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Deformation of materials, especially metal alloys, is a heterogenous multiscale 

phenomenon. This is due to the complex synergetic effects of several different factors: 

macroscopic boundary conditions for the applied forces, anisotropy in the 

microstructure/crystallographic orientation, crystal slipping due to multiaxial stress state, non-

isotropic interactions of dislocations, etc. To elucidate the complex deformation mechanism of 

metals and alloys, a variety of multiscale characterization techniques have been developed and 

applied.  
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The GND density characterization technique has also been used to validate Ashby’s model 

on dislocation type evolution by characterizing deformed nickel samples.  This is the first 

experimental validation of Ashby’s model, which proves that the SSDs are the dominant materials’ 

strength contributor at higher applied loads. GNDs are only present at a larger amount in the early 

stage of deformation.  

To increase the sensitivity of the EBSD technique, reconstruction of 2D electron 

backscatter diffraction patterns into spherical Kikuchi map has been explored. It potentially 
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also has shown improved strain sensitivity in analyzing samples using its own pattern (natural 

pattern), in comparison to the cross-correlation based DIC method. 

Microscopic residual stress and strain are more conveniently studies using HR-EBSD 

method. A new HR-EBSD method is developed by employing demons registration to remap 

reference pattern towards pattern to solve the phantom strain problem. Additionally, the rotation, 
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Chapter 1 Introduction 

1.1 Motivation 

Materials science is a subject which aims to build processing-structure-property-

performance (materials science tetrahedron) linkage of natural or synthetic materials with high 

fidelity. For structural materials such as metals and alloys, this ‘tetrahedron’ has been very well 

understood, compared to other materials, to reliably manufacture structural components as 

demanded by the market. Unfortunately, materials’ failure occurs in service from time to time, 

which leads to many unexpected tragic incidents in history. It is therefore imperative to establish 

more predicative capability of microstructure dependent plasticity/damage models to prevent 

unexpected failure and eventually guide new material design strategy.  Nevertheless, these models 

are often limited in predicting texture evolution, strain hardening mechanisms and stress/slip 

relationship, which are related to dislocations generation/motion and local stress/strain. Hence, 

developing bulk characterization techniques that could bridge the deformation history from 

multiple length scales will greatly assist researchers to comprehend complex deformation 

mechanisms. 

As often seen on the news, the modern hype of materials science is fueled by the 

development of many advanced characterization techniques that allow scientists to glean 

structural/chemical information with atomic resolution and image at an unprecedented frame rate. 

Recent developments such as transmission electron microscopy [1], atom probe tomography [2,3], 

atomic electron tomography [4–6], coherent diffractive imaging [7,8], neutron diffraction [9], 

ultrahigh speed X-ray imaging [10–12], X-ray absorption fine structure spectroscopy [13] and etc. 

have revolutionized the way scientists do characterization and potentially opened endless new 

opportunities.  
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However, most techniques described above are limited in that they often require specialized 

(very expensive) facility and sophisticated software system. For a university level laboratory, 

simple characterization tools such as optical microscope and the scanning electron microscope are 

much more available. These two microscopy techniques allow people to investigate multiscale 

information across the entire sample, which makes them very attractive techniques to establish 

structure-property link for bulk materials at a micro- and macroscopic scale. In addition, the 

scanning electron microscope, equipped with electron backscatter diffraction system, can be used 

to probe location specific crystallographic orientation, texture, grain structure, defect density, and 

(relative) residual stress and strain. In the optical microscope, surface topography and grain 

structure (properly etched) related to the entire sample can all be imaged or recorded at different 

magnifications. With appropriate stochastic patterning on the sample surface, in-situ macroscopic 

surface deformation information is also obtainable with digital image correlation.  

  Therefore, the following chapters will be devoted to developing multiple advanced 

characterization techniques based on electron backscatter diffraction in SEM and optical 

microscope.  Moreover, a few specific case studies will also be discussed. 

1.2 Scanning Electron Microscope (SEM) 

The rationale behind an “electron-based” microscope is the Abbe diffraction limit i.e. the 

theoretical limit of spatial resolution for any diffraction-based imaging system assuming perfect 

optics, source of ‘light’ and alignment [14]. It states that the spatial resolution (d) of the diffraction-

limited imaging system is proportional to the wavelength (λ) of the ‘light’ being used and inversely 

proportional to the numerical aperture (NA), see Eq. (1.1). 

 
𝑑 =

𝜆

2𝑁𝐴
 

(1.1) 

The exciting realization that electrons (matter) possessed the unique wave-particle duality, 
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first hypothesized by French physicist Luis de Broglie [15], inspired German engineers Kroll and 

Ruska to revisit their design of the (transmission) electron microscope [16–18].  Based on the de 

Broglie relation (relativistic momentum) in Eq. (1.2), the wavelength of electrons at accelerating 

voltage ~75 keV is around 0.00448 nm. This would allow an imaging aperture of 0.02 rad (used 

by Ruska) to achieve a theoretical spatial resolution of 2.2 Å according to Abbe’s relation.  

 
𝜆 =

ℎ

[2𝑚0𝑒𝑈0 (1 +
𝑒𝑈0

2𝑚0𝑐0
2)]

1/2
 

(1.2) 

Therefore, Rusta and his colleagues were reassured on the theoretical foundation and were 

left with the challenge to engineer the optics system to constrain the electron beam size. These 

preliminary efforts made by Rusta et al. inspired many groups worldwide, which eventually led to 

the modern transmission electron microscope.  

The development of SEM was around the same era as TEM.  In fact, Kroll was the first to 

utilize an electron beam scanner in TEM to obtain a beautiful S(T)EM (electron channeling 

contrast) image of polycrystalline silicon iron, see Fig. 1.1 [19]. 

 
Fig. 1.1: First scanning (transmission) electron image using the electron-beam scanner. Image of 

silicon iron is shown with electron channeling contrast (Kroll, 1935). 
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However, the foundation of SEM was established by von Ardenne who built a STEM with 

demagnified probe and tried to use it as s SEM. Although images obtained by von Ardenne at that 

time weren’t satisfactory with photographic films (later replaced by the low-noise electronic 

detector), he had established most of the design aspects of SEM and theories on electron scattering 

in SEM [19,20]. Another unsatisfactory attempt to build SEM was soon done by Zworykin et al.at 

RCA Camden NJ laboratories [21].  It wasn’t until the 1950s that a group of engineers at the 

University of Cambridge begin to re-embark on the mission to build a truly successful SEM [22,23]. 

It was then quickly developed and commercialized to meet the demand of the market by multiple 

companies. Nowadays, modern SEM can deliver nanometer range spatial resolution and a huge 

range of magnification and depth of field, which grants researchers more flexibility to study their 

samples. 

The schematic of the many components used in a modern scanning electron microscope, 

analogous to light microscope, is shown in Fig. 1.2. Electrons are generated from the electron gun, 

which is composed of a filament (-ve), a Wehnelt cap (-ve), and an anode (+ve). For high resolution 

SEMs, a field emission gun (FEG) is usually employed because it has higher current/brightness, 

lower virtual source size, smaller energy spread, and longer life. Electrons coming out of the 

electron gun are then focused on the sample surface and rastered across the sample. The image 

formation principle in SEM is quite different from light microscopy. Light microscopy forms a 

real image of the sample surface by collecting the reflected or transmitted light whereas electron 

microscopy collects the secondary/backscattered electrons (topographical contrast and mass 

contrast) generated after the incident beam electrons interact with the surface layer of material. 

The collected signal is then amplified and displayed as an image on a computer screen. By 

adjusting the area scanned on the sample and projecting onto the screen with a fixed size, the 
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magnification is properly controlled. 

As high energy electrons interact with solid materials, a series of elastic and inelastic 

scattering events happen simultaneously in the sample. Elastic scattering of the incident electrons 

results in changes in the trajectory of incident electrons without losing its kinetic energy. This type 

of scattering process primarily generates backscattered electrons (BSE). Inelastic scattering of 

incident electrons not only perturb the trajectory of electrons but also transfer some amount of 

kinetic energy to the sample, which leads to the formation of other signals such as secondary 

electron, Auger electrons, X-rays (characteristic and continuum), and cathodoluminescence [24]. 

In addition to the topographical contrast, the signals generated due to inelastic scattering can be 

utilized to perform microanalysises such as energy dispersive X-ray spectroscopy (EDS) and 

cathodoluminescence spectroscopy (SPARC) [24]. Moreover, the mass-contrast sensitive 

backscattered electrons can be utilized to do diffraction experiments such as electron backscatter 

diffraction under appropriate tilt condition.   
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Fig. 1.2: Schematic of the components in scanning electron microscope (adapted from 

myscope.training). 

 

1.3 Electron Backscatter Diffraction  

First observation of diffraction pattern associated with backscattered electron was in 1928 

by Nishikawa and Kikuchi, when they directed a beam of monochromatic cathode rays (electrons) 

against a cleavage face of calcite at a grazing incidence (small incident angle), see Fig. 1.3(b) [25]. 

The pattern was similar to the one they observed and published in the same year on transmitting 

cathode rays through a thin film of a ‘certain’ thickness, see Fig. 1.3(b) [26,27]. Even with these 

low contrast images, they accurately concluded some defining features of a Kikuchi pattern:  

• each band (reflector) is bordered by parallel lines separated at a distance equal to 

the width of the Bragg angle.   
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• band width varies inversely with the applied accelerating potential. 

• higher order reflections are present. 

• the intensity of the band is approximated by the structure factor.  

 

Fig. 1.3: (a) Backscattered electron pattern obtained from calcite surface at a grazing incidence; 

(b) transmission backscattered electron pattern obtained from think film mica. 

 

This technique was later explored by some other groups [28–32].  A few variants of the 

backscattered electron diffraction techniques were also developed: electron channeling contrast 

imaging [33–36], low energy electron diffraction [37], reflection high energy electron diffraction 

[38,39], transmission Kikuchi diffraction [40,41], and the standard electron backscatter diffraction 

[42–45]. 

1.3.1 Fundamentals of Electron Diffraction Physics 

The key part of any diffraction experiment is to use collimated plane wave sources such as 

X-rays, electrons, and neutrons, with wavelength comparable (often smaller) to the 

crystallographic length scale, to interact with matter. The diffracted information is then collected 
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and analyzed to provide structure information of a crystal.  

For backscattered electron diffraction, the outcoming electrons undergo elastic (coherent), 

quasi-elastic1 (incoherent) or inelastic (incoherent) scattering before they exit the surface. At low 

electron energy, the incidence electron plane wave is diffracted into discrete directions through 

complete coherent scattering by the crystal lattice planes, which result in discrete spot patterns as 

shown in Fig. 1.4 (a). This phenomenon can be effectively modeled with kinematic scattering 

theory by describing the scattered wave amplitude in reciprocal space under the Bragg’s condition 

[46,47]. As incident electron energy increases, the incoherent scattering processes start to 

randomize the phase relationships of the diffracted electron waves, which begin to produce the 

‘interference structures’ near the discrete spot diffraction patterns, see Fig. 1.4 (b). Since the 

diffracted electrons are now spreading out between the spots, the intensity of the spots is now 

decreased. Fig.1.4 (c) is a typical electron backscatter diffraction pattern (EBSP), obtained from 

tungsten at accelerating voltage of 20 kV with a typical setup geometry as shown in Fig. 5.1. At 

this accelerating voltage and the sample tilt (70˚), elastically scattered (coherent) and quasi-elastic 

scattered (incoherent) electrons travel in the forward scattering direction, see Fig. 1.4 (d) and 

produce a network of diffraction bands which represents crystal planes that intersect at different 

zone axis [36]. The peak in Fig. 1.4 (d) intensity-energy plot represents that phonon scattering 

(incoherent, quasi-static) which has a large interaction cross-section to favor forward scattering.  

The geometry of the bands can be readily approximated by the Kikuchi lines that satisfy Bragg’s 

law whereas the intensity of bands needs to be properly dealt with using the dynamical theory of 

electron diffraction [48].  The angle between the bands can be extracted and used to calculate the 

crystallographic orientation of the corresponding diffraction pattern. In addition, high sample tilt 

                                                 
1 loses only <1 eV of energy 
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at 70˚  is used to enhance the backscattering coefficient [24] but the number 70˚ is, in fact, a 

convention due to the use of calibration sample. It is theoretically still possible to collect EBSP at 

0˚ tilt, but the signal will be much degraded due to low backscattering coefficient and generation 

of a large amount of inelastically scattered electrons.  

 

Fig. 1.4: (a-c) Backscattered electron diffraction patterns at different energy levels. LEED: (a) 

discrete spot patterns at low (170 eV) energy; EBSD: (c) continuous Kikuchi patterns at high (20 

kV) energy; LEED: (b) an intermediate pattern between (a) and (c) at 1 kV (adapted from 

Winkelmann, 2017) [49]. (d) Schematic of electron forward scattering mechanism for (c) standard 

EBSD (adapted from Zaefferer and Elhami, 2014). The scattered electrons are then collected by a 

phosphor screen for further analysis. 

1.3.2 Automated Indexing of Electron Backscatter Diffraction Pattern 

The EBSP is, in theory, the gnomonic projection onto the detector of an area from a 

spherical Kikuchi sphere, see Fig. 5.3. The orientation of the spherical Kikuchi sphere is dictated 

by the crystallographic orientation of the crystal at the source point. Therefore, EBSP contains 
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information on the orientation of the crystal.  

The utility of modern EBSD system is undoubtedly enhanced by the fast growing 

computational power and method of automated indexing of electron backscattered diffraction 

patterns. Over the past years, a few groups have made significant contributions to the automation 

of indexing: Dingley et al. [43,50,51], Krieger Lassen [45], Adams and Wright et al.[44,52]. A 

schematic plot is presented here in Fig. 1.5 to highlight the important steps in automated EBSP 

indexing. Fig. 1.5 (b-c) are produced using the open-source indexing software AstroEBSD [53]. 

Fig. 1.5 (d-f) are adapted from Marc De Graef’s talk at EBSD topical conference 2018 in Ann 

Arbor.    

  



11 

 

 

 

Fig. 1.5: (a) Input pattern; (b) input pattern represented in Hough space and the corresponding 

peaks in Hough space inversely transformed to image space as center lines of Kikuchi bands; (c) 

indexed pattern (blue cross is the pattern center); (d) plane normals determined from pattern center; 

(e) interplanar angles calculated from different sets of plane normal; (f) look-up table for 

determining the family of planes with the measured interplanar angles; (g) determine the Euler 

angles which describes three successive rotations (ZXZ). 

Step 1: Presence of bands are detected through a computer vision method called Hough 

transform (or Radon transform), see Eq. (1.3) [54]. This algorithm essentially transforms all the 

points in the x-y image space (red lines) into ρ-θ Hough space (red points), see Fig. 1.5 (b). 

Through peak localization algorithm in the Hough space, the bands can be effectively pinpointed.  

 ρ = x cos 𝜃 + y sin 𝜃 (1.3) 

Step 2: The plane normals (in pixel units) with respect to the pattern center in the pattern 

reference frame (xp,yp,zp) are determined (DD: detector distance) with Eq. (1.4). An example is 

given in Fig. 1.5 (c-d). 
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𝑧𝑝 = −

𝑥𝑝
2 + 𝑦𝑝

2

𝐷𝐷
 

(1.4) 

Step 3: The interplanar angles in Fig. 1.5 (e) can be conveniently determined by the dot 

product of the plane normals using Eq. (1.5). 𝜃12  is the angle between plane 1 (plane normal: 

[x1,y1,z1]) and plane 2 (plane normal: [x2,y2,z2]).  

 
𝜃12 = cos−1 (

𝑥1𝑥2 + 𝑦1𝑦2 + 𝑧1𝑧2

(𝑥1
2 + 𝑦1

2 + 𝑧1
2)1/2(𝑥2

2 + 𝑦2
2 + 𝑧2

2)1/2
) 

(1.5) 

Step 4: Since a phase is user-selected prior to the scan, the calculated interplanar angles are 

cross-compared with theoretical values in a list of a look-up table of the selected phase as shown 

in Fig. 1.5 (f). In this case, the plane E is determined to be the {113} family, the plane A and D 

belong to the {111} family and plane B belongs to the {022} family. 

Step 5: The indexed plane normals are then expressed in the rotation matrix form in both 

crystal reference frame and pattern reference frame using directional cosines. Then, the orientation 

matrix that transforms the coordinates of crystal planes in the crystal reference frame to the pattern 

reference frame can be obtained using these rotation matrices. In addition, Euler angles, which 

describes the three passive rotation matrices to align the sample reference frame to the crystal 

reference frame as shown in Fig. 1.5 (g), can also be determined given the tilt of sample with 

respect to screen [55]. A more detailed plot is shown in Fig 1.6 (adapted from Henry Proudhon’s 

pymicro site) which shows the three successive rotations of the samples frame to align with the 

crystal frame. In Chapter 5, the topic of coordinate transformation in EBSD will be revisited. 
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Fig. 1.6: Transformation of sample coordinates system (unrotated: colored arrows; rotated: black 

arrows) to crystal coordinates system (grey lattice) through Bunge-Euler convention: (a) rotation 

about the sample Z axis for φ1 results in (b); (b) rotation about the sample rotated X axis for Φ 

results in (c); (c) rotation about the sample rotated Z axis for φ2 results in (d). 

1.3.3 Strain and Lattice Rotation 

Crystalline samples under investigation are not perfect. Even if the sample preparation is 

near perfect (electropolishing), they still contain features such as grain boundaries, subgrain 

boundaries, defects, strain, etc, which will complicate the diffraction pattern in different ways. The 

influence of crystal deformation of crystal on EBSP is mainly composed of three parts: 1) rotation 

of entire diffraction pattern (lattice rotation); 2) changes in the interplanar angles and band width 

(elastic stretch); 3) blurred diffraction patterns (defects e.g. dislocations) [56].   

The pioneering work aimed to extract lattice rotation as well as elastic strain is done by 

Wilkinson et al [57]. In the original formulation from Wilkinson et al., the schematic showing the 

relationship between deformation of crystal and shift in the pattern is illustrated in Fig. 1.7 [58]. 

The idea is to extract the shifts from many regions of interests (ROIs), see Fig. 1.8 (g, h), to match 

up the reference pattern against test pattern through cross-correlation as a means to measure the 

deformation of crystal lattice such as rotation and elastic strain with accuracy down to 10-4.  

Cross-correlation is a key computational technique in HR-EBSD. It looks at the optimal 

shift required between two ROIs to match up through determining the peak position of the cross-

correlation function (XCF). In Fig. 1.8 (c), the position of test ROI is intentionally moved by -5 
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pixels to the left and +5 pixels up with respect to reference ROI in Fig. 1.8 (a). The corresponding 

XCF in Fig. 1.8 (d) moved by the same amount with respect to Fig. 1.8 (b) (cross-correlation of 

reference ROI with itself). In addition, the subpixel accuracy in shift measurement is determined 

by interpolation the peak surface e.g. a 2 pixel by 2 pixel area near the peak using bicubic 

interpolation scheme as shown in Fig. 1.8 (e, f). 

 

Fig. 1.7: Schematic showing exaggerated EBSD zone axis shifts between an undeformed reference 

frame (dotted black box) and a deformed crystal (solid red parallelogram) (adapted from Britton 

et al, 2011) 

The vector of a crystal direction �⃑�  in the undeformed state is projected onto the screen. 

After deformation, �⃑�  is deformed by the deformation gradient tensor F to �⃑� ′ (Eq. 1.6) with a total 

shift �⃑� . The total shift can also be related to the displacement gradient tensor A in Eq. 1.7 

 �⃑� ′ = 𝑭�⃑�  (1.6) 

 �⃑� = �⃑� ′ − �⃑� = 𝑨�⃑�  (1.7) 

Unfortunately, EBSD is a projection technique which does not account for the out-of-

screen shifts 𝜆𝑟  . The measured shift 𝑞   is simply a projection of the total shift vector �⃑�   onto the 

phosphor screen that is related to the displacement gradient tensor in Eq. 1.8. The non-zero in-

plane shift vectors [𝑞1 , 𝑞2] are plotted in Fig. 1.8 (i). 
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 𝑞 = �⃑� − 𝜆�⃑� = 𝑭�⃑� − �⃑� − 𝜆�⃑� = 𝑭�⃑� − �⃑� − 𝜆�⃑� = [𝑨 − 𝝀𝑰]�⃑�  (1.8) 

The displacement gradient tensor A, by definition, is composed of gradients of the 

displacement field 𝝏𝒖𝒊/𝝏𝒙𝒊. 
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(1.9) 

Eq.1.8 can be rewritten in a component form, ignoring the higher order terms.  
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(1.10) 
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(1.11) 

In the coordinates of the detector, 𝑟3 is the detector distance (DD) or the projection distance. 

Additionally, since the out-of-plane shift 𝑞3  can not be measured, it is set to zero. For the 

computational purpose, combined matrix form from Eq. 1.10 and Eq.1.11 is used. For N sets of 

cross-correlated patterns, a matrix formulation ( A(2N × 8) ∙ x(8 × 1) = b(2N × 1 )) can be 

constructed in Eq.1.12. For the total 8 unknowns, at least four sets of regions of interests (ROIs) 

are required to solve for the system of equations.  
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(1.12) 

Using around at least around 20 ROIs, the overdetermined system of equations in Eq.1.12 

can be solved with the Eq. 1.13.  
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 x = (𝐴𝑇𝐴)−1 ∙ 𝐴𝑇 ∙ 𝑏 (1.13) 

The EBSD technique essentially interrogates the top surface layer of material (~20-50 nm). 

Consequently, the unknown term 𝑎33 can be obtained by applying the traction free boundary condition. 

For small rotation and strain, the infinitesimal deformation theory safely gives the strain ε 

and lattice rotation tensor ω: 

 
ε =

1

2
(𝐴 + 𝐴𝑇) 

(1.14) 

 
ω =

1

2
(𝐴 − 𝐴𝑇) 

(1.15) 

The above method works robustly for semiconductors that produce sharp patterns. For 

deformed materials, pattern blurring (dislocations) will adversely affect the accuracy of the SVD 

algorithm because of the presence of outliers. In addition, metals typical have a large variation of 

lattice rotation within a single grain, which degrades accuracy from cross-correlation (poor peak 

shape for interpolation).   The iterative robust fitting method is developed by Britton et al. to down-

weight these outliers and improve the accuracy to misorientation up to 11˚ [58].  Moreover, finite 

deformation framework has also been proposed by Maurice et al. to remap the reference pattern 

towards test pattern using the rotation matrix estimate given by the orientation matrices [59], which 

will be discussed in details in Chapter 7. A similar approach is suggested by Britton et al for using 

a first-pass cross-correlation to solve for a remapping rotation matrix and then carry out a second-

pass cross-correlation to accurately measure infinitesimal strain [60].  



17 

 

 

Fig. 1.8: (a) Reference ROI; (b) cross-correlation function of the reference ROI (a) with itself; (c) 

test (shifted -5 in x, +5 in y) ROI; (d) cross-correlation function of the (a) with (c); (e) original 

near peak surface in (d); (f) interpolated peak surface of (e); (g) reference pattern with 100 ROIs; 

(h) test pattern with 100 ROIs; (i) measure shift vectors 𝑞  plotted on the reference pattern. 

With the implementation of HR-EBSD, maps of relative residual/strain and rotation 

(individual components of the tensor) can be produced. The type of stress/strain being studied is 

the type II micro residual stress/strain because of deformation constraints imposed by the 

anisotropy of grains. The current limitation of HR-EBSD technique is that it only measures 

‘relative’ quantities. The exact stress or strain state of the experimental reference pattern is in fact 

unknown.  Methods of using kinematical simulation or dynamical simulation to produce an 

unstrained reference pattern is still an area of research  [61,62] but the accuracy of these approaches 

is still questionable [63]. Moreover, the relative lattice rotation map can be used to extract 

geometrically necessary dislocation densities, which does not depend on the absolute value of 
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rotation. 

1.4 Geometrically Necessary Dislocations and Statistically Stored Dislocation 

Dislocation is a type of line defect at the atomic scale. Early work on dislocations can be 

traced back to 1907 by Volterra based on elasticity theory. The more rigorous studies were later 

done by three other people in 1934: Orowan [64], Polanyi [65], and Taylor [66]. In addition, the 

link between these atomic scale defects (dislocation theory) to the macroscopic mechanical 

behavior of materials (continuum) is tied to the Orowan equation and the Peach-Koehler equation, 

as mentioned in a recent review paper by Lubarada [67]. Therefore, incorporating dislocation 

information in real materials will help the development of accurate plasticity model.  

Due to the localized lattice distortion near the dislocation core, they are characterizable 

using diffraction methods such as TEM to resolve individual dislocations. However, TEM is 

practically not possible to characterize the bulk sample because it can only sample a small portion 

of the sample and often is destructive. For continuum models, dislocations at larger scale must be 

understood.  

Geometrically necessary dislocations (GNDs) are first theorized by Nye [68] as a type of 

dislocation that accommodates lattice curvature during non-uniform deformation. This means that 

any change in lattice orientation is accompanied by storage of GNDs, see Fig. 1.9 (a). Hence, GND 

is a measurable quantity in EBSD [69–71], as discussed more in depth in Chapter 2, 3 and 4 [72–

74].  
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Fig. 1.9: (a) Schematic of six geometrically necessary dislocations that collectively lead to bending 

of a crystal; (b) three pairs of statistically stored dislocations (dislocation loops) that do not change 

the shape of the crystal. Red box encloses a dislocation loop. 

GND is, by definition, a length scale dependent quantity because the change in lattice 

orientation or gradient in the lattice orientation needs to be defined on a discretized length scale. 

In theory, every dislocation can be regarded as GND at sufficiently scale length scale. However, 

the introduction of the concept for GND is to bridge defect information from the continuum 

(microscale) to the atomic scale defect by increasing the size of the interrogation window i.e. 

Burgers circuit. The effective GND density that represents the total area enclosed in the Burgers 

circuit can then be defined. Further insight into the contribution of GNDs in polycrystalline 

material is discussed by Ashby [75] who estimated the amount of GND density to be proportional 

to the shear strain applied and inversely proportional to the slip distance (effective grain size). On 

the other hand, statistically stored dislocations (SSDs) that accommodate homogenous 

deformation are generated as dipole or multipoles through random trapping process. In Ashby’s 

work, the SSD density is approximately proportional to the applied strain squared and is insensitive 

to the microstructure.  Within the same Burgers circuit as the GNDs, the distortion field of SSDs, 

with opposite Burgers vector, are canceled out, see Fig. 1.9 (b). During deformation, both types of 
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dislocations contribute equally to work hardening of materials if the complex interactions between 

these two types are neglected. An experimental study about the evolution of these two types of 

dislocations is conducted in Chapter 4, which can be further related to the local strain state with 

help of digital image correlation in the future. 

1.5 Digital Image Correlation 

Deformation of materials, especially polycrystalline materials, is often non-uniform. The 

heterogeneous distribution of plastic strain across the bulk sample is due to the anisotropy in the 

microstructure of the material, anisotropy in the slipping of crystals and the non-isotropic 

interaction of dislocations. Measurement of the local strain state across a large area is explored by 

the digital image correlation (DIC) technique, an interferometric technique that was first developed 

by Sutton et al. [76]. The basic principle is very similar to HR-EBSD except the imaging system 

used in DIC is typically an optical microscope or a regular camera. Prior to data analysis, optics 

distortion is first corrected. A grid of regions of interests (ROIs) is then defined on the collected 

images from the specially painted surface of the deforming sample. The displacement mapping 

function which warps the reference (undeformed) subset towards the target (deformed) subset is 

then determined through cross-correlation type similarity measure. To account for the shape 

change in the reference subset, first-order shape functions that allow translation, rotation, shear, 

normal strain and their combinations are used [77]. Moreover, the sub-pixel accuracy of measured 

shift is achieved through higher order interpolation scheme such as bicubic spline interpolation 

[78]. While a correlation scheme based on FFT calculation either in spatial domain or frequency 

domain performs well for small strain or rotation, it is very difficult for large strain or rotation 

when the similarity between reference subset and target subset drops significantly (features moving 

out of /into the ROI). Alternative solutions involving determination of a reliable initial guess 
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(rough estimate of shift) are proposed [79,80] to converge to a global maximum/minimum before 

utilizing iterative optimization scheme to fine search the local maximum/minimum. For samples 

with cracks or voids, reliability-guided DIC is employed to guide the calculation path along the 

most reliable direction to prevent erroneous error propagation [81]. Overall, the DIC method relies 

on presence of the stochastic surface speckle pattern that can be tracked as the surface deforms 

and algorithm to deal with large deformation. Alternative approach needs to be developed to work 

more efficiently with natural pattern on the surface undergoing severe deformation. 

1.6 Research Objectives and Outline of the Dissertation 

The motivation of the dissertation and background of SEM, EBSD, HR-EBSD, and DIC 

have been briefly introduced in which some limitations of characterization techniques are raised. 

The following chapters are dedicated to address some of the challenges and solve real problems.  

• In Chapter 2, EBSD based Nye-GND density analysis is developed and applied to 

extract quantitative information regarding shear localization of 7039-aluminum 

alloys. Grain morphological anisotropy is analyzed with respect to the 

accumulation of GND density near shear localized region.  

• In Chapter 3, GND density accumulated in shear localized high purity titanium with 

different texture is analyzed. The relationship between orientation and the 

accumulated GND density of deformed grains is studied, coupled with Schmid 

factor analysis to summarize the mechanical response of titanium. 

• In Chapter 4, the evolution of GND and SSD densities in quasi-statically 

compressed polycrystalline nickel as a function of plastic strain is quantitatively 

studied and compared/contrasted with Ashby’s model predication. 
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• In Chapter 5, an automated method for reconstruction of spherical Kikuchi pattern 

is developed to bring opportunities in new methods for refining pattern center, 

orientation determination, and phase analysis. 

• In Chapter 6, an imaging system is setup in the lab along with the development of 

a new method for digital image correlation based on a computer vision method. The 

new method is much simpler to implement compared to conventional DIC software 

without compromising the accuracy. It even demonstrates better accuracy for 

measuring surface strain using the natural pattern of a sample. 

• In Chapter 7, the computer vision method developed in Chapter 6 is tested to be a 

robust remapping approach for HR-EBSD, which improves strain/rotation 

sensitivity. Its advantage over other remapping techniques is also discussed. 
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Chapter 2 Determination of Geometrically Necessary Dislocations in Large Shear Strain 

Localization in Aluminum 

 

Abstract 

In this paper, a systematic approach is presented to quantifying shear band evolution by 

quantifying geometrically necessary dislocations (GND) associated with morphological 

anisotropy in 7039-aluminium alloy using the compact forced-simple shear (CFSS) design.  A 

statistically motivated approach, i.e. the line averaged GND density profile, has been developed to 

investigate the GND density near heavily deformed, shear band regions.  Our study shows that: i) 

line average GND density profiles for the Al samples machined in the A-direction (transverse to 

pancake-shaped grains), B-direction (parallel to longitudinal pancake-shaped grains, shearing in 

through-thickness direction), C-direction (parallel to pancake-shaped grains, shearing in the in-

plane direction) and D-direction (parallel and through the pancake-shaped grains) are nominally 

similar; ii) apart from 7039-aluminum alloy C-direction that has a uniform GND distribution in 

the direction normal to shear due to a grain-sliding mechanism, GND profiles for other samples 

decrease steadily away from the shear band as plastic strain diminishes, in agreement with Ashby’s 

theory of work hardening, iii) anisotropy in damage evolution and shear-stress shear-strain 

response of 7039-aluminum alloy is associated with the grain structure of the material, i.e. 

morphological anisotropy creating variations in grain boundary interactions; iv) microbands 

formation in D-direction is associated with local GND peaks; v) stress-relief crack propagating 

along grain boundaries due to the presence of voids or inclusions generates a ‘shielding effect’ on 

neighboring grains; and vi) the line average GND density profile within a single grain usually 

varies inversely with the width of the grain for A-, B- and D-directions, leading to generally 
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pronounced higher GND density near triple junctions. 

 

Nomenclature  

 

u Displacement  

𝜷𝒆𝒍 Elastic distortion  

𝜷𝒑𝒍 Plastic distortion  

휀𝑖𝑗
𝑒𝑙 Element of the elastic strain tensor 

𝜔𝑖𝑗 Element of the lattice rotation tensor  

𝜃𝑘 Element of the lattice rotation vector  

𝑘𝑖𝑗 Element of the lattice curvature tensor  

𝜶 Nye dislocation tensor 

𝛿𝑖𝑗 Element of the small deviation tensor  

g𝑖𝑗 Element of the lattice orientation tensor 

�̂� Normalized dislocation line direction  

r Normal vector of a selected area  

𝜌𝐺𝑁𝐷 GND density  

∆𝜙𝑑𝑖𝑠 Disorientation angle 

𝑶𝒄𝒓𝒚 Crystal symmetry operators  

𝜦 Lattice rotation gradient vector 

𝝃 

𝝆 

Active slip systems matrix 

Dislocation density vector 
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2.1 Introduction 

Localized unstable deformation of ductile metals and alloys when subjected to complex 

loading stress states and/or high-strain-rate-loading paths is most often associated with shear 

rupture (shear localization or shear bands).  Shear localization and shear banding propensity has 

been extensively studied for more than half a century and several very detailed reviews of this 

work exist in the literature [1-36]. These studies have shown that shear localization depends on a 

number of aspects of the material microstructure and loading environment including: 1) physical 

properties of the material (heat capacity, thermal conductivity, thermal softening), 2) details of the 

mechanical loading to which the material is subjected (stress state, temperature, strain rate), and 3) 

details of the material microstructure including crystallographic texture, grain morphology and 

shape, dislocation density and distribution, and microstructural and phase stability [3, 4, 6, 15, 18, 

36].  Mechanics modelling, as well as numerous experimental studies of shear localization, has 

shown that a metal or alloy is prone to localized shearing during deformation if the material 

possesses a low strain/work-hardening rate and high degree of thermal softening under the loading 

conditions applied, a negative strain-rate sensitivity globally or locally within a material, and a low 

specific heat [4, 6, 36].  In addition, metals and alloys that undergo dynamic strain aging, strain-

induced martensitic transformations, and crystalline to amorphous transitions under the loading 

rates and temperatures of interest are also more susceptible to shear localization [4, 6, 36].  The 

role of anisotropy (either crystallographically or morphologically-based within a material), in 

addition to directionality of loading relative to a materials microstructure, represent a current area 

of active shear-localization research aimed at the development of physically-based predictive 

modelling linking material processing to structure to properties to performance.  

In spite of all this research, the study of shear localization still has significant limitations 
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in terms of quantitative assessments of shear localized microstructure evolution.  Nearly all studies 

to date have been unable to provide any numerical assessment of microstructures in shear bands, 

and initial microstructures that undergo shear localization have largely been treated as isotropic 

continuums.  Recently, the introduction of the compact forced simple shear (CFSS) sample [37] 

enabled, for the first time, detailed quantitative examination of the influence of microstructural 

anisotropy on the evolution of shear localization and shear banding phenomena.  Due to the simple 

design of the sample, the shear region can be oriented very accurately with respect to the 

microstructure, to probe grain anisotropy in either crystallographic texture or grain morphology 

texture.   

With the advent of electron backscattered diffraction (EBSD), it is now possible to probe 

the evolution of deformation in terms of: initial grain textures, grain crystal rotations, and 

quantification of deformation in terms of geometrically necessary dislocations (GNDs) that are 

associated with lattice curvature.  This latter aspect has been discussed in more general terms by 

Brewer et al., [38], Field et al., [39], and Calcagnotto et al., [40].  These studies demonstrate the 

ability and methodology to extract quantitative geometrically necessary dislocation (GND) 

densities from the lattice curvature as determined by EBSD within deformed samples.  However, 

in each of these studies, the plastic deformation was limited to axial deformation and the extent of 

the deformation limited to less than 20% plastic strain.   

The purpose of the present study is to combine the advantages of the CFSS sample for 

studying shear localization with respect to grain morphological anisotropy with EBSD analysis to 

extract quantitative differences in GND densities associated with shear localization in different 

microstructural orientations.  Within the shear localizations regions, the plastic shear strain can 

easily exceed 1, and because of the shear deformation mode, grain lattice curvatures approaching 
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the shear band center can be very large.  However, as will be demonstrated herein, with well-

prepared samples for EBSD analysis, it is possible to obtain EBSD patterns from very close to the 

shear band centerlines, determine the lattice curvatures involved as a function of the microstructure 

orientation, and thus relate the extracted GND densities to differences in grain morphology.  Lastly, 

by determining differences in the GND densities, it is possible to glean details related to local 

strengthening differences, clarify the operative defect generation and storage mechanisms, and 

provide quantitative metrics for modeling of shear localization in ductile materials. 

2.2 Experimental 

2.2.1 Materials 

In the present study, hot-rolled plate of 7039-Al that has a weak crystallographic through-

thickness <101> texture and a weak <001> rolling direction texture is analysed.  ‘Pancake-shaped’ 

grains, highly elongated in the rolling direction, characterize the microstructure of the 7039-Al 

plate.  The 7039-Al samples examined here are the same samples used in the previous study by 

Gray et al., [37].  Details of the materials, sample fabrication and orientation designations, sample 

testing procedures, and initial sample preparation for metallography can be found in this paper 

[37].  Additional polishing and etching methods were employed in this study to improve the quality 

of the EBSD data obtained from the shear band regions. 

2.2.2 Design of CFSS samples from Al-7039 plate  

For analysis of the anisotropic dependence of simple shear mechanisms, the compact 

forced-simple-shear (CFSS) sample design depicted in Gray et al., [37] is employed.  The sample 

is designed in order to create a simple shear region parallel to the loading direction of the sample 

[37] in order to determine the effect of morphological anisotropy in Al-7039.  Fig. 2.1 contains 

three images depicting the CFSS sample design from three viewing angles: perspective view, side 
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vide and cross-section view.  This CFSS sample design facilitates the alignment of specific 

microstructure feature to the shear direction, which is essential to the development of GND profiles 

with respect to the microstructure anisotropy.  Machining of the specimen was done parallel or 

perpendicular to the 7039-Al plate’s ‘pancake-shaped’ grains.  

 

Fig. 2.1: (left) Perspective view, (middle) side-view and (right) cross-section view of the CFSS 

sample. 

2.2.3 Metallographic analysis  

For cross sectional analysis of the shear region, the samples were cut in half down the long 

axis perpendicular to the shear region.  The cross sections were mounted in Struers Condufast™ 

mounting resin and polished to 0.05μm alumina.  Prior to EBSD analysis, a final attack polish was 

performed on each sample to remove the mechanically deformed surface layer imparted during 

previous grinding and polishing.  The attack polish solution for Al was 0.05μm alumina in a water 

suspension with 3% NaOH.  

EBSD was conducted using a Bruker e-Flash EBSD detector on a FEI Quanta 600 SEM at 

20kV and working distance around 15mm.  To determine the angular resolution of the detector, a 

scan of a single crystal germanium sample was run using a step size of 200nm, and the 

misorientation distribution was plotted from 0-2°.  The maximum number of occurrences of 
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misorientation in this region was taken as the angular resolution of the system.  In addition, step 

size analysis was carried out as detailed in the following section to ascertain the ideal number of 

pixels to be utilized for the GND calculation.  To ensure that the center of shear band is aligned to 

the top edge of the EBSD scan, the shear-band crack was first aligned to the edge at the specified 

magnification of 500X and move horizontally to the region of interest.  

2.3 GND Density Analysis 

2.3.1 Theory 

To ascertain the geometrically necessary dislocation (GND) densities, the following 

theoretical approach is followed.  Multiplicative decomposition of the deformation gradient [41] 

can be used to derive the additive decomposition of the displacement gradient tensor or distortion 

tensor 𝜷 into plastic distortion and elastic distortion, while ignoring the higher order terms: 

 𝑭 = 𝑭𝒆𝑭𝒑 = (𝑰 +  𝜷𝒆𝒍)(𝑰 +  𝜷𝒑𝒍) ≈ 𝑰 +  𝜷𝒆𝒍 +  𝜷𝒑𝒍 (2.1) 

where 𝑭 = 𝑰 + 𝜷 such that the distortion tensor is:  

 𝛽𝑖𝑗 = ∂𝑗𝑢𝑖 = 𝛽𝑖𝑗
𝑒𝑙 + 𝛽𝑖𝑗

𝑝𝑙 = (휀𝑖𝑗
𝑒𝑙 + 𝜔𝑖𝑗) + 𝛽𝑖𝑗

𝑝𝑙
 (2.2) 

It is assumed that 𝜷 for a continuum is a curl-free quantity.  This is necessary to assure a 

single-valued continuous solution for the displacement field ‘u’, where 𝛽𝑖𝑗 = ∂𝑗𝑢𝑖 .  Since the 

distortion can be additively decomposed into plastic and elastic distortions, the curl of the plastic 

distortion is equal to the negative curl of the elastic distortion. 

 𝑐𝒖𝒓𝒍 𝜷 = 𝒄𝒖𝒓𝒍 𝜷𝒑𝒍 + 𝒄𝒖𝒓𝒍 𝜷𝒆𝒍 = 𝟎 (2.3) 

Therefore, the Burger’s circuit could be equivalently expressed in terms of both plastic and 

elastic distortion2.  Using Stokes formula, the Nye tensor [42] could effectively be related to the 

                                                 
2 A SF/RH convention was adopted to represent the Burger’s circuit (Hirth and Lothe, 1982) 
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elastic distortion. 

 𝜶 = −𝒄𝒖𝒓𝒍 𝜷𝒑𝒍 = 𝒄𝒖𝒓𝒍 𝜷𝒆𝒍 (2.4) 

 
𝑩 = −∮𝜷𝒑𝒍 𝒅𝒙 = −∯𝒄𝒖𝒓𝒍 𝜷𝒑𝒍𝒅𝑺 = ∯𝒄𝒖𝒓𝒍 𝜷𝒆𝒍𝒅𝑺 = ∯ 𝜶𝒅𝑺 

(2.5) 

 

Writing out the Nye tensor in indicial form yields the negative curl of lattice rotation and 

elastic strain, according to Kröner [43]. 

 
𝛼𝑖𝑘 = −𝜖𝑘𝑙𝑗

𝜕𝛽𝑖𝑗
𝑒𝑙

𝜕𝑥𝑙
= −𝜖𝑘𝑙𝑗

𝜕𝜔𝑖𝑗

𝜕𝑥𝑙
− 𝜖𝑘𝑙𝑗

𝜕휀𝑖𝑗
𝑒𝑙

𝜕𝑥𝑙
 

(2.6) 

Since the lattice rotation tensor is minus the curl of the lattice rotation vector, lattice 

curvature is related to the lattice rotation gradient as: 

 
𝜔𝑖𝑗 = −𝜖𝑖𝑗𝑘𝜃𝑘 ;  𝑘𝑖𝑗 =

𝜕𝜃𝑖

𝜕𝑥𝑗
 

(2.7) 

 

 𝜕𝜔𝑖𝑗

𝜕𝑥𝑙
= −𝜖𝑖𝑗𝑘

𝜕𝜃𝑘

𝜕𝑥𝑙
= −𝜖𝑖𝑗𝑘𝑘𝑘𝑙 

(2.8) 

Eq. (2.6) can be rewritten so that the Nye tensor is related to the lattice curvature tensor 

and elastic strain [43]. 

 
𝛼𝑖𝑘 = −𝜖𝑘𝑙𝑗

𝜕𝛽𝑖𝑗
𝑒𝑙

𝜕𝑥𝑙
= −𝜖𝑘𝑙𝑗 (

𝜕휀𝑖𝑗
𝑒𝑙

𝜕𝑥𝑙
+

𝜕𝜔𝑖𝑗

𝜕𝑥𝑙
) = −𝜖𝑘𝑙𝑗

𝜕휀𝑖𝑗
𝑒𝑙

𝜕𝑥𝑙
+ 𝜖𝑘𝑙𝑗𝜖𝑗𝑘𝑖

𝜕𝜃𝑘

𝜕𝑥𝑙

= −𝜖𝑘𝑙𝑗

𝜕휀𝑖𝑗
𝑒𝑙

𝜕𝑥𝑙
+ (𝛿𝑘𝑘𝛿𝑙𝑖 − 𝛿𝑘𝑖𝛿𝑙𝑘)𝑘𝑘𝑙

= 𝑘𝑘𝑖 − 𝛿𝑘𝑖𝑘𝑚𝑚 − 𝜖𝑘𝑙𝑗

𝜕휀𝑖𝑗
𝑒𝑙

𝜕𝑥𝑙
 

(9) 

 

where the elastic strain is small compared with plastic strain, so the elastic strain is 

negligible.  This is also known as the elastically rigid plastic approximation, where the plastic 

distortion of the lattice is assumed to be fully accommodated by the elastic lattice rotation alone 
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[44].  However, there is a method available to extract the elastic strain, for example through cross-

correlation of diffraction patterns method [45].  For this paper, the original Nye’s relation is 

adopted, and the elastic strain is ignored [42]; this is thought to be appropriate given the very large 

strains under investigation in the sheared regions.  

 𝛼𝑖𝑘 = 𝑘𝑘𝑖 − 𝛿𝑘𝑖𝑘𝑚𝑚 (2.10) 

Explicit expression of the Nye tensor is written in Eq. (11).  Lattice orientation gradients 

in the third direction (highlighted in red) are assumed to vanish [46, 47].  Physically, it is sensible 

to argue that the gradient in the third direction is not zero.  By setting the gradients to be zero, 

some dislocation types might be omitted.  This assumption can also mean that the GND present 

must be summed up to have the gradients in the third direction to be zero, which is not necessarily 

true.  Alternative methods involving only the experimentally determined terms have been 

previously presented by some authors [48-51], where five directly measurable components of Nye 

tensor: α12 , α13 , α21 , α23 , α33  and a difference term α11 − α22  are considered.  The α11 − α22 

term is valid only when elastic strain components are neglected [50]. Direct measurements of the 

lattice orientation gradients are also possible through FIB assisted serial-sectioning [46, 52] or 3D 

X-ray microscopy [44]. 

 

𝛂 =

[
 
 
 
 
 
 
𝜕𝜔12

𝜕𝑥3
−

𝜕𝜔13

𝜕𝑥2

𝜕𝜔13

𝜕𝑥1

𝜕𝜔21

𝜕𝑥1

𝜕𝜔32

𝜕𝑥2

𝜕𝜔23

𝜕𝑥1
−

𝜕𝜔21

𝜕𝑥3

𝜕𝜔21

𝜕𝑥2

𝜕𝜔32

𝜕𝑥3

𝜕𝜔13

𝜕𝑥3

𝜕𝜔31

𝜕𝑥2
−

𝜕𝜔32

𝜕𝑥1 ]
 
 
 
 
 
 

 

(2.11) 

 

In order for the Nye relation to be applied in the EBSD technique, the lattice rotation tensor 

is approximated to the lattice orientation matrix for small deviations from the reference orientation 

[50]. 
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 𝜔𝑖𝑗 = g𝑖𝑗 − 𝛿𝑖𝑗 ≈ g𝑖𝑗 (2.12) 

 
𝛼𝑖𝑘 = −𝜖𝑘𝑙𝑗

𝜕𝛽𝑖𝑗
𝑒𝑙

𝜕𝑥𝑙
≈ −𝜖𝑘𝑙𝑗g𝑖𝑗,𝑙 

(2.13) 

It is by convention to choose the minimum misorientation or the disorientation angle from 

symmetry-related solutions when only concerned about the misorientation angle [53], though 

physically solutions could also be selected based on the misorientation axis [54]. For cubic crystal 

such as Al, there are 24 symmetry operators with maximum disorientation being ~62.8° [55]. The 

equation used to find this disorientation angle is given in Eq. (14).  

 ∆𝜙𝑑𝑖𝑠 = min {cos−1{𝑡𝑟[(𝑂𝑖
𝑐𝑟𝑦

𝐠𝑨)𝐠𝑩
𝑻 𝑂𝑗

𝑐𝑟𝑦
]}} (2.14) 

Here, gA is orientation matrix of the point of interest and gB is the orientation matrix of the 

neighboring point.  Oi and Oj are the symmetry operators, picked from the 24 groups of the cubic 

crystal.  A threshold value of 2° was used for the aluminium sample [56] to filter out GND density 

calculated based on minimum misorientation obtained from non-indexed points in the interior of 

the grain and points from the neighbouring grains/twins.  If the minimum misorientation is found 

when i=a and j=b (a and b are constants in the range of the number of symmetry operators), the 

lattice orientation difference is a second order transformation tensor, which can be calculated from 

the disorientation tensor ∆𝐠, given by ∆𝐠 = 𝐠𝑩𝐠𝑨
−𝟏 (i=a, j=b) through Eq. (2.15): 

 𝐠𝑩 − 𝐠𝑨 = (∆𝐠 − 𝐈)𝐠𝑨 (2.15) 

The gij,l is therefore the gradient of the lattice orientation difference [46], and dl is the step 

size in the direction of the lattice orientation gradient. In a square array EBSD scan, the 1st neighbor 

would be the first layer wrapping the point of interest, forming a kernel. The kernel is the mask 

surrounding the EBSD point of interest as the central pixel in a 3 x 3 square of pixels.  In this paper, 

we have defined the lattice orientation gradient to be between the point of interest to its 1st neighbor, 

where the point of interest takes the mean orientation of that square kernel and serves as the 
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reference orientation. The lattice orientation gradient could approximately be obtained by using 

Eq. (2.16), where the orientation gradient is assumed to be zero when l=3. 

 
g𝑖𝑗,𝑙 =

g𝐵𝑖𝑗
− g𝐴𝑖𝑗

𝑑𝑙
 

(2.16) 

On the other hand, Burger’s vectors could be characterized using Frank’s loop construction 

by relating the line vector �̂�, slip direction 𝒃 and the plane normal 𝒓: 

 𝑩 = 𝒃(�̂� ∙ 𝒓) = (𝒃⨂�̂�)𝒓 (2.17) 

Summing over individual dislocation densities yields the components of total dislocation 

density tensor, where each type of dislocation can be represented by a combination of �̂� and 𝒃: 

 

𝛼𝑖𝑗 = ∑ 𝜌𝐺𝑁𝐷
𝑛 𝑏𝑖

𝑛𝑙𝑗
𝑛

𝑁

n=1

 

(2.18) 

As for FCC crystals, (N = 18), there are 18 dislocation configurations on <110>{111} with 

6 screw and 12 edge dislocations [46].  In total, there are 18 types of geometric configurations of 

dislocations (36 if negative sign dislocations are considered) for aluminum.  However, there are 

only nine equations that form a set of the underdetermined system with 36 unknowns.  The six-

term approximation involving terms α12 , α13 , α21 , α23 , α33  and α11 − α22  for an 

underdetermined system are believed to have sufficient constraints since a minimum of five 

dislocation configurations are required for any arbitrary plastic deformation according to von 

Mises yield criterion.  In this paper, a minimum condition was made about lattice orientation in 

the direction normal to the surface using the nine-term approximation and neglecting elastic strain, 

which is likely to result in a more accurate numerical estimation of the actual GND density content 

according to Ruggles et al. [49].  Methods of solving such a system of equations will be covered 

in the next section for Eq. (2.19). 
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 𝛂 = 𝛏(𝟗 × 𝟑𝟔) ∙ 𝛒(𝟑𝟔 × 𝟏) = 𝚲(𝟗 × 𝟏) (2.19) 

2.3.2 Minimization Schemes  

In order to solve for this underdetermined system {Eq. (2.19)}, an appropriate 

minimization scheme was chosen to compute the 36 unknowns for 18 types of dislocation 

configurations in which the solution is folded back to give the original dislocation density vector.  

There are numerous combinations of dislocation configurations available that could be used to 

accommodate the same lattice orientation gradients of a crystal.  The combination of a specific 

dislocation configuration with the lowest dislocation density or dislocation energy is believed to 

be what happens physically from a minimization principle standpoint.  Three commonly employed 

minimization methods are: L1-dislocation density minimization, L1-dislocation energy 

minimization, and L2-least squares of dislocation density minimization. 

The fundamental assumption with the L1 dislocation density minimization scheme is that 

it assumes edge and screw dislocations are equally likely to form in the material, such that the 

minimization scheme is established on the grounds of minimum total dislocation density.  In fact, 

the elastic energy stored for edge dislocations is about 1/(1-ν) (ν: Poisson’s ratio) greater than for 

screw dislocations, therefore it is energetically less favorable to form edge dislocations than screw 

dislocations if the Burger’s vectors of the two are the same.  L1 energy minimization scheme (𝐿1𝑒) 

solves for a 𝛏′ that minimise the total dislocation energy (𝐸𝐺𝑁𝐷,𝑡𝑜𝑡𝑎𝑙
𝐿1𝑒

) due to the presence of the 

GNDs, ignoring the interaction energy of the dislocations.  Its governing equation is Eq. (2.20) 

where 𝑬𝑵 is the dislocation energy vector for the N types of dislocation configurations: 

 

 

 

𝑚𝑖𝑛𝑖𝑚𝑢𝑚{𝐸𝐺𝑁𝐷,𝑡𝑜𝑡𝑎𝑙
𝐿1𝑒

= 𝑬𝑵  ∙ 𝛒 | 𝛏′ ⊂ 𝛏 , 𝛂 = 𝛏′ ∙ 𝛒} 

 

(2.20) 

𝜌𝐺𝑁𝐷,𝑡𝑜𝑡𝑎𝑙
𝐿1𝑒

= 𝟏𝑵  ∙ 𝛒𝛏′ is the total GND density, which corresponds to only a subset of ξ that 
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results in minimum total dislocation energy.  For aluminium (b=2.86 Å), the Poisson’s ratio around 

0.33 sets up the ratio of dislocation energy for edge and screw types nicely to be 1.5Escrew=Eedge.  

To solve for the dislocation density vector 𝝆 , an interior-point method using Matlab’s 

‘linprog’ command in the Optimization toolbox was utilized to solve for the medium scale 

minimization problem with a specified minimization scheme (http://www.mathworks.com/).  

2.3.3 GND Resolution Determination  

GND density calculations have limitations mainly deriving from the EBSD measurements.  

At large plastic strains, the lattice planes within the diffraction volume are not necessarily parallel, 

hence the Bragg angle for diffraction deviates slightly along the plane for diffraction.  

Consequently, blurring of the edges of the Kikuchi patterns, i.e. pattern degradation occurs, and 

indexing of the bands becomes almost impossible [57].  Therefore, GND density calculations on 

heavily deformed material could lack sufficient orientation data to compute the lattice orientation 

gradient.  On the other hand, for materials with very low dislocation density, e.g. fully 

recrystallized Cu, the calculated GND density risks false interpretation of the dislocation cell 

structures, which in reality is an arbitrary manifestation of the measurement noise.  

A simple analysis for an estimate of the lower bound of the GND density is presented below, 

where the EBSD based GND density resolution depends on several factors such as binning size, 

angular resolution and step size [58]. 

 
𝜌𝐺𝑁𝐷

𝑟𝑒𝑠 =
Angular Resolution  (rad)

Step size (m) × Burger′s vector(m)
 

(2.21) 

In Eq. (2.21), the step size is calculated by dividing the actual map size by the number of 

pixels in both x and y directions for the 2D GND analysis.  A square array of points for the EBSD 

was used so the step size in the x and y directions would be the same.  For our Bruker eFlash EBSD 

system on the FEI Quanta SEM 600, the angular resolution was determined to be approximately 
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0.4°.  Moreover, highly binned scans were found to display a higher angular resolution, i.e. higher 

GND noise floor, due to an increase in the read out noise added to the pixels [59].  Hence, the 

EBSD analysis was carried out at a binning size of 1×1 to minimise the effect of binning on angular 

resolution. 

2.3.4 Step Size Dependence Analysis 

An appropriate step size is a critical issue in analysing dislocation density since the step 

size must not be too large to overlook the variation in the dislocation cell structure, i.e. undulations 

in the lattice curvature, and not too small to compound EBSD orientation measurement error [60].  

A systematic approach of step size analysis is detailed here.  It is suggested as part of the standard 

procedure prior to any EBSD based GND analysis.  

In theory, the statistically stored dislocations (SSDs) generated via random trapping 

process were typically stored in diploes and multipoles.  If the step size is small enough to separate 

the poles, SSDs will potentially be attributed as part of the GNDs.  In most cases, decreasing the 

step size generally yields a greater fraction of GND density from the total dislocation density.  

Typically, the ideal step size is at the length scale of the dislocation cell structure or smaller in 

order to reveal and take into account most of the dislocation networks.  However, smaller step size 

analysis is not only much more computationally expensive but also prone to measurement error.  

Determination of an appropriate step size therefore should be evaluated based on the dislocation 

cell structure, as well as, how much time and resources are available to spend on computation 

while maximizing accuracy of the measurements. Fig. 2.2 shows the results of a systematic 

analysis of the GND densities for the A-direction shear sample from the 7039-Al.  The left portion 

of Fig. 2.2 contains a plot of the upper and lower limits of the calculated GND densities (indicated 

as the error bars) as a function of analysis step size, from 100nm to 1000nm.  The mean value of 
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the GND density is shown by the curve, and the calculated noise floor at each step size is shown 

as the open red circles.  The plot reveals that at each step size the lower limit of the GND density 

is above the noise floor, indicating the measurement are valid relative to the measurement 

resolution.  In the right portion of Fig. 2.2 are EBSD maps of the identical region in the shear 

sample of A-direction, away from the shear region, so relatively un-deformed.  The images are 

taken at each step size from 100nm to 1000nm, in 100nm steps.  The step size that best captures 

the dislocation cell structure within the grain is between 200nm and 400nm.  However, the data 

acquisition time for 200nm step size is extremely long for the purpose of this study, and therefore 

a step size close to 300nm was employed throughout. 

 

Fig. 2.2: Left: Step size analysis for 7039-aluminum samples, machined from the A-direction.  

Black curve is the mean GND density of the selected area as a function of step size (nm); Black 

error bars represent the range of GND density values spanned at each step size; red circles denote 

the noise floor estimated at every step size with a corresponding angular resolution of 0.4° and 

Burgers vector of 2.86Å for aluminium; Right: GND maps in step size dependence analysis for the 

same selected area of 7039-aluminum A-direction sample (size of the box is 25m by 25m) at 

step sizes of 100nm, 200nm, 300nm, 400nm , 500nm , 600nm , 700nm , 800nm , 900nm, and 

1000nm.  (log10 scale, unit:  1/cm2). 

2.3.5 Line-Averaged GND Density Profile (for simple shear experiment) 

As shown below in the EBSD scans in Fig. 2.3, the shear process is accompanied by a large 

extent of lattice rotation, the GND density associated with lattice rotation gradients would be 

expected to decrease away from the center of the shear band.  
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Single line profiles that are taken from a GND density map as a function of distance away 

from the center of the shear band (y) readily picks up specific local variation of GND and neglects 

the overall global variation with respect to morphological anisotropy.  This suggests a more 

statistically robust approach, which essentially involves taking all the line profiles possible at every 

y position (normal to the direction of the shear band) and averaging them out in the x direction (in 

the direction of shearing).  In producing plots that present smooth data for interpretation, averaging 

for every y value should be avoided, and instead plot at a specific interval, e.g. 12 μm steps in the 

y direction for Fig. 2.6, Fig. 2.7, and Fig. 2.9.  Additionally, the statistical reliability of the approach 

also dependents on how many available GND data points are used in the direction of shear for the 

generation of the line average GND profiles.  Clearly, the more pixels available for each row of 

GND density averaging, the more reliable the result is, and as one approaches the shear band center, 

where EBSD data may be lacking, a greater uncertainty will result.  In the following section, we 

will show that this technique can also be employed to quantitatively study microbands formation, 

examine the effect of grain shape on GND density, and assess the ‘shielding effect’ due to stress-

relief cracking. 

2.4 Results and Discussion 

2.4.1 Mechanical response of the materials 

The 7039-aluminum CFSS samples were prepared with the shear direction aligned with 

various microstructures including: A-direction (transverse to pancake-shaped grains), B-direction 

(parallel to longitudinal pancake-shaped grains, shearing in through-thickness direction), C-

direction (parallel to pancake-shaped grains, shearing in the in-plane direction), and D direction 

(parallel and through the pancake-shaped grains). The damage evolution is found to be 

significantly different for the four directions, whereas load-displacement curves show similar 
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mechanical behavior of them [37].  Moreover, load-displacement curves show that the B- and C-

directions retain a higher level of shear strength at significantly larger shear strains, meaning an 

increased shear resistance in shearing parallel to the grains [37].  We will also show in the next 

section that the shear resistance can be reflected in the line average GND density profiles for these 

two directions.  Additionally, results from Table 2.1 indicate that higher shear strength for the B- 

and C-directions are at the expense of overall ductility, particularly for the C-direction.  Reduced 

ductility in sample C is thought to be due to the sliding of grains over each other along and parallel 

to the pancake-shaped grain boundaries. 

In order to estimate the shear strain (γ̅) of the CFSS samples, shear strain can be calculated 

by dividing the average shear displacement (u̅) by the shear band’s width (w).  Using optical light 

microscopy, there are errors associated with making estimates of both the shear-band widths and 

average shear displacement, therefore an error ranging from 10% to 20% for the shear strain is 

expected.  

As shown in Table 1, CFSS samples undergo severe plastic shear deformation, where the 

highest shear strain approaches 4.  Nevertheless, the following sections will show that we can, in 

practice, obtain reasonably good EBSD scans for GND analysis, except in the case of the C-

direction aluminum alloy.  The C-direction Al alloy sample exhibits poorly resolved EBSD images 

for clearly defining the shear-band width so it also has the highest error in shear strain estimate.  
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Fig. 2.3: 7039-Al alloy with shear zone aligned in the A-, B-, C-, and D-directions.  Rows: 1st, A; 

2nd, B; 3rd, C; 4th, D. Columns: 1st, EBSD image plotted with MTEX with selected example 

region showing the GND density map (Scale bar: 100μm) [61]; 2nd, total GND density map of the 

selected region (log10 scale, unit: 1/cm2) with 20μm scale bar; 3rd, GND density map of edge type 

dislocations (log10 scale, unit: 1/cm2) with 20μm scale bar; 4th, GND density map of screw type 

dislocations (log10 scale, unit: 1/cm2) with 20μm scale bar. 

A through-thickness texture of 9.7 times random in <101> is clearly shown for 7039-bulk 

aluminium alloy samples [37], and a characteristic pancake-shaped microstructure typical for 

rolled 7000 series Al-alloys.  Since rolled samples commonly have their texture anisotropically 

distributed, CFSS samples would therefore reflect the local texture of the locations where the 

samples were cut [e.g., A-direction (transverse to pancake grains) and D-direction (parallel and 
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through the pancake grains)].  Previous EBSD studies have also shown that this local texture 

variation is not significant for the machined samples [37].  However, there still exists very different 

shear localization properties, see Fig. 2.3, for shear band formation and damage evolution 

mechanisms, which is believed to be related to the morphological anisotropy of the samples (i.e. 

anisotropy due to grain structure).  For the EBSD scans, a comparison with EBSD scans in Gray 

et al. [37] confirms that EBSD scans presented in this paper cover the region from the center of 

shear band to the slightly deformed region outside the heavily sheared regions.  The damage 

evolution is clearly captured where the delamination and rotation of grains near the shear band 

occur.  Upon closer examination, some cracking along grain boundary between inclusions or voids 

were observed as well as void formation on the site of the inclusion. 

Table 2.1: Estimate of shear strain (�̅�) and error (𝛔�̅�) of the CFSS samples of 7039-aluminum alloy 

from average shear displacement (�̅�) and shear-band width (w). 

 

2.4.2 Morphological anisotropy 

In addition, the variation of texture of the machined samples is compounded by the lattice 

rotation associated with shear, making statistically valid GND measurements more complicated.  

Here, we utilize a line average GND density profile method covered previously in this paper to 

provide insight into the shear related lattice orientation gradients, see Section 3.5.  

  w (μm) u̅ (μm) γ̅ σγ̅ 

7039-

Al 

A 197 742 3.77 0.39 

B 190 482 2.54 0.28 

C 175 355 2.03 0.47 

D 201 793 3.95 0.40 
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Fig. 2.3 shows EBSD images of the shear band regions of the A-, B-, C- and D-direction 

samples, displayed in the first column to show the orientations of grains.  In the second, third and 

forth columns, GND maps of total GND, edge-type GND and screw-type GND dislocations are 

plotted, respectively (log10 scale). Although screw dislocations are more energetically favorable 

to form than edge dislocations, the edge-type GND density is generally found to be, on average, 

much higher than screw-type GNDs as a result of more geometric configurations for edge 

dislocations.  For each row of the figures, the sum of the GND map in the third and forth columns 

gives the total GND map in the second column for that specific direction.  For the A-direction, 

transverse to the pancake-shaped grains, no local texture is present, and several cracks are shown 

along grain boundaries, which relieve stress due to severe shear localization.  The ‘shielding effect’ 

due to crack formation will be presented in Fig. 2.4.  For the B-direction, the shear direction is 

parallel to the longitudinal pancake-shaped grains in the through-thickness direction, which 

presents a mixed texture locally of <001> rolling texture and <101> through-thickness texture.  

The shear band region for the B-direction results in poorer pattern quality for EBSD compared 

with the A-direction, but the damage evolution of these two directions are quite similar due to 

similar grain morphology.  Because of how grain shape varies along the direction normal to shear, 

it can be shown that GND density is inversely dependent on the grain thickness shown later in Fig. 

2.6.  For the C-direction, the shear band is not clearly defined, and is aligned parallel to pancake-

shaped grains in the in-plane direction, in which a very different shear mechanism is activated 

through grain boundary sliding, supported by the apparent pattern degradation of grain boundary 

regions.  For the D-direction, the width of the shear band is very well defined, with the sample 

machined, parallel and through the pancake-shaped grains, but the shear region is comprised of 

very few grains.  Microband formation is observed in this orientation, see Fig. 2.5, due to 



48 

 

crystallographic slip and local shear across this small number of grains.   

From the GND maps in Fig. 2.3, some GND ‘hot’ regions can be identified, where lattice 

rotation is obviously indicated by apparent color changes due to the shear deformation.  In Fig. 2.3 

A-direction, a large grain on the bottom left corner was found to have a low population of GND 

possibly due to a ‘shielding’ effect, as cracks propagating between inclusions or voids along its 

grain boundary.  A separate GND study was carried out specifically using the line average GND 

density technique to reveal the variation GND density across two neighboring grains, normal to 

shear direction, see Fig. 2.4, where a clear drop in GND density was captured to demonstrate the 

‘shielding effect’ on the lower grain because of creation of free space due to cracking.  The spacing 

created between grains effectively reduced the amount of GND necessary to satisfy compatibility 

requirements, whereas two triple junctions on the end of the grain accumulated a larger amount of 

GND as a result of geometric constraint.  
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Fig. 2.4: 7039-Al alloy with shear zone aligned in the A-direction.  Two neighboring grains 

selected to demonstrate the ‘shielding effect’ on the lower grain due to presence of voids or 

inclusions assisted stress-relief cracking along grain boundary using the line average GND density 

profile method.  Red dotted line indicates the gain boundary, corresponding to a transition from a 

grain with high GND density to a one with lower GND density. (a) EBSD image plotted with 

MTEX (Scale bar: 100μm); (b) GND density maps of two selected grains (log10 scale, unit: 1/cm2); 

(c) line average GND density profile across selected grains (unit: 1/cm2). 

However, in some cases GND density data is insufficient to produce statistically reliable 

data at the center of shear-band, (see Fig. 2.3 D-direction, where the number of available GND 

density data points is lower than ten on the centerline of the shear band for D-direction sample).  

Due to the presence of a large fraction of grain boundaries, the poor EBSD pattern quality in the 

C-direction sample results in a poor GND density map, see Fig. 2.3.  Nevertheless, the GND 

contents are in good agreement with lattice rotations apparent in the EBSD image.  

Fig. 2.4 depicts how grain boundary cracks nucleated from voids or inclusions partially 

‘shield’ the lower grain to severe shear localization.  As shown in Fig. 2.4 (a), gaps or voids were 

created between grains during this deformation process, due to the amount of inclusions in the 
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material.  Total GND maps of two grains can be selected to create the image in Fig. 4 (b).  This 

reduced the amount of GND present in the lower grain (Fig. 2.4(b)), which was otherwise 

necessary to ensure compatibility without the separation (i.e. cracking) between grains.  The line 

average GND profile (Fig. 2.4 (c)) clearly depicted the transition from a grain with high GND 

density (upper grain in Fig. 2.4b) to one with in general lower GND (lower grain in Fig. 2.4 (b)).  

It is also found that the triple junctions between grains were hot spots for accumulation of GND.  

This figure effectively proves that grain boundary cracking is an effective means to reduce the 

amount of GND evolution. 

Fig. 2.5 (a) depicts an EBSD image of a grain (pale blue and yellow striped) that exhibited 

microband formation revealed in terms of orientation changes by slight colour variation within the 

grain (locations denoted by dotted lines).  Fig. 2.5 (b) shows the total GND density map in 

logarithmic scale created specifically for the isolated grain in Fig. 2.5a containing the microbands.  

This data is used to quantitatively characterize the microband formation due to crystallographic 

slip in 7039-aluminum alloy using line average GND profile method given in Fig. 2.5 (c).  When 

the line average GND profile approach is applied to this grain, a line plot is created that shows the 

part of the profile with variations of GND due to presence of microbands (Fig. 2.5 (c)).  Multiple 

local GND peaks associated with microbands are clearly shown along the shear direction at a 

distance of 200 μm away from center of shear band of almost the same order of magnitudes.  The 

accuracy of this approach to quantify the GND associated with microbands will be dependent on 

the resolution of EBSD technique and the method used to extract local lattice orientation gradients.  



51 

 

 

Fig. 2.5: 7039-Al alloy with shear zone aligned in the D-direction.  One grain containing multiple 

microbands is selected and quantitatively analysed with the line average GND density profile 

method.  Local GND density peaks corresponding to microbands are indicated by black dotted 

lines.  (a) EBSD image plotted with MTEX (Scale bar: 100μm); (b) GND density maps of the 

grain with microbands (log10 scale, unit: 1/cm2); (c) line average GND density profile across 

microbands (unit: 1/cm2). 

As shown in Fig. 2.5, there exists enough GND content to quantitatively reflect the 

distribution of GND associated with localized crystallographic microband formation.  For the B-

direction sample, the EBSD image in Fig. 2.3 displays a mixed texture composed of local texture 

of the sample in <101>and <001> directions, but it has been shown to result in minor resistance 

to shear because only a slightly higher GND density value near shear band is calculated, see Fig. 

2.9.   

Fig. 2.6 shows EBSD and GND results for the shear band from the sample prepared in the 

B-direction.  The results show that grain morphology does have an effect on GND density 

calculated using line average GND density technique.  The intention of this plot is not to provide 

an exact relationship between slip distance and GND density, but to examine the trend between 
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grain morphology (in a qualitative way) and GND.  Fig. 2.6 (a) and Fig. 2.6 (b) show the combined 

EBSD and total GND maps of two selected grains (grain 1 in Fig. 2.6 (a) and grain 2 in Fig. 2.6 

(b)).  These two distinctly different grain shapes (grain 1 being very narrow and highly constrained, 

and grain 2 being a wider, less constrained structure) are analysed in terms of their GND profiles 

as a function of distance from the shear band center.  The design of the CFSS sample allows the 

study of the effect of grain shape on total GND density across a wide range of shear deformation.  

Based on Ashby’s work (1969), a lower slip distance or smaller grain thickness in this case, the 

greater the geometric constraint, and therefore a greater fraction of GND density needed to 

accommodate the constraint.  The line average GND approach can be applied to these two grains 

and used to create the plotted data in Fig. 2.6 (c); an averaging filter has been applied to smooth 

the data.  The data reveal that for grains close to the maximum shear region, the GND densities 

are quite similar.  However, as the shear strain decreases (i.e. moving down in Fig. 2.6 (a, b), the 

separation between the red and black datasets increases, showing that the GND density differs 

between these two grains, which differ most distinctly by the grain thickness (i.e. level of 

constraint).  
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Fig. 2.6: 7039-Al alloy with shear zone aligned in the B-direction.  Line average GND density 

profiles of grains of two different shapes: one of decreasing thickness of the grain away from the 

shear band and second one with increasing thickness.  (a) EBSD image plotted with MTEX (Scale 

bar: 100μm) and GND density map of grain 1 (log10 scale, unit: 1/cm2); (b) EBSD image plotted 

with MTEX (Scale bar: 100μm) and GND density map of grain 2 (log10 scale, unit: 1/cm2); (c) 

line average GND density profile across the two grains (unit: 1/cm2). 

In Fig. 2.6, it is shown that the line average GND density changes inversely with respect 

to the slip distance, i.e. horizontal distance across the grain in the direction of shear, in accordance 

with Ashby’s theory on the effect of slip distance [62].  In particular, grain 2 in Fig. 2.6 displays a 

gradual drop in GND density away from the shear band, indicating the diminishing effect of 

geometric constraint generation of GNDs.  In comparison with grain 1, this grain shape has been 

found to be trivial at large shear strain regions since line average GND density profiles are of 

similar order of magnitude close the shear band whereas this effect is greatly enhanced at lower 

shear strain away from shear band, consequently leading to GND hot spots near triple junctions.  
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Fig. 2.7: Number of available GND data points as a function of distance away from the center of 

shear band for line average GND density analysis in 7039-aluminum alloy machined in A-, B-, C- 

and D- directions. 

Fig. 2.7 demonstrates the effect of severe plastic deformation on pattern quality of EBSD 

scans as reflected by the number of successfully calculated GND data points.  EBSD pattern quality 

can be undermined by severe plastic deformation, leading to low index rate.  The number of GND 

data points is not the same as the indexed pixels in EBSD since several filters have been applied 

to produce the GND density maps, including the noise floor filter and the misorientation filter.  

The number of data points is counted in the shear direction and plotted with respect to distance 

away from shear band.  The expectation is that GND data points will increase away from the shear 

band as a result of diminishing plastic shear strain.  The number generally has been found to 

increase away from shear band.  Since the line average GND density is statistical in nature, it is 

expected that this method is less reliable immediately adjacent to the shear band, where number of 

data points is limited (such as in the B- and D-directions).  Clearly this data demonstrates the 

interpretation of such GND results very near shear band centers should be interpreted with care, 

dues to the limited number of usable EBSD data, however, in these regions, the shear strains have 

exceeded 1, and are much higher closer to 3-4.  The results perhaps more clearly demonstrate that 
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EBSD and GND calculations can be utilized in very highly strained samples. 

From Fig. 2.3, the width of the shear bands among A-, B-, and D-sample shearing directions 

appear to be quite well defined at approximately 200μm, whereas the shear band for the C-direction 

sample is poorly defined.  The analysis of calculated GND density data points, see Fig. 2.7, reflects 

the quality of the EBSD scan as a function of distance radially from the center of the shear band, 

except for the C-direction sample, where the grains are horizontally aligned.  A trend of increasing 

pattern quality away from shear band for the C-direction sample is observed, although it is not 

very well defined.  This deterioration of the pattern quality [57] implies that the extent of plastic 

deformation for grains vertically aligned clearly increases at a closer distance to the center of the 

shear band.  

Fig. 2.8 depicts compiled information regarding crystallographic orientation dependence 

of GND density as a function of Euler angle space.  Since the GND density and orientation of a 

crystal after deformation varies greatly within one grain, the method adopted here is based on the 

grain averaged GND density calculated for each grain.  These results are then plotted with respect 

to the mean orientation of that grain (post deformation orientation).  It should be noted that grains 

being indexed depend on the misorientation angle set for determining a grain boundary.  A single 

big fragmented grain might simply be post-processed as several small grains, but this should not 

affect this study significantly because of the averaging nature of this method.  It is assumed also 

that the mean orientation of the grain is representative of the grain prior to deformation, since a 

great fracture of the curvature in bending of the grains is accommodated by a simple slip 

mechanism along the grain boundary rather than through lattice orientation gradients within the 

grain.  It is found that for the A-direction, the grain average GND value (log10 scale) is about 10.7 

with a disperse distribution of points in the orientation space specified by Euler angles (φ1, Φ,φ2) 
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due to lack of local texture.  In the B-direction, the mean orientation of grains mostly have low 

angles in Φ and spans a wide range for φ1, φ2, but the grain average GND density (log10 scale) 

stays approximately the same for each grain at ~10.5.  In the C-direction, a narrower span in the 

φ1 and φ2 angles, in the high angle range, and higher grain average GND density compared with 

other directions, consistent with results in Fig. 2.9.  The results shown in D-direction are similar 

to C-direction, but due to the small number of grains available, may not be representative.  Overall, 

there is no specific correlation between the mean orientation (i.e. crystallographic texture) and 

GND evolution in these samples, and these results further highlight the influence of the grain 

morphology on the GND profiles in these 7039-Al sample shear bands. 

 

Fig. 2.8: Effect of grain average orientation on grain average GND density (log10 scale, unit: 

1/cm2).  Grain average GND plotted with respect to three Euler angles (𝝋𝟏, 𝚽,𝝋𝟐) defining the 

mean orientation of the grains in CFSS 7039-aluminum alloy samples machined from A-, B-, C-, 

and D-directions. 

In Fig. 2.9, line average GND profiles (discussed above) are plotted to study the effect of 
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shear band formation on GND density evolution.  The GND profiles for the A-, B- and D-direction 

samples decline steadily away from the center of the shear band, which agrees well with Ashby’s 

theory on strain hardening due to the presence of GNDs.  This trend is not observed for the C-

direction sample where the shear band is poorly defined; instead a steady GND profile is exhibited.  

The line average GND profile of the four directions shown in Fig. 2.9 displays very similar order 

of magnitude for the total GND density and edge dislocations, but the screw dislocation density 

differs slightly.  For samples shearing parallel to the grains, such as the B- and C-directions, the 

hardening effect at large strain is correlated with higher GND density near the shear band for the 

B-direction, and across the sample for C-direction.   

 

Fig. 2.9: Comparison of line average GND density as a function of distance away from the center 

of shear band for (left) total GND density, (middle) edge type GND density and (right) screw type 

GND density between 7039-Al alloy samples machined in A-, B-, C- and D- directions (log10 

scale). 

The line average GND density profile of the four directions in Fig. 2.9 displays very similar 

order of magnitudes for the total GND density and edge dislocations, but the screw dislocation 

density differs slightly.  For samples shearing parallel to the grains, such as the B- and C-directions, 

the hardening effect at large strain is correlated with higher GND density near the shear band for 

the B-direction and across the sample for C-direction.  Specifically for the C-direction, the line 

average GND density across the y-axis is in general higher than the other directions (i.e. higher 
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shear resistance).  From the average GND density within every grain plotted with respect to the 

mean orientation of the grain, no preferential crystallographic orientation is observed in aluminum 

samples for generation of more GND, see Fig. 2.8.  The GND density is in general more dependent 

on the microstructure of the aluminum samples, see Fig. 2.4, Fig. 2.5 and Fig. 2.6.  For the C-

direction, the grain average GND density is overall higher than other directions, consistent with 

the line average GND density profiles in Fig. 2.9.  In conclusion, it is determined that the shear-

induced local-lattice rotation for the A- and D-directions are not generally responsible for 

anisotropy in the deformation response of the 7039-aluminum alloy, whereas lattice rotation 

gradients for the B- and C-directions have been shown to enhance the shear resistance at the 

expense of ductility.  Since the four directions possess little to no local bulk texture variation, the 

anisotropy observed must be mainly evolved due to the differences in the grain structure in the 

direction of simple shear (i.e. morphological anisotropy).  

One additional point to note is that the data points for the B- and D-direction samples at 

the far left should be interpreted with care because the average value of the GND density is 

calculated based on very few data points.  There is uncertainty about how accurate these GND 

density data represent that particular region, though the order of magnitude suggests that these data 

lie in the reasonable range.  

2.5 Conclusions 

In this paper, a systematic method is presented, based on the emerging EBSD techniques, 

to quantitatively analyse the number density of geometrically necessary dislocations associated 

with simple shear of CFSS samples for metallic materials.  These findings provide insights into 

the shear responses of morphologically and crystallographically anisotropic engineering materials.  

The present findings illustrate the effect of morphological anisotropy on damage evolution and 
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shear band formation in 7039-aluminium alloys.  The present observations are consistent with 

previously published research on the shear response of materials, as well as the theories of 

dislocation generation and storage during plastic deformation.  More specifically, it is observed 

that: 

1. The number of available GND density data points decreases nearer to the center of 

a shear band as a result of pattern degradation associated with the increasing plastic 

strain in the interior of a shear band. 

2. Away from the shear band, the line average GND density in general, for all types 

of dislocations, was noted to drop, consistent with Ashby’s theory on work 

hardening of materials.  

3. While the deformation response and extent of lattice rotation was found to be 

similar for the A- and D-direction 7039-Al samples, the damage evolution differed 

including microbands/shear bands formation, void nucleation, crack propagation 

between inclusions along grain boundary each consistent with the differences in the 

grain structure orientation relative to the shear direction, i.e. morphological 

anisotropy. 

4. Additionally, near all the shear bands, the nominal magnitudes of the GND 

total/edge dislocation densities were roughly the same for all the samples for the 

different grain structure/shear testing directions, whereas geometrically necessary 

screw dislocation densities generally differs from sample to sample.  

5. The increased shear resistance displayed by the B- and C-direction samples at large 

shear strains is thought to be due to a higher GND density near the shear band for 

the B-direction and an overall higher GND density across the C-direction sample.  
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Chapter 3 Investigation of the shear response and geometrically necessary dislocation densities in 

shear localization in high-purity titanium 

 

Abstract  

The influence of microstructural anisotropy on shear response of high-purity titanium was 

studied using the compact forced-simple-shear specimen (CFSS) loaded under quasi-static loading 

conditions. Post-mortem characterization reveals significant difference in shear response of 

different directions in the same material due to material crystallographic texture anisotropy. Shear 

bands are narrower in specimens in which the shear zone is aligned along the direction with a 

strong {0001} basal texture. Twinning was identified as an active mechanism to accommodate 

strains in the shear region in both orientations.  This study confirms the applicability of the CFSS 

design for the investigation of differences in the shear response of materials as a function of 

process-induced crystallographic texture. A detailed, systematic approach to quantifying shear 

band evolution by evaluating geometrically necessary dislocations (GND) associated with 

crystallographic anisotropy is presented.  The results show that: i) line average GND density 

profiles, for Ti samples that possess a uniform equiaxed-grain structure, but with strong 

crystallographic anisotropy, exhibit significant differences in GND density close to the shear band 

center; ii) GND profiles decrease steadily away from the shear band as the plastic strain diminishes, 

in agreement with Ashby’s theory of work hardening, where the higher GND density in the 

through-thickness (TT) orientation is a result of restricted <a> type slip in the shear band compared 

with in-plane (IP) samples; iii) the anisotropy in deformation response is derived from initial 

crystallographic texture of the materials, where GND density of <a> GNDs are higher adjacent to 

the shear band in the through-thickness sample oriented away from easy slip, but the density of 
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<c+a> type GNDs are very similar in these two samples; and iv) the increase in grain average 

GND density was determined to have strong correlation to an increase in the Euler Φ angle of the 

grain average orientation, indicating an increased misorientation angle evolution. 

 

Nomenclature  

𝛽𝑖𝑗
𝑒𝑙 Element of the elastic distortion tensor  

휀𝑖𝑗
𝑒𝑙 Element of the elastic strain tensor  

𝜔𝑖𝑗 Element of the lattice rotation tensor  

𝜃𝑘 Element of the lattice rotation vector  

𝑘𝑖𝑗 Element of the lattice curvature tensor  

𝜶 Nye dislocation tensor 

𝛿𝑖𝑗 Element of the small deviation tensor 

g𝑖𝑗 Element of the lattice orientation tensor 

∆∅,𝑙 Lattice orientation gradient 

𝜌𝐺𝑁𝐷 GND density  

3.1 Introduction 

The stability of plastic deformation in a given metal or alloy, which is determined by 

physical, mechanical, and material/microstructural factors, has been the subject of numerous 

research studies [1-17].  Shear bands have been reported to occur in a variety of metals and alloys 

such as aluminum alloys, brass, steels, and titanium alloys. Moreover, shear bands have been 

considered failure indicators since experiments indicate that large plastic deformation involves 

shear localization, void nucleation, void growth, and coalescence leading to ultimate failure. It has 

been known for many years that shear localization is a dominant mechanism for plastic 
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deformation in structural materials at high strains and high-strain-rate conditions and has always 

been considered as a precursor of catastrophic failure [18-20]; however their origin, evolution, and 

role during plastic deformation are still not well understood nor predictably modeled.  

While the shear behavior of titanium and its alloys continues to receive considerable 

attention owing to the significant influence shear localization has on the response of these materials 

in applications ranging from aerospace applications associated with crash-worthiness and foreign 

object damage (FOD), to military platforms required for ballistic protection, to rapid 

manufacturing processes such as forming and machining, the majority of the material 

characterization studies remain largely qualitative in nature.  To overcome the limitations due to 

shear localization, more quantitative data on shear banding and shear location is required to 

develop and validate physically based constitutive models for titanium alloys that incorporate 

concurrent influences of temperature, strain rate, strain, and microstructural features such as 

texture, both crystallographic and morphological.  One specific feature of interest toward 

understanding the plastic strain evolution in shear bands is to document the evolution of dislocation 

structures and their densities and relate them to variations in local work-hardening behavior. 

Previous studies into shear localization in titanium alloys [17, 21-32] have examined the 

propensity for shear localization at the continuum level.  A subset of these studies have focused on 

probing the influence of crystallographic texture and how texture may play a role in promoting or 

mitigating the susceptibility of titanium alloys to localization [21, 23, 33-36].  Texture can 

influence the relative orientation of grains for slip versus twinning, as well as the work-hardening 

capacity of individual grains relative to one another, as well as their propensity for thermal 

softening [33].  For example in the work of Salem and Semiatin [33], annealed CP-titanium 

exhibited a higher susceptibility for shear banding in the rolled plate direction compared to the 
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transverse direction, attributed to easy slip along prismatic planes, but quantitative validation of 

these effects is still lacking. 

One problem that has hindered the fundamental understanding of the shear banding 

phenomenon is the difficulty of comparing results obtained from various different types of shear 

loading experiments that have been developed, because shear bands have been observed to most 

often nucleate from geometrical defects rather than microstructural defects.  

With the advent of electron backscattered diffraction (EBSD), it is now possible to probe 

the evolution of deformation in terms of: initial grain textures, grain crystal rotations, and 

quantification of deformation in terms of geometrically necessary dislocations (GNDs) that are 

associated with lattice curvature.  This latter aspect has been discussed in more general terms by 

Brewer et al., [37], Field et al., [38], Ruggles et al., [39] and Calcagnotto et al., [40].  These studies 

demonstrate the ability and methodology to extract quantitative geometrically necessary 

dislocation (GND) densities from the lattice curvature as determined by EBSD within deformed 

samples.  However, in each of these studies, the plastic deformation was limited to axial 

deformation and the extent of the deformation limited to less than 20% plastic strain.   

One of the major challenges of shear banding studies, as it related to examining texture 

influences, is the control of the shear localization relative to the crystallographic texture that may 

exist in the material.  The recent development of the compact-forced-simple-shear (CFSS) [41] 

now allows systematic variation of the formation of shear bands to be directly related to sample 

orientation effects, such as crystallographic or morphological grain textures.  The primary 

objective of this paper is to employ the use of the CFSS sample to examine the effect of texture in 

CP-Ti and then utilize measurements of geometrically necessary dislocations (GNDs) derived 

from analysis of electron backscattered diffraction (EBSD) patterns to provide quantitative 
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assessment of the shear banding behavior difference as they relate to the differences in texture.  

The shear response is shown to be strongly dependent on crystallographic texture.  Within the shear 

localization regions, the plastic shear strain can easily exceed 1, and because of the shear 

deformation mode, grain lattice curvatures approaching the shear band center can be very large.  

However, as will be demonstrated herein, with well-prepared samples for EBSD analysis, it is 

possible to obtain EBSD patterns from very close to the shear band centerlines, determine the 

lattice curvatures involved as a function of the microstructure orientation, and thus quantify the 

extracted GND densities to differences in the crystallographic texture.  Lastly, by determining 

differences in the GND densities, it is possible to glean details related to local strengthening 

differences, clarify the operative defect generation and storage mechanisms, and provide 

quantitative metrics for modeling of shear localization in ductile materials. 

3.2 Experimental 

3.2.1 Materials  

Electrolytic alpha titanium, supplied by the Alta Group of Johnson Matthey Electronics, 

Inc., Spokane, WA was used in this study.  The starting bar stock material was 38mm x 100mm x 

254mm, and its chemical composition was verified to contain (in wt.%) 360ppm O, 60ppm C, 

10ppm N, 14ppm H, 4ppm Al, 3ppm V, 5ppm Fe, and balance titanium. The rectangular bar stock 

was cross-rolled from 38mm to 12.5mm in multiple passes at room temperature with intermediate 

anneals at 873K for 30 minutes followed by a water quench at the steps of 50% and 75% rolling 

reductions. The material was recrystallized for 4 hours at 873K to yield an average equiaxed grain 

size of ~20µm. Optical microscopy images and the (0002) pole figures showing the 

crystallographic texture of the titanium is given in Fig. 3.1.  The rolling reduction and heat 

treatment schedule produced an in-plane, isotropic, basal texture in the plate with the {0001} basal 
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plane normals oriented nominally 20-35 degrees to the plate normal.   

 

Fig. 3.1: (a) Optical metallography of the high-purity Alta-Ti, and (b) [0002] alpha-phase pole 

figures for the Alta high-purity Ti showing the strong basal texture in the plane of the plate. 

3.2.2 Design of CFSS samples from high purity Ti 

A large range of testing techniques and specimen geometries has been developed over the 

years to assess the shear behavior of metallic materials [42-47]. Some techniques are based on the 

fact that geometrical discontinuities in the specimen contribute to failure initiation (i.e. hat-shaped 

specimen, pure torsion specimen, single- or double-edged specimen [45], punch or fracture 

toughness specimen . Others are based on configurations in which failure stems from material 

behavior (i.e. torsion, multi-axial compression test, cylinder expansion test). In many cases, 

however, a pure shear state cannot be ensured due to bending effects induced by sample geometry 

with respect to the loading fixtures.  

To allow for systematic quantification of the influence of crystallographic anisotropy on 

the shear response of high-purity titanium, the experiments carried-out in this study were 

performed using the compact-forced-simple-shear (CFSS) specimen geometry presented in detail 

in [41]. Fig. 3.2 presents the geometry of the CFSS specimen used for this study. The CFSS 

specimen was chosen due to its adaptability to different testing platforms, which allowed testing 

at both low and high strain-rates. As described in [41], the size of the shear area of the sample is 
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determined so that the maximum force generated in the shear plane does not cause plastic 

deformation of the adjacent shoulder region, allowing mode II in-plane shear. The specimens were 

approximately 5-mm diameter and 9.5-mm long.  

The major advantage of this unique sample design, as described in [41], is that its geometry 

allows systematic quantification of the effect of crystallographic and morphologic anisotropy on 

the shear response and damage evolution in addition to investigation of shear response as a 

function of strain rate, by allowing direct alignment of a planar shearing section in the specimen 

to a direction aligned to the microstructure or texture component.   

 

Fig. 3.2: Schematic of Compact Simple-Shear Sample (CFSS). 

3.2.3 Experimental Details  

The CFSS sample geometry allows the plane of shear to be aligned with specific 

crystallographic directions in anisotropic materials.  For this study, the CFSS samples were 

machined from the high-purity Ti plate with the plane of shear oriented in the through-thickness 
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(TT) and in-plane (IP) orientations of the titanium plate, as shown in Fig. 3.3.  The through-

thickness direction sample is machined along the direction of the {0001} basal plane normal such 

that the shear plane is aligned with the non-basal type of texture whereas the in-plane direction 

sample is machined along the direction of prismatic plane normal. 

Quasi-static compression tests were performed at a nominal axial strain rate of 0.001/sec, 

at an ambient temperature of 20°C, using an electromechanical test frame.  Samples were tested 

until a drop in load was noted as indicated by the load-displacement data. 

 

Fig. 3.3: Orientation of CFSS samples sectioned for shear studies relative to plate and bar stock. 

3.2.4 Metallographic analysis  

Tested specimens were sectioned through the shear zone, along the indicated direction of 

the plate, as shown in the 3D model in Fig. 3.2, and metallographically prepared using 

conventional methods.  Sample preparation consisted of grinding on SiC paper with increasingly 

finer grit, followed by mechanical polishing with 0.3µm alpha alumina slurry and then a mixture 

of 5:1 by volume of 0.04µm colloidal silica and hydrogen peroxide.  Electron backscattered 

diffraction (EBSD) and Light Optical Microscopy (LOM) were utilized to investigate the cross-

sections of the specimens (highlighted in Fig. 3.2).  In preparation for EBSD analysis, the samples 

were chemically polished by immersion in a solution of 6g of sodium hydroxide in 50ml of water 

for 20 seconds, then another 30 seconds in a mixture of 3 drops hydrofluoric acid in 50ml of water.  
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Prior to EBSD analysis for GND calculation, a final attack polish was performed on each 

sample to remove the mechanically deformed surface layer imparted during previous grinding and 

polishing.  The attack polish solution for the Ti sample was 0.05μm colloidal silica containing 15% 

H2O2 and 7.7% Kroll’s Reagent.    

EBSD was conducted using a Bruker’s e-Flash EBSD detector on a FEI Quanta 600 SEM 

at 20kV and working distance of ~15μm.  To determine the angular resolution of the detector, a 

scan of a single crystal germanium sample was run using a step size of 200nm and the 

misorientation distribution was plotted from 0-2°.  The maximum number of occurrences of 

misorientation in this region was taken as the angular resolution of the system.  In addition, step 

size analysis was carried out as detailed in the following section to ascertain the number of pixels 

ideal for our GND calculation.  To ensure that the center of shear band is aligned to the top edge 

of the EBSD scan, the shear crack located at the end of the shear band, was aligned to the edge of 

the field of view, at the specified magnification of 500X, and then the sample is moved horizontally 

to the region of interest.  

3.3 GND density Calculation  

From a standpoint of compatibility of deformation in continuum mechanics, the Nye tensor 

is equal to negative the curl of lattice rotation plus elastic strain, according to Kröner [48]. 

 
𝛼𝑖𝑘 = −𝜖𝑘𝑙𝑗

𝜕𝛽𝑖𝑗
𝑒𝑙

𝜕𝑥𝑙
= −𝜖𝑘𝑙𝑗

𝜕𝜔𝑖𝑗

𝜕𝑥𝑙
− 𝜖𝑘𝑙𝑗

𝜕휀𝑖𝑗
𝑒𝑙

𝜕𝑥𝑙
 

(3.1) 

In this paper, the original Nye’s relation has been adopted and the elastic strain ignored 

[49]; this is an  appropriate assumption given the significant shear strains under investigation in 

the sheared regions.  

 𝛼𝑖𝑘 = 𝑘𝑘𝑖 − 𝛿𝑘𝑖𝑘𝑚𝑚 (3.2) 
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With election backscatter diffraction (EBSD), it is now possible to extract the crystal 

orientation pixel by pixel from a deformed material, which leads to development of EBSD-based 

GND calculations from lattice orientation gradients.  Since EBSD is a 2D surface technique, lattice 

rotation gradients in the out of plane direction are assumed to vanish [50, 51]. Some authors 

proposed alternative methods involving only the experimentally determined terms [52-54], where 

five directly measurable terms of the Nye tensor α12 , α13 , α21 , α23 , α33  and a difference term 

α11 − α22 are considered [54].  

For the Nye relation to be applied in the EBSD technique, the lattice orientation gradients 

are calculated based on the misorientation matrix ∆∅, which is a rotation tensor that orients the 

reference point orientation g𝑨   to a point of interest with the orientation matrix g𝑩  (i.e. ∆∅ =

g𝑩g𝑨
−𝟏). The lattice orientation gradients ∆∅,𝑙 in this case, are related to the  ∆∅ according to Eq. 

(3.3), in which dl is the step size in the direction l. 

 
∆∅,𝑙 =

∆∅ − 𝐈

𝑑𝑙
 

(3.3) 

 

 
𝛼𝑖𝑘 = −𝜖𝑘𝑙𝑗

𝜕𝛽𝑖𝑗
𝑒𝑙

𝜕𝑥𝑙
≈ −𝜖𝑘𝑙𝑗∆∅𝑖𝑗,𝑙 

(3.4) 

 

For a hexagonal-close-packed crystal, the minimum misorientation or the disorientation 

angle |∆∅| can be calculated by applying 12 symmetry operators to the lattice orientation of two 

adjacent points of interest; the maximum misorientation in a hexagonal-close-packed crystal is 

93.84° [55], which could be used equivalently to determine the unique solution of misorientation 

that lies within the fundamental zone.  Methods used for extracting the disorientation and lattice 

orientation gradients ∆∅,𝑙 in this paper are similar to Demir et al. [50]. 

To relate the geometric configuration of dislocations to dislocation density tensor, Frank’s 
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loop construction of dislocation is used, where 𝑙 is the dislocation line vector, and slip direction is 

𝑏: 

 

𝛼𝑖𝑗 = ∑𝜌𝐺𝑁𝐷
𝑛 𝑏𝑖

𝑛𝑙𝑗
𝑛

𝑁

n=1

 

(3.5) 

For titanium (N = 33), 3 <a> screw 〈112̅0〉, 3 <a> edge on basal planes {0001}〈112̅0〉, 3 

<a> edge on prismatic planes {101̅0}〈112̅0〉 , 6 <a> edge on 1st order pyramidal planes 

{101̅1}〈112̅0〉 , 6 <c+a> screw 〈112̅3〉  and 12 <c+a> edge on 1st order pyramidal planes 

{101̅1}〈112̅3〉 are believed to be the slip modes present according to Jones and Hutchinson [56]. 

In this crystal orientation based GND framework, readiness of activation for each individual type 

of slip due to electronic interaction of atoms will not be concerned [57, 58], since only the residual 

dislocation networks that has geometric consequence is being measured via an EBSD scan. 

Nevertheless, the adopted energy minimization scheme should be able to provide a reasonable 

criterion for resolving the <a> and <c+a> type dislocations [52, 59].  A schematic diagram is shown 

in Fig. 3.4 to help visualise the slip modes in the HCP crystal structure.  
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Fig. 3.4: Different slip modes present in HCP titanium <a> type <112̅0> slip on basal plane {0001}, 

prismatic plane {101̅0}, pyramidal plane {101̅1} and <c+a> type <112̅3> slip on pyramidal plane 

{101̅1}, plotted with VESTA [72] where the black box is one unit cell of the corresponding crystal 

structure. 

In total, there are 33 types of geometric configurations of dislocations (66 if we consider 

the negative sign dislocations) for titanium.  However, there are only six equations that form a set 

of underdetermined system with 33 unknowns {Eq. (3.6)}. Exact solution is possible when one or 

two active slip systems are present [60]. L1 energy minimization scheme [52] was used here to 

solve for the dislocation density vector including both negative and positive sign dislocations, 

utilizing the Optimization toolbox in Matlab (http://www.mathworks.com/).  
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(3.6) 

In addition, prior to running the EBSD scan used for GND calculation, a step size analysis 

from 100nm to 1μm was carried out following a systematic approach of step size analysis as 

detailed in a paper by Jiang et al. [61].  A step size of around 300nm has been chosen for this 



78 

 

analysis following a standardised route based on how much time and resources are available to 

spend on computation, while maximizing accuracy of the measurement.  At this step size, the lower 

bound of the total GND density (i.e. the noise floor) was determined to be around 5.0 × 109 per 

cm2 for this set of EBSD equipment with angular resolution of about 0.4°, according to Wilkinson 

et al. [62].   

3.4 Line-averaged GND density profile (for simple shear experiment) 

As will be shown in our EBSD scans, the shear process is accompanied by a large degree 

of lattice rotation, the GND density associated with lattice rotation gradients would supposedly 

decrease away from the center of shear band.  Depending on the type of anisotropy for simple 

shear, e.g. crystallographic, the GND density distribution would be expected to differ.  More 

specifically, the anisotropy of the HCP crystal structure will manifest itself as differences in the 

GND density, in which the shear in the more favourable slip systems will impart a lower GND 

density as a result of lower misorientation angle evolution. 

Single line profiles that are taken from a GND map as a function of distance away from 

the center of shear band (y) readily picks up specific local variations in the GND density and 

neglects the overall global variation with respect to crystallographic anisotropy.  This suggests a 

more statistically robust approach, which essentially involves taking all the line profiles possible 

at every y (normal to the direction of the shear band) and averaging them out in the x direction (in 

the direction of shear band) [63].  In producing plots that present smooth data for interpretation, 

original data is post-processed by the smooth function in Matlab with a span of 10%. The residuals 

are also plotted to indicate the deviation of the smoothed data from the original data. The statistical 

reliability of the approach is also dependent on how many available GND data points are used in 

the direction of shear for generation of the line average GND profiles.  Clearly, the more pixels we 
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have for each row of GND averaging, the more reliable the result.  

3.5 Results and Discussion 

3.5.1 Mechanical response of the materials 

The load-displacement curves for the high-purity Ti quasi-statically loaded samples are 

shown in Fig. 3.5.  The load-displacement responses of the high-purity Ti tested in shear differ 

substantially consistent with the large differences in the yield stresses of high-purity Ti [64] 

previously documented in the literature between in-plane and through-thickness orientations.  The 

high-purity Ti displays a significant difference in its shear response between the TT and IP 

directions consistent with the strong basal texture of the material [65], making the TT direction the 

higher flow stress direction. Shear loading in both the TT and IP directions for the high-purity Ti 

displayed significant strain hardening, more than a factor of 2 increase in load carrying capacity 

after yield, with the hardening rate higher in the TT sample, as indicated in Fig. 3.5.  Recorded 

peak loads in these specimens during quasi-static tests for the high-purity IP and TT directions 

were 520N and 850N, respectively.  In addition, the IP direction specimen recorded a 0.8-mm 

displacement at load drop, compared to 0.55-mm for the TT direction.  The documented slip modes 

in Ti  in order of ease of operation, are: <a> on the prismatic planes, <a> on the basal planes and 

<c+a> on the  pyramidal planes [66]. The Schmid factors applied to these slip systems, upon 

altering the macroscopic loading direction relative to the starting texture, have a large effect on: a) 

the stress levels necessary to activate slip, b) the trade-offs between slip and twinning deformation 

modes to accommodate the applied stresses, and c) the overall strain-hardening rate in Ti due to 

the number and specific slip and twinning systems activated.  Compressive shear loading in the 

TT plate direction results in relatively unfavorable Schmid factors for all <a> type slip systems, 

especially the easiest <a> prismatic slip, since the <a> slip directions are nearly normal to the 
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loading direction for most grains, see Fig. A3.1 in the Appendix A. Accordingly, deformation in 

this loading orientation will demand higher load to generate resolved shear stress for activation of 

<a> type and <c+a> type slip systems, resulting in higher flow stress levels and favoring 

deformation twinning to accommodate c-axis contraction in Ti, consistent with the maximum load 

values in Fig. 3.5 and metallographic observations.  Conversely, compressive loading applied to 

the IP samples will have Schmid factors favoring activation of <a> type slip on prismatic and 

pyramidal planes rather than basal plane as well as <c+a> type slip on the pyramidal planes (Fig. 

A3.1 in Appendix A), thereby requiring lower flow stresses to initiate and sustain plastic flow.  In 

addition, IP loading of the high-purity Ti will result in a reduced propensity for deformation 

twinning due to the reduced necessity to accommodate c-axis contraction and/or expansion. 

 

Fig. 3.5: Load (N) versus displacement for the Alta (high-purity) Ti under quasi-static loading 

condition. 

The shear strain (γ̅) of the CFSS high-purity samples can be estimated by dividing the 

average shear displacement (u̅) with the shear band’s width (w). From the optical micrographs in 

Fig. 3.6, it can be seen that there are errors associated with making estimates of both the shear-
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band widths and average shear displacement, yielding errors ranging from 5% to 10% for the 

computed shear strain.  Table 3.1 summarizes measurements and calculations of shear strains for 

the IP and TT Ti shear samples.  As shown in Table 1, CFSS samples undergo severe plastic shear 

deformation, where the highest shear strain approaches 1.2.  Nevertheless, the following sections 

will show that reasonably good EBSD scans for GND analysis could still be obtained.  

Table 3.1: Estimate of shear strain (�̅�) and error (𝛔�̅�) of the CFSS samples of high -titanium from 

average shear displacement (�̅�) and shear band’s width (w). 

 

3.5.2 Shear Damage Evolution – Post Mortem Optical Microscopy 

Light optical micrographs of the sheared cross-sections of the CFSS samples of the high-

purity Ti following quasi-static testing are shown in Fig. 3.6.  As presented in Fig. 3.6, the high-

purity Ti in the IP direction displayed substantial diffuse plasticity and significant displacement of 

the sheared volume in line with the modestly large overall sample displacement.  The TT direction 

for the high-purity Ti, which is the “hard” crystallographic direction at approximately 20-35 

degrees off the c-axis, also displayed extensive plasticity in the shearing region.  In addition, at the 

point of the load drop when testing was stopped, a slightly increased number of voids and 

interconnected cracking is seen within the shearing zone. 

  w (μm) u̅ (μm) γ̅ σγ̅ 

High-purity Ti IP 314 390 1.24 0.09 

TT 428 312 0.73 0.04 
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Fig. 3.6: Light optical images of quasi-statically tested CFSS samples showing shear band regions. 

3.5.3 GND Density Calculation-Crystallographic anisotropy  

The observation here of differences in the extent of the plastic shear zone between the IP 

and TT sample orientations must be due to differences in the evolution of geometrically necessary 

dislocations (GND) versus statistically stored dislocations (SSD).  Shear in orientations aligned 

parallel to favorable slip systems (IP samples) will result in fewer geometrically necessary 

dislocations (related to the lower misorientation angle evolution in grains), while less favorably 
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oriented slip systems (TT samples) will necessitate the evolution of a higher density of 

geometrically necessary dislocations (i.e. more grain curvature).  By contrast, differences in flow 

stress levels are responsible for the differences in the extent of the plastic zone away from the shear 

band center.  A higher initial flow stress results in attaining the saturation stress more rapidly within 

the shear band.  Once the saturation stress is achieved within the shear band and intense 

localization begins, no additional plasticity occurs away from the shear band center, as all flow 

becomes localized in the saturated stress region.  As such, one would expect the statistically stored 

dislocation density to extend over a wider region adjacent to the shear band in lower strength 

materials, while the density of geometrically necessary dislocations will scale with the relative 

misorientation of the shear plane with respect to the easy slip system orientations.  In the following 

section, GND density evolution is examined with specific focus on the significant difference in 

mechanical responses due to initial texture of the material.  

As previously reported by many other studies conducted on titanium alloys, initial 

crystallographic texture of Ti-based alloys leads to different deformation response for the materials, 

i.e. crystallographic anisotropy [23, 67-69].  For a quantitative analysis of the effect of 

crystallographic anisotropy in terms of geometrically necessary dislocations, the line average GND 

density profiles and grain average GND density plotted in orientation space have been produced 

in Fig. 3.7 and Fig. 3.8 to glean information about GND evolution starting from the center of the 

shear band to adjacent less deformed regions and the influence of crystal orientation of a grain on 

GND generation.  

The cross section of the in-plane (IP) pure titanium sample that was machined in the rolling 

direction displays an apparent {0001} basal texture, see Fig. 3.7.  This type of basal texture pre-

disposes the easy <a> type slip mode on the prismatic and pyramidal planes, i.e. ‘soft mode’ to 
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deformation, which results in lower flow stresses during shearing.  However, the cross section of 

the through-thickness (TT) sample cut transverse to the rolling direction, as shown in Fig. 3.7, 

shows some non-basal texture in {101̅0 } and {112̅0 }.  Consequently, the orientations of the 

crystals for TT sample lead to unfavorable <a> type slips to be activated during plastic deformation, 

i.e. ‘hard mode’ [23]. Notice that deformation twining is also present in both of the pure Ti samples 

because twinning is thought to be an active mechanism to accommodate strain once large enough 

stresses are operative on the twinning system [70]. 

 

Fig. 3.7: High-purity titanium with shear zone aligned in in-plane and through-thickness direction. 

Rows: 1st, in-plane (IP) sample; 2nd, through-thickness (TT) sample.  Column: 1st, EBSD image 

with selected example region showing the GND density map plotted with MTEX (Scale bar: 

100μm) [73]; 2nd, Total GND density map of the selected region (unit: 1/cm2) with 20μm scale bar; 

3rd, GND density map of <a> type dislocations (unit: 1/cm2) with 20μm scale bar; 4th, GND density 

map of <c+a> type dislocations (unit: 1/cm2) with 20 μm scale bar. 

The distribution of GND is subjected to multiple factors such as ease of operation for slip 

systems, Schmid factors, neighbouring grain interactions and geometric constraints.  Fig. 3.7 
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shows an area selected for the GND density calculation for each of the IP and TT samples.  It can 

be seen that the GND maps for Hough based EBSD is poor in resolving fine dislocation structures, 

after applying the noise floor and misorientation filtering schemes.  The dark blue pixels on the 

map reflect absence in data points due to either the pattern degradation or data filtering.  Despite 

the resolution limit, some regions of GND “cold pockets” (areas of low dislocation density) and 

GND ‘hot spots’ are found.  In general, the <a> type GND density maps show overall higher in 

order of magnitude.  Moreover, some GND “hotspots” are clearly seen, most commonly at triple 

junctions.  This is consistent with the added compatibility constraints at grain triple points.  

To demonstrate the effect of crystallographic orientation on GND density, a new method is 

presented; see Fig. 3.8, in which grain average GND density is plotted against the grain average 

orientation.  The analysis is based on the assumption that shear related grain orientation changes 

associated with the generation of GND will not significantly alter the grain average orientation, 

which is reasonable based on the EBSD images in Fig. 3.8.  It is found that the grain average 

orientation for the IP direction is more random than for the TT direction.  The IP direction in Fig. 

3.8 consists of: (a) grains oriented mainly with the easy slip plane orientation to the shear direction 

(blue) that favours the <a> type slip, (b) a few ‘hard’ mode grains (red) favouring the <c+a> type 

slip, and (c) several grains in the transition state from ‘soft’ to ‘hard’ mode (green).  The 

dependence of the total GND density in terms of the three Euler angles (𝜑1, Φ, 𝜑2) for the IP 

direction is plotted in Fig. 3.8.  It is clear how rapidly the order of magnitude of total GND density 

increases linearly as the Euler angle Φ increases, whereas the dependence on the Euler angles, 

𝜑1 and 𝜑2 is relatively weak.  For the same relative amount of increase in GND density, the change 

in Φ is around 30°, but the change in 𝜑1 𝑜𝑟 𝜑2 is at least 100.  In other words, the rate of change 

of total GND density with respect to Φ angle is almost three times greater than the other two Euler 
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angles 𝜑1and 𝜑2.  Therefore, it can be concluded that the change of GND density variation due to 

crystallographic texture is mainly derived from the difference in the Euler angle Φ  for HCP 

structured titanium.  This is in agreement with expectation since at low Φ angles, the favorable <a> 

type slip will produce lower misorientation angle evolution, whereas <c+a> type slip operated at 

higher Φ angles requires a larger amount of GND to maintain the compatibility constraints, as for 

example, in the TT direction.  

 

Fig. 3.8: Effect of grain average orientation on grain average GND density (log10 scale, unit: 

1/cm2). Row: 1st, grain average GND plotted with respect to three Euler angles (𝜑1, Φ, 𝜑2) defining 

the mean orientation of the grain for in-plane high-purity Ti sample; 2nd, grain average GND 

plotted with respect to three Euler angles (𝜑1, Φ, 𝜑2) defining the mean orientation of the grain for 

through-thickness high-purity Ti sample.  Column: 1st, 3D scatter plots of the grain average GND 

density in the Euler angles’ space; plots of grain average GND density with respect to Euler angles 

(2nd) 𝜑1 (3rd) Φ and (4th) 𝜑2 for in-plane (top row) and through-thickness (bottom row) high-purity 

titanium samples, respectively. 

Fig. 3.9 shows the statistical reliability of the line average GND density profile approach.  

The distortion of the crystals is not significant enough to result in degraded patterns near the shear 

band.  A large number of fragments of grains near the shear bands were clearly indexed via EBSD.  

Near the centerline of the shear band, at y=0, the number of GND pixels decreases by an order of 

magnitude because of pattern degradation associated with severe plastic shear strain.  The 
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pronounced variation of data points near the center of shear bands also suggest that the line average 

GND density measurements would suffer from fluctuation.  As the number of pixels is generally 

lower in the TT sample near the shear band compared with the IP sample, it is expected that a 

higher GND density exists near the shear band for the TT sample.  Moreover, it can be seen that 

the number of GND data points for TT and IP samples converge at a distance further away from 

the shear band, which implies that the discrepancy in GND would be reduced moving into the less 

deformed region.  Histograms of the <a> and <c+a> type GNDs are plotted for bot IP (blue) and 

TT (red) samples in Fig. 3.10.  In both samples, <a> type GND distributions in Fig. 3.10 (top row) 

are lying in the higher density regions compared with <c+a> type GND distributions in Fig. 3.10 

(bottom row), particularly in the TT sample when higher flow stress activates much more <a> type 

slip systems to operate.  In addition, the distributions of <a> type for both samples are symmetric 

and is weak in variation (σ=0.3), whereas the <c+a> type distributions are skewed towards the 

higher density end and possess more statistical variations (σ=0.5), covering a wide range of order 

of magnitude. It is clear from the mean values of the distribution plots that the <a> type GND 

density is higher in the TT sample (µ=10.3) than the IP sample (µ=10.1) whereas the density of 

<c+a> type GNDs are the same. 
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Fig. 3.9: Number of available GND data points for line average GND density analysis in the y 

direction: blue circle is for the through-thickness high-purity Ti sample; green circle is for in-plane 

high-purity Ti sample. 

 

Fig. 3.10: Histograms plots for order of magnitude of <a> (top row) and <c+a> (bottom row) type 

GNDs in through-thickness (red) and in-plane (blue) samples. 

Fig. 3.11 (top row) shows the direct comparison of the line average GND density profiles 
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for the TT and IP samples. All line average GND density profiles decline from center of shear band 

into the undeformed material, consistent with Ashby’s theory [71]. More specifically, the <a> type 

GND is shown to decline more rapidly than the <c+a> type of GND, meaning that the <a> type 

GNDs are more responsive to the change in the amount of simple shear deformation and more 

responsible to the hardening phenomena in titanium.  From the center of the shear band to about 

230µm, the TT sample has a higher total GND density than the IP sample, consistent with the 

results presented in Fig. 3.9. In addition, differences in the line average total GND density profiles 

decreases as expected near the less deformed region as plastic shear strain diminishes away from 

shear band’s center. From Fig. 3.11, it can be seen that TT sample’s lattice rotation during simple 

shear produces higher <a> type GND density profile than for the IP sample because a higher flow 

stress is achieved in TT sample to activate more <a> type slip. In comparison, although initially 

all <a> type slip in the TT sample are difficult to activate, and <c+a> type slip alone is insufficient 

to accommodate simple shear deformation, sufficiently large resolved shear stresses are later 

generated to activate the <a> type slips. The increase in strength in the TT sample, however, does 

not result in significant increase in <c+a> type GNDs residuals in the lattice, potentially because 

the lattice curvature in the simple shear for TT sample requires the same amount of <c+a> type 

GNDs than IP sample to retain compatibility.   The line average GND density profiles have also 

been plotted by a matlab smoothing function in Fig. 3.11 (middle row), including the difference 

between the original data and the smoothed data i.e. residuals in Fig. 3.11 (bottom row). It can be 

seen that majority of the residuals of the smoothing function lie within the -0.05 to 0.05 range 

except at distances close to the center of shear band where the fluctuation in the original data, 

where pattern degradation imposes more noise on the smoothed data. Overall, the residual plots 

provide confidence in the interpretation of the results in this paper. All these observations suggest 
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that shearing of the TT sample requires a higher flow stress than does the IP sample in order to 

generate enough <a> slip systems to accommodate the lattice curvature whereas the density of 

<c+a> type GND is less affected by the initial crystallographic texture. 

 

Fig. 3.11: Comparison of line average GND density as a function of distance away from the center 

of shear band for (left) total GND density, (middle) <a> type GND density and (right) <c+a> type 

GND density for in-plane and through-thickness high-purity Ti samples (log10 scale, unit: 1/cm2). 

3.6 Conclusions 

The influence of crystallographic anisotropy on the shear response of high-purity 

polycrystalline titanium was studied using the compact forced-simple-shear specimen (CFSS) 

loaded at quasi-static strain rate conditions.  In this paper, a systematic method is presented, based 

on the emerging EBSD technique, to quantitatively analyse the number density of geometrically 
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necessary dislocations associated with simple shear of CFSS samples for high-purity titanium.  

These findings provide insights into the shear responses of crystallographically anisotropic 

engineering materials, and illustrate how the effect of crystallographic anisotropy determines the 

deformation response of high-purity, textured titanium.  Our observations are consistent with 

previous published research on the shear response of materials as well as the theories of dislocation 

generation and storage during plastic deformation.  More specifically, it was observed for shear 

loading in high-purity titanium that: 

• The shear response is strongly dependent on crystallographic texture that can be 

quantified by calculation of the GND density. 

• When slip is restricted in titanium due to texture, the material displays an 

inhomogeneous deformation response, even at low to moderate plastic strains, 

leading to strain localization upon forced shear loading.  The strong basal texture 

in the high-purity Ti is reflected in approximately 50% higher yield strength and 

reduced displacement prior to localization for quasi-static shear loading in the TT 

direction compared to the IP direction.  

• Away from the shear band, the line average GND density, in general, for all types 

of dislocations, was noted to drop, consistent with Ashby’s theory on work 

hardening of materials. The <a> type GNDs drop at a faster rate than the <c+a> 

type GNDs, meaning that the work hardening of titanium due to GNDs is primarily 

due to <a> type GNDs close to shear band.  

• In the high-purity titanium samples, the damage evolution for the in-plane and 

through thickness samples was seen to be generally similar, whereas the lattice 

rotation associated with shear was found to be different near the shear band, with 
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the through thickness sample having a higher overall GND density near the center 

of shear band for <a> type but the density of <c+a> type GNDs are less responsive 

to the initial texture.  

• Order of magnitude of grain average GND density was determined to vary linearly 

with the Euler angle Φ, which is clearly demonstrated in the case of IP sample. 
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Appendix 

 

Fig. A3.1: Schmid factor plots generated by MTEX for through-thickness (bottom row) and in-

plane (top row) under simple shear in the horizontal direction for <a> slip on prismatic (first 

column), basal plane (second column), pyramidal plane (third column) and <c+a> slip on 

pyramidal plane (fourth column)   
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Chapter 4 Dislocation-type evolution in quasi-statically compressed polycrystalline nickel 

 

Abstract 

The nature of dislocation generation as a function of applied plastic strain in quasi-statically 

compressed polycrystalline pure nickel has been studied experimentally at ambient temperature. 

First, to ensure representative datasets of the geometrically-necessary dislocation densities (ρGND)  

associated with non-uniform plastic deformation, measurements over large (several millimeter 

square) areas were made using Hough-based EBSD methods. In addition, the total dislocation 

density (ρT) responsible for the overall work hardening is estimated from the measured flow stress 

based on Taylor’s hardening model. Next, the statistically stored dislocation (SSD) density (ρSSD) 

is calculated by subtracting the GND density from the total dislocation density. The results 

demonstrate that in quasi-statically deformed Ni: i) the measured GND density varies linearly as 

a function of plastic strain in the range between 0.05 to 0.46; although Ashby’s model predicts 

linearity for GND density evolution over entire range of strains, this study does not cover low 

strain states below 0.05; ii) the SSD density increases at a rate much faster than GND density; and 

iii) the SSD density exceeds the GND density at above 0.09 plastic strain.  Both i) and ii) are in 

agreement with Ashby’s prediction, while the magnitudes of GND density (iii) differ from Ashby’s 

model prediction, particularly at large applied strains. Overall, this study enables the interplay of 

GNDs and SSDs in the hardening of nickel to be gleaned in a quantitative sense.  This study 

illustrates that GNDs are the more important for the strength of polycrystalline metals in the early 

stages of work hardening, whereas SSDs contribute more to the strength at larger strains. Over the 

range of strain in this study, work hardening is predominantly through rapid multiplication of SSDs; 

whereas the GND density is initially higher than SSD density at 0.05 probably due to non-linear 
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evolution of GNDs at low strains (<0.05), which will be the subject of future investigation. 

Nomenclature 

 

 

4.1 Introduction 

The generation and storage of defects, such as dislocations, play an important role in work 

hardening of metals and alloys [1-3].  Due to the presence of deformation gradients that arise 

through pile-up of geometrically necessary dislocations (GNDs), work hardening of 

polycrystalline or multi-phase alloys is faster than single crystal or single-phase alloys [4].  Hence, 

𝜷𝒑𝒍 Plastic distortion tensor 

𝜷𝒆𝒍 Elastic distortion tensor 

𝜶 Nye dislocation tensor 

𝑩 Local Burgers vector 

g Lattice orientation tensor 

∆∅ Misorientation matrix 

∆∅,𝒍 Lattice orientation gradient in the direction l 

b Burgers vector for slip 

�̂� Dislocation line vector 

𝜌𝐺𝑁𝐷 Geometrically necessary dislocation density 

𝜌𝑆𝑆𝐷 Statistically stored dislocation density 

𝜌𝑇 Total dislocation density 

 Plastic shear strain 

𝜆𝐺 Average slip distance 

c Empirical coefficient 

G Shear modulus 

𝜏0 Lattice frictional stress 

𝜏 Shear stress 

𝜎𝑓𝑙𝑜𝑤 Flow stress 

�̅� Taylor’s factor 
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these materials are described as being ‘plastically non-homogeneous’ [5].  For instance, 

compressive or tensile tests of polycrystalline samples produces slip on the primary slip system 

within the interior of the grains, whereas the deformation in the near grain boundary regions 

activates secondary slip and produces orientation gradients in terms of lattice rotation [6-8].  Due 

to different numbers of active slip systems or different magnitudes of plastic slip within different 

regions of a grain, geometrically necessary boundaries (GNBs) are formed, which divide the grain 

into cell blocks [7, 9-11].  GNDs can also reduce their free energy through formation of stable low 

angle tilt boundaries, which are free of long-range strains and stresses, if Frank’s formula (1950) 

is satisfied [12, 13]. According to the formulation of Nye (1953), the orientation gradients are 

accommodated through arrays of GNDs, which generate a lattice curvature 𝐾 equivalent to the 

geometrically necessary dislocation density multiplied by the Burgers vector: 𝜌𝐺𝑁𝐷 ∙ 𝑏 [14].  

In contrast, homogeneous deformation (i.e. tensile) of pure high stacking fault (SFE) face 

centered cubic (FCC) single crystal metals, where dislocation slip is dominant, does not produce 

geometrically necessary dislocations, though dislocations do accumulate and contribute to the 

overall work hardening [14, 15].  In this case, these non-geometric dislocations, often present as 

dipoles or multipoles, are called statically stored dislocations (SSDs), and are generated through a 

random mutual trapping process [16]. At small scale, on the order of a few micrometers, SSDs 

organize into heterogeneous mosaic patterns, which consist of dislocation tangles, low-density 

cells and high-density walls (i.e. incidental dislocation boundaries or IDBs) and microbands [11, 

17-20]. Moreover, statistically stored dislocations are generated in both plastically homogeneous 

and non-homogeneous materials during deformation, making an additional contribution to work 

hardening.  In reality, the type of dislocation, either SSD or GND, is a matter of the window size 

of the measurement.  For a small enough window size, every dislocation can be regarded as a GND.  
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The appropriate choice of window size is therefore critical to the determination of an accurate 

GND density.  Jiang et al. [21] point out that a compromise has to be made in order to reduce noise 

from a window size being too small and avoid GNDs being counted as SSDs when the window 

size is too large. The reasonable range of step size for GND density characterization is given by 

Kysar et al. [22]. 

According to Ashby’s dislocation evolution model [3], the contribution of GNDs to 

strength dominates over SSDs in the early stage of work hardening, where the plastic strain is 

small, but SSDs prevail in the later stages where the strain is large.  However, to the knowledge of 

the present authors, no quantitative experimental evidence has been provided so far to support this 

statement, which is likely due to a lack of an experimentally viable and quantitative approach that 

has been developed to estimate the SSD density in the material. Quantitative analysis of SSD 

density remains challenging since the measurement of dislocations requires a large amount of data 

across many grains, as well as the spatial gradient in dislocation density within grains, which can 

be time-consuming and statistically challenging in transmission electron microscopy (TEM)-based 

techniques. Additionally, it is difficult to isolate SSDs from GNDs unless a fast and reliable method 

is available for measuring GND density.  

Fortunately, with recent advances in the development of the EBSD technique, it is now 

possible to automate orientation measurement over large regions of interest at a fast frame rate 

[23-25] and post-process the data to extract the GND density.  This technique probes the orientation 

information from a section/surface of bulk samples at a minimum spatial resolution of 30 nm, 

which is sufficient to resolve details of dislocation cells/dislocation substructure.  For higher 

resolution of the GND density spatial mapping, transmission Kikuchi diffraction [26] or TEM 

based precession electron diffraction [27] are typically used.  The actual step size of EBSD used 
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for GND calculation is typically greater than the spatial resolution, in order to reduce noise in the 

measurement, and less than or equal to the size of the dislocation cells [21].  In addition, the degree 

of pattern binning ranging from 1× 1 to 8× 8 gives relatively constant average GND density, 

meaning that the pattern binning is a way of speeding up the data acquisition without 

compromising the data quality [21].  Due to the nature of EBSD being an in-plane measurement, 

the full Nye tensor is inaccessible if only 2D EBSD measurements are available, and the necessary 

assumption has to be made that the lattice orientation gradients in the out-of-plane direction are 

equal to zero [28].  From the surface misorientation data, the GND density can be calculated using 

the in-plane Nye tensor.  Several methods have been established to obtain the full Nye tensor based 

on 3D EBSD data using FIB serial cross-sectioning [29-31], neutron diffraction or X-ray 

microdiffraction [32, 33].  Such measurements are however critical for quantifying GND density 

in crystallographically or morphologically anisotropic materials [34, 35].  For Hough-based EBSD, 

the noise floor of the calculated GND density is significantly higher compared to HR-EBSD due 

to poor angular resolution [36].  HR-EBSD is also capable of residual stress and strain 

measurement, often relative to a chosen reference point within each grain [37]. For GND density 

measurement, HR-EBSD is a more sensitive technique for small deformations, but the Hough-

based method is in general suitable for large deformation cases.  

These EBSD-based methods are widely used to extract the part of the dislocation density 

associated with non-uniform plastic deformation [30, 34, 35, 38, 39]. They can also be coupled 

with digital image correlation and crystal plasticity finite element, shedding light on many aspects 

of deformation mechanics [40, 41].  The present study provides an opportunity to develop a method 

for determining the SSD density.  First, from Taylor’s work hardening model, it is assumed that 

GNDs and SSDs both contribute equally to flow stress.  Hence, we are able to estimate, given the 
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flow stress, the total dislocation density (ρT) stored in the material due to deformation under quasi-

static loading conditions at ambient temperature.  Second, the average GND density (ρGND) can be 

quantified from EBSD derived orientation data.  The difference between the total dislocation 

density (ρT) and GND density (ρGND) is the SSD density (ρSSD).  It has been shown in this study 

that we could quantify the SSD density for quasi-statically compressed nickel, and that the attained 

value is comparable to the measured SSD density in a similar FCC single crystal pure copper from 

the work of Basinski and Basinski [42]. 

4.2 Experimental  

The original pure nickel sample was sintered from nickel powder through spark plasma 

sintering at 1200°C under a 50 MPa uniaxial load for a 5-minute hold.  Density was determined 

via Archimedes in distilled water and shown to be greater than 99% relative density, and no 

porosity is visible in the microstructure as is evident in Fig. 4.1 (b).  The sample was characterized 

with EBSD to reveal the initial microstructure and texture.  Six cylindrical compression test 

samples were electric discharge machined from the sintered piece of pure nickel with dimensions 

of 3mm (diameter) by 3mm (height).  Five samples were quasi-statically compressed to various 

degrees of deformation using a screw-driven load frame, and their height measured pre- and post- 

compression via a micrometer.  True plastic strain values were calculated from the measured 

change of height in the samples to be approximately 0.05, 0.11, 0.20, 0.33, and 0.46, respectively 

for each sample.  In addition, the corresponding true flow stress was determined based on the 

maximum load and current cross-sectional area of the sample to be 289 MPa, 368 MPa, 524 MPa, 

651 MPa and 679 MPa, respectively. All the samples were thereafter mounted in conductive resin, 

and first mechanically ground to the center of the cross section of the sample, as illustrated in 

Fig.4.1 (a).  Next, the samples were polished with 3µm and 1µm diamond paste and final polished 
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using a vibratory polisher with 0.05µm colloidal silica.  EBSD was conducted on a Thermo-Fisher 

(formerly FEI) Apreo SEM at 20kV equipped with a Symmetry EBSD detector from Oxford 

Instruments at a working distance of ~15mm.  The Oxford Symmetry EBSD detector is a new 

CMOS-based electron backscatter diffraction detector capable of acquiring and indexing greater 

than 3000 patterns per second.    The step size used for the EBSD scan was 500nm to reveal 

dislocation cell structures with no binning (1×1). It has been verified in Fig. 4.12 that 500 nm is a 

reasonable length scale to characterize GND density, which results in a spread of GND data (green) 

between the upper and lower limits [22]. 

 

Fig. 4.1: (a) Schematic diagram showing the mount of the sample with respect to the loading 

direction (blue arrows) and region of interest (red box); (b) optical micrograph of the polished 

surface of nickel following 0.33 plastic strain.   

Fig. 4.2 shows the results of the grain size analysis carried out using the number fraction 

distribution data obtained directly from the Oxford AZtec software.  The frequency distribution 

plot was then fitted with a log-normal distribution and the average grain size, including twins, was 

calculated to be ~30µm.  Typically, grain size determination does not include twins, as the 

geometry of twins skew the grain size distribution to the lower end.  However, what is of interest 

in dislocation evolution studies is not the grain size specifically, but the slip distance for 
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dislocations.  Twin boundaries can restrict the slip distance for dislocations in a similar manner as 

grain boundaries and are therefore included in the size analysis.  As such, for the remainder of this 

study, grain size and slip distance can be used interchangeably.  In other words, slip distance is 

defined as the average spacing incorporating both the twin and grain boundaries. 

 

Fig. 4.2: (a) EBSD image of the undeformed nickel sample plotted with MTEX [58]; (b) Frequency 

distribution of grain size (blue) including twins fitted with log-normal probability distribution 

curve (red). 

4.3 Methodology 

4.3.1 GND Density Calculation Based on Orientation Gradients 

The GND density calculation technique utilizes the Nye tensor, computed from the 

orientation data measured in EBSD.  The Nye tensor contains lattice curvature terms that quantify 

the net dislocation flux through a unit area.  In Fig. 4.3, the surface S enclosed by curve C contains 

three dislocation lines of the same sign piercing through the surface.  
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Fig. 4.3: Schematic of the concept of Nye tensor as dislocation flux through a surface S enclosed by curve 

C (Adapted from [31]). 

Using the Stokes’ theorem, the line integral of the plastic distortion in the closed surface S 

can be related to the surface integral of the Nye tensor to obtain the local Burgers Vector B.  This 

effectively means that the Nye tensor α is a dislocation field tensor.  

 
𝑩 = −∮𝜷𝒑𝒍 𝒅𝒙 = −∯𝒄𝒖𝒓𝒍 𝜷𝒑𝒍𝒅𝑺 = ∯𝒄𝒖𝒓𝒍 𝜷𝒆𝒍𝒅𝑺 = ∯ 𝜶𝒅𝑺 

(4.1) 

 

In order to calculate the Nye tensor, the lattice orientation gradients are computed based on 

the misorientation matrix, ∆∅, i.e. ∆∅ = g𝑩g𝑨
−𝟏.   ∆∅ is a tensor that orients the reference point 

orientation gA to a point of interest with the orientation matrix gB.  The lattice orientation gradients 

∆∅,l are related to ∆∅ according to Eq. (4.2), in which dl is the step size in the direction, l [34]. A 

detailed derivation of Eq. (4.2) is given in Appendix A. Symmetry operators are needed in this case 

to determine the minimum misorientation angle or the disorientation angle |∆∅| in order to find 

the more physically plausible misorientation matrix. 

 
∆∅,l =

∆∅ − I

dl
 

(4.2) 

 

The EBSD technique is employed to measure the lattice orientation gradients and then 



108 

 

populate the Nye tensor using Eq. (4.3).  According to Wheeler et al., the Nye dislocation tensor 

can be represented in different reference frames. Due to small disorientation angles, the error is 

relatively insignificant, see Appendix B. Additionally, the Nye tensor can also be related to various 

configurations of dislocations through the Frank’s loop construction [12], where �̂�  is the 

dislocation line vector (unit vector), and slip direction is the Burgers vector 𝐛 .  This allows 

computation of the dislocation density of screw and edge dislocations separately.  For FCC crystals, 

there are 6 screw and 12 edge dislocation configurations on the <110> {111} slip systems (N=18) 

[38]. 

αik = ϵ𝑗𝑙𝑘
∂βij

el

∂xl
≈ ϵjlk∆∅ij,l 

(4.3) 

𝛼𝑖𝑗 = ∑ 𝜌𝐺𝑁𝐷
𝑛 𝑏𝑖

𝑛𝑙𝑗
𝑛

𝑁

n=1

 

(4.4) 

From Eq. (4.3) and Eq. (4.4), the Nye tensor can be rewritten and vectorized as Eq. 5 for 

the sake of computational simplicity [43].  To solve for the underdetermined system of equations, 

an appropriate minimization scheme must be chosen, for example, the L1 energy minimization 

scheme solves for the dislocation density, i.e. second column of Eq. (4.5), which minimizes the 

total elastic energy stored by the dislocations, while still accommodating the measured lattice 

curvature.  
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4.3.2 GND Density Prediction –Ashby’s Model  

The general form of Ashby’s model for GND density, derived from a three-dimensional 

plate model of a pure polycrystalline or two-phase material is given in Eq. (4.6) [5]. This 

expression implies that work hardening due to the presence of GNDs is inversely related to the 

slip distance.  

 
𝜌𝐺𝑁𝐷 =

1

𝜆𝐺

4𝛾

𝑏
 

(4.6) 

𝜆𝐺 defines the average slip distance of dislocations, i.e. grain size (potentially including 

twins) or phase separation.  In this experiment, the pure nickel sample contains a large fraction of 

twins due to sintering conditions. Therefore, as previously discussed, grain size here is calculated 

to include twin boundaries, which also impede the motion of dislocations, in addition to the grain 

boundaries.  To avoid confusion, the term slip distance is used to more accurately reflect the plastic 

response of the material.  𝛾 is the shear strain in the material, which depends on the specific type 

of active slip system and the grain orientation. For a polycrystalline material, the plastic shear 

strain in Ashby’s model corresponds approximately to 3.06 times the tensile or compressive strain, 

where 3.06 is the Taylor factor [4]. Using this simple conversion, the original x axis (shear strain) 

in Ashby’s paper has been adapted to plastic strain in Fig. 4.4. 
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Fig. 4.4: The predicted GND density and estimated SSD density plotted against plastic strain in 

polycrystalline pure copper   (λG is the slip distance with unit of μm) {Adapted from Ashby [5]}. 

The red dotted arrows points at the predicted plastic strain, at which the SSD density surpasses the 

GND density for the copper. 

 

The average slip distance, 𝜆𝐺 is only dependent on the microstructure of the material. It is 

generally assumed to be independent of the imposed plastic strain for incompressible materials 

like metals. Since 𝜆𝐺 , i.e. slip distance, is equivalent to the grain size for an un-twinned, single 

phase, polycrystalline material, the predicted GND density implies a Hall-Petch type strengthening.  

On the other hand, the slip distance for SSDs, 𝜆𝑠, is significantly greater than 𝜆𝐺 , and is dependent 

on the amount of plastic strain, ranging from 10 μm to 100 μm.  According to Ashby’s model, 

GND density varies linearly with respect to the change in the shear strain, 𝛾, but the SSD density 

increases approximately to the square of shear strain.  For materials with a small slip distance 
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(below 100 μm), GND density initially dominates over SSD density for small plastic strains. As 

plastic strain increases, the slip distance 𝜆𝑠 decreases as work-hardening progresses from Stage I 

to Stage II.  Hence, the density of SSDs increases more dramatically than GNDs, nearly 

proportional to 𝛾2.  At large deformation, the SSDs overwhelm the GNDs at roughly 0.1 plastic 

strain according to Ashby’s prediction for polycrystalline copper, for a slip distance of 

approximately 30μm, see Fig. 4.4.  The yellow region is plotted based on results from Basinski 

and Basinski [42] for single crystal copper.  Since nickel is also an FCC crystal with a lattice 

parameter nominally similar to that of copper, Fig. 4.4 should in theory nominally approximate the 

predicted GND and SSD density for nickel used in this study. 

4.3.3 Taylor’s Hardening Model  

The shear flow stress is related to the dislocation density through Taylor’s dislocation 

model [44]: 

 𝜏 = 𝜏0 + 𝛼𝐺𝒃√𝜌𝑇 ≈ 𝑐𝐺𝒃√𝜌𝐺𝑁𝐷 + 𝜌𝑆𝑆𝐷 (4.7) 

where the friction stress 𝜏0 is the resistance to shear when 𝜌𝑇=0, which is negligibly small 

in an FCC crystal [45-47]. The parameter ‘c’ is the empirical coefficient taken to be ~0.3 [5, 48], 

G is the shear modulus [49] and b is the Burgers vector.  Theoretically, c for FCC crystal varies 

from 0.16 to 1.1 depending on the dislocation type and the type of interaction [48].  However, it is 

almost impossible to systematically verify the exact degree of contribution of different c values, 

which also might evolve as dislocations accumulate. Experimentally, the value of c is determined 

from fitting flow stress and total dislocation density data. In this study, the total dislocation density 

is unknown.  Assuming all the dislocation types and interactions contribute to the hardening listed 

in [48], the theoretical contribution of c is estimated to be around 0.3 as well, despite the wide 

range of variation. The flow stress can then be calculated by multiplying the shear stress by the 
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Taylor factor �̅� (�̅� = 3.06 for FCC crystal), which is an isotropic interpretation of the crystalline 

anisotropy [4]. 

 𝜎𝑓𝑙𝑜𝑤 = �̅�𝜏 = �̅�𝑐𝐺𝒃√𝜌𝑇 (4.8) 

The flow stress can be readily measured during the quasi-static compression test.  Having 

obtained the flow stress, it is possible to calculate the total dislocation density using Eq. (4.9).  

Since the 𝜌𝐺𝑁𝐷 can be estimated from the Nye tensor, an estimate of the 𝜌𝑆𝑆𝐷 can be obtained 

through Eq. (4.10).  

 
𝜌𝑇 =

𝜎𝑓𝑙𝑜𝑤
2

(�̅�𝑐𝐺𝑏)2
 

(4.9) 

 

 𝜌𝑆𝑆𝐷 = 𝜌𝑇 − 𝜌𝐺𝑁𝐷 (4.10) 

4.4 Results 

4.4.1 GND Density of Quasi-Statically Compressed Nickel 

The samples were fabricated to be small so that EBSD scans close to the center of the cross 

section of sample could approximately characterize the global deformation state.  If the sample is 

too large, the EBSD scan is only a small fraction of the cross section, which may reflect only the 

local deformation state (non-ideal material deforms more heterogeneously). The samples were 

made sufficiently small to facilitate characterization of the largest possible area fraction of the 

compressed material close to the center of the cross-sectional area shown in Fig. 4.1 (a), necessary 

to extract the majority of GNDs associated with the plastic deformation at the same magnification 

in the SEM [50].  On the other hand, if the sample is too small, the number of grains may be too 

limited to achieve statistically valid macroscopic deformation conditions.  The EBSD window size 

in the SEM will be limited by the most deformed sample with 0.46 plastic strain in the compression 
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direction, therefore the final dimension of this compressed sample was used to define the EBSD 

scan area for all sample, with each scan region centered within the sample height.  In Fig. 4.5, it 

can be seen that the samples for plastic strains less than 0.2 have been indexed successfully without 

much loss of orientation data.  Above 0.2 plastic strain, the pattern degradation due to deformation 

lowers the fraction of indexed pixels in some regions [51].  Nevertheless, for the most challenging 

case at 0.46 plastic strain, this sample still has a significant fraction of pixels indexed (~85%), 

sufficient to carry out the GND density calculation. The Ni microstructure contains annealing twins 

in the undeformed state, and no evidence of deformation twin activation in the deformed samples, 

so that all of the plastic strain can be logically attributed principally to dislocation motion and 

dislocation density evolution. 

 

Fig. 4.5: EBSD images generated from Oxford AZtec software for undeformed nickel and quasi-

statically compressed nickel samples at room temperature with plastic strains of 0.05, 0.11, 0.20, 

0.33, and 0.46.  The 200µm scale bar applies for all figure segments. 

Following the standard routine for calculating the GND density based on the Nye tensor, it 

is possible to obtain GND density maps that contain valid GND density data.  Several filters have 
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been applied to filter out data: i) below the noise floor of our technique (2.8× 1013  m-2), ii) 

overestimated data points sitting on the grain boundary, and iii) data points with disorientation 

angle below the angular resolution (0.2°) of the instrument.  A detailed explanation of the methods 

used to obtain the noise floor and angular resolution can be found in resource [25].  Following 

previous works on misorientation distribution measurement [52, 53], which describes very similar 

physical quantities, the GND density data have been fitted with a log-normal probability density 

function for each sample to evaluate the geometric mean of GND density for each sample. 

The log-normal probability density function is: 

 
𝑓(𝑥| 𝜇, 𝜎) =

1

𝑥𝜎√2𝜋
exp {

−(𝑙𝑛 𝑥 − 𝜇)2

2𝜎2
} 

(4.11) 

where e𝜇  is the geometric mean and e𝜎  is the geometric standard deviation of the 

distribution. The geometric standard deviation is then used to plot the error bars for the geometric 

mean of measured GND density as a measure of dispersion [54].  The upper limit of the error bar 

is equal to e𝜇+𝜎, which represents the spread of high density GND structures.  The spread of low 

density GND structure is indicated by the lower limit of the error bar e𝜇−𝜎.  From Fig. 4.6, the 

distribution curves start at roughly the same position.  It is not surprising to see that the distribution 

curves shift to higher dislocation densities with increasing plastic strain values and spreads out as 

the degree of deformation increases the heterogeneity and magnitude of the GND density.  Hence, 

the geometric mean and geometric standard deviation of the GND density both increase with 

increasing degree of deformation. This agrees well with actual GND density data fitted with 

lognormal curves in Appendix C. A comparison of the geometric mean value of measured GND 

density with the predicted result from Ashby’s model, shows that they are in good agreement at 

lower strains, but differ at higher strains. This is demonstrated by the increasing ratio between the 

GND density predicted by Ashby to the GND density measured by EBSD [3] at increasing strain 
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in Fig. 4.7 (a).  Fig. 4.7 (b) shows the measured GND density, represented by the blue line, which 

varies almost linearly with plastic strain, as does the Ashby’s model prediction of GNDs 

represented by the green line.  The magnitude of predicted GND density is within the range of the 

measured GND density’s error bars, but in general slightly higher compared to the measured data.   

This does not mean that the measured GND density agrees with Ashby’s model between 0 to 0.05 

strain, which is outside the fitted range in this study. Interpolation of the measured GND density 

data does not intercept with the origin like Ashby’s model prediction, which suggests a rapid 

multiplication of GNDs below 0.05 strain. Moreover, unlike the predicted result, which 

monotonically increases with plastic strain, the measured GND density will gradually plateau at 

higher strain values (>0.5), because significant lattice distortion degrades the pattern quality [51] 

and eventually results in grain fragmentation.  

 

Fig. 4.6: Log-normal probability distribution of GND density for increasing compressive plastic 

strain 0.05, 0.11, 0.20, 0.33, and 0.46 for nickel samples. 
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Fig. 4.7: (a) Ratio of predicted and measured GND density as a function of plastic strain, and (b) 

Measured GND density using EBSD based method plotted in blue line and predicted GND density 

according to Ashby’s model plotted in green line with respect to plastic strain.  The error bars 

plotted on the measured EBSD GND data are defined in the text. 

 

4.4.2 Estimated Total Dislocation Density and Statistically Stored Dislocation Density 

During the compression of the nickel samples, the value of flow stress increases from 289 

MPa to 679 MPa with increasing plastic strain due to work hardening.  The measurement 

uncertainties associated with flow stress and plastic strain are below 1% and 0.5%, respectively; 

error bars are therefore not included in the plot.  The flow stress corresponding to each plastic 

strain is determined by dividing the maximum load from the load-displacement curve by the 

current cross-sectional area of the compressed sample. The flow stress is plotted in Fig. 4.8(a), 

showing significant work hardening at higher plastic strains and characteristic parabolic shape.  

Using Taylor’s hardening model, it is straight-forward to estimate the total dislocation density 

responsible for the hardening of the material (assumes 𝜆𝐺=30 μm for the current nickel material), 

plotted in Fig. 4.8(b).  The total dislocation density present increases from ~2.36× 1014  to 

~1.3× 1015 m-2 as the imposed strain increases from 0.05 to 0.46, consistent with the higher flow 
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stress required to deform it.  The uncertainty of the calculated total dislocation density is around 

2%. However, this uncertainty is based on the unknown error for c in the Taylor’s hardening work. 

More work is needed to systematically evaluate the value for c in order to understand the exact 

contribution of different dislocation types and interactions, which will provide foundation for a 

more realistic estimate of the error of total dislocation density.   

 

Fig. 4.8: (a) Compressive flow stress for maintaining the plasticity at different plastic strain for 

quasi-statically compressed pure nickel; (b) Total dislocation density estimated based on Taylor’s 

hardening model and plotted against the corresponding plastic strains. 

The estimated total dislocation density can be plotted together with the measured GND 

density, see Fig. 4.9 (dislocation density data is listed in Table 2 in the Appendix C).  At 0.05 plastic 

strain, the GND density and the total dislocation density are of the same magnitude. However, the 

difference between the two, starts to become notable at higher plastic strains.  This suggests that 

the primary contributor to strength of nickel is initially the geometrically necessary dislocations at 

small strains, concentrating near hot spots such as grain boundaries and particularly triple junctions 

as shown in Fig. 4.10(b, d, f). The GND distribution is illustrated in Fig. 4.9, Stage I.  As the plastic 

strain increases, GND content increases steadily in hot spots and form GNDs that divide the grain 

into differently oriented sub-structures i.e. kink bands as shown Fig. 4.10(h) and transit into the 
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similarly oriented neighboring grain.  At the same time, the fraction of statistically stored 

dislocations increases considerably from ~8.37× 1013 to ~9.27× 1014 m-2 to form dislocation cell 

microstructures and eventually outnumbers the GNDs, see Fig. 4.9 for Stage II and Stage III.  The 

difference of the total dislocation density and GND density is an estimate of the SSD density, 

which is plotted as the red curve in Fig. 4.9.  The distribution of SSDs in Fig. 4.9 are plotted based 

on the estimated density as well as knowledge of them being formed randomly into cell structures 

at higher plastic strains.  Further investigation suggests that the SSD density outnumbers GND 

density at approx. 0.09 plastic strain; SSDs becomes the primary contributor above 0.09 plastic 

strain (for 𝜆𝐺=30 μm).  In Fig. 4.9, it can also be found that the SSD density is heavily dependent 

on the degree of deformation with a faster rate of change as a function of plastic strain, whereas 

GND density is weakly dependent on the deformation history as indicated by the flat green line.  

This result is in accordance with Ashby’s prediction that SSD density varies nearly proportional to 

shear strain squared, but the GND density is linearly proportional to shear strain, therefore the 

GNDs will eventually be outnumbered by SSDs at higher plastic strains. The reason why GND 

density is higher initially is maybe due to rapid non-linear evolution of GNDs from unstrained 

state, therefore the validity of the Ashby’s model at low strains is still unclear and is likely to be 

inaccurate. GND density calculation on a fully annealed sample using Hough based EBSD results 

in large fraction of pixel near and below the noise floor, which implies a statistical average at least 

near or below the noise floor. However, data points below the noise floor are routinely removed to 

eliminate the measurement noise, which will significantly bias the GND density data distribution. 

Statistically robust analysis of unstrained sample is subject to future work using HR-EBSD.  
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Fig. 4.9: Estimated total dislocation density from Taylor’s model (blue), EBSD measured GND 

density (green) and, the difference of the two, the estimated SSD density (red), plotted with respect 

to corresponding plastic strains. Schematic diagrams of three stages of work hardening are plotted 

assuming the morphology of grains stay unchanged for illustration purpose, where the black ⊥ 

represents GND and each pair of blue and red ⊥ represent SSDs. 
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Fig. 4.10: (a), (c) and (e) are cropped EBSD images for 0.05 plastic strain sample and (g) is a 

selected area from 0.1 plastic strain sample; Examples of GND hot spots are found (b) near triple 

junction, (d) twin boundary, (f) across the thin tip of a grain and (h) kink band transition across 

grain boundary. Black bar is a 10µm scale bar. 

4.5 Discussion 

The Hough based EBSD technique has been proven to be a reliable method to extract GND 

density by many previous studies [30, 34, 35, 38, 39].  In this study, the measured GND density is 

comparable to Ashby’s model prediction in Fig. 4.7(b), being linearly dependent on the plastic 

strain within the range between 0.05 to 0.46.  However, the differences are greatest at larger strains 

because Ashby’s model is based on a simplified, homogeneous description of plastic deformation 

within materials.  The nickel sample used in this study contains annealing twins and a 
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heterogeneous grain size distribution, which leads to a broad spectrum of GND networks.  In other 

words, the prediction made by Ashby for GND density, assuming GNDs are predominantly present 

along the grain boundaries, could serve as an estimate for the high density GND networks 

measured in EBSD.  Nevertheless, Ashby’s prediction does not accurately capture the low-density 

structures, which reduces the geometric mean of measured GND density at higher plastic strains.  

Work done by Jiang et al. [47] shows that the average GND density does vary with D-1 (D is the 

grain diameter) due to grain boundary hardening, but only at small strains (below 0.06), in 

agreement with the ledge dislocation originated from the grain boundaries by Li et al. [55].  Values 

predicted from Ashby’s model may not be valid for high strain samples.  Physically, the breakdown 

of Ashby’s model at higher strains could be attributed to the change in the aspect ratio of grains 

due to deformation, which could affect the value of ‘actual’ slip distance or potentially storage of 

energy due to configurational substructure evolution in the material over increasing random 

dislocation tangles [11, 18, 19].  Moreover, complex dislocation interactions with the deformed 

microstructure and other existing dislocations could also significantly influence the formation of 

GNDs, which is not included in Ashby’s model.  Modification of Ashby’s original model is 

required in order to adapt it to more realistic microstructures, their evolution with increasing plastic 

strain, and higher strain scenarios. Future study is also required to investigate the evolution of 

GNDs at extremely low strain between 0 to 0.05 with advanced technique such as HREBSD. 

However, the challenge is that reasonable range of interrogation length scale and limited angular 

resolution in measurement of GND density yields inherent lower bound solution of the measured 

GND density [22], which might bias the result. For heavily deformed samples >0.05 strain, the 

fraction of pixels filtered below noise floor is insignificant to have any effect on the statistical 

analysis, 
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From Taylor’s hardening model, work hardening is a result of the complex interaction of 

stored SSDs and GNDs.  In our study, the flow stress of nickel is used to estimate the total 

dislocation density following Taylor’s model, given that the friction stress for a high stacking fault 

energy FCC crystal, such as Cu and Ni, is negligible.  However, the friction stress for BCC or other 

lower symmetry crystals is much higher and would, therefore, need to be included.  With the GND 

density calculated, it is possible to estimate the SSD density at each plastic strain, enabling direct 

comparison of GND and SSD density as a function of plastic strain.  Surely, the accuracy of the 

estimated SSD density will depend heavily on the accuracy of both total dislocation density and 

GND density. The uncertainty for total dislocation density is below 2% and the GND density is 

significantly higher than the noise floor (2.8× 1013 m-2), providing high confidence in the accurate 

determination of SSD density.  Moreover, the parameters for the EBSD scan, such as step size, 

will also have an effect on the magnitude and distribution of GND density.  An optimal step size 

of 500nm has been chosen in this study, which is known to be small enough to reveal dislocation 

cells and large enough to save scan/computation time.  A detailed explanation of the choice of step 

size can be found in the review by Wright [25].  Since compression of materials is non-uniform in 

the transverse direction, the scanned areas in our study are chosen to be near the center of the 

sample, where most plasticity resides, and away from the top and bottom surfaces, where 

deformation may be more constrained.  In addition, the scanned area is almost 1mm2 covering a 

significant fraction of the deformed cross-sectional area.  This provides robust statistics to our 

analysis for measured GND density. 

This study has reached the conclusion that both GNDs and SSDs play an important role in 

the hardening of nickel, but predominate at different stages of work hardening.  In the early stage 

of deformation, i.e. below 0.09 plastic strain in this case (𝜆𝐺 =30 μm), the dislocations are 
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predominantly GNDs due to presence of grain boundaries.  As the measured GND density slowly 

increases in the lattice, the interaction of these dislocations leads to formation of greater numbers 

of SSDs.  Since the multiplication of SSDs occurs at a much faster rate, SSDs are present in larger 

number than GNDs above 0.09 plastic strain (𝜆𝐺 =30 μm), thus providing a more significant 

contribution to sample hardening.  These results are in accordance with Ashby’s theoretical 

analysis for copper in Fig. 4.4, where the yellow region of SSD density intersects the green line 

(𝜆𝐺=30 μm) at around 0.1 plastic strain, similar to what this study has found (0.09) in Fig. 4.9 for 

nickel.  Direct comparison of two different materials is rationalized by the fact that copper and 

nickel are similar in terms of crystal structure, friction stress, and lattice parameter.  The agreement 

between theory and experiment suggests SSD density measured in this study is of some 

significance.  Although the measurement is an indirect technique, this study shows that it is a 

reasonable approach, and provides significant insight into the mechanisms controlling hardening 

of nickel.  Most importantly, in addition to providing some experimental validation of Ashby’s 

theory [3], this approach may serve as a useful tool in the future to explore many more aspects of 

deformation mechanisms for other metals and alloys across different strain rates, stress states, and 

temperatures. 

4.6 Conclusions 

The EBSD based GND density calculation enables us to explore the SSD density by 

subtracting the measured GND density from the estimated total dislocation density according to 

Taylor’s hardening model. It enables a comprehensive study of the evolution of SSDs and GNDs 

for a quasi-statically compressed pure nickel sample at ambient temperature.  In this study on 

nickel, it has been found that: 
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i) The measured GND density varies linearly from ~1.52 × 1014  to ~3.76× 1014  m-2 

with respect to plastic strain values ranging from 0.05 to 0.46.  The linearity agrees 

with Ashby’s model prediction in the strain range between 0.05 to 0.46; however, the 

magnitude of predicted GND density is, in general, an upper bound estimate to the 

high-density structures of measured GND density. 

ii) From Taylor’s hardening model, the total dislocation density for pure nickel has been 

determined to range from ~2.36× 1014 to ~1.3× 1015 m-2, corresponding to a flow 

stress of 289 MPa to 679 MPa.  The significant rise in the total dislocation density is a 

result of rapid multiplication of SSDs from ~8.4 × 1013  to ~9.3 × 1015  m-2, as a 

function of plastic strain. 

iii) The majority of dislocations are GNDs for nickel (𝜆𝐺=30 μm) below 0.09 plastic strain, 

but GNDs are later outnumbered by SSDs above 0.09 plastic strain because of rapid 

non-linear multiplication of SSDs.  Therefore, GNDs are responsible for the strength 

nickel or other alloys at small deformation, whereas strength due to work hardening at 

large deformation is predominantly due to SSDs. 
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Appendix A: Lattice Orientation Gradient 

The formal definition of the Nye tensor includes both the symmetric elastic strain distortion 
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and the antisymmetric rotational distortion. Since the elastic strain is negligibly small, the Nye 

tensor 3 is equated to the curl of lattice rotation tensor. 

 𝛼𝑖𝑘 = 휀𝑗𝑙𝑘𝛽𝑖𝑗,𝑙
𝑒𝑙 ≈ 휀𝑗𝑙𝑘𝜔𝑖𝑗,𝑙 (A1) 

where 𝝎 represents the small rigid body rotations of the lattice i.e. lattice rotation tensor.  

Suppose a finite rotation of ∆∅ is a rotation about rotation axis vector m by angle 𝜃 [56]. 

This effectively takes the lattice orientation at one point to the neighboring lattice orientation point.  

 ∆∅𝑖𝑗 = 𝛿𝑖𝑗 cos 𝜃 − 휀𝑖𝑗𝑘𝑚𝑘 sin 𝜃 + (1 − cos 𝜃)𝑚𝑖𝑚𝑗 (A2) 

 ∆∅𝑖𝑗 ≈ 𝛿𝑖𝑗 − 휀𝑖𝑗𝑘𝑚𝑘𝜃 (𝜃 𝑖𝑠 𝑠𝑚𝑎𝑙𝑙) (A3) 

By definition, the lattice rotation tensor is related to the lattice rotation vector as: 

 𝜔𝑖𝑗 = −휀𝑖𝑗𝑘𝜃𝑘 (A4) 

where 𝜃𝑘 = 𝑚𝑘𝜃. Hence, we can relate the lattice rotation tensor to the rotation matrix 

simply as: 

 𝜔𝑖𝑗 = ∆∅𝑖𝑗 − 𝛿𝑖𝑗 (A5) 

Given the lattice orientation matrices of two neighboring points, the disorientation matrix 

can be readily obtained ∆∅ = g𝑩g𝑨
−𝟏 considering all the symmetry operators. Therefore, the lattice 

orientation gradients can be derived as: 

 
∆∅,𝑙 =

∆∅ − 𝐼

𝑑𝑙
=

𝑔𝑩𝑔𝑨
−𝟏 − 𝐼

𝑑𝑙
 

(A6) 

Appendix B: Reference Frame 

According to Wheeler et al., the reference frames of Nye tensor can be defined in different 

ways [57]. It is therefore important to be consistent with what reference frames are used when the 

                                                 
3  Kröner tensor is the transpose of the original Nye tensor 𝜶𝑲𝒓�̈�𝒏𝒆𝒓 = 𝜶𝑵𝒚𝒆

𝑻 , which switches the more 

commonly used ij subscripts on 𝜷 
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Nye dislocation tensor is decomposed into dislocation configurations.  For instance, if the 

dislocation tensor relates the sample frame (subscripted in Greek letters) to the crystal frame 

(subscripted in Latin letters), the surface integral of the Nye dislocation tensor in the sample frame 

yields the local Burgers vector in the crystal frame. 

 
B𝑖 = ∯𝛼𝑖𝛾 𝑑𝑆𝛾 

(B1) 

In total, there are four equivalent variants of Nye dislocation tensors for different reference 

frames [31]. By pre- and/or post- multiplication with (inverse) orientation tensor, dislocation tensor 

can be transformed to different set of reference frames. In this study, the differentiation inside the 

curl of disorientation field in the sample frame conflicts with the varying crystal frame associated 

with the disorientation field, which is remedied by aligning the disorientation field towards the 

sample frame. The resultant Nye dislocation tensor then relates the closure failure in the sample 

frame to the disorientation gradient in the sample frame, which could subsequently be transformed 

back to the crystal frame. Then, the dislocation configurations in Eq. (A4) are in the same reference 

frame as the Nye tensor while using the Frank’s loop construction, maintaining the consistency for 

use of reference frames. However, the disadvantage of taking the curl of the disorientation field 

demands interpolation at an off-grid point, which is ignored in this study. Fortunately, the error is 

negligibly small because only first-neighbors are used for calculating the disorientation matrix.  
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Appendix C 

 

Fig.A4.1: The actual GND density distribution data in logarithmic scale fitted with lognormal 

curves. 

Fig. A4.2: Step size validation for use of GND density characterization. 
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Table A4.1: Dislocation Density Data 

Plastic 

Strain 

Ashby 

GND (m-2) 

EBSD 

GND (m-2) 

Total 

Dislocation (m-2) 

SSD (m-2) 

0.05 8.19×1013 1.52×1014 2.36×1014 8.37×1013 

0.11 1.64×1014 1.75×1014 3.84×1014 2.09×1014 

0.20 2.94×1014 2.40×1014 7.78×1014 5.38×1014 

0.33 4.57×1014 3.10×1014 1.20×1015 8.87×1014 

0.46 6.06×1014 3.76×1014 1.30×1015 9.27×1014 

 

Chapter 4 is the part of published paper in Acta Materialia 

Chaoyi Zhu, Tyler Harrington, George T. Gray III, and Kenneth S. Vecchio. “Dislocation-

type evolution in quasi-statically compressed polycrystalline nickel” Acta Materialia 155 (2018): 

104-116. Elsevier. 
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Chapter 5 Automated Reconstruction of Spherical Kikuchi Maps 

 

Abstract 

An automated approach to reconstruct spherical Kikuchi maps from experimentally 

collected electron backscatter diffraction patterns and overlay each pattern onto its corresponding 

position on a simulated Kikuchi sphere is presented in this study. This work demonstrates the 

feasibility of warping any Kikuchi pattern onto its corresponding location of a simulated Kikuchi 

sphere and reconstructing a spherical Kikuchi map of a known phase based on any set of 

experimental patterns.  This method consists of the following steps after pattern collection: 1) 

pattern selection based on multiple threshold values; 2) extraction of multiple scan parameters and 

phase information; 3) generation of a kinematically simulated Kikuchi sphere as the ‘skeleton’ of 

the spherical Kikuchi map; and 4) overlaying the inverse gnomonic projection of multiple selected 

patterns after appropriate pattern center calibration and refinement. In the case study of pure 

aluminum, up to 90% of the Kikuchi sphere could be reconstructed with just seven experimentally 

collected patterns.  The proposed method is the first automated approach to reconstructing 

spherical Kikuchi maps from experimental Kikuchi patterns.  It potentially enables more accurate 

orientation calculation, new pattern center refinement methods, improved dictionary-based pattern 

matching, and phase identification in the future. 

5.1 Introduction 

Diffraction-based characterization techniques have been widely adopted to probe many 

aspects of structure and properties of materials. For instance, the powder X-ray diffraction 

technique is used to distinguish different phases based on reflected X-ray peaks’ position 

(translation lattice variation) and intensity (crystal structure) [1], and neutron diffraction provides 
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an accurate measurement of the lattice constant, which could be used to calculate residual stresses 

[2]. Moreover, the development of electron diffraction-based techniques such as electron 

backscatter diffraction [3], transmission Kikuchi diffraction [4], 3D EBSD [5], electron channeling 

contrast imaging [6], electron imaging [7], transmission electron microscopy [8], etc. provide rich 

information including chemical composition, microstructure, grain boundaries, dislocation 

substructures, texture, residual stress/strain, and sub-angstrom atom arrangements.  

Combined with energy dispersive X-ray spectroscopy (EDS), electron backscatter 

diffraction (EBSD) has now become a standard tool for laboratory work. Compared to other 

techniques utilizing a transmission electron microscope, EBSD offers much faster acquisition of a 

much larger sampling area and readily extracts information regarding microstructure [9], 

topography [7], crystallographic orientation [3], dislocation density [10–13], texture [14], etc. 

Since its early discovery by Nishikawa and Kikuchi in 1928 [15], this high-angle Kikuchi 

diffraction technique has been further developed to obtain crystallographic information [16–18]. 

The emergence of commercially available EBSD systems is, to some extent, accredited to the 

development of fully automated image analysis methods to index diffraction patterns by groups 

from and University of Bristol [19,20], Risø national lab [21] and Yale University [22,23]. At 

present, the development of current EBSD algorithms or technologies is centered around a few 

key topics: 1) improving the accuracy and applicability of orientation determination; 2) expanding 

its capabilities, and 3) increasing the acquisition speed and obtaining a higher quality Kikuchi 

pattern.  

The spatial resolution of EBSD is around 40 nm [24], which can be greatly improved to 

reach below 10 nm utilizing transmission-based techniques [4]. The angular resolution of the 

Hough-based EBSD is typically around 0.5 to 1 [9,25–27], although different methodologies 



135 

 

have been developed to significantly improve angular resolution such as HR-EBSD [28,29], 

pattern comparison method [30], iterative indexing [31], and the 3D-Hough transform [32]. In 

addition, another challenge of using Hough-based indexing is the fact that it relies on the image 

quality of Kikuchi patterns. Poor pattern quality images are difficult to index. A few groups have 

developed template matching or dictionary indexing approaches that aim to provide better 

indexing methods [33–36] to tackle many indexing challenges [37–39]. With the increase of 

computing power and implementation of a CMOS sensor, the new Symmetry EBSD system 

developed by Oxford Instruments is capable of capturing and indexing around 3000 patterns per 

second [40].  The boost in acquisition speed enables mapping of large samples (10s of square mm) 

and collecting more accurate statistics about a sample in a shorter time, which significantly 

enhances efficiency. Development of indirect detection of EBSP using an exposed back-

illuminated CMOS sensor is also currently an area of research to obtain high-quality Kikuchi 

patterns [41].  Moreover, design of direct detector of EBSP has attracted much attention from 

researchers from different disciplines in University of Strathclyde [42] and CERN [43,44], which 

has been demonstrated by vendors such as Thermo Fisher Scientific’s tilt free EBD [45] and 

EDAX’s ‘ClarityTM’ detector. 

While current EBSD pattern analysis remains two dimensional, an insightful paper by Day 

[46] suggests a paradigm shift into spherical image analysis using a spherical Kikuchi map. The 

development of practical applications of spherical Kikuchi maps is still a relatively unexplored 

area of research despite its early introduction. The method of using the 3D-Hough transform [32] 

in essence parameterizes the 3D K-lines into 2D and increases the sharpness of local extrema in 

the Hough space by taking into account the hyperbolic shape of Kikuchi lines, an early 

demonstration of the value of thinking about indexing in 3D. Appropriate treatment of the 
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hyperbolic character of Kikuchi bands, as a direct consequence of gnomonic projection of Kossel 

cones onto the phosphor screen, is particularly important for transmission Kikuchi diffraction to 

obtain reliable indexing in which the pattern center lies outside the collected pattern [4]. Moreover, 

Basinger et al. have developed a method to refine pattern center position by warping the Kikuchi 

pattern onto a sphere around the corrected pattern to preserve parallelism of the band edges, which 

can reduce phantom strain in HR-EBSD [47]. A recent paper submitted by Hielscher et al. [48] 

significantly contributes to this topic by developing spherical Radon transform and spherical cross-

correlation for indexing patterns and demonstrates accuracy of less than 0.1.  

Unlike the emphasis of original work by Day (Day, 2008), which focuses on how spherical 

Kikuchi maps may be used in the future, the focus of the present work is to elucidate the important 

steps of a novel automated method for accurate transformation of multiple flat Kikuchi patterns 

onto a simulated Kikuchi sphere using inverse gnomonic transformation, based on the orientation 

matrix and several other experimental parameters.  Although the image warping technique 

mentioned in the Day’s work is a similar approach, we believe that it is critical to systematically 

establish an approach that uses all the 11 parameters [46] for automated reconstruction of the 

spherical Kikuchi map, which was not performed by Day.  In this study, the proposed method uses 

experimental EBSD patterns, from what might be considered a library of patterns of an individual 

phase, to automatically reconstruct a spherical Kikuchi map through inverse gnomonic projections.  

The term ‘library’ used here may constitute a collection of patterns of one phase, which represent 

Kikuchi patterns obtained from different orientations, or maybe a collection of reconstructed 

experimental spherical Kikuchi maps of different phases.  This practical method has the potential 

to benefit the following research directions.  Since the interplanar angles and band shapes are better 

preserved on the sphere, one of the research areas that could result is the development of new 
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indexing algorithms that determine the crystallographic orientation with improved accuracy to 

achieve higher sensitivity in quantifying deformation.  For example, the reconstructed Kikuchi 

sphere from experimentally collected patterns could serve as a library for all possible patterns 

instead of the dynamically simulated patterns currently utilized in dictionary-based EBSD 

approaches [33].  The proposed method is similar to the spherical cross-correlation approach [48] 

except that the ‘master’ spherical Kikuchi pattern is based on experimentally collected patterns 

rather than dynamically simulated spherical Kikuchi pattern.  Since the reconstructed spherical 

Kikuchi map covers the entire range of possible orientations, which can be used to carry out cross-

correlation type image matching on the sphere, to obtain the orientation without using the Hough-

transform.   

Since the reconstructed Spherical pattern could be overlaid onto a simulated Sphere in 

standard cartesian crystal frame, other potential applications including calibration of the EBSD 

setup such as pattern center position and sample orientation with respect to detector screen are also 

possible through iterative optimization approach.  

5.2 Methodology 

The automated reconstruction process for spherical Kikuchi maps involves the following 

stages:  1) selection of high fidelity EBSPs with random crystallographic orientations from a 

collected set, or library, of EBSPs of the same phase; 2) extraction of input parameters regarding 

the unit cell, pattern center, Euler angles, phosphor screen width/height, detector/sample tilt, and 

accelerating voltage;  3) generate the kinematical Kikuchi sphere; and 4) overlay the inverse 

gnomonic projection of EBSPs onto a simulated Kikuchi sphere.  We chose herein to utilize and 

leave the simulated sphere in view to visually aid the reader in confirming our technique correctly 

reconstructs the Kikuchi sphere from simulated and experimentally collected EBSPs.  This method 
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is implemented using Matlab software.  

5.2.1 Pattern Selection and Extraction of Input Parameters 

Electron diffraction is sensitive to defects in materials, which strongly affects the 

coherency of scattering. Since EBSD is a surface technique, careful sample preparation of an 

undeformed/strain-free material is required prior to the scan. For example, final polish using 

colloidal silica, vibratory polishing, electropolishing or ion milling will significantly improve 

surface quality. For plastically deformed materials, the electron backscatter diffraction patterns are 

usually of relatively poor qualities, i.e., low band contrast (BC), meaning that the band edges are 

blurred [49]. The loss of sharpness in Kikuchi bands is also reflected in the drop of band slop (BS) 

values, which will adversely affect the accuracy of Hough transform to index patterns, i.e., higher 

mean angular deviation (MAD).  Residual elastic stress, which changes the interplanar angle of 

bands, will also increase the MAD value. Moreover, a diffraction pattern generated from a grain 

boundary contains overlapping patterns from two differently oriented grains. Accurate 

reconstruction of a spherical Kikuchi map from experimentally collected EBSPs relies heavily on 

high-quality EBSPs that are accurately indexed. Therefore, pattern filtering based on BC, BS, 

MAD and disorientation values is necessary to exclude patterns with poor pattern quality and 

reduce the number of patterns collected with similar orientations. Selection of threshold values 

used for BC, BS, and MAD are usually user-defined and depend on the data set. Based on the BC, 

BS and MAD values of all the patterns in a scan, 30th percentile for MAD and 60th percentile for 

BC/ BS have been chosen to as the first pass filtering to select high-quality patterns regardless of 

their orientations.  Then, a disorientation table was generated using the Euler angles of the 

remaining patterns after filtering for BC, BS, and MAD. By applying the symmetry operators to 

the pairs of misorientation calculations [50], the minimum value of misorientations is determined 
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as physically plausible misorientation angles within the fundamental zone i.e. the disorientation 

angles. A reasonable threshold value for the disorientation angle is the high-angle grain boundary 

(~15˚), which enables selection of patterns from significantly different orientations.  After pattern 

filtering, a pre-selected group of differently orientated patterns can be obtained, which has good 

quality and relatively better absolute orientation accuracy. Since the MAD values does not 

effectively reflect the absolute orientation accuracy, an additional selection metric is introduced. 

The alignment of the experimental patterns with kinematically simulated pattern is examined 

through 2D normalized cross-correlation as a measure of goodness of match prior to reconstruction 

[51]. Selection criteria can be subsequently established based the highest normalized cross-

correlation coefficients in order to produce well-aligned spherical Kikuchi map. 

The reconstruction technique also requires patterns representing crystallographically-

distinct orientations to fill as much space on the sphere as possible, which is feasible in a 

polycrystalline material with moderately random texture. Through crystal symmetry, equivalent 

Euler angle sets (different Euler angle values but same Kikuchi diffraction) can also be calculated 

[52] to simplify the current approach and reconstruct the ‘missing’ areas. Other parameters such 

as detector tilt, pattern center, accelerating voltage and pattern width/height should also be 

accessible either through the EBSD software or stored as image metadata.  For the new Aztec-

HKL software from Oxford instruments, these parameters are stored as image metadata. 

Experimental EBSD patterns were collected utilizing an Oxford Symmetry detector in Resolution 

mode (1244 by 1024 pixels per image). These experimental patterns serve as a library of 

experimentally collected EBSD patterns from which we reconstruct the Kikuchi sphere for that 

material. 
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5.2.2 Coordinate Transformations in EBSD 

A thorough description of any crystal plane/direction relative to the Kikuchi pattern on the 

detector requires knowledge of all the relevant coordinate systems. The five (right-handed) 

coordinate systems illustrated in Fig. 5.1 is listed in the following: 

1. the phase-specific crystal lattice frame (a,b,c), which conveniently defines a crystal 

through translation of unit cells and simplifies crystallographic calculations.   

2. the orthogonal cartesian crystal frame (Xc, Yc, Zc) redefines the coordinates of atom 

positions in Euclidean space for metric calculations.  

3. the sample frame (Xs, Ys, Zs), which sits at the beam position and describes the tilted 

sample coordinate system. In the Oxford Instruments and Bruker Nano EBSD systems, this 

sample frame also represents the reference coordinate system for Euler angle definition. In 

the EDAX TSL EBSD system, it is rotated around the Zs axis by 90, which results in a 

90 offset of the Euler angle.  

4. the detector frame (Xd, Yd, Zd), which coincides with the origin of the sample frame at 

the beam position and its Zd is normal to the detector screen. 

5. the 2D gnomonic projection frame (Xg, Yg), which is centered at the pattern center on the 

detector screen. 
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Fig. 5.1: Schematic of EBSD pattern collection showing all relevant coordinate systems: crystal 

lattice frame (black), cartesian crystal frame (orange), sample frame (blue), detector frame (green) 

and gnomonic projection frame (red). 

The transformations used to relate crystallographic planes/directions and Kikuchi patterns 

will be briefly covered, similar to a more comprehensive work by Britton et al. [53]. Starting with 

a crystal direction denoted as row vector [u,v,w] in crystal lattice frame, it is necessary to first 

describe its position in the orthogonal cartesian crystal frame. Choice of cartesian crystal frame in 

this study follows the convention that: 1) it aligns the c axis with Zc, and 2) the b axis is in the Yc-

Zc plane to maintain consistency. It is known that the six parameters about the unit cell are: a = |a|, 

b = |b|, c = |c|,  = ∠(b,c),  = ∠(a,c),  = ∠(a,b).  The complete description of the unit cell can 
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then be used to calculate the structure matrix A [53]. 

The row vector in cartesian crystal frame [uc,vc,wc]c  is hence obtained by multiplying the 

transpose of the structure matrix 𝐴𝑇.  

[u𝑐 , v𝑐, w𝑐]𝑐 = [u, v, w]𝐴𝑇 (5.1) 

Following the Bunge convention in describing crystallographic orientation (ZXZ 

sequence), the cartesian crystal frame can be aligned with the sample frame through three ‘passive’ 

rotation matrices defined by the three Euler angles (𝜙1, Φ , 𝜙2). For instance, 𝑅𝑧(𝜙1) represents 

rotation around Z axis by an angle of 𝜙1 and sample title around X axis is given by 𝑅𝑋(𝜃𝑡𝑖𝑙𝑡)
. The 

orientation matrix O is the produce of three rotation matrices 𝑅𝑧(𝜙2)𝑅𝑋(Φ)𝑅𝑧(𝜙1). 

The overall coordinate transformations that takes a crystal direction from the crystal lattice 

frame to the detector frame is given by the following equation.  

[u𝑑 , v𝑑 , w𝑑]𝑑 = [u, v, w]𝐴𝑇𝑂𝑅𝑋(𝜃𝑡𝑖𝑙𝑡)
 (5.2) 

Transformation of a crystal plane (hkl) is similar to a crystal direction except that it is 

initially transformed into the reciprocal cartesian crystal frame. 

[h𝑑 , k𝑑 , l𝑑]𝑑 = [h, k, l]𝐴−1𝑂𝑅𝑋(𝜃𝑡𝑖𝑙𝑡)
 (5.3) 

5.2.3 Generation of Kinematical Kikuchi Sphere 

A kinematically simulated Kikuchi sphere is produced in this study as the ‘skeleton’ of the 

reconstructed Kikuchi sphere, mainly for visualization purpose and pattern selection. It validates 

the accuracy of the reconstruction process since it provides a ‘true’ location of the experimental 

EBSP. Generation of a kinematical Kikuchi sphere includes computation of angles for all of the 

possible Bragg reflectors as well as intensities of the reflectors. A simple geometrical model can 
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be used to describe the Bragg reflection from Friedel pairs of lattice planes with normals (hkl) and 

(ℎ̅�̅�𝑙)̅. The n>1 case represents higher-order interferences, indicating that electrons are diffracting 

from the set of planes with spacing d/n, which are manifested as weak diffraction lines parallel to 

the n=1 Kikuchi diffraction lines in the kinematically simulated and experimentally collected 

EBSPs [8]. The width of a Kikuchi band is given by approximately twice the Bragg angle 𝜃ℎ𝑘𝑙. 

sin 𝜃ℎ𝑘𝑙 =
𝑛𝜆

2𝑑ℎ𝑘𝑙
 

(5.4) 

Determination of the kinematical intensities of a Kikuchi band means to find the modulus 

squared of the corresponding structure factor. Based on the knowledge of the atomic scattering 

factor, the structure factor is computed to describe the collective scattering power from a unit cell. 

In a single-atom scattering model, the scattering power of the atom is the Fourier transform of its 

electrostatic potential based on the first Born approximation. X-ray (electromagnetic radiation) 

scattering is determined by its charge distribution and is treated as a kinematical (single) scattering 

process with tabulated atomic scattering parameters [54,55]. However, electron diffraction is a 

complex phenomenon since the scattering of high-energy electrons (charged particles that travel 

like waves) is a dynamic (multiple) scattering process [6]. A kinematical scattering assumption is 

used in this study for simulating the Kikuchi sphere, which poorly simplifies the electron 

diffraction physics. A comprehensive discussion on the many limitations of the kinematical model 

can be found in [51].   Fortunately, studies have been done that deal with the dynamical scattering 

of electrons [56,57] to simulate EBSPs .  

Since the electrostatic potential function of atoms can be correlated with the charge density 

function through Maxwell’s equation, the atomic scattering factor of electrons 𝑓𝑒𝑙 can be 

kinematically approximated using the X-ray scattering factor through the Moth-Bethe formula. 

The structure factor of the unit cell is, therefore, a superposition of the single electron 
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scattering from every atom of the unit cell: 

𝐹ℎ𝑘𝑙 = ∑𝑓𝑗
𝑒𝑙(𝑠)

𝑁

𝑗=1

𝑒2𝜋𝑖𝐠𝒉𝒌𝒍∙𝒓𝒋 

(5.5) 

The kinematical intensity (Ihkl) is then given by |𝐹ℎ𝑘𝑙|
2  in the absence of anomalous 

absorption effects. However, the actual intensity value from the dynamical scattering theory differ 

significantly from the kinematical intensity. A study by Winkelmann shows that the linear 

approximation (i.e. Ihkl = |𝐹ℎ𝑘𝑙|) demonstrate closer looking Kikuchi band intensity through cross-

correlation despite its apparent limitations [56].  In this study, a linear approximation of intensity 

is adopted.  

On the simulated Kikuchi sphere, the coordinates of points on the Kikuchi sphere are 

represented in the cartesian crystal frame [x𝑘𝑠, y𝑘𝑠, z𝑘𝑠]𝑐. Points on the Kikuchi sphere located 

within the Bragg’s reflection angle of a reflector are assigned with intensity value Ihkl of the 

corresponding reflector (hkl). A repetitive loop over all the reflectors will yield total intensity 

values of every point on the Kikuchi sphere due to the presence of all the reflectors. 

𝐼(x𝑘𝑠, y𝑘𝑠, z𝑘𝑠) = ∑𝐼ℎ𝑘𝑙
𝑖

𝑅

𝑖=1

 

{
 𝑖𝑓 |[x𝑘𝑠, y𝑘𝑠, z𝑘𝑠]𝑐 ∙ [h𝑐

𝑖 , k𝑐
𝑖 , l𝑐

𝑖]𝑐| ≤ sin(𝜃ℎ𝑘𝑙
𝑖) , 𝐼ℎ𝑘𝑙

𝑖
= |𝐹ℎ𝑘𝑙|,

otherwise, 𝐼ℎ𝑘𝑙
𝑖 = 0

 

(5.6) 

It is important here to note that the crystal plane coordinates [h𝑐, k𝑐 , l𝑐]𝑐 in the cartesian 

crystal frame are obtained by post-multiplying the Miller indices [h,k,l] with the inverse of 

structure matrix A. Every point residing on the kinematically simulated Kikuchi sphere and its 

corresponding final intensity value 𝐼(x𝑘𝑠, y𝑘𝑠, z𝑘𝑠) are then saved for later use. An example of the 

spherical Kikuchi lines and the kinematically simulated Kikuchi sphere are shown in Fig. 5.2. If 
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the purpose were to align simulated bands to an experimental pattern, the experimentally 

determined orientation matrix O and tilt matrix 𝑅𝑋(𝜃𝑡𝑖𝑙𝑡)
 defined in Eq. (5.3) would be used to 

rotate the Kikuchi sphere into the correct orientation. In this study, the orientation of the Kikuchi 

sphere is invariant in the detector frame, meaning that the orientation and sample tilt matrices are 

identity matrices. As described in the next part, the EBSP patterns are then rotated in order to be 

mapped onto the correct location on the Kikuchi sphere.  

 

Fig. 5.2: Kinematically simulated Kikuchi sphere for aluminum at an accelerating voltage of 20kV: 

(left) spherical Kikuchi lines with its intensity scaled by |Fhkl|; (right) kinematical Kikuchi sphere 

with its band intensity scaled by |Fhkl|. 

5.2.4 Inverse Gnomonic Projection 

The projection of the backscattered electrons to the detector screen is geometrically defined 

by the gnomonic projection of the Kikuchi sphere from the beam position (center of the sphere at 

which all the red arrows begin), illustrated in Fig. 5.3. In other words, the intensity of points on 

the Kikuchi sphere is gnomonically translated onto a plane tangent to the sphere. In the current 
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experimental setup, the detector orientation with respect to the sample is fixed, whereas the 

orientation of the actual Kikuchi sphere is changing depending on the orientation of the crystal 

relative to the primary incoming beam of electrons. Each EBSP collected on the detector is only a 

section of the Kikuchi sphere’s surface that is in view of the detector screen. In practice, the 

distortion generated from the optics of the detector needs to be corrected prior to reconstruction 

[46] unless it has already been corrected in the software. Furthermore, accurate knowledge of the 

position of each pattern center is also critical to accurately warp the Kikuchi pattern onto the 

Kikuchi sphere [47]. Pattern center calibration [58–60] using a calibration sample such as single 

crystal silicon is recommended, which should have already been completed during installation of 

the EBSD detector.    

From the perspective of the reference systems introduced in 2.2, the origin of the detector 

frame coincides with the center of the Kikuchi sphere and the Zd axis extends from the beam 

position and perpendicularly intersects with the detector at a point, the pattern center, which is 

colored in green as shown in Fig. 5.3. A new 2D coordinate gnomonic projection frame (Xg, Yg) is 

assigned at the pattern center in order to accurately associate experimentally collected band 

positions with simulated bands. The mathematical description of the gnomonic transformation 

from points on Kikuchi sphere in detector frame (Xd, Yd, Zd) to points on EBSP in the 2D 

gnomonic projection frame (Xg, Yg) is given as: 

𝑥𝐠 =
𝒙𝒅

𝒛𝒅
  ;   𝑦𝐠 =

𝒚𝒅

𝒛𝒅
 

(5.7) 
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Fig. 5.3: Schematic showing the gnomonic projection (red arrows) of an as-received experimental 

Kikuchi pattern, collected from an aluminum (fcc) sample, viewed (left) on the axis of the detector 

and (right) viewed from the side. The experimental pattern is tangent to the simulated Kikuchi 

sphere, which intersects at the green point. 

Due to the assignment of the gnomonic projection frame, the pattern center position is 

(𝑥𝐠 = 0, 𝑦𝐠 = 0). In the Oxford Instruments AZtec software, the pattern center (PCX, PCy, DD) 

information available is a set of normalized unitless quantities, which can be defined in the 

following way: 

PCX: horizontal position of pattern center, normalized to pattern width (wp), measured from 

the left edge of Kikuchi pattern. 

PCy: horizontal position of pattern center, normalized to pattern width (hp), measured from 

the bottom edge of Kikuchi pattern. 

DD: detector distance (closest distance from beam position to detector screen) normalized 

to pattern width (wp). 

All points on the Kikuchi sphere with 𝒛𝒅 = 𝟎 therefore lies infinitely away from the pattern 
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center regardless of the value of 𝒙𝒅  or 𝒚𝒅 . After appropriate transformation into the gnomonic 

coordinates, the tangent point (pattern center) is at a unit distance from the beam position, i.e., the 

Kikuchi sphere in the gnomonic projection frame is a unit sphere. The corner positions of the 

Kikuchi pattern image including the bottom left corner [𝑥𝐠
𝑚𝑖𝑛 ,  𝑦𝐠

𝑚𝑖𝑛 ] and top right corner 

[𝑥𝐠
𝑚𝑎𝑥, 𝑦𝐠

𝑚𝑎𝑥] can be determined according to Eq. (5.9) and Eq. (5.10) (Note that the gnomonic 

coordinate positions is a unitless quantity). 

𝑎𝑝 =
𝑤𝑝

ℎ𝑝
 

(5.8) 

 

𝑦𝐠
𝑚𝑖𝑛 = −

𝑃𝐶𝑦

𝐷𝐷

1

𝑎𝑝
          𝑦𝐠

𝑚𝑎𝑥 = +
1 − 𝑃𝐶𝑦

𝐷𝐷

1

𝑎𝑝
 

(5.9) 

 

𝑥𝐠
𝑚𝑖𝑛 = −

𝑃𝐶𝑥

𝐷𝐷
          𝑥𝐠

𝑚𝑎𝑥 = +
1 − 𝑃𝐶𝑥

𝐷𝐷
 

(5.10) 

Given the pattern center position, each pixel on the EBSP (pixel location is I  j) can be 

assigned with gnomonic projection coordinates located within the corner positions. For a 2D 

gnomonic projection coordinates of [𝑥𝐠
𝑖 , 𝑦𝐠

𝑗
], the corresponding coordinates on the Kikuchi sphere 

of this point [𝑥𝐝
𝑖 , 𝑦𝐝

𝑗
, 𝑧𝐝

𝑘] can be found using the following transformation rule (note that the value 

of 𝑧𝐝
𝑘 is determined prior to 𝑥𝐝

𝑖  and 𝑦𝐝
𝑗
). 

[𝑥𝐠
𝑖 , 𝑦𝐠

𝑗
]→ [𝑥𝐝

𝑖 = 𝑥𝐠
𝑖 ∙ 𝑧𝐝

𝑘, 𝑦𝐝
𝑗
= 𝑦𝐠

𝑗
∙ 𝑧𝐝

𝑘, 𝑧𝐝
𝑘 = √1 − (𝑥𝐠

𝑖)
2
− (𝑦𝐠

𝑗
)
2
] 

(5.11) 

In a repetitive inverse gnomonic projection process for all the patterns, the orientation of 

the kinematically simulated sphere is kept invariant in the cartesian crystal frame. Considering the 

tilt angle between the sample surface and the detector plane, as well as the orientation of the crystal, 
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the coordinates for EBSP in the detector frame [𝑥𝐝
𝑖 , 𝑦𝐝

𝑗
, 𝑧𝐝

𝑘] can be rotated into the position from 

which the pattern is generated on the simulated Kikuchi sphere in the cartesian crystal frame by 

post-multiplying (𝑂𝑅𝑋(𝜃𝑡𝑖𝑙𝑡)
)−1.  

[𝑥𝐤𝐬
𝑖 , 𝑦𝐤𝐬

𝑗
, 𝑧𝐤𝐬

𝑘 ]𝑐= [𝑥𝐝
𝑖 , 𝑦𝐝

𝑗
, 𝑧𝐝

𝑘] (𝑂𝑅𝑋(𝜃𝑡𝑖𝑙𝑡)
)−1 (5.12) 

5.2.5 Alternative Rotation Methods 

By convention, the orientation of crystal with respect to the sample reference frame is 

described by Euler angles in most of the commercial EBSD software despite the redundancy. 

Therefore, this study describes the rotation of the collected patterns using the orientation matrix 

calculated from three Euler angles and the sample tilt matrix, see Eq. (5.12). 

It is also possible to use alternative methods based on the axis-angle pair to rotate the 

pattern. For instance, the most convenient method is to determine the Rodrigues’ vector. Since 

axis-angle pair description is not directly available, extraction of axis-angle pair from combined 

orientation matrix and the sample tilt matrix would allow simple demonstration for using 

alternative rotation methods. Eq. (5.13) shows the total rotation matrix for rotating the pattern on 

the Kikuchi sphere due to the orientation of the crystal and tilt of the sample. 

R𝑡𝑜𝑡𝑎𝑙 =  𝑂𝑅𝑋(𝜃𝑡𝑖𝑙𝑡)
 (5.13) 

The axis-angle pair descriptor of the rotation is represented by the rotation axis k and the 

rotation angle 𝜃 around this rotation axis k using right hand rule. The rotation axis 𝐤 = [𝑘𝑥, 𝑘𝑦, 𝑘𝑧] 

of the rotation matrix R𝑡𝑜𝑡𝑎𝑙 is the eigenvector when the corresponding eigenvalue is equal to unity. 

The rotation angle (in radians) is determined through the following equation: 

 

𝜃 = acos (
𝑡𝑟(R𝑡𝑜𝑡𝑎𝑙) − 1

2
) 

(5.14) 
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The rotation of the position vector v in the detector frame i.e.𝑣𝑑 =[𝑥𝐝
𝑖 , 𝑦𝐝

𝑗
, 𝑧𝐝

𝑘] into the 

cartesian crystal frame i.e.𝑣𝑐 = [𝑥𝐤𝐬
𝑖 , 𝑦𝐤𝐬

𝑗
, 𝑧𝐤𝐬

𝑘 ]𝑐 can therefore be equivalently achieved through the 

axis-angle pair rotation.  

𝑣𝑐 = 𝑣𝑑 cos 𝜃 + (𝑘 × 𝑣𝑑) sin 𝜃 + 𝑘(𝑘 ∙ 𝑣𝑑)(1 − cos 𝜃) (5.15) 

Furthermore, the axis-angle pair notation can be further parametrized into more elegantly 

defined quaternions (W.R. Hamilton, 1899).  

(𝑞0, 𝑞1, 𝑞2, 𝑞3) = (cos
𝜃

2
, 𝑘𝑥 sin

𝜃

2
, 𝑘𝑦 sin

𝜃

2
, 𝑘𝑧 sin

𝜃

2
) 

(5.16) 

The rotation of the pattern can be similarly written in terms of quaternions: 

𝑣𝑐 = 𝑣𝑑 + 2𝑞0(𝜔 × 𝑣𝑑) + 2(𝜔 × (𝜔 × 𝑣𝑑)) (5.17) 

where 𝜔 = [𝑞1, 𝑞2, 𝑞3]. 

If axis-angle pair descriptor were directly given by commercial EBSD vender, the rotation 

of pattern could be carried out simply using the above two methods see Eq. (5.15) and Eq. (5.17). 

It has been verified in this study that the reconstructed Spherical Kikuchi pattern using the axis-

angle pair or quaternions method is the same as the orientation matrix method. However, the added 

advantage is that the crystal orientation description using the axis-angle pair or quaternions is more 

robust compared to Euler angles. 

5.3 Results and Discussion 

5.3.1 Spherical Kikuchi Map Generated from Dynamically Simulated Patterns 

A series of validation experiments are carried out using dynamically simulated patterns 

generated from Brukers’ ESPRIT DynamicS (trial version) for austenite (fcc. Six Kikuchi patterns 

of random orientations are simulated for each material. The accelerating voltage is 20 kV and the 

pattern center positions are all (0.5,0.5,0.5). No sample tilt is involved in generating these patterns. 

Since every simulated pattern is representative of a high-quality unstrained pattern, no prior pattern 
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filtering is needed. The top row of Fig. 5.4 shows unit cell structures of the four materials used in 

the validation experiment. The unit cell description is an important part of the input parameters for 

generating a Kikuchi sphere. A list of all possible crystal planes is generated before structure factor 

calculation.  Based on calculated structure factors, a corresponding kinematical Kikuchi sphere is 

generated for each material at 20kV. The intensity values on the simulated Kikuchi sphere and 

simulated pattern are normalized with respect to the maximum intensity value.  While keeping the 

orientation of the simulated Kikuchi sphere fixed, simulated Kikuchi maps are mapped onto the 

simulated Kikuchi sphere using the input Euler angles used to generate simulated patterns. It is 

therefore not surprising to observe that the Kikuchi sphere has all the band positions that almost 

perfectly align with the dynamically simulated pattern. As expected, the intensity values differ 

significantly between the two, since dynamically simulated patterns demonstrate more realistic 

intensity distribution [51].  An example of the reconstruction process is shown for austenite in Fig. 

5.4.  Before visualization, there is no interpolation involved in processing each of the pattern image 

intensities. The intensity data is stored in a matrix of the same dimension of the pattern image. 

However, the visualization of the entire reconstructed spherical involves storing the intensity 

values of multiple patterns into a regular grid. The off-grid intensity values are obtained through 

interpolation to achieve smoothly displayed spherical Kikuchi map. Currently, no image stitching 

technique has been employed. The purpose of doing reconstruction using dynamically simulated 

patterns is to verify the projection method as well as the off-grid cubic interpolation for storing the 

spherical Kikuchi map data applied on multiple images before using the experimentally collected 

patterns. 
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Fig. 5.4: (left) Crystal unit cells of austenite (fcc, a=b=c=3.65 Å, ===90) (right) Automatic 

partial reconstruction process of a single spherical Kikuchi map for austenite from dynamically 

simulated patterns overlaid on a kinematically simulated austenite Kikuchi sphere at 20kV. 

5.3.2 Spherical Kikuchi Maps Generated from Experimental Patterns 

Reconstruction of experimental spherical Kikuchi maps is slightly more complicated. In 

practice, optics distortion from the detector system imposes barrel distortion to the edge of pattern 

images [46]. In Oxford Instrument’s new Symmetry detector and AZtec software, distortion due 

to the optics has already been corrected. Hence, the experimental patterns used in this study are 

as-received patterns from the AZtec software.  

Magnetic field distortion will result in curved Kikuchi bands, which should be corrected 

prior to Spherical Kikuchi map reconstruction. However, the magnetic field distortion introduced 

by the strong immersion lens used in SEM to focus the electron beam is only present in a few 

microscopes other than the Thermo-Fisher Apreo SEM used in this study. A special edition of the 

AZtec does implement a magnetic field correction method prior to band detection for those SEMs 

that require it [61]. Those magnetic field distortion corrected pattern should be used with care for 

reconstruction since these patterns contain regions of no pattern information. In addition, the effect 

of sample charging on EBSPs should be avoided by mounting samples in the conductive mount, 

using silver paint or even running in low vacuum mode by introducing ionized water vapor. 
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First, pattern selection and extraction of experimental parameter are carried out, which has 

been described in section 2.1. The metadata stored in each pattern image is extracted and passed 

into the reconstruction code as an input parameter. The selected patterns are next reconstructed 

onto the simulated Kikuchi sphere one by one. The test materials used in this study include 

aluminum (fcc), tungsten (bcc), and tungsten carbide (hexagonal) synthesized in the lab with 

random texture as shown in Fig. 5.5.  Fully reconstructed spherical Kikuchi maps for these selected 

materials are all shown in Fig.5.5.  For aluminum and tungsten, it is sufficient to fully reconstruct 

the displayed hemisphere with patterns from different orientations. By employing the point 

reflection of the crystal symmetry, the other un-displayed hemisphere can also be reconstructed. 

In the case of tungsten carbide, the six-fold symmetry has been utilized to fully reconstruct the 

entire hemisphere by subtracting or adding multiples of 60˚ to the 𝜙2 Euler angle as shown in S.3 

in the Appendix (the fully reconstructed hemisphere displayed in the Appendix requires -60˚ and 

60˚ rotation of the original patterns). The kinematically simulated sphere is utilized for the reader’s 

benefit; to visually confirm that the reconstruction of experimentally collected EBSPs onto the 

Kikuchi sphere is valid.  The reader can now easily see the experimentally collected Kikuchi bands 

aligning with their simulated counterpart.  The reconstruction process for aluminium, tungsten and 

tungsten carbide can be found in the Appendix (Fig. A5.1-A5.3).  



154 

 

 

Fig. 5.5: (Top row from left to right) Crystal unit cells of aluminum (fcc, a=b=c=4.04 Å , 

===90), tungsten (bcc, a=b=c=3.19  Å , ===90) and tungsten carbide (hexagonal, 

a=b=2.93 Å,c=2.85 Å, ==90, =120); (middle row from left to right) kinematically simulated 

Kikuchi sphere for aluminum, tungsten and tungsten carbide at 20 kV;  (bottom row from left to 

right) A partially reconstructed spherical Kikuchi map from experimental patterns overlaid on a 

simulated Kikuchi sphere for aluminum, tungsten, and tungsten carbide at 20kV. The kinematically 

simulated sphere is utilized as visual confirmation to the reader that the experimentally collected 

EBSPs are being mapped to the correct location on the sphere. 

5.3.3 Applications and limitations 

In the original paper by Day [46], several potential applications have been identified: 1) 

automatic reconstruction of spherical Kikuchi map (SKM); 2) new indexing and band detection 

algorithms; 3) strain measurement of polycrystalline materials; 4) phase identification of unknown 

phases. This study specifically deals with the first suggestion, which establishes a systematic 

approach to precisely overlay experimentally collected Kikuchi patterns onto a simulated Kikuchi 

sphere for potential use in the following suggested applications as well as other techniques. As 
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mentioned previously, new indexing approaches such as spherical cross-correlation and other 

various dictionary-based indexing approaches [33,35,36] rely on the use of a dynamically 

simulated spherical Kikuchi map [48]. The template matching or dictionary indexing approach 

requires simulation of the enormously large and sparse library of patterns of different orientation. 

Therefore, matching of exact orientation is practically impossible since the generated library 

requires ‘steps’ to be set for Euler to produce a finite library.  The advantage of using the spherical 

cross-correlation method compared to a dictionary approach is that it directly looks for a location 

on a dynamically simulated Kikuchi sphere to best match the experimental pattern and then 

computes the associated rotation matrix. However, the simulated Kikuchi sphere rarely represents 

the real intensities and Kikuchi band profiles observed in the Kikuchi pattern. Using spherical 

Kikuchi map reconstructed from experimentally collected patterns, it represents many realistic 

intensities of Kikuchi bands and allows spherical cross-correlation to be carried out. Hence, it will 

further reduce computation cost and possibly increase the accuracy of orientation measurement. 

 Although not specifically mentioned in Day’s paper (Day, 2018), the accuracy of pattern 

center determination drives the accuracy of the reconstruction, which suggests this could be 

exploited as a new method for pattern center refinement with a relative PC error of 0.045% [47].  

Since one of the limiting factors in Basinger et al.’s work is the initial orientation measurement 

error, PC calibration based on multiple patterns collected from different orientations on a single 

spherical Kikuchi map might be able to mitigate this problem.  Similarly, the reconstruction could 

also be used to obtain more accurate detector to sample tilt angle 𝜃𝑡𝑖𝑙𝑡 based on many reconstructed 

patterns, which should reduce systematic misalignment between the simulated Kikuchi sphere and 

all reconstructed experimental patterns according to Eq. (5.12).  Moreover, although lens 

correction could be more conveniently addressed by imaging an evenly spaced grid, it is possible 
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to utilize the parallel nature of Kikuchi bands to iteratively converge to a lens aberration correction 

function.  

Reconstructing an ‘undeformed’ spherical Kikuchi map using experimental patterns 

collected from polycrystalline material is difficult since a theoretically unstrained polycrystalline 

sample is practically non-existent. Sample preparation and heat treatment all needed to be 

meticulously carried out to really obtain a ‘strain free’ surface of a polycrystalline material. For a 

deformed polycrystalline material, the distribution of residual strain is highly heterogeneous, 

which makes the reconstruction for a particular strain level nearly impossible.  The practical aspect 

for conducting strain measurements on the Kikuchi sphere is to adopt the idea of obtaining absolute 

strain by comparing experimental and simulated patterns [29,62,63], but on a sphere using 

spherical cross-correlation.  However, this technique still faces many more challenges to achieve 

its desired sensitivity for strain mapping since it requires extremely accurate knowledge of many 

experimental parameters [64].  

In the current study, the identity of each phase utilized is known before it is inserted into 

the microscope. The state-of-the-art EBSD technology does couple with EDS data to incorporate 

a phase identification function, to assist in identifying unknown phases. Similar to ab-initio 

analysis on diffraction patterns developed for CBED [65,66], phase identification using just EBSD 

patterns [67–73], chemical-sensitive holography [74] or in combination with EDS data [75,76] 

have also been extensively studied to compete with the more traditional XRD method. Due to the 

inherent nature of diffuse scattering, the accuracy of any electron diffraction-based method to 

measure lattice parameters is unlikely to reach that of XRD without a sophisticated band 

localization algorithm [77], although correct classification of the Bravais lattice with a reasonably 

accurate lattice parameter is already possible [68,72,78,79]. In order to determine the symmetry 
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elements from EBSPs, (e.g. rotation axes, diads, triads, etc.), correction for distortion caused by 

gnomonic projection and lens aberration are necessarily carried out. Another potential application 

of the spherical Kikuchi map would be to carry out dictionary-based phase identification. For 

example, an experimental diffraction pattern could be used to search for potential candidates from 

a library of simulated master Kikuchi spheres of different phases and select, based on a comparison 

of multiple patterns, the phase or list of potential phases with an optimal match. Furthermore, the 

reconstruction approach is not just limited to EBSD, but should work for reconstruction of 

convergent beam electron diffraction (CBED) patterns obtained in a TEM as well given that we 

know the zone axis and the geometry of the diffraction experiments, which could even assist in 

distinguishing different space groups in the SKM dictionary-based ab-initio phase analysis. 

Unrelated to applications in electron diffraction, the reconstruction technique used in this study 

provides new ways to store image data and might offer new insight into 3D reconstruction 

problems related to medical imaging, preservation of ancient architecture and antiques, etc. 

Overall, the current methodology to reconstruct spherical Kikuchi maps from experimental 

patterns onto a simulated Kikuchi sphere still contains a few limitations. First, some of the edges 

of different experimental patterns are not perfectly aligned on the Kikuchi sphere, which could be 

attributed to uncertainties in the experimental parameters such as microscope/detector alignment 

(systematic misalignment), Hough indexing (random misalignment), pattern center position 

(random/systematic misalignment) and detector/sample tilt angle (systematic misalignment) or 

lattice strain (random misalignment) that changes the interplanar angles. Decoupling all the 

random or systematic misalignment would indeed improve the alignment of the images, although 

it is in practice a very challenging task. In this study, the normalized cross-correlation method 

between kinematical simulation and experimental pattern is used to refine pattern selection method, 
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which helps to look for patterns that are more aligned with its corresponding kinematical 

simulation. Nevertheless, future improvement in this approach should incorporate dynamical 

simulation to enhance the effectiveness of the cross-correlation. This limitation in our study also 

motivates alternative geometry for doing EBSD e.g. use of tilt-free EBSD to reduce the 

uncertainties in setting up the scan on carefully heat-treated polycrystalline samples.  Another 

alternative solution to improve the misalignment issue would be to use a single crystal sample that 

is physically rotated with respect to the detector screen to collect diffraction patterns of different 

orientations. Nevertheless, small misalignment due to Hough-based orientation measurement will 

still be present because of angular errors.  Second, the latter EBSP added to the reconstructed map 

simply overwrites the intensity values of the previously mapped one in the overlapping region 

without any post-processing. An important feature about Kikuchi band profiles, as discussed in 

Day’s paper, is the asymmetry of intensity distribution i.e. excess and deficiency lines, which is 

related to the anisotropy scattering of the inelastically scattered electrons in EBSD [80]. This 

asymmetry effect has not been accounted for in this study. Future development of an appropriate 

method to render averaged intensity values from overlapping regions along with edge stitching 

algorithm might improve the quality of spherical Kikuchi maps, correct the asymmetric Kikuchi 

band profiles and even assist in solving the alignment issue mentioned above.  Third, the method 

does not allow for the reconstruction of an unknown phase at this point, which could be made 

possible in the future using an image stitching algorithm based on overlapping features between 

different collected patterns.  

5.4 Conclusion 

We present here a novel approach to reconstruct spherical Kikuchi maps from 

experimentally collected and simulated electron backscatter diffraction patterns by overlaying 
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them, in an automated way, onto a simulated Kikuchi sphere. This work demonstrates the 

feasibility of reconstructing a spherical Kikuchi map of a given phase based on any set of 

experimental patterns, an idea suggested in 2008.  This method consists of the following steps: 1) 

pattern selection based on multiple threshold values; 2) extraction of multiple experimental 

parameters; 3) the generation of a kinematically simulated Kikuchi sphere as a ‘skeleton’; and 4) 

overlaying the inverse gnomonic projection of multiple selected patterns without interpolating the 

intensity values, after appropriate pattern center calibration and refinement. We demonstrate the 

ability to reconstruct more than 90% of the Kikuchi sphere using as few as 7 patterns. Lastly, we 

discuss some of the applications and opportunities for potential future refinement of the technique. 

The demonstrated method for reconstructing 3D Kikuchi maps from EBSD patterns is likely to be 

an important tool for developing and improving new indexing algorithms, pattern center 

refinement, or phase identification. 
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Appendix 

 

Fig. A5.1: The automatic reconstruction process of a spherical Kikuchi map for aluminum from 

high-resolution experimental patterns overlaid on a kinematically simulated aluminum Kikuchi 

sphere at 20kV. The simulated sphere underlay is left in view as visual confirmation to the reader 

that the experimentally collected EBSPs are being mapped to the correct location. 

 

Fig. A5.2: The automatic reconstruction process of a spherical Kikuchi map for tungsten from 

high-resolution experimental patterns overlaid on a kinematically simulated tungsten Kikuchi 

sphere at 20kV. The simulated sphere underlay is left in view as visual confirmation to the reader 

that the experimentally collected EBSPs are being mapped to the correct location. 
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Fig. A5.3: The automatic reconstruction process (a-l) of a spherical Kikuchi map for tungsten 

carbide from high-resolution experimental patterns overlaid on a kinematically simulated tungsten 

carbide Kikuchi sphere at 20kV. The simulated sphere underlay is left in view as visual 

confirmation to the reader that the experimentally collected EBSPs are being mapped to the correct 

location. (i) represents original set ([𝜙1, 𝛷,  𝜙2] ) of reconstructed patterns. (j) represents the 

rotation ([𝜙1, 𝛷, 𝜙2 + 60]) of the original set by +60˚. (k) represents the rotation ([𝜙1, 𝛷, 𝜙2 −
60])  of the original set by -60˚. (l) combines (i-k) into fully reconstructed hemisphere of the 

spherical Kikuchi map. 

 

Chapter 5 is the part of published paper in Microscopy and Microanalysis 

Chaoyi Zhu, Kevin Kaufmann, and Kenneth S. Vecchio. “Automated Reconstruction of 

Spherical Kikuchi Maps” Microscopy and Microanalysis (2019). Cambridge University Press 
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Chapter 6 Computer Vision Approach to Study Surface Deformation of Materials 

 

Abstract 

Characterization of the deformation of materials across different length scales has 

continuously attracted enormous attention from the mechanics and materials communities.  In this 

study, the possibility of utilizing a computer vision algorithm to extract deformation information 

of materials has been explored, which greatly expands the use of computer vision approaches to 

studying mechanics of materials and potentially opens new dialogues between the two 

communities.  The computer vision algorithm is first developed and tested on computationally 

deformed images (% error <0.035%), before evaluating experimentally collected images on 

speckle painted samples before and after deformation.  Moreover, a virtual experiment has also 

shown the feasibility of mapping surface strain of a sample based on its natural pattern with 

significantly improved accuracy compared to DIC result, which provides new opportunities in 

experimentation and computer algorithms to study deformation mechanics of materials.   

Validation experiments include evaluating the performance of strain mapping using the computer 

vision approach in the uniaxial tensile test and three-point bending test, compared with 

extensometer reading and digital image correlation respectively.  

6.1 Introduction 

The state-of-the-art in extracting feature variation in images is divided into two 

communities: the mechanics community and the computer vision community.  Although these two 

communities share almost the same motivations, there has rarely been any dialogue between the 

two [1].  The mechanics community seeks highly robust and accurate methodologies to map strains 

of artificial patterns painted on the objects of interest for deformation studies, whereas the 
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computer vision community endeavors to implement a fast and simple feature- or intensity-based 

algorithm on an objects’ natural surface pattern or texture. 

In experimental mechanics, understanding how materials deform, and where they are most 

susceptible to failure is crucial to promote safety and potentially guide material design to alleviate 

catastrophic loss.  Characterization methods at different length scales that can map strain in-situ 

and probe residual deformation post-mortem are therefore very important to provide researchers 

with location-specific measurable quantities to study failure mechanisms. 

One of the most commonly used in-situ strain mapping techniques within the mechanics 

community is the digital image correlation (DIC) technique. It is a well-established non-

interferometric technique, first developed by Sutton et al. in the 1980s, which probes the full-field 

surface displacement and strains in-situ with sub-pixel spatial resolution and high accuracy [2–6].  

Recently, new global DIC techniques have been proposed as new alternatives to the traditional 

DIC [7–11]. However, the DIC or global DIC approach does not fully resolve the strain tensor, and 

it is insensitive to out-of-plane or in-plane movement.   A three-dimensional variant of the DIC 

technique is the digital volume correlation (DVC) technique based on X-ray tomography [12].  The 

limitation of DVC is that it relies on natural patterns found within samples to track the 3D 

displacement fields. It would be a difficult method for materials such as dense metal alloys that 

lack inherent internal patterns.  Alternative diffraction-based techniques such as X-ray [13], 

neutron diffraction [14], or electron backscatter diffraction [15] have been established to probe the 

full strain (as well as rotation) tensor at microscale or even nanoscale through diffraction of a small 

volume of crystalline material.  However, these approaches require quite complex instrumentation 

and analysis techniques to extract the strain data.  

In the computer vision community, deformation of objects is more conveniently studied by 
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applying the ‘demons’ algorithm on objects natural patterns.  The ‘demons’ approach resembles 

the global DIC technique in that it also maps the non-rigid transformation of the images. More 

specifically, it utilizes gradient information from a fixed (deformed) image in greyscale to 

iteratively compute the ‘demons’ force required to ‘diffuse’ (deform) the moving (undeformed) 

image to match the ‘fixed’ image.  

The original ‘demons’ algorithm was first developed by Thirion et al. as an analogy of 

Maxwell’s demon [16] and has later been widely implemented for many radiotherapy applications 

[17–21]. In the ‘demons’ registration algorithm, the displacement field, or the ‘passive’ force to 

register the moving image (undeformed) to the fixed image (deformed), is computed through the 

optical flow equation (given by Eqn. 1): 

 
�⃑� =

[𝐼𝑚(𝑟 𝑚) − 𝐼𝑓(𝑟 𝑓)]∇𝐼𝑓(𝑟 𝑓)

∇𝐼𝑓(𝑟 𝑓)
2
+ [𝐼𝑚(𝑟 𝑚) − 𝐼𝑓(𝑟 𝑓)]

2 
(6.1) 

where �⃑�  is the displacement field, 𝐼𝑚(𝑟 𝑚) is the intensity of point in the moving image at 

a position 𝑟 𝑚, 𝐼𝑓(𝑟 𝑓) is the intensity of point in the fixed image at a position  �⃑⃑� 𝑓, and ∇𝐼𝑓(𝑟 𝑓) is the 

intensity gradient of the fixed image at a position 𝑟 𝑓 .  The displacement field is calculated 

iteratively in the ‘demons’ algorithm followed by a Gaussian filter (variance=𝜎2) to regularize the 

deformation field. 

Registration can also be made more efficient for small deformation by considering gradient 

information from the moving image to allow diffusion of the fixed image into the moving image.  

A new ‘active’ force, proposed based on Newtons’ third law of motion, that ‘diffuses’ the fixed 

image to match the moving image is added by Rogelj and Lovacic [22] under the assumption of 

the bi-directional diffusional process. It has been shown that consistency and registration accuracy 

can be improved when both ‘passive’ and ‘active’ forces are treated in the same manner. 



171 

 

Nevertheless, the ‘demons’ algorithm is still limited to measuring small deformation. 

To overcome the limitation of ‘demons’ algorithm being only applicable for small 

deformation, a pyramidal (coarse-to-fine) multi-resolution approach is proposed by Kostelec et al. 

[23]. This approach utilizes low-resolution images derived from the original fixed and moving 

images to start the diffusional registration process. The displacement field derived from low-

resolution images are then passed on to the next higher resolution level as a starting solution. The 

entire diffusion process includes separate iterative ‘demons’ registration at each pyramid level, and 

proceeds from the lowest image resolution level to the highest image resolution level.  Since the 

computation speed is faster for lower resolution images, the multi-resolution approach 

significantly improves calculation speed as well as convergence. Moreover, the Spectral-Log  

Demons algorithm has also been developed by Lombaert et al. to overcome the limitation of 

traditional ‘demons’ algorithms to small deformation by capturing the large deformation through 

Spectral Forces [24,25].  Another interesting study dealing with large deformation by Zhao et al. 

uses a two-layer deep adaptive registration framework to separately classify the rotation parameter 

through convolutional neural networks and then identify scale and translation [26].  

In this study, a multi-resolution image registration program is developed based on the 

‘demons’ algorithm to resolve large deformation.  The accuracy of the program is first tested in 

virtual deformation experiments with artificially patterned images deformed using affine 

transformations.  From a series of parametric studies, the optimal parameters for image registration 

of heavily deformed images are determined based on the convergence of measured strain to 

expected strain in the virtual experiments.  Then, the program is applied to real deformation 

experiments performed in the lab, including tensile deformation of pure iron (homogeneous 

deformation) and a three-point bending test (heterogeneous deformation). The measured axial 
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strain in the tensile test is compared with extensometer results and the expected Green-Lagrange 

strain, whereas the measured heterogeneous strain in the bending test is compared with strain 

measured using DIC software.  

6.2 Methodology 

6.2.1 Implementation of ‘Demons’ Algorithm for Strain Mapping 

In this study, the ‘demons’ algorithm is implemented in Matlab; the workflow of the 

program is summarized in Fig. 6.1.  The input consists of two images: one fixed image (deformed 

state) and one moving image (undeformed state). Before feeding the images into the ‘demons’ 

solver, a histogram matching filter and anisotropic diffusion filter are employed to balance the 

illumination and remove noise.  Compared to a Gaussian filter, an anisotropic diffusion filter is 

more effective at preserving important image features such as edges, lines, etc.  The two images 

are then down-scaled from their original resolution (at pyramid level Pn=0) according to the 

specified number of pyramid levels. Each added level contains a down-scaled image from the 

lower pyramid level by a factor of two along each coordinate direction. The image registration 

process begins from the highest pyramid level, i.e., lowest image resolution, and runs through an 

iterative process illustrated in Fig. 6.1.  The solution for the displacement field is then passed onto 

the lower pyramid level as an initial solution, which then significantly improves the diffusional 

registration. The final displacement solution is eventually generated from the lowest pyramid level 

containing images with the original resolution.  
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Fig. 6.1: Flowchart of the multi-resolution image registration software developed based on the 

‘demons’ algorithm.   

From the displacement field obtained through image registration in undeformed 

coordinates, it is then possible to obtain the Green-Lagrange strain tensor associated with it. Since 

direct differentiation of the displacement field in the sample coordinates is sensitive to noise, a 

Savitzky-Golay filter [27] is first employed to smooth the displacement field.  The displacement 

gradient terms are then computed locally using the central difference algorithm to obtain the 

corresponding deformation gradient tensor F of every point within the selected area in the 

undeformed coordinates.  For an experiment containing larger amounts of noise, the local subset 

plane fitting method is implemented (given by Eq. (6.2)) instead of the central difference method 

[27]. 

 

𝐹 = (
1 +

𝜕𝑢𝑥

𝜕𝑋

𝜕𝑢𝑥

𝜕𝑌
𝜕𝑢𝑦

𝜕𝑋
1 +

𝜕𝑢𝑦

𝜕𝑌

) 

(6.2) 

For every point in the selected area, the full 2D Green-Lagrange strain tensor, E, derived 
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from the deformation gradient tensor, F, is then given by Eq. 6.3, which inherently removes 

contribution from rigid body rotation. 

 
𝐸 =

1

2
(𝐹𝑇 ∙ 𝐹 − 𝐼) 

(6.3) 

Here, it is important to distinguish the Eulerian-Almansi strain from the Green-Lagrange 

strain. Since the Eulerian-Almansi strain is calculated from the deformed sample coordinates, it is 

therefore related to the deformation gradient tensor via a slightly different relationship: 

 
𝐴 =

1

2
(𝐼 − (𝐹 ∙ 𝐹𝑇)−1) 

(6.4) 

6.2.2 Virtual Experiments with Computationally Deformed Images 

In this study, a series of parametric studies and validation experiments using 

computationally deformed images is carried out, see Fig. 6.2.  A test image (moving image) is 

computationally deformed uniaxially in tension (engineering strain in the x direction, 𝑒𝑥>0) to 

obtain the deformed fixed image using an image warping method under a cubic interpolation 

scheme.  The amount of deformation is controlled by defining the affine transformation matrix in 

Eq. (6.5). 
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Fig. 6.2: Flowchart of virtual deformation experiments with affine transformation and the 

validation of measured Green-Lagrange strain tensor with applied strain tensor. 

For example, tensile deformation in the x-direction can be defined by assigning scale 

factors (𝑒𝑥  and 𝑒𝑦 ) on the diagonal terms. This test image is assumed to be taken from a 

hypothetical linear elastic material, which demonstrates significant elasticity, such that the applied 

longitudinal tensile strain can be easily related to the engineering strain 𝑒𝑦  in the transverse 

contraction direction through the Poisson’s ratio (taken as 0.3, for this example). 

 
𝑇 = (

1 + 𝑒𝑥 0
0 1 + 𝑒𝑦

) = (
1 + 𝑒𝑥 0

0 1 − 0.3𝑒𝑥
) 

(6.5) 

The expected in-plane Green-Lagrange strain tensor due to the computationally-applied 

tensile deformation can therefore be related to the applied affine transformation tensor: 

 
𝐸𝑒𝑥𝑝𝑒𝑐𝑡𝑒𝑑 =

1

2
(𝑇𝑇𝑇 − 𝐼) = (

𝐸𝑥𝑥 𝐸𝑥𝑦

𝐸𝑦𝑥 𝐸𝑦𝑦
) 

(6.6) 

The expected Eulerian-Almansi strain can be similarly obtained through: 
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𝐴𝑒𝑥𝑝𝑒𝑐𝑡𝑒𝑑 =

1

2
(𝐼 − (𝑇 ∙ 𝑇𝑇)−1) 

(6.7) 

 

6.2.3 Validation Experiments with Tensile Test and Three-Point Bending Test 

Spray painting a black on white speckle pattern is done using a Paasche H series Airbrush 

and CREATEX airbrush paints. A uniform white layer is first painted on the polished sample before 

applying the random black speckle patterns. The black speckle size distribution in this study varies 

from 5 µm to 30 µm, which is sufficiently fine for the intended experiments.  

A primary validation experiment was carried out to assess the performance of multi-

resolution image registration on a uniformly deformed sample under tension. In this case, quasi-

static tensile deformation of a dog-bone shaped pure iron sample, spray painted with black and 

white speckles, has been recorded with a Supereyes microscope camera (Model: B011) at a 

resolution of 1600 by 1200 pixels. An axial extensometer is used to measure the tensile strain of 

the recorded area of interest as strain validation data. The tensile test is manually stopped at ~0.15 

engineering strain, before the axial strain reaches the limit of the extensometer. 

Another validation experiment has been carried out to assess the performance of multi-

resolution image registration on large-scale heterogeneous deformation. A pre-notched stainless 

steel Charpy impact bar is subject to three-point bending under quasi-static loading condition. The 

video of the deforming sample was recorded using a different camera setup, which consists of a 

NAVITAR’s body tube lens mounted on an AMSCOPE’s CMOS 5.1MP camera (model MU500). 

6.3 Results and Discussion 

6.3.1 Expected Strains for Computationally Deformed Images 

A test image taken from a spray-painted sample is used for the following validation study 

for computationally deformed images.  Based on the applied affine transformation, T, defined for 
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computationally deformed images in tension (𝑒𝑥 ∈ [0, 0.3]), several expected measures of strains 

can be readily calculated as shown in Fig. 6.3.  The engineering tensile strain 𝑒𝑥 can be computed 

from measuring the change in deformed image dimension relative to the undeformed image.  In 

this study, the measured engineering tensile strain (red dashed line) is numerically equal to the 

applied scale factor (black solid line) in the affine transformation matrix, as shown in Fig. 6.3.  In 

addition, the expected true strain value (blue dashed line) can be calculated using 𝑒𝑡 =ln(𝑒𝑥+1), 

which sits below the engineering strain. Furthermore, the expected Green-Lagrange strain (green 

dashed line) and the expected Eulerian-Almansi strain (brown dashed line) are obtained using Eq. 

(6.6). and Eq. (6.7), respectively, which differ significantly from the engineering strain.  For the 

following parametric studies, the Green-Lagrange strain is calculated using the ‘demons’ 

algorithm-based image registration code developed in this study, and compared to the expected 

Green-Lagrange strain for percentage error analysis.  
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Fig. 6.3: Different types of expected strain measures under the applied scale factor in affine 

transformation: engineering strain (red), true strain (blue), Eulerian-Almansi strain (brown) and 

Green-Lagrange strain (green). 

6.3.2 The Effect of Pyramid Level on Image Registration  

Determining the appropriate number of pyramid levels used for image registration is 

crucial in obtaining a reliable displacement field.  In this part of the parametric study, the most 

deformed image (𝑒𝑥 = 0.3) and the undeformed image (𝑒𝑥 = 0) are used to study the minimum 

number of pyramid levels required to correctly obtain the displacement field by varying the 

number of pyramid level used from one to ten. Expected values for the Green-Lagrange tensor can 

be calculated using Eq. (6.6). For each of the registrations, the other necessary parameters such as 

number of iterations and SG-filter window size are kept constant throughout.  At each pyramid 

level, 100 iterations are used, which is more than enough to converge to an accurate solution 

according to the next part of the parametric study.  In addition, a SG-filter window size of 21 by 
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21 pixels is adopted. In all the parametric studies, the measured Green-Lagrange tensor values are 

average values of the different strain components within the map.  Care must be taken near the 

edges of the image where the gradient of displacement field becomes erroneous. 

As shown in Fig. 6.4, the minimum number of pyramid levels required to reach an error 

below 0.1% is eight for all the measured components of the Green-Lagrange strain tensor.  The top 

two rows of images in Fig. 6.4 represent the difference in image intensity values between the 

registered undeformed image and deformed image at each different pyramid level, which clearly 

shows improved registration when the number of pyramid levels is equal to or greater than eight.  

The error bar of the plots indicates the standard deviation of the measured strain components. It is 

observed that the error bars become unnoticeable as soon as the pyramid level reaches eight.  As 

the number of pyramid level increases to ten, the percentage error increases slightly again without 

significantly increasing the error bars.  This is likely because of error produced from registering 

the highest level (most blurred) image.  Hence, the maximum number of pyramid levels is 

effectively limited by the original image resolution (1600 pixels by 1200 pixels in this study).  
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Fig. 6.4: (a-j) Effect of using different number of pyramid levels on accuracy of image registration. 

Top two rows represent the intensity difference of undeformed image and registered deformed 

image at different number of pyramid levels, (k) the measured average Green-Lagrange strain 

tensor components plotted against the expected strain tensor values as a function of number of 

pyramid levels, and (l) the percentage error between the measured strain tensor components and 

expected strain tensor components as a function of number of pyramid levels. (SG-filter window 

size is 21 by 21 pixels, number of iterations at each pyramid level is 100).  

6.3.3 The Effect of Number of Iterations at Each Level on Image Registration  

The diffusional image registration process is an iterative approach, which eventually allows 

the matching of the features. Since no convergence criteria is implemented in this study, the 

minimum number of iterations required to achieve accurate matching of the images is therefore 

very important to the determination of the strain tensor. In this section of the parametric study, the 

number of iterations is taken from 1 to 90 with an interval of 10 to match the most deformed image 
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(𝑒𝑥 = 0.3) and the undeformed image (𝑒𝑥 = 0). The SG-filter window size is 21 by 21 pixels, and 

the number of pyramid levels is eight. It has been shown in Fig. 6.5. that the components of 

measured Green-Lagrange strain tensor could be reduced to ~0.1% percentage error, when the 

number of iterations used at each pyramid level exceeds 40.  The error bars also clearly show that 

the strain maps of the three tensor components immediately become uniform at 40 iterations. 

Increasing the number of iterations beyond 40 causes the percent error to slowly converge to 

smaller values. 

 

Fig. 6.5: (a-j) Effect of using different number of iterations at each pyramid level on accuracy of 

image registration, (k) the measured average Green-Lagrange strain tensor components plotted 

against the expected strain tensor values as a function of number of iterations at each pyramid level, 

and (l) the percentage error between the measured strain tensor components and expected strain 

tensor components as a function of number of iterations for a given pyramid level. (SG-filter 

window size is 21 by 21 pixels, number of pyramid levels is eight). 
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6.3.4 The Effect of Savitzky-Golay Filter’s Window Size on Image Registration 

The Savitzky-Golay filter is applied to smooth the displacement field before strain 

calculation. It should be exercised with care for heterogonous deformation so that it does not 

remove details representing the deformation.  In this part of the parameter study, the square SG 

filter’s window size is varied from 3 by 3, 5 by 5, 7 by 7, 9 by 9, 13 by 13, 15 by 15, 21 by 21, 27 

by 27, 35 by 35 and 41 by 41.  The pyramid level is fixed at eight and the number of iterations 

used is 40. The most deformed image (𝑒𝑥 = 0.3) and the undeformed image (𝑒𝑥 = 0) are fed into 

the image registration program as input.  As shown in Fig. 6.6, the accuracy of strain calculation 

clearly does not depend on the SG-filter’s window size for the virtual tensile experiment in this 

study, whereas the precision of the strain field is slightly improved as shown by the error bars.  An 

accuracy of less than 0.1% can be achieved with a window size of greater than 13 by 13.  The 

percentage error of the measured strain all fall below 1% and steadily converges to 0.02% at 

increasing window size.  
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Fig. 6.6: Effect of using different sizes of Savitzky-Golay filter windows on accuracy of image 

registration, (a) the measured average Green-Lagrange strain tensor components plotted against 

the expected strain tensor values as a function of SG filter window size, and (b) the percentage 

error between the measured strain tensor components and expected strain tensor components as a 

function of SG filter window size. (number of iterations at each pyramid level is 40, number of 

pyramid level is eight). 

6.3.5 Virtual Tensile Test Experiment Part I: Artificial Pattern 

A series of computationally deformed images, with spray-painted pattern, in tension are 

produced using an image warping algorithm with a predefined affine transformation matrix.  The 

level of applied engineering strain on the image ranges from 0 to 0.3.  Based on the previous 

parametric studies, the optimal parameters used for this virtual tensile experiment are determined 

to be: pyramid levels = 8, SG filter’s window size = 21 by 21, number of iterations = 40.  The 

image registration approach is then applied to map the Green-Lagrange strain tensor at each 

applied uniform strain level.  The measured average strain values for the different components of 

the Green-Lagrange tensor are then compared with expected results calculated using Eq. (6.6) for 

percentage error analysis as shown in Fig. 6.7.  Percentage error analysis indicates that error falls 



184 

 

below 0.035% for all applied strain levels.  The highest error is measured at the smallest applied 

strain level, which suggests that the technique is likely prone to error at extremely small applied 

strain level which results in subpixel type change in the deformed image.  

 

Fig. 6.7: (a) the measured average Green-Lagrange strain tensor components plotted against the 

expected strain tensor values as a function of applied engineering tensile strain in the x-direction, 

and (b) the percentage error between the measured strain tensor components and expected strain 

tensor components as a function of applied engineering tensile strain in x. (number of iterations at 

each pyramid level is 40, number of pyramid levels is eight, SG-filter window size is 21 by 21 

pixels). 

The percentage error associated with measuring Green-Lagrange strain tensor using image 

registration approach has also been assessed by imposing an additional 5˚ clockwise rotation to 

the deformed image, and compared with results obtained from Ncorr software (v1.2) developed 

by Blaber et al. [28]. Parameters used for Ncorr can be found in Appendix (Table A6.1). In this 

software, the normalized cross-correlation is used as an initial guess prior to the application of the 

nonlinear optimization algorithm i.e. Inverse-Compositional Gauss-Newton (IC-GN) method to 

calculate displacement gradients [6].  Although the Ncorr software implements a more 
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sophisticated approach to calculate full-field displacement/strain, it is referred to as ‘cross-

correlation’ in the figures for brevity. It has been shown in Fig. 6.8 that both methods accurately 

extract the strain tensor from the undeformed reference frame. The error of all strain components 

is well below 1% except for the Eyy at the smallest applied strain. Overall, the Ncorr software 

seems to be slightly more accurate compared with image registration approach due to the 

advantage of IC-GN in terms of image alignment and efficient performance in image rotation 

experiment [29].  

 

Fig. 6.8: (a) schematic of the affine transformation (stretch) of spray-painted images plus a 5˚ 

rotation; (b-d) percentage errors of average Green-Lagrange strain tensor components Exx, Exy, and 

Eyy obtained from image registration and cross-correlation (Ncorr) methods. 

6.3.6 Virtual Tensile Test Experiment Part II: Natural Pattern 

Another case study is done on a series of computationally deformed images with natural 
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pattern e.g. grain boundary microstructure and back-scattered electrons’ mass contrast using the 

same affine transformation matrices from Section 6.3.5. This image is taken from a well-polished 

metallic-intermetallic laminate (MIL) composite surface using a scanning electron microscope 

(SEM). Similarly, the image registration parameters used for this virtual tensile experiment on 

natural patterns are pyramid levels = 8, SG filter’s window size = 21 by 21, number of iterations 

= 40.  To demonstrate the advantage of using the image registration approach over DIC, the Ncorr 

software (v1.2) is used as a comparison.  A table containing the parameters used in the DIC 

software can be found in the Appendix (Table A6.1).  

As shown in Fig. 6.9, the schematic at the top includes several (not all) deformed images 

using affine transformation. The percentage errors associated with the calculated Green-Lagrange 

strain tensor derived from image registration and cross-correlation (Ncorr) have been plotted in 

three separate subplots for the three components in log scale for y-axis. It has been shown that 

both methods are capable of accurately measuring the applied strain tensor, whereas the image 

registration clearly demonstrates significant improvement in percentage errors over the Ncorr 

software by an order of magnitude. This virtual experimental suggests that the application of image 

registration approach can more accurately measure the surface strain of samples with a properly 

exposed natural pattern.  
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Fig. 6.9: (a) Schematic of the affine transformation (stretch) of an SEM taken from a metallic-

intermetallic laminate component sample; (b-d) percentage errors of average Green-Lagrange 

strain tensor components Exx, Exy, and Eyy obtained from image registration and cross-correlation 

(Ncorr) methods. 

6.3.7 Experimental Validation Part I: Tensile Deformation of Pure Iron 

The method used to calculate the surface axial tensile strain is slightly modified from the 

previous parametric study in Section 6.3.5.  Twenty-nine images are first extracted at an equal time 

interval from the video footage.  The significant shift in the field of view in recording the video 

does not allow for accurate image registration between the first undeformed image and subsequent 

deformed images.  Hence, image registration is conducted on pairs of neighboring images instead 
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of using the first image as the reference image.  Since the tensile deformation is stopped before the 

sample starts to neck, the deformation of the recorded part of the sample is uniform.  The 

cumulative tensile strain can be calculated and compared with the extensometer result and the 

expected Green-Lagrange strain.  The parameters used to carry out the image registration are: 

pyramid levels = 8, SG filter’s window size = 21 by 21, number of iterations = 40. Since the 

deformation is uniform throughout, a local subset plane fitting method is adopted here to calculate 

the displacement gradient terms with a fitting window size of 5 by 5 [27]. 

It is shown that the image registration matches well with the extensometer result over the 

entire range in Fig. 6.10.  However, the image registration only matches with the expected Green-

Lagrange strain until ~0.05.  The discrepancy between the measured Green-Lagrange strain from 

image registration and expected Green-Lagrange strain is quite significant above 0.05 strain.  The 

reason for this discrepancy is that the sample surface is a free surface, which allows out-of-plane 

or in-plane movement or rotation of grains in a sample.  The speckles painted on a grain with 

significant out-of-plane or in-plane motion will be registered to have lower than expected strains, 

leading to the strain being underestimated in comparison to the expected Green-Lagrange strain.  

Existing methods such as holographic interferometry is one possible method to extract the out-of-

plane or in-plane displacements, but it is beyond the scope of this work [30]. 
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Fig. 6.10: (a) the engineering stress-strain curve directly obtained from load frame, and (b) 

comparison between measured strain from both extensometer and image registration approach 

along with the expected Green-Lagrange axial strain. 

6.3.8 Experimental Validation Part II: Three-Point Bending  

In this experiment, a comparison of strain fields mapped using DIC and image registration 

on a pre-notched stainless-steel Charpy impact bar under three-point bend testing is presented.  

The DIC software (Ncorr v1.2) used in this part of the study is developed by Blaber et al. [28].  A 

table containing the parameters used in the DIC software can be found in the Appendix (Table 

A6.1). Similarly, the parameters used for image registration are: pyramid level = 8, SG filter’s 

window size = 25 by 25, number of iterations = 70. 

In Fig. 6.11, diffusional image matching through image registration shows that most of the 

image areas can be successfully registered except for a few edge regions.  In this figure, the 

undeformed image is compared with the registered deformed image, since the Green-Lagrange 

strain in fact demands displacement gradients to be calculated in the undeformed coordinates.  The 

histograms showing the difference in the intensity values (residual intensity values) between 
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registered and unregistered pairs of images, which indicate a significant proportion of the image 

intensities (in grayscale) match up very well. The orange histogram contains both the un-matched 

edge regions, as well as minor intensity mismatch within the registered ‘black’ region, i.e., the 

registered region is not entirely black.  

 

Fig. 6.11: (a-d) the image intensity differences between unregistered deformed (fixed) and 

undeformed (moving) images as well as registered deformed image and undeformed image, and 

(e) histograms of intensity differences of the unregistered pair of images and registered pair of 

images 

From the registered images, the displacement field that deforms the undeformed image to 

match the deformed image can be extracted and plotted as a 2 by 1 vector in Fig. 6.12.  This 

displacement vector can be compared with the displacement field calculated from cross-correlation 

method with matching scale bars in units of pixels.  The area of interest selected in the two methods 

are slightly different, but they cover almost the same region underneath the notch. It can be seen 

from the displacement in the x-direction that the material surrounding the notch has been pushed 

away from the notch, meaning that the notch has been opened up.  However, the material closer to 

the loading pin gets compressed towards the pin, which corresponds to the compressive strain Exx 

at the bottom.  Since the loading is applied axially at the center, opposite to the side with the notch, 
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material underneath the notch gets pushed in the direction of the applied load (up in the image 

coordinates, but down in the sample coordinates).  Material away from the notch also moves along 

to the direction of loading due to the fixed points by the side pins.  This large-scale movement of 

material near the notch creates the large shear strain distribution Exy across the thickness of the 

sample as shown in Fig. 6.13.  The strain distributions for Exx and Eyy in Fig. 6.13 share similar 

shapes because the tensile strain in the x-direction must be accompanied by a corresponding 

compressive strain in y to preserve the volume of material. Based on the values of strain, the largest 

tensile strain, Exx, is likely to result in the final failure of the Charpy bar.  

 

Fig. 6.12: Displacement fields mapped using (a-b) cross-correlation-based DIC (Ncorr) and (c-d) 

multi-resolution image registration in a three-point bending test. 

The probability distributions for the different components of strains obtained from two 

different methods are directly compared.  As shown in Fig. 6.13, the distributions for Exx and Eyy 

are very similar to each other.  The slight difference close to zero strain is likely due to the slightly 

larger region of interest chosen in the cross-correlation based method.  Another clear discrepancy 

is observed in the shear strain, Exy, distribution, where the cross-correlation method resolves more 
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area in the sheared region, whereas the sheared region obtained from the image registration 

approach in Fig. 6.13 clearly contains a more discrete shear strain distribution. 

 

Fig. 6.13: Green-Lagrange strain fields mapped using (a-c) cross-correlation based DIC (Ncorr) 

and (d-f) multi-resolution image registration in a three-point bending test, and (g-i) the comparison 

of histograms of strain fields mapped using cross-correlation based DIC (Ncorr) and multi-

resolution image registration in a three-point bending test. 

6.4 Applications and Limitations 

Application of multi-resolution ‘demons’ algorithm in mapping surface strain of 

homogeneously/heterogeneously deformed material using simple optics setup is proven to be 

feasible. With simple post-processing techniques such as histogram intensity adjustment and 

anisotropic diffusion filtering, it is possible to improve the image quality as well as strain mapping 

accuracy. Since the ‘demons’ algorithm is originally used in analyzing biomedical images, 
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unsurprisingly, this method can not only work with spray-painted samples but also samples with a 

unique natural pattern such as e.g. grain boundary microstructure, mass contrast, etc. Therefore, it 

potentially allows mapping of strains of samples that are challenging to apply the artificial pattern 

on the e.g. thin and soft sample, wet/reactive material, mechanically fragile sample, etc. 

Nevertheless, further research is still required to enhance the robustness of this approach for 

experiments with a significant shift in the field of view and to implement an automated method to 

adapt the multiple parameters used for registration to the imaging condition, as well as the amount 

of deformation.  

6.5 Conclusion 

It has been demonstrated in this study that the computer vision approach, i.e., multi-

resolution ‘demons’ algorithm is effective in mapping surface strain with high accuracy on 

computationally deformed images painted with speckles used for DIC (% error <0.035%).  A 

virtual experiment shows that it can also be used to map surface strain of samples based on its 

nature pattern, i.e. grain boundary microstructure and mass contrast, with an order of magnitude 

lower error in strain compared with DIC. In addition, experimental validation performed on 

experimentally collected video footage collected from spray-painted metallic samples deformed 

homogenously (tensile test) or heterogeneously (bending test) show strain values comparable to 

the extensometer reading and DIC based strain maps, respectively.    
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Appendix 

Table A6.1: Cross-correlation parameters used in Ncorr software (v1.2) 

 Section 3.4 Section 3.5 Section 3.7 

Image Resolution 1113*644 854*603 

(undeformed) 

2592*19444 

Analysis Type regular regular regular 

RG-DIC Radius 25 25 25 

Strain Radius 5 5 5 

Subset Spacing 2 2 3 

Diffnorm Cutoff 1e-06 1e-06 1e-06 

Iteration Cutoff 50 50 50 

Step Analysis Enabled 

(Seed 

Propagation) 

Enabled 

(Seed 

Propagation) 

Disabled 

RG-DIC Subset 

Truncation 

Disabled Disabled Disabled 

Strain Subset 

Truncation 

Disabled Disabled Disabled 
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Chapter 7 Novel Remapping Approach for HR-EBSD based on Demons Registration 

 

Abstract 

In this study, the possibility of utilizing a computer vision algorithm i.e. demons 

registration to accurately remap electron backscatter diffraction patterns for HR-EBSD application. 

The accuracy of this new remapping approach is assessed in comparison to the conventional cross-

correlation based method, which demonstrates lower mean angular error at rotation angle > 9˚. 

After remapping, the rotation error can be reduced to around 0.5×10-4 and the phantom stress/strain 

can be reduced to 35 MPa and 2×10-4, respectively.  

7.1 Introduction 

Electron backscatter diffraction has attracted many users over the years as it slowly 

becomes part of a standard laboratory facility. It allows users to quickly gain rich information from 

crystalline materials such as crystallographic orientation, microstructure, defect density, and 

(relative) residual stress/strain. In recent years, HR-EBSD has been an active research area in the 

EBSD community because of its potential to accurately map residual stress/strain with high 

sensitivity. Since the EBSD is an orientation measurement technique, improving the angular 

resolution of the technique is of most interest to researchers. Methods developed to improve 

angular resolution have been developed such as pattern comparison method [1], iterative indexing 

[2], the 3D-Hough transform [3] and HR-EBSD [4]. In particular, the high resolution (or high 

angular resolution) electron backscatter diffraction (EBSD) technique is capable of characterizing 

additional information such as residual stress/strain [5]. Moreover, it is conveniently based on a 

scanning electron microscope, part of a standard laboratory facility, equipped with electron 

backscatter detector. Compared to neutron diffraction or high energy X-ray diffraction approaches 
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to measure residual strain/stress, HR-EBSD would have been a much more attractive method if 

some of the challenges in HR-EBSD can be fully resolved. There are basically two main challenges 

in HR-EBSD.  

First, the strain or stress state of the reference pattern in the HR-EBSD method is an 

unknown state. Therefore, the residual stress or strain in the current HR-EBSD framework is a 

relative quantify. Simulated-based approaches to determine the strain state of the reference patterns 

is certainly a promising solution [6,7], but the uncertainties in the experimental setup and pattern 

center accuracy will also limit the sensitivity [5].   

Second, metals under deformation usually have large lattice rotation variation within a 

grain. Determination of the position of cross-correlation function (XCF) peak is therefore prone to 

error because significant lattice rotation tends to skew the shape of XCF peak or even produce 

multiple peaks, which requires a remapping technique to account for the phantom strain [8,9]. The 

current two different remapping techniques are based on: 1) disorientation matrix obtained from 

orientation matrices, and 2) first pass rotation estimate with cross-correlation, which both have 

some areas of potential improvement.   

The remapping method based on disorientation matrix obtained from the Hough transform 

has limited accuracy at small angles by the uncertainty in the rotation axis [8]. In the 

StrainCorrelator developed by Maurice et al., [8] cross-correlation with and without remapping 

are both carried out and the one with lower mean angular error is selected.  In addition, this type 

of remapping is also limited by the angular resolution of the Hough-based EBSD, typically around 

0.5 to 1 [10–13], given a precise geometry of the scan setup.  

The other remapping technique is based on a first-pass cross-correlation to estimate the 

rotation part and then apply a second-pass to extract the residual deformation between the 
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remapped pattern and test pattern. Its angular resolution at lower misorientation angle is certainly 

much improved compared to the previous method, but the first-pass cross-correlation, without 

iterative robust fitting [14], does not extract accurate rotation matrix when lattice rotation is 

significant, which might require a second remapping. 

Recently, new global image cross-correlation based techniques have been proposed to 

simultaneously improve strain and rotation sensitivity of HR-EBSD [15–17], inspired by the works 

on matching the whole region of interest [18–22].  In this work, we propose a new remapping 

method based on an image registration method i.e. demons registration [23]. The first demons 

registration paper was published by Thirion et al. [23] as an analogy of Maxwell’s demon and has 

later been widely implemented for many radiotherapy applications [17–21]. The demons 

registration approach resembles the global image cross-correlation technique in that it also maps 

the non-rigid transformation of the images.  In the demons registration algorithm, the displacement 

field to register the undeformed (f) pattern to deformed (m) pattern is computed through the optical 

flow equation (given by Eq. (7.1)): 

 
�⃑� =

[𝐼𝑚(𝑟 𝑚) − 𝐼𝑓(𝑟 𝑓)]∇𝐼𝑓(𝑟 𝑓)

∇𝐼𝑓(𝑟 𝑓)
2
+ [𝐼𝑚(𝑟 𝑚) − 𝐼𝑓(𝑟 𝑓)]

2 
(7.1) 

where �⃑�  is the displacement field, 𝐼𝑚(𝑟 𝑚) is the intensity of point in the deformed pattern 

at a position 𝑟 𝑚, 𝐼𝑓(𝑟 𝑓) is the intensity of point in the undeformed pattern at a position  �⃑⃑� 𝑓, and 

∇𝐼𝑓(𝑟 𝑓) is the intensity gradient of the deformed image at a position 𝑟 𝑓.  The displacement field is 

calculated iteratively with the demons registration. 

 For large deformation, the multiresolution demons algorithm is more robust in terms of 

mapping the accurate displacement field [24]. The multiresolution approach essentially uses 

displacement field obtained from downscaled version (higher pyramid level) of the image as input 



201 

 

displacement for the next higher resolution version (lower pyramid level) of the same image to 

better capture the large-scale feature variation. We have found in this study that by applying the 

multiresolution demons registration alone does not have enough sensitivity for HR-EBSD purpose. 

It is, however, possible to use multiresolution demons registration to first remap the reference 

pattern, with similar accuracy compared to cross-correlation based remapping over a larger span 

of rotation angles, before using conventional cross-correlation to obtain rotation and strain 

sensitivity down to 0.5×10-4 and 2×10-4 respectively. It is important to note that the accuracy of 

strain is influenced by many other factors in addition to lattice rotation [5], which should all be 

appropriately addressed at the same time to obtain physically plausible strain level if this approach 

is applied to experimental patterns. 

7.2 Methodology 

Conventional HR-EBSD technique is based on the use of cross-correlation of many regions 

of interests (ROIs) [4,25], a convolution process between two functions in the Fourier domain, to 

extract shifts 𝑞   between two patterns. It is an inverse Fourier transform of the element-wise 

product of the test pattern (deformed) in its frequency space and the conjugate of the reference 

pattern (assumed to be undeformed) in its frequency space. In practice, the intensity of the pattern 

image is first normalized to have a mean of zero. The Hanning window [4] is applied then to each 

of the ROIs before transforming into Fourier space to eliminate the image edge effect.  Then the 

peak position relative to the origin of the XCF can be determined with subpixel sensitivity by 

interpolating the XCF peak.  

The shifts at the center of each ROIs can also alternatively be obtained through the 

multiresolution demons registration, which iteratively determines the displacement field required 

to transform reference pattern toward the test pattern. The displacement field near the edges of the 
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pattern needed to be carefully avoided since these regions contain erroneous displacement fields 

due to lack of similarity.  

Relationship between the shift of ROIs (center) and deformation gradient tensor or 

displacement gradient tensor can then be mathematically formulated.  A formulation used by 

Maurice et al. [8] is adopted here to calculate the deformation gradient tensor associated with the 

shifts in patterns.  

 
𝑟′⃑⃑  ⃑ = 𝑟 + 𝑞 =

𝑍∗

(𝐹 ∙ 𝑟 ) ∙ �⃑� 
𝐹 ∙ 𝑟  

(7.2) 

where 𝑟  is the position vector of the centre region of interests in the reference pattern, 𝑞  is 

the measured shift vector in the detector frame, 𝑟′⃑⃑  ⃑ is the position vector of the center region of 

interests in the test pattern, 𝑍∗ is the detector distance from the source point to the pattern centre, 

�⃑�  is a unit vector normal to the screen, and 𝐹 is the deformation gradient tensor to be solved. A 

schematic is shown below in Fig. 7.1 to visualize the quantities mentioned above and the associated 

coordinates systems. 

 A set of circular regions of interests are placed evenly spaced around pattern center 

including on sitting at the pattern center to measure the necessary shift vectors 𝑞  through cross-

correlation to establish an overdetermined system of equation. In this paper, the center positions 

of ROIs used in the cross-correlation are used to extract shifts obtained from demons registration. 

Then, the deformation gradient tensor can be solved using non-linear least square minimization 

algorithm under the equality constraint defined by the traction free boundary condition. 
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Fig. 7.1: Schematic of EBSD setup and the quantities used in HR-EBSD. 

 

 
𝑚𝑖𝑛𝑓(𝐹) = ∑

1

2
{𝑅𝑂𝐼}

|
𝑍∗

(𝐹 ∙ 𝑟 ) ∙ �⃑� 
𝐹 ∙ 𝑟 − (𝑟 + 𝑞 )|

2

 
(7.3) 

To extract the rotation part of the deformation gradient tensor, singular value 

decomposition method is used (𝑃 and 𝑄 are rotation matrices, 𝐷 is a stretch matrix). 

 𝐹 = 𝑃𝐷𝑄 
𝑇
 (7.4) 

Therefore, the total rotation matrix can be expressed in terms of P and Q. 

 𝑅 = 𝑃𝑄 
𝑇
 (7.5) 

It is then possible to express the rotation matrix into axis-angle pair notation. The rotation 

axis 𝐦 = [𝑚1, 𝑚2, 𝑚3]  of the rotation matrix R  is the eigenvector when the corresponding 

eigenvalue of R is equal to unity, whereas the rotation angle 𝜃 around the rotation axis is given by 

𝜃 = acos [(𝑡𝑟(𝑅) − 1)/2] . The lattice rotation tensor is related to the axis-angle pair relation 
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through: 

 𝜔𝑖𝑗 = −휀𝑖𝑗𝑘𝑚𝑘𝜃 = −휀𝑖𝑗𝑘𝜃𝑘 (7.6) 

where 𝜃𝑘 is the rotated vector given by 𝜃𝑘 = 𝑚𝑘𝜃. 

Writing out the lattice rotation tensor in full gives the antisymmetric matrix in the following: 

 

𝜔 = (

0 −𝜃3 𝜃2

𝜃3 0 −𝜃1

−𝜃2 𝜃1 0
) = (

0 −𝜔12 𝜔31

𝜔12 0 −𝜔23

−𝜔31 𝜔23 0
) 

(7.7) 

With or without remapping, the strain tensor and Cauchy stress tensor can be obtained 

using Eq. (7.11) and Eq. (7.12). Since the elastic strain (<0.2%) is rather small, the Green-Lagrange 

strain is approximately equal to the infinitesimal strain. If remapping technique is applied using a 

cubic interpolation scheme, the deformation gradient tensor 𝐹 will be further decomposed into a 

finite rotation matrix 𝑅𝑓𝑖𝑛𝑖𝑡𝑒  (pre-determined by Eq. (7.3)-Eq. (7.5)) and an infinitesimal 

deformation gradient tensor 𝐹𝑖𝑛𝑓𝑖𝑛𝑖𝑡𝑒𝑠𝑖𝑚𝑎𝑙  calculated between the remapped reference pattern 

(using 𝑅𝑓𝑖𝑛𝑖𝑡𝑒) and the test pattern [8].  

 𝐹 = 𝐹𝑖𝑛𝑓𝑖𝑛𝑖𝑡𝑒𝑠𝑖𝑚𝑎𝑙𝑅𝑓𝑖𝑛𝑖𝑡𝑒 (7.8) 

It is important to realize that the total deformation gradient tensor in this case is in the 

detector frame. Coordinate transformation can be readily established based on the tilt of phosphor 

screen with respect to the sample coordinate system.  

 
𝑅𝜃𝑡𝑖𝑙𝑡

= (
cos 𝜃𝑡𝑖𝑙𝑡 sin𝜃𝑡𝑖𝑙𝑡 0

− sin𝜃𝑡𝑖𝑙𝑡  cos 𝜃𝑡𝑖𝑙𝑡 0
0 0 1

) 
(7.9) 

 𝐹𝑠𝑎𝑚𝑝𝑙𝑒 = 𝑅𝜃𝑡𝑖𝑙𝑡
 𝐹 𝑅𝜃𝑡𝑖𝑙𝑡

𝑇 (7.10) 

Total deformation gradient tensor in the sample frame can be used to calculate the strain 

tensor with Eq. (7.11). Using Hooke’s law, the surface stress state (in the deformed state) can be 

obtained under the traction-free boundary condition [26] and crystal orientation (note that the 
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stiffness matrix C needs to be rotated into the correct orientation using the orientation matrix [27]). 

The elastic constants of nickel are quoted from Materials Project Website 

(https://materialsproject.org/): C11=2.76×1011 Pa, C12=1.59×1011 Pa, C44=1.32×1011 Pa. 

 
휀𝑠𝑎𝑚𝑝𝑙𝑒 =

1

2
(𝐹𝑠𝑎𝑚𝑝𝑙𝑒𝐹𝑠𝑎𝑚𝑝𝑙𝑒

𝑇 − 𝐼) ≈
1

2
(𝐹𝑠𝑎𝑚𝑝𝑙𝑒 + 𝐹𝑠𝑎𝑚𝑝𝑙𝑒

𝑇) − 𝐼 
(7.11) 

 
𝜎𝑠𝑎𝑚𝑝𝑙𝑒 = 𝐶 ∶ 휀𝑠𝑎𝑚𝑝𝑙𝑒 (𝑡 = 𝜎𝑠𝑎𝑚𝑝𝑙𝑒𝑍𝑠 = [

0
0
0
]) 

(7.12) 

7.3 Results and Discussion 

7.3.1 HR-EBSD Part I: Angular Resolution  

All the programming parts of this paper is implemented in Matlab except the dynamically 

simulated patterns that are simulated from EMsoft [28] for fcc nickel generated at 20 kV. The 

pattern resolution is [1244, 1024] pixels with pattern center located at [0.5,0.5,0.5]. Sample tilt is 

70˚ and detector tilt is 10˚. The Euler angles used here adopt the HKL convention.  

First test set involves determining the accuracy of one component of the lattice rotation 

matrix 𝜔12, in-plane rotation. The reference pattern orientation, expressed in Euler angles, is [0 ˚,0 

˚,0 ˚] ([0,0,0] in rad). The test patterns are simulated at orientations from [1˚,0˚,0˚] to [10 ˚,0 ˚,0 ˚] 

at 1 ˚ interval ([0.0175,0,0] to [0.1745,0,0] in rad). For cross-correlation purpose, 100 ROIs are 

arranged in a circular pattern around pattern center (plus one right at the pattern center) with ROI 

size of 256 pixels by 256 pixels, as shown in Fig. A7.1. The center of ROIs in Fig. A7.1 are used 

to obtain the shifts vectors from the displacement field (shift field) as shown in Fig. A7.2. Moreover, 

two methods are used to extract finite rotation for the remapping technique: 1) cross-correlation 

method; 2) demons registration method, as shown in Fig. A7.3. In addition, the image registration 

parameters used here are iterations=25 (at each pyramid level), pyramid level=7, and no filtering 

or smoothing is applied on the displacement field. The demons registration converges to the correct 
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rotation tensor at around 20 iterations (for each pyramid level×7 pyramid levels=140 iterations) 

for a computational time around 4s on an Intel i7 processor, see Fig. A7.4. 

A figure is shown to compare to the absolute rotation accuracy of the four methods: Fig. 

7.2 (a) cross-correlation; Fig. 7.2 (b) demons registration; Fig. 7.2 (c) 1st pass remapping with 

cross-correlation+2nd pass cross-correlation; Fig. 7.2 (d) 1st pass remapping with demons 

registration+2nd pass cross-correlation. It is clear that the demons registration method in Fig. 7.2 

(b) measures the rotation components more accurately for the applied rotation 𝜔12 compared to 

cross-correlation method in Fig. 7.2 (a), especially at large rotations. However, the demons 

registration does lead to a slightly higher rotation error in the 𝜔23, which is likely associated with 

the sample tilt around the x axis.  Overall, if these two methods were to be used for remapping, it 

would be expected that the demons registration yields better performance. This is demonstrated in 

Fig. 7.2 (d), in which the demons registration improves the rotation accuracy of cross-correlation 

based remapping from 1.8×10-4 to 0.5×10-4. 
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Fig. 7.2: Absolute rotation error of the measured lattice rotation tensor components with (a) cross-

correlation, (b) demons registration, (c) 1st pass remapping with cross-correlation+2nd pass cross-

correlation and (d) 1st pass remapping with demons registration+2nd pass cross-correlation. 

 

The mean angular error (MAE) and peak height or structure similarity measure (PH or SSIM) for 

the four different methods are also compared in Fig. 7.3. The MAEs for cross-correlation and 

demons registration are similar at lower rotations (<9˚) but the demons registration has much lower 

MAE at rotation >9˚. Additionally, the remapping method based on demons registration is slightly 

better than the cross-correlation based remapping, which leads to lower rotation error in Fig. 7.2 
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(d). In this study, SSIM is only used for demons registration method because no cross-correlation 

is involved. The PH or SSIM values drop drastically for the methods without remapping whereas 

the two remapping methods both seem to retain very high values. 

 

Fig. 7.3: (lef) Mean angular error (MAE) and (right) peak height (PH) or structure similarity 

measure (SSIM) of four different HR-EBSD methods. 

 

Second test set includes two simulated patterns of different orientations with three different 

Euler angles. The reference pattern orientation, expressed in Euler angles, is [125˚, 43˚, 57˚] 

([2.1817,0.7505,0.9948] in rad). The test pattern orientation, expressed in Euler angles, is 

[130˚,40˚,60˚] ([2.2689,0.6981,1.0472] in rad). The misorientation angle between the two patterns 

is ~8˚.  For the convergence of demons registration to the expected rotation matrix, approximately 

10 iterations (for each pyramid level×7 pyramid levels=70 iterations) for a computational time 

around 2s on an Intel i7 processor. The image intensity difference between reference and test 

patterns are illustrated in Fig. 7.4 (a).  

The same four methods of determining the rotation matrix are used as the ones used in the 

first test set. With demons registration, reference pattern can be warped to the test pattern as 

illustrated by the intensity difference plot in Fig. 7.4 (b), in which the only unregistered part is the 
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edge of the pattern. Based on the green part (edge of test pattern) in Fig. 7.4 (b), the registered 

reference is clearly well aligned with the test pattern underneath it.  As shown in Fig.7.4 (e), the 

absolute rotation error of the three components of lattice rotation tensor are approximately similar 

for the two methods without remapping ~10-3 whereas the remapping methods can reduce the error 

by an order of magnitude. In addition, the remapping method based on demons registration is only 

slightly more accurate than other cross-correlation based remapping approach.  

 

Fig. 7.4: (a) The unregistered and (b) registered intensity of patterns are plotted on top of the 

components of the calculated displacement fields (c) q1 and (d) q2, required to match the reference 

pattern towards test pattern. Black ring of dots is the 100 positions used to extract the shift vector 

𝑞 = [𝑞1, 𝑞2], which are on the same positions as the center of ROIs for cross-correlation. The right 

bar figure (e) shows a comparison of the absolute rotation error (in rad) associated with the three 

components of lattice rotation tensor using four difference methods. 

 

7.3.2 HR-EBSD Part II: Stress and Strain Sensitivity 

The first test set is used again in validating strain sensitivity.  Strain and stress are calculated 

using Eq. (7.11) and Eq. (7.12). With only the applied rotation, the first test set should be stress 

and strain free. Any non-zero values for the stress or strain is regarded as a phantom strain or stress. 
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The phantom strain associated with large rotation is clearly shown in Fig.7.5 (a-d) for the four 

methods described previously. It is also clear that using demons registration alone results in 

significant phantom strain at the highest applied rotation angle (~2×10-3), which is lower compared 

to cross-correlation based method (~5× 10-3), see Fig. 7.5 (a-b). Moreover, the corresponding 

phantom stress can reach as high as 600 MPa and 400 MPa, reaching or exceeding the yielding 

point of some materials.  Nevertheless, typical elastic limit is around 2×10-3, which means that 

neither cross-correlation nor demons registration can be employed alone for patterns with 

significant rotation.  With the implementation of the remapping method, phantom strains have been 

effectively reduced to ~6×10-4 and ~2×10-4 for two different remapping methods, as shown in Fig. 

7.5 (c-d). The improved strain error for demons registration based remapping is attributed to the 

more accurate remapping rotation matrices extracted especially at higher applied rotation angles.  

Additionally, the phantom strains for the two remapping methods at small applied rotations (<5˚) 

are similar in magnitude ~1.5×10-4. In Fig. 7.5 (g-h), the phantom stresses for the two remapping 

methods are around 20 MPa at small applied rotations (<5˚). The phantom stress for the demons 

registration remapping method can remain as low as ~35 MPa at the highest applied rotation, 

whereas the cross-correlation based remapping method produces phantom strain of around 70 MPa.  

For future work, the accuracy of the technique can be carefully assessed with an epitaxially 

grown semiconductor sample [29], which would reveal the true accuracy of the technique. 

Additionally, the computational cost can also be greatly reduced through GPU acceleration of the 

demons registration.  



211 

 

 

Fig. 7.5: Phantom strain (a-d) and stress (e-h) obtained using four different HR-EBSD methods. 

Note that the scale bar of stress and strain plots for remapping methods (c-d) and (g-h) are 

readjusted. 

 

7.4 Conclusion 

It has been demonstrated in this study that the demons registration method is effective in 

remapping EBSP for HR-EBSD application. The proposed method is more robust to remap 

patterns of large misorientations compared to conventional cross-correlation remapping method. 

The rotation, stress, and strain sensitivity of this approach are determined to be around 0.5×10-4, 

35 MPa, and 2× 10-4 respectively, which are sufficiently small to characterize most materials. 

Therefore, this method is applicable to materials with large lattice rotation such as metals and 

alloys. Future development of this method includes optimization of the multiresolution demons 

algorithm and incorporation of simulated pattern for measurement of absolute stress/strain.  
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Appendix 

 

Fig. A7.1: (a) Reference pattern of fcc nickel with Euler angle [0,0,0] and 100 ROIs overlaid on to 

it; (b) test pattern of fcc nickel with Euler angle [10,0,0] and 100 ROIs overlaid on to it; (c) shifts 

𝑞   measured using cross-correlation between 100 ROIs in (a) and (b), and overlaid onto the 

reference pattern. 

 

Fig. A7.2: (a) Reference pattern of fcc nickel with Euler angle [0,0,0] and 100 ROIs overlaid on to 

it; (b) test pattern of fcc nickel with Euler angle [10,0,0] and 100 ROIs overlaid on to it; (c) 

registered pattern with demons registration method; components of the displacements fields (d) q1 

and (e) q2, which form the shift vectors (f) 𝑞 =[ q1, q2 ] at the black dots (center of ROIs in Fig.A7.1). 
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Fig. A7.3: (a) Reference pattern of fcc nickel with Euler angle [0,0,0] and 100 ROIs overlaid on to 

it; (b) test pattern of fcc nickel with Euler angle [10,0,0] and 100 ROIs overlaid on to it; (c) 

registered pattern with demons registration method; components of the displacements fields (d) q1 

and (e) q2, which form the shift vectors (f) 𝑞 =[ q1, q2 ] at the black dots (center of ROIs in Fig.A7.1). 

 

 

Fig. A7.4: Convergence of iterative multiresolution demons registration. (left) number of iterations 

(at each pyramid level) required register reference pattern with Euler angles [0,0,0] to test pattern 

with Euler angles [10,0,0]; (right) total time taken for the registration. 
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Fig. A7.5: Convergence of iterative multiresolution demons registration. (left) number of iterations 

(at each pyramid level) required register reference pattern with Euler angles [125˚, 43˚, 57˚] to test 

pattern with Euler angles [130˚,40˚,60˚]; (right) total time taken for the registration. 

 

Chapter 7 is the part of material that is being prepared for publication. 

Chaoyi Zhu, Kevin Kaufmann, and Kenneth S. Vecchio. “Novel Remapping Approach 

for HR-EBSD based on Demons Registration”. 
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Chapter 8 Conclusions 

Advanced characterization techniques to study multiscale deformation mechanism of 

metals and alloys are developed in the current dissertation. These techniques allow rapid 

quantification of geometrically necessary dislocation density, microscopic stress/strain/lattice 

rotation, and macroscopic surface strain.  

In Chapter 2 and 3, GND density analysis has been applied to elucidate deformation 

mechanisms regarding microstructure/texture related mechanical responses of shear localized 

metals: 7039-aluminum alloy and high-purity titanium. In the case of 7039-aluminum alloy, 

anisotropy in the microstructure has been found to only slightly modulate the shear localization 

properties of aluminum alloy. For instance, the grain-sliding mechanism in the C-direction leads 

to overall higher and more uniform GND density distribution across the shear band whereas the 

other A, B and D direction have a decreasing GND density profile away from shear band center. 

Moreover, stress relief cracking has also been found to accommodate the heterogeneous 

deformation, indicated by a clear drop in the GND density.  

In the other case of high-purity titanium, specific texture is aligned with the shear plane i.e. 

in-plane (IP) basal texture, and through-thickness (TT) non-basal texture. Mechanical response for 

shear localized of IP and TT samples are found to be texture dependent.  For example, the IP 

sample, although machined from the same bulk sample as TT, has much lower yield strength and 

ultimate strength but higher applied shear strains. Schmid factor analysis reveals the difference in 

mechanical response is due to the basal texture in IP sample, which has favorable <a> type basal 

slip with much lower critical resolved shear stress than other types of slips. In the TT sample, 

restricted <a> type slip consequently results in higher GND density in the through-thickness (TT). 

The restriction in the <a> type slip also means that <a> GNDs are more likely to remain in the 
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deformed microstructure adjacent to the shear band in the TT sample, which has been confirmed 

in this study. Additionally, density of <c+a> type GNDs are very similar in these two samples. 

Increase in grain average GND density is determined to be strongly correlated to an increase in the 

Euler Φ angle of the grain average orientation, indicating that the defect activity in hcp crystal is 

dependent on the orientation of grains.  

  In Chapter 4, the study of GND density has then been used to measure defect type 

evolution i.e. SSD and GND in quasi-statically compressed nickel sample, in comparison to early 

Ashby’s model prediction. It is found that the measured GND density evolution is approximately 

linear with respect to the applied plastic strain. In comparison to Ashby’s model, the 

experimentally obtained GND density versus strain is lower because experimental GND density 

mapping includes lower density GND structures. SSD density is estimated from the difference 

between measured GND density and total dislocation density (Taylor’s hardening model). Overall, 

GND density contributes more to the to strength of material as lower applied strain whereas SSD 

density later dominate the microstructure at higher applied strain.  

To improve electron backscatter diffraction technique, the 3D Kikuchi sphere 

reconstruction technique from 2D diffraction patterns is developed in Chapter 5. This method 

automatically filters the diffraction pattern data set collected experimentally to select the high 

quality diffraction patterns with misorientation difference greater than high angle grain boundary. 

By utilizing the normalized cross-correlation technique, misalignment of experimental patterns 

with simulated kinematical diffraction skeleton can be minimized, achieving a perfect 

reconstructed spherical Kikuchi map from experimental patterns. Combined with recent 

development in spherical cross-correlation, new orientation indexing method is made possible. In 

addition, pattern center calibration and phase analysis can also be potentially improved.   
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Chapter 6 describes a new surface strain remapping method based on image registration 

approach. The percentage error in the components of measured Green-Lagrange strain tensr of the 

developed method is shown to be below <0.035% on computationally deformed images with 

artificial speckle pattern. Its accuracy in mapping surface strain of images based on its natural 

pattern has also been shown to be better than the conventional DIC method. Moreover, validation 

experiments are also conducted, which include evaluating the performance of strain mapping in 

the uniaxial tensile test and three-point bending test, compared with extensometer reading and 

digital image correlation respectively.  

The method described in Chapter 6 has been further developed into a novel remapping 

technique for HR-EBSD purpose to measure lattice rotation, residual strain and stress. A finite 

deformation frame work is established in Chapter 7, which consists of two parts: finite rotation 

and an infinitesimal deformation. The remapping rotation matrix is determined using the demons 

registration method, more robust at higher applied rotation compared to cross-correlation based 

method. After remapping, the infinitesimal deformation gradient tensor can be extracted with 

cross-correlation and combined with the rotation matrix to give the total deformation gradient 

tensor. The sensitivity of the new HR-EBSD method is then determined for the rotation, stress, and 

strain sensitivity, which has been shown to be around 0.5×10-4, 35 MPa and 2×10-4, respectively. 
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Chapter 9  Directions for Future Work 

• A comparison of GND density profiles for shear localized materials under different 

strain rates can be carried out. In addition. similar studies can be extended to other 

materials such as high entropy alloys, etc. 

• Dislocation type evolution study can be done on bcc or hcp crystal system at 

varying temperature or strain rates. Moreover, Ashby’s model can be further 

evaluated by varying effective grain size of the undeformed sample. 

• 3D EBSD can be used to extract the full Nye tensor so that more equations become 

available to solve for the underdetermined system of dislocation configurations.  

• Spherical cross-correlation can be implemented to indexing diffraction patterns 

based on spherical harmonic analysis of the reconstructed spherical Kikuchi map. 

• 3D image stiching algorithm is a favorable direction to pursue for reconstruction of 

spherical Kikuchi map as a potential extension to phase analysis.   

• A multi-pyramidal convergence criterion can be established to speed up the demons 

registration algorithm. Additionally, simple technique for optimizing the 

registration parameters should also be implemented for different image 

conditions.   

• Absolute residual stress determination based on simulated unstrained diffraction 

patterns is of course a direction worth pursuing. 

• Application of HR-EBSD into solving practical applications such as residual stress 

distribution in additively manufactured metals. 




