation in phase, like OAM modes which have helical

phases compared to fundamental lack of phase dependence, the two modes will

shift in phase with respect to each other, creating noticeable differences in the

transverse profile as we propagate along the undulator axis. This results in two

modes, OAM and fundamental, shift in phase with respect to each other, cre-

ating noticeable differences in the transverse profile as we propagate along the

undulator [99]. This helps experimentally determine the radiated light’s helicity

(whether we have a right handed l=+1 or left handed l=-1 polarized light) as

well as confirming the presence of some sort of OAM if suppose we have two

cameras that are longitutionally separated from one another. We would need to

analyze the transverse profile, and if the bright spot shifts we have confirmed the

presence of both OAM mode and fundamental.

2.3 Helical Undulator Focusing and Beam Transport

This section will discuss the importance of fringe field effects in the trajectory of

the electrons traversing an undulator that in previous discussion were considered

as ideal dipoles. The most important contribution of the fringe fields is the

natural focusing of the e-beam due to the growth of off-axis transverse fields.

Consider interaction with the By component, where before we just considered

the on-axis field. The field strength will increase whenever we move off-axis,

creating a focusing effect.

Consider a helical undulator that has an rms magnetic field of B̄w = B/
√

2
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with correction in fringe fields of the form described in Equation 2.15

Bx = B̄wcosh(kwx)cos(kwz)

By = B̄wcosh(kwy)sin(kwz)

Bz = B̄w(sinh(kwy)cos(kwz)− sinh(kwx)sin(kwz))

(2.12)

For simplicity we will consider the on-axis field, which has a longitutional com-

ponent of the form 2.13

Bw =
|B̃w|√

2
(êx cos kwz ± êy sin kwz). (2.13)

which simplifies particle’s trajectories to be

x′′ = − e

pz
(y′Bz −By)

y′′ =
e

pz
(x′Bz −Bx)

(2.14)

where pz = γmv0. We can separate the trajectory into two parts, a fast wiggling

motion and a slow focusing motion yielding x = xw + xf and y = yw + yf .

Expanding the fields above the (0,0) axis yields

Bx = B̄wcos(kwz)(1 +
(kwx)2

2
= B(0)

x +B(2)
x

By ≈ B̄wsin(kwz)(1 +
(kwy)2

2
= B(0)

y +B(2)
y

Bz = B̄wkw(ycos(kwz)− xsin(kwz)) = B(1)
z

(2.15)

so fast wiggling components satisfy first order equations, and therefore is propor-
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tional to the 0th order fields: [x, y]′′ = ± e
pz
B

(0)
[x,y] which simplifies to

xw(z) = − K̄

γβzkw
sin(kwz)

yw(z) =
K̄

γβzkw
cos(kwz)

(2.16)

which describes the fast sinusoidal trajectory through the undulator. We consider

the velocities in x and y direction to be much less then the z component. We can

rewrite the longitutional energy as γ2 = (1− β2
x− β2

y − β2
z ) where βx = βzx

′
w and

βy = βzy
′
w, therefore γ2 = γ2

z (1 + K̄2). Using Equation 2.14 and 1st order Bz and

2nd order B[x,y] terms, the focusing trajectories are

x′′f (z) = − e

pz
[(y′w + y′f )B

(1)
z −B(2)

y ]

y′′f (z) =
e

pz
[(x′w + x′f )B

(1)
z −B(2)

x ]
(2.17)

Focusing obviously has transverse dependence on fields and is a second order

effect. It is safe to assume that x′w >> x′f , and the slow focusing motion can be

considered constant over an undulator period, so averaging the motion out over a

wiggling period results in simplifying the problem. This yields that
∫∞
0 [Bx,By ]

λw
= 0,

so no transverse field will contribute to the longterm focusing, simplifying the

equation to

[x, y]′′f (z) = −(
K̄kw√
2βzγ

)2[x, y]f (z) (2.18)

which can be solved, and combining some constants into a natural undulator

focusing wavenumber, kf = K̄kw√
2βzγ

, yields

[x, y]f (z) = [x, y]f1cos(kfz) + [x, y]f2sin(kfz) (2.19)

which is a complete solution when initial conditions of xf1, xf2, yf1, yf2 are spec-
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ified. Since we consider a situation when we enter on axis with no transverse

velocities, but if that is not the case the trajectory through the undulator is

x(z) = − K̄

γkw
sin(kwz) + x(0)cos(kfz) +

sin(kfz)

kf
(x′(0) +

K̄

γ
)

y(z) =
K̄

γkw
cos(kwz) + (y(0)− K̄

γkw
)cos(kfz) +

y′(0)sin(kfz)

kf

(2.20)

Now let’s think about what this means as far as betatron motion described earlier.

Substituting Equation 2.20 into Equation 1.26 yields

β(z) = β2(0)cos2(kfz) +
2α(0)

kf
sin(kfz)cos(kfz) +

γ2(0)

k2
f

sin2(kfz) (2.21)

It is clear that natural tendency of e-beam to diverge is counteracted by the

natural focusing of the undulator. Now consider that we have a matched beam,

as described in Equation 1.30, we want α = 0 throughout the undulator, and

βmin = βmax. this yields the same results as 1.32, so βmatched = 1/kf , which

defines completely that the beam we feed into an undulator. For high energy

systems, the undulator focusing is sometimes not sufficient, in which case external

quadrupoles are used to guarantee the right focusing gradient for a matched beam.

2.4 Conclusions

It was briefly discussed that a sum of orthogonal eigenmodes of a virtual dielec-

tric waveguide describe a high-gain FEL process. Previous papers [71] derived a

set of coupled excitation equations for the electron density modulations and the

field amplitudes in the presence of longitudinal space-charge effects. Using that

approach, it was predicted the relevant FEL parameters, such as intensity dis-

tribution and signal spot size at any point along the undulator length. We have
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explicitly shown how 3D effects such as diffraction, velocity spread due to emit-

tance, velocity spread due to energy spread, and space charge effect the length

and therefore the cost of an FEL to be operational in the high gain regim. We

concluded by showing that helical undulators have a second order focusing term,

and how to match it to preserve the micro-bunching during transport.
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CHAPTER 3

Charged Particle Radiation and Harmonic

Interaction in a Helical Undulator

3.1 Charged Particle Radiation

The electromagnetic radiation produced by accelerator facilities can all be broken

into two types: radiation due to the beam particles, and radiation due to the in-

teraction of beam particles and target (lab frame) particles. All radiation caused

directly by the beam particles can be described as a special case of synchrotron

radiation with a changing particle trajectory. Synchrotron radiation occurs when-

ever a particle starts moving in a circular orbit normal to a static magnetic field

[134]. In an undulator the electrons (so far no other particles have been fast

enough to use in an undulator scenario) follow a sinusoidal path, in which po-

larity is reversed after half period long arc lengths. A particle that moves from

a straight line into a bending magnet experiences Edge radiation [126]. That

effect can be applied to an undulator, called undulator transition radiation that

occurs because of particle’s longitutional velocity difference between being inside

and outside of an undulator. The interaction with a lab frame medium radiation

is divided into two categories: surface currents and material polarization. Tran-

sition radiation (TR) occurs when a particle crosses a boundary that separates

two media of different electromagnetic properties[124]. Particle traversing a hole
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in a screen will experience diffraction radiation. When particle moves through a

medium faster than the phase velocity of light in that medium, Cerenkov radi-

ation (CR) occurs [135]. This occurs because the medium polarizes slower than

it is necessary to shield it from the moving particles. Wakefields occur due to a

combination of transition and Cerenkov radiation; when an accelerator beam line

element like a bellow or a beam pipe interrupts the EM fields caused by the mov-

ing particle compared to its free-space state, causing the charge to radiate. When

an accelerated particle is deflected by another charged particle or molecule, and

will therefore lose kinetic energy, which is converted into radiated light, called

bremsstrahlung (which means braking in German) radiation.

The most common feature of all the radiation that is caused by the accelerated

particle themselves is that they are all calculated using the Lienard-Wiechart

potentials, and can be calculated with equations shown below:

E(x, t) =
e

c
(
n̂× (n̂− β)× β
(1− β • n̂)3R(τ)

)

B(x, t) = (n̂×E(x, t))

(3.1)

Where n̂ = R(τ)
R(τ)

is the unit vector pointing from the source to the detector,

and the retarded time is t = τ + R(τ)/c. All the quantities in Equation 3.1 are

evaluated at the retarded time. The denominator of that equation( (1−β • n̂)3)

is caused by the direction of motion and is maximized when the angle of radiation

θ = 1/γ which causes 1 − βcos(θ) to be zero. The quantity in question is the

power of the radiation, which can be calculated by taking the amount of energy

crossing dA around the detector per unit time, which is the Poynting vector

according to [37], which in terms of the electric field is
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S =
dU

dtdA
n̂ =

c

4π
(E(x, t) •E(x, t)∗)n̂ (3.2)

Transforming into the frequency domain the Poynting vector becomes S = c
2π
|Ew|2)

which is calculated using proper time, not retarded time, so we need to correct

it by deriving that dt = dτ(1 − β • n̂), which yields a Poynting vector in terms

of solid angle of

S =
dU

dwdΩ
=

e

4cπ2
R(τ)2|

∫ ∞
−∞

[
n̂× ((n̂− β)× β̇

1− β • n̂)2R(τ)
]e−iw(τ+R(τ)/c)dτ |2 (3.3)

where dA = R(τ)2dΩ. Equation 3.3 is the best description of particle caused

radiation that is achievable without knowing the particle’s trajectory. Let’s talk

about how much power we can expect to radiate using Equation 3.2 and assuming

that during the interaction the range of motion is small compared to the distance

from the particle to the detector (which we will now assume is constant) yields

[34, 133]:

S =
dU

dtdΩ
=

e2

4c3π
v̇2sin2(θ) (3.4)

which if you integrate over the whole solid angle provides us with the famous

Larmor result of total radiation power P = 2e2

3c3
v̇2. With some simple mathemat-

ical manipulations and including relativistic factors the Larmor result becomes

P = 2e2

3c
[β̇ − (β × β̇2)]2, which recovers its original form 3.4 when γ = 1. For

Synchrotron radiation, the particles undergo a constant magnetic field, so they

accelerate in a direction orthogonal to both that B field and their current velocity.

The Larmor result then can be rewritten as:

P =
2e2

3c
γ4β̇2 =

2e2

3

γ4β2

ρ2
=

2e2

3c3m2
0

γ2(
dp

dt
)2 (3.5)
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where ρ = p
eB

is the bending radius derived using Lorentz Force Law, and the

numerator factor of γ4 suggests that the synchrotron radiation can be very signif-

icant for highly relativistic electrons. Using Equation 3.3 and by rewriting both

distance and velocity of a particle undergoing synchrotron motion in terms of ρ

it can be shown that:

S =
dU

dwdΩ
=

e

4cπ2
|n̂× ((n̂× β

1− β • n̂ eiw(τ−R(τ/c))|∞−∞+iw

∫ ∞
−∞

[n̂×(n̂×β)]eiw(τ−R(τ/c))dτ |2

(3.6)

If we know the exact trajectory of the electron, this general expression can be used

to evaluate the synchrotron radiation as a function of path, and therefore is the

general expression used to calculate synchrotron, edge, undulator, and transition

undulator radiations.

3.1.1 Undulator Radiation

As mentioned before undulator radiation is a type of synchrotron radiation where

instead of a constant field, the field alternates, causing the radiation to interfere

with itself (as we will see) coherently. As it was shown in Chapter 1, undulators

cause a sinusoidal motion of the electrons. Consider an undulator sinusoidal

motion demonstrated in Figure 3.1. To achieve constructive interference, the

light emitted at point B (an undulator period length away from point A) should

be some wavelength λ1 lagging behind an electron emitted at point A, since light

travels distance AA’ during the time that an electron will travel the distance AB.

Solving the resonant equation of hλ1(ψ)/c = |AB|/v − |AA′|/c for λ1(ψ) where

n is the harmonic number yields an equation for a resonant undulator radiation
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Figure 3.1: The detector far away at an angle ψ, light travels distance AA’, while
electron travels distance AB, where the deflection angle of the undulator is K/γ.

wavelength off axis:

λ1(ψ) =
λw

2nγ2
(1 + K̄2 + (θγ)2) (3.7)

Notice that the wavelength red shifts as ψ increases. Another simple property of

radiation can be found if we have an undulator with Nu number of periods, and

we consider the length of a pulse received by a detector from a single electron os-

cillating throughout the undulator, which is ∆T ≈ Nuλu
c

(1+ 1
2γ2

+ K2

2γ2
− cos(θ)) =

2πNun/wr. According to Siegman [68], an pulse that has a square shape (dis-

regard the edge radiation and its effects on the entrance and the exit of the

undulator) in time domain will have a FWHM of ∆ω∆T ≥ .88 ∗ 2π. There-

fore we expect a sinc function in the frequency domain and the FWHM at each

harmonic will be

∆ω = 0.88
ωR
nNu

(3.8)

Where we have a narrower bandwidth for higher harmonics because we expect

n times more radiation periods in the same undulator length. Defining the unit

vector as n̄ = θx̂+ψŷ+(1−θ2/2−ψ2/2)ẑ and β = −K
γ
sin(kuz)x̂+cos(kuz)ŷ+βzẑ

and with some mathematical manipulations n̂× (n̂×β) = (θ+ K
γ
sin(kuz))x̂+

(θ + K
γ
cos(kuz))ŷ. Following mathematical manipulations [69] and substituting

this into the general equation for synchrotron 3.6 yields performed in [133, 132,
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131, 130]:

d2U

dwdΩ
=
mu0(ewNwK)2

8cπ(kwγ)2
sinc2[Nwπ

w(1− βzcos(θ))
kwc

− n)]J2
n−1

wKsin(θ)

γkwc
(3.9)

Where J(x) is a Bessel function, and sinc(x)=sin(x)/x. As expected the sinc

function has a strong peak on axis, and the correct distribution of frequencies

discussed above. It can be seen that at the resonant harmonic frequency, the

angular distribution is of the form:

θFWHM =
1

γz

√
0.88

Nw

(3.10)

Comparing the two FWHM distributions we see that both of them are narrowed

by increasing the number of periods, and that the angular distribution is narrower

for higher energies. Due to the fact that γz is dependent on K, an increase

in K increases the angular FWHM. In literature it’s sometimes referred to as

the searchlight effect, which demonstrates that an electron that has a larger

deflection angle in an undulator will also have far field radiation sweep larger

angles. Another thing to note is that Bessel functions have a property of Jn−1(x =

0) = 0, unless n is 1 [70], which means that only the fundamental will have a

peak on axis, whereas all other modes will have a null. This once again shows

that the harmonics of the fundamental will exhibit azimuthal dependence and

will carry a non-zero value of OAM.

3.2 Transition Radiation

Transition radiation as defined before, and similar to undulator radiation can be

enhanced coherently at frequencies for which the emission is in phase from multi-
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ple charged particles. Distributions of longitudinally microbunched electrons, for

example generated in a free-electron laser (FEL) interaction, emit coherently at

the spatial bunching frequency, allowing coherent transition radiation (CTR) to

be used as a diagnostic for amount of micro-bunching [127, 136, 137, 138, 140].

In this section, we will characterize the spectral and angular characteristics

of CTR emitted from a relativistic beam, in particular we’ll talk about helical

micro-bunched beams. The beam is assumed to hit, and instantaneously stop on

a perfectly conducting infinite surface, and in this discussion we will talk about

far field radiation. Longitudinal bunching was previously described in [141], so

we will build on the setup using an expansion of the electron density modulation

in terms of spatial modes. We will characterize the spectral, angular and phase

distribution of a CTR to use it as an experimental diagnostic tool to determine

the helical structure.

The setup looks as follows: we have a single electron moving at constant

velocity in vacuum that strikes a transversely infinite, perfect conductor and

stops as has been studied by Ginzburg [124]. The spectral radiation field energy

emitted into the solid angle dΩ is

d2U

dkdΩ
=

e2

4π3ε0

sin2 θ

(1− β2 cos2 θ)2
. (3.11)

The solid angle is dΩ = sin θdθdφ, where θ oriented toward the forward opening

angle, and φ is the azimuthal angle. Equation 3.11 shows transition radiation

with the null on-axis emission.
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3.2.1 Coherent bunch TR

For multiple electrons Ne, to calculate the transition radiation distribution we

need to sum over all the electrons impacting the mirror and their positions,

velocities and arrival times . Consider a continuous beam limit (Ne � 1) for

a cold beam with ignorable emittance. The spectral energy radiated from the

bunch is given by[142]:

d2UC
dkdΩ

= N2
eχ(θ)F (k)

d2U

dkdΩ
(3.12)

where χ(θ) = 1 is the divergence factor[143] (for a cold beam it’s 1), F (k) is the

electron beam “form factor”, calculated by taking the spatial Fourier transform of

the charge distribution of the electron beam f(x) that is normalized:
∫
f(x)d3x =

1. The square-root of the form factor, sometimes called the “structure factor” is:

√
F (k) =

∫
f(x)e−ikn̂·xd3x (3.13)

where F (k) =
∣∣∣√F (k)

∣∣∣2. Knowledge of the electron distribution allows us to

use Equations (3.13) to determine the coherent transition radiation (CTR). For

a linear plasma fluid model the distribution is of the form

f(x) = fz(z)[f⊥(x⊥) + Re{f1(x)}] (3.14)

where fz(z) and f⊥(x⊥) are the unmodulated longitudinal and transverse dis-

tributions respectively. Micro-bunching and other higher-order modulations are

described by the perturbation f1(x), which is small such that Re{f1} < f0. For

simple bunching geometries that occur in a high-gain FEL, the radiation from

the fundamental mode is described as a sinusoidal modulation [141, 127]. In
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our case of a higher order mode, we need a 3D descrition of the spatial modula-

tion. We can expand the bunching function into a basis of transverse modes with

longitudinal modulation:

f1(x) =
∞∑
n=1

∑
p,l

c
(h)
p,l Φ

l
p(x⊥)eihkbz. (3.15)

Modulation wavelengths are much smaller then the actual size of the initial beam.

Mode expansions have recently been derived for electron beam modulators[84]

and FELs[108, 114] to describe the electron beam modulation due to the interac-

tion with the resonant laser. Due to cylindrical symmetry and the paraxial nature

of the propagating waves, Laguerre-Gaussian polynomials are a good choice for

the expansion basis. Expanding the transverse modes in terms of radial (p) and

azimuthal modes yields:

Φl
p(x⊥) =

e−ρ
2/2σ2

ρ+ilϕ

2πσ2
ρ(−1)p

(
ρ

σρ
)|l|L|l|p (

ρ2

σ2
ρ

). (3.16)

where
√

2σρ is the rms radius of the fundamental Gaussian (p = 0, l = 0) mode.

The functions are orthonormal because
∫

Φl
pΦ

l′

p′d
2x⊥ = δl,l′δp,p′(p + |l|)!/4πσ2

ρp!.

The handedness of the problem is determined by the sign of l, where a positive

value will describe a helical modulation that has a left-handed helicity as we move

along longitudionally (increasing z value).

We approximate the static bunch distributions as normalized gaussians and

write,

f⊥(x⊥) =
1

2πσ2
ρ

e−ρ
2/2σ2

ρ

fz(z) =
1√

2πσ2
z

e−z
2/2σ2

z .
(3.17)

With the distributions in Equations (3.16) and (3.17), the normalization require-
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ment
∫
f(x)d3x = 1 is not strictly satisfied, but can be close if

∑
h,p,l c

(h)
p,l exp[−(hkbσz)

2/2]�

1. Let’s assume that kbσz � 1 to preserve normalization. If the only mode present

is the fundamental then Φ0
0(x⊥) = f⊥(x⊥) and Equation 3.33 can be simplified

to mimic Ref. [141]:

f(x) =
e−ρ

2/2σ2
ρ

2πσ2
ρ

e−z
2/2σ2

z√
2πσ2

z

[1 + Re{
∞∑
h=1

c
(h)
0,0e

ihkbz}], (3.18)

The structure factor
√
F (k) in Equation 3.13 is evaluated analytically with

the distributions in (3.16) and (3.17) where the phase is n̂·x = ρ cosϕ sin θ cosφ+

ρ sinϕ sin θ sinφ + z cos θ. Evaluating the integral in Equation 3.13 yields CTR

spectrum,

d2UC
dkdΩ

=
N2
e e

2

4π3ε0

sin2 θ exp[−k2(σ2
z cos2 θ + σ2

ρ sin2 θ)]

(1− β2 cos2 θ)2
. (3.19)

In the forward direction, due to the finite beam size, the intensity distribution is

suppressed for wide opening angles θ < 1/γ. It is interesting that when σρ = σz

the finite electron beam distribution behaves like a single particle, because it is

symmetric and has no effect on the angular distribution. If σρ � σz or σρ � σz is

within the narrow forward cone, then to first order spectral emission is dUC/dk '

(N2
e e

2γ4/4π2ε0
∣∣σ2
ρ − σ2

z

∣∣2 k4)exp(−k2σ2
z).

CTR is determined by the electron beam modulation. The structure factor is

calculated with Equations (3.15) and (3.16) by expanding the density modulation

in terms of LG amplitudes:

√
F (k) =

1

2

∞∑
h=1

∞∑
p=0
l=−∞

c
(h)
p,l (kσρ sin θ)|l|L|l|p [(kσρ sin θ)2]

× e−σ2
z(hkb−k cos θ)2/2−σ2

ρ(k sin θ)2/2+il(φ−π/2).

(3.20)
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Combining the expression above with Equation 3.12 we derive an expression for

coherent radiation from a modulated beam:

d2UC
dkdΩ

=
N2
e e

2

16π3ε0

sin2 θ

(1− β2 cos2 θ)2
g|
∞∑
h=1

∞∑
p=0
l=−∞

c
(h)
p,l

× eil(φ−π/2)(kσρ sin θ)|l|L|l|p [(kσρ sin θ)2]

× exp[−σ
2
z

2
(hkb − k cos θ)2 −

σ2
ρ

2
(k sin θ)2]g|2.

(3.21)

As expected, for small forward angles, the emission is strongly peaked around

k ' hkb. Secondly the azimuthal phase dependence is exp(ilφ) so is proportional

to l. It might be obvious but it’s necessary to state it, that an electron beam

with a helical dependence characterized by l=1 will produce radiation with the

same helicity (l=1). Therefore CTR emission from a beam with helical micro-

bunching will also be an OAM mode and will mimic that helix about it’s axis of

propagation.

3.2.1.1 Bunching Factor

To show the dependence of CTR on the micro-bunching structure, we will express

the modes in Equation [84] as a bunching factor for each non-zero LG mode

describing the density modulation:

bl(z) =

∫
f1(x)e−ilϕd2x⊥. (3.22)

Fourier transforming allows us to describe the bunching factor as a function of

frequency: b̃l(k) =
∫
bl(z)e−ikzdz. We know that the density distribution is
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obtained by a sum of harmonics of the fundamental kb, which means that:

bl(z) =
∑
h=1

b
(h)
l eihkbz, (3.23)

where the azimuthal bunching factor is

b
(h)
l =

kb
2π

∫ 2π
kb

0

bl(z)e−ihkbzdz

=
∞∑
p=0

c
(h)
p,l

∫
Φl
p(x⊥)e−ilϕd2x⊥.

(3.24)

Equation 3.15 can be rewritten to describe the bunching factor as a function

of the harmonic mode amplitudes c
(h)
p,l ,

b
(h)
l =

∞∑
p=0

c
(h)
p,l

(|l|/2)!(p+ |l|)!
p!|l|!(−1)p2−|l|/2

2F1(−p, |l|
2

+ 1, |l|+ 1, 2) (3.25)

where 2F1(a; b; c;x) =
∑∞

n=0(a)n(b)nx
n/(c)nn! is the hypergeometric series and

(a)n = a(a + 1)(a + 2) . . . (a + n− 1) is a factorial. If the density modulation is

fully described by the fundamental Equation 3.25 becomes

b
(h)
l = (|l|/2)!2|l|/2c

(h)
0,l (p = 0) (3.26)

We will assume that the fundamental is dominant, to obtain an analytic

expression of the angular spectrum in terms of the harmonics bunching factor b
(h)
l .

This simplification allows direct examination of the coherent emission for pure

azimuthal structures. We can express the angular spectrum of the fundamental

using Equation 3.26 in terms of the bunching factor, yielding:
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d2UC
dkdΩ

=
N2
e e

2

16π3ε0

sin2 θ

(1− β2 cos2 θ)2

g|
∞∑
h=1

∞∑
l=−∞

b
(h)
l

eil(φ−π/2)

(|l|/2)!
(
kσρ sin θ√

2
)|l|

× exp[−σ
2
z

2
(hkb − k cos θ)2 −

σ2
ρ

2
(k sin θ)2]g|2.

(3.27)

3.2.1.2 Angular distribution

The spectral emission profile is peaked at an angle θm, which is a function of the

electron beam size, frequency, and if present, the higher order azimuthal modes.

An azimuthal mode and harmonic, are:

θm ∼=

√
|l|+ 1

2γ2 + σ2
ρk

2 − σ2
zk

2(1− hkb/k)
(3.28)

which is independent of the bunch length σz for emission at the bunching fre-

quency harmonics, and does depend on the transverse beam size, if σρhkb is on

the same order as γ. When σρhkb/γ > 1, increase in the transverse beam size

will narrow the forward angular distribution[141]. Notice that θm depends on

the quantum number l, where higher-order helical bunches will emit into larger

opening angles. Equation 3.28 establishes the angular peaks for beams that are

valid for small angle approximation of θ, which is not necessarily the case for

beams with large values of l, and therefore large opening angles. If that’s the

case Equation 3.27 is applicable and will yield values of angular peaks.

3.2.1.3 Frequency Distribution

For frequency distribution we see the same picture as for the angular distribution,

of azimuthal modes modifying the CTR. A finite bunch will emit at a sharp spec-
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tral peak near the micro-bunching frequency, which is modified by the forward

emission angle and the profile distribution. For a small angle θ, the maximum

frequency peak is:

km ∼= hkb[
1

1 + (σρθ/σz)2
+

|l|
(σzhkb)2

] (3.29)

assuming that σzhkb > 1. In that case modes with non-zero value of l don’t effect

the frequency distribution much, unless l is so large that |l| /(hkbσz)2 ∼ 1, when

we go outside the small angle approximation, and would need to use Equation

3.29. In the case that |l| � (hkbσz)
2 the frequency peak is:

km
hkb
∼= 1− (σρθ/σz)

2 (3.30)

when (σρθ/σz)
2 � 1. We can see that for small forward angle, CTR emission

spectrum is shifted to longer wavelengths due to the red shift effect.

3.2.1.4 Total energy

If the emission spectrum is roughly a delta function (δ(k−hkb)), we simplify the

integral of of Equation 3.27 over frequency. As described before, the emission

is pushed to larger opening angles by azimuthal(l) higher-order modes. The

total energy emission of these modes is higher then the fundamental. Assuming

that σρθ/σz < σρ/γσz � 1 across the radiation distribution we can simplify the

angular integral over the forward distribution and therefore calculate the CTR

energy analytically. We achieve the total emission energy for a helically micro-

bunched beam at a harmonic h and azimuthal mode l:
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U
(h)
C,l '

N2
e e

2

16
√
π3ε0σz

∣∣∣b(h)
l

∣∣∣2 (
γ

σρhkb
)4 (|l|+ 1)!

[(|l|/2)!]22|l|
. (3.31)

For the l=0 limit, we solve that the emission of For the fundamental the ex-

pression for the total emission energy of a micro-bunched beam scales with this

factor(γ/σρkb)
4 as expected [141, 127]. From Equation 3.31 it is clearly seen that

the higher order modes will emit a larger amount of energy in the forward di-

rection, due to proportionallity to l of the scaling factor: (|l| + 1)!/[(|l|/2)!]22|l|

grows with |l|. Therefore it is clear that higher order modes will emit at bigger

opening angles, and attaining a higher amount of energy into a region outside

the on-axis null of CTR (Equation 3.28). Although Equation 3.31 is a great ap-

proximation for total emission energies using the small angle assumption, such

assumption will fail for higher l, as they emit into larger opening angles, espe-

cially for smaller transverse sized beams. Both numerical solution obtained from

Equation 3.27, and the approximate analytic solution from Equation 3.31 show

a scaling factor of ∼ 1/σ4
ρ. The two methods agree quite well in the case where

σρ is large. The analytic case fails miserably when small angle approximation is

no longer valid, which occurs when the two methods start varying, where the nu-

merical solution predicts a lower emission energy for higher l, while the analytic

still predicts energy growth for larger l. It is important to note that the increase

in the pitch angle of the helical path causes drops CTRs energy. According to

[128] as the helical winding of the density distribution become steeper the beam

radius dropps off. That will eventually change the direction of the space-charge

fields and using the virtual photon model of emission will reduce the effective

fringing fields that are used to amplify the CTR. In the limit that the pictch

angle approaches its maximum of π/2 or in otherwords a zero-pitch angle, that

describe the fundamental, there are no bunches, and therefore we do not have
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emission. It is important to find the ”sweet spot” that balances the increase in

emission energy of higher l modes, and the decline in the the energy contained in

modified fringe fields.

3.3 Harmonic Interaction in a Helical Undulator

Sasaki investigated the possibility of generating intense OAM modes in an FEL

system, in the context of helical undulator harmonic emission[25]. Although it

was shown that higher harmonics posess an OAM helical phase, the coupling

to these harmonics is weak, because of cylindrical symmetry we don’t have the

resonant interactions of the planar undulator that naturally contain higher har-

monics. A dominant higher harmonic signal can be achieved via what are mostly

considered parasitic effects of emittance, and misalignment according to Colson

and Xie [26, 87] and by purposely suppressing the fundamental [30]. Production

and amplification of dominant OAM mode at the fundamental undulator wave-

length for eigher planar or helical has been studied by [108, 115] which is achieved

by having an OAM laser seed, or by attaining a helically pre-bunched electron

beam. The latter requires a dominant helical excitation to modulate the beam,

in order to combat the SASE development of the fundamental signal (aka shot

noise.)

A scenario that utilizes harmonic coupling of a helical undulator to the funda-

mental seed to generate a helically micro-bunched electron beam has been studied.

Such bunching can be attained by an axisymmetric EM seed in a modulator sec-

tion of an optical klystron [116] to generate the pre-bunched electron beam that

can be used to radiate therefore increasing its micro-bunching even further by a

downstream radiator. An analytic linear bunching treatment will yield a descrip-

tion of the input field as a virtual dielectric waveguide solution [114, 108]. The

68



approach of mode expansion lets us use simple symmetry arguments to describe

how well will different input harmonic fields couple to the electron beam. It will

also show the geometric structure of the resonant phase, the mode coupling for

a cylindrically symmetric beam, and the density and velocity modulations that

are instilled via the FEL interaction. We will show that without harmonics input

fields will couple to azimuthal modes of the same l content, but that using har-

monics that selection rule can be cheated, and that a helical pre-buncher tuned

to a harmonic of a gaussian laser can be used to generate helical bunching within

the electron beam.

Initial electron and photon interaction in an undulator can be described with

the excitation equations shown in Chapter 1 for the low-gain regime assuming

that there is insignificant energy transfer between electrons and photons. The

electric field is:

E⊥(x, t) = E0Re[
∑
q

cq(z)uq(x⊥)êqe
i[kzq(ω)z−ωt]] (3.32)

where Ẽ⊥q is an eigenfunction of an infinite, ideal (virtual) wave guide, Cq(z) is

the mode amplitude, ê⊥ is the field polarization vector and kzq(ω) is the axial

wavenumber of the mode q at the frequency ω. The TEM modes are orthonormal,

where power stored in one mode is: Pqδq,q′ = (kzq(ω)/2µ0ω)Re[
∫
Ẽ⊥qẼ∗⊥q′d2x⊥],

where µ0 = 1/c2ε0 is the permeability of free-space. The total power in the input

field is PT =
∑

q |Cq(0)|2 Pq.

The electron beam has a density distribution

n(x, t) = n0f(x⊥) + Re[n1(x)eiω(z/v0−t)] (3.33)

where n0 is the electron density, v0 = βzc is the longitudinal electron beam
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velocity, n1(x) is the spatial density perturbation, and f(x⊥) is the transverse

density profile of the electron beam. Using the Lorentz force law for a magnetic

field of the undulator given by: Bw =Re{|B̃w|êwe−ikwz} and the electromagnetic

input fields due to the laser Equation 3.32, assuming a cold beam limit, we derive

the density evolution equation as:

[
d2

dz2
+ θ2

pf(x⊥)

]
n1(x) = −ĝ⊥θ2

pf(x⊥)
ε0cKE0

2γeω

∑
q′

cq′(z)[kzq′+kw]2uq′(x⊥)e
−iθ(1)

q′ z,

(3.34)

where h is the harmonic, θ
(h)
q′ = ω/v0 − (kzq′(ω) + hkw) is the input energy

detuning, and θp =
√
e2n0/γγ2

z ε0mev2
0 is the longitudinal plasma wavenumber .

The harmonic frequencies at resonance are ω(h) = 2hkwcγ
2
z , with γ2

z = (1−β2
z )
−1,

γ2 = γ2
z (1 + K2), K = e|B̃w|/meckw is the undulator parameter, |B̃w| is the

field amplitude of the undulator and λw = 2π/kw is the undulator wavelength.

Polarization alignment between input EM field and the electron motion inside

the undulator is ĝ⊥ = ê⊥ · (êz× ê∗w), where we can rewrite the polarization vector

as

êw = (êx ± iêy)/
√

2 (3.35)

which corresponds to the handedness of the circular polarization of the undulator,

where left is negative.

Coupling is maximized when the polarization matches the direction of motion

of the electrons. Therefore for a helical undulator the polarization factor is ĝ⊥ = 1

and occurs when the laser polarization matches electron motion, which is ê⊥ =

êz × êw that describes a right handed undulator and therefore making a left

handed wave. If our laser was linearly polarized, the polarization factor drops

to |g| = 1/
√

2, and it will drop down to zero if the polarization of the light is

exactly the same as of the undulator.
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The electron beam is coupled to the input field modes through the pondero-

motive fields, as shown by the RHS of Equation 3.34. Due to the interaction

tuned to be at the resonance for first harmonic (θ
(1)
q′ ' 0), we can see that no

higher-harmonic coupling of the electron beam occurs to first order. Using higher

order interaction of the electrons with the gradients of the laser we can excite

coupling to higher harmonics. By Taylor expanding the field mode Ẽ⊥q about the

average trajectory of an electron r̄⊥, we can calculate the second order non-zero

coupling.

uq(x⊥) =
∞∑
n=0

1

n!
[Re(x̃⊥we

−ikwz) · ∇̄]nu⊥q(x̄⊥), (3.36)

where the electron’s transverse position is x⊥ = x̄⊥ + Re[x̃⊥we
−ikwz] and ∇̄ is

the gradient operator which acts on x̄⊥. The wiggling amplitude is x̃⊥w =

(K/kwγβz)êz × êw.

Combining Equations 3.36 and 3.34 brings out additional oscillatory wiggling

terms which produce non-zero coupling to harmonics. If |̃r⊥w| is much smaller

than the transverse electron beam size r0, we approximate r̄⊥ ' x⊥ in Equation

3.36 to derive an expression for the Taylor expanded harmonic field components

that resonate with harmonics h,

u
(h)
⊥q (x⊥) =e∓i(h−1)ϕ[∂r ∓

i

r
∂ϕ]h−1

∞∑
m=0

(−1)m

m!(m+ h− 1)!

× (
±iK

2
√

2kwγβz
)2m+h−1∇2m

⊥ u⊥q(x⊥),

(3.37)

where ∇2
⊥ = 1

r
∂r(r∂r) + 1

r2
∂2
ϕ is the transverse Laplacian. If the wiggle amplitude

is small compared to the laser spot size, we can neglect the higher order Taylor

series terms. Using Equations 3.37 and 3.34 we can replace u⊥q′(x⊥)e
−iθ(1)

q′ z with

u
(h)
⊥q′(x⊥)e

−iθ(h)
q′ z to achieve an analytic description for harmonic interaction.
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By expanding the density perturbation n1(x) as a sum over the expansion

eigenmodes, we can record the density evolution equation 3.34 in terms of spatial

modulation amplitudes, which is:

n1(x) = n0

∑
q

aq(z)uq(x⊥). (3.38)

By multiplying the harmonic terms in Equation 3.34 by u∗q(x⊥) and integrating

over the transverse coordinates, we attain the evolution of the density mode

amplitude harmonics:

d2

dz2
aq(z) + θ2

p

∑
j

Fq,jaj(z) = −
∑
q′

D(h)
q,q′cq′(z)e

−iθ(h)
q′ z. (3.39)

The coupling of the transverse density distribution f(x⊥) to the harmonic of the

field is thus:

D(h)
q,q′ = ĝ⊥

θ2
pc

2K[kzq′(ω) + kw]2

2γω2
F(h)
q,q′ (3.40)

where the form factor dictating how well the electron beam overlaps the laser is

F(h)
q,q′ =

∫
f(x⊥)Ẽ (h)

⊥q′(x⊥)Ẽ∗⊥q(x⊥)d2x⊥∫
|Ẽ⊥q(x⊥)|2d2x⊥

, (3.41)

where Fq,j = F(1)
q,j with m = 0 in Equation 3.37. Equation 3.39 describes the

evolution of the electron beam’s bunching factor at the harmonics with random

initial conditions on the bunching aq(0), velocity modulation daq(0)/dz and input

field amplitudes Cq′(0), therefore is very powerful, because no assumptions on any

of the three were made. The second term on the LHS of Equation 3.39 is the

longitudinal space charge contribution. When the coupling is ”off”: D(h)
q,q′ = 0, it

describes the coupling solely due to space-charge.
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The basis for the harmonic coupling can be examined in terms of the following

basis:

Ẽ⊥q(x⊥) = Rl
p(r)e

ilϕ, (3.42)

where the mode index takes on two values, q = (p, l) corresponding to the radial

(p) and azimuthal (l) modes. With an axisymmetric electron beam profile, inte-

grating Equation 3.41 over the azimuthal coordinate yields the selection rules for

harmonic coupling:

F(h)
(p,l),(p′,l′) ∝ 2πδl′,l±(h−1). (3.43)

The signs as mentioned before correspond to the handedness of the undulator

polarization where + is right handed. The equation above is very powerful,

because it shows that azimuthal density modulation in an electron beam described

by l is coupled to the harmonic number h, where l = ±(|h| − 1). The zero

order test of this is to think about what that means about 1st harmonic aka

the fundamental. It looks like first harmonic will couple to a l=0 mode, which

just tells us that feeding a fundamental into the undulator will seed it with a

supermode. Suppose we now have an undulator of h=2. Then according to this

selection rule it will produce a helically modulated beam that will be resonant at

the fundamental wavelength but will have an OAM l=2-1=1 mode. As you will

see in the following chapter we can exploit this selection rule, by having a short

helical undulator tuned to the second harmonic of the co-propagating light that

will induce a helical modulation on the electron beam, therefore making it posess

angular momentum with l=1.
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3.4 Conclusions

To summarize in this section we defined different kinds of radiations that occur

in a modern accelerator facility. We talked about undulator radiation and what

the angular, and spatial dependence looks like. Then dove in deep into transition

radiation, as it can be easily achieved by simply installing a piece of foil along the

beam path. We concluded by talking about schemes of creating and amplifying

OAM light in an FEL setting noticing that without harmonics whatever mode is

fed into the FEL is going to be the mode that will be most amplified (unless an-

other mode is a supermode for the system, but then it would take many undulator

periods for it to grow from shot noise to a dominant mode). Then we showed

how using higher harmonics we can couple to the fundamental wavelength, but

instill a helical modulation on the beam, which can be used to grow and amplify

a now dominant OAM mode. This concludes the theoretical/analytical section of

this thesis as the next two chapters will describe the process of simulation, man-

ufacturing and diagnosing a helical pre-buncher, and the setup and data analysis

of a proof of principle first OAM light generated via FEL experiment performed

at NLCTA.
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CHAPTER 4

Helical Pre-Buncher Design, Simulation, and

Calibration; and Simulation of FEL OAM

Experiment at NLCTA

Using everything that was discussed previously we propose that using two undu-

lators of different orientations (one planar, the other helical) we propose a scheme

to create an effective mode converter for light, capable of in-situ conversion of

Gaussian light into OAM based light of a specific quantum number l associated

with it. Suppose we have a helical modulator that can instill an energy modu-

lation on a relativistic gaussian beam, that is tuned to a harmonic of the laser

that co-propagates with it. The helical modulation instilled would have a prop-

erty that nothing will be changed on-axis, and the only modulation that will

occur there is just due to pure shot noise, a statistical equivalent of the fact that

the beam is not infinite, and is discreet and therefore cannot have a completely

smooth profile. That helical modulation in energy can be transformed into den-

sity modulation by the use of a dispersive longitutional section of the chicane,

that would send more relativistic electrons along a longer path, therefore com-

pacting the electrons in space. The 3-D structure will then have such a situation

that since there was no energy modulation on-axis, the small amount of electrons

that were there will stay there, whereas huge amount of bunching will occur in

a 3-D helix following a path along the axis. Finally making the electron bunch
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radiate could be accomplished with something as simple as a piece of foil that

would produce CTR of the original laser’s wavelength of a higher LG mode. A

better scheme is to use a planar undulator that will use undulator synchrotron

radiation to amplify the effect of an already bunched beam and have the radiated

light feedback to the electron beam to increase its ability to radiate further, which

will be accomplished if we have enough current and can attain a high gain regime,

when the electrons will slowly occupy the OAM FEL bandwidth, increasing the

bunching factor until space-charge, diffraction, and other 3-D effects will stop it’s

growth and we reach saturation. It was proposed to undertake such an experi-

ment at SLAC’s NLCTA facilty, which has a 785 nm light, an accelerator facility

capable of attaining energies of up to 120 MeV, necessary chicanes, steering and

focusing magnets, etc. We propose that such a scheme given enough current (1

kA would suffice), a small helical undulator to create the initial pre-bunching of

at most 5% tuned to operate at the second harmonic of the given laser at the

same energy as does a long planar undulator. Given a 2 m, 100 period long Kur-

chatov undulator, making it resonant at 785 nm, we can design and build a short

helical undulator to create the initial beam modulation. We will talk about mag-

net conceptual design, then about mechanical design of the undulator including

magnets and body materials, simulations ran to characterize possible character-

istics of our undulator, and two different methods of measuring and tuning the

Helical Undulator: a Hall probe setup, and a Pulsed Wire setup. We will present

an estimate of what power that we can expect given high amount of current, that

will produce OAM light of about 1 GW, which is an order of magnitude brighter

than can be achieved with standard mode transferring optics.
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Figure 4.1: This is the diagram of magnet’s position and magnetization of a λ0/4
step (real width of magnets is 6.5 mm), of gap G and magnet height d(13.5 mm),
halbach helical undulator

4.1 Helical Pre-Buncher Design

Knowledge of radiation wavelength and resonant energy are key components to

designing a helical undulator. NLCTA has an 800 nm laser, and an electron beam

operating at 60-120 MeV. This determines the field strength of the undulator K,

and therefore also the B-field strength on axis. The undulator must be designed

according to this formula, where n=2 as the helical pre-buncher is resonant at

the second harmonic of the laser:

λl = λ2
h(1 + K̄2

h)/4γ2 = λ2
p(1 + K̄2

p/2)/4γ2 (4.1)

According to HGHMG theory this combination of undulators will generate OAM

light of l=1 angular momentum quantum number. The first step to designing

the undulator is come up with a realistic model of magnet arrays that can be

fed with specific magnet parameters such as magnetizations, magnet widths, and

gap between magnets to simulate the magnetic fields produced by an undulator

in Mathematicas library called Radia. The basic construct of a planar undula-

tor requires two arrays of magnets one on the bottom and one on the top, with
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Figure 4.2: Summary of most common simulations useful to characterize our 8
period helical halbach undulator. (a)shows a simulation of what the magnetic
field on axis should look like given perfectly magnetized magnets depicted on
4.6 with magnetization of 1.22 T, and a gap of 9.5 mm. (b) shows the averaged
undulator parameter K as a function of longitutional position. (c) shows the
trajectory of the electrons propagating on axis (d) depicts the velocity of the
electrons propagating on axis. In all pictures blue refers to the x component, and
red to the y component.
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Figure 4.3: Radia simulation of electrons traveling on axis through the
right-handed 8 period helical pre-buncher.

Table 4.1: NLCTA Original Experiment Undulator Parameters
Parameter Symbol Value
Helical Undulator Period λh 2.63 cm
Helical Undulator Length Lh 30 cm
Helical Undulator Parameter K̄h 1.2
On-axis RMS Magnetic Field B̄h 4.9 kG
Helical Undulator Gap Gh 9 mm
Helical Undulator Number of Periods Nh 8
electron beam relativistic factor γ0 142
Planar Undulator Period λp 2.06 cm
Planar Undulator Length Lp 2 m
Planar Undulator Parameter K̄p 1.05
On-axis RMS Magnetic Field B̄p 5.4 kG
Planar Undulator Gap Gp 5 mm
Planar Undulator Number of Periods Np 98
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magnetization of the magnets in one period making a complete directional rev-

olution. We chose to follow a standard Halbach configuration [45] to maximize

the on-axis field, and divided the undulator period into four magnets, two up

and down magnets are used to deliver dominant magnetic field that and axial

polarized magnets between them are used smooth and enhance the dominant

magnetic field and push flux towards the axis so a complete undulator period

looks like this: ↑→↓←. The axial magnets can be made from the same magnets,

by reversing which way they enter the undulator. If this is the orientation of the

lower strain of magnets, the upper strain will mimic it such that when youre in

between the two strains all the magnets will contribute constructively. In order

to make a helical undulator we take two exact same planar undulators, rotate one

of them by π/2, and also shift the it longitutionally by λ/4. That shift was really

easy to accomplish with the design since undulator period was already broken

down into 4 quarters, and there would just be a difference of one magnet where

the periods start between the horizontal and the vertical magnet strains. The

direction of the shift determines whether the undulator is right or left hand polar-

ized. By rotating the undulator by π/2 such that the front and the back switches,

the reverses the handedness of the undulator. At NLCTA the undulator was set

up such that it possessed right hand polarization. In order to have trajectory

matching at the entrance and exit of the undulator it is necessary to have weaker

magnets. We chose an anti-symmetric design described in [43, 44, 133] where

entrance of an undulator is a 1/2 width ↑ magnet followed by a 1/4 width →

magnet, and the exit is the same thing except ends with a 1/2 width ↓ magnet.

In between we have 8 complete undulator periods that are ↑→↓←. Using the

most conventional permanent magnets, and the most convenient laser spot size

through the undulator the period of the undulator was chosen to be 2.63 cm with

magnetized material of 1.22 T giving a K value of 1.2 with a gap of 9 mm, such
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Figure 4.4: This shows the dimensions and possible magnetization of all the
magnets. All dimensions are in millimeters.

that it pre-bunches the electron beam by modulating it in energy at the second

harmonic of TiSaphire laser’s λ of 800 nm a 72 MeV. Downstream is a chicane,

a device that transforms the energy modulation into 3-D helical density modu-

lation. What follows this is the 2m long Kurchatov undulator of 2 cm undulator

period, that radiates the helically modulated beam at 800 nm. To match the two

undulators they must satisfy Equation 4.1 where γ and K̄h are fluid, since the

radiator was already designed and built so the pre-buncher had to match it. All

undulator parameters of this original experiment are summarized in Table 4.1.

4.1.1 Period Doubling

There were difficulties both because the Kurchatov undulator is over a decade

old, and therefore things like vacuum box it was contained in needed replacement,

little shim magnets had to be placed in order to increase the necessary undulator

focusing to preserve the electron beam shape relatively constant as it traverses the
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Figure 4.5: This is the cross section of a 2m long Kurchatov undulator, where
2-labels the undulator magnets, and 1-labels

2m long undulator. There was also practical difficulties including the fact that its

hard to free up 2m of beam line, so it was decided to use U33, an undulator that

was already present at NLCTA that has 3.3 cm period, and therefore is resonant

with λ = 800 nm at 120 MeV, which was still an electron energy achievable at

NLCTA. The solution we came up with is doubling the period width of the pre-

buncher, bringing it up to 5.26 cm, however sacrificing the amount of periods by

a factor of two down to 4. It also required that the magnet gap be increased from

9 mm up to 18 mm. This was easily accomplished due to the robust mechanical

design of the undulator. To allow for period doubling, each magnet holder’s

thread was deepened so now gap varied between 7.6 and 20.4 mm, and twice as

many end piece magnets were ordered. The new experimental parameters are

summarized in Table 4.2.
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Figure 4.6: Radia drawing of magnets in the helical undulator: Different colors
represent magnetization direction of different magnets. Green is → magnet, red
is ← magnet, orange is ↑ magnet, and blue is ↓ magnets. Notice the 1/4 width
→ magnets, and 1/2 width ↑ and ↓ magnets used as entrance and exit magnets
to ensure gyration on axis. Dimensions are in millimeters.
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Table 4.2: NLCTA Updated Experiment Undulator Parameters
Parameter Symbol Value
Helical Undulator Period λh 5.26 cm
Helical Undulator Length Lh 30 cm
Helical Undulator Parameter K̄h 1.51
On-axis RMS Magnetic Field B̄h 3 kG
Helical Undulator Gap Gh 17.9 mm
Helical Undulator Number of Periods Nh 4
electron beam relativistic factor γ0 233
Planar Undulator Period λp 3.3 cm
Planar Undulator Length Lp 33 cm
Planar Undulator Parameter K̄p 1.29
On-axis RMS Magnetic Field B̄p 2.6 kG
Planar Undulator Gap Gp 12 mm
Planar Undulator Number of Periods Np 98

4.1.2 Detailed CAD Files

The design of the undulator was made with versatility and calibration as high

priorities, unfortunately tedious tuning procedure being a downside to the design.

The magnets are tapered such that they can be arranged closer together down

to 7.6 mm gap between magnets, and are glued into holders, that can slide in

and out of four baseplates, dictating the magnetic field contribution from each

magnet. The sliding motion is controlled by a 5/16 inch 0-80 machine screws,

that can rotate in and out of the magnet holders. The head of the machine screw

is sandwiched between two tuning plates, both of which are bolted to the body of

the undulator making a very rigid structure. There is a small hole on the upper

turning plate enabling access to the hex socket cap. Turning an Allen key rotates

the machine screw in place, moving the magnet and magnet holder assembly

towards or away from the central axis. One revolution of the screw is 1/80” or

approximately 300 microns. There is little play in the screws that contributes to

an error of up to a 1/8 of a turn or approximately 37 microns in the magnets
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position, that changes the 9 mm gap by around 2% error, and 1% error for 18

mm gap. There are four baseplates machined from nonmagnetic Brass Alloy

360 used for rigidity of the undulator, and to ensure lack of other parts (such as

magnetic holders) from fusing to the baseplate, therefore eliminating a possibility

of being permanently stuck. The brass rails were machined with 40 rows of slots

on two adjacent sides to ensure firm grip of the magnet holders that in turn

hold the magnets. Everything besides the magnets themselves is made from 6061

Aluminum to ensure that only the magnets dictate the fields associated with the

undulator. In order for magnets to slide in and out of the base without much

friction we made the magnets and the magnet holders width 50 microns less than

the slot that was machined for it in the baseplate. Therefore the width of each

magnet is 6.5 mm, unless theyre 1/2 magnets that are 3.25 mm, and 1/4 magnets

that are 1.625 mm respectively 4.4. The final 3D CAD of the design was drawn in

Solid Works. The permanent dipole magnets were made by Integrated Magnetics

from NeFeB possessing the following characteristics: iHc = 2241 kA/m, bHc =

918 kA/m, (BH)max = 274 kJ/m3, Br = 12,200 G. The magnetic material was

at first stronger, so to match magnetization criteria they were heated up to 350

C to travel along the B-H curve and demagnetize, and then cooled and checked

the magnetization. In case the value was still too high the process was repeated.

This produced some variation within the magnets, which were overall stronger

then needed, and varied by around 5%. The tunability of the undulator proved

really useful to combat this discrepancy in magnets. The magnetization direction

of each magnet was at most different by 4◦ , which was partially compensated by

magnet arrangement. The magnets were glued into the magnet holders made out

of 6061 aluminum pieces machined by Mt. Ida Machining, using high vacuum

Torr Seal, heating up the magnet holder combination to 200 ◦ F for 2-4 hours to

allow for better molding. Everything else besides the magnets and the magnet
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Figure 4.7: This is a schematic of a 4 5.26 cm period long undulator.

holders was machined at UCLA physics machine shop by Harry Lockart and his

crew. The finalized design consists of 10 lower and upper tuning plates, 152

magnets and magnet holders (8 1/4 width ↑, 8 1/4 width ↓, 16 1/2 width →,

60 full width pointing →, 30 full width ↑, 30 full width ↓), 4 body plates, 2 end

pieces, 2 stand side plates, and a stand bottom plate (for support).

4.1.3 Pre-Buncher Simulation Results

The helical pre-buncher results were first simulated by a Mathematica add-on

package called Radia ESRF, which is a 3D magnetostatics solver optimized for

undulators. Radia was used to generate the exact dipoles in the undulator, and to

calculate the trajectory of the electron beam traversing the helical undulator, 4.9.

3D effects like focusing on the beam distribution can in theory be also computed,

but in practice Mathematica being an interpreter is very slow so Radia was used to
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Figure 4.8: Helical Pre-Buncher Schematic: The machine screws go into magnet
holders used to fine adjust the localized magnetic field of the undulator.
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optimize the overall on-axis field strength, instead of calculating any 3-D effects.

4.2 Undulator Measurement and Tuning

After all the magnets were sorted then glued into the magnet holders, and the rest

of the undulator was fully assembled, at first in the original design configuration

and then reassembled for the double period configuration in Knudsen Hall Level

A at UCLA, it was time to measure the undulator’s magnetic field, and tune it

such that it corresponds to Radia simulation as close as possible. I unfortunately

made an egregious error in assembling the undulator, switching the orientation of

half of→ and← magnets, such that if we consider the horizontal magnetic field,

the magnets on the top magnet strain are all put in correctly whereas all the

→ and ← magnets were put in backwards on the bottom magnet strain. It was

difficult to recognize the wrong orientation, so the pulse wire measurement was

fully done under the wrong magnet orientation assumption, and Hall probe data

had to be redone at SLAC’s magnet tuning facility after UCLA with much better

alignment techniques, which overall resulted in a well aligned magnet scenario.

There was no Pulsed Wire setup at SLAC, so the verification had to be done

with a moving wire method.

4.2.1 Hall Probe Results

The final design was assembled in the original design configuration and then re-

assembled for the double period configuration in Knudsen Hall Level A at UCLA,

where it was first measured using a Hall Probe. The setup for this measurement

required a LakeShore 8” long single-axis transverse Hall probe connected to a
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Figure 4.9: Summary of most common simulations useful to characterize the he-
lical undulator. (a)shows a simulation of what the magnetic field on axis should
look like given perfectly magnetized magnets depicted on 4.6 with magnetization
of 1.22 T, and a gap of 1.79 cm between magnets (1.99 cm for the entrance/exit
1/4 and 1/2 width magnets). (b) shows the averaged undulator parameter K
as a function of longitutional position. (c) shows the trajectory of the electrons
propagating on axis, which is proportional to the integral of the field with the
longitutional coordinate and (d) depicts the velocity of the electrons propagating
on axis, which is proportional to the second integral of the field with the longitu-
tional coordinate. In all pictures blue refers to the x component, and red to the
y component.
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Figure 4.10: Radia simulation of electrons traveling on axis through the
right-handed helical pre-buncher.
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421 LakeShore Gaussmeter to translate measured voltage into Magnetic Field

measurements. The Hall probe was mounted on axis of the helical undulator

connected to a motorized 1-D Deadal motion stage enabling the tip of the Hall

probe to traverse the undulator depth longitutionally. The motion stage was

connected to a computer, and used a VI written in LabView 2010 to move it

longitutionally by a set step, take a recording of the field, and then repeat the

process (which would be very tedious to perform by hand). We varied the step

size and found that best accuracy was achieved by 1 mm step size(going to 0.5

mm achieved almost identical accuracy but took twice as long). Due to the un-

dulator being larger than 8 inches, the measurements had to be done from both

ends of the undulator and then be patched together, which resulted in an error

in patching which we tried to minimize, but cannot claim that it is much smaller

than the step size (1 mm). Both horizontal and vertical fields were measured

(by rotating the orientation of the Probe by 90 ◦ ) independently and then com-

pared to a Radia model shown in Figure 4.14. The active area of the probe was

approximately 0.46 cm by 1 mm, is much larger than the size of the electron

beam, therefore averaging out the measurement of the field, and providing in-

formation only for the on-axis field. Independence of the horizontal and vertical

measurement was useful, because only upper and lower magnet strains needed

to be adjusted when varying the horizontal field, and only the left and the right

magnet strains were adjusted when measuring the vertical strain. It was verified

that small deviations of magnets from their desired magnetizations were inconse-

quential to the orientation orthogonal to its own by measuring effect of varying

horizontal magnets on vertical magnetic field. As mentioned above the velocity

of an electron that passes through an undulator is proportional to the magnetic
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field (B(z)) and is given by Equation 4.2.

vx,y =
e

γm0c

∫ z

−∞
By,x(z

′)dz′ (4.2)

where we assume a zero field at z=-∞, and that initially the particle is relativistic

and is only traveling longitutionally initially ( vx,y(0)=0, and vz ≈ c and doesn’t

change much from the interaction with the undulator). We can rewrite Equation

4.2 to a more common particle accelerator x’ description which turns out to be:

[x′, y′](z) =
[dx, dy]

dz
(z) =

e

γm0c
Iy,x (4.3)

where Iy,x is the first integral of motion due to By,x. Equation 4.3 describes the

horizontal and vertical angle of an electron as a function of the path it completed.

Integrating Equation 4.3 over the path again yields the horizontal and vertical

position of the electron as a function of longitutional position:

[x, y](z) =
e

γm0c

∫ z

−∞

∫ z′

−∞
By,x(z

′′)dz′′dz′ =
e

γm0c
I2
y,x (4.4)

where I2
y,x is the second integral motion of By,x. Therefore one can see that

electron trajectory is effected greatly by errors in magnetic field upstream as

they are integrated twice.

In order to obtain a more sensitive undulator tuning, we considered magnetic

field effects on first and second integrals of the magnetic field on-axis with re-

spect to longitutional position, which are proportional with the velocity and the

trajectory of on-axis electrons respectfully. Radia generated magnetic fields were

used to calculate the transport also, and the numerical integral from the discreet

Hall probe field measurements were compared with Radia simulated results. If

a large discrepancy was seen with an upstream magnet pair (for instance from
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Figure 4.11: Hall probe helical undulator measurement setup at NLCTA. Notice
the Hall probe traversing on-axis of the helical undulator as it’s connected to a
motorized stage and to a Lakeview 460 Gaussmeter showing measured transverse
magnetic field.
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Figure 4.12: The graphs on the top are horizontal, and vertical is on the bottom.
Hall Probe results from SLAC are shown where leftmost is the field, middle is
the first integral and rightmost is the second integral.

the upper and lower magnet strains) were tuned to minimize the integral errors.

Due to the integral being highly sensitive to upstream errors, the tuning method

was iterated for trajectories calculated forwards and backwards until there was

minimal error in both directions between the measurement and the Radia sim-

ulation shown in Figure. The best undulator tuning which is shown in Figure

4.12 was so good that depending on the slight deviation of overlapping the Radia

simulated result with the Hall probe generated measurement the error would vary

slightly between positive and negative rms 10 Gauss, such that I conclude that

the method I used has a natural error that’s greater then what was estimated,

therefore being virtually perfect using the tools we had.

Another phenomena to consider is that magnets pushed so close together

instill huge mutual magnet forces. Simulating just a pair of magnets shows forces

of approximately 20 N, and when you include an array of magnets many of their

force components will contribute therefore making net force on a magnet inside

an undulator being greater by a factor of 2 or 3. This force contributed to some

magnets betting unglued, and pulled out onto an adjacent magnet pair, which
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Figure 4.13: Radia simulation compared with Hall probe measurements compared
for wrong orientation of side to side ( → and ← magnets).

required taking apart the undulator and regluing the magnet. The other issue

was the play in magnet’s position. As an adjacent neighbor was pushed either

in or out, due to the mutual forces a magnet would also travel in or out of

its previous position. There is about 1.2 mm of space between the top of the

machine screw that goes inside a magnet holder and the side of the upper tuning

plate, so a magnet has 1.2 mm of wiggle room without any adjustments to the

machine screw, which translates to 4 revolutions. The way that all magnets were

positioned to have approximately the same gap is by first turning the machine

screw as deep as it would go, maximizing the gap, and then, knowing that we’re

at a gap of 20.4 mm we would decrease the gap by unscrewing the screw by

approximately 8 revolutions for all the magnets. What we saw was that the ↑

and ↓ magnets were at the smallest gap position whereas the → and ← magnets

were at the largest gap, so when tuning the undulator it wasn’t enough to keep

track of number of revolutions of the machine screw and also make sure that ↑

and ↓ magnets’s machine screws had 4 less revolutions then the rest. Also all the

entrance and exit magnets had to have a gap greater by 2 mm, so in other words

required just about 1 revolution from the initial position (largest gap).
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Figure 4.14: Radia comparison of simulation K value as a function of longitutional
position to actual K value, and the error in K for side to side magnet in wrong
orientation undulator scenario.

4.2.2 Pulse Wire Method

The limitations of the Hall probe method were that it averaged the oscillations

that electrons would feel over an area much greater than the size of the beam,

therefore providing only averaged information of what happens to electrons trav-

eling on-axis, and without incorporating more in depth effects such as undulator

focusing. A different simple, inexpensive and accurate method of computing un-

dulator magnetic field (and more so trajectory and velocity of accelerated elec-

trons) was implemented, first introduced by Roger Warren and Cliff Fortgang at

Los Alamos National Laboratories called Pulsed Wire Method [46]. The setup,

as depicted in Figure 4.15, consists of a 50 micron BeCu wire, that is stretched

along the central axis of the undulator, therefore the path an electron beam trav-

els during an experiment. One end of the wire is fixed on one end and stretched

over a pulley at the other and then connected to a bucket filled with BBs pro-

viding the required tension of the wire. Both fixed end and pulley are connected

to a X-Y micrometer used to fine adjust the positioning of the wire. The wire is

tensioned by filling the bucket with BBs until the breaking point around 165 g. A

short current pulse (that is either slightly less than one kick of the undulator, or
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larger than the undulator itself) is produced by applying a DC bias through the

wire and using a transistor as a switch. The pulse generator controls the length

and frequency of the current pulse, which is used to switch the transistor on, and

the amplitude is controlled by the DC bias. We want the frequency of the pulse

be short enough that the fundamental mode of oscillation on the wire to damp,

which experimentally was determined to be around 0.5 Hz. The current pulse

will interact with the magnetic field of the undulator and creates a ”kick” due

to the Lorentz force exciting a standing acoustic wave. The wave travels in both

directions and will deflect the wire. To measure the wire’s deviation we need a

detector consisting of two fast (ns) photodiodes mounted perpendicularly to each

other in a ring of Plexiglas with two HeNe lasers pointed on the photodetector

to measure horizontal and vertical deviations in the wire. The Plexiglas ring is

connected to an X-Y micrometer that is used to align the positioning of the HeNe

light on the wire. We want to position the wire where the HeNe light is at its

focus of about 60 microns, and in the middle of the lowest signal (wire blocks

most of it), and the highest signal (where the wire just stops blocking any light).

It’s good to note a sign difference: an upward deflection in the wire will produce

a decrease in the photo-diode voltage. We had to work with one photodiode laser

pair at a time, as if you turn both of the lasers on there was a lot of light pollution

from one laser reflecting off the wire to the wrong photo-diode. The output of

the photo-diode is displayed on a digital oscilloscope. If the length of the pulse

was less than one deflection of the undulator, or one magnet length, the signal

represents a first integral of the magnetic field and therefore is proportional to

the velocity of the relativistic electrons. If the pulse length is greater than the

length of the undulator, then the signal is proportional to the second integral of

the magnetic field, and therefore to the trajectory of the accelerated electrons.

The helical undulator mounted to an X-Y micrometer stage, the pulley end, the
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Table 4.3: Pulse Wire Parameters
Parameter Value
Pulse Length 1st Int 40 µs
Pulse Amplitude 1st Int 6 V
Pulse Length 2nd Int 2 ms
Pulse Amplitude 2nd Int 0.1 V
Wire Length 90 cm
BeCu Diameter 50 µm
Tension Weight 165 g
Acoustic Velocity 286 m/s
Predicted Sag 10 µm
Simulated Electron Energy 3.7 GeV

detector and the fixed end are all connected to an optical table, and are fine tuned

first with a naked eye and then using a theodolite such that the wire passes di-

rectly through the central axis of the undulator, and to the central axis of the

detectors. It is important to note that waves produced by magnets travel both in

forwards and backwards direction, and will reflect so we will need to position an

undulator close to the fixed end, and close to the detector Plexiglas on the other

side, and then at least an undulator length of wire length between Plexiglas and

the pulley, such that the wave created by the end of an undulator closest to the

Plexiglas won’t bounce back from the pulley and interfere with the wave created

by the undulator end furthest away from the Plexiglas, where both of those waves

are traveling towards the pulley. The useful pulse wire parameters are summa-

rized in Table 4.3. As described in [47] there are some known limitations to

the pulsed wire method. If we make the pulse as small as possible (something

smaller then the width of a magnet is close enough to a delta function) then we

can expect the wire to move as a function of the input pulse I and magnetic field

B as:

[x, y](t) = I/(2vµ)

∫ vt

−∞
By,x(z)dz (4.5)
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Figure 4.15: This shows the picture of a pulse wire setup. It requires 2 mil (50
micron) BeCu wire connected to a pulse generator, traversing an undulator, and
a series of photo-diode laser pairs, and ending with a pulley and a weight applied
to tension the wire. The short pulse applied by the pulse generator causes an
electric current to travel along the wire, that combined with magnetic field due
to the undulator creates Lorentz ”kicks” that oscillate the wire back and forth
and therefore can be detected by the photo-diode laser pair.

where By,x is the magnetic field due, µ is the linear density of the wire, and

v=
√
T/µ is the wave velocity. When we set the current pulse to be larger then

the size of the undulator we will see an output that will look like this:

[x, y](t) = I/(2v2µ)

∫ vt

−∞

∫ z′

−∞
By,x(z)dzdz′ (4.6)

It is important to realize that the wave velocity can be rewritten as v=
√
Y/D

where Y is the yield point of the wire measured in Force/Area, and D is wire’s

volume density. Notice that Y is independent of the wire’s diameter and therefore

is just a function of the material wire is made of (best can be done with BeCu

wire which is about 45 cm/ms). Another thing to consider is the sag of the wire

which is S=gDL2/8Y, where g is standard gravity’s acceleration, L is the length of

the wire, which is small in the case of the helical undulator(10 microns), however
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Figure 4.16: This is the best signal we achieved from the short current pulse
of 40 µs using the pulse wire setup in the vertical direction. We note that the
photo-diode seems to be much less sensitive to negative voltage signal, due to a
slight misalignment of the wire with respect to the HeNe.

when we tried to measure the Kurchatov 2m long undulator sag became about

.15 mm which is significant. It is important to note that the wire in our setup was

an equivalent of a 3.7 GeV electron beam. The data depicted above (Figures

4.16, 4.17, 4.18, 4.19) was taken at UCLA Knudsen while still with the wrong

orientation of the ↑ and ↓ magnets. At SLAC pulse wire setup was not available,

therefore measurements were done using the moving wire method [48], in which a

wire is applied a DC short pulse and measures a DC output. The wire is connected

on both sides to 2-D motion stages and therefore can move by steps of 50 microns

in x and y direction. By keeping the wire stationary on one side and varying the

other end, and comparing the different outputs we compute the value of the first

integral and by changing both of them we will compute the second integral of the

magnetic field. In our case a moving wire method would be acceptable as both

first and second integral were compensated (should be 0) which is not the case

for many other undulators. However a clear advantage of the pulse wire method
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Figure 4.17: Pulse wire setup short pulse, first integral horizontal direction signal
output. Notice the better alignment of laser to the pulse wire achieves better
pronounced negative voltage signal.

Figure 4.18: This is the best signal we achieved from a current pulse of 2 ms
using the pulse wire setup in the vertical direction. Second integral as expected
was much less forgiving to alignment mistakes, and the best achieved at UCLA
still showed a drastic vertical drift of electrons at the exit of the undulator.
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Figure 4.19: Pulse wire setup longer pulse, second integral horizontal direction
signal output. Compared to vertical output the signal has a more pronounced
drift at the exit of the undulator. We believe that gravity contributed greatly to
this by making the wire sag 10 µm.

(besides the need of two motorized 2-D stages well aligned), is that it shows the

integrals as a function of longitutional position, whereas the moving wire method

only shows the total value of the integrals over the whole undulator. The results

of measurements at SLAC were the following: for first integral we measured a 1.7

10−6 m T in x-direction and 2.2 10−6 m T in y-direction, where the calculated

setup error due to alignment and movement of wire inaccuracies was 4 10−6 m T,

giving us effective transverse velocity of zero downstream of the helical undulator.

The second integral measurement was 6.4 10−8 m2 T in x-direction and 6.1 10−8

m2 T in y-direction, with an error of 3 10−8 m2 T so about twice the measurement

error, which is still very insignificant, and is less than the error in OTR screen

positioning and other diagnostic setup errors at NLCTA. To conclude the pulse

wire section, I wanted to mention some useful properties as well as parasitic ones

of the pulse wire. The best thing about pulse wire is that you instantly see the

first or second integral of the magnetic field, so whenever you alter the position
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of any of the magnets you can instantaneously see it’s effect on the trajectory. In

the case of a 2m long undulator with such a small opening a very long, non-saggy

Hall probe would be necessary which just doesn’t exist, or otherwise undulator

would have to be taken apart and measured section by section then carefully

assembled together, which is tedious, long, and could cause misalignment in final

assembly. In the case of the helical undulator, the limitation of the short probe

and necessity to ”patch” two magnetic field measurements became unnecessary.

And last but not least the Hall probe only measures the transverse fields, and

has no information of the longitutional fields, which create undulator focusing.

So all Hall probe measurements had to be corrected by a focusing that could not

be directly measured. Now let’s talk about the limitations and problems with

the pulse wire method. The most important one is that you’re limited by the

materials you can use and their physical properties. Due to sag we cannot load the

wire less without risking inability to portray the electron path with the wire, so

can only simulate wiggling from effective GeV electrons, all lower energies create

too much sag to be measured, so our ”simulation” was less sensitive to small

errors then is expected for relativistic electrons whose energy is 120 MeV . As

mentioned before 2m long wire has a lot of natural tendency to sag and therefore

at such lengths we can expect a sag of at least 150 microns, but this does not

effect short undulators. Last of all because of the highly relativistic ”simulated”

electron beam we need to apply strong current pulses to see an effect, which in

turn will break a lot of wire.

4.3 Simulation results of Pre-Buncher interaction

This section is at the heart of this chapter because it will answer a couple of

very vital questions, which are that given that we can construct an helical pre-
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buncher, diagnose it, and make it as perfect as possible what can we expect

as experimental results. There are two vital questions that we need to answer,

first one being how much bunching of OAM mode can we expect and compare

that number with an estimate of fundamental mode bunching. The second being

an estimate of power we can generate using this scheme of OAM dominated

undulator radiation, because here is where we expect a big number much greater

then what can be accomplished using other conventional non-mediumless means.

As derive by Erik Hemsing in [84], the energy modulation of the electron beam

after the helical undulator is in this form below 4.7:

η = η0 ± a(r)cos(kbs0 ∓ φ)

a(r) =
eK̄2

hLmr

γ3mc2kww3
0

√
2Pµ0c

π
e−r

2/w2
0

(4.7)

Where η0 = γ/γ0 − 1 is the energy deviation from electron resonant energy,

K̄h = eB/mckw is the rms undulator constant, kw = 2π/λw is the micro-bunching

wave number, s0 = z − βzct is the initial co-moving beam coordinate, and Lm

is the modulator length, which we want to be Lm = kbw
2
0/2=30 cm. This is

followed by a chicane, which is optimized for the largest energy modulation, that

is maximized when electrons move longitutionally by λ/4. Density modulation is

given by ϕ = ϕ0 +kbR56η. When optimized the chicane yields a value of 0.8 mm.

As was described before in Chapter 2, the 3D gain length formula is different

from the 1D gain length, with both formulas derived. Consider Table 4.4 which

summarizes the values for the proposed undulator system at NLCTA. Notice that

the current is grossly overestimated, which raises the value of the ρ parameter

and therefore the rest of this discussion addresses a high gain regime which could

never be achieved due to NLCTA’s real current value of 60 A (where for the

rest of this discussion we consider similar parameters with a current of 1 kA).
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We the power gain formula derived in [86], for the situation when space charge

is negligible so the power fit formula is a function of using ηd, ηγ, and ηε. The

result gives an estimate of 1.31 L1D=17.7 cm at the detuning point to minimize

gain length. Using the same method and the power fit formula for OAM mode

developed in [71] we conclude that 2.27 L1D=29.5 cm isthe OAM gain length

giving the ratio of the two of 5
3
. Therefore we must minimize the amplification of

the fundamental mode, by enforcing the condition that the upstream modulating

seed laser does not get amplified by the radiator, and by ensuring that the OAM

bunching factor is much greater than the bunching factor due to shot noise, which

seeds the fundamental mode. One way to prevent further amplification of the

seed is to use the fact that the seed laser is linearly polarized and the radiator is

circularly polarized, therefore they are mutually orthogonal and will not amplify.

To better serve cutting off the seed laser, we can instill a beam dump that kills

it while we steer the electron beam off and then back on axis as it traverses the

chicane. We want the helical pre-buncher to be designed in such a way that

we do not reach saturation too soon, which we thought was achieved by having

an equivalent bunching factor being 20 times less than the saturation power or

around 5 % which the simulation estimates to also have a 0.03 % fundamental.

Notice that it’s much greater than the estimated shot noise of bSN=(3
√
Nλ)

−1,

where Nλ = ec
I

√
2πρ
λ

, which approximates to 10−5 level [81]. This would be the

case if we could simulate all ≈ 108 electrons, where our simulation is limited to

104 grossly overestimating the effect of shot noise. We use Mathematica to set up

the initial unmodulated random particle distribution of around 30,000 particles

that occupy a phase space of a specific beam size (σx = 100 10−6 m), normalized

emittance (εnx = 2 10−6 m-rad), energy (γ0 = 230), and energy spread of the

beam (σγ = .0003), all summarized in Table 4.4. Using the algorithm described

above we instill a micro-bunching modulation in energy which simulates the effect
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Figure 4.20: This graph shows the effect of the helical pre-buncher and the chicane
on the electron distribution by plotting the graph of phase versus energy spread.
Initially unmodulated (blue), the helical-prebuncher instills an energy modulation
(red), that rotates in phase space with the help of a chicane and transforms into
density modulation (yellow)

of the helical pre-buncher, followed by another modulation due to the optimized

chicane (approximated by an R56 value) that turns that energy modulation into

density modulation. The three distributions are depicted in Figure 4.20. The

3-D density modulated particles are input into Genesis 1.3 [98] which is used to

simulate the planar radiator and computes the output undulator radiation and the

bunching factor at the fundamental (Genesis does not know about the presence

of higher LG modes). When this was computed operating on the non-doubling of

period scenario, and the Kurchatov undulator being used as a resonator, where
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Table 4.4: Scaled FEL parameters
Parameter Value
Electron Energy (γ) 230
Energy Spread(σγ) 0.01%
Peak Current (I) 1 kA
Normalized emittance(εx) 2 mm-mrad
Electron beam rms size (σx) 0.1 mm
Laser wavelength (λ) 800 nm
Laser spot size (ω0) 189 µm
Input Laser Power (Gaussian) 1 MW
Output Undulator Radiation Power (OAM) 1 GW
Undulator dimensionless parameter(ρ) 0.01
1D Gain Length( L1D) 13 cm
Saturation Power(ρPb) 1.6 GW
Diffraction Parameter(ηd) 0.81
Longitutional velocity spread due to energy spread(ηγ) 0.005
Longitutional velocity spread due to emittance(ηε) 0.015
Saturation Power(ρPb) 2 GW
3D Fundamental Gain Length(L1D(00)) 17.7 cm
3D OAM Gain Length(L3D(01)) 29.5 cm
3D Gain Length Ratio(L3D(00)/L3D(01)) 0.6

all the relevant undulator parameters are summarized in Table 4.1. The radiator

was detuned in energy by ∆γ/γ = 2.5% which appear to have the most favorable

OAM bunch growth conditions. The amplitude and phase of the far field radiation

is depicted on Figure 4.21 that looks very OAM like after traversing the radiator

for 1.5 meters. As we can see from Figures 4.22 we achieve around 1 GW

of power after traveling through around 1.5 m of the planar undulator length.

Radia does not compute OAM mode bunching, but we can cheat and compute

the fundamental instead, which is around 1 % showing indirectly that most of the

light generated is indeed OAM. Noting the gross overestimation of intrinsic shot

noise makes the HGHMG experiment favorable if beam conditions are attained

as described in Table 4.4. Another way of estimating necessary parameters is
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Figure 4.21: This graph output’s Genesis 1.3 simulation result of a density mod-
ulated beam traversing 1.5 m of a planar undulator. It shows that both phase
and intensity appear to be of OAM nature

by generating beam and computing the interaction using Tredi simulation, that

were fed into Mathematica for simplicity of graphical interpretation. With that

method, we calculate different mode bunching factors directly downstream of

helical undulator shown in Figure 4.23 when magnets orientation was wrong. This

shows how the orientation of→ and←magnets is crucial to OAM production. As

you can see we are highly dominated by the fundamental at 11.9% bunching, and

l=1, and l=-1 modes are at 2.9% and 3.6% bunching respectfully. It can be seen

in 4.24 that using a sensible chicane value which maximizes l=1 and minimizes

all other modes yields a dominant l=1 mode at the correct wavelength of 26.7%

bunching, where fundamental is at 3.6% and l=-1 mode is at 2.2% bunching,

which as discussed above is a gross overestimation.
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Figure 4.22: Both graphs are simulated by Genesis 1.3 with pre-density modu-
lated particles fed as input to an interaction with a Kurchatov like planar un-
dulator. The graph on top simulates the fundamental as a function of radiator
length, which we see rise drastically after around 1.5 m of undulator length,
which suggests that we begin to saturate the power spectrum with the funda-
mental, requiring a dipole kick after 1.5 m of Kurchatov length to interrupt the
FEL process. On the bottom we see the power saturate at around 2 GW at an
planar undulator length of about 2 m. Since we care more about mode purity
then about power generated, this simulation suggests most favorable condition of
insignificant 1% fundamental bunching at 1.5 m long planar undulator generating
1 GW of OAM light.

109



Figure 4.23: This shows the effective bunching of different dominant LG modes
when magnets orientation was wrong. Red represents the l=0 mode, where blue
and green represents l=1 and l=-1 modes respectfully.

Figure 4.24: This shows the effective bunching of different dominant LG modes.
Red represents the l=0 mode, where black and blue represents l=1 and l=-1
modes respectfully. On the left is the bunching factor as a function of wavelength
for R56 of 1 mm. On the right is the bunching factor as a function of the chicane.
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4.4 Proposed Phase Diagnostic Methods

An experiment with a helical undulator and necessity to characterize the nature

of the bunching has been performed in the Neptune Laboratory at UCLA [49]

used for Erik Hemsing’s Ph. D. thesis experiment, where only one helical undu-

lator was used to create helical micro-bunching, where it was necessary to prove

helical phase structure of the electron beam using the undulator radiation. I

wanted to thank Erik Hemsing for multiple hours of discussions part of which

were summarized in this section while others were described in his thesis [71].

Cylindrical lenses can be used as optical mode conversion tools to change the

cylindrically symmetric OAM mode into higher order Hermite-Gaussian modes,

allowing determination of quantum number l by counting the intensity lobes

[73, 8]. Another method is to insert a knife-edge around the phase singularity of

the electron distribution downstream of the helical undulator to produce forked

diffraction patterns. In those patterns the number of prongs is directly propor-

tional to the dominant OAM mode, which can then determine the value of l [11].

It has been shown that other techniques are used to generate OAM modes, and

therefore can be reverse engineered to be used as diagnostic tools including spi-

ral phase plates [76], non-spiral phase plates [77], and forked diffraction gratings

[10]. There are three methods of that we thought were easiest to utilize, that

I will describe in more detail below. First is a direct phase measurement using

a Shack-Hartmann wavefront sensor [67]. Second utilizes an interferometer, to

sort a beam according to its l value that could determine OAM number of a

single photon [78]. The third way is to utilize a triangular aperture similar to the

knife-edge technique and based on the diffraction pattern determine the l value

[80].
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Figure 4.25: The deviation on the screen of the focused dot from where it should
be if the wavefront was flat is used to calculate all the necessary information about
aberration and any other wavefront information. The limitation is that it cannot
detect discontinuous steps in wavefront, which does not effect this experiment.

4.4.1 Shack-Hartmann Wavefront Sensor

The easiest and most convincing method of phase measurement is unquestion-

ably to measure it directly. A Shack-Hartmann wavefront sensor is a cheap and

accurate way of characterizing phase information [63]. It is made up of an array

of small lenses of same focal length each of which is focused on a CCD depicted

in Figure 4.25 . Any wavefront tilt localized to a lens will result in a focus spot

deviating in position at the CCD. All aberrations are approximated by a list of

localized wavefront tilts. Therefore the position of the foci at the CCDs discretely

approximate the whole wavefront picture. Most common uses of such sensor are

in lens or adaptive optical systems diagnostic, and in eye corneal treatment in

the medical field.
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Figure 4.26: This shows how an interferometer would be constructed. CTR signal
after passing through multiple alignment irises reaches the starting point (S), after
which it encounters the first beam splitter BS1 which splits the signal into two
equal intensity parts. Half travels down and then over to the next beam splitter
BS2 without any motorized parts, the path length of which remains constant.
The other split half travels across and to a delay stage made up of two mirrors
positions of which can be shifted changing the path length, and then gets reflected
with a third mirror onto the beam splitter BS2 where it is recombined with the
first half. The combined signal travels straight into a detector D.

4.4.2 Interferometer

If the CTR signal is weak and cannot be measured by a profile monitor, an

interferometer will aid in detection, because it can measure a time-integrated

CTR signal to obtain transverse phase information. Consider a Mach-Zehnder

interferometer similar to [78] depicted in and described in detail in Figure 4.26.

Note the extra reflection due to an extra mirror in one leg of the interferometer,

which interferes an image with a mirror image of itself, which generate intensity

patterns with lobes that can be used to identify the phase of the signal.

To illustrate a how helical dependence can be measured, consider what such

intensity patterns will look like at first for an ideal l=1 and an ideal l=0 mode that

is detuned and therefore has a null on axis, the simulation of which is depicted on

Figure 4.27. The intensity patterns before of the CTR would look very similar.
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When the delay is not 90◦ we expect the fundamental mode to form two-lobed

patterns due to its radial polarization, that will start as two horizontal patterns

at 0◦ delay, and tend towards combining into the original donut shape at 90◦

delay after which they will tend towards vertical two-lobed pattern. Regardless

of the transverse profile, we expect the total signal output not to vary with the

interferometer delay. For an OAM l=1 mode we expect the interferometer to

produce a four lobe pattern, that will rotate as a function of the delay. We

expect the total intensity to vary as a function as well being least bright at a 0◦

delay, tending towards brightest spot at 180◦ delay and then form a mirror image

of the dependence [71]. Due to errors in alignment, magnetization, etc. as well

as inherent parasitic effects such as shot noise, emittance, etc. we cannot expect

a pure l=1 nor pure l=0 modes, but rather a combination of two. That limits

the idea of looking at transverse profiles and counting lobes, however measuring

signal as a function of delay will undoubtedly determine which mode is dominant.

4.4.3 Triangular Aperture

This method just like the Shack-Hartmann Wavefront Sensor technique and un-

like the Interferometer requires a strong, detectable CTR signal to measure the

transverse profile. The phase information is obtained by installing a triangular

aperture downstream of the CTR screen, causing an interference pattern in the

radiation profile, which can visually determine mode composition of the signal.

Similar to the interferometer section consider a pure l=0 and a pure l=1 mode

which both look like donuts before interacting with the triangular aperture, see

Figure 4.28. We see that a fundamental mode will produce an interference pat-

tern similar to itself: a donut with a null on-axis. The OAM CTR signal produces

a clear bright spot on axis with a lattice of triangular nulls, which differs from
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Figure 4.27: Idealized fundamental and OAM mode interferometer signal. First
picture shows the input CTR signal, where it’s either a detuned fundamental or
an OAM signal. We predict that the ratio of signals will not change as a function
of a delay for the fundamental, and will form a gaussian-like picture for the OAM
mode. The fundamental will form two lobes that will combine at 90◦ and 270
◦ into the original donut, whereas the OAM mode will form four lobes that will
rotate as well as getting brighter and dimmer as a function of angle.
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Figure 4.28: This shows the interference pattern of fundamental and OAM mode
due to a triangular slit oriented with one leg aligned horizontally. You see the
fundamental’s interference pattern on the right, which forms a pattern much
similar to the original signal. On the left is the interference pattern due to the
OAM mode. Notice that maximum brightness is achieved on axis, where before
the aperture we saw a null, and the three small nulls formed by interfering with
adjacent sides of the triangular aperture.

[80] who claims that planar polarized OAM light will produce a null on axis sur-

rounded by triangular peaks, due to CTR being radially polarized. Using Tredi

to simulate scenarios of mixed l=0 and l=1 modes, it was shown in [71] that

shows that an off-axis undulator generate diffraction patterns that tends to favor

l=0 mode as an intensity pattern produced by a triangular aperture even when

both modes are comparable in intensity. Consequently a fundamental dominant

on-axis undulator produces a distinguishable pattern through a triangular aper-

ture, that a l=1 mode showing an on axis peak can be distinguished. Therefore

triangular aperture is favorable to use in our on-axis helical halbach undulator.
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4.5 Conclusions

This section thoroughly described the complete start to finish process of manu-

facturing a helical Halbach undulator for a Free Electron Laser experiment. It

included the design, building, calibration, tuning, and diagnosing the trajectory

of the electrons through the undulator using Hall probe measurement, as well as

a Pulse wire and vibrating wire techniques, as well as a section on various simula-

tions and particle tracing codes used to simulate undulator radiation that carries

Orbital Angular Momentum. During this process it was shown the durability

of the helical pre-buncher design, where it was modified with no extra compo-

nents to change the operation energy from 74 MeV to 120 MeV by doubling

of the period and varying the undulator gap. It will be interesting to conduct

an experiment with high current ( 1 kA) and with a long planar radiator like

was originally proposed with Kurchatov undulator to see a significantly powerful

OAM mode. If possible it is worthwhile to place multiple electric dipole steering

magnets along the Kurchatov undulator’s length. By feeding current through the

steering magnet’s coil we can bending the beam effectively limiting the region of

undulator length by where the bending magnet is located, therefore we could

compare radiation from different points and measure not only power differences

in observable signal, but also the transverse profile that will look different due to

longitutional dispersion in the beam. Further examination of edge radiation and

other phenomena is necessary to better postulate the experiment.
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CHAPTER 5

OAM FEL Experiment at the NLCTA

Laboratory

5.1 Introduction

In previous chapters we have discussed all the necessary theory of accelerator

physics, OAM light, and FEL theory, as well as discussing the process of simu-

lating, manufacturing and calibrating a helical pre-buncher that can be used to

instill a density helical modulation. According to HGHMG theory a pre-buncher

tuned to a harmonic of the seed laser combined with a radiator tuned to the

resonant wavelength can be used to generate primarily OAM light. This chap-

ter will describe how installing an already described pre-buncher on the NLCTA

beamline and using a planar U33 undulator has been used for a proof of principle

experiment that undoubtedly proves HGHMG theory, and thus that OAM light

can be generated via FEL scheme. We will thoroughly describe the experimental

design and diagnostic design of OAM FEL experiment in the NLCTA facility. We

will discuss experimental results, and a phase retrieval algorithm that we used

to create a phase profile using 2 camera images that differ in separation distance

from the source of undulator radiation. Furthermore we will discuss how inter-

ference pattern produced by a 200 micron slit can be used to confirm the nature

of undulator radiation. We will conclude with emphasizing the success of this
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experiment and discussing potential future experiments that can be performed

without major redesigns using similar setups.

5.2 Experimental Design

The main goal of the FEL OAM experiment that was decided to be performed

at SLAC’s NLCTA facility was to use a seed laser and transform it into OAM

light using only insertion devices (in essence various magnets). My colleague

already showed that a helical undulator can be used to impose helical structure

in an electron beam [49], and this experiment was a continuation that showed

that using a second planar undulator tuned to the laser’s wavelength produces

a high-gain OAM FEL. It is important to note that besides laser and electron

beam and magnetic component used to propagate it, in order to perform this

experiment, it’s necessary to have three things: a helical pre-buncher tuned to

the second harmonic thoroughly described in Chapter 4, a magnetic chicane used

as a beam compactor to change energy modulation into density modulation, and

a planar undulator tuned to the fundamental. Also in designing this experiment

it was also important to include a device that would measure phase, or in another

way prove that the light observed is indeed OAM.

5.3 NLCTA Laboratory Background and parameters

The NLCTA laboratory is a small part of SLAC National Accelerator Labora-

tory that consists of an electron beamline, and a TiSaphire laser, that is famous

for recent experiments including Echo-Enabled Harmonic Generation (EEHG)

[50, 51], Cascaded Longitudinal Space Charge Amplifier [52], Cascaded Optical

Inverse Free-Electron Laser [53], Laser-Driven Dielectric-Structure Accelerator
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Figure 5.1: A 800 nm light co-propagating with a 120 MeV relativistic un-mod-
ulated electron beam is fed through a helical undulator (four 5.26 cm periods
of strength Kh=1.52) tuned to the second harmonic of the laser, which heli-
cally modulates it in energy. The energy modulation is transformed into helical
density modulation by propagating through a longitudinally dispersive section
(a chicane). Finally the helical density 3-D modulated beam is sent through
a second planar undulator resonant at micro-bunching wavelength, forcing the
electron beam to radiate OAM light.
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dubbed E-163 [54], and RF undulator [55]. The electron beam line starts with

an S-Band RF photo-cathode gun typical for facilities in UCLA/BNL/SLAC,

that produces 5 MeV, 2 ps FWHM emittance compensated beam followed by

two X-band traveling wave linear accelerator sections. The output is an electron

beam of energies between 60 and 120 MeV, of 1pC to 200 pC of charge, with

emittance at about 1mm*mrad, and energy spread of about δp/p = 10−5 (slice

energy spread of≈1keV), and time spread of about σt=0.5 ps. The laser system

consists of a 10 GW-class Ti:Saphire laser system capable of producing 2 mJ

pulses of 800 nm light. There is an KDP/BBO nonlinear crystal trippler for the

photocathode that produces 0.16 mJ at 266 nm. There are both active and pas-

sive stabilization systems present. Another system is a 5 GW-class Ti:Saphire

laser system producing 1 mJ pulses at 800 nm. It is capable of producing 100

MW-class OPA(Optical parametric amplificator) creating pulses of 20-80 mJ at

1000-3000 nm; and a 5 MW-class DFG (Difference frequency generator)-OPA

making pulses of 1-3 mJ at wavelength of 3,000-10,000 nm. To analyze the

parameters of the laser and electron beam system there is precision diagnostic

installed on the beam line. For electron beam there are picosecond-class direct

timing diagnostic, micron-resolution beam diagnostics, femtosecond-class indi-

rect timing diagnostics and pico-coulomb class beam diagnostics. There are also

BPMs(Beam propagation method), profile screens, CCD(charge coupled device)

cameras, cerenkov radiation detectors, spectrometers, and a cryogenic bolometer.

For the laser system there is a range of laser diagnostics including autocorrela-

tors, crosscorrelators, pyrocams profilometers, etc. As discussed before a chicane

is necessary for momentum compaction, and a planar undulator to be used as a

radiator. The radiator that we chose was a planar undulator that was already

installed on the beamline of 10 periods each of period length λp = 3.3cm and

of strengthKp =1.29. The chicane that was positioned upstream of the planar
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Table 5.1: Relevant Electron Beam, Laser and Undulator Parameters
Parameter Value
Electron Energy(γ) 235
Electron pulse (FWHM) 0.5 ps
Electron beam size (σx) 145 µm
Emittance 1 mm-mrad
Energy Spread (δp/p) 10−5

Slice Energy Spread 1 KeV
Time Spread ( σt) 0.5 ps
Laser Wavelength(γ) 800 nm
Laser Spot Size(ω0) 290 µm
Laser Energy 35 µJ
Laser Pulse (FWHM) 1 ps
Helical Undulator Period (λh) 5.26 cm
Helical Undulator Strength (Kh) 1.52
Chicane (R56) 1.9 mm
Planar Undulator Period (λh) 3.3 cm
Planar Undulator Strength (Kp) 1.29

undulator had a variable R56 of between 1 and 9 mm.

5.4 Experimental Results

When conducting the experiment using capabilities listed above, the final exper-

imental set-up including all the diagnostics looked like the following [82]. The

initially unmodulated 120 MeV electron beam (γ= 235, 0.5 ps FWHM ) inter-

acts with the 800 nm transversely Gaussian laser pulse in the helical pre-buncher

composes of four periods of length λp = 5.26cm and strength K=1.52. This inter-

action causes an energy modulation of the electron beam at the second harmonic

of the laser (400 nm nh = 2) that has a helical structure due to the helical nature

of the undulator. According to HGHMG theory such an interaction will cause

a modulation of the form ei(kz−ilφ where l is related to the undulator resonant

122



wavelength harmonic of the laser beam by l=±(nh − 1), which in the case of

our right circularly polarized undulator l=1. Laser’s electric field, which has the

form El = E0e
−r2/w2

0 will excite an energy modulation of the form proportional

to ∂El(r)
∂r

which is

∆γ(r, φ, z) = −2rE0qK
2Nuλ

2
u

8w2
0πγ

2mc2
e−r

2/w2
0cos(ks− φ) (5.1)

As discussed before this modulation due to proportionality to ∂El(r)
∂r

causes a null

modulation on axis (when r=0), where modulation is maximized when r = w0/
√

2

and when the value of cosine is 1 or in other words when ks−φ = nπ. Downstream

of the undulator is the chicane, which we had to optimize which happens when

electrons with largest energy modulation are forced to move longitutionally by

λ/4. The chicane effects density modulation via it’s transport matrix element

R56, where sf = si + R56∆γ/γ. Setting the longitutional coordinate to λ/4

when energy modulation is maximized yields a maximized density modulation

when R56=1.9 mm. The initial laser beam gets dumped at the chicane as it will

only have a parasitic fundamental component of radiated light which we want to

subdue. Downstream of the chicane is the planar radiator (10 period λp = 3.3cm,

Kp =1.29), which is used to radiate OAM light. To diagnose the radiated light

downstream of the undulator is an OTR pop-in that then is followed by a filter

wheel, with choices of none, 800±5 nm, 400±5 nm, and 266±5 nm bandpass

filters so it was possible to distinguish fundamental and possibly any second and

third harmonic (although slight second harmonic was detected third, if it was

present was drained by noise). Then there was a remotely controlled slit, which

could be turned to interact or not interact with the signal, the usage of which

will be explained later. It was followed by a beam splitter, that separated the

signal into two paths going to two identical CCD cameras, to simultaneously
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Figure 5.2: OAM light after exiting the radiator hits an OTR screen. Then it goes
through a filter wheel, where no filter, fundamental, second and third harmonic
can be the only light allowed to pass. Then it can goes through a slit, that can
move in and out of view of the signal using a 1-D motion stage. Then a beam
splitter splits the signal to go to instantaneously to a near field CCD camera and
either a far field CCD camera or a Shack-Hartmann Sensor
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recorded the intensity profile at two downstream locations (near and far field).

The closer near field camera had an effective focal length of 7 cm, and was set

to image the OTR screen located 21 cm away. The further camera positioned 52

cm away with effective focal length of 10.8 cm was used to record the far field

and so its focus was set at infinity. To maximize the interaction of electron beam

and the laser in the undulator we focused the electron beam of charge Q=50 pC

(3 ∗ 108 electrons) down to w0/2 = σx,rms = 145µm. To control the laser field

strength in the modulator we inject a linearly polarized laser beam of 800 nm,

35 µJ and 1 ps FWHM whose laser spot size measurement yielded w0 = 290µm.

To maximize the interaction of electron beam and the laser in the undulator

we focused the electron beam of charge Q=50pC (3 ∗ 108 electrons) down to

w0/2 = σx,rms = 145µm. Without the laser pulse (when the polarizer was set

to full laser attenuation) we only observed incoherent undulator radiation, but

by rotating the polarizer by 2 degrees (which we calculate to be a field strength

of of E0= 15 MV/m at the laser waist in the modulator, instilling an energy

modulation of the beam of 0.8 keV (approximately half of slice energy spread))

we observed an increase of intensity of a factor of 130, of what we will prove

to be OAM light. According to HGHMG theory such parameters yield coherent

bunching at l=1 mode of ≈ 3%, where intrinsic shot noise (at the fundamental)

is ≈ 10−4 out of the radiator; enough to be used as a dominant l=1 OAM mode

seed. If polarizer is rotated by 30 degrees corresponding to laser energy of 9

µJ, the OAM bunching factor is increased to ≈ 50%. The Shack-Hartmann

wavefront sensor was the ideal detector for phase information. Unfortunately

the signal produced on the screen has been fully compromised by noise, and

no phase information could be retrieved. It could detect a HeNe laser and its

wavefront tilt really well however the actual signal turned out to be too weak and

the resolution to coarse to be detectable. By measuring the signal we would see
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random noise caused by stray X-rays generated by undulator radiation hitting the

side of the OTR screen and reflecting onto the wavefront sensor. Unfortunately in

this experiment we unfortunately cannot claim a power output of the radiation,

since it was never measured it due to multiple failed attempts of obtaining useful

information from the wavefront sensor.

5.4.1 Phase Retrieval Algorithm

With a failed attempt of measuring the wavefront via Shack-Hartmann sensor

directly, we had to use other means for indirect retrieval of the phase information.

Due to the beam splitter, we had instantaneous information on both screens, and

therefore thought that a phase retrieval algorithm can be used to decipher the

phase from the two images. What makes this difficult is unlike normal cases when

you consider most phase fronts to be flat and can deduce certain approximations

from that, we have vortices which require special treatment. A similar problem

was resolved by L.J. Allen’s paper [56, 57] in which a phase retrieval algorithm

is described in the presence of vortices by using three or more images. Two

is sufficient for the experiment at NLCTA, because we know the topological

charge of the vortex; normally topological sign is ±1, but since we know that

the undulator was right handed the topological sign is +1; and we also know that

there is only one vortex which simplifies the problem further. We can therefore use

the images we instantaneously obtain at the CCD cameras as data for the phase

retrieval algorithm. Therefore we have intensity information on both screens

but no phase information, so what we need to do is guess the phase on one of

the images. Suppose we start with the FF image, and make an initial guess of

flat phase. Given the measurement of intensity and our guess at the FF, we

can recalculate what phase and intensity would be at the FF using transport
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of intensity equation (TIE) and propagating the light forward using Fourier-

transformation:

∇⊥ • (I∇⊥φs) = −
∑
i

mi

ri

∂I

∂θi
− k∂I

∂z
(5.2)

In order to propagate it forwards correctly we need to remember the optical lens

that’s installed on the camera (which for near field was a lens of 7 cm focal length)

when we Fourier propagate. We keep the calculated FF phase information and

drop the intensity it calculated, since we know the actual intensity is something

that we measured. Then we substitute the measured intensity and the calculated

phase back onto the TIE equation and fourier transform again back to the NF, re-

membering to adjust the propagation equations by including the fact that FF has

a lens of focal length of 10.8 cm. Then we again drop the intensity information

and keep the calculated phase and repeat the cycle. Each time we compute an in-

tensity we calculate the sum squared error between each pixel of the measured and

calculated intensities, and keep iterating until the images converge or stagnate.

It takes between 200 and 500 iterations to stagnate. In approaching this method

we considered that the signal observed is only the undulator radiation, which is

not the case, as coherent transition radiation (CTR) from electrons interacting

with the pop-in screen is present. That poses a problem as even though both

should have a helical phase dependence, undulator radiation is in the far field for

both cameras, whereas the CTR is in the near field for NF camera and far field

for FF camera. The solution came from the fact that the CTR as calculated in

[101] is much weaker then the undulator radiation, and so we can ignore its effect

altogether without compromising the phase retrieval technique. On Figure 5.3 we

observe a slight ellipticity in intensity (a) and (c) and that is due to the presence

of other optical modes that are due to imperfections of roundness of the electron

beam and the excitation of adjacent optical modes (l6=1) in the pre-buncher due
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Figure 5.3: Results from the phase reconstruction algorithm: (a)Near Field mea-
sured intensity (b)Near Field calculated phase (c)Far Field measured intensity
(d)Far Field calculated phase
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to experimental asymmetries (and the fact that our electron beam has a finite

number of electrons, which causes shot noise that bunches electrons around the

fundamental l=0). The presence of other modes helps the phase retrieval algo-

rithm be more robust, because of optical dispersion of multiple modes resulting

in a slight rotation of the observed intensity profile. Notice that far field camera

intensity profile (c) has a slight counter clockwise rotation with respect to near

field camera intensity profile (d). This confirms once again the presence of l=1

mode, as l=-1 mode would cause a rotation in the opposite direction, even given

that the initial phase was just an ansatz. Using the measured intensities and

the calculated phase it is useful to calculate the purity of the OAM mode, to at

least find out how much shot noise effects generation of OAM light via FEL. It is

useful to decompose the intensity into orthogonal cylindrical Laguerre-Gaussian

modes that were introduced previously. Recall that LG modes have the form

up,l(r, φ) =

√
2p!

(p+ |l|)!
(−1)peilφe

− r2

w2
0

(r√2

w0

)|l|
L|l|p

(2r2

w2
0

)
(5.3)

where Llp(x) =
∑p

j=0(p+ l)!(−x)j/j!(p−j)!(l+j)! is an associated Laguerre poly-

nomial. The modes are normalized such that 〈up′,l′|up,l〉 = δp,p′δl,l′πw
2
0. According

to ELEGANT generated transport profile our expansion coefficient w0=180 µm.

Here decomposing our observables into LG modes yields:

Eu(r, φ) =
∞∑
p=0

∞∑
l=−∞

ap,lup,l(r, φ) (5.4)

Here Eu is the radiation field, and the coefficients of LG modes are chosen such

that
∑∞

p=0

∑∞
l=−∞ ap,l=1. Expanding the field into LG modes was done by fourier

transferring the beam back to the the exit of the radiator, where they show the

effects of the electron beam’s helical microbunching structure. In providing a
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Figure 5.4: (a) Field intensity from both NF and FF images propagated back to
the planar undulator exit. (b) Phase associated with a, calculated using phase
retrieval algorithm. (c)Intensity of combination of LG-modes contained in e, and
f that best reflect the field depicted in a. (d) phase plot of LG-modes from c.
(e) ap,l coefficients of LG-modes that describe intensity depicted in c. (f) The
expansion of al =

∑∞
p=0 ap,l coefficients that depict a dominant OAM l=1 mode

at 85”%” with second highest mode being the fundamental l=0 at 5”%”
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realistic decomposition of modes, we tried to make sure that the FF and NF

images were consistent while fourier transformed back to the undulator plane.

The best result came with ≈ 92% OAM (l=1) mode and ≈ 5%fundamental (l=0)

mode from the FF image, but did not have as much agreement from the NF.

So the best results that agree NF and FF are on Figure 5.4 where the bulk of

the radiation,85%is in the OAM l=1 mode, and the fundamental contribution of

≈ 10%. Decomposing the FF and NF images into LG modes without the fourier

transformation yields the same results as far as l mode composition as is expected

due to the conservation of angular momentum.

5.4.2 Effect of Slit on observed intensity profile

In case the phase retrieval algorithm was to provide no tangible results, we

thought installing a slit or a hard edge to form an interference pattern that

would help establish an interference pattern that could distinguish OAM domi-

nated radiation from fundamental dominated radiation. Visually we see a donut

shape on both the near and far field, which could be produced in one of two ways

(or a combination of both): (a)if it is due to an OAM l=1 mode that has a null

on axis and phase dependence anywhere else, or (b) if it is l=0 fundamental light

that is resonant at a detuned λ < λfilter (which is 800±5 nm), so we observe

nothing on axis and something at an angle θ. The difference between the two

cases is the phase front, (a) resembles a staircase where a flight is 800 nm, and

(b) is completely flat. We installed a 200 µm wide vertical slit with a 1-D mo-

tion controller, enabling possibility of centering the slit on the OAM vortex. We

observed the diffraction pattern on the FF camera when slit was centered at the

null of the undulator radiation. If incident on the slit was a pattern with a flat

phase, we would expect the interference pattern to interfere constructively where
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Figure 5.5: (a)Radiation intensity on the FF camera without slit interfering, that
was fourier transformed to the slit plane, where vertical red lines show the size
and position of the slit centered at the phase singularity of the calculated OAM
mode. (b) Imposing a pure OAM mode phase structure on the intensity profile
calculated at (a), this is what interference would look like at the FF camera 38
cm away. (c) Experimentally measured interference pattern on the FF camera.
(d) Imposing a flat phase front on the intensity profile at (a) this is what the
interference pattern would look like at the FF camera 38 cm away.

the null was, as it will take the same path length to travel from any point on the

”donut” that has coordinates (r,θ) as it does for a point located at (r, θ + π), so

due to cylindrical symmetry the on-axis point will turn from a null before the slit

to a bright spot. If on the other hand we have an OAM mode points at (r,θ) and

(r,θ + π) would interfere destructively due to the difference in phase , because

even though their path length would be completely the same, they would be out

of phase by π, and therefore will form a null on axis. As it’s shown on Figure

5.5 the observed interference pattern at the FF camera (c), resembles what an

intensity structure calculated at (a) would look like at the far field given an OAM

l=1 phase dependence according to our interference pattern calculation made by

using [68]. Notice especially the similarity in the fact that both have a horizontal

slit separating two planes. Also notice that if our ansatz at the slit plane was a

flat no phase dependence, we have a very bright ”plate”(sheered spot) on axis,

with two much less bright ”plates” (then what we observed) above and below it.

The shearing of the upper and lower bright spots also indicate that the vortex has

a transverse energy flow according to [58]. Upon further inspection of slit images
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with imageJ [107] it was clear that there are secondary bright planes above and

below the primary bright planes, as expected from theory, as well as tiny almost

noise level amount of bright planes to the right and the left. Examining the upper

and lower secondary bright planes, their separation from the central axis and a

ratio of that separation to the primary bright plane separation further confirms

the scenario of helical phase of the signal compared to the plane phase.

5.5 Conclusion

This experiment built on an experiment dubbed HELIX that showed first evi-

dence of helical microbunching of an electron beam via a second harmonic inter-

action in a helical undulator, and built upon it by providing a chicane to create

helical density modulation in the electron beam, and a planar radiator used to

radiate out OAM light that. Although no direct phase measurement was made,

we obtained substantial indirect evidence due to phase retrieval algorithm and

interference pattern formed via a narrow slit, that this experiment performed in

November of 2012 undoubtedly validates HGHMG theory, and shows that fun-

damental seed can be made into OAM light using Free Electron Laser as a mode

transferring scheme.

5.5.1 Motivation for possible future experiments

The next step is to improve on what we learned by performing similar experiments

at higher beam energies and shorter wavelength FELs, where it’s hypothesized

that helical structure is more robust to mode pollution and transverse mixing

[60]. Since this was not done in this experiment in the future it will be inter-

esting to measure the power of OAM light, and to maximize it, which according
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to simulation can be on the GW scale, which is more than can be done using

conventional OAM generating techniques. It will be also good to figure out a

better wavefront sensor, that would be more robust and have better resolution so

we could directly measure phase information instead of relying on indirect mea-

surements (Besides slit, and phase retrieval algorithm, triangular aperture, and

Michelson interferometer can be used as indirect measurements to further con-

firm phase information if no direct measurement can be achieved). A diffraction

grating can be used as a wavefront sensor, whose resolution will be dependent

on the small profile of the slits, rather than the much larger lenslet size of the

Shack-Hartmann wave front sensor.

It was shown that seedless FELs using SASE scheme can be used to make hard

X-rays as in the case with LCLS [61]. Using a helical pre-buncher and a planar

radiator, that concept can be mode transferred to OAM light that possesses angu-

lar momentum using HGHMG. Another interesting idea is to unite two NLCTA

experiments into one: to use Echo-Enabled Harmonic Generation(EEHG) with

HGHMG to efficiently generate high intensity, tunable x-ray OAM light in an ac-

celerator setting using conventional lasers, which was dubbed Echo-V [62]. EEHG

scheme works like this: (1) A laser passing through the first undulator first mod-

ulates the electron beam energy; (2) a strong chicane that rotates the phase

space, and turns the initial sinusoidal modulation due to the undulator into a

striated energy bands with a fine-scale, highly non-linear structure; (3) it then

passes through a second different laser and undulator and modulates in energy

once again; (4) and finally goes through a second chicane then stands these bands

upright which now produces a density modulation at a high-harmonic of the reso-

nant laser frequencies. EEHG unlike HGHG has a higher upconversion efficiency

for a relatively small slice energy spread increase [50]. A way to combine it with

HGHMG scheme is to have two different helical undulators tuned to a harmonic
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(easiest to have n=2) of both of the lasers, therefore having similar effect, but

with a high harmonic helical microbunching. To emit high intensity of OAM

x-ray FEL light, a radiator downstream of the whole Echo scheme is necessary.

One can manufacture multiple helical prebunchers, where they will be different

harmonics of the seed laser (easiest to do is to use one we already have and

manufacture another tuned to n=3) therefore generating different OAM modes.

This will show that one can compact information in one signal with different l

modes associated with it (which since there are no upper or lower bounds on

l modes, will only be physically limited by the size of the magnets one needs

to manufacture to build the helical pre-bunchers), as another proof of principle

experiment. Going up to higher LG modes will make the modes more susceptible

to diffraction, so it’s necessary to do further studies of how high of an l mode is

physically achievable, and therefore how many modes can you co-propagate.

Last thing that comes to mind is that during future OAM FEL experiments

should aim to understand and characterize the intra-beam scattering on the he-

lical structure, and how that will effect mode purity.

135



References

[1] E. Segre’. Enrico Fermi: Physicst. University of Chicago Press, Chicago, IL,
1970.

[2] Herbert Childs. An American Genius: The Life of Ernest Orlando Lawrence,
Father of the Cyclotron, E. P. Dutton, January 1968.

[3] John M. J. Madey. Stimulated emission of bremsstrahlung in a periodic
magnetic field. Journal of Applied Physics, 42(5):1906 – 1913, 1971.

[4] H. Motz. Applications of the radiation from fast electron beams. Journal of
Applied Physics, 22(5):527535, 1951.

[5] Paul Emma et al. First lasing and operation of an angstrom-wavelength
free-electron laser. Nat Photon, 4(9):641647, 2010.

[6] L. Allen, M. W. Beijersbergen, R. J. C. Spreeuw, and J. P. Woerdman. Or-
bital angular momentum of light and the transformation of laguerregaussian
laser modes. Phys. Rev. A, 45(11):8185 – 8189, June 1992.

[7] M. Kristensen, M.W. Beijersbergen, and J. P. Woerdman. Angular momen-
tum and spin-orbit coupling for microwave photons. Optics Communications,
104: 229 – 233, 1994.

[8] M. W. Beijersbergen, L. Allen, H. E. L. O Van der Veen, and J. P. Wo-
erdman. Astigmatic laser mode converters and transfer of orbital angular
momentum. Optics Communications, 96:123 – 132, 1993.

[9] P. Coullet, L. Gil, and F. Rocca. Optical vortices. Optics Communications,
73(5):403 – 408, 1989.

[10] VY Bazhenov, MV Vasnetsov, and MS Soskin. Laser-beams with screw dis-
locations in their wave-fronts. JETP Letters, 52(8):429 – 431, October 1990.

[11] Andrew G. Peele, Philip J. McMahon, David Paterson, Chanh Q. Tran,
Adrian P. Mancuso, Keith A. Nugent, Jason P. Hayes, Erol Harvey, Barry
Lai, and Ian McNulty. Observation of an x-ray vortex. Opt. Lett., 27(20):1752
– 1754, 2002.

[12] B. Thide, H. Then, J. Sjoholm, K. Palmer, J. Bergman, T. D. Carozzi,
Ya. N. Istomin, N. H. Ibragimov, and R. Khamitova. Utilization of photon
orbital angular momentum in the low-frequency radio domain. Phys. Rev.
Lett., 99(8):087701, August 2007.

136



[13] N. B. Simpson, K. Dholakia, L. Allen, and M. J. Padgett. Mechanical equiv-
alence of spin and orbital angular momentum of light: an optical spanner.
Opt. Lett., 22(1):52 – 54, 1997.

[14] Gerard Nienhuis. Doppler effect induced by rotating lenses. Optics Commu-
nications, 132(1-2):8 – 14, 1996.

[15] J. Courtial, K. Dholakia, D. A. Robertson, L. Allen, and M. J. Padgett.
Measurement of the rotational frequency shift imparted to a rotating light
beam possessing orbital angular momentum. Phys. Rev. Lett., 80(15):3217
– 3219, April 1998

[16] J. Courtial, D. A. Robertson, K. Dholakia, L. Allen, and M. J. Padgett.
Rotational frequency shift of a light beam. Phys. Rev. Lett., 81(22):4828 –
4830, November 1998

[17] L. Allen, M. Babiker, and W.L. Power. Azimuthal doppler shift in light
beams with orbital angular momentum. Optics Communications, 112(3- 4):
141 – 144, 1994.

[18] Iwo Bialynicki-Birula and Zofia Bialynicka-Birula. Rotational frequency
shift. Phys. Rev. Lett., 78(13):2539 – 2542, March 1997

[19] G. Geloni, E. Saldin, E. Schneidmiller, and M. Yurkov. Theory of space-
charge waves on gradient-profile relativistic electron beam: an analysis in
propagating eigenmodes. NUCL.INSTRUM.METH.A, 554:20, 2005.

[20] M. F. Andersen, C. Ryu, Pierre Clade, Vasant Natarajan, A. Vaziri, K.
Helmerson, and W. D. Phillips. Quantized rotation of atoms from photons
with orbital angular momentum. Phys. Rev. Lett., 97(17):170406, 2006.

[21] Eric Yao, Sonja Franke-Arnold, Johannes Courtial, Miles J. Padgett, and
Stephen M. Barnett. Observation of quantum entanglement using spatial
light modulators. Opt. Express, 14(26):13089 – 13094, 2006.

[22] Adrian Alexandrescu, Dan Cojoc, and Enzo DiFabrizio. Mechanism of an-
gular momentum exchange between molecules and laguerre-gaussian beams.
Phys. Rev. Lett., 96(24):243001, 2006.

[23] L Allen, S. M Barnett, and Miles J Padgett. Optical angular momentum.
Institute of Physics Pub., 2003.

[24] Graham Gibson, Johannes Courtial, Miles Padgett, Mikhail Vasnetsov, Va-
leriy Pasko, Stephen Barnett, and Sonja Franke-Arnold. Free-space infor-
mation transfer using light beams carrying orbital angular momentum. Opt.
Express, 12(22):5448 – 5456, 2004.

137



[25] S. Sasaki and I. McNulty. Proposal for generating brilliant x-ray beams car-
rying orbital angular momentum. Phys. Rev. Lett., 100(12):124801, 2008.

[26] W. B. Colson, G. Dattoli, and F. Ciocci. Angular-gain spectrum of freeelec-
tron lasers. Phys. Rev. A, 31(2):828 – 842, February 1985.

[27] W. Colson. The nonlinear wave equation for higher harmonics in freeelectron
lasers. IEEE J. Quant. Electronics, 17(8):1417 – 1427, August 1981.

[28] Gianluca Geloni, Evgeni Saldin, Evgeni Schneidmiller, and Mikhail Yurkov.
Theory of nonlinear harmonic generation in free-electron lasers with helical
wigglers. Nucl. Instrum. Methods Phys. Res., Sect. A, 581(3):856 – 865, 2007.

[29] E. Allaria, F. Curbis, M. Coreno, M. Danailov, B. Diviacco, C. Spez-
zani, M. Trovo, and G. DeNinno. Experimental characterization of nonlin-
ear harmonic generation in planar and helical undulators. Phys. Rev. Lett.,
100(17):174801, 2008.

[30] B. W. J. McNeil, G. R. M. Robb, M. W. Poole, and N. R. Thompson. Har-
monic lasing in a free-electron-laser amplifer. Phys. Rev. Lett., 96(8):084801,
2006.

[31] Rasmita Raval. Chemistry: Mirrors in flatland. Nature, 425(6957): 463 –
464, 2003.

[32] C. Stamm et al. Femtosecond x-ray absorption spectroscopy of spin and
orbital angular momentum in photoexcited ni films during ultrafast demag-
netization. Phys. Rev. B, 81(10):104425, March 2010.

[33] Michel van Veenendaal and Ian McNulty. Prediction of strong dichroism in-
duced by x rays carrying orbital momentum. Phys. Rev. Lett., 98(15):157401,
April 2007.

[34] J. D. Jackson. Classical electrodynamics. J.Wiley and Sons, New York, 3
edition, 1999.

[35] L. D. Landau and E. M. Lifshits, The Classical Theory of Fields. Course of
Theoretical Physics, Butterworth-Heinemann, 1975.

[36] Amnon Yariv. Quantum electronics. Wiley, New York, 3rd ed edition, 1989.

[37] David J. Griffiths. Introduction to Electrodynamics. Addison-Wesley, 4 Edi-
tion, 2012.

[38] A. Chao, Handbook of Accelerator Physics and Engineering. World Scientific,
1999.

138



[39] J. S. Schwinger. Classical Electrodynamics. Advanced book program, Perseus
Books, 1998.

[40] J. Rossbach and P. Schmuser, Basic course on accelerator optics, Tech. Rep.
DESY-M-93-02, February 1993.

[41] J. Rosenzweig, Fundamentals of Beam Physics. Oxford University Press,
2003.

[42] K. Wille and J. McFall. The Physics of Particle Accelerators: An Introduc-
tion. Oxford University Press, USA, 2001.

[43] J. A. Clarke.The Science And Technology Of Undulators And Wigglers. Ox-
ford science publications, Oxford University Press, 2004.

[44] R.P. Walker. Insertion devices: Undulators and Wigglers. In Proceedings of
the Cern Accelerator School, 98(04): 129 – 190, 1998.

[45] K. Halbach, Permanent Magnet Undulators. Le Journal de Physique Collo-
ques, vol. 44: 211 – 216, February 1983.

[46] Daryl W. Preston ’ and Roger W. Warren. Wiggler field measurements and
corrections using the pulsed wire technique. Nuclear Instruments and Meth-
ods in Physics Research A, Volume 318(1) 794 – 797, July 1992.

[47] Daryl W. Preston ’ and Roger W. Warren. Limitations on the use of the
pulsed-wire field measuring technique. Nuclear Instruments and Methods in
Physics Research A, Volume 272(1): 257 – 263, October 1988.

[48] H. Onuki and P. Elleaume, Undulators, Wigglers and Their Applications.
Taylor Francis, 2002.

[49] E. Hemsing, A. Knyazik, F. OShea, A. Marinelli, P. Musumeci, O. Williams,
S. Tochitsky, and J. B. Rosenzweig. Experimental observation of helical mi-
crobunching of a relativistic electron beam. Appl. Phys. Lett. 100, 091110,
2012.

[50] D. Xiang, E. Colby, M. Dunning, S. Gilevich, C. Hast, K. Jobe, D. Mc-
Cormick, J. Nelson, T. O. Raubenheimer, K. Soong, G. Stupakov, Z. Sza-
lata, D. Walz, S. Weathersby, P.-L. Pernet, and M. Woodley. Demonstration
of the Echo-Enabled Harmonic Generation Technique for Short-Wavelength
Seeded Free Electron Lasers. Phys. Rev. Lett., 105: 114801, 2010.

139



[51] D. Xiang, E. Colby, M. Dunning, S. Gilevich, C. Hast, K. Jobe, D. Mc-
Cormick, J. Nelson, T. O. Raubenheimer, K. Soong, G. Stupakov, Z. Sza-
lata, D. Walz, S. Weathersby, and M. Woodley. Evidence of high harmonics
from echo-enabled harmonic generation for seeding x-ray free electron lasers.
Phys. Rev. Lett., Volume 108:024802, January 2012.

[52] A. Marinelli, E. Hemsing, M. Dunning,2 D. Xiang, S. Weathersby, F. OShea,
I. Gadjev, C. Hast, and J. B. Rosenzweig. Generation of Coherent Broadband
Photon Pulses with a Cascaded Longitudinal Space-Charge Amplier. Phys.
Rev. Lett., 110: 264802, 2013.

[53] M. Dunning, E. Hemsing, C. Hast, T. O. Raubenheimer, S. Weathersby, F.
Fu, and D. Xiang. Demonstration of Cascaded Optical Inverse Free-Electron
Laser Accelerator. Phys. Rev. Lett., 110: 244801, 2013.

[54] E. A. Peralta, K. Soong, R. J. England, E. R. Colby, Z. Wu, B. Montazeri,
C. McGuinness, J. McNeur, K. J. Leedle, D. Walz, E. B. Sozer, B. Cowan, B.
Schwartz, G. Travish and R. L. Byer. Demonstration of electron acceleration
in a laser-driven dielectric microstructure. Nature, 10.1038: 12664, 2013

[55] M. Shumail, G. Bowden, C. Chang, J. Neilson, S. Tantawi. Beam dynamics
studies of a helical X-band RF undulator. AIP Conf.Proc., 1507: 752 – 756,
2012.

[56] L. Allen and M. Oxley. Phase retrieval from series of images obtained by
defocus variation. Opt. Commun. 199, 65 – 75, 2001.

[57] L. J. Allen, H. M. L. Faulkner, K. A. Nugent, M. P. Oxley, and D. Paganin.
Phase retrieval from images in the presence of first-order vortices. Phys Rev.
E, Vol ume 63: 037602, 2001.

[58] Devinder Pal Ghaia, P. Senthilkumarana, and R.S. Sirohic. Single-slit diffrac-
tion of an optical beam with phase singularity. Opt. Lasers Eng., 47, 123 –
126, 2009.

[59] Juhao Wu, Zhirong Huang, and Paul Emma. Analytical analysis of longitu-
dinal space charge effects for a bunched beam with radial dependence. Phys.
Rev. ST Accel. Beams, 11(4):040701, April 2008.

[60] E. Hemsing, A. Marinelli, and J. B. Rosenzweig. Generating optical orbital
angular momentum in a high-gain free-electron laser at the first harmonic.
Phys. Rev. Lett., 106, 164803, 2011.

140



[61] J. Amann, W. Berg, V. Blank, F.-J. Decker, Y. Ding, P. Emma, Y. Feng, J.
Frisch, D. Fritz, J. Hastings, Z. Huang, J. Krzywinski, R. Lindberg, H. Loos,
A. Lutman, H.-D. Nuhn, D. Ratner, J. Rzepiela, D. Shu, Yu. Shvyd’ko, S.
Spampinati, S. Stoupin, S. Terentyev, E. Trakhtenberg, D. Walz, J. Welch, J.
Wu, A. Zholents, and D. Zhu. Demonstration of self-seeding in a hard-X-ray
free-electron laser. Nature Photonics 6, 693 – 698, 2012.

[62] E. Hemsing and A. Marinelli. Echo-enabled X-ray vortex generation. Phys.
Rev. Lett., 109, 224801, 2012.

[63] R. V. Shack and B. C. Platt. Production and use of a lenticular Hartmann
screen, J. Opt. Soc. Am., 61, 656-660, 1971.

[64] J. H. Poynting. The wave motion of a revolving shaft, and a suggestion as to
the angular momentum in a beam of circularly polarised light. Proceedings of
the Royal Society of London. Series A, Containing Papers of a Mathematical
and Physical Character, Volume 82(557):pp. 560 - 567, 1909.

[65] Richard A. Beth. Mechanical detection and measurement of the angular
momentum of light. Phys. Rev., 50(2):115 - 125, Jul 1936.

[66] A.H.S. Holbourn. Angular momentum of circularly polarised light. Nature,
137(3453):31, 1936.

[67] B. C. Platt and R. Shack. History and principles of Shack-Hartmann wave-
front sensing. Journal of refractive surgery, 17(5), 2001.

[68] A. Siegman. Lasers. University Science Books, 1986.

[69] M. L. Boas. Mathematical Methods in the Physical Sciences. Wiley, 4 edition,
July , 2005.

[70] M. Abramowitz and I. Stegun. Handbook of Mathematical Functions: With
Formulas, Graphs, and Mathematical Tables. Applied mathematics series,
Dover Publications, 1965.

[71] E. Hemsing. Generation and Amplification of Coherent Radiation with Op-
tical Orbital Angular Momentum in a Free-Electron Laser. Ph. D thesis,
University of California, Los Angeles, 2011.

[72] H. Goldstein, C. Poole, and J. Safko. Classical Mechanics. Addison Wesley,
2002.

[73] M. Padgett, J. Arlt, N. Simpson, and L. Allen. An experiment to observe
the intensity and phase structure of laguerregaussian laser modes. American
Journal of Physics, 64(1):77 – 82, 1996.

141



[74] L. H. Yu. Generation of intense uv radiation by subharmonically seeded
single-pass free-electron lasers. Phys. Rev. A, Volume 44:5178 - 5193, Octo-
ber 1991.

[75] C. J. Bocchetta and G. De Ninno. FERMI@Elettra Conceptual Design Re-
port, 2007.

[76] M. W. Beijersbergen, R. P. C. Coerwinkel, M. Kristensen, and J. P. Wo-
erdman. Helical-wavefront laser beams produced with a spiral phaseplate.
Optics Communications, 112(5-6):321 327, 1994.

[77] Guang-Hoon Kim, Jin-Ho Jeon, Kwang-Hoon Ko, Hee-Jong Moon, Jai-
Hyung Lee, and Joon-Sung Chang. Optical vortices produced with a non-
spiral phase plate. Appl. Opt., 36(33):86148621, November 1997.

[78] Jonathan Leach, Miles J. Padgett, Stephen M. Barnett, Sonja Franke-
Arnold, and Johannes Courtial. Measuring the orbital angular momentum
of a single photon. Phys. Rev. Lett., 88(25):257901, June 2002.

[79] S. Franke-Arnold, L. Allen, and M. Padgett. Advances in optical angular
momentum. Laser and Photonics Reviews, Volume 2(4):299 - 313, 2008.

[80] J. M. Hickmann, E. J. S. Fonseca, W. C. Soares, and S. Chavez-Cerda.
Unveiling a truncated optical lattice associated with a triangular aperture
using lights orbital angular momentum. Phys. Rev. Lett., 105(5):053904, July
2010.

[81] A. Knyazik, E. Hemsing, A. Marinelli, J. B. Rosenzweig. The Orbital An-
gular Momentum light generated via FEL at NLCTA. Proceedings of 2011
Particle Accelerator Conference, THP164, March 2011.

[82] E. Hemsing, A. Knyazik, M. Dunning, D. Xiang, A. Marinelli, C. Hast, and
J. B. Rosenzweig. Coherent optical vortices from relativistic electron beams.
Nature Physics Volume 9:549 - 553, 2013.

[83] H. K. Avetissian. Relativistic Nonlinear Electrodynamics. Springer-Verlag,
New York, 2006.

[84] E. Hemsing, P. Musumeci, S. Reiche, R. Tikhoplav, A. Marinelli, J. B. Rosen-
zweig, A. Gover. Helical Electron-Beam Microbunching by Harmonic Cou-
pling in a Helical Undulator. Phys Rev. Lett., 102: 174801, April 2009.

[85] E. Hemsing, A. Marinelli, and J. B. Rosenzweig. Generating optical orbital
angular momentum in a high-gain free-electron laser at the first harmonic.
Phys. Rev. Lett., 106(16):164803, Apr 2011.

142



[86] M. Xie. Exact and variational solutions of 3D eigenmodes in high gain FELs.
Nuclear Instruments and Methods in Physics Research A, 445:59 – 66, May
2000.

[87] Ming Xie. New mechanisms of interaction for even harmonic generation in
free electron lasers. Nucl. Instrum. Methods Phys. Res., Sect. A, 483(1 – 2):
527 – 530, 2002.

[88] E. D. Courant and H. S. Snyder. Theory of the alternating-gradient syn-
chrotron. Annals of Physics, vol. 3(1):1 – 48, 1958.

[89] M. Xie. Transverse coherence of self-amplified spontaneous emission. Nu-
clear Instruments and Methods in Physics Research A, 445:67 - 71, May
2000.

[90] H. J. Korsch and H. Laurent. Milnes differential equation and numerical
solutions of the Schrodinger equation. I. Bound-state energies for single-and
double-minimum potentials. Journal of Physics B: Atomic and Molecular
Physics, Volume 14:4213, 1981.

[91] M. Xie. Design optimization for an x-ray free electron laser driven by slac
linac. Proceedings of the 1995 Particle Accelerator Conference, 1996.

[92] F. OShea. Compact radiation sources for increased access to high brightness
x-rays. Ph. D thesis, University of California, Los Angeles, 2013.

[93] M. Xie. Grand initial value problem of high gain free electron lasers. Nuclear
Instruments and Methods in Physics Research Section A: Accelerators, Spec-
trometers, Detectors and Associated Equipment, 475(1 – 3):51 - 58, 2001.

[94] R. Bonifacio, C. Pellegrini, and L. Narducci. Collective Instabilities and High
Gain Regime in a Free Electron Laser. Optical Communications, Volume
50:373 - 378, 1984.

[95] M. Xie and D. A. G. Deacon. Theoretical study of FEL active guiding in the
small signal regime. Nuclear Instruments and Methods in Physics Research
A, 250:426431, September 1986.

[96] G. Marcus. Longitudinally Coherent Single-Spike Radiation from a Self-
Amplifed Spontaneous Emission Free-Electron Laser. Ph. D thesis, Univer-
sity of California, Los Angeles, 2012.

[97] G. Marcus, E. Hemsing, and J. Rosenzweig. Gain length fitting formula for
free-electron lasers with strong space-charge effects. Physical Review Special
Topics - Accelerators and Beams, Volume 14:080702, 2011.

143



[98] S. Reiche. GENESIS 1.3: a fully 3D time-dependent FEL simulation code.
Nuclear Instruments and Methods in Physics Research Section A: Accelera-
tors, Spectrometers, Detectors and Associated Equipment, Volume 429: 243
- 248, June 1999.

[99] Erik Hemsing, Agostino Marinelli, Sven Reiche, and James Rosenzweig. Lon-
gitudinal dispersion of orbital angular momentum modes in high-gain free-
electron lasers. Phys. Rev. ST Accel. Beams, 11(7):070704, July 2008.

[100] D. A. G. Deacon, L. R. Elias, J. M. J. Madey, et al. First operation of a
free-electron laser. Phy.l Rev. Lett., vol. 38(16): 892 – 894, 1977.

[101] A. Tremaine, J. Rosenzweig, S. Anderson, et al. Measured free-electron laser
microbunching using coherent transition radiation. Nuclear Instruments and
Methods in Physics Research Section A: Accelerators, Spectrometers, Detec-
tors and Associated Equipment, Volume 429(13)209 – 212, 1999.

[102] T. Ishikawa, H. Aoyagi, T. Asaka, et al. A compact x-ray free-electron laser
emitting in the sub-angstrom region. Nature Photonics, vol. 6: 141, June
2012.

[103] E. L. Saldin, E. A. Schneidmiller, and M. V. Yurkov. On a linear theory
of an FEL amplifer with an axisymmetric electron beam. emphOptics Com-
munications, Volume 97: 272 – 290, March 1993.

[104] H. Onuki and P. Elleaume. Undulators, Wigglers and Their Applications.
Taylor and Francis, 2002.

[105] K.-J. Kim, Z. Huang, and R. Lindberg. Introduction to the Physics of Free
Electron Lasers. (unpublished), June 2010.

[106] Z. Huang and K.-J. Kim. Review of x-ray free-electron laser theory. Physical
Review Special Topics - Accelerators and Beams, Volume10: 034801, March
2007.

[107] C. A. Schneider., W. S. Rasband, K. W. Eliceiri. NIH Image to ImageJ: 25
years of image analysis. Nature Methods 9:671 – 675, 2012.

[108] Erik Hemsing, Avraham Gover, and James Rosenzweig. Virtual dielectric
waveguide mode description of a high-gain free-electron laser theory. Physical
Review A, 77(6):063830, 2008.

[109] P. Sprangle, A. Ting, and C. M. Tang. Radiation focusing and guiding with
application to the free electron laser. Phys. Rev. Lett., 59(2):202 – 205, July
1987.

144



[110] N. M. Kroll, P. L. Morton, and M. N. Rosenbluth. Free-electron lasers with
variable parameter wigglers. IEEE Journal of Quantum Electronics, 17:1436
- 1468, August 1981.

[111] G. T. Moore. The high-gain regime of the free electron laser. Nuclear In-
struments and Methods in Physics Research A, 239:19 - 28, August 1985.

[112] E. T. Scharlemann, A. M. Sessler, and J. S. Wurtele. Optical guiding in a
free-electron laser. Phys. Rev. Lett., 54(17):1925 - 1928, April 1985.

[113] Wu Juhao Wu and Li Hua Yu. Eigenmodes and mode competition in a
high-gain free-electron laser including alternating-gradient focusing. Nuclear
Instruments and Methods in Physics Research Section A, 475(1-3):79 – 85,
2001.

[114] Y. Pinhasi and A. Gover. Three-dimensional coupled-mode theory of free
electron lasers in the collective regime Phys. Rev. E, 51(3):2472 – 2479,
March 1995.

[115] Avi Gover. Superradiant and stimulated-superradiant emission in pre-
bunched electron-beam radiators. i. formulation. Phys. Rev. ST Accel.
Beams, 8(3):030701, March 2005.

[116] N.A. Vinokurov. Proceedings of the 10th international conference on parti-
cle accelerators. Proceedings of the 10th International Conference on Particle
Accelerators, Serpukhov, 2:454, 1977.

[117] B. Z. Steinberg, A. Gover, and S. Ruschin. Three-dimensional theory of
free-electron lasers in the collective regime. Phys. Rev. A, 36(1):147 – 163,
July 1987.

[118] D. Marcuse. Theory of dielectric optical waveguides. New York, Academic
Press Inc., 1974.

[119] S. Krinsky and L. H. Yu. Output power in guided modes for amplified spon-
taneous emission in a single-pass free-electron laser. Phys. Rev. A, 35(8):3406
- 3423, April 1987.

[120] Kwang-Je Kim. Three-dimensional analysis of coherent amplification and
self-amplified spontaneous emission in free-electron lasers. Phys. Rev. Lett.,
57(15):1871 - 1874, October 1986.

[121] L. H. Yu, S. Krinsky, and R. L. Gluckstern. Calculation of universal scaling
function for free-electron-laser gain. Phys. Rev. Lett., 64(25):3011 - 3014,
June 1990.

145



[122] Kwang-Je Kim. Fel gain taking into account diffraction and electron beam
emittance; generalized madeys theorem. Nuclear Instruments and Methods
in Physics Research Section A: Accelerators, Spectrometers, Detectors and
Associated Equipment, 318(1-3):489 - 494, 1992.

[123] E Saldin, E Schneidmiller, and M Yurkov. Output power and degree of
transverse coherence of x-ray free electron lasers. Optics Communications,
281(18):4727 - 4734, September 2008.

[124] V. Ginzburg and V. Tsytovich. Transition Radiation and Transition Scat-
tering. Adam Hilger series on plasma physics, A. Hilger, 1990.

[125] J. Jelley. Cerenkov Radiation and its Applications. Pergamon Press, 1958.

[126] O. V. Chubar and N. V. Smolyakov. VUV range edge radiation in electron
storage rings. Journal of Optics, Volume 24: 117 – 118, 1993.

[127] A. Tremaine, J. B. Rosenzweig, S. Anderson, P. Frigola, M. Hogan, A.
Murokh, C. Pellegrini, D. C. Nguyen, and R. L. Sheffield. Observation of self-
amplfied spontaneous-emission-induced electron-beam microbunching using
coherent transition radiation. Phys. Rev. Lett., 81(26):5816 – 5819, Dec 1998.

[128] A. Tremaine. Coherent Radiation Diagnosis of Self Amplifed Spontaneous
Emission Free Electron Laser-Derived Electron Beam Microbunching. Ph. D
thesis, University of California Los Angeles, 1999.

[129] K.-J. Kim. Characteristics of synchrotron radiation. AIP Conference Pro-
ceedings, Volume 184(1):565 - 632, 1989.

[130] L. Michelotti. Intermediate Classical Dynamics with Applications to Beam
Physics. Wiley Series in Beam Physics and Accelerator Technology, John
Wiley and Sons, 1995.

[131] H. Wiedemann. Particle Accelerator Physics II: Nonlinear and higher-order
beam dynamics. Particle Axccelerator Physics, Springer, 1999.

[132] G. N. Kulipanov. Ginzburgs invention of undulators and their role in mod-
ern synchrotron radiation sources and free electron lasers, Physics-Uspehi,
Volume 50: 368 - 376, October 2007

[133] K.-J. Kim. Characteristics of synchrotron radiation. AIP Conference Pro-
ceedings, Volume 184(1):565 - 632, 1989.

[134] A. Hofmann. Quasi-monochromatic synchrotron radiation from undula-
tors.Nuclear Instruments and Methods, Volume 152(1):17 - 21, 1978.

146



[135] J. Jelley. Cerenkov Radiation and its Applications. Pergamon Press, 1958.

[136] Y. Liu, X. J. Wang, D. B. Cline, M. Babzien, J. M. Fang, J. Gallardo,
K. Kusche, I. Pogorelsky, J. Skaritka, and A. van Steenbergen. Experi-
mental observation of femtosecond electron beam microbunching by inverse
freeelectron- laser acceleration. Phys. Rev. Lett., 80(20):4418 – 4421, May
1998.

[137] A. H. Lumpkin, R. Dejus, W. J. Berg, M. Borland, Y. C. Chae, E. Moog,
N. S. Sereno, and B. X. Yang. First observation of z-dependent electronbeam
microbunching using coherent transition radiation. Phys. Rev. Lett., 86(1):79
– 82, January 2001.

[138] A. H. Lumpkin, N. D. Arnold, W. J. Berg, M. Borland, U. Happek, J. W.
Lewellen, and N. S. Sereno. Development of a coherent transition radiation-
based bunch length monitor with application to the aps rf thermionic gun
beam optimization. Nuclear Instruments and Methods in Physics Research
Section A: Accelerators, Spectrometers, Detectors and Associated Equip-
ment, 475(1-3):476 – 480, 2001.

[139] A. H. Lumpkin, Y. C. Chae, J. W. Lewellen, W. J. Berg, M. Borland, S. G.
Biedron, R. J. Dejus, M. Erdmann, Z. Huang, K. J. Kim, Y. Li, S. V. Milton,
E. R. Moog, D. W. Rule, V. Sajaev, and B. X. Yang. Evidence for transverse
dependencies in cotr and microbunching in a sase fel. Nuclear Instruments
and Methods in Physics Research Section A: Accelerators, Spectrometers,
Detectors and Associated Equipment, 507(1-2):200 – 204, 2003.

[140] Mitsumi Nakamura, Makoto Takanaka, Shuichi Okuda, Takahiro Kozawa,
Ryukou Kato, Toshiharu Takahashi, and Soon-Kwon Nam. Evaluation of
electron bunch shapes using the spectra of the coherent radiation. Nuclear
Instruments and Methods in Physics Research Section A: Accelerators, Spec-
trometers, Detectors and Associated Equipment, 475(1-3):487 – 491, 2001.

[141] J. Rosenzweig, G. Travish, and A. Tremaine. Coherent transition radiation
diagnosis of electron beam microbunching. Nuclear Instruments and Methods
in Physics Research Section A: Accelerators, Spectrometers, Detectors and
Associated Equipment, 365(1):255 – 259, 1995.

[142] Carol J. Hirschmugl, Michael Sagurton, and Gwyn P. Williams. Multipar-
ticle coherence calculations for synchrotron-radiation emission. Phys. Rev.
A, 44(2):1316 – 1320, July 1991.

[143] Y. Shibata, K. Ishi, T. Takahashi, T. Kanai, F. Arai, S. Kimura, T. Ohsaka,
M. Ikezawa, Y. Kondo, R. Kato, S. Urasawa, T. Nakazato, S. Niwano, M.

147



Yoshioka, and M. Oyamada. Coherent transition radiation in the far-infrared
region. Phys. Rev. E, 49(1):785 – 793, January 1994.

148


	1 Introduction
	1.1 Dissertation Outline
	1.2 Before FELs: Relevant Electromagnetism and Accelerator Physics
	1.2.1 Most Relevant basic Electricity and Magnetism
	1.2.2 Accelerator Physics Formalism
	1.2.3 Dipoles
	1.2.4 Chicanes
	1.2.5 Quadrupoles
	1.2.6 Envelope equation and FODO lattice
	1.2.7 Constant Focusing Channel

	1.3 Principles of FEL Operation:
	1.4 Introduction to higher order light modes, and OAM light
	1.5 Conclusions

	2 Dielectric Waveguide Expansion, 3-D Gain Length, and Helical Undulator Focusing
	2.1 Dielectric Eigenmode Expansion of High-Gain 3D FEL Equations Quick Overview and Summary
	2.2 Gain length fitting formula for free-electron lasers
	2.3 Helical Undulator Focusing and Beam Transport
	2.4 Conclusions

	3 Charged Particle Radiation and Harmonic Interaction in a Helical Undulator
	3.1 Charged Particle Radiation
	3.1.1 Undulator Radiation

	3.2 Transition Radiation
	3.2.1 Coherent bunch TR

	3.3 Harmonic Interaction in a Helical Undulator
	3.4 Conclusions

	4 Helical Pre-Buncher Design, Simulation, and Calibration; and Simulation of FEL OAM Experiment at NLCTA
	4.1 Helical Pre-Buncher Design
	4.1.1 Period Doubling
	4.1.2 Detailed CAD Files
	4.1.3 Pre-Buncher Simulation Results

	4.2 Undulator Measurement and Tuning
	4.2.1 Hall Probe Results
	4.2.2 Pulse Wire Method

	4.3 Simulation results of Pre-Buncher interaction
	4.4 Proposed Phase Diagnostic Methods
	4.4.1 Shack-Hartmann Wavefront Sensor
	4.4.2 Interferometer
	4.4.3 Triangular Aperture

	4.5 Conclusions

	5 OAM FEL Experiment at the NLCTA Laboratory
	5.1  Introduction
	5.2 Experimental Design
	5.3 NLCTA Laboratory Background and parameters
	5.4 Experimental Results
	5.4.1 Phase Retrieval Algorithm
	5.4.2 Effect of Slit on observed intensity profile

	5.5  Conclusion
	5.5.1 Motivation for possible future experiments


	References



