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ABSTRACT OF THE DISSERTATION

Distributed Optimization in Multi-Agent Systems: Game Theory Based Sensor Coverage and
continuous-time Convex Optimization

by

Salar Rahili

Doctor of Philosophy, Graduate Program in Electrical Engineering
University of California, Riverside, December 2016

Dr. Wei Ren, Chairperson

A multi-agent system is defined as a collection of autonomous agents which are able to

interact with each other or with their environments to accomplish a task. The distributed control

of MSNs is the main focus of recent research in this area. Examples of cooperative tasks include

mobile sensor networks, distributed optimization, automated parallel delivery of payloads, region

following formation control and coordinated path planning. One of the most important and well

known task in multi-agent system is optimizing a cost function ( utility function) in a distributed

manner. In this task, the action of each agent affects the team cost function, which is unknown to

individual agents. Here our goal is to design a control algorithm for individual selfish agents to

optimize the team cost function. In this dissertation, two optimization problems are investigated,

where two different methods of game theory and convex optimization are employed to solve these

problems.

In our first problem, the coverage problem in an unknown environment by a Mobile Sensor

Network (MSN) is studied. An algorithm based on game theory is proposed, where a collection

of distributed agents communicate with local neighbors and use their local information to make
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decisions.

In our second problem, a time-varying distributed convex optimization problem is studied

for continuous-time multi-agent systems. The objective is to minimize the sum of local time-varying

cost functions, each of which is known to only an individual agent, through local interaction. Here

the optimal point is time varying and creates an optimal trajectory.
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In last part of this dissertation, the distributed average tracking problem is addressed for a

group of heterogeneous physical agents consisting of single-integrator, double-integrator and Euler-

Lagrange dynamics. Here, the goal is that each agent uses local information and local interaction to

calculate the average of individual time-varying reference inputs, one per agent. Dynamic average

tracking is the main challenge in many other distributed algorithms, such as distributed optimization,

and distributed Kalman filtering.
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Chapter 1

Introduction

The objective of this dissertation is the study of collective behaviors in multi-agent sys-

tems. Control of multi-agent systems has received a growing interest from researchers during the

last decades. Two approaches are commonly used for controlling the multi-agent systems: a cen-

tralized approach and a distributed approach. In the centralized approach, a central station collects

all of the information from all agents to control the whole group of agents. While, in the distributed

approach, local information is used by each agent to achieve the collective group behavior. In gen-

eral, sending all information to a command center that could process the information is not feasible

for most of the multi-agent system’s tasks. Also, even if this were possible, the communication cost

would be significantly large. Furthermore, the complexity of the overall system makes the problem

of constructing a centralized optimal policy intractable.

Recently, there has been much interest in distributed control and coordination of multi-

agent systems, where the goal is to collectively optimize a global cost function. This is motivated

mainly by the emergence of large scale networks and new networking applications such as mobile
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ad hoc networks and mobile sensor networks. In this problem, the action of each agent affects the

global cost function (team cost function), which is unknown to individual agents. Here our goal

is to design a control algorithm for individual selfish agents to optimize the team cost function. In

this dissertation, two optimization problems are investigated, where two different methods of game

theory and convex optimization are employed to find optimal solutions for multi-agent systems’

behaviors. Here, we address the following subjects which are listed in the order of appearance

1. Distributed Coverage Control of Mobile Sensor Networks in Unknown Environment Using

Game Theory,

2. Distributed Continuous-Time Convex Optimization for Time-Varying Cost Functions.

Thus, we continue with a short introduction and overview of sensor coverage problem and dis-

tributed convex optimization problems.

1.1 Sensor Coverage

Improvement in mobile network techniques and expense reduction in individual sensing

devices have created a great foundation for Mobile Sensor Networks (MSNs). There have been sig-

nificant research activities and practical applications in this area [83]. Mobile sensors can cooperate

to perform different challenging tasks such as surveillance, search and recovery operations, smart

house and remote environment monitoring [75]. In the coverage problem, a group of mobile sensor

agents seek to collect and process data to collectively cover an area. Limited communication capa-

bilities, local and dynamic information, faulty components, and an uncertain environment make the

problem very complicated.
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1.1.1 Overview of Related Works

In most of the previous studies on the coverage problem, a probabilistic function is defined

which represents the probability or occurrence frequency of events in a task area. Agents start from

their initial random locations in the task area and search to find their best configuration for sensing

more valuable regions. In [89], the virtual force, a combination of attractive and repulsive forces, has

been utilized to determine the updated sensors’ locations at each iteration. After finding an effective

configuration, a one-time movement with energy consideration is conducted. In their study, the

coverage worth of the area is assumed to be a uniform function where the agents just change their

locations slightly in order to minimize the intersection of their covered area. In [40], an optimization

problem is defined to maximize the sensors’ coverage while taking into account the communication

cost. Then a gradient decent algorithm is used to converge to the local solution of the optimization

problem. Another perspective is used in [20] where the area is partitioned to Voronoi regions and

each agent is just responsible for sensing its own region. Then each agent converges to the centroid

of its region while at the same time the Voronoi partitions are adjusted using the worth of the area

and neighbors’ locations. In all the above mentioned studies, the distribution of the sensing worth

in the area is known a priori by all agents. Unfortunately, this is not a realistic assumption in most

applications.

It is desirable to introduce a method that enables the optimal coverage of an unknown

environment. There are just a few works which assume that the agents do not have this prior knowl-

edge. These studies assume that instead, each agent determines the worth of an area after sensing

it. In [67], a solution similar to [20] is offered, where the summation of n distributions is assumed

as an estimation model. The estimation algorithm can adjust just the weighting coefficients of these
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distributions. The designer chooses n, where by increasing n more accurate estimation can be ob-

tained but the computational complexity is increased accordingly. An adaptive estimation algorithm

is introduced where the agents use their observations to update the weighting coefficients of their

model. Because the only optimization variables are the weighting coefficients, the designer has to

use a large number of distributions with different means and covariances to improve the accuracy of

the model. This estimation scheme does not perform well in real applications where the task area

is large because n has to be increased proportional to the size of the mission area and hence a high

computational burden is caused for the MSN.

The complexity and distributed nature of the coverage problem, motivate the use of a

game theory method. One approach for solving the coverage problem is to model the problem as

a non-cooperative game, where the players (mobile sensors here) independently pursue their own

objectives. The game theory method has many other advantages including robustness to failures and

environmental disturbances, reducing communication requirements and improving scalability. The

primary goal of game theory-based approaches is to design rules that guarantee the existence and

efficiency of a pure Nash equilibrium while investigating some other properties including locality

and informational dependencies [50]. The coverage problem can be modelled as a resource allo-

cation problem. Proper utility functions and reinforcement learning methods are designed for the

resource allocation of MSNs in [49, 50]. In these algorithms, each player must have access to the

utility values of its alternative actions. However, in an unknown environment such an assumption

is infeasible due to the lack of the knowledge of the area’s worth. Such information constraints are

taken into account in [32,88]. Different learning algorithms are defined where the agents experiment

alternative actions without pre-evaluation of these actions’ values. These learning algorithms can
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be interpreted as a trial-and-error approach for the agents. However, such trial-and-error approach

results in unnecessary movements of the agents and hence increases the energy consumption. It also

decreases the rate of convergence and causes chattering in applications.

1.2 Distributed Convex Optimization

The distributed optimization problem has attracted a significant attention recently. It arises

in many applications of multi-agent systems, where agents cooperate in order to accomplish various

tasks as a team in a distributed and optimal fashion. We are interested in a class of distributed

convex optimization problems, where the goal is to minimize the sum of local cost functions, each

of which is known to only an individual agent.

1.2.1 Overview of Related Works

The incremental subgradient algorithm is introduced as one of the earlier approaches ad-

dressing this problem [60, 65]. In this algorithm an estimate of the optimal point is passed through

the network while each agent makes a small adjustment on it. Recently some significant results

based on the combination of consensus and subgradient algorithms have been published [35,53,84].

For example, this combination is used in [35] for solving the coupled optimization problems with

a fixed undirected graph. A projected subgradient algorithm is proposed in [53], where each agent

is required to lie in its own convex set. It is shown that all agents can reach an optimal point in the

intersection of all agents’ convex sets even for a time-varying communication graph with doubly

stochastic edge weight matrices.
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However, all the aforementioned works are based on discrete-time algorithms. Recently,

some new research is conducted on distributed optimization problems for multi-agent systems with

continuous-time dynamics. Such a scheme has applications in motion coordination of multi-agent

systems. For example, multiple physical vehicles modelled by continuous-time dynamics might

need to rendezvous at a team optimal location. In [46], a generalized class of zero-gradient sum con-

trollers is introduced for twice differentiable strongly convex functions under an undirected graph.

In [70], a continuous-time version of [53] for directed and undirected graphs is studied, where it is

assumed that each agent is aware of the convex optimal solution set of its own cost function and the

intersection of all these sets is nonempty. Article [38] derives an explicit expression for the con-

vergence rate and ultimate error bounds of a continuous-time distributed optimization algorithm.

In [79], a general approach is given to address the problem of distributed convex optimization with

equality and inequality constraints. A proportional-integral algorithm is introduced in [23, 31, 37],

where [31] considers strongly connected weight balanced directed graphs and [37] extends these

results using discrete-time communication updates. A distributed optimization for single-integrator

agents is studied in [42] with the adaptivity and finite-time convergence properties.

In continuous-time optimization problems, the agents are usually assumed to have single-

integrator dynamics. However, a broad class of vehicles requires double-integrator dynamic models.

In addition, having time-invariant cost functions is a common assumption in the literature. However,

in many applications the local cost functions are time varying, reflecting the fact that the optimal

point could be changing over time and creates a trajectory. There are just a few works in the

literature addressing the distributed optimization problem with time-varying cost functions, where

in those works there exist bounded errors converging to the optimal trajectory. For example, the
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economic dispatch problem for a network of power generating units is studied in [16], where it

is proved that the algorithm is robust to slowly time-varying loads. In particular, it is shown that

for time-varying loads with bounded first and second derivatives the optimization error will remain

bounded. In [71], a distributed time-varying stochastic optimization problem is considered, where

it is assumed that the cost functions are strongly convex, with Lipschitz continuous gradients. It

is proved that under the persistent excitation assumption, a bounded error in expectation will be

achieved asymptotically. In [43], a distributed discrete-time algorithm based on the alternating

direction method of multipliers (ADMM) is introduced to optimize a time-varying cost function.

Furthermore, in all articles on distributed optimization mentioned above, the agents will

eventually approach a common optimal point while in some applications it is desirable to achieve

swarm behavior. The goal of flocking or swarming with a leader is that a group of agents tracks

a leader with only local interaction while maintaining connectivity and avoiding inter-agent colli-

sion [8,21,56,76]. Swarm tracking algorithms are studied in [56] and [76], where it is assumed that

the leader is a neighbor of all followers and has a constant and time-varying velocity, respectively.

In [8], swarm tracking algorithms via a variable structure approach are introduced, where the leader

is a neighbor of only a subset of the followers. In the aforementioned studies, the leader plans the

trajectory for the team and the agents are not directly assigned to complete a task cooperatively.

In [78], the agents are assigned a task to estimate a stationary field while exhibiting cohesive mo-

tions. Although optimizing a certain team criterion while performing the swarm behavior is a highly

motivated task in many multi-agent applications, it has not been addressed in the literature.
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1.3 Distributed Average Tracking

In many applications of multi-agent systems, agents are required to compute the summa-

tion of individual time-varying inputs in a distributed manner. For example, in sensor fusion [57],

feature-based map merging [1], distributed Kalman filtering [2], and distributed optimization [62],

computing the average of individual reference inputs is an inseparable part of the algorithms and

hence this problem attracted a significant attention recently.

In this chapter, an average tracking problem for a team of heterogeneous agents is studied,

where each agent uses local information to calculate the average of individual time-varying refer-

ence inputs, one per agent. Here, the average of individual reference inputs is time-varying and it

is not available to any agent; hence distributed average tracking introduces additional complexities

and theoretical challenges compared to the consensus and leader-followers problems.

1.3.1 Overview of Related Works

Researchers have introduced linear distributed algorithms as one of the earlier approaches

addressing this problem [3, 27, 36, 73]. In [27], a proportional-integral algorithm is proposed to

achieve distributed average tracking for slowly-varying reference inputs with a bounded tracking

error. In [3], through the use of the internal model principle, an algorithm is introduced for a special

group of time-varying reference inputs with a common denominator in their Laplace transforms.

In [36], a distributed average tracking problem is solved, with steady-state errors, while the privacy

of each agent’s input is preserved.

However, in linear algorithms, the reference inputs are required to satisfy restrictive con-

straints and most of the results only can guarantee to have a bounded error. Therefore, some results

8



based on nonlinear tracking algorithms have been published recently [12, 54]. A class of nonlinear

algorithms is introduced in [54], where it is proved that for reference inputs with bounded deviations

the tracking error is bounded. In [12], a nonsmooth algorithm is proposed for reference inputs with

bounded derivatives.

However, all the aforementioned studies addressed the distributed average tracking prob-

lem from an estimation perspective, where the agents do not have a certain physical dynamics. There

are various applications, where the distributed average tracking problem is employed as a control

law for physical agents [9]. For example, multiple agents moving in a formation with local infor-

mation and interaction might need to cooperatively figure out what optimal trajectory the virtual

leader or center of the team should follow, where each individual agent specifies its motion using

that knowledge. Distributed average tracking can be employed in this problem, where each agent

can construct its own reference input using the gradient of its own local cost function [62]. A dis-

tributed average tracking algorithm is proposed in [15], for physical agents with double-integrator

dynamics, where the reference inputs are allowed to have a bounded accelerations. A distributed

algorithm without using velocity measurements for a group of physical second-order agents is in-

troduced in [30], where the reference input are assumed to have bounded accelerations’ deviations.

However, in real applications physical agents might have more complicated dynamics

rather than single-integrator or double-integrator dynamics. There are only a few studies, that have

addressed more complicated dynamics. For example, in [85], the problem is studied for physical

agents with general linear dynamics, where reference inputs are bounded. A class of algorithms

is proposed in [14], to achieve distributed average tracking for physical Euler-Lagrange systems,

where it is proved that a bounded error is achieved for reference inputs with bounded derivatives.
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In [29], a distributed average tracking algorithm is proposed for physical second-order agents, where

there is a nonlinear term in both agents’ and reference inputs’ dynamics.

In most of the studies in the literature, agents are assumed to be identical. There are

only few works assumed nonidentical parameters or nonidentical additive terms in agents’ dynam-

ics [14, 29]. However, in real applications, we might need to employ different agents (robots)

with different abilities to accomplish a task. In these scenarios, agents obey completely different

physical dynamics. To the best of our knowledge, the heterogeneous average tracking problem in

the literature has been limited to the case that the reference inputs are time-invariant, where the

problem is transformed into a distributed consensus [44, 52, 87]. In heterogeneous distributed con-

sensus algorithms, there always exists a term forcing the velocity of each individual agent to zero.

This tremendously reduces the complexity of the problem. However, in dynamic average tracking

problem, our goal is to track a time-varying trajectory, where a precise control on velocities and

accelerations of the agents are required. It is worthwhile to mention that having a heterogeneous

multi-agent system consisting of agents with different dynamics, it is not possible to employ the al-

gorithms proposed for homogeneous dynamics, corresponding to each agent’s dynamic, and expect

to have a well-behaved system. Therefore, a careful analysis considering the interaction among the

agents with different dynamics is needed.
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1.4 Contributions of Dissertation

In this dissertation, we focus on the following two problems for multi-agent systems:

1. Sensor coverage problem in an unknown environment using a game theory method,

2. Distributed convex optimization of time-varying cost functions.

Some materials from this dissertation have been published in three conferences [61, 63, 64]. In this

subsection, we briefly talk about the contributions of this dissertation as follow.

• In the first part of the dissertation, we focus on sensor coverage problem in an unknown

environment using a game theory method. We can categorize our results into three main

parts:

– In Section 2.2, the game theory control is used to design a utility function based on each

agent’s marginal sensing contribution and the energy consumption of the agent caused

by communication, sensing and movement. By employing properly designed utility

functions, each agent uses only local information and local communication to complete

its tasks in a distributed manner. It is shown that the game properly defined using these

utility functions is a state-based potential game, which is guaranteed to have at least

one Nash equilibrium. In addition, the binary log-linear learning, which is one of the

best fit for this application, is used for updating the agents’ actions. Using the above

design, the agents will converge stochastically to a Nash equilibrium. Considering all

energy consumption by using a simple state-based utility function is valuable as no large

computational burden is created. However, this game and learning design just works

when the agents have a prior knowledge about the worth of the area.
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– In Section 2.3, an estimation scheme is defined to overcome the lack of prior knowl-

edge of the worth of the area in an unknown environment. A Gaussian Mixture Model

(GMM) is introduced, where each agent uses its previous observations to estimate the

unknown model parameters. An expectation-maximization algorithm is used as a tool

to solve the ML method and calculate the unknown GMM parameters. By estimating

the area’s worth, the algorithm defined in Section 2.2 is able to converge to a Nash equi-

librium stochastically. Particularly, using the agent’s previous observations, their future

actions will be chosen wisely so as to reduce the improper effect of the trial-and-error

method in the literature.

– In Section 2.4, the entropy criterion is further utilized to select informative observations.

The agents will consider the mutual information between their observed and unobserved

regions in order to find more informative observations. It will be shown that the modified

game with the addition of a proper term corresponding to the mutual information to

the utility function will remain a state-based potential game. By taking the mutual

information into account in the utility function design, the convergence rate will be

noticeably increased.

• In the second part of the dissertation, we focus on the distributed convex optimization of

time-varying cost functions for continuous-time dynamics.

The introduced framework, distributed continuous-time time-varying optimization, is of great

significance in motion coordination. Here, multiple agents cooperatively achieve motion co-

ordination while optimizing a team objective function with only local information and in-

teraction. For example, multiple spacecraft might need to dock at a location distributively
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with only local information and interaction such that the total team performance is optimized.

Multiple agents might need to maintain a geometric configuration or a swarm centered at a lo-

cation closest to all regions observed by the agents distributively with only local information

and interaction. Multiple agents moving in a formation or swarm with local information and

interaction might need to cooperatively figure out what optimal trajectory the virtual leader

or center of the team should follow and that knowledge would help the individual agents

specify their motions. Furthermore, there is a significant need to use distributed optimiza-

tion in various applications such as economic dispatch, internet congestion control, and home

automation with smart electrical devices. While the studies in the aforementioned applica-

tions would be simplified by assuming that the changing rate of the cost functions or the

constraints, is small and hence treated as invariant in each time interval, it might be more

realistic and relevant to explicitly take into account the time-varying nature of the cost func-

tions or constraints. As a result, distributed continuous-time optimization algorithms with

time-varying cost functions or constraints might serve as continuous-time solvers to figure

out the optimal trajectory in these applications.

Here, we are faced with several challenges such as:

– Having time-varying cost functions, which generally changes the problem from finding

the fixed optimal point into tracking the optimal trajectory.

– Solving the problem in a distributed manner using only local information and local

interaction.

– Solving the problem for continuous-time single-integrator and double-integrator dynam-

ics, where in the latter case we have only direct control on agents’ accelerations.
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– In our algorithms, the signum function is employed to compensate for the effect of

the inconsistent internal time-varying optimization signals among the agents so that the

agents can reach consensus. As the signum function might cause chattering in some

applications, it is replaced with continuous approximations in some algorithms but ad-

ditional challenges in analysis would result from the replacement.

– Providing analysis on optimization error bounds in scenarios where the agents’ states

can not achieve consensus.

– The coexistence of the optimization objective and the inherent nonlinearity of the swarm

tracking behavior.

• In the last part of this dissertation, a heterogeneous framework consisting of agents with

three different dynamics, single-integrator, double-integrator and Euler-Lagrange dynamics,

is considered. Two nonsmooth algorithms are proposed to achieve the distributed average

tracking goal.

– In our first proposed algorithm, each agent is required to have access to only its own

position and the relative positions between itself and its neighbors. In some applications,

the relative positions can be obtained by using only agents’ local sensing capabilities,

which might in turn eliminate the communication necessity between agents.

– To relax some restrictive assumptions on admissible reference inputs, we propose an

estimator-based algorithm, where a filter is introduced for each agent to generate an

estimation of the average of the reference inputs. Then, each agent tracks its own gener-

ated signal to accomplish the average tracking task. In both algorithms, agents described

by Euler-Lagrange dynamics, place a restrictive assumption on the admissible reference
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inputs.

The advantage of the second algorithm will be more substantial for a mutli-agent system

consisting of agents with only single-integrator and double-integrator dynamics. In such a

framework, using estimator-based algorithm, the heterogeneous dynamic average tracking

goal is achieved, where there is no restriction on reference inputs. As a trade-off, the estima-

tor based algorithm necessitates communication between neighbors, where each agent must

communicate its own filter’s variables with its neighbors.

Finally, it is shown that how the proposed distributed average tracking algorithms can be em-

ployed to solve the distributed optimization problem for a heterogeneous framework. It is

shown that the heterogeneous multi-agent system is able to solve the the distributed optimiza-

tion problem if the velocity of the reference input for each agent is defined and equal to the

gradient of its own cost function.

1.5 Preliminaries

In the reminder of this chapter, we introduce notations used in the dissertation and alge-

braic graph theory.
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1.5.1 Notations

R set of real numbers

R+ set of postive real numbers

Rp set of p× 1 real vectors

Rm×n set of m× n real matirces

1n n× 1 column vector of all ones

0n n× 1 column vector of all zeros

In n× n identity matrix

|S| cardinality of set S

λmin(·) minimum eigenvalue of a square real matrix with real eigenvalues

λmax(·) maximum eigenvalue of a square real matrix with real eigenvalues

diag(z1, . . . , zp) diagonal matrix with diagonal entries z1 to zp

A > 0 a positive matrix A

A ≥ 0 a nonnegative matrix A

A > B A−B is positive definite

A ≥ B A−B is nonnegative definite

‖ · ‖p p-norm of a real vector

⊗ Kronecker product

sgn(·) signum function defined component-wise
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1.5.2 Graph Theory

Let a triplet G = (V, E ,A) be an undirected graph, where V = {1, ..., N} is the node set

and E ⊆ V × V is the edge set, and A = [aij ] is the adjacency matrix. An edge between agents i

and j, denoted by e = (i, j) ∈ E , means that they can obtain information from each other. In an

undirected graph the edges (i, j) and (j, i) are equivalent. We assume (i, i) 6∈ E . The adjacency

matrix A is defined as aij = aji = 1, if (i, j) ∈ E and aij = 0 otherwise. The set of neighbors of

agent i is denoted by Ni = {j ∈ V : (j, i) ∈ E}. A sequence of edges of the form (i, j), (j, k), ...,

where i, j, k ∈ V, is a path. The graph G is connected, if there is a path from every node to every

other node. By arbitrarily assigning an orientation for the edges in G, let D , [dik] ∈ RN×|E| be

the incidence matrix associated with G, where dik = −1 if the edge ek leaves node i, dik = 1 if it

enters node i, and dik = 0 otherwise.

Let the Laplacian matrix L = [lij ] ∈ RN×N associated with the graph G be defined as

lii =
∑N

j=1,j 6=i aij and lij = −aij for i 6= j. Note that L , DDT . The Laplacian matrix L is

symmetric positive semidefinite. The undirected graph G is connected if and only if L has a simple

zero eigenvalue with the corresponding eigenvector 1N and all other eigenvalues are positive [17].

When the graph G is connected, we order the eigenvalues ofL as λ1[L] = 0 < λ2[L] ≤ ... ≤ λN [L].

Particularly, λ2[L] is the second smallest eigenvalue of the Laplacian matrix L.

The above notations can also be adopted for time-varying graphs, where G(t),A(t), D(t)

and L(t) are, respectively, the undirected graph, the adjacency matrix, the incidence matrix and the

Laplacian matrix at time t. For time-varying graphs G(t), λi[L(t)],∀i ∈ I, is a function of t. As

long as G(t) is connected, λ2[L(t)] is uniformly lower bounded above 0 because there is only a

finite number of possible L(t) associated with G(t).
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Lemma 1 [55] The second smallest eigenvalue λ2[L] of the Laplacian matrix L associated with

the undirected connected graph G satisfies λ2[L] = minxT 1N=0,x 6=0N
xTLx
xT x

.
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Chapter 2

Distributed Sensor Coverage of Mobile

Sensor Networks Using Game Theory

2.1 Sensor Coverage

An MSN is established by a distributed collection of agents, where each of them has

communication, sensing, moving, and computation capabilities. In this dissertation, a class of MSN

applications is considered, where a limited number of sensors are randomly deployed in a task area.

The area’s worth is different at different locations. The sensors’ task is to change their locations in

order to maximize the total worth of the covered area at their final configuration while minimizing

the total energy consumption caused by communication, sensing and movement.

The area’s worth can be interpreted as the probability of finding a target by sensors in that

area. The agents do not have prior knowledge about the worth. However, the worth of a location

will be determined by an agent after sensing it. Precisely, we aim at solving a coverage optimization
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problem in an unknown environment by formulating it as a non-cooperative game, where each

sensor benefits from sensing the environment as a member of a group with local information and

communication.

A convex two-dimensional mission space, discretized into a (squared) lattice is consid-

ered. Each square of the lattice has unit dimensions and is labeled with the coordinate of its center

q = (qx, qy). The collection of all squares of the lattice is denoted by Q. A numerical variable

fq ≥ 0 is assigned to the worth or the probability of the occurrence of an event in each square with

center q ∈ Q. The larger the worth fq, the more important the sensing of the square with center q.

Later, the value fq will be recognized as a benefit of observing the point q. Here, fq is assumed to

be stationary. However, the result of this dissertation can be extended to a non-stationary field.

There are N mobile sensor agents in the field where the location of agent, i = 1, ..., N ,

at time step t is denoted by api (t) , (xi(t), yi(t)) ∈ Q. The sensing region of agent i, at time

step t is modelled as a disc with the center api (t) and the radius ari (t). Each agent i chooses

the radius ari (t) from a discrete set with the minimum and the maximum equal to rimin and rimax,

respectively. The set of acceptable radii is not necessarily identical for different agents, but as

it will be discussed in Subsection 2.2.1, it is assumed that all agents know the largest possible

sensing range rmax := max rimax. The agent’s action at time step t is denoted by ai(t), where

ai(t) := (api (t), a
r
i (t)) ∈ Ai(t) and Ai(t) is the available action set for agent i, at time step t. Also

let S(ai(t)) be the area covered by agent i at time step t. The action profile of all agents is denoted

by a(t) = (a1(t), ..., aN (t)) ∈ A(t) :=
∏N
i=1Ai(t). The motion of the agents will be limited to

their adjacent lattices if there is no obstacle there. We use Ci(ai(t − 1)) to denote the available

actions for agent i at time step t, which is a function of agent i’s action at time step t − 1. Each
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Figure 2.1: The mission space and sensor model. The green shaded squares denote the feasible

actions for agent k.

agent is able to communicate with its neighbors to exchange information. The set of neighbors of

agent i is given by N comm
i (a(t)) := {j = 1, ..., N |

∥∥∥api (t)− apj (t)∥∥∥
2
≤ Rcomm

i }, where Rcomm
i is

the communication range of agent i. The mission space and sensor model are illustrated in Fig. 2.1.

2.2 Game Design

In this section, we design a state-based potential game to relocate the agents from their

random initial positions to a valuable configuration by taking into account both the worth of the

covered area and the energy consumption. The binary log-linear learning is employed to update the

agents’ actions. It is shown that the agents converge stochastically to a Nash equilibrium.
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2.2.1 Utility Design

Mobile sensors consume energy for their communication, sensing and movement. Due

to energy limitations, taking the energy consumption into account in the utility design will improve

the performance of the MSNs. We first consider the energy consumption of the agents due to

communication with neighbors. To select the communication ranges, we require Rcomm
i is larger

than or equal to 2rmax, because if Rcomm
i is assumed less than 2rmax, there might be a region sensed

by two agents while they can not communicate with each other. That is the reason it is assumed

that all the agents have the same rmax. To decrease the energy usage, the communication range and

the amount of data transfer should be reduced. Hence, we select Rcomm
i = 2rmax, i = 1, ..., N . In

the following, Rcomm denotes the communication range for each agent. In addition, each agent just

sends its own action ai(t) to its neighbors, which does not need significant communication between

agents. As mentioned, the communication range, Rcomm, and the amount of data transfer cannot

be further reduced in our problem set-up. Thus there is no need to incorporate the communication

energy into our optimization cost function.

We then consider the energy consumption caused by sensing. There is a trade-off between

the power usage and the size of the covered region. The energy consumption of agent i due to

sensing is defined as

Esense
i (ai(t)) = Ki(a

r
i (t))

2,

where Ki > 0 is a coefficient. Increasing the radius will increase the energy consumption. Hence

ari (t) is used as an optimization variable, where each agent attempts to optimize its own power usage

by finding a proper radius. In [58], a coverage algorithm for vision-based sensors is proposed to

turn off the sensors with overlapping fields of view. Here by letting rmin = 0, our proposed method
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is able to save energy in such a situation. Agent i can choose ari = 0 when the agent cannot improve

the sensing performance of the MSN.

We finally consider the energy consumption caused by movement. The energy consump-

tion of agent i due to movement is defined as

Emove
i (ai(t), zi(t)) = K ′i(|a

p
i (t)− zi(t)|), (2.1)

where K ′i > 0 is a coefficient and zi(t) , api (t− 1) is the previous location of the agent i. As it is

seen in (2.1), the movement energy consumption, and the utility to be designed next as a result, is a

function of the state (the agent’s previous location in this case). Here the term state has a different

meaning in the context of game theory in comparison with that in control theory. In our problem the

term state denotes the previous location of the agent. This is the reason that a state-based potential

game will be designed for this problem.

We now proceed to formulate our coverage optimization problem as a state-based game.

A utility function Ui is designed for each agent that aims to capture the trade-off between the worth

of the covered area and the energy consumption by agent i. The utility function for agent i is

designed as

Ui(a(t), z(t)) = F (ai(t), a−i(t))− F (a0
i (t), a−i(t))

− Esense
i (ai(t))− Emove

i (ai(t), zi(t))

F (a(t)) =
∑

q∈
N⋃
i=1

S(ai(t))
⋂
Q

fq,

(2.2)

where F (a(t)) denotes the worth of the covered area by the agents, a0
i (t) is the null action agent i

(i.e. there is no agent i or equivalently agent i is turned off), and a−i(t) is the actions of all agents

other than agent i. Here F (ai(t), a−i(t)) − F (a0
i (t), a−i(t)) is agent i’s marginal contribution to
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sense the area. Sometimes the marginal contribution design is refereed as Wonderful Life Utility

(WLU) [82]. Note that the utility function Ui is local over the sensed region by agent i. Here Ui

is dependent only on the actions of {i} ∪ N sense
i (a(t)), where N sense

i (a(t)) is the set of all agents

whose sensing regions have an intersection with that of agent i. As mentioned before, by setting

Rcomm = 2rmax, if j ∈ N sense
i (a(t)), it follows that j ∈ N comm

i (a(t)). That is, when the agents

have a sensing intersection, they can communicate with each other. The definition of the marginal

contribution term shows that the effect of the agents without a sensing intersection is cancelled.

Because of this cancellation, there is no need for an agent to know the actions of the agents that do

not have a sensing intersection with it. This makes the defined utility function local. After defining

our game ingredients, now a state-based game will be introduced. The following lemma will show

that our defined game is a state-based potential game.

Lemma 2 The coverage state-based game Υ := 〈N,A,U〉 , where U = {Uj , j = 1, ..., N} with

Uj given by (2.2), is an exact state-based potential game with the potential function

Φ1(a(t), z(t)) = F (a(t))−
N∑
j=1

(
Esense
j (aj(t)) + Emove

j (aj(t), zj(t))
)
, (2.3)

where z(t) = (z1(t), ..., zN (t)) is the current state of the game.

Proof:

As shown in [47], a state-based potential game has to satisfy two conditions:

1) For any agent i = 1, ..., N and action a′i(t) ∈ Ai

Φ1

(
a′i(t),a−i(t), z(t)

)
− Φ1

(
a(t), z(t)

)
= Ui

(
a′i(t), a−i(t), z(t)

)
− Ui

(
a(t), z(t)

)
, (2.4)

2) For any state z′(t) in the support of (a(t), z(t)), the inequality Φ1(a(t), z′(t)) ≥ Φ1(a(t), z(t))

holds.
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We first verify condition 1. According to (2.2) and (2.3), we have

Φ1(a′i(t), a−i(t), z(t))− Φ1(a(t), z(t))

= F (a′i(t), a−i(t)) + Esense
i (a′i(t)) + Emove

i (a′i(t), zi(t))

− F (a(t))− Esense
i (ai(t))− Emove

i (ai(t), zi(t))

= Ui(a
′
i(t), a−i(t), z(t))− Ui(a(t), z(t)),

(2.5)

which shows that (2.4) holds.

We next verify condition 2. The fact that z′(t) is in the support of (a(t), z(t)) implies that

z′(t) = ap(t). Thus we have

Φ1(a(t), z′(t))− Φ1(a(t), z(t)) = −Emove
i (ai(t), z

′
i(t)) + Emove

i (ai(t), zi(t)) ≥ 0,

where we used the fact that Emove
i (ai(t), z

′
i(t)) = 0. As a result, it follows that condition 2 is

satisfied.

2.2.2 Reinforcement Learning

Converging to a solution such as a Nash equilibrium requires distributed adaptation rules.

The motivation for using these adaptation rules is that each agent can maximize its own utility

function using these rules. Game theoretic reinforcement learning provides a starting point for the

construction of iterative algorithms to reach a Nash equilibrium [28], [66].

In the early literature of reinforcement learning, forecasted best-response dynamics have

been used, where players choose a best response to the forecasted strategies of other players. Log-

linear learning, is introduced in [5], where only a single player updates its action at each iteration. In

the log-linear learning, agents are allowed to explore. The agents can select nonoptimal actions but
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with relatively low probabilities. This plays an important role for agents to escape the suboptimal

actions, which increases the probability of finding a better Nash equilibrium.

The log-linear learning, introduced in [5], assumes that the agents have a constant action

set. However, as mentioned in Section 2.1 the feasible actions available to an agent are restricted

by the agent’s state in the game and hence the action set is varying. Binary log-linear learning is

a modified version of the log-linear learning for potential games in which varying available action

sets can be used by the agents. In [48] the binary log-linear method has been analyzed. Theorem

5.1 in [48], shows that a potential game will converge to stochastically stable actions. These actions

are the set of potential maximizers if all agents adhere to the binary log-linear learning where the

following assumptions should be satisfied on the agents’ available sets.

1) Feasibility: For any agent i = 1, ..., N and any action pair ai(0), ai(m) ∈ Ai, there

exists a sequence of actions from ai(0) to ai(m) satisfying ai(t) ∈ Ci(ai(t − 1)) for all t ∈

1, 2, ...,m.

2) Reversibility: For any agent i = 1, ..., N and any action pair a′i, a
′′
i ∈ Ai, a

′
i ∈

Ci(a
′′
i )←→ a′′i ∈ Ci(a′i).

It is easy to check that in our problem set-up the above assumptions are satisfied. In this

study, the binary log-linear learning method is employed to update each agent’s actions. At each

time t, one agent i is randomly selected and allowed to alter its action while all other agents repeat

their actions, i.e., a−i(t) = a−i(t − 1). The selected agent i chooses a trial action a′i(t) uniformly

randomly from the available action set Ci(ai(t − 1)). The player calculates the utility function for
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this trial action. Then agent i randomizes its action according to

P
(ai(t−1),a−i(t−1))
i (t) =

exp( 1
τ
Ui(a(t−1),z(t)))

exp( 1
τ
Ui(a(t−1),z(t)))+exp( 1

τ
U(a′i(t),a−i(t−1),z(t)))

,

P
(a′i(t),a−i(t−1))
i (t) =

exp( 1
τ
Ui(a

′
i(t),a−i(t−1),z(t)))

exp( 1
τ
Ui(a(t−1),z(t)))+exp( 1

τ
Ui(a′i(t),a−i(t−1),z(t)))

, (2.6)

P
(ai(t),a−i(t−1))
i (t) = 0, ∀ai(t) 6= a′i(t), ai(t− 1).

where a′i(t) is the alternative action for agent i and P (?,a−i(t−1))
i (t) denotes the probability of choos-

ing action ? at time t. In other words, the agent uses a distribution to randomly select between its

previous action, ai(t − 1), and an alternative action a′i(t). The coefficient τ > 0 determines how

likely agent i is to choose a suboptimal action. For τ → ∞, the learning algorithm will choose the

action ai(t− 1) or a′i(t) with an equal probability while for τ → 0, it will choose the action which

has the greatest utility function among the set ai(t− 1) and a′i(t).

2.3 Gaussian Mixture Model Estimation

In this section, we introduce an estimation scheme to overcome the limitations discussed

in Section 1.3. To apply the binary log-linear method (2.6), the agents have to pre-calculate the

utility function of the alternative action a′i(t). However, the lack of the prior knowledge about the

worth of the area makes this impractical. Here, the issue will be resolved by using the information

that the agents collect after sensing a region. In our new set-up, the agents will keep the worth of

the sensed regions in their memories. This information will be used to estimate the worth of the

uncovered regions. The GMM is chosen as a distribution model of the worth of the area. The GMM

is a parametric probability density function represented as a weighted sum of Gaussian component

densities. The GMM is commonly used as a probability distribution model because it is one of the
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most frequently observed and is a starting point for modeling many natural processes. The GMM is

defined as
M∑
k=1

wkg(x|µk,Σk), (2.7)

and

g(x|µk,Σk) =
1

2π|Σk|
1
2

exp [−1

2
(x− µk)TΣ−1

k (x− µk)], (2.8)

where x is a 2-dimensional location data vector, M is the number of Gaussian functions in the

GMM, wk is the kth weighting coefficient, g(x|µk,Σk) is a 2-dimensional Gaussian function with

mean vector µk and covariance matrix Σk ∈ R2×2 and |Σk| denotes the determinant of the covari-

ance matrix. The weights have to satisfy the constraint that
∑M

k=1wk = 1.

In this study, the GMM is parametrized by 3M components given by λ = {wj , µj ,Σj |j =

1, 2, ..,M}, where wj , µj and Σj are the weighting coefficient, mean and covariance corresponding

to the jth Gaussian of the GMM, respectively. There are several techniques available for estimating

λ [51]. One of the most accurate and well-established method is the Maximum Likelihood (ML)

estimation. Agent i has its own estimate of λ denote by λ̂i = {ŵij , µ̂ij , Σ̂i
j |j = 1, 2, ..,M}, where

ŵij , µ̂
i
j and Σ̂i

j are the estimates ofwj , µj and Σj by agent i, respectively. Agent i has the observation

Oit , S(ai(t)), at time step t. The sequence of these observations, from the step 1 to t, will be used

as a training setOi1:t = {Oi1, Oi2, ..., Oit}. Given the training vectorOi1:t, we wish to find the estimate

λ̂i that maximizes the probability of the occurrence of the observation sequence set Oi1:t denoted by

p(Oi1:t|λ̂i), The ML estimation can be written as

max
λ̂i

p(Oi1:t|λ̂i) = max
λ̂i

t′=t∏
t′=1

p(Oit′ |λ̂i). (2.9)

Although (2.9) is a nonlinear function of the parameter λ̂i and direct maximization is not possible,

the expectation-maximization (EM) has been introduced in [22] to obtain an iterative algorithm.
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Using the EM approach, the GMM parameters can be estimated as

ŵij(t) = 1
T

t′=t∑
t′=1

k=|Oi
t′ |∑

k=1

Pri(j|koit′ , λ̂i),

µ̂ij(t) =

t′=t∑
t′=1

k=|Oi
t′ |∑

k=1
Pri(j|koi

t′ ,λ̂
i)koi

t′

t′=t∑
t′=1

k=|Oi
t′
|∑

k=1
Pri(j|koi

t′ ,λ̂
i)

,

Σ̂i 2
j (t) =

t′=t∑
t′=1

k=|Oi
t′ |∑

k=1
Pri(j|koi

t′ ,λ̂
i)(koi

t′−µ̂
i
j)(

koi
t′−µ̂

i
j)
T

t′=t∑
t′=1

k=|Oi
t′
|∑

k=1

Pri(j|koi
t′ ,λ̂

i)

,

P ri(j|koit, λ̂i) =
ŵijg(

koit|µ̂ij ,Σ̂ij)
M∑
k=1

ŵikg(
koit|µ̂ik,Σ̂

i
k)

, (2.10)

for all observations koit′ ∈ Oit′ , k = 1, ..., |Oit′ | at time step t′, where T =
t′=t∑
t′=1

k=|Oi
t′ |∑

k=1

1 and |Oit′ | is

the cardinality of the setOit′ , and Pri(j|koit′ , λ̂i) denotes the posteriori probability of the observation

koit′ for the jth Gaussian of agent i.

The problem encountered using the ML estimation algorithm (2.10) is that the EM method

optimizes the likelihood of the parameters given the position of the observation without taking the

worth of that observation into account. Thus a minor change has to be made to (2.10). The same

problem has been pointed out in the image processing literature [39].

We use a modified version of the solution introduced in [39] to repeat the EM algorithm

m times in worthy locations with m chosen as

m =


1 + γ round(

fq
fmode

) fq ≥ fmode

1 otherwise

(2.11)

where fmode and γ are a threshold and an integer correction factor, respectively. Here for the loca-

tions with the worth lower than the threshold fmode, we have m = 1, which means algorithm (2.10)
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just runs once. It is apparent that if the correction factor, γ, is increased, for a region with a higher

worth algorithm (2.10) will be repeated more often.

2.4 Mutual Information

In this section, we add a mutual information term to each agent’s utility function in order

to find an action with a more informative observation. The agent’s observations as an input to the

estimation algorithm (2.10) play an important role in the performance of the system. Sending rich

observation data can improve the estimation performance. Here our goal is to reduce the uncertainty

of the unobserved area by finding more informative locations for future observations. In order

to select informative observations, the entropy criterion has been used in information theory and

applied mathematics contexts [68, 69]. In information theory, the conditional entropy quantifies the

amount of information needed to describe the outcome of a random variable Y given the value of

another variable X , which is written as H(Y |X). In [33], the mutual information criterion has

been proposed for observation selections, where it is a measure of the mutual independence of two

variables. It is shown that maximizing the mutual information between an observed area and an

unobserved area is more effective than the conditional entropy to reduce the uncertainty.

The mutual information objective function can be written as

I(XOi1:t
: XQ\Oi1:t

) = H(XQ\Oi1:t
)−H(XQ\Oi1:t

|XOi1:t
), (2.12)

where I , XOi1:t
and XQ\Oi1:t

are the mutual information, the observed and unobserved variables

corresponding to agent i, respectively. To compute the mutual information, two entropy functions

have to be calculated in (2.12). Fortunately, for Gaussian processes there exists a close form to
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compute the conditional entropy which is given by

H(XQ\Oi1:t
|XOi1:t

) =
1

2
log((2πe)l|ΣX

Q\Oi1:t
|X
Oi1:t

|), (2.13)

where e is the Euler number, and ΣX
Q\Oi1:t

|X
Oi1:t

is a l × l covariance matrix of the conditional

distribution of XQ\Oi1:t
given XOi1:t

. The covariance ΣX
Q\Oi1:t

|X
Oi1:t

calculated as

ΣX
Q\Oi1:t

|X
Oi1:t

= ΣX
Q\Oi1:t

X
Q\Oi1:t

− ΣX
Q\Oi1:t

X
Oi1:t

Σ−1
X
Oi1:t

X
Oi1:t

ΣX
Oi1:t

X
Q\Oi1:t

,

where ΣX
Q\Oi1:t

X
Oi1:t

is a covariance matrix each of whose entries is a function of the kernel func-

tion K(a, b) for a ∈ XQ\Oi1:t
, b ∈ XOi1:t

, and ΣX
Q\Oi1:t

X
Oi1:t

= ΣT
X
Q\Oi1:t

X
Oi1:t

. The kernel function

determines the correlation of the observations and can be defined using different functions. How-

ever, for spatial phenomena the correlation between observations depends on the distance of their

locations. One of the most frequently used kernel functions is K(a, b) = exp(−‖a−b‖
2
2

h2
), where

‖a− b‖2 is the distance between the locations a and b and h is a positive constant. As can be seen,

the variance does not depend on the observed values, so the mutual information can be calculated

ahead of an agent’s new action. Before adding the mutual information term to the utility function de-

fined in (2.2), it should be discussed whether the modified game will remain a state-based potential

game or not.

Lemma 3 The coverage game Υ with Ui(a(t), z(t)) = H(XQ\Oi1:t
) − H(XQ\Oi1:t

|XOi1:t
) is an

exact state-based potential game with the potential function

Φ2(a(t), z(t)) =
N∑
j=1

Uj(a(t), z(t)). (2.14)

Proof:

Note that the utility function of agent j, Uj , is only a function of agent j’s observations

Oj1:t; hence Uj
(
a′i(t), a−i(t), z(t)

)
= Uj

(
a(t), z(t)

)
,∀j 6= i. Now, it is easy to see that (2.4) holds.
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As can be seen, the state z(t) does not appear in the utility function here, so there is no need to

check the second condition as discussed in Lemma 2.

Now, we define a new utility function as

Ui(a(t), z(t)) =F (ai(t), a−i(t))− F (a0
i (t), a−i(t))− Esense

i (ai(t))− Emove
i (ai(t), zi(t))

+ η(t)(H(XQ\Oi1:t
)−H(XQ\Oi1:t

|XOi1:t
)), (2.15)

where η(t) is a time varying coefficient that adjusts the importance of the mutual information term

in comparison with the sensing and the energy consumption parts. The selection of η(t) follows

the following principle. Starting the search, the agents do not have a good estimate of the area and

gathering proper data serves as an important role for improved sensing. However, by having a more

accurate estimate, the weight of the optimal sensing considering the energy consumption has to be

increased over time because we need to put more effort on finding the best configuration of the

MSN.

Remark 4 It is easy to show that the game Υ is an exact state-based potential game with the utility

function (2.15) because Φ = Φ1 + η(t)Φ2, where Φ1 and Φ2 are given by, respectively, (2.3) and

(2.14), can be used as a potential function.

Remark 5 In our solution set-up, the agents use the estimated parameter λ̂i to calculate the es-

timation of fq at each iteration where the estimate of fq is used to evaluate the utility function

(2.2). As mentioned in Section 2.1, fq is assumed stationary but not the estimation of fq. Hence the

game parameters are not stationary any more. However, a standard assumption in game theory is

a stationary ingredients. In [41], the case of slow variation of the game parameters is investigated.
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Suppose λ̂ =
N⋃
i=1

λ̂i and

|λ(t+ 1)− λ(t)| < δ2

|λ̂(t)− λ(t)| < δ3,

where δ2 and δ3 are the bound on the changing rate of λ and the bound on the estimation error of λ,

respectively. Now, we can use Corollary 4 in [41], where it shows that using the binary log-linear

learning for any δ1 > 0, there exist δ2 > 0 and δ3 > 0 such that the probability of converging to the

potential function maximizer (here Nash equilibrium) will be greater than 1− δ1.

Under the assumption of a stationary environment in Section 2.1, we will have |λ(t +

1) − λ(t)| = 0. In addition, by having more observations, the estimation error decreases, which

implies the estimates λ̂(t) converge to λ(t) and there exists a decreasing bound δ3 on the estimation

error. Thus δ1 can be selected arbitrarily close to zero and the agents will converge to the Nash

equilibrium stochastically.

Remark 6 It is possible to use a term corresponding to the mutual information when M = 1 is

fixed. As it is shown in (2.13), the agents are able to calculate the conditional entropy before sensing

an area for a Gaussian distribution. However, to calculate the conditional entropy of the future

action (alternative action a′i(t)) for M > 1, the future weighting coefficient ŵij(t), j = 1, ...,M, is

required but cannot be calculated. Thus the designer has two choices: 1) The utility function (2.2)

can be used for M ≥ 1. 2) By fixing M = 1, the mutual information can be added to the utility

function where (2.15) is used as the utility function.
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2.5 Simulation and Discussion

In this section, an illustrative simulation will be presented to show the advantages of our

approach. Our results guarantee the stochastic stability of the Nash equilibrium. Although the

theoretical results do not provide any estimate of the convergence rate, the simulation results in this

section show an acceptable convergence rate in practice. Consider a 30 × 30 square in which each

grid is 1×1 where a group of five mobile sensors (N = 5) are deployed in this area and each sensor

can choose its ari from the set {0, 1, 2, 3}, which means rmin = 0, rmax = 3, let Rcomm = 6. We

let M = 1 and use the Gaussian distribution as an estimation model. To clarify the ability of the

proposed approach, a different distribution (not Gaussian distribution) has been used to create fq.

Here, the sum of two Copula distributions from the Frank family with the scalar parameters ρ =

-0.2, 15 is used to generate fq for all q ∈ Q. Fig. 2.2 shows the distribution worth of the area. It

bears mentioning that the agents do not know the worth of the area before sensing them.

The mobile sensors’ initial locations are chosen completely randomly. The agents employ

the defined approach using (2.6), (2.10) and (2.11) with the utility function (2.15). The simulation

parameters are chosen as Ki = 3 × 10−5,K ′i = 3 × 10−4, i = 1, 2, .., N, τ = 5 × 10−3, fmode =

10−4, γ = 1 and η(t) = 0.001t+1
100+t . Fig. 2.3 shows the final locations of the mobile sensors where

they are aligned with the regions corresponding to the highest worth. The 5th agent shown as a

green circle is far from the worthy region. Thus the agent has decided to turn off its own sensor to

save power. Changing the actions of the sensing neighbors would create some space in more worthy

area for agent 5. In such a situation the sensor will change its action and start sensing the area again.

In the next part of our simulation, we investigate the effect of using the mutual information
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Figure 2.2: The worth of an area generated by Copula distributions

in the utility function and compare our method with an existing method in the literature. First, two

simulations for η(t) = 0.001t+1
100+t and η(t) = 0 are compared with each other where the agents start

from the same locations in both cases. As it can be seen in Fig. 2.4, when the mutual information

is used, almost 70 percent of the area’s worth is covered by the MSN after only 1700 time steps.

However, without using the mutual information term, the MSN needs much more time to converge to

its Nash equilibrium. Fig. 2.4 clarifies that using informative data to feed the estimation algorithm

(2.10) will help the system to cover the area faster. Second, we compare our method with the

Distributed Inhomogeneous Synchronous Coverage Learning (DISCL) method introduced in [88],

where the method was just tested on an area that has an equal worth for all the grids. In such a

set-up, the sensor agents’ configuration will be a Nash equilibrium as long as their sensing regions

do not have any intersection. Hence the agents would just spread out in the mission space, which is

not a complex task for an MSN. To compare our method with the DISCL method on a fair basis, we
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Figure 2.3: The final locations of the mobile sensors. The black line shows more worthy area and

the color circles show the sensing area for each sensor. The green circle shows that agent 5 does not

sense the area ar5(T ) = 0.

implement the DISCL method in our simulation scenario. Different exploration rates are simulated

where the most suitable performance is obtained using ( 1
t+210

)
1
2 as the exploration rate. The worth

of the covered area using the DISCL method is illustrated in Fig. 2.4. The simulation results show

that estimating the worth of the area using the knowledge of previous observations will improve the

MSN performance. Sudden changes in the worth of the covered area can be seen when the DISCL

method has been used. The reason is that the agents choose their future temporary actions uniformly

from the set of available actions without considering the utility value of these actions. As a result,

some of these actions might be less valuable.
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Figure 2.4: The worth of the covered area for two cases η(t) = 0, η(t) = 0.001t+1
100+t and simulation

results using DISCL method with exploration rate ( 1
t+210

)
1
2 .

Remark 7 As mentioned in Remark 6, using the utility function (2.2) allows us to utilize M ≥ 1.

However, our simulations illustrate that for M > 1 one of the Gaussians’ weights ŵij(t) becomes

clearly dominant after only a limited number of observations. Its consequence is that the estimated

distribution will be one Gaussian instead of a mixture of Gaussians. Such a result happens because

the agents maximize their utility functions while they observe the area at the same time. Hence the

agent’s observations will not cover the whole area and be focused more on one of the Gaussians in

the GMM. This result shows that fixing M = 1 will not noticeably degrade the performance of our

method.

2.6 Experimental Validation

In this section, we provide experimental results to validate the algorithms introduced in

(2.6), (2.10) and (2.11) with the utility function (2.15).
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2.6.1 Robot Platform and Program Implementation

The physical robot experiments are based on three Pioneer 3-ATs from Adept Mobiler-

obots that are shown in Fig. 2.5. A top level diagram of the multi-agent control system architecture

is shown in Fig. 2.6. Each robot is equipped with an on-board PC on which a server program

is running. The on-board PC is connected to robot internally. Three client programs run on one

laptop, which makes the communication between clients easier. Although all actions information

is accessible, we emulate the distributed control scheme by using limited inner-robot information

exchange. As it is shown by dashed arrows in Fig. 2.6, the robots are not allowed to use the actions

of the robots that are not in their communication neighbor set. This means client i does not have

access to the action of client j, if the distance between robots i and j is larger than Rcomm. This

enables us to test distributed control algorithms that involve only local information. The laptop and

all three robots join the same WIFI network, where the communication between clients and servers

is based on TCP.

A client program runs on the laptop, which keeps requesting a robot’s action and calcu-

lating the new action using the algorithm introduced in (2.6), (2.10) and (2.11). The on-board PC

is responsible for high-level control. It runs a server that keeps monitoring on a specified TCP port.

According to the command received, it will choose to send the robot’s position to a client or to re-

ceive a new action from the client. The Pioneer 3-AT also has a microcontroller which is designed to

perform low-level control. It maintains support for all sensing and actuation features of the robots.

A high-precision encoder/decoder will be utilized where there is no need for correction on the cal-

culation of the distance traveled nor angle turned. Each server periodically (every 100 ms) receives
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Figure 2.5: Multi-robot experimental platform at University of Califronia Riverside.

the current pose, (position and orientation), from the microcontroller. Then by using a feedback

control, the server generates a new command and sends it to the microcontroller in order to move

the robot into its desired position. Here a deadband of 2 degrees and 2.236 cm are incorporated to

prevent oscillation.

2.6.2 Experimentation results

In our experiments, a 5 × 5 meters area is used, which is discretized into a 10 × 10

squared lattice. Fig. 2.7 shows the distribution of the worth, where a worthy area is assumed on

the diagonal. We also deliberately introduce a worthy area on the corner. This will illustrate the

advantage of using the mutual information term to escape the suboptimal equilibria. To show how

the proposed algorithms perform in real applications, an obstacle is also introduced in the coverage

area, where the obstacle is shown by red squares in Fig. 2.7. A group of three robots (N = 3) are
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Figure 2.6: The implemented software architecture.

deployed in this area. The robots are initialized at

1

3

 ,

1

9

, and

10

3

, respectively, where

their initial positions are shown by green squares in Fig. 2.7. Each robot can choose its ari from the

set {0, 1, 2}, which means rmin = 0, rmax = 2, and Rcomm = 2rmax = 4. We let M = 1 and use

the Gaussian distribution as an estimation model. The agents employ the proposed approach using

(2.6), (2.10) and (2.11) with the utility function (2.15). The experiment parameters are chosen as

Ki = 2× 10−4,K ′i = 2.5× 10−2, i = 1, 2, .., N, τ = 5× 10−3, fmode = 10−3, and γ = 1.

In our first experiment the utility function (2.15) has been used with η = 0, where the

robots maximize the worth of the covered area while considering the energy consumption. Fig.

2.8 shows the initial positions, the trajectories and the final positions of the robots. Green colored

squares represent the worth of each square location. The percentage of opacity indicates the worth of

the squares, where the lighter it is, the less worth it has. Also the obstacles are shown by red squares.
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Figure 2.7: The worth of the area used for experimental validation. The initial positions of the

robots and the obstacle are shown by green and red squares, respectively.

As we can see, robots 1 and 2 move toward better locations, which can cover more worthy areas.

After 400 steps, their final sensing regions are indicated by yellow circles. Robot 3 is initialized at

the corner, where it can sense some worthy areas. As it is shown in Fig. 2.8, robot 3 decides to stay

there because the neighborhood areas have lower worth than its current position and the robot has

no knowledge of more worthy areas far from its initial position.

In our next experiment, the utility function (2.15) has been used with η = 0.01t+5
t+10 . Here

the mutual information term in the utility function helps the robots to choose more informative

actions. Fig. 2.9 shows the initial positions, the trajectories and the final positions of the robots. In

this case, the robots move to gather more information. Unlike Fig. 2.8, robot 3, does not stay at the

corner in Fig. 2.9. Mutual information force makes the robots to move and gather more information,
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Figure 2.8: The trajectories and the final positions of the robots using the utility function (2.15) and

for η = 0 (without mutual information).

where robot 3 find a better action to sense a more worthy area.

In Fig. 2.10, the worth of the covered area by three robots are compared for our two

experiments. Fig. 2.10 shows that without the mutual information term the robots sense 84% of the

worth of the area at about step 250. Using mutual information the robots move frequently, gather

more information, and converge to the Nash equilibrium faster. Here the robots can sense 84% of

the worth of the area before the 100th step. This shows the faster convergence rate using the mutual

information in our utility function.
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Figure 2.9: The trajectories and the final positions of the robots using the utility function (2.15) and

for η = 0.01t+5
t+10 (with mutual information).
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Figure 2.10: The worth of the covered area for two cases η(t) = 0 and η = 0.01t+5
t+10 .
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Chapter 3

Distributed Convex Optimization with

Time-Varying Cost Functions

3.1 Time-Varying Convex Optimization For Single-Integrator Dy-

namics

Consider a multi-agent system consisting of N physical agents with an interaction topol-

ogy described by the undirected graph G. It is common to adopt single-integrator or double-

integrator models. Here, suppose that the agents satisfy the continuous-time single-integrator dy-

namics

ẋi(t) = ui(t), (3.1)

where xi(t) ∈ Rm is the position of agent i, and ui(t) ∈ Rm is the control input of agent i. Note

that xi(t) and ui(t) are functions of time. Later for ease of notation we will write them as xi and ui.

A time-varying local cost function fi : Rm × R+ → R is assigned to agent i ∈ I, which is known
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to only agent i. The team cost function f : Rm × R+ → R is denoted by f(x, t) ,
∑N

i=1 fi(x, t)

and is assumed to be convex. Note that here only
∑N

i=1 fi(x, t) is required to be convex but not

necessarily each fi(x, t). Our objective is to design ui for (3.1) using only local information and

local interaction with neighbors such that all agents track the optimal state x∗(t), where x∗(t) is the

minimizer of the time-varying convex optimization problem

min
x∈Rm

f(x, t). (3.2)

Assumption 8 There exists a continuous x∗(t) that minimizes the cost function f(x, t).

Because the inverse of the Hessian will be used in our algorithm, we need one of the

following assumptions to guarantee its existence.

Assumption 9 The function f(x, t) is twice continuously differentiable with respect to x, with in-

vertible Hessian H(x, t) =
∑N

j=1Hj(x,t), ∀x, t.

Assumption 10 Each function fi(x, t) is twice continuously differentiable with respect to x, with

invertible Hessian Hi(x, t), ∀x, t.

Lemma 11 Let f(x) : Rm → R be a continuously differentiable convex function. The function

f(x) is minimized at x∗ if and only if ∇f(x∗) = 0 [4]. Furthermore, for any strictly convex

function h(x) : Rm → R, the optimal solution x∗, assuming that it exists , is unique [7].

Lemma 12 [6] The symmetric matrix

 Q S

ST R

 is positive definite if and only if one of the

following conditions hold: (i) Q > 0, R− STQ−1S > 0; or (ii) R > 0, Q− SR−1ST > 0.
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3.1.1 Centralized Time-Varying Convex Optimization

As a first step in this subsection, we focus on the time-varying convex optimization prob-

lem of

min
x
f0(x, t), (3.3)

where f0 : Rm × R+ → R is convex in x, for single-integrator dynamics

ẋ = u, (3.4)

where x, u ∈ Rm are the system’s state and control input, respectively. Next, an algorithm adapted

from [77] will be proposed to solve the problem defined by (3.3) for the system (3.4). The control

input is proposed for (3.4) as

u = −H−1
0 (x, t)(τ∇f0(x, t) +

∂∇f0(x, t)

∂t
), (3.5)

where τ > 0 is a positive coefficient; ∇f0(x, t) and H0(x, t) are respectively, the first and the

second derivative of the cost function f0(x, t) with respect to x, called the gradient and Hessian.

Theorem 13 Suppose that f0 satisfies Assumptions 8 and 9. Using (3.5) for (3.4), x(t) converges

to the optimal trajectory x∗0(t), the minimizer of (3.3), i.e. limt→∞[x(t)− x∗0(t)] = 0.

Proof: Define the positive-definite Lyapunov function candidate W = 1
2∇f0(x, t)T∇f0(x, t).

The derivative of W along the system (3.4) with control input (3.5) is Ẇ = ∇f0(x, t)TH0(x, t)ẋ+

∇f0(x, t)T ∂∇f0(x,t)
∂t = −τ∇f0(x, t)T∇f0(x, t). Therefore, Ẇ < 0 for ∇f0 6= 0. This guarantees

that ∇f0 will asymptotically converge to zero when t → ∞. Then by using Lemma 11 and under

Assumption 8, it is easy to see that x(t) converges to x∗0(t), and f0 will be minimized.
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Remark 14 There exist other choices for control input u instead of the one proposed in (3.5). For

example, u = −τ∇f0(x, t) −H−1
0 (x, t)∂∇f0(x,t)

∂t might be used. In this alternative control input,

it can be seen that for a time-invariant cost function, ∂∇f0(x,t)
∂t = 0. Hence we will have the

well-known gradient descent algorithm. For a time-invariant cost function, the proposed algorithm

(3.5) will become a Newton algorithm, which is generally much faster than the gradient descent

algorithm.

The results from Theorem 13 can be extended to minimize the convex function f(x, t) =∑N
i=1 fi(x, t). If Assumption 9 holds, with

u = (
N∑
j=1

Hj(x, t))
−1
(
τ

N∑
j=1

∇fj(x, t) +
N∑
j=1

∂∇fj(x, t)
∂t

)
(3.6)

for the single-integrator dynamic system (3.4), the function f(x, t) is minimized. Unfortunately,

(3.6) is a centralized solution for agents with single-integrator dynamics relying on the knowledge

of all fi, i = 1, ..., N . In Subsections 3.1.2 and 3.1.3, (3.6) will be exploited to propose two algo-

rithms for solving the time-varying convex optimization problem for single-integrator dynamics in

a distributed manner.

3.1.2 Distributed Time-Varying Convex Optimization Using Neighbors’ Positions

In this subsection, we focus on solving the distributed time-varying convex optimization

problem (3.2) for agents with single-integrator dynamics (3.1). Each agent has access to only its

own position and the relative positions between itself and its neighbors. In some applications, the

relative positions can be obtained by using only agents’ local sensing capabilities, which might

in turn eliminate the communication necessity between agents. The problem defined in (3.2) is
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equivalent to

min
xi

N∑
i=1

fi(xi, t) subject to xi = xj , ∀i, j ∈ I. (3.7)

Intuitively, the problem is deformed as a consensus problem and a minimization problem on the

team cost function
∑N

i=1 fi(xi, t). Here the goal is that the states xi(t), ∀i ∈ I, converge to the

optimal trajectory x∗(t), i.e.,

lim
t→∞

[xi(t)− x∗(t)] = 0. (3.8)

The control input is proposed for (3.1) as

ui =−
∑
j∈Ni

βijsgn
(
xi − xj

)
+ φi,

β̇ij = ‖xi − xj‖1 , j ∈ Ni, (3.9)

φi ,−H−1
i (xi, t)

(
∇fi(xi, t) +

∂∇fi(xi, t)
∂t

)
,

where φi is an internal signal, βij is a varying gain with βij(0) = βji(0) ≥ 0, and sgn(·) is the

signum function defined componentwise. Note that φi depends on only agent i’s position. Here

(3.9) is a discontinuous controller. It is worth mentioning that unlike continuous or smooth systems,

the equilibrium concept of setting the right hand equal to zero to find the equilibrium point might

not be valid for discontinuous systems. Let X = [xT1 , x
T
2 , ..., x

T
N ]T , and Φ = [φT1 , φ

T
2 , ..., φ

T
N ]T

denote, respectively, the aggregated states and the aggregated internal signals of the N agents. We

also define Π , IN − 1
N 1N1

T
N . Define agent i’s consensus error as eXi = xi− 1

N

∑N
`=1 x`. Define

the consensus error vector eX = (Π⊗ Im)X . Note that Π has one simple zero eigenvalue with 1N

as its right eigenvector and has 1 as its other eigenvalue with the multiplicity N − 1. Then it is easy

to see that eX = 0 if and only if xi = xj ∀i, j ∈ I.
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Remark 15 With the signum function in the proposed algorithms in this study, the right-hand sides

of the closed-loop systems are discontinuous. Thus, the solution should be investigated in terms of

differential inclusions by using nonsmooth analysis [19, 25]. However, since the signum function is

measurable and locally essentially bounded, the Filippov solutions of the closed-loop dynamics al-

ways exist. Also the Lyapunov function candidates adopted in the proofs hereafter are continuously

differentiable. Therefore, the set-valued Lie derivative of them is a singleton at the discontinuous

points and the proofs still hold. To avoid symbol redundancy, we do not use the differential inclu-

sions in the proofs. Furthermore, Filippov solutions are absolutely continuous curves [19], which

means that the agents’ states are continuous functions.

The remainder of this subsection is devoted to the verification of the algorithm (3.9). In

Proposition 1, we will show that the agents reach consensus using (3.9). Then this result will be

used in Theorem 18 to prove that the agents minimize the team cost function as t→∞.

Definition 16 Defining a′ij = aijβij , a new Laplacian matrix L′ = [l′ij ] ∈ RN×N is introduced,

where l′ii =
∑N

j=1,j 6=i a
′2
ij and l′ij = −a′2ij . Since a′ij = a′ji, the matrixL′ is symmetric. Similar to the

definition of D, D′ , [d′ij ] ∈ Rn×m is the incidence matrix associated with L′, where d′ij = −a′ij

if the edge ej leaves node i, dij = a′ij if it enters node i, and dij = 0 otherwise. Thus, L′ can be

given by L′ = D′D′T .

Assumption 17 With φi defined in (3.9), there exists a positive constant φ̄ such that ‖φi − φj‖ ≤

φ̄, ∀i, j ∈ I, and ∀t.

Proposition 1 Suppose that the graph G is connected and Assumption 17 holds. System (3.1) with

the algorithm (3.9) reaches consensus, i.e, xi = xj ,∀i, j ∈ I, as t→∞.
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Proof: Using Definition 16, the closed-loop system (3.1) with the control input (3.9) can be recast

into a compact form as

Ẋ = −(D′ ⊗ Im)sgn
(
(DT ⊗ Im)X

)
+ Φ, (3.10)

where D and D′ are defined in Section 1.2 and Definition 16, respectively. We can rewrite (3.10) as

ėX =− (D′ ⊗ Im)sgn
(
(DT ⊗ Im)eX

)
+ (Π⊗ Im)Φ, (3.11)

where we have used the fact that ΠD′ = D′. Define the Lyapunov function candidate

W =
1

2
eTXeX +

1

2

N∑
i=1

∑
j∈Ni

(βij − β̄)2.

The time derivative of W along (3.11) can be obtained as

Ẇ = −eTX(D′ ⊗ Im)sgn
(
(DT ⊗ Im)eX

)
+ eTX(Π⊗ Im)Φ +

1

2

N∑
i=1

∑
j∈Ni

(βij − β̄)β̇ij

= −
N∑
i=1

∑
j∈Ni

βij
2

∥∥eXi − eXj∥∥1

+
1

2N

N∑
i=1

N∑
j=1

(eXi − eXj )(φi − φj) +
1

2

N∑
i=1

∑
j∈Ni

(βij − β̄)(‖xi − xj‖1)

= −
N∑
i=1

∑
j∈Ni

βij
2

∥∥eXi − eXj∥∥1
+

1

2N

N∑
i=1

N∑
j=1

(eXi − eXj )(φi − φj) (3.12)

− β̄

2

N∑
i=1

∑
j∈Ni

∥∥eXi − eXj∥∥1
+

N∑
i=1

∑
j∈Ni

βij
2

∥∥eXi − eXj∥∥1

≤ 1

2N

N∑
i=1

N∑
j=1

∥∥eXi − eXj∥∥1
‖φi − φj‖ −

β̄

2

N∑
i=1

∑
j∈Ni

∥∥eXi − eXj∥∥1

≤ φ̄

2N

N∑
i=1

N∑
j=1

∥∥eXi − eXj∥∥1
− β̄

2

N∑
i=1

∑
j∈Ni

∥∥eXi − eXj∥∥1
,
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where the last inequality holds under Assumption 17. Because G is connected, we have

Ẇ ≤ φ̄

2
max
i
{

N∑
j=1,j 6=i

∥∥eXi − eXj∥∥1
} − β̄

2

N∑
i=1

∑
j∈Ni

∥∥eXi − eXj∥∥1

≤ (N − 1)φ̄

4

N∑
i=1

∑
j∈Ni

∥∥eXi − eXj∥∥1
− β̄

2

N∑
i=1

∑
j∈Ni

∥∥eXi − eXj∥∥1
.

Selecting β̄ such that β̄ > (N−1)φ̄
2 , we have

Ẇ ≤ (
(N − 1)φ̄

4
− β̄

2
)
N∑
i=1

∑
j∈Ni

∥∥eXi − eXj∥∥1
(3.13)

= (
(N − 1)φ̄

2
− β̄)eTX(D ⊗ Im)sgn

(
(DT ⊗ Im)eX

)
≤ (

(N − 1)φ̄

2
− β̄)

∥∥(DT ⊗ Im)eX
∥∥

1

≤ (
(N − 1)φ̄

2
− β̄)

√
eTX(DDT ⊗ Im)eX ≤ (

(N − 1)φ̄

2
− β̄)

√
λ2[L] ‖eX‖2 < 0,

where in the last inequality the fact that L = DDT and Lemma 1 have been used. Therefore, having

W ≥ 0 and Ẇ ≤ 0, we can conclude that eX ∈ L∞. By integrating both sides of (3.13), we can

see that eX ∈ L2. Now, applying Barbalat’s Lemma [72], we obtain that eX will asymptomatically

converge to zero when t→∞ and hence the agents’ positions reach consensus, i.e, xi = xj , ∀i, j ∈

I, as t→∞.

Theorem 18 Suppose that the graph G is connected, and Assumptions 8, 10 and 17 hold. If

Hi(xi, t) = Hj(xj , t), ∀t, ∀i, j ∈ I, by employing the algorithm (3.9) for the system (3.1), the

optimization goal (3.8) is achieved.

Proof: Define the Lyapunov function candidate

W =
1

2
(
N∑
j=1

∇fj(xj))T (
N∑
j=1

∇fj(xj)), (3.14)

where W is positive definite with respect to
∑N

j=1∇fj(xj). The time derivative of W can be

obtained as Ẇ = (
∑N

j=1∇fj(xj))T (
∑N

j=1Hj ẋj +
∑N

j=1
∂
∂t∇fj(xj)). Under the assumption of
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identical Hessians, we will have

Ẇ = (
N∑
j=1

∇fj(xj))T (Hi)(
N∑
j=1

ẋj +H−1
i

N∑
j=1

∂

∂t
∇fj(xj)). (3.15)

On the other hand, by using controller (3.9) for the system (3.1) and summing up both sides

for j = 1, 2, ..., N , we know that
∑N

j=1 ẋj =
∑N

j=1 φj . Then we can rewrite (3.15) as Ẇ =

−(
∑N

j=1∇fj(xj))T (
∑N

j=1∇fj(xj). Therefore, Ẇ < 0 for
∑N

j=1∇fj(xj) 6= 0. This guarantees

that
∑N

j=1∇fj(xj) will asymptomatically converge to zero. Now, using Proposition 1, Lemma 11

and under Assumption 8, it is easy to see that as t → ∞ the team cost function
∑N

i=1 fi(xi, t) will

be minimized, where xi = xj , ∀i, j ∈ I.

Remark 19 In algorithm (3.9) each agent i is required to know ∂∇fi(xi,t)
∂t , which might be restric-

tive. However, there are applications where each agent knows the closed form of its own local cost

function (e.g., motion control with an optimization objective) or at least the agent knows how the

cost function is varying with respect to time (e.g., home automation). For example, in motion con-

trol with an optimization objective, it is possible that each agent knows the closed form of its local

cost function or in home automation smart electrical devices need to agree on the total amount of

energy consumption that maximizes an overall utility-function. This utility-function is given by the

sum of the utility functions of the devices. However, a varying price rate for electricity during a day

makes the optimization problem time varying. Although, the price rate of the electricity is varying

during the day, it is known to the agents beforehand. Hence, calculating∂∇fi(xi,t)∂t might not be an

issue in this application. Furthermore, there are algorithms to estimate the derivative of a func-

tion by knowing only the value of the function at each time t. How to apply the idea to distributed

continuous-time time-varying optimization is a possible direction for our future studies.
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Remark 20 Assumption 17 intuitively places a bound on the Hessians and the changing rates of

the gradients of the cost functions with respect to t. In Appendix .1, we will show that Assump-

tion 17 holds if the cost functions with identical Hessians satisfy certain conditions such that the

boundedness of ‖xi(t)− xj(t)‖ for all t guarantees the boundedness of ‖∇fj(xj , t)−∇fi(xi, t)‖

and
∥∥∥∂∇fj(xj ,t)∂t − ∂∇fi(xi,t)

∂t

∥∥∥ , ∀i, j ∈ I, for all t. For example, consider the cost functions that

are commonly used for energy minimization, e.g., fi(xi, t) = (axi + gi(t))
2, where a is a positive

constant and gi(t) is a time-varying function particularly for agent i. For these cost functions, the

boundedness of ‖xi(t)− xj(t)‖ for all t guarantees the boundedness of ‖∇fj(xj , t)−∇fi(xi, t)‖

and
∥∥∥∂∇fj(xj ,t)∂t − ∂∇fi(xi,t)

∂t

∥∥∥ , ∀i, j ∈ I, for all t, if ‖gi(t)− gj(t)‖ and ‖ġi(t)− ġj(t)‖ are

bounded. Hence to satisfy Assumption 17 for fi(xi, t) = (axi + gi(t))
2, it is sufficient to have

a bound on ‖gi(t)− gj(t)‖ and ‖ġi(t)− ġj(t)‖.

In Subsection 3.1.3 an estimator-based algorithm is introduced, where the assumption on

identical Hessians is relaxed.

3.1.3 Estimator-Based Distributed Time-Varying Convex Optimization

In this subsection, an estimator-based algorithm is designed such that each agent calcu-

lates (3.6) in a distributed manner. To achieve this goal, distributed average tracking is used as a

tool. Each agent generates an estimate of (3.6). Then a controller is designed such that each agent

tracks its own generated signal while guaranteeing that the agents reach consensus.

The proposed algorithm for the system (3.1) has two separate parts, the estimator and

controller, where the estimator part is given by

ξ̇i =α
∑

j∈Ni(t)

sgn(wj − wi), wi = ξi +∇fi(xi, t) (3.16)
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ψ̇i =β
∑

j∈Ni(t)

sgn(θj − θi), θi = ψi +Hi(xi, t) (3.17)

φ̇i =γ
∑

j∈Ni(t)

sgn(ςj − ςi), ςi = φi +
∂

∂t
(∇fi(xi, t)) (3.18)

Si =− θi−1(τwi + ςi), (3.19)

where Ni(t) is the set of agent i’s neighbors at time t. The controller part is given by

ui = −
∑

j∈Ni(t)

sig(xi − xj)η + Si, (3.20)

where α, β, γ, and τ are positive coefficients to be selected and 0 < η < 1. Also ξi, ψi, and φi are

the internal states of the distributed average tracking estimators, where their initial values are such

that1

N∑
j=1

ξj(0) =

N∑
j=1

ψj(0) =

N∑
j=1

φj(0) = 0. (3.21)

The estimator part (3.16)-(3.19), generates the internal signal for each agent and the controller part

(3.20), guarantees the consensus. Here the separation principle can be applied if the estimator part

will converge in a finite time.

Assumption 21 The estimators’ coefficients α, β, and γ satisfy the following inequalities: α >

supt
∥∥ ∂
∂t(∇fi(xi, t))

∥∥
∞ , β > supt

∥∥ ∂
∂tHi(xi, t)

∥∥
∞ , and γ > supt

∥∥∥ ∂2∂t2 (∇fi(xi, t))
∥∥∥
∞
, ∀i ∈ I.

Assumption 21 can be satisfied if the partial derivatives of the Hessians, the first- and

second-order partial derivatives of the gradient are bounded.
1As a special case the initial values can be chosen as ξj(0) = ψj(0) = φj(0) = 0 ∀j ∈ I.
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Theorem 22 Suppose that the graph G(t) is connected for all t. If Assumptions 8, 9, and 21 and the

initial condition (3.21) hold, for the system (3.1) with the algorithm (3.16)-(3.20), the optimization

goal (3.8) is achieved.

Proof: Estimator: It follows from Theorem 2 in [13] that if α > supt
∥∥ ∂
∂t(∇fi(xi, t))

∥∥
∞ , β >

supt
∥∥ ∂
∂tHi(xi, t)

∥∥
∞ , and γ > supt

∥∥∥ ∂2∂t2 (∇fi(xi, t))
∥∥∥
∞
, then there exists a T > 0 such that for

all t ≥ T , ∥∥∥∥∥∥wi − 1

N

N∑
j=1

∇fj(xj , t)

∥∥∥∥∥∥
2

=0

∥∥∥∥∥∥θi − 1

N

N∑
j=1

Hj(xj , t)

∥∥∥∥∥∥
2

=0

∥∥∥∥∥∥ςi − 1

N

N∑
j=1

∂

∂t
∇fj(xj , t)

∥∥∥∥∥∥
2

=0

Now from (3.19), for all t ≥ T , the estimated signal Si is equal to

Si = −(

N∑
j=1

Hj(xj , t))
−1(τ N∑

j=1

∇fj(xj , t) +

N∑
j=1

∂∇fj(xj , t)
∂t

)
.

Till now we have shown that all agents generate the internal signal Si, where Si = Sj , ∀i, j ∈ I, in

a finite time.

Controller: Note that ∀ t ≥ T, Si = Sj , ∀i, j ∈ I, denoted as S̄. For t ≥ T using (3.20)

for (3.1), we have

ẋi =−
∑

j∈Ni(t)

sig(xi − xj)η + S̄. (3.22)

For t ≥ T , rewriting (3.22) using new variables x̃i = xi −
∫ t
T S̄dt, we have

˙̃xi =−
∑

j∈Ni(t)

sig(x̃i − x̃j)η. (3.23)
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It is proved in [80] that using (3.23) for the system (3.1), there exists a time T ′ such that x̃i =

x̃j , ∀i, j ∈ I. As a result we have xi = xj , ∀i, j ∈ I, and ẋi = S̄, ∀ t ≥ T + T ′. Now, it is easy

to see that according to (3.6) the optimization goal (3.8) is achieved.

Remark 23 Satisfying the conditions mentioned in Assumption 21 might be restrictive but they hold

for an important class of cost functions. For example, if the agents’ cost functions are in the form of

fi(xi, t) = (aixi + gi(t))
2n, where the Hessians are not equal, the above conditions are equivalent

to the conditions that ‖gi(t)‖ , ‖ġi(t)‖ , and ‖g̈i(t)‖ are bounded. This is applicable to a vast class

of time-varying functions, gi(t), such as sin(t), e−tcos(t), 1
1+t and tanh(t).

Remark 24 The algorithm introduced in (3.16)-(3.20) just requires that Assumptions 9 and 21 hold.

Note that in Assumption 9, it is not required that each agent’s cost function fi(x, t) has invertible

Hessian but instead their sum, which is weaker than Assumption 10. In contrast, for the algorithm

(3.9), not only Assumption 10 and the conditions mentioned in Remark 20 have to be satisfied for

each individual function fi(xi, t), it requires the agents’ Hessians to be equal. However, in algo-

rithm (3.9) the agents just need their own positions and the relative positions between themselves

and their neighbors. In some applications, these pieces of information can be obtained by sensing;

hence the communication necessity might be eliminated. In contrast, in algorithm (3.16)-(3.20)

each agent must communicate three variables wi, ςi and ψi with its neighbors, which necessitates

the communication requirement.
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3.2 Time-Varying Convex Optimization For Double-Integrator Dy-

namics

In this section, we study the convex optimization problem of time-varying cost functions

for double-integrator dynamics. In some applications, it might be more realistic to model the equa-

tions of the motion of the agents with double-integrator dynamics, i.e., mass-force model, to take

into account the effect of inertia. Unlike single-integrator dynamics, in case of double-integrator dy-

namics, the agents’ positions and velocities at each time must be determined properly such that the

team cost function is minimized. However, we have only direct control on each agent’s acceleration

and hence there exist new challenges. As a first step, in Subsection 3.2.1, a centralized algorithm

will be introduced.

3.2.1 Centralized Time-Varying Convex Optimization

In this subsection, we focus on the time-varying convex optimization problem of (3.3) for

double-integrator dynamics

ẋ(t) = v(t) v̇(t) = u(t), (3.24)

where x, v, u ∈ Rm are the position, the velocity, and the control input, respectively. Our goal is to

design the control input u to minimize the cost function f0. In Theorem 25, an algorithm will be

proposed to solve the problem defined by (3.3) and (3.24). The control input is proposed for (3.24)

as

u =−H−1
0 (x, t)

( ∂
∂t

d∇f0(x, t)

dt
+
d∇f0(x, t)

dt

)
−H0(x, t)∇f0(x, t)

+

[
H−1

0 (x, t)(
d

dt
H0(x, t))H−1

0 (x, t)

](∂∇f0(x, t)

∂t
+∇f0(x, t)

)
.

(3.25)
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Theorem 25 Suppose that f0 satisfies Assumptions 8 and 9. Using (3.25) for (3.24), x(t) converges

to the optimal trajectory x∗0(t), the minimizer of (3.3), i.e. limt→∞[x(t)− x∗0(t)] = 0.

Proof: Define the Lyapunov function candidate

W =
1

2
∇fT0 (x, t)∇f0(x, t) +

1

2
(S0 − v)T (S0 − v),

where S0 = H0
−1(x, t)

(
∂
∂t∇f0(x, t) + ∇f0(x, t)

)
. The derivative of W along the system (3.24)

with the control input (3.25) is obtained as

Ẇ = ∇fT0 (x, t)(H0(x, t)v +
∂

∂t
∇f0(x, t))

+ (S0 − v)T (Ṡ0 − u) = −∇fT0 (x, t)∇f0(x, t)

(3.26)

Therefore, Ẇ < 0 for ∇f0(x, t) 6= 0. Now, having W ≥ 0 and Ẇ ≤ 0, we can conclude that

∇f0(x, t), S0− v ∈ L∞. By integrating both sides of (3.26), we can see that∇f0(x, t) ∈ L2. Now,

applying Barbalat’s Lemma [72], we obtain that ∇f0(x, t) will asymptomatically converge to zero

when t → ∞. Then by using Lemma 11 and under Assumption 8, it is easy to see that f0 will be

minimized.

The results from Lemma 25 can be extended to minimize the convex function f(x, t) =∑N
i=1 fi(x, t). If Assumption 9 holds, with

u = −
( N∑
i=1

Hi(x, t)
)−1( N∑

i=1

∂

∂t

d∇fi(x, t)
dt

+

N∑
i=1

d∇fi(x, t)
dt

)
−

N∑
i=1

Hi(x, t)

N∑
i=1

∇fi(x, t)

+

[ N∑
i=1

Hi(x, t)
)−1

N∑
i=1

d

dt
Hi(x, t)

N∑
i=1

Hi(x, t)

]( N∑
i=1

∂∇fi(x, t)
∂t

+

N∑
i=1

∇fi(x, t)
) (3.27)

for (3.24), the function f(x, t) is minimized. Unfortunately, (3.27) is a centralized solution relying

on the knowledge of all fi(x, t), i = 1, ..., N . In Subsections 3.2.2 and 3.2.3, (3.27) will be exploited

to propose two algorithms for solving the time-varying convex optimization problem for double-

integrator dynamics in a distributed manner.
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3.2.2 Distributed Time-Varying Convex Optimization Using Neighbors’ Positions

and Velocities

In what follows, we focus on solving the distributed time-varying convex optimization

problem (3.7) for agents with double-integrator dynamics

ẋi(t) = vi(t) v̇i(t) = ui(t), (3.28)

where xi, vi ∈ Rm are, respectively, the position and velocity of agent i, and ui ∈ Rm is the control

input of agent i. In this subsection, an algorithm with adaptive gains will be proposed to solve

this problem, where each agent has access to only its own position and the relative positions and

velocities between itself and its neighbors. The control input is proposed for (3.28) as

ui =−
∑
j∈Ni

µ(xi − xj) + α(vi − vj)−
∑
j∈Ni

βijsgn(γ(xi − xj) + ζ(vi − vj)) + φi

β̇ij = ‖γ(xi − xj) + ζ(vi − vj)‖1 , j ∈ Ni,

(3.29)

where

φi = −H−1
i (xi, t)

( ∂
∂t

d∇fi(xi, t)
dt

+
d∇fi(xi, t)

dt

)
−Hi(xi, t)∇fi(xi, t)

+

[
H−1
i (xi, t)(

d

dt
Hi(xi, t))H

−1
i (xi, t)

](∂∇fi(xi, t)
∂t

+∇fi(xi, t)
)
,

(3.30)

where µ, α, γ and ζ are positive coefficients, and βij is a varying gain with βij(0) = βji(0) ≥ 0.

Note that φi depends on only agent i’s position and velocity, furthermore all terms in above ex-

pression are assumed to exist. Define agent i’s position and velocity consensus error as, respec-

tively, eXi = xi − 1
N

∑N
`=1 x` and eVi = vi − 1

N

∑N
`=1 v`. Let X = [xT1 , x

T
2 , ..., x

T
N ]T and

V = [vT1 , v
T
2 , ..., v

T
N ]T . Define the consensus error vectors for position and velocity as

eX(t) = (Π⊗ Im)X, eV (t) = (Π⊗ Im)V. (3.31)
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As discussed in Subsection 3.1.2, it is easy to see that eX(t) = 0, eV (t) = 0 if and only if xi =

xj , vi = vj , ∀i, j ∈ I. Also let Φ = [φT1 , φ
T
2 , ..., φ

T
N ]T .

Assumption 26 With φi defined in (3.30), there exists a positive constant φ̄ such that ‖φi − φj‖ ≤

φ̄, ∀i, j ∈ I, and ∀t.

In Proposition 2, we will show that the agents reach consensus using (3.29). Then this result will be

used in Theorem 27 to show that the agents minimize the team cost function as t→∞.

Proposition 2 Suppose that the graph G is connected, and Assumption 26 and γ
αζ < λ2[L] hold.

System (3.28) with the algorithm (3.29) reaches consensus, i.e, xi = xj , vi = vj , ∀i, j ∈ I, as

t→∞.

Proof: The closed-loop system (3.28) with the control input (3.29) can be recast into a compact

form as 

Ẋ = V

V̇ = −(L⊗ Im)(µX + αV ) + Φ

−(D′ ⊗ Im)sgn
[
(DT ⊗ Im)(γX + ζV )

]
,

(3.32)

where D′ is defined in Definition 16, and D and L are defined in Section 1.2. Now, we can rewrite

(3.32) as 

ėX = eV

ėV = −(L⊗ Im)(µeX + αeV ) + (Π⊗ Im)Φ

−(D′ ⊗ Im)sgn
[
(DT ⊗ Im)(γX + ζV )

]
.

(3.33)
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Define the function

W =
1

2

 eX

eV


T

P

 eX

eV

+
1

2

N∑
i=1

∑
j∈Ni

(βij − β̄)2, (3.34)

where P =

 (αγ + µζ)(L⊗ Im) γImN

γImN ζImN

. To prove the positive definiteness of P , we define

P̂ =

 (αγ + µζ)(λ2[L]ImN ) γImN

γImN ζImN

. By using Lemma 1, we obtain that P̂ ≤ P and we just

need to show P̂ > 0. Now, applying Lemma 12, P̂ > 0 if ζ(αγ + µζ)λ2[L]IN − γ2IN > 0, which

is equivalent to γ
αζ < λ2[L].
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The time derivative of W along (3.33) can be obtained as

Ẇ =− γµeTX(L⊗ Im)eX + eTV (γImN − αζL⊗ Im)eV

−
(
γeX + ζeV

)T{
(D′ ⊗ Im)sgn

[
(DT ⊗ Im)(γeX + ζeV )

]}
+
(
γeX + ζeV

)T
(Π⊗ Im)Φ +

1

2

N∑
i=1

∑
j∈Ni

(βij − β̄)β̇ij

= −γµeTX(L⊗ Im)eX + eTV (γImN − αζL⊗ Im)eV

− 1

2

N∑
i=1

∑
j∈Ni

βij
∥∥γ(eXi − eXj ) + ζ(eVi − eVj )

∥∥
1

+
1

N

N∑
i=1

N∑
j=1

[
γ(eXi − eXj ) + ζ(eVi − eVj )

]
φi +

1

2

N∑
i=1

∑
j∈Ni

(βij − β̄)β̇ij

≤ −γµeTX(L⊗ Im)eX + eTV (γImN − αζL⊗ Im)eV

− 1

2

N∑
i=1

∑
j∈Ni

βij
∥∥γ(eXi − eXj ) + ζ(eVi − eVj )

∥∥
1

+
1

2N

N∑
i=1

N∑
j=1

∥∥γ(eXi − eXj ) + ζ(eVi − eVj )
∥∥

1
‖φi − φj‖

+
1

2

N∑
i=1

∑
j∈Ni

(βij − β̄)
∥∥γ(eXi − eXj ) + ζ(eVi − eVj )

∥∥
1

≤ −γµeTX(L⊗ Im)eX + eTV (γImN − αζL⊗ Im)eV

+ (
(N − 1)φ̄

4
− β̄

2
)

N∑
i=1

∑
j∈Ni

∥∥γ(eXi − eXj ) + ζ(eVi − eVj )
∥∥ ,

where the last inequality is obtained because G is connected and Assumption 26 holds. The term

eTV (γImN − αζL ⊗ Im)eV < 0, if γIN − αζL < 0. By applying Lemma 1, we know that

γIN − αζL < 0 holds if γ − αζλ2[L] < 0. Select β̄ such that β̄ ≥ (N−1)φ̄
2 . Using an argument
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similar to (3.13), we have

Ẇ ≤ (
(N − 1)φ̄

4
− β̄

2
)

N∑
i=1

∑
j∈Ni

∥∥γ(eXi − eXj ) + ζ(eVi − eVj )
∥∥

1

= (
(N − 1)φ̄

2
− β̄)

(
γeX + ζeV

)T(
(D′ ⊗ Im)sgn[(DT ⊗ Im)(γeX + ζeV )]

)
≤ (

(N − 1)φ̄

2
− β̄)

∥∥(DT ⊗ Im)(γeX + ζeV )
∥∥

1

≤ (
(N − 1)φ̄

2
− β̄)

√
λ2[L] ‖(γeX + ζeV )‖2 < 0,

(3.35)

where in the last inequality the fact that L = DDT and Lemma 1 have been used. Therefore, having

W ≥ 0 and Ẇ ≤ 0, we can conclude that eX , eV ∈ L∞. By integrating both sides of (3.35), we

can see that eX , eV ∈ L2. Now, applying Barbalat’s Lemma [72], we obtain that eX and eV will

asymptotically converge to zero when t→∞ and hence the agents reach consensus as t→∞.

Theorem 27 Suppose that the graph G is connected, Assumptions 8, 10 and 26 hold. If Hi(xi, t) =

Hj(xj , t), ∀i, j ∈ I, and γ
αζ < λ2[L] hold, by employing the algorithm (3.29) for the system (3.28),

the optimization goal (3.8) is achieved.

Proof: Define the Lyapunov function candidate

W =
1

2
(

N∑
j=1

∇fj(xj , t))T (

N∑
j=1

∇fj(xj , t)) +
1

2
(

N∑
j=1

vj −
N∑
j=1

Sj)
T (

N∑
j=1

vj −
N∑
j=1

Sj), (3.36)

where Sj = Hj
−1(xj , t)

(
∂
∂t∇fj(xj , t) + ∇fj(xj , t)

)
. The time derivative of W along with the

system defined in (3.28) and (3.29) can be obtained as
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Ẇ =(

N∑
j=1

∇fj(xj , t))T (

N∑
j=1

Hj(xj , t)vj +

N∑
j=1

∂

∂t
∇fj(xj , t)) + (

N∑
j=1

vj −
N∑
j=1

Sj)
T (

N∑
j=1

v̇j −
N∑
j=1

Ṡj)

=(
N∑
j=1

∇fj(xj , t))T (
N∑
j=1

Hj(xj , t)vj +
N∑
j=1

∂

∂t
∇fj(xj , t)) + (

N∑
j=1

vj −
N∑
j=1

Sj)
T (

N∑
j=1

φj −
N∑
j=1

Ṡj)

=(

N∑
j=1

∇fj(xj , t))T (

N∑
j=1

Hj(xj , t)vj +

N∑
j=1

∂

∂t
∇fj(xj , t))

− (
N∑
j=1

vj −
N∑
j=1

Sj)
T (

N∑
j=1

Hj(xj , t)∇fj(xj , t)),

where in the second equality, we have used the fact that G is undirected and hence by summing both

sides of the closed-loop system (3.28) with the controller (3.29), we have
∑N

j=1 v̇j =
∑N

j=1 φj .

Now, under the assumption of identical Hessians, we have

Ẇ =(
N∑
j=1

∇fj(xj , t))T
(
Hj(xj , t)

N∑
j=1

vj +
N∑
j=1

∂

∂t
∇fj(xj , t)

)
− (

N∑
j=1

vj −
N∑
j=1

Sj)
T
(
Hj(xj , t)

N∑
j=1

∇fj(xj , t)
)

=− (

N∑
j=1

∇fj(xj , t))T (

N∑
j=1

∇fj(xj , t)).

Therefore, Ẇ < 0 for
∑N

j=1∇fj(xj , t) 6= 0. Now, having W ≥ 0 and Ẇ ≤ 0, we can con-

clude that
∑N

j=1∇fj(xj , t),
(∑N

j=1 vj −
∑N

j=1 Sj
)
∈ L∞. By integrating both sides of Ẇ =

−(
∑N

j=1∇fj(xj , t))T (
∑N

j=1∇fj(xj , t)), we can see that
∑N

j=1∇fj(xj , t) ∈ L2. Now, applying

Barbalat’s Lemma, we obtain that that
∑N

j=1∇fj(xj , t) will asymptomatically converge to zero.

We also have xi = xj , vi = vj , ∀i, j ∈ I as t → ∞ from Proposition 2. Now, under the assump-

tion that f(x, t) is convex and using Lemma 11 and under Assumption 8, it is easy to see that as

t→∞,
∑N

j=1 fi(xj , t) will be minimized, where xi = xj , vi = vj , ∀i, j ∈ I.

Remark 28 In Appendix .1, we show that Assumption 26 holds if the cost functions with identical

Hessians satisfy certain conditions such that the boundedness of ‖xi(t)− xj(t)‖ and ‖vi(t)− vj(t)‖
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for all t guarantees the boundedness of ‖∇fj(xj , t)−∇fi(xi, t)‖,
∥∥∥d∇fj(xj ,t)dt − d∇fi(xi,t)

dt

∥∥∥ and∥∥∥∂2∇fj(xj ,t)∂t2
− ∂2∇fi(xi,t)

∂t2

∥∥∥ for all t. For example, for the cost functions fi(xi(t), t) = (axi(t) +

gi(t))
2 introduced in Remark 20, the boundedness of ‖xi(t)− xj(t)‖ and ‖vi(t)− vj(t)‖ for all t

guarantees the boundedness of ‖∇fj(xj , t)−∇fi(xi, t)‖,
∥∥∥d∇fj(xj ,t)dt − d∇fi(xi,t)

dt

∥∥∥ and∥∥∥∂2∇fj(xj ,t)∂t2
− ∂2∇fi(xi,t)

∂t2

∥∥∥ for all t, if ‖gi(t)− gj(t)‖ , ‖ġi(t)− ġj(t)‖ and ‖g̈i(t)− g̈j(t)‖ are

bounded. Hence Assumption 26 holds for fi(xi(t), t) = (axi(t) + gi(t))
2, if ‖gi(t)− gj(t)‖,

‖ġi(t)− ġj(t)‖ and ‖g̈i(t)− g̈j(t)‖ ,∀t and ∀i, j ∈ I are bounded.

Remark 29 The result in Theorem 4.2 can be extended to a class of cost functions whose Hes-

sians have the same structure rather than being identical under a certain additional assumption.

Particularly, the assumption that Hi(xi, t) = Hj(xj , t),∀t and ∀i, j ∈ I, can be replaced with

Hi(z, t) = Hj(z, t), ∀z, t and ∀i, j ∈ I, with an additional assumption that ‖∇fi(xi, t)‖ and∥∥ ∂
∂t∇fi(xi, t)

∥∥ , ∀i ∈ I, and ∀t are bounded.

To relax the assumption on Hessians, an estimator-based algorithm will be introduced in

Subsection 3.2.3, where the agents can have cost functions with nonidentical Hessians.

3.2.3 Estimator-Based Distributed Time-Varying Convex Optimization

In this subsection, an estimator-based algorithm is designed to minimize the time-varying

convex optimization (3.7) for double-integrator dynamics (3.28). In this algorithm, each agent

calculates (3.27) in a distributed manner. Similar to Subsection 3.1.3, distributed average tracking

is used as a tool to estimate the unknown variables in (3.27). Each agent generates an estimate

of (3.27). Then using control input ui(t), each agent tracks its estimated signal while reaching
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consensus. The proposed algorithm for the system (3.28) is given by

ξ̇i = κ
∑

j∈Ni(t)

sgn(wj − wi), wi = ξi + ψi (3.37)

φ̇i = ρ
∑

j∈Ni(t)

sgn(ςj − ςi), ςi = φi + θi (3.38)

Si = ς−1
i1 ςi2ςi1

(
wi1 + wi2

)
− ς−1

i1

(
wi3 + wi4

)
− ςi1wi1 (3.39)

ui = −
∑

j∈Ni(t)

sig(xi − xj)α1 −
∑

j∈Ni(t)

sig(vi − vj)α1 + Si, (3.40)

where

0 < α1 < 1 α2 =
2α1

α1 + 1
(3.41)

and

ψi =



∇fi(xi, t)

∂
∂t(∇fi(xi, t))

d
dt(∇fi(xi, t))

∂
∂t(

d
dt∇fi(xi, t))


, θi =


∇2fi(xi, t)

d
dt(∇

2fi(xi, t))

 ,

and κ and ρ are positive constant coefficients to be selected. Eqs. (3.37) and (3.38) are distributed

average tracking estimators, where the estimated variables wi and ςi can be redefined as wTi =

(wTi1, . . . , w
T
i4) and ςTi = (ςTi1, ς

T
i2) with wij ∈ Rm, ςik ∈ Rm×m, ∀i ∈ I, j = 1, ..., 4, k = 1, 2. The

initial values of the internal states ξi and φi are chosen such that2

N∑
j=1

ξj(0) =
N∑
j=1

φj(0) = 0. (3.42)

2As a special case the initial values can be chosen as ξj(0) = φj(0) = 0, ∀j ∈ I.
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Assumption 30 The coefficients κ, and ρ, satisfy the following inequalities: κ > supt ‖ψi‖∞ and

ρ > supt ‖θi‖∞ , ∀i ∈ I.

These assumptions can be satisfied if the graph G(t) is connected ∀t, the gradients, the

derivatives of the Hessians and gradients, and the partial derivatives of the gradients’ derivatives

are bounded. Although these assumptions seem restrictive, they can be satisfied for many cost

functions. For example, for fi(xi(t), t) = (aixi(t) + gi(t))
2 introduced in Remark 23, the above

conditions are equivalent to the conditions that ‖gi(t)‖ , ‖ġi(t)‖ , and ‖g̈i(t)‖ are bounded.

Theorem 31 Suppose that the graph G(t) is connected for all t and Assumptions 8 and 9 hold. If

Assumption 30 and the initial condition (3.42) hold, by employing the algorithm (3.37)-(3.40) for

the system (3.28), the optimization goal (3.8) is achieved.

Proof: Estimator: It follows from Theorem 2 in [13] that if κ > supt ‖ψi‖∞ , ρ > supt ‖θi‖∞ , ∀i ∈

I and the graph G(t) is connected for all t, then employing (3.37) and (3.38), there exists a T > 0

such that for all t ≥ T , we have
∥∥∥wi − 1

N

∑N
i=1 ψi

∥∥∥
2

= 0,
∥∥∥ςi − 1

N

∑N
i=1 θi

∥∥∥
2

= 0. Now from

(3.39), the estimated signal Si satisfies

Si = −
N∑
i=1

Hi(xi, t)

N∑
i=1

∇fi(xi, t)−
( N∑
i=1

Hi(xi, t)
)−1( N∑

i=1

∂

∂t

d∇fi(xi, t)
dt

+

N∑
i=1

d∇fi(xi, t)
dt

)
+

(
(

N∑
i=1

Hi(xi, t))
−1

N∑
i=1

d

dt
Hi(xi, t)

N∑
i=1

Hi(xi, t)

)( N∑
i=1

∇fi(xi, t) +
N∑
i=1

∂∇fi(xi, t)
∂t

)
,

(3.43)

which shows that each agent has an estimate of (3.27), where Si = Sj , ∀i, j ∈ I, ∀t ≥ T .

Controller: Note that for ∀ t ≥ T, Si = Sj , ∀i, j ∈ I, denoted as S̄. For t ≥ T using

(3.40) for (3.28), we have

v̇i =−
∑

j∈Ni(t)

sig(xi − xj)α1 −
∑

j∈Ni(t)

sig(vi − vj)α2 + S̄ (3.44)
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For t ≥ T , rewriting (3.44) using new variables x̃i = xi−
∫ t
T

∫ t
T S̄dt and ṽi = vi−

∫ t
T S̄dt, we have

˙̃vi =−
∑

j∈Ni(t)

sig(x̃i − x̃j)α1 −
∑

j∈Ni(t)

sig(ṽi − ṽj)α2 . (3.45)

It is proved in [81] that using (3.45) for the system (3.28), there exists a time T ′ such that x̃i =

x̃j , ṽi = ṽj , ∀i, j ∈ I. As a result we have xi = xj , vi = vj , ∀i, j ∈ I, and v̇i = S̄, ∀ t ≥ T +T ′.

Now, it is easy to see that according to (3.27) and (3.43) and Assumption 8, the optimization goal

(3.8) is achieved.

Remark 32 In the algorithm (3.37)-(3.40), it is just required that Assumptions 9 and 30 hold, where

Assumptions 9 does not necessarily hold for each agent’s cost function fi(x(t), t). However, each

agent must communicate two variables ψi ∈ R4m and θi ∈ R2m×m with its neighbors which

necessitates the communication requirement. On other hand, for the algorithm (3.29), not only

Assumptions 10 and the conditions in Remark 28 have to be satisfied for each individual function

fi(xi(t), t), it requires the agents’ Hessians to be equal. In spite of these restrictive assumptions,

using the algorithm (3.29), we can eliminate the necessity of communication between agents when

the relative positions and the velocities between each agent and its neighbors can be obtained by

sensing.

In what follows we will study how to overcome the possible chattering effect of imple-

menting signum function in the algorithm (3.29). In Subsections 3.2.4 and 3.2.5, two continuous

control algorithms will be proposed to extend the controller (3.29).
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3.2.4 Distributed Time-Varying Convex Optimization Using Time-Varying Approx-

imation of Signum Function

In this subsection, we focus on distributed time-varying convex optimization for double-

integrator dynamics (3.28), where a continuous control algorithm based on the boundary layer con-

cept will be introduced. Using a continuous approximation of the signum function will reduce

chattering in real applications and will make the controller easier to implement. In this algorithm,

each agent needs to know its own position, velocity and the relative positions and velocities between

itself and its neighbors. Define the nonlinear function h(·) as

h(z) =
z

‖z‖+ εe−ξt
, (3.46)

where ξ and ε are positive coefficients and z ∈ Rm. The nonlinear function h(z) is a continuous

approximation, using the boundary layer concept [24], of the discontinuous function sgn(·). The

size of boundary layer, εe−ξt is time-varying and as t→∞ the continuous function h(z) approaches

the signum function. The idea of using this continuous approximation is borrowed from [86].

By replacing the signum function with a continuous approximation (3.46), the results

presented in Subsection 3.2.2 are not valid anymore and it is not clear whether the new algorithm

works. The reason is that the results (and the proofs) in Subsection 3.2.2 build upon the property

of the ideal discontinuous signum function, which switches instantaneously at 0, so that it can

compensate for the effect of the inconsistent internal time-varying optimization signals among the

agents so that the agents can reach consensus. However, this can no longer be achieved by its

continuous replacement and further careful analysis is needed. The results and the proofs presented

in this subsection are not just a simple replacement of the signum function with its approximation.
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Here in particular we show that with the signum function replaced with the time-varying

continuous approximation, (3.46), it is possible to still achieve distributed optimization with zero

error under certain different assumptions and conditions. The reason is that (3.46) approaches the

signum function as t→∞.

The continuous control input with adaptive gains is proposed for (3.28) as

ui =−
∑
j∈Ni

µ(xi − xj) + α(vi − vj)−
∑
j∈Ni

βij h[γ(xi − xj) + ζ(vi − vj)] + φi,

β̇ij =
[
γ(xi − xj) + ζ(vi − vj)

]
h[γ(xi − xj) + ζ(vi − vj)],

(3.47)

where µ, α, γ and ζ are positive coefficients, βij is a varying gain with βij(0) = βji(0) ≥ 0, and φi

is defined as in (3.29).

Theorem 33 Suppose that the graph G is connected, and

γ

αζ
+
ψ

α
< λ2[L] (3.48)

µ

2α
> ψ (3.49)

γ

2ζ
> ψ (3.50)

hold, where ψ > 0 is a parameter to be selected. If Assumptions 8, 10 and 26 hold and Hi(xi, t) =

Hj(xj , t), ∀t and ∀i, j ∈ I, by employing the algorithm (3.47) for the system (3.28), the optimiza-

tion goal (3.8) is achieved.

Proof: Define eX and eV as in (3.31) and y as yT = (yT1 , . . . , y
T
N ) = γeTX + ζeTV , with yi ∈ Rm.

70



Rewriting the closed-loop system (3.28) with the (3.47) in terms of the consensus errors, we have

ėX = eV

ėV = −(L⊗ Im)(µeX + αeV )

−



∑
j∈N1

β1jh
(
y1 − yj

)
...

∑
j∈NN βNjh

(
yN − yj

)


+ (Π⊗ Im)Φ.

(3.51)

Define the function

W =
1

2

 eX

eV


T

P

 eX

eV

+
1

2

N∑
i=1

∑
j∈Ni

(βij − β̄)2, (3.52)

where P =

 −2ψγINm + (αγ + µζ)(L⊗ Im) γImN

γImN ζImN

. To prove the positive definiteness of

P , we also define P̂ =

 −2ψγImN + (αγ + µζ)(λ2[L]ImN ) γImN

γImN ζImN

. By using Lemma 1,

we obtain that P̂ ≤ P and we just need to show P̂ > 0. Using Lemma 12, we know that P̂ > 0 if

− 2ψγIN + (αγ + µζ)λ2[L])IN > 0

− 2ζψγIN + ζ(αγ + µζ)λ2[L]− γ2IN > 0.

(3.53)

Now, Using conditions (3.48) and (3.49), respectively, we have

− 2ψγIN + (αγ + µζ)λ2[L]IN > −2ψγIN +
(αγ + µζ)γ

αζ
IN

=
γ

αζ
(−2ψαζ + ζµ+ αγ2)IN >

γ

αζ
(−ζµ+ ζµ+ αγ)IN =

γ2

ζ
> 0
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which guarantees that the first inequality in (3.53) holds. Applying a similar procedure we have

− 2ζψγIN + ζ(αγ + µζ)λ2[L]− γ2IN

> −2ζψγIN + (αγ + µζ)
γ

α
IN − γ2IN =

ζγ

α
(−2αψ + µ)IN > 0.

Hence W is positive definite.

The time derivative of W along (3.51) can be obtained as

Ẇ =− γµeTX(L⊗ Im)eX + eTV (γImN − αζL⊗ Im)eV − 2ψγeTXeV

− yT


∑

j∈N1
β1jh

(
y1 − yj

)
...∑

j∈NN βNjh
(
yN − yj

)

+ yT (Π⊗ Im)Φ +
1

2

N∑
i=1

∑
j∈Ni

(βij − β̄)β̇ij .

(3.54)

We rewrite (3.54) as

W = W̄ −
N∑
i=1

∑
j∈Ni

βijyih(yi − yj) + yT (Π⊗ Im)Φ +
1

2

N∑
i=1

∑
j∈Ni

(βij − β̄)β̇ij ,

where W̄ =

 eX

eV


T

P̄

 eX

eV

 and P̄ =

 −µγ(L⊗ Im) −ψγImN

−ψγImN γImN − αζ(L⊗ Im)

. Be-

cause the graph G is connected, we have

Ẇ = W̄ − 1

2

N∑
i=1

∑
j∈Ni

βij(yi − yj)h(yi − yj)

+
1

N

N∑
i=1

N∑
j=1

(yi − yj)φi +
1

2

N∑
i=1

∑
j∈Ni

(βij − β̄)(yi − yj)h(yi − yj)

= W̄ +
1

2N

N∑
i=1

N∑
j=1

(yi − yj)(φi − φj)−
β̄

2

N∑
i=1

∑
j∈Ni

(yi − yj)h(yi − yj)

≤ W̄ +
1

2N

N∑
i=1

N∑
j=1

‖yi − yj‖ ‖φi − φj‖ −
β̄

2

N∑
i=1

∑
j∈Ni

‖yi − yj‖2

‖yi − yj‖+ εe−ξt

≤ W̄ +
(N − 1)φ̄

4

N∑
i=1

∑
j∈Ni

‖yi − yj‖ −
β̄

2

N∑
i=1

∑
j∈Ni

‖yi − yj‖2

‖yi − yj‖+ εe−ξt
,
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where in the last inequality Assumption 26 is used. Selecting a β̄ such that β̄ ≥ (N−1)φ̄
2 , we obtain

Ẇ < W̄ +
β̄

2

N∑
i=1

∑
j∈Ni

εe−ξt. (3.55)

If we can show W̄ < −ψW (or equivalently W̄ + ψW < 0) holds, then knowing that e−ξt → 0

as t → ∞, Lemma 2.19 in [59] implies that the system (3.51) is asymptotically stable. Note that

W̄ + ψW =  (−γµ+ αγψ + ζµψ)L− 2ψ2γIN 0

0 (γ + ζψ)IN − αζL

 . (3.56)

Applying Lemma 12, we obtain that (3.56) is negative definite if

(−γµ+ αγψ + ζµψ)L− 2ψ2γIN < 0(γ + ζψ)IN − αζL < 0. (3.57)

To satisfy the first condition in (3.57), we just need to show −γµ + αγψ + ζµψ < 0. Using

conditions (3.49) and (3.50) we have

γµ+ αγψ + ζµψ < −γµ+
µγ

2
+ ζµψ < −γµ+

µγ

2
+
µγ

2
< 0.

To satisfy the second condition in (3.57), we have

(γ + ζψ)IN − αζL < (γ + ζψ)IN − αζλ2[L]IN < 0,

where Lemma 1 and condition (3.48) are employed, respectively. Hence, W̄ < −ψW holds and

the agents reach consensus as t → ∞. Now, similar to the proof of Theorem 27, if Hi(xi, t) =

Hj(xj , t), ∀t and ∀i, j ∈ I, it can be shown that
∑N

j=1∇fj(xj , t) will asymptomatically converge

to zero. Now, under Assumption 8 and the assumption that f(x, t) is convex, Lemma 11 is em-

ployed. Using the fact that xi(t)→ xj(t), ∀i, j ∈ I as t→∞, it is easy to see that the optimization

goal (3.8) is achieved.
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Remark 34 It is worth mentioning that if we have γ
αζ < λ2[L], there always exists a positive

coefficient ψ such that conditions (3.48)-(3.50) hold. However, selecting ψ based on conditions

(3.48)-(3.50) affects the convergence speed, where by having a larger ψ the agents reach consensus

faster. To satisfy conditions (3.48) and (3.50), it is sufficient to have 2λ2[L]α
3 > γ

2ζ > ψ (e.g,

selecting a large α and choosing proper γ, ζ and ψ). It can also be seen that selecting a large

enough µ, (3.49) can be satisfied.

Remark 35 The results in Appendix .1 can be modified for Theorem 33, where we can show that

Assumption 26 holds under the same conditions mentioned in Remark 28.

3.2.5 Distributed Time-Varying Convex Optimization Using Time-Invariant Approx-

imation of Signum Function

In this subsection, our focus is on replacing the signum function, with a time-invariant

approximation

h(z) =
z

‖z‖+ ε
, (3.58)

where ε > 0. Here, the boundary layer ε, is constant. Employing (3.58), instead of (3.46) in the

control algorithm (3.47) makes the controller easier to implement in real applications. The trade-

off is that the agents will no longer reach consensus, which introduces additional complexities in

convergence. Establishing analysis on the optimization error bound in this case is a nontrivial task,

which is introduced in this subsection. The reason that the time-invariant continuous approximation

(3.58) cannot ensure distributed optimization with zero error is that the global optimal trajectory

is not even an equilibrium point of the closed-loop system whenever a time-invariant continuous

approximation is introduced. It is worthwhile to mention that if the signum function were replaced
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with a different time-invariant continuous approximation other than (3.58), there would be no guar-

antee that the conclusion in this subsection would still hold and further careful analysis would be

needed.

Theorem 36 Suppose that the graph G is connected, Assumptions 8, 10 and 26 hold and the gra-

dient of the cost functions can be written as ∇fi(xi, t) = σxi + gi(t), ∀i ∈ I. If conditions

(3.48)-(3.50) hold, the system (3.28) with the algorithm (3.47) with h(·) given by (3.58), tracks the

optimal trajectory with bounded errors such that as t→∞

‖xi − x∗‖ <

√
φ̄N(N − 1)2ε

4ψλmin[P ]
,

‖vi − v∗‖ <

√
φ̄N(N − 1)2ε

4ψλmin[P ]
, ∀i ∈ I,

(3.59)

where x∗ and v∗ are the position and the velocity of the optimal point and P is defined in (3.52).

We also have

lim
t→∞

[
1

N

N∑
j=1

xi − x∗] = 0, lim
t→∞

[
1

N

N∑
j=1

vi − v∗] = 0. (3.60)

Proof: The proof will be separated into two parts. In the first part, we show that the consensus error

will remain bounded. Then in the second part, we show that the error between the agents’ states and

the optimal trajectory will remain bounded.

Define the Lyapunov function candidate W as in (3.52). Similar to the proof in Theorem

33, with h(·) given by (3.58) instead of (3.46), we obtain Ẇ < W̄ + β̄
2

∑N
i=1

∑
j∈Ni ε < −ψW +

β̄
2N(N−1)ε, where β̄ is selected such that β̄ ≥ (N−1)φ̄

2 . Then we have 0 ≤W (t) ≤ β̄N(N−1)ε
2ψ (1−

e−ψt) +W (0)e−ψt. Therefore, as t→∞, we have∥∥∥∥∥∥∥∥
 eX

eV


∥∥∥∥∥∥∥∥

2

λmin[P ] ≤W =

 eX

eV


T

P

 eX

eV

 ≤ β̄N(N − 1)ε

2ψ
.
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Now, it can be seen that there exists a bound on the position and velocity consensus errors as t→∞,

that is, ∥∥∥∥∥∥xi − 1

N

N∑
j=1

xj

∥∥∥∥∥∥ <
√
φ̄N(N − 1)2ε

4ψλmin[P ]
,

∥∥∥∥∥∥vi − 1

N

N∑
j=1

vj

∥∥∥∥∥∥ <
√
φ̄N(N − 1)2ε

4ψλmin[P ]
,

(3.61)

where it is easy to see that by selecting larger ψ satisfying conditions (3.48)-(3.50), the error bound

will be smaller.

In what follows, we focus on finding the relation between the optimal trajectory and the

agents’ states. According to Assumption 8 and using Lemma 11, we know
∑N

j=1∇fj(x∗, t) = 0.

Hence, Under the assumption of∇fi(xi, t) = σxi + gi(t), the optimal trajectory is

x∗ =
−
∑N

j=1 gj

Nσ
, v∗ =

−
∑N

j=1 ġj

Nσ
. (3.62)

Similar to the proof of Theorem 27 we can show that, regardless of whether consensus is reached or

not, it is guaranteed that
∑N

j=1∇fj(xj , t) will asymptomatically converge to zero. As a result, we

have
∑N

j=1 xi →
−

∑N
j=1 gj
σ and

∑N
j=1 vi →

−
∑N
j=1 ġj
σ . By using (3.62), we can conclude (3.60). It

is also shown in (3.61) that the error between the agents’ states and the optimal trajectory is bounded

and (3.59) holds.

Remark 37 Using the invariant approximation of the signum function (3.58), instead of the time-

varying one (3.46), makes the implementation easier in real applications. However, the results show

that the team cost function is not exactly minimized and the agents track the optimal trajectory with

a bounded error. It also restricts the acceptable cost functions to a class that takes in the form

∇fi(xi, t) = σxi + gi(t).
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Remark 38 The results in Appendix .1 can be modified for Theorem 33, where under the assump-

tion of ∇fi(xi, t) = σxi + gi(t), it is easy to show that Assumption 26 holds, if ‖gi(t)− gj(t)‖,

‖ġi(t)− ġj(t)‖ and ‖g̈i(t)− g̈j(t)‖ , ∀t and ∀i, j ∈ I are bounded.

Remark 39 The algorithms introduced Subsections 3.1.2, 3.1.3, 3.2.2, 3.2.4 and 3.2.5 are still

valid in the case of strongly connected weight balanced directed graph G. In our proofs, L can

be replaced with symmetric matrix L + LT , as xTLx = 1
2x

T (L + LT )x. Since G is strongly

connected weight balanced, L+LT is positive semi-definite with a simple eigenvalue at zero. Note

that applying the introduced algorithms for directed graphs, we need to redefine λ2 as the smallest

non-zero eigenvalue of matrix L+ LT .

Remark 40 The algorithms proposed in Subsections 3.1.3, 3.2.3 and Section 3.3 are provided

for time-varying graphs. For algorithms introduced in Subsections 3.1.2, 3.2.2, 3.2.4 and 3.2.5,

the current results are demonstrated for static graphs. However, the results are valid for time-

varying graphs, if the graph G(t) is connected for all t and a sufficiently large constant gain is

used, instead of the time-varying adaptive gains. In particular, the constant gain β should satisfy

β >
‖(Π⊗Im)Φ‖2√

λ2[L(t)]
. To select such a β, we need to know φ̄, defined in Assumption 17 (or Assump-

tion 26 in the case of double-integrator dynamics), and βx (and βv in case of double-integrator

dynamics), defined in Appendix .1.
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3.3 Distributed Time-Varying Convex Optimization with Swarm track-

ing behavior

In this section, we introduce two distributed optimization algorithms with swarm tracking

behavior, where the center of the agents tracks the optimal trajectory defined by (3.7) for single-

integrator and double-integrator dynamics while the agents avoid inter-agent collisions and main-

taining connectivity.

3.3.1 Distributed Optimization with Swarm Tracking for Single-Integrator Dynam-

ics

In this subsection, we focus on distributed optimization problem with swarm tracking

behavior for single-integrator dynamics (3.1). To solve this problem, we propose the algorithm

ui(t) =− βsgn(
∑

j∈Ni(t)

∂Vij
∂xi

) + φi, (3.63)

where Vij is a potential function between agents i and j to be designed, β is positive, and φi

is defined in (3.9). It is worth mentioning that in this subsection, we assume each agent has a

communication/sensing radius R, where if ‖xi − xj‖ < R agent i and j become neighbors. Our

proposed algorithm guarantees connectivity maintenance which means that if the graph G(0) is

connected, then for all t,G(t) will remain connected. Before our main result in this subsection, we

need to define the potential function Vij .

Definition 41 [8] The potential function Vij is a differentiable nonnegative function of ‖xi − xj‖,

which satisfies the following conditions
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1) Vij = Vji has a unique minimum in ‖xi − xj‖ = dij , where dij is a desired distance between

agents i and j and R > maxi,j dij .

2) Vij →∞ if ‖xi − xj‖ → 0.

3) Vii = c, where c is a constant.

4)


∂Vij

∂(‖xi−xj‖) = 0 ‖xi(0)− xj(0)‖ ≥ R, ‖xi − xj‖ ≥ R,

∂Vij
∂(‖xi−xj‖) →∞ ‖xi(0)− xj(0)‖ < R, ‖xi − xj‖ → R.

The motivation of the last condition in Definition 5.1 is to maintain the initially existing

connectivity patterns. It guarantees that two agents which are neighbors at t = 0, remain neighbors.

However, if two agents are not neighbors at t = 0, they do not need to be neighbors at t > 0. For

example, such a potential function Vij is presented in [8].

Theorem 42 Suppose that graph G(0) is connected, Assumptions 8, and 10 hold and the gradient

of the cost functions can be written as ∇fi(xi, t) = σxi + gi(t), ∀i ∈ I. If β ≥ ‖φi‖1 , ∀i ∈ I,

for the system (3.1) with the algorithm (3.63), the center of the agents tracks the optimal trajectory

while the agents maintain connectivity and avoid inter-agent collisions.

Proof: Define the positive semi-definite Lyapunov function candidate

W =
1

2

N∑
i=1

N∑
j=1

Vij . (3.64)

The time derivative of W is obtained as

Ẇ =
1

2

N∑
i=1

N∑
j=1

(∂Vij
∂xi

ẋi +
∂Vij
∂xj

ẋj
)

=
N∑
i=1

N∑
j=1

∂Vij
∂xi

ẋi,
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where in the second equality, Lemma 3.1 in [8] has been used. Now, rewriting Ẇ along with the

closed-loop system (3.63) and (3.1), we have

Ẇ = −β
N∑
i=1

N∑
j=1

∂Vij
∂xi

sgn(

N∑
j=1

∂Vij
∂xi

) +

N∑
i=1

N∑
j=1

∂Vij
∂xi

φi ≤
N∑
i=1

[ ∥∥∥∥∥∥
N∑
j=1

∂Vij
∂xi

∥∥∥∥∥∥
1

(‖φi‖1 − β)

]
.

It is easy to see that if β ≥ ‖φi‖1 , ∀i ∈ I, then Ẇ is negative semi-definite. Therefore, having

W ≥ 0 and Ẇ ≤ 0, we can conclude that Vij ∈ L∞. Since Vij is bounded, based on Definition 41,

it is guaranteed that there will not be inter-agent collision and the connectivity is maintained.

In what follows, we focus on finding the relation between the optimal trajectory and the

agents’ positions. Based on Definition 41, we can obtain that

∂Vij
∂xi

=
∂Vji
∂xi

= −∂Vij
∂xj

. (3.65)

Now, by summing both sides of the closed-loop system (3.1) with the control algorithm (3.63), for

i = 1, ..., N we have
∑N

j=1 ẋj =
∑N

j=1 φj . We also know that agents have identical Hessians since

it is assumed that ∇fi(xi, t) = σxi + gi(t). Now, similar to the proof of Theorem 27, regardless

of whether consensus is reached or not, we can show that
∑N

j=1∇fj(xj , t) will asymptomatically

converge to zero. Hence we have
∑N

j=1 xi →
−

∑N
j=1 gj
σ . On the other hand, using Lemma 11

and under Assumption 8, we know
∑N

j=1∇fj(x∗, t) = 0. Hence, the optimal trajectory is x∗ =

−
∑N
j=1 gj
Nσ . This implies that 1

N

∑N
j=1 xi → x∗, where we have shown that the center of the agents

will track the team cost function minimizer.

Remark 43 In Appendix .2, it is shown that a constant β can be selected such that β ≥ ‖φi‖1 , ∀t

and ∀i ∈ I, if ‖gi(t)‖ and ‖ġi(t)‖ , ∀t and ∀i ∈ I, are bounded. In particular, it is shown that such

a constant β can be determined, at time t = 0, using the agents’ initial states and the upper bounds

on ‖gi(t)‖ and ‖ġi(t)‖ , ∀t and ∀i ∈ I.
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3.3.2 Distributed Convex Optimization with Swarm tracking behavior for Double-

Integrator Dynamics

In this subsection, we focus on distributed time-varying optimization problem with swarm

tracking behavior for double-integrator dynamics (3.28). We will propose an algorithm, where each

agent has access to only its own position and the relative positions and velocities between itself and

its neighbors. We propose the algorithm

ui(t) =−
∑

j∈Ni(t)

∂Vij
∂xi
− β

∑
j∈Ni(t)

sgn(vi − vj) + φi, (3.66)

where Vij is defined in Definition 41, β is a positive coefficient, and φi is defined in (3.29).

Theorem 44 Suppose that the graph G(0) is connected, Assumptions 8, and 10 hold and the gra-

dient of the cost functions can be written as ∇fi(xi, t) = σxi + gi(t), ∀i ∈ I. If β > ‖(Π⊗Im)Φ‖2√
λ2[L(t)]

holds, for the system (3.28) with the algorithm (3.66), the center of the agents tracks the optimal

trajectory, the agents’ velocities track the optimal velocity, and the agents maintain connectivity and

avoid inter-agent collision.

Proof: Writing the closed-loop system (3.28) with the control algorithm (3.66), based on the

consensus error eX and eV defined in (3.31), we have

ėX = eV

ėV = −α(L(t)⊗ Im)eV − β(D(t)⊗ Im)sgn
[
(DT (t)⊗ Im)eV

]

∑
j∈N1

∂V1j
∂eX1

...

∑
j∈NN

∂VNj
∂eXN


+ (Π⊗ Im)Φ.

(3.67)
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Define the positive semi-definite Lyapunov function candidate

W =
1

N

N∑
i=1

N∑
j=1

Vij +
1

2
eTV eV .

The time derivative of W along with the closed-loop system (3.67) can obtain as

Ẇ =
1

2

N∑
i=1

N∑
j=1

( ∂Vij
∂eXi

eVi +
∂Vij
∂eXj

eVj
)

+ eTV ėV .

Using Lemma 3.1 in [8], Ẇ can be rewritten as

Ẇ =− αeTV (L(t)⊗ Im)eV − βeTV (D(t)⊗ Im)sgn
[
(DT (t)⊗ Im)eV

]
+ eTV (Π⊗ Im)Φ.

Using a similar argument to that in (3.13), we obtain that if β
√
λ2[L(t)] > ‖(Π⊗ Im)Φ‖2 , then Ẇ

is negative semi-definite. Therefore, havingW ≥ 0 and Ẇ ≤ 0, we can conclude that Vij , ev ∈ L∞.

By integrating both sides of Ẇ ≤ −αeTV (L(t) ⊗ Im)eV , we can see that ev ∈ L2. Now, applying

Barbalat’s Lemma, we obtain that eV asymptotically converges to zero which means that the agents’

velocities reach consensus as t → ∞. Since Vij is bounded, it is guaranteed that there will not be

inter-agent collision and the connectivity is maintained.

In the next step, using (3.65), by summing both sides of the closed-loop system (3.28)

with the control algorithm (3.66), for i = 1, ..., N we have
∑N

j=1 v̇j =
∑N

j=1 φj . Now, if the team

cost function f(x, t) is convex and ∇fi(xi, t) = σxi + gi(t), applying a procedure similar to the

proof of Theorem 36, we can show that
∑N

j=1∇fj(xj , t) will asymptomatically converge to zero

and (3.60) holds. Particularly, we have shown that the average of agents’ states tracks the optimal

trajectory. We also have shown that the agents’ velocities reach consensus as t→∞. Thus we have

vi(t) approaches v∗(t) as t→∞. This completes the proof.
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Remark 45 The assumption β > ‖(Π⊗Im)Φ‖2√
λ2[L(t)]

can be interpreted as a bound on the difference be-

tween the agents’ internal signals. Using the fact that λ2[L(t)] is lower bounded above 0, there al-

ways exists a β which satisfies β > ‖(Π⊗Im)Φ‖2√
λ2[L(t)]

, if Assumption 26 holds. Here, to satisfy Assumption

26, with ∇fi(xi, t) = σxi + gi(t), ∀i ∈ I, the boundlessness of ‖gi(t)− gj(t)‖ , ‖ġi(t)− ġj(t)‖,

and ‖g̈i(t)− g̈j(t)‖ ,∀t and ∀i, j ∈ I is sufficient.

Remark 46 All the proposed algorithms are also applicable to non-convex functions. However, in

this case it is just guaranteed that the agents converge to a local optimal trajectory of the team cost

function.

3.4 Simulation and Discussion

In this section, we present various simulations to illustrate the theoretical results in pre-

vious sections. Consider a team of six agents. The interaction among the agents is described by

the undirected connected graph shown in Fig. 4.1. The agents’ goal is to minimize the team cost

function
∑6

i=1 fi(xi(t), t), where xi(t) = (rxi(t), ryi(t))
T is the coordinate of agent i in 2D plane.

In our first example, we apply the algorithm (3.9) for single-integrator dynamics (3.1).

The local cost function for agent i is chosen as

fi(xi(t), t) = (rxi(t)− isin(t))2 + (ryi(t)− icos(t))2, (3.68)

where it is easy to see that the optimal point of the team cost function creates a trajectory of a circle

whose center is at the origin and radius is equal to 21
6 . For local cost functions (3.68), Assumption

10 and the conditions for agents’ cost functions in Remark 20 hold. In addition they have identical

Hessians and the team cost function is convex. βij(0) = βji(0) are chosen randomly within (0.1,2)
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Figure 3.1: Undirected graph

in the algorithm (3.9). The trajectory of the agents and the optimal point is shown in Fig. 3.2. It can

be seen that agents reach consensus and the agents track the optimal trajectory which minimizes the

team cost function.

In case of double-integrator dynamics, we first give an example to illustrate the algorithm

(3.29) for (3.28) with the local cost functions defined by (3.68). Choosing the coefficients in (3.29)

as µ = 5, α = 12, γ = 5, ζ = 12, and βij(0) = βji(0) randomly within (0.1,2), the team cost

function will be minimized as it can be seen in Fig. 3.3 while the agents reach consensus.

In our next example, we illustrate the results obtained in Subsection 3.2.3, where it has

been clarified that the algorithm (3.37) -(3.40) can be used for local cost functions with nonidentical

Hessians. Here, the local cost function

fi(xi(t), t) = (
rxi(t)

i
− sin(t))2 + (

ryi(t)

i
− cos(t))2, (3.69)

will be used, where Hi(xi, t) = 2
i2
I2, ∀i ∈ I. It can be obtained that the team cost function’s

optimal trajectory creates a circle whose center is at the origin and radius is equal to 1.64. Algorithm
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Figure 3.2: Trajectories of all agents along with optimal trajectory using the algorithm (3.9) for

local cost function (3.68)

(3.37) -(3.40) with κ = 12, ρ = 2, α1 = 0.1, and α2 = 0.2
1.1 is used for the system (3.28). Fig. 3.4

shows that the team cost function is minimized.

In our next example, the results in Subsection 3.2.5 is illustrated, where the invariant

approximation of the signum function is employed. Here, the algorithm (3.47) and (3.58) are used

to minimize the agents’ team cost function for local cost functions defined as (3.68). The coefficients

are chosen as µ = 5, α = 10, γ = 5, ζ = 5, ε = 2 and βij(0) = βji(0) randomly within (0.1,2).

Fig. 3.5 shows the agents’ trajectories along with the optimal one. It is shown that the agents track

the optimal trajectory with a bounded error.
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Figure 3.3: Trajectories of all agents along with optimal trajectory using the algorithm (3.29) for

local cost function (3.68)

In our last illustration, the swarm tracking control algorithm (3.66) is employed, where

the local cost functions are defined as

fi(xi(t), t) = (rxi(t) + 2i
sin(0.5t)

t+ 1
)2 + (ryi(t) + isin(0.1t))2, (3.70)

In this case, we let R = 5. The parameter of the control algorithm (3.66) is chosen as β = 20.

To guarantee the collision avoidance and connectivity maintenance, the potential function partial

derivative is chosen as Eqs. (36) and (37) in [8], where dij = 0.5, ∀i, j. Fig. 3.6 shows that the

center of the agents’ positions tracks the optimal trajectory while the agents remain connected and

avoid collisions.
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Figure 3.4: Trajectories of all agents along with optimal trajectory using the algorithm (3.37) -(3.40)

for local cost function (3.69)
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Figure 3.5: Trajectories of all agents using the algorithm (3.47) and (3.58) for local cost function

(3.68)
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Figure 3.6: Trajectories of all agents using the algorithm (3.66) for local cost function (3.70)
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Chapter 4

Heterogeneous Distributed Average

Tracking and Its Application in

Distributed Optimization

4.1 Distributed Average Tracking

Consider a heterogeneous multi-agent system consisting of N physical agents, where I

denotes the index set {1, · · · , N}. The agents’ are described by single-integrator, double-integrator

and Euler-Lagrange dynamics. Without loss of generality, we label single-integrator agents as

1, . . . ,M − 1, where their dynamics is described by

ẋi = ui, i = 1, . . . ,M − 1. (4.1)
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We also label double-integrator agents as M, . . . , N ′ − 1, with dynamics described by

ẋi =vi, v̇i = ui, i = M, . . . , N ′ − 1. (4.2)

Agents with Euler-Lagrange dynamics are labeled as N ′, . . . , N, and their dynamic is described by

Mi(xi)ẍi + Ci(xi, ẋi)ẋi + gi(xi) = ui i = N ′, . . . , N, (4.3)

where xi(t) ∈ Rp, vi(t) ∈ Rp and ui(t) ∈ Rp are, respectively, ith agent’s position, velocity

and control input. Mi(xi) is the p × p symmetric inertia matrix, Ci(xi, ẋi)ẋi is the Coriolis and

centrifugal force, and gi(xi) is the vector of gravitational force. The dynamics of the Lagrange

systems satisfy the following properties [74]:

(P1) There exist positive constants kM , kM , kC , kg such that kMIp ≤Mi(xi) ≤ kMIp, ||Ci(xi, ẋi)ẋi|| ≤

kC ||ẋi|| and ||gi(xi)|| ≤ kg .

(P2) Ṁi(xi)− 2Ci(xi, ẋi) is skew symmetric.

(P3) The Lagrange dynamics can be rewritten as, i.e.,Mi(xi)χ+C(xi, ẋi)ψ+gi(xi) = Yi(xi, ẋi, χ, ψ)θi,

∀χ, ψ ∈ Rp, where Yi ∈ Rp×pθ is the regression matrix and θi ∈ Rpθ is the unknown but

constant parameter vector.

In our framework the agents’ interaction topology is described by an undirected graph G.

Assumption 47 Graph G is connected.

Suppose that each agent has a time-varying reference input ri(t) ∈ Rp, i ∈ I, satisfying

ṙi(t) =vri (t),

v̇ri (t) =ari (t), (4.4)
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where vri (t) ∈ Rp and ari (t) ∈ Rp are, respectively, the reference velocity and the reference accel-

eration for agent i at time t.

Assumption 48 The reference input ri(t), ∀i ∈ I and its velocity vri (t) are bounded. It is assumed

that ‖ri(t)‖ < r̄, and ‖vri (t)‖ < v̄r, ∀i ∈ I, where r̄ and v̄r are positive constants.

Here the goal is to design ui(t) for agent i ∈ I, to track the average of the reference

inputs, i.e.,

lim
t→∞
||xi(t)−

1

N

N∑
j=1

rj(t)|| =0, (4.5)

where each agent has only local interaction with its neighbors.

Corollary 49 [26] Consider the system,

ẋ = f(x, t), (4.6)

where x(t) ∈ D ⊂ Rn and f : D × [0,∞] → Rn and D is an open and connected set containing

x = 0, and suppose is Lebesgue measurable and is essentially locally bounded, uniformly in t. Let

V : D × [0,∞]→ R be locally Lipschitz and regular such that

W1(x) ≤V (x, t) ≤W2(x)

˙̃V ≤ −W (x), (4.7)

∀t ≥ 0,∀x ∈ D, where W1 and W2 are continuous positive definite functions, and W is a con-

tinuous positive semi-definite function on x ∈ D and ˙̃V is the generalized gradient of function V .

Choose r > 0 and c > 0 such that Br ⊂ D and c < min
‖x‖=r

W1(x). Then, all Filippov solutions of

(4.6) such that x(t0) ∈ {x ∈ Br|W2(x) ≤ c} are bounded and satisfy W (x)→ 0 as t→∞.
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4.1.1 Distributed Average Tracking for Heteregeous Physical Agents Using Neigh-

bors’ Positions

In this subsection, we study the distributed average tracking problem for heterogeneous

multi-agent system consisting of three different dynamics, single-integrator, double-integrator and

Euler-Lagrange dynamics. Here, we propose an algorithm to achieve goal (4.5), where each agent

is required to have access to only its own position and the relative positions between itself and its

neighbors. Note that in some applications, these pieces of information can be obtained by sensing;

hence the communication necessity might be eliminated. For notational simplicity, we will remove

the index t from variables in the reminder of the paper.

Three controllers are proposed, where each agent according to its dynamic will employ

the proper control ui. Consider the control input

ui = −βisgn
[ N∑
j=1

aij(xi − xj)
]
− (xi − ri) + vri , i = 1, . . . ,M − 1, (4.8)

for agents with single-integrator dynamics and

ui =− βisgn
[ N∑
j=1

aij(xi − xj)
]
−

N∑
j=1

aij(xi − xj) (4.9)

− (xi − ri)− 2(vi − vri ) + ari , i = M, . . . , N ′ − 1
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for agents with double-integrator dynamics and

ui =Yi(xi, ẋi, υi, νi)θ̂i − αsi −
N∑
j=1

aij(xi − xj), i = N ′, . . . , N

νi =− βisgn
[ N∑
j=1

aij(xi − xj)
]
− (xi − ri) + vri ,

si =ẋi − νi, (4.10)

˙̂
θi =− Yi(xi, ẋi, υi, νi)T si,

for agents with Euler-Lagrange dynamics, where α and βi are positive constant gains to be designed,

and θ̂i is the estimate of the unknown but constant parameters θi. Using the definition of the gener-

alized gradient [18], the generalized time-derivative of si and νi are defined, respectively, as ϑi and

υi, where ζi ∈ ϑi, and µi ∈ υi. Let ξi denotes the minimum norm element of υi.

Theorem 50 Under the control law given by (4.8)-(4.10) for system defined in (4.1)-(4.3), dis-

tributed average tracking goal (4.5) is achieved asymptotically, provided that Assumptions 47 and

48 hold and the control gain βi is chosen such that mini∈I βi > r̄ + v̄r and α > 0.

Proof: Rewrite the Laplacian matrix as L = [LTs LTd LTe ]T , where Ls ∈ R(M−1)×N , Ld ∈

R(N ′−M)×N and Le ∈ R(N−N ′+1)×N and subscripts s, d and e, respectively, are used for single-

integrator, double-integrator and Euler-Lagrange dynamics, i.e, Ls describes the interaction among

single-integrator agents and other agents. Let x denotes the column stack vectors of all xi’s i =

1, . . . , N , and it can be rewritten as x = [xTs x
T
d x

T
e ]T , where xs, xd and xe are, respectively, the

column stack vectors of the positions for single-integrator, double-integrator and Euler-Lagrange

dynamics.
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System (4.1) with control input (4.8) can be rewritten in vector form as

ẋs =− βssgn[(Ls ⊗ Ip)x]− (xs − rs) + vrs , (4.11)

where rs = [rT1 , ..., r
T
M−1]T , and vrs = [vr1

T , ..., vrM−1
T ]T , denote, respectively, the aggregated ref-

erence inputs and reference velocities of the single-integrator dynamic (4.1) and βs = diag(β1, · · · , βM−1).

System (4.2) with control input (4.9) can be rewritten in vector form as

ẋd =vd

v̇d =− βdsgn[(Ld ⊗ Ip)x]− (Ld ⊗ Ip)x− (xd − rd)− 2(vd − vrd) + ard, (4.12)

where vd = [vM
T , ..., vN ′−1

T ]T , rd = [rTM , ..., r
T
N ′−1]T , vrd = [vrM

T , ..., vrN ′−1
T ]T , and ard =

[arM
T , ..., arN ′−1

T ]T , denote, respectively, the aggregated velocities, reference inputs, reference ve-

locities and reference accelerations of the double-integrator system (4.2) and βd = diag(βM , · · · , βN ′−1).

It follows form (P3) that M(xe)ζ+C(xe, ẋe)s+Y (xe, ẋe, υ, ν)θ = ue, where M(xe) ,

diag{MN ′(xN ′), · · · ,MN (xN )}, C(xe, ẋe) , diag{CN ′(xN ′ , ẋN ′), · · · , CN (xN , ẋN )}, and ue =

[uTN ′ , ..., u
T
N ]T . Now, by replacing the control input (4.10), we have

M(xe)ζ + C(xe, ẋe)s+ Y (xe, ẋe, υ, ν)θ = Y (xe, ẋe, υ, ν)θ̂ − αs− (Le ⊗ Ip)x,

where ζ, s, ν, θ and θ̂ are, respectively, the column stack vectors of all ζi’s, si’s, νi’s, θi’s and θ̂i’s,

i = N ′, . . . , N . Let βe = diag(βN ′ , · · · , βN ). Let r = [rTs rTd rTe ]T , and vr = [vrTs v
rT
d v

rT
e ]T

denote, respectively, the aggregated reference inputs, and reference velocities for all agents.

Define the Lyapunov function Vt as

Vt =
1

2
xT (L⊗ Ip)x+

1

2
(vd − Φ)T (vd − Φ) +

1

2
sMs+

1

2
θ̃T θ̃, (4.13)
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where Φ(x) = −βdsgn[(Ld ⊗ Ip)x]− (xd − rd) + vrd, and θ̃ = θ̂− θ. It is easy to see that we have

V1 = 1
2x

TLx = 1
2e
T e, where e = DTx and D is defined in Section ??. Hence V1 is a positive

definite function corresponding to e. The candidate Lyapunov function Vt satisfies the following

inequalities:

W1(y) ≤ V (y, t) ≤W2(y), (4.14)

where y =



x

vd − Φ

s

θ̃


and W1 and W2 are positive-definite continuous functions defined as W1 =

Λ1 ‖y‖2 and W2 = Λ2 ‖y‖2, where Λ1 and Λ2 are positive constants.

Define the generalized gradient of Vt and Φ by ˙̃Vt and ˙̃Φ, respectively. Every element of

η ∈ ˙̃V satisfies

η ≤− xT (L⊗ Ip)β̄


sgn[(Ls ⊗ Ip)x]

sgn[(Ld ⊗ Ip)x]

sgn[(Le ⊗ Ip)x]

+ xT (L⊗ Ip)
(


0

vd − Φ

s

+


−xs + rs + vrs

−xd + rd + vrd

−xe + re + vre


)

+ (vd − Φ)T ×
(
− βdsgn[(Ld ⊗ Ip)x]− (Ld ⊗ Ip)x− (xd − rd)− 2(vd − vrd) + ard − %

)
+

1

2
sṀs+ θ̃T

˙̂
θ + sT

(
− C(xe, ẋe)s− Y (xe, ẋe, υ, ν)θ̃ − αs

)
− sT (Le ⊗ Ip)x,

where β̄ = diag(βs, βd, βe), and % ∈ ˙̃Φ and we used the fact that we can rewrite equations (4.12)

and (4.10), respectively, as

xd = Φ + vd − Φ
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and

ẋe = −βesgn[(Le ⊗ Ip)x]− (xe − re) + vre + s. (4.15)

Employing (4.10), we have

η ≤− (min
i∈I

βi) ‖(L⊗ Ip)x‖1 − x
T (L⊗ Ip)x+ xT (L⊗ Ip)(r + vr) + xT (Ld ⊗ Ip)T (vd − Φ)

+ xT (Le ⊗ Ip)T s+ (vd − Φ)T [Φ− vd − (Ld ⊗ Ip)x− (vd − vrd) + ard − %]X +
1

2
sṀs− αsT s

+ sT [−C(xe, ẋe)s− Y (xe, ẋe, υ, ν)θ̃]− αsT s− sT (Le ⊗ Ip)x− θ̃TY (xe, ẋe, υ, ν)T s

=− (min
i∈I

βi) ‖(L⊗ Ip)x‖1 − x
T (L⊗ Ip)x+ xT (L⊗ Ip)(r + vr) + (vd − Φ)T (Φ− vd)

+ (vd − Φ)T [(vrd − vd) + ard − %− χ+ χ]− αsT s,

where χ is the minimum norm element of ˙̃Φ and we have used property (P2) to obtain the last

equality.

Under assumption 48 and by selecting mini∈I βi > r̄+ v̄r, we know that−(mini∈I βi)×

‖(L⊗ Ip)x‖1 + xT (L⊗ Ip)(r+ vr) < 0. Now, using the fact that χ = −(vd− vrd) + ard, it follows

η ≤ −xT (L⊗ Ip)x+ (vd−Φ)T (Φ− vd) + (vd−Φ)T (χ− %)−αsT s. Using an argument similar

to [45], χ− % is zero wherever ν(x, v, t) is differentibale. Also at points of non-differentiability, we

will have χ− % = 0 [45]. Hence, η ≤ −xT (L⊗ Ip)x− (vd −Φ)T (vd −Φ)− αsT s. Now, we can

see that ˙̃Vt ≤ −W (y), where W is a positive semi-definite defined on the domain D = RN(3p+pθ).

As a result Vt ∈ L∞, and θ̃, s, e, (vd − Φ) ∈ L∞.

By calling z = xe−re, we can rewrite (4.15) as ż = −z−βesgn[(L⊗Ip)x]+s, where we

know that (L⊗ Ip)x and s are bounded. Hence it is easy to see that z will remain bounded. Also ż

will be bounded because z, (L⊗ Ip)x and s are bounded. Now, using (4.13) and under assumptions

(P1) and (P3), it is easy to see that ζ is bounded.
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Knowing the fact that s is continuous and bounded, we can use the mean value theorem

for nonsmooth functions [34], where we have

s(t1)− s(t0)

t1 − t0
∈ S, ∀t0, t1 (4.16)

and S denotes the set ∂s(t) ∪ −∂(−s)(t) for t ∈ (t0, t1). Because ζ is bounded for every ζ ∈ ϑ,

we know that there exists a κ such that ∂s(t) ≤ κ,∀t. Hence, the members of the set S are all

bounded and we have s(t1) − s(t0) ≤ κ(t1 − t0),∀t0, t1, which shows s is lipschitz and therefore

it is uniformly continuous.

Now, choose ρ > 0 such that Bρ ⊂ D denotes a closed ball. DefineM ⊂ D asM ,

{$ ⊂ M|W2($) ≤ min
‖$‖=ρ

W1($) = λ1ρ
2}. Then, all conditions in Corollary 49, LaSalle-

Yoshizawa for nonsmooth systems, are provided and we have W (y) → 0 as t → ∞, ∀y(0) ∈ M.

Because ρ can be selected arbitrarily large to include all initial conditions, the region of attraction

isM = RN(3p+pθ) .

Now, having W (y) → 0, it follows that s → 0, vd − Φ → 0 and (L ⊗ Ip)x → 0. Since

vd − Φ→ 0, we will have

ẋd = −βdsgn[(Ld ⊗ Ip)x]− (xd − rd) + vrd + εd, (4.17)

where εd → 0 as t→∞. Also using (4.15), and because s→ 0, we have

ẋe = −βesgn[(Le ⊗ Ip)x]− (xe − re) + vre + εe, (4.18)

where εe → 0 as t→∞.

97



Hence, it turns out that using (4.11), (4.17) and (4.18), we have

ẋs = −βssgn[(Ls ⊗ Ip)x]− (xs − rs) + vrs , (4.19)

ẋd = −βdsgn[(Ld ⊗ Ip)x]− (xd − rd) + vrd + εd, (4.20)

ẋe = −βesgn[(Le ⊗ Ip)x]− (xe − re) + vre + εe, (4.21)

where we can rewrite it as

ẋ = −β̄sgn[(L⊗ Ip)x]− (x− r) + vr + ε, (4.22)

where ε =


0

εd

εe

. Define the Lyapunov candidate function V1 = xT (L ⊗ Ip)x, where its time-

derivative along the system (4.22) is

V̇1 =− β̄xT (L⊗ Ip)sgn[(L⊗ Ip)x− xT (L⊗ Ip)x+ xT (L⊗ Ip)(r + vr) + xT (L⊗ Ip)ε

≤ −β̄ ‖(L⊗ Ip)x‖1 − x
T (L⊗ Ip)x+ xT (L⊗ Ip)(r + vr) + xT (L⊗ Ip)ε (4.23)

Now, by by selecting mini∈I βi > r̄+v̄r and knowing that ε→ 0 as t→∞, we can employ Lemma

2.19 in [59]. As a result we can show that the agents’ positions reach consensus, i.e, xi = xj , as

t → ∞. Define the variable S1 = (1TN ⊗ Ip)(x − r) =
∑N

i=1 xi −
∑N

i=1 ri, then we can rewrite

(4.22) as

Ṡ1 = −(1TN ⊗ Ip)β̄sgn(Lx)− S1 + ε. (4.24)

Then we can use input-to-state stability to analyze the system (4.24) by treating the term (1TN ⊗

Ip)β̄sgn(Lx) as the input and S1 as the state. The system (4.24) with zero input is exponentially

stable and hence input-to-state stable. Since Lx → 0 as t → ∞ for each agent, it follows that
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S1 → 0 as t → ∞. This implies that
∑N

i=1 xi →
∑N

i=1 ri, where combining it with the consensus

result, we will have

xi →
1

N

N∑
j=1

rj , ∀i ∈ I. (4.25)

Remark 51 Note that the controllers in (4.8)-(4.10) are proposed precisely for our heterogeneous

framework and they are not just a simple combination of the controllers in the literature. The

interaction among agents with different dynamics is one of the challenge that we have faced. The

only common state among our agents is position; hence we cannot use the well-known algorithms

for double-integrator or Euler-Lagrange dynamics, which they require velocity measurement or

communication. It is worthwhile to mention that algorithm (4.9) is proposed based on the intuition

behind Backstepping approach.

4.1.2 Estiamtor Based Distributed Average Tracking for Heteregeous Physical Agents

In this subsection, we propose an estimator based algorithm to address the distributed

average tracking problem (4.5) for heterogeneous multi-agent systems (4.1)-(4.3). Here, a filter

is used to generate the average of the inputs in a distributed manner, where each agent tracks its

own generated signal. In some frameworks, the estimator based algorithm is able to relax the

restrictive assumptions mentioned in Subsection 4.1.1. As a trade-off the estimator based algorithm

necessitates communication between neighbors.

First, a filter is introduced for each agent to estimate the average of the reference inputs

and reference velocities. Then the control input ui, i = 1, . . . , N , is designed for each agent such

that xi tracks pi, where pi ∈ Rp is the filter’s output. The filter, adapted from [29], is proposed as
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following

ṗi =qi

q̇i =− βisgn
[ N∑
j=1

aij{(pi + qi)− (pj + qj)}
]

(4.26)

− κ(pi − ri)− κ(qi − vri ) + ari , i = 1, . . . , N

where βi = ηi ‖ri‖1 + ηi ‖vri ‖1 + ‖ari ‖1 + γ is a state based gain and ηi, γ and κ are positive

constants to be designed. The controllers are given by

ui = −ηisgn(xi − pi) + qi i = 1, . . . ,M − 1, (4.27)

for agents with single-integrator dynamics and

ui =− ηisgn[(xi − pi) + (vi − qi)]− ηi(xi − pi)

− ηi(vi − qi) + q̇i, i = M, . . . , N ′ − 1, (4.28)

for agents with double-integrator dynamics and

ui =Yi(xi, ẋi, pi, qi, q̇i)θ̂i − αsi i = N ′, . . . , N

si =µ(xi − pi) + (ẋi − qi), (4.29)

˙̂
θi =− Yi(xi, ẋi, pi, qi, q̇i)T si,

for agents with Euler-Lagrange dynamics, where α and µ are positive constants.

Theorem 52 Under the control law given by (4.26)-(4.29) for system defined in (4.1)-(4.3), the

distributed average tracking goal (4.5) is achieved asymptotically, provided that Assumptions 47

and 48 hold and the control gains are chosen such that ηi > κ > 1 and γ, α and µ are positive

constants.

100



Proof : Filter: Here, it is proved that, ∀i = 1, · · · , N , we have

lim
t→∞

pi =
1

N

N∑
j=1

rj

lim
t→∞

qi =
1

N

N∑
j=1

vrj . (4.30)

Let p = [pT1 , . . . , p
T
N ]T , and q = [qT1 , . . . , q

T
N ]T , denote the aggregated states of the

filters. Let M , IN − 1
N 1TN1N . Note that M has one simple zero eigenvalue with 1N as its right

eigenvector and has 1 as its other eigenvalue with the multiplicityN−1. Define the consensus error

vectors p̃ = (M ⊗ Ip)p and q̃ = (M ⊗ Ip)q. Then it is easy to see that p̃ = 0 (respectively, q̃ = 0)

if and only if pi = pj , ∀i, j ∈ I (qi = qj ,∀i, j ∈ I).

Now, the estimator dynamics (4.26) can be rewritten in vector form as

˙̃p =q̃,

˙̃q =− α(Mβ ⊗ Ip)sgn[(L⊗ Ip)(p̃+ q̃)]− κp̃

+ κ(M ⊗ Ip)r − κq̃ + κ(M ⊗ Ip)vr + (M ⊗ Ip)ar,

where r(t) = [rT1 , . . . , r
T
N ]T , vr(t) = [vr1

T , . . . , vrN
T ]T and ar(t) = [arT1 , . . . , a

rT
N ]T , are

respectively, the aggregated reference inputs, reference velocities and reference accelerations, and

β = diag(β1, . . . , βN ).

Consider the Lyapunov function candidate V1 = 1
2

[
p̃T q̃T

]
(L ⊗

2κ 1

1 1

 ⊗

Ip)

p̃
q̃

. Since (1N ⊗ Ip)
T p̃ = 0Np and (1N ⊗ Ip)

T q̃ = 0Np, by using Lemma 1, we have

V1 ≥

λ2(L)
2

[
p̃T q̃T

]
(

2κ 1

1 1

 ⊗ INp)

p̃
q̃

, where λ2(L) is defined in Lemma 1. Now, using the
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fact that

2κ 1

1 1

 > 0, for κ > 1
2 , it is easy to see that V1 is positive definite. The derivative of

V1 is given as

V̇1 =2κp̃T (L⊗ Ip)q̃ + q̃T (L⊗ Ip)q̃ − κp̃T (L⊗ Ip)p̃+ p̃T (L⊗ Ip)
(
κr + κvr + ar

)
− κp̃T (L⊗ Ip)q̃ − p̃T (Lβ ⊗ Ip)sgn[(L⊗ Ip)(p̃+ q̃)] + q̃T (L⊗ Ip)

(
κr + κvr + ar

)
− κq̃T (L⊗ Ip)p̃− κq̃T (L⊗ Ip)q̃ − q̃T (Lβ ⊗ Ip)sgn[(L⊗ Ip)(p̃+ q̃)]

=− κp̃T (L⊗ Ip)p̃− (κ− 1)q̃T (L⊗ Ip)q̃ + (p̃+ q̃)T (L⊗ Ip)
(
κr + κvr + ar

)
− (p̃+ q̃)T (Lβ ⊗ Ip)sgn[(L⊗ Ip)(p̃+ q̃)],

where we have used LM = L. Now using the triangular inequality, we have

V̇1 ≤− κp̃T (L⊗ Ip)p̃− (κ− 1)q̃T (L⊗ Ip)q̃ +
N∑
i=1

∥∥∥ N∑
j=1

aij

{
(p̃i + q̃i)− (p̃j + q̃j)

}∥∥∥
1
×

(κ‖ri‖1 + κ‖vri ‖1 + ‖ari ‖1)−
N∑
i=1

βi

∥∥∥ N∑
j=1

aij

{
(p̃i + q̃i)− (p̃j + q̃j)

}∥∥∥
1

=− κp̃T (L⊗ Ip)p̃− (κ− 1)q̃T (L⊗ Ip)q̃ +
N∑
i=1

(
(κ− ηi)‖ri‖1 + (κ− ηi)‖vri ‖1 − γ

)
×

∥∥∥ N∑
j=1

aij

{
(p̃i + q̃i)− (p̃j + q̃j)

}∥∥∥
1
,

where p̃i and q̃i are, respectively, the ith components of p̃ and q̃ and we have used the definition of

βi to obtain the last equality. Since ηi > κ, we will have

V̇1 ≤− κp̃T (L⊗ Ip)p̃− (κ− 1)q̃T (L⊗ Ip)q̃

≤− κλ2(L)p̃T p̃− (κ− 1)λ2(L)q̃T q̃ < 0,

where we have used Lemma 1, and κ > 1 in second inequality. Now, it is easy to see that p̃ and q̃
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are globally exponentially stable, which means

lim
t→∞

pi =
1

N

N∑
j=1

pj ,

lim
t→∞

qi =
1

N

N∑
j=1

qj . (4.31)

Now, using a procedure similar to proof of Theorem 50, the variables S1 =
∑N

i=1(pi − ri) and

S2 =
∑N

i=1(qi − vri ) are defined. By summing both sides of (4.26), for i = 1, ..., N we have

Ṡ1 =S2,

Ṡ2 =− κS1 − κS2 −
N∑
i=1

βisgn
[ N∑
j=1

aij

{
(pi + qi)− (pj + qj)

}]
. (4.32)

Then we can use input-to-state stability to analyze the system (4.32) by treating the term

N∑
i=1

βisgn
[ N∑
j=1

aij

{
(pi + qi) − (pj + qj)

}]
as the input and S1 and S2 as the states. Since κ > 1,

the matrix

 0p Ip

−κIp −κIp

 is Hurwitz. Thus, the system (4.32) with zero input is exponentially

stable and hence input-to-state stable and we have S1 → 0 and S2 → 0. Therefore, we have that

lim
t→∞

∑N
i=1 pi =

∑N
i=1 ri and lim

t→∞

∑N
i=1 qi =

∑N
i=1 v

r
i . Now, using (4.31), it is easy to see that the

estimation goal (4.30) is achieved.

Controller: Here, each agent tracks its own generated signal, its own estimator output,

where it is shown that by using the control inputs (4.27)-(4.29), we have lim
t→∞

xi = pi for i =

1, . . . , N .

Single-integrator: Using the control input (4.27) for (4.1), we obtain the closed-loop dy-

namics for agents with single-integrator dynamics as

˙̃xi = −ηisgn(x̃i), i = 1, . . . ,M − 1, (4.33)
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where x̃i = xi − pi. Consider the candidate Lyapunov function Vs = 1
2 x̃

T
i x̃i. By taking the

derivative of Vs, we have V̇s = −ηi ‖x̃i‖1. It is now easy to conclude that x̃i, for i = 1, . . . ,M − 1,

converges to zero.

Double-integrator: For agents with double-integrator dynamic the closed-loop system,

using the control input (4.28) for (4.2), can be written as

˙̃vi =− ηisgn(x̃i + ṽi)− ηix̃i − ηiṽi, i = M, . . . , N ′ − 1, (4.34)

where ṽi = vi−qi. Consider the candidate Lyapunov function Vd = 1
2

[
x̃Ti ṽTi

]2ηiIp Ip

Ip Ip



×

x̃i
ṽi

. Since ηi > 1
2 , Vd is positive definite. The derivative of Vd along system (4.34) is obtained

as

V̇d =2ηix̃
T
i ṽi + ṽTi ṽi − ηix̃Ti (x̃i + ṽi)− ηix̃Ti sgn(x̃i + ṽi)− ηiṽT (x̃i + ṽi)− ηṽTi sgn(x̃i + ṽi)

=− ηix̃Ti x̃i + (1− ηi)ṽTi ṽi − ηi‖x̃i + ṽi‖1.

Since ηi > 1, it is concluded that

x̃i
ṽi

 for i = M, . . . , N ′ − 1, asymptotically converges to zero.

Euler-Lagrange: It follows form (P3) and (4.29) that the closed-loop dynamics for agent

i = N ′, . . . , N, can be written as

Mi(xi)ṡi + C(xi, ẋi)si+Yi(xi, ẋi, pi, qi, q̇i)θi = Yi(xi, ẋi, pi, qi, q̇i)θ̂i − αsi.

Consider the candidate Lyapunov function Ve = 1
2s
T
i Misi + 1

2 θ̃
T
i θ̃i, where θ̃i = θ̂i − θi. By taking
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the derivative of Ve, we have

V̇e =
1

2
sTi Ṁisi + sTi Miṡi + θ̃Ti

˙̂
θi

=
1

2
sTi Ṁisi − sTi C(xi, ẋi)si + sTi Yi(xi, ẋi, pi, qi, q̇i)θ̃i − αsTi si − θ̃Ti Yi(xi, ẋi, pi, qi, q̇i)T si

=− αsTi si,

where (P2) is employed to obtain the last equality. Then we can get that si, θ̃i ∈ L∞. Also under

Assumption 48, it is easy to see that pi and qi are bounded. Therefore, using the boundedness of

si, we know xi and ẋi remain bounded. Furthermore, from (4.26), we know that q̇i is bounded. It

follows from (P3) that

Mi(xi)[µ(qi − ẋi) + q̇i] + Ci(xi, ẋi)[µ(pi − xi) + qi] + gi(xi) = Yi(xi, ẋi, pi, qi, q̇i)θi, (4.35)

where using the boundedness of its components, we can see that Yi(xi, ẋi, pi, qi, q̇i) is bounded for

i = N ′, . . . , N . Now, it follows form (4.35) that ṡi is bounded. This guarantees the boundedness of

V̈e. Thus by using Lyapunov-like lemma, we have si → 0 for i = N ′, . . . , N . Using an argument

similar to Lemma 5 in [11], it is obtained that lim
t→∞

xi = pi for i = N ′, . . . , N . Till now it is proved

that lim
t→∞

xi = pi for i = 1, . . . , N . Now, it follows from (4.30) that the goal (4.5) is achieved.

Remark 53 Note that the restriction in Theorem 52, Assumption 48, is placed by agents with Euler-

Lagrange dynamic.

Remark 54 Both algorithms introduced in (4.8)-(4.10) and (4.26)-(4.29) require that Assumptions

48 hold. In algorithm (4.8)-(4.10), the agents just need their own positions and the relative posi-

tions between themselves and their neighbors. In some applications, these pieces of information

can be obtained by sensing; hence the communication necessity might be eliminated. However, in
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algorithm (4.26)-(4.29) each agent must communicate two variables pi and qi with its neighbors,

which needs communication.

Remark 55 The restriction noted in Remark 53 is inevitable when we have an agent with Euler-

Lagrange dynamics among our agents. However, for a multi-agent system consisting of agents with

only single-integrator and double-integrator dynamics, Assumption 48 will be relaxed in algorithm

(4.26)-(4.29). As a result, there will be no restriction on admissible reference inputs. Note that in

this framework Assumptions 48 can not be relaxed for algorithm (4.8)-(4.10).

Assumption 56 The reference velocity vri (t),∀i ∈ I is bounded. It is assumed that ‖vri (t)‖ <

v̄r,∀i ∈ I, where v̄r is a positive constant.

Discussion

The algorithm (4.26)-(4.29) can be modified to relax the restriction on ri, ∀i = 1, · · · , N .

Using the modified version, Assumption 48 will be relaxed and we have Assumption 56 instead. By

defining si = ẋi − qi in (4.29) and using a procedure similar to proof of Theorem 52, we can easily

show that si → 0,∀i = 1, · · · , N asymptotically. This means that ẋi → qi asymptotically and we

have

lim
t→∞
||ẋi −

1

N

N∑
j=1

vrj (t)|| =0. (4.36)

However, the trade-off is that using this modified version, we can only show that xi − pi remains

bounded and we can not prove that xi → pi; hence the goal (4.5) is not achieved. There are

applications such as distributed optimization, where by achieving goal (4.36), agents are able to

find the optimal point of the team’s cost function. In next subsection, it is shown how distributed

average tracking can be employed to solve the distributed optimization problem.
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4.1.3 The Application of The Distributed Average Tracking in Distributed Optimiza-

tion

We are interested in a distributed convex optimization problem for heterogeneous multi-

agent system. Consider a heterogeneous multi-agent system consisting of N physical agents. The

agents’ are described by single-integrator (4.1) and double-integrator dynamics (4.2). A local cost

function fi : Rm → R is assigned to agent i which is known to only agent i. The team cost function

f : Rm → R is denoted by f(x) ,
∑N

i=1 fi(x). Our objective is that x(t) converges to x∗, the

minimizer of the function f(x), using only local information and local interaction with neighbors.

Assume that using distributed average tracking algorithms proposed in previous subsections, goals

(4.36) is achieved. Defining vri = −∇fi(xi), we have

ẋi →
1

N

N∑
j=1

−∇fj(xj),

which can be written as

ẋi =
1

N

N∑
j=1

−∇fj(xj) + ζi, (4.37)

where ζi → 0. Define X = 1
N

∑N
j=1 xj and ηi = xi − X , where ηi → 0. Now, we can rewrite

(4.37) as

Ẋ = − 1

N

N∑
j=1

[
∇fj(X + ηj) + ζj

]
, (4.38)

Assumption 57 Function f(x) ,
∑N

i=1 fi(x) is strongly convex, where we have (∇f(x)−∇f(y))T (x−

y) ≥ m ‖x− y‖22.
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Under Assumption 57, there exists a unique optimal X∗ for function f(x). In the remaining, we

will show that X → X∗. Define the Lyapanuv candidate W = (X − X∗)T (X − X∗). The time

derivative of W along system (4.38) is obtained as

Ẇ =− 1

N
(X −X∗)T

( N∑
j=1

[
∇fj(X + ηj) + ζj

])
=− 1

N
(X −X∗)T

( N∑
j=1

∇fj(X + ηj) +
N∑
j=1

∇fj(X) +
N∑
j=1

∇fj(X∗)−
N∑
j=1

∇fj(X) +
N∑
j=1

ζj
)

≤ 1

N
‖X −X∗‖

∥∥∥∥∥∥
N∑
j=1

∇fj(X + ηj) +
N∑
j=1

∇fj(X)

∥∥∥∥∥∥
− 1

N
(X −X∗)T

( N∑
j=1

∇fj(X + ηj) +

N∑
j=1

∇fj(X) +

N∑
j=1

∇fj(X∗)−
N∑
j=1

∇fj(X) +

N∑
j=1

ζj
)
,

where in the second equality
∑N

j=1∇fj(X) −
∑N

j=1∇fj(X) = 0 is added, and we also used the

fact that
∑N

j=1∇fj(X∗) = 0.

Assumption 58 The gradient of the local cost function,∇fi(xi), is lipschitz for ∀i ∈ I.

Under Assumption 58, we have ‖∇fi(x)−∇fi(y)‖ ≤ ρi‖x− y‖. Therefore, 1
N ‖X −X

∗‖∥∥∥∑N
j=1∇fj(X + ηj) +

∑N
j=1∇fj(X)

∥∥∥ ≤ 1
N ‖X −X

∗‖
(∑N

j=1 ρj ‖ηj‖
)
. Also under Assump-

tion 57, we have − 1
N (X −X∗)T

(∑N
j=1∇fj(X∗)−

∑N
j=1∇fj(X)

)
≤ m

N ‖X −X
∗‖2, where m

is the strongly convex coefficient of the function f(x) defined in Assumption 57. Therefore we have

Ẇ ≤ 1

N
‖X −X∗‖

( N∑
j=1

ρj ‖ηj‖+ ‖ζj‖
)
− 1

N
m ‖X −X∗‖2 ,

where ‖ηj‖ → 0 and ‖ζj‖ → 0, ∀j ∈ I. We can conclude that X −X∗ → 0.
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4.2 Simulation and Discussion

In this section, we present a simulation to illustrate the theoretical result in Subsection

4.1.1. Consider a team of six agents. The interaction among the agents is described by an undirected

graph shown in Fig. 4.1, where agents are colored based on their dynamics. Agents with single-

integrator, double-integrator, and Euler-Lagrange dynamics are, respectively, colored red, blue and

green.

The agents’ goal is to track the average of their reference inputs. The reference input for

agent i is defined as ri(t) =

3isin( π25 t)

4icos( π50 t)

. The reference input and its velocity is bounded and

Assumption 48 is satisfied. The dynamic for agents with single-integrator and double-integrator

dynamics is defined as (4.1) and (4.2). The dynamic equation for each Euler-Lagrange agent is

modeled by miẍi + ciẋi = ui, i = 5, 6, where xi(t) is the coordinate of agent i in 2D plane [10].

The parameters mi and ci represent, respectively, the mass and damping constants of the agent i,

which are assumed to be constant but unknown. We let m1 = 1, c1 = 0.5,m2 = 1.5, and c2 = 0.6.

In our example, we apply the algorithm (4.8)-(4.10), where the controllers’ parameters

are selected as βi = 25,∀i ∈ I, and α = 15. The initial positions of the agents are selected as

[8 0]T , [9 3]T , [10 6]T , [11 9]T , [12 12]T , and [13 15]T and their initial velocities are selected as

zero. Fig. 4.2 shows that the distributed average tracking is achieved and agents track the average

of the reference inputs.
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Figure 4.1: Undirected graph
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Figure 4.2: Trajectories of all agents along with the average of the reference inputs using the algo-

rithm (4.8)-(4.10).
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Chapter 5

Conclusions

In this dissertation, two optimization problems were investigated, where two different

methods of game theory and convex optimization were employed to find optimal solutions for multi-

agent systems’ behaviors. Here, we addressed the following subjects which are listed in the order

of appearance

1. Distributed Coverage Control of Mobile Sensor Networks in Unknown Environment Using

Game Theory,

2. Distributed Continuous-Time Convex Optimization for Time-Varying Cost Functions.

To solve the first issue, we have discussed the sensor coverage problem using a MSN,

where the mobile sensor agents’ task is to reposition themselves from their random initial locations

to their optimal configuration. We modelled the optimization problem as a non-cooperative game,

where each agent as a selfish, logical, decision maker chooses its action to increase its own utility

function. A utility function has been proposed based on the marginal contribution of each agent on

sensing the area while considering the energy consumption of the MSN. Using the defined utility
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function, a game has been introduced and it has been proved that the game is a state-based potential

game. In order to converge to the Nash equilibrium, each agent applied binary log-linear learning to

update its own action at each iteration. Taking into account the fact that an agent needs the knowl-

edge about the worth of its action set to use this learning algorithm, an estimation scheme has been

introduced to predict the worth of the uncovered regions using the agents’ previous observations.

The GMM has been used to model the wroth of the area. The ML method has been employed to es-

timate the unknown parameters of the GMM, where the utility functions of future actions have been

calculated using estimated parameters. In the last part of chapter 2, the mutual information term has

been added to the agent’s utility function in order to find an action which creates more informative

observations. The simulation and experimental results illustrated that the algorithm could find the

proper configuration for mobile sensors. The experimental videos can be found at Without Mutual

Information and With Mutual Information.

In the second part of the dissertation, a time-varying distributed convex optimization prob-

lem was studied for continuous-time multi-agent systems, where the objective was to minimize the

sum of the local time-varying cost functions. Each local cost function was only known to an indi-

vidual agent. Control algorithms have been designed for the cases of single-integrator and double-

integrator dynamics. In both cases, as a first step, a centralized approach has been introduced to

solve the optimization problem for convex time-varying cost functions. Then this problem has

been solved in a distributed manner and a discontinuous algorithm with adaption gains has been

proposed, where it was possible to rely on only local sensing. To relax the restricted assumption

imposed on the feasible cost functions, an estimator based algorithm has been proposed where the

agents used dynamic average tracking as a tool to estimate the centralized control input. However,
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the necessity of communication between neighbors was the drawback of the estimator based algo-

rithm. Then in the case of double-integrator dynamics, we have focused on extending our proposed

algorithms to improve them for real applications. Two continuous algorithms have been proposed

which employed continuous approximations of the signum function. The first continuous algorithm

used a time-varying approximation of the signum function, where we have shown that the team cost

function was minimized and the agents reach consensus. In the second continuous algorithm, a

time-invariant approximation of the signum function has been used which was easier to implement.

The trade-off was that there exists a bounded error between the agents and the optimal trajectory.

To add the inter-agent collision avoidance capability into our algorithms, two distributed convex

optimization algorithms with swarm tracking behavior have been proposed for single-integrator and

double-integrator dynamics.

In the last part of the dissertation, a distributed average tracking was studied for a group

of heterogeneous physical agents. The multi-agent system was consisted of the agents with single-

integrator, double-integrator and Euler-Lagrange dynamics. Two nonsmooth algorithms were pro-

posed to achieve the distributed average tracking goal. In our first proposed algorithm, each agent

required to have access to only its own position and the relative positions between itself and its

neighbors, where it was possible to rely on only local sensing. To relax some restrictive assumptions

on admissible reference inputs, we proposed the second algorithm, where a filter was introduced for

each agent to generate an estimation of the average reference inputs. Then, each agent tracked its

own generated signal. Finally, it was shown that how the proposed algorithms can be employed to

solve the distributed optimization problem for a heterogeneous framework.
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.1 Appendix

In this appendix an explanation is given on how Assumptions 17 and 26 can be, respec-

tively, satisfied in Theorem 18 and 27. We focus on the more involved case in Theorem 27 while a

similar argument holds in the case in Theorem 18. Here we show that Assumption 26 holds if the

cost functions with identical Hessians satisfy certain conditions, referred as Condition (?) for con-

venience, such that the boundedness of ‖xi(t)− xj(t)‖ and ‖vi(t)− vj(t)‖ for all t guarantees the

boundedness of ‖∇fj(xj , t)−∇fi(xi, t)‖,
∥∥∥d∇fj(xj ,t)dt − d∇fi(xi,t)

dt

∥∥∥ and
∥∥∥∂2∇fj(xj ,t)∂t2

− ∂2∇fi(xi,t)
∂t2

∥∥∥
for all t. As a result, if Condition (?) is satisfied, then Assumption 4.2 holds.

In particular, we will show that under Condition (?), there always exists a finite φ̄ which

can be determined at time t = 0. With φ̄ determined, using the algorithm (3.29), ‖xi(t)−xj(t)‖ and

‖vi(t)− vj(t)‖,∀t, and ∀i, j ∈ I will remain bounded for all time, which implies that Assumption

26 holds. We show the argument in four steps.

1. With identical Hessians, Assumption 26 holds if ‖∇fj(xj , t)−∇fi(xi, t)‖,∥∥∥d∇fj(xj ,t)dt − d∇fi(xi,t)
dt

∥∥∥ and
∥∥∥∂2∇fj(xj ,t)∂t2

− ∂2∇fi(xi,t)
∂t2

∥∥∥ , ∀t and ∀i, j ∈ I are bounded. As-

sume that the boundedness of ‖xi(t)− xj(t)‖ and ‖vi(t)− vj(t)‖ for all t guarantees the

boundedness of ‖∇fj(xj , t)−∇fi(xi, t)‖,
∥∥∥d∇fj(xj ,t)dt − d∇fi(xi,t)

dt

∥∥∥ and
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∥∥∥∂2∇fj(xj ,t)∂t2
− ∂2∇fi(xi,t)

∂t2

∥∥∥ , ∀t and ∀i, j ∈ I. This is ensured by Condition (?).

Denote the upper bounds on ‖xi(t)− xj(t)‖ and ‖vi(t)− vj(t)‖ ,∀t and ∀i, j ∈ I as, re-

spectively, βx and βv. It is easy to see that if there exist constant βx and βv, there exists a

constant φ̄, which in turn guarantees the existence of bounded β̄ where β̄ > (N−1)φ̄
2 .

2. Our proof will be completed if we can show that there exist constant βx and βv. In the

remaining, we will show that not only there exist constant βx and βv, but also it is sufficient

to determine these constants using the agents’ initial states. Two conservative βx and βv are

selected using the initial states as

βx =2

√
mλmax[P ]

Nλmin[P ]

(
max
i

∥∥∥∥∥∥
N∑
j=1

(xi(0)− xj(0))

∥∥∥∥∥∥
∞

+ max
i

∥∥∥∥∥∥
N∑
j=1

(vi(0)− vj(0))

∥∥∥∥∥∥
∞

)
+ γ

βv =2

√
mλmax[P ]

Nλmin[P ]

(
max
i

∥∥∥∥∥∥
N∑
j=1

(xi(0)− xj(0))

∥∥∥∥∥∥
∞

+ max
i

∥∥∥∥∥∥
N∑
j=1

(vi(0)− vj(0))

∥∥∥∥∥∥
∞

)
+ γ,

(.1)

where γ is a positive constant, λmin[P ] > 0, and λmax[P ] > 0, respectively, are the smallest

and largest eigenvalues of P defined in (3.34). Now, we will show that ‖xi(t)− xj(t)‖ ≤

βx, ‖vi(t)− vj(t)‖ ≤ βv, ∀i, j ∈ I and ∀t.

3. We know that for W defined in (3.34), and for β̄ selected based on the introduced constants

βx and βv, we have Ẇ|t=0 < 0. We will use a contradiction approach to show that such β̄

ensures Ẇ ≤ 0 for all t. Assume that there exists a time t = tε at which Ẇ becomes positive,

i.e, Ẇ|t=tε > 0. By recalling the selected conservative β̄, this is only possible if one or more

of the constants βx, and βv do not exist. This means that there exist two agents k and l such

that ‖xk(tε)− xl(tε)‖ > βx or ‖vk(tε)− vl(tε)‖ > βv.

Let us first suppose that ‖xk(tε)− xl(tε)‖ > βx. Note that that Ẇ (t) ≤ 0, ∀t ∈ [0, tε),

which means that W (t) ≤W (0), ∀t ∈ [0, tε). Using (3.34), it is easy to see that ∀ t ∈ [0, tε)
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we have
√

λmax[P ]
λmin[P ]

∥∥∥∥∥∥∥∥
 eX(0)

eV (0)


∥∥∥∥∥∥∥∥

2

≥

∥∥∥∥∥∥∥∥
 eX(t)

eV (t)


∥∥∥∥∥∥∥∥

2

. Now, using the graph connectivity

and the properties of the norms, it is easy to show that

βx − γ = 2

√
mλmax[P ]

Nλmin[P ]

(
max
i

∥∥∥∥∥∥
∑
j=1

(xi(0)− xj(0))

∥∥∥∥∥∥
∞

+ max
i

∥∥∥∥∥∥
∑
j=1

(vi(0)− vj(0))

∥∥∥∥∥∥
∞

)

= 2

√
Nmλmax[P ]

λmin[P ]
(‖eX(0)‖∞ + ‖eV (0)‖∞) ≥ 2

√
Nmλmax[P ]

λmin[P ]

∥∥∥∥∥∥∥∥
 eX(0)

eV (0)


∥∥∥∥∥∥∥∥
∞

≥ 2

√
λmax[P ]

λmin[P ]

∥∥∥∥∥∥∥∥
 eX(0)

eV (0)


∥∥∥∥∥∥∥∥
2

≥ 2

∥∥∥∥∥∥∥∥
 eX(t)

eV (t)


∥∥∥∥∥∥∥∥
2

≥ 2 ‖eX(t)‖2 ≥ 2 max
i

∥∥∥∥∥∥xi(t)− 1

N

∑
j=1

xj(t)

∥∥∥∥∥∥
∞

≥ ‖xk(t)− xl(t)‖ ,∀k, l ∈ I, and ∀ t ∈ [0, tε).

Now, under the assumption of ‖xk(tε)− xl(tε)‖ > βx and using the selected βx in (.1), we

have ‖xk(tε)− xl(tε)‖−limt→t−ε ‖xk(t)− xl(t)‖ > γ. However, limt→t−ε ‖xk(t)− xl(t)‖ 6=

‖xk(tε)− xl(tε)‖, contradicts with the continuity of the agents’ positions which is mentioned

in Remark 15. Therefore, we have ‖xi(t)− xj(t)‖ ≤ βx, ∀i, j ∈ I and ∀t. The same ar-

gument can be made for showing ‖vi(t)− vj(t)‖ ≤ βv, ∀i, j ∈ I and ∀t, which is omitted

here. We thus conclude that there exists no time t = tε, where Ẇ|t=tε > 0 and it completes

the proof.

For example, to satisfy Assumption 26 for the local cost function fi(xi, t) = (axi+gi(t))
2

defined in Remark 20, it is only required to satisfy Condition (?). It is easy to see that Condition

(?) boils down to the boundedness of ‖gi(t)− gj(t)‖ , ‖ġi(t)− ġj(t)‖, and ‖g̈i(t)− g̈j(t)‖ ,∀t and

∀i, j ∈ I. Hence the boundedness of ‖gi(t)− gj(t)‖ , ‖ġi(t)− ġj(t)‖ , and ‖g̈i(t)− g̈j(t)‖ ,∀t and

∀i, j ∈ I is sufficient to ensure that Assumption 26 holds.
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A similar argument can be done for satisfying Assumption 17 in Theorem 18. Here for

cost functions with identical Hessians, Condition (?) is such that the boundedness of ‖xi(t)− xj(t)‖

for all t guarantees the boundedness of ‖∇fj(xj , t)−∇fi(xi, t)‖ and
∥∥∥∂∇fj(xj ,t)∂t − ∂∇fi(xi,t)

∂t

∥∥∥
∀i, j ∈ I for all t. As it is mentioned in Remark 20, for the local cost function fi(xi, t) = (axi +

gi(t))
2, Condition (?) boils down to the boundedness of ‖gi(t)− gj(t)‖ and ‖ġi(t)− ġj(t)‖ ,∀t and

∀i, j ∈ I. Hence the boundlessness of ‖gi(t)− gj(t)‖ and ‖ġi(t)− ġj(t)‖ is sufficient to ensure

that Assumption 17 holds.

.2 Appendix

In this appendix, we clarify how the boundedness of φi, ∀i ∈ I, ∀t, in Theorem 42, can

be satisfied. In particular, we show that for bounded ‖gi(t)‖ and ‖ġi(t)‖ , ∀t and ∀i ∈ I, there exists

a constant β such that β ≥ ‖φi‖1 , ∀i ∈ I,∀t. The constant β can be determined, at time t = 0,

using the agents’ initial states and the upper bounds on ‖gi(t)‖ and ‖ġi(t)‖ , ∀t and ∀i ∈ I.

Denote the upper bounds on ‖xi(t)‖ , ‖gi(t)‖ and ‖ġi(t)‖ ,∀t and ∀i ∈ I as, respectively,

βx, ḡ and ¯̇g. It is easy to see that if there exist constant βx, ḡ and ¯̇g, there exists a constant β, where

β ≥ ‖φi‖1 , ∀i ∈ I, and ∀t. We show the argument in three steps.

1. It is assumed that ‖gi(t)‖ and ‖ġi(t)‖ , ∀t and ∀i ∈ I are bounded. Hence, our proof will be

completed if we can show that there exists a constant βx. In the remaining, we will show that

not only there exists a constant βx, but also it is sufficient to determine this constant using the

agents’ initial states. Define βx as

βx =
1

N

∥∥∥∥∥
N∑
i=1

xi(0)

∥∥∥∥∥+
2

σ
ḡ + (N − 1)R+ γ, (.2)

where γ is a positive constant and R is defined in Definition 41.
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We know that for W defined in (3.64), and for β selected based on the introduced constants

βx, ḡ and ¯̇g, we have Ẇ|t=0 < 0. We will use a contradiction approach to show that such β

ensures Ẇ ≤ 0 for all t. Assume that there exists a time t = tε at which Ẇ becomes positive,

i.e, Ẇ|t=tε > 0. By recalling the selected conservative β, this is only possible if there exists

an agent i such that ‖xi(tε)‖ > βx.

Note that that Ẇ (t) ≤ 0, ∀t ∈ [0, tε),which means that Vij(t) is bounded, ∀t ∈ [0, tε), which

in turn implies that the agents remain connected. Hence, it is easy to see that ∀ t ∈ [0, tε) we

have

‖xi(t)− xj(t)‖ < (N − 1)R. (.3)

2. Using W defined in (3.14) and similar to Theorem 18, we have Ẇ (t) < 0 (no matter consen-

sus is reached or not), which in turn implies that
∥∥∥∑N

j=1∇fj(xj)
∥∥∥ is decreasing. Now, for

∇fi(xi, t) = σxi + gi(t), defined in Theorem 42, and using the properties of the norms, it is

easy to show that

σ

∥∥∥∥∥
N∑
i=1

xi(t)

∥∥∥∥∥−
∥∥∥∥∥
N∑
i=1

gi(t)

∥∥∥∥∥ ≤
∥∥∥∥∥
N∑
i=1

∇fi(xi(t), t)

∥∥∥∥∥
≤

∥∥∥∥∥
N∑
i=1

∇fi(xi(0), 0)

∥∥∥∥∥ ≤ σ
∥∥∥∥∥
N∑
i=1

xi(0)

∥∥∥∥∥+

∥∥∥∥∥
N∑
i=1

gi(0)

∥∥∥∥∥ .
Using the upper bound ḡ, we have∥∥∥∥∥

N∑
i=1

xi(t)

∥∥∥∥∥ ≤
∥∥∥∥∥
N∑
i=1

xi(0)

∥∥∥∥∥+
2N

σ
ḡ, (.4)

for all t.

3. Now, using (.3) and (.4), it is easy to see that

‖xi(t)‖ ≤
1

N

∥∥∥∥∥
N∑
i=1

xi(0)

∥∥∥∥∥+
2

σ
ḡ + (N − 1)R, (.5)
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∀i ∈ I, and ∀t ∈ [0, tε). Now, under the assumption of ‖xi(tε)‖ > βx and using the selected

βx in (.2), we have ‖xi(tε)‖ − limt→t−ε ‖xi(t)‖ > γ. However, ‖xi(tε)‖ 6= limt→t−ε ‖xi(t)‖,

contradicts with the continuity of the agents’ positions which is mentioned in Remark 15.

Therefore, we have ‖xi(t)‖ ≤ βx, ∀i ∈ I and ∀t. We thus conclude that there exists no time

t = tε, where Ẇ|t=tε > 0 and it completes the proof.
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