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Abstract

Topics in the Standard Model and Beyond

by

Di Xu

We consider a set of questions in the Standard Model, motivated by questions about QCD.

These questions take us to issues beyond the Standard Model physics, especially dark matter and

axions. Even our studies of Standard Model physics in some cases involve tools developed for

Beyond the Standard Model Physics.
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Chapter 1

Introduction

The Standard Model has been a great success which leads to a fantastic agreement be-

tween theoretical predictions and experimental data in particle physics. Based on quantum field

theory, it unifies three of the four fundamental forces, as well as classifying all known elementary

particles. Within this framework, quantum chromodynamics (QCD) sector defines the interactions

between quarks and gluons, with SU(3) symmetry and three generations.

But there are still unanswered questions. For example, the weak interaction breaks CP,

so it’s natural to ask why QCD should respect this symmetry. There is a term allowed in QCD

Lagrangian that is able to break CP-symmetry:

θQCD
g2
s

32π2
εµναβF aµνF

a
αβ (1.1)

This term is closely related to the anomaly effect under which the symmtry of a classi-

cal theory is not preserved in the quantum theory. In QCD, there is an approximate global chiral

symmetry, under which left- and right-handed quarks transform with opposite charge. The Noether
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Figure 1.1: Triangle diagram contibution to the anomaly

current associated with this symmetry is

Jµ5 = ψ̄γµγ5ψ (1.2)

But this symmetry is not conserved quantum mechanically. One can understand this by calculating

the triangle diagrams which shows that this current is not conserved at loop level, and leads to

anomaly equation

∂µJ
µ5 =

g2

16π2
εµναβFµνFαβ (1.3)

Another way to understand this is through the parth integral. Fujikawa first showed that

anomalies arise when symmetry of the action is not respected in the functional measure in the path

integral. For simplicity, start with the path intergral including fermion charged under a U(1) gauge

group

∫
Dψ̄DψDAexp[i

∫
d4x(−1

4
F 2
µν + iψ̄ /Dψ)] (1.4)

Now one can do a global chiral transformation ψ → eiαγ5ψ, which not only changes the action by

a boundary term, but also generate a Jacobian factor.

Dψ̄Dψ → |J |−2Dψ̄Dψ (1.5)
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Usually, |J |2 = 1 and the measure is invariant. But it is not necessarily true for the chiral symmetry.

We can regulate the divergence and calculate the finite answer. Then we get that under chiral rotation

∫
Dψ̄DψDAexp[i

∫
d4x(−1

4F
2
µν + iψ̄ /Dψ)] (1.6)

→
∫
Dψ̄DψDAexp[i

∫
d4x(−1

4F
2
µν + iψ̄ /Dψ − J5

µ∂µα+ α g2

16π2 ε
µναβFµνFαβ)] (1.7)

This shows that a chiral symmetry rotation creates an FF̃ term, which is equivalent to the anomlay

equation.

Now with the anomaly in QCD, one can use a chiral rotation ψ → eiγ5θψ to remove the

θ angle. This then induces phases in the mass terms mq̄qeiθ, whose effect can be described in a

basis-independent way by considering arg detm. .

We can see the effects of θ in the presence of quarks using the chiral lagrangian. The

chiral Lagrangian is an effective field theory which describe QCD at an energy scale below ΛQCD.

In the limit that quarks are massless, QCD presents a global U(3)L × U(3)R symmetry. The quark

condensation < q̄LqR >= Λ3
QCD spontaneously breaks U(3)L × U(3)R → U(3)diagonal and the

theory hence would be expected to obtain 9 massless goldstone bosons which are three pions, four

kaons, the η and η′ particle. One can describe fields in a scalar fields U(x) ≡ exp[iπaλaFπ
] and write

down the Lagrangian invariant under SU(3)× SU(3)

L = F 2
πTr[(DµU)(DµU)†] +ATr[(DµU)(DµU)†]2 + ....... (1.8)

where Fπ is the pion decay constant.

In reality, quarks are massive and mesons pick up mass. We can add the mass term

LM = Λ3
QCDTr[MqU +M †qU

†] (1.9)

3



where M is the quark mass matrix. Now one can expand the field U in powers of the meson fields

and find that

m2
abF

2
π = Λ3

QCDTr[T
aMqT

b] (1.10)

From the experiments, the lightest two neutral mesons are π0(135MeV) and η (549 MeV), while

the other neutral Goldstone boson ,η′(957 MeV), is much heavier. The puzzle of why the η′ is so

heavy and its mass is not given by a similar formula as pion is called the U(1) problem. And the

key to this question lies in the anomaly. There is a factor of U(1) inside the chiral symmetry which

is anomalous. So there shouldn’t be a Goldstone boson corresponding to it.

One important consequence one can derive from current algebra is that neutron picks up

an electric dipole moment proportional to θ̄.[6] The neutron and proton doublet couples to pion in

the form of

LπNN = πaΨ̄(iγ5gπNN + ḡπNN )τaΨ (1.11)

where Ψ is the neutron and proton doublet. The second term break CP and its coefficient is propor-

tional to θ

g =
2mumd

fπ(mu +md)(2ms −mu −md)
(MΞ −MN )θ ≈ 0.04θ (1.12)

The neutron electric dipole moment can be calculated from a one loop diagram with a virtual

charged pion coupled to a photon. The result is UV divergent and could be cut off at mN

dN =
mN

4π2
gπNN ḡπNN log

mN

mπ
(1.13)

The log becomes arbitrarily large as the quark masses become arbitrarily small, so this term becomes

more and more important in the chiral limit. The current bound on the neutron EDM gives that

θ̄ < 10−10. The smallness of θ̄ is known as the strong CP problem.
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neutron proton neutron

ππ

Figure 1.2: One loop diagram which contributes to EDM

One way to resolve this puzzle is to introduce a particle known as axion. The idea is to

add fields to the Standard Model and require that there is a new global U(1) symmetry called the

Peccei-Quinn symmetry. This is a chiral symmetry which is broken quantum mechanically by an

anomaly. Furthermore, if this U(1) symmetry is also spontaneously broken, it will generate a nearly

massless Goldstone boson a, with coupling to QCD

Laxion = (∂µa)2 +
a/fa + θ

32π2
FF̃ (1.14)

where fa is known as the axion decay constant. Now with axion, the vacuum energy is givin by

E = F 2
πm

2
πcos(θ̄ −

a(x)

fa
) (1.15)

At this point, θ can be absorbed into a redefinition of a and the strong CP problem is solved.

It is quite hard to analyze these problems in QCD because the effective QCD coupling

is not small. This has motivated consideration of alternative approaches. One practical way is to

use lattice gauge theory, where one discretizes spacetime and the path integral becomes a finite

5



dimensional integral. This makes it possible to perform the calculation using techniques such as the

Monte Carlo method.

Besides lattice gauge theory, there are analytical methods which can be applied to some

problems. One way is to think about global effects in field theory. In QCD, the FF̃ term is equal to

a boundary term in the action.

FF̃ = ∂µK
µ = ∂µεµνρσ(AaνF

a
ρσ −

2

3
fabcAaνA

b
ρA

c
σ) (1.16)

So it has no influence in perturbation theory. But one could expect non-perturbative configurations

to have non-trivial effects. And actually they do exist, which corresponds to topologically non-

trivial gauge configurations which are called instantons. For these configurations, A’s only fall off

as 1/r, so one cannot neglect the surface term. Instantons are solutions to the Euclidan Equation of

Motion which carry topological charges and saturate the Bogomolnyi bound F = ±F̃ . In the path

integral, these are the leading terms which generate θ-dependence. Now the functional integral, in

the presence of a θ term and instanton background, looks like

Zinst = e
− 8π2

g2
+iθ
∫

[DA][Dq][Dq̄]exp(
δ2S

δΦ2
δΦ2) (1.17)

where Φ corresponds to all the fiedls in the theory, δΦ is the quantum fluctuation around the classical

instanton field.

To do this integral, we want to expand the quantum fluctuations in their eigenmodes. Both

the bosonic and fermionic fluctuation operators have zero modes which must be treated carefully.

For bosonic modes, the zero modes reflect different symmetries of the theory, and the parameters

we integrate over are called collective coordinates. For example, the translational invarince requires

integrating over the location of the instanton, and same thing happens to rotational invariance. Be-

sides that, classical QCD is scale invariant, so one needs to integrate over all possible sizes of the

6



instanton ρ, and this integral generally suffers from an infrared divergence and needs to be cut off

at ΛQCD. But this implies that the instanton calculation is not reliable at low energy which is not

a surprise since at that regime, thoery is no more weak coupled and semiclassical methods breaks

down.

For QCD with massless fermions, one also has fermion zero modes. For these modes,

expanding,

q(x) =
∑

anqn(x), S =
∑

λna
∗
nan (1.18)

The fermion part of functional integral now becomes∫
[Dq][Dq̄]e−S =

∏
n

danda
∗
nexp(−

∑
n6=0

λna
∗
nan). (1.19)

Because the integral over grassman number gives zero, one needs to insert fermionic operators

to compensate the intergral over zero modes. So many Green’s functions vanish except for ones

with certain number of fermion operators. In the presence of small quark masses, one can use the

instanton to calculate the vacuum energy. The trick is to use the quark mass term as a perturbation.

Expanding this term will provide a different power of the quark field operator and will give non-zero

answer.

Instantons are phenomenon in the theory which indicate that QCD has θ dependence

and the anomaly leads to symmetry breaking. But the problem is that there is no small parameter

which permits a reliable instanton computataion. ’t Hooft suggested a strategy to introduce a small

parameter into QCD. He pointed out [7]that one can use the number of colors N to act as a free

parameter. With an appropriate defination of “large N limit”, N → ∞ and g2N = λ is fixed , the

perturbation theory simplifies (only so-called planar diagrams survive, which is a subset diagrams

of the full set) and presents nice features.

7



To understand the large N limit further, let’s start with the counting of powers of N in

Feynman diagrams. First, write down the lagrangian of a non-abelian gauge theory with fermions.

L = − 1

2g2
Tr[F 2

µν ] + ψ̄(i/∂ + /A
a
T a −m)ψ, (1.20)

where Fµν = F aµνT
aOne can read off the feynman rules and determine how the gauge coupling

appears in propagators. The vertices and propagators have non-trivial g2 dependence.

→ goes like g2 ≈ N−1,

→ goes like g−2 ≈ N .

Besides, Feynman diagrams will have factors of N resulting from internal color indices.

The fermion propagator reads

〈ψi(x)ψ̄j〉 = δijS(x− y) (1.21)

For gluon propagator

〈AµAν〉 = (T a)ij(T
b)lkDµν(x− y) (1.22)

= (
1

2
δijδ

l
k −

1

2N
δikδ

l
j)Dµν(x− y) (1.23)

And we can neglect second term in the large N limit. One can see for fermion propagator, one

index flows in one direction for a particle, the opposite for an antiparticle, while for the gluon

propagator one has two flowing in opposite directions. These can be represented by t Hoofts double

line notation as showed in the figure. Every Feynman graph in the original theory can then be

written as a sum of graphs with single and double lines. Each double line graph gives a particular

8



color index contraction of the original diagram. Now we can count powers of N by counting the

number of internal color loops in double line graphs and then add the power of gauge couplings

from vertex and propagators.

Here are some examples.

→ ≈ (g2)6( 1
g2 )4N4 ≈ N2

→ ≈ (g2)6( 1
g2 )4N2 ≈ N0

→ ≈ Ng4 1
g4 ≈ N

→ ≈ N0

These examples illustrate two general rules in large N expansion:

9



• non-planar diagrams (in double line notation, these are diagrams that could not be drawn

without line crossings) are suppressed by factor of 1
N2

• diagrams with internal quark loop are suppressed by factor of 1
N

In the 1970’s Witten [8] suggested that in the large N limit, the chiral anomaly could be

treated as a perturbation, and the η′ is a Goldstone boson in this limit. One could understand this by

counting power of N in traingle diagram

≈ N0

which is one power of N lower than 1
g2FµνF

µν .

In particular, a Green’s function with n insertions of FF̃ behaves as

〈
(∫

FF̃

)n
〉 ∼ N−n+2 . (1.24)

which now could be easily understood by counting powers of N. Now to understand the mass of η′,

start from

∂µj
µ
5 = m2

η′fπη
′. (1.25)

The divergence of the current the can be written in terms of FF̃ using the anomaly equation. So the

mass of the η′ is proportional to the two point correlation function at zero momentum of FF̃ and

1/f2
π . Now since f2

π is order of N, one can see that the mass of η′ goes to zero in large N limit.

Furthermore, the vacuum energy is oder of N2 and could be generally written as

E(θ) = N2h(θ/N) (1.26)

10



The requirement that physics is periodic in θ and the formula above means that E(θ) is not smooth.

This suggest that the pure gauge theory might exhibit a “branched” behavior.

Real QCD is difficult to study, but there are a variety of known theories that are similar

but more tractable than QCD, including supersymmetric QCD (SQCD). Supersymmetry has long

been an attractive idea for physics beyond the Standard Model. It could explain the hierarchy prob-

lem (the huge gap between weak scale and planck scale), gauge coulpling unification and provide

natural dark matter candidates. With such appealing properties, it is widely believed that at some

scale below planck scale, supersymmetry should be a good approximation, and physics should be

described by a supersymmetric field theory. Thus, we have the reasons to explore supersymmetric

Yang-Mills theory.

Supersymmetric QCD includes SU(Nc) gauge group withNf flavors of quark superfields

in the fundmental representation of the gauge group and same number of superfields in the anti-

fundmental representation of the gauge group. The lagrangian reads

L =

∫
d4θ(Q†ie

VQi + Q̄ie
V Q̄†i )−

i

16π

∫
d2θτWαaW a

α + h.c (1.27)

with i = 1, ..., Nf and no superpotential. τ is the combination of the gauge coupling and the

θ parameter which could be explained by some spurion with some non-zero vacuum expectation

value

〈τ〉 =
θ

2π
+ i

4π

g2
(1.28)

The theory has two anomalous global symmetries, the R symemtry and U(1) flavor sym-

metry. One can combine them to form an anomaly-free symmetry U(1)AF . Then the full global

symmetry of the theory is

SU(Nf )× SU(Nf )× UB(1)× UAF (1) (1.29)
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U(1)B U(1)A U(1)R U(1)AF

Qi +1 +1 0 Nf−Nc
Nf

ψQi +1 +1 0 −Nc
Nf

Q̄i -1 +1 -1 Nf−Nc
Nf

ψ̄Qi -1 +1 -1 −Nc
Nf

λ 0 0 +1 +1

Table 1.1: Charges of fields under different U(1)

where the first U(1)B corresponds to baryon number conservation. The charges of fields under

different U(1) are givin in the table, where Qi and ψQi are the scalar and fermion component of the

quark superfields, λ is the gaugino.

In SQCD, the strongly interacting gaugino could undergo pair condensation like quarks

in QCD. Notice that 〈λαaλaα〉 is also the scalar component of the superfield WαaW a
α . So one can

calculate 〈λαaλaα〉 by taking the derivative of the path integral with respect to F term in τ .

〈λαaλaα〉 = 16π
∂

∂Fτ
logZ = 16πi

∂

∂τ
Weff (1.30)

where Weff is the effective superpotential after integrating out the gauge field.

In Chapter 2, we study the large N θ dependence and the η′ potential in supersymmetric

QCD where SUSY-breaking terms act as a probe of the non-SUSY limit. We find the presence of

branched behavior, in quite good agreeement with the conjectured large N behavior of QCD, but

we also found that in certain range of parameters, instanton effects are calculable and don’t fall of

exponentially with N.

Now to switch the topic back to axion physics. One appealing property of the axion is
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that it remains a promising candidate for the dark matter. In the early universe, the axion field is

unlikely to start out at the minimum of its potential and evolves according to its equation of motion

ä+ 3Hȧ+ma(T )2fa sin
a

fa
= 0 (1.31)

The axion field begins to oscillate coherently when its thermal mass, ma(T ), becomes comparable

to the Hubble scale. The axion mass is related to the QCD topological susceptibility by

m2
a(T )f2

a = χ(T ), χ = ∂2
θF (θ, T ) (1.32)

where, in the last expression, F (θ, T ) is the θ-dependent free energy. So to estimate the relic density

of axion, one need to know how to calculate the free energy at finite temperature.

Field theory at finite temperature shows intresting features. Here, one is interested in the

partition function.

Z = Tre−βH =

∫
Dφ 〈φ|e−βH |φ〉 (1.33)

where H is the hamiltonian of the theory, and β = 1
kT . One can define an imaginary time β = iτ .

Then the partition function becomes equivalent to a path integral of quantum mechanics in Euclidean

spacetime, with a periodic boundary condition x(τ = 0) = x(τ = −iβ), so one comes to:

Z[β] = N

∫
φ(β)=φ(0)

Dφe
∫ β
0 dτ

∫
d3xL (1.34)

Because of the periodic boundary condition, when doing a Fourier transformation of the fields,

instead of an integral over fequencies, one sums over discrete frequencies which are multiples of T ,

φ = N
∑
n

∫
d3pei(p·x+ωnτ)φn(p) (1.35)

where ωn = 2πnT . The path integral for a free field now reads

Z =

∫ ∏
dφndφ

∗
nexp(−

∑
n

1

2
(ω2
n + ω2) |φn|2) (1.36)

13



After perfoming the Gaussian integrals, we have the results for Z

Z =
∏ 1

ω2 + ω2
n

(1.37)

Now we have learned that the finite temperature field theory is equivalent to a Euclidean

theory with one compact dimension, And one can expand fields into Fourier modes.

φ(x, τ) =
∑
n

φn(x)exp(iωbnτ) (1.38)

ψ(x, τ) =
∑
n

ψn(x)exp(iωfnτ) (1.39)

where ωbn = 2nπT for bosons and ωfn = (2n+ 1)πT for fermions. Now the time direction integral

could be performed and one gets an effective field theory in three dimension with infinite number

of degrees of freedom. At distance larger than β, the heavy modes could be integrated out and only

zero modes remain.

Z →
∫

[DA]exp(− 1

g2T

∫
d3xLeff ) (1.40)

We can use this to study the free energy which is now a Euclidean problem with discrete

energies. The gauge coupling should now be evaluated at temperature T. At high temperature, there

is a phase transition to a phase with quarks and gluons with a weak coupling and it is believed

that theory becomes perturbative again. The free energy should now be a power series in g(T ).

In this regime, semiclassical approaches like instanton becomes valid. It is believed that at some

high temperature Tc, QCD undergoes a phase transition and become deconfined. Above this scale,

the degrees of freedom are quarks and gluons, with interactions controlled by g2(T ) and the theory

exhibits a mass scale called Debye Mass. One can use perturbative and semiclassical methods to

study the theory, and particularly to determine the θ dependence. The leading contribution at high
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temperature is given by instanton, behaving as

F (θ) =
∏
f

mfΛb0T−b0+nf−4 cos θ (1.41)

In the case of axion, one can just replace θ with a/fa. At temperature below Λ, QCD becomes

confined, and theory is described by the Chiral Perturbation Theory and one can use the potential

m2
πf

2
π cos θ as zero temperature limit.

In recent years, several lattice papers have reported calculations of the topological suscep-

tibility. In some cases, the free energies differ by about an order of magnitude from the semiclassical

result. In Chapter 3, we explore instanton calculations on axion relic density at temperatures of order

a few GeV, and estimate the sensitivity to QCD uncertainties. At finite temperature, it has been ar-

gued that the Debye mass provides the infrared cutoff on the instanton scale size integration, so there

is the potential for large corrections. This claim has been used to argue that lattice computations are

essential to determine the behavior of hypothetical axions in the early universe. In Chapter 4,We

show that there is a reliable, infrared finite computation through one loop of this length, and more-

over, analyze the problem at higher loop order. We then use this to provide a numerical estimate on

the uncertainties in the semiclassical computation.

In particle physics, there are many other questions remained unaswered. One of the great-

est problems is the smallness of Comological Constant. In Einsteins’ equation, one could princi-

pally add a cosmological constant term which corresponds to a term in T00 arising from the vacuum

energy.

Rµν −
1

2
gµνR = 8πGTµν + Λgµν (1.42)

From quantum mechanics, the vacuum should have quantum fluctuations which add into this term.

This vacuum energy can easily be calculated in quantum field theory and generally turns out to be
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quartically divergent. It is given by the form

∑
i

(−1)F
∫

d3k

(2π)3

1

2

√
k2 +m2

i (1.43)

where the sum is over all particles and (−1)F is 1 for bosons and -1 for fermions. A natural

cutoff would be the Planck scale at 1019 GeV, which gives a result of order Λ ≈ 1076GeV 4.

While we know from facts of our universe that the cosmological constant must be very small,

Λ ≈ 10−47GeV 4, which is roughly 120 orders of magnitude smaller than theoretical prediction.

One could cancel this with a counterm, but this counterterm would has to be remarkably fine tuned.

S. Weinberg proposed what is presently the only viable theoretical solution to this problem

which involves the anthropic principal in an essential way. There are different versions of the

anthropic principle. Weinberg made use of the so-called weak anthropic principle which says the

law of physics should be restricted to allow the existence of observers. He imagined that the laws

of nature might allow a huge number of possible ground states each with a different value of Λ

and then [9] pointed out that for a large Λ, the universe enters an exponentially expanding de Sitter

phase. This will interfere with the formation of gravitationally bound states. Therefore the anthropic

principle provides a prediction that Λ must be small enough to allow structure formation. For a

simple estimate on the order of magnitude, quasars exist with red shifts up to about z = 4.4,

when gravitational condensation had already began. We want the comological constant to be small

compared to the mass density at that point so that it didn’t influence the structure formation. So

Λ < (1 + z)3ρ0 ≈ 102ρ0, where ρ0 is the mass density at present. This gives a rough estimate of Λ

which is few orders of magnitude larger than the observed value. In some more refined arguments,

these two numbers come even closer.

But if the anthropic principle realy does play an important role in deciding the laws of
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phyiscs, then the parameters of the Standard Model should be either determined by anthropic con-

siderations or should be random numbers. Among these is the θ parameters. It seems unlikely to

be determined anthropically, so its extremely small value is a mystery. Kaloper and Terning [10]

suggest that the value of θ is correlated with the value of the cosmological constant through its con-

tribution to the QCD vacuum energy. In Chapter 5, we will study their proposal and ask where in

the parameter space, the smallness of θ could be explained by anthropic principle.
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Chapter 2

SUSYQCD

2.1 Introduction

Following the discussion in Chapter 1, we will study the large N θ dependence and η′

potential in supersymmetric QCD and see if this model could reproduce the brached structure and

other properties proposed in the large N story.

2.2 Conjectured Behaviors of QCD at large N

In [11], Witten suggested that instantons fail to provide even a qualitative picture of the θ

dependence of QCD and the solution of the U(1) problem. Instead, he advanced strong arguments

that the large N approximation was a much more useful tool. Particularly remarkable was his

observation that in large N , the anomaly can be treated as a perturbation and the η′ understood as a

pseudogoldstone boson.

The largeN picture for the physics of θ and the η′ rests on the assumption that correlation
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functions of FF̃ at zero momentum behave with N as similar correlation functions at non-zero

momentum in perturbation theory. In particular, a Green’s function with n insertions of FF̃ behaves

as

〈
(∫

FF̃

)n
〉 ∼ N−n+2 . (2.1)

With this assumption, and the requirement of 2π periodicity in θ, the vacuum energy must

behave, to leading order in 1/N , as

E(θ) = minkc (θ + 2πk)2 (2.2)

The minimization over k reflects a branched structure in the theory, and ensures that θ is a periodic

variable [11, 12, 13]. The branches are characterized by a constant background topological charge

density,

〈FF̃ 〉k ∝ (θ + 2πk) , (2.3)

and are smoothly traversed under θ → θ + 2π. A dual description of the branches in a higher

dimensional gravity theory was analyzed in [13].

With Nf � N , the fermions are expected to be a small perturbation of the large N pure

gauge theory. In particular, the axial anomaly can be treated as a perturbation [14, 12]. The mass

of the η′ is an O
(

1
N

)
effect, and a pseudo-Goldstone boson, the η′, should be included in chiral

perturbation theory in order to nonlinearly realize the approximate axial symmetry. To leading

order in 1/N and in the chiral limit, its potential is obtained by the replacement

θ → θ +
Nfη

′

fπ
(2.4)
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in the vacuum energy. This form is fixed by the axial anomaly.1 Including the branch label,

Vk(η
′) = c · Λ4

(
θ + 2πk +

Nfη
′

fπ

)2

. (2.5)

Taking Nf = 1 as an example, under η′ → η′ + 2πfπ, the state passes from one branch to another.

Because f2
π ∝ N , the η′ (mass)2 is a 1/N effect. Higher order interactions of the η′ are suppressed

by powers of N , behaving as

Vn ∼ Λ4N2

(
η′

Nfπ

)n
. (2.6)

In other words, the η′ a true Goldstone boson in the large N limit, in the sense that its interactions

vanish rapidly as N →∞.

Note that θ can be absorbed into the η′. With at least one massless quark, and ignoring

terms in the chiral lagrangian associated with high scale (weak or above) physics, the η′ potential

has a minimum at the CP conserving point.

These expressions for θ dependence and the η′ potential are in stark contrast with qual-

itative expectations from instantons, assumed to be cut off in the infrared in some manner. In this

case, one would expect a convergent Fourier series, for example, for E(θ) in the pure gauge theory:

E(θ) = Λ4
∑
q

cq cos(qθ). (2.7)

Correlators of n insertions ofFF̃ at zero momentum would scale withN in a manner independent of

n, i.e. the extra powers of 1/N expected from perturbation theory counting at non-zero momentum

would be absent. Likewise this picture makes a distinctive physical prediction for the couplings of
1Here η′/fπ is normalized as an ordinary angle, valued on [0, 2π). In chiral perturbation theory, it is included at

leading order in large N by the substitution Σ→ Σeiη
′/fπ , where Σ are the SU(3) σ-model fields. The axial symmetry

can be realized as η′ → η′ + βfπ , and the anomaly coefficient is Nf , constraining the potential to have the form (2.4).
A different periodicity and anomaly are obtained if the η′ is instead introduced with canonically normalized kinetic term.
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the η′: the extra powers of 1/N in equation 2.6 should be absent. We refer to behavior of the type of

Eq. (2.2) as “monodromy” or “branched” behavior, while that of Eq. (2.7) as “instanton” behavior.

Lattice gauge theory is the only framework available in which the conjectured θ depen-

dence of large N QCD can be tested. However, such questions are technically extremely challeng-

ing. Some recent progress in testing Eq. (2.1) was recently reported in [15], but concrete tests of the

predicted cuspy behavior near θ = π, or the existence, lifetime, and other properties of the tower of

k branches, remains elusive.2

On the other hand, there are a variety of known theories that are similar but more tractable

than QCD, including supersymmetric QCD (SQCD), deformed Yang-Mills, and QCD at large ‘t

Hooft coupling, in which the θ dependence and existence of branches can be studied analyti-

cally [17, 18, 19, 13, 20, 21]. While differing in the details, these theories largely reflect the behav-

iors in Eqs. (2.2,2.3).

The case of SQCD will be analyzed in detail in this work. More generally, progress in the

understanding of the dynamics of strongly coupled supersymmetric gauge theories [22, 23, 24, 25]

led to new studies of ordinary QCD, considering it as a limit of Softly Broken Supersymmetric QCD

(SBQCD), or SUSY QCD with Nf vectorlike flavors and soft SUSY-breaking masses [26, 27, 17,

28, 29]. We will study aspects of θ dependence in large N SBQCD, including the existence of

branches, N scalings, the physics of the η′, the role of instantons, and the sense in which adding

matter can be thought of as a perturbation. In Secs. 2.3 and 2.4, we observe a number of properties

consistent with the largeN conjectures for ordinary QCD, including, as noted previously in [17, 27],

branched behavior (associated with the gaugino condensate in the SUSY limit, as well as FF̃ in the

presence of soft breakings), and, as noted in [26, 29], a supersymmetric version of the η′ with mass
2See discussion in [16].
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of order 1/N in certain regions of parameter space.

We also make several new observations. The behavior of ordinary QCD is different if the

quark mass dominates over the effects of the U(1)A anomaly and when the anomaly dominates.

In the former case, there are N branches, while in the latter limit there are Nf branches. Phase

transitions are expected in passing between these regimes. In Sec. 2.5 we show that the same

phenomenon arises in SBQCD and we exhibit the phase structure. In Sec. 2.6 we demonstrate that

small changes in the number of flavors ∆Nf � N leads to small changes in the physics of different

vacua at large N : this provides a concrete realization of “matter as a perturbation.”

Finally, we point out two ways in which the properties of SBQCD differ from the con-

jectured properties of QCD. First, in Sec. 2.7 we return to the fate of instantons in large N : the

conjectured exponential suppression of instanton effects in QCD is critical to the large N scaling

properties described above. A simple heuristic argument suggests that if IR divergences associated

with QCD instantons are cut off at a scale of order Λ−1
QCD, there is no exponential suppression.

As a counterargument, Ref. [11] emphasized that because of the extreme nature of the power law

divergences, the result is extremely sensitive to how the cutoff is chosen, and the notion that such a

cutoff computation makes sense, even at a qualitative level, is hard to support. But in SQCD with

Nf = N − 1, where a systematic instanton computation of holomorphic quantities is possible, we

show that the results are not suppressed by e−N , and that the gauge boson mass acts as an infrared

cutoff approaching Λ at precisely the required rate. On the other hand, the N -scalings are, in fact,

exactly as predicted by perturbative arguments, and the θ-dependence reflects the branched struc-

ture! We provide other evidence, in less controlled situations, that a notion of cut-off instantons

may survive in supersymmetric theories in large N .
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Secondly, in Sec. 2.8, we comment on the role of discrete symmetries. Unlike QCD,

branched structure in SBQCD is associated with an approximate ZN symmetry, and a correspond-

ing set ofN quasi-degenerate, metastable ground states. What happens to these states in the limit of

large soft breakings, where the discrete symmetry is lost and QCD is recovered? A priori, one pos-

sibility is that these states, and the associated branch structure, disappears. The possibility of phase

transitions as parameters are varied is already realized in supersymmetric QCD in the controlled

approximation of small soft breakings. Against this possibility is the usual large N scaling of per-

turbative correlation functions, suggesting that the branches should remain. As we briefly review,

a possible microscopic realization of the branches in real QCD is provided by ’t Hooft’s proposal

of oblique confinement [30] (particularly as realized in deformed N = 2 theories).3 On the other

hand, the fact that instantons are not suppressed as e−N in controlled situations raises questions

about these arguments. Whether the states disappear or survive cannot be conclusively established

without non-perturbative computations.

In Sec. 4.7, we summarize and conclude. We argue that while the traditional large N

branched picture of [11, 14, 12, 13] remains likely, only lattice calculations can ultimately settle the

issues.

2.3 Large N Scaling of the Gaugino Condensate

Much is understood about the dynamics of supersymmetric gauge theories. For a pure

supersymmetric gauge theory, for example, the value of the gaugino condensate is known, from

arguments which resemble neither perturbation theory nor a straightforward instanton computa-
3We thank Ed Witten and Davide Gaiotto for stressing this possibility to us.
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tion [31, 32, 22, 33, 24, 34]. It is interesting that, as we now show, the N dependence agrees with

that expected from the usual diagrammatic counting.

Let us recall the Coleman-Witten argument [35] for theN -scaling of the chiral condensate

in QCD and apply it to supersymmetric QCD. By ordinary N counting, an effective potential for

M = 〈ψ̄ψ〉 (with ψ, ψ̄ two-component fermions) would take the form

V (M) = Nf

(
M†M
N2Λ6

QCD

)
, (2.8)

in the fermion normalization where 1/g2 sits in front of the whole action. ThusM ∝ NΛ3. For

supersymmetric gauge theories, the corresponding analysis for the 〈λλ〉 effective potential gives

V (〈λλ〉) = N2f

(
〈λλ〉〈λλ〉∗

N2Λ6

)
(2.9)

again in the gaugino normalization where 1/g2 sits in front of the whole action. So, we expect

〈λλ〉 = NΛ3.

The exact result in pure gauge theory is

〈λλ〉 = 32π2Λ3
hole

2πik
N . (2.10)

(For a review, see [36].) Here Λhol is the holomorphic Λ parameter, proportional to e
iθ
3N . In general,

as discussed in [37], the holomorphic Λ parameter differs from the more conventional Λ parameter,

as defined in [38], by an N -dependent factor:

Λhol = Λ

(
b0

16π2

)b1/b20
. (2.11)

We review this connection in Appendix A. Eq. (2.11) reflects the fact that Λ is fixed asN →∞with

g2N fixed, while Λ3
hol ∝ NΛ3. It is striking that theN scaling of 〈λλ〉 agrees with the diagrammatic

expectation, although the physics leading to the exact computation appears quite different.
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2.4 θ and the η′ Potential in SQCD

In this section, we will see that with small soft breakings, both without matter and with

Nf � N , supersymmetric theories exhibit precisely the branched behavior anticipated by Witten,

with the branches being associated with the breaking of an approximate discrete symmetry.

2.4.1 Supersymmetric SU(N) Gauge Theory Without Matter

For vanishing gaugino mass, the gaugino condensate is given by Eq. (2.10). In the pres-

ence of a small holomorphic soft-breaking mass, mλ, the vacuum energy is

V (θ, k) ' mλ|Λhol|3 cos

(
θ + 2πk

N

)
. (2.12)

In terms of physical quantities,

mλΛ3
hol = N2mphysΛ

3, (2.13)

where mphys = g2mλ. Therefore, for very large N with θ and k fixed

V (θ, k) ' N2mphys|Λ|3
(
θ + 2πk

N

)2

. (2.14)

This is compatible with the N -scaling and θ dependence of [13].

For small mλ, the separate branches are long-lived. As mλ increases, approaching real

QCD, the fate of the branches is not clear; we will comment on this further in Sec. 2.8.
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2.4.2 Nf � N in supersymmetric QCD: A model for the η′

Supersymmetric QCD with Nf < N flavors possesses an SU(Nf )L × SU(Nf )R ×

U(1)B × U(1)R symmetry. Dynamically, a non-perturbative superpotential is generated [22],

Wnp = (N −Nf )
Λ

3N−Nf
N−Nf
hol

(det Q̄Q)
1

N−Nf

. (2.15)

Including supersymmetric mass terms for the quarks, the system has N supersymmetric vacua.

Turning on general soft breakings gives a set of theories which, in certain limits, should

reduce to SU(N) QCD with Nf flavors of fermionic quarks. For small values of the supersym-

metric mass terms and the soft breaking terms, the system can be studied in a systematic pertur-

bative/semiclassical approximation [26, 29]. Consider first adding only soft squark and gaugino

masses:

δV = m̃2
∑
f

(
|Qf |2 + |Q̄f |2

)
+mλλλ. (2.16)

With universal soft scalar mass terms, the first terms respect the full SU(Nf )L × SU(Nf )R ×

U(1)B×U(1)R symmetry of the supersymmetric theory. The gaugino mass term breaks the U(1)R.

Ignoring the gaugino mass, the potential

V =
∑
f

(
| ∂W
∂Qf
|2 + | ∂W

∂Q̄f
|2
)

+ δV (2.17)

(along with the
∑

(Da)2 terms) yields a minimum at

Qaf = vδaf Q̄af = Qaf ′Uf ′f , (2.18)

where U is a unitary matrix describing the Goldstone fields. If U = 1, the symmetry is broken to

the diagonal subgroup. v is given, in the large N limit, by:

v = Λhol

(
Λ2
hol

m̃2

)1/4

. (2.19)
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(If we take m̃2 ∼ Λ2, and recall that Λ3
hol ∼ NΛ3, then v = fη′ ∼

√
N , as expected by standard

large N arguments. The same result is obtained if the moduli are stabilized by a small quark mass,

v2 ∼ Λ3
hol/m⇒ v ∼

√
N .)

The gaugino bilinear λλ has an expectation value in this theory, which is essentially the

derivative with respect to τ of the expectation value of the non-perturbative superpotential [24, 36],

〈λλ〉 = 32π2

〈
Λ

3N−Nf
N−Nf
hol

(det Q̄Q)
1

N−Nf

〉
. (2.20)

To leading order, the expectation value is obtained simply using the value of v in Eq. (2.19). For

large N , the condensate behaves as

〈λλ〉 = Λ3
hole

2πik
N

+i arg detU1/N
, (2.21)

where U is the unitary matrix in Eq. (2.18).

Now consider turning on a small mλ. The gaugino mass breaks the classical, anomalous

U(1)R as well as the quantum, non-anomalous U(1)R. It also breaks the quantum ZN symmetry.

Through a field redefinition, we can take mλ = |mλ|eiθ/N . Gaugino condensation then generates a

potential for the fields U , which at large N takes the form:

V (θ, η′) = |mλ|Λ3
hol cos

(
θ + 2πk + η′

v

N

)
, (2.22)

where we have written arg detU = η′

v . Recall that in conventional largeN scaling,mλ ∝ Nmphys
λ ,

where mphys
λ is the physical gaugino mass. Therefore, expanding for very large N and taking

mphys
λ ∼ Λ gives the potential for the η′ proposed in [12]. The scaling with N is exactly as

predicted.

For zero supersymmetric quark mass, θ and k can be removed by a redefinition of the η′

field. In the presence of a quark mass term, this is no longer the case. The η′ potential contains an
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additional term, which at large N takes the form

V (θ, η′) = |mλ|Λ3
hol cos

(
θ + 2πk + η′

v

N

)
+ |mq|Λ3

hol cos

(
η′

v
+ β

)
, (2.23)

where β is the phase of the quark mass. We comment on the properties of this potential in Sec. 2.5.

2.5 Phases with General Nf < N

In QCD, the realization of branched structure is thought to vary with mq [12]. At zero

mq, a field redefinition can eliminate θ-dependence. At large N , this corresponds to the fact that θ

can be eliminated by a shift of the η′. On the other hand, at sufficiently large mq, the quarks can be

integrated out and θ-dependence should reappear, along with any branched structure.

In SBQCD, already in the limit of soft breakings, an intricate phase structure arises by

varying the soft breaking parameters and the quark masses. This can be anticipated because in

the theory of Eq. (2.16), before including the quark masses mq, the discrete symmetry is ZNf , a

preserved subgroup of the anomalous U(1)A axial symmetry acting on Q, Q̄. If we set mλ to zero,

with non-zero mq, the discrete symmetry is ZN , a preserved subgroup of the anomalous U(1)R

symmetry acting only on λ. It is easy to check that varying the parameter

x =
mλ

mq
, (2.24)

the number of local minima of the potential changes from N at small x to Nf at large x.

To see this explicitly, take the simplified case |mq|2, |mλ|2 � m̃2, and m̃2, mq propor-

tional to the unit matrix in flavor space. We can then take Q̄Q = v2
0e
iη′ (note here we are working
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with a dimensionless η′). The potential for the η′ then has the form:

V (η′) = mqΛ

3N−Nf
N−Nf
hol v

−
2Nf
N−Nf

0 cos

(
N

N −Nf
η′
)

+Nmλ
Λ

3N−Nf
N−Nf
hol

v

2Nf
N−Nf
0

cos

(
η′

Nf

N −Nf

)
, (2.25)

or, for N � NF ,

V (η′) = mqΛ
3
holv

−
2Nf
N

0 cos(η′) +NmλΛ3
hol cos

(
η′
Nf

N

)
. (2.26)

This potential is similar in structure to that for the ordinary η′ proposed in [12]. It exhibits N vacua

in the limit of small x, and Nf in the limit of large x. Analogously, in ordinary QCD, the large-N

η′ potential has Nf vacua in the limit mq � Λ/N , and N vacua in the opposite limit.

In SQCD, the transitions between these phases occur for x of order one. As the vacua

disappear, they become increasingly unstable. In the limit of large x, correlation functions with

successively more insertions of
∫
d4xFF̃ are suppressed by Nf , not N . The potential can also be

analyzed in the case ofNf = N−1, where a reliable instanton computation is possible. In this case,

there are of order N branches in either limit, but one can still observe transitions between different

phases, increasing confidence in the small Nf analysis.

The phase structure also offers some insight into the lifetimes of states of a system as one

approaches the critical values x0 where they disappear. The bounce action vanishes as a power of

x− x0 (of course, the semiclassical analysis breaks down once the lifetime becomes short).

2.6 Matter as a Perturbation

In the large N limit, we might expect that small changes in the number of flavors only

affect the properties of the theory at order 1/N : in this sense, matter is a perturbation.
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There are two classes of quantities we might study. In actual QCD, we might ask about

the Nf dependence of the glueball mass or FF̃ correlation functions, expecting weak sensitivity of

these quantities to O(1) changes in Nf at large N . Alternatively, we can consider the structure of

the quark sector. Here we expect the features of the effective action for the η′, for example, to be

determined by the large N pure gauge theory.

In the supersymmetric theories, the gluino condensate is in the first class, and we expect

small changes in the number of flavors to yield only small changes in the condensate. To test this

idea, we must be precise about what is perturbed. As we vary Nf , we hold the ultraviolet cutoff

M and the gauge coupling g2(M) fixed. For simplicity, we take all quarks to have mass mq, with

mq � Λ, and we study the Wilsonian effective action at a scale µ such that mq � µ � Λ.

Integrating out the quarks generates a term

L = − 1

32π2

∫
d2θ

(
8π2

g2
+ 3N log(µ/M)−Nf log(mq/M)

)
W 2
α. (2.27)

From it, we can compute the holomorphic low energy scale, ΛLE , which in turn determines 〈λλ〉,

〈λλ〉 = Λ3
LE = Λ3

(mq

Λ

)Nf
N
. (2.28)

This expression is clearly smooth with respect to changes in Nf . Indeed, we can treat an additional

flavor as a perturbation, computing first the change in the effective action, and from that the change

in ΛLE .

Alternatively, we can consider a quantity involving the quark superfields, for small num-

ber of flavors. As before, we can think of a fixed cutoff scale and coupling, and take universal quark

masses mq � Λ. Then integrating out the heavy fermions yields

〈Q̄Q〉 =
1

16π2mq
〈λλ〉 . (2.29)
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(this is an example of the Konishi anomaly [39]). This agrees with the exact result, and by holomor-

phy, it holds for all mq. Thus for small Nf the quark condensate is determined in large N by the

pure gauge theory. One can provide a heuristic derivation of this result at small mq as well.

For larger values of Nf , small changes ∆Nf � N should also produce only small

changes in the theory, for appropriate choices of ground states. This is particularly interesting

for Nf = N − 2, N − 1, N,N + 1, N + 2, where the dynamics, when the quarks are light, is

substantially different in each case (described via gaugino condensation, instantons, the deformed

moduli space, s-confinement, and Seiberg duality, respectively [22, 23, 25].) Yet, in large N , all

descriptions must in some sense converge, up to 1/N corrections!

Let us understand a few simple reflections of this fact, again taking mff̄ → mδff̄ and

QQ̄ff̄ → v2δff̄ . For Nf = N − 1, there is a Wilsonian effective superpotential [22],

WWilsonian =
Λ2N+1

vN−1
+Nfmv

2 (2.30)

and the vacuum is

v = Λ

(
Λ

m

) 1
2N

(2.31)

which approaches v → Λ in the large N limit, losing its m-dependence. In contrast, the case

Nf = N − 1 has a deformed moduli space [23], described by a 1PI effective superpotential with

Lagrange multiplier X ,

W1PI = X
(
v2N −BB̄ − Λ2N

)
+Nfmv

2 . (2.32)

Since there are no baryonic operators inNf = N−1, vacua on baryonic branches are not connected

to vacua in Nf = N − 1. The meson vacuum, however, is: in the large N limit, the Nf = N − 1
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vacuum becomes the B = B̄ = 0 vacuum v = Λ of Nf = N . The gaugino condensates likewise

match in large N , and vanish in the massless limit.

A similar result is obtained for Nf = N + 1 with small quark mass: the meson vev takes

the form v2N+1 = mΛ2N , so v → Λ in large N . The new feature of the Nf = N + 1 theory, the

chiral preserving vacuum, is obtained in the limit m→ 0, which does not commute with N →∞.

2.7 Instantons at Large N

We see that approximately supersymmetric theories exhibit many of the features antici-

pated for real QCD, within controlled approximations. Much of our understanding of supersymmet-

ric dynamics, on the other hand, involves instantons in an essential way. This suggests that instanton

effects are not necessarily suppressed at large N , and can have controlled large N limits, at least in

SQCD.

2.7.1 Heuristic treatment of instantons: the infrared cutoff

In the introduction, we discussed two potential behaviors for largeN QCD as a function of

θ, referred to as branched and instanton behaviors, respectively. We have seen that supersymmetric

SQCD with small gaugino mass exhibits the former behavior. Ref. [11] offered a simple argument

against the latter, suggesting that instanton effects are exponentially suppressed in large N . Let us

recapitulate the argument.

Consider QCD without flavors. The one-instanton contribution to V (θ) has the structure:

V (θ) =

∫
dρρ−5+ 11N

3 M
11N

3 Ne
− 8π2

g(M)2 cos(θ) (2.33)

where M is a renormalization scale. Since g2(M) ∼ 1/N , this is formally exponentially sup-
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pressed, but the expression is also infrared divergent. Suppose that the integral is cut off at ρ ≈ Λ−1.

The result would then be simply

V (θ) = CΛ4 cos(θ). (2.34)

which is of order one in large N . Of course, this argument is handwaving at best. If the cutoff is

c Λ, with c an order one constant, then the result can be exponentially suppressed or enhanced by

cN . Ref. [11] suggested that the most likely smooth limit for instanton effects in large N is zero.

Imagine, however, that c approaches 1 as e1/N : in this case, the limit of the single instan-

ton term would be smooth and finite. In QCD, such a picture could only be qualitative; perturbative

corrections and instanton-antiinstanton corrections are all be nominally of the same order, and a

reliable semiclassical calculation is not possible. The only statement one could make, in general,

is that θ dependence would be described by a series of the form of Eq. (2.7). One could speculate

on the convergence of the series, for example whether cusps arise in the potential. This appears to

occur in the CPN models, where finite temperature provides an infrared cut-off on instanton size

[40, 41, 42], and the series (2.7) exhibits cusps in the limit T → 0 (the Fourier expansion for dE
dθ

does not converge). This will be discussed more fully in a subsequent publication.

2.7.2 Scaling of Reliable Instanton Computations with N

In SQCD with Nf = N − 1, the role of instantons in large N can be assessed sharply,

exploiting the existence of a pseudomoduli space. The effective superpotential can be computed

systematically, and infrared divergences are cut off by QQ̄ff̄ ≡ v2δff̄ . The ρ integrals take the

form

W ∼
∫
dρ (Λρ)2N+1(v∗)2N−2ρ4N−5e−c

2ρ2|v|2 ∼ Λ2N+1

v2N−2
. (2.35)
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A careful analysis yields [24]

W =
Λ2N+1
hol

det Q̄Q
, (2.36)

which is naı̈vely of order e−N .

However, v2 also depends on Λ. For simplicity, taking all of the quarks to have equal

mass,

vN = ΛNhol

(
Λhol
mq

) 1
N

. (2.37)

At the stationary point,

〈W 〉 = aΛ2
holmq

[
Λhol
mq

]1/N

. (2.38)

This structure is dictated by symmetries and holomorphy. In particular, there is a non-anomalous,

spurious R symmetry under which

mq → e
2iα N

Nf mq. (2.39)

Similarly, there is a non-anomalous R symmetry under which mq (and Q, Q̄) are neutral, and Λ→

eiα2N/(2N+1)Λ.

Eq. (2.38) is notable. First, there is no exponential suppression with N :

Λ
2+ 1

N
hol = M2+ 1

N e
− 8π2

g2N
+i θ

N . (2.40)

Not only do the e−
8π2

g2 factors appear with a suitable power to avoid e−N suppressions, but there are

no factors like πN or 2N which might have obstructed a suitable large N limit. At the same time,

the result exhibits monodromy, arising from the N roots of Eq. (2.37).

It is also important to stress that, unless mq is exponentially small, the stationary point

lies in a region of strong coupling. So a reliable calculation is possible taking mq = εNΛ, for small
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ε, and then using holomorphy and symmetries to extend the result to mq = Λ. For mq ∼ Λ, the

instanton result is not reliable in the sense that non-holomorphic quantities like the scalar potential

are not properly computed. But the result for 〈W 〉 qualitatively has the instanton structure, and it is

equivalent to say that it is saturated by the single instanton.

We also note that in presence of a gaugino mass, we again find the usual formula for the

vacuum energy,

E(θ) = mλ〈W 〉 = mλΛ3
hol cos

(
θ + 2πk

N

)
. (2.41)

So in this case, we have complete agreement with expectations based on N counting of perturbative

Feynman diagrams, yet the result arises entirely from an instanton! In particular, correlators of n

FF̃ operators at zero momentum behave as N2−n, precisely as expected. We have already noted

how a cutoff might approach Λ in large N so that instanton amplitudes are unsuppressed. Here we

see that, in the nearly supersymmetric case, the Λ which appears in the argument is the holomorphic

Λ, yielding cos(θ/N).

To summarize, on the one hand, we see evidence for a branched structure, a structure

originally suggested by a presumed suppression of instanton effects. On the other hand, we see

that instantons are not suppressed, and the branches are associated with an approximate discrete

symmetry. We cannot draw conclusions about the fate of the branched structure as SUSY breaking

is increased, but the instanton argument for the branched structure, by itself, is at least misleading

in the nearly-SUSY limit.
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2.7.3 Further circumstantial evidence for the role of instantons

Also instructive are instanton computations in the pure supersymmetric gauge theory.

This subject was pioneered in [43, 44]. In pure SU(N) supersymmetric QCD, one can attempt to

calculate the correlation function

G2N = 〈λλ(x1) . . . λλ(xN )〉 . (2.42)

A single instanton makes an infrared finite contribution to this correlator, G2N ∼ Λ3N , which

is formally of order e−N . This paper argued that this correlation function, as the correlator of the

lowest component of a set of chiral fields, was independent of coordinates, and in addition advanced

arguments that it was not renormalized. The authors of [45] argued, invoking cluster decomposition,

that the N th root of this expression is G = 〈λλ〉.

It is known that the single instanton computation makes an order one error in these quan-

tities. The corrections can be understood as dilute gas corrections (in the sense that they can be

shown to arise from the sector with topological number one [46]). If the naive reasoning were cor-

rect, these effects would be suppressed by further powers of e−N , but this is not the case. This is

consistent with the infrared cutoff computations suggested in [47].

2.8 Speculations on Real QCD

We have seen that instantons and large N behavior are not necessarily incompatible, and

emphasized that the appearance of branches in supersymmetric QCD is associated with the sponta-

neous breaking of a discrete symmetry. As we take the soft breakings large, most of the N vacua

might disappear, leading to what we have called “instanton” behavior. On the other hand, given
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that the lifetimes of the states scale as e−N
4

(in the region over which we have control), they might

survive.

2.8.1 Spontaneous breaking of an explicitly broken discrete symmetry

In this brief section, we describe the possible behaviors in terms of the realization of a

spurious symmetry. At the level of the classical action, the softly broken supersymmetric theory

exhibits a symmetry with mλ viewed as a spurion:

λλ→ e
2πik
N λλ mλ → e−

2πik
N mλ. (2.43)

If E(mλ) = E(|mλ|,mN
λ ), this spurious symmetry is not spontaneously broken. If E(mλ) is not

invariant under mλ → e−
2πik
N mλ, however, spontaneous symmetry breaking has occurred. This is

the option realized in SBQCD, and is associated with N stationary points of the vacuum energy. E

has an imaginary part outside a finite range of α = argmλ.

The existence of branches in real QCD can be mapped to the question of whether the

spurious symmetry is broken or unbroken as mλ becomes much larger than Λ. As mλ → ∞ and

λ is integrated out, we generate θ = arg(mλ)N . The question is: does E behave (in the pure

gauge theory) as a function of arg(mλ) or arg(mλ)N? Needless to say, analytic tools to address

this question are not available, but we can look to toy models to gain some understanding of the

possibilities.

We can illustrate these possible behaviors of the pure gauge theory in a field theory of

scalars, treating the system classically and including certain non-renormalizable couplings. With a

complex field, φ, the potential

V (φ) = −µ2|φ|2 +
λ

2
|φ|4 − Γ(φN + φ∗N ) (2.44)
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respects a ZN symmetry. If Γ is small, we can write:

φ = feia/f , f =

√
µ2

λ
(2.45)

The field a acquires a potential

V (a) = −ΓfN cos

(
N
a

f

)
. (2.46)

The system has N degenerate minima, at a
f = 2πk

N , reflecting the spontaneous breaking of the

discrete symmetry.

Adding a coupling

δV = mλΛ2φ+ c.c. (2.47)

breaks the ZN symmetry explicitly, and the parameter mλ is a spurion analogous to mλ in SUSY

QCD. For small mλ = |mλ|eiα, φ does not shift significantly, and the classical vacuum energy has

a contribution

E(α, k) = |mλ|Λ2f cos

(
α+

2πk

N

)
. (2.48)

The potential reflects the spontaneous breaking of the spurious symmetry. Quantum mechanically,

E has a small imaginary part except for k such that |α+ 2πk
N | < π.

Elsewhere in the parameter space, however, the branches disappear. For example, for µ2

negative, the potential has a unique minimum, and this is not altered by the addition of the mλ term.

Instead,

〈φ〉 =
m∗λΛ2

µ2
, (2.49)

and

E(α, k) =
|mλ|2Λ4

µ2
. (2.50)
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Thinking of this as a toy model of supersymmetric QCD, the parameters µ2 → µ2(mλ), Γ →

Γ(mλ). If, for example, µ2(mλ) becomes negative and Γ does not grow too rapidly for large mλ,

the branched structure disappears. Alternatively, if for largemλ, µ2 > 0 and if Γ grows rapidly with

mλ, then the branched structure survives. In this toy model, the N vacua reflect an approximate ZN

symmetry which survives in the limit.

2.8.2 Stability of Branches

In SBQCD, both with and without matter, we can ask about the stability of different

branches. Take k = 0 and 0 < θ < 2π and consider what happens as η′ increases. At some point,

the state with k = −1 has lower energy, and the system can tunnel. For small mλ, the tunneling

rate is highly suppressed, roughly as4,

Γ = Ce
−aN4 Λ3

m3
λ . (2.51)

We can repeat this for larger k, producing a large set of metastable states. Increasingmλ, eventually

we can no longer perform a reliable computation, but based on (2.51) it is possible that tunneling

rates remain exponentially suppressed with N . The presence of metastable states in QCD is an

interesting target for the lattice [16], and could conceivably have implications for physics in the

early universe.
4This estimate appears also in [48], which notes that due to numerical factors, even for mλΛQCD , the states may be

short-lived unless N > 100 or so. If true, it would be challenging to understand how the large N limit could be valid for
N ≈ 3.
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2.8.3 ’t Hooft’s Picture of Confinement: A Candidate Setting for Branched Struc-

ture

Nambu, Mandelstam, and ’t Hooft suggested that condensation of magnetically charged

objects in a non-abelian theory could account for confinement of color charge [49, 50, 51]. Sub-

sequently, ’t Hooft studied the adjoint-valued composite field Φ = FµνF̃
µν , choosing a gauge in

which Φ is everywhere diagonal and leaving unfixed a U(1)N−1 symmetry [30]. He speculated that

singular points with respect to the gauge choice correspond to massless, condensing monopoles of

the U(1)N−1 theory, and noted that in the presence of θ, the monopoles acquire a charge through the

Witten effect. When θ → θ+2π, the spectrum is the same, but “rearranged”: what were monopoles

with one charge at θ = 0 become monopoles of a different charge at θ = 2π. This picture of

confinement thus gives rise to an explicit realization of branched structure with θ. The details, in-

cluding whether there are N vacua of a spurious ZN symmetry, depend on unknown features of

the monopole/dyon spectrum. Such dynamical features are also suggested by consideration of the

algebra of Wilson and ’t Hooft lines [52, 53].

N = 2 supersymmetric Yang-Mills, with a small massmA for the adjoint chiral multiplet,

exhibits many of these features explicitly, including a U(1)N−1 symmetry in the small mA limit.

Seiberg and Witten showed that the theory possesses massless monopoles at points in the moduli

space [54]. In the case of SU(N), there are N such points, related by a discrete ZN symmetry.

Turning on mA, the massless monopoles condense, and the theory confines. The condensate is pro-

portional to mA, and, for small mA, the monopole and U(1) gauge field masses are also suppressed

by mA. The theory possesses precisely the sort of branched structure anticipated by ’t Hooft, with

τ = 8π2

g2 +ia, and the branches are associated with the ZN symmetry of the theory. AsmA becomes
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larger than Λ, it is not clear what becomes of the monopole picture; the U(1) gauge bosons are no

longer light relative to other states in the spectrum, nor are the monopoles. But we know that the

N = 1 theory exhibits a branched structure.

If ’t Hooft’s picture for confinement is qualitatively correct for real QCD, it can account

for a branched structure. However, the applicability of the monopole condensation picture to real

QCD remains unclear. For example, one does not expect that the theory exhibits light states corre-

sponding to U(1)N−1 gauge bosons. Starting from N = 2, it is also not clear that the monopole

picture is instructive for large mA, let alone after adding a soft breaking gaugino mass.

2.9 Summary

We have studied the large N θ dependence of supersymmetric QCD, using small soft

breakings as a probe of the nonsupersymmetric limit. We have seen that certain aspects of the usual

large N picture, including the presence of branches and the behavior in theories with matter (both

with Nf � N and Nf ∼ N ), are reflected in SBQCD. However, there are also striking departures

from ordinary QCD and the conventional large N description. First, in supersymmetric theories, in-

stanton effects are sometimes calculable and do not fall off exponentially withN . Second, branched

structure in SBQCD is always associated with approximate discrete symmetries, which are badly

broken in the nonsupersymmetric limit.

In light of these differences, and to advance our understanding of nonperturbative phe-

nomena in QCD, it would be of great interest to have additional lattice probes of the branched

structure of large N QCD. In future work we will explore aspects of lattice tests, particularly the

possibility of searching directly for the tower of metastable states at θ = 0.
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Appendix: Λ and Λhol

Quantities in supersymmetric gauge theories are readily derived in terms of an object

referred to as the holomorphic scale, Λhol. In the case of SU(N) SUSY QCD without chiral fields,

we can make this notion precise in a very simple way, embedding the theory in an N = 4 theory,

with masses for the adjoint fields providing a cutoff for the SQCD theory [55, 47]. In a presentation

in which the SU(4) symmetry is (almost) manifest, the action is

L = − 1

32π2

∫
d2θτW 2

α +
1

g2

∫
d4θΦ†ie

V Φi +

∫
d2θ

1

g2
fabcε

ijkΦa
iΦ

b
jΦ

c
k. (2.52)

Here τ is

τ =
8π2

g2
+ iθ. (2.53)

In order that the superpotential be a holomorphic function of τ , we rescale the Φa fields. We can

also add holomorphic mass terms:

L = − 1

32π2

∫
d2θτW 2

α +
1

g2/3

∫
d4θΦ†ie

V Φi +

∫
d2θ(fabcε

ijkΦa
iΦ

b
jΦ

c
k +MΦa

iΦ
a
i ). (2.54)

Holomorphy of the gauge coupling function gives, for the renormalized coupling,

8π2

g2(m)
=

8π2

g2(M)
+ b0 log(m/M). (2.55)

Here m and M are holomorphic parameters (this is discussed further in [47]). The physical masses

are related to these by a factor of g2/3(m), g2/3(M); substituting yields the standard β function

through two loops (issues involving the exact β function are discussed, again, in [47]). Λhol is then

defined through:

Λhol = Me−τ/b0 = g−2/3Mphyse
−τ/b0 . (2.56)
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This is almost the conventionally defined Λ parameter, but in large N it differs by a power of N , as

noted in [37] and we now review.

The Particle Data Group presents the strong coupling as (with slight redefinition of b0 and

b1 to agree with our conventions above):

αs(µ) =
4π

b0t

(
1− b1

b20

log t

t

)
, t = log

(
µ2

Λ2

)
. (2.57)

Comparing with the solution of the RGE,

8π2

g2(µ)
=

8π2

g2(Mphys)
+ b0 log(µ/Mphys)−

b1
b0

log(g(µ)/g(Mphys)), (2.58)

we see that inserting

Λ = Mphyse
− 8π2

b0g
2(Mphys)

(√
b0

8π2
g(Mphys)

)−b1/b20
, (2.59)

and

log t ≈ log

(
8π2

b0g2(µ)

)
(2.60)

into Eq. (2.57), we recover Eq. (2.58). Using b21/b0 = 2/3 in pure SYM, one obtains (Λhol/Λ)3 ∼

N in large N .
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Chapter 3

AxionCosmology

3.1 Introduction

The axion remains a promising candidate for dark matter [56, 57, 58], perhaps more so

as the window for conventional WIMPs shrinks. Searches for axion dark matter are underway [59],

and there are proposals for future experiments which could conceivably widen the search window

substantially [60].

In the early universe, the axion begins to oscillate coherently when its thermal mass,

ma(T ), becomes comparable to the Hubble scale. The axion mass is related to the QCD topological

susceptibility by

m2
a(T )f2

a = χ(T ), χ =

∫
d4x〈FF̃ (x)FF̃ (0)〉T = ∂2

θF (θ, T ), (3.1)

where, in the last expression, F (θ, T ) is the θ-dependent free energy.

At high temperatures, F (θ, T ) can be calculated by standard instanton methods [61]. At

low temperatures, F (θ, T ) is known from chiral perturbation theory, and in fact converges rapidly
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to its T = 0 limit below the confining phase transition [62, 63]. However, for plausible cosmologies

and and a range of axion parameters, it is the case that the axion starts to oscillate at intermediate

temperatures, T ∼ GeV, where αs is approaching strong coupling and neither calculation applies.

Instead, one can hope to extract χ(T ) from lattice QCD.

Recently there have been a number of papers reporting lattice calculations of χ(T ) at tem-

peratures above the critical temperature, both in pure gauge theory/quenched approximations [64,

65, 63] and in QCD [66, 67, 1, 62, 68, 69, 70]. In some cases, discrepancies are found at high

temperatures compared with the dilute instanton gas prediction. The free energies found in [67, 1]

differ by about an order of magnitude from the leading-order semiclassical result above the GeV

scale, while the computation and extrapolation obtained in [62, 68] (see also [71]) differs by many

orders of magnitude (although systematic effects are not under control in the extrapolation, and thus

the level of compatibility with the controlled high-temperature computations in [67, 1] is unclear.)

These results suggest a level of uncertainty in the microscopic parameters (the zero temperature

axion mass ma and possibly the misalignment angle θ0) required to achieve a given relic density Ω.

Here we will assess the theoretical uncertainty on Ω(ma, θ0) in analytic computations and

compare with lattice results. Our analysis has two prongs. First, in Sec. 3.2, we reexamine the uncer-

tainty on the leading-order semiclassical result for the free energy above the GeV scale. We consider

a number of possible sources of error, the most important of which are likely to be corrections to the

effective action that shift the IR cutoff on instanton sizes. However, in contrast to suggestions in the

literature, we argue that infrared divergences that plague ordinary finite-temperature perturbation

theory are not numerically relevant in the instanton effective action, and that the size of higher-

order corrections can be reasonably estimated. As a result, the topological susceptibility has known
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low and high temperature asymptotics which appear compatible with [67, 1]. Then, in Sec. 3.3, we

introduce a family of models for the topological susceptibility that interpolate through the region

where neither analysis is reliable. In Sec. 3.4, we compute the relic density over this range of mod-

els, including the instanton uncertainty at the high temperature boundary and uncertainties in QCD

parameters. In this way we determine the sensitivity of Ω(ma, θ0) to theoretical uncertainties. We

find the sensitivity is limited, and overall the axion mass prediction from analytical methods appears

robust at the level of a factor of 2− 3. We comment on the implications of these results in Sec. 4.7

and conclude.

3.2 Theoretical Uncertainties on the Instanton Contribution to the

Free Energy

3.2.1 The Standard Computation

At high temperatures, the θ dependence of the free energy is controlled by instantons ([61],

henceforth GPY). Classically, even at finite temperature, there are instantons of all scale sizes. But

at one loop, there are two sources of scale invariance violation: the usual ultraviolet divergences

familiar in the zero temperature theory, and the finite temperature itself. Both correct the effective

action, rendering finite the scale size integral both at small and large ρ.

Heuristically, the latter effect is associated with the effective mass of the A4 field,

m2
D =

1

3
(g2T 2)(N +

Nf

2
). (3.2)

GPY note that a term in the effective action 1
2g2m

2
DA

2
4 gives rise to a correction to the instanton
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action, for ρ� T−1 (and αs(ρ−1)� 1), proportional to ρ2:

∫
d4x

1

2g2
m2
DA

2
4 =

π2

2g2
m2
Dρ

2. (3.3)

Note the g−2 in front of m2
D, reflecting the 1/g2 in front of the whole action, and the fact that

the actual screening length is of order 1
gT . If this were the complete result for the correction to

the effective action, the ρ integration for the free energy would take the form, in the case of three

flavors,

F (T ) ∝ mumDms

∫
dρ

ρ2
(Λρ)9e−3π2ρ2T 2. (3.4)

The integral is finite, and dominated by ρ ∼ (πT )−1.

Since the dominant scale is of order T−1, the effective action cannot be expanded in

powers of ρ; in a derivative expansion of the background field effective action, terms of the form

g2

Tn−2
A4(~x)∂i1 . . . ∂inA4(~x) (3.5)

are all of the same order, g2T 2, in the instanton background.

GPY indeed computed the full one-loop determinant [61]. At small ρ, in particular, the

above expression for the action is modified:

δS =
1

3
π2ρ2T 2(2N +Nf )− 1

18
π2ρ2T 2(N −Nf ). (3.6)

For Nf = 0, for example, this is not parametrically smaller than the Debye screening term, though

it is numerically smaller. At one loop, the complete expression for the free energy in the presence

of a single instanton is given by [61]

F (θ, T ) = −
∫
dρ

ρ5

(
4π2

g2

)2N

e
− 8π2

g2(ρ)CN

Nf∏
i=1

(ξρmi) e
−1/3λ2(2N+NF )−12A(λ)[1+ 1

6
(N−Nf )]+iθ(3.7)
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where

A(λ) = − 1

12
ln(1 + λ2/3) + α(1 + γλ−2/3)−8 (3.8)

λ = πρT CN = 0.097163; ξ = 1.3388 α = .01290 γ = 0.1586 (3.9)

and NF = 3 in temperature regimes where three quarks are excited. At a temperature of T = 1.5

GeV and using a renormalization scale µ = T , we obtain

F0(1.5) = −3.7× 10−14 GeV−4 (3.10)

where the subscript indicates θ = 0. Here we have used the program RunDec [72, 73, 74] to obtain

αs(1.5 GeV) ' 0.345 with three active flavors.

This computation of the free energy is subject to certain theoretical uncertainties, includ-

ing higher-order corrections sensitive to the UV cutoff, parametric uncertainties on αs, effects of

heavier quarks, and higher-order corrections that modify the infrared cutoff on ρ. In the next subsec-

tion, we estimate the uncertainties from the first three of these sources. In our view there has been

some confusion in the literature about the uncertainty associated with corrections to the ρ cutoff,

which is plausibly the dominant source of uncertainty. We therefore devote a separate subsection to

this source.

3.2.2 UV-Sensitive Corrections, Heavy Quarks, and Parametric Uncertainties

In the previous section, we evaluated the one-loop expression for F at T = 1.5 GeV with

µ = T and three flavors. Let us comment on a few of the knobs we can turn in this calculation to

obtain estimates of theoretical uncertainty.

• Because the dominant instanton size is of order (πT )−1, µ = πT is another natural choice

for the renormalization scale.
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• At T = 1.5 GeV, πT is substantially above the charm threshold and near the bottom quark

mass. We might therefore include at least the charm quark in the free energy.

• A complete two-loop calculation of F is not available at present. In some places in the

literature, UV-divergent two-loop corrections to the free energy are incorporated using renor-

malization group considerations, as discussed in [75]. These corrections are generally written

as powers of αs(ρ−1)/αs(µ) in the ρ integrand. However, for µ of order T (or πT ), there is

no justification for including some two-loop corrections and not others. Without performing

an actual two-loop computation of the θ-dependent part of the free energy, the only principled

approach is to use the complete one-loop expression with µ of order T (or πT ). However, the

“UV two-loop” computation might instead be useful as an uncertainty estimator.

We therefore recompute the free energy using µ = {1,
√
π, π} × T , three or four active

flavors, and including or not including the UV-divergent two-loop corrections. For the change in

renormalization scale, we again use RunDec to accurately determine αs(µ) with different numbers

of active flavors. The two-loop corrections are incorporated by running αs in the exponent to µ =

ρ−1 at two-loop order and running the quark masses and the coupling in the prefactor to µ = ρ−1

at one-loop order. For example,

e
− 2π
αs(µ) → e

− 2π
αs(µ) (µρ)b0

(
αs(ρ

−1)

αs(µ)

)2b1/b0

(3.11)

where b0 = 9 and 2b1/b0 = 32/9 for NF = 3, and αs(ρ−1) is determined from αs(µ) at one-loop

order.

Results are reported in Table 3.1. The largest value for the free energy is obtained in the

three-flavor scheme with µ = T , adding the partial two-loop terms. This is not a surprise, since the
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3F, 1L, T 3.6

3F, 2L, T 10

3F, 1L,
√
πT 4.9

3F, 2L,
√
πT 7.2

4F, 1L,
√
πT 3.2

4F, 2L,
√
πT 5.2

3F, 1L, πT 6.0

3F, 2L, πT 5.5

4F, 1L, πT 4.0

4F, 2L, πT 3.8

Table 3.1: The instanton-induced free energy in units of −10−14 GeV−4 at θ = 0 and T = 1.5.
Rows correspond to a variety of computations: (3F,4F) = three or four light flavors; (1L,2L) =
one-loop complete or partial two-loop; (T,

√
πT,πT) = renormalization scale.

included two-loop terms correspond entirely to running from T to ρ−1 ∼ πT . However, it is likely

an overestimate of the correction; if we use µ = πT in the same computation, the partial two-loop

result is smaller and much closer to the complete one-loop result. In reality, the complete two-loop

result is likely to involve a mixture of scales, motivating the choice µ =
√
πT . We observe that

(excluding the 3F, 2L, µ = T result), the envelope of the values is contained within the µ =
√
πT

calculations, corresponding to an O(1) uncertainty the free energy,

∆F0(1.5)

F0(1.5)
' 1 . (3.12)

We can also estimate a “parametric” uncertainty stemming from experimental uncertainty

in αs. Using the 1-sigma error bar on αs(mZ), running down to µ = π × 1.5 GeV and converting
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to the three-flavor scheme with RunDec [72, 73, 74], we obtain less than 2% uncertainty in αs.1

This results in an uncertainty in F0(1.5) of about a factor of 2, similar to the uncertainty from

UV-sensitive corrections.

The lattice result for the topological susceptibility obtained in Ref. [1] corresponds to

F0(1.5) ≈ −4 × 10−13 GeV−4, which lies outside the uncertainty range that we estimate from

these sources. Similar conclusions were drawn in the lattice studies [67, 70]. In [71, 67], it was

suggested that the uncertainty in the 1-loop instanton computation arising from higher order terms

could actually be much larger, associated with infrared divergences in QCD perturbation theory at

finite temperatures and with large shifts in the Debye screening length. We now turn to corrections

of this type.

3.2.3 Corrections to the IR Cutoff on ρ and Infrared Sensitivity

As discussed previously, the IR cutoff on the instanton size can be qualitatively associated

with the Debye mass term in the effective action. In the perturbative vacuum, the Debye mass does

receive large corrections beyond leading order [76, 77]. A simple, heuristic understanding of these

corrections can be obtained by considering Π44 as a function of (spatial) momentum, ~q, for small ~q.

There are a variety of effects, but already at one loop, for example, there is a contribution to ∂Π/∂q2

that diverges linearly as mD → 0 at q = 0. The linear IR divergence is cut off by the leading-order

mD, leaving a weaker logarithmic IR divergence cut off by the nonperturbative magnetic mass. The

NLO Debye mass has the form [76, 77]:

m2
D = (mD)2

0 +
2Ng2

4π
T (mD)0 ln(mD/g

2T ) + . . . . (3.13)

1Uncertainty from higher order corrections to the running of αs are extremely subdominant.
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The NLO correction is of order g3, signaling a breakdown of the perturbation expansion. It has

been suggested [71, 67] that the uncertainty on χ(θ, T ) might be much larger than estimated in the

previous section, due to the presence of such IR divergences.2

In the instanton computation, there is both a question of principle and a question of numer-

ics. We have seen that it is not low spatial momenta that are relevant in the instanton background,

but momenta of order k ∼ 1/ρ ∼ T . Consequently, for the dominant semiclassical configurations

with ρ ∼ 1/T � Λ, the IR divergences in Π44 are cut off at T in the instanton effective action

Seff . The corrections to Seff from individual diagrams are then well-behaved and proportional to

g(T )2T 2. Thus, as a matter of principle, IR divergent corrections to mD in the perturbative vacuum

do not indicate a loss of perturbative control or a significant source of uncertainty in the instanton

computation of F (θ, T ).

However, until T is extremely large, g(T ) is O(1) in QCD, and there is no parametric

separation between mD and T . Therefore Eq. (3.13), valid in the perturbative vacuum, might still

be used as an estimate for the typical size of corrections to the effective action in the instanton

background. Numerically, it gives rise to

(mD)1

(mD)0
' 0.6 (3.14)

at T = 1.5 GeV. The instanton-induced free energy scales approximately as the 7th − 8th power of

the infrared cutoff on ρ, so from Eq. (3.14) we are led to associate an uncertainty in the free energy

due to two-loop finite temperature corrections,

∆F0(1.5)

F0(1.5)
' 20 . (3.15)

2It should be noted that the existence of such corrections is not connected with the presence of light fermions. In
particular, fermions do not introduce infrared divergences at high temperature. Therefore, even lattice studies focusing
on the size of corrections in the pure gauge theory are of interest.
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We emphasize that a correction to the free energy of this size does not reflect a breakdown

of the semiclassical analysis at this order. Organizing the instanton effective action as

Sinst = S0 + S1 + S2 + . . . , (3.16)

at leading order, the action is

S0 =
8π2

g2
' 17 (3.17)

at T = 1.5 GeV. A shift in the free energy of order Eq. (3.15) corresponds to

SDebye
2

S0
. 0.2, (3.18)

a controlled correction to the effective action. More generally, we could estimate terms in the series

by the three-dimensional loop factor, which is of order

λ =
Ng2(T )

(4π)3/2
. (3.19)

At T = 1.5 GeV, λ = 0.3. Two-loop corrections to the effective action would then be expected to

be of order

S2

S0
' λ2 = 0.1 (3.20)

consistent with the Debye estimate. In other words, there is no reason to expect arbitrarily large

corrections. The action is exponentiated in the free energy, leading to the order-of-magnitude un-

certainty estimate in Eq. (3.15).

There is also the question of actual infrared divergent contributions to the instanton action.

These are associated with low momentum ~A fields and corrections to the effective action involving

no background fields. In the zero-instanton sector, such infrared divergences arise in the free energy
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first at four-loop order. It is believed that they are cut off at a scale of order g2T , the presumed mass

gap of the three dimensional gauge theory. The typical diagram involves six vertices connected by

propagators, and the divergence arises when all vertices are well-separated. A computation at high

order in the instanton background is complex, but for ρ of order T−1, the infrared divergence should

be similar. At zero temperature, the propagators are known [78, 79], and at distances large compared

to ρ, they are close to free-field propagators. At finite temperatures, when all coordinates except x4

are large compared to T−1 and ρ, we expect something similar, leading to an infrared divergent

correction at the same order as at zero temperature. At 1.5 GeV, this suggests a perturbatively

incalculable correction to the instanton action at the 1% level.

In summary, IR divergences do not appear relevant to the instanton computation, and

semiclassical analysis is under sufficient theoretical control to admit uncertainty estimates. Absent

a complete 2-loop computation, we will take the perturbative Debye mass correction, Eq. (3.15),

as a conservative estimate of the uncertainty in the θ-dependent free energy. UV cutoff-sensitive

corrections and uncertainties in αs are expected to be subdominant to the finite-T corrections to the

effective action, and Eq. (3.17) indicates that dilute gas corrections are expected to be negligible.

We therefore know with some confidence the range of possible behaviors for the axion

potential both at temperatures below the critical temperature (∼ 150 MeV for Nf = 3) and at tem-

peratures a few GeV and above. These boundary properties constrain the behavior in the intermedi-

ate range of temperatures, which happen to lie where the axion begins to oscillate in conventional

scenarios. For this reason lattice computations (that successfully reproduce the high temperature

behavior) can be of value. On the other hand, as we will describe below, if we simply assume a

smooth interpolation between the two regimes, the axion relic density is not very sensitive either to
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the form of the interpolation or the uncertainty in the high energy semiclassical computation.

In closing this section, we note that there have been arguments that the behavior of χ is

drastically different at high temperatures than the semiclassical result, even turning off exponentially

rapidly with temperature [80, 81, 82, 83]. We will not address this possibility further here, but

it is certainly true that in such a circumstance substantially different axion relic densities can be

obtained [65, 82, 83].

3.3 χ(T ) At Intermediate Temperatures

We have argued that we know the high-temperature behavior of χ to about an order of

magnitude. At scales below 1 GeV, the coupling rapidly becomes strong, and other methods are

needed to determine the axion mass.

At very low temperatures, the θ dependence of the vacuum energy is known reliably from

current algebra,

F (θ, 0) = −3.6× 10−5 GeV4 cos(θ). (3.21)

Finite temperature lattice computations indicate that the topological susceptibility ,

χ(T ) =
∂2V (T )

∂θ2

∣∣∣∣
θ=0

, (3.22)

is near its zero-temperature ChPT value at temperatures of order 100 MeV, and remains approxi-

mately equal to it until at least the chiral phase transition near 150 MeV [63]. Beyond this scale,

only lattice computations can accurately determine χ(T ), and at present there are varied results in

the literature.

However, for the purposes of computing the axion relic density, it turns out to be sufficient
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to consider simple models that interpolate between the ChPT and instanton regimes. We will adopt

the following class of models for F (θ, T ):

F (θ, T ) =

{ −χ(0) cos θ, 0 < T < T2

−χ(T0)
(
T0
T

)n
cos θ, T2 < T < T0

−χ(T0)
(
T0
T

)8
cos θ, T > T0

(3.23)

Here T0 is the “anchor point” for the instanton regime. The results of [63] suggest that the slope of χ

is instanton-like down to temperatures a few times Tc; however, to maintain a minimal uncertainty in

the semiclassical computation, we fix T0 = 1.5 GeV. As discussed below, our modeling still includes

the possibility of instanton-like slopes at lower T . We will vary χ(T0) within the uncertainty on the

instanton computation. T2, the anchor point for the ChPT regime, is related to T0 and the slope of

the power law in the model by

Tn2 = Tn0 ×
χ(T0)

χ(0)
. (3.24)

We vary n such that T2 varies between 100 and 500 MeV. Given T0 = 1.5 GeV, values of T2

of order 150 in fact correspond to n ' 8, equivalent to assuming instanton-like behavior persists

significantly below T0. Larger values for T2 above the critical temperature Tc are not based on

physical considerations, but instead are included to partially accommodate the lattice results of [62,

68], which found very shallow falloff of χ(T ) above the chiral phase transition. This behavior

is then approximated in the models of Eq. (3.23) for larger T2 by zero falloff until T2. However,

Ref. [62, 68, 71] extrapolated the shallow power law behavior up to high temperatures, leading to

values for F0 many orders of magnitude different from the semiclassical result. Our insistence on

reaching instanton behavior by 1.5 GeV (within the uncertainty (3.15)) requires an even steeper

power law to set in above T2 when T2 � Tc. Numerically, n will fall in the range 7− 20, with the
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lower values corresponding to lower values of T2.

3.4 Axion Relic Density from Misalignment

We can now assess the sensitivity of the axion relic density to uncertainties in χ(T ), in-

cluding both the uncertainties in the instanton computation and the range of models for the behavior

at intermediate temperatures. In the figures below we will numerically integrate the equation of

motion,

ä+ 3Hȧ+ V ′(a) = 0. (3.25)

However, for qualitative purposes, a good approximation is obtained by treating the axion as frozen

until a temperature Tosc [84, 85]:

ma(Tosc) = 3H(Tosc). (3.26)

At this point, the axion begins to oscillate with a time (temperature) dependent mass. Approximating

the energy density by

ρ(t) =
1

2
ȧ2 +

1

2
m2
a(T )a2, (3.27)

one can show that it evolves with temperature as

ρ(T ) = ρ(Tosc)

(
R3(Tosc)

R3(T )

)
ma(T )

ma(Tosc)
. (3.28)

Within the range of ma(T ) that we consider, Tosc is always less than the instanton anchor point

T0. Therefore, Eq. (3.26) can be solved by substituting the intermediate power-law behaviors for

ma(T ); the instanton asymptotics constrain the range of intermediate power laws considered.
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Ω

n χ0 = 1/10 χ0 = 1 χ0 = 10

8 0.22 0.18 0.15

14 0.18 0.16 0.14

20 0.17 0.15 0.14

Table 3.2: Axion relic density as a function of model parameters as computed with the approximate
formula (3.29). Here ma(0) = 30 µeV, χ0 is given in units of 3.7 · 10−14 GeV4, and the mis-
alignment angle is set to the value appropriate for post-inflationary breaking of the Peccei-Quinn
symmetry, θ0 = 2.16.

The relic density Ωa can then be expressed as a function of the parameters χ(T0) and n

(or T2). The result is:

Ωaxion = 0.13× (7.3)
2

4+n

(
ma

30 µeV

)− 6+n
4+n

(
χ0(1.5)

3.7 · 10−14 GeV4

)− 1
4+n

(
θ0

2.155

)2

(3.29)

where θ0 is the initial misalignment angle and ma is the zero-temperature axion mass. Taking,

for example, ma = 30 µeV and a few values for χ0(1.5) and n gives the results in Table 3.2.

Alternatively, for fixed Ωaxion = ΩDM, we obtain

(
ma

30 µeV

)
= 0.51× (2.4)

6
6+n

(
χ0(1.5)

3.7 · 10−14 GeV4

)− 1
6+n

(
θ0

2.155

) 8+2n
6+n

(
ΩDM

0.25

)− 4+n
6+n

.

(3.30)

Eq. (3.29) indicates that the relic density is substantially insensitive to the magnitude of

the free energy at high temperatures; for T2 = 150 MeV (n ∼ 8), χ0 enters to the− 1
12 power. There-

fore, sizable uncertainties in χ0 translate into modest uncertainties in ma, also observed in [63].

Similarly the dependence on n (T2) is mild. The lattice results of [63, 1], for example, differ from

our estimate of χ0(1.5) by a factor of about 10, and exhibit power-law behavior corresponding to
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Figure 3.1: Axion relic density from misalignment in the post-inflationary scenario. Colors cor-
respond to different models for the temperature-dependent free energy between the dilute gas at
high temperatures and chiral perturbation theory at low temperatures. Specifically, the blue (green)
band sets the anchor point for ChPT at T2 = 100 (500) MeV. The width of each band reflects the
uncertainty in the instanton computation of the free energy used as an anchor at T = 1.5 GeV,
F0 → (1/20, 20)× F0, c.f. Eqs. (3.10),(3.15). The dashed line corresponds to the value of F0(1.5)
obtained in the lattice calculation of Ref. [1].

n ' 8. If the Peccei-Quinn phase transition occurs after inflation, this factor of 10 leads to about

a 15% decrease in the value of the axion mass required to account for the observed dark matter

density.

To obtain a more accurate result for the late-time relic density, we solve the full axion

equation of motion numerically through the time where it starts to oscillate. Fig. 3.1 shows the

relic density obtained in this way for two values of T2 and a range of χ0, in the post-inflationary

PQ-breaking scenario (θ0 = 2.155). Compared to the analytic estimate (3.29), the full numerical

solution yields marginally higher Ω for fixed ma. Even with the factor of 5 variation in T2 and the

factor of 202 variation in χ0, we find that the axion mass required to account for all of dark matter
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Figure 3.2: Axion relic density from misalignment in the pre-inflationary scenario. The curve
shows the misalignment angle needed to obtain Ω = 0.258. The band reflects the uncertainty in the
instanton computation of the free energy, Eq. (3.15), used as an anchor at T = 1.5 GeV, and the
anchor point for ChPT has been fixed to T2 = 140 MeV. Left panel: log-log axes over a broad range
of axion masses. Right panel: linear axes over a range of axion masses in reach of current and next
generation ADMX [2].

varies by only a factor of 2-3.

Additional sources of axion production (cosmic strings) can force a larger axion mass.

These masses are, indeed, at the edge of capability of cavity experiments like ADMX, and are the

focus of much future planning. However, these sources of energy density, as well as the constraint

on θ0, are not necessarily present in the early universe.

In fact, there is not necessarily a Peccei-Quinn transition at all [86]. The approximate

Peccei-Quinn symmetry, if it exists, is almost certainly an accident. This accident may not occur at

the high temperatures or high curvatures that characterize the early universe. In this case, the initial

value of θ is a fixed number, or possibly one of a set of discrete numbers. This number might well

be small, or might be O(1). Either has significant implications for the final dark matter density.

Alternatively, there may be an approximate symmetry both for low and high tempera-
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ture (or curvature). The question of whether the symmetry is broken during or after inflation then

depends, for example, on the coupling of the inflaton to the field responsible for PQ symmetry

breaking. For example, there might be an effective mass term for this field, of either sign. There

seems to be no particular reason to believe that one or the other outcome is favored.

These different possibilities have been extensively studied in the literature. If the sym-

metry breaking occurs after inflation, one has to average over random initial misalignment angles,

which fixes the parameter θ0 as above. In the case of symmetry breaking before inflation, θ0 is a

free parameter. In Fig. 3.2 we show the sensitivity of the misalignment angle required to saturate

the relic density to the uncertainty in χ0. As in the post-inflationary case studied above, we find

that the theoretical uncertainties have essentially no qualitative impact on the required parameters.

Furthermore, for a wide range of O(1) values for θ0, the relevant axion masses are compatible with

current and next-generation cavity experiments [59, 2].

3.5 Conclusions

Within the conventional picture of axion cosmology, we have found that the standard

computation of the axion relic density is relatively robust against theoretical uncertainties stemming

from the dilute gas computation of the QCD free energy at high temperatures and the behavior of

the free energy at strong coupling. In particular, we have argued that the instanton computation is

under sufficient control at temperatures of 1-2 GeV to allow a reasonable assessment of uncertain-

ties due to higher-order corrections. These corrections cannot amount to much more than an order

of magnitude in the free energy without an unexplained breakdown in the semiclassical analysis.

In particular, we have argued that infrared divergences in the Debye mass in the perturbative vac-
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uum are not relevant in the instanton background and cannot inject arbitrarily large corrections to

F (θ, T ). Thus, while an improved determination of the finite-temperature topological susceptibil-

ity would lead to improvement in the precision of the (relic density, axion mass) relation, it is not

expected to lead to qualitative (order-of-magnitude) changes, and modern cavity experiments retain

significant discovery potential.

However, in closing, we note that it has long been recognized that the underlying cos-

mological assumptions of the standard calculation may not hold, and that there is good theoretical

motivation to consider lighter axions with larger decay constants. Within conventional effective

field theory, for example, it is hard to account for the requisite quality of the Peccei-Quinn symme-

try without invoking large discrete symmetries. String theory points to a different picture, in which

the Peccei-Quinn symmetry appears more natural [87]. The assumption that the underlying mass

scale is of order the Planck or unification scale is suggestive of larger decay constants. It could also

be that four-dimensional effective field theory is not useful at scales orders of magnitude below the

Planck scale, as in large or warped extra dimension scenarios, and early universe cosmology might

be substantially modified.
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Chapter 4

DebyeMass

4.1 Introduction

At high temperatures, non-abelian gauge theories undergo a phase transition to an uncon-

fined phase. The high temperature theory exhibits two mass or length scales. The first of these

is the Debye mass, mD ∼ gT , loosely speaking a scale beyond which static electric charges are

screened. The second arises because the theory at high temperatures and long distances becomes

a three (Euclidean) dimensional Yang-Mills theory with coupling g2
3 = g2T without matter fields.

The second scale is the mass gap of this theory, on dimensional grounds, mmag = g2
3T .

But the high temperature theory is not exactly a weakly coupled theory. If one attempts

to formulate a perturbation theory, quantities like the free energy, and even short distance Green’s

functions, suffer severe infrared divergences, and can be calculated, at best at low orders. This

is usually described by saying that these quantities are logarithmically divergent at some order,
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diverging with an additional power of momentum each further order. Assuming an infrared cutoff

m2
mag = ag4T 2 = ag4T 2, (4.1)

each additional order makes a comparable contribution. For the free energy, divergences first arise

at order g6 (four loop order). Gauge invariant Greens functions, like 〈F 2(x)F 2(0)〉 similarly exhibit

such divergences at high enough order.

All of this arises because the theory, at high temperatures, is a three dimensional theory,

with a dimensionful coupling g2
3 = g2T . At best, one can hope for a perturbation expansion valid

for short distances or high momenta, g2
3r � 1 ; g2

3/|p| � 1. But loop corrections, even in these

limits, are dominated, at sufficiently high order, by low momenta, leading to a breakdown of weak

coupling.

On the other hand, if one computes a Wilsonian effective action for the three dimensional

theory, integrating out momenta between scales

1

ε
g2

3 < k < Λ ∼ T (4.2)

one should have a valid expansion in powers of ε.1 The remaining contributions to physical quan-

tities, Greens functions, and the like must be obtained from a fully non-peturbative analysis of the

strongly coupled three dimensional theory. This suggests that quantities such as the free energy can

be calculated as a sum of two parts: the perturbative, Wilsonian contribution, which can be obtained

reliably, and the non-perturbative contribution. This latter is typically, on dimensional grounds, a

power of g2
3 times an unknown, dimensionless number. Assuming that the dimensionless number is

of order one, this means that, with a straightforward (if possibly challenging) perturbative computa-
1Our discussion can be viewed as a reframing of an analysis of Braaten and Pisarski[88].
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tion, one can obtain an estimate of such quantities, accompanied by an error estimate, of irreducible

size.

Applied to the free energy, as we will explain in section 4.2, this means that one can

reliably compute through order g4. At order g6, there is a contribution which, again, can be reliably

extracted proportional to the log of the ultraviolet cutoff, and a contribution without a log which

cannot be obtained perturbatively. This non-perturbative contribution represents the irreducilble

uncertainty.

For the Debye length, we will see that there is a similar story. The existence of a mass – or

correlation length – for A4 is well known. At finite temperature, one does not have the full O(4) (in

Euclidean space) symmetry. At one loop, if one calculates the vacuum polarization tensor, gauge

invariance and the remaining O(3) symmetry are enough to insure vanishing of Πij as ~q → 0.

However, this is not the case for Π44 at one loop. If q0 is the discrete frequency of the finite

temperature theory, one finds that for q0 = 0, as ~q → 0,

Π44(0, ~q)→ m2
D ≡ g2T 2(N + 3Nf ) (4.3)

In coordinate space, this mass for the A4 field translates into a characteristic length scale. The A4

Greens function, in leading order and at large distances, is given by

D44(0, ~y) =
1

4π|~y|
e−mDy. (4.4)

As a result of these considerations, there is a scale, of order
√
g3T � T (for small g3),

at which one has a three dimensional gauge theory with an adjoint scalar, φ, of mass µ = mD.

Corrections to the Debye length have been considered in the literature[76, 77]. We will consider

them from two points of view. We’ll first examine the direct computation of D44(~y) in perturbation
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theory. We’ll see that one can obtain a reliable estimate of the Greens function at distances parame-

terically large compared to µ−1, where µ = mD, by a factor (g2
3 log(µ/g2

3))−1. Beyond this scale,

the computation of the Greens function, order by order in the perturbation expansion, is not under

control.

But as explained in [77] and we elaborate further here, it is possible to define a gauge-

invariant, non-perturbative Debye mass which controls the very large r behavior of the Greens

function. As we explain, viewing the three dimensional theory as a Minkowski theory with an

adjoint scalar, the theory has a Z2 symmetry. 2 The mass of the lightest Z2 odd state controls the

Euclidean large distance behavior of Green’s functions of Z2-odd operators, and is naturally defied

as the Debye mass. One can obtain an estimate of this mass by studying the divergence structure

of the perturbation theory, noting that there is logarithmic infrared sensitivity at one loop in the

computation of this mass. But the structure of the perturbation expansion is complicated, with a

variety of infrared singularities at higher orders. Instead, one can also use the Wilsonian language,

as for the free energy, applied to a suitable non-relativistic effective action. Here there is, again, an

ultraviolet divergence (the cutoff for the low energy theory is now µ = mD). Again, one obtains an

estimate of the Debye length, as well as an irreducible, perturbative uncertainty.

But while providing, perhaps, a different language, for the free energy and the Debye

length, this serves simply to confirm longstanding results. But our particular interest is in the nature

of the semiclassical estimate of θ-dependent effects at finite temperature, interesting in themselves

and relevant to the problem of axion cosmology. Here the object of interest is the free energy as a
2These are statements about QCD, in the absence of weak interactions. As noted in [77], in theories which are not

vector-like, the low energy theory may not respect the Z2. In this case, strictly speaking, there is no sharp definition of
the Debye mass. However the Z2 breaking is often highly suppressed. For example, in non-vector-like theories without
scalars, there is still a Z2, related to CP in the four dimensional theory. As a result, there is often a range of (large)
distances where correlators invariant under the approximate Z2 exhibit a rapid exponential falloff, even if, at extremely
large distances, the falloff is power law.
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function of θ and T , F (θ, T ). Much of the literature, particularly the lattice literature, focuses on

the topological susceptibility

χ(T ) ≡ ∂2F

∂θ2
. (4.5)

The leading term as a function of g2 can be computed in the dilute gas approximation, and is

known[61]. At some order, one expects infrared divergences to arise as in the computation of the

free energy in ordinary perturbation theory. One of the goals of this paper is to determine the order

of the corrections to the leading semiclassical approximation at which theses divergences arise.

We will seek to determine the nature of these divergences, in order to assess the uncertainties in

the standard computation of the finite temperature We will examine the large distance behavior of

Feynman diagrams in an instanton background, determining the order of the expansion in g2
3 about

the classical solution at which first logarithmic divergences and then power law divergences arise.

We will interpret the log divergence, as for the perturbative free energy, as a term in a Wilsonian

action involving the log of the cutoff (Λ = T ) . This will, again, permit us to make an estimate of χ

and to determine an irreducible uncertainty in the semiclassical computation.

Apart from the intrinsic interest of finite temperature gauge theory, our work has been

motivated, in part, by arguments in the literature for large corrections to the semiclassical compu-

tation of χ (F (θ, T ). In particular, it has been asserted that at one loop there is a correction to the

instanton action which is (fractionally) of order order g log g rather than g2 and that at temperatures

of interest it is numerically of order one. This effect is exponentiated in χ, and as such could lead to

an uncertainty of orders of magnitude. This claim has been used, in turn, to argue that lattice com-

putations are essential to determine the behavior of hypothetical axions in the early universe. Such

computations have yielded values of χ varying by orders of magnitude at relevant temperatures,
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both from each other and from the leading semiclassical result. [62, 68, 63, 1, 71].

The basis for these concerns is the assertion that the corrections to the Debye length which

we have described above are large[76, 77] and that the Debye length acts as an infrared cutoff on

the instanton size in the dilute gas approximation. As explained in [61], the Debye mass term in

the effective lagrangian does provide an infrared cutoff, but as noted in [89], the actual cutoff in the

instanton scale size in the computation of χ is T−1. As a result, as we will explain further in this

paper, uncertainties associated with the cutoff on the ρ integration are small.

Still, the θ-dependence of the free energy will, at some point, exhibit infrared sensitivity.

One of the points of this paper will be to argue that the expansion for the topological susceptibility,

χ exhibits infrared divergences at lower order than that for the perturbative free energy:

χ(T ) = aT 4(1 + bg2 + cg4(log(g2) + C). (4.6)

This follows from the explicit form of the instanton, and in particular its large distance behavior.

This paper is organized as follows. In section 4.2, we review the high temperature behav-

ior of the free energy in QCD. In particular, we note that the “infrared” log is also an ultraviolet

logarithm from the point of view of the three dimensional effective theory, and that the coefficient

of this logarithm can be reliably calculated. As a result, there is a well-justified computation of the

free energy, whose accuracy has an intrinsic limitation and whose error can be reliably estimated.

In section 4.3, we consider the perturbative calculation of the φ (A4) Green’s function,

with a focus on the large distance, coordinate space behavior. After reviewing the leading computa-

tion, we consider broad classes of Feynman diagrams. These become progressively more singular

at large distances, and large, infinite sets are actually infrared divergent. Assuming a cutoff mmag,

one can establish that the leading correction dominates, up to some maximum distance.
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In section 4.4, we explain that, with the assumption the three dimensional theory is

gapped, there is a well-defined notion of the Debye mass, and we provide a definition. Then, in

section 4.5, we turn to the question of to what extent we can estimate this mass, i.e. to what order in

the perturbation expansion, and with what level of uncertainty. We will argue that this computation

is robust.

In section 4.6, we turn to the question of the calculation of the topological susceptibility.

We review some features of the finite temperature instanton computation, explaining that, at low

orders in the semiclassical computation, the dominant instanton scales, ρ, are of order T−1. Then

we ask about the appearance of infrared divergences in this computation. We work in coordinate

space; noting that at large distances, the instanton solution falls off rapidly, so that for purposes of

isolating the infrared divergence, the modifications of the relevant Greens functions from their tree

level forms are small. Essentially, we are able to treat the background instanton as a perturbation.

We note that individual Feynman diagrams are actually divergent already at two loops, but gauge

invariance requires that these divergences cancel, and the leading infrared divergence occurs at three

loops (order g4). Again, we argue that the computation of the logarithmic term at three lops is robust,

and gives us both an estimate of the size of χ and of irreducible uncertainties.

Finally, in section 4.7, we consider the implications of these observations for some phys-

ical problems. We focus on the calculation of the finite temperature axion mass, which is propor-

tional to χ. We note, again, that the cutoff on the instanton scale size integration is of order T−1,

but stress that this distance is not only parameterically small compared to the Debye length, but it

is even smaller than the scale at which the large corrections to the Debye come into play. We note

that the infrared divergence at order g4 implies an error in the computation of the susceptibility at
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the 1% level or better, which is not significant for the calculation of the axion energy density.

4.2 g2 Expansion of the Free Energy

In this section, we consider the expansion of the free energy in perturbation theory in

powers of g2. For the perturbative free energy, ignoring, at first, the adjoint scalar (i.e. A4), there is

formally an expansion of the form:

F (T ) = T 4
∞∑
n=0

ang
2n (4.7)

but this expansion breaks down due to infrared divergences at a certain order. This can be understood

in terms of the behavior of the three dimensional theory, with effective coupling g2
3 = g2T , and an

ultraviolet cutoff Λ ∼ T . Let’s first ignore the adjoint scalar φ and consider the computation of a

Wilsonian effective action in the pure gauge theory, integrating out physics between scales Λ and

εΛ, where g2
3
εΛ � 1. Then in the Wilsonian action, one obtains for the vacuum energy (coefficient of

the unit operator) a series:

E0 = aΛ3(1 +O(ε)) + bg2
3Λ2(1 +O(ε)) + cg4

3Λ(1 +O(ε)) + dg6
3 log(ε). (4.8)

In individual Feynman diagrams, the logarithmic behavior is readily identified by power counting.

Higher order terms in the expansion are suppressed by powers of g2
3/Λ. This is characteristic of a

superrenormalizable theory. The computation of the Wilsonian action terminates at some power of

the coupling.

From the requirement g2
3
εΛ � 1, we have 1 � ε � g2(T ). So thinking of ε as several

times g2, say ε = Ag2, where 1� A� 1
g2 , we can reliably say that the Wilsonian action includes

a contribution to the coefficient of the unit operator (ground state energy) of the form of equation
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4.8. In the low energy, cutoff theory, there will be a contribution to the energy of size g6
3 log(A),

which requires non-perturbative evaluation.

Including the adjoint field in the analysis, we might expect an expansion in µ2 and g2
3 .

However, already at one loop, the expansion is actually an expansion in µ; at one loop order, there

is a contribution behaving as µ3T ∼ g3T 3[90]. Higher orders yield more complicated dependence

on µ.

Returning to the infrared perspective we discussed in the introduction, we saw that, be-

yond the g6 log g term, there are an infinite number of perturbative contributions which are nomi-

nally of order g6. From the perspective of the three dimensional effective theory, assuming that the

vacuum energy is well-defined, after integrating out modes well above g2
3 , any further contribution

necessarily scales as g6
3 . Moreover, these contributions are not perturbatively accessible. Formally,

we can attempt to tame the infrared divergences by various strategies. Apart from introducing a

magnetic mass or simply cutting off momentum integrals at that scale, we can resum the contri-

butions to the propagator, yielding 1/(g2
3k) behavior at small k. But it is easy to check that all

diagrams beyond four loop order are of order g6
3 .

4.3 Perturbative Computation of the Greens function at Large Dis-

tances and its Limitations

In the next section we will see that from knowledge of the three dimensional Minkowski

theory we can obtain information about the large distance behavior of the Euclidean theory. We first

consider the direct computation of the Green’s function in coordinate space, and then move on to

non-perturbative considerations.
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At tree level, the Euclidean Greens function in coordinate space can be evaluated by

Fourier transforming the momentum space expression. Performing the angular integrals, the re-

maining momentum integral (integral over p) can be treated as an integral in the complex plane.

Deforming into, say, the upper half plane one picks up the pole at p = iµ. This corresponds to the

on shell point in the Minkowski description.

As one works to higher order in perturbation theory, the self energy, Σ, as we will shortly

see, has a branch cut starting at p = iµ. So now for the Greens function, deforming the contour,

one encircles the branch cut. Calling the new integration variable δ, the integral involves a factor

e−(m+δ)r. For large r, it is dominated by δ ∼ r−1. In the Minkowski language, this corresponds

to φ being off shell by an amount of order µδ ∼ µ
r . So in momentum space, we are interested in

Σ(p) for p2 = µ2 − 2µδ, with δ small. We want to ask: how small can δ be and still yield a reliable

estimate.

Consider, first, the one-loop contribution to the self-energy, Σ(p) (figure 4.1. Work

slightly off shell:

p2 = µ2 + 2µδ. (4.9)

Then

Σ = Ng2

∫
d3k

(2π)3

4µ2

k2 + iε

1

2µ(δ + k0) + iε
(4.10)

=
Ng2

π
µ log(µ/δ)

Adding αk
µkν

k2 to the propagator, it is easy to check that the logarithmic term in this expression is

gauge invariant.

As we will now show, successive orders in the expansion of Σ are progressively more
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Figure 4.1: The leading contribution to the φ self-energy, Σ(p).

singular in δ. Moreover, for fixed δ, one encounters actual infrared divergences at two loop order

and beyond.

We can consider several classes of higher order perturbative corrections to Σ(p) to illus-

trate the behavior of the perturbation expansion for small δ and to determine where it breaks down.

There are three issues:

1. Singular behavior for small δ

2. Actual infrared divergences

3. Divergent series for some value of δ and plausible infrared cutoff.

One class of diagrams involves “rainbows” of gluons emitted by φ (figure 4.2). For these, a typical

contribution is of the form:

g2n
3

∫
d3k1 . . . d

3kn
(2π)3nk2

1 . . . k
2
n

1

2µ(k1 + δ)

1

2µ(k1 + k2 + δ)
. . .

1

2µ(k1 + k2 + δ)

1

2µ(k1 + δ)
(4.11)
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Figure 4.2: One class of diagrams singular in the limit δ → 0.

∼ g2nδ−(n−1).

If we restrict

δ ≥ Ng2

π
µ log(µ/δ), (4.12)

then the perturbation series would appear to be an expansion in powers of 1/ log(δ).

But other classes of diagrams leads to a stricter requirement. The first consists of “rain-

bows” as above, but each with a one loop vacuum polarization correction on the gluon line (figure

4.3). Such diagrams, by power counting, have an actual infrared divergences, and are also more

singular as g4
3/δ

2 for each additional loop. In other words, assuming an infrared cutoff of order g2
3 ,

g4
3µ log(mmag/µ)

δ2
. (4.13)

So, for δ satisfying the condition 4.12, these contributions are all nominally of similar size, each

suppressed by log(δ) ∼ log(µ/g2
3) relative to the leading contribution.
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Figure 4.3: A second class of diagrams singular in the limit δ → 0, with actual infrared divergences.

Figure 4.4: One class of diagrams singular in the limit δ → 0.

A third class of diagrams involve propagator corrections to the gluon line of the one loop

contribution (figure 4.4). With n one-loop corrections to the gluon line, these are infrared divergent,
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Figure 4.5: One class of diagrams singular in the limit δ → 0.

behaving as

δΣ(n) ∼ (g2
3)n+1

∫
d3k

k2kn
∼ g2

3µ

nδ

(g2
3)n

m
(n)
mag

(4.14)

These diagrams are individually suppressed at large δ, only by a single power of δ; the series∑
n

1
n is log divergent. Assuming that this sum is of order log(µ/mmag), this requires, again,

that δ � g2
3 log(µ/mmag).

A similar requirement arises from the class of diagrams in figure 4.5. These behave, with

n one-loop corrections to the φ propagator, as

δΣ(n) ∼ g2
3

∫
d3k

k2(k + δ)n
(g2

3 log(δ/µ))n ∼ g2
3

n
(g2

3 log(δ/µ))n. (4.15)

So at each order in n, we have a comparable contribution, suppressed by a logarithm relative to our

leading contribution. The sum would appear poorly behaved. But if we sum before integration, we

obtain a correction to the leading contribution down by a logarithm, in other words, of order g2
3 .
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Of course, there are many other diagrams – mixtures of these various types and other

topological classes altogether. The main lesson is that, at best, one can calculate for δ � δ0 =

g2
3N
2π log(µ/g2

3). With this understanding of the behavior of Σ, let’s consider the fourier transform

of the propagator in Euclidean space,

G(r) =

∫
dpk

(2π)3
ei~p·~x

1

k2 + µ2 − Σ(p)
(4.16)

Performing the angular integrals leaves:

G(r) =

∫ ∞
−∞

dpp

(2π)2

1

ir

eipr

p2 + µ2 − Σ(p)
. (4.17)

The integrand has branch cuts starting at p = ±iµ2. Treating as a contour integral and deforming

so as to encircle the branch cut in the upper half plane, the integral becomes:

G(r) =

∫ ∞
µ

dδρ

(2π)2

1

r
e−δrDisc

1

2δµ+ Σ(δ)
. (4.18)

The main noteworthy feature here is that for large r, δ ∼ 1
r . So for sufficiently large r,

r ≈ (log(
µ

g2
3

)g3)−1 (4.19)

one has lost control of the expansion of Σ(p), and the computation of the propagator has broken

down. Still, parameterically in g3, there is a large range of distance where the propagator can be

computed.

In the following sections, we will see that general arguments establish that the falloff

of the propagator is that of a massive scalar field. The corrections to the mass can be estimated

with a definite error. The results are consistent with our estimates above, in that the propagator is

exponentially modified from its perturbative form at distances r > δ0, but the error on the exponent

is controlled.
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4.4 Defining the Debye Mass

At high temperatures, as is well known, four dimensional field theories with massless

fields behave as three dimensional systems. In the case of Abelian gauge theories with light matter,

and general non-abelian theories, the field A4 of the four dimensional theory behaves like a massive

field, with mass parameterically less than T by a single power of g, the gauge coupling. In this

section, we’ll consider a theory with a massive adjoint field, φ, with lagrangian mass parameter µ2,

and attempt to determine the behavior of the charged field propagator at large distances.

In QCD, the resulting effective theory has a Z2 symmetry, arising from the four dimen-

sional symmetry of the Euclidean theory A4 → −A4, t → −t. Calling A4 ≡ φ (with corre-

sponding transformations on the fermions), the symmetry takes φ → −φ in the three dimensional

theory.

To extract properties of the theory at large Euclidean distances, it is helpful to consider

the theory continued to three dimensional Minkowski space (the argument which follows is familiar

in lattice gauge theory and other contexts). We expect in the three dimensional system, there will

be states odd under the Z2, which are bound states of φ and gluons. Suitable interpolating fields for

such states would be:

Φ = Tr(φF 2
µν), (4.20)

and operators with more Fµν and/or Dµ factors.

If we continue the three dimensional Euclidean theory to Minkowski space, we can write

a spectral representation of the Green’s function:

GΦ(x) = 〈Φ(x)Φ(0)〉 =

∫
dMρ(M)DF (x,M). (4.21)
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In 4.21, DF (x,M) is the free propagator for a field of mass M . If the spectrum is gapped, we can

write

ρ(M) = Zδ(M −Mphys) + θ(M −M0)f(M) (4.22)

where we will refer toMphys as the physical mass of the lightest Z2-odd particle, andM0 > Mphys.

Then we can continue eqn. 4.21 back to Euclidean space, and (in three dimensions) show that the

asymptotic behavior of the propagator is:

GΦ(x) =
Z

8πr
e−Mphysr (4.23)

for r = |~x| �M−1
phys. So the spatial falloff of the propagator is determined in terms of Mphys. This

quantity is gauge invariant. If we can estimate Mphys in some regime where the perturbation ex-

pansion is reliable, then, using unitarity, we can continue to the regime of arbitrarily large distance,

with an error in the estimate which we can hope to control. Mphys we define to be the Debye mass.

4.5 Calculating the Debye Mass

In this section, we determine how well one can estimate the Debye mass, and compare

with the analysis of section 4.3.

4.5.1 Non-Relativistic Effective Theory (NRET)

In our discussion of the perturbative free energy, we were able to argue that the infrared

logarithm at four loop order was robust; it could be understood as a renormalization of the unit

operator of the effective three dimensional theory at low energies. Given that our focus, for the
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Debye mass, is also on infrared (long distance) issues, we can ask whether we can isolate a similar

ultraviolet logarithm.

We can consider the problem from the point of view of non-relativistic effective field

theory. For scalars (see, for example, [91]), one conventionally defines:

φ =
1√
2m

e−imv·xχ; v2 = 1. (4.24)

The action for χ is then:

iχ∗vµD
µχ. (4.25)

At one loop, there is an ultraviolet and infrared divergent correction to the χ propagator, similar to

the one loop correction to Σ which has been our focus:

g2
3N

2π
log(Λ/mmag). (4.26)

For the non-relativistic theory, the ultraviolet cutoff is the mass, µ. This divergence is cured by a

counterterm for the operator χ†χ; it corresponds to a mass shift in the non-relativistic theory. Be-

cause the operator has dimension 2, and g2
3 has dimension one, there is only an ultraviolet divergent

correction at one loop. We can again think of the logarithm as a term arising in a Wilsonian ef-

fective action from integrating out high energy modes of the gauge field, in this case, between the

ultraviolet cutoff, µ, and a scale

λ =
1

ε
g2

3. (4.27)

In principle ε is a small number, 1� ε >>
g2
3
µ .

This counterterm eliminates all µ-dependence in the perturbation expansion. The theory

does contain the parameter log ε, which can be thought of as an order one number. Thus the effective
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theory has only the dimensionful parameter g2
3 . So necessarily any further correction to the mass,

beyond the counterterm, is a constant times g2
3 . In other words, this argument establishes that

m2 = µ2 +
g2

3N

2π
(log(µ/g2

3) +A). (4.28)

Note that this is in accord with our discussion of the previous section. We an compute, in conven-

tional perturbation theory, the Green’s function out to distances of order r � 1
g2
3 log(µ/g2

3)
. Beyond

this distance scale, the corrections quickly become large compared to one. The non-perturbative

analysis gives us a reliable estimate of the Green’s function to scales of order r ∼ g−2
3 . Note that

both of these scales are parameterically large compared to µ−1. As we have remarked, for the

question of θ dependence of the free energy, one is interested in much shorter distance scales.

4.5.2 Calculation of NRET Analysis to Conventional Perturbation Theory

The argument based on non relativistic effective theory gives a sharp, principled argument

that one can calculate, perturbatively, a correction of order g2
3µ log(µ/g2

3) to the mass of φ, while

the remaining correction is of the form Ag2
3 . We’d like to verify this structure in a more conven-

tional perturbative analysis. In particular, for the order by order coordinate space computation of

the Greens function, we identified several classes of Feynman diagrams. Here we would like to

verify that, apart from one loop corrections with logarithmic sensitivity to µ, all corrections are

proportional to g2
3 .

The results of the NRET analysis of the previous section can be understood in a more

conventional Feynman diagram analysis. Dividing up the integration over the gluon momentum

into two regions, one with momentum k > k0 = 1
εmmag

, and one with k < k0, we also take the
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external momentum to satisfy

p2 = µ2 + δ0 + δ′; δ0 =
Ng2

2π
log(µ/k0). (4.29)

where δ0 represents the lowest order mass shift. We take the propagator to be the resummed prop-

agator, with the one loop contribution to Σ. With this choice, all higher loop contributions to Σ are

dominated by the infrared, and are thus insensitive to µ, apart from an overall factor. They behave

as (g2
3µ)(g2

3/δ
′)n. The mass shell condition takes the form

Σ(δ′) = µδ′. (4.30)

So assuming Σ(δ′) = g2
3µA(

g2
3
δ′ ) we have that δ′ = ag2

3 for some constant a.

4.5.3 Implications of the Debye Mass Calculation for the Topological Susceptibility

As we have remarked, one situation where it has been suggested that large corrections

to the Debye mass might be important is in instanton computations of the free energy (topological

susceptibility) at high temperatures[1, 71, 67]. It has been argued that the instanton computation is

proportional to a large power of an infrared cutoff, and that this cutoff is the Debye length. But as

noted in [89] the actual cutoff is T (or T−1 in coordinate space)[61]. As we have now seen, this

is a regime where perturbation theory is valid, at least until one encounters magnetic divergences

at high orders. These corrections are not likely to be numerically large, or terribly important for

estimating, for example, the axion dark matter density[89].
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4.6 Infrared Sensitivity in the Instanton Computation

While we have argued that the Debye mass is not the relevant cutoff for the instanton

computation, we do expect actual infrared divergences to appear at some order; in other words, we

do not expect to be able to perform a semiclassical computation of the topological susceptibility to

arbitrary accuracy. In this section, after first considering the question of what does play the role

of the cutoff on the ρ integration at large ρ, we turn to a determination of the order in perturbation

theory infrared divergences actually arise in the computation of the topological susceptibility. In the

spirit of our earlier Wilsonian analyses, we use this result to determine the irreducible uncertainty

of the semiclassical computation.

4.6.1 Instantons as a Perturbation at Large Distances

At finite temperatures, for r = |~x| � β, the instanton takes the form:

Aia =
εaijx

j

(r2 + r3/(ρ2T ))
A4a = − xa

(r2 + r3/(ρ2T ))

From a three dimensional perspective, the instanton solution is well behaved at large

distances, with ~E and ~B fields falling off as 1/r2, but singular at short distances. The temperature

and the scale size (which is of order T ) act as short distance cutoffs, yielding a finite action. This

is complicated to describe from our Wilsonian perspective. In addition to generating contributions

to local operators, the short distance physics yields boundary conditions for the three dimensional

classical solutions as well as an integration measure. Rather than describe the process of integrating

out short distance physics in this way, we will content ourselves with an examination of corrections

to the leading semiclassical approximation, isolating contributions which behave as log(T/mmag)

and log(ρmmag). From this analysis, we will infer the extent to which one can estimate χ, and the
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irreducible uncertainty.

If we want to investigate actual infrared divergences, we need to study loop corrections to

the instanton computation in this background. Because we are interested in effects at large distances,

we are interested in integration regions where the fields of the instanton are small, and Greens

functions of the fluctuating fields are close to their free field expressions. In particular, we can

attempt to treat the instanton as a perturbation. By this we mean that we break up the fields as

A4 = A4
inst + a4; Ai = Aiinst + ai. (4.31)

Then there are interactions involving two fluctuating fields, ai proportional to one or two powers of

the background field, and three powers of the fluctuating fields and one power of the background

field. For the instanton fields, we will take the large r limits. We will need to integrate over collective

coordinates for translations, dilitations and rotations. The integral over ρ will be controlled by the

same exponential terms as in the leading approximation, up to small corrections. As a result, the

dominant ρ is of order T−1. The rotational collective coordinate is simple to deal with as χ is itself

rotational and gauge invariant.

The translational collective coordinate, ~x0, requires closer attention. In perturbation the-

ory at order n, we will have vertices labeled by xi, i = 1, . . . n. At vertices with insertions of the

instanton field, Ainst = Ainst(~xi − ~x0). We will also have products of free Greens functions (and

derivatives), ∆(xi − xj). So if we shift ~xi → ~xi + ~x0, the integral over ~x0 factors out, yielding

the factor of volume appropriate to the three dimensional vacuum energy. The free propagators, in

coordinate space, are simply

∆(~xi − ~xj) =
g2

3

4π

1

|~xi − ~xj
. (4.32)
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The asymptotic behavior of the instanton is:

(A4)inst)
a =

ρ2Txa

x3
(Aiinst)

a =
ρ2Tεaijx

j

x3
. (4.33)

So formally, in the large distance regime we have an expansion in powers of g2
3 and ρ′ = ρ2T . We

can power count on diagrams at n + 1 loops. These will have n factors of g2
3 . Then if there are m

insertions of the background field we have m factors of ρ′ = ρ2T . Schematically, the graph has the

structure

(g2
3)nρ′ m

∏∫
d3xm+2n

i ∂m+2n
i

1

|~xi − ~xj |3n+m
(4.34)

where the partial derivatives are meant to indicate vertices with derivatives and the factors of 1
|~xi−~xj |

to indicate the number of propagators. Then we can assign a ”superficial degree of divergence”,

n−m to each graph. Then if

1. n < m, the graph has power law divergence in the ultraviolet, corresponding to domination of

the contribution to the Wilsonian action by high momenta. Such diagrams will yield powers

of T relative to the leading contribution.

2. n = m, the graph is logarithmically divergent in the ultraviolet and infrared, similar to the g6

contributions to the perturbative free energy.

3. n > m, the diagram exhibits a power law divergence in the infrared, and should be thought

of as a contribution from the low energy, three dimensional theory.

For n = m = 1, however, the relevant Feynman diagrams vanish. So the action indicates infrared

sensitivity first at order g4
3ρ
′2 (figure 4.6).
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Figure 4.6: Infrared divergent contributions to χ at three loops.

4.6.2 Subtleties at Two Loops

At two loop order, there are diagrams which, individually, are ultraviolet and infrared

divergent. These arise if, for example, we consider an insertion of two instanton fields at a point,

and integrate over the instanton pair. Graphically, this (and similar contributions) correspond to

examining the effects of the instanton on the large distance behavior of the Ai two-point function.

This effect can be summarized in terms of the insertion of a local operator. Here it is necessary to

consider

〈Ai(~z1)Aj(~z2)〉 (4.35)

The corrections which arise from insertions of two powers of the background instanton field have

the form::

δ〈Ai(~z1)Aj(~z2)〉 = g2
3

∫
dρ

ρ4

∫
d3x0f(ρ)

∫
d3z3

1

|~z1 − ~z3|
1

|~z2 − ~z3|
A2
inst(~z3 − ~x0). (4.36)
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Shifting z3 → z3 + x0, if one estimates the integral over z3 by ignoring the z3 dependence of the

first two propagators, one has:

δ〈Ai(~z1)Aj(~z2)〉 = g2
3

∫
dρ

ρ4

∫
d3x0f(ρ)

1

|~z1 − ~x0|
1

|~z2 − ~x0|

∫
d3z3A

2
inst(~z3). (4.37)

The z3 integral is convergent and dominated by scales of order ρ. Since ρ� |~z1|, |~z2|, this is a short

distance effect. This is the result one would obtain from a term in the effective lagrangian

δL = µ2(Ai)2, (4.38)

with µ2 the result of the z3 integral above. But such a term is not gauge invariant, so the leading

short distance contributions must cancel. The lowest dimension gauge invariant operator is

δL = F 2
ij . (4.39)

This insertion of this operator at two loops does not lead to an expression which is infrared divergent.

So the leading divergence arises at three loops. The form of the susceptibility is:

χ(T ) = χ0(T )(1 + ag2
3/T + bg4

3 log(T ) + cg4
3) (4.40)

where a and b can be computed in the semiclassical approximation, but c requires a lattice compu-

tation. This last term represents, again, the irreducible uncertainty in the semiclassical analysis.

4.7 Conclusions

After reviewing the nature of the leading infrared effects in high temperature perturbation

theory, we have studied two physical quantities in high temperature QCD: the Debye mass and the

topological susceptibility. For χ, we have seen that uncontrolled infrared divergences first arise at
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order g4. The leading semiclassical approximation would appear to be reliable at the fraction of a

percent level.

As we have reviewed, the Debye length – which determines the exponential falloff of the

A4 Green’s function (or the gauge invariant Green’s function which we have discussed) at very large

distances – is not critical to understanding the behavior of the susceptibility. But it is interesting in

its own right. We have explained why, even though fundamentally a strong coupling problem, one

can obtain a reliable estimate for this length. This involves carefully considering the fact that the

system is gapped and the structure of the perturbation series. We have seen that, as a Minkowski

theory, one can calculate the leading order contribution to the position of the pole, which is larger

by a logarithm then the expected uncertainties due to confinement. Infrared divergences appear in

this computation at precisely the order where one expects confinement effects to be important. We

have stressed, as in [89], that these large corrections to the Debye mass are not important for the

calculation of the susceptibility.
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Chapter 5

AnthropicTheta

5.1 Introduction

At present, however frustrating it may be, the most compelling solution we have to the

cosmological constant (c.c.) problem is provided by the anthropic landscape[92, 93, 94, 95]. The

picture scored an enormous success with the discovery of the dark energy[96, 97], with a value

only somewhat smaller than expected from the simplest version of Weinberg’s argument. More re-

fined versions of the argument may come closer. This success has raised the specter that anthropic

considerations may play an important role in determining all of the laws of physics. But there are

good reasons for skepticism. One might expect, in such a picture, that the parameters of the Stan-

dard Model should either be anthropically determined or should be random numbers. A principled

objection to these ideas, then, emerges from the fact that some parameters of the Standard Model

appear to be neither random nor anthropically constrained[98]. Possibly the most dramatic of these

is the θ parameter[98, 99, 100]. If a landscape picture is ultimately to make sense, one needs to find

correlations between the θ parameter and other quantities that are anthropically constrained. For
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example, it is conceivable that dark matter is an anthropic requirement[101], and it might be that

the most efficient way to obtain dark matter in a landscape is through an axion. This is a tall order.

In particular, the requirement of a dark matter axion does not necessarily imply a Peccei-Quinn

symmetry of sufficient quality to explain θ < 10−10[102].

The notion of a landscape can hardly be considered well-developed; we don’t have grav-

ity theories in which we can reliably demonstrate the existence of even a small number of non-

supersymmetric vacua, whereas we require a vast number of states. At best, we have toy models for

the phenomenon, with which we can develop speculations about questions like statistical distribu-

tions of Standard Model parameters. Because we require both an understanding of the microphysics

of the landscape and its cosmology, even the precise questions of greatest interest are not clear. But

we might like to know, among the subset of states with Standard Model degrees of freedom at low

energies, what is the distribution of Lagrangian parameters, P (Λ,m2
H , gi, yff̄ , θ), where Λ is the

c.c., gi are the gauge couplings, yff̄ are the Yukawa couplings, m2
H is the Higgs mass, and θ is the

QCD θ parameter. It seems plausible, as Weinberg assumed, that the cosmological constant is a

uniformly distributed random variable near its observed value. The question of naturalness of the

Higgs mass is the question of whether the same is true for the Higgs mass. If the distribution is

uniform, then one would seem to require an anthropic explanation of the Higgs mass, or alterna-

tively rely on an extraordinary piece of luck. On the other hand, supersymmetry or dynamics could

enhance the probability that one finds the mass near zero, providing a realization of supersymmetry

in a landscape framework.

The problem of θ in a landscape is that, absent a light axion, it is not clear why a distribu-

tion of θ should peak at θ = 0. As we will explain below, in a model, say, like that of KKLT[95], one
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would expect that θ is a discrete, uniformly distributed random variable. As we have noted, there is

no obvious anthropic preference for extremely small θ. For critics of the landscape program, this is

perhaps the most principled argument that the landscape idea may not be correct. For it to survive,

one almost certainly has to find correlations between θ and other quantities which are anthropically

constrained.

It is possible that small θ is selected by some other consideration, dark matter being one

possible candidate. Recently, Kaloper and Terning (KT)[10] have put forward another proposal to

account for small θ, which would correlate the value of θ with the problem of the cosmological

constant. In this note, we will attempt to flesh out this proposal, determining what is required at a

microscopic level to realize their picture, and what might be the parameters of such a model and

their possible distributions. Then we ask in what range of parameters one would in fact account for

a small value of θ.

KT assume that the cosmological constant has two contributions, one from a structure

similar to that of Bousso and Polchinski (BP)[93], which we will denote by ΛBP , and another,

independent, one from QCD.

Λ = ΛBP +
1

2
m2
πf

2
πθ

2. (5.1)

The typical spacing of values of ΛBP will be denoted as ∆Λ; one can think of this as roughly some

fundamental scale raised to the fourth power (say M4
p ) divided by the number of states. KT assume

that θ is a continuous variable, and argue that, for a range of ∆Λ, a small, negative value of ΛBP

will be compensated by a small θ, bringing the c.c. into the anthropically allowed range.

But this picture raises several puzzles. In our generic landscape picture, above, we would

expect that θ is some combination of axion expectation values in the underlying theory. If θ can be
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considered to be independent of the values of the fluxes, and if QCD is the dominant source of the

θ potential, then we would seem to have a conventional axion.

On the other hand, we might expect the axion expectation values to be determined, in

a scenario like that of BP, by values of fluxes or other quantities which label the different states.

In this picture, the θ angles would take on random, discrete values, not obviously correlated with

other quantities. The KKLT[95] model provides a sharp implementation of this picture. In that

model, the axion is not light. There, θ is fixed by the expectation values of Kähler moduli, which

are themselves fixed by the (random) expectation value of the superpotential of complex structure

moduli. This superpotential, 〈W 〉, itself is complex. In order that θ vanish, one might require that

the expectation value of the Kähler modulus be real. This would be the case among the tiny subset of

fluxes (a fraction of order (1/2)N , where N is the number of flux types) which conserve CP[103].

But this might not be enough once one has identified the origin of the CKM phase. One would

require an additional layer of structure, similar to that of Nelson-Barr models[104, 105].

It is also possible that in the would-be string landscape there are typically one or more light

axions, yielding a conventional Peccei-Quinn solution of the strong CP problem. Such a prospect

leads to the notion of an axiverse[106]. The criteria for a solution of the strong CP problem in such

a setting have been elaborated in [107].

All of this is to say that a “conventional” landscape picture suggests that θ should be a

discrete variable, with no obvious correlation with questions like the value of the c.c..

An alternative is that the axions are heavy, with, for a fixed choice of the fluxes, a very

large number of nearly degenerate minima, with the degeneracy lifted by (the very small) effects of

QCD. For θ to play any role in determining the c.c., one needs, in this case, very small steps in θ,
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∆θ. We call Λa the upper limit of the anthropic window, which we assume close to the observed

value, i.e. Λa ∼ 10−47 GeV4. Then a minimal requirement on ∆θ is that it leads to steps in V , ∆V ,

small enough to bracket Λa:

|∆V | ≈ 1

2
m2
πf

2
π∆θ2 < Λa (5.2)

yielding

∆θ < 10−22. (5.3)

In this case, it would not be critical that fluxes conserve CP. The minimum of the θ poten-

tial, for any choice of fluxes, would lie at the CP conserving point for QCD; smaller θ contributions

to the c.c. would be associated with smaller values of θ. We will develop several models of this

type, in the spirit of outlining some of the ingredients required to achieve a correlation between θ

and the c.c. Modest numbers of states can be accounted for within conventional field theory princi-

ples. The extension of these models to account for small enough ∆θ requires features which are not

particularly plausible. Conceivably there is some more plausible structure which could give rise to

these features.

Allowing for such a structure, we then ask: does the requirement that the observed cos-

mological constant lie within the anthropic window, 0 < Λ < Λa, favor any particular range of θ?

We will survey a two-parameter space: ∆Λ, the typical spacing of cosmological constants in the

flux vacua; and ∆θ. We find that throughout this parameter space, the anthropic constraint on the

dark energy favors large θ.

The rest of this paper is organized as follows. In section 5.2, we review the problem

of obtaining suitable axions assuming an anthropic requirement of dark matter[102]. We consider
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models where a discrete ZN symmetry accounts for an accidental Peccei-Quinn symmetry, and ask

whether minimal requirements for dark matter yield an N large enough to account for θ < 10−10.

We also mention the (possibly different) expectations for string theory.

In section 5.3, we consider models which yield a discretuum for θ. We first note that

the irrational axion[108] has many of the desired features. It is not clear that such a structure ever

arises in some more fundamental theory (string theory), and we will see that, in any case, it would

tend to predict large θ. We then construct two models which implement at least some aspects of the

KT program. One involves a single axion coupled to a very large additional gauge group; the other

involves multiple axions and requires an intricate discrete symmetry. These models are useful in

that they do allow us to address a subset of the questions we have raised:

1. In the theory θ is discrete, and the potential behaves as V = −m2
πf

2
π cos θ.

2. The system is described in terms of two parameters, ∆Λ, the typical spacing of the BP con-

tribution to the c.c.1, and ∆θ, the spacings in θ.

We will describe another model in the appendix. In section 5.4, we will ask, terms of these pa-

rameters, where are the bulk of the states which satisfy the anthropic condition. We will see that

throughout the parameter space, cancellation of the c.c. (to within anthropic constraints) is most

effective at θ ∼ 1.
1We will use “BP” to refer more generally to features of the theory, other than θ, which allow for many possible values

of the c.c.
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5.2 Anthropic Axions

It is conceivable that dark matter, with something close to its observed density, is an

anthropic requirement[101]. In that case, the question becomes: does the requirement of dark

matter lead to a Peccei-Quinn symmetry of high enough quality to account for the smallness of

θ[102]? One might imagine that in a landscape setting, an axion might be a favorable dark matter

candidate. Models based on string constructions, for example, often have many axions, and there

may be a significant fraction of the space of vacua in which one or more of these is very light. We

might model this by a field, φ, subject to a ZN symmetry,

φ→ e
2πi
N φ, (5.4)

leading to an approximate U(1) symmetry,

φ→ eiαφ. (5.5)

We will assume suppression of higher dimension operators by the scale Mp. Suppose that the

leading PQ symmetry-violating operator is:

δV = M4−N
p

(
γφN + c.c.

)
. (5.6)

Writing φ = fae
ia/fa ≡ fae

iθ, and assuming γ ∼ 1, with an order one phase, the effective θ is

roughly

θ = Im γ
M4
p

f2
πm

2
π

(
fa
Mp

)N
. (5.7)

If, say, fa = 1011 GeV, then θ < 10−10 requires N ≥ 12.

Consider, instead, the requirement that the axion be the dark matter. In [102] a number

of cosmological scenarios were considered, resulting in different constraints on N . But a minimal
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requirement is that the lifetime of the axion should be longer than the age of the universe2. Again

with fa = 1011 GeV, the requirement is ma < 10−3 GeV, or N > 9. This is a weaker requirement

on N than the demands of θ. More stringent requirements can arise from a detailed cosmological

picture. For example, things may be different if there is some approximate supersymmetry and the

universe is dominated by a saxion for some period. Depending on the details, the requirement of

dark matter can sometimes account for a small enough θ. It is also possible, of course, that one has

a bit of luck — that N is somewhat larger than it needs to be.

String theory suggests different possibilities[102]. The small parameter might be some-

thing like A = e−
2π
α , with α some small coupling constant. A might be extremely small; if the dark

matter requirement is a suppression of the mass by A2, for example, this might also be sufficient to

account for the quality of the Peccei-Quinn symmetry.

One concludes from this that it is plausible that anthropic considerations could favor an

axion suitable to solve the strong CP problem, but that it is by no means certain; many cosmological

and microphysical details would need to be understood to settle the question.

5.3 Models Which Achieve a θ Discretuum

The basic structure of the potential of Kaloper and Terning is rather puzzling. In their

picture, θ is continuous, and its potential, for any choice of the fluxes, has a minimum at θ = 0. The

QCD contribution to the potential dominates over other microscopic contributions. It is not clear

how θ, as a continuous variable subject to a superselection rule, scans. (KT refer to an earlier paper
2Conceivably, the lifetime could be slightly shorter, being constrained only by the requirement of structure formation.

Alternatively, effects of the radiation due to decaying axions could yield a stronger constraint. Observationally, the
constraint is significantly stronger[109]. This range translates into about six orders of magnitude inm2

a, which is typically
a change of 1 or 2 in the constraint on N , for a reasonable range of fa.
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of Linde’s[110] which does not really provide a precise picture). But if somehow θ is selected from

this distribution, it must be compatible with the anthropic bound for the c.c. Then, at least for some

range of parameters, they argue, small cosmological constant implies small θ.

In this section, instead, we consider models which create a discretuum of values of θ, and

ask about the distribution of ground state energies with θ. High energy dynamics give rise to a large

number of degenerate vacua; the degeneracy is lifted by QCD.

We start by revisiting the idea of the irrational axion[108], noting that this is, in fact, a

possible setting for these ideas. However, it is not clear whether the irrational axion is realized in any

underlying theory, so we then consider two other possible models. These models are more concrete.

On the other hand, while these theories generate a discretuum with a non-zero θ, to actually play a

role in the cosmological constant problem, the discretuum must be extremely fine, and the theories

then exhibit some rather implausible features.

5.3.1 Prelude: The Irrational Axion

The irrational axion is a hypothetical setting with many vacua with different θ[108]. If

it were realized in an underlying theory, it might provide a setting for the ideas of [10]. In the

irrational axion proposal, the θ potential receives contributions with different periodicities, which

are not rational multiples of one another. This could arise from two groups, for example, with

couplings to the same axion,

2∑
i=1

a

16π2fa
qiFiF̃i, (5.8)

where q1 is not a rational multiple of q2.

Then, taking the group 2 to be the Standard Model SU(3), and the group 1 another group
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with scale M4 � m2
πf

2
π ,

V (θ) = −M4 cos(q1(θ − θ0))−m2
πf

2
π cos(q2θ). (5.9)

For simplicity take q1 = x, with x irrational, and q2 = 1. Then the system has an infinity of nearly

degenerate vacua with θ ≈ 2πn
x + θ0, hence a true discretuum of values of θQCD. In this case, ∆θ

is zero.

One has, then, a picture where for each value of the fluxes, there is a distribution of states

of different θ, with minimal energy at the point at which the strong interactions preserve CP. The

crucial element here is the absence of corrections to the potential of eqn. 5.9, other than those from

QCD, which lift the degeneracy. Lacking a model, it is difficult to address the question of what sorts

of corrections might arise to eqn. 5.9.

One would have a similar picture if, say, q2/q1 were not irrational, but a ratio of two

extremely large primes. In any case, as discussed in [108] and subsequently by others, it is not clear

if such an axion actually emerges in string theory. We will see shortly, however, that in this model,

selection for the cosmological constant favors large, rather than small, θ.

Ref. [111] does not directly address our questions here, but explores the interesting pos-

sibility that a theory with many axions might realize some features of the irrational axion. In this

situation, the number of states may be exponentially large. One obtains bands of cosmological con-

stant. However, small c.c. and small θ are not immediately correlated. We will discuss a variant

with many axions in Section 5.3.3.
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5.3.2 Models with a single axion

We consider in this section a more concrete model for the small ∆θ’s required to tune the

cosmological constant. The model (if it is to yield extremely small ∆θ) is not particularly plausible,

but illustrates the main ingredients required to implement the KT solution. We will see that for

a limited range of parameters, one can account simultaneously for both the observed c.c. and the

limits on θ. Conceivably there exists a more compelling structure with the features we describe

below. We will offer another model in an appendix.

The model has two sectors, actual QCD and an SU(N) gauge theory with a single adjoint

fermion, λ (N will be extremely large), and a ZP symmetry acting on λ. We include a complex

scalar, φ, coupled to λ and to a (heavy) quark:

φλλ+ φQ̄Q. (5.10)

Under the ZP symmetry, φ → e
2πi
P φ. For general P , the discrete symmetry is anomalous with

respect to both groups. We will comment on this in a moment. We assume that φ develops a vev,

breaking the approximate Peccei-Quinn symmetry of the model,

φ = feiθ. (5.11)

Integrating out the heavy fields yields FF̃ couplings to both groups:

Nθ

16π2
F ′F̃ ′ +

θ

16π2
FF̃ . (5.12)

This yields a potential

V = −Λ4 cos(Nθ)−m2
πf

2
π cos(θ). (5.13)
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Both terms, for general P , violate the ZP symmetry. The phenomenon of discrete symmetries with

different apparent anomalies does occur in string theory[112] (but probably not with the enormous

values of N we will shortly require).

Note here we do not have to assume an alignment of the CP conserving points in the two

theories. Rather we need to assume that any additional contributions to the potential from other

sources (such as other gauge groups) behaving as, say,

δV = εM4 cos(θ − θ0), (5.14)

where M indicates some fundamental scale and ε is a small parameter, are adequately suppressed.

Then we require εM4 < 10−10m2
πf

2
π . This is similar to the requirement in theories with a light

axion of a Peccei-Quinn symmetry of sufficient quality to solve the strong CP problem. It imposes

a minimum on P .

Neglecting effects of QCD, the minima of θ lie at points: θ = 2πk
N . So steps in θ, are of

size

∆θ =
2π

N
. (5.15)

In the absence of QCD, these states are degenerate. In the presence of QCD there is a contribution

to the vacuum energy

V = m2
πf

2
π [1− cos(k∆θ)] , (5.16)

with k an integer, which reduces to eqn. (5.2) for small ∆θ. To scan the c.c. finely enough, the

requirement ∆θ < 10−22 here corresponds to N > 1022.

In the appendix, we provide an alternative model, based on the clockwork axion idea[113,

114], which does not require such huge gauge groups.
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5.3.3 Models with Multiple Axions

Taking our clue from the irrational axion idea, we can proceed in another direction. If one

is willing to pay the price of a large number of gauge groups (say 10), with large fermion repre-

sentations (more generally with large anomaly coefficient), one can avoid the gigantic single gauge

group. There are still stringent requirements regarding discrete symmetries. The idea is to have,

say, M gauge groups (plus one more, QCD) and M approximate PQ symmetries (so M axions).

The M approximate discrete symmetries arise as a consequence of M ZP types symmetries. There

are M axions. Take the fermions to be in the adjoint representation of the groups (or possibly larger

representations — the point is to have big anomalies, so large cos(Nθ) type terms). More generally,

one has something like

V =
∑

Λ4
i cos(Ni(ajθj)). (5.17)

This has a large number of degenerate solutions,

N =

M∏
i=1

Ni, (5.18)

which can readily be huge.

An example that is simple to analyze contains M groups, SU(Ni), i = 1, . . . ,M ; M

discrete (and approximate continuous) symmetries; and M scalars. Under the symmetries,

φi → e
2πik
ni φi; φi = fie

iθi ; θi =
ai
fi
. (5.19)

Each scalar couples to adjoint fermions, φiψiψi. The resulting potential is

V = −
∑

Λ4
i cos(θiNi). (5.20)
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The (degenerate) vacua have

θi =
2πk

Ni
. (5.21)

The discrete symmetries are anomaly free if ni = p Ni, with integer p (with different conditions if

the fermions are in representations other than the adjoint representation). Whether this is a condition

we need to impose will be discussed later.

It is important that the vacua be degenerate to a high degree of approximation, with split-

tings smaller than 10−10m2
πf

2
π . As it stands, the symmetries allow couplings

δL =
γ

Mni−4
p

φni + c.c.. (5.22)

Depending on fi, one obtains different conditions on ni, but inevitably ni must be rather large —

typically 12 or more.

Now suppose the QCD axion arises from a field φQCD with ZN charges (q1, . . . , qm),

with couplings to a heavy quark φQ̄Q. Also suppose ΛQCD � Λi. Then the QCD contribution is a

small perturbation, of the desired type, lifting the degeneracy among the vacua. Note

φQCD = eiθQCD , (5.23)

where

θQCD =
∑

qiθi. (5.24)

This construction is also quite complicated. An elaborate set of fields and couplings will be required

to generate a vev for φQCD, and to avoid additional approximate global symmetries. But at least

there is no group SU (Avogadro’s number).
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5.3.4 A Stringy Variant

Rather than postulate a large set of gauge groups, we might consider a string theory with

a large number of axions, and suppose that some non-perturbative effect (e.g. instantons in the

string theory) gives rise to a potential for the axions. Such a possibility has been considered as

an alternative to fluxes to obtain a large discretuum of states in [111]. Here we are essentially

considering both fluxes and multiple axions as sources of the c.c. (this will be quite explicit in the

next few sections). This potential might be a sum of terms:

N∑
a=1

cos

(
M∑
i=1

θir
a
i

)
M4
p e
−sa , (5.25)

where sa might be the (assumed large) expectation value of some modulus, and rai are some integers.

We have rather arbitrarily chosen Mp as the fundamental scale. The sum is over those terms which

are large compared to QCD. If M = N , there are a large (discrete) number of degenerate minima.

If M < N , there are not a large number of degenerate solutions (this is essentially the idea in [111]

for generating a discretuum of cosmological constants). If M > N , there are one or more light

axions.

5.4 Canceling the Cosmological Constant in Different Parameter Ranges

In this section, we assume that the underlying theory has a discretuum of states of different

θ, and we ask whether anthropic selection for the c.c. leads to small θ. We start from eqn. (5.1),

and we treat both θ and ΛBP as discrete parameters. We write θ = k∆θ, with k an integer, and

ΛBP = −q∆Λ, with q taking discrete values, not necessarily integer, ranging from order 1 to large

values, in order to stress that the spacing of states in the Bousso-Polchinski landscape is not uniform.
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The cosmological constant,

Λ = −q∆Λ− cos(k∆θ)m2
πf

2
π ≈ −q∆Λ +

1

2
k2∆θ2m2

πf
2
π , (5.26)

must satisfy the anthropic bound

0 < Λ < Λa , (5.27)

with Λa = 3 × 10−47 GeV4. For given step sizes ∆Λ and ∆θ, there is a definite number of states

[labeled by (k, q)] that satisfy the bound of eqn. 5.27. The question we wish to ask is: are these

states characterized by large or small θ?

At a simple-minded level, there are a few constraints on the parameters that appear in

eqn. (5.26). There is a maximum possible k, kmax, given by kmax∆θ = 2π (there are also degenera-

cies in k, which will not be particularly important in what follows). Also, we require ∆Λ < m2
πf

2
π ,

or we won’t, in general, have any possibility of canceling off the c.c. as we scan in k.

We organize the discussion according to whether we are scanning finely or coarsely in the

ΛBP direction:

Fine scanning ∆Λ < Λa , (5.28)

Coarse scanning Λa < ∆Λ < m2
πf

2
π . (5.29)

5.4.1 Fine ∆Λ

For ∆Λ < Λa, we write y = −q∆Λ and treat y as a continuous parameter. Considering

first ∆θ � 10−22, we can approximate θ as continuous as well. The c.c. is

Λ = y +
1

2
m2
πf

2
πθ

2. (5.30)
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Figure 5.1: Left: The shaded region is the portion of the region in (θ, y) space that produces an
anthropically allowed value for the c.c., as determined by eqn. (5.30). The red shading is the portion
of this region for which θ < 10−10 [not drawn to scale]. This shows that values of θ of order one
are favored by the c.c. anthropic selection. Right: zoomed in to very small θ, drawn to scale.

Because in this case we scan finely in ∆Λ, it makes sense to define:

ymax = Λa −
1

2
m2
πf

2
πθ

2; ymin = −1

2
m2
πf

2
πθ

2. (5.31)

We expect a uniform distribution in y and θ, so the fraction of states satisfying the anthropic condi-

tion is:

∫
dθdy Θ(ymax − y)Θ(y − ymin) =

∫
dθ (ymax − ymin), (5.32)

which is independent of θ. So large θ is favored.

The same conclusion holds even if ∆θ > 10−22 and we treat it as a discrete variable. Also

in this case there is a larger number of states with large θ, and the energy density of any such state

can be canceled to the desired accuracy by y [see Fig. 5.1].

5.4.2 Coarse ∆Λ

In this subsection, we consider the case Λa < ∆Λ < m2
πf

2
π . Here, because we do not scan

finely in ∆Λ, we can’t treat q as a continuous variable as in our previous analysis. It is convenient
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to define

a ≡ m2
πf

2
π∆θ2

2Λa
, b ≡ ∆Λ

Λa
, 1 < b <

m2
πf

2
π

Λa
. (5.33)

As the theta potential goes as k2, there can be a value, k0, above which also the scanning in the theta

direction becomes coarse (larger than Λa). k0 is obtained from:

∆V (k0) = m2
πf

2
πk0∆θ2 = Λa , ⇒ k0 =

1

2a
(5.34)

We distinguish 2 cases. In the first

0 < a <
1

2

Λa
m2
πf

2
π

, (5.35)

we scan finely for all values of k, k ≤ kmax. In the second

1

2

Λa
m2
πf

2
π

< a <
1

2
, (5.36)

1 < k0 < kmax, so the scanning becomes coarse for k > k0.

Eq. (5.27) in terms of a and b becomes

qb

a
< k2 <

qb

a
+

1

a
. (5.37)

Now we want to ask: are there more (k, q) states satisfying the above inequalities at small or large

k?

We can write eq. (5.37) as

k− < k < k+ , (5.38)

with

k− =

√
qb

a
, k+ =

√
qb

a
+

1

a
≈
√
qb

a
+

1

2
√
aqb

. (5.39)

Consider, first, the case of eqn. 5.35. Then the number of states, for fixed q, satisfying the

anthropic constraint is

N(q) ∼ k+ − k− ≈
1

2
√
aqb

< 1 , (5.40)
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Treating q and θ as approximately continuous, q ∼ θ2, and we see that the number of states satisfy-

ing the anthropic condition is larger at large θ (q) by
√
q ∝ θ.

Now take the case of eqn. 5.36. Let’s start with fixing large q, and correspondingly large

θ, where, for general q there is not a choice of k satisfying the anthropic condition. In other words,

for √
qb

a
> k0 ⇒ 1

2
√
aqb

< 1 (5.41)

the window k+ − k− in this case is smaller than 1. Still, there is a small chance, for any given q, to

find an integer k in such a window. The probability is

P (q) ∼ k+ − k− ≈
1

2
√
aqb

< 1 , (5.42)

which decreases with increasing q (θ). The point, however, is that at large q the number of possible

states increases. We can estimate the number of large q states which satisfy the anthropic condition

as

Nlarge =

∫ a
b
k2
max

a
b
k2

0

P (q)dq =
1√
2ab

√
m2
πf

2
π

Λa
− 1

2ab
. (5.43)

Note that when a saturates the upper bound of (5.35), Nlarge = 0, and remains zero for smaller a.

Next, consider small q:√
qb

a
< k0 ⇒ 1

2
√
aqb

> 1 . (5.44)

The expansion in (5.39) still holds, because qb > 1. Now, however, we have

k+ − k− ≈
1

2
√
aqb

> 1 , (5.45)

implying there is at least one integer k which satisfies (5.38), for any q which satisfies (5.44). Thus,

we can estimate the number of states which satisfy the anthropic condition in this case as

Nsmall ≈
∫ a

b
k2

0

1
dq =

1

4ab
− 1 . (5.46)
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Now we can compare Nsmall to Nlarge.

In the first case of eq. (5.35) we have Nsmall > Nlarge = 0, and the favored states have

θ < k0∆θ. However, k0∆θ > 1 in this case, so large theta is favored. In the second case of

eq. (5.36), Nsmall and Nlarge can be comparable as long as a is close to the lower bound 1
2

Λa
m2
πf

2
π

.

This, again, favors θ ∼ 1. For larger values of a we quickly obtain Nlarge � Nsmall, which also

favors large theta.

When a > 1
2 the chance of canceling the c.c. is always smaller than one, and decreases

going to larger values of q. However, as in the analysis above, the bulk of the states which satisfy

the anthropic condition are at large q, so large θ is favored.

5.5 Conclusions

Arguably if one cannot find a suitable solution to the strong CP problem in a landscape

framework, the landscape idea may be unsupportable. As a result, it is important to study any

proposal to understand how the value of θ might be correlated with other physical quantities which

might be anthropically determined. One possibility is that axions are selected by an anthropic

requirement for dark matter; the main issue is whether the Peccei-Quinn symmetry is of sufficient

quality to account for the small value of θ. We have reviewed the challenges to such a possibility,

and concluded that such an anthropic explanation of θ is plausible, but that whether it is realized

depends on questions about the microphysical theory and cosmology.

Kaloper and Terning propose to correlate θ with the value of the cosmological constant.

We have attempted to flesh out this proposal. Rather than a continuous range of θ, which, as we

have explained, is likely to correspond to a conventional axion, we have argued that one should
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consider the possibility that, absent QCD, there is a massive axion with a vast number of nearly

degenerate ground states. QCD then lifts this degeneracy. We have put forward models in which

θ takes on a discretuum of discrete values, with a potential on this discretuum of the desired type.

Having reduced the system to a discrete system, we were able to assess the probability of finding

larger or smaller θ, in the sense of asking: are most of the states with anthropically favored c.c. at

large or small θ? The system has two parameters; on all of the space, θ ∼ 1 is favored.

It is conceivable that some other consideration might favor small θ within a θ discretuum.

The models we have proposed to obtain such a discretuum are not particularly attractive; indeed they

are hardly plausible. The irrational axion[108] has some of the desired features of such a system,

but it is not clear that such axions actually arise in any theory of quantum gravity, and, in any case,

this would predict θ ∼ 1. Another class of models involves a huge gauge group and a large discrete

symmetry; others a very large number of fields. For the moment, we conclude, however, that in a

landscape framework, an anthropic axion is a more plausible solution of the strong CP problem.

Appendix: A Clockwork Construction

The construction relies on the potential [114]

V (Φ) =

N+1∑
j=1

(
−µ2

ΦΦ†jΦj +
λΦ

4
|Φ†jΦj |2

)
+

N∑
j=1

(
εΦΦ†jΦ

3
j+1 + h.c.

)
, (5.47)

where Φj’s are complex scalar fields. The terms in the first sum respect a globalU(1)N+1 symmetry,

while the second sum explicitly breaks it to a U(1). The fields Φj have chargesQ = 1, 1
3 ,

1
9 , . . . ,

1
3N

under the unbroken U(1). We take µ2
Φ > 0, so all the U(1)’s are spontaneously broken at a scale

f =
√

(2µ2
Φ)/λΦ. All the radial modes then have a mass of order f . Neglecting the second sum in
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the potential, we have N + 1 massless Nambu-Goldstone bosons (NGBs). Taking into account the

second sum, with the explicit breaking parameter εΦ � 1, we find that N of these NGBs get a mass

of order
√
εΦf , while one, φ, remains massless. The latter corresponds to the linear combination

φ = N
(
1 1

3
1
9 . . . 1

3N

)
. Here N is a normalization factor.

Now, we can write the Yukawa coupling ΦN+1ψ̄N+1ψN+1, where ψN+1 is a fermion that

lives at the site N + 1 and is in the fundamental representation of SU(3)c, the QCD gauge group.

This is a KSVZ axion model, and the QCD anomaly leads to the coupling

αs
8π

φ

F
GG̃ , (5.48)

which in turn gives us the cosine potential

VQCD = m2
πf

2
π

(
1− cos

φ

F

)
= m2

πf
2
π (1− cos θ) . (5.49)

Here we have defined θ ≡ φ
F , and we have F = 3Nf from the clockwork construction.

Next, we introduce fermions ψ1 in the fundamental of a new gauge group SU(N1), with

confinement scale Λ, and we write the Yukawa coupling Φ1ψ̄1ψ1. Again there is an anomaly with

respect to SU(N1), from which we get the potential

V1 = Λ4

(
1− cos

φ

f

)
= Λ4

(
1− cos(3Nθ)

)
. (5.50)

Note that, as this potential arises from a coupling at the first clockwork site where the axion φ is

mostly localized, the periodicity is given by f .

The sum VQCD + V1 gives the desired structure of eqn. (5.13).
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Chapter 6

Conclusions

Starting with QCD and the strong CP problem, we explored different subjects in each

Chapter. Studies of these problems could help understand Standard Model in a deeper way and also

provide new ideas and tools for various kinds of questions beyond the Standard Model.

We began, in Chpater 2, by studing the large N θ dependence and the η′ potential in

supersymmetric QCD with SUSY-breaking terms as a probe of the non-SUSY limit. We found the

presence of branched behavior,which quite agree with the conjectured large N behavior of QCD, but

we also found some disagreement. For example, in certain range of parameters in SQCD, instanton

effects are calculable and don’t fall of exponentially with N. And we also found that the discrete

symmetry associated with the branched structure, could be badly broken when take the soft breaking

large.

In Chapter 3, we looked into the axion in early cosmology. We computed the axion

relic density using standard dilute gas methods and considered the uncertainty on the instanton

contribution, arguing that it amounts to less than 20% in the effective action, or a factor of 20 in χ
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at T = 1.5 GeV. We then combined the instanton uncertainty with a range of models for χ(T ) at

intermediate temperatures and determined the impact on the axion relic density. We found that for

a given relic density and initial misalignment angle, the combined uncertainty amounts to a factor

of 2-3 in the zero-temperature axion mass.

In Chapter 4, we studied the Debye mass, mD, and the topological susceptibility, χ, at

high temperatures in non-abelian gauge theory. Both exhibit, at some order in the perturbation

expansion, infrared sensitivity. For χ, the infrared divergence arises at order g4. For Debye mass,

one can obtain a reliable estimate for this scale by calculating the leading order contribution to the

position of the pole, and infrared divergences appear in this computation. We stressed that these

large corrections to the Debye mass are not important for the calculation of the susceptibility.

In Chapter 5, We considered models where θ might be a diescrete parameter and correlate

it with the cosmological constant. We then asked wheteher large or small θ is flavored with the

anthropic costrain on c.c. Given such a discretuum, we found no circumstances where small θ

might be selected by anthropic requirements on the cosmological constant.
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