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NUMERICAL SIMULATION OF MOVI~G BOUNDARY PROBLE~S INVOLVI~G 

HIGHLY ELASTIC FLUIDS 

Ro land Keunings 
Center for Advanced Materials 
Lawrence Berkeley Laboratory 
University of California 
Berkeley, California, 94720, U.S.A. 

ABSTRACT 

We present a numerical procedure for solving a class of 
transient viscoelastic flows with free surfaces. It is based 
on a Galerkin/Finite Element technique on deforming elements 
combined with a predictor-corrector scheme. The method is 
applied to the analysis of jet breakup caused by capillary 
forces. Using a constitutive model of the Oldroyd typ~, we 
predict the stabilizing nature of elastic forces, well known 
to experimentalists. We show that it results from a highly 
non-linear behavior that cannot be described by standard 
linear stability analyses. 

1. INTRODUCTION 

The numerical simulation of the flow of highly elastic 
liquids in complex geometries has attracted the attention of 
many research groups over the last ten years. For reason of 
tractability, most of the work has concentrated on steady 
flows. and relatively simple constitutive equations have been 
used. Examples of these are the Maxwell and Oldroyd-B models. 
which are the simplest equations arising from kinetic theories 
for polymer melts and polymeric solutions, respectively. 
These constitutive equations can, at least in a qualitative 
sense, account for many of the observed elastic effects • 
Although most industrial applications involving polymeric 
fluids occur at low or negligible Reynolds numbers, the 
numerical solution of viscoelastic flows has proven very 
difficult in view of the non-linearities present in the 
constitutive models. It is fair to say that obtaining 
reliable solutions at high elasticity numbers remains a 
challenge, even though a few successful predictions can be 
found in the literature. Limitations affecting current 
numerical schemes are discussed in a companion paper given 
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at this Conference (Keunings [1]), where references to the 
pertinent literature can be found. 

In this communication, we present our recent work on the 
numerical simulation of transient viscoelastic flows with free 
surfaces. We describe a Galerkin/Finite Element method imple
mented on continuously deforming elements and combined with a 
predictor-corrector scheme for the temporal integration. The 
numerical technique is applied to the simulation of capillary 
instabilities leading to the breakup of liquid jets into 
droplets. Results for an Oldroyd-B model are in agreement 
with experimental evidence, in that they indicate the dramatic 
stabilizing nature of elastic forces on the breakup process. 
The non-linear character of the process is evidenced through a 
comparison with classical linear stability analyses. The 
present paper is a condensed version of a recent publication 
(Keunings [2]). 

2. PROBLEM FOIUiULATION 

We consider here the isothermal flow of anOldroyd-B 
fluid. Three unknown fields arise in the formulation of the 
governing equations: the velocity field ~, the pressure field 
p, and the extra-stress field I, which is related to the 
Cauchy stress tensor ~ through 

(1) 

where I is the unit tensor. These unknown fields depend on 
time t and position~. Conservation equations take the 
familiar form 

Dv -p - = - Vp + Vo_T + f Dt 
(2 ) 

V-v = 0 - . (3) 

D 
where p is the density. Dt is the substantial derivative, 

i.e., 
(4 ) 

and t is the body force per unit volume. The set (2-3) is 
closed with a constitutive model relating the extra-stress 
field to the deformation experienced by the material. For an 
Oldroyd-B fluid, we have 

V V 
! + AI! = 2~ [!2. + A 2 Q] , (5 ) 

V 
where T denotes the upper-convected derivative of T defined as 

V DT 
T = -Dt 

(6 ) 
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1 T 
while ~ is the rate of strain tensor, 2 (V~ + ?~ ) • 
The Oldroyd-B model contains three material constants: a 
shear viscosity coefficient ~, a relaxation time AI' and a re
tardation time A2. An equivalent formulation of the Oldroyd 
model, that is more convenient computationally, can be written 
as 

T = !1 + I2 , (7) 

V 

II + Al II = 2~1 D - (8) 

!2 = 2~ 2 D , - (9 ) 

where IJ = ~1 + ~2 and A2 = A IIJ2/IJ. We refer to II and 
I2 as the elastic and Newtonian components of the extra

stress tensor, respectively. 

The elimination of T in the momentum equation (2) yields 
the following set of non=!inear partial differential equations 

V 

Tl + Al II = 2~1 Q • (10) 

(11 ) 

V'y.. = 0 , (12) 

to be solved in terms of II' y.. and p in a flow domain::-2. We 
consider here transient flows with a free surface, which 
implies that 0 is an unknown function of time O(t). In this 
work. we assume that 0 is two-dimensional (either planar or 
axisymmetric), and that the free surface is represented by a 
function of time and a single coordinate (Fig. 1). 

Fig. 1. A typical flow domain wi th a free Sdrfi-!( e 
represented by the height function h. 
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This unknown function h is referred to as the height function. 
The evolution of the deforming flow domain n is determined 
through the kinematic condition 

ah ah -+v-=v 
at xax y 

(13) 

where Vx and Vy are the velocity components at the free sur
face. Initial and boundary conditions relevant to a specific 
application complete the formulation of the moving boundary 
problem (10-13). In particular, continuity of stress at the 
free surface leads to the condition 

1 1 
E.:~=-Pg~+Y (R+R)~' 

1 2 
(14 ) 

where Q is the unit normal to the free surface (Fig. I), p is 
the ambient gas pressure, Y is the coefficient of surface ~en
sion and Rl , R2 are the principal radii of curvature of the 
liquid-gas interface. The latter are directly related to the 
height function and its first and second spatial derivatives. 

3. NUMERICAL TECHNIQUE 

We solve the moving boundary problem (10-13) by means of 
a Galerkin/Finite Element discretization of the governing 
equations combined with a finite difference scheme for the 
integration in time. Briefly, the solution procedure goes as 
follows: the simulation starts forward in time from given· 
initial data for the flow field and the finite element grid. 
At each time step, the flow field and the location of the free 
surface are determined by means of a predictor-corrector 
scheme. The finite element grid deforms during the simulation 
to follow the motion of the free surface. This nodal motion 
is anchored to the displacement of the free surface and is 
appropriately accounted for in the Galerkin formulation. 

More precisely, finite element approximations are defined 
for II' ~ and p as follows: 

(15) 

Her~, the symbols ~i' ~. and ITk represent finite element basis 
i . J k 

functions, and II ' ~J and p are time-dependent nodal values. 

Since nodal motion occurs as the simulation proceeds, the 
basis functions are implicit functions of time. One has, for 
example, that 

(16) 

where the X are nodal position vectors. 
-m 
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3.1 Spatial discretization 

Discretization in space is achieved by applying the 
Galerkin principle to (10-12). A closed form valid for 
cartesian tensors in an orthogonal coordinate system reads 

* 
'Y 

* *1 
J n(t) [II ~i + Al II - 2lJ Q j dn = 0 (17) 

1 

* Dv 
T * * *, , 

fn(t) {'4I j [p - f' r_ + 'Y1j;. . p !. + 2lJ2Q + !I JJ dn = 
Dt _1 

J L 

(18 ) 

(19) 

Every term marked by an asterisk denotes the corresponding 
finite element approximation obtained from (15). We have used 
the divergence theorem in (18) to reduce regularity require
ments on the basis functions '4Ij and to introduce natural 
boundary conditions in terms of the contact force ,,·n at the 
boundary an. In particular. the stress condition (14) is 
specified by direct substitution in the right-hand side of 
(18). It is crucial to note at this point that. if lole wish to 
use a representation of class CO for the free surface, the 
right-hand side of (18) has to be integrated by parts along 
an. In so doing, we introduce natural conditions in terms of 
the local tangent vector t at the endpoints 0 and 1 of the 
free surface (Fig. 1). 

Special care is to be exercised in the evaluation of time 
derivatives when the Galerkin principle is invoked on a moving 
grid. We show in [2] that the material derivatives of II and 
~ are gi ven by 

* 
D! 1 ~. t i + [v * -vg 1. 'YT * D"t :z i. -1 ~i - - -1 

i 
(20) 

* Dv 
~j;jl. - ~ = + Dt 

j - J 
(21) 
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Here. the superscript. denotes time differentiation, and ~g 
is the finite element representation of the "grid velocity". 
The latter is defined as follows: 

= I: X (t)8 
m -m m 

(22) 

where 8m are the basis functions defined on the parent element 
and used for the isoparametric transformation. 

From inspection of (20-21), we recognize as special cases 
the conventional Galerkin method on a fixed grid (vg = 0) • 
and the purely Lagrangian approach where nodes mov; at the 
local fluid velocity (vg = v*) • We adopt here another 
approach which consist~ of ~elating a priori the motion of 
internal nodes to the displacement of the free surface. In 
other words, the position vector X of each node m is related 

-m to the height function h: 

X 
-m 

This readily defines the relation between the grid velo
city ~g and the height function h. 

(23) 

Finally, we discretize the kinematic condition (13) by 
means of a one-dimensional Galerkin/Finite Element solution 
for the height function: 

* v ] dx = 0 • y 
(24) 

where 61 are one-dimensional basis functions. and Xl' x2 
correspond to the endpoints of the domain of h (Fig. 1). The 
grid used for calculating h is obtained by projecting each 
free surface node on the x-axis. 

In the present paper, we use isoparametric nine-node 
quadrilateral elements to discretize the flow domain n. The 
height function h is consistently interpolated by quadratic 
polynomials. The elastic stress II and the pressure pare 
approximated by bi-linear polynomials on the parent element. 
while the velocity ~ is given by bi-quadratic polynomials. 
Every apprbxlmated field is thus of class CO as required by 
the present Galerkin formulation. 

3.2 Temporal discretization 

Equations (17-19) and (24) lead to a set of first-order 
differential equations of the form 
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F (t, y, ~, :t, ~, ~, !P = 0 

~ (~, B, ~) = Q ' 

(25) 

(26) . 

where :t, Y, t and ~ are vectors of nodal values of II' ~ , p 
and h, respectively. As briefly explained above, the free 
surface variables Hand H appear in (25) through the boundary 
condition at the i~terfa~e, the definition of the flow domain, 
and its rate of deformation. We solve (25-26) in a decoupled 

n n· n n 
fashion. Let!, Y ,~ and ~ be the nodal vectors known at 
time t n ; we obtain corresponding vectors at time tn+l = tn 
+6t by completing the following steps: n 

Step 1: Prediction of the free surface, stress, and velocity 
field by means of a first-order extrapolation. The 
free surface, for example, is predicted by 

(27) 

·n·n ·n The time derivatives H ,T and V are known from the 
previous time step (s~e step 5) ...... 

Step 2: Relocation of the internal nodes by means of (27) and 
the law of motion (23). 

Step 3: Correction of the flow field by solving (25) on the 
predicted grid. Applying the implicit Euler scheme 
to discretize (25) in time, we obtain a set of non
linear algebraic equations in terms of 

T
n+1 . .n+l n+1 v and P : - '....., ....., 

F (T"+1 Vn+1 ~n+l; Hn+1 lin+1) = 0 (28) 
-alg ~- ' - '- -pred' -pred -' 

where Hn+1
d 

1s given by (Hn+1
d 

- Hn d)/~t • We 
-pre -pre -pre n 

solve (28) by Newton's method with predicted values 
as first estimates. 

Step 4: Correction of the free surface by solving (26) with 
the velocity field obtained in step 3: 

S (Hn+1; vn+1) = 0 • 
-alg ~- - -

(29) 

Step 5: Evaluation of the time derivatives needed in step 
1. This Is achieved by inversion of the Euler 
rule. For example, one has 
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T•
n+1 _ (To+1 nJ/· - T 6t • ~- - n 

(30) 

Remarks: 

The very first time step requires a special treatment 
(see [2]). 
Step 3 is obviously the most costly operation in terms of 
computer time. The use of predicted values as first es
timates is fortunately so efficient that, in the simula
tion described hereafter, only one Newton's iteration is 
necessary to achieve full convergence. 
The automatic selection of the time increment 6tn can be 
made as the simulation proceeds, on the basis of the dif
ference between predicted and corrected values and a 
user-specified level of local time-discretization errors. 
This capability has not been used in the application re
ported below, although it is readily available. 

4. NUMERICAL RESULTS 

We have used the numerical procedure outlined above to 
simulate the growth of disturbances applied to a liquid jet 
issuing from a nozzle and leading eventually to breakup. The 
framework common to classical linear stability analyses (LSA) 
is adopted in our study: i) the actual spatial stability 
problem is formulated as a transient process in a frame of 
reference moving with the jet. ii) we consider the surface
tension-driven growth of a periodic disturbance applied to the 
radius of an infinitely long cylindrical jet, iii) it is as
sumed that the wavelength of the disturbance remains constant 
during the growth. We point out, however, that our analysis 
is not limited to small perturbations of the jet radius, in 
contrast to the LSA. 

In the present application, the flow domain n extends 
axially over half. the wave length of the disturbanc~, and the 
jet radius plays the role of the height function (Fig. 2) 

Fig. 2. Integration domain for the jet breakup problem: the 
flow is axisymmetric around the z-axiS, and cylin
drical coordinates are used. 
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If 0 is the dimensionless perturbation and ho the radius of 
the unperturbed jet, we have 

h(z,t) = h [1 +cS(z,t)}. 
o 

(31 ) 

The primary goal of the present study is, given rheological 
parameters and initial conditions, to determine the function 
cS(z,t). The boundary conditions are i) the stress condition 
(14) at the free surface, ii) periodicity conditions at z=O 
(swell) and L (neck), iii) symmetry conditions at r=O. In 
order to allow for a meaningful comparison with LSA results, 
we impose an initial perturbation of the form 

'IT 
cS(z,o) = 0.05 cos L z , (32) 

and use the LSA results to specify initial conditions for the 

flow field. The relevant dimensionless groups are a Reynolds 
2 

number, Re = pyh /6u , a Deborah number, De = 
o 

Aly/6uho ' and a ratio of characteristic times, T = A2/A1 • 

For the sake of illustration, we have chosen a value of 20 for 
the di~ensionless wave length 2L/ho' 

Experimental work with polymeric solutions has revealed 
the remarkable stabilizing effect of elastic forces on the 
breakup process. Theoretical work aimed at explaining this 
behavior has been based on LSA which are valid for small 
deformations of the cylindrical jet. The LSA predict a 
destabilizing effect of elastic forces, a result which 
strongly suggests that non-linear behavior dominates the 
growth of the disturbance. The simulation discussed below 
constitutes a firm prediction of this non-linear phenomenon. 
We present in Fig. 3 the calculated flow domain and finite 
element grid at selected values of time, for Re = 0, De = 5 
and t = 0.25 (time is made dimensionless by means of the 
characteristic value 6uh /y). The grid contains 2035 degrees 

o of freedom, the time increment is 0.001, and one time step is 
completed in 9 CPU seconds on an IBM 3081/K computer. 

Our analysis predicts a cosinusoidal deformation of the 
free surface at short times, in close agreement with the LSA, 
as it must be. From time t=l on, however, dramatic non-linear 
effects come into play: the growth rate of the perturbation 
suddenly decreases and the jet reaches a configuration of 
drops connected by filaments; these filaments keep on 
thinning, but at a much reduced rate. 
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Fig. 3. Calculated flow domain and finite element grid at 
selected values of time; Oldroyd-B fluid. 

Comparison with the LSA clearly demonstrates that the stabi
lizing character of elastic forces is the result of non-linear 
behavior. We show in Fig. 4 the growth of the perturbation at 
both swell and neck as obtained by the numerical analysis; the 
LSA prediction is a straight line, since the plot is semi
logarithmi.:, and does not depend on the axial cO·.·r:linate z. 

10· t 
d ! 

.D' t 

LSA SWELL 

NECK 

1 
• 
t 
t 

1 

j 
~ 
I 

100 
0.0 o.s 1.0 I.S 2.0 2. S 3.0 l.S ~. 0 

Fig ..... '1agnitude of the perturbation d = /6// 11 .05 a::: ;. 
function of time; Oldroyd-B fluid; num~r1cal r~sults 
at swell (z=O) and neck (z=L), and LSA predi,:tion: 
the symbol 0 corresponds to breakup time. 
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Agreement between numerical and LSA results is remarkably 
good at short times, but a strong saturation effect is pre
dicted numerically from time t=l on. It is shown in [2] that 
the LSA results present inadmissible mass conservation errors 
precisely at the onset of the numerically predicted non-linear 
regime. 
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