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Abstract

Near a charged surface, counterions of different valences and sizes cluster; and their concentration
profiles stratify. At a distance from such a surface larger than the Debye length, the electric field is
screened by counterions. Recent studies by a variational mean-field approach that includes ionic
size effects and by Monte Carlo simulations both suggest that the counterion stratification is
determined by the ionic valence-to-volume ratios. Central in the mean-field approach is a free-
energy functional of ionic concentrations in which the ionic size effects are included through the
entropic effect of solvent molecules. The corresponding equilibrium conditions define the
generalized Boltzmann distributions relating the ionic concentrations to the electrostatic potential.
This paper presents a detailed analysis and numerical calculations of such a free-energy functional
to understand the dependence of the ionic charge density on the electrostatic potential through the
generalized Boltzmann distributions, the role of ionic valence-to-volume ratios in the counterion
stratification, and the modification of Debye length due to the effect of ionic sizes.

1 Introduction

Electrostatic interactions between macromolecules and mobile ions in an aqueous solvent
generate strong, long-ranged forces that play a key role in biological processes. In such
interactions, ionic sizes or excluded volumes can affect many of the detailed chemical and
physical properties of an underlying biological system. For instance, differences in ionic
sizes can affect how mabile ions bind to nucleic acids [3,4,32]. The size of monovalent
cations can influence the stability of RNA tertiary structures [21]. The ionic size effect is
more profound in the ion channel selectivity, see, e.g., [16, 24]. Detailed Monte Carlo
simulations and integral equations calculations also confirm some of these experimentally
observed properties due to the non-uniformity of ionic sizes [17, 28, 34, and 36].

The classical Poisson-Boltzmann (PB) equation (PBE) is perhaps the most widely used and
efficient model of the electrostatics in ionic solutions, particularly in biomolecular systems
[2, 10, 12, 14, 27, 30]. Despite of its many successful applications, this mean-field theory is
known to fail in capturing the ionic size effects and ion-ion correlations [15, 17, 28, 35, and
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36]. Numerical calculations based on the classical PBE often predict unphysically high
concentrations of counterions near a charged surface [5, 38].

Recently, there has been a growing interest in studying the ionic size e ffects within the PB-
like mean-field framework [5-7,9,11,18-20,22,23,25,26,31,33,38]. One of the main
approaches is to include the additional entropic effect of solvent molecules in the free-
energy functional of all local ionic concentrations, ¢1= ¢1(X),..., = cm(X) (M being the
total number of ionic species), similar to that in the classical PB model. Given the volume
of an ion of the ith species (1 < i < M) and the volume 1y of a solvent molecule, one can
define the local solvent concentration cg = cg(X) by

M
Co(I):’UO—I |:1 — Z’Ulcl(l‘):| - (1Y)
=1
The size-modified electrostatic free-energy functional is then given by [5, 20, 22, and 26]

M M
F [cl’ s ’C]\J] :f |:%p¢+ﬂ1_oci [ln ('Uz'ci) - 1] - Z:Illicz‘:| av. 1.2)

M
Here, PZZizlqui is the ionic charge density, where g;= zje, and z; is the valence of an ion
of the ithe species and e is the elementary charge, #=(kgT)~ with kg the Boltzmann
constant and T the temperature, and z; is the chemical potential of an ion of the ith species.
The electrostatic potential ¢ is determined by Poisson's equation =V - eV = p, together
with some boundary conditions, where ¢ is the dielectric coefficient.

One easily verifies that the equilibrium conditions &ciF =0 (i = 1,..., M) are given by

V; .
U—Oln (voco) — In (vic;)=6 (g — wi), i=1,..., M, (13

where yis the electrostatic potential corresponding to the equilibrium ionic concentrations
C1,..., - It is shown in [22] that this system of nonlinear algebraic equations has a unique
solution ¢;= Bj(»)(i= 1,...,M), defining the generalized Boltzmann distributions. If 1= 1=
- = vy, then these distributions are [22,23]

C;?Oe—ﬁlh‘l/f
c;i= v i=1,...,M,
’ 1+Z§\ilvjc]°-°(e_ﬂqf¢fl)’ R
where
—1_8u;
Y © —1,..., M.

[ T S— s
(3 1_'_2?;1 eﬁﬂj

Note that, for each i, ¢° is the value of ¢c; when = 0. In general, if vy, v1,..., vy are not all
the same, then explicit formulas for c¢;= Bj(¢)(i=1,...,M) seem unavailable.

Nonlinearity. Author manuscript; available in PMC 2014 January 23.
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In studying the ionic size effects in biomolecular reactions, Lu and Zhou [26] minimized the
free-energy functional (1.2)) by solving for a steady-state solution of a size-modified
Poisson—Nernst—Planck system of partial differential equations. In [38], Zhou et al.
developed a constrained optimization method for numerically minimizing the functional
(1.2) with Poisson's equation as a constraint. They found the remarkable stratification of
ionic concentrations near a highly charged surface. Moreover, they found that the ionic
valence-to-volume ratio is an important parameter that determines the stratification.
Specifically, the counterion with the largest valence-to-volume ratio has the highest ionic
concentration near the surface, the counterion with the second largest such ratio has also the
second highest ionic concentration, and so on. Subsequently, Wen et al.[37] performed
Monte Carlo simulations that confirm such a phenomenon.

In this work, we further study the size-modified, mean-field free-energy functional (1.2). We
begin with a description of two different forms of the electrostatic free-energy functional,
one with and the other without the constraint of total number of ions for each ionic species.
We show the equivalence of these two forms; cf. Theorem 2.2. We also derive the
conditions for the equilibrium concentrations; cf. (1.3).

We then focus on the equilibrium conditions (1.3) to analyze the generalized Boltzmann
distributions. In particular, we characterize the behavior of the equilibrium ionic charge

M
density PFZizl%Ci as a function of 1. Our main results of analysis are as follows:

1. The concentration of ions with the largest and that with smallest valence-to-volume
ratios monotonically decreases and monotonically increases, respectively, with
respect to the electrostatic potential ¢. As w — —oo (or oo), the concentration of
ions with the largest (or smallest) valence-to-volume ratio approaches to the inverse
of its corresponding volume, while all other concentrations approach zero.

2. The total ionic charge density pi= pi(%) is @ monotonic function of the potential .
If all ions are cations (i.e., all z;> 0), then this density is always positive, pj(oc) =0,
and pj(-oo) exists and is finite. If all ions are anions (i.e., all zj< 0), then this density
is always negative, pj(—oo) = 0, and g(oo) exists and is finite. If both cations and
anions exist, then both gj(—o0) and pgj(oo) exist and are finite, and the density
reaches zero at a unique value of the potential . All these are summarized in
Figure 2 in Subsection 3.2.

3. Asize-modified Debye length, kE), is derived with a weak potential limit. A
formula of of A p is given in (3.23) in Subsection 3.3.

Note that ionizable groups of biomolecules can dissociate in aqueous solution to produce
anions or cations. So, studying an ionic system with only cations or only anions is of
interest. In general, such a system can serve a model approximation system, as near a
charged surface the concentration of coions is usually very low.

We finally consider a charged spherical molecule of radius Rq in an ionic solution that
occupies a region defined by {Rg< |X| < R} for some R, > Rg, and study the PBE, both
classical and size-modified. In the case R, is finite, the detailed properties of the
equilibrium electrostatic potential are described through two parameters: one is the
prescribed surface charge density o at the boundary |x| = Ry and the other is an effective
surface charge density o, at the boundary |X| = R ... This effective density is set by the total
charge neutrality. When oo,< 0 the potential wis monotonic. Otherwise, it decreases then
increases, or it increases then decreases. These are summarized in Theorem 4.2 and
illustrated in Figure 3 in Section 4. With the same setting of a charged spherical molecule,
we numerically minimize the functional (1.2) and confirm our analysis; cf. Figure 4 in

Nonlinearity. Author manuscript; available in PMC 2014 January 23.
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Section 5. If R,,= o0, then only in the case that both cations and anions exist and they
neutralize in the bulk does the PBE (classical or size-modified) permit a unique solution, the
electrostatic potential, that is radially symmetric and monotonic, and vanishes at infinity. We
remark that considering a finite R, is of certain interest as it is known that the effect of
finite size of charged system can be significant, cf. e.g., [29], and as it is practically useful in
numerical computations.

The rest of this paper is organized as follows: In Section 2, we describe the electrostatic
free-energy functionals and derive the conditions of equilibrium concentrations. In Section
3, we present an analysis on the equilibrium conditions and on the stratification of
counterions of multiple valences and sizes near a charged surface. In Section 4, we study a
charged spherical molecule immersed in an ionic solution. In Section 5, we report numerical
calculations to confirm our analysis. Finally, in Section 6, we draw conclusions.

2 The Free-Energy Functional and Equilibrium Conditions

We consider an ionic solution with M (M = 1) ionic species, occupying a region € that is a
bounded, open, and connected subset of R3 with a smooth boundary I # . The boundary I’
is divided into two disjoint and smooth parts I'p and I'y (with D for Dirichlet and N for
Neumann). We assume that a surface charge density is given on 'y and the electrostatic
potential is specified on I'p. Our set up covers the case that I'y = @ and T'p = T" and that T'p
=@ and I'y =T. It also covers the important case of biomolecular solvation with an implicit
solvent: The region 2 is the solvent region and the part of the boundary I'y is the solute-
solvent interface; cf. Figure 1. The surface charge density on T'y effectively replaces the
density of partial charges carried by solute atoms.

For eachi (1 <i< M), we denote by c;= cj(x) the local ionic concentration of the ith ionic

M
species at position xef2. As before, PZZizl%Ci is the ionic charge density. We also denote
by v; (1 < i< M) the volume of an ion of the ith species and by vy the volume of a solvent
molecule. The local concentration of the solvent, cg = cg(x), is then defined by (1.1). For
convenience we denote ¢ =(cq,..., Cy). We consider minimizing the mean-field electrostatic
free-energy functional

1 1 M M
Fc] ZfQ§P¢ dV+fFN Efﬂﬁ dS+87"Y [qei [In(vie;) — 1) dV= [quic; AV, (@.1)
i=0 i=1

V.eVy= —p inQ,
with =10 onl'y, (22

Eg—i}:g onT.
Here, the first two terms in (2.1) describe the electrostatic potential energy. The electrostatic
potential i is the unique solution of the boundary-value problem of Poisson's equation (2.2),
where £= gX)(x € Q) is the dielectric coefficient assumed to be Lebesgue measurable and
bounded above and below by positive constants, and n denotes the unit exterior normal at
the boundary T'. Both y, : I'p — R and o: I'y — R are given bounded and smooth
functions, representing the electrostatic potential at I'p and the surface charge density at 'y,
respectively. The third term in (2.1) has the form —TS with S being the entropy. The given
parameters (i = 1,..., M) in the last term in (2.1) are the chemical potentials of the ions.

We define gp: Q= Rand yy: Q2 — R by

Nonlinearity. Author manuscript; available in PMC 2014 January 23.
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V-eVy,=0 inQ, V-eVipy=0 inQ,
Yp=Veo onl'y, and Py=0 onT',,
e%””gzo onI', sag}n =0 onl',

respectively. For a given function f : © — R that is in the Sobolev space H™1(Q)[1,13], let us
denote by Lf :Q2 — R the unique weak solution to the following boundary-value problem of
Poisson's equation

V-eV(Lf)= — f inQ,
Lf=0 onl',,

sa(LJ):O onl'.

(The uniqueness is guaranteed if I'p has a nonzero surface measure.) Notice that L is a linear
and self-adjoint operator from the space H=1() to that consisting of H1(2)-functions
vanishing on I'p. With these the solution 1 to the boundary-value problem (2.2) can be
decomposed as

Y=+, +by, (23)

—7 M
where V= (ZizlquZ) "By integration by parts, we have

[ opdS = [. % ds=[re2nids
[V - eVipy dV+[ eV - vlé)v? AV=[ eV - Vi, dV
Ja (—V : EVQZ) Yy dV=[¢q <Z%Ci> Py dV.

=1

Therefore the free-energy functional F[c] can now be rewritten as

(M M
Fld :195 (Z%Q‘) L (qucj> av
i=1 j=1

+i2M;fsz {%‘ (%wD—HpN) _“i] ¢ dV
+ﬁ_1§fgci [n(vie;) — 1] dV

=0

1
+er 50 WN +’L/)D) ds.

By formal and routine calculations using the decomposition (2.3) and the fact that L is self-
adjoint, we obtain the first variations [8,22,23,and 26]

Nonlinearity. Author manuscript; available in PMC 2014 January 23.
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1 i .
0, Flcl=ai (qp — 5%) — 4671 {ln(vicl-) — Z—Oln (voco)| s i=1,...,M, (24

M
where wis determined by (2.2) with P=Zi:1q1zcz‘. The equilibrium conditions &;F[c] =0
(i=1,...,M) are then given by

i 1 .
:—Oln(voco) — In(v;c;)=p [qi (z/J - 51%) - ,ui:| , i=1,...,M. (@5)

The following result can be proved by the argument used in [22]:

Theorem 2.1
1. The functional F[c] is convex. Moreover, it has a unique minimizer in the set of all
M
concentrations c,...,cy such that ¢; =0 (i = 1,..., M) and Ziilvici <linq.

2. Thereexist 4, 6 € R with 0 < 01 <0, < 1 that bound uniformly from below and
above, respectively, the free-energy minimizing ionic concentrations and the
corresponding concentration of solvent molecules.

3. The minimizer is characterized by the equilibrium conditions (2.5).

We now consider a different formulation: minimize the electrostatic free-energy functional

M
Fld= fﬂépl/) v+, ém/) dS+87"> " [qei [In(vic) — 1 AV, (26)
=0

V-eViypy= —p inQ,
with V=10 onT'y, (27
s%ﬁ:o onl',

subject tofqc; dV=N;, i=1,...,M, (28)

M
where again p:Zizlqui' Note that the functional F[c] defined in (2.1) has the term of the
chemical potentials /. Here the functional F [c] does not have that term. On the other hand,
the minimization of F [c] is subject to the conservation of total number of ions in each of the
M ionic species, defined in (2.8) in which Nj(i = 1,..., M) are given positive numbers. The
system (2.7) is the same as (2.2).

It again follows from standard arguments that the functional F[E] with (2.7) has a unique
minimizer é=(é, ..., éy) among all ¢ = (cq,..., Cy) subject to (2.8). By a similar argument
used in deriving (2.4), we have for any ¢ =(cq,..., Cy) that

~ 1 i .
0, F [c] =g (1/} — 51%) +p71 [ln(vici) — Z—Oln(vgco) , i=1,...,M. (.9

For the minimizer é we have

Nonlinearity. Author manuscript; available in PMC 2014 January 23.
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fﬂ<5ciﬁ'[6])di V=0 Vd:[qdidV=0, i=1,..., M.

By Lemma 2.1 below, these lead to the existence of constants, still denoted by 4 (i = 1,...,
M), such that &; F[é]= (i = 1,..., M). By (2.9), this is exactly (2.5).

We have in fact proved the following:

Theorem 2.2

The variational problem of minimizing the functional (2.1) with (2.2) is equivalent to that of
minimizing the functional F [c] with (2.7) and (2.8).

We remark that, if one knows the chemical potentials y; (i = 1,..., M), then the first
formulation, i.e., minimizing F[c], can be mathematically and computationally simpler than
the second one that has the constraint of total numbers of ions. The question is how the
chemical potentials can be estimated by experiment or other models. A similar practical
issue for the second formulation with the constraint (2.8) is that one needs to have a good
estimate of each Nj, the total number of ions of the ith species in the system.

Lemma 2.1
Let u € L2(2) be such that

uvdV=0 Yv e L*(Q): [ov dV=0.
Q Q

Then there exists a constant ;2 € R such that u =z almost everywhere in Q.
Proof—Denote for any w € L2(2)

1

w=/ _deZ|Q|

JquwdV,

where || is the volume (i.e., the Lebesgue measure) of Q. Note that the integral of w —w ~
over Q vanishes. For any v € L2(£2), we have by the assumption of the lemma that

Jolu—m)vdV=[q(u—1)(v—-"7)dV=[qu(v —T) dV=0.

Therefore u = 0 almost everywhere in . Set z¢ = 0. The Lemma is proved. Q.E.D.

3 Equilibrium lonic Concentrations and Modified De-bye Length

We consider the equilibrium conditions (2.5) that determine the equilibrium ionic
concentrations. Introducing a shifted potential ¢ = w— yp/2, we can rewrite (2.5) as

vy .
U—Oln(voco) —In(vie;)=0 (gid — pi), i=1,..., M. (31

Nonlinearity. Author manuscript; available in PMC 2014 January 23.
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As cg is given in (1.1), this is a system of nonlinear algebraic equations for the unknowns ¢y,
..., Cm- In [22], Li proved the following:

1. Foreach g € R the system (3.1) has a unique solution ¢; = Bj(¢) € (0, v; ) (i=1,
...,M). Moreover each B;:R— (0, v; ') is a smooth function.

2. DefineV:R — R by
M
V(g)=—Y_[§aiBi(6) dE+Vo, (32)
=1

where V is a constant. Then the function V : R — R satisfies V”>0 on R and is
thus strictly convex.

The relations ¢; = Bj(¢) (i = 1,..., M) define the generalized Boltzmann distributions for the
equilibrium concentrations cy, ..., Cy. In general, explicit formulas of such distributions

seem to be unavailable. Notice that =V (¢) ZZj\ilqui(qﬁ) with ¢ = w— yp/2 is the ionic
charge density. The proof of V7> 0 in R given in [22] (cf. the proof of Lemma 5.2 in [22])
applies to our present case; cf. the remark in Subsection 3.1. The electrostatic potential yis
now the unique solution to the boundary-value problem of the generalized and implicit PBE

V.eVy -V (zp - %’) =0. (33)

The boundary conditions are the same as in (2.2). The existence and uniqueness of the
equilibrium concentrations ¢; (i = 1,..., M) lead to that of the solution to this boundary-value
problem.

3.1 Equilibrium ionic concentrations

For convenience, we denote zg= 0, qg= 0, and = 0. We assume that all the M ionic species
have different ionic valence-to-volume ratios. We assume there are |1 = 0 species of anions
and m = 0 species of cations. So M = I+m. If | = 0 then all ions are cations. If m = 0 then all
ions are anions. We label all the M ionic species and the solvent concentration by —I,..., -1,
0,1,...,m, and assume that

zZ_ Z z z
e <_1<_0:0<_1< g (3.4)
v_g v_1 Yo (%] Um

For convenience, we denote J = {-1,..., -1,0,1,..., m}. With our notation, the equilibrium
conditions (2.5) then become

Z—;ln(voco) —In(vie;))=6 (¢;¢ — pi) Vie J. (3.5)

Note that by Theorem 3.1 cj= B (¢) for any i € J with i # 0. We thus have by (1.1) that

Nonlinearity. Author manuscript; available in PMC 2014 January 23.
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3.6)

cozBO(gﬁ):uSl |:1— Z v; Bi(¢)

i€J,i#0

Theorem 3.2—Let ¢; = Bj(¢) (i € J) be the equilibrium concentrations defined by (3.5) and
(3.6). Assume (3.4) holds true.

1. Monotonicity of concentrations with the largest and smallest valence-to-volume
ratios. We have ¢ _;(¢)>0and ¢, (¢)<0 for all p € R.

2. Stratification of concentration profiles. Ifi € {-I,..., m — 1} then

#i+1/Uz‘+1 - ﬂi/vz‘

1/v; vigr ;
. <(Uirqe; if and only if ¢< :
( i 7,) ( i+1 1+1) f Y f ¢ q¢+1/Ui+1 — qZ/UZ

Ifi € {-I+1,...,m} then

Pi—1/Vie1 — [i/ v

1/v; 1/vie1 ;
;¢ >(v;_16— if and only if ¢> .
(vies) (wicr6i-1) / vif ¢ Qi—1/Vi—1 — qi/vi

3. Asymptotic behavior of concentrations. We have

v_je;—1and ¢;— 0 (i=—1+1,...,m) as¢p — oo, (37)

UmCm — L and ¢; — 0 (i=—1,...,m—1) as¢ — —oco. (3.8)

Proof: We first prove that
(/Uici)l/'ui:e*ﬂ(ﬂj/vj7#1’/“1’)eﬁ(‘lj/“j7Qi/vi)¢(vjcj)1/vj Vi,j e J. (39
In fact, it follows immediately from (3.5) that

(UOCO)l/UOZQ*ﬂ#i/Uieﬂ(‘li/“i)d)(vici)l/vi Vie J. (3.10)

This also implies

(Uici)l/vi:eﬁuz‘/vz‘e—ﬁ(qi/vi)qﬁ(voco)l/vo Vie J (31D

It follows from (3.10) and (3.11) that (3.9) holds true if one of i and j is 0. Now let i,j€J with
i #],i#0, and j # 0. We have by (3.5) that

Nonlinearity. Author manuscript; available in PMC 2014 January 23.
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U; Ui Ui

U—jln (vjcj)+—=¢

Yj
Consequently,

(’l)iCi)l/Ui :efﬂ(uj/vrm/vi)eﬁ(qj/vj*qi/vz‘)(b(vjcj)l/vj )

This, together with (3.10) and (3.11), implies (3.9).

We now prove parts (1)—(3).

1. Denote y= wycoand 7; = e/ for each i € J. It follows from the equilibrium

conditions (3.5) that

Ci:ﬂ,yvi/voefﬁquﬁ Vie J (312
s

K2

This and the definition of cq (cf. (1.1)) imply

Vi /Y0 ,—Bqip_
;nﬁ e P=1. 319

Bai ,  Bpi_1 Bai , _ Brs

Page 10

Taking the derivative of both sides of (3.13) with respective to ¢, and using our

notation zo= 0 and = 0, we obtain

IBUO'YZE i nigiy" /vo o—Baid

vy (¢): ZiEJniUifin/er - /Bql¢ .

Fix k € J. Taking the derivative of both sides of (3.12) with i = k with respect to ¢

and using the above expression of v (¢), we get

¢ 1(8) =B /e — Baio

Ziejmvi (Qi/vi — gk /Uk)q/”i /vo g—Bai

ZieJnivi’in/UO e*ﬁ%d’

This, the assumption (3.4), and the definition g;= zje (i € J) imply that c'm(¢)<0

and ¢'_;(¢)>0.
2. This follows directly from (3.9).

3. Since 0 < v_jc| £ 1, we have again by (3.9) with j = -1 and (3.4) that for any i € J

with i > -

(’UiCi)l/Ui < e Plui/vi—pi/vi) Blai/v_i—a/vi)é _,

Nonlinearity. Author manuscript; available in PMC 2014 January 23.
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Since Ziel,vicizl, we thus also have v_jc_; — 1 as ¢ — oo. This proves (3.7).
The proof of (3.8) is similar. Q.E.D.

Remark: By (3.14) and the Cauchy—Schwarz inequality, we obtain through a series of
calculations that

Z%C/k(@:ﬁ {(ZEJ%UM) <Z"€Jqlc) (ZzeJUIC )}

2.
keJ ZieJU’i Gi

<o0.

Since g;/vi(i € J) are not all the same, this is a strict inequality. Thus the functionV: R —
R, defined in (3.2) with —V{¢) being the total ionic charge density, is a strictly convex
function of ¢; cf. Theorem 3.1.

3.2 Equilibrium charge density

’

We now study the properties of the ionic charge density Vi(e)=~ Z
the function V is given now by

4Bi(9) By (3.2),

icJ

ieJ
We distinguish three cases:
1. 1=0,m=M,andJ={0,1,..., M};
2. I=M,m=0,andJ={-M,...,-1,0};
3. Izi,m=1I+m=M,andJ={-I,...,-1,0,1,..., m}.

We denote f(—o0) = limg_, — ,.f(s) and f(co) = limg_, ,f(s) if the limits exist.

Theorem 3.3—Assume (3.4) holds true.

1. Ifl=0andm=M,andJ={0,1,..., M}, then V{-o0) = —qu/um< 0, V/ (c0) = 0,
and V’(¢) < 0 for all ¢ € R. Moreover, V(-oo) = oo, and V(oco) = 0 with a suitably
chosen constant V gin (3.2).

2. IflI=M,m=0,andJ={-M, ...,-1,0}, then V{-o0) = 0, V{o0) = =g-m/v-pm > O,
and V{¢)> 0 for all ¢ € R.Moreover, V(-oo) = 0 with a suitably chosen constant
Vpin (3.2), and V(o0) = co.

3. Iflz1,m=11+m=M,andJ={-l,...,-1,0,1,...,m}, then V{-00) = —Qm/ti <0,
VA{oo) = =q-/v—;> 0, and —qm/ vy < VA{@)< —q-y/v-for all < R. Moreover,
min,crV(¢)= 0 with a suitably chosen constant Vin (3.2), V(-=c0) = oo, and V(c0)
= 0oQ.

In Figure 2, we show the schematic behavior of the convex function V for the three different
cases.
Proof of Theorem 3.3

1. Inthis case, we have V{-c0) = —qm/vm < 0 by (3.8) and V{oo) = 0 by (3.7). Since
V7> 0in R by Theorem 3.1, V’is a strictly increasing function. Therefore, V{~o0)
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<0and V{oo) = 0 imply that V{¢) < 0 for all ¢ € R. Fix ¢gy€ R so that V{¢y) < 0.

Then for any ¢ < ¢y we have V()= V(gp) + VIO (@ — ¢p), where &€ (o, o).
Notice that V&) < V{¢p) < 0. So, V() — co as ¢ — — oo, i.e., V(-o0) = co.
Finally, setting j = 0 in (3.9), we obtain that

Bi(9)) V= (vie;) /Y < Bui/vi ) o—Blai/vi)é
(Usz(¢)) (Ulcz) < (122}R{e ) e .

M
Therefore, the integral of ) _,_,4:Bi(¢) from 0 to ¢ > 0 iis a bounded function of ¢.
Thus, by the definition of V (cf. (3.2)), V() is bounded below. Since V/’<0on R, V
decreases. Therefore, V(oco) exists. Choosing the constant

Vo= _[5°aiBi(¢)d

icJ

in (3.15), we then have V(oo) = 0.
2. This part can be proved similarly.

3. The fact that V{~o0) = —Qry/ um< 0 and V{oo0) = —q-/ v-| > 0 can be proved by the
same argument used for proving part (1). Since V7> 0in R, V{¢) is a strictly
increasing function. Therefore, =g,/ vm< VA{@)< —q)/y for all ¢ € R. Again by the
same argument used in part (1), we have V(-o0) = oo and V(co) = oco. It is clear
now that there exists a unique ¢y € R such that V{¢p) =0 and V(¢p) =
min,crV(¢). Setting in (3.15),

Vo=>_ (%4 Bi(¢) do,

i€J

we have min,cgV(¢) = 0. Q.E.D.

3.3 Modified Debye length

We now linearize V{¢) at ¢ = 0 to obtain a modified Debye length. We first define
c°=B;(0) for any i € J. Note that

vocg'=1 — Z v;C5°.

i€J,i#0 (3.16)
By (3.10) with ¢ = 0 and 7= e/, we also have that
(Uocow)vi/voznflvic?o, ieJ (317)

We denote again y = wycg which depends on ¢. We have for |¢| < 1 that

Y=To+119+0 (¢2), (3.18)
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where 1y and 77 are two constants to be determined. Using our notation, (1.1) becomes
U()C():l — ' Z U;C;. (3.19)
1€J,1#0
This and (3.16) imply that

oo
=vC vV;C; =U9CqyH .
To="vo 0 § ) 00 (3.20)
i€ J,i#0

Substituting (3.18) into (3.12) for a fixed i € J with i # 0, we obtain by (3.20) and (3.17) that

¢ = %(7_0+71¢+O(¢2))m/v0 (1 - Baip+0(6%)
_ %vi/’f“(uf—lmow%)“m(’ (1 - Baut+0(6?)
_ (1+%’5:—é¢+0 (¢2)) (1 - Baip+0(¢47))
e (42— 8g;) +0 (¢?).

(3.21)

It now follows from (3.18), (3.19), (3.21), and (3.20) that

ot ndt0 (6)=1- 3 v~ ¥ e (””1 - 60.) 9+0(8)

1€J,i#0 i€ J,i#0

Comparing the leading-order terms, we obtain exactly (3.20). Comparing the O (¢)-terms
and noting that zg= 0, we obtain

2,00 hy. 200
Jeiantes Ziej%vzci
2 .00
e, Vi€

T1=

This and (3.21) then lead to

. 5P
Utzjej% G5

2 .00
ZJEJU] C]

;=c+Bc° ( - qi> p+0(¢%) Vi€ J with i #0.

Consequently,

V'(9)=—> aei=—> e~ {(Eze,q—vv)

ieJ ieJ icJ

> gl } ¢+0 (¢%).

In the small |¢| approximation, we then obtain by (3.3) and the shift ¢ = ¢ - yp/2 the
linearized PBE with ionic size effects
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~ N
V-eVy — 6)\,)21#: - Zqici - 56%2%; (322

eJ

where Ap > 0 is defined by

2
328 [ Gc® (Zie]ql'UiC?O> 1 (3.23)
- 1% T T~ 2.0 | .

v« \jeJ ZieJUi g J

The fact that the right-hand side of the above equation is nonnegative follows from the
Cauchy-Schwarz inequality

(Sower) < (Sater) (Sie).

icJ icJ icJ

In the case that <is a constant, 7 = 0 on I'p, and Zigql‘c?ozo which is the charge
neutrality, the linearized equation (3.22) simplifies to the familiar equation

Ay — X 2)=0.

We call MS the size-modified Debye length. Recall that the Debye length Ap > 0 in the
classical Debye—Hiickel theory is defined by

9 B -
ADQZEZ%Q% - (3.24)

ieJ

Itis clear that XE, > Ap. This indicates that finite ionic sizes lead to a longer Debye screening
length.

4 A Charged Spherical Molecule: Basic Properties

In this section, we consider a charged spherical molecule, centered at the origin and with
radius Ry > 0, immersed in a solvent that occupies the region defined by Ry< r < R, in the
spherical coordinates for some R, > Rg, Where R, can be finite or infinite. Corresponding
to the general setting described in the previous section, we have in this case that

O={z e R%:Ry<|z|<Rw},
Iy= {x eR*: |z| RO} )
r _{ {z € R3:|z| =Ry} if Rop<oo,
P {oo} if Ryo=00.

We consider the boundary-value problem of the PBE, classical and size-modified, for the
electrostatic potential y (cf. (2.2) and (3.3)):
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eAYp=V"(¢) inQ,
Eg—ﬁ:a onI'y, (41)
=0 onl,.

If = (r)(r = |x]) is radially symmetric, then this system is the same as

(67 +3) =V W) i Ro<r<ie
v (Ro)= ¢, 42
1/)(Roo):0.

Here, we assume both the dielectric coefficient £> 0 and surface charge density o are
constants. We can consider the inhomogeneous Dirichlet boundary condition = y,,0on I'p
for a constant w,, by replacing wby - ... We assume that V : R — R is smooth, V”> 0
in R, and infscrV(s)= 0. We then have one and only one of the three cases covered in
Theorem 3.3: V/>0in R, V/<0in R, or there exists a unique ¢ such that V (s)>V (¢g) =0
for any s # 0. In the last case, V/< 0 in (—oo,¢), VA{¢p) =0, and V/> 0 in (¢p, co). The term
-V{w) is the ionic charge density that is related to M ionic species with valences and
volumes satisfying (3.4).

. — —Bqi¢
For the classical PBE, we have V<¢>—ZZ.GJC?°<€ " =1) \where (i€ J, i+0)are

bulk ionic concentrations. Under the assumption on the charge neutrality Zieﬂicfozov this
V satisfies the properties in the third case in Theorem 3.3 with ¢ = 0. So our analysis covers
this case.

We first consider the case that R, < oco.

Theorem 4.1

Let £>0, 0 € R, and 0 < Rp< Ry < co. Assume that V : R — R is smooth, V/ >0 in R, and
infszr V(s) = 0. Then the boundary-value problem (4.1) has a unique weak solution.
Moreover it is radially symmetric and smooth on .

Proof—We assume that o # 0. The case that o= 0 can be proved similarly. We denote H =
{9 € HYRg, Ry) : ®(R) = 0} and define 1:H— (o0, oc] by

Hol=tn > |26 )24v(0)| v dr — grRioo(Re) Vo < H. way

If ¢ € H, then we have with §= &/(40) > 0 that
, 2 \Y? R.-R L2
B(R0)| = |16 () dr| < VA= Fo(i=|o 0 dr) < R Te]g o) ar

leading to
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5(Reo—Ro)

/ 2 wo?
119] > meR3[ 12|/ ()| "dr — 4=F2l] Vo € H.

Notice that by Poincare's inequality, 1[¢] controls I ¢||?{1<RU,R%>, up to an additive constant.
By standard arguments of direct methods in the calculus of variations and by the fact that
H(Ro,R o) can be compactly embedded into C([Rg, R..]), we obtain the existence of a
minimizer y € H of the functional | : H — [0,00]. Moreover, the minimum value of | over H
is finite. The uniqueness of this minimizer follows from the strict convexity of I. Clearly, the
minimizer = y(r) is a smooth solution to the corresponding Euler-Lagrange equation, the
first equation in (4.2). Moreover, it satisfies the natural boundary condition »{Rg) = —dl&.
Since w € H, y{Roo)= 0. If we also denote »(x)= y(|x|), then it is clear that this function is a
radially symmetric solution to (4.1), and is smooth on €.

To prove the uniqueness of solution to (4.1), we first note that the solution i minimizes the
functional

Qol=fq [5IVol+v ()| av —J, oods

over all ¢ € HY(Q) such that ¢ = 0 on I'p. Indeed, for any 7 € HL(Q) with =0 on I'p, we
have by integration by parts, the convexity of V, and (4.1) that

Q[¢+77] - QW] :fQ [%|V’I]‘2+EVQZJ.VU—I—‘/<U)—|—77) — V'(Q/j)} dVv — er on ds
> [oleVo.Vn+V (§)n]dV — [ ondS

’ N
> [ol—eAp+V (¢)]ndv+fFNg%g§nds_ [y onds
=0.

(4.4)

Now if y is another solution to (4.1), which is not assumed to be radially symmetric, then
both wand  are minimizers of the functional Q. Since Q is strictly convex, it has at most
one minimizer. Therefore, = y. Q.E.D.

We now study the behavior of the equilibrium potential = y(|x|) that is the solution to the
boundary-value problem (4.1). We denote by T(r) the total amount of ionic charges in the
region {x € Q: Ro< |x| < r}:

T(r)=—4n [}, V'(4(s))s*ds  Vr € [Ro, Ru]. (45)
Then T, := T(R,,) represents the total amount of ionic charges in Q. If we integrate both

sides of Poisson's equation in (4.1), apply integration by parts, and use the boundary
condition at r = R, then we have

Too+4Am R2o+47 R 1) (Roo)=0.  (4.6)
This is the charge neutrality of the system, as o, := ew{R ) can be viewed as the effective

surface charge density on the part of the boundary T'p = {x € R3: |x| = R, } which is set due
to the finiteness of the underlying domain. The surface charge density ¢ in the boundary
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condition and the effective surface charge density o,.= (R ) are the key parameters that
determine the monatonicity of the electrostatic potential .

Let£>0, 0 € R, and 0 < Rg< Ry, < 0o. Assume that V : R — R is smooth, V7> 0 in R, and
infsrV(s)=0. Consider V/>0inR, or V/’<0in R, or V{¢) = 0 for a unigque ¢y R. Let i
= y(|x|)be the solution to the boundary-value problem (4.1).

1. If o>0and 0,,> 0, then there exists a unique R'e (Ro,R) such that "< 0 in (R,
RP)and p’>0in (R ,Ry). If c<0and o, <0, then there exists a unique R_ €
(Ro, Roo) such that 47> 0in (Ro, R.) and »’<0in ( R.,Ro).

2. If ooy, <0 and at least one of oand o, is nonzero, then ¢/ >0 in (Rg, Ry) if 0< 0
Or 0, >0, and ’<0in (Rg, Ry) if o> 00r o, <0.

3. The case that o= g, = 0 can only occur when V10) = 0. In this case =0
identically in (Rg, Ryo)-

The main results of Theorem 4.2 are illustrated in Figure 3. To prove the theorem, we first
prove a lemma.

Given the assumption as in Theorem 4.2 and A := {r € (Rg,Rs) : w{r) = 0}.
1. IfV/>0inR or V/<0inR, then either A =& or A contains exactly one point.

2. 1fV/(¢p) = 0 at some unique ¢y € R, then either A = @&, or A contains exactly one
point, or A = (Rg,Rs) in which case we have additionally that ¢y =0 and =0
identically in (Rg, Ryo)-

Proof—Suppose there exist r, r, € R such that Ry < r; <rp <R, and y{ry) = w{rp) =0.
Denote o = {x € R3: ry < |x| < ry}. Then, by the same argument used in proving Theorem
4.1 (cf. (4.4)) and the strict convexity of V, the restriction of wonto w is the unique
minimizer among all ¢ € H! () of the functional

Glol=1., [ §IVef+vie)] av. wn

1. Suppose V7> 0. Since infs<gV (s)= 0, we have V (-oo) = 0. Thus, with ¢ = -k (k =
1,2,...), we have 0 < G[#] < G[¢x] — 0 as k — oo. Thus G[#] = 0. But this is
impossible: If the integral of |V 242 vanishes, then yis a constant. But V (s) > 0 for
any s € R. Thus the integral of V (w) over w is positive, a contradiction to G[¢] = 0.
For this case and similarly the case that V/< 0, the set A can then contain at most
one point.

2. Inthis case, V (¢g) = ming cgV (5)= 0. Thus, the constant function ¢ = ¢y also
minimizes G over Hl(w). By the uniqueness of minimizer which follows from the
strict convexity of G, w= ¢ in [ry, rp] and [rq, rp] CA. Lets=infA>Rgandt=
sup A <R, Atany pointin (s, t), w= ¢p and y’vanishes. Moreover, "% 0 in (R,
s)ifs>Rgandin (t, R,) ift <R ... We prove now s = Rg and t = R . Assume s >
Ro and > 0in (R, s). Differentiating both sides of Sw=V{y)/le in Ry <r <t, we
obtain
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W ()= | TV @) 5| 0 ) Ve (Ro, ).

Hence, setting u = %, we have Lu := Au + c(r)u = 0 for Rg< r <t, where c(r) := -
[(1/)VA1Ar)) + 2/r2] < 0 and c(r) is bounded in (Rg,s). Clearly u(s) = 0 < u(r) for
all r € (Rg,t). Hence u attains its minimum with the minimum value 0 at any
interior point x with |x| = s in {x € R3: Rg< |x| < t}. By the Strong Maximum
Principle (cf. Theorem 3.5 of [13]), u must be a constant in Rg< r < t. This
contradicts the fact that u>0inRg<r<sandu=0ins<r <t Hence > 0in
(Ro,s) is impossible. Similarly, %”< 0 in (Rg,s) is impossible. Therefore s =Ry,.
Similarly, we have t = R ... Finally A = (s,t) = (Rg,R »), and since y(R,)=0, w=
»=0in (Rg, Ry). Q.E.D.

Proof of Theorem 4.2

1.

Assume o> 0and g, > 0. Then p{Rg)< 0 and »{R,) > 0. Hence by Lemma 4.1
there exists a unique R, € (Ro,R ) such that 1// (RF)=0.Clearly, ’<0in (Ry,

RT)and > 0in ( Rf, R.). The case that o< 0 and o,,, < 0 can be proved
similarly.

Assume o> 0and 0,,<0, i.e., {Rpg) <0and y{R,) < 0. The other cases can be
treated similarly. It suffices to show that y”does not vanish in (Rg,R ). Assume
there existed ro€(Rg,R ) such that {rg) = 0. By Lemma 4.1, y”does not vanish at
other points. Thus there are two cases. Case 1: /< 0in (Rg,rg) and ¢’<0in
(ro,Ro0)- Case 2: < 0in (Rg, rg) and > 0 in (rg, R,.). We show that each case is
impossible.

Consider Case 1. If V/>0in R, then Ay> 0 on {x € R3: ry < x| < R}. Let xo€
IR3 be such that |xg| = rg. Since y(|xgl)> ¥(|x|) for any x with [x| €(rg,R ). Lemma
3.4 in [13] then implies that 1rg) # 0, a contradiction. If V/< 0, we obtain the
same contradiction 1{rg) # 0 by considering (Rg,rg). Finally, assume V{¢y) = 0. If
(ro) Z g, then since w(rg) =0, wrg) = VA{¢(rg))/c# 0. These imply that 3~
changes its sign at ry which is a contradiction in Case 1. Thus Case 1 is impossible.

Consider Case 2. In this case, we must have w{R )= 0, since (R ) > 0 would
lead to w{r1) = 0 for some r1€(rg, R,,) which is impossible. Moreover, i reaches
its minimum at rp and in particular ¢”(rg) > 0. If V/< 0 then A< 0in Q. The
Strong Maximum Principle then implies that w must be a constant for r € (Rg, R)-
This is impossible as {Rg) < 0. If V/> 0, then Ay >0 and y(R,,) = 0 > 1(r) for r
€ (rg, Ra). By Lemma 3.4 in [13], we must have »{R_.) > 0, leading to a
contradiction. Assume V{¢p) = 0 at some unique ¢y. We cannot have ¢g > #(rp) as
this would imply that V{(rg)) < 0 and hence »”{rg) < 0 which contradicts {rg) >
0. We cannot have ¢y < 1(rg) neither, since otherwise we would have that V{y) =0
and hence Ay = 0 on the region ro< r < R,,. But ¢{R,,) = 0> 1(r) for any r € (rg,
Ro0)- Lemma 3.4 in [13] then implies w{R ) > 0, a contradiction. Thus Case 2 is
also impossible.

We have now »{Rg)= 0 and »{R,,) = 0. As in the proof of Lemma 4.1 with r; =Rg
and ry= R, wis a constant in [Rg, R,J]- Since (R ) =0, w= 0 identically in [Ry,
Rool: Thus VA0) = V1 ) = éAw= 0. Hence ¢y = 0. Q.E.D.

We recall that for any r € (Rg, R), T(r) is the total amount of ionic charges in the

region {x € Q : Rg < |x| < r}; cf. (4.5). In the following corollary, we consider a
special and useful case but deliver more results:
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Let £>0, 0 € R, and 0 < Rp< Ryo< 0o. Assume that V : R — R is smooth, V7> 0in R, and V
(s) > V(0) = 0 for any s € R with s # 0. Let = 3(|x|) be the solution to the boundary-value
problem (4.1).

1. Ifo=0,then w=0and T =0 identically.
2. Ifo>0,then <0, w”>0,and T’< 0 in (Rg,R ).
3. Ifo<0,then >0, w”<0,and T”> 0 in (Rg,R o)

Proof

1. Itiseasy to verify that in this case = 0 is the unique solution to (4.1). Moreover,
T1r) = -V1{iAr)) = -V10) = 0 and T(Rg) =0. Hence T =0 in (Rg, R

2. Assume o> 0. We then have o,, = ew{R,) < 0. Otherwise, o,,> 0. Then by
Theorem 4.2 there exists R. € (Rg,R ) such that ¢’< 0 in (Rg,R¢) and >0 in (R,
Roo)- We have ¢(Rc)< min(4(Ro), AR ~,)) < 0. Choose 7 € R such that (R¢) < 7<
min(1(Rp), R ). Define wby w= wif w= rand w= 7if w< z. Then | [¢] <1
[%], where I [-] is defined in (4.3). This is impossible as ¢ minimizes | ['] over H =
{p € HY(Rp, R : @(Rs) = 0} that includes 2. Now, since o> 0 and 0,,,< 0, we
have /< 0 by Theorem 4.2. Since ¢{R,,) =0, >0 in (Rg, Ry,). Hence V) >0
in (Rg, R4). Consequently,

P (r)=— 2¢'(r)+ 1V (9(r))>0 in (Ro, Reo)-

Since V) >0 in (R, Ry), we also have T{r)< 0 for all r € (R, Ry)-
3. This can be proved similarly. Q.E.D.

We now consider the case R = co.

Lete>0, 0€ R,and R, = oo.

1. Suppose V:R — R is smooth and V10) # 0. Then there is no solution to the
boundary-value problem (4.1).

2. Suppose V:R — R is smooth, V>0 on R,V (-00) = oo and V (o0) = oo, and V
(0) = infserV (5) = 0. Then there exists a unique solution to the boundary-value
problem (4.1). Moreover, this solution =  (|x|)is radially symmetric and smooth
onQ, ¥ <0and ¢/ >0inr=|x|if6>0, ¢’>0and ¢/ <0inr=|x|if >0, and v
=0forallrif o=0.

We remark that in general all charges in an ionic system are in a finite region. Therefore it is
natural to impose the far-field condition ¥(R ) = 0. The properties on V assumed in part (2)
of the theorem are exactly those covered in the third case in Theorem 3.3 but with the
minimum of V attained exactly at 0. The theorem states that the solution to (4.1) exists only
when V10) = 0. This is precisely the condition of charge neutrality in the bulk. Therefore,
for the three cases of V stated in Theorem 3.3, only the third case with V{0) = 0 permits a
solution to (4.1).
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Proof of Theorem 4.3

1.

(1) Assume VA0) > 0. (The case that V1{0) < 0 is similar.) Assume g is a solution to
(4.1), which is not assumed to be radially symmetric. Clearly, wis smooth on €.
Since y(oo) = 0 and V10) > 0, there exist A = Rg and a > 0 such that sAy=V/(y) =
a for all x € Q with |x] = A. In the spherical coordinates (r,6, ¢) (r=0,0<0< 7,0
<¢p<2m), w=yr, 6, ¢),and

_10 (,200 10 (winpdd 1%
Aw_r_zW (’f’ W) +rzsin0 90 <Sm‘9m> +r2si1129 8992) za VrzA (4.9)

Define

u(r)=1= [T [5sindy(r, 0, ) dodp  Vr>Ry.

Clearly, u(oo)=0, since wA—> 0 as r — oo. Multiplying both sides of the inequality
in (4.9) by sind(47), and then integrating the resulting sides over < [0,7] and ¢ €
[0,27), we obtain (1/r2) (r2uq{r))’ = « for all r = A. This leads to

u(r) > Tar+ [Azu,(A) — %aAS} £ Vr>A

With one more time of integration, we get

u(r) > u(A)—f—%Oz(r2 — A%) - [A2u/(A) — %aA?’} (% - %) Vr > A.

This contradicts u(oco)= 0. Part (1) is proved.

(2) We first show the uniqueness. Suppose 4 and y» are both solutions to (4.1).
Clearly they are smooth on © = {x € R3: |x| > Ro}. Let 7=y — y». This function
attains its maximum on €. Suppose P := maxy 7> 0. If there exists xo€ Q ={x €
RR3: x| > Rg} such that 7(xg) = P > 0, then there exists an open ball B(xg) cQ
centered at x such that 77> 0 on B(xp). Since 4 and y» are bounded on €2, y4(x),
y»(X) € K for some compact subset of R for all x € 2 . Setting 35 = mingck Vs) >
0, we obtain

eAn=V"(¢1) = V'(¢2) > 7on>0  in B(z) . (410)

Since 7(Xo) = MaXyep(xo)?7 > 0, the Strong Maximum Principle (cf. Theorem 3.5 of
[13]) then implies that 7 is a constant in B(xg). Consequently A7 =0 in B(Xg), and
(4.10) implies 7= 0 in B(xg), contradicting to 7(xg) > 0. Thus there exists yg € 092
with |yg| = Rg such that 7(yg) = P > 7(x) for all x € Q. But this and (4.10) imply
9,7(Yo) = 0 by Lemma 3.4 in [13], contradicting 9,7=00onT'p={x € R3: |x| =
Ro}. Hence n<0and 4 < ¢ in Q. Similarly yo< yy in Q. Thus 94 = w» in Q.

We now prove the existence of solution to (4.1) that satisfies all the properties. If o
= 0then w=0in Q is the desired solution. Assume o> 0. (The case <0 is
similar.) Choose a sequence Ry € R (k =1, 2,...) such that Rg< Ri< Rp< -+ - < Ry< -
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-~ and Ry — oo as k — oco. For each integer k = 1, let g = y(|x)|) be the unique
solution to the boundary-value problem

eAPp=V"(¢) inQF={z € R*Ro<|z| <Ry},

e%/—;fza onT*={z € R% |z| =Ry}, (4.11)
Yr=0 on I‘]];: {z e R |z|=Ry}.

By Corollary 4.1, ¢ > 0, w} <0, and w% > 0 in (Rg, Ry).

Using the spherical coordinates, we have by the first equation in (4.11) that
U (M) 420, (r)=V"(¢i(r))  in(Ro, Ry). (412)

Multiply both sides of this equation by 1/;;(7«) and integrate the resulting sides over

[Ro, Rid. Noting that 5 =(1/2)(62) and v .V () =(d/dr) V (), we then
obtain by v, (Ro) = — o /e, 9y, (R;,) =0 and V(0) = 0 that
ag 2 /
; [w/kmmz (D) [+ 2w )’ dr= = V(o))

)

Thus, since V (s) > 0 for any s > 0, we have 0 < V ((r)) < 0?/(2€2) for all r € [Ry,
Ry] and k = 1. Since V is positive and strictly increasing in (0,00) and V (o) = oo,
and since yk(Rg) = w(r) for all r € [Rg, Ry], we have by setting ¢, > 0 with V ()=
0?1(2£%) that 0 < y(r)< gcfor all r € [Ro,Ry] and all k = 1. Moreover, since i, >0 in
(Ro, Ry), —0 Je=1);,(Ro) < 1y, (1) < ¥y (Roo) < 00 forall r € [Ro, Ri] and all k =
1. Define y = 0in (Ry, 00) (k=1, 2,...). Then the sequence {},- , is bounded in
WL2(Rg, 00).

There now exists a subsequence {1 }7- ; of {1;} 32, such that gy ; — win H1(Ro,
Ry) as k — oo for some y € HL(Rg, R1). There exists a subsequence {Yr2}ie, of
{1352, such that gy 2 — ¢ in HY(Rg, Rp) as k — oo for some ¢ € HY(Ry, Rp)
with ¢ = won (Rg, Ry). We define = ¢ in (Ry, Ry) so that i € H1(Rp, Ry).
Repeating, we obtain 1 € C([Rg, o)) with » € H1(Rg, R) for any R > Rpand
subsequences {1k ; } r10f {¥1 oo (i = 1,2,...), where for each j = 1, the sequence
{®k j41},—, is a subsequence of {v ;},— . Moreover, g — win H1(Ro, Rj) ask
00. Now {t) x } 7o, is a subsequence of {14} 72 ;, and {tx i } oo, cONVerges to win
H1(Ry, R), and hence also in C([Ry, R]), for any R > R,

The limit = 1(|x|) is clearly radially symmetric. It is a (weak and hence strong)
solution to the first two equations in (4.1). We show now that lim,_,, %(r) = 0. For
each k = 1, define

1 1\ P11
Te(r)= T/Jk(Ro)(—o - R_k> (; - R_k) if Ry <r < Ry,
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One easily verifies that 7 (|x|) satisfies eA7= 0 in QX(cf. (4.11) for the definition of
0K) and 7, = y on the boundary of QK. Since eA(y — 7k) = 0 in QK, we thus have
by the Maximum Principle that 3 < 7k in QK and hence in © = {x € R3: |x| > Ro}.
Denote {7k } o, the subsequence of {n;,}7° ; that corresponds to {¢x 1 } r-,. Then
we have

Roy (R,
0 <lim sup®(r)=lim sup lim ¥y x(r) < lim sup lim 7 ,(r)=lim supM
r—00 r—oo k—oo ’ r—oo k—oo ’ r—00 T

implying lim,_, o, ¢(r) = 0.

Since % <0o0n (Rg, Ry) forall k=1 »’< 0 on (Rg, 00). Let u(r)= ¢Ar). Then u(|x|)

satisfies Au—c(r)u = 0 on {x € R3: |x| > Rg}, where c(r) = - [(1/&)V{1Ar)) + 2/r?] <
0, cf. (4.8). Since u <0 in (Rg,00), the Strong Maximum Principle implies that u # 0
in (Rg,00). Hence u = »’< 0 in (Rg,00). Since w= 0 and V(y) = 0, we also have y”

(r)=—(2I")y’+V{y) >0 forall r >Ry. Q.E.D.

5 Numerical Results

We now present numerical results to illustrate our analysis. We consider minimizing
numerically the free-energy functional (2.6) with (2.7) and (2.8). We choose2 = {x € R3:
Ro < [X| <Roo}In={Xx € R3:|x = Ro}.I'p = {x € R3: x| = Ry, },with Ry, R, € R such that
Ro < Rso. We assume the dielectric coefficient e and surface charge density o are both
constants. We also set yp = 0 on I'p. Note that our system is radially symmetric. We use the
constrained optimization method developed in our previous work [38] to solve numerically
our optimization problem.

We set Ry = 10 A and R, = 80 A. We distribute uniformly some negative charges on the

sphere r = Rg with the surface charge density o= — 150/ (4% R2) e/A2. We consider three
species of counterions K*, Ca2*, AI3*, and one species of coions CI~in the solution that
occupies 2. So M = 4. We label these ionic species by 1, 2, 3, and 4, respectively. We label
the solvent (water) by 0. The corresponding valences and ionic volumes are (21,25, z3, 24) =
(+1,+2,+3,-1) and (vy, vy, 03,04) = (5.513, 4.753, 4.13, 6.373) A3, respectively. The volume
of a solvent (water) molecule is yp= 2.75% A3. For these real ionic systems, it happens that
as< ap= 0 < a1< ap< ag, where q = 7/ vy (0 < k < 4) with zg= 0. We use a3 to approximate
the volume of an ion of diameter a. The temperature is T = 300K. The dielectric coefficient
is absorbed into the Bjerrum length Ig= e2/(4 kg T). We set the Bjerrum length to be lg=
7A. We consider two cases of the numbers of ions in different species. Case I: (N1,N5, N3,
Ng) = (60, 30, 20, 50). By simple calculations, we have that in this case the effective surface
charge density o, > 0. Case I1: (N1,N2, N3, Ng) = (50,50,50,50). In this case o,, < 0.

In Figure 4, we plot our computational results of the electrostatic potential ¢ and the
equilibrium ionic concentrations. For Case I, the potential  is monotonically increasing.
This is exactly predicted by Theorem 4.2, since in this case, o< 0 and o, > 0. Notice that
the concentration of +3, which has the largest ratio of valence-to-volume among all the
species, monotonically deceases, while that of —1 monotonically increases. These are
predicted by Theorem 3.2. For Case I, 0< 0 and o, > 0, and the behavior of the potential y
is again as predicted by Theorem 4.2. We observe the stratification of the counterion
concentrations in both cases.
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6 Conclusions

We have analyzed a PB-like mean-filed model for electrostatic interactions of multivalent
ions with finite ionic sizes in an ionic solution near a charged surface. Our work continues
that presented in [22] but gives more details on how equilibrium ionic concentrations depend
on the electrostatic potential and how the important parameters, the valence-to-volume ratios
of ions, determine the properties of ionic concentrations near the charged surface.

Here we discuss some of our main results. First, our analysis shows that for a strong
potential, the layering structure of counterion concentrations does depend on the valence-to-
volume ratios. In general, the comparison of concentrations for different ionic species can be
subtle. Instead of comparing c;j and c;j, one may need to compare (vic))¥¥ and (ch)l’vl. The
difference of these quantities may only be observed for certain range of the potential. See
part (2) of Theorem 3.2.

Second, we characterize the ionic charge density through the function V defined in (3.2); cf.
also (3.15). We recall for the classical PB theory that the corresponding function V is
defined by

Vo)== 3 aere e,

i€J,i#0

where ¢ (i € J, i # 0) are positive constants. An important difference here is that, when the
ionic size effects are included, the function V grows linearly at the —oo and oo, rather than
exponentially as in the classical PB theory.

Third, when the ionic size effects are included, the Debye length is then modified. In Table 1
and Table 2, we compare the size-modified Debye length Ap defined in (3.23) with the
classical Debye length Ap defined in (3.24) for a few ionic systems. The difference between
these two tables is that the diameters of ions listed in Table 1 do not, while those in Table 2,
include the size of a hydration shell. It is clear that the modification of the Debye length due
to the inclusion of the ionic size effect is not significant. This may suggest that a linearized
system may not describe well the size effect. Clearly, further tests are needed on real ionic
solutions and biomolecular systems.

Finally, for a spherical charged molecule immersed in an ionic solution occupying a finite
region, the qualitative behavior of the electrostatic potential—either it is monotonic or it
changes the monotonicity only once in the entire range of the radial variable—is completely
determined by the sign of two surface charge densities. One is the prescribed surface charge
density and the other is the effective surface charge density. If the region of ionic solution is
the entire complement of the sphere in R3, then the ionic charge neutrality is necessary for
the existence and uniqueness of the electrostatic potential that vanishes at infinity, governed
by the PBE (classical or size-modified). Such a potential is always monotonic.

We conclude with two remarks on the mathematical model we have studied here. First, for
the case of a uniform size for all ions and solvent molecules, the free-energy functional (2.1)
can be derived from a lattice-gas model; cf. [20]. For a general and more interesting case
where the sizes are different, such a derivation seems not available. It is therefore interesting
to give a rigorous derivation of such a free-energy functional using the notion of equilibrium
statistical mechanics. Second, we have assumed mainly that the region €2 of ionic solution is
bounded. The case that 2 has an infinite volume is a tricky situation to define the functional

F[c]; cf. (2.1) and (2.6). Usually, the concentration c; is taken to be the bulk value ¢£°(>0)at
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infinity (or far away from the charged surface). Such a value can be experimentally
determined. If Q is unbounded with an infinite volume, then the integral of c; over Q will be

just infinite if ¢;=c$* at infinity. The PBE, however, can be defined on an unbounded
domain as the electrostatic potential 1 can exist in the entire space.
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Figure 1.
A schematic view of a charged molecule immersed in an ionic solution. The molecule is
represented by the inner sphere filled with symbols +.
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Figure 2.

Graphs of V= V1{¢) (left) and V = V(¢) (right) for the three different cases. The value -V~
() is the ionic charge density at a (shifted) electrostatic potential ¢.
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Ry Re T R Re T
(a) o0>0and oo <0. (b) o>0and o5 > 0.

V¢ '} w [}

Ry Re T R Ry T

(¢) o0 <0and ox > 0.

Figure 3.
The graph of electrostatic potential 1.

(d) o0<0and oy <0.
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Figure 4.

The electrostatic potential y (left) and the equilibrium ionic concentrations (right). Top.
Case I: (N1, Np, N3,N4) = (60,30,20,50), 0< 0, and o, > 0. Bottom. Case I1: (N1, N2, N3,Ng)
=(50,50,50,50), o< 0, and o, < 0. The concentrations profiles are marked by the
corresponding ionic valences.
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A comparison of the Debye length Ap and the ionic size-modified Debye length x,; for a few systems of ionic
solutions. The diameter of an ion does not include that of a water molecule (hydration shell). Concentrations
mean bulk concentrations.

lonic systems Diameters of ions (&) | Concentrations (M) | Ap(A) XB(A)
Cl~, Na* 3.62, 2.04 0.1,0.1 9.715 | 9.726
Cl, K* 3.62,2.76 0.1,0.1 9.715 | 9.720
Cl, Ca?* 3.62,2.00 0.2,0.1 5.609 | 5.618
ClI, Na*, K* 3.62,2.04,2.76 0.2,0.1,0.1 6.870 | 6.880
CI-, Na*, Ca? 3.62,2.04,2.00 0.3,0.1,0.1 4.858 | 4.870
ClI, Na*, K*, Ca®* | 3.62,2.04,2.76, 2.00 0.4,0.1,0.1,0.1 4.345 | 4.358
ClI-, K*, Ca?*, A" | 3.62,2.76, 2.00, 1.35 0.6,0.1,0.1,0.1 3.072 | 3.085
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A comparison of the Debye length Ap and the ionic size-modified Debye length x,; for a few systems of ionic
solutions. The diameter of an ion includes that of a water molecule (hydration shell). Concentrations mean
bulk concentrations.

lonic systems Diameters of ions (A) | Concentrations (M) | Ap(A) XB(A)
Cl~, Na* 6.37,4.79 0.1,0.1 9.715 | 9.847
Cl, K* 6.37,5.51 0.1,0.1 9.715 | 9.763
Cl, Ca?* 6.37,4.75 0.2,0.1 5.609 | 5.701
ClI, Na*, K* 6.37,4.79,5.51 0.2,0.1,0.1 6.870 | 6.970
CI-, Na*, Ca? 6.37,4.79, 4.75 0.3,0.1,0.1 4.858 | 4.974
CI-, Na*, K*, Ca?* 6.37,4.79,5.51, 4.75 0.4,0.1,0.1,0.1 4.345 | 4.449
ClI~, K*, Ca?*, AI¥* | 6.37,551,4.75,4.10 0.6,0.1,0.1,0.1 3.072 | 3.172
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