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Location theory has core a long way from von Thinem and Weter. In re-
cent ycars we have witrezsed its formalization and codificaticn by Isard [6]
promptily toliowed by two kinds of radical change. The first of these, typi-
fied by formal theories of consumer residential cholice and advances in anal-
ysis of urban retatl location, comprices an expansion of the theory's
substantive domain. The second change consists of the adoption of computable
models, ranging from hill climbing algorithms for the classic Weber problem
to complex land use mod=ls in transportation studies. Although the latter may
be a shift primarily In technology, it appears tu be so far reaching that its
Inevitable feedback to theory has hardly begun to take shape.
Both of these developments contribute to the subject of this paper.

Its alm is to suggest a further area of substantive concern for location
theory, namely, urban public facility location, the application of which will
call for computatle models. %

wﬁlle It is not entirely true to say that location theorists have Ilgnored
the problem of public facility location in cities, thelr concern has been
slight. 1sard [6:182 ff.], for example, briefly mentions urban public facili-
ties in the context of a discussion of urban scale economies, but does not
consider their location at all. Elsewhere [7], he deals with them as instru-
ments for participation. Other locational analysts have usually dealt with
public facllities by assuming either that their location could be considered
determined by residential location, or a special case of commercial and re-
tall location. Even in the modern development of central place theory, con-
sideration of public facilities has been marked by virtually no concern with

their public rather than market mechanism for determination of scale and



and location. Berry [2] discusses planning applications of central place
theory, but clites only one instance of rationalization of public services, and
that In a non-urban and non-theoretical context. Similarly, Berry and Pred [3]
give virtually no theoretical references pointing toward public facilities,
and, although a section of their bibliography Is devoted to medical services,
no mention is made of others.

On the other hand, the problem has not been totally unconsidered. The
relationship between public welfare concerns and the minimum average cost
solution to the Hotelling ice cream vendor problem has often been noted.
Tiebout [13], in an Important paper, outlined some major components for a
theory of urban public expenditure decisions, but assumed away most location
problems. Suggestive papers have appeared in the recent literature in local
public expenditure economics, .especially in Schaller [9]. Haggett [5:248-250]
cites empirical work on school! location and district boundaries. Alexander [1]
has put forward some suggestive ideas on urban highway spacing. And finally,
in this brief catalogue, the literature on medical facilities offers a number

of recent works, notably by Schneider [10].

1. Why a Theory of Urban Public Facility Location?

The fatlure of location theorists to consider publicly-determined
facilities Is quite surprising when one comes to consider the role of those
facilities In shaping both the physical form of cities and the quality of life
within them. Modern urban man is born in a publicly financed hospital, re-
ceives his education In a publicly supported school and university, spends a
good part of his life travelling on publicly built transportation facllities,
communicates through the post office or the quasi-public telephone system,
drinks his public water, disposes of his garbage through the public removal

system, reads his public library books, picnics 1in his public parks, is



protected by his public police, fire, and health systems; eventually he dies,
again in a hosplital, and may even be buried in a public cemetary. ldeological
conservatives notwithstanding, his everyday life is inextricably bound up with
governmental decisions on these and numerous other local public services.
implicitly, we seem to have assumed as theorists that the character

and location of public facilities simply reflect the overwhelming non-public
decisfons on residential, commercial, and industrial location. Furthermore,
we have assumed that since market-based competitive models of the latter
should lead to Pareto optimal location patterns under atomistlic decisions,
the public decisions accompanying them should likewise be optimal. It is
sometimes hard to take market-based locatlion theory seriously in the real
world. Even If it does hold, one Is hard put to see why the political pro-
cess should respond in an optimal way. Yet, by and large, government has in
the past responded sufficliently well to give rise to vlrtuglly no theoreti-
cal speculation about the nature of the response and its Iimplications for
the city.

Urban planners, for all thelr shortcomings, have recognized the prob-
lem in practice. But the lack of a theoretical basis for action has left
their response mechanical and inadequate. Rules of thumb about size and loca-
tion of facilities have been developed, but for the most part without ways to
evaluate the results or to stimulate Invention of new systems. With services
locked In mazes of standards, and without powerful competitive pressures for
Innovation, only crisis has precipitated demands for reevaluation of urban
services. And even then, the response tends to be a shotgun scatter of pro-
posals~-not a remarkable resuit, given that no framework for evaluation exists.
in this context, it is interesting to note the current urban crisis In America.
With it has come the usual plethora of proposals, this time including measures

emanating from the Federal level that could drastically change the pattern of



urban public services. The schools are the first target, but no doubt others
wlll face similar problems.

Beyond these questions lies a further uncharted territory. Although
theorists may have assumed that public facilities followed private decisions,
a powerful feedback of public decisions on private also seems likely. {f gov-
ernment can use public facilitlies as instruments to shape urban growth and
social and economic behavior, then a new level of evaluation is superimposed
on the usual considerations for public services. Of course, planners have
been advocating this for many years, but only now does it begin to seem a ser-
ious possibility for reasonably scientific Investigation. However, even if
such larger aims are not now achievable, the drive toward PPB, systems anal-
ysis, and cost-benefit at the local level suggests a rising interest in more
efficlent and effective utilization of resources in urban services to achieve
the direct public ends for which those services were instituted. For this

alone some theoretical structure might be Invaluable.

2. Publlc and Private Location

These considerations suggest that urban public facility location is

worth some theoretical exploration. They do not demonstrate that such a
theory is unified, feasible, or significantly different from other components
of location theory, including central place theory. In the remainder of this
paper, it Is scarcely possible to develop a full blown theory of public facil
ity location. Rather, we shall try to indicate its wique characteristics
and sketch out some of its most Interesting component problems.

The first question that we shall examine concerns the relation of a theory
of public location to conventional location theory. There are several impor-
tant qualitative differences between them. Both location and the scale of

expenditure on urban public facilities are determined by some sort of public



or quasi-public process. This central fact gives rise to some important char-
acteristics., It suggests that public location theory may bear a relationship
to conventional location theory similar to that between the expenditure side
of public finance or welfare economics and conventiocnal economic theory. In
each case, the former focusses upon public decisions and government budgets
in response to some welfare critericn In a mixed market-nonmarket setting.
The latter emphasizes the role of choice, taste, and utllity or profit maxi-
mization In a predominantly market context. Under assumptions of competition
and many decision units, the result should be Pareto optimal allocations.
Public expenditure theory constantly seeks some equivalent framework in a
situation of one or few decision units and restricted personal choice.

One should not carry the analogy too far. Several writers on local
public expenditures have pointed out the asymmetry between national and local
public finance resulting from large numbers of governments at the local level.
Tiebout [12] used this property of local finance as a basls for a consumer
behavior oriented theory of local public expenditures. We recognize the ex-
istence of many local governments, but for purposes of analysis will begin
by treating public facility location on the basis of a single government.

If a single government Is responsible for provision of some service
over a glven area, then a second powerful contrast with conventional loca-
tion theory emerges. Location theory of the firm or consumer asserts that
many decentrallzed decisions have produced any observed pattern of locatlons.
The pattern may be described positivistically as a system by central place
theory, but its locational efficiency is not usually evaluated in system
terms. For example, retail location analysts may count the number of super-
markets in an area and describe thelr pattern. Usually they do not ask
whether the Individual markets are too small or too large. |f the market is

opersting effectively, such questions are automatically taken care of.



For public facilities, In contrast, these are central questions. Even
If we accept an Incrementalist view of government budgeting, the problems of
the appropriate scale and location of new facilitles remain. If a more genera!
position Is adopted for theoretical investigation, the overall scale of opera-
tion, i.e., the determination of the budget, becomes critical. Such a view
has powerful Implications for locational analysis. The theorist of public
facility location finds himself inevitably drawn away from the problem of loca-
tion of the Individual facility and toward thz structure and location of the
entire system of facilities within the area over which the government exerts
Jurisdiction.

Location theory has not concerned itself much with multiple location
systems. While operations researchers have analyzed multifacility location
problems in practice, location theorists have dealt little with the theory of
the multiple facility firm. Yet many interesting problems arise as soon as
one begins to look at location from a system viewpoint. For example, one
might ask for an appropriate retail location strategy for supermarket chains
of different sizes. Or, again, what happens to the Hotelling problem under
multiple unit assumptions? To my knowledge there is very little theoretical
discussion of these or similar questions.

System location Is not a single problem, as will be shown below.

But, in one form or another, it does appear crucial in most considerations of
public facilities. Before we go on to examine in detall some of these mani-
festatiors, some further characteristics of public facility systems and deci-

sions need to he identified.

2.1 Public Facillity Systems

In order to talk about public facility location it is desirable to

characterize public facilities. Presumably, we mean those components of the



city whose primary function is to facilitate the provision of goods and serv-
Ices declared to be wholly or partly within the domain of government. The
range of such goods and the degree of government involvement vary greatly over
time and place. Almost every function has been run at some time or place by
government. For purposes of the present discussion, we will take the set

of gcvernmental urban functions in Yestern countries, particularly the U.S.
and Cznada, as our purview. No attempt wil! be made here to establish a

l1ist of such functions or their associated goods znd services in detail. |In
the understanding of urban systems such a list may eventually be necessary
and might bear a relatlion to public location similar to that of the complete
classification of industry to the theory of industrial location. Or perhaps
a better analogy might be the relation of anatomy to human biclogy.

For preliminary discussion, some first approximations to classes of
functions and facilities may be invaluable. We will approach this through
the description of generalized ways of making such distinctions. A first cut
at the problem follows the theory of public expenditures in classifying out-
puts and associated facillity systems as public or collective use goods, zero
short=run margina! cost goods, cr merit goods. An air pollution monitor sys-
tem is of the first kind, a non-congested street network of the second, and,
so far as oue can tell, a public library system of the third. This is a well
understood basis for discrimination and may have significant utility in the
study of location. But for the moment we shall not explore it further here
except to ncte its influence on tne classifications below.

A second distinction applies to facility systems rather than to goods
and services and focusses on thelr geometric properties. Since theorization
and mcdel building imply abstraction, we would do well to look at the most
Ilkely abstractions of facility systems. They appear to take two common

forms, polnt patterns and networks. Polint patterns characterize a variety of



distributive services where the final phase of distribution is flexible and
intermittent, MHedical centers, post offices, libraries, police and fire sys-
tems are of this type. On the other hand, many services call for continuous
connections in space. For thesz a network characterization seems more sult-
able. Examples might be water, sewer, electric power, gas, telephone, and
highways. Let it be emphasized that these are merely suggestive distinctions.
Clearly, for any urban function the abstraction is technologically influenced
and often more properly described as a mixture than a pure form of one or
the other. In the present context it is useful because we will be concerned
more often with point-representable than network-representable systems.
Related to the formal geometric property is another quality which
combines geometry and behavior. It often appears useful to characterize point~
representable facility systems by the direction of Interaction associated with
each point in the system, and by the abstraction of Its relationship to the
city, itself abstracted as a point pattern or surface. A system of facilities
representable by a point pattern may take this particular form as a compromise
between scale economies In operation and economies in districution. However,
there are Interesting differences observable in the distribution process it-
self. We might distinguish on the basis of direction of flow, for example,
among systcas involving physical movement, between those that are distributors
and thosc that are collectors. in a formal sense, though, these abstract to
the same thing. Rather more interesting might be a distinction among distri=
butional sysiems on the basls of the formal reprezentation as mappings of
their relationships with the city. |If we represent the city as a point set or
surface, the relations between the facility system as domain and its sphere of
concern as range may be one-one, one-many, or many-many. Which of these is
appropriate seems to be a function of the technical properties of the system,

its status as a public good, and the role of consumer choice in consumption



of Its output. An example involving the first and third of these Is offered
by the post office. The collection and distribution facilities of the post
office are asymmetric. ldeally, each letter entering the system must find a
unique destination, namely its addressee, and all letters must be delivered.
To achleve these ends effectively, and retain security, an obvious solution
is to assign a unique one-many mapping between post office substations and
addresses. Thus, at the last stage of its trip, any letter to a particular
address comes from exactly one substation. Admittedly, other methods could
be employed and perhaps should be examined, but this one appears to be uni-
versal, In contrast, the collection arm requires no such form. Because all
letters must go into a common sorting process, there Is no need for any letter
to enter at a unique point. Additionally, part of the collection cost may
easily and without significant loss of security be passed on to the consumer.
The result is a mailbox system as the lowest order subsystem on the collec-
tion side. It exhibits a many-many relation to the set of addresses in the
city, and consequently fs not a mapping in the strict mathematical sense.

At the risk of belaboring this point excessively, we might point out
that the form of relation determines whether the city must be divided into
regions for any particular furction. Post office substation delivery regions
exist; mall box collection regions do not. HNot uncommonly, regions are es-
tablished administratively with no such functional basis. Large urban public
libraries cf¥cr cxamples of sudl, exhaustive and disjoinr region systems. They
also may exhitit inconsistency in boundaries and generai disregard for their
existence. Given the character of the library function, this Is not surpris-
ing, and In fact it is probably more healthy than the creation of such reglons
in the first place. A similar problem appears in efforts to delineate hospi-

tal market areas.
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A final characteristic of public facility systems that we must mention
is their hierarchical property. Almost universally, hierarchical elements ap-
pear in the technical structure of public facility systems. At least two
sources contribute to the generation of hlerarchies. For spatially continuous
or regularly periodic distribution and collection systems, the logic of aggre-
gation and system control calls for attenuation of capacity as the consumer is
approached. Thus, electrical distribution requires a decline in voltage which
is best attained in discrete steps with a transformer station at each stage.
Simultaneously, the number of branches in the network increases. Water and
sewer pipe capacities likewise propagate steplike attenuation and dendritic
properties.,

A similar effect in point-representable systems arises from variation
in the functions they perform and concurrent scale variations in requirements
necessary to support specific funétlons, either due to cost or Infrequency of
demand. This effect parallels the orders of stores and goods in a central
place system. Cvery firehouse may have an engine and ladder company, but a
speciallized heavy rescue company will be much rarer, although located at
some firehouse in the system. Whether the outcome for any system is a pure
hierarchy depends on the degree to which the higher order system elements in-
clude all functions of lower order. For public services, this may not neces-
sarily be the case, especially where specialized components reflect local
peculiarities in the demand structure, such as an alcohclic treatment unit in
the local medical center cateriity to skid row.

Empirical information on hierarchical structure in public facilities
is scarce and sometimes misleading. There seems ® be confusion between tech-
nical requirements and standards. In many cases, the existence of an apparent
hierarchy reflects the earller acceptance of some system of standards that may

be of dubfous value. Where such standards no longer reflect technology, cost,
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and social objectives effectively, the observed hierarchy may be quite mislead-
Ing. Nevertheless, Incorporation of hierarchical properties Into public loca-

tion models remains important.

2.2 Public Facility Decisions

Its concern with systems sets off public from conventional location
theory In terms of units. The fact of being governmental similarly shifts the
emphasis in the structure of optimization, that Is, objective functlons and
constraints.

We have previously mentioned the general problems raised by governmen-
tal allocation--the need for a social welfare function, the absence of a com-
petitive price system, and the problem of appropriate levels for allocation
and optimization. The response of public expendlture economics to these prob-
lems has been cost benefit analysis. In military systems analysis, the
heavier emphasis on system design and the Impossibility of attaching dollar
values to some components of the cost-benefit expression, even though they are
quantifiable, has led to a form of cost-benefit In which multiple effective-
ness criteria are substituted for the single benefit measure. If we lump
these together, calling them cost-utility analysis, they provide a technical
framework for decision comparable, If theoretically inferior, to simple profit
or utility maximization under competition.

Having said this much, most of the interesting problems stiil remain.
We shall briefly comment on some broad questions first, then pursue those es-
pecially germane to public facllity location. Governments and their component
agencles operate under a budget allocation system. This implies at least
three major levels of decision, although they may not be separable in practice.
Society decides as a whole what part of its resources will be allocated to ob-

Jectives whose machinery for realization is administered or heavily influenced
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by government. Within this overall allocation, government allocates re-
sources to what we will call major program areas. These we will take to be
clusters of objectives of a similar type. Within these program areas, in
turn, resources must be allocated to particular programs and their associated
systems of facilities. At this point, we will not consider the validity of
this description in terms of behavior, nor will we speculate the direction of
determination, that is, whether the real world budget represents a sectoring
of a pie or a plate of cookies. Ve assume that some allocation process exists
whereby a quantity of resources becomes available for a program, loosely de-
fined. This assumption is dangerous in that it tends to lead toward the speci-
fication of the system location prcolem in a constrained budget-effectiveness
maximization form. Such a form predicates that the entlre budget for the pro-
gram must be used up, a view consistent with agency behavior, but lacking
elegance and clearly inefficient unless exactly the right amount has been al-
located to ensure equality of marginal net social return in all programs. The
latter, to be known, implies that the pattern of expenditures and benefits is
known in each program. Thus the problem is clrcular. Optimal overall alloca-
tion presumes optimal program allocation, which in turn requires an overall
allocation for its calculation, especially if interprogram spillovers are
taken Into account.

We could look at the process as a time-free iteration or a sequential
response over budget cycles. In any event, it makes little difference where
we enter except insofar as emphasis Is placed on achieving optimality at the
higher, government-wide, or lower, program-facility system, level. And, of
course, it Is the latter in which wa are chlefly interested. For the former,
it might be that a constrained effectiveness-budget minimization form proves
more appropriate. On the other hand, the use of multiple non-equivalent ef-

fectiveness measures would lead to choice of this form for the system problem.
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Another general problem which faces facility location in common with
local expenditure allocation is the absence of a social welfare function. Even
lacking such a function, we might be willing, If all benefits and costs could
be quantified In dollar terms, to accept an aggregate net benefit outcome that
appeared large enough. Vithout monetarily quantifiable b:nefits, we are inev-
itably forced to consider in detail the distributional consequences of an out-
come both over space and over population groups. Where government policies
specify '‘target groups' this is a desirable result. Yet at the local level
It may lead to political complexities beyond manageability.

Given these difficulties, we may now consider relevant variables for
public facllity system decisions., Evidently, we need to know what it Is about
systems that influences their cost and effectlveness, however measured. |In
part, the answer depends on the form in which the public location problem is
posed, a topic taken up in section 3 below. In general, however, we may im-
mediately identify the opposing forces of economies of scale and advantages
of dispersion.

This is a refrain familiar to location theorists. Of particular in-
terest here is its formulation in system terms in a context which lends itself
to effective measurement. For a point-representable facility system, we might
hypothesize that the effectiveness of an Individual component depends upon its
scale and the disposition of the rest cf the components in the system. The
effectiveness of the system as a whole depends upon the scale of its components
and thelr combined relationship to each other. Under an unconstrained budget,
system effectiveness should increase or at least not decrease with the number
of components, since new additions do not interfere with the scale of the old.
The Improvement might increase almost indefinitely, although with decreasing
marginal gain. For example, if response time were a measure of fire system

effectiveness, then any new fire house would decrease first response time up
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to the point where every structure in the city became a fire house. If the
budget for the system is constralned, this Is no longer true.

Under a constrained budget, several variables begin to interact. Let
us assume that a distinction is made between capital and operating outlays but
that the system structure Is highly flexible. The first result of a budget
constraint is that addition of a new component to a given facility system re-
duces the resources available to the previously existing components. Where
the resources come from remains Indeterminate. Ve could reduce the capltal
outlays, i.e., the scale of all or some facilities, or reduce their operating
expenditures, |.e., output. However, we must also take Into account the inter-
action between these In turn.

Public facilities produce a variety of goods and services and their
relationship to the consuming population varies greatly. Twc important sources
of variation are individual choice and pricing in the consumption of the out-
puts. At one extreme are those booas for which consumer choice is virtually
non-existent and direct price zero. These include most police and fire serv-
ices as well as pure public goods. Vhen a man's house is on fire he rarely
pauses to consider whether or not to call the fire brigade. MNor, in our
present system, is he usually presented with a bDill for fire protection serv-
ice that varies with the size of fire that he enjoyed during the previous year.
Thus, once some communal decisions about form and quantity of expenditure on
fire service have been made, the form of system will depend upon the expected
scale and pattern of fires, the technology of survelllance and response, and
the measures of effectiveness employed. |f a measure such as response time
dominates, then for a given surveillance system the result should be maximum
dispersion. However, since there are some widely accepted minimum operating
scales--the engine company--dispersion must be tempered by the need to retain

this minimum scale of operation. This represents the present pattern of
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local response in fire systems. Overlald upon this level are higher order fire
suppression and rescue functions that will increase the scale of investment

and operations for some system components. Additionally, the fire system in-
corporates many phenomena that derive from its peculiar relationship to stan-
dards established by the underwriters. Since compliancz with the standards
rather than empirical fire experience determines insurance rates in most cases,
their Influence on the configuration of facilities is immense., Other criteria
also influence fire control facility location, particularly high fire risk and
life risk situations such as of! refineries and hospltals, respectively. Thus,
for this type of service, the existing pattern of facilities represents a ser-
les of compromises plus a certaln amount of political and organizational
manoeuvering--the more fire houses, the higher the prestige of the chief. Con-
sumer choice In the usual sense plays little part in determining the shape of
the system,

Urban services for which consumer cholce is significant but price zero
present a different picture. Libraries provide a good example of such a func-
tion. In general, the larger the scale of a unit in such a system, the more
consumers it attracts by virtue of providing better or more varied services,
for example by carrying a larger book stock. Since entry is free for members
of the community and they commonly travel to the facility for the service,
travel cost, including time and inconvenience, represents the major real cost
to the consumer. Under these circumstances we would expect to find a distance
decay effect on usage. If the budget Is fixed but the number of facilities
variable, then a larger number of outlets implies a smaller scale at each, but
greater aggregate access to the population. The scale effect and the distance
effect then conflict. An optimal system must solve for both scale and location.

One further complexity should be noted. We have not defined scale

precisely, implicitly assuming it to involve relatively fixed cost components
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of total cost for any facility. But in public faclility systems, as any others,
variable costs depend on the volume of services rendered. Since price is zero,
this volume depends on demand, which in turn depends on the spatial structure
and scale of facilities. The system is in a curious position of being able to
generate demand by organizing itself appropriately, but at the same time its
variable costs will increase and must be constrained within the budget. Demand
and supply are tightly Interlocked, indeed so much so that it may be Impossible
to talk about actual quantity supplied except in terms of tihe amount demanded.
In practice, many of the Influences mentioned earlier temper the form
of facility system that emergcs. Locations of outlets for free' services are
not easily moved in the face of opposition from citizens who know well that
they are not free. The influence of standards pervades system evaluation and
perception by participants. Often, little or nothing is known about potential
response to changes in location as agalnst other elements that Influence de-
mand. A general theoretical form may be extremely useful in pointing up the

effect of these distorting factors.

b. Public Facility $stem Location: Alternative Formulations

The discusslon above has purposecly avoided precise specification of
assumptions and functional! forms for public facility location. In this sec-
tion, we shall specify several versions of the problem with varying degrees of
rigor. The objective is both to map out the terrain for further exploration,
and to respond to the peculiar demands of a theory dealing with public systems.

A fundamental distinction will be made between static equilibrium and
dynamic location problems. Most location theory is of the former type, as one
might expect where decision units are small and the question of optimal aggre-
gation has hardly been raised. If the criteria for evaluation are system wide,

then dynamic problems make themselves felt quickly. Mo facility system is
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bullt in a day or even a year. The same government that bullds and runs to-
day's system expects to be running it next year or ten years hence. Decisions
on system structure are bound to be made with an eye to the future, especially
if the broader system they serve Is expected also to change. Since that
broader system is the western city, such an expectation will be the rule

rather than the exception. Even so, we shall look carefully at static system
problems. They are more familiar: useful methods are available; and they offer
the opportunity for finding optimal systems for cities of a given size.

A second distinction will be made between partial and general system
theories~-in the present context, between the part and the whole. Both indi™
vidual faclility decisions and system wide decisions need to be encompassed for
each may be made in practice under conditions of incremental or comprehensive
decision processes. Conventional location theory has tended to be partial,
notwithstanding L8sch's valiant but unsuccessful attempt to construct a general
static spatial equilibrium system for all economic activity. It should be
noted, though, that the definition of ‘‘general'' used here actually encompasses
only a single facility system. The most general theory would include all

systems simultaneously.

4.1 Static Systems

A first approximation to a static system model draws on Tiebout [13]
with considerable mcdifications. Consider a homogeneous service to be dis-
tributed cver some spaticlly distributed given population. We will begin with

some formidable assumptions, a standard location theory procedure.
Assumptions:

(1) The service is distributed from a point-representable system of !

facilities, each having an identical scale S measured in terms of
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capital outlay or some other measure.

(2) The service is consumed by individuals who travel to the facili-
ties for thls purpose.

(3) The service is zero priced.

(4) A single system-wide measure of effectiveness, namely, total
consumption Q of the service, is specified.

(5) Total consumption ¢ is some function of S and N:
Q = c(s,N) . (1)

(6) Total cost of the system C, consists of two parts. System

cost Cs is a function of S and N.
CS = CS(S,H) . (Z)

Operating cost Co, the cost of other variable inputs, is a

function only of total demand for the service:

=3 o)
C Co(\c) . (3)
Total cost then Is:

- \
Ct CS + Co . (4

(7) The spatial pattern of facilities for a given S.N Is that
pattern for which Q Is maximized.

(8) There is a fixed budget K for the system.

Figures 1-3 illustrate some likely properties of the expression
(1)-(4). Since the service is zero priced, there is presumably some uoper limit
Q* to the amount that a population might be expected to consume. Holding the
number of facilities constant (Figure 1), positive variation In scale, the other

system variable, may be expected to produce first Increasing then decreasing
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positive variations in demand. The curves In Figure 1 actually represent a
family of sections through the surface of equation (1). They are therefore
demand curves for the service, given fixed numbers of “k of facilities at vary-
ing scales. Scale expenditures play a role of negative prices or subsidies.

An exactly analogous diagram could be made for the number of facilities, hold-

ing scale constant.

Scale

1
f.b>N > N, > N

Figure 1.

The general character of G(S,N) is thus a function monotonically in-
creasing to some asymptote Q*. [t would look like a curved surface climbing
away from the origin.

Cost relationships may be handled In a similar way. Figures 2a and
2b present patterns of system cost variation for constant levels of scale and
number of components, respectively. Although we assume that increases in
scale eventually incur higher marginal cost, there seems ® be no reason for
such an Increase with duplication. Rather, the reverse would seem to hold.
The system cost surface, CS, may be generated from the families of sections

in Figure 2.
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For operating cost Co several problems arise. We have made it a func-
tion of total demand on the assumption that the marginal product of any vari-
able input to a given system does rut vary with the form of the system itself,
but only with the aggregate quantity of services demanded and produced. The
reason for the distinction between system and operating costs should be clear.
The latter depend upon demand. They represent the variable cost of respond-
ing to demand at the level Induced by the former. In part, this must be an
artificial distinction. Demand for a service does respond to the level of
variable inputs insofar as they determine convenience and quality of service.
We will avold this problem for the moment by assuming that variable inputs are
added to maintain some constant level of quality. For simplicity this rela-
tionship Is represented as generally linear in Flgure 3, though it should be
noted that In terms of the variables of Figures 1 and 2 it is most unlikely

to be linear.
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With appropriate assumptions about continuity and well behaved func-

tions, the problem may row be formulated as a constrained maximization

vaximize: Q = Q(s,m) (5)
Subject to: C, =K (6)
The Lagrangian for this problem is:
Z = q(s.iY) - Ale (s,1) + CO(Q) - K, (7)
for which the conditions for maximization become:
3z an BCS oC 3Q 3Q A acs
—— D e—— - A — .-..._o. P, = o <+ e—_— = —--——a_c.._ b (88)
N 3S 39S 0Q 8% 3s ] 39S
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2 e - ) ..__S_ + ....o_. R = () + — = 5T (8b)
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3y = CS(S,h) + CO(Q) = K

(3¢)
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Combining (8a) and (Gb) we obtaln the maximization condition:

3Q/3S acS/as
- (9)
3Q/ acs/au

The consequences of our assumption about variable operating cost show

up immediately in (9). The equilibrium condition for demand maximization in-
cludes only system variables. If this seems pecullar, we might reflect that
operating cost appears in (8c). Given our assumption that a glven increase in
demand generates the same operating cost no matter whether It derives from the
scale or number of system components, its absence from (9) is less surprising.
Whether that assumption is tenable is another matter.

More significantly, tiis formulation evades the problem of location
via assumption (7). So far, | have been unable to Incorporatec the location
problem into a pure analytic model. {n view of the numerous hzuristic ap-
proaches to this type of location problem (Cooper [4], Teitz [11]), there would
seem to be advantages to structuring the total problem as a computer model.

In analytical terms, this raises the problem of our assumption of continuity
in the variable N. Ve cannot simultaneously assume it continuous for scale
analysis and discrete for a locational effectiveness algorithm. Perhaps an
iterative estimation process Is the way around this proklem, but the theoretl-
cal result is less precise. In any case, it seems probatle that the location
probiem for publlic facllity systems must be attacked In tandem with system
structure and rcala.

Several problems still remain. Introduction of variable facility
scales in single system is clearly necessary. As scon as this is done, then
questions of hierarchy begin to arise. We cuiv do no more here than point out

that the problem exists.
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The static problem treated above Is general in the sense of dealing
with simultaneous location and scale of all components of a facility system.
The equivalent partial problem might be formulated in several ways. |f an in-
crement to a budget for an existing system is given, then we might be Inter-
ested in determining the optimal addition to the system. This does not
necessarily mean that any new components are added. The entire budget incre-
ment could be spent on scale changes. |If the problem Is to achieve a speci-
fied incremental gain in some effectiveness measure, the same qualifications
would apply. In these circumstances it is not clear how a partlal form
should be specified. Possibly, it should hold the present facility location

structure constant and allow only scale changes and new facility locations.

4.2 Dynamic Systems

To analyze systems of facilities with static equilibrium analysis is to
ignore a most important characteristic: their changes over time. Facility
systems are usually built quite slowly, reacting to changes both in the size
of the broader systems they serve, and in technology and social preferences.
iIf the broader system is a growing city, then there may be conflict between
static and dynamic system optima. This may be especially true if, for what-
ever reasons, decisions early .in a system's development can effectively close
of f options for later forms.

A geometric illustration of a dynamic system conflict with static
solutions is offered by a simple model. Consider the circular and generally
symmetric city represanted Ir Figure 4. At this particular size, for some
local service the optimal number of facilities is one and it is located at
the center, F]. The city grows symmetrically both in density and at its

outer margin until it reaches the slze shown in Figure 5. At this new level

the static equilibrium solution, taking into account a probable larger budget
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for tne service, calls for two ldentical facilities, F If they are located

2
symmetrically, there is no path of growth for this facility system from
stage | to stage 2 that does not call for removal of Fye Whether that is
likely depends on the rate of growth and the fixed capital Investment in F‘.
The example is made artificial by the assertion of identical facili-
ties. In practice, accommodation may be partially achieved by variations in
scale among facllities. For example, the equivalent problem for three compon-
ents might be to approximate a symmetric uniform scale optimum (Figure 6a) by
a variable scale but still symmetric three component system (Figure 6b). In
the latter, the original facility Is retained at a larger scale than the

others. Without specifying particuiar forms for the relationships between

spatial pattern, scale, and demand, we cannot say much more than this.
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Figure 6a. Figure 6b.
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The dynamic problem suggests two lines of approach. 'Ye may look for
possible system growth paths through time under varying constralnts and cri-
teria for effectiveness, and try to ldentify stages at which such paths co-
incide with static equilibrium solutions. Or we might set up static optimal
solutions and try to construct minimum cost paths to connect them. Since most
facility system analyses are likely to start with an existing set of compon-
ents, most of which incur high relocation costs, either form could be employed.
The choice Is perhaps yet another version of the process-endstate conflict in
planning models, in this case with both forms involving specific criteria for
choice since the decisions are public.

Very little work in this direction has been done. A recent attempt by
Rorick [8] to model alternative growth paths of city structure Is highly sug-
gestive but incorporates no cost constraints, Again, computer models seem to
be most promising given the mathematical complexity of any reasonable looking

structure for analysis.
5. Conclusion

The chief aim of this paper has been to make a case for a field of
location theory specifically devoted to urban public facilities. Such an en-
deavor appears to be worthwhile both for its theoretic Interest and its prob-
able utility. Theoretical problems derive chiefly from the system character
of the unit of location and the public decision aspect of objective functions
and constraints. Practical applications are suggested by recent attempts to
Improve the quality of local resource allocation through such devices as PPG.

For the most part, we have catalogued problems. Several Important
ones remaln unconsidered. Foremost among them Is the question of multiple
jurisdictions providing the same services within a larger area. This can occur

in two ways. Multiple governments exert jurisdiction over spatially disjoint
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territories within most larger urban areas. The allocatlon of resources under
such clrcumstances has been examined by Tiebout [12] and Willtams [14]. Within
any government, there Is typically functional overlap between agancies or de-
partments. This problem has been discussed chiefly in a non-theoretical way
in the PPB literature. Both are likely to influence facility system location.
Finally, we should be well aware that public decisions are made in the
political system. Political variables will enter any decision on a facillty
system, especially since public facilities are so often the visible symbols of
delivery of public goods to particular groups in the city. We have not éon-
sidered political variables here, being more concerned with an efficiency ap-
proach, but their power may be attested by any official who has ever tried to

close an exlisting facility.
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