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ABSTRACT OF THE DISSERTATION

Layered Transmissions over Decode-and-Forward Wireless Relay
Networks

by

Tu Viet Nguyen

Doctor of Philosophy in Electrical Engineering

(Communication Theory and Systems)
University of California, San Diego, 2013

Professor Pamela C. Cosman, Co-Chair
Professor Laurence B. Milstein, Co-Chair

In this dissertation, we consider a wireless relay network with a single source,

a single destination, and multiple relays. The relays are half-duplex and use the

decode-and-forward protocol. In the first part, we consider the layered trans-

mission using an information-theoretic approach, where a successively refinable

Gaussian source is transmitted using superposition coding. In the second part,

we consider the layered transmission using a communication-theoretic approach,

x1i



where a layered video-encoded bitstream is transmitted using hierarchical modu-
lation. In both cases, we assume the transmitted source can be partitioned into a
base layer (BL) and an enhancement layer (EL). The BL is more important than
the EL, and the source cannot be reconstructed without the BL.

It takes two time slots for each transmission. In the first time slot, the
source broadcasts a message that consists of a BLL and an EL to all the relays
and the destination. The relays detect the transmitted message individually. Each
relay detects the BL first, and, if successful, then it detects the EL. Unlike other
cooperation techniques, we assume the relays are not able to communicate with
each other, and that there is no feedback channel from the destination to the
relays, or from the relays to the source. Hence, a given relay does not know if any
other relay successfully decodes a specific layer. Rather, we assume that, in the
second time slot, each relay will forward all its successfully decoded layers to the
destination. That is, a relay can transmit either only the BL or both the BL and

the EL to the destination (or not transmit at all).

xiii



Chapter 1

Introduction

1.1 Overview

Multimedia transmission has many challenges, such as the need for large
bandwidth and low latency, and the fact that transmitted signals over wireless net-
works can experience large fading fluctuations. Many techniques have been studied
for reliable multimedia delivery over wireless links, such as multiple-input-multiple-
output (MIMO), cooperation, and unequal error protection (UEP). MIMO has
been extensively studied in recent years, and widely used to achieve spatial diver-
sity and/or multiplexing gain for data transmissions by employing multiple anten-
nas at both transmitter and receiver [1-3]. However, in many scenarios, multiple
antennas cannot be deployed, due to the size limitation of the end-user devices.
In cooperation schemes, single antenna terminals can achieve spatial diversity by

sharing their antennas with each other to create a virtual MIMO system [4-12].



Cooperation diversity can improve the system performance and increase the cover-
age [10-12]. A simple and efficient cooperation scheme, namely, choosing the best
relay, was analyzed in [13], and shown to achieve full diversity gain while main-
taining high spectral efficiency. In this scheme, and other cooperation schemes, in
general, slow fading and feedback channels are generally assumed for relay selec-
tion/cooperation purposes. Therefore, these schemes cannot be efficiently applied
in high mobility environments, or when a feedback channel does not exist.

For layered or embedded sources, some components of the source are more
important than others in terms of source distortion. Hence, these components gen-
erally require different levels of protection against transmission errors. To provide
unequal error protection, different layers are allocated different amounts of the
available resources, such as power and bandwidth, according to their levels of im-
portance. There are several methods of providing UEP for embedded sources,
for example, superposition coding [14, 15], rate-compatible punctured convolu-
tional /turbo coding [16, 17], and hierarchical modulation [18,19]. Hierarchical
modulation has been used in commercial standards such as Digital Video Broad-
casting [20] and MediaFlo [21] to provide multiple levels of quality of service (QoS).

In [22-25], several UEP methods were proposed for multimedia data over
MIMO systems. For example, in [22], closed-loop MIMO with UEP using a scalable
video encoder was considered. In [23], channel coding and spatial diversity were
exploited to achieve UEP. In [26,27], the authors proposed layered video coding

and two-hop relaying to deliver video to two groups of users with different QoS,



depending on the weakest instantaneous channel SNR in each group. In [28-30],

source-channel rate optimization for block fading channel was considered.

1.2 General system model and problem descrip-

tion

In this dissertation, we consider a wireless relay network with a single source,
a single destination, and multiple relays, as shown in Fig. 1.1. The source transmits
a layered source to the destination using the help of the relays. The relays are half-
duplex and use the decode-and-forward protocol.

Unlike other cooperation techniques in the literature, we assume there is no
feedback channel from the destination to the relays or from the relays to the source.
Also, the relays are not able to communicate with each other. Lastly, automatic
repeat request is not considered. These constraints are aimed at minimizing the
transmission latency for multimedia applications and reducing the system com-
plexity.

In the following, we present the general transmission protocol, which will
be used throughout the dissertation. More detailed protocol description will be
presented later. Due to the relays’ half-duplex, it takes two time slots for each
transmission. In the first time slot, the source broadcasts a message consisting
of a base layer (BL) and an enhancement layer (EL) to all the relays and the
destination. The relays separately decode the message. A relay decodes the BL

first, and, if successful, decodes the EL. Depending on the channel status, a relay
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Figure 1.1: Relay network: a single source, a single destination, and multiple
relays.

Source Destination

can successfully decode both the BL and the EL, only the BL, or nothing. Note
that, since the relays cannot communicate with each other, a relay does not know
if any other relay successfully decoded a given layer. In the second time slot,
each relay will forward all its successfully decoded layers to the destination using
orthogonal channels. Depending on the number of layers transmitted, a relay may
use different coding or modulation schemes to communicate with the destination.

With the above protocol, the destination can receive multiple signals, which
can include different numbers of layers. Therefore, in general, a conventional
maximal-ratio-combining receiver cannot be straightforwardly applied (or it is
not optimal). In [31] and [32], the authors used two different suboptimal com-
bining techniques. In this dissertation, we use both information-theoretic and
communication-theoretic approaches to design and analyze the layered transmis-

sion over decode-and-forward wireless relay networks. For each approach, we focus



on deriving the optimal linear-combining receiver. The system performance in
terms of the system throughput and/or the source distortion are then analyzed,
and key system parameters, such as power and rates, are optimized to improve the

end-to-end system performance.

1.3 Information-theoretic approach

In the information-theoretic approach, we assume the transmitted source is
a successively refinable Gaussian source, which can be partitioned into two layers:
a base layer and an enhancement layer. A block fading channel model is assumed,
and superposition coding is used for multiplexing.

Superposition coding was first applied to a relay network to improve the
transmission rate in [15], where one relay was considered and the channel gains
were deterministic. The relay decoded and forwarded only the enhancement layer
to the destination in order to enhance the direct link. Superposition coding has
also been studied in [32,33] for relay networks to improve the system throughput
over single layer transmission, although a suboptimal combining technique was
used at the destination.

In this dissertation, we propose a novel linear combining technique to com-
bine the received signals at the destination to first detect the BL, and then the EL,
using a two step combining method. We show that this combining technique is

optimal in terms of maximizing the received signal-to-interference-plus-noise ratio



(SINR); thus, it also maximizes the mutual information from the source to the des-
tination for this relay network with the considered protocol. The optimal weights
and the maximum combined SINRs for both the BL and the EL (the BL/EL) have
a closed form, from which we can obtain the distribution of the maximum com-
bined SINR in a simple form. We note here that the combining technique is also
optimal for a single relay selection protocol [13], because the destination receives
the BL/EL from the direct link, and either the BL/EL or only the BL from the
selected relay.

Using the optimal combining method at the destination, we analyze the
system performance in terms of the average throughput and the expected distor-
tion. Numerical results showed that the proposed two-layer scheme outperforms a

conventional one-layer scheme by several dB in channel SNR.

1.4 Communication-theoretic approach

In the communication-theoretic approach, the transmitted source is a lay-
ered video-encoded bitstream, which can also be partitioned into a BL and an
EL. For layered transmission, hierarchical QAM modulation scheme is used. Note
that, for hierarchical QAM modulation with Gray-coded bit mapping, generally,
the most significant bits (MSBs) are more protected than the least significant bits
(LSBs) against transmission errors. Hence, the BL is mapped to the MSBs, and

the EL is mapped to the LSBs for layered transmission. The relays, however,



adaptively use different modulation schemes, depending on number of successfully
decoded layers. In particular, if a relay successfully decodes both the BL and the
EL, it will transmit both layers to the destination using hierarchical 16-QAM. If
only the BL is successfully decoded, a relay will transmit only the BL to the des-
tination using QPSK. Because of different modulation schemes used at the relays,
conventional maximal-ratio-combining (MRC) receiver cannot straightforwardly
be applied at the destination.

In this dissertation, we derive the optimal linear combining receivers for the
BL and the EL by a two-step combining method, which minimizes the uncoded bit-
error-rate (BER). In the first step, we optimize over the weight vector’s direction,
in which the optimal solution has a closed form. In the second step, we optimize
over the weight vector’s length. For the BL, convex optimization programming [34]
can be used to efficiently solve for the optimal weight vector length. For the EL,
such convex optimization programming does not lead to a global optimum (thus,
only a local optimum can be guaranteed by convex optimization programming, or
a global search method needs to be used). We also present a suboptimal solution
for the BL by minimizing an upper-bound for the BER of the BL, which has a
closed-form solution and performs very close to optimal. Both the optimal and
suboptimal methods for the BL significantly outperform the combining methods
in [31,32]. A simple combining method for the EL in the second step is also
presented, which performs well compared to the optimal.

Numerical results show that the proposed layered scheme using hierarchi-



cal modulation significantly outperform a classical single-layer scheme using the

conventional modulation.

1.5 Dissertation outline

In Chapter II, we present the details of the information-theoretic approach
for layered transmission using superposition coding, based upon a block fading
channel model. The optimal linear combining receiver is derived, and closed-form
expressions for weight vectors and the combined SINR are obtained. The system
performances in terms of the average throughput and expected distortion are ana-
lyzed. We present a lower bound for the average throughput and an upper bound
for the expected distortion, both of which have a closed form. The system param-
eters such as the power and rate allocations are found by optimizing the closed
form bounds. The exact system performances corresponding to these parameters
are evaluated numerically.

In Chapter III, we present the details of the communication-theoretic ap-
proach, where hierarchical QAM modulation is used to provide UEP for a layered
video bitstream, which is encoded with a H.264/AVC encoder [35-38]. The video-
encoded bitstream is partitioned into a BL and an EL. The optimal linear combin-
ing receiver at the destination is derived based on a two-step combining method
which minimizes the uncoded BER. We also present a derivation that yields a

closed-form expression for a suboptimal set of combining weights, for both the BL



and the EL. The proposed scheme is then used for transmitting a layered video
bitstream over the wireless relay network. The performance of layered transmis-
sion scheme is evaluated and compared to the conventional transmission scheme.
Numerical results show that the former scheme significantly outperforms the latter
scheme.

In Chapter IV, we summarize the contributions of this dissertation and

discuss potential future work.



Chapter 2

Layered Transmission over
Wireless Relay Networks using
Superposition Coding

2.1 Introduction

In this chapter, we consider a relay network with a single source, a single
destination, and multiple relays. A block fading channel model is assumed. The
relays are half-duplex and use the decode-and-forward protocol. The transmitted
source is a successively refinable Gaussian source, which can be partitioned into
two layers: a base layer (BL) and an enhancement layer (EL). The BL is more
important than the EL, and the source cannot be reconstructed without the BL.
In the first time slot, the source broadcasts a message consisting of both the BL and
the EL (the BL/EL) to all the relays and the destination. The relays decode the

message individually. A relay might successfully decode the BL/EL, successfully

10
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decode only the BL, or decode nothing. Instead of using relay selection-based
protocols, which generally require feedback channels from the destination to the
relays and thus introduce more latency, we assume all the relays forward all their
successfully decoded layers to the destination using orthogonal channels. The
destination can thus receive multiple signals, each of which contains either the
BL/EL or only the BL. Since the received signals at the destination can include a
different number of signal layers, a conventional maximal-ratio combining (MRC)
receiver cannot be applied straightforwardly (or, if it is applied, it is not optimal).

To the best of our knowledge, MRC for uncorrelated branches was first
presented in [39]. In [40], the authors show that the MRC solution is also optimal
if the branches’ signals are correlated, as long as the branches’ noise processes
are independent. In [41], maximal-ratio eigen-combining was proposed for smart
antenna arrays, where it was assumed that the signals can be correlated but the
noise terms are independent. We will see later that these results are not applicable
to our problem, because in our case the interference terms, which we treat as noise,
are correlated. Another approach for MRC uses the eigenfilter method, which
can be applied for both correlated signals and correlated noise [42]; however, this
method, in general (and in our case), results in neither a closed-form solution for
each individual branch weight nor the optimum signal-to-interference-and-noise
ratio (SINR), because it depends on the inverse of the noise covariance matrix.

A suboptimal-combining method was proposed in [32] for linear combining

the received signals at the destination to decode the BL (and then the EL); how-
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ever, this method is suboptimal because not all the received signals are used for
combining. Another combining method uses a conventional MRC-like solution [31],
which is only optimal if all the received signals at the destination have the same
number of layers.

In this chapter, we derive the optimal linear solution to combine the received
signals at the destination using a two-step combining method. The optimality is
in terms of maximizing the received SINR. We note that the optimal weight vector
has a closed form, and the corresponding combined SINRs for the BL and the EL
also have closed forms. Using the optimal-combining method at the destination,
we derive the average throughput and the expected distortion. Since these quan-
tities are not expressed in closed form, we derive a closed-form lower bound to the
average throughput and a closed-form upper bound to the expected distortion. We
find suboptimal system parameters, such as the power allocation parameter for su-
perposition coding and transmission rate for each layer, based on the closed-form
bounds. We then obtain the actual average throughput and the actual expected
distortion numerically corresponding to the suboptimal system parameters. Nu-
merical results show that the proposed two-layer scheme using superposition coding
can gain up to several dBs in channel SNR, compared to a conventional one-layer
counterpart.

The rest of this chapter is organized as follows. In Section 2.2, we present
the system model. The optimal linear-combining receiver is presented in Section

2.3, and the system performance analysis is presented in Section 2.4. Section 2.5
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is for numerical results, and finally, Section 2.6 concludes the chapter.

2.2 System model

2.2.1 General description

In Fig. 1.1, we demonstrate a wireless relay network with a single source
(s), a single destination (d), and N relays (r,, for n = 1,2,...,N). We assume
a block fading channel model. The transmitted source is successively refinable
Gaussian, which is partitioned into a BL and an EL [14,32]. The relays are half-
duplex and use the decode-and-forward protocol. In the first time slot, the source
broadcasts a message with two layers using superposition coding to all the relays
and the destination. We assume the relays are not able to communicate with each
other; hence, they do not know if any other relay successfully decodes a layer.
Rather, we assume in the second time slot that if a relay does not successfully
decode any layer, it will keep silent; if it successfully decodes only the BL, it will
transmit only the BL to the destination; and finally, if it successfully decodes both
layers, it will transmit the BL/EL using superposition coding [32,33]. We assume
the total available bandwidth, which is equally divided into N sub-bands, each of
bandwidth W is allocated to the relay-destination links. The broadcast channel
from the source to the relays and destination can use any one of the sub-bands
(see Fig. 2.1), since it transmits in different time slot. With this protocol, the
destination receives multiple signals, each of which can include either the BL/EL

or only the BL.
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A Time slot 1: Time slot 2:
(BL/EL) (BL/EL, BL only, or kept silent)

N, relay - destination: ry-d
0
()
C
c
®©
<
(&)
.
n 2 relay - destination: r,-d

1| source - relays/destination relay - destination: r;-d

-
Time

Figure 2.1: Relay protocol description: the transmission bandwidth is equally
divided into NV sub-bands, and the relays use the half-duplex protocol.

2.2.2 Channel and signal models

We assume the channels of the links s — d, s — r, and r, — d experience
Rayleigh flat-fading, with the real-valued gains, respectively, denoted by g, alm
and a%). Due to the spatial separation, we assume these fading gains are inde-

pendent. Also, the second moments are denoted by

Qu 2 Blol], 9F) £ B[al?)], 03 £ El(o)])] 21)

ST

We assume the maximum transmit powers at the source and at the relays are
limited by P, and P,, respectively. In the following, we consider the received

signals at the relays and the destination.

e In the first time slot, the received signal at the n-th relay (at the output of
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a coherent matched filter) can be written as follows [43]:

) = )/ faw + v/ + 27, 2.2)

where xp; and z. denote the BL and EL signals, respectively, and are in-
dependent and Gaussian with zero mean and unit variance. The parameter
p € (0,1] is the transmit power allocation at the source. That is, pPs is
the transmit power allocated to the BL, and pP,, where p £ 1 — p, is the
transmit power allocated to the EL [32]. The {zﬁn)} represent the additive
Gaussian noise, which are assumed to be i.i.d. with zero mean and variance

o2. Similarly, the received signal at the destination is given by

yc(lo) = Qsqd\/ Ps(\/ﬁl‘bl + \/ﬁxel> + Z(Ezo)a (2.3)

We note that after receiving the signal yéo), the destination does not decode

the message immediately, but saves it in the memory and waits for the signals

in the second time slot.

In the second time slot, the received signal at the destination from the n-th

relay is given by

yc(ln) = 057("2)\/ PT(\/,BII,[ + \/ﬁxel) + Zc(ln) (24)

if both layers have been successfully decoded, where p is the power allocation
parameter at the n-th relay. If only the BL has been successfully decoded,

we allocate all the power to the BL (i.e., p = 1), and thus the received signal
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is given by
y((in) = O_ffz)\/ Prxbl + Z[(in) (25)
We also assume {zc(ln)} forn=0,1,..., N are i.i.d. and Gaussian with zero

mean and variance o3, where n = 0 denotes the direct link s —d (in the first

time slot).

For notational convenience, we consider the source itself as a virtual relay,
referred to as relay 0, which always sends the BL/EL to the destination, where the
received signal at the destination is given in (2.3). To express (2.3) in the form of
(2.4), the received signal from an actual relay, we denote the ‘effective’ fading gain

from the source (i.e., relay 0) to the destination as follows:

o 2 /PPy, (2.6)

such that Equation (2.3) can be expressed as

y((io) = asd\/ﬁs(\/ﬁxbl + \/ﬁxel) + Z((IO),
= aﬁ?}x/ﬁ(\/ﬁxbz +VpTa) + Zfio) (2.7)

that is, Equation (2.4) with n = 0. We also denote Qg?l) = (P;/P.)yy.

We define the received SNR at the output of the n-th relay’s receiver as
r™ 2 pom/is2  forn=1,2,...,N (2.8)
and similarly the received SNR of the n-th received signal at the destination as

an) é PTQ£=Z)/0§7 for n = O’ ]_, 27 ey N (29)
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where we note that Féo) = PTQE};) Jod = P,Qg/op for the direct link. Note that

because each relay transmits the signal to the destination using its dedicated sub-
band, there is no interference among the received signals from the relays. At the
destination, the received signals as shown in (2.4) and (2.5) will be combined to first
decode the BL, and then the EL. For combining and detection at the destination,
in practice, each relay needs to send a signalling message (of two bits) to inform
the destination which type of signal it will send. For simplicity, we assume the
signalling message is received at the destination error-free, and ignore the signalling

overhead.

2.3 Combining methods for the received signals

at the destination

Let (O, V), for £ = 1,2,..., be all possible pairs of subsets of relays
(excluding the virtual relay 0), which successfully decode only the BL, and the
BL/EL, respectively, where O, N¥; = () and ©, UV, C {1,2,...,N}. Also, if the

direct link is used, we denote
U = {0,7;}, (2.10)

otherwise, we denote W} = W,. That is, ¥} is the set of all relays, including the
virtual relay 0 (if the direct link is used).
Let w,, be the combining weight for the received signal yc(l”) forn € ©,UT.

Since the channel gains are real-valued, we can assume the {w,} are real-valued.
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The general linear combining signal is given by

Yaor = Z wnyén) + Z wnyén) (2.11)

nedy nGWZ
= > wn(VPa e+ 2")
neBy
+ Z w, ( 7nd <\/_l‘bl +/pre) +zd ) (2.12)
n€@+

where we substituted {y } from (2.4) and (2.5) for n € O and n € ¥}, respec-
tively.

For notational simplicity, we define

A rd _ T
(ng(vvek) - § : WpQp | = Wo, Oy,
neB
A rd _ .. T
Cyt (W\I,z) = E WnOlp) = Wy Qi (2.13)
new;
A E : (d _ T
N@k(w@k) - WnZ, 1 = Wg, 2oy,
neOg
Ny+(wg+) = w2 = wl .z (2.14)
v \Weilt) = nenl = Wyt o :
new;

where we, and wy+ denote the vectors whose elements are w, for n € O and
n € U}, respectively, and similarly for ag,, Qyt, Zey, and Zyt The superscript
T denotes transpose. From (3.10), we note that Ng, (we,) ~ CN(0,|we, ||*0?)
and Nyt (Wyt) ~ CN(O, [wy:[®05), where we use ||x| 2 V/xTx to denote the
Euclidean norm of a vector x. Since O, N \If = (), N, and N‘I’I are independent.
In the following, we will drop the dependence on wg, and Wyt wherever there is

no confusion.
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Using the definitions (2.13) and (2.14) in (2.11), after reorganizing, we have

}A/d7bl = <\/ PTC@k + \/ﬁ\/ PTC\I,;)ZL'M + \/EO\IJ;V P,«ZL‘el -+ N@k —+ N\I/; (215)

Considering the EL as interference, the SINR of the BL is given as follows

P, (CGk (W@k) + \/ﬁC\IIZ' (VV\I!;;r )) ’

S]NRBL(W@ , W +> = = (216)
M) S R Car (wa P+ (TWerlP + [wag P)7
We need to find wg, and Wyt to maximize the SINR of the BL
SIN R}y, = maximize S[NRBL(W@MW\I,;:) (2.17)

W@k,W\I’:
In the following, we consider both the suboptimal and optimal combining

methods for detecting the BL.

2.3.1 Simple method

It was proposed in [32] to use the received signals which include only the
BL to decode the BL, as shown in (2.5), if at least one is available, i.e., O # (.
Otherwise, all the received signals which include the BL/EL will be combined to
decode the BL/EL. By this method, in both cases, the conventional MRC receiver
can be used [32]. That is, the suboptimal combining weight vectors for the BL are

given by

We, = Qg,, Wyr =0, if ©p # 0 (2.18)

We, =0, Wy =0y, fOp=0(F #0) (2.19)

k
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The corresponding SINR for the BL are given by

o _ Bllae .
SINR(LH(@]C, \I’k) = T, if ®k 7é @ (220)
0
PP, ot |

of + PP [y ¢ |17

2.3.2 MRC-like method

In this method, the combined weight vectors are given by
Wgo, = Og,, and W‘I’Z = aq,z (2.22)

which is equivalent to an MRC receiver if all the received signals have the same
number of layers. This method has been used in [31]. Substituting (2.22) in (2.16),

the SINR for the BL is given by

2
P (leo, |I” + /pllog117)

SINRd7bl(@k,\IJ+) = —
T Pl 1+ (lee, 2 + llevg: 17) a3

(2.23)

2.3.3 Optimal method

In this subsection, we consider the optimal linear-combining solution, which
maximizes the output SINR. The optimal linear-combining procedure can be di-
vided into two steps, as shown in Fig. 2.2. In the first step, we apply an MRC
receiver to the signals which include only the BL, and use the same technique for
the signals which include the BL/EL, separately. In the second step, we apply an
MRC receiver to the two resulting signals.

In Appendix A.1, we show that the optimal combining weight vectors are
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Figure 2.2: Optimal linear-combining receiver: Two-step combining procedure.

given by
o PO+
Wg, = —(2k, and Wyt = — \/— \Il; P) (224)
) k ,OPTHC!%H + 05

which depend on not only the channel gains but also the power allocation param-
eter and the channel SNR. The optimal weights in the first and second steps are,
respectively, given in (A.11), (A.15) and (A.18). The maximum SINR for the BL
is given by

Pllee,|?  rPlle;]?

a3 pP:|loey+|* + o

SIN Ry (O, Uf) = (2.25)

We note that if the suboptimal combining method in [32] was used, the combined
SINR would be only the first term in (2.25) for O being an non-empty set, and
only the second term in (2.25) for ©4 being an empty set. Also, we can show

that the suboptimal SINR, as shown in (2.23), is strictly less that the optimum, as
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shown in (2.25), for 0 < p < 1 (and both ||ae, ||, Ha\I,:H > 0, which happens with

probability one).

2.3.4 Combining method for the EL

Provided the BL is decoded successfully (regardless the method used), it is
subtracted from the received signals in the set ¥, , which include the BL/EL, as

shown in (2.4). The resulting signals are given by

yé’,?z = 047(«3)\//_5\/ Pz + Z((in), for n € 0. (2.26)

The signals {yf;gl} are then combined by using a classical MRC receiver. The
combined conditional SINR for the EL at the destination, given that the BL was
successfully decoded, is given by

ﬁPrHa +”2
SIN Ry (O, Uf) = ——k—

09

(2.27)

2.4 System performance

2.4.1 The outage probability of the s — r, links.

The instantaneous mutual information (MI), normalized by the subband
bandwidth W, for the BL from the source to the n-th relay (for n = 1,2,..., N)

is given by [14, 32]

pPS‘O‘gL)‘Q
0% + pPylal 2

MI%) = log, <1+ ) [bps/ H 2] (2.28)
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where we consider the EL as interference. Similar to [32], the outage probability

for the BL at rate Ry [bps/Hz| from the source to the n-th relay is computed as

follows:

Wﬁ,?z(sz) £ Pr (BL is not decoded) = Pr (M]T(’;g < Ry)

P2
_ Pr( philo |() <2Rbl—1>
0-(% + pPsla;”L |2

Py
= Pr (Sl (o p2" — 1)) < 2™ — 1)
0

(2.29)

We note that if p — p(2% — 1) < 0, then the outage probability of the BL is

Wﬁ?;%(Rbl) = 1, for all n, regardless of the channel SNR. In this case, nothing is

successfully received at any relay, so are the destination. Hence, in the following,

we assume that p and R, satisfy
p—p(2f —1) >0

With the constraint in (2.30), we can write (2.29) as follows:

(ch?))2 - 280 _ 1 >
QW (p— p(2Bu — 1)) P,OW /62

Ru _ 1 N o
= Vinc ) = Yinc\T ,1
7 <(p (2R — 1))1_‘7(]1) ) Yine (1,1)

7r£j2<Rbl) = Pr <

where we use (2.8), and define

N 2R _ 1

(p— p(2Rn — )T

i

and

(2.30)

(2.31)

(2.32)

(2.33)
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where Yin.(¢, k) is the incomplete Gamma function [44] with I'(k) £ [ e ™"~ !du.
When the BL is decoded successfully, it is subtracted from the receiver

signal to decode the EL. Thus, the conditional MI of the EL, conditioned on the

event that the BL is successfully decoded, is given by

" PPy (aly)?
MIr(,eg\bl = log, (1 + £ (02 ) ) [bps/H 2] (2.34)
0

The joint probability that the BL is successfully decoded and the EL is unsuccess-

fully decoded is calculated as follows:

71'7(:2)[*76[(}%1)5, Ry) £ Pr (BL decoded, EL not decoded)

= Pr (MI,(,?,; > RblyM[7(=Z|bl < Ra)

(n)y2 — (n

a5 + pPa(asr) %
2R _ 1 Rt 1
- Pr( . < (am)2 < Z )
=@ — )b =) < SR e

Using the notation in (2.8) and (2.32), we have

(a2 oRa _1
) )
er ﬁl—‘r
Vine(T2,1) = Yine(T1,1) (2.35)

Wﬁg)l*,el(Rbla Rel) = Pr (.Tl <

where we denote

2fea 1}

A
To = INax {551,

The joint probability that both the BL and the EL are successfully decoded
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is thus given by

e o (Rys Ra) 2 Pr (BL decoded, EL decoded)
= 1—-Pr (BL not decoded)
—Pr (BL decoded, EL not decoded)
=1 —7T (Rbl) _7T1Ebl ez(RblaR 1)

= 1 — Yipe(z2,1) (2.37)

2.4.2 Joint probability of the layers successfully decoded
at the relays

In the following, we consider the joint probability that a subset of relays
successfully decodes the BL/EL, another subset of relays successfully decodes only
the BL but not the EL, and the remaining relays do not successfully decode the
BL (and thus, not the EL). It can be shown that the joint probability of (O, ¥})
is given by

+
Pr(©, ¥) H 7Trbz et (Rt Rer) X H 7Trbl* et (P, Rer) H 7Trbz (Ru)

neB mew; 1¢0,UTT

(2.38)
where the first product term is the probability that the set Oy successfully decodes
only the BL but not the EL, the second product term is the probability that the set
U, successfully decodes the BL/EL, and the third product term is the probability
that the remaining relays do not successfully decode the BL.

If all the relays’ channel gains have the same statistics, the outage proba-
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bility of the BL. and the EL in (2.38) are the same for all relays, and thus (2.38)

reduces to!

Pr(Ok, U) = [mpir et (B, Bet)|™ X [ er (B, Ra)| ™ [Wr,bz(sz)}N_yk_Zk

(2.39)

where y;, and zj are the number of elements in the set ©; and U}, respectively.
Note that the probability in (2.39) is corresponding to one particular pair

of sets (O, ¥}). The number of pairs of sets which have the number of elements

N!

TAEAT I Thus, in this case

yr and z (for y, + 2z, < N), are C’X}“C’f\}“_yk =
(i.e., the i.i.d. channels), the probability of having y, relays successfully decode
only the BL but not the EL, and z relays successfully decode the BL/EL is given
by

_ N
PN(yk7 Zk) -

yk'zk‘(N — Y — Zk)' |:7Tr7bl*,8l(Rbl; Rel)}yk X [Wr,bl*,el*(Rbl’ Re[)}Zk

N—yr—zk

X [Wr,bl(Rbl)} (240)

2.4.3 System throughput and distortion

From (2.25), the conditional MI for the BL at the destination is given by

M[d,bl(@k7 \I/z) = 10g2 (1 + S[NRd,bl(@lm ‘I’Zr)) [bpS/HZ] (241)

'We drop the relays’ indices for simplicity of notation.
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and the outage probability for the BL is given by

Tan (R, Ok, V) = Pr(MIiu(O, ¥)) < Ry)

= Pr (S]NRd,bl(@ka \I/;l_) < 2Rbl — 1)

>

FSINR&M(QRM - 1), (2.42)

where Fsiygr,,,(.) denotes the CDF of SIN Ry (O, ). where Fsinpyy(.) de-
notes the CDF of SINR (O, ¥}). If the channel gains from the relays to
the destination are independently Rayleigh fading with second moment ng) =
E[(afqz))Q] £ (), then the SNR Fén) =Ty = B.Qy/c?, for all n € ¥/ (i.e., including
n = 0).2 and the CDF of the maximum SINR of the BL given in (2.25) is derived

in Appendix A.2, with the final result given as follows:

Fsinpay(z) 2 Pr(SINRyu(Ok, V) < x)

T (u Ye—1le—u/T'q
_ /0 ( /F?Lk!)m Fy,, ( — u)du (2.43)

where Fy, (.) is given in (A.24).
Similarly, from (2.27), the conditional MI for the EL at the destination,

given that the BL is decoded successfully, is given by
MId,el\bl(@ky \I/,j) = IOgQ (1 + SINRd7el(@k, ‘IIZ)) (244)

The conditional joint probability, conditioned on the pair of sets (O, ¥}),

that the BL is successfully decoded and the EL is not successfully decoded at the

2Note that the assumption implies E[|a'%)[2] = (P,/P,)E[|asal?] = (P/P.)Qsq = Q) = Q,
for all n, see (2.6).
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destination, is given by

Wc(lt;;)l*,el(Rbl) R, 0, V) £ Pr (BL decoded, EL not decoded)

£ Pr (MIjn(Ok, Uy) > Ry, M1 eyu(Or, ¥F) < Rep)

PP ety I
— <

2
)

— Pr (SINRd,,,Z(@k, U) > ofn 1, oRet _ 1) (2.45)

where we substituted (2.41), (2.44), and (2.27). Because of the non-linear form
of SIN Ry (O, ), as shown in (2.25), we cannot find a closed-form solution of
(2.45). In the following, we find an upper bound.

We note that for 0 < A < B, we have —4—~ < —£_. Thus, given that

1+A 1+B

(ﬁPr/ag)Haq,;rHQ < 2B — 1 ie., the second inequality in (2.35) holds, we have

PPl P (P /op)le P ot s
B+ il P 1+ (0P o8y P~ 2P |

Hence, from (2.25), we have

Pllae, |I? PP [y |I?
SINRyy(0, UF) = : .
‘ o g + pP; [y + |2
P. 2 oRe
o Bllew?  p2t -1 a7
a0 p 2h

By denoting K,(Re) = %2%*1 from (2.45), we have

2Rel Y

+
Ta b+ el (Rots Ret, O, V1)

AT
, s — <

2

oRet _ 1)
09

P,
< Pr (?Ha@kw + K, (Ru) > 2R — 1
0
2 — 1 — K ,(Re) 9Rer _ 1
— 2 P e 2
= Pr (flowon 2 5 ) Pr ey I < S5y ) (248)

0
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For i.i.d. Rayleigh fading, we have

2R 1 K (R, oRet _ 1
Tapir et (Rpy Rety Op, UFF) < [1 = Yinc ( ol l>,yk>] Yine (—>Zk:>
Lq pla

é 7Tc(lq;;)bl)*7el(Rbl7 R6l7 @ku \Ij;:) (249)

where we defined Wéf‘bﬁl’el(Rbl,Rel,@k,\I/Z) to be a closed-form upper bound of
Tab+ el (Rot, Ret, Or, UF).
The conditional joint probability, conditioned on (0, ¥}), that the BL/EL

is successfully decoded at the destination is given by

Ta i et (Rpry Rer, Ok, ¥7) = 1 — Pr(BL not decoded)
— Pr(BL decoded, EL not decoded)
=1~ Wd,bz(sz, @k, ‘IJZ) - Wd,bz*,ez(Rbl, Rel, @k, \Il,j)
(2.50)
The average outage probability for the BL, the average joint probability that
the BL is successfully decoded but not the EL, and the average joint probability
that the BL/EL is successfully decoded, averaged over all possible sets (O, ¥}),

are, respectively, given by

7rd,bz(Rbl) = Z Pr(@Iw\DZ_)Wd,bl(Rbh@k»qu_)
7Td,bl*,el<RblyRel) = Z Pr(@lm\I],I:r)ﬂd,bl*,el(RblaReh@lm\DZ)

Tapr et (Roty Ret) = 1 —Tap(Ro) — Tapi e1t( R, Rer) (2.51)
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From (2.49), we note that

Mo et(Bo, Ra) < ) Pr(O, W)y (R, Ret, Ok, W)

(08, %))

= ng?blz)*,el(Rbly Rer) (2.52)

We define a lower bound on the probability that the BL/EL decoded successfully

as follows:

T e (Rot, Ret) 21— mau(Ry) — 15 oy (Ru, Ret)
< 1 — map(Rut) — Tapr et( R, Rer)

= T4 bl* el* (Rbl; Rel) (253)

We note that it takes two time slots to transmit a single message from the
source to the destination due to the half-duplex relays. Therefore, the average

system throughput is given by [32]

T(Ry, Rer) = Taps er(Rory Ret)0.5 R + Tape et (Rut, Rer)0.5( Ry + Rep) [bps/Hz

(2.54)
and the expected distortion is given by
D(Ry, Ret) = 2°.mwap(Rut, Ret) + apie et Ry, Reg)27 0 0F
+ T bl el (Rbh Rel>2—0.5(sz+Rel) (2'55>

where we assume the distortion of a Gaussian source to be 2% and where R

[bps/Hz| is the normalized transmission rate [14].
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From (2.52), a lower bound on the average throughput is given as follows:

T(Rbl, Rel) Z (1 — Wd,bl(Rbl)O-5Rbl + 7Tc(ll,2*,el* (Rbl, Rel)0-5Rel (256)
= WC(IUbl)*ﬁl(Rbl, Rel)0-5Rbl + WEI{Z?*,@I* (Rbh REZ)O.5(Rb1 + Rel)

)

2 TW(Ry, Ry) (2.57)

Similarly, from (2.53), we can show that an upper bound on the average distortion

is given by

D(Ry, Rey) < 2°.7401( Ry, Rey) + Wéﬁ)*’el(Rbl, Ryy) 205w
- Wr(il,zg*,ez* (R, Rel)2—0-5(sz+Re,)

2 D) (Ry, Ry) (2.58)

We note that these bounds are closed form for i.i.d. Rayleigh fading channels. In
the following, we will numerically find an suboptimal set of the system parameters,
such as the power allocation parameter p and the rates Ry and R.; by maximizing
the lower bound on the throughput, or minimizing the upper bound on the dis-
tortion. For the resulting suboptimal system parameters, we will find the actual

average throughput and the actual expected distortion numerically.

2.5 Numerical results

In the numerical results, we assume there are 1, 2, or 4 relays; however,
the direct link is assumed to be too weak and will be ignored. We assume the

distances from the relays to the source and to the destination are approximately



32

equal such that the second moments of the channel gains of all links are the same,
so that Q") = QfZ) =y, foralln=1,2,...,N. That is, the channel gains of all
links are assumed to be i.i.d. Rayleigh with the second moment €25. We assume
the transmit power at the relays is limited by P. = P;/N. We define the received

signal-to-noise ratio at a relay as follows:

P.Q
SNR=T,=—5. (2.59)
99

In the following, we first consider the average combined SNR for the BL
at the destination using the different combining techniques. We then plot the
system performance in terms of the throughput and distortion using the optimal-
combining method. We also plot the performance for a conventional single-layer

system, for comparison.

2.5.1 Average combined SNR for the BL

In this subsection, we compare the three combining techniques, presented
in Subsections 2.3.1, 2.3.2, and 2.3.3, by plotting the average combined SNR of
the BL at the destination. For simplicity, we assume there are two relays, N = 2.
One is always transmitting only the BL, and the other is always transmitting the
BL/EL using superposition coding.

In Fig. 2.3, we plot the average combined SNRs for the BL. with the power
allocation parameter p = 0.9. We observe about 1dB gain in the average output

SNR by using the optimal combining technique. We note that in the low SNR
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Figure 2.3: Average combined SNR for the BL at the destination: p = 0.90.

region, the conventional MRC-like combining method performs better than the
method in [32] (i.e., using only the BL signals). This is because the former method
exploits both the received signals, instead of using only one, and in the low SNR
region, the output SINR is more dependent on the noise power than the interference
caused by the EL. When channel SNR is high, however, the MRC-like method
results in a lower SNR than the other methods, because the interference due to
the EL becomes more pronounced. We note that if p = 1, the double-layer scheme
reduces to a single-layer scheme. In this case, the MRC-like method becomes
optimal. However, in Fig. 2.4, where we plot the average combined SNR for

p = 0.99, which is close to 1, we can still observe about 0.8dB gain for the optimal
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Figure 2.4: Average combined SNR for the BL at the destination: p = 0.99.

method, compared to the MRC-like method. Also, we note that the MRC-like
method is significantly better than the simple method over the entire SNR range
of the plot in this case, because the interference caused by the EL is small. In
all cases, the optimal method is strictly better than other methods for p € (0,1).
Hence, in the following, we only use the optimal-combining method for the system

throughput and distortion evaluation in comparison with the single-layer system.

2.5.2 Throughput and distortion

In this subsection, we consider the average throughput and the expected

distortion of the system with various numbers of relays. In the following plots, we
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Figure 2.5: Throughput of the system with one relay.

assume the direct link is weak, and will not be used. For the double-layer system,
besides the true values, we also plot the lower bound on the average throughput,
as given in (2.56), and the upper bound on the expected distortion, as given in
(2.58).

In Fig. 2.5, we plot the average throughput for the system with one relay
for both the double-layer scheme and the single-layer scheme. Since there is only
one relay and the direct link is not used, there is only one received signal at the
destination. The lower bound and the true value are, in fact, identical, as shown
in the plot. Compared to the single-layer system, we observe approximately 1dB

gain in channel SNR when the SNR is about 25dB.
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Figure 2.6: Throughput of the system with 2 relays.

In Fig. 2.6, we plot the average throughput for the system with two relays.
Since there are possibly two kinds of received signals at the destination, the plot
shows that the lower bound on the average throughput is strictly smaller than the
true value. Compared to the single-layer system, we observe about 1.5 dB gain in
channel SNR when the channel SNR is about 25 dB. Similarly, we observed about
1.5 dB gain in channel SNR for a system with 4 relays, although the curve is not

shown here.
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Figure 2.7: Throughput of the system with 1,2, or 4 relays.

In Fig. 2.7, we plot the average throughput for the system with 1, 2, or 4
relays for the double-layer scheme with the optimal-combining method. We can
see significant improvement in the system throughput when the number of relays
increases. We note here that, since we normalize the throughput by the sub-band
bandwidth, when the number of relays increases, the total bandwidth used for the
multiple access links from the relays to the destination linearly increases. That is,
we trade off the bandwidth used for the multiple access channels for the system
throughput. Note that the bandwidth of the broadcast channels (from the source)
and the total transmitted power of the relays are fixed and do not depend on the

number of relays.
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Figure 2.8: Distortion of the system with one relay.
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In the following, we consider the system performance in terms of the ex-

pected distortion. In Fig. 2.8, we plot the expected distortion for the system with

one relay for both the double-layer scheme and the single-layer scheme. Similar

to the throughput case, both the lower bound and the true values are identical in

this case, since there is only one received signal at the destination. Compared to

the single-layer system, we observe about 1.5dB gain in channel SNR when the

channel SNR is around 25 dB.
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Figure 2.9: Distortion of the system with 2 relays.

In Fig. 2.9, we plot the expected distortion of the system with 2 relays.
Compared to the single-layer system, we observe 2dB gain in channel SNR when
the channel SNR is around 25 dB, which is also the case for a system with 4 relays

(that curve is not shown).
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Figure 2.10: Distortion of the system with 4 relays.

Lastly, in Fig. 2.10, we plot the expected distortion for the systems with
1, 2, or 4 relays for the double-layer scheme with optimal combining. We observe
a large improvement in the expected distortion as the number of relays increases.
Again, we note that the trade off for the system improvement is the increase in

the used for the multiple access channels, as the number of relays increases.
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2.6 Conclusion

In this chapter, we considered a relay network with a single source, a single
destination, and multiple relays. A successively refinable Gaussian source par-
titioned into two layers is transmitted using superposition coding. The relays
forward all their successfully decoded layers to the destination using orthogonal
channels. We derived the optimal linear-combining receiver at the destination,
and showed that the optimal method gain about a dB compared to the subopti-
mal methods in terms of the output combined SINR. Using the optimal-combining
method at the destination, we derived the average throughput and the expected
distortion with the closed-form lower and upper bounds, respectively. We obtained
suboptimal system parameters, based on the closed-form bounds, and obtained the
actual average throughput and expected distortion numerically. Numerical results
showed that the proposed two-layer scheme using superposition coding with the
optimal linear combining method can gain up to 1-1.5 dB in channel SNR for
the average throughput, or 1.5-2dB in channel SNR for the expected distortion,

compared to the conventional one-layer counterpart.
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Chapter 3

Layered Video Transmission over
Wireless Relay Networks using

Hierarchical Modulation

3.1 Introduction

In this chapter, we again consider wireless relay networks with a single
source, a single destination, and multiple relays, all of which are equipped with a
single antenna. Neither a feedback channel nor retransmission is allowed in order
to reduce extra latency (and system design complexity). Also, the relays cannot
communicate with each other for cooperation purpose. A layered video bitstream,
encoded using the H.264/AVC reference encoder [35-38], is transmitted from the
source to the destination using the help of the relays.

In our proposed scheme, hierarchical QAM modulation will be used to pro-

vide UEP for an embedded bitstream. We assume the embedded bitstream can be

43
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partitioned into two layers with different levels of importance. The relays adap-
tively use different modulation schemes, depending on the number of successfully
decoded layers. We will see later that, because of different modulation schemes
used at the relays, classical maximal ratio combining (MRC) cannot straightfor-
wardly be applied at the destination. The combining methods in [31] and [32] can
be used; however, both of them are suboptimal.

In this chapter, we derive the optimal linear combining weight vectors for
the BL and the EL by a two-step combining method, where the optimality is in
terms of minimizing the uncoded BER. In the first step, we derive the optimal
vectors’ directions, which have closed-form optimal solutions for both the BL and
the EL. In the second step, a weight, which represents the vector length, needs
to be found. For the BL, convex optimization programming [34] can be used to
solve for the optimal weight. For the EL, such convex optimization programming
does not exist (thus only a local optimum can be guaranteed). We also present a
suboptimal method to find the weight for the BL by minimizing an upper-bound
BER, which has a closed-form solution and performs very close to the optimal.
Both the optimal and suboptimal methods for the BL significantly outperform the
combining methods in [31,32]. A suboptimal combining method for the EL in the
second step is also presented, which performs well compared to the optimal.

Numerical results show that our proposed double-layer scheme using hi-
erarchical 16-QAM significantly outperforms a classical single-layer scheme using

conventional modulation. For example, approximately 2-2.5dB gain in channel
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SNR, or 5-7dB gain in the PSNR, can be observed.

The rest of this chapter is organized as follows. In Section 3.2, we present
the system model. The novel combining technique and the system performance
are presented in Section 3.3. The application to transmission of layered video
bitstreams over the network is presented in Section 3.4, and Section 3.5 concludes

the chapter.

3.2 System model

In this chapter we consider the same model as that in Chapter II. That
is, we consider a relay network with a single source, a single destination, and N,
relays, all of which are equipped with a single antenna, as shown in Fig. 1.1. The
relays are half-duplex, use the decode-and-forward protocol [7], and are not able
to communicate with each other. Multiple access channels from the relays to the

destination are orthogonal in the frequency domain, as shown in Fig. 2.1.

3.2.1 Channel model

We assume the channels from the source to the relays and from the relays
to the destination experience flat Rayleigh fading, and we use the modified Jakes’
model [45] to simulate different fading rates. Due to the spatial separation, we
also assume that all the channels from the source to the relays and from the relays

to the destination are independent. We assume that the channel gain is constant
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for each symbol, and that it can be accurately estimated at the receiver. However,

the channel gain is assumed to be unknown at the transmitter.

3.2.2 Source model

We consider the transmission of a layered video bitstream, encoded with
the H.264/AVC encoder [35-38]. Similar to a refinable Gaussian source, the video-
encoded bitstream can be partitioned into a BLL and an EL, where the BL is more
important than the EL in terms of the source distortion. The layer partition is
not, however, a trivial problem, and will be presented in detail in Subsection 3.4.1.
In this chapter, we adopt hierarchical QAM modulation [19,46] to provide unequal

error protection.

3.2.3 Transmission schemes

A. Classical single-layer scheme - Baseline

For the classical single-layer scheme, we assume the system is unaware of
the source’s information; hence, it considers the source as an i.i.d. bitstream.
Classical 16-QAM with Gray-coded bit-mapping is used, where all bits in a symbol
are considered to be of the same importance. This is referred to as the equal error
protection (EEP) scheme. In the first time slot, the source encodes and broadcasts
a message to all the relays. The relays separately decode the message. If successful,
they re-encode and forward it to the destination using the same modulation scheme.

At the destination, since the received signals use the same modulation scheme, a
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maximum-ratio-combining (MRC) receiver can be used to combine all the received

signals to decode the message.

B. Proposed double-layer scheme

In the first time slot, the source encodes and broadcasts the message to all
the relays and the destination. The first half of the message contains the BL and
the second half of the message contains the EL. We use hierarchical 16-QAM as
the modulation scheme,! where the BL is mapped into the most significant bits
(MSBs) and the EL is mapped into the least significant bits (LSBs), as shown
in Fig. 3.1. The relays separately decode the message. If the BL is decoded
successfully, an attempt is made to decode the EL. Depending on the channel
quality from the source to the relays, and the power allocation parameter for the
hierarchical 16-QAM, a relay can successfully decode both the BL and the EL (the
BL/EL), only the BL, or neither. In the second time slot, the relays re-encode
and forward any successfully decoded layers to the destination. The hierarchical
16-QAM modulation scheme is used if both layers were successfully received. If,
however, only the BL is successfully received at a relay, it will transmit only the
BL to the destination using conventional QPSK. Lastly, the relay remains silent if
no layer was successfully decoded. In this chapter, we propose combining methods
to first detect the BL and then to detect the EL, which minimizes the uncoded

BER.

"'We note that the method proposed in this chapter can be generalized to higher order mod-
ulation schemes such as hierarchical 64-QAM or 256-QAM with 3 or 4 embedded source layers,
respectively.
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In both schemes, we use a cyclic redundancy check (CRC) to check whether
or not a message is received correctly. Throughout this chapter, we assume the
CRC is perfect in the sense that it can detect the error with probability one. Since
the mathematical representation of the single-layer scheme with conventional 16-
QAM is straightforward, in the following, we focus on the double-layer scheme

with hierarchical 16-QAM modulation.

3.2.4 Signal model at the relays and the destination

We consider hierarchical 16-QAM modulation using Gray-coded bit map-
ping, as shown in Fig. 3.1. We can express a hierarchical 16-QAM symbol, denoted

by A;, as the weighted sum, or superposition, of two QPSK symbols as follows [15]:

Al = \/ﬁbl + \/[_361 (31)

where b; and e; denote two QPSK-modulated symbols, which depend on the MSBs
and the LSBs, respectively, of the hierarchical 16-QAM symbol. We use p € (0.5, 1]
to denote the normalized power allocated to the MSB signal b;, and p £ 1 — p to
denote the normalized power allocated to the LSB signal e;.2

In the first time slot, the source broadcasts the embedded bitstream includ-
ing both the BL/EL to all the relays using the hierarchical 16-QAM scheme using

a fixed sub-band. The received signal sample at the n-th relay at the output of a

?Relative to the power allocation ratio in [19], we have oo = das/dr, = (\/p — /P)//P (where
p=1-—p), that 1s, e.g., if p = 0.70 then o = 0. , 1 p=0.80 then a = 1.0 (1.e., conventiona
p=1—p), that i if 0.70 th 0.528, if 0.80 th 1.0 (i ional
constellation), and if p = 0.90 then « = 2.0.
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Figure 3.1: Hierarchical 16-QAM constellation as superposition mapping of two
QPSK constellations.

matched filter can be written as

w) = @ 2E (Vb + V) + 2, n=1,2,...,N, (3.2)

where «a;'; is the channel gain at the sampling time (7§, which is assumed to
be real-valued and non-negative (i.e., a coherent receiver is assumed), with T}
being the sampling period. In (3.2), E, denotes the transmitted symbol energy
at the source, b; and ¢; denote the BLL and the EL modulated signals at time [T,
respectively, each of which is a QPSK-modulated symbol with unity power, and p is
the power allocation parameter (see Fig. 3.1). The terms {zT(LTZ)} are assumed to be

independently and identically distributed (i.i.d.) and circularly symmetric complex
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Gaussian noise CN(0,2Ny). Similarly, the received signal at the destination in the

first time slot is given by

yédl) = o}/ 2B, (Vpbi + \/per) + Z(()fil) (3.3)

In the second time slot, depending on the number of successfully decoded
layers at the relays, the destination can receive different signals in each sub-band.
If the n-th relay transmitted both the BL/EL using hierarchical 16-QAM, the

received signal in the n-th sub-band at the destination is given by

y) = art /2B, (v/pby + Vper) + 2, (3.4)

or, if only the BL is transmitted (using QPSK),

ynl —anl\/QE bH-an (3.5)

where F, denotes the average transmit symbol energy at the relays. Note that
all the power is allocated to the BL when QPSK is used (ie., p = 1). In (3.4)
and (3.5), similarly, we assume the {zgdl)} are i.i.d. and complex Gaussian noise
CN(0,2N,). For combining and detection at the destination, in practice, each
relay needs to send a signalling message (of two bits) to inform the destination
which type of signal it will send. For simplicity, we assume the signalling message

is received at the destination error-free, and ignore the signalling overhead.

rd

4, and

Due to the spatial separation, we assume the fading gains o, «

nl’

a;? are independent, with second moments Q5 Qrd, and Q¢ respectively. For

n

notational simplicity, we also consider the source itself as relay 0, and denote
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agfll = /E,/E,a3¢, and thus Q5 = Q*E,/E,, such that the received signal at the

destination in the first time slot, as shown in (3.3), can be written as

ul = abd2E, (b + VBer) + 70 (3.6)

which is (3.4) for n = 0.

Since the destination can receive two types of signals, one of which includes
both the BL/EL using hierarchical 16-QAM and the other includes only the BL
using QPSK, the classical MRC receiver cannot be applied straightforwardly. In
[32], the received signals that include only the BL, if at least one is available, are
combined to detect the BL. If no such signal is available, that is, all the received
signals include both layers, then an MRC receiver is used to combine the received
signals to detect the BL (and the EL). Clearly, this is a suboptimal receiver,
because not all of the available received signals were exploited. In [31], another
combining method was used which is equivalent to an MRC receiver when all the
transmitted signals are identical, i.e., all are either hierarchical 16-QAM or QPSK.

This is again a suboptimal method.

3.3 Proposed combining methods at the destina-
tion
Let Oy be the set of relay indices which have successfully decoded only the

BL. Unlike Chapter II, let ¥}, be the set of relay indices, including relay 0, i.e., the

source, if the direct link is used, which have successfully decoded both the BL/EL.
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We note that Oy and ¥}, are subsets of the set of all relay indices, and ©, "Wy, = (.
The received signals at the destination from the relays in the set ©, and ¥, are
given in (3.5) and (3.4), respectively.

In the following, we consider both the optimal and a suboptimal method
to combine the received signals in the sets ©, and ¥, at the destination to decode
the base layer signal. Optimality is defined in terms of minimizing the uncoded bit
error rate. We note that if either ©; or Wy is an empty set, i.e., only one kind of
signal is received, the classical MRC receiver can be applied, and which is optimal.

Thus, in the following, we consider the case that both sets are nonempty.

3.3.1 Combined signals and optimization problems

Given the received signals yfffl) for n € Oy, as shown in (3.5), and yédl) for
n € Wy, as shown in (3.4), we need to combine them to detect the BL and the
EL. Generally, the optimal weights for detecting the BL and the EL are different.
We first consider the combining for the BL (the combining for the EL is done in a
similar manner). Let w, be the weight corresponding to the received signal from
the n-th relay. The combined signal for the BL at the destination is given by

d d d d
Vil = D wae = D wayd + Y wayy (3.7)

’I’LE@kU\I/k nE@k newvy,
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where, as noted above, ©, N V), = (). Substituting yxll) from (3.5) and (3.4) for

n € O, and n € ¥y, respectively, we have

sz \2FE, Z W, Cflbl + Z wnlel)

neBy neBy
+v/2E, Z waal (V/pby + Ve + Z wnzr(fl) (3.8)
nevy nevy

For notational simplicity, we consider the following definitions, as similar

0 (2.13) and (2.14) on page 18:

Co,(We,) E W, W@ka@k, Cy, (Wy,) E W, W\I, ay, (3.9)
neBy nevy
N, 29 = N, = (3.10)
Ok W@k WnZy, | W@kz@kv U, W‘I’k WnZ nl W\Isz‘l’k :

neBy, newy

where we note that ©, N ¥, = ), and thus Ng, and Ny, are independent. Using

the definitions (3.9) and (3.10) in (3.8), after re-organizing terms, we have

Y\ = \2E, [Co,(we,) + Cu, (wu, /5l b + V2B, [Cu, (wu, )V e

+ N@k (W@k) + N\pk (W\pk) (3.11)

From (3.10), we note that if we change the sign of an element of the weight vector
wo, (or wy,), the statistics of the combining noise Ng,(we,) (or Ny, (Wy,))
do not change. Since all the channel gains {a’¢ ) are non-negative, from (3.9),
we observe that the optimal weights {w,} must be non-negative, otherwise we
can change the signs of the negative weights to increase the signal component by
increasing either Cg, (wg, ) or Cy, (Wy, ), as shown in (3.11), while not changing

the noise statistics. Hence, the optimal weight vectors wg, and wyg, must have
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all the elements being non-negative, which we denote by wg, = 0 and wyg, = 0.
As a result, both Cg,(we,) and Cy,(Wy,) are non-negative. Further, we note
that if either wg, = 0 or wy, = 0, the combined weight vectors cannot be optimal
because we do not use all the received signals for detection. Hence, in the following,
we assume both wg, # 0 and wy, # 0 when solving for the optimal weight vectors.

Note that the combined signal in (3.11) is a noisy hierarchical 16-QAM
symbol. The conditional BER expressions, conditioned on the channel gains, for

the BL as follows [19,46]:

W W _ 1 \/ECGk (WGk) + \/EC‘I% (W‘I’k) (\/ﬁ _ \/5)}

BEBsi{We, wa,) =34 ( N TR )

Lo (ﬁrcemek) + VE,Ca, (wu,) (v6 + v0)] )
2 N AR

(3.12)
Similarly, the conditional BER expressions, conditioned on the channel

gains, for the EL as follows:

BERELw@k,v%):@( VE,Cy,(va,)\/P )

VVorlP + Tvar ) Vo
Lo (m[wek(v@k) + Clu, (vu, ) (2y/7 — ﬁ)})
2 VVe P+ Ve PN,
1 (VE[2Ce,(ve,) + Cu,(ve,) (2y7 + vD)] )
2 ( o T Tva PN, 1

where vg, and vy, denote the combining vectors for the EL, whose elements are
non-negative, as for the BL.

The optimization problem for minimizing the BER of the BL is formally
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BER},;, = minimize BERpy(We,, Wy,) (3.14)

we, Wy, =0

and, similarly, for the EL

BER};, = minimize BERg.(Ve,,Vy,), (3.15)

Vo, Vi, =0

where the superscript * denotes the optimal value for the corresponding quantity.
Due to the complexity of the BER expressions, as shown in (3.14) and

(3.15), we will not solve the problem directly. Instead, we solve the problem in

two steps. In the first step, we optimize over the vectors’ directions. Then, in the

second step, we optimize over the vectors’ lengths. In the following, we present

these steps precisely.

For we, , Wy, ,Ve,, vy, = 0, and which are not equal to the zero vector, we

can write
Wo, = to,Wo,, Wy, = Gy, Wy, (3.16)
for ag,,ay, > 0, We,, Wy, = 0, and [|We, || = ||Wy, || = 1, and similarly
ve, = be,Ve,, Vu, = by, Vy, (3.17)
for be,, by, > 0, Vo,,Vy, = 0, and ||Ve, || = [|[Ve, || = 1.

Substituting (A.1) into (3.12), and (3.17) into (3.13), and noting from (3.9)



o6

that Cp(x) = Cp(ax) = aCe(X) for & € {O, ¥y}, we have

~ ~ A ~ ~
BERg(ae,,ay,, We,, Wy, ) = BERpL(ae, We, , Gy, Wy, )

_ Ly [ VEiwe.Co,l0,) + VEra, o (W9,) (P ~ V7]
: S T e

1
2 \/(a%k +a?1,k)No

+

(3.18)

and

BERgL(be,, by, ,Ve,, Vy,) = BERpL(be, Ve, , by, Vy,)

V ETb\I/kC‘I’k (‘7‘1/1@)\/5
(0%, + b5, ) No

VE, [2be,Co, (Ve,) + by, Cu, (¥3,) (245 — V7)]
(3, +b3,)No

. EQ \/E[ZkaCGk (‘791@) + b‘Ika‘I’k (oq’k) (2\/5 + \/ﬁ)}
’ (B3, + b3, ) No

+ 5@

DN | —

(3.19)

We note that the optimization problems, as shown in (3.14) and (3.15), are,

respectively, equivalent to the following optimization problems:

BERy, = minimize ~ BERpg(ae,,av,, Wo,, Wy, ) (3.20)
ag, ay, >0,Wg, ,Wy, =0

W, =Wy, I=1

and

BERy, = minimize ~ BERg(be,, by, , Vo,, Vy,) (3.21)
b(_)k,b\pk >0,v®k,v\pk =0
I9e, I=Ivg, I=1

Since the only constraints in (3.20) are that ag,, ay, > 0 and We,, Wy, = 0, ||We, ||

= ||Wy, || = 1, which are separate constraints, we can first optimize over Wg, , Wy,
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and then over ag,, ay, as follows:

BERp; = min ~ min BERg(ae,, 0y, , We,, Wy, ) (3.22)
aey 0w, >0 We Wy, =0
e, =¥y, I=1

Similarly, from (3.21), we have

BER*EL = min B mln BEREL<b@k,b\pk,\~/@k,\~/\pk) (323)
bo, by, >0 Ve, .Yy, =0
Ve, I=1vy, [I=1

These separations are illustrated in Fig. 3.2, where we first combine the received
signals in the sets O, and ¥, separately, and then combine the two resulting signals

in the second step.

3.3.2 The first combining step: Optimal for both BL/EL

In Appendix B.1 on page 93, we show that

. ~ ~ =k =k
_ min BERg(ae,,ay,,We,,Wy,) = BERp(ae,, av,, W, , Wy, ) (3.24)
0, W, =

W, II=lwy, =1

where
(W*Gk"x/*\llk) = (&@k’ d‘Ifk) = (a9k/||a@k||va‘I/k/Ha‘I’kH) (325)
Similarly, we have

min BEREL(b@k,b\pk,{/@k,{/\pk) == BEREL(b@wb\pk,{’gk,{’Ek) (326)

Ve, Vg, =0
%o, lI=lwy, I=1

where

(Vo,, Vy,) = (te,, ouy,). (3.27)
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Figure 3.2: Two-step combining procedure for the base layer.

Both of the inner optimization problems, as shown in (3.22) and (3.23),
have the same optimal solutions (Wg , Wy, ) = (Vo,,Vy,) = (@e,, ), which
depend on the channel gains, but not on either (ag,,ay,) or (be,,by,). Also, the
optimal solutions have the same form as the MRC solutions for combining the
received signals in the sets ©, and ;. Thus, we can use two MRC receivers for
combining the received signals in the sets © and W, separately, as illustrated in
Fig. 3.2. We note that Fig. 3.2 is slightly different from Fig. 2.2 on page 21 in
that the second-step combining in the latter figure is an MRC receiver, but that in
the former figure is not. The optimal linear combining weights in the second step
in Fig. 3.2 will be presented in the next subsection.

Next, we minimize the BER expressions of the BL and the EL, as shown on

the right hand side of (3.24) and (3.26), over (ae,, ay,) and (be, , by, ), respectively
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(see also (3.18) and (3.19) for the detailed BER expressions). In the following, we

solve these problems separately.

3.3.3 The second combining step
A. Combining methods for the BL

i) Optimal solution: In Appendix B.2 on page 94, we show that the optimal

weights in the second step are
ay, =1, ay, = tan(¢”) (3.28)
where ¢* is the solution of the following convex optimization problem:

¢* = arg min 1Q (Acos¢ + Bsing) + 1Q (Acos ¢+ C'sing) (3.29)
¢€(0,m/2) 2 2

where A > 0 and C > B > 0 are dependent on the channel gains, as defined in
(B.7).

it) Suboptimal solution — closed-form: In the following, we assume ag = 1 without
loss of generality (see Appendix B.2), and find a suboptimal weight ay,, which
minimizes upper of the BER of the BL. From the BER expression of the BL in
(B.8), and noting that C' > B > 0, an upper bound for the BER of the BL is twice
the dominant term. That is, we have

A+ Ba\pk

,/1—|—a31,k

where BERY, (ay,) denotes the upper bound, as a function of ay,. For high

BERg(ay,) < Q £ BERY, (ay,) (3.30)

instantaneous SNR, the true BER value approaches the dominant term, i.e., a half
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of the upper bound. Thus, minimizing the upper bound is also minimizing the
true BER value in high SNR.
Now, minimizing the upper-bound BER, as shown in (3.30), is equivalent

to maximizing the argument of the () function, i.e.,

A+ B
a&k £ arg min BERY, (ay,) = arg max AT

aq,k_O (l\kaO /1 + a?pk

where the superscript 1 denotes a suboptimal value for the corresponding quantity.

(3.31)

Similar to the solution of an MRC problem, we can show that
Cy,

(V= V) = o (/= V) (3.32)

T _
al = B/A = —
v =B/ oo |

where we substituted A and B from (B.7), and Cg_and Cy, from (B.1). Sub-
stituting the suboptimal weight from (3.32) into (B.6), and noting that agk =1,

after simplifying, the BER of the BL is given by

| \/Eww L Er(Cy )M - m?)

BER!, = -
pr QQ N, N,

E[(Cy.)2 + (Cy )2 (p — )]
[(Ce,)% + (C3,)2(Vp — VP)?] No

Finally, multiplying the weights in the two steps, we obtain the suboptimal

1
50 (3.33)
weight vectors. From (3.25), and noting that agk =1, we have

wh, = ab, Wo, = ae,/|lae, | (3.34)

and from (3.25) and (3.32), we have

o e _
wh, = al, Wi, = (/P — VP) X aw, /e, |
oo, |

= (Vr—Vpaw/llae,| (3.35)
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Note that we can scale all the weights by a positive value without changing the
system performance. By multiplying both the weight vectors, as shown in (3.34)

and (3.35), with ||ag, ||, the suboptimal weights are finally given by

wgk = ag,, w;k = (VP — VD)o, (3.36)

each of which only depends on its corresponding channel gain and the power allo-
cation parameter p.

For comparison purposes, we define the effective output (instantaneous)
SNR to be square of the argument of the Q-function of the dominant term of

BER. From (3.33), we have

E:(Ce,)" | E(Ca)" (VP — V)’
No No

SNRS) = (3.37)

We note that if both C'§ and Cy, are not equal to zero, our suboptimal method
results in a strictly higher effective SNR than that of the simple combining tech-
nique in [32], which results in only the first term in (3.37). Also, the combining
method in [31] uses w,, = afffl for all n, i.e., wo, = ag,, Wy, = oy, , as opposed
to (3.36). Using we, = e, , Wy, = oy, in (3.12), we can find the corresponding

BER expression for the BL. The effective SNR is given by

E.[(C5.)% +(Cy)* (o — D)

[(C5 )2 + (C3, 2] Mo (3.38)

SNR§I) =

which is shown in Appendix B.3 on page 96 to be strictly less than that in (3.37)

for p <1 (and both Cg, ,Cy, # 0, which happens with probability one).
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B. Combining methods for the EL

Similar to the BL case, from (3.19) and (3.26), we can show that the optimal

weights in the second step for the EL are given by

be, = tan”, by, =1 (3.39)
where
A in BERY (9 3.40
arg  min e1(0) (3.40)
in which

1 1
BER(E}J(H) 2 Q(Dcosb) + §Q (E'sinf + Fcosf) — 5@ (Esinf + G cos )
(3.41)
denotes the BER of the EL, as a function of #, and

E E
A r * — A r *
D = \/Focxpk\/ﬁa EZ?\/FOC@k

FoA \/%oak@ﬁ—m, G2\ G @VE Ve (342)

We note, however, that the optimization problem in (3.40) is, in general, not con-
vex. Therefore, a numerical search using, e.g., the Newton method [34], generally
results in a local minimum.

Because of the difficulty in searching for a local (or global) minimum, we
use a suboptimal combining method by letting 7 = 0, so bgk = 0 to reduce
the computational complexity. That is, we only use the combined signals, which

include both the BL/EL for detecting the EL [32]. We show in Subsection 3.3.4 that
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this suboptimal method gives results very close to the optimal one. By substituting
be, = bgk =0,by, = b:rl,k = 1 into (3.19), the corresponding BER expression for

k

the EL is given by

mmh—@(V%ﬁ@ﬁ) Q(J_QM%T f»
-1 (f Ci 27+ m) (3.49

For bgk =0, bT,I,k = 1, the suboptimal weights for the EL in both steps are given by

(see (3.27) for the optimal weight vectors in the first step)
L =0, vl = 3.44
V@k ’ V\I/k Qy, ( : )

where we have multiplied all the weights by ||cvy, ||
Since the @-function monotonically decreases, and G > F > 0, from (3.40),

we have a lower bound for the BER of the EL as follows:

BERY)(6) > Q(Dcost) > Q(D)=Q (\/%%ﬁ) (3.45)

for all 6 € (0,7/2). The lower bound will be used to compare with the suboptimal
BER performance and will be shown to yield very close results.

Lastly, we note that for ease of implementation, we can design the optimal
and suboptimal combining receivers by two steps as shown in Fig. 3.2. In the first
step, we use two MRC receivers for the received signals which include only the BL
and both the BL/EL separately. This step is optimal individually for both the BL
and the EL. In the second step, we combine the two resulting signals to detect the

BL and the EL, using either the optimal or the suboptimal weights.
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3.3.4 Numerical BER performance comparison for both

BL/EL

In the following, we compare the uncoded BER performances of the BL
and the EL for the different combining methods above. For simplicity, we assume
there are two relays. One is always sending the BL using QPSK, and the other is
always sending both the BL/EL using hierarchical 16-QAM. We assume the relays
experience independent flat Rayleigh fading. The channel state information is per-
fectly known at the receiver. For the BL, we plot the uncoded BER performances
for the combining methods in [31,32], and our optimal and suboptimal methods.
For the EL, we plot our simple combining method, the locally suboptimal method,
and the lower bound.

First, we consider the performance for the BL, as shown in Fig. 3.3 on page
65, for the power allocation parameter p = 0.72, a value which will be of interest
below. We note that the combining method in [32] does not perform as well as the
other methods since it only uses the QPSK received signal to detect the BL, and
thus results in just the QPSK BER performance (with diversity order 1). Also, our
suboptimal combining method of minimizing an upper-bound BER significantly
outperforms the combining method used in [31]. We can observe approximately
1dB gain in the medium and high SNR region. Our suboptimal method performs
almost as well as the optimal in the medium and high SNR region. For a higher
value of p, say, p = 0.8 (i.e., conventional constellation), as shown in Fig. 3.4, our

suboptimal combining method performs almost identical to the optimal one over
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Figure 3.3: Comparison of uncoded BER performance for the BL. and the EL
with p =0.72.

the range of SNR in the plot. The gain compared to the combining method in [31]
reduces for a high value of p, but the proposed method is still much better than
the method in [32], as can be seen in Fig. 3.4.

Next, we consider the performance for the EL. In Fig. 3.3, we observe
that the suboptimal combining method performs very close to the locally optimal
and the lower bound performances. For smaller p, the performance loss slightly
increases. For higher values of p, say p = 0.8, the performance loss is almost
negligible, as seen in Fig. 3.4. We note that in all cases, the locally optimal
performance is almost identical to the lower bound for, say, the channel SNR >

8dB, which suggests that the local optimum is very close, if not identical, to the
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Figure 3.4: Comparison of uncoded BER performance for the BL. and the EL
with p = 0.80.

global optimum in this SNR region.

In summary, for the BL, our suboptimal combining method performs very
close to the optimal. For the EL, the suboptimal combining method performs very
well compared to the local optimal and the low-bound BER performance. Hence,
in the numerical simulation in Section IV below, we will use the proposed subopti-
mal combining methods that have the closed-form weights, instead of numerically
solving for the optimal (or local optimal) weights to reduce the computational

complexity.
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3.4 Application to video transmission: Simula-

tion results

In this section, we apply the transmission protocol and our proposed sub-
optimal and closed-form combining methods at the destination for transmitting a

video-encoded bitstream over the relay network.

3.4.1 Simulation setup

In the simulation, we assume there are four relays, and the direct link is so
weak that it will be ignored unless otherwise stated. All the channels are assumed
to be independent, and flat Rayleigh fading with normalized Doppler frequency
fan = 107 [45]. The average channel SNRs of all links from the source to the
relays and from the relays to the destination are the same. We will first obtain the
system performance in terms of the packet error rate (at the physical layer) for an
i.i.d bitstream, and then the peak signal to noise ratio (PSNR) of a video-encoded
bitstream for various average channel SNR values and power allocation parameters
p € [0.6,0.9]. Our proposed suboptimal and closed-form combining methods at the
destination will be used.

For the channel coding, we use a convolutional code of rate rg. = 1/2 for the
forward error correction (FEC) for all links. The convolutional code has constraint
length 7 and generator polynomial (133,171) in octal. We use soft decoding for

the Viterbi decoder; hence, soft-demodulated bits will be computed [47] from the
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test statistics given in (3.8) with the suboptimal weights in (3.36) and (3.44) for
the BL and the EL, respectively. The BL signal is considered as a noisy QPSK-
modulated signal, thus the resulting soft-demodulated bits are equivalent to the
soft bits calculation in [48].

We encode the Foreman and Soccer video sequences, which have medium
and fast motion, respectively. Both video sequences have CIF resolution (352x288)
and frame rate of 30fps. These test sequences are encoded with group of pic-
tures (GoP) size=16 pictures, and use the full hierarchical B structure [38,49],
where the I-frame occurs once per GoP. For the hierarchical B structure, the
frames in decreasing order of importance are given as follows: Iy,16, Bs, By, B2,
Bs, Bg, Big, B14, By, B3, ..., Bys. For convenience at the physical layer, we choose
a slice to have a fixed size of 376 bytes (or less). Each NAL unit contains one slice
of size 383 bytes (or less), including the header. For each GoP of 16 frames, we
assign the more important frames to the BL and the others to the EL (at the frame
level) such that the difference in the number of NAL units between the two layers,
from the first GoP up to the current encoding GoP, is smallest. For example,
we suppose the total number of NAL units of the BL and the EL up to the last
encoded GoP are 100 and 102, respectively. The number of NAL units of frames
in the current GoP are 3,3,3,2,2,2,1,1,...,1 (the frames are in the decreasing
order of importance), with 25 NAL units in total. If we assign the first 6 frames
to the BL and the last 10 frames to the EL, the total numbers of NAL units of the

BL and the EL will be 115 and 112, respectively. If we assign the first 5 frames to
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the BL and the remaining to the EL, then the total numbers of NAL units of the
BL and the EL will be 113 and 114, respectively. Our method will select the latter,
because it makes the difference in the number of NAL units between the two layers
smallest. Using this method, the numbers of NAL units of the BL and the EL for
the first 10 GoPs of the Foreman sequence are 412 and 408, respectively. Those
corresponding numbers for the Soccer sequence are 649 and 646. Zero-padding will
be used to make the two layers have exactly the same number of NAL units.

At the physical layer, we use a frame length of 2x400/rg. = 1600 bytes,
which is assumed to be sufficient to transmit a pair of NAL units and the physical
frame header. Note that each pair of NAL units consists of one from the BL and
one from the EL, where the BL NAL unit is mapped into the MSBs and the EL
NAL unit is mapped into the LSBs of the hierarchical 16-QAM symbols. In this
simulation, we use a pair of block bit interleavers of size 80x80 bits each (i.e.,
800 bytes)? for the BL and the EL separately to partially decorrelate the channel
fading correlation.

We repeatedly send the first 10 GoPs (i.e., N, = 160 frames) over the relay
network for 100 times. The received bitstreams are then decoded and the average
PSNR is computed for various channel SNRs and power allocation parameters p.

For the m-th decoded video sequence for m = 1,2,...100, the PSNR is

3A block bit interleaver is assumed to write the input bitstream in the rows and read the
bitstream out from the columns.



70

computed as follows:

PSN R, = 1010g,, —2- (3.46)
m = 0g1) ——— .
£10 MSE,,
where
Nfrm
MSE,, = > MSE,, (3.47)
frm 1

where MSE,, denotes the mean square error between the k-th original frame
and the corresponding received frame of the m-th sequence. The final average
PSNR is averaged over 100 realizations { PSN R,,}. We use the motion-copy error
concealment mode for the H.264/AVC decoder [38]; however, if a whole frame is
lost, it will be copied from the previous one.

The simulation is also repeated for the single-layer scheme with the clas-
sical 16-QAM modulation, where we recall that all the bits in the bitstream are

considered as having equal priority.

3.4.2 Packet error rate for an i.i.d. bitstream

In Fig. 3.5, we plot the packet error rate (PER) for both the single-layer and
double-layer scheme, where an i.i.d. bitstream was sent. The abscissa is the power
allocation parameter, p, for the double-layer scheme. The PERs of the BL and
the EL packets are plotted separately. As the single-layer scheme uses the classical
16-QAM with no distinction among the input bits, the single-layer scheme only
depends on channel SNR, and not p. It is, however, plotted as a single point for

each channel SNR for comparison.
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Figure 3.5: Packet error rate of the double-layer and single-layer scheme.

For each channel SNR, we observe that the PER of the BL monotonically
decreases as the power allocation parameter p increases (see Fig. 3.5). This is
because for a higher p, the BL is allocated more power, while the EL is allocated
less power, i.e., higher BL signal power and less interference caused by the EL. For
the EL performance, the plot shows that the PERs of the EL are not a monotonic
function of p. This can be explained as follows: For p > 0.72, the BL is successfully
decoded most of the time, and so the EL performance mainly depends on the power
allocated to it; thus, the PER of the EL monotonically increases as p = 1 — p
decreases. In contrast, for p < 0.70, as p decreases, the relays are not able to

reliably detect the BL (because of the decreased SINR of the BL), and thus they
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frequently keep silent. The destination does not receive enough signals from the
relays; hence, both PER of the BL and the PER of the EL become worse.

It is also interesting to note that for many values of p (e.g., p € [0.70,0.76]),
both the BL and the EL PER performances of the double-layer scheme are better
than the PER performance of the single-layer scheme. This is because a relay may
fail to decode a packet if the single-layer scheme is used due to low channel SNR,
but it would still be able to decode the BL portion if the double-layer scheme is
used, and forward it to the destination, which enhances the overall system perfor-

mance.

3.4.3 PSNR performance for layered video sequences: Four

relays without the direct link
A. Decodable bitstreams

Firstly, we note that there are a few received bitstreams at low channel
SNR and small values of p, which are invalid bitstreams in the sense that the
H.264/AVC decoder does not produce any output picture. We refer to these in-
valid bitstreams as undecodable. If no packet is successfully received, the null
bitstream is also considered as undecodable. In Figs. 3.6 and 3.7 (on page 73),
we plot the percentage of decodable bitstreams over all 100 received bitstreams,
which corresponds to 100 channel realizations, for the Foreman and the Soccer
sequences, respectively. We found that there were some undecodable bitstreams

only at low channel SNR < 11dB and small power allocation parameter p < 0.62.
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For an undecodable bitstream, we compute the PSNR relative to the mean value
of each frame. We plot the average PSNR values, averaging over all the received
bitstreams, including the undecodable bitstreams. We also plot the average PSNR
values, averaging over only the decodable bitstreams. We found that these curves
are visually undistinguishable (the plot is not shown here). Thus, in the following,

we only present the PSNR computed only from the decodable bitstreams.

B. PSNR performance versus the power allocation parameter

In Figs. 3.8 and 3.9, we plot the average PSNR versus the power allocation
values p, parameterized by channel SNR for the Foreman sequence and the Soccer
sequence, respectively.

For the Foreman sequence, as shown in Fig. 3.8, we observed that either
too high or too low values of the power allocation parameter p does not result in
good PSNR performance. The reasons are similar to the i.i.d. data with PER
performance. That is, too high or too low a value of p allows either the BL or the
EL (or nothing) to be successfully received, but usually not both. We observe that
at the medium and high SNR region (say SN R > 11dB), the best power allocation
parameter is around p /= 0.74. In the low SNR region, a high value of p is preferred
to better protect the BL. In the very high SNR region, the PSNR is saturated and
many values of p can approach the maximum PSNR value.

The general observations mentioned above for the Foreman sequence also

hold for the Soccer sequence (see Fig. 3.9). For example, the best power alloca-
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tion parameter is around p ~ 0.74 for the medium and high SNR regions. The

differences between the Foreman and the Soccer sequences will be discussed later.

C. PSNR performance versus channel SNR

In Fig. 3.10, we plot the average PSNR versus channel SNR for various
power allocation values p for the Foreman sequence. We observe that when we
allocate too little power to the BL, say p < 0.64, the PSNR performance of the
double-layer scheme is worse than that of the single-layer scheme over the range of
the plotted SNRs, which is because the BL is rarely successfully decoded. When we
increase p = 0.68 — 0.76, the PSNR performance improves and outperforms the
single-layer scheme, because in this range, the BL can be decoded successfully with
higher probability, and so can the EL. If we continue to increase p = 0.80 — 0.88,
the BL is more reliably received, but the EL reliability decreases, since less power
is allocated to it. Thus, the PSNR performance decreases. For a high value of p in
the high channel SNR region, e.g., p = 0.88 and SNR > 13dB, the performance
of the double-layer scheme is worse than the single-layer scheme. In the low SNR
region, a high value of p is preferred to better protect the BL, even though the EL
cannot be received correctly.

For the Soccer sequence, as plotted in Fig. 3.11, similar observations can
be made. Note, however, that the performance of the Soccer sequence is worse
than that of the Foreman sequence. For example, at a channel SNR = 12dB,

the best PSNR of the Soccer sequence is about 27.7dB, while that of the Foreman
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sequence is about 30.1dB. The main reason is the high motion nature of the Soccer
sequence. The motion-copy error concealment mode for a high motion video se-
quence does not perform as well as for a lower motion video sequence. Also, when
the instantaneous channel SNR is low, whole frame loss can occur, and in this case
we substitute for it with the previous frame. Such copy-frame does not result in
a good PSNR for the high-motion Soccer sequence, whereas copy-frame is not too
bad for the medium-motion Foreman sequence.

For both sequences, we observe that the ‘best’ double-layer scheme, which
is when the system has the capability to adapt p to the average channel SNR, is
significantly better than the single-layer scheme over all the SNR region plotted
(see both Figs. 3.10 and 3.11). Particularly, about 2-2.5dB gain in channel SNR
or 5-7dB gain in the PSNR can be observed. We note that in the very high SNR
region (say SNR > 16dB), the PSNR for the double-layer scheme is saturated,
and the single-layer scheme performs as well as the double-layer scheme.

Finally, we note that if we fix p € [0.72,0.76], i.e., the system does not
adapt p to channel SNR, the PSNR performance of the double-layer scheme still
significantly outperforms the single-layer scheme over all the range of the SNRs

considered (except for a very high SNR value such as 17dB).
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3.4.4 PSNR performance for layered video sequences: Two

relays with the direct link

The objects of this subsection is to consider the performances of the re-
lay network with the direct link for double-layer scheme and single-layer scheme.
Unlike the previous numerical results, in this subsection, we consider a relaying
network of two relays with a direct link. We again assume all the relay links from
the source to the relays and from the relays to the destination have equal average
channel SNR. The two relays are located at about halfway from the source to the
destination. The log-distance path loss model with the path loss exponent of 3.5
is assumed (see, e.g., [50]). Thus, the average channel SNR of the direct link is
less than those of the relay links by 10log;, 23® = 10.54dB.

In Figs. 3.12 and 3.13, we plot the PSNR performances versus the aver-
age channel SNR. We observe a large improvement of the double-layer scheme,
compared to the single-layer scheme. The double-layer scheme achieves the best
performance at the power allocation parameter p ~ 0.72, which has about 2-2.5dB

gain in SNR, or 5-7dB gain in PSNR, compared to the single-layer scheme.
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3.5 Conclusions

In this chapter, we consider decode-and-forward relay wireless networks
using both hierarchical 16-QAM and QPSK. The source broadcasts a message
with two layers to all the relays and the destination. Depending on the number of
successfully decoded layers, a relay can use either hierarchical 16-QAM or QPSK to
transmit both layers or one layer, respectively, to the destination. By considering
a hierarchical 16-QAM symbol as the superposition of two QPSK symbols, we
proposed a relaying protocol and novel combining methods for the received signals
at the destination. We derived the optimal linear-combining solutions in terms
of minimizing the uncoded BER, where the optimal solution for the BL can be
obtained by convex optimization programming. We also presented suboptimal
combining methods for both the BL and the EL, which have closed-form solutions
and perform very close to the optimal. Both our proposed optimal and suboptimal
methods significantly outperform other combining methods in the literature.

We applied the proposed double-layer scheme with our suboptimal combin-
ing method to transmit layered video bitstreams through the relaying wireless net-
works. Simulation results showed that the double-layer scheme using hierarchical
16-QAM largely outperforms the classical single-layer scheme using conventional
16-QAM. For example, either about 2-2.5dB gain in channel SNR or 5-7dB gain

in the PSNR was observed.
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Chapter 4

Conclusions and Future Work

4.1 Conclusions

In this dissertation, we considered a relay network with a single source, a
single destination, and multiple relays. The relays are half-duplex and use the
decode-and-forward protocol.

In Chapter II, a successively refinable Gaussian source partitioned into two
layers is transmitted using superposition coding. In the first time slot, the source
broadcasts two layers to all the relays and the destination. The relays decode the
message separately. Depending on the channel state, a relay can successfully de-
code two layers, successfully decode one layer, or decode nothing. To reduce the
latency and simplify the system design, we do not assume any feedback channels,
and we do not consider channel state information at the transmitter of any termi-
nal. Also, the relays are not able to communicate with one another. Rather, in

the second time slot, we assume a relay re-encodes and forwards all the success-
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fully decoded layers to the destination. If both layers are successfully decoded,
superposition coding is used for multiplexing; otherwise, superposition coding is
not used. The destination thus receives multiple signals, each of which can include
either one layer or two layers. We derived the optimal linear-combining receiver
at the destination, where both the optimal weight vector and the combined SINR
have closed forms. Using the optimal combining method at the destination, we
derived the average throughput and the expected distortion. Since these quanti-
ties were not expressed in closed form, we derived a closed-form lower bound to
the average throughput and a closed-form upper bound to the expected distortion.
We optimized the system parameters, such as the power and rate allocations for
superposition coding, based on the closed-form bounds. Given these suboptimal
system parameters, we obtained the average throughput and the expected distor-
tion numerically. Numerical results showed that the proposed two-layer scheme
using superposition coding with the optimal linear combining method can gain up
to 1-1.5 dB in channel SNR for the average throughput, or 1.5-2dB in channel SNR
for the expected distortion, compared to the conventional one-layer scheme.

In Chapter III, a layered video-encoded bitstream is transmitted over the
wireless relay networks. The source broadcasts a message with two layers to all the
relays and the destination using hierarchical 16-QAM. Depending on the number
of successfully decoded layers, a relay can use either hierarchical 16-QAM or QPSK
to transmit both layers or the base layer, respectively, to the destination. By con-

sidering a hierarchical 16-QAM symbol as the superposition of two QPSK symbols,
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we proposed a relaying protocol and derived the optimal linear-combining receiver
for the received signals at the destination. The optimal linear combining solu-
tion, which minimizes the uncoded BER, can be obtained by a two-step combining
method. In the first step, we optimize over the weight vector directions, which
have closed-form solutions. In the second step, we optimize over the lengths of the
weight vectors, which were obtained by the convex optimization programming for
the BL, while a local optimum was achieved for the EL. We also presented subop-
timal combining methods in the second step for both the BL and the EL, which
have closed-form solutions and performed very close to the optimal. Both our
proposed optimal and suboptimal methods significantly outperformed other com-
bining methods in the literature. We applied the proposed double-layer scheme
with the suboptimal combining method for transmitting layered video-encoded
bitstreams through the wireless relay networks. Simulation results showed that
the double-layer scheme using hierarchical 16-QAM significantly outperformed the
classical single-layer scheme using conventional 16-QAM. For example, either about

2-2.5dB gain in channel SNR or 5-7dB gain in the PSNR was observed.

4.2 Future work

Based on the results in this dissertation, possible future work to enhance

the performance of video transmission over a wireless network are follows:

e Increasing the number of source layers to three or more, and using higher
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order hierarchical modulation such as 64 or 256 QAM. Multiplex hierarchical
modulation methods in [19] can also be used to provide multiple levels of

unequal error protection.

Considering additional UEP techniques such as using rate-compatible punc-
tured convolutional/turbo coding in conjunction with hierarchical modula-
tion. We note that for any given layer, all transmitters should use the same
code rate (but the rates can vary layer by layer) so that the optimal combin-

ing method can be straightforwardly extended.

Adaptively controlling the source encoding rate to match the number of out-
put encoded bits to number of channel bits, which can be reliably transmitted

through the network to maximize the end-to-end video transmission quality.

Assuming there are many relays available, where the short-term average
channel SNRs for the relay links can be slowly changing over time due to
mobility. For example, by considering a relay selection method, we choose
the best subset of relays, whose average channel SNRs are maximized, for

relay cooperation.

Considering multiple antennas and space-time coding deployed at each ter-

minal to achieve spatial diversity and/or multiplexing gain.



Appendix A

Combining Techniques for

Superposition Coding Scheme

A.1 Globally optimal linear combining at the des-

tination

In this appendix, we derive the optimal linear combining solution for the
received signals at the destination, each of which includes either only the BL or

the BL/EL. We will solve this in two step as follows.

Step 1: Factorization
In the first step, we separate the maximization problem into two sub-problems.

We note that for any vector we, and wy+, we can write
k
Wo, = o, We,, Wyt =yt Wyt (A1)
for [|[We, || = HW\IJ?H =1, and ae, and ay+ are a scalar. We note that lag, | and

’a\pﬂ equal the norms of we, and wy+, respectively. From (2.13) on page (18),
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we have
C@k (W@k) = a’@kwgka@k < a@ké@k (vv@k)7
C\p;(w\y;) = %;VV%%; = aqf;jéxp;(‘;"\pg)a (A.2)
where we denote C’q>(\7v<p) = vifgaq, and drop the dependence on wg whenever there

is no confusion. Thus, we can rewrite the SINR of the BL, as shown in (2.16), as

follows

~ 52
P, (ae,Co, + VPay C\pg)

SINRBL(CL@ ,CL\I,+,V~\7@ ,W\I,-&-) = - = (AS)
BT R pPraizCiZ + (ag, + a?yi)ag
The optimization problem in (2.17) is equivalent to
SINR*BL = maeg(lmize SINRBL<a®k7a\pZ‘7w®k7V~V\p2') (A4)
_k,aql
I 1= =1
Since the only constraints in (A.4) are |[Weg, | = Hv~v\1,2|| = 1, we can first
optimize over ag,, Oyt and then over V~V@k,V~V\I,z as follows:
SINRy; = maximize maximize SINRg(ao,,ay+, Wo,, Wg+)  (A.D)
[y [ =1y =1 ey g s k K
Note that we can rewrite (A.3) as follows:
= 5 \2
P (a@ -Co,, + g+ - \/ﬁC\Iﬁ)
SINRBL(a@ka a'\I/z7 V~V9k7 v~V\I/z) = - - . : . (AG)

a%kag + a?p: (/3137(:”\;6+ + 08)
which can be considered the combined SINR of two signals with the channel gains
Co, and \/ﬁé’\yg and the noise powers o2 and (ﬁP,«é\%Z +03), respectively. Similar
to the solution for an MRC receiver, we have the optimal values of ag,, Gyt given

by

C pCyt
Ao, = ®2k7 Ayt = % (A7)
0§ k ,oPT,C'\I/z + 0}



89

and the combined SINR for the BL is given by
PTC%k Ppréiz
o3 ﬁp?“é\i,j + o8

SINRpp(We,, Wy+) = (A.8)

which now only depends on the wg_, vNV\I,Z. In the next step, we need to maximize
over We, , Wy . Since the first and second term in (A.8) only depends on wg, and

v~v\1¢7 respectively, we have

~ 52
P.C2 PO
. - - L. r“Q, L. v
“maximize SINRpr(We,, Wg+) = maximize 5+ maximize ——————
1o, 1=l g+ 11=1 k [We, lI=1 oy 19 +11=1 ,OPTC’\I]+ + 0§
k
(A.9)

That is, our maximization problem can be separated into two maximization
problems with the optimal combining weights ag, and Qg+ given in (A.7). In the

following, we consider the solutions to these maximization problems separately.

Step 2: Maximizations
In this step, we need to find we, and V'V\I,z for the sub-optimizations as shown in

(A.9).

e The first maximization problem in (A.9): That is,

P.C3 P (W) ae,)?
SIN R}, , £ maximize fk = maximize M (A.10)
T e, =1 02 We, I=1 op

Similar to the MRC solution, the optimal solution is given by

Wo, = o, /[lae,| (A11)
and the resulting maximum combined SINR is given by
P, 2

SINRy, , = Tloed” (A.12)

)
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e The second mazximization problem in (A.9): That is,

pPTC%Jr
; (A.13)

SINRpp, = maximize ——————

which is not a classical MRC problem. However, due to the special structure

of the objective function, we can show that

/)P,,é'é+ Pf,«CN'é+
arg max ————"— —arg max o (A.14)
Wy l=1 pP.C2, + o2 Wy l=1 o3
k vy k
Similar to the MRC solution, the optimal solution is given by
Wy =y /[lag || (A.15)
Also, the resulting maximum SINR is given by
PP oy |
SINRY, , = b (A.16)

pE o |2 + 03

From (A.12) and (A.16), we have the optimum SINR for the BL is given by

Pllae,|? PEllag:|
SINRY, = SINR; SINR; = k k A17
BL BL1 T BL2 e + ﬁPrHa\p; P+ o2 ( )

For the optimum weights, substituting (A.11) and (A.15) in (A.7), we have

the optimum weights in the second step are given by

o = oo, + = \/ﬁHa\ng (A.18)
g N pPlag P+ o ‘

where we note that Co, = ||ae, || and é‘l’ﬁ = ||a‘1,;r|| Finally, using (A.11), (A.15),

and (A.18) in (A.1), the effective optimum weights in both steps are given by

- (84
Wo, = e, Wo, = O (Alg)

2
\/ﬁa\yg

o)
A .20
PPy |2 + 7 (8.20)

Wyt = Qg+ Wy + =
i by Ty



91

A.2 The CDF of the optimum combined SINR
of the BL

In this appendix, we consider the cumulative distribution function (CDF)
of the optimum MRC-combined SINR of the BL, as given in (2.25) for the case of

i.i.d. Rayleigh fading. Define

P, |I? PP [log+ |?
Uyk: é 2 . ) ‘/Zk é 2 _P - 2 (A21)
75 oy +p rHO‘\p;H
Then, we have
SINRy (O, ¥) = U, +V,, (A.22)

where, as defined before, vy, and z; are the number of elements of the sets © and

U, respectively. The CDF of U, is given as follows:
Fy,, (u) = Pr(U,, <u) = 'ymc(u/f‘d, yk) (A.23)

where 'y £ P.Q, /03 and €y is the second moment of the fading. Similar to the

calculation in (2.29), we have

PP |ovy |2
Fy, (v) £ Pr(V,, <v)=Pr ( bt <w

o7+ PPy P =

— (A.24)

1 if p—pv<0

We note that the random variables U,, and V,, are independent. Thus, the



CDF of the sum is given by

Fsinr,,(2) = /nyk(u)FVZk(z—u)du
0

z (U/Fd)yk_le_u/rd

where fy, (u) = %ngk (u), and Fy, (.) is given in (A.24).
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Appendix B

Combining Techniques for the

Hierarchical Modulation Scheme

B.1 The first combining step: Optimal for the
BL/EL

First, we note that, similar to the MRC solution, from the definitions in
(3.9) on page 53, we can show that
Oek(ﬁ@k) < Cek(dek) = Haek“ = ngv for all Hﬁ@kH =1,
O‘Pk(ﬁ‘l’k) < C‘Pk(d‘l’k) = Ha‘l’k“ = O:IF!M for all Hﬁ‘I’kH =1 (Bl)
where the optimum normalized weight vectors ag, , &y, are given in (3.25).

The BER expressions for the BL and the EL in (3.18) and (3.19) have the

following forms, respectively,

fle) 2 5Qlar +by) + 5Qlar + ) (B.2)

gr.y) £ QUdr) + Q(2ar +by) — Q20 + cy) (B.3)
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where a,b,c,d > 0, ¢ > b, and z,y correspondingly represent Cog, (We,) and
Cy, (Wy,). Similar to [19], we can show that both f(z,y) and g(z,y) are non-
increasing in (z,y) for x,y > 0. Therefore, from (B.1), and noting that

Co,(We, ), Cy, (Wyg,) > 0 for We,, Wy, = 0, we have

BERg(ae,,ay,,Weo,,Wy,) > BFERgL(ae,,ay,, s, , 0y, ) (B.4)
for all we,, Wy, >~ 0 and ||We, || = ||Wy, || = 1, and similarly
BERg(be,, by, Ve,,Vw,) > BERgL(be,,by,, o, y,) (B.5)
for all vg,,Vy, = 0 and ||Ve,|| = ||V, || = 1. That is, we have (3.24) and (3.26)
respectively.

B.2 The second combining step: Optimal for the
BL

From (3.18) on page 56, we denote

BERgL(ae,,av,) & BERp(ae,, av,, Wo, , Wy,)

2 (@@, + a3, )Ny
N % o[ % VE,Cs, + aw, VECy, (Vo + D) (B.6)

(@, +a3,)No
where wg, , wy, are the optimal weight vectors in the first step. We note that if

(ae, , ay, ) minimizes BERp (ae,, ay, ), so does (K. ag, , K.ay,), for some constant
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K. > 0. Therefore, without loss of generality, we can assume ag, = 1, and we only

need to optimize over ay,. For further notational simplicity, we define

A V E’I”Cék é V ETO$k é \% ETC\T!k

A 2 B
VNO \/NQ \/NO

where A > 0 and C' > B > 0. Then, the BER for the BL, as a function of ag, is

(VA—P), C (VP +7) (BT)

given by

BERBL(G\I;k) = BERBL(1> a\Ilk>

-0 S0 | S (B3)
\/1+ay, \/1+ay,
The optimization can be written as follows:
min BERBL<CL\1/k) (Bg)

a‘I’k>0

. A+Ba . . . .
The function \/Hijk is generally neither convex nor concave in ag, > 0. Thus, in
@y

general, (B.9) is not a convex optimization problem. However, for ay, > 0, define
¢ =tan"'(ay,), ¢ € (0,7/2) (B.10)

Substituting ay, = tan(¢) in (B.9), we have

BER()(9) £ BERp(tan(9))

= %Q (Acos¢+Bsin¢)+%Q(Acos¢+C’sinq§) (B.11)
The function (Acos¢ + Bsing) is concave for all A,B > 0 in ¢ € (0,7/2).
The function Q(x) is convex and monotonically decreases for x > 0. Thus,
Q (Acos ¢+ Bsing) is convex for all A, B > 0 [34], and so is the BER%‘%(QS).

Therefore, we can efficiently use convex optimization programming [34] to solve

for ¢*, which minimizes BERS;%(QS), as shown in (3.29).
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B.3 Effective output SNR comparison
In the following, we will show that
SNRSI) > SNRTY) (B.12)

which are defined in (3.37) and (3.38) on page 61, respectively. Applying Cauchy-

Schwarz inequality, i.e., (¥2 + 23)(y? + y3) > (z1y1 + 22y2)?, for

0 =Ch,. 2=Ci, (Vo V)

Y1 = Céka Y2 = C\}k (B.13)
we have

[(C&)* + (C3,)* (Ve — V)] - [(C6,)" + (C3,)]

> [Co, - Co, +C, - Ci, (VP = VD)) (B.14)

with the equality happen if and only if y; = Kx; and y, = Kx», for a constant K,

ie.,

which happens if and only if p = 1 (or Cs, = 0 or 'y = 0, which happen with
zero probability, thus, we will be ignored).

Equation (B.14) implies that

[(Co,)?+ (C3,)* (v — VD)

(B.16)



which is equivalent to (B.12), that is

E:(Cs,)" | E(Cy,)(vp— VD) B [(C&,)* + (C3,)* (P — VD)

2

N, No - [(C,)2+ (Cy, )% No

where the equality holds if and only if p = 1.
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