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VOLUME, ENTROPY, AND DIAMETER IN SO(p,q + 1)-HIGHER
TEICHMULLER SPACES

FILIPPO MAZZOLI AND GABRIELE VIAGGI

ABSTRACT. We investigate properties of the pseudo-Riemannian volume, en-
tropy, and diameter for convex cocompact representations p : I' — SO(p, g+ 1)
of closed p-manifold groups. In particular: We provide a uniform lower bound
of the product entropy times volume that depends only on the geometry of
the abstract group I'. We prove that the entropy is bounded from above by
p — 1 with equality if and only if p is conjugate to a representation inside
S(O(p,1) x O(q)), which answers affirmatively to a question of Glorieux and
Monclair. Lastly, we prove finiteness and compactness results for groups ad-
mitting convex cocompact representations with bounded diameter.

1. INTRODUCTION

A very rich interaction between topology, geometry, and dynamics occurs in the
study of surfaces. A prototypical example is provided by hyperbolic structures and
their moduli spaces, where the following classical properties hold:

(a) Volume: The GauBi-Bonnet formula relates the area of a hyperbolic surface
and its Euler characteristic, a topological invariant.

(b) Entropy: The topological entropy of the geodesic flow on a closed hyperbolic
surface is always equal to 1, independently of the hyperbolic structure.

(¢c) Compactness: The moduli space is not compact and, by Mumford com-
pactness criterion, the diameter defines a proper function on it.

In this paper we intend to investigate how these phenomena generalize to the
study of so-called higher Teichmiiller spaces associated with special orthogonal
subgroups SO(p,q + 1), as introduced by Danciger, Guéritaud, and Kassel [19],
Beyrer and Kassel [9]. Examples to keep in mind are:

e The Teichmiiller space of mazximal representations of surface groups into
SO(2,q + 1) introduced by Burger, Iozzi, and Wienhard [13]. See also
Collier, Tholozan, and Toulisse [17] and [33] for a description of the pseudo-
Riemannian geometry of these representations.

e The Teichmiiller space of continuous deformations of the composition of
the inclusion of a uniform lattice I' < SO(p,1) in SO(p, 1) with the upper
block embedding SO(p, 1) — SO(p, ¢ +1). See Barbot 3| or [9] for the case
q=1.

These spaces, in particular, parametrize objects of the form

N, :=Q,/p(I),
where: p : I' — SO(p,q + 1) is a faithful representation with discrete image, T'
is a fixed hyperbolic group of cohomological dimension p, and €, is a maximal

p(I')-invariant open convex subset of the pseudo-Riemannian hyperbolic space HP-1.
1



2 FILIPPO MAZZOLI AND GABRIELE VIAGGI

Any representations arising from these two classes are examples of HP'?-convex
cocompact representations, in the sense of [19] (see Definition . One can think
of N, as generalizing the role of a hyperbolic surface from above, and of the space
of conjugacy classes

CC(T):={[p] | p:T — SO(p,q + 1) is convex cocompact}/Out(T),

where Out(I") denotes the group of outer automorphisms of I', as generalizing the
role of the Riemann moduli space.

Any such N, has natural pseudo-Riemannian entropy é,, volume vol,, and di-
ameter diam,. We establish three properties about these invariants:

(a) Volume, entropy, and topology: We give uniform lower bounds on the prod-
uct 6% -vol, only depending on the geometry of the group I', see Theorem

(b) Entropy rigidity: The entropy is bounded from above by p— 1 with equality
if and only if p(I') is conjugate into S(O(p, 1) x O(q)), see Theorem [4] This
answers a question of Glorieux and Monclair [23, Question 1.6].

(¢) Diameter and complexity: We prove finiteness and compactness results for
groups I' admitting convex cocompact representations with bounded diam-
eter diam, < D, see Theorems [f] [6} and

In the rest of the introduction, we state and comment each of these results, but
first we review some basic facts about HP? and SO(p, q + 1)-higher Teichmiiller
spaces.

SO(p, g+ 1)-Convex cocompactness. Let us briefly recall the setup: SO(p,q+1)
is the group of orientation-preserving linear isometries of RP4*! which denotes the
vector space RPT9T! endowed with the quadratic form of signature (p,q + 1)

(o, @)pgr1 =%+t ap —yf — =y
The group SO(p,q + 1) acts on the pseudo-Riemannian homogeneous space
HP? = {[z] € P(RPT*)| (&, 2)p,q+1 < 0}

by isometries with respect to the natural pseudo-Riemannian metric gge.a of sig-
nature (p,q) induced by (e, e), ;41 (that is, gur.« at any [z] is the restriction of
(o, )41 to Tp;HP? = Span(z)*), and on its ideal boundary

OHPT = {[2] € PRP*) | (2, 2)pger = 0}

by preserving its associated conformal structure of signature (p — 1, q).

Geodesics in HP9 are all of the form P(V)) nHP9, where V is some 2-dimensional
subspace of RPT4+1 whose associated projective line L := P(V) intersects HP¢. Any
geodesic is of one of the following kinds, depending on its induced metric: L n HP-4
is either spacelike, timelike, or lightlike depending on whether the restriction of the
pseudo-Riemannian metric ggr.a is positive, negative, or degenerate, respectively.
Moreover, we say that a subset C' < HP*? is convez if it is contained inside an affine
chart of P(RPT2+1) in which it is convex as a subset of the affine space.

The action of SO(p,q + 1) preserves also a pseudo-distance defined as follows:
Consider a pair of distinct points [z], [y] € HP? and let V' := Span{z,y} be the
2-dimensional subspace they generate. We say that [z], [y] € HP? are space-related
if V has signature (1, 1) (or, equivalently, if the line P(V') nHP*? is spacelike). Then
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we set

dzr.a([2], [y]) :=

arccosh (—<<Ii’<>>) if [z], [y] are space-related,
Z,T ) Y,Y

otherwise,

where the representatives x,y € RP*9*1 are chosen so that (x,y) < 0. We remark
that dgr.q([2],[y]) coincides with the length of the unique spacelike geodesic seg-
ment in HP? joining [z], [y] € HP9.

Following Danciger, Guéritaud, and Kassel |19]:

Definition 1.1. A representation p : I' — SO(p,q + 1) is said to be HP?-convex
cocompact (or simply convex cocompact throughout our exposition) if it has finite
kernel and if there exists a p(T")-invariant convex subset C' of H?'? that satisfies:

e The group p(T') acts cocompactly on C' nHP-¢, where C' denotes the closure
of C inside P(RP:4F1).

e The ideal boundary 0C := C n dHP-? does not contain any open lightlike
segments.

Furthermore, there exists a unique p(I')-invariant mazimal open, convex domain
of discontinuity Q, < HP9 that contains C. More precisely, 2, is the connected
component of HP¢ — | J, P((z)*) containing C, as z varies in 0C.

By [19, Theorem 1.24], any group I' that admits a convex cocompact repre-
sentation is word-hyperbolic, and the natural inclusion I' < SO(p,q + 1) is P;-
Anosov (see for example [26][19] for the definition). Recall also from Danciger,
Guéritaud, and Kassel [19] that convex cocompactness is an open condition inside
Hom(T', SO(p, g + 1)).

SO(p,q + 1)-Higher Teichmiiller spaces. The recent works of Seppi, Smith,
and Toulisse |41] and of Beyrer and Kassel [9] have shed new light on the geom-
etry of convex cocompact representations in SO(p,q + 1). By [41], for any group
I" of cohomological dimension p that admits a convex cocompact representation
p: ' — SO(p,q + 1), there exists a unique p(I')-invariant spacelike, complete
p-submanifold M < HP4 that is mazimal, namely whose trace of the second funda-
mental form is equal to zero. This extends previous works of Andersson, Barbot,
Béguin, and Zeghib [2]|, Bonsante and Schlenker [10], Collier, Tholozan, and Toulisse
[17], and Labourie, Toulisse, and Wolf [30] and includes them in a unified frame-
work. Furthermore, under the same hypotheses, any continuous deformation of
p:T'— SO(p, g+ 1) within Hom(T", SO(p, ¢ + 1)) is again convex cocompact by [9].
It follows that the space of conjugacy classes of convex cocompact representations
of I is a union of connected components and, hence, a higher-rank Teichmiiller
space.

The main aim of the present paper is to exploit some of the key features of maxi-
mal spacelike submanifolds of HP+? to investigate the global structure of SO(p, g+1)-
higher Teichmiiller spaces. In particular, our work leverages on the following prop-
erties (see Section below for the necessary background).

Theorem (Ishihara [28] Proposition 2.1, Theorem 1.2]). Let M be a complete,
spacelike, mazximal p-submanifold of HPY. Then its Ricci curvature and second
fundamental form 1 satisfy

1) Ricy + (p — 1) g = 0, 1l < pa,
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where gy denotes the induced metric of M.

Theorem 1. Let M be a complete, spacelike, mazimal p-submanifold of HP>2. Then
the distance dp; associated with the induced metric of M and the restriction to M
of the pseudo-metric dgp.a satisfy

(IT) dy(x,y) < dava(2,y) < /pdu(z,y), x,y € M.

Theoremis a new contribution that generalizes Labourie and Toulisse [29, The-
orem 6.5] and it will be deduced from Theorem [§ below. (Notice that Theorem
does not require M to be invariant by the action of some convex cocompact repre-
sentation.)

More precisely, we apply properties (I)) and of maximal submanifolds to
study volume, entropy, and diameter of convex cocompact representations. Given
any such p : I' — SO(p, g + 1) with associated pseudo-hyperbolic manifold N, :=
Q,/p(T"), we consider:

(a) The volume of N,

1/2
vol, :=vol(N,) = J |det(ng)i,j| / Aq da;,
P
where the integrand equals the volume form induced by the pseudo-Riemannian
metric of N, (in local coordinates (;);).
(b) The entropy (or pseudo-Riemannian critical exponent) of p

. 1
3, :=limsup — log|{y € T | dur.a (0, p(7)0) < R}|,
R— R

for some (any) choice of a basepoint o € Q,,.
(c) The diameter of N,

diam, := sup { in£ dur.a (2, p(7)y) | z,y € 2, are space—related} .
~e

Let us provide a brief motivation for our interest in the study of these quantities.
The volume vol, has been extensively studied when ¢ = 0 and p is cocompact (in
which case N, is a closed hyperbolic p-manifold and vol, is its Riemannian volume),
and when ¢ = 1. For the latter case, recall that p : I' — SO(p,2) is HP''-convex
cocompact if and only if N, is a mazimal globally hyperbolic, Cauchy-compact (or,
more concisely, MGHC'), anti-de Sitter spacetime of dimension p + 1, by the work
of Barbot and Mérigot [4] when T is the fundamental group of a closed hyperbolic
p-manifold, and by [19] for a general word hyperbolic group. In this context, vol,
is simply the Lorentzian volume of N,. For p = 2 and ¢ = 1, we refer to the work of
Bonsante, Seppi, and Tamburelli [11], who observed multiple interesting relations
between vol, and classical hyperbolic geometry in dimension 2.

The critical exponent J, in this setting was first introduced and studied by Glo-
rieux and Monclair [23]. In their work, the authors showed that ¢, coincides both
with the dimension of suitable (natural adaptation of the notion of) Patterson-
Sullivan densities, and with an appropriate pseudo-Riemannian analog of Haus-
dorff dimension of the limit set of p. See also Collier, Tholozan, Toulisse [17] and
Theorem [f] below for further comments and applications.

We introduce here the diameter diam,, as a natural geometric invariant associated
with the pseudo-Riemannian manifold N,. On the one hand, its definition does
not directly involve the Riemannian geometry of the maximal submanifold M, =
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M /p(T"), but rather the dynamics of the action by p on the homogeneous space
HP¢, in analogy with the critical exponent §,. On the other hand, both vol, and
diam, are related to classical Riemannian invariants of the maximal submanifold
M,, as described by the following statement.

Proposition 2. Let p : I' — SO(p,q + 1) be a convex cocompact representation.
Then the following properties hold:

(1) There exists a dimensional constant p = u(p,q) > 0 such that
0 < pvol(M,) < vol, < .
(2) The volume entropy h(M,) of M, satisfies

5, < h(M,) < /B3,

(See Corollary[3.2] and Proposition [£.1]for a proof of item (1). Item (2) is a direct
consequence of Theorem ) In the remainder of the introduction, we describe and
comment the statements of the main theorems.

Volume and entropy. Our first main result relates volume, entropy, and topology
of convex cocompact representations.

Theorem 3. There exists a constant ¢ = c¢(p,q) > 0 such that the following holds.
Let T be the fundamental group of a closed orientable p-manifold M. Then for every
convex cocompact representation p: I' — SO(p,q + 1)

68 -vol, = c- M|,
where ||M|| denotes the simplicial volume of M.

Comments:

e In fact, it follows from our proof that a sharper version of Theorem
holds by replacing vol, with vol(M,), the volume of the maximal spacelike
p-submanifold of N,,.

e The simplicial volume is a topological invariant of M (in fact it only depends
on the fundamental group I') introduced by Gromov in [25]. Heuristically
speaking, it measures the minimal number of singular simplices needed to
represent the fundamental class [M] € H,(M,R).

e By [19], convex cocompactness of p implies that ' is word-hyperbolic and,
hence, the simplicial volume |[M|| is positive by results of Mineyev [34]. In
the case of a hyperbolic manifold M, we have ||M| = vol(M)/v, where v, is
the volume of a regular ideal p-simplex in HP.

e The inequality can be seen as a pseudo-Riemannian analog of a very general
volume-entropy bound due to Gromov [25], who showed that there exists a
constant k = k(p) > 0 such that, for every closed, orientable, Riemannian
p-manifold M, we have

h(M)? -vol(M) = & - [|[M]],

where h(M) is the volume entropy of the universal cover of M and |[M|| is
the simplicial volume of M.
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Entropy rigidity. Next, we prove the following rigidity statement for the pseudo-
Riemannian entropy:

Theorem 4. Let I' be the fundamental group of a closed orientable p-manifold M.
Then for every convex cocompact representation p : IT' — SO(p,q + 1)

0, <p-—1,
with equality if and only if p preserves a totally geodesic copy of HP in HP9.

Comments:

e The inequality in Theorem [4] was originally proved by Glorieux and Mon-
clair [23] and by now there are several generalizations and refinements of
it, see e.g. |15}/39,24]. Our main contribution concerns the rigidity in case
of equality, which answers positively to [23] Question 1.6].

e The existence of maximal submanifolds from [41], together with properties
and , allows to translate the entropy rigidity problem into a purely
Riemannian framework, where one can apply the work of Ledrappier and
Wang [31].

e If §, = p — 1, then p preserves a totally geodesic H? — HP? and, hence, it
is conjugate into S(O(p, 1) x O(q)).

e It is known that there exist closed orientable p-manifolds, whose fundamen-
tal groups I' admit convex cocompact representations inside SO(p,q + 1),
that are not virtually isomorphic to uniform lattices in SO(p, 1), by the
works of Monclair, Schlenker, and Tholozan [35] and Lee and Marquis [32].
For them we necessarily have §, < p — 1.

e When p = 2, this statement is due to Collier, Tholozan, and Toulisse [17],
see also [33] for a different proof.

e Theorem [4] is a pseudo-Riemannian analog of various entropy rigidity re-
sults, such as the works of Besson, Courtois, and Gallot [8], Hamenstadt
[27], Ledrappier and Wang [31], Crampon [1§], and Barthelmé, Marquis,
and Zimmer [6] in Riemannian, hyperbolic, and convex projective geome-
tries (compact and finite co-volume), respectively.

Diameter and complexity. Lastly, we relate the diameter of N, = €,/p(T") to
the complexity of the group I'.

Theorem 5. For every p = 2 and D > 0, there exist at most n homeomorphism
classes of closed, aspherical p-manifolds whose fundamental groups I' admit faithful
convex cocompact representations p : I' — SO(p,q + 1) with pseudo-Riemannian
diameter diam, < D, for some n = n(D, p) € N independent of ¢ > 1.

Comments:

e In fact, Theorem [5| applies also if we replace the function diam, with
diam(M,), the diameter of the maximal spacelike p-submanifold of N,,.

e This a pseudo-hyperbolic analog of various finiteness results in hyperbolic
geometry, see for example Thurston [42, § 5.11], Canary, Epstein, and Green
[14, § 1.3], Benedetti and Petronio |7, § E].

e By work of Thurston, there exist infinitely many closed hyperbolic 3-manifolds
of volume bounded by V (see |42, Chapter 4]). On the other hand, if p > 4,
Wang [43] proved that the number of closed hyperbolic p-manifolds with
volume bounded from above by V is finite. It seems natural to ask whether
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this holds true also for the number of homeomorphism classes of closed,
aspherical p-manifolds whose fundamental groups admit faithful convex co-
compact representations in SO(p, ¢+ 1) with p > 4 and pseudo-Riemannian
volume vol, < V.

As opposed to the Riemannian setting, there are two central difficulties that one
has to deal with when working in HP9:

(1) The function dgr.q(e,e) is not a distance. For instance, metric balls with
respect to dgr.« are not compact.
(2) Point stabilizers for the action SO(p,q + 1) — HP-? are not compact.

This absence of compactness explains what goes wrong if one tries to approach
the problem with standard Riemannian tools. In order to circumvent the issue, we
need to find suitable replacement for the two properties.

Theorem 6. Let I' be the fundamental group of a closed, aspherical p-manifold.
Denote by CC(T") the space of convex cocompact representations of T' in SO(p,q+1)
up to conjugation and up to outer automorphisms of I'. Then the diameter function

cc() — (0,0)
(] —>  diamy,

1S proper.

In fact, the proof of Theorem [6]shows that the same holds if we replace the role of
the function diam, with the diameter of the maximal spacelike p-submanifold M,,.
Note that bending examples show that the moduli space CC(T') is non-compact for
every I' which is the fundamental group of a closed hyperbolic p-manifold contain-
ing a totally geodesic hypersurface. We also remark that, by standard arithmetic
constructions, it is possible to construct infinitely many different commensurability
classes of groups I' with these properties.

The statement is a pseudo-Riemannian compactness criterion which is analogue
to Mumford’s Compactness Theorem [37] for hyperbolic surfaces. In its proof we
use that the set of convex cocompact representations of a given I' is closed in the
space of representations, as shown by Beyrer and Kassel [9].

Recall that, when p = 2, convex cocompact representations of a fixed surface
group T into SO(2,q + 1) coincide with the class of so-called mazimal represen-
tations (as defined in [13], see also [17]) and, by the Dehn-Nielsen-Baer Theorem
(see e.g. |21, Theorem 8.1]), Out(T") is the (extended) mapping class group of the
surface. Thanks to the better control in such low dimensional setting, we can re-
place the diameter with systole and volume functions, where the systole of a convex
cocompact representation p is defined by

Sys, 1= 7Erlr}ir{Ll}ép(ﬂy).

We have the following.

Theorem 7. Let S be a closed orientable surface of genus at least 2 and let m =
m1(S) denote its fundamental group. For every e,V > 0 and q € N, the mapping
class group Out(m) acts cocompactly on

p maximal,

M(g,¢,V) = {p € Hom(m,SO(2,q + 1)) vol, < V,sys, > e
x V, p =

}/SO(Z,q +1).

We conclude the introduction with a few words on the ingredients of the proofs.
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Spatial distances on maximal submanifolds. As we mentioned before, the
key input for Theorems and [5| are properties (I)) and of (p(T")-invariant)
spacelike maximal p-submanifolds of HP:¢, whose existence and uniqueness has been
established by the recent work of Seppi, Smith, and Toulisse [41]. In turn, property
follows from the next crucial statement:

Theorem 8. Let M be a complete, spacelike, mazximal p-submanifold of HP'?, and
denote by B : M — R the restriction to M of either the pseudo-Riemaniann distance
from some x € M or the pseudo-Riemannian Busemann function associated with
some 8 € OM. Then:

1< VBllaree < VP

where ||o|; ., denotes the L*-norm on M. Moreover,
(1) HVﬂHMpC =1 if and only if M is a totally geodesic copy of HP.
(2) If there exists y € M such that ||V 3|, = \/p, then V24, = 0.

Comments:

e Compared with the Riemanniann setting, where distance functions have
gradient of norm < 1 when restricted to submanifolds, for the pseudo-
Riemannian Busemann function there is no such bound (see also Proposi-
tion . What we recover is a uniform bound for the restriction to the
mazximal p-submanifold.

e This result generalizes the work of Labourie and Toulisse |29, Proposi-
tion 5.8] for p = 2 to any dimension p > 2.

e Concerning the equality case, one should remark that Labourie and Toulisse
[29] show that, when p = 2 and ||V, = v/2, then the scalar curvature
at y equals zero. From this, generalizing Ishihara [28] and Cheng [16],
the authors prove that the scalar curvature must vanish identically and,
therefore, the surface must be a Barbot surface. One may ask to what
extent this phenomenon generalizes to higher dimension. In this direction,
upcoming work of Moriani and Trebeschi [36] establishes that, when the
scalar curvature of M vanishes at some point, then M has to be a maximal
Barbot p-submanifold. In particular, when ¢ = 1, their work implies that
Case (2) of T heorem arises only when M is a Barbot submanifold of HP!
which does not occur for HP>'-convex cocompact representations.

Acknowledgements. We thank Andrea Seppi and Jérémy Toulisse for their sup-
port and encouragement to write this paper. We are also grateful to Francesco
Bonsante, Sara Maloni, Alex Moriani, Beatrice Pozzetti, Enrico Trebeschi, and
Anna Wienhard for their feedback and suggestions on a first draft of this work.
Lastly, we would like to thank Timothé Lemistre for commuticating to us his strat-
egy of proof of Lemma and to Andrea Seppi for pointing out to us an issue in
the proof of a previous version of Lemma [£.2]

The first author acknowledges support from the European Research Council
(ERC) under the European Union’s Horizon 2020 research and innovation pro-
gramme (grant agreement No 101018839).

2. SPATIAL DISTANCES

Let M be a complete, spacelike, maximal p-submanifold of HP?, as considered
in [41]. In this section we show that there is an explicit bi-Lipschitz equivalence
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between the intrinsic Riemannian distance and the pseudo-metric on M induced by
HP»? (as described in Theorem . In order to do so, we study the gradient of the
pseudo-Riemannian distance and Busemann functions on M and establish uniform
bounds for their L*-norms (compare with Theorem , defined as

||V6||M,OO :=sup sup {(VB|;,v),
zeM veT ! M

where V3 denotes the gradient of 8 : M — R with respect to the induced metric
of M.

2.1. Ricci curvature of spacelike submanifolds. Let us start by recalling the
various notions of curvature tensors for pseudo-Riemannian manifolds. Let N be
a smooth manifold endowed with a non-degenerate metric tensor (e, ey and let D
denote its Levi-Civita connection, namely the unique connection on T'N that is
compatible with (e, ) and that satisfies [X,Y] = DxY — Dy X for any tangent
vector fields X,Y e I'(T'N). The Riemann tensors of D of type (3,1) and (0,4) are
given by

RP(U,V)W := DyDyW — DyDyW — Dpy,; W,
RP(U,V,W, Z) := (RP(U,V)W, Z),

respectively. The Ricci curvature tensor Ricy is obtained from RP by taking the
trace in its first and third entries. In other words,

dim N
RiCN(U7 V) = trN<RD<.7 U7 o, V)) = Z RD(ei7 U’ €4, V)a

i=1

where (e;); denotes a local orthonormal frame of (N, (e, e)).
If (N,{e,0)) = (HP% {e, e)), we have

(1) RP(UVIW =V, W)U -{UW)V,  Ry(UV)=—=p+q—1){UV).

If M is a submanifold of (N, (e, e)), then its first fundamental form is given
by the restriction of the metric (e, o) on its tangent bundle, and we denote it
by gar := (e, e)|n;. We say that (M, gnr) is spacelike if gps is a positive definite
Riemannian metric. If the first fundamental form of a spacelike submanifold M
is geodesically (or metric) complete, we will simply say that M is complete. We
will be mostly interested in the case of N = HP'? and when M is a p-dimensional
spacelike complete submanifold of HP-4.

Recall that the Levi-Civita connection V of gps coincides with the orthogonal
projection of the Levi-Civita connection D on N onto TM. The projection of D
onto the normal bundle (T'M)* defines the second fundamental form 1 of M. In
other words, we have

DyV =VyV + (U, V),

for any U,V € I'(TM). By construction, I € T((T*M)®? @ (TM)*). Given any
normal vector field n € I'((TTM)4), the shape operator B, associated with n is
defined as the unique endomorphism of T'M that satisfies

<Bn(U)7 V> = <H(U7 V)v n>’ UV e F(TM)
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The Riemann tensors RP, RV, and the second fundamental form I are related
by the Gauf$ and Codazzi equations
(2)
RV(U7 V. W, Z) = RD(U7 V. W, Z) + <]I(U7 W)a ]I(Vv Z)> - <]I(Ua Z)a H(V7 W)>a
(DUT)(V, W) — (DyT)(U,W) = RY (U, V)W — RP(U, V)W,

where U, V, W, Z are tangent vector fields to M. By taking the trace of the first
identity with respect to the first fundamental form of M, we deduce that

Rica (U, V) = trpr(RP (o, U, 0, V) + (trpr LI(U, V)Y — trar (e, U), I(e, V))).

(See e.g. Ishihara [28].) The section H := m tras I is called the mean curvature
vector field of M < N. A submanifold (of a Riemannian manifold) with vanishing
mean curvature vector field is called minimal.

In the case of N = HP? and M a spacelike p-submanifold of H?>¢ (which will be
the case of interest in this paper), the Ricci tensor of M satisfies

(3) RiCM(Ua V) = 7(p - 1) gM(Ua V) + <trM I ]I(Ua V)> —trym (<H(.7 U)a H(.7 V)>)

In this context, spacelike p-submanifolds with vanishing mean curvature vector
field are usually referred as mazimal. Notice that, under these hypotheses, the
metric (e, o) is negative definite on (7M)*+. In particular, the last term in the right
hand-side of is always non-negative and therefore Property follows.

2.2. Fermi charts. For technical reasons, it is convenient to work on the double
cover

HP9 U OHPT — HPY U OHP,
given by
HPa .= {x e RPIT! | {(Z,2)pq+1 = —1},
OHP9 = {z e RPITL — {0} | (2, 2)pgr1 = 0}/(z ~ Az, A€ RY)
with its natural projection. The main point is that HP7 admits the following natural
model: Consider a splitting RP9t! = U @V where U is p-subspace where the form

is positive definite and V' = U+. Denote by D? c U the unit disk and by S ¢ V
the (—1)-sphere. Then we have a diffeomorphism

DP xSI — p-a

2 14|z
A —_ T +
() =lle® © T 1-zl®

which continuously extends to the ideal boundary oHP4 as

oDP x ST —>  OHP
(z,y)  — [z+yl

In these coordinates, every complete spacelike p-submanifold M < HP4 can be
expressed as the graph of some function v : D? — §7 that is strictly 1-Lipschitz
with respect to the hemispherical metric of D? < SP and the spherical metric of
S4. Furthermore, the ideal boundary OM < OHP9 ~ oDP x S7 is the graph of the
continuous extension of u to dDP. For details, see [41} § 3.2].

We also recall that the projection  : HPa — DP satisfies

(4) gur (A7 (v), dm, (v)) = (v, v)
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for every = € HP9 and v e T,HP9 (here ggr denotes the Poincaré metric 4(1 —
||a:\|%ucl)_2 JEucl)- Using this fact one shows the following standard estimate on the

Riemannian distance on M.

Lemma 2.1. We have dg;(x,y) < arccosh(—(z,y)) =: dur.a(2,y).

Proof. Let U be a positive p-subspace in Tm]ﬁlp’q = g containing the initial velocity

v of the spacelike geodesic in HP? joining x to y. We work in Fermi charts D? x S¢ —
HPa adapted to U as described above. In these coordinates M can be written as
the graph of a smooth function w : D? — S? which is 1-Lipschitz with respect to the
(hemi)spherical metrics on source and target. Furthermore, a direct computation
shows that m(x) = 0 and 7w(y) = tanh(t)v where y = cosh(t)z + sinh(¢)v and
cosh(t) = —{z,y). Let v : I — DP be the hyperbolic geodesic joining 7(x) to m(y).
By the formula for the hyperbolic metric on D? and the expressions for 7(z) and
m(y) we compute

e (n(2), w(y)) = avccosh(—(a, y)).
Consider the path a = (y,uwy) on M. By our choices « joins x to y and, hence, has
length greater than dg;(z,y). On the other hand, by equation , we have

et (n(2), 7(y)) = Lizn (7) = L (72) > ligna (),

where pp.q(o) denotes the length of a spacelike curve in HP9. This finishes the
proof. O

2.3. Distance and Busemann functions. We briefly recall the notions of pseudo-
Riemannian Busemann and distance functions in H?'¢ and HP-9.

Definition 2.2 (Busemann Function). Let 0 € HP¢ and o € {x e HPa | {x,0) < 0}.
The pseudo-Riemannian Busemann function (in HP?) associated with 6 and based
at o is given by

A 0
bgo: {x e HY | (z,0) < 0} - R, bgo(x) := log ij’ei.

(Here we identify, with abuse, the point # with one of its representatives in RP4+1,
Notice that the definition of by, is independent of this choice.)

Similarly, for any 6’ € dHP? and o’ € HP? — P((¢')*), the pseudo-Riemannian
Busemann function (in HP+?) associated with 6’ and based at o’ is given by

69/701 : HP 9 — P((Ql)l) d R, bg/vol(zl) = bgvo(z),
where o,z € ﬁp’q, 0 € oHP are representatives of o, 2’ € HP9, 6’ € 0HP4 satisfying
{0,60) < 0 and {z,0) < 0.
Definition 2.3 (Distance Function). Let o € HP4. The pseudo-Riemannian dis-
tance function (in HP?) from o is given by
dg,.q(0,0) : {z € HP9 | {o0,2) < —1} —> R, dpp.qa (0, z) := arccosh(—{o, ).

Similarly, for any o' € HP?, the pseudo-Riemannian distance function (in HP-?)
from o’ is given by

digpa(0/,0) : {2’ e HPY | (0, a")| > 1} > R, dgp.a (0, 2") 1= dg, . (0, 2),

where o, 2 € HP'? are representatives of o', 2’ € HP'? satisfying (o, z) < —1.
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For future convenience, we describe the Hessian and the Laplacian of the restric-
tions of Busemann functions on maximal submanifolds.

Proposition 2.4. Let M be a spacelike p-submanifold of HP¢ and let 0 € oHP
be such that (e,0) < 0 on M. Then the Hessian V?by , with respect to the Levi-
Connection of the induced metric gy of M satisfies
V2by., = gur — dbg,o @ dbg o + dbg o (I(s, ),
In particular, when M is a spacelike mazimal p-submanifold, bg o\ satisfies
Dby =p = |[Vbo,ol?,

where Vby,, denotes the gradient of by o|amr with respect to gpr and Au := trp (V3u).
Proof. Let D°, D, and V be the Levi-Civita connections of RP:4+1, ]I?]Ip’q7 and M,
respectively. Given any two tangent vector fields V, W on M, their covariant deriva-
tives at y € M are related by the identities:
@ DYW], = DyWl, +(V,W)l,y € T,HP @ (T,E)",

DyWl, = VyWl, + IV, W)l € T,M @ ((T,M)*  T,H").

Let Hess and V? denote the Hessians with respect to the connections D and V,
respectively. Then we have:

(V2b9,0)(V, W) = (Vydbg,o)(W)
= V(W(bg,0)) — dbg,o (Vv W)
= (Hess bg,o)(V,W) + dbg,, (DvW — VyW)
= (Hess by o) (V, W) + dbg,, (I(V, W)).
We can express the term (Hessbg,)(V, W) as follows:
(Hess bg,0)z (v, w) = (Dydbg o)z (w)
v ({0 DD
(id, 6 <x 0>
_DIW,0) 0w, ) (DuWs,0)
(x,0) (x,6)? (x,0)
= (v, w) — <v,<i>’ 21;}27 0>7
where in the last step we applied @ Combining the relations we found, we get:
(F000)e0,0) = oy = L2000 4 G2
which coincides with the desired identity. By taking the trace with respect to gns

and recalling that trp; I = 0 when M is maximal, the second part of the statement
follows. 0

2.4. A compactness criterion. In the proof of Theorem [§] we will study the
restrictions of pseudo-Riemannian distance and Busemann functions at the points
where their gradients have maximal norm. In order to carry out this strategy we
need to ensure the existence of those points. The compactness criterion that we
describe here will take care of this issue.
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Following [30,41], we consider the space of pointed complete, spacelike, maximal
p-submanifolds of HP1
Mazy 4 = {(z,M)

M complete, spacelike, maximal
p-submanifold of HP?, x € M

and the disk bundle
BMazy,q := {(x’ M.2)| submanifold of BP7, z € M and = € M U OM

We endow Maz, , and BMaz, , with the restriction of the Hausdorff topology on
pointed entire graphs inside HP'? and with the subspace topology from the inclusion
BMazy o € Maz, o x (HP? U 0HP-?), respectively. Then we prove:

M complete, spacelike, maximal }

Proposition 2.5. The action of SO(p,q+ 1) on BMaz, 4 is cocompact.

This is essentially a corollary of the following compactness criterion due to Seppi,
Smith, and Toulisse [41].

Theorem 2.6 (|41, Theorem 5.3]). Let
Grp(ﬂp’q) ={(z,H) |z € HP9, H < T,HP spacelike p-plane }.

Then the map R

T: Mazy,, — Gr,(H?)

(:Z:,M) — (:1?7 TIM)ﬁ

1S proper.
Proof of Proposition[2.5 Let ((xyn, My, 2,))n be a sequence in BMaz, ,. Choose
z e HPa a basepoint and H < Tmﬂp’q a fixed spacelike p-plane at . Then there
exist elements (g ), in SO(p, ¢+ 1) such that g, -z, = = and (dgn )z, (T, My) = H.
By Theorem up to subsequence ((gn, - Tn, gn - My ))n converges in the Hausdorff
topology to some pointed, complete, spacelike, maximal p-submanifold (z, M).

It remains to show that, up to subsequence, (g, - zn)n converges to some point
z € M v 0M. Notice that, if the sequence (g, - z,)n stays in a compact subset of
fipa then, by definition of Hausdorff convergence, every limit point of the sequence
lies inside the Hausdorff limit of (g, - M},),, which is equal to M. Therefore the
only issue is given by sequences that leave every compact subset. We need to check
that all of them subconverge to a point in oM < otPa.,

To see this, recall that every g, - (M,, U dM,,) is the graph of some 1-Lipschitz
function D? U JDP — S? with respect to the (hemi)spherical metrics of source and
target, and that g, - x, = x. By Arzeld-Ascoli, the space of such graphs is compact
in the Hausdorff topology and, hence, we conclude that (g, - z,,), converges to some
z€ oM. O

2.5. Lower bound for the gradient. Before moving to the proof of Theorem [§]
let us observe the following issue: In the Riemannian setting, the norm of the
gradient of the restriction of a Busemann function to a submanifold is always < 1.
However, this is not true in H”9. In fact we have the following:

Proposition 2.7. Let M < HP9 be a complete, spacelike p-submanifold with bound-
ary at infinity OM < 0HP? and let 0o € M be a basepoint. Denote by V the Levi-
Civita connection of M. If

sup [|[Vbg,oll ys o, < 1 or sup |[V(dur.a(0, )|y (0} .00 < 1,
feA oeM
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then M is a totally geodesic copy of HP.

Proof. Being M v oM < HP? U JHP? homeomorphic to a closed disk, it admits
a lift to HP U SHP: 4 which determines representatives of o, # inside HPa o o,
With abuse, we contmue to denote these objects by M u M, o, 6.

As in Labourie and Toulisse [29, § 5.2], it will be convenient to use a unified
notation for both pseudo-Riemannian distance and Busemann functions. In what
follows, we let z € M U 0M and we denote by 8 = (3, either the distance function
B = dg,.,(0,e) when z = 0 € M, or the Busemann function § = by, when z = 6 €
0M. In the latter case, we will not distinguish between the positive projective class
z and a choice of a representative in it, as all expressions that follow turn out to
be independent of such choice.

The differential of 8 = 5, at any = € HP4 can be expressed as

(6) (@9):fo) =~

It follows from @ that the gradient of 8 with respect to the metric gg, , satisfies
1

z+<r,z)x),
\/<z,z>+<x,z>2( @22)
for any x € M — {z}. As we restrict 8 to M — {z}, its gradient V3 with respect to
gm coincides with the orthogonal projection of grad 3|, onto T, M.
Consider w := (grad f — V)|, € T,HP? ~ (T, M)*. By construction (w,w) < 0
SO

(7) grad f, =

lgrad B = IVBI + Cw, wy < [V <1
where in the last step we applied our hypothesis. On the other hand,

(z,2)y —{x,2)? + 2{x,2)?
(z,2) +4x,2)°
Hence, for the inequality above to hold, we must have w = 0 or, in other words,

grad B, = V|z.
If z =60 € 0M and 8 = bg,, then this argument applies to every § € M, so
combining the identity gradbg o|s = Vbg |, with , we deduce that

lgrad 3|3 = =1L

oM < (Span(z) + T, M) A 0HP.

Since dM is a topological (p — 1)-sphere embedded in ﬁﬁp’q, the vector subspace
Span(dM) = RP:4+1 has dimension at least p+ 1 = dim(Span(z) + T, M). It follows
that Span(dM) = Span(z) + T, M. Since the point = € M is arbitrary, we deduce
that the totally geodesic spacelike subspace I?]Ig given by the connected component
of

(Span(z) + T, M) A HP9 = Span(0M) ~ HP¢
that contains z is in fact independent of z and M = ]ﬁ[g, being M complete.

Similarly, if 8 = dg, , (o, ®), the argument from above, together with , implies
that o € Span(z) + T, M for every o € M — {z}. In particular, we deduce that
M c ]HIP where Hp is defined as above. Again by the completeness of M, it follows
that M = Hg. O

This proves the rigidity part (1) in Theorem
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2.6. Upper bound for the gradient. We now move to the proof of Theorem [

Theorem 2.8 (Theorem. Let M be a complete, spacelike, mazimal p-submanifold
of HP? and let B : M — R denote the restriction of either the pseudo-Riemaniann
distance from some o € M or the pseudo-Riemannian Busemann function associ-
ated with some 8 € OM < JHP?. Then

VBl areo < VP

Proof of Theorem[8 As in Lemma we select a lift of M U dM to HP-a U oHPa
and adopt the same conventions (and abuses of notations). Given any z € M UM,
we denote by f = 3, : M — R either the pseudo-Riemannian Busemann or distance
function associated with z, depending on whether z = oe M < HP? or z = 0 €
OHP-1 respectively. The norm of the gradient of § with respect to the induced
metric of M can be characterized as
\Y% = dB).(u).
VB, = max (d8)a(v)
Now we define
Fy :T'M x (M uoM) — R,  Fu(v,u,2) = (dB:)s(u) = {VB:|z, u).

It is not hard to see that the function Fjs is continuous on T*M x (M U dM)
(see e.g. @) We claim that it is not restrictive to assume that Fj; achieves its
maximum at some point (x,u,z). We deduce this from the compactness criterion
of Proposition More precisely, consider

F:BMaz,, — R
(@, M,2) > [IVEA,

The map F is continuous and SO(p, ¢+ 1)-invariant. Therefore, by Proposition
F attains a maximum and, by definition, max F > sup F); for any complete, space-
like maximal p-submanifold M of Hpa. Throughout the remainder of the exposition,
we denote by (z, M, z) € BMazx, , a point realizing max F and we set F = Fjy,
B =B, and ue T} M to be a unit vector such that |V, |, = (VB|z, u).

Notice that, if M = M, is invariant under the action of some convex cocompact
representation p : I' - SO(p, ¢ + 1), then we do not need to apply the compactness
criterion from Proposition to conclude the existence of a maximum. Indeed, the
map F = F)y is invariant under the action of p(T") given by

ve(@,u,2) = (p(7)(2), (dp(1)2(u), p(1) (), €T, (w,u,2) € T"M x (MUIM).
Moreover, the quotient (T'M x (M u dM))/T’, being the total space of a bundle
over M /p(T) with fiber SP~1 x (M U 0M), is compact and, hence, F attains its
maximum at some point (z,u, z).

We now apply the following technical lemma, whose proof will be postponed to
the end of this argument.

Lemma 2.9. Let M be a complete, spacelike mazimal p-submanifold of fpa, If
(v,u) € T*M s a point of mazimum of F(e,z) and L := F(z,u,z) (where F =
Fyr), then

(2, %)
L? —p— e L*(2L* —p—1) <0,

where z is either a point in M c HPa or (a representative of the positive projective
class of ) a point in OM < OHP1.
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If z € OM, then (z,z) = 0. In particular, we deduce from Lemma that
L? < p. On the other hand, if z € M and d := dgr.«(z,2), then (z,2) = —1,
coshd = —(z, z) and

) ) - (u, 2)? _ {u,2)?
L* = F(z,u,2)" = (VB:|s,uw)" = (z,2) +{x,2)?  sinh®d

(See @) Using these identities, we see that the the left-hand side of the inequality
from Lemma 2.9 can be rewritten as

L2
oy B rorz oy g2,y B o,y

(u, 2 L2sinh®d
—p)sin + —p—
L? inh? d + 212 1
sinh?d
(2 —p)(sinh®*d +2) +p—1
sinh? d
cosh®d + 1 -1
=3 <L2 —pt pz) -
sinh” d cosh“d+1
It follows that also in this case L? < p. O

For future convenience, we observe that Theorem [§] can be restated in the fol-
lowing way.

Theorem 2.10. Let M be a complete, spacelike, maximal p-submanifold of HP>7.
For any v € RPI%! gnd y € M, we denote by vév the orthogonal projection of v onto

T,HP7 ~ (T,M)*. Then:
(1) For any x,y € M,
0< —<xév,xév < (p—1) sinh® dygp.a (2,7).
(2) For any 0 € 0M < JHP? and for any y € M,
0<—0y,0)) < (p—1)0,y)"
where 6 € RP4T1 — {0} is some (any) representative of 6 € JHP1.

Proof. With the same notations of Proposition 2.7 we denote by 8 = 3, : M — R
the restriction of either the Busemann function by, (for some choice of basepoint
0 € M) associated with z = § € 0M, or the distance function dye.«(,-) from some
fixed point z =z € M.

We observe that, if V3|, denotes the gradient of the restriction of 3 on M with
respect to its induced metric, then V|, coincides with the projection of grad f
onto T, M for any y € M. Since ||grad5H2 = 1, relation implies:

Ay = G+ )l (2 + o))
= ((z,2) + ) IVBIE - llgrad 812)
= ((z,2) + ) IVBIL - 1).

By Theorem the term ||VB||?2J is bounded from above by p. From here, both items
follow simply by replacing the role of z with either x € M or § € dM (and noticing

that sinh dgp.¢(x,y) = A/{z,y)?> — 1 for any pair of space-related points z,y). O
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We dedicate the remainder of the current section to the proof of Lemma 2.9 As
above, we select a lift of M U dM inside Hpra y 8H/-]\Ip7q, which we continue to denote
with abuse by M u 0M. Moreover, we let 5 = 3, : M — R denote the restriction
on M of either the pseudo-Riemannian Busemann function by, in P4 when 2 =
0 e oM c Oﬁp’q, or a pseudo-Riemannian distance function 8 = dg, ,(o,®) when
z=o0e M c HpPa, Finally, we recall

F:T'M x (M uoM) — R, F(x,u,2) := (dB,).(u).

Lemma 2.11. A point (x,u) € T*M is a critical point for F, = F(e, 2) if and only
if

o 2T =(u,z)u, and

e u is an eigenvector of the shape operator (B,n)q,
where 2T and 2N denote the orthogonal projections of z onto TyM and (T,M)* N
T, HP-¢ « RPIHL | respectively. Moreover, if this happens then

(Bun)o(u) = (x, 2) (F(z,u)* — 1) u.

Proof. As in the proof of Proposition we denote by DY, D, and V the Levi-
Civita connections of RP-¢+! ]ﬁlp’q, and M, respectively. To prove the desired
statement, we need to compute the differential of F at (z,u) € T'M. Recall
that the connection V determines a natural decomposition of the tangent space
T(Lu)TlM into its horizontal and vertical subspaces

Tau)T"M =T, yT"M S TY, yT'M = T, M & (u™ n T, M).

To compute the first order variation of F' along (&,) € T(%U)TlM, we consider
a path v: (—g,e) > M of M that satisfies y(0) = z, 7v/(0) = & € T, M, and denote
by U,V € I'(v*(T*M)) the V-parallel vector fields along v that verify U(0) = u €
TIM, V(0) =ue€ut nT,M. We also define

WeT(y*(T'M)), W(t):= M

Notice that W(0) = u and Va, W|i—o = @t — $“% = 4. By construction and by (5

flul®
we have

(8) DY Wlio = Vo, Wlizo + Lo(&,u) + (&, upx = @ + L (4, u) + (&, u) z.
From identity @, we deduce
(sz)(x,u) (1‘, u) = Fz('}’a W)/ ‘t=0

9) DWW, Z><v’,Z>1
t=0

(220 + 222 (2 2) + (7, 2)%)%2

For future convenience we notice that, whenever {(u, z) # 0, the expression above
can be rewritten as

. (D3 W, 2) 22
(10) (sz)(m,u)($7u> = lFZ(Va W) W _FZ( 7W)3<VV72>2]15 O'
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Applying (8) and (9)), we express the differential of F at (z,u) as follows:

(1)
Lo 7<1l + L(2,u) + {z,uyx,2) {u, 2){z, 2){x, )
e ) = G S & e+ o)

= ¢=(x) (—(U2") + (&, ¢:(2) Fa(w,u)(z,2) 2" — (B )a(u) — (2, ) w) ,

where ¢, (z) := ({2, 2) + (x, 2)?)"/? and
z=z20 42N (g, e e LM @ (T:M)* n T,H) @ (T,HP9)*.

We can now deduce the claimed characterization. Assume that (z,u) is a critical
point. By applying (1) to (&,%) = (0,1), we see that (u,z7) = 0 for every
@ € ut "T, M. This implies that 2”7 belongs to Span(u) and, hence, 27 = (u, 27 ) u.
Applying again (11)) to (¢,1) = (4,0) and replacing 27 = (u, 27 ) u, we obtain

(@, (FZ(QL',U)z — 1)<z, zpu— (B~ )o(u)) =0

for every & € T, M, which implies (B,~),(u) = (F,(z,u)?—1){(x, z)u. The opposite
implication follows directly from . (]

We now have all the ingredients to prove the remaining technical statement.

Proof of Lemma[2.9 We will adopt the same notations used in the proof of Lemma[2.11
We start by determining the second order derivative of F' along the curve ¢ —
(v(t),U(t)), where:

e v:(—¢,e) = M is a geodesic arc of M that satisfies v(0) = x and 7/(0) = &.
e UeT'(y*(T*M)) denotes the parallel transport of u along .

It follows that

(12) DY~ =1(+.v) + ¥\,
(13) DU =1(+,U) + (v, Uy.

Moreover, being ' and U both V-parallel vector fields, they satisfy (y/,U) =

O Wle=o = (&, u).
Assume now that (z,u) € T'M is a point of maximum for F. In particular,
(z,u) is a critical point of F' and, hence,

(14) 2T = (u, 2y,
(15) (Bav )al) = G, ) (12 — 1),
by Lemma (Recall that L := F,(z,u).) It is not restrictive to assume that

L > 1, in which case {(u,z) # 0. To simplify the notation, we set 2 := (u,27)" 1z
and, accordingly, 27 = u, 2V = (u,27)"12". By applying equation and
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recalling that F'(y,U)"[t=0 = 0, we have
<D U, z) , 2 z
F(v,U) |i=0 = (Fz(’y, U)—%_"2 _F.(y,U )3<7 <Y >

Ty T2 ),

_ (DU, NN

= F.(7,U)lt=0 ((?],z}) tzosz(%U)ﬂt:O <<U,z>2) »
(AW U), D+ Ew | s (a2

‘L< T2 ) T ( T, 27 )

= L((DY, (I(',U))|i=0, 2) + (@, uy (&, 27))
— L (i, (Ban ) (w)) + (it uy (2, 2)) (D3, U |1=0.2)
— L3((&,27)? + (2, 2)(DY,7'|1=0, 2))
+2L° (&, £y (@, 2T ) (DY, Ul1—o.2)
= L(DY (I(',U))|t=0, 2) + L (1 — L* + L*(x, £)%) (&, u)?
— L% (a, 2) (M (i, & — (i uyw), 2N + (i, @) (, 2)),

where in the last line we simplified the expression by applying the identities ,
(13), 27 = u, and (B:n ) (u) = (z, £)(L? — 1)u.
Let us focus for a moment on the term DY, (I(y',U))|;=0. The following holds:
(D3, (I(+', U))le=0, 2) = <Dat(]1(7'aU))|t 0+ & L(2,u) z, 2)
12

)

z,x) + RY (&,u)i — (&, u) & + (&, 2)u, £)
)
), 2

8
£
8-

7,2N>-i-Rv(;10 u, & u) (@, up? + (i, &)

&
8-

where: In the first equality we expressed the covariant derivative D, (I(vy/,U)) as the
orthogonal projection (with respect to (e,e) = (e, ), ,11) of the (flat) derivative
DY(I(y',U)) onto T.HP:?. In the second step we noticed that 4 is orthogonal to the
image of I,. In the third and fourth equalities, we made use of the Gauss-Codazzi
equations and the expression of the Riemann tensor from .

By combining this identity with the expression of the second order derivative of
F from above, we deduce:

(HeSS F)(w,u)((xa 0)7 (1'7 0)) = F('}/v U)” |t=0
= L ({(Dul)o (&, @), 2N + A, &), 1w, w)) = A&, u), 1(&,u)))
+ L(1— L% + L%, 2)%) (&, u)?
— L3z, 2) (U (&, 2 — (i, upu), 2N + (b, @) (x, 2)).

(Notice that, being (x,u) a critical point, the Hessian of F is a well-defined bilinear
form on T\, .,y (T M) that does not depend on the choice of a connection on T M)
Since (z,u) is a local maximum, we must have (Hess '), ., ((Z,0), (#,0)) < 0 for
every = € T, M. By taking the trace of the bilinear form

(i'vit/) = (Hess F)(w,u)((xa 0)’ (ila O))
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with respect to the metric gps, we deduce:
0= L(—tras({I(e,u),I(e,u))) + 1 — L* + L?(x, 2)?)
(16) + L%, 2) ((Bsn)a(u), uy — p L* {z, £)?
= L(— trar(CU(e,u), Lo, u))) + 1 — L? + L*(x, 2)* (L* — p)),
where in the last step we used again that (B~ ) (u) = {(z, 2)(L* — 1)u.
The last necessary ingredient is an estimate from below of trp, ((I(e, u), I(e, u))).
For this purpose, we select bases (e;)t_; and (fj)‘;-zl of T,M and (T, M)+ T, HP4,

respectively, so that e; = u and f; = (—(2N,2V))71/22N_ (Notice that (2, 2N) =
L2 — 1, in particular 2%V # 0.) Then we have:

— tr (U, w) Koy w)) = 3 Y Uluse), £5)?

(17) Z - 3N 3N

A(Bsv)a(w), w)?
L2-1

= L*{z,2)*(L* - 1).

Notice that in the second line we kept the addend with (i,5) = (1,1) and we
estimated from below all the remaining terms with 0. By applying this inequality
in and noticing that L% {(z, 2)? = 1 — (2, 2) L?, we finally obtain

0> L(— tra ((I(e,u),I(e,u))) + 1 — L? + L*{x, 2)* (L* — p))
(18) > L(L?(x,2)*(L? —1—p)— L? +1)
=L(L? —p—<{3,2) L*(2L* —p—1)).
Since L > 0, this implies the desired statement. [

Remark 2.12. Let us briefly discuss the case in which the maximal value max F' =
/P is achieved at some point of M. In what follows, we address point (2) of
Theorem R

The argument from above shows that max F, = ,/p only when 2z € 0M < JHP9.
In such case, F(z,u) = {Vf|, u) = /p for some (x,u) € T*M, where

1
T
u=z =-—Vp|
7 |
Notice also that (z,2) = giii = (dB)z(u)~t = ﬁ.
Furthermore, L = F,(z,u) = /p implies that all inequalities in must be
equalities and, hence, by relation (17), it follows that

w,u), 2N
Lo(uww) = SEIEL N -5, Lfuo) =0

for every v € T, M nut and, in particular, — trs ((I (e, u), I, (e,u))) = p—1. Being
M maximal, the contracted Gaufl equation implies in particular that

RiCM|$(uv u) = _(p - 1) - trM(<HI(.vu)’I[r(.vu)>) =0.
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This fact, combined with the Bochner’s formula applied to the function 5 = b, ,
at x € M, tells us that

02 3 AIVIPL = V28] + (TBle, TABL) + Ricar (V6. VA,

(19) = |V28)12 + Vb (u, VABLL) + pRicar, (u, )
= [V28]2 + v/p<u, VABL),

where A||VA|?|, < 0 since z is a point of maximum for |[V3]|*. By the second part
of Proposition the term VAR, verifies

VABle = =V ([VE]*)]a =0,
since z is a critical point of |V3||*. It follows from that HVQﬂHi = 0.
2.7. Proof of Theorem [1, We are now ready to prove Theorem
Proof of Theorem [l Let v :[0,1] — M be a geodesic for the intrinsic metric of M
joining x = v(0) and y = (1). In particular dps(x,y) = £(7). We have
dyr.a(,y) = dgr.a(z,y) — dge.a(z, T)

1
_ fo (Vo] Ay dt.
By Theorem[F] we have |[(Vd, |y, 4 (0] < IVeallay o 58 < B I15(2)]. Thus,

we get
dur.a(z,y) < \/pUY) = /Pdu(,y).
This, combined with Lemma, [2.1] concludes the proof of the theorem. O

3. A FUNDAMENTAL DOMAIN

Let p: I' = SO(p,q + 1) be a convex cocompact representation with maximal
open, convex domain of discontinuity €2, < HP9. As the arguments we describe in
this section only depend on the image group p(I"), we will assume that p is injective.

The goal of the section is to construct a geometrically controlled fundamental
domain F' < , and prove finiteness of volume and diameter (Proposition [2| part
(1)). We start by choosing arbitrarily a basepoint o € C, where C, < Q, is a
p(I")-invariant proper convex subset on which p(I') acts cocompactly. Define

F(v):={zeQ,| —(z,0) < =z, p(v)0) }
and set

F = m F(v).

~yell
We prove the following properties.

Lemma 3.1. The following holds:

(1) F is convex and intersects every orbit of I' —~ Q,,.
(2) The closure F in P(RP4TY) is contained in HP9.

Proof. Since C, is convex and, hence, simply connected, there exists a lift 6‘,) of
C, to the 2-fold cover {v € RP4*! | (y,v) = —1} — HP?. Furthermore, every
0 € A, admits a representative 6 whose positive projective class is asymptotic to
6’p, in which case (e, 9~> < 0 on é'p. With abuse of notation, we will not distinguish
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between points of C), and 5'p, or between 6 and a representative 0 verifying the
conditions above.
We prove the two properties separately.

Property (1). Convexity follows from the fact that (2, is itself convex and each
F(7) is the intersection between 2, and a linear half space (hence convex).

Claim A. For any x € Q,, the set {—(z, p(7)0)} er has a minimum m.

Proof of Claim A. Suppose by contradiction that there is no minimum. Therefore
we can find a sequence v, € I' of pairwise distinct elements such that

~Ga,pln)o) = m = inf {~(o. p(1)0)} € [0, +20).

Since {yn}nen contains infinitely many distinct elements, C, U A, is compact,
and p(T") acts properly discontinuously on C,, we can assume that, up to sub-
sequences, p(y,)o — 60 for some 6 € A,, that is, there exists a sequence of pos-
itive numbers )\, > 0 such that A, p(y,)o — 6 in RP9*t1 Observe that \2 =
— AT (0); Anp(yn)o) — —(0,0) = 0 and

—(@, Anp(yn)oy — —(x,0) > 0,

since z € 2,. Then we get
m = lim (—(z, p(n)0)) = Hm (—(z, Anp(7n)0)/An) = +0,
which is absurd. ([l

By the claim, if v € T denotes an element realizing the minimum —{z, p(7y)o),
then p(y)~'x € F, which proves that F intersects the orbit of = for any z € ,,.

Property (2). By [19], the closure (2, in P(RP4"!) intersects the boundary at
infinity dHP? in the limit set Q, n dHP? = A,. Therefore, in order to show that
F < HP it is enough to prove:

Claim B. Fn A, = (.

Proof of Claim B. We argue by contradiction. Suppose this is not the case and
pick § € F n A,. By convexity of F, the geodesic ray [o,6] is entirely contained in
C, n F. Observe that it is also spacelike by the definition of €2,.

As p(T") acts cocompactly on C,,, there is a compact subset K < C, containing
o and a sequence v, € I' with p(y,)o — 6 such that p(v,)(K) n [0,0] # &. Pick
Zn € p(ym)(K) N [0,0]. By compactness of K, we can find some B > 0 such
that —(x,y) < B for every x and every y in K. In particular —(x,, p(y,)o) < B
for every n. By the definition of F', we also have —(z,,0) < —(@n, p(n)o) < B.
However, since x,, — 0 along the spacelike ray [o, 0], we have —(z,,, 0) — +00 which
contradicts the previous observation and concludes the proof of the claim. [

This concludes the proof of the lemma. ([

We use the fundamental domain F' to show that the volume and diameter of
Q,/p(I") are both finite.

Corollary 3.2. We have vol, = vol(2,/p(T")), diam, = diam(©2,/p(I")) < .
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Proof. Let F' < Q, be the fundamental domain provided by Lemma By Prop-
erty (2), the closure F is a compact subset of H”9. Hence vol(©2,/p(T")) < vol(F) <
co. Similarly, since F' is compact and contained in H??, we have cosh diam(£2,/p(T)) <
max{—{z,y)| z,y € F} < 0. O

4. VOLUME, ENTROPY, AND TOPOLOGY

In this section we prove Theorem [B} We bound from below the product volume
times entropy of a convex cocompact representation p : I' — SO(p,q + 1) of the
fundamental group of a closed p-manifold M by its simplicial volume, which is a
topological invariant.

Let M, denote the unique maximal spacelike p-submanifold of N, = Q,/p(T")
provided by [41]. We denote by dps(e,e) the distance determined by the induced
Riemannian metric of M, the universal cover of M,, and by

! I'|d <R
h(Mp) := lim sup ogl{re |g(0,’y0) 1

the associated critical exponent. We need the following bound:
Proposition 4.1. We have

- vol(M,) < vol,,
for some p = p(p,q) > 0.

Let us briefly prove Theorem [3| assuming the proposition above.

Proof of Theorem[3 By Theorem [I] and the definition of §,, we get

h(M,) < \/pd,.

(Compare with Proposition ) Recall that the Riemannian metric g on M, satisfies
Ricy = —(p — 1) g. Hence, by work of Gromov (see |25, Section 2.5]), we have

h(M,)" = & [[M]|/vol(M,),

where £ = k(p) > 0 is a dimensional constant and ||M|| is the simplicial volume of
M. It follows that

M|
5P = P2k . ”7
ARSIV

By Proposition we conclude

M
(52 > Mpp/Q,i. u
vol,

This concludes the proof of the theorem. O

It remains to prove the proposition.
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4.1. Proof of Proposition Let
NM := {(z,w) e THP? |z € M, we (T, M)*},
N'M := {(z,n) e NM | {n,n) = —1},
denote the normal bundle (resp. unit normal bundle) of M < H?*¢, the unique p(T')-
invariant, maximal, spacelike p-submanifold of HP?-¢ and consider the restriction of
the exponential map v : NM — HP9. We work with coordinates (z,n;t), where

t € (0,7/2) and (x,n) € N*M. Using the connection D of HPY, we can describe
the tangent space T(w)n)(NlM) as

Tlwmy(N'M) = {(d,7) | & € T, M, 7 € {n)" N N, M}

In such coordinates (z,n;t) € N'M x (0,00), the pull-back metric v*gys.« can
be written as

l/*ng,q |(1;,n;t)((i.7 n, t)7 (.’ﬂ, n, t)) = —i* —sin’¢ - Gsa-1 |n(nv TL)
+ gmlz((costid +sint By,)#, (costid + sint B,,) 1),

where gg-1 denotes the standard (positive definite) metric on the unit sphere
Si=1:= NIM. Tt follows that the volume form v*gyr.a can be expressed as

v*volup.a (g ) = (Sin £)@=1/2 det(costid + SintBn)l/2 dt A volga—1 A volps
= det(costid + sintBn)l/2 volge A volyy,

where in the second equality we observed that the form (sint)(@=1/2 dt A volgg—1
coincides with the volume form of the unit g-sphere S¢ < (T, M)t. From this
identity, we deduce that v is a local diffeomorphism on N1M x (0,r), for any r that
satisfies

1

tanr

> [Tl := sup{||Lo(2, 2)|| | € M, & € T M, |[&]| = 1}.

A priori, the image v(N!M x (0, 7)) may not be contained inside the open convex
domain €,. To establish this, we observe:

Lemma 4.2. Let M be a complete, maximal, spacelike p-submanifold of HP?. Then
the image v(N'M x (0,7)) is contained in the domain of discontinuity Q, for any

r < arctan(1/y/p — 1).

Proof. As argued in the proof of Lemma the convex hull of the limit set C,
admits a lift C,, to the 2-fold cover {v € RP-¢*! | (y,v) = —1}. In particular, M
admits a lift inside C),, which we continue to denote with abuse by M. For any

point # in the limit set A,, we select a representative f such that <o,§> < 0 on

Py
C,. With these conventions, the maximal, open, convex domain of discontinuity
2, © C, can be described as

Q, =P | () {veRP* | (v,0) <0}
Oel,
(See e.g. [19].) Being v(N'M x (0,r)) connected and M < €, it is enough to
prove that, for any u € v(N'M x (0,7)) and for any 6 € A,, we have (y,8) # 0.
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To see this, let u = costy + sintn, for some y € M < C~’p, n € NIM, and
t € (0,7). Then we write

0 0
<~’ w = cost + sint <~’ n>
®,y) @,y
By Theorem , the orthogonal projection éé\’ of § onto Ny M satisfies
0< —0),0)) < (p—1)0,p)*

This bound, combined with the Cauchy-Schwarz inequality (recall that NyM is
negative definite), implies

9 pe——
ié’ u; > cost —sint 4/ —(OF, 05 )\/—(n,n) = cost — (p — 1)Y2 sint.
Y
Under our hypotheses, the right hand side is strictly positive, implying in particular
that (8,u) # 0. By letting u vary in v(N'*M x (0,7)), we deduce the desired
statement. O

It remains to establish sufficient conditions for v to be injective on N1 M x (0,7r).

Lemma 4.3. Let M be a complete, mazximal, spacelike p-submanifold of HP9 with
second fundamental form 1. Then the map v : N*M x (0,7) — Q, is injective,
where

1
r = arctan .
(max{w -1, IIHIIOO})

The strategy for the proof of this statement was suggested to us by Timothé
Lemistre, we are grateful to him for allowing us to use it here.

Proof of Lemmal[{.5 Asin Lemma we select a lift of M to {v € RP9TL | (v,v) =
—1}, which we continue to denote with abuse by M. Any u e v(N'M x (0,7)) can
be expressed as u = costx +sintn, for some x € M, ne N}!M, and t € (0,r). Then
we define

fuly) = =(u,y) = —costlx,yy —sint{n,yy, ye M.
Notice that y € M is a critical point of f, : M — R if and only if u € (T,,M)*.
We clearly have that x is a critical point for f,, and f,(z) = cost > cosr. In fact,
we will show:

Claim A. The point x is the unique global minimum of f,.

Assuming Claim A, we can deduce that v is injective on N'M x (0,7): Let
z,ye M, ne N;M, me NyM, and t,s € (0,r) be such that

u = costx +sintn = cossy + sinsm.

Then both z and y would be points of global minima for f,,. By the uniqueness
part of Claim we must have = y and cost = coss (so t = s, since t,5 <7 < J)
and, consequently, (z,n;t) = (y,m;s) € N*M x (0,r).
In order to prove Claim A, we need the following properties:
(1) fu(y) tends to +o0 as y goes towards 0M < JHP9.
(2) Every critical point y of f, that satisfies f,(y) > cos(r) is a strict local
minimum.



26 FILIPPO MAZZOLI AND GABRIELE VIAGGI

Proof of Claim A. Recall that = is a point of strict local minimum. In particular
there exists a small disk D, < M around z with f, > f,(x) on dD,. Assume
there exists another point y € M — D, with f,(y) < f.(z). By the mountain pass
theorem (see |20, Section 8.5, Theorem 2]), which we can apply as f, : M — R is
a proper (by Property (1)) smooth function on M (which is diffeomorphic to RP?),
there exists a critical point z € M with

fu(z) = max{f,7} = fu(x) = cos(t).

inf

7:[0,1]= M, 7(0)==,v(1)=y

Furthermore, by work of Pucci and Serrin [40, Corollary 2] on the structure of
the critical set relative to the critical value f,(z), we can assume that z is either a
saddle or a local maximum.

However, since f,(z) = fu(z) = cos(t) > cos(r), by Property (2), we must have
that z is a point of strict local minimum. This gives a contradiction and shows that
x is the unique global minimum of f,. O

We now focus on the proofs of Properties (1) and (2). We proceed following
their order. To determine a bound from below of f,, we observe:

fu(y) = costcoshdyr.qe(z,y) + sint{z,n)
> cost cosh dgr.a (x,y) — sint [(yY ,n)|,

where ! denotes the orthogonal projection of y onto N, M. Recalling the estimates
from Theorem and combining it with the Cauchy-Schwarz inequality on N, M
(which is negative definite), we obtain:

fu(y) — cos s cosh dgp.qa (z,y) = cost cosh dyp.q (x,y) — +/p — 1sintsinh dgr.« (z,y)
> (cost —+/p—1 sint) cosh dgp.a (2, ).

The hypothesis ¢t < r < arctan(1/4/p — 1) guarantees that the left multiplicative
factor is positive. We deduce in particular that f,(y) — +o0 as y tends towards
oM < oHP1,

Let us start by noticing that f, is the restriction on M of a linear functional
over RP9+1 An elementary computation shows that any linear functional on RP-4+1
restricts to a function A : HP¢ — R that satisfies D%(,YA = MX,Y) for any X,Y
tangent vector fields on HP4, where D%(,YA denotes the Hessian of A with respect
to the Levi-Civita connection D of HP4. If we further restrict A to the maximal
p-submanifold M, then its Hessian with respect to the Levi-Civita connection V of
M verifies

(20)  ViyA =AU, V)+d\(DyV — Vi V) = AU, V) + dA (I(U, V),

for any U,V tangent vector fields to M.

Assume now that y € M is a critical point for f, that satisfies f,(u) > cosr. In
this case, both vectors u+<u, y)y = v — f,(y) y and I, (v, w) lie inside N, M (which
is negative definite) for any v, w € T, M. From the fact that u — f,,(y) y is timelike,
we deduce that f,(y)? < 1. Moreover, by applying the Cauchy-Schwarz inequality
and relation , we deduce:

Vi wfaly = fu(y){v,v) = Ku = fu(y)y. (v, v))|
= (fu(y) = V1 = fu(y)?[L )0, v)
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The hypothesis ¢ < r guarantees that the multiplicative factor in the last line is
strictly positive, implying that y is a point of strict local minimum. This concludes
the proof of Property (2) and, hence, of Lemma O

Now we have all the elements to conclude the proof of Proposition As
observed above, the volume form v*volgs.« can be expressed as

V¥ (volmp.a)| (4, = det(costid + sintBn)l/2 volse A volyy,

for any (z,n;t) € N*M x (0,00). We select now

1
to := arctan ( > .
2max{y/p — T, [[T]| . }

By Lemmas and the restriction of the exponential map on N*M x (0,t) is
an embedding inside §2,. Our goal is now to find a bound from below of the volume
of the open subset v(N'M x (0,))/p(T) inside N, = Q,/p(T).

By definition, ||B, ()| < ||I||,, [|Z||. It follows that all eigenvalues of B, are
bounded by |[]I]|, in absolute value. If (X\;(n))?_; denote the eigenvalues of B,
ordered in decreasing order, then for any t < ¢ty we have:

P
det(costid + sintBn)l/2 = H(cost + sint A\ (n))Y/?
i=1

P

= (cost)P/? H(l + tant A\;(n))Y/?
i=1

> (cost)P/?(1 — %)p/Q

=92 P2 (cos t)p/z,

since \;(n) > —||I||, and tant < (2||I||,)~'. By integrating the volume form over
v(NTM x (0,t0))/p(T") and applying the bound from above, we deduce

vol(N,) = c(p) vol(Bsa(to)) vol(M,),

where Bsq(tp) denotes the volume of the metric ball of radius ¢y < 7/2 inside the
unit sphere S9, and ¢(p) is some positive constant. By Ishihara’s bound on ||If
(see (I)), the volume Bsa(to) is bounded below by a constant that depends only on
p and ¢. This provides the uniform lower bound on vol, as desired and finishes the

proof of Proposition

5. ENTROPY RIGIDITY

In this section we establish the inequality J, < p — 1 for convex cocompact
representations p : I' — SO(p, ¢+ 1) of p-manifold groups I" and we characterize the
cases where the equality is achieved. This proves Theorem [4] from the introduction.

Proof of Theorem[j, By the work of Seppi, Smith, and Toulisse [41] there exists a
unique spacelike p(I')-invariant p-manifold M < HP'? which is mazimal, that is it
has vanishing mean curvature.

We make the following observations:

e Recall that, by Property the Ricci curvature of M satisfies
Ricpr + (p— D)gy = 0.
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e As the action p(I') —~ M is cocompact, the Riemannian critical exponent
h(M,) (see Section [4)) coincides with the volume entropy of M, = M /p(T'):

I 1y (B(o, R
h(M,) = limsup og volu (B(o, )
R— R

b

where Bjs(o, R) is the ball of radius R around a fixed basepoint o € M for
the intrinsic Riemannian metric of M < HP9.
¢ By Bishop-Gromov and the last identity, it follows that h(M,) is bounded
from above by p — 1.
By the definitions of §, and h(M,) and Proposition [2| part (2), we have §, <
h(M,) and, combining with the previous facts, we conclude that

0, <p-—1.
If equality holds, then
5, = h(M,) =p— L.
By a rigidity result due to Ledrappier and Wang [31], since Ricpyr = —(p — 1)gas
the identity h(M,) = p — 1 holds only when M, is hyperbolic. The conclusion of
the rigidity part of the statement then boils down to the following:

Claim A. If M, is hyperbolic, then it is totally geodesic.

Proof of Claim A. This is again a consequence of the Gauss equation. Denote by

||0||f = —(e, o) for timelike vectors. Recall that
. 2 2
Ricw, (u,w) = =(p = Dlull® + D [1(u,v;)ll;
Jj<q
for every x € M,,u € T,M,, and vy, -- ,v, orthonormal basis of T,M,. If M, is

hyperbolic, then Ricw, (u, u) = —(p— 1)||u/|* and therefore ||I(u, ’UJ)Hf = 0 for every
j and u € T, M. This implies that the second fundamental form of M, vanishes
I = 0 and hence that M, is totally geodesic. O

This concludes the proof of Theorem O

6. FINITENESS AND COMPACTNESS

Let I be the fundamental group of a closed aspherical p-manifold M and p: T’ —
SO(p,q + 1) a faithful convex cocompact representation. We prove that:
e If diam, < D then M is homeomorphic to a manifold in a finite list only
depending on p and D.
e The diameter function p € CC(I") — diam, € (0,0) is proper.
The main tool for the proof are the finiteness and compactness results in Rie-
mannian geometry and Theorem [1| that provides a bilipschitz relation between the
length spectra of p and of the associated maximal p-submanifold M,.

6.1. Proof of Theorem |5 Consider M < HP4, the unique p(T')-invariant max-
imal p-submanifold provided by [41]. Recall that, by the Gauss equation , the
intrinsic distance on M satisfies Ricys = —(p — 1)gar. Also recall that the intrin-
sic metric on M is smaller than the induced pseudo-metric, that is dys(e,e) <
dpr.a(e, ). In particular, the intrinsic diameter of M, is bounded from above by
the pseudo-diameter diam, which, by assumption, is bounded by diam, < D.

We are almost in the setting which enables us to use the following finiteness
result of Anderson:
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Theorem 6.1 (Anderson [1]). Fizpe N, ke R, and v, D € Rt. Then the set

M(p, k,v,d) := {Wl(M/)

(M’, g) closed Riemannian p-manifold with
Ricy > kg, vol(M’, g) = v,diam(M’, g) < D

contains finitely many groups up to isomorphism.

In order to apply Theorem [6.1] we need to check that the volume of M, cannot
be too small.

Claim A. There exists €, > 0 only depending on p such that vol(M,) > ¢,.

Proof of Claim A. We proceed as follows: Since p is convex cocompact, we have
that T' is Gromov hyperbolic (see [19]). By work of Mineyev [34] and the fact
that I' = 7m1(M,), this implies that the simplicial volume of M, is positive (and
independent of p). The conclusion of the claim follows from the Isolation Theorem
of Gromov (see [25]), which states that there exists a dimensional constant €, > 0
such that if (M’,g) is a closed Riemannian p-manifold with Ric, = —(p — 1) g
and vol(M’, g) < €, then the simplicial volume of M’ vanishes. As in our setting
[M,|| > 0 and Ricy, = —(p — 1) gm,, we must have vol(M,) > ¢,. O

So far, we proved that, up to group isomorphism, there are only finitely many
fundamental groups of closed aspherical p-manifolds that admit faithful HP?-convex
cocompact representations. By the solution of the Borel conjecture for hyperbolic
groups by Bartels and Liick [5], one can upgrade finiteness up to isomorphism of
fundamental groups to finiteness up to homeomorphism as claimed in Theorem

Remark 6.2. Notice that, in the argument above, it is enough to know that diam(M,)
is bounded from above.

6.2. The proof of Theorem @. Let p, : T' > SO(p,q + 1) be a sequence of
representations such that diam(p,) < D.

Let M,, ¢ HP? be the unique p, (I')-invariant maximal p-manifold provided by
[41], and set M,, := M,,/p,(T'). By the Gauss equation we have

Jsecar, | < [secsmal + |Tr, |I* < 1+ p7¢>.

where the last inequality follows from Ishihara’s bound (see [28], or (I)).

Recall from the proof of the first part that vol(M,,) > ¢, and diam(M,,) < D.
Thus, we are in the setup of the Cheeger-Gromov Compactness Theorem (see [38]).
In particular, there exists ng > 0 such that, for every n > ng, we can find a 2-
Lipschitz diffeomorphism f,, : M,,, — M,,. We consider the representations p/, :=
Pn © (fn)s, where (fn)s : I' — T is the map induced by f, at the level of the
fundamental groups.

We show that p/, admits a convergent subsequence. In order to do so it is enough
to show the following: Let S be a finite set of generators for T'.

Claim B. Up to subsequences p!,(v) converges for every v € S.

Proof of Claim B. We consider the action of p/ (I') on the symmetric space X, 441
of SO(p,q +1).

By [19], for each v € T’ and n > ny, the element p/,(v) has simple eigenvalue of
largest modulus Apmax(p), (7)) greater than 1, since p!, is convex cocompact. More-
over, the minimal displacement on X, ;41 of an isometry A € SO(p,q + 1) with
simple largest eigenvalue Apax(A) > 1 is

0(A) :=min{dx, ., (v, Az) | z € X}, 441},
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which is bounded by
0(A) < (p+ g + 1) log Amax(A).

For a finite subset S < I', we can consider the joint minimal displacement

0(p(9)) = min max{dy, ., (z,p,(7)7)}.
zeXp g+1 VES
Note that, if §(p/,(7)) is uniformly bounded independently of n, then the fact
that SO(p, ¢ + 1) acts properly on X, ;41 implies that p} () admits a convergent
subsequence. Therefore, it is enough to show that d(p},(S5)) is uniformly bounded
independently of n.
By work of Breuillard and Fujiwara |12, Proposition 1.6], we have

3(pn(5)) < L g;gf{é(p;(v»} +L

< L max{(p + q + 1) log Amax (), (7))} + L,
~eSk

for some dimensional constants L = L(p,q) > 0 and k = k(p, q¢) € N where S* is
the set of elements in I' that can be written as a product of at most k elements
in S. As a consequence, given k > 0, we need to find a uniform upper bound for
log(Amax (05, (7)), as 7 varies in S*.

Consider one such element v € S¥ — {1}. Let £, < Q, be the unique pl,(7)-
invariant spacelike geodesic and pick a point on it z, € ¢,. Let w, € T, HP4
be a timelike vector orthogonal to ¢, pointing towards M, that is, such that
Yn = cos(tyn) T, + sin(t,)u, € M, for some ¢, > 0.

By Theorem [I} we have

cosh(v/p - dat, (Y, £, (7)Y yn)) = cosh(dpos (Yn, p7, (1) yn))
= —~(Yns P (V) Y-
for any j € N. In turn,
~Yns P (V) ) = — €08(tn) (@, o1, (7)) = S (En)* (i, 7, (1) 1)
— c08(tn)? c0sh (108 Amax (61, (1))) = in(tn) (it 21 ()0

As (up, pl,(7)uy) is getting infinitesimal compared to cosh(j1og Amax (0!, (7))
(since Amax (0, (7)) is the largest eigenvalue of p!, (7)), putting together the previous
inequalities we get

/ J
10g Amax (05, (7)) < +/p - lim inf dat, (Yn, "? n(1) )
j—0
Observe that the right hand side coincides with the length of the shortest geodesic
in the free homotopy class [f,(7)] of M, = M,,/p,(T). As the map f, : M,,, —> M,
is 2-Lipschitz, we conclude that

I, (fn(7)) < 28m,,(7)
which shows that Amax(p), (7)) is uniformly bounded independently of n. O

Remark 6.3. Notice that, in the argument above, we only used that diam(M,,) is
bounded uniformly in n, rather than diam, > diam(M,,, ). In particular, the analog
statement of Theorem @ obtained by replacing the role of diam, with diam(M,),
also holds true.
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6.3. The proof of Theorem [7] Let ¥ be a closed orientable surface of genus at
least 2, let m = 71 (X) denote its fundamental group, and select ¢,V > 0 and ¢ > 1.

By Theorem |§|, the mapping class group Out(7) acts cocompactly on
{p € Hom(7w,S0(2,q + 1)) | p maximal, diam, < D}.

Therefore it is enough to show that vol, < V and sys, > € imply that diam, < D

for some D = D(V,e¢) > 0.

Since the unique p(7)-invariant maximal surface M of H*? is non-positively

curved (see Labourie and Toulisse [29]), the following properties hold:

(1) The injectivity radius of the maximal surface M, = M /p(7) coincides with
half of its systole. The latter, by [29, Proposition 5.8] (or Theorem , is
uniformly comparable with the systole sys,,.

(2) The volume of any non-positively curved Riemannian manifold M’ is bounded
from below by D vol(B(rw/)), where B(ry ) denotes the Euclidean ball of

radius ryy > 0 in RE™M and 7y, is some explicit function of sysy,.
By the properties above and Proposition the diameter of M, satisfies

. VO](M ) VOlp
diam(M,) < VOI(B(TICIP)) < /LVOI(B(TMP))7

which implies the desired statement, as 7y, is bounded from below by some (ex-
plicit) function of € > 0 by item (1).
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